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ABSTRACT

In this work, we analyze the average-case hardness of the Quantum Hypergraph
Max-Cut problem using the theoretical framework of the Quantum Overlap Gap
Property (QOGP). We establish two main results: a weak hardness result for a wide
class of stable quantum algorithms, and a strong hardness result for a much more
restricted class of local quantum algorithms. We apply these results to establish
concrete conditions under which known quantum algorithms fail to produce near-

optimal solutions for this problem.
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NOTATION REFERENCE
Symbol Description
n System size
k System locality (hyperedge size)
p Sparsity parameter (expected degree of each ver-
tex)
X Problem instance
S Solution bitstring
A Hyperedge (of size k)
H"0 (X) Quantum Hypergraph Max-Cut Hamiltonian
vk (X, s) Classical value for Hypergraph Max-Cut
E ik’p ) Limiting maximal energy
Sy Set of mixed states on n qubits
M Shadows estimator channel
0 Multiplicative error of shadows estimator
H Binary entropy function,
H(x) = —xlogx — (1 — x) log(1 — x)
Yy Approximation ratio
f Additive error in Lipschitz property
L Lipschitz constant
F Fraction of qubits resampled
D Hypergraph degree bound
Xp (X) Event that the interaction hypergraph of X has
degree at most d
Number of replicas used in the OGP statement
T Large number of replicas out of which m satisfy
the desired property
R Number of samples taken from the shadows es-

timator
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Pb

Vil

Number of steps in the interpolation path

Index for OGP replicas

Index for interpolation steps

Index for shadows estimator samples

Set of collections of bitstrings s") with average

distance for each ¢, ' bounded by &

Set consisting of m-tuples of bitstrings with val-

ues at least o for the X and all distances in
[vo, v1]

Hamming distance between bitstrings
Quantum Wasserstein F-norm of order «
Operator norm

Trace (nuclear) norm

Pauli X, Y, Z matrices

Uniform distribution on [0, 1]

Randomness value for randomized algorithms
Probability of failure of stability (or locality)
Probability of failure of shadows estimator

Probability of the operator norm of the Hamil-
tonian greatly exceeding its mean

Probability of failure of near-optimal algorithm
Distribution of problem instances

Distribution of collections of m problem in-
stances with hyperedges adjacent to the first '
fraction of qubits resampled

Marginal distribution of pairs of instances in
EFm

Distribution of problem instances for interpola-
tion path

Marginal distribution of pairs of problem in-

stances at a given point in the interpolation path




Chapter 1

INTRODUCTION

Many computational optimization problems exhibit a statistical-to-computational
gap: a situation where the best known approximation ratio produced by any al-
gorithm in the average case falls below the expected optimum value of a problem
instance. For instance, consider the problem of finding the largest clique in an
Erd6s-Rényi graph on n verties where each pair of vertices is connected with prob-
ability 1/2. It is known that statistically, the size of the largest clique is likely to be
2log, n—however, the best known algorithm can only find a clique of size log, n
in the average case. The emergence of this phenomenon can often be linked to the
Overlap Gap Property [Gam21], a clustering phenomenon arising in the solution
landscapes of optimization problems that can be shown to prevent a certain class
of stable algorithms from obtaining a solution close to the optimal value. When
a problem exhibits the Overlap Gap Property, near-optimal solutions form small
clusters separated from each other by large distances, which creates a topological
barrier for stable algorithms whose output is a Lipschitz function of problem in-
stances. While not all algorithms exhibit this stability property, it is widely believed
that the hardness results given by the OGP extend to all efficient algorithms.

Recent work [[Ans26] has extended the idea of the Overlap Gap Property to estab-
lish hardness results for guantum algorithms. The Quantum Overlap Gap Property
(QOGP) consists of two main components: the existence of an efficient local shad-
ows estimator [HKP20] for the problem’s Hamiltonian, and a version of the Overlap
Gap Property for that shadows estimator. This framework allows us to reduce a quan-
tum problem to a classical one, and establish hardness results for stable quantum

algorithms.

In this work, we study optimization problems closely related to Quantum Max-Cut
and use the framework of Anschuetz [Ans26] to determine under what conditions the
QOGP emerges. Recent work [Kin23|] has demonstrated improved approximation
algorithms for the Quantum Max-Cut problem, and there are results demonstrat-
ing worst-case hardness assuming a widely believed complexity theoretic conjec-
ture [Hwa+22], but not much is known about the problem’s average-case complexity.

Understanding when the QOGP emerges in the Quantum Max-Cut problem would
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give us a better understanding of whether or not the best known algorithms for this

problem are likely to be optimal.

In Chapter[2] we go over some preliminaries on the Overlap Gap Property and classi-
cal shadows estimators, and define the setup of the specific problem we are studying.
We establish a lower bound on the ground state energy of the Hamiltonian—that is,

the statistical optimum value.

Then, in Chapter[3] we establish a weak hardness result: informally, for any constant
L, there exists some k such that stable algorithms with Lipschitz constant L fail to
optimize Quantum Hypergraph Max-Cut on k-uniform hypergraphs. To do this, we
adapt the QOGP framework of Anschuetz [Ans26]. However, we can significantly
simplify the proof by observing that we do not need an OGP in the typical sense
to show a result of this form. Instead of constructing interpolation paths between
many independent problem instances and claiming the existence of a particular
structure somewhere along these paths, we can instead resample a very small fraction
hyperedges for a problem instance m times. Then, we can claim that the existence
of a stable algorithm implies that a “forbidden configuration” emerges with high
probability for large enough k. Crucially, however, this value of k is dependent on

L, which makes this result weaker than what one would ideally hope to show.

In Chapter 4] we establish a stronger hardness result that holds for a fixed value of
k. However, to make this result work, we must significantly restrict the class of
algorithms that we are considering: instead of stable algorithms, we look at local
(or “W-stable”) algorithms. Here, our proof is structured similarly to typical m-
OGP arguments, using results from Ramsey theory to demonstrate the existence of a
collection of m near-optimal solutions whose pairwise distances fall into some small
interval, under the assumption that a local algorithm exists. We then demonstrate
that for a suitable choice of parameters, this is a “forbidden configuration,” proving
that no local algorithm is near-optimal for some fixed k. While the structures in
the space of solutions are more complicated here than in Chapter [3| the proof is
simplified in one significant aspect. This gives us more control over the structure of
near-optimal solution configurations and makes it possible to prove a strong hardness

claim.

In Chapter[5] we analyze the implications of these results for specific quantum opti-
mization algorithms. We apply the weak hardness result to show that the Quantum
Approximate Optimization Algorithm (QAOA) [FGG14]] with depth C logn with C

bounded by a universal constant fails to optimize the Quantum Hypergraph Max-
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Cut problem for sufficiently large values of k. Furthermore, we apply the strong
hardness result to show that there exists a smaller value of k for which this algorithm
fails to optimize at any constant depth. Our results demonstrate that we can gener-
alize known algorithmic hardness results regarding the QAOA [FGG20; |AM23] to
quantum optimization problems. We then discuss the fundamental limitations of the
Quantum Overlap Gap Property that make it difficult to prove a stronger hardness
result that holds for all stable algorithms rather than just local ones. Finally, we

discuss open problems and directions for future work.



Chapter 2

PRELIMINARIES

2.1 The Overlap Gap Property

Definition 2.1. Consider an optimization problem of the form maxs V (X, s), where
X is a problem instance from some probability distribution A, and s € S for some
solution space S with a distance metric d. Let c* be the expected optimum value, such
that with high probability over A, we have maxg V(X,s) > ¢*. Then, if 0 <y < 1
and 0 < vy < vj, we say that the problem satisfies the Overlap Gap Property
with parameters v, vg, vi, if for any two solutions s, s, such that V(X,s) > yc*
and V(X,s") > yc*, we have that either d(s,s’) < v; or d(s,s’) > v, with high

probability over the distribution A.

V2

~

V1

Figure 2.1: Illustration of the Overlap Gap Property (OGP). The set of near-optimal
solutions shatters into many disconnected clusters, where the diameter of each
cluster is at most v but the clusters are separated by a distance of v, > vy.

In other words, for a problem satisfying the Overlap Gap Property, any two u-optimal
solutions must be either closer to each other than v; or farther from each other than
vo—the gap between v and v; characterizes a clustering behavior in the solution
space [Gam21]. A stronger version of the OGP that is often used is the ensemble
OGP:

Definition 2.2. We say that the optimization problem maxg V(X,s) satisfies the

Ensemble Overlap Gap Property with parameters vy, v{, v», with respect to a distri-



5

bution = of pairs of problem instances if for (X, X’) ~ E, for any two solutions s, s’
such that V(X,s) > yE, and V(X',s’) > yE., we have that either d(s,s’) < v or
d(s,s’) > v, with high probability over E.

To see how this can be used to establish hardness results, we consider the clique
problem in the Erd6s-Rényi graph G(n, 1/2), where each of the (g) possible edges
is selected with probability 1/2. Then, the sequence of graphs Gy, ..., G(;) is
constructed by first randomly sampling G; ~ G(n, 1/2), and then, for each 1 <
t < (Z), resampling the #’th edge (using some arbitrary ordering of the edges).
This sequence of graphs is an interpolation path between two independent problem
instances. Then, it can be shown [[Gam21; |GS13] that for 1 + % < a < 2, the
number of pairs of cliques of size a log, n in the problem instances G,,, G;, such
that the overlap of the two cliques is in some intermediate range (vi(a), v2(a@))
decays exponentially with n. Furthermore, when considering the graphs G, G(;),
which are completely independent from each other, the regime where the two cliques
have large overlap becomes non-existent with high probability. Suppose we had a
stable algorithm A whose output changed at most a constant number of vertices
in the selected clique if a single edge is resampled, that produced cliques of size
« log, n. Then, for some ¢ it must be the case that this algorithm produces a clique
A(G;) whose overlap with A(Gy) enters the “forbidden” region (v{(a), v2(a)),

contradicting the ensemble OGP. Thus, no stable algorithm can produce cliques
1

%.
a generalization of the ensemble OGP known as the multi-OGP [Gam21]]. This

example illustrates how the OGP creates a topological barrier for optimization

of size alog,n for @ > 1 + This can be further extended to @ > 1 using

algorithms. While the existence of such an obstruction does not rule out all possible
algorithms, it can often be argued that a non-stable algorithm must somehow make
use of the structure of the problem in a fundamentally new way in order to be able
to land in the isolated clusters of near-optimal solutions. Establishing some version
of an OGP for a problem when studying average-case complexity is thus analogous

to establishing NP-hardness when studying worst-case complexity [Gam?21].



2.2 Problem Setup
The Quantum Max-Cut Hamiltonian on a graph G = (V,E) with V = [n] =
{1,...,n} with edge weights w,,, € {£1} is given by

1 —_— —
\n D W 1) (P gy @ gy =
{u,v}€E
1 X X y y VA VA
T 4vm 2, Wy (=078 0" 0¥ ®07 = 0" ©07) 1) ® [dpupy ()
{u,v}eE

2.1

If we randomly sample the graph from an Erdds-Rényi distribution with expected
degree p for each vertex, and we ignore the identity term and the 1/4 factor for

convenience, we can write

1

(n) — _ X X y y z z
H (X)._n Z Xa(0"®@0"+0"®07+0°®07) 4, ® Id[)\4, 2.2)
ae(13h)
where ([Z]) is the set of all subsets of [n] of size 2, and X = {XA}AG(["]) where
2

X4 = SaJa where the Sy are i.i.d. Bernoulli with probability p/(n — 1) and the
J4 are i.1.d. Rademacher (1 or —1 with equal probability). In this work, we are
interested in generalizations of the Quantum Max-Cut Hamiltonian to hypergraphs.

Specifically, we will consider the following model:

Definition 2.3 (Quantum Hypergraph Max-Cut). We extend the Quantum Max-Cut

Hamiltonian to sparse k-uniform hypergraphs in the following natural way:

Vi

H(th)(X) = — Z XA (a'z + 0‘1 + 0'1Z4) ® Id[,)\ 4> (2.3)

()
for X = {Xa}, e(In)- Now, we define the Quantum Hypergraph Max-Cut model as
k
H(”’k)(X) where X ~ QMC(n, k, p), that is, each X4 = S4J4 where
S, ~ Bern (p/(zj)) and J4 ~ {~1,1} i.id.

Note that it is possible to generalize other problems closely related to Quantum
Max-Cut, such as the EPR Hamiltonian [Kin23] to hypergraphs in a similar way. In
Chapter [A] we consider this GHZ Hypergraph Hamiltonian, and argue that it likely
does not exhibit the QOGP like Quantum Hypergraph Max-Cut does.



2.3 Maximal Energy Lower Bound

Definition 2.4. The limiting maximal energy for the Quantum Hypergraph Max-Cut

model is given by

E®P) = limsup E*P) = limsup B [HH(””‘)(X)H ] 2.4)
n—co n—oo  X~QMC(n,k,p) op
where
|Hllop = sup |H ). (2.5)
0)€Sn

Definition 2.5. If we consider the classical version of the Quantum Hypergraph

Max-Cut problem, we are interested in finding bitstrings s that maximize the value

V("J‘)(X, s) := (s| H(n’k)(X) |s) . (2.6)
Observe that VE
k
k _ veA SV
VERX.s) = — 3 Xa(=DEean, 2.7)
ae(})

This problem thus becomes equivalent to MAX-k-XORSAT [MH22; AGL235], with

a penalty applied for each violated clause.

Theorem 2.6.
p [ V(X.s) < “‘”’)]: 1. 2.8
X~QMCnkop) L5 (X.8) <oy on(l) 29
where
(k,[?) o . —_ — -k
o= it \Jpog2 =Ko 1+ 2w= 1Y), 29
and

lim o\“” = \2plog2. (2.10)

k—o0

Consequently, Eikyp) > a(Lk,p)_

Proof. By Anschuetz, Gamarnik, and Kiani [AGK25, Theorem 6], we may replace
the distribution of the coefficients X4 in the Hamiltonian with i.i.d. Gaussian random
variables that have a mean of 0 and the same variance of (,%, without changing
the limiting maximal energy. So, for this proof o

Fix some @ > 0. Let¥s = 1 [V (X, s) > a]. LetY = X501} ¥s, thatis, the number

of configurations with energy at least a. By the Paley-Zygmund inequality, we have



that
E[Y]z ZSS'E[YS] E[Ys’]
Pr maxV(X,s) > a| =Pr[Y > 0] > = —
XMy [TV XS) [¥>0] E[Y?] ~  Yeg E[YsYy]
(2.11)
Now, for a given s,s" € {0, 1}", write wyy = %|{V €[n]:s, =s,8, = S’}l for
s,s” € {0, 1}. We have that
k ’
o? = X~QM]%(nkp) [V(X,9)*] = 2 Z E[XaXp] (=1)ZveaStlven sy -
; ane()
k k (n\ p p n! k(k—1D!(n-k)! p
= — E )(2 = — = — = —,
n? Z [X] nz(k) (=l)  n?k!(n-k)! (n—-1)! n
A1) -
(2.12)
We also have that
E [V(X,s)V(X,s)] =
X~QMC(n,k,p)
k ,
= = Z E [XAXA’] (_1)ZveAsv+Zv/eA/ S —
Aae(t)
k p —
=i Z (—1)Zveasetsy =
k Ae(["])
k k Kogkladh wo,0n\ [Wo,1n) [W1,0n wiin
- — > ’ _1 b+b’ -
e o N
k k k-ak-a-b
n kp(k -1
Con2 opkl g aZObZO bZ=o
k(1 +0,(1)) a b Y kea—bb'
Ak —a— b — b1 00T Wo) (= wio) T =
= % (W00 + w11 —woi —wio)* (1+0,(1)).
(2.13)

So now, we have the correlation coefficient between V (X, s) and V (X,s’) (up to a
factor of 1 + 0,(1)):

o= Ex-qmcnk,p) [V(X,8)V(X,s')] ~

\/EX~QMC(n,k,p) [V(X,8)?] Ex-qmc(nk.p) [V(X,8)?] (2.14)

= (Wo,o + Wi 1 —wo,1 — Wl,O)k .




Using a bivariate Gaussian tail bound, we can then establish that

E[YSYS']
E[Ys] E[Ys’] B

o (o)
2na2\1-p2 eXp (1+p)c?

N <
2z exp (= 5) (1+0,(1))

aeele )
< ———exp|— |1~ = (2.15)
V1-p2 o? l+p
= (1+p)2 eXp( azp ):
V1= p? a?(1+p)

2 k
Zat(wo,0 + W11 —Wo,1 — W1,0)
= exp

P
1+ (wop+wi1—wo1—wio)k

(1+ 0,,(1))) .

So now, we can write our lower bound in the limit of large n, ignoring 0, (1) terms:

Pr [max V(X,s) > a] >
X~QMC(n.k,p) $

)y (P L B L
> W0,0,W0,1,W1,0.W1,1 \wq on/ \wq 1n/ \wq on/ \wy 1n

¥ ( n ) ( n ) ( n ) ( n ) ex na?(wo o+wi,1—wo,1-wi,0)*
W0,0,W0,1,W1,0,W1,1 \wo on/ \wo 1n/ \wion/ \wy 1n P 1+(W0’0+W1,1—W0,1—W1,0)k
SUPywg o,wo,1.w1,0.w1,1 EXP (_n L,y Wi 10g WS’S')

Ba?(wo,0twi1—wo,1~w1,0)F

Q

SUPywo 0.wo.1.w1.0.w1.1 EXP | 7 Ds,s W logws o + L+(wo,0+w1,1-wo,1-w1,0)

(2.16)

The numerator is maximized when all w ¢ are equal, giving a value of
exp(—nlog(1/4)) = exp(2nlog2). Now, for the denominator, observe that it is
maximized when woo = wy 1 = w/2 and wo; = wio = (1 —w)/2. So, we can

rewrite it as

22w - DF
wilﬁfl] exp |n|log2 —wlogw — (1 —w)log(l —w) + TrawDF | (2.17)
o
X~QMlzir(n,k,p) [msax V(X,s) 2 a] 2
2 @w - D!

> weir[l({llexp n 10g2+w10gw+(1—w)log(1—w)—m

(2.18)
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We want to find @ such that the probability does not decay with n: so, since the

numerator is exp(2n log 2), we want to satisfy the following for all w € [0, 1]:

(2w~ D - _ (2.19)

m_ og2+wlogw + (1 —w)log(l —w) =log2—-H(w). .
Note that if k is odd and w < 1/2, then -1 < 2w —1 < 0,s0 -1 < 2w — 1)¥ <0,
so the left-hand side is negative and the inequality is satisfied trivially (since the
right-hand-side is always non-negative). Furthermore, if w = 1/2, then both the
left-hand-side and right-hand-side are equal to 0. Also, if k is even, both sides
remain the same when replacing w with 1 —w. Therefore, it is sufficient to consider
w € (1/2,1]. Since we have

2
(aik’p)) = inf p(log2 —H(w)) (1 + (2w — 1)"‘), (2.20)
we(1/2,1]

we have shown that

p [ X, ("’P)] = 0,(1). 221
XM ) mng( s) <a; on(1) (2.21)

In the limit of large k, the value is minimized when w is close to O or 1, which
makes the w log w and (1 —w) log(1 —w) terms approach 0 and the (2w — 1) ¥ term
approach 1, which means that

lim a\“” = \2plog2. (2.22)

k—o0

]

2.4 The QOGP and Classical Shadows Estimators

It is not immediately clear how the idea of the OGP can be extended to the quantum
setting in a meaningful way that allows us to establish hardness results for stable
quantum algorithms. A generic quantum optimization problem setting is finding the
ground state energy (here, we take this to be the maximal energy) of a Hamiltonian
of the form H(X) = 2}, X;H; on an n-qubit system, given the randomly chosen
parameters X. We can think of a quantum algorithm as a function sending each
choice of parameters X to a density matrix p(X). Now, the goal is to argue that
a certain class of stable quantum algorithms fails to find near-optimal solutions for
this optimization problem. To properly define stability, we need to use the right
distance metric on the space of density matrices. Observe that if we just use, for

example, trace distance, then if we take x € {0, 1}" and p(x) = |x) (x|, then the
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distance between p(x) and p(y) will be the same for any x # y, so there is no
Lipschitz property. To define a notion of stable quantum algorithms that is not too

restrictive, Anschuetz [Ans26] uses the quantum Wasserstein distance:

Definition 2.7. The quantum Wasserstein F-norm of order a for a Hermitian,

traceless observable X on n qubits is

n

1 a
A = i —A;ll 2.23
1Ally, =, min Zl ‘2 * (2.23)
where [|-]|,. is the trace norm and
n
B(A) = {{Ai}?zl Y Ai=XAA = Al ATr A = 0} : (2.24)
i=1

Then, the quantum Wasserstein distance of order p between density matrices p and
o isllp - ol,.

We also define the Wasserstein co-norm as:

Al = Jim 1Al = min e DA 20 229)

The quantum Wasserstein distance is a generalization of the Hamming distance: a
quantum channel acting on ¢ qubits can change the quantum Wasserstein distance
by at most O (£) [Ans26|]. Then, we define a notion of stability as:

Definition 2.8 (Stability, informal version of Definition[3.3). A quantum algorithm
p is stable with parameters f, L if

lo(X) = p(M)lly, < f+ LIX =Y. (2.26)
We also consider a stronger version of stability that we call locality, where we use
the W, distance instead of W5:

Definition 2.9 (Locality, informal version of Definition @d.I). A quantum algorithm
p 1s stable with parameters f, L if

lp(X) =p(Mllw,, < f+ LIX =Y. (2.27)

Note that in the case of deterministic classical algorithms, the notions of stability and

locality are equivalent since the quantum W, and W, distances both reduce to the
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Hamming distance on computational basis states. But in general, the W, distance
is at least the W, distance. For this reason, the notion of locality is significantly
stronger than that of stability for quantum algorithms and will allow us to prove a

stronger hardness result.

The main idea of behind the Quantum Overlap Gap Property (QOGP) is that if
a quantum optimization problem is converted to a classical one using a classical
shadows estimator [HKP20]] and this problem exhibits a certain form of the OGP,
then it is possible to show that the quantum problem is hard for quantum algorithms
that are stable (or local) [[Ans26].

Definition 2.10. Let B, be the set of classical representations of Pauli basis states
on n qubits: we can label these by pairs (b,s) where b € {1,2,3}" and s € {0, 1}".
We can label Pauli basis states as |b;s) where for all v € [n] we have that b, €
{1,2,3} corresponds to X, Y, Z respectively, and s, € {0, 1} to label the +1 and —1

eigenstates. We also write |b;s) if b, = b for all v.

Definition 2.11. We say that a class of random Hamiltonians H has a (8, pest, Pb)-
efficient local shadows estimator if there is a quantum channel M : S — Conv(85)
where S;" is the set of mixed states on n qubits and 8 C 8B, and a linear function
R such that:

1. M is a convex combination of tensor product channels,

2. For any H(X) we have

Tr (R(H(X))M(p)) = Tr (H(X)p), (2.28)

3. Let M : S x [0,1] — B be an associated pure quantum channel of M.

That is, the image of M only consists of pure states in 8, and

E | M(p.w)| = M(p). (2.29)

Then with probability at least 1 — py,, we have

Pr [Tr(R(H(X))/TA(p))—Tr(H(X)p) > SE.| 2 1= peg,  (2.30)

for all p € S, where U is the uniform distribution on [0, 1] and E. is the

limiting maximal energy.
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In other words, we can represent any quantum state p with a classical shadows
representation consisting of n-qubit Pauli basis states, and this representation can be

used in a linear estimator of the ground state energy with bounded error probability.

In the context of our problem, we are concerned with the case where the operators
H; in our Hamiltonian are k-local Pauli operators. In this case, we can use the Pauli

shadows estimator.

2.5 The Pauli Shadows Estimator

Definition 2.12. We define the Pauli shadows estimator (adapted to the Quantum
Max-Cut Hamiltonian) [HKP20] by

Mp)i=5 Y (slplis) - i) (bisl,  231)

be{1,2,3} se{0,1}"

That is, given a quantum state p, we randomly choose one basis out of X, Y, or
Z, and measure p in that basis, obtaining a state |b;s) (b;s|. Then, M(p) is the
expectation of this state, and we let the classical shadow be p = M~ (|b;s) (b;s]).

Then, taking the expectation over this procedure, we have that since M is linear,

Blpl=5 Y, > (bislplbss)- M (bis) (bish = M7 (M(p)) = p.

be{1,2,3} s€{0,1}"
(2.32)

Lemma 2.13. For a k-local Pauli of the form H = P®* @ 1d®"0) ywhere P is one

of X,Y,Z, we have that
M~ (H) = 3H. (2.33)

Proof. 1t b, is 1, 2, or 3 depending on whether P is X, Y, or Z, then

MGH) = ) > (bislHIbis) - |bis) (bis| =
be{1,2,3} se{0,1}"
- Z (by:s| H |b.;s) - |b.;s) (bu:s| = H.
s€{0,1}"

(2.34)

Now, we have the following result, due to Huang, Kueng, and Preskill [HKP20]:
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Lemma 2.14. For a fixed Hamiltonian H = H(X), given a state p, if we randomly

sample a classical shadow |b;s) {b;s| of p, we have that

Var [Tr (pH)] <9 ||H|Z, . (2.35)

Proof. We have that

Var [Tr (Hp)] = E [Tr (Hp)*| - E [Tr (Hp))* <
2 (2.36)
< E[Tr (Hp)?] =E [Tr(M_l (H |b;s) (b;s|)) ] .
Now, observe that
Te (M7 (1bs) (bis)) H) = T (M (1b;8) (bssl)) MOMT' (H))) =
=37 ) DL (bis M (Ibss) (bis]) [bis) - (bis| MU (H) [bss) =
be{1,2,3)1 se{0,1}n
= Tr ((1b:9) (bssl) M7 (H)) = (bss| M7\ (H) [b3s).
(2.37)
So now, since H is a linear combination of k-local Pauli operators that each only

have one of o*, o7, or 0%, we have that

Var [Tr (Hp)]

IA

B | (bist M )| -

98 [((bssl H 1b3)?) | <0 1HIE,

(2.38)

]

Lemma 2.15. The Quantum Hypergraph Max-Cut model exhibits self-averaging,
that is,
P NHX) g - B 24| < e, 23
XM ) 1H (X)]]op e (2.39)
Proof. The proof proceeds similarly to Proposition 58 of Anschuetz, Gamarnik, and
Lu [AGL25]. ]

Then, we can show that the following result holds:

Lemma 2.16. For both the Quantum k-Heisenberg Model and the Quantum Hyper-
graph Max-Cut Model, for any 6 > 0, the Pauli shadows estimator is a (5, pest, Pb)-
efficient local shadows estimator, where

1

S — 2.40
1+0.99-62/9 (240)

Pest =

and py, = e~ 2",
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Proof. For any t > 0, by applying Lemma [2.14]and Lemma [2.15] we have that

Pr| sup Var[Tr (H(X)d)] 2 3E. +1| <Pr [IH(X)llop > E +1/3] = e,

geSy
(2.41)
Now, let
M: S x [0,1] — {|b;s) (b;s| : b € {1,2,3},s € {0, 1}"} (2.42)
be the associated pure algorithm for the quantum channel M, so that
E M(p.0) = M(p). (2.43)
and for p = M™! (M(p,w)), we have
Tr (3H(X)7\7((p, a))) - Tr (H(X)D) . (2.44)

Now, take any p € S}, and fix any X for which the probability 1 — e %) event
holds:
sup Var [Tr (H(X)6)] < 3E. +t. (2.45)

gesSy

Then, for any ¢ > 0, t > 0, we can apply Cantelli’s inequality:

Pr [Tr (3H(X)A~/((p,w))—Tr(H(X)p) < —6E.| <

(3E, +1)? 1 1 (2.46)

= < s
T BE,+1)?+6%E2 4 __ B T 1+0.99-62/9
9FE242.3E, t+12

where the last inequality holds if we choose sufficiently small 7. Thus, the claim
follows. u
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Chapter 3

WEAK HARDNESS FOR STABLE ALGORITHMS

In this chapter, we will show that under certain conditions, stable quantum algo-
rithms fail to find near-optimal solutions for the Quantum Hypergraph Max-Cut
problem in the average case. We call this a weak hardness result because the local-
ity k at which the problem becomes hard is dependent on the Lipschitz constant L
of the algorithm—thus, this result cannot be used to prove that there exists a single
k for which the problem is hard for all stable algorithms. The proofs in this chapter
are largely adapted from Anschuetz [Ans26|], but significantly simplified.

Definition 3.1 (Quantum algorithm). A quantum algorithm is described by a map
A RPxQ - 8P

n°

where S)" is the set of mixed states on n qubits, (£, P)
is a probability space, and in our case, D = (Z) We say that the algorithm
is deterministic if the probability space (L, P) is trivial, and it is pure if it has

codomain S, (the set of pure quantum states).

Definition 3.2 (Associated pure quantum algorithm). Since we can view mixed
states as probability distributions over pure states, for any deterministic quantum

algorithm A, there is an associated pure quantum algorithm A such that

AX) = E [ﬁ(x, a))] . 3.1)

Definition 3.3 (Stable quantum algorithm). Let E be a probability distribution
over pairs (X, X”) of problem instances that correspond to the same interaction
hypergraph (i.e. X4 =0 <= X = 0). Then, we say that a quantum algorithm
Ais (f,L,d,E, py)-stable if we have that

P AX,w) - AX, < L)X -X|;|Xy(X)]| =1~ pg,
P oo NAX @) = AKX )l < f+ LIX = Xl | X (X)] 2 1= py
(3.2)

where X, (X) is the event that the interaction hypergraph of X has degree at most
D, i.e. forall v € [n], we have that

HAe(%U;veAAXAiﬂ

Definition 3.4 (Near-optimal quantum algorithm). A quantum algorithm is (y, p¢)-

<b. (3.3)

optimal for a distribution A of problem instances if

(X,w)FE\(X)PQ [Tr(H(X)A(X,w)) = yE.] =1 - py. (3.4)
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3.1 Stable Algorithms Imply the Existence of Forbidden Configurations
3.1.1 Reduction to Weakly Stable Algorithms with Classical Outputs

In the following lemmas, we will first perform a reduction where we convert a stable
randomized quantum algorithm into a deterministic one, and then we will apply the
classical shadows estimator to convert it into an algorithm outputting classical states

that satisfies a weaker version of the stability condition.

Lemma 3.5. (From Anschuetz [[Ans26, Lemma 27]) Let E be a probability distribu-
tion of pairs of problem instances on the same hypergraph, whose marginal distri-
butions are both A. Suppose that there exists a quantum algorithm A(X, w) that is
(f,L,b,E, py)-stable and (y, ps)-optimal for A. Then, there exists a deterministic
quantum algorithm A(X) that is (f, L, d, 8, 3pg)-stable and (y, 3 ps)-optimal for
A.

Proof. We have that

E

w~Pq | (X, X')~E

Pr [ AX,0) - AX",w)lly, > f+LIX - X, |XD(X)]] =

= P X - AX’ LI X-X X)| <
P (A 0) = AK W)l > £+ LIX = XI | %(X)] < pa
(3.5)

and
E

w~Pq

= P Tr (H(X X, E.| < pt.
P T (HX)AX. ) < YE] < pr

So, by Markov’s inequality, we have that

Pr [Tr (H(X)A(X,w)) < )/E*]] _
A (3.6)

Pr

CUN]P)Q

p [ﬂX, _AX >
LB 1A - A o),

> fHLIX =Xy | %(X)| > 3py| <

(3.7)

< E
3p5t w~Pg

p [ﬂX, AKX >
LB [1ace) - aac oy,

> f+LIX =X, [ %(0]| <

W | =

and
Pr

w~Pg

XPNrA [Tr (H(X)A(X,w)) < yE.] > 3ps

<

(3.8)

< L E [Pr [Tr(H(X)A(X,w)) < yE.]| <

3pf w~Pqo [ X~A

W —
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So now, by the union bound, we have that

Pr | Pr [Tr(H(X)A(X.0)) <YE.] > 3pv

a)~Pg X~

, 2
Vb IAXK0) = AX L 0)lly, > f+ LIX =X ] > 3pa | %(X) | < 3.

3.9
Thus, there must exist some w* € Q such that we have

B L IAK @) = AKX O, < f+ LIX =X | %(X)] 21-3py,
(3.10)
and
XfirA [Tr (H(X)A(X,w")) = yE.] = 1-3p;s. (3.11)

Thus, if we define A (X) = A(X,w"), then A is adeterministic quantum algorithm
that is (f, L, E, 3pg)-stable and (y, 3 p¢)-optimal. ]

Now, if we have a stable and near-optimal deterministic quantum algorithm, we
can apply the shadows estimator to it, obtaining a randomized algorithm that only
outputs classical states. This algorithm will be close to 1/3-optimal with high
probability and it will stable in expectation (which is a weaker notion than stability

as we have previously defined it).

Lemma 3.6. (Modified version of Anschuetz [Ans26, Lemma 28]) Let E be a prob-
ability distribution of pairs of problem instances on the same hypergraph whose
marginal distributions are both A. Suppose that the Pauli shadows estimator is
(0, pest> po)-efficient for the class of Hamiltonians H(A). Suppose there exists a
deterministic quantum algorithm A that is (f, L, b, &, 3pg)-stable and (v, 3ps)-
optimal for A. Then, there exists a pure quantum algorithm G : R() x [0,1] —
{0, 1}" (that is, a randomized algorithm outputting only classical states), such that

the following weaker notion of stability holds:

Pr
(X,X')~E

<

1%

ng@w [1G(X,w)) (G(X,w)| - |G(X",w)) (G(X", w)|]

SSFHLIX =X | X(X) | 21 =3pg.

(3.12)
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Furthermore, consider some X that satisfies the following two conditions (which is

true with probability at least 1 —3p¢ — py, over X ~ A):

Tr (H(X)Iﬁ(X)) > yE. (3.13)

P [T (3HX) M(p,w)) = Te (H(X)p) 2 ~6E.| 2 1~ pes Vpe ST
(3.14)

For such X, we must have that
1
Prw [V(X, G(X,w)) > 5(7 - 5)E*] > 1= pest- (3.15)

Proof. We define G(X, w) as follows. First, run the deterministic quantum algo-
rithm A(X) to obtain a quantum state p. Then randomly choose one of the X, Y,
and Z bases and measure p in that basis, outputting the resulting bitstring. Consider
the related algorithm G’ defined as

G (X,0) = M(AX),w). (3.16)

That is, if the result of measuring the qubits in basis b was the bitstring s, the output
of G is s while the output of G’ is |b;s). Observe that since our model is symmetric

with respect to exchanging X, Y, and Z bases, we have that

(G(X,w)|H(X)|G(X,w)) =Tr(H(X)G'(X,w)). (3.17)

Now, we have the following:

<

W,

[1G (X, w)) (G(X,w)| - |G(X",w))(G(X', w)|]

E
w~U

W, (3.18)
- | E, /TA(%(X),Q))—}\”A(%(X'),M)]

IA

E [6X.0)]-6X,0)

W,

= | M(A(X)) - M(AX"))

9

W,

H’ﬁ(X) _AX)

<
W,

where the last inequality is due to the contractivity of quantum Wasserstein distance
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under tensor product channels [Ans26]]. So now, we have that

Pr
(X,.X)~E

<

W,

Hﬁu [1G (X, w)) (G(X,w)| - |G(X",w)) (G (X', )]

SfFHLIX =X} | X(X)| =

> P H~X _AX
(X,X%NE[ﬂU AX)

L SfHLIX =X | &(X)] > 1-3py.
2
(3.19)

which proves Equation (3.12). Now, we want to show the second claim. By
Equation (3.13)) and Equation (3.14)), we have that

P [v (X, 6(X,0)) 2 3(r - 5)&] -

lzgu [TrGH(X)G'(X,w)) > (y - 6)E.] >

\%

Pr [Tr (3H(X)/T/((§{'(X),w)) _Tr (H(X)’ﬁ(X)) > —515*] > 1= pes.
(3.20)
So, Equation (3.15) holds. O

3.1.2 Constructing Collectively Stable Solution Configurations

Now that we have an algorithm satisfying the weak stability condition, the next
step of the proof proceeds as follows. We sample many independent outputs from
the algorithm, taking a large enough number so that at least one is near-optimal
with high probability, and we argue that these outputs satisfy a notion of “collective
stability”: that is, they obey the Lipschitz property on average. We will first need
this result on the properties of the W5 distance:

Proposition 3.7 (From Anschuetz [[Ans26, Proposition 29]). For each problem
instance X, let px (S) be the probability distribution of G(X, w) € {0, 1}" over w ~
U. Then, for every pair of problem instances X, X', there exists some probability

distribution nx x'(s,s’) such that
E |ducs, s’)z] <
S,8'~mx x/

2 (3.21)

b

W»

D mxx(ss) = px(s), (3.22)

<

[1G(X,w)) (G(X,w)| - |G (X, w)) (G(X", w)|]

E
w~U

Z nxx(s,8) =px(s). (3.23)
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Proof. We can write

n

[1G (X, w)) (G(X,w)| - |G(X",w)) (G(X", w)]] = ZAi, (3.24)

E
w~U :
i=1

where the A; are Hermitian such that Try;, (A;) = 0, picked to be the optimal in
Deﬁnition Now, we can write each A; as A;r —A;, where A;f and A; are positive
semidefinite with the same trace. So, we can write A; = ¢; (p,- - a'l-), where p; and

o; are density matrices diagonal in the computational basis, where

=Tr(Af) =Tr(4;). (3.25)

k

Then, we have that

SRR
i=1 i=1 * (3.26)

= H(E’u [1G (X, w)) (G(X,w)| - |G(X", w)) (G(X", w)]

W,

Since the density matrices p; and o-; are diagonal in the computational basis, we can
write p;, g; for their diagonals (representing probability distributions over bitstrings),
respectively. Similarly, write p, g for the diagonal elements of p, o-. Observe that
the marginals of p; and ¢; on [n]\ {i} are the same, which means that W, (p;, ¢;) < 1.

Thus, we have that

e chgax,px,) S’S,EX!X, [du(s,s)?] = Wa (p,q)* <
< (Z ‘/C_iWZ(pi’Qi)) < (Z \/C_z) = (3.27)
i=1 i=1
2
= H E [1G(X,w)) (G(X,w)| - |G(X,w)) (G(X',w)]]
w~ W,
]

Lemma 3.8 (From Anschuetz [Ans26, Lemma 30]). Let E be a probability dis-
tribution of pairs of problem instances on the same hypergraph whose marginal
distributions are both A. Fix 8 > 0 and R € N such that

1
7 +pR < 1. (3.28)
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Then, with probability at least 1 —3pg — 3p; — py over (X, X) ~ E, conditioned on

the event Xy (X), there exists a set of bitstrings (§(r), s( e {0, 1}”) - such that
re

we have a “collective stability” condition:

%id}l (§<r>,s<’>) <Bf+BL||X - X||,. (3.29)
and .
max V (X, s(”) > 3(y - O)E.. (3.30)
Proof. Consider some X, X that satisfies the following conditions:
|7 —’ﬁ(X)HWZ <f+L|X-X|,, (3.31)
Tr (H(X)Eﬁ(X)) > vE,, (3.32)

P [Tr (3HX) M(p, w)) —Tr (H(X)p) > —5E*] >1-peyx VpeSM
w~

(3.33)
By the union bound, the probability over E that all of these conditions occur is at

least
1 = 3ps —3pf — po. (3.34)

Let p 4, px be the probability distributions of G(X,w) and G(X, w), respectively,
over w ~ U, and let 75 y be the joint distribution as in Proposition We then
have that when X, X satisfy the above conditions, by Lemma and Proposition
we have that

E [du(3,9)7] <

(8,8)~m

(r+L]%-x],)

2

IA

< (3.35)

[[6(X, 0) (6(X,w)| - 16(X,0)) (G(X,w)|]

E
w~U W2

2

IA

We will now use this distribution to sample R many independent replicas from the
algorithm G (the shadows estimator applied to A), and show that they satisfy the

desired conditions.
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By Markov’s inequality,

[ R
1 )
Pr = du (s7.s7) > p(f+ LK - X],)| =
(80).50), iR | R rZ:l:
- ,
[ 2y 60)) =7 (7 10
_ — H(s ,s) >,8(+LX—X1) <
(3050, cr1~ 5y i R4
2
1 vR & 3.36
. E(é(r),s(r))re[R]wr;KIfX [(E Zr=l du (S(V),S(V))) ] _ ( )

N 2
g (f+1)x-x],)
. E@s)~rg [du (3.9)°] 1

< - 5 < —-
preclx-x|) *
Now, from Lemma for our choice of X , X, we also have that

P |V 069 <3008 = Pr [V (XG0 < S0 - 9. < e

S~px

(3.37)

So, since the replicas are sampled independently, we have that

1
Pr max V (X,s") < S (y = OE.| <pf.  (3.39)
(3180, R [re[R] 3 (y=9) Pest
Since we chose S, R such that
1
ERTRE (339)
there must exist (s(’ ) € {0, 1}") R such that the desired conditions are satisfied.
re

[

3.1.3 Taking Many Correlated Problem Instances

We now extend the above results to many problem instances that are highly correlated
with each other, with each one only resampling hyperedges adjacent to a small
fraction F of the qubits. This is a simplified version of the interpolation path
typically seen in OGP proofs (and which we will see in Chapter {)). Here, instead
of constructing a full interpolation path, we are effectively only taking a single step
along it. Itis important to note that we do not lose much by doing this: because of the
way the collectively stable configurations are constructed, using a full interpolation
path does not allow us to prove stronger results. We explain this limitation in more
detail in Section 5.2
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Definition 3.9. For m € N and F € (0, 1], we define the distribution Ef ,, of
collections (f( , X (1), X (m)) as follows. First, sample S by setting each S4 ~

Bern (p/(z:i)) iid. Then, sample J, AR A

Then, for all and A € ( k]), set X

with i.i.d. entries in {—1, 1}.

R
SaJ ifAN[[Fn]] #©
xW =7 [[#n)] (3.40)

4 Sada otherwise.
In other words, we are interpolating between X and m other problem instances
on the same hypergraph with independent weights by resampling the weights of
hyperedges intersecting with the first F' fraction of qubits. We call the marginal
distribution of (X , X (’)) for a fixed 7 by the name Ef. Observe that these marginal

distributions are independent of ¢.

Lemma 3.10. Suppose that there exists a quantum algorithm A that is
(f,L,d,EF, py)-stable and (v, pf)—optimalfor QMC(n, k, p). Let B be such that

ﬁ2 +mpX < 1. (3.41)

Then, with probability at least
1 =3mpg — 3mps — mpy (3.42)

over ()A(, X X(m)) ~ BEF m, conditioned on Xy (f(), there exist bitstrings 8
s fort € [m], r € [R] such that for all t € [m] we have that

R
1 "
= > dn (s sW)) < Bf +BL Hx -x) . (3.43)
r=1
and .
max V (X(’) . r)) —(y-90)E.. (3.44)
r€[R] 3

Proof. Fix X, XM, ..., X" guch that for each ¢ € [m], (X, X(’)) satisfies the
condition in the proof of Lemma [3.8] Then, by the union bound, this occurs with
probability of at least 1 — 3mpg — 3mps — mpy, over Ep ,,,. Then, applying a union

bound to the argument in Lemma [3.8] we have that

Pr
(§(r)vs(()’r)7""S(”1,r))rE[R] ~(EF,m)XR

[g[%_de( (r) s(r)) >,3(f+L||X X, )] %
(3.45)
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and
Pr min max V (X s(r)) <= 0)E. ] < mpk . (3.46)
(80).50)_py~mk [te[m] re[R] (7 ) Pest
Since m/B% + m pfst < 1, this completes the proof. [

Lemma 3.11. If X, X’ are d-dimensional vectors sampled by first setting each entry
to 0 in both vectors with probability 1 — p and then setting the remaining entries to

—1 or 1 independently, we have that

Pr[||X — X'||; > 3pd] < ¢ PdBloe2-2), (3.47)
Proof.
Pr{[IX = X'y > ] = Pr eI -Xh 5 o] <
d
—mE[ a/||X—X’||1] R (P 2o 4 q P) < _
e e e 7 ) = (3.48)
= (1 + 2 p 2a/)d <e —at zpdez"
2
If we take @ = log2 and ¢ = 3pd, this becomes
Pr[||X — X'||; > 3pd] < e?Pd=3pdlog2 — ,=pd(3log2-2) (3.49)
]
Lemma 3.12. Suppose that there exists a quantum algorithm A that is
(f,L,EFp, pst)-stable and (y, ps)-optimal for QMC(n, k, p). Let B be such that
,6’2 +mpR < 1. (3.50)
Then, with probability at least
1 = 3mpg — 3mps — mpy — me PFH31082-2) (3.51)
over ()A(, X0 X(T)) ~ BEF m, conditioned on Xy (X) there exist bitstrings s(tr)
fort € [m], r € [R] such that for all t # t' € [m],
1 & 2Bf
— > dy (sW), s ”>) <L L epLpF, (3.52)
Rn — n
and for allt € [m],
1
max V (X<’> s ’>) - (y - 6) E.. (3.53)
re[R] 3
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Proof. Observe that )A(X) can be different from XX) only if we have AN [[Fn]] # @.
Since A must contain one of Fn many qubits, the number of such A is at most

~1
F”(Z B 1). (3.54)
Then,
n—1
(,fl) -Fn(k_ 1) = pFn. (3.55)
k—1

So, by Lemma [3.11] we have that

Pr [max HX -x0
(XX, X0)-z, [1€ln]

< 3pFn] > 1 — me PFnB10g2-2) (3 56)
1

Suppose that this event and the event from Lemma [3.10] (which occurs with proba-
bility > 1 — 3mpg — 3mps — mpy, conditioned on X, (f() Then, for all t € [m], we
have that

max V (X(t), s(”’)) >

—8)E,, 3.57
max (y—0) (3.57)

W =

and for ¢t # ¢/, we have that

R
)
r=1

<28f +BL (HX _x0 ‘1) < (3.58)

+ HX -x®
I

<2Bf +6BLpFn,

SO

=

1 / 2Bf
E dy (s ,S ) < + 68LpF. (3.59)

r=1

3.1.4 Lower Bound on the Probability of Bounded Degree

In the previous calculations, we have been conditioning on the event X;(.S) that
our hypergraph has maximum degree bounded by a constant d. In this section, we
lower-bound the probability of this event for our distribution of problem instances

(where each vertex in the hypergraph has expected degree p).

Proposition 3.13. Suppose that each S 4 for A € ([Z]) isi.i.d. Bern (p / (Zj)) Then,

b n
Pr[X5(S)] > (1 - (%b) e—P) : (3.60)
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Proof. For v € [n], let D, be the degree of v in the hypergraph. We have that
E[D,] = p. Then, we have that

Pr[D, >d] =Pr [eaDv > ead] <e™E [eava] _

(= (!
p @ p —Q'b p a
€ T - P =e 1+ — (e — 1)) < (3.61)
(21 (:2) ) ( (1)

< e—ab+p(e“—l)

—-ad

Optimizing for a, we must have —d + pe® = 0, so @ = log(d/p), so
d d
Pr[D, > ] < e log(d/p)+d—p _ (%) e P = (%) e P (3.62)

Now, observe that

Pr[Xy(S)] =Pr[D, <dVv e [n]] > 1—[ Pr[D, <b] > (1 - (%)be—l’) .

ve([n]
(3.63)
]
Corollary 3.14. For any 0 < € < log2, if we let
b > [max (ezp, 2log(1/e)ﬂ, (3.64)
then
Pr[X; (S)] > e . (3.65)

Proof. By Proposition|3.13] we have that

D n n
Pr[Xy(S)] = (1 - (%) e_p) > (1 - e‘zlog(l/f)e_p) > (1-€>)" > e .
(3.66)
]

3.2 Non-Existence of Forbidden Configurations

In this section, we will demonstrate a (simplified version of) the QOGP. We will
argue that the set of “forbidden configurations” of solution bitstrings is empty with
high probability, contradicting the above argument showing the existence of these
configurations if a stable algorithm exists. This ultimately allows us to prove the

weak hardness result for stable algorithms.
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3.2.1 Entropy Bound

Definition 3.15. Let
| &

rmm o= {(S(m <01} n)tE[m] relk] " Rn 2, (S(t’r)’s(ﬂ’r)) = f} |
(3.67)

Lemma 3.16.

|F(n,m,R,&)| <expln-(Rlog2+ (m—1)RH(&)) (1 +0,(1))]. (3.68)

Proof. Let s := (s(”)) . Then,

re[R]
1 R
= > d (sW), s(f’”) <én — dy (s(’), st >) < £Rn. (3.69)
r=1

If we fix s, then the number of s") that satisfy this is at most

|£Rn]
(R,”) < Rn (;;”n) = exp [RnH(E)(1 + 0,(1))] . (3.70)

=0 \/

Now, considering all m — 1 choices of ¢’ and the 28" = exp (Rnlog?2), we have that

|F(n,m,R,&)| <expln-(Rlog2+ (m—1)RH(&)) (1 +0,(1))]. (3.71)

O]
3.2.2 Covariance Bound
Now, take some (s(”r)) € F(n,m,R,¢). We can write
te[m],re[R]
Pr min max V (X(t), S(”’)) >al <
XD xm . g5, | telm] re[R]
| (3.72)
< R™ max Pr [min %4 (X(I),s(”r’)) >a.
(rodeegm XV, X0 5, | 1€[m]
Now, we have that
E [v (X<’>,s<f”t>)] -0, (3.73)
and also, as in the proof of Theorem 2.6, we have
2
E [v (X(’), s(””)) P (3.74)
n
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and for ¢t # ¢/, we have that
B [V ( X0, S(m)) Vv ( X, S(z'm)] =
(t",ryr)

k / (t.rr)
= Z E [XX)XX,)] (_l)ZveAsv a8, —
" awe()

k Bt
== Z E[XX)XX)] (1) als s

ae(1h)
(t,rr) (;’,rt,)
_ kp Z (_I)ZveA(sv +sy ) S (375)
”z(n_l) [n]
k=17 ae ()
AN[[Fnl]=2
kp (L(l - F)nJ) B
- n—1 -
”2(k—1) k
kp (k—1D!(1 - F)kpk
=P =T 1k 0,(1)) =

=2 Z Pk +0,(1)).
n

Now, consider the m X m covariance matrix

I [(1—(1—F)k)ldm (1= F)*J, (3.76)

n
where J,, is the m X m matrix consisting of all ones. We know that the eigenvalues
of J,, are m (with multiplicity 1) and O (with multiplicity m —1). So, the eigenvalues

of X are:

oy = (1 +(m = 1)(1 = F)¥ ) (with multiplicity 1),  (3.77)

SRS

and
o= (1 —(1- F)k) <oy (with multiplicity m — 1). (3.78)
n

So, X is positive definite and invertible. We then have that

-1/2 _ n
LE = \/p(l ot (3.79)

We can think of {YA } Ac(tn) as a set of (Z) m-dimensional independent vectors with
k

HZ_I/Z

an entry for each t € [m] corresponding to the contribution to V (X ) gl ’“)) from

the XX) term. Then, X is the covariance matrix of the sum of these vectors (which
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is the m-dimensional vector of V (X @, s(”")) over ¢t € [m]). By the Berry-Esseen

Theorem [Rail9], if we take an m-dimensional Gaussian vector G = (G(’)) -
telm
with mean O and covariance matrix X, then we have that

Pr
xM,  xm. g

=F.,m

min V (X(t),s(”’)) > a/] <

te[m]

—_— 13
remt Y E[HZ—‘/2XAH2],
A"

where C is some universal constant. Now, we have that
3/2 3
n —
< |||
(p(l—(l—F)")) [ Al

<o) s|[f]-

Vkn 2
T p(-(-pE)” ,G%]E[(XA)J - (3.81)

Vkn mp k

(3.80)

< Pr [min G >
te[m]

— 3
[l ‘

k SE
) (n(l -1 —F)")) Vo))

Thus,

Pr [min 1% (X(’), s(”r’)) > af <

XM XM gp,, [t€lm]

) . 3/2
k
Pr|min G > o + Cm1/4(n) ( ) m ==
re[m] | KJ\n(1-(1=-0%]  yp(i2)

[ C 5/4 k 3/2
= Pr|min G > o + men -
[r€[m] ] VP k\n(1-(1-F))

’ ‘ Cmd/* k
= Pr|{min G® > of + n | — =
re[m] I (1= =F)) 2\ pn

= Pr|min G” > a| + 0,(1).
| r€[m] ]

IA

(3.82)
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Now that we have a bound in terms of Gaussians, we can write, up to 0, (1) terms,

Pr [min max V (X(’),s(t’r)) >af <
xm, X(m)"’EF,m te[m] re[R]
< R"Pr|min GY > of <
| r€[m]
m (1)
<R"Pr ZG >mal| < (3.83)
_te[m]
< log R %m2a2 =
< exp |mlog %4_@(1_1:)]{ =
ﬁnmoz2
= exp|— 1+o0,(1)).
Pl T m—na—pr| o)
So now, by the first moment method, we have that
Pr max min max V (X(t), S(”r)) >al <
XU XM Ep | (897)) g re(r) EF (nmR€) 1€lm] re(R]
%ma/2
<exp|(n|Rlog2+ (m—-1)RH — 1+0,(1))].
pn|Rlog2 + (m = DRH(E) = e | (1 + o)
(3.84)

If the expression above is > 27", we must have that

a’ < %p ((R+ 1)log2 + (m — 1)RH(&)) (1 +(m-11- F)") . (3.89)

m
= [——— 3.86
F 0.99 - mpffst ( )

to satisfy m/B? + mp® <1, and

_28f _ [ m 2f
£= "= +6BLpF = 0.99_mp§ﬂ(n +6LpF), (3.87)

then, substituting p.y from Lemma[2.16, we have (assuming that f = o(n)),

Now, if we pick

1/4

H(¢) < 26 =2 55 i BLpF(1 + 0,(1)). (3.88)

(1+0.99-62/9)F
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3.2.3 Completing the Proof
We now want to get a contradiction with Lemma To do this, we can show that
for some choice of R, m, F, k that

1/4

2
i Rlog2+e+2(m—1)R( " \BLpF |-
m

o m
0.99 (140.99-52/9)%

-(1+(m—1)(1—F)k)<

2 1
< T -9 log2 <3 ~9)EL,
(3.89)
that is,

2(m — 1)R+\/3LpF

|
~|Rlog2+e+ - (1+(m—1)(1—F)’<)<
n 0.99 | (3.90)

Mmoo (140.99-62/9)

1
< §(y —6)*log2.

Suppose that y = 1/2 and § = 1/4. Then, we can set the parameters as follows:

R =2000

m=432(R + 1) = 864432

_ 1 (3.91)
1.2x 1077pL

1
k = FS =1.8x10"%pL

Then, we have that
(R+1)log2 1

log 2 92
m 432 % (3:92)
~1/4
(o 5 L ) <79 (3.93)
' (1+0.99-52/9)
2(m - 1)R 1
(m=-1) S <2x10° - —log2 (3.94)

0.99 1 Y 432
" (7 (140.99-62/9)F
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[ 1 1
VBLPF <\ 55 0% = 73108 (G99

2(m — 1)R+\/3LpF 1

< log?2 (3.96)
m (w S

/4 432
m (1+0.99-52/9)R)

3
l+m-D(1-F)f=1+m-1)1=F)"F <1+864000e " < > (397
and thus,
1 3(m — 1)R\2LpF
—|Rlog?2 + (m—1) P 7 (1+(m—1)(1—F)k)<
m

0.99 1 (3.98)

mo(140.99-62/9)"

1 1
—log2 = —(y — 8)*log 2.
< T4z 108 9(7 0)"log

Thus, we have the following result:

Theorem 3.17 (Weak hardness for stable algorithms). Take any constants p > 0,
L>0and f =o(n). Then, if F < m and k > % > 2.7x108pL, then there
exists no (f,L,d,Ep, py)-stable and (1/2, pg)-optimal quantum algorithm for the

Quantum Hypergraph Max-Cut problem for pg, pr < 1077 and d > max (|_e2p] ,1).

Proof. From Lemma , we know that py, = e €M So, if Pst> Pt < 107 and

m = 864 000, then
1 - 3mp5t - 3mpf — mpyp — me—3pFn(310g2_2) >

(3.99)
>1-2-3-864000-10"7 — =2 5 0,

By Corollary [3.14] if we set € = log2, we have that 2log(1/€) < 1, so if we have
d > max ([e?p], 1), then we must have

Pr[X5(S)] > 27" (3.100)
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So, assuming that a stable and near-optimal algorithm as in the statement exists, by
Lemma3.12| with probability (1 + 0,(1))2™" there exist bitstrings ") for t € [m],
r € [R] such that for all t # ¢ € [m]
L i du (sW) s<””>) B 9BLpF (3.101)
Rn ’ ) ’ '

r=1
and for all r € [m],if y = 1/2 and § = 1/4, then

1 1
max (X(’), s(”)) > 3 (y=6) E. > 52plog2. (3.102)
re

but by the calculation above, this can only happen with probability less than
(1 + 0,(1))27". Thus, we have a contradiction and so no such algorithm can

exist. ]
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Chapter 4

STRONG HARDNESS FOR LOCAL ALGORITHMS

In the previous chapter, we were able to show a statement roughly of the form “for
any L, there exists a k such that all L-stable algorithms fail”. However, ideally, we
would like to make a stronger statement, of the form “there exists a fixed value of
k such that no stable algorithm is optimal”. Unfortunately, we are not able to show
a sufficiently strong version of the Quantum Overlap Gap property to establish a
statement of this form. However, such a statement can be made if we strengthen our
notion of stability and consider “local algorithms.” Instead of using the quantum
Wasserstein distance of order 2 (W>) as our distance metric, this notion of stability

will use W,:

Definition 4.1 (Local algorithm). Let E be a probability distribution over pairs
(X, X’) of problem instances that correspond to the same interaction hypergraph.
Then, we say that a quantum algorithm A is (f, L, d, B, py)-local if

P AX,w) - AX, <f+LI|IX-X Xo(X)| 21— pg.
e P o (1A @) = AKX 0)lly, <+ LIX = X1 | Xo(X)] 21 pa
“4.1)

4.1 Local Algorithms Imply the Existence of Forbidden Configurations

4.1.1 Reduction to Weakly Local Algorithms with Classical Outputs

The beginning of this proof proceeds similarly to Chapter [3] We do a reduction to
deterministic algorithms and then algorithms with classical outputs that are “weakly
local”. However, the properties of the W, distance allow us to derive much stronger

results from the “weakly local” condition than from the “weakly stable” one.

Lemma 4.2. Let (E(q)) [

qe
instances whose marginal distributions are all A. Suppose that there exists a
quantum algorithm A(X,w) that is (f, L, 2@, pst)—localfor all g € [Q] and

0l be a set of probability distributions of pairs of problem

(v, pg)-optimal for A. Then, there exists a deterministic quantum algorithm ﬁ(X )
thatis (f, L, 0, E,30p«)-local and (7y, 3 p¢)-optimal for A.

Proof. The proof parallels that of Lemma [3.5] with an additional union bound. We
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have that
E Pr [AX,0) - AX o)y, > f+LIX - X, | X(X)]]| =
w~Pq [(X,X")~E(@)

= o P e (1A @) = AKX 0y, > f + LIX = X1 | 6(X)] < oo

4.2)
and
E [Pr [Tr(H(X)A(X,w)) < yE.]| =
w~Pq | X~A 4.3)
= P Tr (H(X)A(X, <vE.] < ps.
P (T HX) A ) < YE] < pr
So, by Markov’s inequality, we have that
Pr Pr [||ﬂ(X,w)—ﬂ(X’,w)||W2>
w~Pqo | (X,X")~E@)
> f+LIX = X1 | %(X) | > 30py| <
(4.4)
1
< E P |IAX ©) - AKX, W)l >
307w o ba | (X zw [AX, w) - AX", w)lw,
1
HLIX =X, 1 %(0]| < <,
> LIX =X %00 | < 55
and
Pr | Pr [Tr(H(X)A(X,w)) < yE.] > 3pf] <
w~Pgo | X~A
4.5)
<L B |pr [rHX) AKX, 0) < vE]| < -
— r [Tr dl < =
T 3pf w~Pq | X~A ' 4 3
So now, by the union bound, we have that
Pr | Pr [Tr(H(X)A(X,w)) <vE.] >3psV
w~Pg ~A
v P |IAX 0 - A,
K | AX, w) - AX', 0)llw,, > (4.6)
q€[Q]
2
> F+LIX = XI | %(0] > 3pe| < 3.

Thus, there must exist some w™* € Q such that for all ¢ € [Q] we have

X Xl})r:(q) [IAX, ") = AX 0w, < F+LIX =X, | X(X)] >

Z 1 - 3stt’
4.7)
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and
XPNrA [Tr(H(X)A(X,w")) = yE.] > 1-3ps. 4.8)

Thus, if we define A (X) = A (X, w*), then A is a deterministic quantum algorithm
thatis (f, L, E, 3pg)-stable and (y, 3 p¢)-optimal. O
Lemma 4.3. Let (E(q)) be a probability distribution of pairs of problem in-
stances whose marginalqceig'gt]ributions are all A. Suppose that the Pauli shadows
estimator is (8, pest, pv)-efficient for the class of Hamiltonians H(A). Suppose there
exists a deterministic quantum algorithm A that is ( f,L, b8 30 pst)-local for
all g € [Q] and (y,3ps)-optimal for A. Then, there exists a pure quantum al-
gorithm G : RG) x [0,1] — {0, 1}" (that is, a randomized algorithm outputting
only classical states), such that the following weaker notion of locality holds for all

q € [0]:

Pr
(X,X')~E

E [16(X,0))(G(X,0)|-|G(X', ) (G(X" w)]

<
w~U

Weo

4.9)

<F+LIX =Xl [ %(X)| > 1-30pg.

Furthermore, consider some X that satisfies the following two conditions (which is

true with probability at least 1 — 3ps — py, over X ~ A):

Tr (H(X)Eci(X)) > vE, (4.10)

Pr [Tr (3H(X)7\7((p, w)) _Tr (H(X)p) > —515*] > 1 pey VpeSM

4.11)
For such X, we must have that
1
Pr [V (X, 6(X,w)) 2 z(y=0)E,| 21 — peg. 4.12)
w~U 3
Proof. The proof is identical to that of Lemma 3.6 O

4.1.2 Solution Configurations over Interpolation Paths

Proposition 4.4 (Stronger version of Proposition [3.7] for W.,). For each problem
instance X, let px(s) be the probability distribution of G(X,w) € {0,1}" over

w ~ U. Then, for every pair of problem instances X, X', there exists a joint
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distribution mx x’ such that

max dy(s,s’) <
(s.s")esupp(myx x7)

JE NG(X, ) (G(X,w)| - 16X, 0)) (G(X", w)]]

(4.13)
<

We

Proof. Write

n

A= E (16X, 0))(G(X,0)| - |§(X", w) (X", w)]] = ZAi, (4.14)

i=1
where the A; are Hermitian such that Try;, (A;) = 0, picked to be the optimal in
Definition[2.7} That is, suppose (without loss of generality) that ||A;||, # 0 only for

i < W, where

W= E [I6(X.0)({G(X.0)| - |G(X ) (G(X w)l] (4.15)
w~ Woo
Since, as in Proposition 3.7} we can write
H%A,- _Tr(AF) = Tr (A7), (.16)

we must have that A; = 0 for i > W. Now, we can think of A as specifying a flow
on a hypercube, with each A; representing a flow along the i’th dimension, with
the positive eigenvalues corresponding to sinks and negative eigenvalues to sources.
Then, we can construct the joint distribution 7 to describe the net flow from the sum
of these contributions, and observe that (s, s”) = O for any s, s” with s; # s/ for any

i > W since there is no flow along dimension i of the hypercube for i > W. Thus,

max dy(s,s’) <
(s,s’)esupp(nx,xz)
4.17)
W= E [16(X.w0)(G(X,w)| - |G (X', w)) (G(X",w)]
w~ Woo
0
Definition 4.5 (Distribution of problem instances for interpolation path).
For T, Q € N, we define the distribution Ep 7 of collections (X (‘1”)) as
0<g<Q.t€[T]

follows. First, sample S by setting each S4 ~ Bern (p / (Z:ll)) i.i.d. Then, sample

(1) ()

J.J ,...,J withiid. entries in {1, 1}. Then, forall and A € ([Z]), set

U
SaJ if AN n * Q0
X}E‘q’t) _ AY [[gn/O1] 4.18)

Sada otherwise.
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In other words, we are interpolating between X and T other independent problem
instances by resampling the weights of hyperedges intersecting with the first ¢g/Q
fraction of qubits. In contrast to Definition [3.9] where we only considered a single
interpolation step, here we are considering the whole path between two independent

instances. We call the marginal distribution of (X (q_l”), X (q’t)) for a fixed g, t by

the name Eg’). Observe that these marginal distributions are independent of 7. We

also have that the marginal distribution of (X (q’t)) - for a fixed g is the same as
te
B 4.7 as in Definition Also, observe that when sampling from this distribution,

we will always have X% = X(O) = X forall ¢,¢ € [T].

x(@2)

P>

x@n

0 Interpolation step ¢ 0

Figure 4.1: Diagram illustrating the distribution Zp 7, showing interpolation paths
branching from a single initial problem instance X into 7 independent instances.
The diagram also shows the marginal distribution E(Qq)
step along the interpolation path.

corresponding to a single

Lemma 4.6. Suppose that there exists a quantum algorithm A that is
(f, L,b, E(Qq), pst)-localfor all 0 < g < Q and (y, ps)-optimal for QMC(n, k, p).
Consider some T € N. Then, with probability at least 1 —3Q°T py— 30T ps — OT py,

over Eg r, conditioned on Xy (j( ) there exists a set of bitstrings

(s(‘“) € {0, 1}”) suchthat s = s fore " € [T] andforall g € [Q],
0<q<0.te[T]
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t € [T] we have that

dig (s7,599) < f 4 L HX(‘I‘I”) _ xla (4.19)
1

and |
% (X(q”), s<‘1”>) > 3(y - O)E.. (4.20)
Proof. Consider some (X (‘”)) that satisfy the following conditions for

0<g<Q.,te[T]
all g € [Q],t € [T]:
|7 (xte10) = F (x| < p]jxteto - xe 4.21)
Weo 1

Tr ( H(X“)FA ( Xq,r)) > yE,, (4.22)

Pr [Tr (3H (X<‘N>) M(p, w)) CTr (H (XW)) p) > —5E*] > 1= pext Vp € S™.
w~

(4.23)
By the union bound, the probability over = that all of these conditions occur is at

least
1 - 30Q*Tpy — 30T pt — QT py. (4.24)

Let p(9") be the probability distribution of G (X (@) w), over w ~ U. Let (9" be
the joint distribution with marginals p4~9, p(@*) from Proposition

Then, consider the distribution II of collections of bitstrings (s(‘”))
0<g<Q.t€[T]

formed by the following sampling procedure. First, pick sV ~ p(®D and set
s = O for all r € [T] (note that p©@) = p©) for all ¢,7'). Then, for
each g, r pick s¢") according to the distribution 7(%") conditioned on s9~1*). Keep

resampling s(9~1") until V (X(‘I”), s(‘m) > 1(y—0)E.. Observe that when sampling
from IT, we have that each (s(q‘l”), s(‘“)) € supp (n(q”)).

From Lemma for our choice of (X (‘”)) , we know that
0<g<Q,1€[T]

1
P 1% (X(q,t)’ (q,t)) —(y = 0)E,| =
S(q,ruf,(q,t) l > < 3()/ )

(4.25)

1
= Pr [v (XW), Q(X(‘f”),w)) < =(y- 5)E*] < Pest < 1,
w~U 3

and since the marginal distribution of 7(¢") conditioned on s(¢~1) is p(¢")  the above

sampling procedure must eventually produce a valid s\?*) satisfying

1
v ( X, S(q,n) > 3(y = O)E.. (4.26)
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Now, by Proposition [4.4]and Lemma[4.3] we have that

diy (S<q—1,t>, S(q,n) <

E [16(X,0))(G(X,w)| - 16X, w) (G(X, w)]] (4.27)
~ W,
<f+L H x(a-1.0 _ x(an
—_ 1 b
which proves the desired claim. O

Lemma 4.7. Suppose that there exists a quantum algorithm A that is
(f L, ”(q),pst) local for all 0 < g < Q and (y, pr)-optimal for QMC(n, k, p).
Then, with probability at least

1 - 3Q2Tpst —3QTps - QTpy, — T exp (—3(3 log?2 — z)pQ_n) (4.28)

over (X(q”)) ~ Bo.,1, conditioned on Xy (X), there exist bitstrings s(a:)
0< SQ [T]

te
for0<gq < | ] € [m] such that for all g € [Q], t # t' € [m] we have
‘dH (S(q—l,t) _ S(q—l,t’)) —dy (S(q,t) _ S(q,t’))’ < E + M (4.29)
—_ n Q b
and for all g € [Q], t € [m],

1
% (X<q N s f>) (-9 E.. (4.30)
Proof. Observe that Xf‘q_l’t) can be different from X/(f’t) only if we have
AN|[[gn/Ql] #@but An|[[(qg—1)n/Q]] = @. Since A must contain one of n/Q

many qubits, the number of such A is at most

nin-1
— . 4.31
o) @21
Then,
p n (n - 1) pn
—. (4.32)
-1 _
() Q-1 0
So, by Lemma|3.11} we have that
Pr [ max HX(q Lo _ x| < 3p;n] >
(X(q’t))OSqSQ,te[T]NEQ’T relrlq<l0l : ¢ (4.33)

>1-Texp (—(310g2 - 2)pQ_n) :
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Now, take the (s(q o )) in Lemma which exist with probability at least
0<g<Q,t€[T]
1 -30QTps — 30T ps — QT pp. Then, assuming that the condition above also holds,

we have that

‘dH (s<q—1,r> _ s(q—l,t’)) —dy (s<q,z> _ S(q.r'))‘ <

<dy (s(q_”), sq”) + dy (s(q_”),sq’t) <

<2f+L Hx(q—l,z) _x@dll 4 HX(q_M) _ x| < (4.34)
1 1
6L
<2f + 2P0
o
O

Definition 4.8. We define the set S (a, m, vo, V1, (X (’)) [ ]) as the set consisting
telm

of m-tuples of bitstrings (s(t )) such that for all ¢ € [m] we have

1€[m]
v (X(’), s<’>) > q, (4.35)
and for all r # ¢ € [m] we have
%dH (sm,s(f’)) € [vo.v1]. (4.36)

Lemma 4.9. Consider some collection of problem instances (X (gt ))0 0selT]
<g<Q,te
satisfying the “with high probability” events in Lemma and consider the corre-

sponding collection of bitstrings s'9"). Assume that

2o, (437)
n 0

Furthermore, suppose that for any M € ([Z]) we have that
1
S (— (¥ = 6) Eym, 0, v1, (X(Q")) ) = 2. (4.38)
3 teM

Then, for any M € ([;]) there must exist some t,t" € M and q € [Q] such that

| ,
dy (s(q’t),s(q’t)) € [vo. v1]. (4.39)
n

Proof. Fix any M € ([HTJ). By assumption, we know that there must exist some
t,t’ € M such that .
~dy (s@’”, s(Q”/)) > 1. (4.40)
n
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But we also know that .
“dy (s(o’t), s<0”’>) 0, (4.41)
n

and, by Lemma 4.7 and the assumption on v; — vo, we have that for all g € [Q]
e (€71 = $6070) — gy (500 = ()| < vy = . (4.42)

Since each step between g — 1 and ¢ is smaller than the “gap” between v and v,
that needs to be crossed going from ¢ = 0 to ¢ = Q, there must exist some g such
that

| ,
dy (sW),s(q“) € [vo, v1]. (4.43)
n

O

Lemma 4.10. Make the same assumptions as in Lemma and suppose that
T = (Q+ 1)@V Then, there must exist some M € ([nc]) and some q € [Q] such
that

1
(v — (g.1)
S (3 (y = 0)E., m, vo, v1, (X )teM) % Q. (4.44)

Proof. Consider a graph G with T vertices where we draw an edge of color ¢
between vertices ¢ and ¢’ if ,l,dH (s(’), s(t')) € [vo, v1]. Then, under the assumption
of Lemma for any subset M of m vertices in G, the subgraph corresponding
to M contains at least one edge. Thus, we can directly apply Corollary which
tells us that G must contain a monochromatic m-clique. This is equivalent to the

condition we want to show. ]

4.2 Non-Existence of Forbidden Configurations

In this section, we prove the QOGP and demonstrate that the set of configurations
described above is empty with high probability. The structure of the proof is similar
to Section [3.2] but this time we must use the structure of the problem itself to make
the argument work instead of relying on the interpolation step being large enough.
The covariance bound will apply even if we are looking at the same problem instance,
which ensures that the value of k at which we can say the problem is hard can be

independent of L.

First, the entropy bound is exactly the same as before. Consider the set ¥ (n, m, 1, vy)
(as in Definition [3.15] with R = 1). By Lemma|[3.16] we have that

|F (n,m,1,vi)| <exp[n-(log2+ (m—1)H(vy)) (1 +0,(1))]. (4.45)
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Now, consider some (sm) - € F(n,m,1,vy). We know that if we sample
trelm
(X(q’t)) ~ EQ’T, then
0<g<Q,t€[T]
2l p
E v(xw,sm) =2 (4.46)
n

and fort # ¢,
E [V ( xtan, S(q,n) v ( X, S(t',r,r))] -
k

- Z E [ng’t)X,(Aq’t/)] (_I)ZVGAS‘(})_‘—ZV’GA’ sfft/’) =
2 ’

Aare(t)

S

(")

LA B X x| (- [)Zreals 4] (4.47)
n

Ae(["])
- Bl
”2(2:1) [nl
Ae(k)
AN[lgn/Q1]=2

For i, j € {0, 1}, let
(Q). |{[qn/Q]<v<n s =insl) = jH

Note that woo + wo1 +wio+wi1=1- %

Then, proceeding as in Theorem [2.6] we can write

B [V ( Xt S(q,z>) v ( X, S(r’w))] -

0 b=

_p( (q)+w

ity + i - wéf i) (L4 on(0) =

_Py_a_2, (o ) )
n (1 (0] ndH (S>f€1n/Q1’S>[qn/Q] (1 +o0x(1)),

that is, we are looking at the Hamming distance between the bitstrings ignori
first gn/Q bits.

(4.48)

ZZ (@ )(wé‘ffn)( Wi )( willn )( e
- - b J\ v N\k—a-b-p -

(4.49)
ng the

Now, just as in Theorem [3.17] we can apply the Berry-Esseen theorem and view the

distributions as Gaussian up to an 0,(1) error. We then have that
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min V (X(q”),s(t)) > a] <
te[m]

Pr
x@  xlaem. gz, "
o

.....

min GY > o <

< Pr
| re[m]
< Pr Z G > mal| <
re[m] (4.50)
%mZQ,Z
< exp|— K|~
mp 4 q 2 (t) ()
ot Dizrem (1 —o~ adu (S>rqn/Q1’ S>rqn/Q1))
ﬁnm&z
= exp|— k
1 q 2 (1) ()
1+ Zm'e[m] (1 0o adn (S>[qn/Q1’S>[qn/Q1))

So now, by the first moment method, we have that up to 0,(1) factors,

Pr S (oz,m, Yo, V1, (X(q’t)) ) # @] <
te[m]

(X(%Z))te[m] NE%,m -
<

max min V (X(q’t), s(’)) >a

Pr
(X(q”))zg[me%’m g(s@))te[m]e?'(n,m,l,w)’E[m]

(4.51)

< exp [n|log2+ (m —1)H(vy) —

k
1 g _ 2, (0 ()
L+ 5 Zesrrepm) (1 —g " adn (s>fqn/Q1’ S>fqn/Q1))

If this is > 27", then we must have

a? < %p (2log2 + (m — 1) H(vy)) -

1 q
14— Z](l—é—;dH(S

t#t'e[m

k
0 ) )
>[qn/Q1* >>[qn/Q]

(4.52)

Now, we know that
(4.53)

1 ,
;ldH (S(Z), S(t )) = Vo,
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SO
2 (s ) q
=i (s 01U se1) = Y0~ o (4.54)

If k is even, we must minimize the distance term to maximize @, SO we can write

a? < %p (2log2 + (m — 1) H(»vy)) (1 +(m-1)(1- vo)k) . (4.55)

4.2.2 Completing the Proof
Now, we want to show that there exists some choice of k, m, vy, vi with

0 < vy < v; < 1 such that

2 2
P 21082 + (m = 1) H(v))) (1 +(m—-1)(1=- vo)k) < § (y - 6)?log 2,
m
(4.56)
for which it is sufficient to show that

! (210g2+ (m - 1)\/5) (1 +(m—1)(1 - vo)k) < é (y - 6)*log2.  (4.57)

m

Now, we select the parameters as follows:

m—{ 54 W
| (y-0)?

vy = (v = 6)*1log?2
'Toaar : (4.58)
vo = (1-n)v
. Fog(Zm — 2)}
Y0

for an arbitrary constant 0 <7 < 1.

Then, we have that
1 1
—2log2 < —(y —6)*log2
m 27

m—1 1 )
— —(y—90)"log2
— 2v; < 77 (y —9)“log

log(2m-2) (4.59)
l+m-D(1-vo) <l+(m-1DA-vy) n <

-1 3

<1+(m—1)elosm2 o 70 _ 2

<l+(m-1)e 3= 3

So, for this choice of parameters, we have that
1
p = (y = 8) Ev,m, vo, ,(XW)) 2| <27

(x0) r - lS (3 (y ) m,vo, Vi re[m] * < (4.60)

te[m] %,m
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Furthermore, observe that if we set ¢ = Q, then the covariance term in Equa-
tion (4.52)) disappears, which means that the above bound will still hold even if we
set vg = 0. Thus, we have

<27 (4.61)

1
S|=(y-6)E.,m,0, ,(X(Q”)) 0
(X(Q’t))t;m]"El,m [ (3 tr ) o te[m]

Additionally, note that if we set ¢ to be sufficiently small, we can effectively set ¢ to
0 in Equation (4.58]) and the above bounds will still hold since they are sufficiently

loose (e.g. because of the (m — 1)/m term).

Theorem 4.11 (Strong hardness for local algorithms). Take any constant(0 <y < 1.
Then, fix m,vo,v1, k as in Equation (4.58), using 6 = 0 and any n > 0, and making
k even. Then, for p > 0and L > 0, let

= FL—P +1 (4.62)
nvi
and
T = (0 + 1)@+hm (4.63)

Let f be such that f < UT‘:In (for sufficiently large n), let py, pv be such that
30T py +30Tps < 1, (4.64)

and let d > max ([e?p], 1). Then, there exists no algorithm that is
(f,L, D,E(Qq),pst)—local for all 0 < g < Q and (y, ps)-optimal for the Quantum
Hypergraph Max-Cut model with parameters k, p.

Proof. First, observe that assuming the given conditions on f and Q, we have that

2 L
L1 A, (4.65)
"0

Since py, = e~2™ for the shadows estimator and 3Q2Tpst +3QTps < 1, we have that
the probability of the events in Lemma.6|is bounded away from zero. Furthermore,
since Equation (#.61) holds, we have that

1
Pr S (— (y —06) E.,m,0,v1, (X(q’t)) ) =@
(X1@0),_y ~Err@MCakp)) | \3 M
VM e 7] >1- g e MM =1 — 700,
m - m

(4.66)
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By Corollary [3.14} if we set € = log?2, we have that 2log(1/€) < 1, so if we have

d > max ([e?p], 1), then we must have
Pr[Xy(S)] =27". (4.67)

Thus, with probability of at least (1 + 0,(1))27" over Eg 7, all the conditions of
Lemma [4.10]are satisfied, which means that for some ¢,

1
S|z (y = 6)E.,m, vy, vi, (XW)) ) % Q. (4.68)
3 teM

However, by Equation (4.60), this probability is less than 27", so we have a contra-

diction. Thus, we have shown that no such local algorithm can exist. L]

Corollary 4.12. For even values of k > 14210, the Quantum Hypergraph Max-Cut
problem exhibits a statistical-to-computational gap for local algorithms of the form

described above.

Proof. This follows by using the valuesy = 1-107 and = 107> in Equation (4.58)).
]
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Chapter 5

APPLICATIONS AND FUTURE DIRECTIONS

In this chapter, we analyze the stability properties of some prominent algorithms for
quantum optimization problems and apply the hardness results of Chapters [3|and
We discuss the current barriers to using the framework of the QOGP to producing
strong hardness results for stable algorithms, and discuss potential future research

directions to address this.

5.1 Hardness Results for Quantum Algorithms

We will illustrate the use of both of the hardness results through the example of the
Quantum Approximate Optimization Algorithm (QAOA) [FGG14].

Definition 5.1. The depth-¢ QAOA for the Quantum Hypergraph Max-Cut Hamil-
tonian H(X) is defined by

A (X’w) = |lﬁ€ (Xaw)> <lﬁ€ (X’w)la (51)

where

1
e (X, w)) = 1_[ exp (—iB;Hy (w)) exp (—iy}Z)H(Z)(X)) exp (—iyj(-Y)H(Y)(X)) :
j=t
cexp (-iy T HO (X)) Ipo(@))

(5.2)
where H® (X), HY) (X), H? (X) are the o*,07Y,0” parts of H(X); the state
l¥o(w)) is chosen to be the maximal-energy eigenstate of the mixing Hamilto-
nian Hj;(w) (which is a 1-local Hamiltonian that does not commute with H (X)),

and the parameters 3;, )/Ex), yj(.y ). 751) are optimized over.

Repeat € times (j = 1...¢)

Figure 5.1: Circuit diagram illustrating the depth-£ QAOA ansatz.
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Proposition 5.2 (From Anschuetz [Ans26, Corollary 64]). The depth-¢ QAOA al-
gorithm is (\/ﬁ, L.b,Ep, O)—stablefor any F > 0, where

o (EkD)M (5.3)
 4v2n \2 ' '

Corollary 5.3. Suppose that ¢ = Clogn and d = {ezp] > 1. Then, if C < @,

we must have that the depth-€ QAOA algorithm is (\/r_l, %, D, 2F, O)-stable for any
F=>0.

Proof. We have that

4Clogn

2 3

L< i (—ezpk) =
4\2n \2

2r 3
= exp |4C logn log (—ezpk)) = (5.4)
4N2n ( 2

_ \/zﬂn4C10g(%ezpk)—%

If L =0,(1), we must have
1
C——F. (5.5)
8log (3e2pk)

Since e?p > 1 and k > 2, we must have

€= 8log3’ (>6)
O]
Corollary 5.4. The Clogn depth QAOA algorithm with
Cs— (5.7)
8log3

cannot be (1/2,1x1077)-optimal for the Quantum Hypergraph MaxCut problem if
p>1/e? and

k>3x10"%>27x10%p

V2n
W (5.8)

Proof. This follows immediately by applying Theorem to the result of Corol-

lary 5.4 O
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Now, if we instead consider constant-depth QAOA, we can get a significantly better

bound.

Proposition 5.5. The depth-t QAOA algorithm is (o, K+, E(Qq>,o)-locaz for
any 1 < g < Q and any d.

Proof. Suppose that the weight of one hyperedge A € ([Z]) is changed. This
hyperedge is adjacent to k qubits, each of which is adjacent to at most d hyperedges.
Applying time evolution by H (X) propagates changes to kd hyperedges. Applying
time evolution by the mixing Hamiltonian does not propagate to other qubits since
the Hamiltonian is 1-local. So, after ¢ layers, a change to a single hyperedge
propagates to k (kd)" = k“*1d¢ qubits. Thus, we have that

IAX, w) = AX', w)lly,, <k NX - Xy, (5.9)
and so, depth-¢ QAOA is (0, k1%, b, EF, 0)-local. O

Corollary 5.6. QAOA of constant depth € cannot be (vy, p¢)-optimal for any y < 1
for the Quantum Hypergraph Max-Cut problem with even values of k > 14210, for
any sufficiently small {-dependent value of ps > 0.

Observe that while the bound needed for p¢ is {-dependent, it is independent of #.
In practice, the error probability of any near-optimal algorithm may be reduced to
0,(1) by repetition, as long as the original algorithm has error probability bounded

away from 1.

5.2 Limitations of Our Technique

If we are working with stable algorihms and the W, metric, we must make use of
Proposition [3.7] to bound expected Hamming distances between pairs of solutions
generated by a quantum algorithm. To bound the error from the classical shadows
estimator, we then need to take R replicas and consider them as being collectively
stable or optimal. If R > 1, these conditions give us very little control of the
individual replicas and this construction introduces many degrees of freedom that
make an OGP difficult to construct.

The reason the proof in Theorem[3.17|was possible is that this was not a “true” OGP
and did not depend on the structure of the optimization problem in any significant
way. The value of k chosen in that result depends on F, which itself is chosen

depending on L. The central idea of the argument is that if we fix a Lipschitz
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constant L, then for large enough k, the distance between near-optimal solutions
for two problem instances where Fn qubits are resampled becomes too large for
L-stable algorithms. To make a strong hardness claim like in Theorem @.T1] we
effectively need to show that this holds even when we do not resample at all (i.e.

keep the same problem instance).

If we proceed as in Lemma[3.8]and Lemma([3.12] Then, we argue that there exists a
collection of bitstrings s'¢*") for 0 < g < Q,t € [T], r € [R] satisfying:

R
l Z dy (S(q—l,l,r), s(q,z,r)) <Bf+BL Hx(q—l,l) — x@n (5.10)
R — 1
and .
max V (XW), sW”)) > = (y-6)E.. (5.11)
re[R] 3

If we then argue as in Lemma §.10] (by applying Ramsey theory results on 7' many
replicas), we can say that, with high probability, there exists some g € [Q] and
some subset M C ([,:1: ]) (identified with [m]) such that

R
1 ,
E Z dH (S(q,t,r), S(q’l ,r)) € [Vo, Vl] (5.12)
r=1
and .
max V (XW), sW”)) >3 (y =) E.. (5.13)

Now, to demonstrate an algorithmic hardness claim akin to Theorem@ we must
argue that the set of such collections of bitstrings (s(‘””)) — is empty with
te|m],re

high probability for all ¢ € [Q]. We have the following:

Pr

oy P 3 (s(q’t”)) €F (n,m,R,v) :
x@h  x@n.g

q/Q.m

max V (X(q”), s(q’t’r)) > aVt € [m]] <
re[R]

< |F (n,m,R,v{)|R" max
ro,...,r,E[R]m

<

x(a.1) te[m] B

,,,,,

Pr |:HHH V (X(qJ), S(q’[’rf)) Z a
/Q.m
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IA

|7:(n9 m, R’ Vl)lRm max

r0,...,rt €[ R]™

Pr Z Vv ( X(q,o,s(q,r,r,)) > mal <

»1 RN~ N
X@b  xl t)~-—‘q/Q,m re[m]

IA

exp |n| Rlog2 + (m — 1)RH(vy) —

1.2 2
_ sm-a <
q 2 (qvtvrl) (qJ'J’z')
m+2 Y sem] (1 S0 ndH (S>fqn/Q1’ S>Fqn/Q1))
< exp|n|Rlog2+ (m—1)RH(vy) -
%mzaz
_ alE
Mm+2 Y relm (1 B %dH (statro), s(at"ri))
(5.14)
so we need to have
2R 2 k
o? < = (log2+ (m = DRH(v1)) | m +2 Z (1 — Zdy (s(q’t”’),s(q’t >))
m t#t'€[m] n
(5.15)

The issue is that the only tool we have available to bound the covariance terms
is the “collective stability” condition from Equation (5.12), which gives us almost
no control over each individual covariance term unless R = 1. But R needs to be
large to drive down the error in the classical shadows estimator. This points to a
fundamental limitation of this approach: while classical shadows allow us to extend
the theory of the Overlap Gap Property to study the hardness of quantum problems
for quantum algorithms, they also introduce extraneous degrees of freedom that
make it much harder to prove non-existence of forbidden configurations than in the

classical case.

5.3 Conclusion and Future Work
In this work, we used the theoretical framework of the Quantum Overlap Gap

Property to establish algorithmic hardness results for the Quantum Hypergraph
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Max-Cut problem, allowing us to provably guarantee the failure of stable and local
algorithms under specific conditions. Our work builds upon prior research on the
Quantum Overlap Gap Property [Ans26]] and allows us to extend hardness results
for classical combinatorial optimization problems [FGG20] to study the limitations

of quantum algorithms for quantum optimization problems.

One future research direction is analyzing how these results apply to more of the
known quantum algorithms for optimization and investigating algorithms where the
stability and locality properties emerge for less obvious reasons. One example is
the Decoded Quantum Interferometry (DQI) algorithm [Jor+25]. It was recently
shown [AGL25] that DQI exhibits stability (and in fact, locality in the sense of
Definition4.T]) under certain assumptions on the decoding rate, and this was used to
demonstrate its failure on unstructured MAX-k-XOR-SAT instances. However, DQI
cannot be directly applied to the Quantum Hypergraph Max-Cut problem. Recent
work [Sch+25] proposed the Hamiltonian DQI, and it may be possible to study the

limitations of this algorithm using the tools we have developed in this work.

The most significant open problem that remains is the question of whether or not
it is possible to extend the strong hardness result to all stable algorithms. The
Overlap Gap Property is a rigorous formalization of a phenomenon known in the
physics literature as shattering, and recent work [ZKA25] described a quantum
version of shattering and its implication on average-case hardness results for quantum
algorithms. However, this work relies on certain non-rigorous arguments (such as the
“replica trick”) that are difficult to eliminate. The goal of the QOGP is to rigorously
formalize the notion of quantum shattering, but as we have seen in this work, its
current form is not strong enough to prove the desired strong hardness results that
we would expect to hold from the informal quantum shattering arguments. Future
research must focus on developing a stronger form of the QOGP that avoids these
issues, possibly by investigating the geometry of the space of quantum states directly

instead of using classical shadows estimators.
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Appendix A

THE GHZ HYPERGRAPH HAMILTONIAN

A.1 Problem Setup

In this appendix, we discuss a problem related to Quantum Max-Cut but for which
we believe no QOGP exists and for which the hardness results established in this
work do not apply. While the Quantum Max-Cut Hamiltonian with k = 2 uses
projectors onto the |¥~) state, the EPR Hamiltonian [Kin23|] uses projectors onto
the |®*) = % (]0) + |1)). One way of extending this to k-uniform hypergraphs is
to consider projectors onto k-qubit GHZ states:

VE
B0 ()= 25 3 X, |GHZ), (GHZl, ® Ty, (A

GHZ
ae(yh
where we select each X4 as before, that is, each X4 = S4J4 wWhere
S4 ~ Bern (p/(gj)), Ja ~{=1,1} iid., and

1
GHZ) = —(|0...0) +]1...1)). A2
|GHZ) \/§(| )+ ) (A.2)

Now, the stabilizers of the GHZ state are generated by Id®k, (0"‘)®k , and
Id® @02 ® o @ 1d®* 2! for 0 < [ < k — 2. So, we can write

k=2
1
(GHZ) (GHZ| = —(1d% + (@) [ | (Id®k +1d¥ ®0” ® 0 ® 1d®k-2—l) -
=0

1 k
- 2—k(Id®k + (%)% Z ol

A'C[K]
|A’|even
(A.3)
and so,
(n,k) _ ﬁ X YA
Hiiy (X) = o A%}) Xa(1+0%) AZC:A o (A.4)
(" =

|A’| even

Now, we consider the classical shadows estimator using the Pauli basis states. Then,

we are interested in the problem of finding b, s that maximize the energy

(nk) e .
VIS (X, b,s) = (b;s| H b;s) . (A.5)
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Note that since each term in the Hamiltonian does not consist of a single basis, we

cannot just let all b, be the same in the shadows estimator.
We can write

k
VI (X,b,s) =

vk
= — X b: z b;s) + (b; X% b: _
2kn Z[;l] A AZC:A (< s| o, [b;s) +(b;s| o0, | s))
Ae( k ) |A’|Even
Vk . ,
= o : . _n A’ . y X . _
= 5%, Z[;” Xa AZC:A ((b,S|O'A/ b;s) + (=)' ' (b;s| o), ® 0, 4, |b,s)) =
Ae( k ) |A’|Even
vk
=50s 2 Xa 2, | [Tonat-nm
Ae(lrh) |A/§i%$\en veA’

veA’ veA\A’

+ DT [T 6na-0 [] 5,%,1(—1)%):

:£ Soxa > e+ Y XnTE [y

Ac(ln] A’CANb[3] veA’ Ac(ln] veA
() |A"] even Amb%ﬁ:)@
ANb[2] even

(A.6)

In the above, we write b[ /] to represent the set of vertex indices v for which b, = b.
Consider the first term in the above expression. If A N b[3] = @, the contribution
from A is 1. Otherwise, if s is constant on A N b[3], the contribution is 21ANb[3]|-1
since the number of even-size subsets of a non-empty set equals the number of

odd-size subsets, and the contribution is O otherwise. So, we have that
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n,k
Vet (X,b,s) =

Vk
_ |Anb[3]]-1
= _an Z XA2 +
()
Anb|[3]#@

| s constant on ANb[3]

|Anb[2]]
+ Z Xall+ ]1|Aﬂb[2]| even(_l) 2 l_l(_l)sv

Ae(tm veA
Anb[3]=2
(A7)
A.2 Bounds on the Maximal Energy
A.2.1 Upper Bound
Proposition A.1. For any € > 0, we have that
Pr [nﬁ?sx V) (X, b,s) > ay + €| = 0,(1), (A.8)
where
ay =
(H(z) + zH(w/=z2)) [(4w —z+ D+ Bz—4w+ DF +16(1 — z)k] p
Osrvl;lg?sl 7. 4k .

(A.9)

Proof. We know by the universality result [AGK25, Theorem 6] that we can equiv-
alently consider taking X4 ~ N (O, p/ (Zj)) instead of choosing from {—1, 1} since
the first and second moments of these distributions are the same, and the Rademacher

disorder is bounded.

Take some fixed b, s. Observe that when taking the expectation over the choices of
X4, we have that

E[VSHE) (X,b,8)] = 0 (A.10)
since negating every X4 corresponds to negating the total energy.

Now, consider the set of states

S, = {(b,s) € {1,2,3}" x {0, 1}" : |b[3]| = zn, b[3] Ns[1]| = wn} (A.1])
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for any O < w < z < 1 such that zn, wn € N.

Now, if we take some (b, s) € S ,,, we can write

(n.b) 2| _
E[ng(x;us)]_

_k p 2040b[3]]-2

T gkp2 (n—l) Z 2 +
k-1 AG([Z])
ANb[3]+@

| s constant on ANb[3]

2
lAnb(2]] E
+ Z (l + 1|Aﬂb[2]|even(_1) 2 l—[(—l) ") <
Ae(ll veA
Anb[3]=0
k B
_r 22261—2 wn + (z=w)n (1-2)n v 4 (1-2)n .
hS 4kl’L(Z) s a a k—a k
pk' a—1 n a u g 4n (1 _Z)
~ " qe-1___ =~ + (7 — |- L=t
4kp - nk LZ:;) a!(k—a)!(w (z=w)?) (1-2) o
p | ek
= - 4a—1 a4 _ ay (] — k—a+41_ k| —
25, ;} (a) W+ (z=w)*) (1-2) (1-2)
= L V1(4W+1_Z)k+1(4(Z—W)+1—2)k+4(1_z)k _
4kp | 4 4
o |
=ﬁ%»ZMW+1—ok+Z@z+1—mwk+q1_@ﬂ_
(A.12)
Now, by a Gaussian tail bound, we have that
Pr |V (X.b,s) > o <
< 3@’
< exp |- _
p ﬁ[411(4W+1—Z)k+%(3z+1—4w)k+4(1_z)k] (A.13)

202 - 4%n/p
exp |— .
(4w +1-2)F+ Bz+1-4w)k +16(1 — )k
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Now, using a union bound, we have

Pr[ max VY (X b,s)>a| <

(bs)eS,,, OHZ

o2t _
zn)\wn) P TAw+1-2)%+ 13z + 1 —4w)k +8(1 - 2)*
202 - 4kp )

(4w —z+ 1)k + 3z —4w + Dk +16(1 - 2)¥
(A.14)

where H(x) = —xlogx — (1 — x) log(1 —x) is the binary entropy function. Now, we
have that

exp (n H(z) + znH(w/z) -

max V0 (X,b,s) > ay| = e 8, (A.15)

Pr
(bs)eS,,, OHZ

Now, performing a union bound over all choices of z, w, of which there are O(nz),

we have

Pr [nll)a;x Vé’;’llg (X,b,s) > ay] = 0(n?)e M = 0,(1). (A.16)

]

Note that if we restrict to the case z = 1 (only looking at classical states), the bound

becomes

1
Qucl ‘= max \/— H(w)(wk + (1 —=w)5)p. (A.17)
0<w<l Y 2

Since the 16(1 — z)¥ term becomes subleading for large k, the upper bound ay
approaches ay (. Furthermore, observe that for large k, this is maximized when w

approaches O or 1.

A.2.2 Lower Bound

Now, to find a lower bound, we will use the second moment method.

Proposition A.2. For any € > 0, we have that

(n,k) _
Pr Hll,:“SXVGHZ (X,b,s) <ay — e] = 0,(1), (A.18)
where
1
= = = k - . .
ar 1/%55(31 ar(w) 1/1222:3;1 \/2 Hw)w*p(1 —0r(1)) (A.19)

Proof. LetYys = [V("’k) (X,b,s) > a] for some threshold « to be determined. Let

GHZ
Y = Z Yo.s: (A.20)
b.s
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that is, the number of configurations with energy at least @. By the Paley-Zygmund

inequality, we have that

E[Y]?  Zbsi.s E[Yos] E[Yy ]

E[Yz] - Zb,s,b’,s’ E[Yb,SYb’,S’]
(A.21)

(n,k) _
Pr[rrlflsx Ve (X,b,s) > a] =Pr[Y > 0] >

By the same argument as before, we can equivalently consider taking

Xs ~ N (0,p/(2:1)). So, we can view Vgﬁ? (X,b,s) as a Gaussian random

variable with mean O and variance of . We then have from standard Gaussian tail
bounds [GJK23|| that

a2
ElVhsl = iV (X.b.s) 2 0] = 2™ (1+0,(1)  (A22)
aV2n

as long as @/op s > w,(1).

Now, to find this lower bound, we will just consider classical states with a majority

of 1s: take z = 1, w > 1/2. For such states, we can calculate:

1 wkp
2 _ 2%-2 _ .2
Ths = 4kn(n) E 2 el o, (A.23)
O aciy

s constant on A

Now, consider two states defined by s, s” that share 1s atau < w fraction of locations.

Then, we have

E[V"5 (X, b,s) V) (X, b,s)] =

GHZ GHZ
_p un (w—u)n (I-2w+un\ |1 ,
" () =) (T
z%(uk+2(w—u)k+(l—2w+u)k).

So now, we have the correlation coefficient between V("’k) (X,b,s) and

(k) GHZ
VR (X, b,s):

E[Vgiy (X.b.s) Vi) (X,bs) 1

Ob,sOb,s’ wk

&

(uk +2w—u)f+ (1 —2w+u)k).
(A.25)

p:
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Using a bivariate Gaussian tail bound [GJK23]], we can then establish that

e
E[Yb,sYb,s’] < 2na?\1-p? (1+p)o?

Bl B 1™ o exp (~2) (14 0,(1))

(1+p)? a? 1 (1+p)? a?
< exp (— (1— )) = exp( ) =
T -2 o2 J1 - p2 o2(1+p71)

_(1+ p)? 4na’®

T exp =

k k
wep (1 + uk+2(w—u);‘v+(l—2w+u)k)

(A.26)

4na’

k wk
wep (1 + uk+2(w—u)k+(l—2w+u)k)

= exp (I +o0,(1))|.

So now, we can write our lower bound (ignoring 0,(1) terms):

(n.k)
Pr[rrﬁ,e;x Vo (X,b,s) > a] >

Y1 j2<uztzunent () (((vlviuu))’;) (8:82)

n —u)n —-w)n >
21/2<us1:uneN (un) (((v{/—u))n) (Evlv—u;n) exp ( dna . ))

k w
w p(l+uk+2(w—u)k+(1—2w+u)k

> (A.27)

We can write 0 : | |
n —u)n —“WIN) ot
5 el R s

w —

where

CD(u,w):H(u)+(1—u)H( )+(1—W)H(

= —ulogu —2(w —u)log(w —u) — (1 = 2w + u) log(1 — 2w + u).

v

u
1-u 1—-w

(A.29)

For a fixed w, we can see that

4 (. w) = — log u—1+2 log(w—ut) +2-log(1-2w-+u)—1 = Io _wow
du e =08 g 8 =08 u(l=2w +u)
(A.30)
d
—P(u,w) =0 = w—u)=u(l =2w+u) =
—(u,w) (w = 1)? = u( ) s

— W -2wu+w?=u-2wu+u* = u=w

So, ®(u,w) is maximized at u = w2, with a value of

~2logw - (2w(1 —w) +2(1 - w)z) log(1 - w) =
(A.32)
= —2wlogw —2(1 —w)log(1 —w) = 2H(w).
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Now, if we let

4 2
W(u, w) = T , (A.33)
p (1 + uk+2(w— u)2V+(l 2w+u)k)
we can write
n®(u,w)
(n,k) > > 21/2<u§1:un€N e
Pr [I’Ill)aX VGHZ (X,b,s) > a] 2 <L ounelt @ (uw)+n¥ (u,w) ° (A.34)

1/2<u<

The numerator can be approximated as ¢ (") Now, the denominator is maximized
when u = w — 0y (1). In the regime u ~ w > 1/2, this will become approximately

en(CD(w,w)+‘P(W,W)) ~

4na?
=~ H + =~
exp |n H(w) 0 (1 .t ) (A.35)
wk+(1-w)k
2
~ exp nH(w)+ na )
So, overall, we have that
(n,k) 2(1’2
Pr[rrll)ax Vanz (X.b,s) > a] >exp [n|H(w) — w_kp . (A.36)

Suppose for the sake of contradiction that for any sufficiently small € > 0 we have

26
Elmax VIR (X,b,s)] < ar(w) — = (A.37)
Observe that by Vershynin [Verl8, Proposition 2.7.6], we have the following con-

centration bounds:

2ne?
< exp o
PJ o (A38)

2ne?
< exp _w_"p .

Pr [rrll)ax Vé’ﬁ? (X,b,s) > E[max Vé';{? (X,b,s)] +¢€

Pr [n%ax Vgﬁ? (X,b,s) < E[max Vé’;{? (X,b,s)] —€

So, from the above, we must have that

2 2
Pr | max Vi) (X.b,s) > ar.(w) - = | < exp (-] <
b.s 3 wkp

GHZ
< Pr|max V" (X, b,s) > E[maXV(" K (X, b,s)] +=| <exp|- 2ne?
by GHZ GHz (4.0 = Owkp

(A.39)
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But we also have that

n €
Pr [rrﬁ?sx Vé}il;) (X,b,s) > ar(w) — 3 >
4 — €/3)?
> exp [n (H(w) - (“L(W)k €/3) )] - (A.40)
wip
4n (2ap(w)e €
= ex -—1|-
P wkp 3 9
But observe that if we set € to be sufficiently small, then
dn (2ap(w)e B 6_2 (. 2ne? 50, (A41)
wkp 3 9 9wk p

which means that there is a contradiction between the lower bound and the concen-

tration bound. Thus,

V(n’k) 2€

E[rrll)?sx oz (X.Db,8)] > ap(w) — R (A.42)

which means that for any w,

2
(n,k) 21’16 _
Pr [nll)’asx Vonz (Xob,s) < ap(w) — €| <exp (_9wkp) = 0,(1), (A.43)
so in particular,
Pr [n%?sx Vgﬁ? (X,b,s) <ap — 6] =0,(1). (A.44)
]

A.3 Evidence Against the QOGP

Observe that for large values of k, the upper and lower bounds match and are attained
when w is very close to 0 or 1. Thus, the space of near-optimal solutions consists of
very low-entropy states, which prevents the clustering phenomenon from occurring.
While we do not formally prove the non-existence of the QOGP for this problem, the
known techniques for establishing it fail and it is possible that there exist average-
case efficient quantum algorithms for the GHZ Hypergraph Hamiltonian for large
values of k.
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Appendix B
RESULTS FROM RAMSEY THEORY

Here, we reproduce results from Ramsey Theory that are used to construct a for-
bidden configuration in Lemma in the strong hardness proof. This follows a
similar argument to Gamarnik and Kizildag [GK21], but our version is simpler and

yields a better bound.

Definition B.1 (Ramsey numbers). For positive integers mj, ..., mg > 2, the Ram-
sey number R(my, ..., mg) is the smallest value of T such that for any Q-coloring
of the edges of Kr (the complete graph with T vertices), the graph contains an
m j-clique of color j for some 1 < j < Q. Also define Rp(m) = R(mj,...,mp)
whenm; =mforall1 < j<Q.

Proposition B.2 (Version of the argument of Erdos and Szekeres [ES35]] for many
colors).
R(ml,...,mQ) < Q= (B.1)

Proof. We proceed by induction on the number of colors Q and on the values
mi,...,mg. First, suppose that the claim holds for Q — 1. If m; = 2 for some j,

then if the graph does not contain a 2-clique of color j it does not use this color, so

Q i Q )

R(my,...,mg) =R(my,...,mj_1,mj1,...,mp) < (0 — I)ZF'm’ 2 < QZF‘m’.
(B.2)
In the case Q = 2, we have that R(2,2) =2 < 24, Now, we can fix Q and induct on

mi,...,mg. Suppose that the claim holds for R(m1,...,m; —1,...,mg) for all
I <j<Q. Let

0
ZR(ml,..., i=1,...,mp), (B.3)
j=1

and consider any Q-coloring of the edges of K,. Then, for any vertex v, by the
pigeonhole principle, there must exist some 1 < j < Q such that v has at least
R(my,...,m; —1,...,mp) adjacent edges of color j. Consider the neighbors of
vertex v connected to it by color j. Either they contain an m /-clique for j* # j

or they contain an m; — 1-clique of color j, creating an m j-clique of color j when



67

taken together with v. Thus,

Y
R(my,...,mp) SZR(ml,...,mj—l,...,mQ) <
i=1

(B.4)
<Q Q(ZJQflmf)_l = QZJQ=ImJ
]
Corollary B.3.
Ro(m) < Q9™ (B.5)
Proof. This follows immediately from Proposition |B.2 0

Corollary B.4 (Improved version of Gamarnik and Kizildag [[GK21, Proposition
6.121). Let T = (Q + 1) @*V™ Consider a graph G with T vertices such that any
subgraph consisting of m vertices contains at least one edge, and all edges in G are

assigned one of Q colors. Then, G must contain a monochromatic m-clique.

Proof. We can treat the absence of an edge as an additional color Q + 1 and apply
Corollary We know that any graph of size T must contain an m-clique of
one of the colors, but since it does not contain any m-clique of the color Q + 1 by

assumption, it must contain an m-clique of one of the colors 1, ..., Q. O]
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