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1e Introduction

The study of molecular dynamics, the basis for the chemical
reaction, is of fundamental importance in many fields. Theoretical
calculations in this area consequently have a particularly wide ap-
plicability. Several references describing some recent developments
in this field follow,

Energy transfer in collisions of gas molecules near room temp-

T He found that ro-

erature was investigated by G Zeuer in 1931,
tational transitions were considerably more probable than vibrational.
Vibrational energy transfer probabilities were calculated by K. Fe.
Herzfeld2 for low energy interactions with the use of the selection
ruletbyh=1, which is not easily extended to higher energies.3 Dif-
ferent models are necessary for higher energies.

One such model for translational and vibrational energy trans-
fer is that of a hard, impulse collision on a harmonic oscillator.
For this model, aporoximate solutions have been obtained.h’g’ In
recent work, Shuler and Zwanzig have determined an accurate numer-
ical solution to this problem? However, &a harmonic potential is
an infinitely deep well and does not allow the possibility of dis-
sociation., Still another method tried uses an assumed interaction
potential to solve the time-dependent Schr8dinger equation for a
semi-classical collision process? Predicted is a lack of wvalidity
of perturbation methods for high temperatures and changes in the

vibrational guantum number ¥V of magnitude considerably greater

than unity.



2. Previous Work

Merle Rileyghas been working on extending the model of Shuler
and Zwanzlg mentioned above to include the possibility of molecular
dissociation. To elaborate, the problem consists of an incoming
particle striking a diatomic molecule({assumed head-on at this stage).
The diatomic molecule is represented by one particle bound in a
truncated square well, and the other particle is free and interacts
with the first one according to a nard sphere potential. A trun-
cated square well as shown below was chosen due to its approximate
similarity to a diatomic molecule potential, and its allowing of both

bound and continuum ststes.
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The striking particle does not feel tie potential well; interactlon
the
with/ molecule is only brought in as an impulsive hard spiere boun-

dary condition. Explicitly, this sets the wavefunction of the total
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system equal to zero when the coordinate of the incoming particle
becomes identical with that of the bound particle. The wavefunc-
tions for the striking particle are known(plane waves), and those
of the bound particle are found from the Schrddinger equation.
Normalizations and continuity requirements determice the wave-
functions to within a paase factor(the normalization for unbound
states follows that of Xemble'Y),

When not colliding, the two particle system has a separable
Hamiltonian due to the assumption of no interaction between the
potential and the striking particle. Hence the total wavefunc-

tion can be expressed in terms of the products of the individual

particle wavefunctions as follows:
E(x,r) = g cn¢n(r)e(k£,x) v Le(xT) Bk, r)e(k?,x)dak", (1)

where the ¢, are unknown constants, the ¢(k™) are unknown functions,
the ﬁn(r) and the @#(k~,r) are, respectively, wavefunctions for the
discrete and continuum ststes of the bound particle, and the Q(k’,x)i
are the wavefunctions for the other particle, exp(+ik’x). The k

are -vave numbers related to the energies of the particles and will
be defined precisely in a related case to be considered. Variables
r and X are the independent coordinates measured from the origin
indicated on page two, r for the particle initially bound, and X

for the particle initially incident. The boundary condition 1is,

after Shuler and Zwanzig, E(r,r) = 0, or

B = § cnﬁn(r)G(k’,r) + Lok ) gk, p)6(k? ,r)dk” . (2)
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We now need to solve this equation for the c. and the c¢(k™) to find

n
the behavior of the bound particle after collision, since [cn]2 is
proportionral to the probability of finding the'particle in that par-
ticular bound state, and 4f[c(k')]2dk" is proportional to the prob-
ability of finding/égiticle dissociated, having a value of k~ between

a and b. PFrom equation (2) we can easily obtain the following two

equations: ¥z, »), g.(r)) =0 (3)
1im 1 (I(z,r), §4x",r)) =0, (L)
Sk-w0 28k~

where §# is defined by

§E", 2} =/ Y g phde,
k™-3k™

More explicitly, these equations are

0

i

ECH[EO¢;(r)¢n(r)€(k’,r)dr + [E ﬁ;(r)drAfC(k')ﬁ(k",r)e(k’,r)dk"
(5)

0 = 1i 1 £ e /2§87 (x0,7)0 (r)6(k?,p)dr +
§€;’IB~—§O 'é"§-l—{-- n l’!'/-‘-“’ ¢ n & I’
/2 ST(x0, ) anTe (k) g (7, v) 6(k? ,v) Ak % ,  (6)

where + signifies complex conjuzate used as a superscript.
9 (k° an arbitrary value ofi”)
Riley has attempted solutions to these egquations by subdividing

the interval of integration over the unknown function c¢(k™) to
determine numerically an average value of the function for each

. . A . i . mnaxe. = . and -
subinterval. Alternatively, the integral clk )F(k )dk
was broken up, and on each subinterval the function c(k™)@(k™)
approximated by a parabolic section, which then can be easily in-

tegrated., Neither of these methods gave a reasonable solution for

c(k ), but rather one of oscillatory nature, where the oscillations
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increased without limit as the approximation was improved(interval
size reduced)., Consequently, it is either possible that no satis-
factory solution exists for the imposed boundary condition, or that
some parts of the mathematical techniques involved in the two pro-
cesses were not sulited for the numerical calculationse

3. Three-Dimensional Model of Two-Particle Formulation

We -carried out work in adapting Riley’s case above into a
three—dimensional mnodel, which obviates the restriction of a head-
on collision. This formulation uses a potential well with a cross-
section very similar to that of the one-dimensional model., It is
obtained precisely from the sketch on page two by shifting the well
a distance L to the left along the coordinate axis, so that the in=~
finife potential wall rises from the origin. Rotation about the
notential axis, keeping the infinite potential barrier fixed, then
generates the three-dimensional potential surface. 51 i3 the in-
coming particle position vector, and Eé is that of the particle
initially boundes The incoming particle wavefunction, GI(?1), is
assumed to be a plane wave, exp(~ikIz), traveling along the z-axis
toward the origin, while the outgoing wavefunctions are assumed to
be expanding spherical waves. Spherical symmetry is supposed for
for the bound states of the second particle for simplification,
while general angular dependence is allowed for the continuum statest?
The assumption of spherical symmetry does omit important states, so
that this is a serious restriction. Equation (7) (next page) is

the Schr8dinger eguation governing the system, with m the mass of
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the incoming particle and M the reduced mass of the molecule.

2 2 o & 2
"%M—VI'z &T(rq,fg) - %—n-——VI*,I

This equation can be simplified by factoring the total wavefunction

17,7, = Eve))iE,,7) (7)

E into the product of the wavefunctions of the two individual par-

ticles. The two resulting equations are similar in form,

4% g2 e(F,) =B 0(7,) (8)
EETJqu 1 kel
and 42 g2 9(7,) + V(F)H(E,) = BH(F,) (9)
Ve 2 2 gk = Hp¥ilod
. 2M 2
where E1 + E2 = K, the total energy of the system. Substituting
for 9(51) the product R(rq)Y(91,¢1), where the Y’s are spherical

harmonics, the radial equation is easily found, with solution11
Ri(r,) =A" J (k,r,) + B~ J (k,r,) (10)
+1/2 -
1\ = 1+1/2V %17 77 (1+1/2) 4517
A" and B  are constants, while the J*s are Bessel functions. The

condition of finiteness at the origin demands B~ = 0, allowing the
constant A" to be determined by normalization. Normalization of

the angular part of the solution is routine, which gives

py = y

61, mlTq) = é‘-— Ty /20kqmy )Yy (6,,8,), (11)
1

where A is the composite normalization factor, and 1{1 is defined

2 _ 2mi
byk,l-—""gé'o

z-component of the total orbital angular. momentum, respectively.

Indices 1 and m indicate values of the total and the

Now V(PZ)’ excluding the origin, is a step function, and over the
duration of each step is constant. Consequently, this merely divides
equation (9) into the two ranges of FZ evident from the diagram on
page two, in each case with a form identical to that of equation (G).

The distinction is that the ¢(Fé) are continuum states for E, > V, and
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bound states for EZ<V3 bobh are.'easily found from equation (9) in

the manner just described. For the case E2>V; we obtain

B Jy (kor, )Y, - -(e sPs) O<r <L
¢1 (7, = V?é “r1/2M 2t e 2

1 .

-V?g(CJ1‘+1/2(k3r2)Yi‘,m‘(92’¢2) (12)

* DJ_(1‘+1/2)(k3r2)Yi',mf(92,¢2)) ro>L

while for EP<V’ with the assumption of no angular dependence,

F.. sin kv O<r <L,
bo=F VEz, T -
13

G e_[k311]r2 . r2>L

i?l:zzzl s
B, ¢, D, ¥, and G are constants still undetermined, while the

remaining k’s are given by

2 2
= 2ME = =
k5 = 2ME, kg 2M(E,-V) . ()
ﬁ? 42 ‘
The k  and the ratio F/G are determined by matching ¢ and its

apparently
first derivative across the boundary ro, = L. bLue/to the presumed

spherical syrmetry of the bound states, the ecuation for the quan-

tization of bound states is the same as for tie one-dimensional

case, Viz.,
~cot(k, L) V/BMV : (15)

The coefficient ratio is given by

%“ N . (16)

' Eg sin(kZL)
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The results for the boundary matching of the continuum @°s are

o/B =813 * - (17)
(89-0k, + ©7-

(8,-)k, + tq-
end  pp o T1Tw1/2lERR) A3 L Jymyg 5kt

(Sl-)k2 + by~ 5 (18)
where ~
_ 1™+1/2)
81 7 % L"fﬁ“é“"J1'+1/2(k2L) = Ty faligh) % ’
R - N C R ) R v .
and ty- = E T + J_(l-+1/2)(k3L) ; Jl'+1/2(k3L)'

Normalization determines the coefficients to within a phase factor,
but this has not been completely worked out.
In analogy with the one-dimensional case, the wavefunction

for the system can be written as follows:
E(r1’r2) - eI(r1)¢I(r2) 3 f % cnlmﬁn(r2)enlm(r1)

3+

EAA

< < < - -
£ 227 Cppe1-(80) 00y (Fy ke My - (R lp) e (19)

@ can be represented as a function of k, only, since k, and kBare

_related by the equation ﬁa(k§~k§) =V (20)

2M
Aleo, k2 is a function of k1 from the requirement of conservation

of energy, ‘ﬁi(k§/m & kg/M) - (21)
e

The I subscrint found in equation (19) refers to the initial state

of the problem before collision. Setting §1 = 52 and E equal to
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zero for the hard interaction requirement gives
¢ = QI(P)ﬁ(r) - g % % Cnlmﬁn(r)gnlm(r)

+ 22 i}f;/‘c ~1- (k508 (Fyley ) - - (Tyky) dkse (22)

Now we impose conservation of angular momentums: we require the sum
m + m- to be constant. Initially, the m-value is assumed to be zero
for the molecule(particle two), and by writing the incoming wave

exp(-ikyz) in expanded form,

~ik-z = (2(21+1)
= o~ik121- 43 g_____a_
§~o kIr1

X

2
& (=20 33, /plem)¥y ole), (23)

I
it is clear that the incoming particle also possesses m = O.
Consequently, we have m = -m , which eliminates one summation from
each of the last two last terms on the right hand side of equation
(22)s This gives an equation with the following form, where the
functions Iy G, and H have been substituted temporarily for sim-
plification:

5.)

<
0 =2 Fl(r)Yi,o(G) + g
f

We note that the @ dependence in the last term cancels, allowing

. 1+17
us to write _
Yl,m(e,ﬁ)Yl-’_m(G:Qj,) = §=1 aSYs,O(e) s

HBAN  HAA

n1 ()% ole) (21)
VA

2

= By = (ps?) Yy (0,807~ (6, f)

where the ag are still to be determined. Since the YS’O form an

orthogonal set, we can match term by term their coefficlents; for
the coefficient of Yi o we obtain the equation:
’ L<1+1”
0 = Pp(r) + £ Gp(r) + § 3 ?n/'Hl,m,l‘(ka$)aLdk2 . (25)
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Suppose we now regquire that this incoming state with total angular
momentum L gives an equal angular momentum L = 1 + 1 to the par-

ticles after the collisions This allows a further simplification,
shown below, with the temporarily introduced functions replaced

by their equivalent analytic expressions:

1/2

_ 2(2L+1) 5 N
0 = ¢f1§“E;F'““§ (~1) JL+1/2(kIr) + gan¢n§FJL+1/2(k1nr)

(26)
+ . Aar . feq. (k,)J ko ddk
1=0m L Im'\ ¥ 791+ /2459 , ¥
m— CIp,.141 /2 k3r)+DIy 1y /plksr)

Matching term by term above corresponds physically to conser-
vation of total angular momentum for each partial wave forming the
incoming particle. Mathematically it seems justified from the
orthogonality of the Yi,o‘ We obtaln a series of equations, one
for each value of L; hopefully those terms of higher 1 valué would
be of less significance, so that the C1, and clm(k1) past a certain
point in the series can be approximated by zero. This is to be
expected from physical considerations, but as this model is only
an approximate representation of reality, it is far from guaranteed.
With N the number of bound states, equation (26) contains NI of the
unknown constants ¢, ;, and (L+1)(2L+1) of the unknown functions
c1m(k’l)'

The conservation of energy and angular momentum cited above
are striectly valid for a three-particle system, while the conser-

vation assumed for this constructed two particle representation
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is correct only if the particle setting up the potential well is
in reality fixed. 7Je get an approximaticn to this if it is assumed
that the mass of the particle sebting up the potential (m2) is
significantly sreater than that of the bound particle(mq). Riley
has been able to remove the restriction by some guesswork simpli-
fication of the general three-particle Schrddinger equation. It
involves the use of a new kq, obtained from the old by multiplica-
tion by the factor m2/(m1+m2), which clearly reduces to unity for
M,>>M, The new k1, obtained for the one-dimensional case, apoears
to be a property of the imposed boundary conditions and physical
orientations, and hence might be expected to hoid also in the
three-dimensional case.

Equation (26) can be seen to have a form rather similar to
that of equation (3) for the one-dimensional case; similar dif-
ficulties were anticipated in its solubtion by usual numerical
methods, and hence attention was turned to the development of
other methods of solution of the one-dimensional equation.

e Other Methods For Studying The One-Dimensional Model

Equations (5) and (6) can be rewritten as follows:

N
0 =Nyp + e, + Arc(k)Rm(k)dk (27)

N
_— (o]
0 = 5:(k°) + 2 e 8, (k°) + 4 e(k)r(k®,k)dk
+ Xe(£,(k®)) + Ye(f,(k°)) + 2c(f3(k°)). (28)
The subscripted N are constants, while N(without subscripts) sig-
nifies the number of bound states. The minus superscript has been

removed from the k for simplicity, anrd k° is, as before, a partic-
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ular value of ke X, ¥, and Z are constants, and fq, fz, f3 are
functions arising from singularities in the integration dr of the
second term of the right hand side of equation (6)e. The last three
terms of eguation (28) will be represented as Ac(g(k®)) for sim-
plification, as it does not change the nature of this attempt at
solution.,

BEquation (27) is really N equations, one for each value of
m selected; we éan solve this series of equations for the ¢, and

obbtain

N
o = 8y + Jo o(k)(F_ by Ry (K))dk o (29)

(an, bln constants compatible with (27))
Substituting this result in equation (28), we obtain

N N
0 = 87(k°) + 2 fa + Le()(Z_,byRy () akds, (1)
+ /o o(k)f(k°,k)dk + Ac(g(k®)), (30)

which, with the substitutions

N N
Qk®,k) = £(k°k) + 2 2 by Ry (k)S (k°) (31)
N
and F(k°) = $7(k°) + Ac(g(k°)) + 2 a8 (k°), (32)

takes on the form of a more conventional integral equation,
0 = F(k°) + 4 o(k)Q(k®,k)dk. (33)

It is to be noted that the complexity of the the functions Q and
F, along with the difficulties in actually solving for the con-

stents &y and bln above, makes the equation still very difficult.
To attempt one conventlonal method of solutionlethe substitution

F(k°) = H(k®) - c(k°) (3L)
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was made, resulting in the equation
c(k®) = H(k®) + /4 e(k°)Q(k°,k)dk , (35)

which can be thought of as an equation in k° even though k° is
given as a point in the range of k, since the point is arbitrary.
The equation has been somewhat artificially converted into an in-
tegral eguation of the second kind from one of the first kind.
This is not completely satisfactory, because the H(k®) contains
unknown functional dependence as a result of the definition in
equation (3L); some of the dependence is inherent from equation
(32), with the definition of F(k°), however. Equation (35) is a
singular integral equation, since it possesses a singular kernel
Q(l«:",k).qT There 1s no practical general method of solution to such
an equation, however, and this particular one does not have any
convenient properties to allow it to be solved more simply12
Hence this attempt at solution by modifying the form of the equatien
was not successful.

Several other methods utilizing standard techniques were con-
ceived but not elaborated. The function of r on the right side
of equation (2) could be least-squares fit directly to zero over
some range of r, most conveniently O<r<L. Alternatively, the func-
tion could be zeroced at a certain number of points, or both the
function and its derivative zeroed at half that number. These are
all closely related methods of sclution and did not seem vastly

different from the numerical processes employed previously. Some

qrSingularities in Q occur in 1 factors in f£(k5k), b a constant.

k%-k+b
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different, more nearly analytical methods were attempted.
In equation (2), if the incoming particle has sufficient encrgy
to insure dissociation classically, we can neglect all the ¢, ex-

cept that of the incident state, resulting in the equation
0 = Flr) = ¢I(r)%{r) + Le(k) gk, r)e(k?,r)dk™, (36)

where c; has been set equal to uniby for convenience. In explicit
form, with g a constant, and A; and A(k™) normalization constants,

we obtain for the range O<r<L

.t ot —_
ey dkTe siitey ikt -
+ Le(kT)AK™) (e ~-ge Jemo T dk .
The A?s-are complex.expressions, hence not included, as they are not
" _ & 7 identical
gsséntial 16 .the method  déveloped; k.. And k. - obey a’relation/to.that
between K, and ké}"tires.p.(équa‘tion‘ (20))e» If we differentiate F(r)

and set the result also equal to zero, we zet

. R .y + ot aa
0 = & o 4 M et (17 g™ IT) + k(METT 4o IT)]  (38)

5 $ 109 + st . g it _

+£fc(k")A(k")elk r[k’(eik r il ik ) +k4(elk P+qe ik ™y 1dk".
Calling the integral in equation (37) m(r), and the integral in

equation (38) p(r), the two equations can be combined to eliminate

k’

I from the exponents, with result

sl s
0 = plr)(ge~*ETF - H1P)

-1+ ..
+ m(r)[qe-lklr(k; ~ k%) + elkIr(k; + k7). (39)
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If k% >>k} , we have simply p(r) = kim(r), or
' _ T oot _ank
0 = £ e Al )e™ T (2 - k) (o™ T - go71E 7)
.k .o
+ k(e T 4 g ) lak™ . (L0)

This is an alternate equation for solution, perhaps more amenable
to the numerical processes which can be used, Equation (36) could

also be used to determine the c(k ), since the restriction employed

eliminates the c¢, from consideration. An easy verification of the

steps above comés Ffrom nobing: that' ip(r) = g?(r)’ which implies
3\ . s
that im(r)ki == %%i?)’ or m(r) = Celklr, which is in agreement with

equation (37), since ki >>k}.

In another attempt, the function []f(r)]2 was minihized by
a variational technique, setting the partial derivatives with re-
spect to each of the Cy equal to zero; this should make ?(r) as
clase to zero as possible. After the c,, were found in tiis man-
ner, treating the integral as just an unknown function of r, the
c{k™) could be broken up as before and perhaps the same method used
on the vesulting set of constants. (E{r) is the right hand side
of equation (2)). Unfortunately, the .equations resulting from th.s
treatment proved upon simplification to reduce to the original
equation (2), and hence proved no help; this perhaps could have
been predicted. This cercludes . the suwmarizgtlon of albtemptsat
dolution ofi-the ome~dimensional equation.

Consequently positive results for the past summer’s work

could best be described as minimel. The three-dimensional fopr=
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mulation, fraught with assumptions, only simplifies to a much more
difficult equation than for the one-dimensional case. And while
the author learned gquite a bit about the solution of integral
equations, the attempts at solution of equation (2) were unsuc-
cessful. It would seem advisable that fubure work center more

on an alternate formulation of the problem, in accordance with

the possibility that the model of thuler and Zwanzig is not suited

for adaptation to include dissociation.
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