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ABSTRACT

In the field of average-case complexity, we are concerned with how an algorithm
performs on an average input, rather than the classical worst-case analysis. Of
particular interest are worst-case to average-case reductions, that is transforming an
algorithm that works on some fraction of inputs into a probabilistic one that works
on all inputs. Building on recent results in the field, we present a framework for
average-case matrix multiplication algorithms. Explicitly, our framework provides
a transformation for algorithms running in time 𝑇 (𝑛) that work on a small fraction
of inputs into ones running in time 𝑂̃ (𝑇 (𝑛)) that work on all inputs, even in the
case when this fraction rapidly tends to 0. Moreover, our framework requires fewer
non-trivial results than similar methods, at the cost of minor asymptotic losses.
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C h a p t e r 1

INTRODUCTION

The field of worst-case to average-case reductions is concerned with turning an
algorithm that only works for some of its inputs into one that works on all inputs.
In this paper, we are particularly concerned with the case of reductions for matrix
multiplication algorithms. Suppose we have an algorithm ALG that computes 𝐴 · 𝐵
given matrices 𝐴, 𝐵 ∈ F𝑛×𝑛. However, this algorithm is faulty, and only works an 𝛼

proportion of inputs, i.e. Pr𝐴,𝐵 [ALG(𝐴, 𝐵) = 𝐴 · 𝐵] = 𝛼. Given such an algorithm,
a natural question to ask is whether we can use it to create a new algorithm ALG′

that works for any inputs 𝐴, 𝐵. And if it is possible, how much more computational
power is needed to achieve this worst-case behavior? In this paper, we examine such
reductions for average-case algorithms for matrix multiplication that succeed on a
constant fraction of inputs (e.g. 1%), or even for an 𝛼 that quickly tends to zero.

1.1 Background
The study of average-case complexity began with the work of Levin in [5]. Al-
though there are many problems thought to be intractable in the worst-case, this
behavior may occur in practice rarely, making the average-case complexity a more
practical measure of efficiency. In particular, there has been a large body of work
on examining average-case complexity for many NP-complete problems (see [3] for
a comprehensive survey by Bogdanov and Trevisan of such works).

For the problem of matrix multiplication, there is a weak reduction that requires the
algorithm to have a high probability of success (see Section 3.1). More recently, [1]
has shown a much more powerful statement, which is restated below:

Theorem 1 ([1]). Let F = F𝑝 be a prime field, 𝑛 ∈ N, and 𝛼 := 𝛼(𝑛) ∈ (0, 1].
Suppose that there is an algorithm ALG that in time 𝑇 (𝑛), on input two matrices
𝐴, 𝐵 ∈ F𝑛×𝑛, computes 𝐴 · 𝐵 such that

Pr[ALG(𝐴, 𝐵) = 𝐴 · 𝐵] ≥ 𝛼,

where the randomness is over choice of 𝐴, 𝐵, and the randomness of ALG. Then,

• If |F| ≤ 2/𝛼, there exists a randomized algorithm ALG′ that for any 𝐴, 𝐵 ∈



2

F𝑛×𝑛 and 𝛿 > 0, runs in time exp(𝑂 (log5 (1/𝛼)))
𝛿

· 𝑇 (𝑛), and outputs 𝐴 · 𝐵 with
probability at least 1 − 𝛿.

• If |F| ≥ 2/𝛼, there exists a randomized algorithm ALG′ that for any 𝐴, 𝐵 ∈
F𝑛×𝑛 and 𝛿 > 0, runs in time 𝑂 ( 1

𝛿𝛼4 ·𝑇 (𝑛)), and outputs 𝐴 · 𝐵 with probability
at least 1 − 𝛿.

This theorem allows for an average-case reduction for even when 𝛼 rapidly tends
to 0. The main tool used to prove this theorem is a probabilistic form of the
Quasi-Polynomial Bogolyubov-Ruzsa Lemma, originally proved by Sanders in [7].
Informally, this lemma states that for any set 𝐴, there is a large subspace𝑉 contained
in the sumset 4𝐴. The probabilistic version is restated below:

Lemma 1 (Probabilistic Quasi-Polynomial Bogolyubov-Ruzsa Lemma [1]). Let
F := F𝑝 be a finite field and let 𝐴 ⊆ F𝑛 be a set of size |𝐴| = 𝛼·|F|𝑛 for some𝛼 ∈ [0, 1].
Then, there exists a subspace 𝑉 ⊆ F𝑛 of dimension dim(𝑉) ≥ 𝑛 − 𝑂 (log4(1/𝛼))
such that for all 𝑣 ∈ 𝑉 it holds that

Pr
𝑎1,𝑎2,𝑎3∈F𝑛

[𝑎1, 𝑎2 ∈ 𝐴, 𝑎3, 𝑎4 ∈ −𝐴] ≥ Ω(𝛼5) , (1.1)

where 𝑎4 = 𝑣 − 𝑎1 − 𝑎2 − 𝑎3. Furthermore, given query access to 𝐴, there is an
algorithm that runs in time 𝑂 (exp(log4(1/𝛼)) · poly log(1/𝛿) · poly(𝑛)) and with
probability 1 − 𝛿 computes the set 𝑅 = 𝑉⊥.

1.2 Our Contribution
Our main result is building upon the work in [1]. In particular, we present a proof of
a new, more general version of Lemma 1 that extends the argument to an arbitrary
sumset 𝑘𝐴, albeit with slightly worse parameters (see Lemma 2). Moreover, our
proof relies on more elementary machinery, making it easier to understand and build
upon in future work.

Using this version of the lemma, we provide an explicit reduction for matrix multi-
plication based on Theorem 1 with negligible slowdown in the algorithm’s perfor-
mance. Formally, we show:

Theorem 2. Let F := F𝑝 be a finite field of order 𝑝, 𝑛 ∈ N, and 𝛼 := 𝛼(𝑛) ∈ (0, 1].
Suppose that there is an algorithm ALG that in time 𝑇 (𝑛), on input two matrices
𝐴, 𝐵 ∈ F𝑛×𝑛, computes 𝐴 · 𝐵 such that

Pr[ALG(𝐴, 𝐵) = 𝐴 · 𝐵] ≥ 𝛼,
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where the randomness is over choice of 𝐴, 𝐵, and the randomness of ALG. Then
there is a randomized algorithm ALG′ such that for all inputs 𝐴, 𝐵 ∈ F𝑛×𝑛 and
𝛿 > 0, ALG′(𝐴, 𝐵) = 𝐴 · 𝐵 with probability at least 1 − 𝛿 and runs in time
exp(𝑂 (log5 (1/𝛼)))

𝛿
· log2(1/𝛼) · 𝑇 (𝑛).

In particular, if there’s an algorithm running in time𝑇 (𝑛) with 𝛼 > exp(− log1/𝑐 (𝑛))
where 𝑐 > 5, then the reduction gives a worst-case algorithm running in time
𝑇 (𝑛) · 𝑛𝑜(1) .
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C h a p t e r 2

PRELIMINARIES

In this paper, we will make use of a number of tools from additive combinatorics.
The field of additive combinatorics lies at the intersection of combinatorics, number
theory, and Fourier analysis. It is concerned with describing the properties of
near-algebraic structures. We proceed by providing a basic introduction to many
principles from additive combinatorics that we will make use of in proving our
results. We direct the reader to surveys by Lovett [6] and Trevisan [8] for a more
detailed introduction.

2.1 Sumsets
Let 𝐺 be an abelian group and 𝐴 ⊂ 𝐺. The sumset of 𝐴 is defined as 𝐴 + 𝐴 =

{𝑎1 + 𝑎2 : 𝑎1, 𝑎2 ∈ 𝐴}. In the case where the set is added 𝑛 times we shorten it to
𝑛𝐴. A classic problem in additive combinatorics is analyzing how the structure of
𝐴 + 𝐴 relates to 𝐴. In particular, the case when the size of 𝐴 + 𝐴 is not too much
larger than 𝐴 gives an approximate notion of a subgroup.

2.2 Indicator Function
For a set 𝐴 ∈ F𝑛 of density 𝛼 (i.e. |𝐴| = 𝛼 |F|𝑛), let 1𝐴 denote the indicator function
of 𝐴, such that 1𝐴 (𝑥) = 1 if 𝑥 ∈ 𝐴 and 0 otherwise. Furthermore, we define a
normalized indicator function 𝜑𝐴 := |F|𝑛

|𝐴| · 1𝐴 = 𝛼−1 · 1𝐴. This normalization makes
it so that E𝑥∈F𝑛 [𝜑(𝑥)] = 𝛼.

2.3 Norms and Convolution
Let 𝑓 , 𝑔 : F𝑛 → C be functions, where F := F𝑝 is a prime field. We can define an
inner product over the space of such functions as

⟨ 𝑓 , 𝑔⟩ = E𝑥∈F𝑛 [ 𝑓 (𝑥)𝑔(𝑥)] .

For a 1 ≤ 𝑝 ≤ ∞, the ℓ𝑝 norm of a function 𝑓 is defined as

∥ 𝑓 ∥𝑝 = (E𝑥∈F𝑛 [| 𝑓 (𝑥) |𝑝])1/𝑝
.

For two functions 𝑓 , 𝑔 their convolution is given by

( 𝑓 ∗ 𝑔) (𝑥) = E𝑦∈F𝑛 [ 𝑓 (𝑥)𝑔(𝑥 − 𝑦)] .
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In particular, for any 𝑓

(𝜑𝐴 ∗ 𝑓 ) (𝑥) = E𝑎∈𝐴 [ 𝑓 (𝑥 − 𝑎)] .

As a shorthand, we use 𝑓 (𝑛) = 𝑓 ∗ ... ∗ 𝑓 to denote the 𝑛-fold convolution of a
function 𝑓 with itself.

2.4 Fourier Analysis.
For any finite abelian group 𝐺, a character of 𝐺 is a function 𝜒 : 𝐺 → C that
satisfies

𝜒(𝑔1𝑔2) = 𝜒(𝑔1)𝜒(𝑔2), ∀𝑔1, 𝑔2 ∈ 𝐺.

For the case of F𝑛, where F := F𝑝 is a prime field, the characters are 𝜒𝑟 (𝑥) = 𝜔⟨𝑟,𝑥⟩,
where 𝜔 = 𝑒2𝑖𝜋/𝑝 is a primitive 𝑝’th root of unity. For two characters 𝜒1, 𝜒2 their
product 𝜒1𝜒2 is also a character, forming a group over all the characters of 𝐺. This
group, denoted 𝐺, is referred to as the dual group of 𝐺, and the two groups are
isomorphic. Going forward, we will simply refer to the characters of F𝑛 as 𝜒𝑟 where
𝑟 ∈ F𝑛. Note that 𝜒0 = 1.

It is well-known that the characters form an orthogonal basis for functions 𝑓 : F𝑛 →
C. Since they form a basis, we can write any function 𝑓 as a linear combination of
characters, called the Fourier expansion of 𝑓 :

𝑓 (𝑥) =
∑︁
𝑟∈F𝑛

𝑓̂ (𝑟) · 𝜒𝑟 (𝑥).

The Fourier coefficients of this expansion are given by

𝑓̂ (𝑟) = ⟨ 𝑓 , 𝜒𝑟⟩ = E𝑥∈F𝑛 [ 𝑓 (𝑥)𝜒𝑟 (𝑥)] .

By the orthonormality of the characters, we obtain Parseval’s identity:

E𝑥∈F𝑛
[
𝑓 (𝑥)𝑔(𝑥)

]
=
∑︁
𝑟∈F𝑛

𝑓̂ (𝑟)𝑔̂(𝑟). (2.1)

In the case where 𝑓 = 𝑔,

∥ 𝑓 ∥2
2 = E𝑥∈F𝑛

[
| 𝑓 (𝑥) |2

]
=
∑︁
𝑟∈F𝑛

| 𝑓̂ (𝑟) |2.

For the particular case of the normalized indicator function 𝜑𝐴, we have by Parseval’s
identity:

E𝑥∈F𝑛
[
|𝜑𝐴 (𝑥) |2

]
= 𝛼−2 · E𝑥∈F𝑛

[
|1𝐴 (𝑥) |2

]
=

1
𝛼
.
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A fundamental result in Fourier analysis is the convolution theorem, which states
that for any two functions 𝑓 , 𝑔, (̂ 𝑓 ∗ 𝑔) (𝑟) = 𝑓̂ (𝑟)𝑔̂(𝑟). This allows us to expand the
convolution of two functions as

( 𝑓 ∗ 𝑔) (𝑥) =
∑︁
𝑟∈F𝑛

𝑓̂ (𝑟)𝑔̂(𝑟)𝜒𝑟 (𝑥).
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C h a p t e r 3

OVERVIEW OF REDUCTION

In this chapter, we describe at a high-level the problem we are trying to solve.
We first consider the high-agreement regime, when the algorithm works with high-
probability. Next we examine what changes when given an algorithm with a lower
success probability, and why that motivates our construction. We will also dis-
cuss the tools we will use in our reduction, namely local correction using random
low-rank shifts and the Probabilistic Quasi-Polynomial Bogolyubov-Ruzsa lemma
(Lemma 2).

3.1 High agreement regime
Recall that in the problem of matrix multiplication, we are given two matrices
𝐴, 𝐵 ∈ F𝑛×𝑛 and asked to compute 𝐴 · 𝐵. In this case we are also given an algorithm
ALG that runs in time 𝑇 (𝑛) and is correct on an 𝛼-fraction of all possible inputs.

For the simplicity of this exposition, we consider the case where the first matrix we
are given 𝐴 is one such that Pr𝐵′ [ALG(𝐴, 𝐵′) = 𝐴 · 𝐵′] ≥ 𝛼, ALG is deterministic,
𝛼 is contant, and F = F2.

Suppose that 𝛼 is large (e.g. 99%). In this case, there is a straightforward reduction
that uses linear local correction [2]:

Algorithm 1 High-Agreement Reduction
Input: A matrix multiplication algorithm ALG, and matrices 𝐴, 𝐵 ∈ F𝑛×𝑛
Output: 𝐴 · 𝐵

1: Sample a random matrix 𝑅 ∈ F𝑛×𝑛 uniformly at random
2: Return 𝐶 = ALG(A, R) + ALG(A, B - R)

Let 𝑋 denote the subset of matrices 𝐵 such that ALG(𝐴, 𝐵) = 𝐴 ·𝐵. By assumption,
the density of 𝑋 is 0.99. Note that since 𝑅 is sampled uniformly, 𝐵 − 𝑅 is also
uniformly random. Then by the union bound Pr[𝐶 = 𝐴 · 𝐵] ≥ 1− 2 · 0.01 > 0.9 for
all matrices 𝐴, 𝐵. Moreover, it is clear that this algorithm rubns in time 𝑂 (𝑇 (𝑛)).
Thus, for the high-agreement regime, an algorithm as simple as Algorithm 1 is
sufficient.

But suppose we’re given a more malicious algorithm. Suppose we use the following
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example from [1]:

ALG(𝐴, 𝐵) =

𝐴 · 𝐵 𝐵1,1 = 0

0 𝐵1,1 = 1

Our original decomposition of 𝐵 will work 50% of the time. However, if 𝐵1,1 = 1,
there is no combination of matrices

∑
𝑖 𝐵𝑖 = 𝐵 such that the decomposition will

work on each 𝐵𝑖. So Algorithm 1 will still not work on all pairs of matrices.

In general, this method will break down in the low-agreement regime, when 𝛼 is,
say, less than 1%. For such algorithms, we require stronger tools which we discuss
in the following sections.

3.2 Local Correction Using Random Low-Rank Shifts
We are somewhat able to overcome this obstacle by utilizing random low-rank shifts.
The basic idea of this strategy is similar to Algorithm 1. We attempt to decompose
our matrices 𝐴, 𝐵 into multiple ones such that they are uniform over the entire space.
The key difference is that we also utilize low-rank matrices in our decomposition
which allows us to explicitly compute parts of the decomposition rather than relying
on ALG. Indeed, for a matrix 𝐿 with rank ≤ 𝑘 , we can compute multiplications
with it in time 𝑂 (𝑛2 · 𝑘). The reduction is given explicitly below:

Algorithm 2 Low-Rank Correction Reduction
Input: A matrix multiplication algorithm ALG, and matrices 𝐴, 𝐵 ∈ F𝑛×𝑛
Output: 𝐴 · 𝐵

1: Construct two random rank-𝑘 matrices 𝐿𝑘
𝐴
, 𝐿𝑘

𝐵
(as in Definition 1).

2: Sample two matrices 𝑆1, 𝑇1 uniformly from F𝑛×𝑛
3: Set 𝑆2 = 𝐴 + 𝐿𝑘

𝐴
− 𝑆1 such that 𝐴 + 𝐿𝑘

𝐴
= 𝑆1 + 𝑆2

4: Set 𝑇2 = 𝐵 + 𝐿𝑘
𝐵
− 𝑇1 such that 𝐵 + 𝐿𝑘

𝐵
= 𝑇1 + 𝑇2

5: Set 𝑂𝐿 =
∑

1≤𝑖, 𝑗≤2 ALG(𝑆𝑖, 𝑇𝑗 ).
6: Return 𝑂 = 𝑂𝐿 − 𝐴 · 𝐿𝑘

𝐴
− 𝐿𝑘

𝐴
· 𝐵 − 𝐿𝑘

𝐴
· 𝐿𝑘

𝐵
.

It’s crucial that we use low-rank matrices, as it allows us to compute the multiplica-
tions in step 6 explicitly in 𝑂 (𝑛2 · 𝑘) time. Then the time complexity of the entire
procedure is 𝑂 (𝑇 (𝑛)), as 𝑘 can be an arbitrary constant.

It’s not hard to see that 𝑆1, 𝑆2, 𝑇1, 𝑇2 are all uniformly distributed. And so with
the malicious algorithm from Section 3.1, the probability we succeed is Pr[𝑇11,1 =

𝑇21,1 = 0] = 0.25. This can be further boosted by repeating the procedure, and
verifying the output using Freivald’s Algorithm (Lemma 3). This would result in
negligible slowdown, as the success probability is constant.
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At first glance, it seems like this algorithm has resolved our problem. But even still,
one can conceive of a malicious ALG that breaks this procedure. For example, let
𝑀𝐵,𝑋 = {𝑀 ∈ F𝑛×𝑛 : ∃ 𝐿𝑘

𝐵
such that 𝑀 = 𝐵 + 𝐿𝑘

𝐵
− 𝑋} for a matrix 𝑋 ∈ F𝑛×𝑛. For

𝑀𝐵,𝑇1 this is the set of possible 𝑇2 Algorithm 2 creates given matrix 𝐵 and randomly
sampled 𝑇1. Suppose the given algorithm only works on 𝑀𝐵,𝑋 for a fixed subset of
𝐵 ∈ F𝑛×𝑛 with density, say 1/4. Then if given a 𝐵 not in this subset, no matter which
random 𝑇1, 𝐿

𝑘
𝐵

are sampled, Algorithm 2 will always fail.

While we haven’t been able to complete resolve our problem, we have identified a
potentially powerful tool in low-rank random shifts. We can expand the number of
matrices our reduction works on by randomly shifting our input matrices, and we
can avoid using ALG as frequently by using low-rank matrices.

3.3 Probabilistic Quasi-Polynomial Bogolyubov-Ruzsa Lemma
The main idea for resolving our problem lies in additive combinatorics. As before,
Let 𝑋 denote the subset of matrices 𝐵 such that ALG(𝐴, 𝐵) = 𝐴 · 𝐵. We will take
advantage of the fact that the sumset 𝑘𝑋 has special structure.

Explicitly, we will show that there is a large vector space𝑉 ⊆ F𝑛×𝑛 contained in 𝑘𝑋 .
Given this subspace, we can decompose any matrices 𝐴, 𝐵 ∈ 𝑉 into 𝐴 = 𝑋1+ ...+𝑋𝑘

and 𝐵 = 𝑌1 + ... +𝑌𝑘 with each 𝑋𝑖, 𝑌 𝑗 ∈ 𝑋 . Then, instead of computing ALG(𝐴, 𝐵),
we can compute ALG(𝑋𝑖, 𝑌 𝑗 ), which are all guaranteed to work by the definition of
𝑋 .

However, showing the existence of this subspace is not enough by itself. We need to
show that for any matrix 𝐴 ∈ 𝑉 , there are many decompositions 𝐴 = 𝑋1 + ... + 𝑋𝑘 .
This allows us to efficiently sample such a decomposition. Formally, we prove the
following version of the Probabilistic Quasi-Polynomial Bogolyubov-Ruzsa lemma
(building upon Lemma 1 from [1]):

Lemma 2 (Probabilistic Quasi-Polynomial Bogolyubov-Ruzsa Lemma). Let F :=
F𝑝 be a finite field and let 𝐴 ⊆ F𝑛 be a set of size |𝐴| = 𝛼 · |F|𝑛 for some 𝛼 ∈ (0, 1].
Let 𝑘 ≥ Ω(log 1/𝛼) be an even integer greater than 2. Then, there exists a subspace
𝑉 ⊆ F𝑛 of dimension dim(𝑉) ≥ 𝑛 − 𝑂 (log(1/𝛼)) such that for all 𝑣 ∈ 𝑉 it holds
that

Pr
𝑎1,...,𝑎𝑘−1∈F𝑛

[𝑎1, ..., 𝑎𝑘/2 ∈ 𝐴, 𝑎𝑘/2+1, ..., 𝑎𝑘 ∈ −𝐴] ≥ Ω(𝛼𝑘+1) , (3.1)

where 𝑎𝑘 = 𝑣 − 𝑎1 − ... − 𝑎𝑘−1.
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This proves sufficient for any matrices 𝐴, 𝐵 ∈ 𝑉 , but recall that we want our
algorithm to work on any pair of matrices. This is where the low-rank shifts come in
handy. We use the fact that for any matrix 𝐴 ∈ F𝑛×𝑛, a random low-rank shift moves
our matrix to 𝑉 with constant probability (Lemma 4 [1]). Moreover, the low-rank
allows us to use these shifts without incurring a major penalty in time complexity.
These two tools combined allow us to construct our reduction, in the next section.
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C h a p t e r 4

WORST-CASE TO AVERAGE-CASE REDUCTIONS FOR
MATRIX MULTIPLICATION

In this chapter we prove our main result, a worst-case to average case reduction for
matrix multiplication:

Theorem 2. Let F := F𝑝 be a finite field of order 𝑝, 𝑛 ∈ N, and 𝛼 := 𝛼(𝑛) ∈ (0, 1].
Suppose that there is an algorithm ALG that in time 𝑇 (𝑛), on input two matrices
𝐴, 𝐵 ∈ F𝑛×𝑛, computes 𝐴 · 𝐵 such that

Pr[ALG(𝐴, 𝐵) = 𝐴 · 𝐵] ≥ 𝛼,

where the randomness is over choice of 𝐴, 𝐵, and the randomness of ALG. Then
there is a randomized algorithm ALG′ such that for all inputs 𝐴, 𝐵 ∈ F𝑛×𝑛 and
𝛿 > 0, ALG′(𝐴, 𝐵) = 𝐴 · 𝐵 with probability at least 1 − 𝛿 and runs in time
exp(𝑂 (log5 (1/𝛼)))

𝛿
· log2(1/𝛼) · 𝑇 (𝑛).

We remark that is sufficient to only consider fields such that |F| ≤ 2
𝛼
. For large

enough fields, we can achieve a reduction using standard interpolation methods (See
Section 4.2 in [1]).

We divide this proof into two parts. First, we prove Theorem 2 in Section 4.1 under
the assumption that Lemma 2 holds. The proof for the latter is shown in Section 4.2.

4.1 Reduction for Matrix Multiplication
In this section, we prove Theorem 2. In particular, we prove this theorem for
|F| ≤ 2/𝛼, where 𝛼 is the success probability of the algorithm. When the field is
larger than this, we can apply standard interpolation methods to boost the algorithm.
In order to prove Theorem 2, we will need to use Freivald’s Algorithm:

Lemma 3 (Freivald’s Algorithm). Given matrices 𝐴, 𝐵, 𝐶 ∈ F𝑛×𝑛, there is a prob-
abilistic algorithm that verifies whether 𝐴 · 𝐵 = 𝐶 with error probability 2−𝑘 in
𝑂 (𝑘𝑛2) time.

Next, we will need the following definition from [1].
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Definition 1 ([1]). For a matrix 𝐴 ∈ F𝑛×𝑛 and 𝑘 ∈ [𝑛], let 𝑀 𝑘
𝐴
= 𝐴 + 𝐿𝑘

𝐴
where we

define 𝐿𝑘
𝐴

as follows:

1. Choose a random subset 𝑆 of size 𝑘 from [𝑛].

2. For all 𝑖 ∈ 𝑆, sample the 𝑖’th row of 𝐿𝑘
𝐴

uniformly at random from F𝑛.

3. For the remaining rows 𝑗 ∈ [𝑛] \ 𝑆, let the 𝑗’th of 𝐿𝑘
𝐴

be a random linear
combination of rows in 𝑆.

We remark that rank(𝐿𝑘
𝐴
) ≤ 𝑘 , as the 𝑛 − 𝑘 rows not in 𝑆 are linear combinations of

those in 𝑆. Moreover, if the 𝑘 randomly sampled rows are not linearly independent,
we can throw them out and re-sample. This event has constant probability, and so
this procedure is doable in time 𝑂 (𝑘𝑛2).

The purpose of 𝐿𝑘
𝐴

is to shift the matrix 𝐴 to a subspace of our choice. Explicitly,
we use the fact that 𝑀2𝑘

𝐴
belongs to any subspace𝑉 ⊆ F𝑛×𝑛 with codim(𝑉) ≤ 𝑘 with

constant probability. For this, we use Lemma 4.8 from [1] which is restated below:

Lemma 4 ([1]). Given a matrix 𝐴 ∈ F𝑛×𝑛 and 𝑘 ∈ [𝑛], for any subspace 𝑉 ⊆ F𝑛×𝑛

with codim(𝑉) ≤ 𝑘 , we have

Pr[𝑀2𝑘
𝐴 ∈ 𝑉] ≥ 1

2|F|𝑘
. (4.1)

We now prove Theorem 2 by defining and analyzing the reduction. This reduction
is very similar to that of [1].

Algorithm 3 Matrix Multiplication Reduction
Input: A matrix multiplication algorithm ALG, and matrices 𝐴, 𝐵 ∈ F𝑛×𝑛
Output: 𝐴 · 𝐵

1: Set 𝑘 ≥ Ω(log(1/𝛼)) such that 𝑘 is an even integer greater than 2.
2: Construct the matrices 𝑀2𝑘

𝐴
, 𝑀2𝑘

𝐵

3: Sample 𝑘 − 1 matrices 𝑅1, ..., 𝑅𝑘−1 ∈ F𝑛×𝑛 uniformly at random. Set 𝑅𝑘 =

𝑀2𝑘
𝐴

−∑𝑘−1
𝑖=1 𝑅𝑖.

4: Sample 𝑘 − 1 matrices 𝑆1, ..., 𝑆𝑘−1 ∈ F𝑛×𝑛 uniformly at random. Set 𝑆𝑘 =

𝑀2𝑘
𝐵

−∑𝑘−1
𝑗=1 𝑆 𝑗 .

5: Set 𝐶′ =
∑

1≤𝑖, 𝑗≤𝑘 ALG(𝑅𝑖, 𝑆 𝑗 )
6: Set 𝐶 = 𝐶′ − 𝐴 · 𝐿2𝑘

𝐵
− 𝐿2𝑘

𝐴
· 𝐵 − 𝐿2𝑘

𝐴
· 𝐿2𝑘

𝐵
.

7: Check whether 𝐶 = 𝐴 · 𝐵 using Lemma 3. If it does, return 𝐶.
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Proof of Theorem 2. Correctness: Define 𝑋 := {𝐴 ∈ F𝑛×𝑛 : Pr𝐵 [ALG(𝐴, 𝐵) = 𝐴 · 𝐵] ≥ 𝛼/2}.
Also, for a matrix 𝑀 , define 𝑌𝑀 = {𝑁 ∈ F𝑛×𝑛 : ALG(𝑀, 𝑁) = 𝑀 · 𝑁}. It is easy to
see by a counting argument that 𝑋 and 𝑌𝑀 have density ≥ 𝛼/2, where 𝑀 ∈ 𝑋 .

By applying Lemma 2, we can assume there is some subspace 𝑉𝑋 with dim(𝑉𝑋) ≥
𝑛 −𝑂 (log(1/𝛼)). By Lemma 4, we have

Pr[𝑀2𝑘
𝐴 ∈ 𝑉𝑋] ≥

1
2|F|𝑘

.

Assuming that indeed 𝑀2𝑘
𝐴

∈ 𝑉𝑥 we have by Lemma 2

Pr
𝑅𝑖 ,...,𝑅𝑘−1

[𝑅1, ..., 𝑅𝑘/2 ∈ 𝑋, 𝑅𝑘/2+1, ..., 𝑅𝑘 ∈ −𝑋] ≥ Ω(𝛼𝑘+1).

For each 𝑅𝑖 with 𝑖 ∈ [𝑘] we can define a corresponding 𝑌𝑅𝑖
. Applying Lemma 2

to each of these sets we define the subspace 𝑉𝑌𝑅𝑖 with co-dimension at most
𝑂 (log(1/𝛼)). We then define 𝑉𝑌 =

⋂𝑘
𝑖=1𝑉𝑌𝑅𝑖 . Therefore,

codim(𝑉𝑌 ) ≤
𝑘∑︁
𝑖=1

codim(𝑉𝑌𝑅𝑖 ) ≤ 𝑘2.

By applying Lemma 4 to 𝑉𝑌

Pr[𝑀2𝑘
𝐵 ∈ 𝑉𝑌 ] ≥

1
2|F|𝑘2 .

If 𝑀2𝑘
𝐵

∈ 𝑉𝑌 , then for each 𝑖 ∈ [𝑘], by Lemma 2,

Pr
𝑆1,...,𝑆𝑘−1

[𝑆1, ..., 𝑆𝑘/2 ∈ 𝑌𝑅𝑖
, 𝑆𝑘/2+1, ..., 𝑆𝑘 ∈ −𝑌𝑅𝑖

] ≥ Ω(𝛼𝑘+1).

We remark that because 𝐿2𝑘
𝐴

and 𝐿2𝑘
𝐵

have rank at most 2𝑘 , the multiplications in
Step 6 can be computed deterministically in 𝑂 (𝑛2 · 𝑘) time.

All of the events above are independent. Therefore, the algorithm has the following
success probability:

Pr[Algorithm 3 succeeds] ≥
Ω

(
𝛼(𝑘+1)2

)
𝑂 ( |F|)𝑂 (𝑘2)

≥ exp(− log5(1/𝛼)).

Therefore, by repeating the algorithm exp(log5 (1/𝛼))
𝛿

times and checking the output
with Lemma 3, we achieve a success probability of at least 1 − 𝛿 for any matrices
𝐴, 𝐵 ∈ F𝑛×𝑛.



14

Time Complexity: The complexity of the algorithm is dominated by the exp(log5 (1/𝛼))
𝛿

calls to Algorithm 3. The running time of 𝐴𝑙𝑔𝑜𝑟𝑖𝑡ℎ𝑚 3 is itself dominated
by the 𝑘2 calls to ALG. Thus the overall runtime of the boosted reduction is
𝑂

(
exp(log5 (1/𝛼))

𝛿
· 𝑘2 · 𝑇 (𝑛)

)
. When 𝛼 > exp(− log1/𝑐 (𝑛)), where 𝑐 ≥ Ω(5), this re-

duction turns a 𝑇 (𝑛) time average-case algorithm into a 𝑇 (𝑛) · 𝑛𝑜(1) time worst-case
algorithm.

□

4.2 Proof of Probabilistic Quasi-Polynomial Bogolyubov-Ruzsa Lemma
In this section we provide a proof for Lemma 2, which is restated below:

Lemma 2 (Probabilistic Quasi-Polynomial Bogolyubov-Ruzsa Lemma). Let F :=
F𝑝 be a finite field and let 𝐴 ⊆ F𝑛 be a set of size |𝐴| = 𝛼 · |F|𝑛 for some 𝛼 ∈ (0, 1].
Let 𝑘 ≥ Ω(log 1/𝛼) be an even integer greater than 2. Then, there exists a subspace
𝑉 ⊆ F𝑛 of dimension dim(𝑉) ≥ 𝑛 − 𝑂 (log(1/𝛼)) such that for all 𝑣 ∈ 𝑉 it holds
that

Pr
𝑎1,...,𝑎𝑘−1∈F𝑛

[𝑎1, ..., 𝑎𝑘/2 ∈ 𝐴, 𝑎𝑘/2+1, ..., 𝑎𝑘 ∈ −𝐴] ≥ Ω(𝛼𝑘+1) , (3.1)

where 𝑎𝑘 = 𝑣 − 𝑎1 − ... − 𝑎𝑘−1.

In order to complete this proof, we will first need to prove the following lemma:

Lemma 5. Let 𝐴 ⊆ F𝑛 be a set with size |𝐴| = 𝛼 · |F|𝑛. Let 𝑘 ≥ Ω(− log𝛼) be
an even integer greater than 2. Then there exists a subspace 𝑉 ⊆ F𝑛 of dimension
dim(𝑉) ≥ 𝑛 −𝑂 (log(1/𝛼)) such that for any 𝑣 ∈ 𝑉 it holds that

Pr
𝑎1,...,𝑎𝑘/2∈𝐴

𝑎𝑘/2+1,...,𝑎𝑘−1∈−𝐴

[𝑣 − 𝑎1 − ... − 𝑎𝑘−1 ∈ −𝐴] ≥ Ω(𝛼2). (4.2)

Proof of Lemma 5. Define the spectrum of 𝐴 to be the set of its large Fourier
coefficients:

Spec𝛾 (𝐴) := {𝑎 ∈ F𝑛 : |𝜑𝐴 (𝑎) | ≥ 𝛾},

for 0 < 𝛾 < 1. One can use Parseval’s identity (Equation (2.1)) to bound the size of
the spectrum

|Spec𝛾 (𝐴) | ≤
|F|𝑛
|𝐴| (1/𝛾)

2 =⇒ dim(Spec𝛾 (𝐴)) ≤
|F|𝑛
|𝐴| (1/𝛾)

2

To achieve a tighter, non-trivial bound, we make use of Chang’s lemma [4]:
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Lemma 6 (Chang’s Lemma [4]). Let 𝑋 ⊆ F𝑛 with size |𝑋 | = 𝛽 · |F|𝑛, and let
0 < 𝛾 < 1. Then,

|Spec𝛾 (𝑋) | ≤ 𝑂

(
log(1/𝛽)

𝛾2

)
. (4.3)

Define a subspace 𝑉 to be the orthogonal subspace to Spec𝛾 (𝐴),

𝑉 := Spec𝛾 (𝐴)⊥ = {𝑣 ∈ F𝑛 : ⟨𝑣, 𝑠⟩ = 0 ∀ 𝑠 ∈ Spec𝛾 (𝐴)}.

By setting 𝛾 = 𝛼1/(𝑘−2) and 𝑘 > 2 to be an even integer such that 𝑘 ≥ Ω(log 1/𝛼),
Chang’s lemma implies that dim(𝑉) ≥ 𝑛 −𝑂 (log(1/𝛼)).

We now show that 𝑉 satisfies the condition of Lemma 5. We will rewrite the
probability using a convolution:

Pr
𝑎1,...,𝑎𝑘/2∈𝐴

𝑎𝑘/2+1,...,𝑎𝑘−1∈−𝐴

[𝑣 − 𝑎1 − ... − 𝑎𝑘−1 ∈ −𝐴] =
(
𝜑
(𝑘/2)
𝐴

∗ 𝜑(𝑘/2−1)
−𝐴 ∗ 1−𝐴

)
(𝑣).

Note that by the definition of the Fourier coefficients, we have 𝜑−𝐴 (𝑟) = 𝜑𝐴 (𝑟) for
all 𝑟. Indeed,

𝜑−𝐴 (𝑟) =
1
|F|𝑛

∑︁
𝑥∈F𝑛

𝜑−𝐴 (𝑥)𝜒𝑟 (𝑥) =
1

𝛼 |F|𝑛
∑︁
𝑥∈F𝑛

1−𝐴 (𝑥)𝜒𝑟 (𝑥)

=
1
|𝐴|

∑︁
𝑎∈−𝐴

𝜒𝑟 (𝑎)

=
1
|𝐴|

∑︁
𝑎∈𝐴

𝜒𝑟 (𝑎)

=
1
|F|𝑛

∑︁
𝑥∈F𝑛

𝜑𝐴 (𝑥)𝜒𝑟 (𝑎)

= 𝜑𝐴 (𝑟)

Next, observe that

∑︁
𝑟∈𝐹\Spec𝛾 (𝐴)

|𝜑𝐴 (𝑟) |𝑘 < 𝛾𝑘−2 · ©­«
∑︁

𝑟∈𝐹\Spec𝛾 (𝐴)
|𝜑𝐴 (𝑟) |2ª®¬ ≤ 𝛾𝑘−2

(
1
𝛼
− 1

)
,
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where for the second inequality we used
∑

𝑟 |𝜑𝐴 (𝑟) |2 = 1
𝛼

and |𝜑𝐴 (0) |2 = 1. Thus,(
𝜑
(𝑘/2)
𝐴

∗ 𝜑(𝑘/2−1)
−𝐴 ∗ 1−𝐴

)
(𝑣) = 𝛼 ·

(
𝜑
(𝑘/2)
𝐴

∗ 𝜑(𝑘/2)
−𝐴

)
(𝑣)

= 𝛼 ·
∑︁
𝑟∈F𝑛

𝜑𝐴 (𝑟)𝑘/2𝜑−𝐴 (𝑟)𝑘/2𝜒𝑟 (𝑣)

= 𝛼 ·
∑︁
𝑟∈F𝑛

|𝜑𝐴 (𝑟) |𝑘 𝜒𝑟 (𝑣)

= 𝛼
©­«|𝜑𝐴 (0) |𝑘 𝜒0(𝑣) +

∑︁
𝑟∈Spec𝛾 (𝐴)\{0}

|𝜑𝐴 (𝑟) |𝑘 𝜒𝑟 (𝑣)

+
∑︁

𝑟∈𝐹\Spec𝛾 (𝐴)
|𝜑𝐴 (𝑟) |𝑘 𝜒𝑟 (𝑣)ª®¬

≥ 𝛼
©­«1 +

∑︁
𝑟∈Spec𝛾 (𝐴)\{0}

𝛾𝑘 · 1 −
∑︁

𝑟∈𝐹\Spec𝛾 (𝐴)
|𝜑𝐴 (𝑟) |𝑘ª®¬

≥ 𝛼

(
1 + (|Spec𝛾 (𝐴) | − 1)𝛾𝑘 − 𝛾𝑘−2

(
1
𝛼
− 1

))
≥ 𝛼

(
1 + (|Spec𝛾 (𝐴) | − 1)𝛾𝑘 − 1 + 𝛼

)
≥ Ω(𝛼2),

as required. □

We now proceed with proving Lemma 2. We first can rewrite the probability in
Equation (3.1), using the fact that Pr𝑎𝑖∈𝐹𝑛 [𝑎𝑖 ∈ 𝐴] = Pr𝑎𝑖∈𝐹𝑛 [𝑎𝑖 ∈ −𝐴]. Then, by
using the chain rule for probability:

Pr[𝑎1, ..., 𝑎𝑘/2 ∈ 𝐴, 𝑎𝑘/2+1, ..., 𝑎𝑘 ∈ −𝐴] =
𝑘∏
𝑖=1

Pr[𝑎𝑖 ∈ 𝐴 | 𝑎1, ..., 𝑎𝑖−1 ∈ 𝐴] .

Each 𝑎1, ..., 𝑎𝑘−1 are sampled independently, so Pr[𝑎𝑖 ∈ 𝐴 | 𝑎1, ..., 𝑎𝑖−1 ∈ 𝐴] =
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Pr[𝑎𝑖 ∈ 𝐴] = 𝛼 for all 1 ≤ 𝑖 ≤ 𝑘 − 1. Thus,

Pr
𝑎1,...,𝑎𝑘−1∈F𝑛

[𝑎1, 𝑎2, ..., 𝑎𝑘/2 ∈ 𝐴, 𝑎𝑘/2+1, ..., 𝑎𝑘 ∈ −𝐴]

=

𝑘∏
𝑖=1

Pr[𝑎𝑖 ∈ 𝐴 | 𝑎1, ..., 𝑎𝑖−1 ∈ 𝐴]

= 𝛼𝑘−1 · Pr[𝑎𝑘 ∈ −𝐴 | 𝑎1, ..., 𝑎𝑘−1 ∈ 𝐴]
= 𝛼𝑘−1 · Pr[𝑎𝑘 ∈ −𝐴 | 𝑎1, ..., 𝑎𝑘/2 ∈ 𝐴, 𝑎𝑘/2+1, ..., 𝑎𝑘−1 ∈ −𝐴]
= 𝛼𝑘−1 · Pr

𝑎1,...,𝑎𝑘/2∈𝐴
𝑎𝑘/2+1,...,𝑎𝑘−1∈−𝐴

[𝑣 − 𝑎1 − ... − 𝑎𝑘−1 ∈ −𝐴]

≥ Ω(𝛼𝑘+1),

where the last inequality holds by Lemma 5. This concludes the proof. □
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C h a p t e r 5

DISCUSSION AND CONCLUSION

In this chapter we discuss the implications of Theorem 2, and compare our results
with those of [1]. Moreover, we identify some potential directions for further
research.

5.1 Discussion of Theorem 2
First note that when 𝑘 = 4, Lemma 2 is extremely similar to the analogue in [1]. They
main differences are that our version requires that𝛼 ≥ Ω(exp(−4)), and the subspace
𝑉 we guarantee has codim(𝑉) ≤ 𝑂 (log(1/𝛼)) instead of 𝑂 (log4(1/𝛼)). These
differences propagate into our reduction Theorem 2, adding an extra log2(1/𝛼) term
to the time complexity of the algorithm. However, this factor becomes negligible
for sufficiently large 𝑛.

The main benefits of our results are a version of the Quasi-polynomial Bogolyubov-
Ruzsa lemma that allows for an arbitrary sumset 𝑘𝐴, and a simpler proof that relies
on fewer non-trivial results. In particular, our proof of Lemma 2 does not require
to use of popular difference sets or shift near-invariant sets. This more elementary
proof provides a clearer understanding of the fundamental ideas behind Lemma 2
and could potentially help guide work towards achieving lower bounds in further
research.

5.2 Future Work
As in [1], we pose the question of whether an efficient verifier (i.e. Freivald’s
Algorithm; Lemma 3) is necessary for this reduction. We remark that it may be
possible to achieve this by recursively applying the reduction. That is, to use the
initial reduction from Theorem 2 without repeating as an average-case algorithm
and using it as input to the reduction.

Moreover, while our proof of Lemma 2 is more elementary than in [1], we recognize
that Chang’s Lemma [4] is a non-trivial result. Another potential direction is to
identify whether Chang’s lemma is necessary to achieve our bounds. Furthermore,
our proof is more elementary at the cost of a few parameters. We suggest working
to eliminate these costs, and in general providing tighter bounds for both versions
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of Lemma 2.

Lastly, we suggest further analysis on where our reduction stops working. In
Chapter 3, we showed that one can construct malicious algorithms that can make
decomposing the input vectors difficult. A natural question is to ask whether this
holds for our reduction, and what such an algorithm would look like. Moreover, we
suggest looking into constructing a reduction that can work even in cases where 𝛼

tends to 0 faster than our reduction can handle.
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