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I. INTRODUCTION. The techYJique o-f' nPnsjtv ~raojent centri-

fugatton has nroven to be A n('werfu1 tool in '!"'qny areas nf 

poss1.ble to obtain a h trb deP"!"'Pa of rE=>sblution of mo] ~r,u1 ar 

ected~ A· method to increase the resolution of density hetero­

geneity in the ultracentrifup-e could become a useful te<'hnique 

for biochemists. The sub1Pr,t of this par,Pr ts 3 new de~i~n 

for an ultracentr1fuge cell wh080 eff~ct1veness in in~rea~in~ 

such resolution wiJl he fln"'l;r7An in aetail. 

JI. CELL Dl<:~IGN. 
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The normal shape o:f the anal .ytical ultracentrifuge cel l i s 

sho~ i.n Fig. l.a. It is termed the "uniform $ector ar g1 e cell O , 

or ·the USA cell. The design of the new cell is shown in 

Fig. 1.b. It is ¢~lled the "d'ual sector angle cell"., or DSA 

cell~ The centrifuge c ell js filled wi tri a s e l t solution 

such as CSGl, and at hi0r_ angular velocity a density grac.1 ent 

is fo.rmed which is assur.-:ed to b n linear at equj libriu . .m. 

A. high molecular weight materjal, such as Dt-TA or protein, 

if placed in the cell with a solution cf appropriate nensity, 

w 1 form a band in th e c- 0r +.r 2} r ecj or of thP cell. Assuming 

a constamt centrifugal :fic:l.d il" the rP-c ion of the band, a nd 

ignoring effects at the two ~r ds of thn cell, a material 

omogeneous with resi cc~ ~ ~ both density and molecular weight 

It is important to keep i -r: n< :ri d that tht.: bar,d will be gaussia.n 

regardless of the particul R.:r shape of tb e cell. Thus a ,10mo­

geneous material in the ne ·.; DSA celJ. wi11 aJ ways form a paussian 

band, but the magnitude c:f t":,e peak c oncentraticn will v2.r:· 

greatly depending on the location of the band in t~e ~ell. 

Therein lies the key to tbe increased resolutic~ possiblr 

with the DSA cell. To "1ll1-12tn,te by tre si ·,, plest exa •Yple, 

suppose a. sarr,ple were c n,·:pos c,~ of two r~aterials of eq11al. n.r.·o unt 

and Molecular weight but of slightly di-ffe r e:nt censjtjes. 

In the :riormal USA cell thP oh :: erv-ed ban r'! "'"' 1d be tr f surr! 

of two gaussian bands se_ra re-t:P<1 by a srral1 rlistar ce, and it 

would be difficult to a istine11ish th is obsPrvcd bar a from a 

perfect gaussian band. TTo •-rr-- y c r, i:" t1: 0 :'."'SA cell, th A }' eavier-

band would be ,centered in t.h e r a rrow sec tor anc w0111c1 t 1~us 1M _, vi?: • / 



a peak co e~tration·relatively higher than the lighter b~nd 

which is eentere~ in the wide sector. The observed band,as 

the sum o·f tbes~ • tw'o, ' wo{i_ld be distorted to some degree by 

this asymmetry, an it ni~ht be possible to resolve the bands 

more easily. 

III. OASES TO c01rsrDFR. Out of the wide variety of probler:'s 

that could be analyzed in the rPA cell, there are .three eeneral 

cases that stand- out for two reasons. . First, they are s1rdl ar 

to practical problems tr.at _ave been encountered, nnd so 

analysis could provide very useful information. Second, 

they are amenable to treatment with relatively straightforward 

mathematj_~a.l and co.mput~'Y' tec"hniqu@s. 

l. The e-arnple cortai "'G t , :r ba..'1d s of equal amount ano 

molecular weight but o-f a iff'erent der si ties. For instance, 

a s ample of homogeneous DlJA that is denaturef into complemen­

tary strands will satisfy approximately the above cond i ti t)ns. 

2. '!'he s~ ple contaj ns prPd omin1llntly one corrpcnent but 

has a minor component of g:re?ter <'lensity whose presene~ is 

obscu~ed by the domi~ant band. 

, • The sample contains ;:in essentially infinite ra-nf'e 

of componente-' whose densj ti.es are symmetric a] ly a istr:tbuted 

around a central density; the emount of each component is"' 

ga.ueaian distribution ar0unrl the c-enter with re~pect. to ~ en­

si ty. This case ie rE"fer:rPo to as a {1,'aussian <'lj~tri.hution 

of gauseian bands, and it ,-ri 1 J be shown that. the comyiosj te 

band ifll actually a true gaussian curve jn the USA eel], hut 

not tn the DSA cell. 



TT. ,JM_ TJ,I'F!Y. '!'!CAL A MALYS IS. For a single homogeneous comnor i1!I nt 

cell, the concentr-ation O(r) at equilibrium :f.a 
, - - Q:-,,..,,)~ 

., l '.,. ' C (t"'} ~ > -c-0 • e ~ri. 

where r ~ distance fro~ center of rotation 

rm ~ .position of h:::t""d peak 

r'= band' width, or ~tandard c1ev1.etion of band (a 

length, 0epP~~Pnt on thP density gra~i~nt) 

c 0 :re- determined by conse.,..ving roase within the system: 

rt"c 
• },f "' Jr,. j,yJ(r)• r • C Cr) .,( I" 

where r 9, r~, re are as indicated in Fig. lb 

(P(.r) is aa in Fig. lb: l(r):. ~t... between r a and rb 

A("'' _ A between rb and r
0 " •1 - Y'I 

h = thickness of thP cell (the third -~imension) 

M = amount of c~~ponent 

Ignoring end effects (i.e. (ra.-rm)/r = -oo and (rFrm)/~ =oO). 

integration yields the re~uJt 

where ~ ':I. A./;, = rF1.ti o of large to small e.n,?'le in T'~ A cell 

• erf(x) = error f1mctjo-n = ..3.., (Xe-~u 
fir Jo t> 

Pote that er:f' (-x) • = -er:f' ( x) 

erf{O) = 0 and erf(OO) = l 
For simplification and e.onven j ence in me,nipula.tion it is 



worthwhile to shtft the scale of distance from "r" to a new 
.... 

dimensionles variable s = :(ri-,,l!"f,J/'2 r . ~lso we define 

~m ·= (r-in,"".rb )//'l r ., The concentration r< s) a.s a function of 
o - c~-s-.. )::.. 

s becomes C (S) = C ~ 

Dnder all conditions to he considerer!, rm/4--> 1 ana ~ince 

-,: 
e -~' 

-$,: 
of th~ renomjrn:itorJ• Q-Q()tre 1 • 

can be ignored without siprifir:=intly a.ff;ortiriP- rr:-~ults. 

Thus - 0 . C = 

C<s)= 

0 
t"~ (I+ k e~f~) 

, _ (s-s~f 
C. e 

ve are now r-ear1y ta -prcrPrn "fri+.h "l""~,v~e~ 0f tl,e specif➔ c 

c~ses mf>ntione~ on page ~. 

l .. Two eomnonPnts o-r ~qu~l i:imour,t and mc1lecular weight 

but banding at sliphtly different densities. The total 

coneentraion C(s) is . )~ ~ 
_ ( s -s,.p1 , _ ( s- 5-.,~1 

C ts) ·- _c, ($}~ c~ {S) = C," e + C2- e ' 

o. 



Since the 'J'lantity in'each band is the same, D1 = D2 = 1 for 

sii:hplie:l;ty .. At this . point it is- appropriate to insert reason-

able values for th~ parameters rm:(l), rm ( 2), sm (]_), sm( 2), and K. 

Then the result catt be plotted with the a.id of the computer. 

The particu.l."ar case studi.ed was one with the two bands both 

equidistant from rb; the sector discontinuity, but on opposite 

sides of it. ,he s~paration between bands-, Ar• r;.<11--t;_U):,Ji"rB.f,J-~O! 

wa~ varied between 

at several values. 

L::Jf ;. 0 and 2.0tr • K ::: •~ ,~x,was tried 

The design of the analytical cell is 

such the.t the maximum va]ue of o( for a c-ell that functions 

acceptably is probably around 10. Note that for 0( = ;,./f,:. I ) 

• the cell is a normal USA cell, and the equEitions 

behave accordinely. Values of ~ between 1 and 10 were 

tried. The values of rtn(l' R.nd rm(2) were dletermined by 

setting rb = 5.0 cm ( the exact value depends on the. deerign 

of the cell, but is not critically important here), letting 

tr= 0.02 em (a reasonable v13Jue for a DNA erample), and noting 

r ~c,J =- r, - tr" o.M~ rh-\c~, = rb + ~ 
The ~ffect orf putting a sMple as described above into the 

D8A cell is shown in Progrrun I. For each value of Ar between 

0 and 1.&' tr , 5 values of o<. from l ( the USA . cell) to 16 

were tried, and the resultant curves were plotted. The .,. 

ampli-tudes were adjusted so th8.t re,e7ardless of the v::ilue of 

o( , a single bana centered at rb would have .a peak height 

of¢.~ in arbitrary unit~. '!'he results show that the DSA 

cell has a very significant effect in cas~s where 4r~ tr . 

A- method of analysis which shows the precise effect of the 

DS'A cell is the•. following. Assume that a SA.mple contain3' 

6 



,' ·t 

tye 09,nl¢~\!rnts - .as described . above, ,or b) a: homo-
. . J,. :._ , . ' .• :·.; •:-a- • 

gti'neous n.te:rfal. If the sample is placed in thtt USA cell, 

the band will :'b~ d.e~otibed by c~rve A if it . eontains two 
~ -.- , • • ' 

':" 

components, or ~~-- '13" 1:f'-'. it i s homogeneous. , 
• • .· -(s1-JW.,_ 

1 
- (s-¥iJ2;.. 

• A') , ·t;. (ti:. F!uJ € , -t-- ~ e. 
~ ' ) -t's~ 

~) c,,Cf): (r~J .,,_ ~(2) . e 

where ¥,. I - I ~j [ c,s,(Cj 

"Mle gau~eie.n curve B has bee:n aojustea so that it represents 

a "best f;it" to curve A, the sum of two gA-ussia.ns. The 

computer plots (see Program II) show that· for 4r~ l.5r, 

there is es~entially verv little difference in the shape of 

curve A· tt d e,urve B. Th i q P .rlf-~- tn tha lT?~ cell one can.riot 

detem·ine whe:ther -tbe sample conta1 ns one co1T1ponent or two. 

However~ 11' -th-e eam}:)le is then n] aced i.n a DSA. eel 1 having 

~ = l'.0 (the •l)ract1co1 maximum', there is a sipnif:tcant d1f-

ferenoe in the ob~erved barn~ n epend ing on whether one compon­

ent o.r two i '.s 'j?resent. . If it is a two component ~ample, the 

appare.nt · a.ensity (t.e. the density at the peak) and the peak 

height are both increased. It appears th?t for cases with 

~r ~ ~, the tw-o component nature of the s?mple should be 

measurable ·. 

The· sugiest-ed .method of analyztng • an unknown sample for 
is 

the · pr~s.ence o-f . t -wo equA.l. corrrponents 6' as follows. Whi 1 e 

the . ~ample is in the ultr8certrifure tne tewperaturP of t~e 

cell o~ ·be varied over a wt('le rimge. ffi1Ar,g1ng the temperature 

w:l.11 cih,ange the bulk so)uti on a ens:tt:v, the fl~.mple density, 



tent, so th~ ·band posit1¢Jl will thereby .. 

cha.pt•• ~-:h1e . effect of tempe.ra ture on tne fire~ thre:e 

pa-r~at-e _· ft1 ~',_so by appropriate control of t .em_pera-

1.\it-e the band ~~. be' ·eaused to move from one side of the 

sector- diseQntihuity to the other. Both the peak height 
. . 

and. peak po-eition can be determtned as A :function of tempera-

tu~e .. -: l'rom this · t.he effeet of the sector angle discontin.ui ty·r 

$1on~ .. on 'band beight and position oan be aeduced. Finally, 

this observed effect can be compared to the theoretical effect 

as a. function of .4 r as c~lculated on the computer, thus 

al1owi:n.g an estim~"t.ion of the band separation 4 r to be made. 

2. Components of ~qual molecul A.r weipht, but in differ­

ent qu1U'lt -tie«f and ◊f ifferent -a nai ties. If the band s eri­

ara.:ti<m 18 •r and both pe1-1ke ~l"e equidistant from rb, then 
. • -<,.•ff;t -(s- d'r..)~ 

Cts)::: C/ e . - 1- c,,.0 ~ ,.... 

Tw ~s~s wex--e analyzed, and for ea.ch CJ:1ee the curves were 

plo.tted ~or -~ 1 (USA cell) and ~= 10 (DSA cell). 

Cate l. A denser cbmponent with 5% of the amount o~· the 

major compon$tl.t, located 2r from the major b~n~. 

Oaee _'t,, A l~ impun:ty locatf>d 4 tr from the main peak . . .-
Th-us .or = fr · , and· n2/n1 ~ 0.01 

. . 
The results are ~lotted in Proeram III. In the USA cell 

the .minot' component is not noticeable in either cPse. 

1n· th~ .DSA ·eell the minor co~~ ent can be seen as a definite 



skew . and in 

• --~,f~he~ : .. , ·ot:~~he larger 
, .. 

one in . ease 2. Th~ it is ·-,· er 
. ~ •/." •. 

olea~ that .th; .-ffll eell can be very tiseful in solving prob-.. 
,· _.. ~:.._ ... '--

1 emw of th.is na:tqre. •. 

l. , • 'A_ ·ga.uee1:-an distribution of gaussian ban~s. Igr1-0ring 

end e.'t:f'eots and.,. radial dilution effects, the o;oi:i_oentration 

diettibution C(l") of a gaussian aistribu.tion of· gaussie.n 
00 

bands 1!! . Cfr)::::. J_,,r,o C(r,x)Jx 

• "' I"' 

wh_ere 
• _, - ;<ljx,.,)~ 

_ g(x)dx = :f e -c 4)( = fraction of .sample with 

equiljbrium position between 

rand x+d~ 

xm-.: peak posttion of the compos1te band 

,r =bandwidth of each fraction, assumed to be const~nt 

f = standard aeviatton of t:b e df'nsity dist'r:lbu.t;Jon 

a) Fo~ a ~~A cell, 

c•c., ~ eotistant~ = F/r 

F 

1
-oo .... ~;,x.f _ (I:-:-Xl1-

/"l'(~::. . - e ' ;tr,._ Jx ~ - ~r . 
t" ... oo -:a. 

Integration_ o1 th±s yields .- (r-X111a} 
IJ1t F e· ,:-P- . 

CLr"):: T 

vhere -t~ :It tf 1.+ r 
'l'hue il'i the US • ~ ,j' thP- sampJ e be1iaves exactly as a home-.: " 

" . . 
g,enene mat,~fai· with stand ard deviattcn, I . 

I 



b) In the !lS F 

Then 

Direct 

p-i. (r~-r1· 
·w_c,"1 r 

Again invoking the ass·stancP. of the computer, the effect of 

the DSA cell ca..n be determinPo jn this ~ituatio. The 

analysis is simil~r to th~t m~ae 'for the two component 

probl mo pa~~ 7. S ""'"?f> rn'~~~l"lle is eit}'lPr a) hot"lo-

eeneous, with b nd widt , , or 

of gaussian bands with $ 2= 0-
2 + ,,., 

caee 1. , = tr and d = ~ er 

case 2. , = -..r- and , = ~ tr 

b) a auss1.an d. istrihuti.or. 

• mwo cRees were ana1yzec: 

In the USA cell, the ba d is t"'aussil:l.n, and the nnture of the 

sPmple cannot be determin~a. The results for the DSA cell 

with o<.= 10 a.re shown in Proeram TV. Ih ·,hoth -cases tt can 

. readily be seen whether the sample ts homofeneous or ~ ga.uss1an 

distribution of gaussians. For~a.n unknown sample, ana.1ysis 

d.n the manner described on p:::tges 7-8 wil1 allow estimation 

of,. It is interesting to note that Sue◊ka2 has studied 

the density heterogeneity of several tynes of DNA ano has 

found that the.c variance in density, which eornsponds to 

, as described above, j_s of t'"" 0 same order of magnitudf' 
~ 

as -1:r , the standArd dev:i ation of the hom.op-eneous coTT'ponenta. 

Thue.~t~ere in fact exist rra.tertals which would definitely 

0 



show distributional effects in the DSA cell. Although such 

materla.:1.s a~ not neqessari1y have densit:, distribQ.tions- even 

approximating gausaian ,_form, the analysis- describ'ed above 

can be modified and extended to handle any type of density 

heterogeneity. 

V. PRESENT STATUS OF ~DE p~q~ARCH. Tt is unfortunate thBt 

a DSA cell has not yet bePn used for exr,erjments, nor has 

one even been built. This is bf'cause of a misjudgment I 

made at a critical yiOi?'1t in th <" project. When J first tackled 

the problem in the summer of 1065, Twas not trained in 

computer prop:ramming, . nor n id T realize thet the computer 

would b~ ft<' u eful thli:!t T Fthc111d, r~ve }Pr.irnpa to progr:::iir rit 

problem and atternptPd to tr•r tr>st cases by ma.nua1 ·computation. . . 

T chose the case of tw:o e(ma1 berids with very J'i.ttle sep8r"'ti.on; 

~or th~pecifio values I pic~ea, the nrA ce11 hao ljttle 

effect, so T decided ( too ha.sti Jy, ot"V-i ousl y) th:::it the T'·~ ~ 

cell wa~ not practical. When T be~an to writ~ this rerort 

T d ec:1 ded to use the cowputer t 0 ~nal yzP. the proh1 f'm Rn~ 

thereby d1.scovered that the T'?/1 eel 1 Promise!:' to becom~ ? 

very effective tool for b1nc~P~ists. T regret th~t I 'wi]J 

not have a chance to ~nrry out the numPr0u~ ex'N>r.i.-nprte w"'1ch 

·should be none witri thA 'OOA eell; h?.vin?" laid the gron1dwork, 

I will leave the experimentetion and fu~ther aevelo~ment of 

analytic 1 methods to somP.one P]se. 
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