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Abstract . 
Quadrupole AllowedTransitions 

In Nitrogen Fourteen 

The 14tJ nucleus is not spherical but rather is 

ellipsoidal; hence, it has a quadrupole moment. The 

spin of 14N is 1 so that the application of a magnetic 

field splits the doubly deg enerate quadrupole levels, 

mr==+l. 

. Normally, transl tions are allowed only if hm/=l. 

For this case transitions with /'1m/=2 are possible; that 

is, transitions from mr=l to m1==-l have nonzero proba- . 

bilities since the m1=~1 states are coupled by the magne­

tic field to the m1=0 state. This is what the experiment 

will attempt to observe. The analytical nroblems were 

solved in the following steps: 

a) Quadrupole Hamiltonian with cylindrically 
symmetric field gradient 

b) Quadrupole Hamiltonian with non-axial field gradient 

c) Magnetic field alone 

d) Magnetic field as a perturbation to the Hamiltonian 
in case a) 

e) Magnetic field plus the Hamiltonian in case a) 

f) Magnetic field plus the Hamiltonian in case b). 

An energy correlation diagram and intensities for the 

quadrupole allowed transl tions as a function of magnetic 

field strength varying between the limits of pure quad­

rupole field to pure magnetic field will be calculated 

by computer. 



I. Introduction 

The 14N nucleus is not spherical but rather is 

ellipsoidal; hence, it has a quadrupole moment. Quan­

titatively1 the quadrupole moment of a nucleus measures the 

departure from a spherical charge distribution. The nature 

of the electrostatic interaction can be understood by 

considering a simple model d.iscussed by Slichter: 

Here a nucleus with a prolate charge distribution, as 14N 

has, is oriented in two direct~ons in repect to an ex­

ternal field. The configuration on the right has the 

lower energy. This model also demonstrates that for a 
SP.ill 

quadrupole interaction the nuclear~must be greater than½ 

since I=½ corresponds to flipping the nucleus which leaves 

the energy unchanged. For I=l, m1=+1 will be degenerate 

for an axially symmetric field gradient. However, the 

application of a constant magnetic field splits the degeneracy, 

coupling the m
1

=+1 states to the m1=0 state. The calculations 
I 
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are being done for 14N ,I=l, since the quadrupole resonance 

occurs at comparable frequencies to the magnetic resonance. 

Because of the coupling) transitions with /4m/=2 can have 

nonzero probabilities. This paper deals with the theoretical 

calculation of these quadrupole allowed transitions. 

II" Derivation of the Quadrupole Hamiltonian 

There are different methods by which one may derive the 

expression for the quadrupole Hamiltonian. In general 

though, each makes a mathematical expansion of the integral 

for electrostatic energy; quantum mechanical analogs are 

then used for the nuclear charge distribution; and finally 

the Wigner-Eckart theorem relates spatial operators to 

nuclear spin operators. The latter step is necessary to 

reduce an N-body problem into a manageable form. 

The electrostatic energy from a nuclear charge dis­

tribution fC~) and a potential V(t"}due to the electron 

cloud about the nucleus is classically, E = J f(r) V(if)dc.1} 

The potential can be expanded in a Taylor series, 

2) 

which is substituted into 1): 

E = J f(r)V(o)d'l' r rj:fc-t-)x,·EJ_ )Jr+~ '2:jf<;)~·XJ·ty3)) r/r 
, 'rJX,: Y=o ,,J c>x,Jxi 'f= 0 

The first term is the electrostatic energy treating the 

nucleus as a point charge. The second term is the dipole 

interaction but can be shown in general to be zero. 



Page 3 

That the dipole term is zero is more easily seen if a 

different expansion is employed as discussed by .Ramsey. The 

coordinates of the electron cloud are separated from those 

of the nucleus. The potential energy is 'fe(i)/r, where r 

1s the variable representing the distance between the 

electronic charge fe c/4:. and the nu clear charge /~1- c/1:,z: 

The energy then becomes, E = JJ feCfe~/,. (r~ c/fe dt,,_ 

From vector algebra ( 1.. 1. ) ~;z. r :::. '('e + -r,,, - ~ rev;,.. c o.s Ge,, 

The factor 1/r can be expanded in a legendre polynomial 

s er i e s : 1 1 ( 7.. ) 
Yr :::. 1/'e l + __'},_ P. (Co5 e<?11 ) i- SL P.1. (cos ee,J+ ... 5) 

. re rf!..,_ 

If one considers the dipole term in E, 

EJ-:: ff fe ~~i l"i- fn_(t,,) P, (cos 0,0) die JL;",_ 6) . 

e. 
The charge density ~(~}and f:(cosee,J are even functions 

but the length rn is an odd function which implies the 

dipole term will vanish. 

The third term in the Taylor series expansion 3) is the 

electrical quadrupole energy. Principal axes can be chosen 

so that all integrals involving xixj will be zero unless i=j. 

Then the quadrupole energy is given as, 
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EG7 = ~ f Jtct-) xt ~v~) d, 
~ )(~ r-=o 

Since the potential V must satisfy Laplace's equation out-
1 

side the nucleus, V V=O, EQ can be rewritten, 

Eq ~ ~ ~ J fc;.) ( 3x/- y-:i) ~ 1 ) dr s) 
<. ~ )(~ r~o 

Quantum mechanically, f(r) the charge distribution in the. 
A. 

nucleus is replaced by an operator fc.;) which treats each 

proton as a point charge, f(,t-) =: 2. (:? 8 (~-Yp} 9) 
p 

This changes EQ in 8) to an operator, . 

H" ~ 4 ~fz:_ e $ (~-~f) (3X/ - ,~) 
"I' ' p 

"' ' ~"S""' Hq-= ~ 4- L (. p 

where r with Cartesian components x10 is the 
distanc~ from the pth proton to a point in 
space outside of the nucleus. 

The electric quadrupole operator is defined as: 

10) 

-Q ., -= • e 2. ( 3 xc.~ - ~?.) ) u. . /fl ,- r •r 11 

Matrix elements for the quadrupole operator will be diagonal 

in I since the electrical quadrupole interaction arises 

from different spatial configurations corresponding to 
..-'\,, 

m1 =I,I~l, ... ,-I. Since the operator (i)U satisfies the same 
....... 

commutation rules with respect to the spin operator I as 

""' · does~, the Wigner-Eckart theorem states that its matrix 

elements will be proportional to the analogous matrix ele-
~ 

ments for I : 
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< r nrr / e ~ c 3 x(~ - r,/) I x rn; > = 
12) 

C. < I ~:r / 3 i/ -i :z / I ;11z' > 
The right hand sicle integral is easily evaluated as 

CI(2I-l) for m1=I and Ii=Iz. The left hand side integral 

defines the quadrupole moment Q: 

Qualitatively one can see this definition does measure 

the nonsphericity of the nuclear charge distribution. 

If the nucleus is elongated along the z 0xis or prolate, 
a :i .2 a 

then Q will be positive since SX,·p -'f"p = 32,a - Yp >O. 

Conversely, if the nuclear distribution is oblate 3 z:.;-rp~ < 0 

then Q v'lill be negative. For the intermediate case of a 

~ :1 0 spherical charge distribution 3 ~fJ •f"p= which causes 

the integral for Q to vanish. 

The quadrupole Hamiltonian thus becomes by the 

Wigner-Eckart theorem, 

Defining the asymmetry factor fas the amount the field 

gTadient deviates from being axially symmetric: 

and applying Laplace's equation, one arrives at the 

quadrupole Hamiltonian: 

14-) 
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16) 

The main part of the derivation followed that o~ Slichter; 
other supporting ideas from Ramsey, Cohen and Rei.f, Das and Hahn. 

III. Discussion of the Analytical Problems for I=l 
.,._ A 

Si nee Ix and l'1ar e dif fi cu 1 t to use in cal cu la ti ons, 

"" I ,.. i lowering and raising operators were introduced: I;c: Y:z (I.,.+_)) 

Iy.:: {i.(ft-JJ. The resulting Hamiltonian is given by 
.A 

( denoted by IIZ when the nonsymmetry of the field gradient 

"o.. is taken into account and H~ when the approximation of 

a symmetric field gradient is made): 

1} 

A == . ~'J.Q i 
4I (2:r-1) 

The basis vectors used are J-> >lo>> It) relative to a principal 

axis coor d.inate system with the quadrupole moment along 

the z axis. Only matrix elements diagonal in I are • 

considered, thus this will not be shown in the integrals, 

but assumed. The analytical problems were solved hy 

increasing the complexity of the Hamiltonian in each step. 

The first problem, also shown in Das and Hahn, is that 
. ,,. C<. A l '°'i\ . 

of the quadrupole Hamiltonian, H~ =- A ( 3Ie -II, with an 
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axially symmetric field gradient; i.e. , the x and y axes 

are not unique, but arbitrary. The only nonzero matr ix 

elements are diagonal in m
1

: 

l .... a., , · A< I ~-a'\.~, I a. < "mx J.I Q 'i'l1z > = mz 3 ..1.. ~ - J:. Yllx > = Eq 

E~ = A {3mt -I CI+J)} Sm.zm~ 
a 

where EQ are the eigenvalues. 

The solution of the second problem, that of the 

~uadrup ole Hami 1 tonian with a nonaxi a lly symmetric field 

gr adient is also gi ven in Das and Hahn. The operator 

2) 

is given by 1). The matrix representation is the follo wing : 

We note two things. A 
~~= 0 

Fir st, 

the trace of the matrix is 

zero. This is true since the '/A 
~ 1 

average value of 3X,~r summed over X;==XJYJ i! is 

0 '2A 
-2/J 0 
o A 
zero. Second., 

the asymmetry of the field gradient couples the I-> state 

to the Jt> state, the Jo> state remaining unmixed. The 

secular equation is, (JA -t7'.) { (fA)'
4

- (4 -A)J == O; 4) 

which yields the eigenvalues 7\.. = -~A) (l±f)A. See Fig. 1 
~~ . 

for an energy level diagr am for H~and the resulting splitting 

occurring when '/ .:f= O . 

Next the problem of adding a Zeeman field at the angles 

e and ¢to the z axis was calculated. The Hamiltonian for a 
~ • A A ._,l 

magnetic field His Ht=-1i'tIGH where d"is the gyromagnetic • 
..a. 

ratio for the nucleus. Letting H be a constant field H
0 

in 

space and defining.J1.:: o'H0• The magnetic Hamiltonian is, 



~"" nf s,-., 
AS 9 
'\r, 

; 
ft!~ 
~~~ 
~ 

~ 
~ 
~ 

dQ.. -r 
~ 

--
lJ... 
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.... 
Again using lowering and raising operators to expressIAand 

..... OP{!-ro,to-r 
.I~ the" is found to be, 

H" --1, • ..., (~ 11 -~9' ~ '/. ei<' ¢ • I" ) i!-= -h -H .. ..i..i c.cs e + ,2. e s,fleL-1- -t 12. s,a e _ 5) 

See Fig. 2 for the spatial relation of the magnetic and 

quaarupole fields. 

In order to obtain a better physical feeling for the 

i"nteraction of the magnetic field with the quadrupole field, 
A ~~ 

H?: was used as a perturbation to HQ . Schrodinger-Rayleigh 

perturbation theory gives the following differential 

equation for fir st order corrections in the wavefunctions: 

(H;- E:.
0

) 1/1 1 + ( H?! -E') 'Yl
0 = 0 6) 

( numerals used as superscripts denote the order and 

1, 0, -1 as subscripts denote the basis vector for which 

the correction is added). Second order energies were 

calculated according to E 2 = < "f O} Hl / "JI 
1
/ 7) 

.... Q. 
The results of perturbing /-J 9 by a small constant magnetic 

field, H
0

, are given in the following table and the energy 

levels graphically displayed in Fig. 3: 
" "~ lie Pe (-l:u r b in g__ JjQ-

'1jJ () }+> 1-> Jo> 

'VJ I -1i..fJ..s rna ec~o> .fl. -<"'> 1Ln. ( e-'~Jr> --:-e'·~,->) -ii Sina e Jo> 
3/i1 J1 3.a::1 A 'jv£'A 

Eo A A -~A 



~ 
~ 

,;;;,.,__,?tar,; 

,~~1~ 

·-
LL 



~=1 ,: 

d 
#~ 
~~ 

L , 
~ : 
...,,,JI 

I 
I 
l 
I 

u. 
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E' - ft..Qco!:> e +tt...Q c.ose 0 

111 "')'l. • J 11..-1.L_ s,n.e 
GA 

The first order energies are proportional to the first 

power of the magnetic field, likewise the second order 

correction to the second power of the magnetic field, 

as would be exnected from perturbation theory. Also there 

is no¢ dependence because a.s mentioned before the x and 
A\\ 

y axes are arbitrary for HQ. The degeneracy of the l+>J J-> 

levels is lifted in first order by equal amounts of coupling 

fr om the /O) °level. Also as expected from perturbation 

theory the sum of the energy shifts to each order is zero. 

The magnetic Hamiltonian problem was theh solved 

exactly in the quadrupole basis states. In this repre­

sentation the Hamiltonian matrix was found to be. 

cos a -e"/4•¢ S /ne 
1/x 0 

H~ ti ..n. -~¢ . 
- e/Vi' s ,n ~ 0 -egs ,·n. e 

"'-

0 
_,p . -case -e,.-::; s,ne 
vi' 

The secular equation reduced to, ?\. ( I - (11. .a A)~) , 
with eigenvalues :i\= o;:t-AJl. These energies_ correspond to the 

spin aligned perpendicular, against~ and with the field. 

However, basis states with quantization along the magnetic 

field were not used so that the eigenvectors are linear 

comoinations of the quadrupole basis states. The following 

normalized eigenfunctions were found; 
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Eigen:(unct ion 

~9' 
~ S{n e J-> t cos e l-> 
Vi' 

,:¢ 
he (c.ose --1) I->+ fP~'3-.l /_ .2 )'liJo>- e-,•¢(cose +1) 

(c.os'l-e+3)'l,. Si"ll.e lco.sq.e-1-3 (cos 4e +3)'la. 

Inspection of the table reveals much mathematical symmetry 

as would be expected. 

The mathematical exact solution for the quadrupole 

field having an axially symmetrlc field. gradient inter­

acti ng with a constant magnetic field was then solved. 

The matrix representation is the following: 

x..n. c.os 9 + ,q 

-1LQ e.-i:1,.l1o/vi' 

0 

--~.a (?L<dSii'JB,,VJ' 0 ) 

- 2. A - ii.Sle i¢~i",,e/vr 10) 

-tn. e-i 1,ne/11r - -t. ..a. cos e fA} 

The secular equation was found to contain the natural 

parameter AAt..a-l3 in the following manner: 

(7'./4.Jl..f3 -r,-/4..a.) (1t38=z) -- (e cos~e 1·B cos~e -JB 3 )-= O 11 ) 

Since the eigenvalues are real and in general different, the 

trigonometric form of the solution to a cubic equation can 

12) 

°i-1) ) -t ;i ;!§ (o) l r :f ,l" (+I)) 
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The subscripts indicating the three different levels were 

assigned by considering the limiting pure quadrupole and 

pure magnetic cases. The levels are linear com bi nations 

of the 3 states 1-7, Jo) ,It)' but since energy is a continuous 

function of magnetic field the levels can be labelled 

accor dJng to the quadrupole limit. The quadrupole field 

limit corresponds to j(e }z:. 1r whereas the magnetic field 

limit to /(s)-:::: '17L. The eigenfunctions 'J!l
1 

w., ,1,
1 

have the 
Ya_ - ) ~) •f> 

form "'/) = o., / - ) -t-a.J. to> ·i- Q a J+)'- where, 

e <'¢ .s/n e O.i 
'131 ( co5 e+ 6-?\. /1;...a) 

a.,_= Q..2. 

- e. ... ,·cp s /fl e a 
·----- 2. 
..rs:' ( c.os e - B 1.., ~ h. n.) 

Fig 4 shows qualitatively (calculations by slide rule 

13) 

were done only for three values of magnetic field because 

of the complexity of the equations) how the levels vary 

with magnetic field when the magnetic field is perpendic­

ular to the quadrupole field. It is interesting to note 

that the 1¼., level has a dip between zero magnetic field 

and the point where t_.fl.::: A . 

The final problem calculating energy eigenvalues and 

eigenvectors is to include the effect of a non-axially 

symmetric field gradient. The Hamiltonian operator is 

then fl;+ Hi with the matrix representation: 



~~ ~ ~ --~-~-s- ··· 
II 
~ 

). t.J 
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i;.~D.. 'cos 0 + A - Jt_Q e"~sin e//i' ;2 II 
1/l r u~ = t a. - i'if> 

-1i.a.ei~s,·17~/vr 11~) ~ ... - - e s,'fii e/,n - 2.A "' ~ 

JZA ti -,\~ . ~ - ,.Jl €. ~1!70 [ff -itl'l.cose-;-,4 

The resulting secular equation is, 

o=fil~~t If (3r(i)tl] - f f3cosie +t3 cos~c=J-J. (1 °1/~ f.f fft3 s,i'e coS~p] 15) 
, -11\.-m 1\; .0. 

Again using the solution to a general cubic equati on, 

the eigenvalues were found to be: 

?t_, =: ~ ( J t ( '3 ff~) 11?. )~.,, cos (ii~ ., ... 01-.,1) t 'd1( (o) ) + 1rr (· ,,) 
JO,tl if3' (;t.12.) '-1 '3 \ 11 . '3 3 1' I 

where 16) 

Cos;§ (e;¢) = ~ -~a cos~~. - .. 2 (!~tz.~~_JJ .. s,tz_~e cos~¢] 
· ~ f 1 + ( 3 ,1, f ;z ) 8 j 3/a 

Note that forq=ol6) reduces to 12). Whenf is included the 
p-~ 1) 

a_uadrupole limit corresponds to CO';)~:::: -.p.rr _(.!::g_ a nd the 
( 3 rfif!/.2 

magnetic field limit top .: '7½ as before. The eigenvectors, 

which will be necessary in the calculation of expected 

intensities, were found to be the following: 
-(¢ . ') ((6 • 

Cl = ltB e . Sill© , ... (r..ose -B+ 1\-_ e ·-~ q 
' 6 [ (fl 6) 2 -:~ cos~e - (a-i)l J a 

o.
3

:::: .& l3 e ,·¢ S/f/. e - ( cose + (3-.;.._) e-l'¢ s /Jl0 

~ [(£Bf.? +- c.os-ae - ( B - i\.)3] 
where "'"'111 J 

r== a., J-> + a.:1lo> + Q 3 +> · 

17) 

The transl tion frequencies as a function of 0 and¢ and 19= AAt!l. 

are calculated from the energy eigenvalues given in 16): 

w(,~-,)= :2.n. !lf(3rf.z) a~3v2. s/11.(!!;"!J t .2%) i8) 

tu (o-=;,-J)== w(o➔J) = 2..n. £ 1t(3t1/1JB iJ ¼.. S in(fl?, r~) 
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Formally the wavefunctions cor responding to the energy 

levels sketched in Fig. 4 can be written as: 

~, == ett I-> + a.; lo> +- Clj If> 
1'1, ::: o~,0 

/- / + a.~ Jo> + Q~ }-r;> 

rrhe intensity for the l{J(l-))-1) transition will have terms 

proportional to /ll;to.;/~ Jo..to.;f\ JC\[ a;J\ /Q1 q; (-1-

which by 17) will be proportional to jllJct~f1·. Both the 

intensity an d the frequency lu(1-,-1) are dep endent on 0 a nd 

¢ which will broaden the s pe ctral line for a powder 

spectrum. Computer calculations of intensities and 

frequencies as functions of e ,¢,and the magnetic field 

19) 

are to be done. After accur a te theoretical computations 

for these functions are tabulated, the optimum values of 

parameters will be chosen to perform an experiment veri­

fying the predictions. The optimum values will depend 

mostly on expected intensities and resolution of the 

frequencies. For the magnetic field the optimum position 

will be near A,:-A,.11. since for that choice the interaction of 

the quadrupole field and the magnetic field should be 

greatest. 
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