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Abstract .
Quadrupole Allowed Transitions
In Nitrogen Fourteen

The 1qu nucleus 1s not spherical but rather 1is
ellipsoidal; hence, it has a quadrupole moment. The
spin of luN is 1 so that.the application of a magnetic
field splits the doubly degenerate quadrupole levels,
mlzil.

Normally, transitions are allowed only if /Am/=1.
For this case transitions with /Am/=2 are possible; that
is, transitions from my=1 to my=-1 have nonzero proba-
bilities since the mI=i1 states are coupled by the magne-
tic field to the m;=0 state. This 1s what the experiment
will attempt to observe. The analytical problems were

gsolved in the following steps:

a) Quadrupole Hamiltonian with cylindrically
symmetric field gradient

b) Quadrupole Hamiltonian with non-axial field gradient
c) Magnetic field alone

d) Magnetic field as a perturbation to the Hamiltonian
in case a)

e) Magnetic field plus the Hamiltonian in case a)

f) Magnetic field plus the Hamiltonian in case b).

An energy correlation diagram and intensities for the
quadrupole allowed transitions as a function of magnetic
field strength varying between the limits of pure.quadr
rupole field to pure magnetic field will be calculated

by computer.



I. Introduction
14

The N nucleus is not spherical but% rather is
ellipsoidal; hence, it has a quadrupole moment. Quan-
titatively, the duadrupole moment of a nucleus measures the
departure from a spherical charge distribution. The nature

of the electrostatic interaction can be understood by

considering a simple model discussed by Slichter:

~6§ ®Y

14

Here a nucleus with a prolate charge distribution, as N
has, 1s oriented in two directions in repect to an ex-
ternal field. The configuration on the right has the
lower energy. This model also demonstrates that for a

Spin
quadrupole interaction the nuclear®must be greater than 1

o}

since I=% correspondé to flipping the nucleus which leaves

the energy unchanged. For I=1, mifil will be degenerate

for an axially symmetric field gradient. However, the
application of a constant magnetic field splits the degeneracy,

coupling the m_=+1 states to the m;=0 state. The calculations

I
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are being done for N,I=1, since the quadrupole resonance
occurs at comparable frequencies to the magnetic resonance.
Because of the coupling)transitions with /fam/=2 can have
nonzero probabilities. This paper deals with the theoretical

calculation of these cuadrupole allowed ftransitions.

IT. Derivation of the Quadrupole Hamiltonian

There are different methods by which one may derive the
expression for the quadrupole Hamiltonlan. In general
though, each makes a mathematical expansion of the integral
for electrostatic energy; cquantum mechanical analogs are
then used for the nuclear charge distribution; and finally
the Wigner-Eckart theorem relates spatial operators to
nuclear spin operators. The latter step is necessary to
reduce an N~body problem into a manageable form.

The electrogtatic energy from a nuclear charge dis~
fribution 79(?)and a potential V(?)due to the electron
cloud about the nucleus is classically, E'—“—'I)D(fb) V(‘?‘)Cﬁ\- 1}
The potential can be expanded in a Taylor series;

)r:o“" b2 KKV ) o 2

) X, oKy 1 T=0

¢

V®) = V(o) + 2 X 2V
Y

which is substituted into 1):

[ e Hxcv \de +! axx:3Vs) ) gz
E jf(r)V(O)dffgff(r)Xﬁc)rf h 7| F@%x 3>)dc

=0 G) IXX; Jezo
The first term is the electrostatic energy treating the
nucleus as a point charge. The second term is the dipole

interaction but can be shown in general to be zero.
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That the dipole term is zero is more easily seen if a
different vexpansion is employed as discussed by Ramsey. The
coordinates of the electron cloud are separated from those
of the nucleus. The ﬁotentialvenergy is )@(?’é)/v‘, where r
is the variable répresenting the distance between the

electronic charge ]gdfé and the nuclear charge /‘;’fb Q/z;z.’

The energy then becomes, E ::j 7%(?6) 73{(?}2) C/Z;_ C/Z‘,,_, Con)
. a—

- l
From vector algebra Y = (*re?‘ + \(‘: - e, Co3 Qen) 2

The factor 1/r can be expanded in a legendre po.lynomial

serlies: ] !
fe = /ré<l+fiﬁ(€os@@n) P, (cos Qg+ - ) 5)

o
e "é‘

If one considers the dipole term in E,

Edt’jf @ Y S (%) P (cos ey ) @ o di, 6).
e

The charge density}Z(?';)and P‘(COSQQ,‘) are even f‘unctions.
but the length r, is an odd function which implies the
dipole term will vanisgh. 4

The third term in the Taylor series expansion 3) is the
electrical ocuadrupole energy. Principal axes can be chosen
so that all integrals involving X4 Xy will be zero unless 1=].

Then the ocuadrupole energy 1s given as,
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Eq =4 X PE) X¢ av)dc !
a'){a =0 -
Since the potentlal V must satisfy Laplace's edquation out-
.
side the nucleus, V¥V V=0, EQ can be rewritten,
Eo= i fo<r>(3x;~ma_g,) d 8)
¢ QX Jrzo
Quantum mechanically, jo(?)the charge distribution in the.
A .
nucleus is replaced by an operator‘fk;) which treats each
A - P ¢ -3
proton as a point charge, P (¥) = 2. € § (¥ "‘Y})) 9)
P ;
This changes Ey in 8) to an operator,

lo= %8 [z e 86-5) (3x7-v9) L) 7
¢ e

a‘}(' =0 10)

A a
Ro= %22 eﬁ) (3% ~ 1)
30

where r with Cartesian components x is the
dlStdeg from the pth proton to a polint in
space outside of the nucleus.

The electric aquadrupole operator ig defined as:
w

Q.,_-_e?' (3)( /‘9 | 234

Matrix elements for the aquadrupole operator will be diaaonal
in I since the electrical quadrupole interaction arises

from different spatial configurations corresponding to
mI=I,Ifl,...,~I. Since the operator éi(satisfies the same
commutation rules with respect to the spin operatorjf as
does ?,"the Wigner-Rckart theorem states that its matrix
elements will be proportional to the analogous matrix ele-

A

ments for L :
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<:E%§=]e%’(3xé’;«r;)ll my> = )

| A 2 ' 7
C< I |3%, ~T°| I mg/ >
The right hand side integral is easily evaluated as
cI(21-1) for my=I and I;=I,. The left hand side integral

defines the quadruoolé moment Q:
2 - 4
e@=<IL[eZ (3X,~v)|II> 13)

Qualitatively one can sc¢e this definition does measure
the nonsphericity of the nuclear charge distr'ibution.
If the nucleus is elongated along the z axis or prolate,
then Q@ will be positive since 3X?p -Yp = 32?; - Y}a> 0.
Conversely, if the nuclear distribution is oblate 52;’“ p’l <0
then Q@ will be negative. For the intermediate case of a
spherical charge distribution 38‘;-(‘;::0 which causes
the integral for Q to vanish.

The guadrupole Hamiltonian thus becomes by the
Wigner-Eckart theorem,

HQ 61’(31.'/) %:- aXQ(SI I) ©1h)

Defining the asymmetry factor /Z as the amount the field

gradient deviates from being axially symmetric:

_[{3lv _ 3%V v , 3°
7""" (axz ayz)/'é? ] ai‘%""’ eZ 15)

and applying Laplace's equation, one arrives at the

quadrupole Hamiltonian:



A A

= 31, - 1 ("-«f"} 16)
o e-l’c;ztﬂ{( ) vy 0y

The maln part of the derivation followed that of Slichter;
other supporting ideas from Ramsey, Cohen and R@Lf Das and Hahn.

III. Discussion of the Analytical Problems for I=1

Since Ix and I are difficult to use in calculations,
lowering and ra131ng overators were introduced: I = /2 (I,.":"f) )
Iy - /(_(l}. I) The resulting Hamiltonian is given by
(denoted by Hg when the nonsymmetry of the field gradient
is taken into account and Q% when the approximation of

a symmetric field gradient is made):

g = A(’sr - 1Y) +pa(da-1])

08 = A (a2~ 1Y +gA (12 +1°) 1)
A= e?
- 4I(2r-)

The basis vectors used are |-»,l0>, &> relative to a principal |

axis coordinate system with the quadrupole moment along

the 7z axis. Only matrix elements diagonal in I are

considered, thus this will not be shown in the integrals,

but assumed. The analytical problems were solved by

increasing the complexity of the Hamiltonlan in each step.
The first problem, also shown in Das and Hshn, 1is that

of the quadrupole Hamiltonian, Hq, = A (3I§ ‘I), with an’
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axlally symmetric field gradient; i.e., the x and y axes
are not unique, but arbitrary. The only nonzero. matrix
elements are diagonal in my |
<y | Hglmi>=A<mz|3%3~ 1% m>= Eg

- a - 2)
Ea = A {3m —T@+)} &,

where Eg are the gigenvalues.

The solution of the second problem, that of the
C}uadrupole Hamiltonian with a nonaxially symmetric field
gradient 1s also given in Das and Hahn. ‘The operator

is given by 1). The matrix representation is the follov&ing:

We note two things. First, A . O /2'4
the trace of the maftrix is 'Z.,_.

Ha=(0 -24 O 3
zero., This is true since the 7/) 0 A

average value of BX"*’Y‘asummed over X;=XY 2 1s zero. 8econd, -
the asymmevtry of the field gradient couples the [=) state
to the [+7 state, the JO) state remaining unmixed. The
secular equation is, (2A4+A) { (7/4)2*" (4 ‘7\)1_} =0, )
whiéh yields the eigenvalues =-—2A)(li'f)/4. See Fig. 1
for an energy level diagram for Flgand the resulting s.p\litting
occurring when 7.# o .

Next the problem of adding a Zeeman field at the angles
® and ¢to the z axis was calculated. The Hamiltonian for a
magnetic fieldﬁis I?Ii=‘7i3'i~°ﬁ where ¥ is the gyromagnetic

N

ratio for the nucleus. Letting H be a constant field Ho in

space and defining- S ¥H,. The magnetic Hamiltonian is,



=
AT
3
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Hﬁ = —A L (.l“’g Cos® + L Singcosd +fy Sne sin {é).

A,
Again using lowering and raising overators to expressl;and
A gpevater
1'3 the?is found to be,

Ha=~tia (2, cos0+ e"‘¢s:aaf+ + 5 e sine) 5

See Fig. 2 for the spatial relation of the magnetic and
qﬁairupole fields.

In order to obtain a better physical feeling for the
~interaction of the magnetic field with the aquadrupole fiéld,
g%was used as a perturbation maﬁ;. Schrodinger-Rayleigh
perturbation theory gives the following differential
equation for first order corrections in the wavefunctions:

(Ag~E) VW' + (Hy-E)¥°'=0 6)
(numerals used as superscripts denote the order and
1, O, -1 as subscripts denote the basis vector for which
the correction is added). Second order energies were
calculated according to E; = < e né | ‘}/'7 v 7)
The results of perturbing Qgtw a small constant magnetic

field, H are given in the following table and the energy

0

levels graphically displayed in Fig. 3:
A N . Da
H, Pectuvbing Hy

W I+2 - 10>

B ]

v -%Qsine e”‘,O) ~k0.s5ine ém/@) i ( e“(¢l-f-> "i'@m/‘))
33 A 3/A" A VT A

E° A A -2A
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E -Allcose +h0 cose O
E* &WsmPe () sinde -.0)* s in%e
A 6A 3A

The first order energles are proportional to the first
power of the magnetic field, likewise the second order
correction to the second power of the magnetic field,
as would be expected‘from perturbation theory. Also there
is no@dependence because as mentioned before the x and
y axes are arbitrary for /f/\g The degeneracy of the |+2, /->
levels is lifted in first order by equal amounts of coupling
from the /0> level. Also as expected from perturbation
theory the sum of the energy shifts to each order is zero.
The magnetic Hamiltonian problem was then solved
exactly in the aquadrupole basis states. In this repre-

sentation the Hamiltonian matrix was found to be.

Cos © -e‘%s\ Sine @)

| . B, - 8)
- - 3

L=k "Sgpsme O "0 -
N ’ﬁ
wf

-, Sine —-Cos &

© @

The secular eaquation reduced to, A (l - (ii..(l?\)a) ) 9)

with eigenvalues A=OFA{l. These energies correspond to the
spin aligned perpendicular, against, and with the field.
However, basis states with quantization aiong the magnetic
field were not used so that the eigenvectors are linear
combinations of the quadrupole basis states. The following

normalized eigenfunctions were found:
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Energy | Eigénfunétion
@ A
O 7 Sinel-> + cose > — €_ 7 sipe 4
\EY va?

G( (coso +1)

l, if
e 2
£ Sy | # Co5% 1( 2 ) oy~ &_(coso-t) |3y
(cos‘ora) $it @ |cosFo+3 (Cos¥o+3) 1
'?j ' .
. e""(cose-) [~>+ c:osze-l( 2 )%107“’ e Pcose +i)
(cos*e +3)% 519 \cos*o+3 (Cos®s +3)"

Inspection of the table reveals much rﬁathematical symmetry
as would be expected.

The mathematical exact solution for the quadrupole
field having an axially symmetric field gradient inter-
acting with a constant magnetic fieldb was then solved.

The matrix representation is the following:

ZcosSo+A -h G’tg&'ﬂ@/\}p @) )
q . -
e + 2 == -ﬁ,.n_e“%rn% ~2A ~kRe sio/y 10)
O ~% e“'%me/ﬁ ~% £2C050 A

The secular equation was found to contain the natural
parameter 'q/é('_‘f“-'B in the following manner:

(Pen) —(Moa) (12367 — (8Co0s20 #8 o570 387 11)
Since the eigenvalues are real and in general different, the

trigonometric form of the solution to a cuble equation can

be used: | - 12)
— A0 () + 342 (o) am T
o™ (i) eos( 52+ 0 B 0 H
where

3 3
Cos (o) =37 (B Cos20+B¢0S @~QBB)/2 (1+387) @
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The subscripts indilcating the three different levels wer'.e
assigned by considering the limiting pure quadrupole and
pure magnetic cases. The levels are linear combinations
of the 3 states l-'?,]O?,H»? but since energy is a continuous
function of magnetic field the levels can be labelled
according to the quadrupole limit. The quadrupole field
1imit corresponds to 35(@)&77’ whereas the magnetic I“_ield

limit to 95():;“%. The eigenfunctionsy,y V¥ have the

form W=q,I-> +a, (0> + aH> where,
Q, = ._Qm,(.@m‘s_.___"'l 8 Q,
v (Coso+ B~A fa) 1)
& Q,
Q.= = @~(.¢Sl'f?.@ Q,

vat(cose -8B +Afh )

Fig 4 shows qualitatively (calculations by slide rule
were done only for three values of magnetic field because
of the complexity of the equations) how the levels vary
with magnetic field'when the magnetic field is perpendic-
ular to the quadrupole field. It is interesting to note
that the'yi‘level has a dip between zero magnetic field
and the point where 1L01=A.

The final problem calculating energy eigenvalues and
elgenvectors 1s to include the effect of a non-axially
symmetric field gradient. The Hamiltonian operator is

- N "
then }‘{g-,!-l‘;';5 with the matrix representation:
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C

$00 co50 +4 ~Hh0.e % oHT hA
ﬁ(:? {“ iJ;é} — "’ﬁ!‘)‘,@“&@;‘jg}fg @/ﬁ\ - :&A _,-Aﬂoeiﬁé lfi@’/y"‘. 1”‘)
7 A ~hae bineym  ~hlcosera

The resulting secular equation is,

O”‘:’@x}f\a ;zf,\{ !+ (3;{"‘)@ } {QC&SS&@ +8cos%e-2(1- [7?)55,4[5 Sy @C@Sl?f} 15)

* o
Again using the solution to a general cublc equation,

the elgenvalues were found to be.

: = 22 42 @

where 16)

Cos P (e,8)= VAT S Bcos2048cos% -2 (1pY B3+ 7B S 20 c0520}
2 {1+ (3+42)B%} %2

Note that for[?::Ol()) reduces to 12). When§ is included the

quadrupole limit corresponds to €05 = "f“'?(’gt’:fé‘.{)l% and the
magnetic field limit to gg?: ThH  as before. T??he eigenvectors,
which will be necessary in the calculation of expected
intensities, were found to be the following:

Q. = vEe ms;rg@ + (cos8— B+ ?e.) (5 Q’&Hza a,
' Va {e)* + cos’e - (8-A)]

17)
{5 U | A= Np
5?6’@ ¢SHZ@ —~ (cosa+ B~ 7\_)e S:/z@

VE' L(8)* + cos®e — (B-2)}

Y= @q,]-» + a,lo> + azl+> .
The translition frequencies as a function of‘@and¢and B= /%tﬂ.

where

are calculated from the energy eigenvalues given in 16);

Wlis=)z 2.0 §1+3+p?) 63 % sia (1 + %) 18)
W (o>-l)= wlo-) =24 § /f(w’)@‘g""- S/ﬁ(§/3 +‘77‘/,3)
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Formally the wavefunctions corresponding to the energy

levels sketched in Fig. 4 can be written as;:

W, = a7 1=> + a7lo> +az e 18

w,= ol l-> + aklo> +al I+

y= a’l-> + adlo> +a§ I
The intensity for the Wl+-)transition will have terms
proportional to IGFQ;}QJ IQIQ;IQ) /af@,”z)lag QE!Q
which by 17)’Will be proportional to]Q;C§,3 Both the
intensity and the frecuency'avﬂﬁﬂ)are dependent on O and
@ which will broaden the spectral line for a powder
spectrum. Computer calculations of intensities and
frequenéies as functions of ©,@, and the magnetic field
are to be done. After accurate theoretical computations
for these functions are tabulated, the optimum values of
parameters will be chosen to perform an experiment veri-
fying the predictions. The optimum Qalues will depend
mostly on expected intensities and resolution of the
frequencies. For-tﬁe magnetic field the optimum position
will be near AshL since for that choice the interaction of

the quadrupole field and the magnetic field should be

greatest.
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