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ABSTRACT 

Diffraction of monochromatic light by rough apertures 

is analyzed. Correlation functions are derived for the 

electric field and for the intensity in the optical trans­

form plane. The expectations calculated are over an en­

semble of edges; their roughness is described in terms of 

a second order density and associated characteristic func­

tion. It is shown that in-plane roughness causes a speckle 

pattern. The analytical details are markedly different 

from the more usual case in which speckle is caused by 

longitudinal phase delay across an extended aperture. 

Detailed solutions are presented for serrated edges and 

gaps. Both space and wavelength dependences are ihcluded 

and solutions for cross-correlations of electric field 

and intensity are obtained. These are valid for arbitrary 

roughness and correlation coefficient. Experiments are 

described contrasting· the optical transforms of serrated 

and sharp edges. The serration causes a damping of the 

major spike in the edge transform and it leads to con­

siderable scattering of the radiation. It is shown that 

edge statistics may be determined by processing the trans­

form plane intensity measurements. Edge roughness (or 

standard deviation) is established from transform plane 

measurements along the central spike. For edges and gaps, 

intensity measurements of the spread of energy perpendicular 

to the central spike are Fourier transformed to determine 
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the functional form for the correlation coefficient of 

the edge roughness. Two classes of serrated edges have 

been fabricated to verify the theory. One group is gen­

erated by plotting computer-generated number sets, with 

independently controlled roughness and correlation length, 

on microfiche. A metallic edge is then made from the film 

images using photo-etching techniques. These edges have 

been particularly useful in verifying the theory. 
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CHAPTER I 

INTRODUCTION 

In the theory of diffraction, as in other areas of 

physics, one often encounters problems that are best de-

· scribed by a statistical formulation. In such a formula­

tion, one is not interested in the detailed analytic struc­

ture of a particular occurrence. Rather, the objective is 

to describe the media or the collection of objects in terms 

of overall properties, such as the expected value or cor­

relation of a given quantity. Within this statistical mode 

of description, the problem of diffraction of an electro­

magnetic wave by a planar aperture with rough edges repre­

sents a new class of diffraction theory problems. 

For roughness which is large on a wavelength scale, 

the problem is readily formulated using Sommerfeld's inte­

gral equation, which expresses the electric field in the 

right hal f space in terms of the electric field at the 

aperture plane. The aperture field is approximated in the 

usual way by letting it equal the incident wave perfectly 

blocked by the aperture function, i.e., Kirchhoff's approx­

imation. From this expression, second and fourth order 

correlation functions of the electric field can be cal­

culated, the expectations being over an ensemble of edge 
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roughness functions assuming monochromatic illumination. 

As is demonstrated below (see Section 4.4), the edge 

diffraction causes a speckle pattern. However, since the 

random process lies only on the edge boundary, its effect 

is very different from the usual speckle problem in which 

longitudinal roughness causes rapid phase variations across 

the entire aperture. (l) In this context it is noted also 

that the calculation of the radiation from a partially co­

herent extended source( 2 , 3 ) or illumination field( 4) dif­

fers from that for the serrated aperture, analyzed herein. 

A computer simulation of diffraction by an edge with 

a triangular serration has been done by Peters. (S) A more 

closely related statistical analysis is the Fresnel dif­

fraction at n-half planes with nonuniform edges published 

by Polischuk. (5 , 7,s) In this work a series of blocking 

screens of different heights with superimposed roughness 

was chosen to model decimenter and centimeter wave propaga­

tion in mountainous regions. An interesting classifica­

tion of statistical problems in diffraction theory is given 

by Kratsov, Rytov, and Tatarskii. ( 9 ) Various formulations 

of problems in the statistical theory of diffraction and wave 

propagation were also discussed. 

A major portion of the analysis presented herein is 

devoted to calculation of the optical transform (or far­

field) radiation pattern. The motivation for this emphasis 

is two-fold. One, due to the very special structure of the 
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field, namely its Fourier transform nature, many expres­

sions are greatly simplified thus facilitating the 

physical interpretation. Secondly, the optical 

transform plane is of practical 
. h (10,11) h processing sc emes, sue 

recognition.(l 2,l 3) Related 

importance in optical 

as automatic pattern 

to the present treatment, 

ftlm grain noise and other image quality degredation can 

give rise to characteristic features in their optical trans­

forms which are readily sampled and recognized. Also, edge 

finish on aperture and field stops, as well as lenses, can 

give rise to scattered light or noise in optical systems. (l 4 ) 

In Chapter II the general formulation of diffraction 

by serrated apertures is presented. In the formulation a 

scheme for classifying statistical problems in diffraction 

theory, based on a second order moment of the electric 

field, is discussed. This classification clearly shows the 

similarities and differences between diffraction by ser­

rated apertures and other statistical diffraction problems. 

In addition to the general formulation two specific aper­

ture shapes, namely the serrated edge and serrated gap, are 

analyzed in detail using a Gaussian probability density 

function of roughness. For each case an exact evaluation 

of the second order moment of the field is obtained. An 

approximate evaluation of the cross-correlation of inten­

sity for a serrated edge, a fourth order moment of the 

electric field, is also discussed. 
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Chapter III addresses the question: How can the sta­

tistical properties of the serration be determined from 

measurements in the optical transform plane? Here, an ex­

pression for the expected value of intensity in the optical 

transform plane, produced by an edge of Gaussian roughness, 

is expressed as a power series whose terms involve the cor­

relation coefficient of the serration. By the technique 

of reversion of series, the equation is inverted; yielding 

the correlation cbefficient expressed as a series of terms 

involving the expected value of the intensity. 

In Chapter IV remote sensing experiments using com­

puter-generated edges are described. The computer-generated 

edges allow~d independent control of edge statistics, 

i.e., the standard deviation and the correlation coeffi­

cient; consequently were useful in verifying the theory. 

A recapulation of the major results of the research 

is contained in Chapter V. 
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CHAPTER II 

THEORY FOR THE SERRATED APERTURE 

2. l Introduction 

In this chapter a theory for the diffraction of mono­

chromatic light by a serrated aperture is presented. The 

problem is formulated within the framework of Rayleigh­

Sommerfeld diffraction theory; with the aperture (or in­

put) field being approximated as the incident field, per­

fectly blocked by the aperture function (Kirchhoff's ap­

proximation). It is of particular interest to examine how 

the edge statistics in the aperture plane map into the dif­

fracted field; and the effect of these statistics on the 

spatial and wavelength dependences of the pattern. 

Section 2.2 contains a general formulation of the 

problem in terms of an arbitrary serrated aperture func­

tion, Ar, together with a scheme for classifying various 

statistical problems in diffraction theory. 

In Sections 2.3 and 2.4 the theory for particular 

geometries, i.e., the serrated edge and serrated gap is 

given. For each case an exact, closed-form, algebraic solu­

tion for the second order central moment of the electric field 

is obtained for Gaussian distributed roughness~ see Eqs. 

(2. 34) and ( 2. l 00) . An approximate sol u ti on for the fourth -
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order central moment of the field, for a serrated edge, is 

discussed in detail in Section 2.3.2B, and summarized by 

Eqs. (2.75) through (2'.78). 

For the serrated edge, we prefer the singularities in 

the solution attendent to the idealization of an infinite 

aperture rather than added notational complexity which 

tends to obscure the main theme. The effect of a finite 

aperture in suppressing the delta-function singularity is 

well-known, and published results for the optical trans­

form of an edge with a finite aperture can be reviewed for 

comparison. (l ,Z) 
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2.2 General Formulation 

2.2.l The Diffracted Field 

A serrated aperture Ar(;,y), located at the z=O 

plane, is illuminated by a plane-polarized, monochromatic 

wave traveling in the positive z-direction, as in Fig. 2. l. 

The coordinates (;,y) denote a point in the aperture plane 

and (x,y) denote the coordinates of a point in the observa­

tion plane. 

We represent a tangential scalar component of the in­

cident electric field as a complex function of position, 

Einc(;,y). Einc(;,y) is related to the real electric field 

variable, E~~c(;,y), as follows: 

Re ( ) ( ( ) - i wt) Einc ;,y;t = Re Einc ;,ye . ( 2. l ) 

The corresponding complex component of the diffracted field, 

E(x,y), can be expressed as an integration over the ~,y) 

plane in the well-known form( 2): 

00 

( 2. 2) 

- 00 

where th~ field component exciting the ~,y)plane is written 

as a product of three terms: the incident field Einc(~,y), 

the blocking function Ar(~,y) defined by 



y 
y I(x,,y,) 

Fig. 2. 1 Coordinate system for the serrated aperture defined 

by the curve Ar(~,y). 

X 

' _, 
0 

' 
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0, otherwise, 

- l l -

inside the curve Ar 

( 2. 3) 

and a transmission function t(~,y) whose magnitude lies be­

tween zero and one, 

0 ~ jt(~,y)J ~ l ( 2 . 4 ) 

t{~,y) allows for the possibility of structure inside the 

curve Ar. With exp(-iwt) suppressed, the exact form and 

the paraxial Fresnel approximation for S(x,y;~,y) are given 

by Eqs. (2.5a) and (2.5b), respectively. R equals [(x-~) 2 

+ (y-y) 2 + z
0

]½, k equals 2n/\ - the wave number (\=wave­

length of light) and z
0 

is the distance between the aper­

ture plane ( ~,y) and the observation plane (x,y). 

S( .c ) = _ exp(ikR) .:,.Q. (ik _ l) 
X,Y,s, Y 2nR R R (2.5a) 

-ik exp(ikz0 ) ( ' k 2 2 ) 
S(x,y;~,y) = 2nzo exp dzo [(x-~) + (y-y) J (2.5b) 

In later sections, we will be concerned with the cal­

culation of both second and fourth order moments of the 

electric field. The general form for the second order 

term is writted from Eq. (2.2) as follows: 
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00 

E(x1 ,y1 )E*(x2,y2) 1/f f ds'ds 11 dy 1 dy 11 Ar(s 1 ,y') 
-oo 

(2.6) 

The expression for the electric field in the optical 

transform plane is obtained by placing the observation 

{x,y) plane at the focal plane of a converging spherical 

wave. The paraxial form of Einc(s,Y), representing a con­

verging wave which focuses at z = z
0

, is given by 

• 2 2 = exp[-ik(s + y )/(2z
0
)]. ( 2. 7) 

Equations (2.5b) and (2.7) are then substituted into Eq. 

(2.2) yielding the electric field in the optical transform 

plane, 

00 

E(x,y) = A ff dsdyAr(s,y)t(s,y)exp[-i (Ks + ny)] (2.8) 
-00 

where A is a complex quantity defined as A= [-ik/(2n-z
0
)] 

•exp[ikz
0 

+ ik(x 2 + y 2)/(2z
0

)]; and the generalized co­

ordinates Kand n are defined as 
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( 2. 9) 

2.2.2 Classification of Statistical Problems in 

Diffraction Theory 

In the literature a large variety of problems 

has ~een published by researchers in the field of statis-

tical optics. It is thus worthwhile at the outset to 

classify various statistical problems that arise in dif­

fraction theor~( 3) Our scheme for classification is based 

on Eqs. (2.2) and (2.6). We group problems into four 

categories depending on whether the ensemble average is 

over the aperture, the transmissive structure, the il­

lumination field, or the medium between the two planes. 

These four cases call for ensemble averages, denoted by 

brackets< ... >, as follows: 

<A
1
A

11
*> 

r r aperture 
boundary 

I "* < E. E. > 
inc inc field 

coherence 

<t't 11 *> diffuser 

and <S'S 11 *> . . . medium 

The prime and double prime superscripts have been used to 

denote the arguments in the functions corresponding in an 
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obvious way to Eq. (2.6); but note that Ar has the same 
I II 

f u n c t ; o n a l f o rm a s Ar , A r , e t c • 

As can be seen from Eq. (2.6), the cross-correlation 

<E(x
1

,y 1)E*(x 2 ,y 2 )> is directly coupled with the correla­

tion function of the random process. Although each cate­

gory represents a distinct physical situation, it is noted 

that the cross-correlation of the diffracted field pro­

duced from the different cases can often be quite similar -

if not identical. As an illustration of this similarity, 

consider the speckle case <t(; 1 ,y 1 )t*(; 11 ,y 11 )>, in the limit 

as the correlation area in the aperture plane approaches 

zero, i . e. , 

(a zero mean, stationary process has been assumed). In 

this limit we see the field correlation <E(x 1 ,y 1 )E*(x 2 ,y 2 )> 

from Eq. (2.6), depends on the transmitted intensity at the 

aperture plane. This observation is directly analogous to 

the Van Cittert-Zernike theorem( 4 ) in the theory of partial 

coherence. 

Note each category, represented above, can be thought 

of as being a statistically pure random process. Mixed 

problems may also be considered. For example, one could 

consider the diffraction of partially coherent light by a 

serrated aperture; or the propagation of partially coherent 
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light in a turbulent medium{S), or any other possible com­

bination of the pure categories. 

It is also noted this is not an exhaustive listing 

since the temporal statistical case has not been included. 

Formally, this is treated using the correlation function 

<e(!:' 1,t 1)e*(!:' 2 ,t 2 )> where temporal fluctuations are in­

volved in the time varying electric field e(r,t). In this 

instance, Eq. (2.2) is appropriate for the calculation of 

the cross-spectral intensity P of the correlation function 

provided that Eq. (2.2) is interpreted as the temporal 

Fourier transform of the time truncated field e(!:',t), i.e. 

T 

ET(r,w) = J dt e(!:',t)exp(iwt). 
-T 

(2.10a) 

It is the time-truncated field that must be considered 
00 

since, in general, f le(!:',t) jdt does not exist. Interpre-

tation of Eq. (2.2) in the sense of Eq. (2. 10a), together 

with the following theorem from the theory of spectral 

an a 1 y s i s ( 6 ) a 1 1 ow s us to ca 1 cu 1 ate < e ( !:' l ,t ) e ( r2, t + T ) > . 

00 

-oo 
(2.10b) 
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Statistics for the Serration 

We limit our treatment to ensemble averages over 

the aperture function Ar(~,y). Hence, hereafter, the brack­

ets, < ... >, will be used exclusively to denote the expected 

value over an ensemble of apertures. 

In our treatment of specific aperture shapes, two 

assumptions are made about the serration along the aperture 

boundary. One, the serration is assumed to be a spatially 

stationary process, at least in the wide sense.(?) Secondly, 

we assume the random process is a function of only one of 

the coordinates in the aperture plane. For example, in the 

case of a rough edge (Section 2.3), the serration is repre­

sented by the curve yr(~), i.e., a function dependent only 

on the~ coordinate - independent of y. 

While the first assumption is standard in statistical 

optics, the second produces an interesting ramification in 

the theory - different from that normally encountered, say, 

in a diffuser problem. Taking the random process dependent 

only on one coordinate in the aperture plane, allows an ex­

plicit (or deterministic) integration of the independent 

coordinate in Eq. (2.2). The effect is a mapping of the 

one-dimensional random process at the aperture plane into 

a two-dimensional radiation pattern. In optical transform 

calculations, this reduction in the dimensionality of the 

random process produces a spatial non-stationarity in the 

resulting intensity pattern. One consequence of this non-
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· stationarity is to allow determination of edge statistics 

from transform plane measurements of the expected value of 

intensity - a second order moment (see Chapter IV). In 

contrast, a two-dimensional random process produces an in­

tensity pattern that is approximately stationary. In order 

to obtain information about the statistics of the process 

in this case, one must consider the fourth-order correla­

tion function <E(x 1 ,y 1 )E*(x 1 ,y 1 )E(x 2 ,y 2)E*(x 2 ,y 2 )>. (B, 9 , lO) 

In Sections 2.3 and 2.4, an additional assumption is 

made concerning the correlation coefficient, p, of the 

serration. We assume the correlation coefficient is non­

zero only over a finite interval, e.g., for a serrated 

edge, 

<y (t;")y (t;' )> r r 
a 

arbitrary, when ls"-s'I ~ e:o 

0 , o th e rw i s e . (2.11) 

This assumption permits exact evaluation of second order 

moments appearing in the theory. For the analysis in 

Chapter III, the last assumption, concerning truncation of 

the correlation coefficient, is not used. 

In the discussion that follows, we will adopt the 

following notation. First and second order density func­

tions for the random process will be denoted by~ and¢, 
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T~ble 2.1. Density and characteristic function notation(ll) 

and selected moment expansions. (l 2 , l 3) 

Probability density function 

1. General 

ljla (y) 

2. Gaussian 

y' 

y" 
y = 

y"' 

y"" 

Tl 1 

Tlz 
Tl = 

n3 

!'14 

Characteristic function 

= 

( - - 1 ) exp -~M ~/2 

rl2 rl3 

M-1 = cr2 rl2 1 r23 

r13 r23 1 

r14 r24 r34 

rl4 

r24 

r34 

1 

in which r 12 = p(;'-;"), etc. 

3. Moment theorems for Gaussian processes 

a) Real random variables, x1 , . .. , x4 
<x

1
x

2
x

3
x4> = <x 1x2><x 3x4>+< x1x4><x 2x3>+<x 1x3><x 2x4> 

b) Complex random process with v = v(~ ): m m 
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respectively. Corresponding characteristic functions will 

be represented by~ and~, where the Fourier transform 

kernel is taken with a plus sign, i.e., 

00 

The notation used is summarized in Table 2. l (ll), together 

with the functional forms for first, second and fourth 

order Gaussian processes. A statement of the Gaussian 

moment theorem for both real and complex variables is also 

included in Table 2. l. 

2. 2. 4 Moments of the Electric Field 

What are the appropriate correlation functions to 

calculate? In our study we are interested in investigating 

the spatial and wavelength dependences of the diffracted 

radiation pattern. The basic correlation function of in­

tensity u, including wavelength dependence, is given by 

(2.12) 

noting u = EE*, we write 

Another important correlation function to consider is 
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* the second order moment <E 1E2> 

of Eq. (2.6), denoted by 

is written 

co 

-co 

Thus, the ensemble average 

(2.14) 

(2.15) 

in which state variables are I(x 1 ,y 1 ;k 1 ) ana II(x 2 ,y 2 ;k 2). 

This quantity is useful for a couple of reasons. One, if 

we let (x 2,y 2;k 2) + (x 1 ,y 1 ;k 1), <E 1E;> becomes <E 1E;>, 

which is the expected value of the intensity. Two, 

the calculation of <E1E2> serves as a fundamental building 

block in the calculation of the cross-correlation of in­

tensity, Eq. (2.13). 

As will be seen in later sections, the quantity 

<E 1E~> is identified with the envelope function for the 

diffracted energy. To obtain information about fine-scale 

fluctuations in the pattern, we must consider the higher 
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envelope and fine-scale fluctuations in the optical trans­

form plane intensity, see Figs. (4.2 ) and (4. 12). 
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2.3 lli Serrated~ 

2.3.1 Second-Order Moment of the Field, <E 1E;> 

Consider an opaque serrated edge (Fig. 2.2) with 

the boundary function y = yr(s) such that unity transmis­

sion of a convergent wave Einc(s,Y) is obtained when 

y ~ yr(;). The index sub-r denotes the r th member of the 

ensemble. we· represent the aperture function, Ar(s,Y), by 

(2.16) 

where u[y - yr(s)J is the unit step function defined as 

(2.17) 

Combining Eqs. (2.8) and (2.16), we find the optical trans­

form field at I (x 1 ,y 1 ;k 1 ) is given by 

co 

E(x1,y1;k1) = A1 //dsdy u[y - Yr(s)Jexp[-i(K1s + n1y)] 
- co (2.18) 

where 

(2.19) 



y 
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Fig. 2.2 Serrated edge with roughness function, yr(t). 

I 
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and the transmission function, t(~,y), in Eq. (2.8) has 

been taken to be unity above the edge, y ~ yr(~). 

The integral over yin Eq. (2.18) is recognized as the 

Fourier transform of a unit step function. Using the shift 

theorem of Fourier analysis(l 4 ) together with Eq. (Al4), 

we write the electric field as follows: 

00 

E(x1,y1;k1)=21r2A16(K1,n1) - (iA1/n1) Jct~ exp[-i(K1~+n1yr(~))J. 
-oo 

(2.20) 

Two fine µoints are noted. The use of an infinite aperture 

leads to the delta function, 6(K 1 ,n 1 ), rather than an Airy 

disc. The effect of a large circular aperture, a product 

term in the integrand of Eq. (2. 18), would be a convolution 

of an Airy disc with E1 of Eq. (2.20). While one does not 

want to ignore the finite spread of the Airy disc pattern, 

still neglecting the cumbersome convolution does lead to 

helpful simplification in the notation. 

Second, the Fourier transform of a unit step func-

tion has been taken as TT6(n 1 ) - (i/n 1 ), which implicitly 

means the principal value should be used for any subsequent 

integration involving the (-i/n 1) term. This condition is 

denoted P.V.(-i/n 1 ) by some authors,(lS) but we find this 

adds needless complication to our notation herein. The 
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details of this point are discussed in Appendix A. 

* The second order moment <E 1E2>, defined in Eq. (2.14), 

can be calculated directly from Eq. (2.20); and in Chapter 

III this will be our starting point for the discussion of 

remote sensing of aperture statistics. However, at present 

we note that central moments, such as<(E1 -<E1>)(E~-<E~>)>, 

give a systematic grouping which leads to considerably 

simpler algebra than directly forming <E 1Ei> 

field quantities E1 and E2 are defined as 

The central 

(2.21) 

Hence, the central moment form of the cross-correlation of 

fields, <E 1Ei> = <(E 1 - <E 1>)(E; - <E;>)> is expanded and 

regrouped. The following equation gives the cross-correla­

tion grouped in the preferred order of calculation: 

(2.22) 

The second term on the right of Eq. (2.22) is cal­

culated by forming the product of the expected values from 

Eq. (2.20). The result is 

(2.23) 
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In Eq. (2.23) ~ is the first order characteristic for the 

random process yr{(). For the calculation of <E 1E;> both 

first and second order characteristic functions are needed. 

The notation is summarized in Table 2. l. 

* The calculation of <E 1E2> proceeds by substituting 

Eq. (2.20) into Eq. (2.21), the resulting expression is 

co 

-co 

( 2. 24) 

The rationale for computing central moments can now be seen. 

It is evident from Eq. (2.24) that the main contribution to 

<E 1Ei> comes from the interval which exhibits significant 

correlation between the points ( 1 and ( 11
• This is clari­

fied by the following evaluation of Eq. (2.24). 

For the evaluation we adopt the assumption discussed 

in Section 2.2.3, concerning a correlation coefficient of 

finite length, see Eq. (2. 11). Using this assumption we 

can rewrite Eq. (2.24); noting that the integrand is 

identically zero outside the interval 1( 11 
- (

1 I ~ e:
0

• 

Adopting the notation of Table 2. l gives 
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dt,; 11 exp(iK F,;
11

) 2 

(2.25) 

Letting t,; 1 = F,;
11 

- F,;
1 in Eq. (2.25) we obtain the result: 

(2.26) 

Thus, using Eq. (2.22), we find the general expression for 

the cross-correlation function of the electric field is 

given by summing Eqs. (2.26) and (2.23). While a finite 

correlation length ±€
0 

has been assumed, no assumption has 

been made on the r-m-s roughness, and the functional form 

for the correlation coefficient is general within the 

specification of Eq. (2. 11 ). 

The integral appearing in Eq. (2.26) is fundamental 

in the theory of the serrated edge and serrated gap; and 

will appear repeatedly in later sections. For these 

reasons, we assign it a label, G(-n 1 ,n 2;K 2). 
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so 

G(-n1,n2;K2) - f d~1exp(iK2~1)[<I>(-n1,n2;p(~1))-'¥(-n1)'¥(n2)] 

-so ( 2. 2 7) 

Thus, Eq. (2.25) can be expressed as 

(2.28) 

A. Evaluation f6r Gaussian Densitv of Roughness 

For the serration, assume that the probability 

density function for heights is jointly normal. From 

Table 2.1, we write 

(2.29) 

( 2. 30) 

For a Gaussian edge yr(~), using Eqs. (2.29) and 

(2.30), we rewrite Eq. (2.27) as 
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€0 

G(-n 1 ,n 2;K 2) = / d~ exp(iK 2~){(exp(-cr 2(n 2-n 1 ) 2;2) 
-€ 

0 

(2.31) 

Equation (2.31) can be integrated for a wide variety of 

correlation coefficients p. As an example of the evalua­

tion, we assume the correlation coefficient is given by 

the triangle function A(~/c
0
), i.e., 

p(~) -I 0 , otherwise . (2.32) 

Substituting Eq. (2.32) into Eq. (2.31) and integrating 

using Eq. GR-2.663-3( 16 ), we obtain the following result: 

(2.33) 

The expression for the central moment of the serrated edge 

with Gaussian roughness of arbitrary cr and c
0 

is obtained 
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by writing Eq. (2.28) with G given by Eq. (2.38), and A1 , 2 , 

K
1

, 2 and n1 , 2 defined in Eq. (2.19): 

( 2. 34) 

As detailed in Appendix 8, the central moment term 

corresponding to intensity is written from Eq. (85): 

in which the 

form for the 

(2.35) 

large scale length (2L ) is used as a limit 
X L 

x-dimension, arising from f x d~'exp[i (K2-K1)~'] 
-L 

G(-n 1 ,n 1 ;K 1) is obtained fr6m indicated vari-

able changes in Eq. (2.27). Expressed in the character­

istic function notation, the result is 

E: 
0 

G(-n1 ,n1 ;K1) = / d~exp(iK1~) [¢[-n1 ,n1 ;p(~)J-1j1(-n1 )'¥(n1 )] . 

-EO (2.36) 

For the Gaussian density, we obtain 

E 
0 

= f d~exp(iK1~) (exp(-a2ni[l - p(~)J)-exp(-a2n~)], 
-E: 

0 (2.37) 

and analogously to Eq. (2.33), we find 

( 2. 38) 
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2. 3. 2 

We now wish to consider the spatial and wavelength 

dependence of the fine-scale intensity fluctuations in the 

optical transform pattern, e.g., see Fig. (4.12). To this 

end, it is instructive to calculate the central moment of 

fourth order <E 1EfE 2E;> and see the dominant role played by 

* the second order central moment, <E 1E2>, already computed. 

Other terms involved in Ru= <u 1u2> are listed in Appendix 

B. Using Eqs. (2.20) and (2.21), we write a general ex­

pression: 

00 

- 00 

• [exp(-in2y;•) - '!'(-n2)J[exp(in2y;")- '!'(n2)]> 

(2.39) 

where y~ = yr(i;'), y; = yr(i;"), etc. Note, the primes 

denote different positions along the same edge Yr - not 

different members of the ensemble. The multiplier B de­

fined as B = A1A;A 2A; is written using Eq. (2.19) as 

(2.40) 
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The exponentials in Eq. (2. 19), including time dependences, 

exactly cancel. 

An approximate solution of Eq. (2.39) is written in 

sec. 2.3.2-A for the case of small roughness and normal 

density of heights, Yr· These assumptions permit us to 

use an expansion of the fourth order expectation in the 

integrand in terms of products of second order. These 

integrals are evaluated and a useful solution is readily 

obtained. In Sec. 2.3.2-B a general solution is derived 

for arbitrary roughness. Direct integration of the fourth 

order moment leads to a solution that is seen to contain 

three dominant terms. In Sec. 2.3.3 the general solution is 

shown to reduce to the prior solution for the special case of 

small roughness. A limiting form for the solution for 

large roughness is also discussed. 

A. Evaluation of fourth order central moment for 

sma 11 roughness 

From the form of Eq. (2.39), the essential 

statistical calculation involves an expectation of a prod­

uct of four terms. Let z1 denote one of these: 

(2.41) 

For small 

values of on 1 , the form of z1 is approximately 
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( 2. 42) 

Thus z1 is normal for smal 1 crn 1 provided that yr is norm­

ally distributed. Substituting Eq. (2.42) together with 

analogous terms for z;, z2 , z2 into Eq. (2.39) gives 

-co 

•<y'v 11 v11 'y 1111 >rect[~'/(2L )Jrect[C/(2L )Jrect[s"'/(2L )Jrect[C 11 /(2L )] rrr r x x x x • 
(2.43) 

In Eq. (2.43) a rect function formalism is used to indicate 

the finite aperture along the s-direction. The function 

rect[s'/(2Lx)J is defined as 

e { 
1 ' ls I < LX 

rect[s'/(2Lx)] 
.. 

(2.44) 
0' otherwise. 

This will greatly simplify the interpretation of the 

speckle pattern for fine-scale variations and wavelength 

dependence. Equation (2.43) is evaluated by direct appli­

cation of the Gaussian moment theorem for real variables 

listed in Table 2. 1. This results in three similar inte­

grals, which are denoted by o1 , o2, o3 , respectively. 

As an example, consider o2 resulting from the moment 
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product <y~y~ 11 ><y;y;• > and written explicitly as follows: 

00 

D2 = cr 4 sJ/JJ df,, 1 df,, 11 dE_, 111 df,, 1111 exp [i (-K, f,, 1 
+ K2f,," - K2t_, 111 

+ K2f,," 11 
)] 

-00 

• p(f;" 11 -E_, 1 )p(f,, 111 -f,, 11 )rect[f,, 1 /(2L )Jrect[C/(2L )Jrect[E., 111 /(2L )] 
X X X 

(2.45) 

Equation (2.45) separates into the product of two double 

integrals. Then, it can be integrated substituting from 

Eq. (2.32) for p and using Fourier transform theorems as 

follows: 

2 2[sin[(K2-K 1 )L J (sin(K1~0/2))
2 

2L sin(K1L )] 
D = 4B ( cr L e: ) x ---- * x x 
2 x o (K2 - Kl )Lx (K 1e:/2) Kl Lx K 

1 

( 2. 46) 

The asterisk denotes convolution with respect to the vari­

able indicated, Kl and K2 , respectively. 

In Eq. (2.46) the convolution by 2Lxsin(K 2Lx)/(K 2Lx) 

causes only a slight spreading of the other function when 

Lx is very large. However, the multiplier terms of the 
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form sin[(K 2 ± K 1)Lx]/[(K 2 ± K1)Lx] exhibit oscillatory or 

interference pattern behavior. This latter term describes 

the speckle pattern, e.g., the fine scale space and wave­

length dependence. Hence, these terms are retained, and 

in our approximate solution the convolution can be sup­

pressed or neglected .. □ 1 and □ 3 are evaluated in a similar 

manner. The solution for the correlation function in 

Eq. (2.43) follows: 

(2.47) 

where 

(2.48) 

B. Fourth order moment for arbitrary roughness 

Equation (2.39) can be solved for arbitrary 

roughness, a. In the evaluation we assume jointly normal 

statistics for the serration yr(s), as in Table 2.1; and 
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the ratio s
0

/Lx << 1. The details of the calculation are 

contained in Sections 2.3.2-B1 to B5 below. In Section 

B 1 h d • f * * 2.3.2- 5 we eva uate t e om,nant terms a <E 1E1E2E2>. 

The solution is given in Eqs. (2.75), (2.76) to (2.78). 

Bl. Counting method for evaluation of <E 1EZE 2E;> 

We evaluate Eq. (2.39) assuming the roughness of 

the edge can be represented by the fourth order normal den­

sity as in Table 2. l. Consideration is limited to the case 

for which the correlation interval, s
0 

in Eq. (2.32), is 

finite and small in comparison to the length of the edge, 

i.e., s
0 

<< Lx. The general equation for the fourth order 

c,e n t r a l ma me n t , E q . ( 2 . 3 9 ) , i s re w r i t ten w i t h f i n i t e i n t e -

gration along the edge explicitly characterized by the rect 

functions as follows: 

-oo 

•<Z (s')Z *(s 11 )Z (s'")Z 'lli(S: 1111 )>rect[s'/(2L )Jrect[s 11 /(2L )]rect[s'"/(2L )] 1 1 2 2 X X X 

(2.51) 

where 

and rect[s'/(2Lx)] is defined in Eq. (2.44). For arbitrary 
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0 , direct evaluation of the fourth order expectation and 

integration is required for Eq. (2.51 ), since in general 

21 
and z2 are not normally distributed and expansions in 

terms of second order moments are not known to us. 

In the four-dimensional integration over(~• ,.; 11
,~

11
•,~

1111
), 

there are only a few regions contributing since <z1zfz2z;> 

is zero except in these regions. As shown below, the 

assertion of finite correlation length and the form of z1 
and z2 , in which the characteristic function is subtracted 

from exp[-inyr], are responsible for this. Define P by 

p : < z ( ~ I ) z * ( ~ II ) z ( ~ II I ) z * ( ~ 11 11 ) > 
l l 2 2 • ( 2 . 5 3 ) 

Consider writing Pas the sum of several mutually exclusive 

terms using "indicator" functions in the variables(~•, C, 

· ~
111

, ~
1111

) so that only the appropriate term contributes at 

any point. The integration in Eq. (~.39) the~ bec-0mes a sum 

of separate integrals over the regions defined by the in­

dicator function. 

1) Let~• be distinct from ~11
,~

11
•,~

1111 by more than 

the correlation interval. For the normally dis­

tributed random process, this assures the in­

dependence(l7) of yr(~•) and Eq. (2.53) becomes 
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since <z 1 (t:• )> = 0. The function P is zero of 

course when any~ of the four is distinct from 

the others by more than s . 
0 

2) Correlation in pairs, excluding mutual correla-

tion between the pairs. 

L 1 : Is" - s • I < £0 I s'11 
-; I I > £0 ... 

I~ .... _ s" 'I < £0 Is"' -s II I > £0 ... 
( 2. 55) 

Is 1111 -; I I > £0 

I~ 1111 -;II I > £0 

L 2: Is 1111 - ; I I < £0 Is" -s I I > £0 ... 

Is"' -s .. I < £0 I ~Ill -; I I > £0 ... 
( 2. 56) 

Is 1111 -s" 'I > £0 

IS 1111 -s II I > £0 

L 3: Is Ill - s I I ~ £0 I s11 -s I I > £ 
0 

Is 1111 
- s" I < £0 I ~1111 -; I I > £ ... 0 (2.57) 

Is 1111 -s"'I > £ 
0 

Is Ill -s'' I > £ 
0 

3) Correlation in pairs with mutual correlation be­

tween the pairs. These terms are formed by 

negating any exclusion term (right-hand member 

inequalities) in Eqs. (2.55, 2.56, 2.57). As 

an example, one negation of Eq. (2.55) is written 
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as Eq. (2.58): 

L4: I ;II - ; I I < so I; 111 -; I I > E: 0 .. 
I; 1111 -;IIII < so I ; Ill - ; II I > so (2.58) -.. 
I; 1111 -;II I < so I; 1111 -; I I > E: 0 • .. 

In all there are 34 additional terms, L4 through L37 . A 

detailed listing of this group of integrals is given in 

Appendix C. The appendix contains a listing of 12 terms 

of the form in Eq. (2.58), 15 terms with four correlation 

inequalities (left-member) and two exclusion inequalities 

(right-member), 6 terms with five correlations and one ex­

clusion, and 1 term with six correlations. An order of 

magnitude calculation for members of this group is dis­

cussed in Sec. 2.3.2-B4. The terms L1 through L3 are shown 

to dominate those in this category. 

B2. Indicator function notation 

The integration in Eq. (2.51) is written as the 

sum 

(2.59) 

in which the contributions are defined with reference to 

Eqs. (2.55-2.58). For example, from Eqs . (2.53) and (2.55), 

the associated integral L1 is given by 
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co 

L1 = [B/ ( n1 n2) 
2if ff f ctf,' df,"df, 111 df, 1111 exp [i( -K1 f,' +K1 f,

11 
- K 2c, 11

' +K2f," 11
)] 

-co 

• <z (f,' )z*(f,")><z (f,"') z*(f, 1111 )> rect[f,' /(2L )Jrect[f, 11 /(2L )] 1 1 2 2 X X 

• rect[f, 111 /(2L )Jrect[f, 1111 /(2L )Jrect[(f, 11 -f, 1 )/(2s )Jrect[(f, 1111 -f, 111 )/(2s )] 
X X O 0 

( 2. 60) 

The second order expectation <z 1(c,')zi(f,")> can be written 

from Table 2.1 as follows: 

<z 1 (c,')zi(f,")> = 4l(-n 1 ,n 1 ;p(f,"-f,')) - ll-'(-n 1 )11-'(n 1 ), 

(2.61) 

and this reduces to 

<z 1 (f,' )zf(c, 11 )> = exp[-cr 2n~] {exp(cr 2n~p[f, 11 -f, 1 
]) - 1} , 

(2.62) 

in which the correlation coefficient is given by Eq. (2.32). 

In Eq. (2.60) the prescription for the indicator function 

is obtained from Eq. (2.55) and consists of rect[(f,"-f,')/(2s0)] 

terms for the correlation (left-members) and 
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(1-rect[(, 111 
-,• )/(2e:

0
)]) terms for suppression where cor­

relation is excluded. 

83. Evaluation of term L1 
In Eq. (2.60), for L1, the four suppression terms 

of the indicator function can be expanded. The first term 

is unity, followed by sums of the form rect[(, 111
- '')/(2e:

0
)] 

and higher order products. We will denote the contribution 

to L1 from the various terms of the expansion as follows: 

L1 ,a= contribution from the unity term; 

L1, 1 : contribution from the sum of rect function 

(four members in the sum); 

L1 , 2 : contribution from the sum of all possible com­

binations of pairs of rect function (six mem- . 

bers in the sum); 

L1 , 3: contribution from the sum of all combinations 

of triple products of rect function (four mem­

bers in the sum); 

L1 , 4: contribution from the product of the four rect 

function (1 member). 
( 2 . 6 3 ) 

Thus, the integration of L1 , in Eq. (2.60),is written as 

the sum 

( 2. 64) 
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A calculation of the upper bound for the terms in Eq. (2.64) 

is given in Sec. 2.3.2-B4. Here, we evaluate L1 , 0 , the 

dominant contribution to L1 . Equations (2.62) and (2.32) 

are substituted in Eq. (2.60) and integrated to obtain the 

following form for L1,o= 

(2.65) 

where G is given in Eq. (2.33). 

B4. 

Upper bounds for terms L1 ,m' m = 0, 1, ... ,4 are 

established in the following manner. From Eq. (2.62), it 

is evident that 

(2.66) 

since the correlation coefficient, p, has a maximum value 

of one. Substitution of Eq. (2.66) together with an 

analogous term for <z 2z;> into Eq. (2.60), gives 
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00 

• f Jf J di;' di; .. di;'" di;'"' exp [ i(-Kl i;' + Kl 1;11 - K2i; .. , +K2i;" .. )] 
-oo 

•rect[(i;"-i;' )/(2c: )Jrect[(i; 1111 -i;'11 )/(2c: )] ( 1-rect[(i;'" -i;' )/(2c: )J) 
0 0 0 

• ( 1 -rect[ ( i; 111 -i; 11
) / ( 2c:0)] )( 1 - rect[ ( i;" 11 -i;' ) / ( 2c: 0) J) 

• ( 1 -rec t [ ( i;" 11 
- i; 

11 
) / ( 2c: 0) J) . ( 2 . 6 7 ) 

From Eq. ( 2. 67) an upper bound for each term in Eq. ( 2. 64) 

can be established. 

For example we obtain an upper bound for L1 ,Oby 

integrating Eq. (2.68). 

00 00 

- 00 -oo 

00 00 

•/di;"' exp(-iK i;"') rect[i; 11 '/(2L )J/di; 111'exp(iK i;"") 2 X 2 
- 00 - 00 

• rect[i;""/(2L )Jrect[(i; 1111 -i; 11 ')/(2c: )] 
X 0 

(2.68) 
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The ~ 1111 -integration,in Eq. (2.68), is recognized as a 

Fourier transform of the product rect[~'11'/(2Lx)J 

-rect[(~ 1111
-~

111
)/ (2E: 0 )]. Application of the similarity and 

convolution theorems of Fourier analysis(lS) permits evalua­

tion of the ~ 1111
- integration. Then, by interchanging the 

order of convolution and ~ 111
- integration, the ~111 -inte­

gration may be performed. Evaluating the ~' ,~ 11 -integration 

in the same way gives, 

2L sin(K2L )] * X X 
K L • 

2 X K2 

(2.69) 

Noting the sin(K
1

E:
0

)/(K 1E: 0 ) terms are always less than or 

equal to one and the convolution merely causes a slight 

spreading, we write the bound for L1 ,Oas 

( 2. 70) 
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TABLE 2.2 

Order of Magnitude of Terms 

Term Order of Magnitude* 

*Note: The order of magnitude of L1 ,O is given in 

Eq. (2.70). 
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The bounds for succeeding terms decrease in magnitude by 

the ratio E 0 /Lx, e.g.~ 

(2.71) 

Upper bounds for terms L2 to L37 , in Eq. (2.59), are 

obtained by the same procedure as above. In Table 2.2 we 

list some of these terms and their order of magnitude 

relative to the term L1,o in Eq. (2.70). 

85. Dami nant Terms 

As discussed in the preceding sections, the four 

suppression terms of the indicator function in Eq. (2.60), 

for L1 , can be expanded. Consideration of the integral 

term by term establishes that the dominant contribution, 

L1 ,0' results from the first (or unity) term. Neglecting 

succeeding terms results in a fractional error on the 

order of E
0

/Lx. Thus the approximate form for L1 is given 

by Ll,O' in Eq. (2.65), 

2L sin(K1L )] * X X 
Kil 

X K 
l 

(2.72) 
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where, again, G is given in Eq. (2.33). 

Integrals for L2 , L3 , L4 can be written in the form 

of Eq. (2.60) using Eqs. (2.56), (2.57), (2.58), respectively 

to express the indicator function. In an analogous manner 

to the derivation of Eq. (2.65), these integrals are 

evaluated. The order of magnitude for these terms rela-

tive to L1 ,0 is listed in Table 2.2. The approximate 

solutions for L2 and L3 are as follows: 

[
sin(K2-K1)Lx . * 2Lxsin(K1Lx)] 

• (K -K )L G(nl ,-n2,K1) K L 
2 1 X 1 X K 

1 

(2.73) 

2L sin(K2L )] * X X 
K2L 

X K 
2 

[
sin(K2+K1)Lx 2Lxsin(K1Lx)] 

• ( K +K ) L G ( -n 1 ' -n 2 ; K 1 ) * K L • 
2 1 x l x K 

l 

(2.74) 

Thus, by Eq. (2.59) the solution of Eq. (2.51) has been 

found as the sum L1 + L2 + L3 given by Eqs. (2. 72) to 
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(2.74). This is written in Eqs. (2.75) to (2.78) below in 

the limit of large Lx using the same simplification of 

notation explained to obtain Eq. (2.49) from Eq. (2.46). 

( 2 . 7 5 ) 

in which 

(2.76) 

G is defined in Eq. (2.27) and evaluated in Eq. (2.33). 

2. 3. 3 Discussion of Solution 

A. Limiting forms of the general solution 

The fourth order central moment can be rewritten 

for small roughness cr. First, from Eq. (2.31), we rewrite 

G for s~all values of crn. Expanding the exponentials in 

a power series gives 
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EO 

G(-n
1 

,n
2

;K
2

) = f di; exp( iK
2

1;) /[1 - (cr2(n
2
-n

1
) 2 /2 + cr2n

1 
n

2
[1-p( 1;) J) 

-E 
0 

( 2. 79) 

and by collecting terms Eq. (2.79) is written as 

(2.80) 
-E 

0 

Equation (2.80) is integrated for the correlation coeffi­

cient in Eq. (2.32) giving 

In the general solution the limiting form for small an 

is obtained by substitution of Eq. (2.81) into Eqs. (2.75) 

to (2.78). The resulting expression is 

(2.82) 

where 

(2.83) 
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Comparing Eqs. (2.82) to (2.85) with the solution in 

Eqs. (2.47) to (2.50) that was obtained in an alternative 

manner, agreement is readily seen. 

In Eqs. (2.75) to (2.78) a polar symmetry is evident. 

For example, if point l(K 1 ,n 1 ) is fixed, the function 

<E 1EZE 2E;> is large as point II(K 2,n 2) goes either to 

(K 1 ,n 1 ) or (-K 1 , -n 1 ). For large Jcrn 1 J, the central moment 

is dominated by L1 and L2 as II+ I and by L1 and L3 as 

II+ (-K 1,-n 1 ). 

For small Jcrn 1 J, the central moment in Eqs. (2.82) 

to (2.85) is seen to be independent of then-coordinate. 

Hence, the polar symmetry exhibited by the general solution 

becomes reflection symmetry about the y-axis in this case. 

Because of this symmetry, both L2 and L3 must be retained 

in the solution even in the limiting cases. 
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B. Computations of the second order moments 

In the experiments, described in Chapter IV, it 

;s desired to verify, qualitatively, the analytical form 

for the expected value of the transform plane intensity 

pattern as produced by a serrated edge. This expression is 

obtained by combining Eqs. (2.23) and (2.28) using Eq. 

(2.22). We find 

(2.86) 

where G(-ri 1 ,ri 1 ;K 1) is given in Eq. (2.38) and the scale 

factor 2Lx is written in the second member. In Eq. (2.86) 

for the expected value of intensity, the first term is 

essentially the Airy disc while the second term shows the 

effect of a straight edge modified by the exponential due 

to the serration. The third term containing the function 

G(-ri 1 ,ri 1 ;Kl) is entirely due to the serration and can be 

seen to vanish in the limit 0 + 0. Equation (2.86) is 

valid for all values of 0, E:
0

, K1 , ri 1 . 

Consider the x-dependence of <E 1Ef> At small values 

of K1 , the second term dominates the G-term, particularly 

when 0 is small. However, the second term is extremely 

spike-like as a function of Kl or x due to the a-function 
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nature of 2Lx sin(K 1Lx)/(K 1Lx). The x-dependence of the 

third member is shown by curves of G(n 0 ,-n
0

;K 1 ) vs. x1 in 

Figs. (2.3) to (2.5). In Fig. 2.3, G is plotted as a func­

tion of the transform plane coordinate x1 and the correla­

tion length s
0

, with the parameter on 1 fixed at 0.5. In 

Figs. 2.4 and 2. 5, G is plotted as a function 0 f X l , and 

crn 1 , 
with so fixed at 300 µm and 50 µm, respectively. 

Note, the general shape of G versus xl is unaffected by 

the parameter crn 1 . Rather, the effect of crn 1 is to con­

trol the amplitude of G versus x1 - not its shape. The 

width of these curves is seen to be largely controlled 

by the correlation length s
0

, of course increasing in 

spread of energy as s
0 

decreases. 
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2.4 The Serrated~ 

Consider a long thin gap with rough edges (Fig. 2.6) 

such that at any s, the open portion of unity transmission 

is given by 

(2.87) 

Hence, the gap has an average width wand roughness func­

~ions Yra and Yrb along the lower and upper edges, re­

spectively. The index sub-r denotes the r-th member of 

the ensemble, and we take the length, 2L;, of the gap along 

~ to be nearly infinite. As in the analysis for a ser­

rated edge, we adopt the assumptions discussed in Section 

2.2.3. Briefly summarizing these are: 

(l) The serrations Yra(s) and Yrb(s) are stationary, 

at least in the wide sense, 

(2) The random processes, Yra(s) and Yrb(s), are 

dependent only on the s coordinate in the 

aperture plane, 

(3) All correlation coefficients, Pa,b(s 11 -s 1
), 

-associated with Yra and yrb are zero when 

ls 11 -s'I ~ s
0

• 

Assumption (2) permits direct evaluation of the y-integra­

tion in Eq. (2.8). Performing the integration with the 

limits in Eq. (2.87) and taking t(;,y) equal to unity, 
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the electric field, E(x 1 ,y 1 ;k 1 ), takes the form 

LX 

E(x1 ,y1 ;k1) = (iA,Jn1) J di; 1exp(-iK1 i;
1) (exp [-in1w/2-in1Yrb(i; 1 )] 

-L 
X 

- exp [in1w/2 - in1Yra (i; 1 )] ) ( 2. 88) 

where A1 , Kl and n1 are defined in Eq. (2.19). 

The expected value <E 1> is computed from Eq. (2.88) 

using the notation defined in Table 2.1: 

or 

LX 

<E1> = (iA1!n1) J di; 1 exp(-iK1i; 1 )(exp(-in1w/2)~b(-n1) 

-L -
X 

(2.89) 

(2.90) 

Equation (2.89) is subtracted from Eq. (2.88) giving the 

central field term E1 = E1 - <E 1>, as fol lows: 
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L 
X 

El= (iA1Jn 1)f dE,;'exp(-iK1t,;'){exp(-in1w/2) 

-L 
X 

(2.91) 

T h e c e n t r a 1 mo me n t < E 
1 

E; > i s formed from E q . ( 2 . 9 1 ) 

for output points I(x
1

,y
1

;k 1 ) and II(x
2

,y
2

;k 2 ) in Eq. (2.92). 

LX 

<E1E;> = [A1A;/(n1n2)J ff d;'d;"exp(iK2C - iK1t,;') 

-L 
X 

( 2 . 9 2 ) 

The second order moment <E 1E;> can be formed as prescribed 

in Eq. (2.22), using Eq. (2.90) with an analogous expres­

sion for <E*(x 2 ,y 2 ;k 2 )> and Eq. (2.92). 

* The calculation of <E 1E2>, in Eq. (2.92), proceeds in 

a straightforward way. First, we expand and regroup the 
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terms in brackets. This gives 

LX 

<E1E;>= [A1A;/(n1n2)Jj/dE, 1 dE, 11 exp(iK2c,"-fK1E,')[T1 +T2J (2.93) 
-L 

X 

where T1 and T2 are defined by 

+exp[-i(n2-n1)w/2]<[exp(-in1Y~a)-1a(-n1)J[exp(in2Y;a)-1a(n2)]>; 

( 2. 94) 

-exp[-i(n1+n2)w/2]<[~xp(-in1Y~b)-1b(-n1)J[exp(in2Y~a)-1a(n2)]>. 

( 2. 95) 

r1 can be seen to consist of a sum of two expectations 

where one contains only upper edge terms and the other only 

lower or sub-a terms. r1 can be evaluated independently of 

correlations which may exist between Yra and Yrb· T2 con-

ta ins mixed yb and Ya terms and so can be expected to de-

pend markedly on the degree of correlation between Yra and 

Yrb· Note the expectations in r, and T2 involve terms of 

the type <2 122> where 2 1 , 2 have zero mean. If the correla­

tion interval between z1 and 22 is short, then <2 1z2> has 

a sharply peaked value contributed entirely in the 
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correlation interval. 

In the evaluation of Eq. (2.93), let us make an addi­

tional simplifying assumption: 

(4) The roughness functions, Yra(~) and yrb(~), for 

the upper and lower edge are statistically in­

dependent. 

With assumption (4), we see from Eq. (2.95) that T2 = O. 

Using this simplification and regrouping T1 , we write 

co co 

-co -co 

+ exp[-i (n2-n1 )w/2] [<t>a[-n1 ,n2;p(E/-~') ]-'l'a (-n1 )'l'a (n 2)]} 

( 2. 96) 

where rect functions have been used to denote the finite 

limits of integration, -Lx to Lx. In Eq. (2.96), two points 

are noted. The first is that the form of Eq. (2.96) is 

array-like with respect to the upper and lower contribu­

tions. Second, the c; 11 -inte0ration may be regarded as 

product of the function rect[~ 11 /(2Lx)] with the contribu­

tion from both the upper and lower serrations. We represent 

one component by the integral Ga(-n 1 ,n 2 ;K 2), where 
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00 

Ga(-n1 ,n2;K2) = f d~ exp(iK2~) [<Pa[-n1 ,n2;p(~)]-\f'a(-n1 )\f'a(n2)] 
-00 

(2.97) 

Using Eq. (2.97) and the convolution theorem of Fourier 

* analysis, we write <E 1E2> in the form: 

00 

-00 

in which the asterisk denotes a convolution with respect 

to K2 . Interchanging the order of ~'-integration and con­

volution in Eq. (2.98), we find the general expression for 

the central moment of the electric field in the optical 

transform plane: 
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. [2Lxsin[(K2-K1)Lx] 2Lxsin(K2Lx)] } 
+exp(-,(n2-n1)w/2] (K -K )L Ga(-n1,n2;K2)* (KL) • 

2 l x 2 x • K2 

(2.99) 

A Gaussian density of roughness has not been assumed in 

deriving Eq. (2.99), nor has any assumption been made of 

finite correlation length s
0

. 

Noting the convolution with 2Lxsin(K 2Lx)/(K 2Lx) re-

sults in only a slight spreading of the first members, we 

write <E 1E;> neglecting or suppressing the convolution below: 

(2.100) 

A. Evaluation for normally distributed roughness 

For the serrated gap, assume that the density 

function for heights is jointly normal and each serration 

has the same standard deviation, cr, and correlation co­

efficient, p(s). From Table 2.1, we write 
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¢a(-n, ,n2;p(;)) = exp[-a2(n2-n1)2/2 - a2n1n2[1 - p(;)J] 

2 2 ~a= exp(-cr n1/2). (2.101) 

tquation (2.97) can be integrated exactly for a wide variety 

of correlation coefficients p. As an example of the evalua­

tion of Eq. (2.97), we assume the correlation coefficient 

is given by the triangle function, A(;/s
0

), of Eq. (2.32). 

Substituting Eq. (2.32) into (2.97) and integrating gives 

Eq. (2.33). The following result is obtained for the cen­

tral moment of the serrated gap with Gaussian roughness of 

arbitrary a and s 0 by rewriting Eq. (2. 100) with G given by 

Eq. (2.33) and n1, 2 and Kl,Z defined in Eq. (2.9): 

(2.102) 
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CHAPTER III 

REMOTE SENSING OF ED~E STATISTICS 

3.1 Introduction 

Diffraction of laser light by serrated apertures pro­

duces a speckle pattern. In the literature there are 

numerous treatments emphasizing the usefulness of speckle 

to sense surface structure(l- 4). In addition to the spa­

tial characteristics of speckle, George(S) et al. have 

derived expressions for the wavelength sensitivity of 

speckle produced by scattering polychromatic radiation at 

frequencies v1 and v2 from large roughened spheres. The 

wavelength dependence of the pattern was shown useful in 

sensing general large-scale features of objects. 

In this chapter we derive an expression for the cross­

correlation function <E(x 1 ,y1 ;k 1)E*(x 2 ,y 2;k 2 )> for the 

field in the optical transform plane of a serrated edge 

and a serrated gap. The solution, expressed as a power 

series, is particularly useful for sensing edge statistics. 

The theory for the serrated edge and gap is presented in 

Sections 3.2 and 3.3, respectively. In each section the 

expression for the expected value of intensity is 

represented as a power series in which the terms involve 
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the Fourier transform of the edge's correlation coefficient, 

Eqs. (3.19) and (3.37). Using Fourier transform analysis 

and the technique of reversion of series, the equation is 

inverted; yielding the correlation coefficient expressed 

as a series of terms involving the Fourier transform of the 

expected value of intensity, see Eqs. (3.26) and (3.40). 

It is found that both edge roughness, cr, and the correla-

tion coefficient, p(,; 11 
- ,;'), can be determined from the 

expected value of intensity. 



3.2 

3. 2. 1 

-69-

The Serrated~ 

Second Order Moment of the Electric Field ---
From Eq. (2.20) the expression for the electric 

field in the optical transform plane of a serrated edge is 

co 

E(x1 ,y1 ;kl)= 21r2A18(Kl ,n1 )-(iA,fn1 )j dsexp[-i (K1s+n1yr(s) )]rect[s/(2Lx)] 
-co 

( 3. 1 ) 

where 

( 3 . 2 ) 

and y (s) is shown in Fig. 3.1. As in Chapter II we again 
r 

adopt the rect function formalism for the s-integration. 

The second moment of the field, including both spatial 

and wavelength dependences is given by Eq. (2.22) and re­

written Eq. (3.3): 

( 3 . 3 ) 

in which, 

and ( 3. 4) 
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Taking the expected value of the field gives 

co 

• <E1 > = 21r2A1 o (Kl' n1 )-( iA1 /n1) jd.;exp ( iK1.; )<exp(-in1Y r (.;) )> 

-co 

( 3. 5) 

Evaluating the integral in Eq. (3.5) and adopting the 

notation in Table 2. 1 yields <E 1> in the following form: 

The second term on the right in Eq. (3.3) is formed by 

taking the product of terms of the form in Eq. (3.6). The 

result is 

( 3. 7) 

The first term on the right side of Eq. (3.3) is formed 

* by substituting Eqs. (3.1), (3.5) and (3.4) into <E 1E2>. 

This is written as 
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00 

- 00 

• < ( exp [ -i n1Y r ( s' ) ]-'¥ ( -n1 )} ( exp [ i n2Y r ( s") ]-'¥ ( n2 )) > 

( 3. 8) 

Multiplying the terms inside the expected value symbol, 

< ... >, and using the characteristic function notation of 

Table 2. l yields the central moment of the electric field 

00 

-00 

( 3 . 9 ) 

and for normally distributed roughness, we write 

00 

<El E;> = [Al A;/ ( n1 n2)] ffis' ds"exp[ i K2s"-i Kl s' Jrect[s' / ( 2Lx) Jrect[s" / ( 2Lx)] 
-co 

* The desired form of <E 1E2> for our calculations is obtained 

by noting the s"-integration of Eq. (3.10) can be regarded 

as a Fourier transform of a product of rect s 11 / ( 2L ) 
X 

times 

the exponential function representing the serration. 

Applying the convolution theorem to this product, then in­

terchanging the order of s'-integration and convolution 
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we obtain: 

(3.11) 

where the asterisk denotes a convolution with respect to 

K
2

. The function G(-n 1 ,n 2 ;K 2) is written below in Eq. 

(3.12). 

00 

-oo 

A s e x p. 1 a i n e d i n o b t a i n i n g E q . ( 2 . 4 9 ) f r o m E q . ( 2 . 4 6 ) t h e 

convolution in Eq. (3. 11) can be neglected or suppressed, 

and we write: 

The main results of this chapter are obtained by 
2 using Eq. (3. 12). First, the term exp[o n1n2p(~)J is ex-

panded in a Taylor series, 

00 

exp[cr 2n1n2p(~)J = I: [cr 2n1n2p(~)]n/n! . 
n=O 

(3.14) 
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substituting Eq. (3. 14) into Eq. (3. 12) and interchanging 

the order of integration and s~mmation gives 

00 

00 

(3.15) 

The integral in Eq. (3.15) is seen to be the Fourier trans-

th n ( ) form of the correlation coefficient to then power, p ~, . 

Denoting this transform by, 

00 

FK
2

(pn(~)) =/ d~ 1exp(iK 2~1 )pn(~ 1), (3.16) 
-oo 

we write Gas follows: 

00 

G = exp[-cr 2 (n~+n~)/2]~(cr 2n 1n 2)nFK
2

(pn(~ 1)). (3.17) 
n=l 

The desired expression for the central moment of the 

electric field is given by substituting Eq. (3. 17) in Eq.(3.13). 

This is written as 

00 

(3.18) 
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The correlation function of the electric field, <E1E2*>, can 

be found by combining Eqs. (3.18) and (3.7) using Eq. (3 . 3). 

As seen below, information about both the roughness, 

a, and the correlation coefficient, p(~ 1), can be obtained 

from consideration of the expected value of intensity. This 

expression is a special case of the correlation function 

* <E 1E2>; and is obtained by letting the generalized frequency 

coordinates (K 2,n 2) + (K 1 ,n 1). The resulting expression 

* for <E 1E1> is 

2 

(3.19) 

In Eq . (3. 19) for the expected value of the intensity, the 

first term is essentially the Airy disc while the second 

term shows the effect of a straight edge modified by the 

first order characteristic function of the serration. The 

third term containing the series is entirely due to the 

serration, and can be seen to vanish as a+ 0. 
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3. 2. 2 Reversion of Series 

Equation (3.19) expresses the expected value of 

intensity in the transform plane as an Airy disc, a modi­

fied straight edge and a series of terms which involve the 

statistics of the serration. However, for remote sensing 

applications it is desirable to represent the statistics 

of the edge, e.g. the correlation coefficient, as a series 

in which the terms involve the transform plane intensity. 

This 11 inverse 11 relation can be obtained by applying the 

technique of reversion of series as follows. From 

Abramowitz and Stegun( 6 ) - 3.6.25, if we are given 

2 3 4 q = ap + bp + cp + dp + ... , (3.20) 

then p can be expressed in terms of q as 

(3.21) 

where 

aA = l 

a3B = -b 
(3.22) 

a5C = 2b 2 ac 

a7D = Sabe - a 2d - 5b 3 . 
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Note, to get Eq. (3.19) into the form of Eq. (3.20), we 

must first subtract the absolute value term; then Fourier 

transform both sides with respect to Kl. Doing this we get 

00 

in which, 

In Eq. (3.23) we make the following identifications. Let 

( 3. 24) 

and the constants, 

(3.25) 

Using Eqs. (3.24) and (3.25) in Eqs. (3.21),. (3.22), we 

find the correlation function, p(~ 1), for the edge can be 
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represented in the form: 

2 2 2 
n1exp(2cr n1) [ * ] 2 

- -------- F (<E E > - <E1><E*1>) 
(A A *2L ) 2 Kl l l 

1 1 xcr 
(3.26) 

+ higher order terms. 

In Eq. (3 . 26) the symbols are defined in Eqs. (3.2), (3.16) 

and Table 2.1. 
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The analysis for a gap proceeds in an analogous way 

to that of the serrated edge discussed in the previous 

section. For a serrated gap, Fig. 3.2, the electric 

field in optical transform plane is given in Eq. (2.88) 

as 

L 

E(x
1 

,y
1

; k1 ) = ( iA1/n1 ) 1 di;' exp( iK
1 

I;') (exp[-in
1 

W /2-in
1

y rb (I;')] 

X 

in which A1 , K1 , and n1 are defined in Eq. (3.2). The 

expected value of the electric field depends on the first 

order characteristic function of the serrations, and is 

written in Eqs. (3.28) and (3.29) using the notation of 

Table 2.1. 

or 

LX 

<E 1> = (iA,fn1 ) f di; 1 exp(-iK1 i; 1
) (exp[-in1w/2]'¥b(-n1 ) 

-L 
X 

(3.28) 

(3.29) 
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Fig. 3.2 Serrated gap with rough edges Yra(() and Yrb(() 
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central field terms, Eq. (3.4), can be formed by subtract­

ing Eq. (3.28) from Eq. (3.27). Using these terms, we can 

form the central moment of the electric field, as in Eqs. 

(2.93), (2.94), and (2.95). Rewriting we have 

where 

and 

LX 

<E1E;> = [A1A;/(n1n2)J /fctr,'dF, 11 exp[i (K2F,"-K1r,• )][T1 + r2J 
-L X (3.30) 

+exp [ - i ( n 2-n 1 )W / 2 J [<Pa [ -n 1 , n 2 ; p ( F, 11 
- F, • ) ]-, a ( -n 1 ) , a ( n 2 ) ] ( 3 . 31 ) 

-exp [ - i ( n 1 +n 2 ) W / 2 J [<exp [ - i n 1 y ~ b + i n zY ~ a J > - , b ( -n 1 ) , a ( n 2 ) ] 

( 3. 32) 

T1 is a sum of two terms; one of which depends only on the 

upper serration, Yrb(F,), and the other depends only on the 

lower, Yra(F,). T2 contains a sum of two cross-terms be­

tween the upper and lower serrations. This term accounts 

for any correlation that might exist between Yra(F, 1
) and 

Yrb( F, .. ). 
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In the analysis that follows, we make the assumptions 

that edges Yra(() and Yrb(() are jointly normal and that 

there is no correlation between the upper and lower edges, 

;.e., r2 = 0. For simplicity we also take the edges to 

have identical second order statistics, that is 

a= aa = ab 

and 

p(("-(' )= Pa((" - ~•) = pb((11 - (') (3.33) 

With these simplifications we can write the central moment 

LX 

<E1E;> [2A1A;/(n1n2)Jcos[(n 2-n1 )~J/2] ff d~ 1dCexp[i (K2~11 -K1( 1 
)] 

-L 
X 

( 3. 34) 

The double integral in Eq. (3.34) is evaluated as in Eqs. (3.9)­

(3.13), thus we writ~ 

(3.35) 

where G is defined in Eq. (3. 12). 
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The power series representation of Eq. (3.35) is ob­

tained by substituting Eq. (3.17) for G(-n 1 ,n 2 ;K 2). It 

fo.11 ows 

00 

(3.36) 

wh e re F ( p n ( s 1 ) ) i s d e f i n e d by E q . ( 3 . 1 6 ) . T h u s f o r a 
K2 

serrated gap, as for an edge, the central moment of the 

optical transform plane electric field can be represented 

as a series in which the terms depend on the Fourier 

transform of the edge correlation coefficient. The first 

term is proportional to the Fourier transform of p(s); 

the second proportional to the convolution of F(p(s 1)) 

with itself, etc. 

* The expected value of intensity, <E 1E1>, is obtained 

from Eqs. (3.3), (3.29) and (3.36) by letting (K 2 ,n 2) ➔ 

(K 1,n 1 ). This gives 



(3.37) 

It is interesting to compare forms for the expected value 

of intensity for a serrated edge and gap. Note the only 

difference between the series terms in Eqs. (3.19) and 

(3.37) is a factor of 2. 

The inversion of Eq. (3.37) proceeds in a straight­

forward way. We subtract the first term from both sides, 

then Fourier transform with respect to Kl. Equations 

(3.20) to (3.22) are then applied by letting 

( 3. 38) 

and the constants, 

a = 

(3.39A) 

where in Eq. (3.38), we have used 



The result follows: 

2 2 exp(cr n1) 

2 * 4Lxcr A1A1 
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+ higher order terms. 

(3.39B) 

(3.40) 
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CHAPTER IV 

EXPERIMENTS 

To illustrate the theory, an experimental investi­

gation of the optical transform pattern produced by rough 

edges and gaps was performed. In this study two classes 

of edges were considered. One class consisted of edges 

roughened by sandpaper of various grades; and the second 

consisted of edges produced from computer-generated curves . 

. The second group proved to be extremely useful, since the 

roughness, a, and the correlation length, s
0

, could be 

controlled independently. 

In Section 4.2 the experimental system is described 

and photographs of the optical transform pattern for 

straight and roughened edges are shown. Section 4.3 con­

tains a discussion about random process in a space-invariant 

linear system, together with a description of the edge gen­

eration scheme. In Section 4.4 we show measurements of the 

intensity pattern recorded using a fiber optic probe. In­

tensity measurements along the central spike and perpen­

dicular to the spike are included. In Section 4.5 we test 

the theory of Chapter 3. Using Eqs. (3.26) and (3.40) we 

compare the actual correlation coefficient of the edge 

with our estimate obtained from transform plane intensity 

measurements. 
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4.2 The Experimental Arrangement 

4.2.l Description of System 

~-diagram of the experimental layout is shown in 

Fig. 4. 1. The illumination source consisted of a Spectra 

Physics Model 165 argon laser which in turn pumped a Spectra 

Physics Model 370 Rhodamine 6G dye laser with a linewidth 
0 

of less than 0.5A. The beam was directed into a spatial 

filter, which had a 20X microscope objective and 12 µm 

pinhole. The expanding beam passed through a Jaegers, No. 

9Ell58 Type l, converging achromatic lens and was subse­

quently focused into the detector plane. The roughened 

aperture was placed between the transform lens and the 

detector at a distance z
0 

away from the optical transform 

plane. 

The main elements of the detection system consisted of 

a Gamma Scientific scanning eyepiece, Model 700-l0-26A in 

which the detector, a 50 µm fiber, was connected to an 

RCA 4463 photomultiplier tube via a fiber optic bundle. 

The output of the photo tube was fed into a Type 116 pre­

amplifier of a Princeton Applied Research Model 124A 

lock-in amplifier .' The lock-in was operated in a band-pass 

mode with a reference supplied by an incandescent light 

source/photodiode combination on a mechanical chopper op­

erating at l.2KHz. The output signal was fed into a Fluke 

Model 8000A digital voltmeter which was interfaced to a 

Teletype terminal, where data were punched on paper tape. 
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La ter the data were read into a PDPll/34 computer system 

and stored on a floppy disk. A link between the PDPll/34 

and the University of Rochester's IBM 3032 computer system 

permitted the data to be transferred, thus making readily 

available the graphics capabilities of the larger system. 

A Slo-syn driving motor, type 5S25-1011, connected to a 

custom built stepping motor controller permitted accurate 

positioning of the fiber optic probe with a minimum step 

size of 3.2 micrometers. 

In the measurements described herein, the laser was 

plane-polarized parallel to the edge or gap, i.e. along 

the~ axis. The distance, F, between the lens and de­

tector plane was 175.5 cm; and z
0

, the distance between 

the serrated aperture and detector plane, was chosen to be 

25.0 cm. The pupil diameter, D, at the lens was 2.54 cm, 

unless specified otherwise. The wavelength, A, was fixed 
0 

at 5,800A, thus producing a speckle size, AF/D, of approx-

imately 40 µm. The speckle size was chosen less than the 

probe diameter in order to average some of the cyclic 

structure in the pattern. This provided a better es­

timate of the envelope function for the intensity. 

4. 2. 2 Photographs of Optical Transform Patterns 

Photographs of the patterns were obtained by re-

placing the detector with a film plate, located in the focal 

Pl an e , see Fi g . 4. l . The photographs of the opt i ca 1 transform 
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pattern of a straight and serrated edge are shown in 

Figs. 4.2(a) and 4.2(b), respectively. The inset in thB 

lower right-hand corner is an approximate representation 

of the object transmission function where the circular 

portion illustrates the finite size of the beam. The 

characteristic feature of the transform of a straight 

edge is the intense spike of energy occurring perpendicular 

to the edge. When the edge is serrated, the effect is a 

damping of the central spike accompanied by a spread of 

energy in the direction parallel to the edge. 

For the photographs the distances F and z
0

, of Fig. 

(4 . 1), were 400 cm and 200 cm, respectively. Thus the 

Airy disc size was approximately 100 µm. This size cor­

responds to the smallest structure visible in the patterns. 

The complicated, circular interference pattern in 

the center is produced by the particular arrangement of 

the setup. Its structure is influenced by two parameters. 

One, it is extremely sensitive to edge position within the 

circular beam. This is illustrated by raising the edge 

above center, as in Figs. 4.3(a) and 4.3(b), such that 

the major portion of the beam is blocked. Secondly, the 

pattern is affected by the position of the edge relative to 

the entrance pupil located at the transform lens. Placing 

the edge at the entrance pupil produces a symmetric pat­

tern irrespective of the edge position within the circular 

aperture. (l) However, as the edge is moved away from the 



Fig. 4.2 Optical transform patterns for (a) straight edge and (b) serrated edge with 

a= 15 µm (shown inset). Illumination is by a convergent monochromatic wave 
0 

with z0 • 200cm and A• 5, 145A. Note the apprectable decrease in energy 1n 

the central spike for the roughened edge, The radius of the illuminated 

sector is 6mm so the speckle or resolution scale size ts on the order, 

Az 0 /p. of 200 µm. The pattern subtends an angle± 1/40 radtan. 

I 
I..O 
N 



a. b. 

Fig. 4.3 Optical transform patterns for an off-centered (a) straight edge and 

(b) serrated edge with cr = 15 µm (shown inset). Other parameters were 

the same as those in Fig. 4.2. 
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entrance pupil, the symmetry vanishes. This lack of 

symmetry is enhanced with increased distance between the 

edge and entrance pupil. 

In the experiments described below, our interest is 

in the damping of the central spike and the spread of energy 

perpendicular to the spike; the circular interference pat­

tern is regarded as noise. It is noted the spike and as­

sociated side lobe structure is insensitive, within limits, 

.to edge position in the circular beam. Hence, in all fiber 

optic measurements, the edges were positioned as in 

Fig. 4.3. Probe scans down the spike and perpendicular to 

the central spike were made below the pattern's center. 
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4.3 Computer-Generated Edges 

When an optical system is affected by the statistical 

properties of an element within that system, such as a 

diffuser or serrated edge, one would like to insert sam­

ple elements, which possess known statistics, in order to 

observe their effect. Here, we describe the process used 

to obtain serrated edges with desired statistics. 

In Section 4.3.l a linear system approach is used to 

describe a Gaussian random function with known second order 

statistics. In Section 4.3.2, we describe the generation 

scheme for obtaining metallic edges with controlled 

statistics. Here, we applied the linear system theory de­

veloped in Section 4.3. l and created number sets which pos­

sessed the desired statistics. These sets were then plotted 

on microfiche, blacking the area under the curve, thereby 

creating an edge. Bi-metal masks were made from the film 

data using photo-etching techniques. 

4.3. l Gaussian Random Processes in a Space-Invariant 

Linear System 

Consider a stationary, ergodic, random function 

f(x), where xis a deterministic argument, as an input to 

a space-invariant linear system possessing a window function 

W(x), as illustrated in Fig. 4.4. The output of the system 

is denoted by the random function ¢(x). 

Although random functions with many possible densities 

may be generated, we illustrate the theory using a Gaussian 
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Fig. 4.4 Linear system model used to describe second-order Gaussian statistics. 
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density for ~(x). Making a linear transformation of a 

Gaussian random process gives a Gaussian process, thus 

¢(x) is Gaussian also. We write the joint normal density 

for ¢(x) as: 

,<P2~¢(x2) ~ ¢2+d¢2], 

( 4. 1 ) 

= (l/[2~0
2 PJ) exp (-1/ [2a2(1-/iJ) 

( 4 . 2 ) 

In Eq. (4.2) we have assumed the random function has a 

mean value equal to zero, and variance equal to cr 2 . The 

correlation coefficient, p(x 2-x 1), is given by 

( 4. 3) 

where the brackets, < ... > , denote an ensemble average. 

When p(x 2-x 1) = 0, p(¢ 1 ,¢ 2 ;x 1 ,x 2) reduces to a product of 

two one-dimensional Gaussian densities; therefore ¢(x 1) 

and ¢(x 2) become two independent random functions. If 

p(x 2-x 1) decreases to some . specified value in a distance 

E0 = lx 2-x 1 I , we say the curve has a correlation length, 

E
0

, associated with it. This is one of the parameters we 

would like to control. 

For the input function ~(x), we take the mean value, 

<~(X)> = 0 , ( 4 . 4 ) 



and the variance, 

<'l'2(x)> = 2 
(j 1./J 
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( 4. 5) 

For the present, we assume no specific form for the cor­

relation coefficient of 'l'(x). We merely denote it as 

follows: 

= ( 4. 6) 

The output function ¢ is defined by the convolution 

relation 
00 

¢(x) = C f 'l'(E;)W(x-EJdt; ( 4. 7) 

-00 

where C is a constant. 

The question we now address is: Given the input 

statistics for 'l'(x), i.e. , 

dow function W(x) with the constant C, what is the variance, 

cr 2 , and correlation coefficient, p(x 2-x 1), for the random 

function ¢(x)? 

Both cr 2 and p(x 2-x 1) can be determined by considering 

the autocorrelation function of ¢(x). The autocorrelation 

function, R12 , is defined as( 2) 

= ( 4 . 8 ) 

Substituting Eq. (4.7) into Eq. (4.8) gives 

= dt; 11 'l'(t; 1 )'l'(E; 11 )W(x 1-c;•) W(x 2-t; 11 )> 

( 4. 9) 
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Since the integrals in Eq. (4.9) are essentially 

sums, we may interchange integration and averaging to 

obtain 
00 

= c2// d; 1 d; 11 <11'(; 1
) 11'(; 11 )> W(x 1-; 1

) W(x 2-; 11
) 

-00 (4. 10) 

The term in triangular brackets is identified as the auto­

correlation function of the input random function I!'. 

Using Eqs. (4.5) and (4.6), the autocorrelation func­

tion of 11' is written in the following form: 

Substituting Eq. (4. 11) into (4. 10) gives 

= C2 2 
(JijJ 

In Eq. (4.12) consider the ; 11 integration, 

= 

-oo 

Making the substitution, n = ; 11
-;

1
, gives 

= 

(4.11) 

(4.13) 

(4.14) 

where BrW is recognized as a convolution of the window 

function W(x) and the correlation coefficient of I!', ri/J• 

Using the notation of Eq. (4.14) in Eq. (4.12), we write 

00 

= c2
a1/!

2 f dC W(x 1-; 1
) Brw(x 2-;') (4.15) 

-00 
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Making the substitution, ~ = x1-~ 1 in Eq. (4.15) we write 

the autocorrelation function, R12 , in the following form: 

= (4.16) 

where 
00 

W(x) * BrW(x) = fctf,W( f,) BrW [ (x 2-x 1) + f,] 
-00 

(4.17) 

a n d B rW i s g i v e n i n E q . ( 4 . l 4 ) . 

The variance of <I>(x), cr 2 = (<I>2(x)), is obtained 

from R12 when x2 = x1 , i.e. 

= 
(4.18) 

00 

= c2a1/J2 f d~W(~) Brw(~) 
- 00 

With Eqs. (4.3), (4.8), (4.16), (4.18), the correlation 

coefficient of <I> (x), p(x 2-x 1), is found to be 

= (4.19) 

00 

= W(x) * Brw(x)/ f d~W(~) Brw(~) 
-oo 

with symbols as previously defined in Eqs. (4.14) and 

(4.17). 

We now consider a special case of the general equa­

tions for 0
2 and p(x 2-x 1). If we associate with the window 

function, W(x), a length L such that W(x) is significant 
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only in the interval Jxl < L ; and require tx, the as­

sociated correlation length of f(x), to be much less than 

b, then o2 and p(x 2-x1) assume a simple form. With the 

condition 6x << s
0

, we note the convolution in Eq. (4. 14) 

results in only a slight spreading of the window function 

W(x), thus we have 

or equivalently, 

Substituting Eq. (4.21) into Eqs. (4.18) and (4.19) 

yields o2 and p(x 2-x 1), respectively: 
co 

o2 ~ c2o,/6x f dx W2(x) 

and -co 

co 

p(x 2-x 1) ~ W(x) * W(x) / /dxW 2(x) 
-co 

(4.20) 

(4.21) 

(4.22) 

(4.23) 

where the asterisk denotes an autocorrelation. Note, the 

variance o2 is easily adjusted by selecting different val­

ues of the constant C. For example, if we wanted o2 = 
2 o\/J , then 

c2 = (4.24) 

Likewise, the desired correlation coefficient, p(x 2-x 1), 

is readily obtained by an appropriate choice for W(x). 
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4. 3. 2 The Generation Scheme 

With the aid ' of a digital computer, the results 

from the linear system model described above are used to gen­

erate number sets with controlled statistics. The input 

function 1(x) is obtained using the computer system's random 

number generator. Standard routines are available in which 

one may specify the mean and the standard deviation; however, 

the numbers are, in general, uncorrelated. In fact, the 

number set obtained usually decorrelates at the first point 

of shift in the autocorrelation function. Hence, assuming 

that the correlation length of 1(x), ~x, is much less 

than s
0 

of the window function, in the derivation of Eqs. 

(4.22) , and (4.23), is a good approximation for computer 

generated processes. 

The set from the random number generator is then 

convolved with a window function. Note, this is equivalent 

to a sliding average of the window function with the ran­

dom number set. 

In Fig. 4.5(a)-(d) we show random curves obtained 

using Eqs. (4.7) and (4.24); and their corresponding auto­

correlation functions. For each curve we used the same 

set of random numbers. The difference lies in the choice 

for the window function. In Fig. 4.5(a), the window function 

was taken as a rect,( 3) 

W(x) = rect(x/100.) 

= ! l ; 
0; 

1x1100.1$1;2 

otherwise; 
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Fig. 4.5 Curves and their associated correlation coefficient, 

p(x2-x 1), obtained using the linear system model in 

Eq. (4.7): The input to the system was generated using 

a random number generator. This was then convolved 

with a window function W(x): (a) W(x) = rect(x/100); 

(b) W(x) = A(x/50); (continued on next page) 
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Fi~. 4.5 Continued. (c) W(x) = exp(-lxl/50); (d) W(x) = 
exp [-(x/50) 2] . An analytical expression for the 

correlation coefficient is given in Eq. (4.24). 
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in Fig. 4.5(b), 

W(x) = A(x/50) 

l - lx/50.I; lx/50 I :s l = 
0 otherwise; 

in Fig. 4.5(c), W(x) is equal to exp{-lxl/50.); and in 

Fig. 4.5(d), W(x) = exp[-(x/50.) 2]. The units of x are in 

micrometers. 

As an example of the calculations, consider the win-

dow of Fig. 4.5(a): 

W(x) = rect(x/100.). 

The correlation of the resulting number set ~(x) in 

Eq. (4.7) is given by Eq. (4.23) as 
00 

p(x 2-x1) = W(x) * W(x) / f dxW 2(x) 
-oo 

Note, the agreement with Fig. 4.5(a) is good. 

(4.25) 

( 4. 26 ) 

The curves and autocorrelation functions were ob­

tained using fast Fourier transform (FFT) techniques. The 

program used to generate Fig. 4.5(a) is contained in 

Appendix D. In each case the constant C, see Eq. (4.24), 

was chosen such that o = o~ = 50 µm. The actual computed 

standard deviation for the curves in Fig. 4.5(a)-(d) were 

48.6 µm, 43.8 µm, 56.9 µm, 55.6 µm, respectively. Finally, 

it is interesting to note the decrease in high frequency 

detai 1 in going from (a) to (d). 
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A flow chart indicating the steps involved to create 

a metallic edge from a number set as described above is 

shown in Fig. 4.6. For these edges, the number set from 

the random number generator was convolved with a rectan­

gular window function of various widths. The convolved 

sets were then plotted usfng a Calcomp 1675 microfiche 

plotter. The film used was Kodak Recordak Dacomatic E 

film with a resolution of 320 lines/mm. The area under 

the curve is exposed by directing the beam to the point 

on the curve, then drawing a line down to the bottom 

of the frame. 

The film plots were then sent to Photo Sciences, Inc., 

a custom photo-etching business located in Gardena, 

California. There a one-to-one copy of the film plot was 

made on a bimetallic substrate using photo-etching tech­

niques. 

Although we have good control of the process digitally, 

we do not have the same degree of control of the filter 

function for the microfiche plotter or the photo-etching 

process. The general trend was a blurring or smoothing of 

the number set by both the plotter and the etching. 

As a result of this smoothing, we could not rely on 

our original autocorrelation functions to accurately des­

cribe the metallic serration. Therefore, in order to com­

pare the estimates of the correlation coefficient obtained 

using transform plane intensity measurements, an independ­

ent determination of p(x 2-x 1) was performed; the steps of 
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which are shown on the left-hand side of Fig. 4.7. The 

serration was placed under a Leitz Ortholux microscope, 

using a 2.5X or lOX objective depending on the structure 

size, together with a 5X eyepiece. The magnified image 

was photographed and an 8 11 x 10 11 print was made of the 

edge. The curve was digitized using a Hewlett-Packard 

9830 calculator/curve digitizer with a resolution, in 

edge units, of 13.5 µm and 3.5 µm for the 2.5X and lOX 

objectives, respectively. The digitized data were read 

into a computer, where they were autocorrelated, normalized 

and plotted. 

Photographs of the edges used in the experiments 

together with the absolute value of their respective cor­

relation coefficients obtained by this "photo-digitization" 

route are shown in Figs. 4.8 - 4. 10. 

In the alternate processing route, on the right-hand 

side of Fig. 4.7, an estimate of the absolute value of the 

correlation coefficient was obtained from transform plane 

intensity measurements using the remote sensing techniques 

described in C~apter 3. The need to take the absolute 

value of the correlation coefficient arises because the 

intensity data do not satisfy the stringent symmetry 

requirements of the FFT needed to obtain a real transform. 

As a result of this lack in symmetry, there is a signif­

icant imaginary component in the transform data, therefore 

we take the absolute value. 
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Fig. 4.7 Independent processing routes used to measure the 

absolute value of the correlation coefficient, 

I p(E; 11 -E; 1
) I , of the rough edge. 
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Fig. 4.8 Microscope photographs of computer-generated edges (a) and (b) with 

their associated correlation coefficients below. The standard deviation 
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Fig. 4.9 Microscope photographs of computer-generated edges (a) and (b) with 

their associated correlation coefficients below. The standard deviation 
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Fig. 4. 10 (a) Microscope photograph of serrated edge 

generated by No. 60 grit sandpaper and (b) its 

correlation coefficient. 
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Corre lat ion coefficients associated with processing 

the transform plane intensity data will be labeled "fiber 

optic measurement". This processing will be described in 

detail in Section 4.5. 
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4.4 Fiber Optic Measurement of Intensity 

Two series of measurements are described in this 

section. In these, intensity data along the spike, u(o,y), 

and perpendicular to the spike, u(x,y = constant), are re­

corded by a fiber optic probe and photomultiplier, so that 

accurate square law detection is assured, see Fig. 4.1. 

The serrated edges used in this section were not the 

computer-generated edges described previously, instead 

these were generated by scraping razor blades over different 

grades of aluminum oxide sandpaper. One was generated using 

No . 60 (coarse) grit sandpaper; the other, using No. 150 

(fine) grit. A photograph of the coarse edge and its as­

sociated correlation coefficient are shown in Figs. 4.lO(a) 

and (b). The roughness (or standard deviation) is approx­

imately 15 µm for this edge. 

For the measurements along the central spike, Fig. 4. 11, 

edges of roughness a= 6 µm and 15 µmare seen to exhibit 

the severe damping of the central spike as predicted by 

Eq. (2.86). A fine-scale interference pattern is observed 

visually along the y-axis. This is not resolved in the 

optical fiber data since the probe diameter was chosen to 

average a few cycles of the pattern. 

For the second series, we study the spread of energy 

along x, perpendicular to the central spike. The edges 

are positioned as in Fig. 4.2. Figures 4. 12(a) and (b) 

show fiber optic probe data for the small and large a, 
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respectively. Good qualitative agreement with Eq. (2.86) 

is seen. For x::::::0, there is a large central spike with the 

ratio 57.7 to 6 corresponding to the ratio 6 µm to 15 µm 

in roughness. The damping of the second member is due to 

the coefficient exp (-cr 2n~). 

To illustrate the speckle in the optical transform, 

the Airy disc size relative to the fiber optic probe was 

increased for the data in Fig. 4.12. The ensemble average 

* <E 1E1 > would not be expected to contain the fluctuation 

inherent in data taken for one member of the ensemble. 

Notice however that the average value of the data for cor­

relation lengths c
0 

of 300 µm and 160 µmis in good agree­

ment with the curves of G shown in Fig. 4.13. It is the 

* e 11velope of data that one should compare to <E 1E1 > . 

The prediction of the fine scale structure in intensity 

is obtained from the spatial dependence of <u 1u2> and is 

given by Eqs. (2.75)-(2.78). From Eq. (2.77), the speckle 

size is given by lx ~ AZ
0

/(2Lx), and this is also in good 

agreement with the data in Fig. 4. 12. 
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Fig. 4. 12 Intensity measurements of the spread of energy 

perpendicular to the spike for edges with (a) 
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~ 300 µm (No. 150 grit sandpaper), 
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= 160 µm (No. 60 grit sand­
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4.5 Remote Sensing .2...f. Correlation Coefficient-­

Computer-Generated Edges 

4. 5. l Fiber Optic Measurement of Intensity 

In this section we compare intensity measure­

ments in the optical transform plane with the power series 

representation, derived in Chapter 3, for the expected 

* value of intensity <E 1E1 > , in Eq. (3.19). For conven-

ience, this expression is rewritten below in Eq. (4.27): 

00 

2Lxexp(-cr 2n1
2)~(crn 1 )

2n 
n=l 

where the notation is 
00 

= f d~ exp(i K1t,;) pn( ~) 
- 00 

= k = 2rr/ ).. 

= 

= 

FK,(pn(~,)) 

(4.27) 

( 4. 28) 

In Eq. (4.27), the first term inside the absolute value 

symbols is essentially the Airy disc while the second term 

is due to a straight edge but damped exponentially by the 

roughness, cr. The third term is entirely due to the ser­

ration and contains all the information about the correlation 

coefficient, p(~). 
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The expansion parameter used to obtain Eq. (4.27) is 

an 1 . Note, for the l i mi ting case an 1 <<l, the expression 

is greatly simplified. It is in this limit of small an 1 
that we make comparisons between theory and experiment. In 

addition to the requirement an 1 <<l, we will also take 

ln 1 I to be several Airy disc units away from the pattern's 

center. The latter condition allows us to neglect the 

o(K 1 ,n 1) term in Eq. (4.27). With these restrictions 

Eq. (4.27) takes the form 

* 
4L 2 

[

sin(K 1Lx)]
2 

2 2 X 
<E1E1 > = exp(-a n1 ) 

(>,zo)2 2 
n1 (Kllx) 

( 4 . 2 9 ) 

2Lxa 
2 

2 2 
FKl(p(tJ) + exp(-a n1 ) 

(),z o) 2 

It is seen that in the limit of small, but nonzero, 

an 1 , the expected value of intensity has two terms. The 

first is the central spike--damped exponentially with a. 

The spread of energy in the x-direction due to this term, 

however, is limited to only a few Airy disc units. The 

main contribution to the spread of energy perpendicular 

to the spike is represented by the second term, which says 

the spread is proportional to the Fourier transform of the 

correlation coefficient. In Figs. 4. 14, 4. 15 and 4. 16, 

we show intensity measurements vs. the x1-coordinate for 

the edges in Figs. 4.8(a), 4.8(b) and 4.9(a), respectively. 
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Of course, the finer the structure in the edge plane, the 

greater the spread of energy in the transform plane. Note 

the Airy disc size has been reduced from that in Fig. 4.12 

in order to get a better estimate for the envelope function 

* for <E 1E1 >. In this series of measurements the parameters 

we re: y 1 = . 3 8 mm, z 
O 

= 2 5 0 mm, F = 175 5 mm, A = . 5 8 µ m, 

( -2 - 1 Lx = 3.5 mm. Using Eq. 4.28), we find n 1 = 1.65 x 10 µm . 

For comparison, some experimental curves for the case where 

an 
1 

> 1 a re s h own i n A p p e n d i x F . 

4. 5. 2 Processing the Intensity Data 

From the form of Eq. (4.29), it is evident that 

with the appropriate processing we can obtain information 

about the correlation coefficient, p(~). Using Eq. (4.29), 

p(~) can be expressed as follows: 

= 
(Az

0
)
2exp(cr2n1

2 ) 

2L cr 2 
X 

4L 2 
X 

~ 1 

sin(Kllx) 

(Kllx) 

2 

(4.30) 

As seen by Eq. (4.30), the processing steps needed to find 

p(~) from transform plane intensity measurements are: 

(A) Subtract the contribution produced by the 

central spike, 

(B) Fourier transform the resulting data, 

(C) Normalize the transform data to a maximum value 

of one. 
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Step A is accomplished by deleting the central spike 

present in Figs. 4. 14-4. 16. The main difficulties as­

sociated with this step are: One, determining how much of 

the spike to cut off; and secondly, the manner in which 

the spike is truncated. In Step B the intensity data minus 

the central spike are Fourier transformed. However, since 

we are considering only one member of the ensemble, the 

fine scale structure is present in the data. As a result 

of these fluctuations, the rigid symmetry requirements, 

imposed by the FFT routine, which are needed to produce 

real transform data are not satisfied. Therefore we take 

the absolute value of the transformed data. Step C is 

easily accomplished by normalizing the transformed data 

by the maximum value of the array. The computer program 

used to process the data is listed in Appendix E. 

In Fig. 4.17(a)-(e) we illustrate the effect of chop­

ping the spike at various heights for the data in Fig. 

4. 14. In each case we show where the data were chopped 

and what the estimate would be for I p(~ 11
-~') I• In Fig. 

4.18 we compare the curve for I p(~ 11
-~') I obtained by 

"fiber optic measurement 11 (Fig. 4.17(e)) with the curve 

obtained by 11 photo-digitization 11 of the edge. The latter 

method is illustrated in flow chart form on the left-hand 

Side of Fig. 4.7. 

In Figs. 4.19(a) and 4.20(a) we show the truncated 

spike data for the edges in Figs. 4. 15 and 4. 16, respectively. 
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Fig. 4.18 The . absolute value of the correlation co-

efficient, f 0(~ 11 
- ~•)I, obtained by the 

two independent processing methods for the 

edge in Fig. 4.8 (a). The processing routes 

are illustrated in flowchart form in Fig. 4.7. 
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In Figs. 4. 19(b) and 4.20(b), a comparison is made between 

the 11 photo-digitization" method for determining I p(t;"-t;') I 

(Figs. 4.15 and 4.16), and the results obtained by "fiber 

optic measurement" of intensity. It is noted that the two 

independent methods for determining I p(t;"-t;') I are in good 

agreement. While each method establishes a measure of the 

fineness of structure for the serration, it is the fiber 

optic method that is capable of real-time operation. 
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Fig. 4. 19 (a) Truncation of the central spike for 

intensity measurements in Fig. 4. 15 and (b) 

Ip(~" - ~')I obtained by the two processing 

methods. 
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4.6 Remote Sensing of Correlation Coe ff i ci en t- -

Computer-Generated~ 

The power series representation for the expected 

value of intensity in the optical transform plane of a ser-

rated gap is given by Eq. (3.37), and for convenience, i s 

rewritten in Eq. 

+ 

2 2 exp(-cr n1 ) 

exp [-cr
2
n/] ?~ r ( crn 1 J 2" F Kl (Pn ( i;l )) • 

(4.31) 

For small crn 1 we keep only the first term (n=l) of the 

series, thus we have 

(4.32) 

The first term in Eq. (4.32) is the intensity pattern 

produced by a slit of width W, but modified by the expon­

ential damping due to the roughness. As for a straight 

edge the spread of energy in the x-direction from this term 

extends only a few Airy disc units. It is the second term that 

dictates the spread of energy perpendicular to the central 
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spike; and as for a rough edge, see Eq. (4.29), the spread 

goes as the Fourier transform of the correlation coefficient. 

The processing for a serrated gap is identical to that 

described above. From the transform plane intensity data, 

we subtract the spike produced by the slit, then Fourier 

transform the remaining data and normalize. 

Figure 4.2l(a) shows the intensity pattern, without 

the spike, as produced by a serrated gap in which the cor­

relation coefficient for each edge of the gap is shown in 

Fig. 4.9(b). In Fig. 4.2l(b) the comparison between the 

"photo digitization" method, Fig. 4.9(b), and 11 fiber optic 

measurement 11 of intensity is shown. Again, the experimental 

results are in good agreement with the theoretical pre­

dictions of Chapter 3. 
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CHAPTER V 

SUMMARY AND CONCLUSIONS 

Diffraction by apertures having rough boundaries 

can be analyzed by Eq. (2. 15) in the Fresnel zone and 

by Eqs. (2.8) and (2.14) in the optical transform plane. 

Under monochromatic illumination, we have shown that a 

speckle pattern results. Both spatial and wavelength 

* dependences are studied by calculation of <E 1E2 > and 

* * <E 1E1 E2E2 >. In the usual • speckle pattern due to 

longitudinal phase fluctuations, the expected value of 

the intensity is stationary; and one goes to the fourth 

order moment of the electric field to study the scale of 

the fluctuation. However, the optical transform of a 

rough aperture gives rise to a non-stationary pattern so 

useful information about the edge can be obtained from 

* <E 1E1 >. For the scale size of the speckle, again the 
* fourth order moment, in which <E 1E2 > is the essential 

building block, is the useful correlation function. 

In the theory discussed in Chapter II, exact cal­

culations of several complicated integrals are greatly 

simplified by making the reasonable idealization that 

the correlation coefficient of edge roughness is exactly 

zero outside of some finite limit, ~ E
0 

in Eq. (2. 11). 
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* Illustrative calculation of <E 1E2 > are presented 

for the serrated edge. The second order central moment 

* <E 1E2 >, is given in general by-Eq. (2.26). In Eq. (2.27) 

we define a function, G(-n 1 ,n 2 ;K 2), that is evaluated for 

normally distributed roughness of arbitrary cr and tri­

angular correlation coefficient in Eq. (2.33). G(-n1 ,n 2 ;K 2) 

is seen to be important in understanding the spatial and 

wavelength dependences of the speckle for both edges and 

* gaps. The total intensity <E 1E1 > is given in Eq. (2.86) 

together with curves in Figs. 2.3, 2.4, and 2.5 illustrating 

the spread of energy perpendicular to the central spike due 

to G. 

For a serrated gap the second order central moment 

* <E 1E2 >, is given in general by Eqs. (2.93) through (2.95), 

where correlations are included between the two rough edges. 

Assuming joint normal statistics for the edge roughness 

and dropping the correlation between the upper and lower 

edge, we find a useful result, in Eq. (2.100). 

For our study of the fourth order correlation function, 

we preferred to analyze a roughened edge since it is analy­

tically less formidable than the gap while still exhibiting 

the same type of functional dependence. The fourth order 

* * central moment, <E 1E1 E2E2 > in Eq. (2.39), is calculated 

from first principles for arbitrary roughness and correl­

ation length. The solution is given in Eqs. (2.75) to 

(2.78) for jointly normal statistics and for E: << 
0 

This 
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solution is compared in the limit of small roughness, 

JcrnJ<< 1, to a separate evaluation in Sec. 2.3.2A derived 

using moment expansion theorems but valid only for small 

roughness. The agreement between these solutions is ver­

ified in Sec. 2.3.3A. 

In Chapter III power series representations for the 

* second order central moment, <E 1E2 > are derived for rough 

edges, in Eq. (3.18), and serrated gaps, in Eq. (3.36). 

These expressions are found to be particularly useful for 

remote sensing of edge statistics from transform plane 

intensity measurements. Also, using the technique of 

reversion of series, these expressions have been inverted 

yielding the correlation coefficient of roughness, p(C: 11 -c: 1
), 

expressed in terms of the transform plane intensity, Eqs. 

(3.26) and (3.40). 

Experiments using roughened edges and gaps are pre­

sented in Chapter IV to show the main effects predicted. 

In the transform plane the central spike for a smooth 

edge is greatly damped and energy is scattered throughout 

the plane (Fig. 4.2). The damping of this spike is shown 

in Fig. 4. 11. The spread of energy perpendicular to the 

central spike is shown in Figs. 4.8 and 4.14 through 4.16-­

illustrating the dependence of the spread of energy on 

edge correlation length, E
0

, The transform plane intensity 

pattern is found to contain useful information about the 

edge statistics. Remote sensing experiments of the edge 
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correlation coefficient were performed using computer 

generated edges with controlled statistics (Section 4.5). 

The estimates for IP(.; 11
-.;

1
) I obtained from transform plane 

intensity measurements, see Figs. 4. 18, 4 . 19(b), 4.20(b), 

are in good agreement with those found by an independent 

method. 
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APPENDIX A 

FOURIER TRANSFORM OF A UNJT STEP FUNCTION 

The II Fourier integral formula II is given by the ex­

pression 

co co 

f(t) = (l/2rr)j dwf dxf(x)exp[-iw(x-t)J (Al ) 

where in the derivation(l) of Eq. (Al) the following assump~ 

tions were made: 

(A) In every finite interval f(x) is piecewise con­

tinuous and possesses a piecewise continuous 

first derivative. 
co 

(B) The integralflf(x)ldx = C exists. 
- co 

We wish to consider the Fourier transform of a unit 

step function, written as 

co 

F{u(x)} = U(w) = J dx u(x)exp(-iwx) (A2) 
- co 

where 

{ 
1 ' 

u(x) = 
0, otherwise. 

X ~ 0 
(A3) 

Note, we immediately encounter difficulties, as u(x) 

violates assumption (B). To get around this difficulty, 

we introduce a slight amount of damping, i.e., Eq. (A2) 
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is to be interpreted in the following sense: 

CX) 

U(w) = lim J dx u(x)exp(-crx)exp(-iwx). 
a + 0 

-oo 

Using Eq. (A3) and integrating, Eq. (A4) gives 

U(w) = lim 
a + 0 

1 
a+ iw 

(A4) 

(AS) 

and separating into real and imaginary parts U(w) takes 

the form 

U(w) = lim [ 0 

a+0 w2 + a
2 

(A6) 

We now show that 

1 i m a mS (w) 2 = 2 a+0 w + a 
(A 7) 

and 

- i 1 i m w -i P.v.(1), 2 2 = 
a+ 0 w + a 

(AS) 

where P.V. (f) is called the principle value of 1/w. ( 2) 

It behaves like 1/w where w 1 0, and vanishes for w = 0. 

This has the meaning that when multiplied by a function 

g(w) and integrated over w the effect is to delete the 

integration over the small interval -8 toe, i.e., 
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+b -e +b 

J dwg ( w) P . V . ( 1 / w) = f dwg ( w )( 1 / w) + f dwg ( w )( 1 / w) , ( e + 0) . ( A 9 ) 
-a -a e 

First let's verify Eq. (A7). Recall the delta func­

tion is defined( 3) by 

+b f dwg(w)o(w) = g(o) . 
-a 

(AlO) 

We substitute Eq. (A7) into Eq. (AlO), and see if Eq. (AlO) 

is satisfied. Making this substitution gives 

+b 

= 1 im ( 1 /TI )j dwg(w)( 1 /cr) [11 [(w/cr }2+ lJ]. 
cr+ 0 

-a ( A 11 ) 

On the right-hand side of Eq. (All), make the change of 

variables (w/cr) + y. This gives 

co 

= (1/TI)g(o)/ dy[l/(y2 
+ l)] 

- co 

= g(o). 

From Eq. (Al2) we see that (l/TI)lim[cr/(w 2 
+ cr 2)J does 

cr+O 
indeed behave as o(w), thus establishing Eq. (A7). 

From Eqs. (A8) and (A9), we see that Eq. (AB) is 

( A 1 2) 
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satisfied only if 

e 

-i lim Jdwg(w)[w/(w 2 + cr 2)J 
cr ➔ 0 -e 

is identically zero for any e-arbitrarily small, yet non­

zero. To show this we, again, make the change of variables 

(w/cr) ➔ y, yielding 

e e/cr 
-i 1 im 

cr ➔ 0 
f dwg(w)[w/ (w2 + cr2)] = l im f dy g(cry)[y/ (y 2 + 1)] 

cr ➔ 0 -e -e/cr 

00 

= g ( o) f dy [y I (y2 
+ l) J 

-co 

= 0 

since the integrand is an odd function. 

Thus, from Eqs. (A2), (A6), (A?) and (A8), the 

Fourier transform of a unit step function is 

U(w) = n8(w) - i P.V.(1/w) . 

(Al 3) 

(Al4) 

In writing Eq. (2.20), the principal value notation 

in Eq. (Al4) is dropped so as to avoid needless complica-

tion of the notation in the main text. In the text it is 

implicit that any subsequent integration involving the (-i/n
1

) 

term is taken in the sense of Eq. (A9). 
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-145-

APPENDIX B 

EXPANSION OF THE FOURTH ORDER CORRELATION FUNCTION 

The intensity cross-correlation function for states 

I(x 1,y1 ;k 1) and II(x 2 ,y 2;k 2) is defined in Eqs. (2.12) and 

(2.13) by 

( B 1 ) 

In terms of central field quantities (zero mean) defined 

by En= En - <En>, it is readily shown that 

( B2) 

* * blb2 <E*E*> * * 
+ bl <E1Ei2> - 1 2 - blb2 <E1E2> 

+ b2 * * b*b* <E1E2> <E1E1E2> - 1 2 

* * 
+ b2 <E1E1E2> - * b2b2 * <E1E1> + * * 3b1b1b2b2 (B3) 

In (B3) the notation is b1 = <E 1> and b2 = <E 2>. An 

* * alternate form for the difference Ru - <E 1E1E2E2> in (B3) 

can be found in terms of central moments, as follows: 
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(84) 

For the serrated edge, any of the second order moments 

in (83) can be calculated from Eq. (2.24) by properly 

assigning subscripts. 

Eq. (2.24) as follows: 

* For example <E 1E1> is obtained from 

00 

<E1E;> = [A1A;/(n.~)J//dr,,'df,, 11 exp(iKlf,, 11 -iK1c,, 11
) [<exp(in.lyr(f,, 11 )-in.lyr(f,,' )> 

-co 

- <exp[in.1yr(f,,")]><exp[-in.1yr(f,,' )J>]. 

( 8 5) 

This is rewritten in the text in Eq. (2.35) using the func­

tion G(-n. 1 ,n. 1 ;K 1 ) summarized in Eqs. (2.36) to (2.38). 

Note that the Lx which appears in Eq. (2.35) is introduced 

naturally in the integration of Eq. (85) establishing the 

order of the singularity appearing in the delta function 

of Eq. (2.34). 

We will concentrate on the calculation of the central 

* * moment <E 1E1E2E2>. The third order case is simplier, but 

for the sake of brevity will not be included. However, it 

is noted that the formalism for <E 1EfE 2Ei> developed in 

Sec. 2.3.2 is equally valid in the third order calculation. 
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APPENDIX C 

From the form of matrix M-l in Table 2.1, we see there 

are six independent correlation coefficients, r .. , con-, J 

necting the elements of the point set (~•,~ 11
,~

11
• ,~

1111
) in 

pairs. We group terms L1 to L37 , in Eq. (2.59), into 

categories characterized by the number of non-zero cor­

relation coefficients. For example, in Sec. 2.2.3-81 

we listed three terms, L1 , L2 , L3, Eqs. (2.55) to (2.57), 

in which there were two non-zero correlation coefficients 

and four correlation coefficients identically zero. Re­

call, it is the condition in Eq. (2.11) that allows us to 

take correlation coefficients identically zero. The terms 

are separated into the categories as shown in Table Cl. 



Term 

L4 

L5 

L6 

L7 

Lg 

Lg 

LlO 

L 1 1 

Ll2 

Ll 3 

L14 

L15 
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TABLE Cl 

Listing of Terms L1-L 37 

Non-zero 
Correlation 
Coeffi 'cients 

Zero 
Correlation 
Coefficients 

I. Two non-zero correlations 

I I. Three 

rl2'r34 

rl4'r23 

rl3'r24 

rl3'r23'rl4'r24 

rl2'rl3'r34'r24 

rl2'rl4'r34'r23 

non-zero correlations 

rl2'r34'r24 rl3'r23'rl4 

rl2'r34'rl4 rl3'r23'r24 

rl2'r3i'r23 rl3'rl4'r24 

rl2'r34'rl3 r23'rl4'r24 

rl4'r23'r24 rl2'rl3'r34 

rl4'r23'rl2 rl3'r24'r34 · 

rl4'r23'r34 rl2'rl3'r24 

rl4'r23'rl3 rl2'r24'r34 

rl3'r24'r23 rl2'rl4'r34 

rl3'r24'rl2 rl4'r23'r34 

rl3'r24'r34 rl2'rl4'r23 

rl3'r24'rl4 rl2'r23'r34 
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TABLE Cl 
(Continued) 

Non-zero Zero 
Term Correlation Correlation 

Coefficients Coefficients 

I I I. Four non-zero correlations 

L16 rl2'r34'rl4'r24 r13'r23 

L17 rl2'r34'rl4'r13 r23'r24 

• L l 8 rl2'r34'r14'r23 r,3,r24 

L19 r12'r34'r24'rl3 r14'r23 

L20 rl2'r34'r24'r23 r13'r14 

L21 r12'r34'rl3'r23 r14'r24 

L22 r13'r24'rl2'r23 r,4,r34 

L23 rl3'r24'r12'r14 r23'r34 

L24 rl3'r24'r23'rl4 r,2,r34 

L25 rl3'r24'r23'r34 r12'r14 

L26 rl3'r24'rl4'r34 r12'r23 

L27 r14'r23'r12'r24 r,3,r34 

L28 r14'r23'rl2'rl3 r24,r34 

L29 rl4'r23'r24'r34 r,2,r13 

L30 r,4,r23,r34,r13 r,2,r24 
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TABLE Cl 
(Continued) 

Non-zero Zero 
Term Correlation Correlation 

Coefficients Coefficients 

I V . Five non-zero correlations 

L 31 rl2'r34'rl4'r24'rl3 r23 

L32 rl2'r34'rl4'r24'r23 r13 

L33 r12'r34'r24'r13'r23 r14 

L34 r12'r34'r13'r23'r14 r24 

L35 r13'r24'r12'r23'r14 r34 

L36 rl3'r24'r23'r14'r34 r12 

V . Six non-zero correlations 

L37 r12'r13'r14'r23'r24'r34 
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APPENDIX D 

COMPUTER PROGRAM TO GENERATE A NUMBER 

SET WITH CONTROLLED STATISTICS 

//ED<i~PLOT ,IOG (,0576, 1 f'OP-l?l!'i,r.,11, 1 

// •OPT I or~s 1.1 llF.S•SK, Tl r•E•( 1, 30), fH11'TE=TAV, CLAS<i=A 
//•StTUP TAPE9,Ef'lr.ES,NL,~ING 
/ /•StTUP PLOT TAPE 
//5Tt:P:\ F.XEr. FOl:TCLG, REr. I CHI. G0=520K 
//FOl:T ,5YSlrt or, • 

C 
C 

011 1rns I 011 RMlFt:ll( lt:i 334) ,MP.A Y ( 1G384), X ( 512) 
CALL SETPLT (2.D) 

C T!IF. PP.Q<,R;\I' Ef1r.EPL0T r,rnEf'ATES A (,J\I'<;:, I :\N f!A' 1f'l'I'' Cl'!"!!: 
C 1/ITH AIJY flESIREn l'EJ\11, STJ\llf'i\!"!1 OF.'ll:\TIOM ,'\!lfl C('lf.'~F.L,'\Tlf'lN 
C LrnGTH. i!IE USER 111::-;r SPECIFY: 
C 
C A'!(,= TIIE ftE,\11 '//\1.L'E C1;- DE:: I ~E!" f'AT/\ :ir:T. 
C SIGt'A= THE :.TM!r';\'1[) flE'/IATl(W, 
C tllll llf'\0= THE lllTf'E!1 OF pn I flTS n•tEP !/!I I Cl~ Tl'!: 
C OAT/\ IS TO REl','\11' r.orl:'.'.:1./\TEr. r:·r: □ i':-F. l1F THE 
c At1rocoru?ELAT1on F1•,.rr.r,,.,,., ,~A~ A LEnr.Tl! n.:- 2•~11rp•rn. 
C f.J:a THE TOTAL Nt 1l'BEf1 OF ~011!T:, Tn RF. liENE'.'ATr:r. 
C 
C 

A1/r,:o. 0 
SI (,f.lJ\•25 .-<l 
N\J I N00= 50 
lff\JO = 2 •fl 
\!RITE (6,100) 

C 
C GENERATE X-AXIS FOR PLOTS. 
C 

C 
C 

DO 6 O I = 1 , 5 12 
611 XCl)=-2Sli+I 

CALL RAll!H111 (RAl~Fl!M,11,AVG,Slril'A) 
1/RIH: (6,ltJO) 
CALL STAT CRA/fflJM,tl,TAVG,TSl(;r'A) 
\·IR I TE ( 6 , 1t10 ) 
CAI. L cor~r. 0~ (RJ\fJ Fl!II, ARRAY, f!, 1, 1. 0, 1) 
CALL COIJ con CRAJjFtJIJ ,;\f;f;,'\ Y, ll, 1·!1./ tr!rn, l. 0, -1) 
CALL PLOTXY (X,ARRAY,512,1) 
WU TE ( 6, 1 O 1) 
CALL :,TAT Ci\RRAY,N,TAVG,T!'ilGI'.'\) 
HIUTE (G,ltll) 
CALL r.our.on (/\RRAY,AP.n/\Y,4~1,1.0,1) 
CALL PLOTXY (X,~RRAY,512,2) 
CAI.L E11DPLT 

100 FOIWAT (55:C, 1 1V\llr<W 1Jtot'RER (;E!IE!'I\TnR'/) 
101 FOfWI\T (4n, 1 CON'/01!.'IE[') /\IU~AY- (RJ\llfl(W '. 1 1T1! PECT) 1

/) 

STOP 
Erm 
sunRO!lTIIJE Mrmori (P,11,AVG,S((,f!/\) 

C THIS StJBIHJllTlllE r.F.llrn/\TES /\ RAnfHW 1\"RAY nF lll'l'RE!'.'~ 1/JTl.1 
C A f-'.EJ\11 "A'Jr." J\!IO /\ ST/\flf11\Rfl f)E'fl 1\Ttni1 nF "SJGl'A". 
C 
C 

D I /.: Erl S I ON P ( 1) 
llSF.En•317'.JS 5Rll 
DO 10 I .. l,IJ 



C 
C 
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lU P(l)•RA~o · (15,NSEED,AVG,SIGVA) 
IIIH TE ( 6, 2 2) ( P ( I ) , I ., 1, 512) 
\JR I TE ( G, 3) 

22 FOR~AT (1X,10El3.S) 
3 FOl'.WA T (/ /) 

RETlirrn 
EN 11 
SUBROl!TI llE STAT(Y ,N, TA'/G, TS I r.r•A) 

C THIS StJBl'WIITlllE CALCULATES THE ACTl'AI. l'ENI "TN!r." Al!fi T!IE 
C ACTUAL STAUOARO f)E\/IATINI "TSll~!!J\ 11 nF TJIF. /\RP.AV"""• 
C 
C 

C 
C 

OlfEU~IQN Y(l) 
Rtl•N 
su1•sn•o. o 
S11"=0. O 
O() 15 I ,. 1 , II 
Sl!l·110 Sl!P•+Y (I) 

15 SU~Sn=su~s~+V(l)•V(I) 
TAVC.=Sl!! ' /!W 
IIULD=Stll'SQ/RN 
TEl 'P =!!OLD+ ( T AV11 •T AVG) 
T!i I GI 'A=S(1RT ( TEl'P) 
l!RITE (6,lt13) TA'/G,T51f.l'A 

102 FORl'.i\T (57:<,'COl'Pl'T!:r. STATl:.TIC:. 1
/) 

10:; For-1-1AT < 44X, 1t1EMt: ',no. 3, sx, 'sr.,rrrAR!' rE" 1 AT 1 "t': ',F10. 3 ,// > 
RETlH:rl 
Erm 
surmot .1T I tl E CONCOR rn, (1, I!, II!/, STE p, I FLM~) 

C TIii s StJBROtJTJrlE EI r:rrn PF.RFOIWS Ari Al 1Tt1C(')PP.ELAT I l"H: OF Tl!E 
C DATA OR COUVOL'/ES IT \/IT!! /1. RECT ;-l!HCTIOII nF 1:tf'T!! I.. 
C 
C IF IFLAG IS LESS TIIAfl ZERO: DJ\T;\ 11 !1" (:, cnw1rq_l![!"1 \/IT!l 
C RECT(X/L). 
C 
C IF !FLAG IS GRE,HEn TllAII ZERO: !'AT,'\ "A" (;, Al'TOCMPELJ\TEr. 
C 
C 

D I 1:. F. l ls I ON 13 C 1 ) , Q < ! ) , : : < 15 3 8 4 ) , I/OR!: ( 3 2 7 fi ll ) , n 1 'T C 3 2 7 6 3 ) 
COt-1PLEX Ol!T?IIT(l6384) 
E/lOI VALEIICE(Ol'T!"'tJT ( l) ,Ol'.T( 1)) 
DATA.?l/3.1415~27/ 
RIJ=tl 
RU\J=ml 
R\/SQl!T =S0.!ff ( IHHI) 
fmi\L F .. 11 / 2 
NT\/0• 2 •N 
RrlSO.=ll*tl 
DO 5 l=l,ll 

5 rl( I ) ,.B ( I ) 
IF (IFLAG.r.T.O) GO TO 40 

C 
C GEME11ATE Flltmrrn TRAIISFflPn 0F 11111rm'. FrnCT(01J: L•SnlC(L,t,FT'.'F.f"l.); L=~'.l .'•'.iTC? 
C l·JC!lHALF+l) = L•C. 1 C 1 IS IJSE!"l Tn nAT,'\lrl T!!E PESlryF.f' 'l,\PIMlt"E. 
C FOR PORE lrlFORni\T(()rl 1-\[3!"1flT Tl'l'.i !l0fl! '1\LIZAT!C1!-f, <:;F.E :iECTl0P 11,3.1; 
C GAIJSSIArl !!AIIOOI' PROCESSES lrl I\ SPACE-tr!'IM'INIT LIMF.M~ '.i'''.';1"EI' 
C 

CALL rrnUIIFL 
ARG=fUH/• PI/ 2. 
\J( lll!ALF• l) =RI/Snnr 
\-1( 1) :\/( Nll,-\LF • u· .. s IN (MG)/ ,,rr. 
DO 20 I =2, !H-!ALF 
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ARr.=nNll•Pl•Cl-1)/R" 
\l( I +lfl!ALF) :a\1(1:t!ALF+l)•S ltl (ArHi) /;.\r,r. 
IF (11( I +lllli\LF). LT. l. OF.-10 )H( I +1111/\LF) 20. Q 

20 \l(IJIIALF+2-I )•II( I +IHIALF) 
CALL lHIFLt1\! • 

40 COlff I fJUE 
C 
C CREATE IIIPllT FUIICTIC1N FOR r-n RotrTrnE. 
C 

00 25 1=-1,!I 
25 OUTPUT( I) •(l( I) 

C g TAKE TIIE FOURIE!'t TRAtl5FOP.l 1 OF TIIE Fl!TfCTtnrt: nt:TP!!T. 

C 

CALL FFT (OUTPUT,!~, l,ll0!7K) 
IF CIFLAG.GT.O) GO TO 45 

C 11UI.TIPLY !IIIHlO\I Fl 1NCTIOtl, 11! 1 , \/IT!! 1 0l'T?l'T 1 r,p 'nt'T'. 
C 

.00 30 I •l,!1 
OUT C2•1-1)=1/(l)•f11!T(2•1-1) 

30 OUT( 2• I) •I/( I) •OUT( 2• I) 
r.o rn so 

4!.i CottT l 111JE 
C 
C COf'PtlTE: ClUTPl!T( I )•COl'l'LEX cnt~J(fr,AT!:: ((it'TPl'T( I)) 
C 

C 

oo 55 1-2,rmm .. 2 
OUT ( I -1) 2fll!T ( I -1) •flt;T ( I -1) 
OlJTC I ) •Ol:T C I ) •lltlT ( I ) 
OUT ( I -1) =OI !T ( I ) +OCT( I -1) 

S;, OUTCI )•O.O 
SO COflT I t:tJE 

C IIIVERSE FotmlE:1 TnAl!SFORt': ()t!T?l'T. 
C 

CALL FFT (Ol'TPl!T, M,-1, \IOPI() 
CAI.L 511 I FT ( C'll!TPtJT, ti) 
IF (IFlAr..GT.O) GO TO 80 

C 
C HI OllOER TO CiET CORHECT CrHll/0Ll'Tlfill !'IVll"E FFT [1i\T;\ nY RM At'!" l'l'LTIPL't 

C :3Y C-1) ** I 
C 

J=-1 
no go 1 .. 1, ,~ 
0 UT ( 2 • I -1 ) = J • 0 IIT ( 2 • I - 1) / rm 
()UT( 2• I) .. ,J•Ol!T( 2• I) /!Ul 
Q(l) 110UTC2•1-l) 

')II J=-J 
GO TO 'JS 

311 CO NT I IIUE 
C 
C I I~ ORO ER Tll GET r.rmRECT A!JTOCnR~ELA Tr Nl I" IV l[H: Fr-T fl,\T,\ gy RM 0 2. 

C 

C 

no 35 , .. 1,11 
OUTC2•1-l)=OUT(2•1-l)/RH~~ 
OL1T( 2• I )=OllT( 2• I) /RN5(1 

3!i fl(l)=OIIT(2*1-l) 
IF (IFLAG.r.T.O) GO TO 70 

'J!i COtff I rll!E 
\·/R I TE ( G, 4 ) 

C \JR I TE rl( I ) ON /1. f.lMIIET IC T,\PE 
C 

\/RI TE ( 1, 9) ( Q ( I. ) , I • 1, II) 
EllnF I LE 9 
GO TO 75 

70 cnrli I NIJE 



!JIU TC C G, 6 ) 
7!i COIJT I !ll!E 

110- l O O I= 1, 512 
100 ~(1} =~(7935+1) 

\JRITE (6,2) (Q(l),l=l,512) 
\mlTE (6,3) 

2 FORl l/\T (l;{,10El3.5) 
3 FORl 1/\T (//) 

.. 1 54-

l• F<JRl'·AT (31:{, 1 CO!l'/(')LUTION OF RJ\!1(10!1 Fl'Nt:Tlf"N 1.!ITP \·!lrHH'll' :-l'tfCTl/111: 
1 REAL PAlff OF AKf/.,\'r 1//) 

Ii FIJRl 1/\T (44X, 1Al!Tncnrrnf:Li\T I C1N FWICTJnN: RF.AL P,'\!'T nr- Af!.R,'\'' 1 //) 

~ FORf!/\T(lX,fiE13.S) 
RETlHUI 
Erm 
SllnlHJt!T I NE SH I FTC VSH I FT, fl) 

C 
C 
C TlllS StJBf,Ol!TINE REJ\RP.J\tiGE:, Tl!E 01'TPPT nF TIIE F:-T ~/1l'Ttr 1E rn MT/d f' /\ 
C cnrNEt-lT I Oll;\L PLOT OF Tl!E Flll!P. I rn Tr.J\ll;,F(WI', I . E. A PLrT Frnr· -PI rn p I, 
C I !~STEAO OF O TO 2PI. 
C 
C 

CIJI.IPtEX lf;,IIIFT(l6334) 
lll!ALF=ll/2 
00 10 l=l,11H.'\LF 
TEf•p,.11511 I FTOIII.\LF• I) 
1/5111 FTOm,\LF• I) =1/:.1! I FTC I) 

111 VSIIIFTCl)aTEl'P 
RETUrrn 
EfH' 
SUllROIJTIIIE PLOT:{Y (P,11,l',K) 
OIIIEr!St(')II P(l),(l(l),!:(512),!::(512) 
110 5 0 0 I = 1, I' 
R(l)aP(I) 

5011 S( I )•<l( I) 
C/\1.L SCAL[ cn,11,1s.,:U'lt!,l'X,l,O) 
CALL sci\t.C cs,1·,10.,sr·111,sx,1,o) 
CALL /\XI:. (0. 0,0. O,fillX-J\X I S,-6, 15 .o ,0 .O, Pf'I N, R:O 
IF (~.Ef1.2) Gn Tn 60 
CAI.L J\X 15 ( o. o, 0. ri, 411EDGC, 11, 10., ')0. o, s1· rn, s:o 
GO TO 70 

50 corn 11-1uE 
CAI. L AXIS CO. o, 0. 0, 15!1Al 1TnC()fH!EL\Tlm~,15, 10., '10;, SI'! I!, '.';X) 

111 corn 111uE 
CA LL LI NE (R, S, I', 1, O, 1) 
CALL r>LOT (13.,0.0,-3) 
RETlJr..N 
EIW 

//GO.FTU4FOOl 110 U"IT=TAPE1,VOL=~Er =ErGE~,f'\l~?=( NE1: ,~~ ~~ ), 
/ I DC ll = CR EC Fl' = F B , L l1 EC L = S O , ~ L •~ S I Z !: = 3 2 O n ) , LN1 EL = ( 6 , I! L) 
//GO. PLUTT /\PE f'\O nsN=SYSPUJT, l1r11 T=T 1\PO, fl IS P=0Lf'\ 
II 
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APPENDIX E 

COMPUTER PROGRAM FOR PROCESSING TRANSFORM 

PLANE INTENSITY MEASUREMENTS 
//!"ROBE ,JOR r,os76, 1 1.mnRtS,G.11 • 1 

/ /•OPT tn!IS Tl l'f:s( l, 30) 
I I •SETUP Pt.OT ,!'O!'m IS, SL, RI !Hi 
//•l-lE!::SACiE . 5 r·r· ?EU 
//STEPA EXEC FORTCLG,LEVEL=<il,RE~ION.GO=lOOK 
//FOl:T.SYSl1~ DO * 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

Tlllf. PROGRA/ 1 REMS Ir! A DATJ\ SET 'f(X),ll!'liF.'> J\llD PLnT:. 
THE rnr.nlTHll OF '((X), r.or•PtrTES TIIE i\iJS('l.!'TE Vi\Lt'E 11F IT;, 
FOURlrn Tr-.Afl;,FO!lll, TrtE/1 NOP.l'ALl::E:. :w Tfl!: l'AXlr'l'I' '/;\f.l'E 
l'1\GNIFICAT1nr1 nr- Tf!E crnTrn PflRTlml nF T!!E Fl"H'!'ll:P TJ?At1sr-11np• 1c; 
OPT I OIIAL. SEE T11E 11 l'l\G 11 Pi\R"1'ETE:?. 

TO PLOT Tl!E ltl?l!T M Ti\: 

1. SPECIFY Tl!E IIICRE!'Ef-!T,f1ELX, Fnn Tl!E x-cnri 0 111r1,1.rE. 

2. 

3. 1-l•fWl'BER OF DAT,\ SETS. 

rn T!IE TR/\rlSFORI' rLon T!IE r:nEnurncY cn01rnn1.1.rs IS F!'E~= X/L/\l'l'.f\,/Z. 
TO PLOT TIIE Tn/\l!SFOfU' ArrnAY TIIE l'SER t'll:.T SPEC I FV: 

1. LAl-mA• \/A'/EL ElrnTH OF LI r.m ( 111 f> I CP.OMS) • 

2. Z• DI STANCE GETt!EEN Tl!E TRMlSFC-Pr· PL,\NE Mfr TIIE ()R,JECT 
PLAIIE ( Ill 1'f'). 

3. 

( A CONVE!l.G /IIG GEOl'ETflV HAS REEN ASSl'r'ET'). 

l·'AG ,. Nl1r•~Er. or- Pfl I t!T:. r-n~ THE 1-1.AGII rr: I£ f) :-rl'P I ER 
TRAllf.Forw PLOT (CETIT!:R pnrr1mn. 
IF MM 1:; LES:, THAii ZE~n, /\ r•:,mllFlf:P Ff'\ttr'lfrn T1',1Jl:,~f'\f'1' 
IS NOT PLnTTED. 

DIPE!-151011 Y(200),i\(200),RV(200),RX(20rJ),Al.flfW(200) 
DWEIISION I/Ol;l((450),RYl',\r,(2no),fUl'NH2'10),~!PJ\T!\(4) 
CALL SETf>LT (2.0) 
I rtTEGEn A 
REAL LA!lnA 
COllPLEX Y ,llOL[) 
DATi\ STEP /0. 00 2/, LAl'Oi\/0. 5 8/, Z/250. / 
DATA rmATA/200, 200, 20(}/ 
fb•l 
DELX=STEl"•25.4 
RXll I 11=-, 2•25. 4 
Fl-l l N=-0. 5 / DELX 
DO 400 KK=l,1~ 

C READ AflD \!HITE INTWSITY V/\Lt:ES. 
C 

C 

rlaf1[1ATA( I(~) 
RU=ll 
REA (l ( S , • ) ( ,\ ( I ) , l = 1, 11) 
1/RITE (6,4) 
Im I TE C 6, 1) ( A ( I ) , I= 1, ~!) 
tmlTE (6,2) 

C cormt::CT Fon Al1JIJSTl'E11TS r1,\f1E !fl Tl'E SE11!':ITIVITY l'l~ Tl!!: L0.C):'.-lrf Al'PLIFl[J"l 
C 



C 
C 

C 

DO 901) l"l, 35 
'JOO RY(l)aA(l)/50. 

DO 'JO 1 I • 3 Ii , 4 4 
901 RY(l)•AC1)/10. 

00 902 l:a45,64 
'l02 RY(l)•A(I) 

00 9 O 3 I • 6 5 , 3 9 
905 RY(l):aA(l)•4. 

DO 9011 I •!ltl, '17 
904 RYCl)•ACl)•40. 

00 905 l=~JS,lfll 
'JO!.i RY(l),.HY('.17) 

DO 907 1•102,103 
997 RYCl)•A(l)•lOO. 

DO 90P. I •ltl/1, 111 
90U RY(l) ■ ,,(1)•40. 

DO 90~ 1•112,117 
~O!l 1W(l)•ACl)•4. 

no 9111 - -, ;,. li 3, 12 ~ 
910 f.:Y(l)•,'\(l)•lU.O 

DO 911 l:0130,147 
911 RY( I )•A( I) 

l>O 912 I ,. 1112, 15 3 
912 RY(l):oA(l)/10. 

00 913 f:olS'J,200 
913 RY(l)•ACl)/50. 

DO 100 l•l,U 
Y(l):af1Y(!) 
ALOCW( I) •ALOGlO ( RV (I)) 

1011 RX(f):a(l-l)•OELX+RXl'lrl 
tm I iE ( 6, 5) 
\JRITE (6,3) (RY( I), l•l,tl) 
I/RITE (6,2) 
\JR I TE ( 6, 'J) 
tmlTE (6,l 1l)(ALOGV(f),l=l,ll) 
\-IR I T( ( 6 , 2 ) 
\In I TE ( 6, 5) 
\lltlTE (6,3) (nX(l),f:al,tl) 
\/RITE (6,2) 
ll3aN-3 
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C THE F ll~ST X - '/ALIJE I:, c11nsrn T(') BE -5. 0 r•r· 
C 

DO 125 f al,N3 
RX ( I ) a RX ( I+ 2) 
RY(l):aALOGY(l+2) 

125 cor:rrr-llJE 
C 
C PLOT LOGfUTllt4 or- llffF.rtSITY vs. x-cnnr.iril~l;-\TE. 
C 

CALL PLOTX (RX,RY,H3,10,6,-S.,6.0) 
C 
C FOllRIER Tl1AIISFORt'. f'IATA. 
C 

CALL FFT (Y ,11,l,\·/ORK) 
\JR I Tl: ( 6, 11) 
WUTE (6,3) CY(l),1:sl,fl) 
\In I TF. ( G, 2) 
00 200 J=l, ll 
!1O(.[i:zV(J) 
RY(J)=Ci\l\;,(l!OLIJ) 
FR(Q:a( J-1) /!1N/PF.LX+F1' I 11 

2 a o RX< J) = LJ\l"Di\ * Z • rnE 11 
CALL SIi i r-TCRY, t.l.) 
R'ff.\AX=RY ( l) 
DO 250 I :a2, ii 
IF (f!Y( I) ,1;T .RYl'AX) RYl-'f1X:aPY( I) 



C 

250 COlff I IIIJE 
DO 260 I •l,11 

2GU RY( I) :zRY( I) /RYl'J\X 
tmlTE (6, 7) 
\/HITE (6,3) (RY(l),lsl,tl) 
\JnlTE C 6, 2) 
I/RITE (6,8) 
\/RI TE ( 6, 3) (r.X( I), I =1,rn 
iJTU TE ( 6, 2) 
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C PLOT TIIE CE!ITEH POP.TIO!~ OF Tl!E r-n1•nJEP. TPMl!':Fflr,· :"'/\T,'\. 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

flA(1:s4 2 
H5TJ\RT=-01-l~AG) /2 
IF Cl'M.I.T.O) r,n TO 400 
DO 150 1 •l,/ 41\Ci 
RXl'ACi( I) :sit~( I +rlSTJ\RT) 
RYl•A<H I )=-ll'f( I +IISTI\RT) 

1s11 crmr 11111E 
CAl.l PL0TX(nXl'Ali, RY!';\(1,l'Mi, fi, 5 ,-31)0., 1.0) 

1iou crrnr I MUE 
CALL EllOPI. T 

1 FORl1/\T ( 10 I 3) 
2 FORl~/\T(//) 
:; FORfi/\T (1X,10E13.5) 
4 FOfW/\T (SUX, 1 FIRE!< nPTIC nti.Ti\ 1

//) 

5 FORf'AT (S8;{, 1 1t1TE!~SITY '!t\LIIES 1
//) 

1, FnRr:,\T < 1rn:<, 'x-cnnRP 11l;\TF.: 1 ; n 
7 FOntlAT cr~s~,'FOtJRIER Tr-1\rl!iFOIW or- IIITrn~ITY (rlnP.l•Ar.liEn) 1//) 
U FOIU'/\T (511~, 1Ff?E01'E!lCY !'>lAIIF. C01Wf'IMITE 1//) 
!l FORfl/\T (52:<, 1L011RITI!!' C'F lllTrn:;ITY 'l;\ltlE!. 1//) 

ll) Fom:AT (lX·,lOF13.5} 
ll FORl 1AT < 60:,, 1 0UTPUT OF !!f.'r-7IT 

STOP 
ENIJ 
SUBROt/T III E PUlTX ( P, (1, 11, t!PT, ~•n.r, rr· Pl, nr•;\Y.) 

P • X-AXIS ARRAY 

'1 • Y-1\X IS /1.RRA Y 

M • rlt!PBER ()F fl() I rns TO 13F. PLOTTEO 

tlPT,. rR1!'BE!1 OF DIVISIOflS 1\l(Hlr, Tllf: X-AXIS 

NQT = tWl'flER 0F Ot'/I5I01I5 /\LOil(; T1tE X-1\XI'.; 

Pf.1111,. l'-lf!IIH:rl 1/i\LUE nr- X - J\Xl!'.i 

[11-lAX =11AX I r·ur1 '/ AL tJE OF Y-A.X IS 

PS I ZE ,. LE!lr,TH OF X - ;\X 15 (IM I flC!IES} 

Q51ZE = Lrnr.rn ()FY- ASl5 (IN IIICl!f:5) 

D I 1-~ Ell S I O 1-l P ( l ) , fl ( 1 ) , R ( 2 0 0 ) , S C 2 O O ) 
PSIZl:•5.5 
QSIZE=S.S 
flPTl=IIPT-1 
l~(lTl=llf"lT-1 
?Fi\CT=-1. 0 •PS I 2'..E/ 2. / Pf' I ri 
O.FJ\CT=QS I H/Ql-!A : 
(lMlll=fJ.O 
(1TOP•<15 I ZE 



C 
.c 

PT I CI~=- PS I Z E / M PT 
XZF.RO=-lf PT•PT I c:~/2. 
QT I Cl~=rtS I ZF./flQT 
DO 500 l=-1,1' 
R( I )=P( I )•PF/\CT 

500 S(l)=Q(l)•~F/\CT 
CALL PLOT (O.o,a.a,3) 
CALL PLOT(PSIZE,0.0,2) 
CALL PLOT (PSIZE,QT0P,2) 
CALL PLOT (0.0,!lTOP,2) 
CALL PLOT (0.0,!'lJ'IN,2) 
DO 600 I al,l-lPTl 
Tl CK=- PT I C K * I 
CALL PLOT (TICK,0.0,3) 
CALL PLOT (TIC~,0.0625,2) 

600 COIJT I IWE 
DO 700 1=-1,1!0.Tl 
TI CK=QT IC!~• I +OJ' IN 
CALL PLOT (0.0,TICK,3) 
CALL PLOT (0.0625,TJCK,2) 

100 corn 11rnE 
CALL PLOT (XZER0,0.0,-3) 
CALL LlllE CR,S,/ 1,l,O,l) 
CALL PLOT (l0.0,0.0,-3) 
RETURN 
mo 
SUl'lROUT ltl[ SIii FT (\/Sil I FT, ro 

C THIS S11!3ROIITIN[ REMRANGES TllE O!ITPIIT nr- THE FFT ~nw:-rnr: Tn 11RT,\f1J /\ 
C CONVE!IT I ONAL PU')T nF T!IE FntJR I ER TRAllSFl1P.1 1 , I. F.. A PU~T F(')f'H' -PI Tn Pl, 
C I f~5TEAtlD OF O TO 2PI • 
C 
~ 

DII-IEIISION VSIIIFT(512) 
HIIALFafl/2 
no 10 I ,. l , 111 '" L f. 
TEl'P.,.1/SHI r-TCf!IIALF+I) 
VSII I FT 0111,-\1.F+ I) a 1/SII I FT( I) 

111 VSII I FT( I) ,.TEIIP 
RETUr.11 
E!IO 

// r;o. PLOTT /\PE rm DSU•SYSPLOT, l 111 I T•T,-\PE 7, [11 SP•OL['l, V(')L -~ rn-,•opn Is 
II 
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APPENDIX F 

TRANSFORM PLANE INTENSITY DATA FOR THE CASE on 1> l 

In Section 4.5 of the main text we discuss the 

measurement and processing of transform plane intensity 

data when the parameter on 1<l. It is found that infor­

mation about the absolute value of the correlation coef­

ficient, IP(i;"-i;')I, could be attained by processing the 

intensity data. The processing involved subtracting or 

deleting the central spike due to the edge, Fourier trans­

forming (FFT) the resulting data, then normalizing. The 

steps of the process are discussed in detail in Section 

4 . 5 . 2 . 

Heri, we illustrate the effect of this processing 

when using an edge in which on 1> l. The correlation 

coefficient for this edge is shown in Fig. 4.9(b). Fig­

ure Fl contains the transform plane intensity data pro­

duced, and the estimate for Jp(i; 11 -i;')I using the entire 

data set, i.e., with the spike. For these measurements 

on= 1.34. Note, for larger on 1 the spike does not dom­

inate the pattern as in the case of s.mal l o:n.1 (Ji.gs. 

4. 14-4. 16). This makes the decision of where to truncate 

the spike more difficult. In Fig. F2 the spike is trun-

cated in (a) and the associated estimate for IP(.; 11 -i;' )I 

is shown in (b). Although there is some narrowing of 

Jp(i; 11 -i;')I in Fig. F2(b), it is not particularly significant. 
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Also, comparing F2(b) with I P(s"-s') I, in Fig. 4.9(b), 

obtained by "photo-digitization," one finds the agreement 

is not as good as for the cases when an 1< 1. This is to 

be expected since for an 1> 1, more than one term from the 

series in Eq. (4.28) should be retained. 
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(a) Intensity measurements of the spread 

of energy perpendicular to the central spike 

for the edge in Fig. 4.9 (b) in which 

crn 1 > l and (b) the associated estimate for 

IP(-; 11 
- ~•)I. The central spike has not been 

truncated. 
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(a) Truncation of the spike for the inten­

sity measurements in Fig. F1(a) and (b) the 

associated estimate for jp(~ 11 
- ~•)j. 




