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ABSTRACT

Diffraction of monochrdmatic light by rough apertures
is analyzed. Correlation functions are derived for the
electric field and for the intensity in the optical trans-
form plane. The expectations calculated are over an en-
semble of edges; their roughness is described in terms of
a second order density and associated characteristic func-
'tion. It is shown that in-plane roughness causes a speckle
pattern. The analytical details are markedly different
from the more usual case in which speckle is caused by
longitudinal phase delay across an extended aperture.
Detailed solutions are presented for serrated edges and
gaps. Both space and wavelength dependences are included
and solutions for cross-correlations of electric field
and intensity are obtained. These are valid for arbitrary
roughness and correlation coefficient. Experiments are
described contrasting the optical transforms of serrated
and sharp edges. The serration causes a damping of the
major spike in the edge transform and it leads to con-
siderable scattering of the radiation. It is shown that
edge statistics may be determined by processing the trans-
form plane intensity measurements. Edge roughness (or
standard deviation) is established from transform plane
measurements along the central spike. For edges and gaps,
intensity measurements of the spread of energy perpendicular

to the central spike are Fourier transformed to determine
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the functional form for the correlation coefficient of

the edge roughness. Two classes of serrated edges have
been fabricated to verify the theory. One group is gen-
erated by plotting computer-generated number sets, with
independently controlled roughness and correlation length,
on microfiche. A metallic edge is then made from the film
images using photo-etching techniques. These edges have

been particularly useful in verifying the theory.
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CHAPTER I

INTRODUCTION

In the theory of diffraction, as in other areas of
physics, one often encounters problems that are best de-
"scribed by a statistical formulation. In such a formula-
tion, one is not interested in the detailed analytic struc-
ture of a particular occurrence. Rather, the objective is
to describe the media or the collection of objects in terms
of overall properties, such as the expected value or cor-
relation of a given quantity. Within this statistical mode
of description, the problem of diffraction of an electro-
magnetic wave by a planar aperture with rough edges repre-
sents a new class of diffraction theory problems.

For roughness which is large on a wavelength scale,
the problem is readily formulated using Sommerfeld's inte-
gral equation, which expresses the electric field in the
right half space in terms of the electric field at the
aperture plane. The aperture field is approximated in the
usual way by letting it equal the incident wave perfectly
blocked by the aperture function, i.e., Kirchhoff's approx-
imation. From this expression, second and fourth order
correlation functions of the electric field can be cal-

culated, the expectations being over an ensemble of edge
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roughness functions assuming monochromatic illumination.

As is demonstrated below (see Section 4.4), the edge
diffraction causes a speckle pattern. However, since the
random process lies only on the edge boundary, its effect
is very different from the usual speckle problem in which
longitudinal roughness causes rapid phase variations across

(1)

the entire aperture. In this context it is noted also

that the calculation of the radiation from a partially co-

(2,3) or illumination fie1d(4) dif-

herent extended source
fers from that for the serrated aperture, analyzed herein.
A computer simulation of diffraction by an edge with

(5)

a triangular serration has been done by Peters. A more
closely related statistical analysis is the Fresnel dif-
fraction at n-half planes with nonuniform edges published

5y PoTisehuk, \8x7:8)

In this work a series of blocking
screens of different heights with superimposed roughness
was chosen to model decimenter and centimeter wave propaga-
tion in mountainous regions. An interesting classifica-
tion of statistical problems in diffraction theory is given

(9)

by Kratsov, Rytov, and Tatarskii. Various formulations
of problems in the statistical theory of diffraction and wave
propagation were also discussed.

A major portion of the analysis presented herein is
devoted to calculation of the optical transform (or far-

field) radiation pattern. The motivation for this emphasis

is two-fold. One, due to the very special structure of the
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field, namely its Fourier transform nature, many expres-
sions are greatly simplified thus facilitating the
physical interpretation. Secondly, the optical
transform plane is of practical importance in optical

(10,11)

processing schemes, such as automatic pattern

recognition.(]2’13) Related to the present treatment,
film grain noise and other image quality degredation can
give rise to characteristic features in their optical trans-
forms which are readily sampled and recognized. Also, edge
finish on aperture and field stops, as well as lenses, can
give rise to scattered light or noise in optical systems.(]4)
In Chapter II the general formulation of diffraction
by serrated apertures is presented. In the formulation a
scheme for classifying statistical problems in diffraction
theory, based on a second order moment of the electric
field, is discussed. This classification clearly shows the
similarities and differences between diffraction by ser-
rated apertures and other statistical diffraction problems.
In addition to the general formulation two specific aper-
ture shapes, namely the serrated edge and serrated gap, are
analyzed in detail using a Gaussian probability density
function of roughness. For each case an exact evaluation
of the second order moment of the field is obtained. An
approximate evaluation of the cross-correlation of inten-

sity for a serrated edge, a fourth order moment of the

electric field, is also discussed.
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Chapter III addresses the question: How can the sta-
tistical properties of the serration be determined from
measurements in the optical transform plane? Here, an ex-
pression for the_expected value of intensity in the optical
transform plane, produced by an edge of Gaussian roughness,
is expressed as a power series whose terms involve the cor-
relation coefficient of the serration. By the technique
~of reversion of series, the equation is inverted; yielding
the correlation coefficient expressed as a series of terms
involving the expected value of the intensity.

In Chapter IV remote sensing experiments using com-
puter-generated edges are described. The computer-generated
edges allowed independent control of edge statistics,

i.e., the standard deviation and the correlation coeffi-
cient; consequently were useful in verifying the theory.

A recapulation of the major results of the research

is contained in Chapter V.
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CHAPTER II

THEORY FGR THE SERRATED APERTURE

2.1 Introduction

In this chapter a theory for the diffraction of mono-
chromatic 1ight by a serrated aperture is presented. The
problem is formulated within the framework of Rayleigh-
Sommerfeld diffraction theory; with the aperture (or in-
put) field being approximated as the incident field, per-
fectly blocked by the aperture function (Kirchhoff's ap-
proximation). It is of particular interest to examine how
the edge statistics in the aperture plane map into the dif-
fracted fie]d; and the effect of these statistics on the
spatial and wavelength dependences of the pattern.

Section 2.2 contains a general formulation of the
problem in terms of an arbitrary serrated aperture func-

tion, A together with a scheme for classifying various

-
statistical problems in diffraction theory.

In Sections 2.3 and 2.4 the theory for particular
geometries, i.e., the serrated edge and serrated gap is
given. For each case an exact, closed-form, algebraic solu-
tion for the second order central moment of the electric field

is obtained for Gaussian distributed roughness, see Egs.

(2.34) and (2.100). An approximate solution for the fourth-
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order central moment of the field, for a serrated edge, is
discussed in detail in Section 2.3.2B, and summarized by
Eqs. (2.75) through (2.78). .

For the serrated edge, we prefer the singularities in
the solution attendent to the idealization of an infinite
aperture rather than added notational complexity which
tends to obscure the main theme. The effect of a finite
aperture in suppressing the delta-function singularity is
well-known, and published results for the optical trans-
form of an edge with a finite aperture can be reviewed for

comparison.(]’z)



2.2 General Formulation

2.2.1 The Diffracted Field

A serrated aperture Ar(a,y), located at the z=0
plane, is illuminated by a plane-polarized, monochromatic
wave traveling in the positive z-direction, as in Fig. 2.1.
The coordinates (&,y) denote a point in the aperture plane
and (x,y) denote the coordinates of a point in the observa-
tion plane.

We represent a tangential scalar component of the in-

‘cident electric field as a complex function of position,

Einc(E’Y)' Einc(g’Y) is related to the real electric field
. Re :
variable, Einc(g’Y)’ as follows:
Re . - -jwt
Efnc(Esv3t) = Re(Ey, (&,7)e™'¥T) . (2.1)

The corresponding complex component of the diffracted field,
E(x,y), can be expressed as an integration over the (&,y)

(2),

plane in the well-known form

£(x.y) = ff detvA (e t(EE; (E)S(xy3Ew) (2.2)

where the field component exciting the (£,y)plane is written
as a product of three terms: the incident field Einc(g’Y)’

the blocking function Ar(g,y) defined by



Fig.

2.

1

Coordinate system for the serrated aperture defined

by the curve Ar(E’Y)'

_OL—
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1, for (&,y) inside the curve A,

Ar(gaY) = ’ (2'3)

0, otherwise,

and a transmission function t(£,y) whose magnitude lies be-

tween zero and one,
0 < [t(g,y)] 1. (2.4)

t(g,y) allows for the possibility of structure inside the
curve Ar' With exp(-iwt) suppressed, the exact form and

the paraxial Fresnel approximation for S(x,y;&,y) are given
by Eqs. (2.5a) and (2.5b), respectively. R equals [(x-g)2

i
+ (y-y)2 +'20]2, k equals 2m/X - the wave number (X = wave-
length of 1ight) and z, is the distance between the aper-

ture plane (&,y) and the observation plane (x,y).

. Z
S(x,y3&8,y) = - e—x%%{l-f— (ik - JR—) (2.5a)
-ik exp(ikz.) .
S(x,y3E,v) = s 0 exp(gzk[(X-é:)Zﬁ“(y-Y)z]) (2.5b)
0 0

In Tater sections, we will be concerned with the cal-
culation of both second and fourth order moments of the
electric field. The general form for the second order

term is writted from Eq. (2.2) as follows:
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E(x],y1)E*(x2,y2)i/gg;]fds'di"dY'dY”Ar(E',Y')

*

o AR(E" )ty ) eR(E Y )E, (B y )EY ((E".Y")

inc
© S(Xy5Yy13E" Y )S*(%55y03E"Y" ). (2.6)

The expression for the electric field in the optical
transform plane is obtained by placing the observation
(x,y) plane at the focal plane of a converging spherical

wave. The paraxial form of E._ _(&,y), representing a con-

inc
verging wave which focuses at z = Zy> is given by

2y/(22 )1, (2.7)

B (857) = expl-ik(g® + v .

inc
Equations (2.5b) and (2.7) are then substituted into Egq.
(2.2) yielding the electric field in the optical transform

plane,

E(x.y) = A ff deavA (e.v)t(E)expl-1(xE + )] (2.8)

where A is a complex quantity defined as A 5[-1k/(2nzo)]

2 2)

-exp[ikzo + ik(x + y /(220)]; and the generalized co-

ordinates k and n are defined as
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K E kx/z0
n = ky/zo. (2.9)
2ulnl Classification of Statistical Problems in

Diffraction Theory

In the literature a large variety of problems
has been published by researchers in the field of statis-
fica] optics. It is thus worthwhile at the outset to
classify various statistical problems that arise in dif-

(3)

fraction theory. OQur scheme for classification is based
on Eqs. (2.2) and (2.6). We group problems into four
categories depending on whether the ensemble average is
over the aperture, the transmissive structure, the il-
lumination field, or the medium between the two planes.

These four cases call for ensemble averages, denoted by

brackets <...>, as follows:

<ALAL*S s SETEEw
ror aperture diffuser
boundary
<E;'nc ;:c> and <Sls“*>medium )
field

coherence

The prime and double prime superscripts have been used to

denote the arguments in the functions corresponding in an
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obvious way to Eq. (2.6); but note that A. has the same

functional form as Ar’ Ar’ efc.

As can be seen from Eq. (2.6), the cross-correlation
<E(X],y])E*(x2,y2)> is directly coupled with the correla-
tion function of the random process. Although each cate-
gory represents a distinct physical situation, it is noted
that the cross-correlation of the diffracted field pro-
duced from the different cases can often be quite similar -
if not identical. As an illustration of this similarity,
consider the speckle case <t(&',y')t*(g",y")>, in the limit
as the correlation area in the aperture plane approaches

Z6Y0 ;s 1:8.5
<t(g',y It(EFELY g )> > <tlgh, v ) e (g Ly )>

(a zero mean, stationary process has been assumed). In
this 1imit we see the field correlation <E(x1,y])E*(x2,y2)>
from Eq. (2.6), depends on the transmitted intensity at the
aperture plane. This observation is directly analogous to
the Van Cittert-Zernike theorem(4) in the theory of partial
coherence.

Note each category, represented above, can be thought
of as being a statistically pure random process. Mixed
Problems may also be considered. For example, one could
consider the diffraction of partially coherent light by a

Sérrated aperture; or the propagation of partially coherent
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(5)

light in a turbulent medium , Oor any other possible com-
bination of the pure categories.

It is also noted this is not an exhaustive listing
since the temporal statistical case has not been included.
Formally, this is treated using the correlation function
<e(r],t1)e*(r2,t2)> where temporal fluctuations are in-
volved in the time varying electric field e(r,t). In this
instance, Eq. (2.2) is appropriate for the calculation of
the cross-spectral intensity P of the correlation function
provided that Eq. (2.2) is interpreted as the temporal
" Fourier transform of the time truncated field e(r,t), i.e.

T
ET(r,w) =Jf dt e(r,t)éxp(iwt). (2.10a)
=¥

It is the time-truncated field that must be considered

(o]
since, in general, .[|e(r,t)|dt does not exist. Interpre-

- 00

tation of Eq. (2.2) in the sense of Eq. (2.10a), together
with the following theorem from the theory of spectral

ana]ysis(6) allows us to calculate <e(r1¢)e(ré¢-+r)>.

E (Y‘ (A))E*(r 9w)
o 3 Tiis Wi le
P(g1,52,w)- Tim< 5T >

T> o

<e(rystlex(ry,t+)> =(1/72m) f duP(ry,rps0)exp(-1at).
o (2.10b)
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2:2.8 Statistics for the Serration

We Timit our treatment to ensemble averages over
the aperture function Ar(E’Y)‘ Hence, hereafter, the brack-
ets, <...>, will be used exclusively to denote the expected
value over an ensemble of apertures.

In our treatment of specific aperture shapes, two
assumptions are made about the serration along the aperture
boundary. One, the serration is assumed to be a spatially

(7)

stationary process, at least in the wide sense. Secondly,
we assume the random process is a function of only one of
the coordinates in the aperture plane. For example, in the
case of a rough edge (Section 2.3), the serration is repre-
sented by the curve yr(g), i.e., a function dependent only
on the & coordinate - independent of y.

While the first assumption is standard in statistical
optics, the second produces an interesting ramification in
the theory - different from that normally encountered, say,
in a diffuser problem. Taking the random process dependent
only on one coordinate in the aperture plane, allows an ex-
plicit (or deterministic) integration of the independent
coordinate in Eq. (2.2). The effect is a mapping of the
one-dimensional random process at the aperture plane into
a two-dimensional radiation pattern. In optical transform
calculations, this reduction in the dimensionality of the
random process produces a spatial non-stationarity in the

resulting intensity pattern. One consequence of this non-
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stationarity is to allow determination of edge statistics
from transform plane measurements of the expected value of
jntensity - a second order moment (see Chapter IV)."In
contrast, a two-dimensional random process produces an in-
tensity pattern that is approximately stationary. In order
to obtain information about the statistics of the process
in this case, one must consider the fourth-order correla-
tion function <E(x1,y])E*(x],y])E(xZ,yZ)E*(xz,y2)>.(8’9’]0)
In Sections 2.3 and 2.4, an additional assumption is
made concerning the correlation coefficient, p, of the
sérration. We assume the correlation coefficient is non-

zero only over a finite interval, e.g., for a serrated

edge,

p(gu'gl) = 7

arbitrary, when [g"-£'| < ¢/

0, otherwise . (2.11)

This assumption permits exact evaluation of second order
moments appearing in the theory. For the analysis in
Chapter III, the last assumption, concerning truncation of
the correlation coefficient, is not used.

In the discussion that follows, we will adopt the
following notation. First and second order density func-

tions for the random process will be denoted by ¥ and ¢,
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Table 2.1. Density and characteristic function notation(ll)
and selected moment expansions.(lz’l3)
Probabi}ity density function Characteristic function
General
v, (y) ¥,(n) = <exp(iny,)>
¢,0y" .y s0(g"-5")] o [nysnp30] = <exp[ingy, (& )+inyy,(£")]>
Gaussian
exp [-y%/(202)]/(2m0?) exp[-02n?/2]
yl2_2r12ylyll+y"2
b 2 2
L 2R (1'r12 ) exp [- % 02(n12+2r12n1n2+n22)}
[2mo? (1-r 2)/2]
Y2
\/IMl - _ 1
—5 exp (-yMy/Z) , exp (—nM» n/Z) s
(2m) = - -
- o
y n - -
: 1 ™2 ™3 T
yll n -
y = , n = 2 M T 2 G2 "2 1 rs3 rog
— ym — n
3 Pig Tog | T34
yllll n
e ot L 4- L Y‘]4 l"24 P34 ] J ,

in which ro = o(g'-g"), etec.

Moment theorems for Gaussian processes
a) Real random variables, xq, ..., X4

<x]x2x3x4> = <x1x2><x3x4>+< x1x4><x2x3>+<x]x3><x2x4>

b) Complex random process with ¥ ® v(gm):
* * _ * 4 * *
YV, VgV, > = VqVp ><VaV, > + <vgv, ><v

g Y3*
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respective1y. Corresponding characteristic functions will
be represented by ¥ and &, where the Fourier transform
kernel is taken with a plus sign, i.e.,

vin) = [ ay iy (8))exp+iny, (£)).
The notation used is summarized in Table 2.1(11), together
with the functional forms for first, second and fourth
order Gaussian processes. A statement of the Gaussian
moment theorem for both real and éomp]ex variables is also

jncluded in Table 2.1.

2.2.4 Moments of the Electric Field

What are the appropriate correlation functions to
calculate? In our study we are interested in investigating
the spatial and wavelength dependences of the diffracted
radiation pattern. The basic correlation function of in-

tensity u, including wavelength dependence, is given by
Ry = <ulryskqdulrysky)>s (2,12}
noting u = EE*, we write

Ry = <E(xpsyq3K ) E* (XY 13k DE(Xgy03Ko ) EX (X05Y 53K, ) >0 (2.13)

Another important correlation function to consider is
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the second order moment <E]E;>. Thus, the ensemble average

of Eq. (2.6), denoted by
* _ . )
<EqE5> = <E(xq,ysk)EX(x,,y,55k,)>, (2.14)

is written

w5y = ffff e derariara ey mten >

1 ] 1] n ] ] * u "
CH(E Y ) (E Y (8 DES (")

© S(XpaY3E Y )S*(Xg5Y03E"Y") (2.15)

in which state variables are I(x],y];k]) ana II(xZ,yZ;kZ).
This quantity is useful for a couple of reasons. One, if
we let (x2,y2;k2) - (x1,y];k]), <E]E;> becomes <E]ET>,
which is the expected value of the intensity. Two,
the calculation of <E]E;> serves as a fundamental building
block in the calculation of the cross-correlation of in-
tensity, Eq. (2.13).

As will be seen in Tlater sections, the quantity
<E]ET> is identified with the envelope function for the
diffracted energy. To obtain information about fine-scale

fluctuations in the pattern, we must consider the higher

order moment, <E]E?E2E;>. For a visualization of the
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envelope and fine-scale fluctuations in the optical trans-

form plane intensity, see Figs. (4.2 ) and (4.12).
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2.3 The Serrated Edge

2.3.1 Second-0Order Moment of the Field, <E]E;>

Consider an opaque serrated edge (Fig. 2.2) with
the boundary function y = yr(g) such that unity transmis-
sion of a convergent wave E. (&,y) is obtained when

inc
th

y » y.(E). The index sub-r denotes the r"" member of the

ensemble. We represent the aperture function, Ar(g,y), by

AEY) = uly - v, (8)1, (2.16)

where uly - yr(g)] is the unit step function defined as

{1, Y 2 ¥,.(E)

0, otherwise.

iy = y.L81] * (2.17)

Combining Egqs. (2.8) and (2.16), we find the optical trans-
form field at I(x],y];k]) is given by

E(xy,yq3kq) = A dedY uly - y,.(€)Jexp[-i{cy€ + nqv)]
o (2.18)

| = [-ikg/(2mz,) Jexplikyz, + ik (2 + ¥2)/(22,)]

=
1

~
—
|

—k]x1/z0

ny = kyyy/z, (2.19)
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Fig. 2.2 Serrated edge with roughness function, yr(g).
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and the transmission function, t(&,vy), in Egq. (2.8) has
been taken to be unity above the edge, vy > yr(g).

The integral over y in Eq. (2.18) is recognized as the
Fourier transform of a unit step function. Using the shift

(14)

theorem of Fourier analysis together with Eq. (A14),

we write the electric field as follows:

E(X],y],k])=2ﬂ2A]6(K‘] ,n]) = (1/'\]/77]) fdg eXP[-i(Kﬁ*‘n]yr(E))]-

(2.20)

Two fine points are noted. The use of an infinite aperture
leads to the delta function, 5(K1,n]), rather than an Airy
d%sc. The effect of a large circular aperture, a product
term in the integrand of Eq. (2.18), would be a convolution
of an Airy disc with E; of Eq. (2.20). While one does not
want to ignore the finite spread of the Airy disc pattern,
still neglecting the cumbersome convolution does Tead to
helpful simplification in the notation.

Second, the Fourier transform of a unit step func-
tion has been taken as wé(n1) - (i/n1), which implicitly
means the principal value should be used for any subsequent
integration involving the (—i/n]) term. This condition is

(15)

denoted P.V.(-i/n]) by some authors, but we find this

adds needless complication to our notation herein. The
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details of this point are discussed in Appendix A.

The second order moment'<E]E;>, defined in Eq. (2.14),
can be calculated directly from Eq. (2.20); and in Chapter
III this will be our starting point for the discussion of
remote sensing of aperture statistics. However, at present
we note that central moments, such as<(E]—<E]>HE§-<E;ﬂ>,
give a systematic grouping which Teads to considerably

simpler algebra than directly forming <E]E;>. The central

field quantities E] and EZ are defined as
] = E1 - <E]> and E, = E2 - <E,>. (2.21)

Hence, the central moment form of the cross-correlation of
. ' * 3
fields, <E]E;> = <(E1 - <E]>)(E; - <E2>)> is expanded and
regrouped. The following equation gives the cross-correla-
tion grouped in the preferred order of calculation:
* * *

<E Ey> = <E E,> <E]><E2>. (2.22)

The second term on the right of Eq. (2.22) is cal-
culated by forming the product of the expected values from
Eq. (2.20). The result is

<Ep><Ep> = 4nPALASS (kg )6 () [n8(ng) - (i/ng)¥(-n;)]

» [m6(ny) + (i/n5)¥(n,) 1. (2.23)
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In Eq. (2.23) ¥ is the first order characteristic for the
random process yr(a). For the calculation of <E1E;> both
first and second order characteristic functions are needed.
The notation is summarized in Table 2.1.

The calculation of <E]E;> proceeds by substituting

Eq. (2.20) into Eq. (2.21), the resulting expression is
<EEp> = [A1A;/n]n21ffd€'da"exp(inza“ - ikq€") [<exp(1‘n2yr(£“)—1‘n]yr(£' )>
- <explingy, (£ <expl-inyy (25| . (2.24)

The rationale for computing central moments can now be seen.
It is evident from Eq. (2.24) that the main contribufion to
<ElE;> comes from the interval which exhibits significant
correlation between the points &' and &". This is clari-
fied by the following evaluation of Eq. (2.24).

For the evaluation we adopt the assumption discussed
in Section 2.2.3, concerning a correlation coefficient of
finite length, see Eq. (2.11). Using this assumption we
can rewrite Eq. (2.24); noting that the integrand is
identically zero outside the interval |&" - &'| < €y-
Adopting the notation of Table 2.1 gives
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g'+e,

f d&" exp 1x<2F,")

etnpingietem-g1)) - w-np)viny)] . (2.25)

Letting &, = g" - g£' in Eq. (2.25) we obtain the result:

€
. 2mAAS - .
<E]E2> = _— S(KZ-K])de-l exp(1x<2£])
-€
0
Jotngangie(z)) - ¥enp¥(n,)] - (2.26)

Thus, using Eq. (2.22), we find the general expression for
the cross-correlation function of the electric field is
given by summing Eqs. (2.26) and (2.23). While a finite
correlation length e has been assumed, no assumption has
been made on the r-m-s roughness, and the functional form
for the correlation coefficient is general within the
specification of Eq. (2.11).

The integral appearing in Eq. (2.26) is fundamental
in the theory of the serrated edge and serrated gap; and
will appear repeatedly in later sections. For these

reasons, we assign it a label, G(-ﬂ],nz;Kz).



-28-

g

0
G(-n] ,nz;KZ) = f dE]EXP(TKZE] ) [@(-n1 mzsp(i])) = ‘1’(-71] )\y<n2)]
©o (2.27)
Thus, Eq. (2.25) can be expressed as
. 2mAjA,
<ElE2> = —ETHE— cS(K2 - K])G(—n],nZ;Kz). (2.28)
A. Evaluation for Gaussian Density of Roughness

For the serration, assume that the probability
density function for heights is jointly normal. From

Table 2.1, we write
5 (- 10(8)) = exp(-02(n,-nq)%/2)
n1,n2,p p ”2 T]-I

+ exp(-0°nynyll - p(£)1) (2.29)

¥(ny) = exp(-o®n3/2). (2.30)

For a Gaussian edge yr(g), using Eqs. (2.29) and
(2.30), we rewrite Eq. (2.27) as
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=]

) 0
G(-n1,n2;K2)= _/. dg eXP(iKZE){[EXP(-GZ(HZ-n])2/2)
-€

. 'EXP(‘Gzn]nz[] = D(g)])]

- expl-o?(nf + nd)s2)l . (2.31)

Equation (2.31) can be integrated for a wide variety of
correlation coefficients p. As an example of the evalua-

tion, we assume the correlation coefficient is given by

the triangle function A(g/eo), i.e.,

1 - Ig[/eo, when |g]| < €5

o(g) = A(g/ey) =
0 , otherwise . (2.32)

Substituting Eq. (2.32) into Eq. (2.31) and integrating

16)

using Eq. GR-2.663-3( , we obtain the following result:

2 eXP[-GZ(nZ-n])Z/Z] { Ozn]nz

G(-nq5n5iK,) =
2 (Paynyleg) P+ ()0 | %o
2
2 s e :
+exp(-o ”]”2) - —— cosk,e, *+ Kysinkase,
J )
-2exp[-o%(nf + n3)/2][sinlkye ) /kp] . (2.33)

The expression for the central moment of the serrated edge

with Gaussian roughness of arbitrary o and €6 is obtained
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by writing Eq. (2.28) with G given by Eq. (2.38), and A1’2,

K1,2 and 1,2 defined in Egq. (2.19):

. 2mAqA,
ES> =

<E ——
172 NNy

5(K2'K])G(-ﬂ],n2;l<2)- (2-34)
As detailed in Appendix B, the central moment term

corresponding to intensity is written from Eq. (B5):
* * ¢
<EyEy> = [A4A{/(ny)712L, G(-nysngsky) [2.88)

in which the large scale length (ZLX) isLused as a limit
form for the x-dimension, arising from j'x dg'exp[ikzwﬁ)g']
as Ko > Kq. G(-n],n];K]) is obtained ;rém indicated vari-
able changes in Eq. (2.27). Expressed in the character-

istic function notation, the result is

I
0
G(-n1 sn'l ;K]) = f dieXP(W]E) [@[-n] aﬂ];o(i)]-‘l’(°n1)‘i‘(n1 )] .
o (2.36)

For the Gaussian density, we obtain

g
0]
6(-nyimyiey) = deexp(iny) [exp(-oPndl1 - o() -exp(-o%n)]
o (2.37)

and analogously to Eq. (2.33), we find

2.2 2 2
6=y a3k ) = —gp2 P b 20 ostere Y sinere )
‘ﬂ],ﬂ],l(] 2 2 o - CcOoS K-]€O K] K-IEO

(oznf/eo) +<] € 0

)/K]]. (2.38)

'exp(-02n$)}- 2exp(-02n$)[sin(K]eo
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2.3.2 Fourth-order Moment of the Field, <E157£ZE;>

We now wish to consider the spatial and wavelength

dependence of the fine-scale intensity fluctuations in the
optical transform pattern, e.g., see Fig. (4.12). To this
end, it is instructive to calculate the central moment of
fourth order <E]ETE2E;> and see the dominant role played by
the second order central moment, <E]E;>, already computed.
Other terms involved in Ru = <uju,> are listed in Appendix
B. Using Eqs. (2.20) and (2.21), we write a general ex-

pression:

<E]E?E2E§> = [B/(n1n2)2]‘/‘fjf dE'dE"dE"'dE""exp[i (_K]EI+K]EII_K‘ZEIII+K2£HN)]
. <[exp(-1n]y;) - ¥(-ny) Ilexp(ingyy) - W(n1)]

+ [exp(-inyyp') - ¥(-n,) Jlexp(in,yp")- ¥(n,) 1>
(2.39)

where y; =y . (€'), yp = y.(€"), etc. Note, the primes

denote different positions along the same edge Y. - not
different members of the ensemble. The multiplier B de-

fined as B = A1A?A2A; is written using Eq. (2.19) as

B = 1/(r,A,2%)2

1222, (2.40)
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The exponentials in Eq. (2.19), including time dependences,

exactly cancel.

An approximate solution of Eq. (2.39) is written in
Sec. 2.3.2-A for the case of small roughness and normal
density of heights, ¥ps These assumptions permit us to
use an expansion of the fourth order expectation in the
integrand in terms of products of second order. These
integrals are evaluated and a useful solution is readily
obtained. In Sec. 2.3.2-B a general solution is derived
for arbitrary foughness. Direct integration of the fourth
order moment leads to a solution that is seen to contain
three dominant terms. In Sec. 2.3.3 the general solution is
shown to reduce to the prior solution for the special case of
small roﬁghness. A 1limiting form for the solution for

large roughness is also discussed.

A. Evaluation of fourth order central moment for
small roughness
From the form of Eq. (2.39), the essential
statistical calculation involves an expectation of a prod-

uct of four terms. Let z] denote one of these:

zy = exp(-inqy.) - ¥(-ny) (2.41)

2 12>.

<exp(—1n]y;)> and ¢° = <y, For small

where W(-n])

values of anys the form of Z4 is approximately



"l.

N
—
]

= 1 + in]y; t oiee = W(n1)

He

& ]
Z4 iny,. - (2.42)
Thus z, is normal for small an, provided that Ty is norm-
ally distributed. Substituting Eq. (2.42) together with

analogous terms for zT, Zs, Z; into Eq. (2.39) gives

<E E E2> = B./.fffdg dE"dg"' dg""exp[ (c; +|< _Kzgul +I<2£"")]

<Yy yttorectlet /(2L ) Jrect[g"/ (2L, ) Irect[g"! / (2L, ) Irect[E""/ (2L ) ].
(2.43)

In Eq. (2.43) a rect function formalism is used to indicate
the finite aperture along the g-direction. The function

rect[g'/(ZLX)] is defined as

1, le | st
rect[g'/(2L,)] = { o (2.44)
0, otherwise.

This will greatly simplify the interpretation of the
speckle pattern for fine-scale variations and wavelength
dependence. Equation (2.43) is evaluated by direct appli-
cation of the Gaussian moment theorem for real variables
listed in Table 2.1. This results in three similar inte-
grals, which are denoted by Dl’ DZ’ D3, respectively.

As an example, consider 02 resulting from the moment
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product <y y'"><y pyp'> and written explicitly as follows:

0, =o'/ f/' dg'de"de™ de™ exp [1 (k8" +p8" -2+ 2"

- p(g"-g")o(g" -g" Jrect[g' /(2L ) rect[g"/ (2L, ) Irectlg™ /(2L )]
- rect[g""/(2L,)]. (2.45)

Equation (2.45) separates into the product of two double
integrals. Then, it can be integrated substituting from

Eq. (2.32) for p and using Fourier transform theorems as

follows:

] [é1n[ <,=kq )L, ] (S1n(K]€ /2)) . 2Lxsin(K]Lx)]
K

1
2 48(0 Lxeo l (k -K1)L (k 5 /2) K]LX
1

(KZ-K])LX (kZeO/Z) P

[éin[(Kz-K])LX] (sin(Kzeo/Z))z ZLXsin(KzLx)}
27X
K

2
(2.46)

The asterisk denotes convolution with respect to the vari-
able indicated, K9 and Kos respectively.

In Eq. (2.46) the convolution by 2LX51n(K2LX)/(K2LX)
causes only a slight spreading of the other function when

Lx is very large. However, the multiplier terms of the
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form sinl(ky £ k)L 1/[(x, £ ;)L 1 exhibit oscillatory or
jnterference pattern behavior. This latter term describes
the speckle pattern, e.g., the fine scale space and wave-
lTength dependence. Hence, these terms are retained, and

in our approximate solution the convolution can be sup-
pressed or neglected. ,D] and D3 are evaluated in a similar
manner. The solution for the correlation function in

Eq. (2.43) follows:

fm * * —
where
o ofsinleie/2)]F [sinle,e/2)]
D, £4B(o"L 5 .
1 (o xso) - (k]eo/Z) (KZEO/Z) 2.4
o fsinlleymeg Il TP fsinteqe /20 P [sintege /20
D2-4B(c Lxgo) (k,=kq L (ke /2) (ke /2 >
| 27V )L Vo 270" "7 ]
- (2.49)
Y )Z’sin[(sz])LX]'Z'sin(K]eo/Z)'2’s1‘n(.<230/2ﬂ 2
S4B{g L &
L X 0 (K2+K])LX i L(K]EO/Z) ) (KZEO/ZS_
(2.50)
B. Fourth order moment for arbitrary roughness

Equation (2.39) can be solved for arbitrary
roughness, o. In the evaluation we assume jointly normal

statistics for the serration yr(g), as in Table 2.1; and
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the ratio eO/Lx << 1. The details of the calculation are
contained in Sections 2.3.2-B1 to B5 below. In Section
2.3.2-B5 we evaluate the dominant terms of <E]E?E2E;>.
The solution is given in Egs. (2.75), (2.76) to (2.78).

B1. Counting method for evaluation of <E]E?E2E;>

We evaluate Eq. (2.39) assuming the roughness of
the edge can be represented by the fourth order normal den-
sity as in Table 2.1. Consideration is limited to the case
for which the correlation interval, €5 in Eq. (2.32), is
finite and small in comparison to the length of the edge,
i.e., €y << Lx' The general equation for the fourth order
central moment, Eq. (2.39), is rewritten with finite inte-
gration élong the edge explicitly characterized by the rect

functions as follows:

<E]ETE2E;> = [B/(n]nz)zjfffﬁgldgudgm dE"“exp t‘ (_K]£|+K]€U_K2£m +K‘2€"" )]
<L (8" )2y *(e") 2, (8" )2y%(g" ") >rect[g' /(2L ) Jrect[£"/ (2L, ) Irect[g" /(2L )]
-rect[g"”/(ZLX)], (2.51)

where
Z](g'> = exp['in]yr(g|)] - ‘V(-ﬂ]), etC., (2-52)

and rect[g'/(ZLx)] is defined in Eq. (2.44). For arbitrary
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g, direct evaluation of the fourth order expectation and
integration is required for Eq. (2.51), since in general

z and z, are not normally distributed and expansions in
terms of second order moments are not known to us.

In the four-dimensional integration over (&',8",8",g""),
there are only a few regions contributing since <z1z?zzz;>
js zero except in these regions. As shown below, the
assertion of finite correlation length and the form of Z1
and z,, in which the characteristic function is subtracted
from exp[-inyr], are responsible for this. Define P by

*

Pow <z (8')2](EM)2,(6") (" )> . (2.53)

Consider writing P as the sum of several mutually exclusive
terms using "indicator" functions in the variables (&', &",
g", g"") so that only the appropriate term contributes at
any point. The integration in Eq. (2.39) then becomes a sum
of\separate integrals over the regions defined by the in-
dicator function.
1) Let &' be distinct from £",£"',&"" by more than
the correlation interval. For the normally dis-
tributed random process, this assures the in-

dependence(17) of yr(a')and Eq. (2.53) becomes

*

P = <z (g')><z (E" )z, (" )z (E"" )>= 0, (2.54)
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since <z](£')> = 0. The function P is zero of
course when any & of the four is distinct from
the others by more than €y

Correlation in pairs, excluding mutual correla-

tion between the pairs.

L]: IE" _gll S EO IE'" 'Ell > €0
IEHH' E"II S € Igm _gul > e

0 ° (2.55)
I‘S""-gll > eo
Igun_gul > 50
LZ: Igml_gll s EO lgu _gll > €0
glll _gu S € glll _gl > ¢
'glm_gull > Eo
'guu_gnl N EO
L3: 'EIII_EII < €0 Ign -E'I S eo
gnu -E” < € E"" _gl > ¢

I I 5 I | A
R
lg'”-gul > eo

Correlation in pairs with mutual correlation be-
tween the pairs. These terms are formed by
negating any exclusion term (right-hand member
inequalities) in Eqs. (2.55, 2.56, 2.57). As

an example, one negation of Eq. (2.55) is written
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as Eq. (2.58):

L4: |£u _gll < 80 |£u|_€ll > 80
lguu_gml < Eo IE"‘-€"| S E’o (2.58)
lguu_gul < €0 IE""—‘E'I S 80.

in all there are 34 additional terms, L4 through L37. A
detailed Tisting of this group of integrals is given in
Appendix C. The appendix contains a listing of 12 terms

of the form in Eq. (2.58), 15 terms with four correlation
inequalities (left-member) and two exclusion inequalities
(right-member), 6 terms with five correlations and one ex-
clusion, and 1 term with six correlations. An order of
magnitude calculation for members of this group is dis-
cussed in Sec. 2.3.2-B4. The terms L] through L3 are shown

to dominate those in this category.

B2. Indicator function notation
The integration in Eq. (2.51) is written as the

sum

7
* *_ _
<E EJE,EZ> = Ly + L, + L, +m2=‘,4 L (2.59)

in which the contributions are defined with reference to
Eqs. (2.55-2.58). For example, from Egs. (2.53) and (2.55),

the associated integral L] is given by
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L, - [B/(n]nz)zlff}fda'dg"da“' 4" exp fi(-k)8 Hegg - 8" 4yE™)|

- <z(8")2](8")><z, (™) 25(g"")> rect[g'/(2L ) Irect[g"/(2L,)]

« rectfe™ /(2L ) Jrect[e""/ (2L )Irect[(g"-€")/ (2 ) Irect[(g""-€" )/ (2 )]

(T-rectl(g"-£')/(28,)1) (1-rectl(e™- ") / (25,)1) (1-rectl(g"-5" )/ (25,)])

¢ (1-rectl(g™-g")/ (2¢,)3). (2.60)

The second order expectation <z1(£')zT(£")> can be written

from Table 2.1 as follows:

<zq(g')27(g")> = o(-nqunqyse(E"-£')) - ¥(-ny)¥(ny),

(2.61)
and this reduces to
1 * " — 2_2 n_ gt
<zq(8")z7(g")> = exp[-0"ny]jexp(o n]p[a £'1) - 14,
(2.62)

in which the correlation coefficient is given by Eq. (2.32).
In Eq. (2.60) the prescription for the indicator function
is obtained from Eq. (2.55) and consists of recﬂ]&”—gﬁ/(Zso)]

terms for the correlation (left-members) and
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(]-rect[(i"'-g')/(Zso)]) terms for suppression where cor-

relation is excluded.

B3. Eva1uafion of term L]
In Eq. (2.60), for Lo the four suppression terms
of the indicator function can be expanded. The first term
js unity, followed by sums of the form rect[(E”-_g'b%Zao)]

and higher order products. We will denote the contribution

to L] from the various terms of the expansion as follows:

1,0: contribution from the unity term;

L]’]: contribution from the sum of rect function
(four members in the sum);

L1,2: contribution from the sum of all possible com-
binations of pairs of rect function (six mem-
bers in the sum);

L]’3: contribution from the sum of all combinations
of triple products of rect function (four mem-
bers in the sum);

L1,4: contribution from the product of the four rect
function (1 member).

(2.63)
Thus, the integration of Lys in Eq. (2.60),1s written as

the sum

B +L

1,1 0,2 tL

(2.64)

153 1,4
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A calculation of the upper bound for the terms in Eq. (2.64)
ijs given in Sec. 2.3.2-B4. Here, we evaluate L],O’ the
dominaqt contribution to L]. Equations (2.62) and (2.32)
are substituted in Egq. (2.60) and integrated to obtain the

following form for L] 0°

S

2L _sin(k,L.)

- 2 X 1%
L,07 4BLLy/ (nqnp) ] [é(‘”1’”13K1)* o ]
X K]

(2.65)

2L sin(kol )]
C G(-HZQnZ;Kz)* X AL 2X
2°x Ko

where G is given in Eq. (2.33).

B4. Upper bound for terms in <E1ETEZE;>
Upper bounds for terms L],m’ m= 0,14:.:5s4 are
established in the following manner. From Eq. (2.62), it
is evident that

<2127> <1 - exp(—oznﬁ)

(2.66)
since the correlation coefficient, p, has a maximum value
of one. Substitution of Eq. (2.66) together with an

analogous term for <zzz;> into Eq. (2.60), gives
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Ly <[5/ (g 2101 - exp(-0%n7) 101 - exp(-0%n3)]

ff}f dg'dg"de™ dg"" exp [1‘ (=K &'+ " =k, ™+, ™" )]

-rect[g'/(2L ) Irect[g"/ (2L, ) Jrect[g™ /(2L ) Irect[g""/(2L,)]
-rect[(i"-i')/(Zeo)lrect[(i"“—a"')/(2€0)](1-rect[(£"'-E')/(Zeo)])

(1-rectl(g" -g")/(2¢,)2)(1-rectl(e""-£" )/ (2¢,) 1)
(1-rectl(g""-g")/(2¢ )]) - (2.67)

From Eq. (2.67) an upper bound for each term in Eq. (2.64)

can be established.

For example we obtain an upper bound for L] 0 by

integrating Eq. (2.68).

Ly o€ [B/(n]nz)zl[l-exp(-oznf)][1-exp(-02n§)]

fdg exp( -1y “rect[&'/( 2L ]f dg"exp( 131 “)rect[g"/(ZL )]
- rect{(g"-£')/(2e )]

fdgm exp TKZSHI) rect[g'“/ 2L ]fdgnuexp(.lK.zguu)

- 0O

. rect[g""/(ZL ) Jrect[(g""- "')/(250)] (2.68)
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The £""-integration,in Eq. (2.68), is recognized as a
Fourier transform of the product rect[g""/(2L )]
.rect[(é""-i“')/<2€o)]- Application of the similarity and
(18)

convolution theorems of Fourier analysis permits evalua-
tion of the g&""- integration. Then, by interchanging the
order of convolution and £"'- integration, the g"' -inte-
gration may be performed. Evaluating the &',£"-integration

in the same way gives,

Ly o< 16L2208/ (nynp)*1(1-exp(-o*n?) I[1-exp(-0°n3) ]

[sin(K1eo) . ZLXsin(K]LX):I [sin(mzeo) . 2Lxsin(K2Lx)]
K1€0 (kqly) 3 Koly <

Noting the Sin(K]EO)/(K]€O> terms are always less than or
equal to one and the convo]utioh merely causes a slight

spreading, we write the bound for L] g as

]

L]’Os:16L§e§[B/(n]n2)]2 [1—exp(-02n$)][1-exp(-czng)]

s16L§e§[B/(n]n2)2]. (2.70)
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TABLE 2.2

*

Order of Magnitude of Terms in <E EXELEDS

181828
Term Order of Magnitude*
Ly 0 L3,0 k1.0
Ly,1° L2,10 L3,10 Lg to Ly (eo/LyILy g
L L L etc (e /L.)°L
1,2% F2,0% L3 o3 ' o/tx? L1,0

*Note: The order of magnitude of L] 0 is given in

Eg. {2.70).
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The bounds for succeeding terms decrease in magnitude by

the ratio eo/LX, e.g.,
Ly,q < 16L,e008/(nyny) ] (2.71)
1,1 7 X0 Nqng/ Jd- .

Upper bounds for terms L2 to L37, in Eq. (2.59), are
obtained by the same procedure as above. In Table 2.2 we
1ist some of these terms and their order of magnitude

relative to the term L] 0 in Eq. (2.70).

B5. Dominant Terms
As discussed in the preceding sections, the four
suppression terms of the indicator function in Eq. (2.60),
for L], can be expanded.» Consideration of the integral
term by term establishes that the dominant contribution,
L],O’ results from the first (or unity) term. Neglecting

succeeding terms results in a fractional error on the

order of eO/LX. Thus the approximate form for L] is given

by L],O’ in Eq. (2.65),
2L sin(k,L.)
- 2 [ . X 17x
L] - 4B[LX/(n‘|n2)] G(-T’]] ,ﬂ]aK]) * K]L }
# N K
(2.72)
2L sin(k,L. )
2°X
16(-n,sn55k,) * 2
I 2°'2°72 K2Lx ]

2
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where, again, G is given in Eq. (2.33).
Integrals for L2, L3, L4 can be written in the form
of Eq. (2.60) using Eqs. (2.56), (2.57), (2.58), respectively
to express the indicator function. In an analogous manner
to the derivation of Eq. (2.65), these integrals are
evaluated. The order of magnitude for these terms rela-
tive to L],O is listed in Table 2.2. The approximate

solutions for L2 and L3 are as follows:

N 5 Sin(K2-K])LX ‘ ZLXsin(KZLX)
L2‘ 4B[Lx/(n]n2)] [ (KZ_K])L G('n] ,nstz)* KZL
A K
2
sin(k,=-kq )L 2L _sin(k4L.)
1Tk ?K }L : 6(nqsmngskq)* - i€l —
2 "1'7x 17x
K
1
(2.73)
i} 5 Sin(K2+K])LX ' 2Lxsin(K2Lx)
L3—4B[LX/(n]n2)] |: (K o )—[ G(n] an29K2) * e
2 177°x 27X
K
2
sin(k,+k, )L 2L sin(k,L.)
’ (k EK gL . G(-n1,—n2;K1)* . KL L
2 177x 17x
K
1
(2.74)

Thus, by Eq. (2.59) the solution of Eq. (2.51) has been

found as the sum Ly + Ly, v Ly given by Eqs. (2.72) to
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(2.74). This is written in Egs.

the 1imit of large LX using the

notation explained to obtain Eq.

(2.75) to (2.78) below in
same simplification of

(2.49) from Eq. (2.46).

* % a
<E]E]EZE2> = L] + L2 + L3, (2.75)
in which
L, Z 4B[Lx/(n1n2)]2 ICUPPLEHSDIEICUPPUPFLPY (2.76)
) 5 s1‘n(;<2-‘<])Lx'2
L2= 4B[LX/(T1]H2)] KEZ_K_]‘)LX G('T]] snz;Kz)G(rLls"nz;K])
- (2.77)
) ) Sin(K2+K])qu2
L3=4B[Lx(n]n2)] (K2+K'-l)|.x G(n] ,HZQKZ)G(-nl,-nZ;Kﬂ
) (2.78)

G is defined in Eq. (2.27) and evaluated in Eq. (2.33).

2:3.3 Discussion of Solution

A. Limiting forms of the general solution

The fourth order central moment can be rewritten

for small roughness o. First, from Eq. (2.31), we rewrite

G for small values of on. Expanding the exponentials in

a power series gives
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€
0

(-nponpiny) = f € exp(iKZa{[w - (0% (ny=ny)%/2 4 oPnin,L-p(€) 1)
oy

* o] -[1-02(n$+n§)/2+...”, (2.79)

and by collecting terms Eq. (2.79) is written as

€
0

G(-nqsnysk,) = 02n1n2 Jf dgp(g)exp(ik,g). (2.80)
=€
0]

Equation (2.80) is integrated for the correlation coeffi-

cient in Eq. (2.32) giving
X s 2 : 2
G(-nysngsxy) ¥ o nynye Lsin(k,e /2)/(kye /2)]17.(2.81)
In the general solution the T1imiting form for small on

is obtained by substitution of Eq. (2.81) into Egs. (2.75)

to (2.78). The resulting expression is

* *
<E]E1E2E2> = L] + L2 + L3 . (2.82)
where
. 2y . 2
5 5 5 s1n(K]€0/2) s1n(K250/2)
L-' —4B(O LXEO) (K]go/z) (Kzso/z) s (283)
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sin(k;e,/2) 2 sin(kye /2) 2
] [ (kqe,/2) ] [ (K2€0/2) ] ’

(2.84)

N 2 2F1HK2Iﬁ)L
L2_4B(O LXE l (K_ -K])L

] o 2, . I§1n JzI%in(m1eo/2)]2[sin(KZeO/Z)]Z'
3 l (K +|< )L [ﬁﬁtleo/Z) (K2€ /2)
(2.85)

Comparing Eqs. (2.82) to (2.85) with the solution in
Eqs. (2.47) to (2.50) that was obtained in an alternative
manner, agreement is readily seen.

In Eqs. (2.75) to (2.78) a polar symmetry is evident.
For example, if point I(K],n]) is fixed, the function
E1E]EZE§> is large as point II(Kz,nZ) goes either to
(ky5nq) or (-xq, -ny). For large |on11, the central moment
is dominated by L] and L2 as II - I and by LI and L3 as
IT » (-K],-n1). '

For small [ony[, the central moment in Egs. (2.82)
to (2.85) is seen to be independent of the n-coordinate.
Hence, the polar symmetry exhibited‘by the general solution
becomes reflection symmetry about the y-axis in this case.

Because of this symmetry, both L2 and L3 must be retained

in the solution even in the 1limiting cases.
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B Computations of the second order moments
In the experiments, described in Chapter IV, it
js desired to verify, qualitatively, the analytical form
for the expected value of the transform plane intensity
pattern as produced by a serrated edge. This expression is
obtained by combining Egs. (2.23) and (2.28) using Eq.
(2.22). We find
<EyEy> = AAT| 2078 (kpony ) + (2L /ng ) [sin(ie L

/(L) Jexp(-0%nd/2) |2

*, 2 .
+ (A]A]/n])ZLX G('ﬂ] sn'l ’K]) (2086)

where G(-n],n];K]) is given in Eg. (2.38) and the scale
factor 2L, is written in the second member. In Eq. (2.86)
for the expected value of intensity, the first term is
essentially the Airy disc while the second term shows the
effect of a straight edge modified by the exponential due
to the serration. The third term containing the function
G(-n],n];K]) is entirely due to the serration and can be
seen to vanish in the 1imit o - 0. Equation (2.86) 1is
valid for all values of o, €p° K12 Ny-

Consider the x-dependence of <E]ET>. At small values
of SE the second term dominates the G-term, particularly
when ¢ is small. However, the second term is extremely

spike-like as a function of K4 or x due to the S8-function
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nature of 2L, Sin(K]LX)/(K]LX). The x-dependence of the

ﬁhird member is shown by curves of G(no,-no;K1) VS. X in
Figs. (2.3) to (2.5). In Fig. 2.3, G is plotted as a func-
tion of the transform plane coordinate Xq and the correla-

tion length e _, with the parameter any fixed at 0.5. In

0
Figs. 2.4 and 2.5, G is plotted as a function of X1 and
any > with € fixed at 300 um and 50 um, respectively.
Note, the general shape of G versus X1 is unaffected by
the parameter ong - Rather, the effect of any is to con-
trol the amplitude of G versus Xy - not its shape. The
width of these curves is seen to be largely controlled

by the correlation length €4 of course increasing in

spread of energy as e  decreases.
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2.4 The Serrated Gap

Consider a long thin gap with rough edges (Fig. 2.6)
such that at any &, the open portion of unity transmission

js given by
-w/2 vy (8) <y s w/2+ oy (E). (2.87)

Hence, the gap has an average width w and roughness func-
tions y.. and ¥ o along the Tower and upper edges, re-
spectively. The index sub-r denotes the r-th member of

the ensemble, and we take the length, 2L£, of the gap along
£ to be nearly infinite. As in the analysis for a ser-
rated edge, we adopt the assumptions discussed in Section
2.2.3. Briefly summarizing these are:

(1) The serrations yra(g) and yrb(a) are stationary,
at least in the wide sense,

(2) The random processes, yra(i) and yrb(g)’ are
dependent only on the & coordinate in the
aperture plane,

(3) A1l correlation coefficients, pa’b(g"-g'),

-associated with - and Ypp are zero when
jg"-g'] > e,
Assumption (2) permits direct evaluation of the y-integra-
tion in Eq. (2.8). Performing the integration with the

Timits 1in Eq. (2.87) and taking t(Z,y) equal to unity,
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the electric field, E(xy,yq3ky), takes the form

L
X
E(x yp3ky) = (1A;/n;) f dE'exp(-iK]E')(exD [-1'n]W/2-1'n1yrb(€')]
..Lx
- exp ingw/2 - imyy(2]) (2.88)

where A1, €1 and ny are defined in Eq. (2.19).
The expected value <E;> is computed from Eq. (2.88)
using the notation defined in Table 2.1:

L
X
<E> = (iAy/ng) f da‘exp(-iK]E')(exp(-iﬂ]W/Z)‘i’b(-n])
"

- exp(inqu/2), ;) (2.89)
or
<Ep> = (A /n;) [ZLXsin(K]LX)/(K1LX)] [exp(—in1w/2)\l’b(-n1)

- exp(1n1w/2)wa(-n])] . (2.90)

Equation (2.89) is subtracted from Eq. (2.88) giving the

Ccentral field temnE] = E1 - <E]>, as follows:
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L
X

= (iA]/n'])f dg'exp(-ik €' ) fexp(-in w/2)
el
X

m
\

[exp(-in1yrb(£')) - Wb(-n])] - exp(in]w/Z)

[exp(-inyy,, (")) - ¥, (-np)]y - (2.91)

The central moment <E]E;> is formed from Eq. (2.91)
for output points I(x],y];k])
L

X
<EEp> = [AAy/ (nnp)] [f detagrexnlinye” - icit)
L
X

and II(xz,yz;kZ) in Eq. (2.92).

Jexp(-ingw/2) (exp[-inyy, (£')1-¥, (-n ) ~exp(inyw/2)
(expl-Tngy,q (61117, (np))]
-}exp(in,w/2) (exp[inzyrb(ci“)J-‘Fb(nz)) -exp(-inyw/2)
+(explingy (504, (n,))] (2.92)
The second order moment <E1E;> can be formed as prescribed
in Eq. (2.22), using Eq. (2.90) with an analogous expres-
sion for <E*(x2,y2;k2)> and Eq. (2.92).

The calculation of <E]E;>, in Eq. (2.92), proceeds in

a straightforward way. First, we expand and regroup the
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terms in brackets. This gives

LX

<E, B> = [A]A;/(n]nz)]ffd&'dg"exp(ing"-ik] VT, +T,]  (2.93)
-L
where T, and T2 are defined by
T =eXp[i(ﬂz‘n])W/2]<[exp(—in]y;b)-wb(-n])][exp(inzy;b)_wb(nz)]>

+expl-1(ny=nq)w/2]<[exp(-inyy,. )-¥, (-nq) Ilexp(ingy )=, (ny) 155
(2.94)

T, = -expli (ny#n, )w/2)<[exp(-inyy,. . )-¥, (-ny) Ilexp(in,y,, )-¥, (n,) 1>

~expl-1(ny#n,)w/21<[exp(-ingy ) =¥, (-ng) 1exp(in,yy )-¥. (n,y) 1>
(2.95)

T] can be seen to consist of a sum of two expectations
where one contains only upper edge terms and the other only
lTower or sub-a terms. T] can be evaluated independently of
correlations which may exist between Yo and Yl * T2 con-
tains mixed ¥ and ¥y terms and so can be expected to de-
pend markedly on the degree of correlation between F ory and
Yrp- Note the expectations in T] and T2 involve terms of
the type <272, where z],2 have zero mean. If the correla-
tion interval between Zq and Z, is short, then <292,> has

a sharply peaked value contributed entirely in the
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correlation interval.

In the evaluation of Eq. (2.93), let us make an addi-

tional simplifying assumption:

(4) The roughness functions, y . (&) and Yep(€), for
the upper and lower edge are statistically in-
dependent.

With assumption (4), we see from Eq. (2.95) that T, =

Using this simplification and regrouping T], we write

<EEp> = [A]A’Z‘/(n]nz)]fda'exp(-irﬁa')rect[a‘/(ZLx)]fdi”exp(iKZE“)

-CO

. rect[g"/(ZLX)]{exp[i (ny-ny)w/2] [‘Pb["'ﬁ sn,30(E"-¢' )]-Wb(-n] )‘i’b(nz)]

+ expl-1(np=np w21 {8, [ny amgso(e-£1) 1=, (+np)¥, (n,)]

(2.96)

where rect functions have been used to denote the finite
limits of integration, -L, to L, . In Eq. (2.96), two points
are noted. The first is that the form of Eq. (2.96) is
array-like with respect to the upper and lower contribu-
tions. Second, the E"-integration may be regarded as
product of the function rect[i”/(ZLx)] with the contribu-

tion from both the upper and lower serrations. We represent

one component by the integral Ga(-n1,n2;K2), where
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Ga(-n1 anz;Kz) =f dg exp(1‘<2€) [%[-ﬂ],HZ;O(E)]"Pa(-ﬂ])Wa(HZ)] .
- (2.97)

ysing Eq. (2.97) and the convolution theorem of Fourier

analysis, we write <E1E;> i6 the Farms

<E]E;>= [A1A;/(n1n2)]f dgleXp('i K]gl) Y‘ECt[E'/(ZLX)]

-0

1K2£'
expli (nynq /2] oL sinlicpl )/ (gl Jve 2 6 (=nqangic,)]
K
2
1K2£'
+ exp[-i(nz—n])w/2]{ZLXsin(KZLX)/(KZLX)*e Gz(-n],nz;Kzﬂ
K
2
(2.98)

- in which the asterisk denotes a convolution with respect
to Ko- Interchanging the order of £'-integration and con-
volution in Eq. (2.98), we find the general expression for
the central moment of the electric field in the optical

transform plane:
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*
A A 2L sin[(kx,-cq)L_ ] 2L _sin(k,L.)
x _ 12 Lo X 2 "177x ) X 2”X
<E]E2>"n]n2{exp[1 (nz n'l )W/Z][ (KZ-K])LX Gb(-n] ’nz:Kz)* (KZLX) |<2
2L sin[(k,-k, )L ] 2L _sin(k,L_)
. 2 1°°% X 2°X
+exp(-i(n,-n )W/ZJ{ L G_(-Nysno35K,) % :
2 1 (T<2 K1)Lx a' '1'2en2 (KZLX) <
(2.99)

A Gaussian density of roughness has not been assumed 1in
deriving Eq. (2.99), nor has any assumption been made of

finite correlation length €g-

Noting the convolution with 2Lxsin(K2Lx)/(K2LX) re-

sults in only a slight spreading of the first members, we

write <E]E;> neglecting or suppressing the convolution below:

<E] E2> = NN 2 X TK- K )L [eXp[] (nz'n] )W/Z]Gb("n] ’HZ;KZ)

12 2 "177x

+ exp[-i(ny-ny )W/Z]Ga('”l’”23*<2)]]- (2.100)
A. Evaluation for normally distributed roughness

For the serrated gap, assume that the density
function for heights is jointly normal and each serration
has the same standard deviation, o, and correlation co-

efficient, p(g). From Table 2.1, we write
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@a('n] ,HZ;D(E)) = exp [‘Oz(nz'n])z/z = 02”]“2[] = p(g)]]

exp(-0°n2/2). (2.101)

-
fl

Equation (2.97) can be integrated exactly for a wide variety
of correlation coefficients p. As an example of the evalua-
tion of Eq. (2.97), we assume the correlation coefficient

js given by the triangle function, A(a/so), of Eq. (2.32).
Substituting Eq. (2.32) into (2.97) and integrating gives
Eq. (2.33). The following result is obtained for the cen-
tral moment of the serrated gap with Gaussian roughness of

arbitrary o and e, by rewriting Eq. (2.100) with G given by

0

Eq. (2.33) and Ny o and Ky o defined in Eq. (2.9):

ALAY 2L sin(k,-k, )L
172ty 271
<E]E2> =

X
PR PR Iy 2Gcos[(n,-nq)w/2]. (2.102)
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CHAPTER III
REMOTE SENSING OF EDGE STATISTICS

3.1 Introduction

Diffraction of laser light by serrated apertures pro-
duces a speckle pattern. 1In the literature there are
numerous treatments emphasizing the usefulness of speckle

(]'4). In addition to the spa-

to sense surface structure
tial characteristics of speckle, George(s) et al. have
derived expressions for the wavelength sensitivity of
speckle produced by scattering polychromatic radiation at
frequencies vy and Vo from large roughened spheres. The
wavelength dependence of the pattern was shown useful in
sensing general large-scale features of objects.

In this chapter we derive an expression for the cross-
correlation function <E(x1,y];k])E*(xz,yz;k2)> for the
field in the optical transform plane of a serrated edge
and a serrated gap. The solution, expressed as a power
series, is particularly useful for sensing edge statistics.
The theory for the serrated edge and gap is presented in
Sections 3.2 and 3.3, respectively. In each section the

expression for the expected value of intensity is

represented as a power series in which the terms involve
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the Fourier transform of the edge's correlation coefficient,
Egqs. (3.19) and (3.37). Using Fourier transform analysis
and the technique of reversion of series, the equation is
inverted; yielding the correlation coefficient expressed

as a series of terms involving the Fourier transform of the
expected value of intensity, see Egs. (3.26) and (3.40).

It is found that both edge roughness, o, and the correla-
tion coefficient, p(&" - £'), can be determined from the

expected value of intensity.
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3.2 The Serrated Edge

3.2.1 Second Order Moment of the Electric Field
From Eq. (2.20) the expression for the electric

field in the optical transform plane of a serrated edge is

E(xq¥73kq) = 200A 8y ong )= (i /ny) [ deexpl-1 (g 84y, (£)) Irect e/ (2L,)]
- (3.1)

where

Ay = [-ikq/(2rz ) Jexplikyz, + ik (x] + y§)/(22,)]

N
—
]

Ky %yl 2, (3.2)

Ny = kyyy/z

and yr(g) is shown in Fig. 3.1. As in Chapter II we again

adopt the rect function formalism for the £-integration.
The second moment of the field, including both spatial

and wavelength dependences 1is given by Eq. (2.22) and re-

written Eq. (3.3):

*_ _ *

<EqEp> = <EjE5> + <Ei><E,> , {3:3)
in which,

E1 EE] - <E]> and E, = E, - <Ep> . (3.4)
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Fig. 3.1 Serrated edge with roughness function, yr(g).
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Taking the expected value of the field gives

[ee]

<E]>==2w2A16(K],n1)-(iA]/n])./Bgexp(1K]€)<exp(-in]yr(i))>
-rect[g/(ZLx)]. [3.5)

Evaluating the integral in Eq. (3.5) and adopting the

notation in Table 2.1 yields <E]> in the following form:

5 _ 2Lxsin(K]Lx)
<E]>=2'Tl' A](S(K],T]])-('lA]/ﬂ]) (K]Lx) ‘Y(‘ﬂ])- (36)

The second term on the right in Eq. (3.3) is formed by
taking the product of terms of the form in Eq. (3.6). The
result 1is

2

. . . ZLXsin(K]LX)
<E1><E2>==A]A2 2m G(K],n1)—(1/n]) (Kle) W(-n1)

r

2L sin(k,L_)

(
' 2W25(K23n2)+(1/n2) X(KZL § X l{’(nz)]. (3'7) s
X

The first term on the right side of Eq. (3.3) is formed
by substituting Egs. (3.1), (3.5) and (3.4) into <E]E;>.

This is written as
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<EiEp> [A]A;/(n]nz)l‘/.ﬁa‘ds“exp[iKzi”-im]E' Irect[g'/(2L,) Irectfe"/ (2L, )]

+<(expl-inyy () 1-¥(ny) (expLingy (1) 1-¥(ny)) >
(3.8)

Multiplying the terms inside the expected value symbol,
<...>, and.using the characteristic function notation of

Table 2.1 yields the central moment of the electric field
<E]E;>==[AlA;/(n]nz)].4§?H§'da”exp[iKzg“-iKlg‘]rect[a'/(2LX)]rect[£"/(2Lx)]
-[olenymgsoter-gn) 1 (on einy)] (3.9)
and for normally distributed roughness, we write
<EyEp> = [AAY/ (nyny)] fjfa'da"exp[wza"-m]a' Jrect[g'/ (2L ) Irect[£"/(2L )]

.exp{-cz(n]zmg)/z ] (eXp[OZn]nzo(E"-E' )]-1> :
(3.10)
The desired form of <E1E;> for our calculations is obtained
by noting the g£"-integration of Eq. (3.10) can be regarded
as a Fourier transform of a product of rect g“/(ZLX) times
the exponential function representing the serration.
Applying the convolution theorem to this product, then in-

terchanging the order of £'-integration and convolution
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* i
. __A]Az . [S1n[(K2-K])LX]
X

2L _sin(k,L_ )
; X 27X
&2 = mm, G(-nyonp3K,)x ]K

(KZ-K])LX Kol -

(3.11)
where the asterisk denotes a convolution with respect to
Ky The function G(-n],nz;KZ) is written below in Egq.
(3.12).

G(-nqsngpsk,) = exp[-crz(n]2 ¥ ng)/Z] fdalexp(iKzs])

- CO

(explofnpnpe(e)] - 1) . (3.72)

As explained in obtaining Eq. (2.49) from Eq. (2.46) the
convolution in Eq. (3.11) can be neglected or suppressed,

and we write:

*
AA sin[(k,-x,)L, ]
M7 ik i WY D ,

The main results of this chapter are obtained by
using Eq. (3.12). First, the term exp[czn]nzp(i)] is ex-

panded in a Taylor series,

explonin,e(8)1 = X [o%nin,e(e)1"/nt . (3.14)
n=0
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gubstituting Eq. (3.14) into Eq. (3.12) and interchanging

the order of integration and summation gives

6(-n;n,36,) = expl-0°(nd +15)/21 3 (6Pnyn,)"
n=1

- [ dgqexmlingg; o (&) - (3.15)

The integral in Eq. (3.15) is seen to be the Fourier trans-

th

form of the correlation coefficient to the n power, p"(gl).

Denoting this transform by,
l<

(0" () f dE exp(ic,Eq)0" (£,), (3.16)

we write G as follows:

G==eXp[-dz(n$+r€)/2]§:(02n1n2)nF
n=1

K2(o"(‘z])). (3.17)

The desired expression for the central moment of the
electric field is given by substituting Eq. (3.17) in Eqg.(3.13).
This is written as

AL AS S1n[(K2-K])LX]

<E.E'> = 172

2
2L
172 NNy X (KZ-K])LX

eXD[-Gz(n1+'n§)/2]

Z(Uzn]nz)nFKz(on(ST)) . (3.18)

n=1
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The correlation function of the electric field, <E]E2*>’ can
pe found by combining Eqs. (3.18) and (3.7) using Eq. (3.3).
As seen below, information about both the roughness,
o, and the correlation coefficient, p(E]), can be obtained
from consideration of the expected value of intensity. This
expression is a special case of the correlation function
<E]E;>; and is obtained by letting the generalized frequency
coordinates (Kz,nz) - (K],n]). The resulting expression

for <E]ET> is

" |2 ' sin(eqL ) .
<E]E]>-A]A] 2m 6(K],n1)-+(1/n1)2Lx K1Lx W(n])
*
A A
L2 expl-o%n ] (on1)2"F. (0"(g,)). (3.19)
1 K 1

In Eq. (3.19) for the expected value of the intensity, the
first term is essentially the Airy disc while the second
term shows the effect of a straight edge modified by the
first order characteristic function of the serration. The
third term containing the series is entirely due to the

serration, and can be seen to vanish as o = 0.



76 =

3.2.2 Reversion of Series

Equation (3.19) expresses the expected value of
jntensity in the transform plane as an Airy disc, a modi-
fied straight edge and a series of terms which involve the
statistics of the serration. However, for remote sensing
applications it is desirable to represent the statistics
of the edge, e.g. the correlation coefficient, as a series
in which the terms involve the transform plane intensity.
This "inverse" relation can be obtained by applying the
technique of reversion of series as follows. From
Abramowitz and Stegun(s) - 3.6.25, if we are given

g = ap + bp2 + cp3 + dp4 + .., (3.20)

then p can be expressed in terms of q as

p = Ag + qu + Cq3 * Dq4 + ... (3.21)
where
aA = 1
a3 = -b
(3.22)
5 2

a“C = 2b~ - ac

7 2

5abc - a®d - 5b3.

Q
lws
[[]
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Note, to get Eq. (3.19) into the form of Eq. (3.20), we
must first subtract the absolute value term; then Fourier

transform both sides with respect to Ky Doing this we get

* *\ _ *®, 2 22 2n n
Fo. (<€ EY>=<Ep><ET>) = (AAT/n%)2L exp(-0"nf) T (ony ) 2" (g ),
”=] (3.23)

in which,

2LXsin(K1LX)

<E]><E?> = A]AT 2w26(K1,n])4'(1/n1) Kle W(n])

In Eq. (3.23) we make the following identifications. Let

* *
q = FK](<E]ET> - <Ep><Ep)
(3.24)
p = Q(g])
and the constants,
a = A]ATZonzexp(-02n$)
(3.25)

2
b = A]ATZLXG4n$exp(-c n%), etc.

Using Egs. (3.24) and (3.25) in Egs. (3.21), (3.22), we

find the correlation function, p(E]), for the edge can be
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represented in the form:

2.2
(&) i L (e 7> - <Ep><ET)
St raer- i o U e S
2L 0“AAY ©T _
nfexp(Zcznﬁ) . 112
- " 5 Fo (<E]E]> - <E]><E.|>)] (3.26)
(A,AT2L o) 1

+ higher order terms.

In Eq. (3.26) the symbols are defined in Egs. (3.2), (3.16)
and Table 2.1.
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3.3 The Serrated Gap

The analysis for a gap proceeds in an analogous way
to that of the serrated edge discussed in the previous
section. For a serrated gap, Fig. 3.2, the electric

field in optical transform plane is given in Eq. (2.88)

as
L
E(x1,y];k])=(1‘A]/n])j d&'exp(iK]E')(eXp[-in]W/Z-in]yrb(a')]
X
-eXD[TH]W/Z-in]yra(E')]) (3.27)

in which A], Ky and n, are defined in Eq. (3.2). The
expected value of the electric field depends on the first
order characteristic function of the serrations, and is

written in Egs. (3.28) and (3.29) using the notation of

Table 2.1.
Lx
<E]> = (1A-|/n] ) f dgleXp('iK]gl ) (EXP[-in]W/Z]Wb(-ﬂ] )
'Lx
-expLingu/21, (-ny) (3.28)
or

<E> = (iA]/n])[ZLXsin(K]Lx)/(K]LX)](exp[-imN/Z]‘i’b(—n])

-exp[1n1W/2]Wa(-n])) . (3.29)



(0,0)

Yra(€)

il A

Fig. 3.2 Serrated gap with rough edges yra(g) and yrb(g)

and average width W.

-08-
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central field terms,‘Eq. (3.4), can be formed by subtract-
ing Eq. (3.28) from Eq. (3.27). Using these terms, we can
form the central moment of the electric field, as in Egs.
(2.93), (2.94), and (2.95). Rewriting we have
L

X
&l = A AY ()] f [ derexpld (e g, €107, + 7,

Ly (3.30)

where
T'l = eXP[T' (n2'n] )W/Z] {Qb[-rﬁ snz;p(g““‘z' )]'\yb('n] )wb(nz)]

+EXp['1 (nz"n] )W/Z:] [®a[-n1 ,HZ;O(E"-E' )]-‘Pa(-ﬂ] )Wa(ﬂz)] (3 v )

and
T2 = 'eXp[i (n]+n2)W/2] [<EXP[-Tn]y;a+in2y;'.b]> = ‘Pa(-ﬂ] )\Pb(nz)]
-eXD[-i(n1+n2)w/2][<exp[-in1y;b+inzy;a]>- Wb(-n1)wa(nzﬂ
(3,32
T] is a sum of two terms; one of which depends only on the

upper serration, yrb(g), and the other depends only on the

lower, y __(&). T2 contains a sum of two cross-terms be-

ra
tween the upper and lower serrations. This term accounts
for any correlation that might exist between yra(g') and

YeplE").
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In the analysis that follows, we make the assumptions
that edges yra(a) and yrb(g) are jointly normal and that
there is no correlation between the upper and lower edges,
i.e., T2 = 0. For simplicity we also take the edges to

have identical second order statistics, that is

and
plE"=E"]= p KE" = "] = pplE" = &') . (3.33)
With these simplifications we can write the central moment
*
<E]Ez> as
L
%
<E]E;> [ZA]A;/(n'lnz)]Cos[(nz'n] )W/Z] /f dgldg"exp[i (KZE"-K]g' )]
-L

'[@[-n],nzsp(é"-i‘)] - W(-n])w(nz)] ; (3.34)

The double integral in Eq. (3.34) is evaluated as in Egs. (3.9)-
(3.13), thus we write

*
A A sin(k, -k, )L
T - 2 "1 %
& G(-Tl] 3n2;K2) (3.35)

Where G is defined in Eq. (3.12).
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The power series representation of Eq. (3.35) is ob-
tained by substituting Eq. (3.17) for G(-n],nz;KZ). It

follows

*
A A sin(k, - k)L
* _ 12 2 1
<E-] E2>" 4LX[

X
NNy (KZ- K{jLX ] COS[(nz-n])w/Z]

cexpl-0°(nf +n3)/21 3= (o%nyn,)" F
n=1

" o"(gy) 5 (3.36)

where FKZ(pn'(g])) is defined by Eq. (3.16). Thus for a
serrated -.gap, as for an edge, the central moment of the
optical transform plane electric field can be represented
as a series in which the terms depend on.the Fourier
transform of the edge correlation coefficient. The first
term is proportional to the Fourier transform of p(&);
the second proportional to the convolution of F(p(g]))
with itself, etc.

The expected value of intensity, <E]E7>, is obtained
from Eqs. (3.3), (3.29) and (3.36) by letting (Kz,nz) -

(K],n]). This gives



-1 .
2 MAT [sin(L) ’ 2 2
M el cos [n1W/2]exp(-o n])
gk 1°x

<E]ET> = 16L

o0}

4L A.AY

1™ 2.2 g

+——X—2——— exp[-ony] E, (onq) "F
M n=1

Kl(p"(iﬂ) . (3.37)
It is interesting to compare forms for the expected value
of intensity for a serrated edge and gap. Note the only
difference between the series terms in Egs. (3.19) and
(3.37) is a factor of 2.

The inversion of Eq. (3.37) proceeds in a straight-
forward way. We subtract the first term from both sides,
then Fourier transform with respect to S Equations

(3.20) to (3.22) are then applied by letting

q = FK] (<ETET> - <E]><ET>)

p = plgq) (3.38)
and the constants,

a = A]AT4LX02exp(-02n$)

b = ALATAL o'niexp(-07nd), etc., (3.39A)

where in Eq. (3.38), we have used



*

<E.><E

~B5=

A]AT[éin(K L.)

_ 2
1 1>—16Lx

The result follows:

exp(oznf

o(8;) = ——p—

)
*
4L 0 AA,

2

X v 2 B
COS? 1 W/2 - )
n$ | (<L) ] nyW/2 exp(-67n;%)

2 2
n]exp(20 N

(3.398)

* *
FK](<E]E]> - <E]><E]>)

*
(A1A

+

]4on)

higher order terms.

) e ]2
[FK] (<E1E1> - <E]><E]>)]

(3.40)
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CHAPTER IV

EXPERIMENTS

4.1 Introduction

To illustrate the theory, an experimental investi-
gation of the optical transform pattern produced by rough
edges and gaps was performed. In this study two classes
of edges were considered. One class consisted of edges
roughened by sandpaper of various grades; and the second
consisted of edges produced from computer-generated curves.
The second group proved to be extremely useful, since the

roughness, o, and the correlation length, ¢ could be

-
controlled independently.

In Section 4.2 the experimental system is described
and photographs of the optical transform pattern for
straight and roughened edges are shown. Section 4.3 con-
tains a discussion about random process in a space-invariant
linear system, together with a description of the edge gen-
eration scheme. In Section 4.4 we show measurements of the
intensity pattern recorded using a fiber optic probe. In-
tensity measurements along the central spike and perpen-
dicular to the spike are included. In Section 4.5 we test
the theory of Chapter 3. Using Egs. (3.26) and (3.40) we
compare the actual correlation coefficient of the edge

with our estimate obtained from transform plane intensity

measurements.
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4.2 The Experimental Arrangement

4.2.1 Description of System

A .diagram of the experimental Tayout is shown in
Fig. 4.1. The illumination source consisted of a Spectra
Physics Model 165 argon laser which in turn pumped a Spectra
Physics Model 370 Rhodamine 6G dye laser with a linewidth
of less than O.SR. The beam was directed into a spatial
filter, which had a 20X microscope objective and 12 um
pinhole. The expanding beam passed through a Jaegers, No.
9E1158 Type 1, converging achromatic lens and was subse-
quently focused into the detector plane. The roughened
aperture was placed between the transform lens and the
detector at a distance z, away from the optical transform
plane.

The main elements of the detection system consisted of

a Gamma Scientific scanning eyepiece, Model 700-10-26A in
which the detector, a 50 um fiber, was connected to an
RCA 4463 photomultiplier tube via a fiber optic bundle.
The output of the photo tube was fed into a Type 116 pre-
amplifier of a Princeton Applied Research Model 124A
lock-in amplifier.” The lock-in was operated in a band-pass
mode with a reference supplied by an incandescent 1light
source/photodiode combination on a mechanical chopper op-
erating at 1.2KHz. The output signal was fed into a Fluke
Model 8000A digital voltmeter which was interfaced to a

Teletype terminal, where data were punched on paper tape.



CHOPPER

M1
ARGON LASER — —1 DYE LASER | — — — — — —_—— —
<
L PD. : l
TRANSFORM |
. F ;;LENS MICROSCOPE |
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0 —
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\ —_— +\ S / M2
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LOCK-IN SIGNAL . CONTROL
PRE AMP\ AMPLIFIER /OUTPUT I,TRIGGER IN
-| | . | o DVM TTY
N INTERFACE
\REFERENCE
L Incandescent Light
PD Photodiode TTY
ML, M2 Micror :
PM Photomultiplier ) l COMPUTER
SM Stepping Motor GRAPH

DVM Digital Voltmeter
TTY Teletype Terminal

Fig. 4.1 Experimental arrangement for recording intensity in the optical transform

plane.
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Later the data were read into a PDP11/34 computer system
and stored on a floppy disk. A link between the PDP11/34
and the University of Rochester's IBM 3032 computer system
permitted the data to be transferred, thus making readily
available the graphics capabilities of the larger system.
A Slo-syn driving motor, type SS25-1011, connected to a
custom built stepping motor controller permitted accurate
positioning of the fiber optic probe with a minimum step
size of 3.2 micrometers.

In the measurements described herein, the laser was
plane-polarized parallel to the edge or gap, i.e. along
the £ axis. The distance, F, between the lens and de-
tector plane was 175.5 cm; and Z,» the distance between
the serrated aperture and detector plane, was chosen to be
25.0 cm, The pupil diameter, D, at the lens was 2.54 cm,
unless specified otherwise. The wavelength, A, was fixed
at 5,8003, thus producing a speck]e size, AF/D, of approx-
imately 40 um. The speckle size was chosen less than the
probe diameter in order to average some of the cyclic
structure in the pattern. This provided a better es-

timate of the envelope function for the intensity.

4.2.2 Photographs of Optical Transform Patterns

Photographs of the patterns were obtained by re-
pPlacing the detector with a film plate, located in the focal

plane, see Fig. 4.1, The photographs of the optical transform
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pattern of a straight and serrated edge are shown in

Figs. 4.2(a) and 4.2(b), respectively. The inset in the
lower right-hand corner is an approximate representation

of the object transmission function where the circular
portion illustrates the finite size of the beam. The
characteristic feature of the transform of a straight

edge is the intense spike of energy occurring perpendicular
to the edge. When the edge is serrated, the effect is a
damping of the central spike accompanied by a spread pf
energy in the direction parallel to the edge.

For the photographs the distances F and z of Fig.

0°

(4.1), were 400 cm and 200 cm, respectively. Thus the

Airy disc size was approximately 100 um. This size cor-

responds to the smallest structure visible in the patterns.
The complicated, circular interference pattern in

the center is produced by the particular arrangement of

the setup. Its structure is influenced by two parameters.

One, it is extremely sensitive to edge position within the

circular beam. This is illustrated by raising the edge

above center, as in Figs. 4.3(a) and 4.3(b), such that

the major portion of the beam is blocked. Secondly, the

pattern is affected by the position of the edge relative to

the entrance pupil located at the transform lens. Placing

the edge at the entrance pupil produces a symmetric pat-

tern irrespective of the edge position within the circular

(1)

aperture. However, as the edge is moved away from the



Fig. 4.2

Optical transform patterns for (a) straight edge and (b) serrated edge with

o = 15 um (shown inset). Illumination is by a convergent monochromatic wave
with z, = 200cm and A = 5, 1453. Note the appreciable decrease in energy in
the central spike for the roughened edge, The radius of the illuminated
sector {s 6mm so the speckle or resolution scale size is on the order,

Azolp. of 200 um. The pattern subtends an angle + 1/40 radfan.

_26—



Fig.

4.

3

Optical transform patterns for an off-centered (a) straight edge and

(b) serrated edge with o = 15 um (shown inset). Other parameters were

the same as those in Fig. 4.2.

_€6_
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entrance pupil, the symmetry vanishes. This lack of
symmetry is enhanced with increased distance between the
edge and entrance pupil.

In the experiments described below, our interest is
in the damping of the central spike and the spread of energy
perpendicular to the spike; the circular interference pat-
tern is regarded as noise. It is noted the spike and as-
sociated side lobe structure is insensitive, within limits,
.to edge position in the circular beam. Hence, in all fiber
optic measurements, the edges were positioned as in
Fig. 4.3. Probe scans down the spike and perpendicular to

the central spike were made below the pattern's center.



.-
4.3 Computer-Generated Edges

When an optical system is affected by the statistical
properties of an element within that system, such as a
diffuser or serrated edge, one would 1ike to insert sam-
ple elements, which possess known statistics, in order to
observe their effect. Here, we describe the process used
to obtain serrated edges with desired statistics.

In Section 4.3.1 a linear system approach is used to
describe a Gaussian random function with known second order
statistics. In Section 4.3.2, we describe the generation
scheme for obtaining metallic edges with controlled
statistics. Here, we applied the linear system theory de-
veloped in Section 4.3.1 and created number sets which pos-
sessed the desired statistics. These sets were then plotted
on microfiche, blacking the area under the curve, thereby
creating an edge. Bi-metal masks were made from the film
data using photo-etching techniques.

4.3.1 Gaussian Random Processes in a Space-Invariant

Linear System

Consider a stationary, ergodic, random function
¥(x), where x is a deterministic argument, as an input to
a space-invariant linear system possessing a window function
W(x), as illustrated in Fig. 4.4. The output of the system
is denoted by the random function &(x).
Although random functions with many possible densities

may be generated, we illustrate the theory using a Gaussian



Fig.

4.

WINDOW
FUNCTION

4

J (x) | ¢ (x)

C-W(x)

Linear system model used to describe second-order Gaussian

C is a multiplicative constant.

statistics.
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density for ¥(x). Making a linear transformation of a
Gaussian random process gives a Gaussian process, thus
o(x) is Gaussian also. We write the joint normal density

Afor o(x) as:

P(¢]’¢2;X]’X2) 8 —d [¢]S Q(X]) < ¢]+d¢] )
(4.1)
9y < (%) < ¢2+d¢2],

(—1/ [20-2(1-p2)]>

6,2 - 20070, + ¢22] £ . (s.2)

p(¢],¢2;x],x2) =11/ 2w02 1-p2] exp

-

—

In Eq. (4.2) we have assumed the random function has a
mean value equal to zero, and variance equal to 02. The

correlation coefficient, p(Xz-X]), is given by
o(xp-x7) = <@(x7)e(xp)> /o . (4.3)

where the brackets, <...”> , denote an ensemble average.
When p(xz—x]) = 0, p(¢],¢2;x],x2) reduces to a product of
two one-dimensional Gaussian densities; therefore @(x])
and @(xz) become two independent random functions. If
D(xz—x1) decreases to some specified value in a distance
€y = [xz-x]l , We say the curve has a correlation length,
€02 associated with it. This is one of the parameters we
would like to control.

For the input function ¥(x), we take the mean value,

<¥(x)> =10, (4.4)
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and the variance,

(4.5)

For the present, we assume no specific form for the cor-
relation coefficient of ¥(x). We merely denote it as

follows:

rw(xz-x]) = <W(x])w(x2)> /sz . (4.6)

The output function & is defined by the convolution

relation

s(x) = ¢ /w(a)w(x-a)da (4.7)

where C is a constant.

The question we now address is: Given the input

2
v

dow function W(x) with the constant C, what is the variance,

02, and correlation coefficient, p(xz-x]), for the random

statistics for ¥(x), i.e., o and rw(xz-x]), and the win-

function @(x)?
Both 02 and p(xz-x]) can be determined by considering
the autocorrelation function of &(x). The autocorrelation

(2)

function, R12’ is defined as

R]2 = <©(XI)®(X2)> . (4.8)

Substituting Eq. (4.7) into Eq. (4.8) gives

R]Z = <C2 f/dgl dE" \P(El)\y(€|l)w(x1_gl) w(xz_g")>
- 00 = 00 (4’9)
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Since the integrals in Eq. (4.9) are essentially

sums, we may interchange integration and averaging to

obtain

o]

vy = 2 f [ dsraer exle) wle> Wixget) WixpeE)
s (4.10)

The term in triangular brackets is identified as the auto-
correlation function of the input random function V.
Using Egs. (4.5) and (4.6), the autocorrelation func-

tion of ¥ is written in the following form:

<¥(g') v(g")> = o, r (g"-g') . (4.11)

Substituting Eq. (4.11) into (4.10) gives

o]

Rip = CPo,° ffda'da" r(E"=E") W(xy-E") W(xp-E").
% (4.12)

In Eq. (4.12) consider the £" integration,

(o]

By = /dg" rw(g"—g') W(x,-g"). (4.13)
‘Making the substitution, n = g'-g', gives
g Urgme) = fanrym w [ (xpme) -] (4.14)

where Brw is recognized as a convolution of the window

function W(x) and the correlation coefficient of v, g

Using the notation of Eq. (4.14) in Eq. (4.12), we write

o]

Ry, = Czcwz fdg' W(xq-E') B (kp-E') . (4.15)

-0
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Making the substitution, & = x;-&' in Eq. (4.15) we write

the autocorrelation function; R]Z’ in the following form:

Ryp (Xp=xq) = Czch[W(x) " Brw(x)] (4.16)
where
W(x) = B ,(x) = J/;Ew(a) B {(xz-xl) % a] (4.17)

and Brw is given in Eq. (4.14).
The variance of &(x), g <®z(x)> , is obtained

from R]2 when Xo = Xqs 3 [P -

2 .

(4.18)
- %o fdaw(g) By ()

With Eqs. (4.3), (4.8), (4.16), (4.18), the correlation

coefficient of &(x), p(xz-x]), is found to be

p(xp-%x7) = Ryp(xp-%7)/Ry,(0) (4.19)

= W) % B (x)/ fdgw(g) 3,.(8)

with symbols as previously defined in Eqs. (4.14) and
(4.17). |
We now consider a special case of the general equa-

2

tions for o¢° and p(XZ-X]). If we associate with the window

function, W(x), a length L such that W(x) is significant



-101~-
only in the interval |x| < L ; and require Ax, the as-
sociated correlation length of ¥(x), to be much less than
L, then 62 and p(Xz-X]) assume a simple form. With the
condition Ax << €,» We note the convolution in Eq. (4.14)
results in only a slight spreading of the window function

W(x), thus we have

Brw(xz-g') ~  AX w(xz-g') (4.20)

or equivalently,

Brw(x) ~ Ax W(x) . (4.21)

Substituting Eq. (4.27) into Eqs. (4.18) and (4.19)

yields 02 and p(xz-x]), respectively:

[ee)

R Czcszx fdx Wl(x) (4.22)

-0

and

o)

o(Xp-X7) = W(X) % W(x) /__[dxwz(x) (4.23)

where the asterisk denotes an autocorrelation. Note, the
variance 02 is easily adjusted by selecting different val-

ues of the constant C. For example, if we wanted 02 =

2
2 = 1y [Ax fdxwz(x)] . (4.24)

, th
oy en
Likewise, the desired correlation coefficient, p(X2-X]),

is readily obtained by an appropriate choice for W(x).
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4,.3.2 The Generation Scheme

With the aid of a digital computer, the results
from the linear system model described above are used to gen-
erate number sets with controlled statistics. .The input
function ¥(x) is obtained using the computer system's random
number generator. Standard routines are available in which
one may specify the mean and the standard deviation; however,
the numbers are, in general, uncorrelated. In fact, the
number set obtained usually decorrelates at the first point
of shift in the autocorrelation function. Hence, assuming
that the correlation length of ¥(x), Ax, is much less
than €6 of the window function, in the derivation of Egs.
(4.22) and (4.23), is a good approximation for computer
generated processes.

The set from the random number generator is then
convolved with a window function. Note, this is equivalent
to a sliding average of the window function with the ran-
dom number set.

In Fig. 4.5(a)-(d) we show random curves obtained
using Eqs. (4.7) and (4.24); and their corresponding auto-
correlation functions. For each curve we used the same
set of random numbers. The difference lies in the choice
for the window function. In Fig. 4.5(a), the window function
was taken as a rect,(3)

W(x)

rect(x/100.)
1; |x/100.|<1/2

0; otherwise;



-103-

a)
200 1\ {100
£=&V(um)
—--0.25
L 1 ] 1 ]
0 05 1.0 mm —L0s0

Fig. 4.5

Curves and their associated correlation coefficient,
p(xz-x]), obtained using the linear system model in
Eq. (4.7). The input to the system was generated using
a random number generator. This was then convolved

(a) W(x) = rect(x/100);

with a window function W(x):

(b) W(x) = A(x/50); (continued on next page)
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c)
1 1 | 1 ]
0 05 LO mm —-0.50
N\ AN
100~ 200
1]
g-¢' (um)
—~—-0.25
L 1 | 1 ]
0 Q.5 1.0 mm —t—=-0.50

Fig. 4.5 Continued. (c) W(x) = exp(-|x]|/50); (d) W(x) =
exp [—(x/50)2] . An analytical expression for the

correlation coefficient is given in Eq. (4.24).
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in Fig. 4.5(b),

W(x) = A(x/50)
1 - |x/50.]; |x/50 | <1

0 3 otherwise;

in Fig. 4.5(c), W(x) is equal to exp(-|x|/50.); énd in
Fig. 4.5(d), W(x) = exp[—(x/SO.)z]. The units of x are in
micrometers.
As an example of the calculations, éonsider the win-
dow of Fig. 4.5(a):
W(x) = rect(x/100.). (4.25)
The correlation of the resulting number set &(x) in

Eq. (4.7) is given by Eq. (4.23) as

p(xy-x7) = W(X) = W(x) / fdxwz(x)
- (4.26)

A[:(XZ-X])/]OO.]

Note, the agreement with Fig. 4.5(a) is good.

The curves and autocorrelation functions were ob-
tained using fast Fourier transform (FFT) techniques. The
program used to generate Fig. 4.5(a) is contained in
Appendix D. In each case the constant C, see Eq. (4.24),
was chosen such that o = Ow = 50 um. The actual computed
standard deviation for the curves in Fig. 4.5(a)-(d) were
48.6 um, 43.8 um, 56.9 um, 55.6 um, respectively. Finally,
it is interesting to note the decrease in high frequency

detail in going from (a) to (d).
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A flow chart indicating the steps involved to create
a metallic edge from a number set as described above is
shown in Fig. 4.6. For these edges, the number set from
the random number generator was convolved with a rectan-
gular window function of various widths. The convolved
sets were then plotted using a Calcomp 1675 microfiche
plotter. The film used was Kodak Recordak Dacomatic E
film with a resolution of 320 lines/mm. The area under
the curve is exposed by directing the beam to the point
on the curve, then drawing a line down to the bottom
of the frame.

The film plots were then sent to Photo Sciences, Inc.,
a custom photo-etching business located in Gardena,
California. There a one-to-one copy of the film plot was
made on a bimetallic substrate using photo-etching tech-
niques. |

Although we have good control of the process digitally,
we do not have the same degree of control of the filter
function for the microfiche plotter or the photo-etching
. process. The general trend was a blurring or smoothing of
the number set by both the plotter and the etching.

As a result of this smoothing, we could not rely on
our original autocorrelation functions to accurately des-
cribe the metallic serration. Therefore, in order to com-
pare the estimates of the correlation coefficient obtained
using transform plane intensity measurements, an independ-

ent determination of Q(XZ'XT) was performed; the steps of



GAUSSIAN
RANDOM
NUMBERS

L

CALCOMP RES.e: | PHOTO-ETCHING

D.C. 1675
(CONVOLVE) FICHE PLOTTER | 3 ptm l:I MASK
WINDOW l 2
FUNCTION 3
METALLIC
EDGE

Fig. 4.6 Flow chart showing the processing steps used to obtain a metallic edge with
controlled statistics. A number set from a computer random number generator
is convolved with a window function. The resulting number set is plotted on
microfiche. The 1:1 metallic edge is obtained from the microfiim by

photo-etching techniques.
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which are shown on the left-hand side of Fig. 4.7. The
serration was placed under a Leitz Ortholux microscope,
using a 2.5X or 10X objective depending on the structure
size, together with a 5X eyepiece. The magnified image
was photographed and an 8" x 10" print was made of the
edge. The curve was digitized using a Hewlett-Packard
9830 calculator/curve digitizer with a resolution, in
edge units, of 13.5 um and 3.5 um for the 2.5X and 10X
objectives, respectively. The digitized data were read
into a computer, where they were autocorrelated, normalized
and plotted.

Photographs of -the edges used in the experiments
together with the absolute value of their respective cor-
relation coefficients obtaihed by this "photo-digitization"

route are shown in Figs. 4.8 - 4.10.

In the alternate processing route, on the right-hand
side of Fig. 4.7, an estimate of the absolute value of the
correlation coefficient was obtained from transform plane
intensity measurements using the remote sensing techniques
described in Chapter 3. The need to take the absolute
value of the correlation coefficient arises because the
intensity data do not satisfy the stringent symmetry
‘requirements of the FFT needed to obtain a real transform.
As a result of this lack in symmetry, there is a signif-
icant imaginary component in the transform data, therefore

we take the absolute value.
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METALLIC
EDGE

MICROSCOPE
PHOTO
ENLARGEMENT OPTICAL TRANSFORM
CONFIGURATION
H.R 9830
CURVE
DIGITIZER
INTENSITY
MEASUREMENTS

D.C.
(AUTOCCRRELATION)

D. C.
(FAST FOURIER
TRANSFORM)
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A |

P
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Fig. 4.7 1Independent processing routes used to measure the
abso]lute value of the correlation coefficient,

|p(g"-£")| , of the rough edge.
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Fig. 4.8 Microscope photographs of computer-generated edges (a) and (b) with

their associated correlation coefficients below. The standard deviation

is (a) o = 29 um and (b) o

57 um,
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Fig. 4.9 Microscope photographs of computer-generated edges (a) and (b) with
their associated correlation coefficients below. The standard deviation

is (a) o = 57 um and (b) o = 81 um.
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Fig. 4.10 (a) Microscope photograph of serrated edge

generated by No. 60 grit sandpaper and (b) its

correlation coefficient.
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Correlation coefficients associated with processing
the transform plane intensity data will be labeled "fiber
optic measurement". This processing will be described in

detail in Section 4.5.
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4.4 Fiber Optic Measurement of Intensity

Two séries of measurements are described in this
section. In these, intensity data along the spike, u(o,y),
and perpendicular to the spike, u(x,y = constant), are re-
corded by a fiber optic probe and photomultiplier, so that
accurate square law detection is assured, see Fig. 4.1.

The serrated edges used in this section were not the
computer-generated edges described previously, instead
these were generated by scraping razor blades over different
grades of aluminum oxide sandpaper. One was generated using
No. 60 (coarse) grit sandpaper; the other, using No. 150
(fine) grit. A photograph of the coarse edge and its as-
sociated correlation coefficient are shown in Figs. 4.10(a)
and (b). The roughness (or standard deviation) is approx-
imately 15 um for this edge.

For the measurements along the central spike, Fig. 4.11,
edges of roughness o = 6 um and 15 pm are seen to exhibit
the severe damping of the'cehtral spike as predicted by
Eq. (2.86). A fine-scale interference pattern is observed
visually along the y-axis. This is not resolved in the
optical fiber data since the probe diameter was chosen to
average a few cycles of the pattern.

For fhe second series, we study the spread of energy
along x, perpendicular to the central spike. The edges
are positioned as in Fig. 4.2. Figures 4.12(a) and (b)

show fiber optic probe data for the small and large o,
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respectively. Good qualitative agreement with Eq. (2.86)
is seen. For x=0, there is a large central spike with the
ratio 57.7 to 6 corresponding to the ratio 6 um to 15 um
in roughness. The damping of the second member is due to
the coefficient exp (-ozni).

To illustrate the speckle in the optical transform;
the Airy disc size relative to the fiber optic probe was
increased for the data in Fig. 4.12. The ensemble average
<E]E]*> would not be expected to contain the fluctuation
inherent in data taken for one member of the ensemble.
Notice however that the average value of the data for cor-
relation lengths €, of 300 um and 160 um is in good agree-
ment with the curves of G shown in Fig. 4.13. It is the
envelope of data that one should compare to <E]E1*>
The prediction of the fine scale structure in intensity
is obtained from the spatial dependence of <uqu,> and is
given by Egs. (2.75)-(2.78). From Eq. (2.77), the speckle
size is given by Ax = Azo/(ZLX), and this is also in good

agreement with the data in Fig. 4.12.
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intensity measurements of the spread of energy
perpendicular to the spike for edges with (a)
g ~ 6 um and B, > 300 pym (No. 150 grit sandpaper),
(b) o = 15 um and €y = 160 um (No. 60 grit sand-
paper). Other parameters were: y = 15 mm, F =

0
190 c¢m, z, = 120 cm, A = 5145A.
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4.5 Remote Sensing of Correlation Coefficient--

Computer-Generated Edges

4.5.1 Fiber Optic Measurement of Intensity

In this section we compare intensity measure-
ments in the optical transform plane with the power series
representation, derived in Chapter 3, for the expected
value of intensity <E]E]*>, in Eq. (3.19). For conven-

jence, this expression is rewritten below in Eq. (4.27):

* * 2 _ sin(x,L,) 5 2 2
<E.E, > = A,A 2158 (kqy,nq)+(i/n,)2L exp(-0°n3/2)
1°1 11T | 1> 1 X 1
‘ (K]LX)

AAL T i
1
+ 1 2L exp(-ozn 2) E (on )2n F o™ (gq) 5
2 * 1 1 K 1
n ~ |
1 n=1
(4.27)
where the notation is
n _ . n
FK]<p (g)) = /dg eXp("K]Q) o (&)
<p = kx/zO : k = 27w/ (4.28)
Ny = ky/zg
AALT - 2
] ] - ]/(KZO)

In Eq. (4.27), the first term inside the absolute value
symbols is essentially the Airy disc while the second term

is due to a straight edge but damped exponentially by the
roughness, o. The third term is entirely due to the ser-
ration and contains all the information about the correlation

Coefficient, p(&).
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The expansion parameter used to obtain Eq. (4.27) is
ony - Note, for the limiting case on, <<1, the expression
is greatly simplified. It is in this 1imit of small oMy
that we make comparisons between theory and experiment. In
addition to the requirement any <<1, we will also take
lﬂ]l to be several Airy disc units away from the pattern's
center. The latter condition allows us to neglect the
S(K],n]) term in Eq. (4.27). With these restrictions
Eq. (4.27) takes the form

2
2 .
41 sinlmel, )
<E]E]*> = . 17X EXP(-02n12)
2 2
(rz_ )" n feal. )
o’ 17x (4.29)
2Lx02 2 2
+ ——— exp(-o N ) P (p(€)>
(Azo)z 1

It is seen that in the 1imit of small, but nonzero,
angs the expected value of intensity has two terms. The
first is the central spike--damped exponentially with o.
The spread of energy in the x-direction due to this term,
however, is 1imited to only a few Airy disc units. The
main contribution to the spread of energy perpendicular
to the spike is represented by the second term, which says
the spread is proportional to the Fourier transform of the
correlation coefficient. In Figs. 4.14, 4.15 and 4.16,
we show intensity measurements vs. the x]-coordinate For

the edges in Figs. 4.8(a), 4.8(b) and 4.9(a), respectively.
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4.14 Intensity measurements of the spread of

energy perpendicular to the central spike
for the edge in Fig. 4.8 (a). The edge sta-

tistics are: g =.29 um and €y 50 um.
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4,15 Intensity measurements of the spread of

energy perpendicular to the central spike
for the edge in Fig. 4.8 (b). The edge sta-

tistics are: o = 57 um and €y T 100 um.
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4.16 Intensity measurements of the spread of

energy perpendicular to the central spike
for the edge in Fig. 4.9 (a). The edge sta-

tistics are: o = 57 pm and eo = 200 um.
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0f course, the finer the structure in the edge plane, the
greater the spread of energy in the transform plane. Note
the Airy disc size has been reduced from that in Fig. 4.12
in order to get a better estimate for the envelope function
for <E]E]*>. In this series of measurements the parameters
were: Yq = .38 mm, z, = 250 mm, F = 1755 mm, X = .58 um,

2

L =~ 3.5 mm. Using Eq. (4.28), we find ny = 1.65 x 10° )

um- .
For comparison, some experimental curves for the case where

any >1 are shown in Appendix F.

4.5.2 Processing the Intensity Data

From the form of Egq. (4.29), it is evident that
with the appropriate processing we can obtain information
about the correlation coefficient, 0(&). Using Eq. (4.29),

o(g) can be expressed as follows:

2
2 .
2 g £ 4L sin(x,L.)
o(g) = 2o/ xelom ), | <rE e =5 -
ZLXGZ KT n] (K1Lx)
exp(-czn]z)
(4.30)

As seen by Eq. (4.30), the processing steps needed to find
o(g) from transform plane intensity measurements are:
(A) Subtract the contribution produced by the
central spike,
(B) Fourier transform the resulting data,
(C) Normalize the transform data to a maximum value

of one.
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Step A is accomplished by deleting the central spike
present in Figs. 4.14-4.16. The main difficulties as-
sociated with this step are: One, determining how much of
the spike to cut off; and secondly, the manner in which
the spike is truncated. In Step B the intensity data minus
the central spike are Fourier transformed. However, since
we are considering only one member of the ensemble, the
fine scale structure is present in the data. As a result
of these fluctuations, the rigid symmetfy requirements,
imposed by the FFT routine, which are needed to produce
real transform data are not satisfied. Therefore we take
the abso1ute value of the transformed data. Step C is
easily accomplished by normalizing the transformed data
by the maximum value of the array. The computer program
used to process the data is listed in Appendix E.

In Fig. 4.17(a)-(e) we illustrate the effect of chop-
ping the spike at various heights for the data in Fig.
4.14. In each case we show where the data were chopped
and what the estimate would be for |p(g"-£')|. In Fig.
4.18 we compare the curve for |p(g"-£')]| obtained by
"fiber optic measurement" (Fig. 4.17(e)) with the curve
obtained by “"photo-digitization" of the edge. The Tatter
method is illustrated in flow chart form on the left-hand
side of Fig. 4.7.

In Figs. 4.19(a) and 4.20(a) we show the truncated

Spike data for the edges in Figs. 4.15 and 4.16, respectively.
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Fig. 4.17 Sequence showing the effect of truncating
the central spike on our estimate for
Ip(E“ - E')!. In (a)-(e) the intensity data
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Fig. 4.18 The absolute value of the correlation co-

efficient,

o(g" - E')l, obtained by the
two independent processing methods for the
edge in Fig. 4.8 (a). The processing routes

are illustrated in flowchart form in Fig. 4.7.
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In Figs. 4.19(b) and 4.26(b), a comparison is made between
the "photo-digitization" method for determining |p(E"-£")|
(Figs. 4.15 and 4.16), and the results obtained by "fiber
optic measurement" of intensity. It is noted that the two
independent methods for determining |p(&"-£')| are in good
agreement. While each method establishes a measure of the
fineness of structure for the serration, it is the fiber

optic method that is capable of real-time operation.
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4.6 Remote Sensing of Correlation Coefficient--

Computer-Generated Gap

The power series representation for the expected
value of intensity in the optical transform plane of a ser-
rated gap is given by Eq. (3.37), andyfor convenijence, is
rewritten in Eq. (4.31).

16L %A A, | sin(k L.) ‘

N sin(k

> s X 2] 1 17X cosZ[}]W/z} exp(-czn]z)
n-l (K]LX) -

* ©
4L A A
¢ 2L exp [-Ozn]z] 2 (on?N F (p“(a']))
n=1 ‘

™
(4.31)
For small anqy we keep only the first term (n=1) of the

series, thus we have

16L %A A, |sin(e L) ?
SIN{K
<E]E]*> = XZ 11 1°% cosz[n]W/%Jexp(—czn]z)
iy Kily
* 2 .
+ 4L AR o FK]<p(€])> . (4.32)

The first term in Eq. (4.32) is the intensity pattern

produced by a slit of width W, but modified by the expon-
ential damping due to the roughness. As for a straight

edge the spread of energy in the x-direction from this term
extends only a few Airy disc units., It is.the second term that

dictates the spread of energy perpendicular to the central
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spike; and as for a rough edge, see Eq. (4.29), the spread
goes as the Fourier transform of the correlation coefficient.

The processing for a serrated gap is identical to that
described above. From the transform plane intensity data,
we subtract the spike produced by the slit, then Fourier
transform the remaining data and normalize.

Figure 4.21(a) shows the intensity pattern, without
the spike, as produced by a serrated gap in which the cor-
relation coefficient for eéch edge of the gap is shown in
Fig. 4.9(b). In Fig. 4.21(b) the comparison between the
"photo digitization" method, Fig. 4.9(b), and "fiber optic
measurement" of intensity is shown. Again,‘the experimental
results are in good agreement with the theoretical pre-

dictions of Chapter 3.
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pendent processing methods. Each edge of the

obtained by the two inde-

gap has the same statistics as the edge in

Fig. 4.9 (b).
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CHAPTER V

SUMMARY AND CONCLUSIONS

Diffraction by apertures having rough boundaries
can be analyzed by Eq. (2.15) in the Fresnel zone and
by Eqs. (2.8) and (2.14) in the optical transform plane.
Under monochromatic illumination, we have shown that a
speckle pattern results. Both spatial and wavelength
dependences are studied by calculation of <E]E2*> and
<E]E]*E2E2*>. In the usual speckle pattern due to
longitudinal phase fluctuations, the expected value of
the intensity is stationary; and one goes to the fourth
order moment of the electric field to study the scale of
the fluctuation. However, the optical transform of a
rough aperture gives rise to a non-stationary pattern so
useful information about the edge can be obtained from
<E1E]*>. For the scale size of the speckle, again the
fourth order moment, in which <E]E2*> is the essential
building block, is the useful correlation function.

In the theory discussed in Chapter II, exact cal-
culations of several complicated integfa]s are greatly
simplified by making the reasonable idealization that
the correlation coefficient of edge roughness is exactly

zero outside of some finite Timit, + e  in Eq. (2.11).
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ITlustrative calculation of <E]E2*> are presented
for the serrated edge. The second order central moment

*

<E]E2 >, is given 1in general by Eq. (2.26). In Eq. (2.27)
we define a function, G('nl’”z;KZ)’ that is evaluated for
normally distributed roughness of arbitrary o and tri-
angular correlation coefficient in Eq. (2.33). G(-n1,n2;K2)
is seen to be important in understanding the spatial and
wavelength dependences of the speckle for both edges and
gaps. The total intensity <E]E1*> is given in Eq. (2.86)
together with curves in Figs. 2.3, 2.4, and 2.5 illustrating
the spread of energy perpendicular to the central spike due
to &.

For a serrated gap the second order central moment
<E]E2*>, is given in general by Eqs. (2.93) through (2.95),
where correlations are included between the two rough edges.
Assuming joint normal statistics for the edge roughness
and dropping the correlation between the upper and lower
edge, we find a useful result, in Eg. (2.100).

For our study of the fourth drder correlation function,
we preferred to analyze a roughened edge since it is analy-
tically less formidable than the gap while still exhibiting
the same type of functional dependence. The fourth order
central moment, <E £, E,E, > in Eq. (2.39), is calculated
from first principles for arbitrary roughness and correl-
ation length. The solution is given in Egs. (2.75) to

(2.78) for jointly normal statistics and for €5<< L This
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solution is compared in the 1imit of small roughness,
|on]<< 1, to a separate evaluation in Sec. 2.3.2A derived
using moment expansion theorems but valid only for sma]f
roughness. The agreement between these solutions is ver-
ified in Sec. 2.3.3A.

In Chapter III power series representations for the
second order central moment, <E]E2*> are derived for rough
edges, in Eq. (3.18), and serrated gaps, in Eq. (3.36).
These expressions are found to be particularly useful for
remote sensing of edge statistics from transform plane
intensity measurements. Also, using the technique of
reversion of series, these expressions have been inverted
yielding the correlation coefficient of roughness, p(g"-g'),
expressed in terms of the transform plane intensity, Egs.
(3.26) and (3.40).

Experiments using roughened edges and gaps are pre-
sented in Chapter IV to show the main effects predicted.

In the transform plane the central spike for a smooth

edge is greatly damped and energy is scattered throughout
the plane (Fig. 4.2). The damping of this spike is shown
in Fig. 4.11. The spread of energy perpendicular to the
central spike is shown in Figs. 4.8 and 4.14 through 4.16--
il]ustratfng the dependence of the spread of energy on

edge correlation length, g The transform plane intensity
pattern is found to contain useful information about the

edge statistics. Remote sensing experiments of the edge
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correlation coefficient were performed using computer
generated edges with controlled statistics (Section 4.5).
The estimates for |p(E"-£')| obtained from transform plane
intensity measurements, see Figs. 4.18, 4.19(b), 4.20(b),
are in good agreement with those found by an independent

method.
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APPENDIX A
FOURIER TRANSFORM OF A UNIT STEP FUNCTION

The "Fourier integral formula" is given by the ex-

pression
£(t) = (1/27r)fdw dxf(x)expl-iw(x-t)] (A1)

where in the derivation(]) of Eq. (A1) the following assump=
tions were made:
(A) In every finite interval f(x) is piecewise con-
tinuous and possesses a piecewise continuous
first derivative.

(B) The integral S°|f(x)|dx = C exists.

We wish to consider the Fourier transform of a unit

step function, written as

Flu(x)} = U(w) =J/.dx u(x)exp(-iwx) (A2)
where
1,  x 20
u(x) = (A3)

0, otherwise.

Note, we immediately encounter difficulties, as u(x)
violates assumption (B). To get around this difficulty,

we introduce a slight amount of damping, i.e., Eq. (A2)
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is to be interpreted in the following sense:

co

U(w) = 1hn./.dx u(x)exp(-ox)exp(-iwx). (A4)
g+0v_

Using Eq. (A3) and integrating, Eq. (A4) gives

1

U(w) = 1im m,

g=>0

(A5)

and separating into real and imaginary parts U(w) takes

the form

Ulw) = Tim |- =« § —2—ux] . (A6)
g~>0 [wz o° w? + 02

We now show that

and

. . 1
- lim ——2——m = - P.V.(-), (A8)
c-+0 w2 + 02 W

where P.V. (i) is called the principle value of 1/w.(2)

It behaves like 1/w where w # 0, and vanishes for w = 0.
This has the meaning that when multiplied by a function
g(w) and integrated over w the effect is to delete the

integration over the small interval -€ to €, i.e.,
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+b -
dwg(w)P.V.(1/w) = dwg(w) (1/w) dwg(w)(1/w), (€-0). (A9)
S Juarvr f

First let's verify Eq. (A7). Recall the delta func-

sign 48 defingd* "t by

[ dual)s(w) = glo) . © (a10)

We substitute Eq. (A7) into Eq. (A10), and see if Eq. (A10)

is satisfied. Making this substitution gives

Glimo (1/Tr)f dwg (w) [U/(w2+0 ] ‘C}lmo 1/Trfdmg (1/0) [1/[w/o +1]]
) (A11)

On the right-hand side of Eq. (A11), make the change of

variables (w/o) - y. This gives

+b/o
Vim (1/7) fdwg ) o/ w2+02)] =Tim (1/n)fdyg(oy) [70+2)
g+0 o0 -WU

(1/m)g fdy[l/ (yo +1)]
= g(o). (A12)

From Eq. (A12) we see that (1/ﬂ)11m[o/(w2 ¥ 02)] does
o0
indeed behave as 8(w), thus establishing Eq. (A7).

From Eqs. (A8) and (A9), we see that Eq. (A8) is
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satisfied only if

is identically zero for any e-arbitrarily small, yet non-
zero. To show this we, again, make the change of variables

(w/o) - y, yielding

€ €/o
it f gl +oD)1=1im [ dy gloy)ly/ (/P +1)]
o0 e g-+0 /o

=g0) fayly/ % + 1)]
=0 | (A13)

since the integrand is an odd function.
Thus, from Egs. (A2), (A6), (A7) and (A8), the

Fourier transform of a unit step function is
U(w) = m6(w) - 1 P.V.(1T/w) . (A14)

In writing Eq. (2.20), the principal value notation
in Eq. (A14) is dropped so as to avoid needless complica-
tion of the notation in the main text. In the text it is
implicit that any subsequent integration involving the (-i/n])

term is taken in the sense of Eg. (A9).
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APPENDIX B
EXPANSION OF THE FOURTH ORDER CORRELATION FUNCTION

The intensity cross-correlation function for states
I(X1,y1;k]) and II(Xz’y23k2) is defined in Egs. (2.12) and
(2.13) by

R = <E,E E.E¥ B
u - SEqEqEaEy> , (B1)

In terms of central field quantities (zero mean) defined

by En = En - <En>’ it is readily shown that

<E]ETEZE§> = <E1E¥EZE;> + terms in (B3) below (B2)
* * +* * * *
+ by <EJE,E5> - bybY <E,En> - biby <EJEp>
* * * % * *
+ b) <E,E,EZ> - bib, <EJES> - bib, <E E5>

s % *, *
b2 <E]E]E2> - b]b2 <E]E2>

* * % * *, Lk
<E E] b2b2 <E]E]> + 3b] 1b2b2 (B3)

2 <EyEqEp”

2

In (B3) the notation is b] = <Ey> and b2 = <E,>. An
alternate form for the difference R, - <E]E:E2E;> in (B3)

can be found in terms of central moments, as follows:
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* * * % *. % * *
+ 2Re{by<EYE,Ep> + by<E EYED> + bib,<EJE,> + bib,<E Ey>
* * * * * *
+ bybI<ESEy> + bob,y<EiEY> + bibiboby . (B4)

For the serrated edge, any of the second order moments
in (B3) can be calculated from Eq. (2.24) by properly
assigning subscripts. For example <E1E:> is obtained from

Eq. (2.24) as follows:

<€E1> = gAY/ (nD)]_ff ae* devexp (i -1y £) [<exp(ingy, (€")-inyy, (5>
- <exp[in]yr(£")]><exp[-1n1yr(€')]>].
(B5)
This is rewritten in the text in Eq. (2.35) using the func-
tion G(-n1,n];K]) summarized‘in Eqs. (2.36) to (2.38).
Note that the LX which appears in Eq. (2.35) is introduced
naturally in the integration of Eq. (B5) establishing the
order of the singularity appearing in the delta function
of Eq. (2.34).
We will concentrate on the calculation of the central
moment <E1EszE;>. The third order case is simplier, but

for the sake of brevity will not be included. However, it

*

1
Sec. 2.3.2 is equally valid in the third order calculation.

*

is noted that the formalism for <E]E E252> developed in
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APPENDIX C

TERMS INVOLVED IN THE CALCULATION OF <E1E?E2E;>

From the form of matrix M~ in Table 2.1, we see there
are six independent correlation coefficients, rij’ con-
necting the elements of the point set (£',&",g"' ,g"") in
pairs. We group terms L] to L37, in Eq. (2.59), into
categories characterized by the number of non-zero cor-
relation coefficients. For example, in Sec. 2.2.3-Bl

we listed three terms, L], L L3, Eqe. (2.85) to (2.87),

2
in which there were two non-zero correlation coefficients
~and four correlation coefficients ident%ca]]y zero. Re-

call, it is the condition in Eq. (2.11) that allows us to
take correlation coefficients identically zero. The terms

are separated into the categories as shown in Table C1.
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TABLE C1

Listing of Terms L]-L

Non-zero Zero
Term Correlation Correlation
Coefficients Coefficients
I. Two non-zero correlations
L T12°"34 "13°"23°"14° 24
Lo "14°"23 F12°"13° 34224
L3 P13 24 *122 142 34:T23
II. Three non-zero correlations
b4 F12°"34° 24 "13°723°"14
Ly r12:734° 14 r13:"23°"24
Le Fy2°T34"23 r13°"14°"24
Lt r12:"34°713 r23:T14°"24
Lg "14°"23°"24 P12:713°"34
Ly P14°"23°"12 "13°724°"34
10 "14°"23°"34 F12:713°"24
Ly r14°723°"13 F122724°"34
L1z r13:T24°"23 F12:T14°"34
L3 r13:T24°"12 r14°723°"34
Lyg r13°"24° 34 "12:T14°"23
L T12°723°"34

r13°724°"14
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TABLE C1
(Continued)
Non-zero Zero
Term Correlation Correlation
Coefficients Coefficients

III. Four non-zero correlations

16 F12°734° 14> 24 13723
Ly7 F12°734°"14°"13 Yag o

‘Lisg 12273427147 23 r13:"24
Lyg f12°734° 24> 13 f14°723
L20 *12+T34: 24> 23 "13°"14
L3 "12°"34°"13°"23 "14°"24
Loo | *13°T245 125" 23 "14° 34
-3 F13:T24°"12°" 14 F23°"34
Log PrasPagstassTs F12°"34
Los r13°724°"23° 34 "12°T14
L26 F13:T24°"14°"34 FygaTe3
Loy P14°T23°T12°" 24 r13° 34
Log F14°"23°M12°"13 242" 34
L2g F14°"23°724°"34 F12+713
L

30 "14°723°734°7"13 "12°"24
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TABLE C1
(Continued)
Non-zero lero
Term Correlation Correlation.
Coefficients Coefficients
IV. Five non-zero correlations
oy M12:734° 142 24> 13 23
L32 F12°"34> 142 247723 "3
L33 f12°734°T24° 713723 14
ks F12°T34°713° 723 14 F24
L3s M13°"24°M12°T23° 14 "34
L 36 "13°T24°"23° 14734 12
V. Six non-zero correlations
L37 M12°T13° 14> 23224 " 34
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APPENDIX D

COMPUTER PROGRAM TO GENERATE A NUMBER
SET WITH CONTROLLED STATISTICS

//EDGEPLOT JOB G0376, H1ORRIS, .M.

//7*0PTIONS LIMES=25K, TIME=(1,30),RN0'TE=TAY, CLASS=8
//*SETUP TAPESZ,EDGES,HL,RING

//*SLTUP PLOT TAPE

//STUPA EXEC FORTCLG,REGINON.GN=520K

//FORT.3YSIN DD =

ocoCcCcocaoccaoonoaac

o0oo

oo

80

100
101

DIMENSION RANFUN(16534) ,ARPAY(1G384),%X(512)
CALL SETPLT (2.9)

THE PROGRAM EPGEPLOT GREMEPATES A GAU'SSIAM RANDNY CI'PYE
UITH ANY DESIRED MEAN, STANDARD DEVIATION AND COPRELATION
LEMGTH. THE USER MUST SPECIFY:

AYG= THE MEAIl YALUE 0F DESIRED DATA SET.
SIGIA= THE STAMPARD DEVIATIONM,
HUINDO= THE NUMRER 0OF PRINTS AYEP UNICH TI'E
DATA 1S TN REPAIN COPRILATED, TUE BASE OF THE
AUTOCORRELATION FUNMCTIAM MAS A LENGTH N5 2«MU'IMEN,
= THE TOTAL NUWBER 0OF POIHTS TH 8E GEMERATED.

N=163834
AYG=0.0
SIGHA=25 .90
NWINDO=50
HTWO=2=
HWRITE (6,100)

GEMERATE X-AXIS FOR PLOTS.

DO 60 1=1,512

X(1)==256+]

CALL RANDOM (RANFUM,H,AVG,SIGHA)

URITE (6,190)

CALL STAT (RANFUM,M,TAVG,TSIGIA)

MRITE (6,100) :

CALL CONGOR (RANFUN,ARRAY,H,1,1.0,1)

CALL GOMCOR (RANFUN,ARRAY,H,MUINEN,1.0,-1)
CALL PLOTXY (X,ARRAY,512,1)

WRITE (6,101)

CALL STAT (ARRAY,M,TAVG,TS1GIA)

WRITE (6,101)

CALL COMCOR (ARRAY,ARRAY,4,1,1.0,1)

CALL PLOTXY (X,ARRAY,512,2)

CALL EMDPLT

FORPAT (55X, 'RANDOt NUMBER GEMEPATNR'/)
FORMAT (40X, 'CONYOLYED ARRAY= (RANDOM WITIH PECT)'/)
sToP

END

SUBROUTIHE RANDOM (P,M,AVG,SIGIA)

THIS SUBROUTINE GEMERATES A RANDOM APRAY OF MUN'BERS HITH
A MEAN "AVG" AHD A STAHDARD DEVIATION 0f "sicpra',

DIMENSION P(1)
NSEED=317956811
po 10 1=1,KH
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P(1)=RAND (15,HNSEED,AVG,SInGIA)
URITE (6,22) (P(1),1=1,512)
VURITE (6,3)

FORMAT (1X,10E13.5)

FORMAT (/7))

RETURN

END

SUBROUTINE STAT(Y,N,TAVG,TSIGIA)

THIS SUBRONTINE CALCULATES THE ACTUAL MESAN "TAYG" AND THE
ACTUAL STANDARD DEVIATION "TSIGHA'" NF THE ARPAY "'v'*,

DIMENSION Y(1)
RN=N
SuUPS0=0.0
Sur=0.0

DN 15 1=1,M
SUM=SUMY (1)

5 SUMSO=SULSN+Y (1) aY(])

TAVG=sU/RU

HALD=SUMSQ/NRN

TEYP=HOLD+ (TAVG*TAVGR)

TSIGU'A=SORT(TE!"P)

HRITE (8,103) TAYG,TSICIA

FORMAT (57%,'CONPUTED STATISTICSY/)

FORMAT (ub4X, "MEAM:',510.3,5X%, 'STANDARD DEVIATION:' ,F10,3,//)
RETURN

END

SUBROUITINE CONCOR(B,0Q,MN, NU,STEP, IFLAG)

THIS SUBROUTIME EITIHER PERFORMS AN AUTACOPRELATION OF THE
DATA OR CONVOLVES T WITHH A RECT FUNCTION OF WIDTH L.,

IF IFLAG IS LESS THAN ZERN: DATA "8'" |S COMYNLVEDR WITH
RECT(X/L).

IF IFLAG IS GREATER THAN ZERO: DATA "B"™ 1S AUTNCOPMRELATER.

DIMENSION B(1),0(1),%(163384) /ORK(32768),0'T(32768)
COMPLEX OUTPUT(16384)
EQUIVALENCE(OUTPUT(1),0UT(1))
DATA*P!1/3.1415927/

RH=N

RHY=M

RUSORT =SORT (RN

NHALF=f1/2

NTHO=2+H

RHSO =t wl! \
Do 5 I=1,l

nCry=8cr) -

IF (IFLAG.GT.0) GO T0O 40

GEMERATE FOURIER TRANSFOPI* OF UINPOL FUMCTION:  L+SIHC(L*FREN,);
W(HHALF+1) = L«C, 'C' IS USED TO NBTAINM THE DESIRED VAPIANCE,
FOR IMORE INEORMATION ABOUT THIS MNORHALIZATIOM, SEE SECTIOMN 4.3.1;
GAUSS AN RAHDOt* PRNCESSES IN A SPACE=-IMYAPIAMT LIMEAR SYSTEM

CALL HOUNFL

ARG=RNW=P] /2,

WONHALF+1) =RUSORT
WC1)=U(NHALF+1)=SIN(ARG) /ARG
DO 20 1=2,NHALF

L=NU!*5TCP
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ARG=RNW=P1=(1=1)/RN

WCT+HHALF) al/(HHALF+1)*SIN(ARG) /ADRR

IF (UCT+NHALF) JLT.1.0E=10)H (T +IIALF)=0,0
WONHALF+2-1)=U( I +NHALF)

CALL UNFLOV

CONTIHUE

CREATE INPUT FUNCTION FOR FFT ROUTINE,

DO 25 I=1,1
QUTPUT(1)=(1)

TAKE THE FOURIER TRANGFOR!I' OF THE FUNCTION: OUTPUT.

CALL FFT (NUTPUT,H,1,U0RK)
IF (IFLAG.GT.0) GO TO 45

MULTIPLY UINDOU FUNCTION,'U', UITH 'oUTPUT' op 'ovT'.

DO 30 1=1,H

OUT (2¢1=1)=U(1)*00T (2%l ~1)
OUT(2%1)=U(1)*OUT(2=1)

G0 TO 50

> CONTINUE

COMPUTE: OUTPUT(1)*COMPLEX CONJUGATE (NUTPUT(1))

po 55 I=2,1TU0,2

ouT(1=-1 )=UUT(I- 1)=0UT(1=-1)
QUTCI)=0UTC)=0UT(1)
0UT(|-1)=0UT(I)*0!T(I—1)

3 OUT(1)=0.0

CONTINUE
INVERSE FOURIER TRAISFORM': OUTPUT.

CALL FFT (OUTPUT,N,=1,U0RK)
CALL SHIFT (OUTPUT,H)
If (IFLAG.GT.0) GO TO 80

IN ORDER TO GET CORRECT CONVOLUTIOM DIVIPE FFT DATA BY RM AND PULTIPLY
BY (=1)==|

Ja=1

Do 90 I=1,N
OUT(2#1-1)=J*QUT(2*1=1)/R!
OUT(2+1)=J*QUT(2#1) /RN
Q(1)=0UT(2%1=1)

J==J

G0 TO 95

CONT IHUE

IN ORDER TN GET CORRECT AUTOCORRELATION PIVIDE FFT DATA BY RN*#=2,

po 35 I=1,H
QUT(2=1-1)=0UT(2+1-1)/RNSN
QUT(2+1)=0UT(2=1) /RNSN
NCI)=0uT(2+1-1)

IF (IFLAG.GT.0) GO TO 70
CONTIHUE

WRITE (G,4)

WRITE Q(l) ON A MAGHETIC TAPE

URITE(3,9) (O(I),l’l )
ENDFILE 9

GO TO 75

CONTIHUE



=1 5~

URITE (G,6)
75 COHTINUE
Do 100 1=1,512
100 QC13=0(73955+1) ;
HRITE (6,2) (Q(1),1=1,512)
URITE (6,3)
FORMAT (1X,10E13.5)
FORMAT (//)
v FORBAT (31X, 'COHVOLUTION OF RANDOM FUNCTION UITH MINDOU FUMCTIONM:
1 REAL PART OF ARRAY'//)
6 FORPFAT (44X, 'AUTOCORRELATION FUNCTINN: REAL PAPT OF ARRAV'//)
9 FORMAT(1X,6E13.5)
RETURH
END
SUBROUTINE SHIFT(YSHIFT,H!)

Ul NS

THIS SUBROUTINE REARRANGES THE NUTPUT OF THE FFT RAUTIME Th ARTAIN A
CONVENTIONAL PLOT OF THE FOURIER TRAHSFOPRI',1.E. A PLOT FROM -P1 TN PY,
INSTCAD OF 0 TO 2P1,

oCcaGaonon

COMPLEX VSHIFT(16384)
NHALF=t!/2
D0 10 1=1,!HALF
TEVP=YSHIFT (HIALF+1)
VSHTFT (NHALE+1)=YSHIFT (1)

10 VSHIFT(1)=TENP
RETURY
END
SUBROUTINE PLOTXY (P,n,M,X)
DIMENSION £(1),0(1),R(512),5(512)
nO 500 I=1,1
RCE)=P(1)

500 SC1H)=q(l)
CALL SCALE (R,1,15.,R"tn,px,1,0)
CALL SCALE (S,I',10.,5'1M,s%,1,0)
CALL AX1S (0.0,0.0,61X=AXIS,=6,15.0,0.0,RIM,RX)
IF (K.EN.2) GO T0 60
CALL AX1S (0.0,0.0,411EDGE,H,10.,70.0,S11H,5X)
GO TO 70

60 CONTINUE

CALL AXIS (0.0,0.0,1SHAUTNCNRRELATINN,15,10,,90.,811!,5X)
70 CONTINUE
CALL LINE (R,S,1',1,0,1)
CALL PLOT (18.,0.0,-3)
RETURN
END
//GO.FTUYFO01 DD UNIT=TAPED,VOL=SER=EDGES,NISP=(NEI!,PASS),
!/ DCB=(RECFI'=FB, LRECL=80,3LKSIZE=32nN), LABEL=(6, L)
//GO.PLOTTAPE DD DSN=SYSPLOT,UMIT=TAPET, DISP=0LD
/1
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APPENDIX E

COMPUTER PROGRAM FOR PROCESSING TRANSFORM

PLANE INTENSITY MEASUREMENTS

//PROBE JOB GOS76, 'MORRIS,G.M.Y

//*0PTIONS TIME=(1,30)

//=SETUP PLOT,IMORRIS,SL,RING

//«*ESSAGE .5 11 PEN

//STEPA EXEC FORTCLG,LEVEL=Gl,RERION,.GN=100K
//FORT.SYSIN D0 =

OOGEOOAOO0OaO00O00OCONCAaO0cOn0aGOOO0aO00

(e NoXe]

¢ XeXg]

THIS PROGRAIt READS [ A DATA SET Y(X),UPITES AND PLOTS

THE LOGRITHH OF Y(X), COMPUTES THE ABSOLUTE VALUE OF TS
FOURILCR TRANSEORIY, THEN NORIPALIZES 3Y THE PFAXTHFIM® YALPD
MAGNIFICATION OF THE CENTER PORTIGN NE THE FOAUPIER TPAMSENPH IS
OPTIONAL. SEE THE "I'AG" PARAIETER.

TO PLOT THE IHPUT DATA:
1. SPECIFY THE INCREMEMT,DPELX, FOR THE X-CONPDIHATE,
2. MN= MMMBER OF DATA POINTS.
3. M=NHUIBER OF DATA SETS.

IN THE TRANSFARIY PLOTS THE FRENUENCY COORDIMATE IS FREM= X/LAMPA/Z.
TO PLOT THE TRAHNSFOR!* ARRAY THE USER MUST SPECIFY:

1. LAKMDA= UAYELENGTH OF LIGUT (It MICROMS),

2. Z= DISTANCE BETWEEM THE TRAMSFOPM PLANE AHD THE ORJECT
PLANE (1IN 1),
( A CONVERGING GEOMETRY HAS REEM ASSUMED).

3. MAG = NUMBER OF POIHTS FOR THE MAGHIFIED FCOURIER
TRANISFOR!* PLOT (CENTER POPTION),
IF MAG 15 LESS THAM ZERO, A MAGMIFIED FPURIER TRANSENRY
IS NOT PLNTTED.

DIMENSION Y(200),A(200),RY(200),RX(200),ALAGY(200)
DIMENSION UORK(550),RYPFAGC200),RXIAG(200), MPATA(L)
CALL SETPLT (2.0)

INTEGER A

REAL LAMDA

COMPLEX Y,HNLD

DATA STEP/0.002/,LAI'DA/0.58/,2/250./

DATA HDATA/200,200,200/

M=1

DELX=STEP*25.4

RXIIH==, 2#25 .4

FIMIN==0,5/DELX

DO 400 KK=1,M

READ AHND URITE INTENS!ITY VALUES,

M=HDATA(KK)

RN=H

READ (5,+) (AC1),1=1,M)
URITE (6,4)

WRITE (6,1) (ACI),1=1,M)
URITE (6,2)

CORRECT FOR ADJUSTHENTS PADE Il TUE SENSITIVITY 0F THE LOCK-IMN APPLIFICR
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DO 900 I=1,35
300 RY(1)=A(1)/50.

DO 901 1=36,44
991 RY(I1)=A(l1)/10.

DO 902 I=45,64
902 RY(1)=A(1)

DO 903 1=65,89
903 RY(I)=A(1)#4,

DO 90n 1=90,97
904 RY(1)=A(1)=40,

DO 905 1=98,101
905 RY(1)=RY(27)

DO 907 1=s102,103
907 RY(1)=A(1)=100.

DO 308 |=104,111
908 RY(!)=ACI)=40,

DO 909 1=112,117
309 RY(I)=ACI)=b,

DO 910 1=113,129 -
910 RY(1)=A(1)=10.0

DO 911 1=130,147
911 RY(1)=A(1)

DO 912 1=148,158
912 RY(1)=A(1)/10.

DN 913 1=159,200
913 RY(1)=A(1)/50,

DO 100 I=1,N

Y(1)=RY(1)

ALOGY (1) =ALOGLO(RY (1))
100 RX(1)=C(I=-1)=DELX+RXI'IN

WRITE (6,5) :

WRITE (6,3) (RY(1),1=1,M1)

URITE (6,2)

WRITE (6,9)

URITE (6,19) CALOGY(1),1=1,11)

WRITE (6,2)

WRITE (6,6)

URITE (6,3) (RX(1),1=1,N)

WRITE (6,2)

H3=N=3

THE FIRST X - VALUE IS CHONSEN TO BE =5,0 o

Do 125 1=1,N3

RX(1)=RX(1+2)

RYC1)=ALOGY(1+2)
125 CONTINUE

PLOT LOGRITHM OF [NTEMSITY VS, X=CNORDINATE.
CALL PLOTX (RX,RY,N3,10,6,<5.,6.0)
FOURITER TRANSFORM DATA.

CALL FFT (Y,N,1,40RK)

WRITE (6,11)

WRITE (6,3) (Y(1),1=1,M)

URITE(G, 2)

po 200 J=1,H

HOLD=Y (J)

RY (J)=CABS(HOLD)

FREQ=(J=1)/RN/DELX+FI'IN
2000 RX(JI=LAI'DA=Z«FREN

CALL SHIFT(RY,N)

RYMAX=RY (1)

DO 250 1=2,1l

IF (RY(1).BTL.RYI'AX) RYPAX=RY(I)
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CONT I1IUE

DO 260 I=1,1
RYC1)=RY (1) /RYI'AX

URITE (6,7)

WRITE (6,3) (RY(1),1=1,M)
URITE (6,2)

URITE (6,8)

URITE (6,3) (RXC1),1=1,H)
WRITE (6,2)

PLOT THE CENTER PORTION OF THE FOURIER TPAHNSENRH DATA,

[1AG=42

HNSTART=(N=I"AG) /2

IF (I'AG.LT.0) GO TO 400

DO 150 1=1,I'AG

RXMAGC L)Y =2RX(1+HUSTART)

RYMAGC 1) =RY (1 +HISTART)

CONTINUE

CALL PLOTX(RXP'AG,RYI'AG,!AG,R,5,-300,,1.0)

CONT I NUE

CALL ENDPLT

FORMAT (1013)

FORVMAT(//)

FORMAT (1X,10E13.5)

FORMAT (58X, 'FIBER OPTIC DATA'//)

FORPAT (58X, 'INTENSITY VALUES'//)

FORVAT (ROX, *X=CONRDINATEY /)

FORDAT (W5%, 'FOURIER TRANSEARY OF INTEMSITY (NORMALIZED)'//)
FORMAT (5BX, "FRENUENCY PLANE COORDIAMTE!'//)

FORMAT (52X, 'LOGRITI® OF INTEMSITY VALUES'//)

FORMAT (1X,10F13.5)

FORMAT (60X, YOUTPUT 0F EETY777
sTop

END

SUBROUTINE PLOTX (P,N, I, NPT, NOT, P IH,NMAY)

P = X-AXIS ARRAY -
N = Y=-AX1S ARRAY

M = NUMBER OF POINTS TO BE PLOTTED

HPT = NUP'BER NF DIVISIONS ALONG THE X-AXIS
NQT = NUM'BER NF DEVISIOHS ALOHG THE X=-AXIS
PHMIN = MItHIfUN VALUE OF X = AXIS

QHAX sHAX Ut YALUE OF Y-AXIS

PSIZE = LENGTH OF X = AXIS (IM {HCHES)
NSIZE = LENGTH OF Y- ASIS (IN INCHES)
DIMENSION P(1),0(1),R(200),S(200)
PSIZE=5.5

NSI1ZE=5.5

HPT1=MPT=-1

NQT1=HNT -1

PFACT==1.0=+PSIZE/2./P1IN

QFACT=QSIZE/QA

QMiN=0.0
OTOP=0GIZE
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PTICK=sPSIZE/HNPT
XZERO=HPT#PTICK/2.
QTICK=QSIZE/NQT
DO 500 1=1,M1
R(1)=P(l)*PFACT
500 SCI1)=Q(I)=20FACT
CALL PLOT (9.0,0.0,3)
CALL PLOT(PS!1Z2L,0.0,2)
CALL PLOT (PSIZE,NTOP,2)
CALL PLOT (0.0,0QT0P,2)
CALL PLOT (0.0,0M*IN,2)
DO 600 t=1,MPTL
TICK=PTICK=|
CALL PLOT (TICK,0.0,3)
CALL PLOT (TICK,0.0625,2)
600 CONTINUE
DO 700 I=1,1QT1
TICK=QTICK=1+0MIN
CALL PLOT (0.0,TICK,3)
CALL PLOT (0.0625,T}CK,2)
700 CONTINUE
CALL PLOT (XZER0O,0.9,-3)
CALL LINE (R,S,!*,1,0,1)
CALL PLOT (10.0,0,0,-3)
RETURN
END
SUBROUTINE SHIFT(VSHIFT,N)

THIS SUBROUTINE REARRANGES THE QUTPUT NF THE FET RNUTINE TO NRTAIN A

CONVENTIONAL PLOT OF THE FOURIER TRANSFOR!*,1.E. A PLOT FopM =PI TN PI,
INSTEAND OF 0 TO 2Pt,

NooNoab

DIMENSION YSHIFT(512)

NHALF=N/2

NO 10 t=1,MNHALF

TENP=YSHIFT(HHALF+1)

VSHIFT (MHALF+1)aVSHIET(I)

10 VSHIFT(1)=TENP

RETURN

END
//GO.PLOTTAPE DD DSN=SYSPLOT,UNIT=TAPE7,DISP=0LD,VOL=SER=*OPRIS
/7
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APPENDIX F
TRANSFORM PLANE INTENSITY DATA FOR THE CASE ony> 1

In Section 4.5 of the main text we discuss the
measurement and processing of transform plane intensity
data when the parameter on]<1. It is found that infor-
mation about the absolute value of the correlation coef-
ficient, |p(g"-£')|, could be attained by processing the
intensity data. The processing involved subtracting or
deleting the central spike due to the edge, Fourier trans-
forming (FFT) the resulting data, then normalizing. The
steps of the process are discussed in detail in Section
4.5.2.

Here, we illustrate the effect of this processing
when using an edge in which onq> 1. The correlation
coefficient for this edge is shown in Fig. 4.9(b). Fig-
ure F1 contains the transform plane intensity data pro-
duced, and the estimate for |p(£"-£')| using the entire
data set, i.e., with the spike. For these measurements
on = 1.34. Note, for larger an, the spike does not dom-
inate the pattern as in the case of small any (Figs.
4.14-4.16). This makes the decision of where to truncate
the spike more difficult. In Fig. F2 the spike is trun-
cated in (a) and the associated estimate for |p(g"-£')]
is shown in (b). Although there is some narrowing of

lo(g"-g")] in Fig. F2(b), it is not particularly significant.
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Also, comparing F2(b) with |p(&"-£"')|, in Fig. 4.9(b),
obtained by "photo-digitization," one finds the agreement
is not as good as for the cases when ong< 1. This is to
be expected since for any> 1, more than one term from the

series in Eq. (4.28) should be retained.
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(a) Intensity measurements of the spread

of energy perpendicular to the central spike
for the edge in Fig. 4.9 (b) in which

ong > 1 and (b) the associated estimate for
|o(g" - £')|. The central spike has not been

truncated.
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Fig. F2 (a) Truncation of the spike for the inten-
sity measurements in Fig. F1(a) and (b) the

associated estimate for |p(g" - £')].





