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ABSTRACT

In this thesis we treat the theory of the electronic properties
of excitons bound to a neutral donor in multivalley semiconductors.

The materials considered here are Si, Ge and GaP. To deal with the
effect of realistic band structures on the excitons bound to a neutral
donor, we proceed in a systematic way by studying first the effects

of the valley-orbit interactions on the donor states, then the energy
Tevels of the low-lying states (including fine structures produced by
the interparticle interactions) for the donor bound excitons, and
finally the excitation spectroscopy for the bound multiexciton complexes
(BMEC) associated with donors.

In the calculation of the valley-orbit interactions for the donor
states, we have included the intervalley scattering effect for both the
kinetic and potential energy terms. We find that the inclusion of
intervalley kinetic energy term (which has been frequently ignored
in the existing literature) is essential to stabilize the system
(i.e., keep the donor states from being deep)., To apply the valley-
orbit interactions to more complicated systems, donor bound excitons
and BMEC's, we have developed model Hamiltonians (one for each symmetry
associated with the Td point group) which yield analytic expressions
for the matrix elements and produce practically the same energy eigen-
values as that of the exact donor Hamiltonian.

To understand the general electronic properties of excitons
bound to neutral impurities for all electron-to-hole mass ratios, we

first study this system in an idealized spherical model, Our theoretical



calculation indicates that the exciton is bound to the neutral impurity
for all values of o, the electron-to<hole mass ratio. We also find that
in the spherical model, all the s~1ike excited states are not bound
except for very small (o < .03) or very large (o > 10) mass ratios.

For donor bound excitons, we find that the low-lying excited states
consist mainly of one-hole excitations with small admixtures of other

possible excitations. The relative separations between these low-lying

excited states are similar to that of a hydrogen ion ,H ,for

c > 1 and to that of a hydrogen molecule, HZ’ for small mass ratios

(0 < 0.1).
When the effects due to realistic band structure are included,
another set of lTow~lying excited states appearsin the excitation

spectrum of bound excitons. In these low-lying excited states one

electron is excited into a state which can be described by a linear

combination of 1s-like orbitals localized in different valleys and has a

crystalline symmetry that differs from the ground state, This set of

excited states also plays an important role in the excitation spec-

trum of BMEC's associated with donors. We have calculated the

excitation energies of these one-electron excited states in donor

bound excitons and BMEC's, Our method is based on the Hartree-Fock

approximation, which is suitable for treating the low-lying single-

particle excitations, Our results for the energy separations between

the ground state and the low-lying electronic excited states are in
fairly good agreement with the experimental data interpreted using the

shell model proposed by Kirczenow, Our calculation clarifies some
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ambiguities in the interpretations of the Tuminescence data and
provides better understanding of the BMEC's in multivalley semi-

conductors,
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CHAPTER 1

INTRODUCTION



The study of the electronic properties associated with impurities
is essential to the understanding of semiconductor materials. Ex-
perimentally, these electronic properties can be studied by observing
the optical transitions between the various electronic states,

There are some fundamental excitations of the solids which are closely
related to the spectroscopy and are important in determining the
electronic properties. Among them are the well-known phonons and the
excitons. The exciton c¢an be viewed as an electron-hole pair

bound together through their mutual coulomb interaction. Extensive
studies on freé excitons (FE) can be found in the 1iterature.(]’2)

Experimentally, it has been found that electron-hole pairs (EHP)
can bind to a neutral impurity to form stable complexes (3’4). When
one EHP is bound, we denote it simply as a "bound exciton". When more
than one EHP are bound to a single impurity center, we denote it as
a "bound multi-exciton complex" (BMEC). If we use the symbols D°
and X to represent a neutral donor and a free exciton, respectively,
then, the formation of a donor bound exciton (one EHP bound to a

neutral donor) and BMEC's can be described by the following processes:
0% + X » 0% (donor bound exciton)
D°X + (m-1)X > DX (BMEC)

where the symbol DOXm represents a system with m EHP bound to a single



neutral donor.

In Fig. I-1, a schematic diagram for the formation of bound
excitons and BMEC's is shown., Physically, the bound excitons and BMEC's
are very interesting finite many-body systems. Standard techniques
for finite many-body systems (e.g., Hartree-Fock approximation, con-
figuration interaction, etc.) may be applied to study the excitons
bound to neutral impurities in solids. The physics of these systems
is very similar to that of some well-known systems associated with
electrons and positrons. In the ideal case, we may consider a donor
as a hydrogen atom, an exciton as a positronium, then a bound exciton
behaves 1ike a positronium hydride (5). In some cases, a donor bound
exciton may behave 1ike a negative hydrogen ion-‘(when the hole is much
Tighter than the electron) and sometimes like a H2 molecule (when the
hole is much heavier than the electron). Of course, the systems in-
volving electrons and holes in solids are much more complicated than
the associated systems involving electrons and positrons in
vacuum. Some qualitative descriptions of these excited states of solids
may be given as follows:

1) Electrons and holes in solids are described by

effective masses which are determined by the curvatures
of.the conduction band and valence band at the extrema.
These effective masses are usually an order of magnitude
smaller than the free electron mass and,in many cases,

anisotropic (e.g., in Si, Ge and GaP).
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Figure I-1. Schematic diagram of the formation of bound excitons and
bound multiexciton complexes in semiconductors. The
periodic array of atoms in the semiconductors is indicated
by dots. Impurity centers are denoted by "@ "; elec-

trons and holes are denoted by " e " and " h'", respec-

tively.
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2) The charge distributions for these systems are spread out in
space with a radius of approximately 20 R in Si and 10Q g
in Ge. The mutual interactions between these particles and
the interactions between particles and the impurity center
are screened by the valence electrons, This screening effect
can be included by using a static dielectric function (6).

3) Both the smallness of the effective masses and the dielectric
screening effect reduce the energy of these systems, The
typical ionization energies for a free exciton and a neutral
donor are ~.15 meV and ~50 meV in Si. In Ge, they are about
5 times smaller. These energies are three orders of magni-
tude smaller than that for a hydrogen atom,

In this thesis, theoretical studies of the electronic properties
of shallow donors and excitons bound to shallow donors in some semi-
conductors (Si, Ge and GaP) are reported. In the following subsec-
tions we discuss the neutral donor (D°), donor bound exciton (D°X)
and BMEC (D°xm) separately, Since both 0% and DOXm involve the same
subsystem D°, it is easier to proceed by starting with the discussion

of the neutral donor (Section A), then the donor bound exciton (Sectijon

B) and finally the BMEC's (Section C).

A. Neutral Donor (D°)

The simplest semiconductor (e.g., GaAs) has both its valence band

maximum and conduction band minimum at the center of the Brillouin
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zone. The electron in this system can be described by an isotropic
effective mass m*. For a shallow donor, the wave functions associated
with the bound electron states can be written as linear combinations
of the Bloch functions (i.e., solutions to the electron states of the
system without the impurity). The expansion coefficients (func-
tions of k) are called the "envelope functions" of the donor states.
Since the binding energy of a shallow donor is only a small fraction
(a few percents) of the width of the conduction band, we expect that
its envelope function in ?-space will be localized at the conduction
band minimum (i.e., the mixing is smaller for Bloch states with
higher energies and wave vectors further away from the band minimum),
Within the effective mass approximation (EMA) (7), it can be shown
that the Fourier transform of this envelope function in real space (r-
space) satisfies the Schrddinger equation for a hydrogen atom, with
the electron mass Mg replaced by the effective mass m*, and the charge
e replaced by the screened charge e/so, where € is the static macro-
scopic dielectric constant of the solid. However, for the materials
Si, Ge and GaP , the band structures are much more complicated.
In Fig. I-2, the conduction band structures for Si, Ge and GaP are
plotted <8). As shown in this figure, the conduction band minima
for all three materials do not occur at the center of the Brillouin
zone, and cannot be described by a spherical effective mass. For Si
and Ge, near each conduction band minimum the constant energy surfaces

can be approximated by an ellipsoid, characterized by two effective

masses, the transverse and the longitudinal. To see this in Ge,
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Figure I-2. Conduction band structures of Si, GaP and Ge (after
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of Si and GaP are marked " tko ". The band minima of

Ge occur at the L points.
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we have to "cut-and-paste" the Brillouin zone, so that the two L-points
are connected together . For GaP, the conduction minima occur at
slightly smaller values of wave vector than the zone edge,(X point)
Like in Ge, if we "cut-and-paste" the Brillouin zone such that the two
X-points are connected together, we obtain a "camel's back" structure

)

in the conduction band (9 . Hence, further complications due to this
camel's back structure have to be considered. We shall call the
ellipsoidal (or camel's-back shaped) pocket in wave vector space
(E—space) a "valley", According to symmetry, there are several
equivalent valleys along different directions in these materials.

The number of equivalent valleys, N is 6, 4 and 3, respectively

for Si, Ge and GaP. It should be noted that in GaP each valley

has two equivalent minima. These materials are usually referred to
as "multivalley semiconductors", For shallow donors in multivalley
semiconductors, the envelope functions of the impurity states defined
in E-space are in general linear.combinations of wave functions
localized at the equivalent minima. Since these systems are invariant
under the operations of Tq> the envelope functions must transform
according to the irreducible representations of Td. For Si and GaP,
the envelope functions transform 1ike the basis vectors associated
with the representations Iy (singlet), Iy (doublet) and I'e (triplet).

The T', state is a scalar, which transforms into itself under all the

1

representations in Td. The two basis vectors of the F3 representation

2
)

transform like the functions /?(xz—y and (222-x2-y2).
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The three basis vectors of the r5 representation transform like the
functions x, y, and z, under the operations of the group Td.
The schematic diagrams for these envelope functions (in K-space)
associated with various symmetries for Si and Ge, respectively, are
plotted in Fig. I-3, The parts of the envelope functions localized
at different valleys are coupled together through the impurity poten-
tial, In the limit where this coupling vanishes, all donor states in
Si (Ge) become six-fold (four-fold) degenerate (not including the
spin degeneracy). This limit applies to most of the excited donor
states. For the ground state this "intervalley" coupling is sub-
stantial, and the ground state will be split into several states,
with each one transforming according to the F], r3 or Ps representation.
The energy differences between these states are called "valley-orbit
splittings” (]O).

In the past, a number of theoretical studies have been dedicated

to the understanding of valley-orbit interaction in Si and Ge (11-14)

(15,16) that the above calculations

Recently, it has been pointed out
have overestimated both the kinetic and potential energies by a sub-
stantial factor (> 2) for the process in which the electron envelope
function is scattered from a given valley to other valleys. These
two energy terms will be referred to as the "intervalley kinetic
energy" and "intervalley potential energy", respectively., If we

define the total envelope function as the sum of several envelope

functions localized at the equivalent minima with no overlap between
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Ge (Fl and I'g symmetries)
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these functions in f-space, then the intervalley kinetic energy
is rigorously zero, Therefore, the valley-orbit splittings are com-
pletely determined by the "intervalley potential energy". In
practical calculations, it is more convenient to describe the total
envelope function as the sum of some standard functions (e.g., the
Fourier transform in E—space of the Slater orbitals) localized at
the equivalent minima. The overlap between these standard functions
localized at different minima is nonzero; therefore, one has to include
the intervalley kinetic energy explicitly. This intervalley kinetic
energy has been shown to play an important role in determining
the binding energy of the donor ground state (]6). Unfortunately,
the calculation performed in Ref. 15 has neglected this factor and
is therefore unreliable. Since the conduction band is very anisotropic,
many orbitals (with different angular momemtum) have to be included
in the expansion for the exact envelope wave functions. The number of
orbitals needed can be reduced, if they are defined in an ellipsoidal
coordinate system with an optimized eccentricity factor (]7). The
calculation performed in Ref, 16 only used a simple trial wave func-
tion and neglected the anisotropy of the conduction band. Therefore,
no previaus calculations seem to be appropriate for obtaining an
accurate solution to the donor states in multivalley semiconductors.

We have made calculations for the donor states in
multivalley semiconductors including the effect of realistic band

structures. In Chapter 2 the donor states for various impurities in

Si and Ge are studied extensively. Our calculation incorporates
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the valley-orhit interaction and the ellipsoidal conduction

band in a convenient way. Model Hamiltonians (one for each symmetry)
are developed, These model Hamiltonians greatly reduce the com-
putation required for applications to more complicated systems like
bound excitons and BMEC's, We obtain the valley-orbit splittings for
the ground state and the low-lying excited states in excellent agree-
ment with the available experimental data,

For GaP, no calculation has been presented so far on the valley-
orbit interaction in donor states, since the conduction band is not
fully understood due to the complications from the camel's back
structure. On the other hand, there exist a lot of interesting

418'23), which require a theory to interpret them,

experimental dat
For example, many spectroscopic lines (obtained from either photo-
absorption or luminescence) cannot be identified without understanding
the effect due to the camel's back structure., Furthermore, some

of these lines have anomalous oscillator strengths, which are hard

to explain based on the understanding of regular donor states in Si

or Ge, For example in the "two-electron transition" luminescence
spectra for GaP:S , it is observed that the oscillator strength for
the ZS(F]) state is about ten times smaller than that for the

3s(T',)state. In Chapter 3, we explore the camel's back effect

1
on the donor states in GaP. Valley-orbit splittings on the Tow-lying
states are calculated. We obtain the energy values for the Tow-

lying excited states for the F], I3, and FS symmetries, respectively.



-13-

Qur results are in good agreement with the experimental data, We

also find that the first F]—symmetry excited state (labelled ZS(F]))
is in fact a symmetric combination of p-like orbitals localized

in the two equivalent minima associated with a camel‘®s back valley.
In the "two-electron transition" process one electron in the

donor bound exciton recombines with the hole,leaving the other
electron in a excited donor state (the final state). The oscillator
strength for this process is proportional to the square of the overlap
of the electron wave function in the bound exciton (which is s-like

in character) with the electron wave function in the final donor
excited state. This overlap is substantially smaller for a final
donor state with p-like character than that with s-like character. This
explains why the Zs(r]) line observed in the two-electron transition

luminescence \19:22:23)

is much weaker than the 35(?1) line, We also
made theoretical estimatesof the oscillator strength ratios for the
various Tuminescence lines associated with different final donor states
in GaP:S. The results are in qualitatively good agreement with the

experimental data (22’23).

B. Donor Bound Exciton (DOX)

It was first proposed by Lampert (24) in 1958 that the exciton
can bind to a neutral donor to form a "bound exciton" (BE). In 1960,

(3) . . .
Haynes first observed a sharp Tuminescence line due to the recombination
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of the electron-hole pair in the BE, Since then, it has been found
that the electron-hole recombination in BE's can produce lots of
spectroscopic information about the material, Unfortunately, previous
theoretical studies have not been very satisfactory, Several authors

have treated this system in a spherical model (25-27)

. Their calcula=-
tions are only valid for the electron-to-hole mass ratios restricted
to be either very small or very large, This has led to questions
concerning the binding of the exciton to a neutral impurity for a cer-
tain range of mass ratios, In the past one group has concluded that
the bound exciton does not exist for the electron-to-hole mass ratios
between 0. and 10, where 0. is somewhere between 1 and 2 (26’27).
However, this is precisely the range in which the mass ratios for most
practical systems (e.g., Si, Ge and GaP) lie,

In Chapter 4, we have studied the bound excitons in a spherical
model for electron-to-hole mass ratios ranging from 0,01 to infinity.
We first developed for each particle a model Hamiltonian which yields
analytic solutions that are like the Hartree-Fock solutions. The
difference between the exact Hamiltonian and the sum of single-
particle model Hamiltonians can be treated as a perturbation. Then,
the energies for the ground state and the s-like low-lying excited
states are calculated using the second-order perturbation theory.
Contrary to the predictions of some previous calculations (24’25),

we obtain bound states for all mass ratios. We find that the Tow-

lying excited states contain mainly one-hole excitations with small
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admixtures of other possible excitations (e.g., one-electran
excitations and two-particle excitations, etc.). We shall refer to

these states as the hole excited states, Our calculation predicts

that the s-like hole-excited states are unbound relative to the dis-
sociation into a free exciton plus a neutral impurity for mass ratios
between 0.03 and 10, However, these states can be observed as resonances
in the free exciton continuum if their lifetimes are long enough,

In some materials (1ike GaP), the valley-orbit interaction could shift
the energy of these states to greater binding so as to make some of the
excited states bound,

The spherical model is not adequate for many of the well-studied
semiconductors since they have a much more complicated valence and
conduction band structures, Hence to make quantitative comparison
with the experimental data, a theoretical study of the BE system including
the effect of realistic band structures is necessary. In this thesis
we present a theory for the excitons bound to shallow donors (i.e,,
donor bound excitons (DOX)) in several multivalley semiconductors,

Si, Ge and GaP, The results presented in Chapter 5 provide the basis
for complete interpretation of the results of optical spectroscopy
on these complicated systems.

The realistic band structures deviate from the spherical model
substantially. In Section A, we have already discussed how to treat
the mu]tiva11éy conduction band properly. The valence band which de-

termines the hole wave function is also very complicated. In Fig.
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[-4 we plot the valence band structures for Si, The valence band
structures for Ge and GaP are very similar to that for Si, As shown

in this figure, the major complications of the valence band structures
are the band degeneracies at k=0 and the existence of a split-off band,
With the inclusion of realistic band structures, the single particle
states in the DX can be classified according to their transformation
properties under the operations of the point group Td‘ The total wave
functions for the D°X can be written as linear combinations of the
products of the single-particle states which transform according to
some irreducible representations of Td‘ For the cases considered here,
the electron-electron coupling is more important than the electron-hole
coupling, Hence we can construct the two-electron product states
first, then construct the three-particle product states from the two-
electron product states and the single hole states, The spin states

of the two electrons also have to be coupled together to produce a
eigenstate of the total electron spin. According to the Pauli exclusion
principle, the total wave function has to be antisymmetric with respect
to the interchange of any two particles, For the present case, the
electron-hole exchange interaction is negligibly small, hence, we

only have to antisymmetrize the electron product states in the %K.

The excited states of this system can be classified into two
categories: the hole-excited states similar to that defined previously
in a spherical model, and the states in which one electron is excited
into a state which would be degenerate with the ground state

if the valley-orbit interaction were neglected. The hole-excited
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Valence band structures of Si near the [-point along the
(100) direction (see for example, E. 0. Kane, J. Phys.
Chem. Solids. Vol. 1, 82 (1956)). The spin-orbit splitting

is denoted by A.
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states are discussed in a spherical model (Chapter 4) and they are
very similar for realistic band structures. The excited states
belonging to the second category are studied extensively in Chapter
5. These states are of much interest, because they are closely
related to the excitation spectra for BMEC's. Our calculation is
based on the Hartree-Fock approximation, which is suitable for
calculating the one-particle excitation energies for low-1ying
excited states. We can make detailed comparison between our
theoretical results and the experimental data for the energy
separations between the low-lying excited states and the ground
state. Very good agreement between theory and experiment is

obtained.

C. Bound Multiexciton Complexes

One of the more exciting phenomena in semiconductors is that
in these systems it is possible to bind several electron-hole pairs
(EHP) to a single impurity center to form a complex system called
"bound multiexciton complex" (BMEC). This is an interesting finite
many-body system. The mutual interactions between the particles in
this system are the well-known Coulomb potential screened by a macro-
scopic dielectric constant. What is more striking is that when the
density of EHP's in semiconductors is high enough, these EHP's
can condense into an infinite many-body system around the neutral
impurity. This system is known as "electron hole droplet" (EHD)(28).

In 1970, Kaminskii et al (4) observed a series of sharp lines (later
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referred to as the KAPS Tines (29))1ying at the Tlonger wavelength
side of the BE line. These lines were interpreted as originating
from the recombinations of EHP's in the bound multiexciton complexes .
Later this system has been studied experimentally by several authors
(30—40). Theoretically, two different models have been proposed to
interpret the experimental data. One is the BE-polyexciton model

(by Morgan (4]))

, which asserts that the excitons are loosely bound
to the BE by a Van der Waals type interaction. According to this
model, the recombination of an EHP near the impurity center should
leave the rest of the excitons unchanged. However, the photo-
luminescence observed for the recombination of an EHP in the BMEC
involving two EHP's (DOXZ) in various acceptor-doped Si samples
suggest that the final state for this process is a standard bound

(38).

exciton This is in qualitative disagreement with the BE-
polyexciton model. Furthermore, this model cannot explain the
variation in the relative intensities of the Zeemann components
of the KAPS Tines (10-42)

(29,82)) 55 called the

The other model (proposed by Kirczenow
shell model (SM), which assumes that the wave functions of the BMEC
can be classified as states belonging to various configurations
in which each particle is described by a single-particle state
transforming according to the irreducible representations of the
point group. The coupling between states associated with different

configurations is completely neglected. Although this model appears
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to account for many features of the experimental data, many
problems still remain. First, it is not clear why the coupling
between states of different configurations can be neglected,
since states of the same overall symmetry are in general
coupled together by the total Hamiltonian.

Furthermore, due to inter-particle interactions, the
energy levels associated with a given configuration should be split
into several levels, each level corresponding to states associated
with a certain overall symmetry. These levels may be closely spaced
and can be referred to as fine structures. In the SM, these fine

)

structures are completely neglected. Recently, Mayer, g}_gl_(3]

(43) have observed some fine structures in the BE

and Elliott, et al
in Ge and GaP, respectively. All these questions cannot be answered
unless one calculates the inter-particle interactions in this system
between states of all possible configurations.

We have studied the BE's in Si, Ge and GaP including the
effect of realistic band structures. In Chapter 5, we calculate
the fine structures in the electronic spectra of donor bound
excitons and find that they are not negligible (about 0.5 meV in Si,
0.1 meV in Ge and 1.0 meV in GaP). Our calculated fine structure
splittings are in reasonable agreement with the experimental

data (31,36,37)

We find that the coupling between states of
different configurations is of the same order as the fine structure

splittings. Hence, for states separated by energies large



-21-

compared to these fine structure splittings (e.g., the ground state
and the first excited state in Si:P), the configuration coupling

is negligible. But for the states which are closely spaced in
energy, this coupling can be substantial.

' In Chapter 6, the electronic structures of BMEC's in Si and Ge
are studied. Quantitative results for the separations between the
low-1ying excited states and the ground state are also obtained using
the Hartree-Fock approximation. The fine structures are

neglected for simplicity. The excitation energies for the low-lying
excited states are found to be in good agreement with the experimental
data interpreted using the shell model. Our calculation clarifies some
ambiguities in the interpretations of the luminescence spectra and
provides a better understanding of the BMEC's in multivalley semi-

conductors.
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CHAPTER 2
THEORY OF DONOR STATES IN Si AND Ge



-26-
1. INTRODUCTION

The bound excited states for the donors in indirect materials, such as Si
and Ge,have been successfully described by the Kohn-Luttinger effective

massS approximation (EMA) (1’2’3).

The ground states, however, because of the
multivalley nature of the conduction band, are split into several states
through the '‘valley-orbit interaétion". As a result, the binding energy

is increased substantially (about 35%) and a theory beyond the BYA is
required. Moreover, the effect of valley-orbit splitting is extended to
several s-like excited states because they have the same symmetries as

the ground states, and their wave functions have to be modified to become
orthogonalized to the new ground state wave functions. The splittings of the
2s-states for donors in Si were estimated to be about 1 meV by Kohn and
Luttinger (2), using the quantum defect method. This, again, cannot be
explained by the EMA.

(4)

To account for the valley-orbit splittings, Baldereschi performed

a quantitative calculation based on the multivalley effective mass

equation (MV-EME) originally introduced by Fritzsche (5). lLater, the
MV-EME was also adopted by several authors (6’7’8’9'193 calculate the
ground state energies of donors in Si and Ge. Although the above calcula-
tions have produced results. for Si in good agreement with experiment,

it has been pointed out (11,12) that the MV-BEME they used is inappropriate,
because it includes spurious intervalley kinetic energy (KE) terms and
Neglects the overlap effects from Bloch functions in different valleys.

By totally ignoring the intervalley KE terms and retaining the Bloch
functions, Shindo and Nara (11) proposed another multivalley effective

mass equation. Recently, Altarelli et al () used this new MV-BVE, intro-
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ducing an Umklapp renormalization factor for the impurity potential due to the
Umklapp processes, and obtained the ground state energies for Si:P and Ge:As

in good agreement with experiment. However, as pointed out by Herbert

14

and Inkson ( ), the neglect of intervalley KE terms, could lead to unstable

solution to the MV-EME, i.e., the binding energy is increased by about two
orders of magnitude. Therefore, besides the Umklapp processes for the im-
purity potential, the correct theory for the valley-orbit interaction should
also include the intervalley kinetic energies in a proper way. Most recently,
Resca and Resta (15,16) (RR) have proposed a ''spatial renormalization factor"
(SRF) to replace the Umklapp renormalization factor (URF) used by Altarelli

et al 13 With the use of SRF, they find that both the substitutional and
interstitial donors in Si introduce a deep level (16). Unfortunately, the RR
approach also neglected the intervalley KE term, which is of the same size

as the intravalley KE term when the envelope function becomes very localized
(necessary for a deep level). As will be shown in this paper, without the
intervalley KE term, the use of URF also produces a deep level (unstable solution),
whereas the introduction of intervalley KE stabilizes the system for substi-
tutional donors. To account for the anisotropy of the conduction

band of Si and Ge, elaborate trial wave functions (for instance,

the linear combinations of ellipsoidal orbitals as used by Faulknerc¥%r the
BEMA) must be used in order to produce reasonable results. The use of
elaborate trial wave functions would make the evaluation of energy
expectation values very complicated and further progress, such as solving

the donor bound exciton problem, very difficult.
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In this chapter, we report a calculation for the low-lying donor states in

Si and Ge with the intervalley kinetic energies and mass anisotropy taken

into account properly  We also propose a model Hamiltonian, such that when the
ellipsoidal trial wave functions are used, the Hamiltonian matrix elements can

be expressed analytically and give rise to the correct energy values for

the ground states and all excited states. We obtained energy eigenvalues

of the 6 lowest s(d)-like states for various donors in Si and Ge which are

in excellent agreement with the experimental data for both the exact and

the model Hamiltonians.

In Section II, the general theory for an impurity system is reviewed,

and the model Hamiltonian is formulated. In Section III, the matrix elements

of the exact Hamiltonian are evaluated, and the analytic expressions for

the matrix elements of the model Hamiltonian are given. It is also shown

that with suitable choice of some parameters, the model Hamiltonian can

produce matrix elements which are almost exactly the same as those of the

exact Hamiltonian. In Section IV, the numerical results for the exact

Hamiltonian and model Hamiltonian are presented and shown to be almost

identical. Finally, in Section V, a summary is presented.

II. THEORY

(a) Basic Problem

The single-particle Schrddinger equation of the perfect crystal perturbed

by a substitutional impurity can be written as

2
(L 0+ Vv = B ()
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where V° is the self-consistent potential seen by each electron in the
perfect crystal and V is the perturbation potential introduced by the

impurity. Equation (1) can be rewritten for a pseudo wave function ¢(?)

[_ v+ vg + V¢]¢(r’)= E ¢() , 2)

where Vg and V¢ are the pseudo potentials for the perfect crystal and impurity (9),

respectively. Using the solutions to the problem without the impurity,

2 > > >
[—% vt vg] ¢ @) = E(R) opy (D)

>

we can expand the solution to Eq. (2).
>y _ > o .~
0@ =& F® o @ : (3)
Substituting Eq. (3) into Eq. (2), one obtains (11)

RO -E® RE - 2 QN B s EE® L ®
For shallow donors, the wave functions are localized near the conduction
band edges. If the other bands are separated by large energy gaps as compared
to the binding energies, then one has to consider only one band. This is the
case for Ge where the valleys are at the zone edge in the [111]direction.
In Si, however, the valleys are near the zone edge in the [ 100} direction

and the b, band and A band are degenerate at the X-point (17). In this
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case, substantial mixing of the two bands in the wavefunction ¢(?) is expected.
The multivalley problem for donors in Si is therefore intrinsically a two-

(18). An equivalent

band problem as recently pointed out by Pantelides
formulation is to allow X to range over more than one Brillouin zone with a

different zone for each band (19). In this formulation
HFX = E°K) F(k) + <¢§|v¢|¢§,> Fk') = E F(K) . (5)
k'

The conduction band of Si can still be approximated very well by a parabolic

a7

function . The extension of the wave function FCE) into the second Brillouin

zone automatically takes into account the mixing with the A,, band.

For indirect zinc blende semiconductors, the conduction band has several
equivalent minima located at ﬁj, where j ranges over the N equivalent valleys.
The value of N is 6 and 4, respectively, for Si and Ge, Since the total
Hamiltonian H is invariant under the point group Td’ its eigenstates should
transform as the partners of certain irreducible representations, I', under
the operations of Td' We can write the solution to Eq. (5) with a given

sumetry I' as linear combinations of the wave functions ijﬁ-ij) localized

at N equivalent valleys (2), namely
0 o o > o>
Fr(k) = le Ol.j M Fj (k-kj) , 6)
where the coefficients a?(r) are determined by group theory. o labels the

degenerate partners and the wave functions Fj(i;ij) are related to one another

simply by the operations belonging to the group Td’ It is clear that if the
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functional form of Fj(i~fj) is known for a giyen valley, then the total wave
function F?(f) is completely determined by Eq, (6). If we expand the function

F?(i) on a complete orthonormal set of functions {§ a?Bi (f-is)}, then we have,

J
for the jth valley,
F.&%)=1cpl@&k) . 7
j OF) = & C g Ry @)

Substituting Eq. (7) in Eq. (5), we obtain after the application of symmetry (8)

z Hquv = E z N\J\)q) ’ (8)
Vv \V
where
m
- ()
Huv I gA(r) Huv )
A=1
and
m
- ™)
va L gA(T) Nuv . (10)
A=1

Héé) and Nﬁé) are the matrix elements for the basis wave functions associated
with the intravalley ()=1), intertransverse (A=2), and interlongitudinal
(A=3) terms. All three terms are present in Si (m=3); the last term (A=3) is
absent in Ge (m=2). The coefficients {gA(F)} which are obtainable from

symmetry can be found in Refs. 8 and 10.
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(b) Formulation of the Model Hamiltonians

In this section, we derive an expression for model Hamiltonians
(one for each possible irreducible representation) which operates on the
envelope function for a single valley. We obtain closed form, approximate
expressions for these Hamiltonians. This is accomplished by neglecting
intervalley overlap matrix elements which can be shown to yield very small
corrections ( .1%)to the energy eigenvalues.

Returning to Eq. (5), we can write H as the sum of the kinetic energy
operator T and the potential energy operator V. We first examine the potential

energy part of H. V is an integral operator whose kernel is defined by

<¢§[v¢|¢§,>. The potential V o €N be written as a point charge potential Voo 1)
plus a short-range core potential W(¥). Because of its short-range nature,

the Fourier transform of W(T) should be a smooth function over the appropriate
region in k-space. Hence we can assume that the matrix element of W(f) for

K and X' near the band minima are given by

o o . - (11)
<¢ |W|¢) >=J

where JA takes on three values depending on whether T(i and T(j are in the

same valley (A=1), on different axes (A=2), or on the same axis (A=3).

The point-charge part can be written approximately as

<oy [Vpcldp,> = RX{IPC(’E-R") (12)
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2

where VPC(a) = ligfzgg-is the Fourier transform of VPC(?) with e(a) being
the wave-vector dependent dielectric function which is customarily represented
by the empirical form (21,22)
2 2 2
1 _ A (1-A) 1 Y
= + +
2 2 13
e(q) q2+a2 q2+82 €(0) ey (13)

and R, are the Umklapp renormalization factors as defined in Ref. 13. As

before, A implies the relationship between ii and ?j, the centers of the iih

jth valleys, respectively. For any two basis functions B:(f-ii) and

and
Bi(?-ij), the potential matrix element is given by

v - g ei*(o) 8l (o) + R, f Fre I T v @ ei*(}’) g@,  ao

ik, T .
1 be }h§+Fourier transform of Bt(i-?i) in real space, and

: ik.eT

similarly for Bi(?) e J

where Bi(?) e

We now derive a functional form for the potential term for the model
Hamiltonians, which yields analytic expressions for the basis functions
defined in an ellipsoidal coordinate system. All the materials treated in
this paper have very anisotropic conduction bands. If we define the ratio
of the longitudinal effective mass m, to the transverse effective mass m,
as the "anisotropy factor' u, then the values of u are about 5 for Si and
20 for Ge. To account for the anisotropic charge distribution caused by the

kinetic energy term, we choose the basis fumctions to take the form Bp(?'),

with the argument T' defined as

= (x,,2/T) (15)
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where the parameter ¢ is called the "eccentricity factor'. The appropriate
eccentricity factor ¢ can be determined by a variational calculation, where
the energy expectation value of the lowest-lying state of certain symmetry is
minimized. When ellipsoidal basis wave functions are used, it is convenient

to write the point charge potential'VPC(?) in an ellipsoidal coordinate

system as well,

2
e
V(1) = - (16)
PC 72 I
e(r'/1-g” cos™8') r'/1-g" cos“e’ ’
with g2 2

£1-c¢” and ' is the polar angle in an ellipsoidal coordinate system.

The matrix elements V(é) in Eq. (14) are rather complicated, since the term

u
Vl-g2 cosze' mixes states of angular momentum quantum number differing by an

even integer. For s-like wave functions we choose the model potential to

have the form (see Appendix A for derivation of this functional form)

J.8(r) 2 f.a sin(p,Ar')
v @y = A . R € _ o A 17
M z Ae'(r")r ®,5r7) ,
where
= feinl
a = (sin "g)/g (18)
A = cho ,
and
4 -ho 1’
1 1 v
~=— I S e (1%a)
e'(r € v=1 V
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with S, = @, Ac, (lnA)eo, <1) (19b)

24 o, = O, 0 8 ). (19¢)
£y, Py and h are adjustable parameters obtained by minimizing the
differences between the matrix elements of this model potential and the
exact matrix elements Vﬁéj . As will be shown in Sec. III, with suitable
choice of the parameters fk » Py and h the matrix elements of the model

potential can fit the exact matrix elements extremely well. For non-s-like

states, which are only important for the expansion of excited states and have
vanishing amplitude near the origin, the short-range correction and inter-
valley scattering terms are negligible. Thus, the effective potential is simply
the hydrogenic potential screened by the dielectric constant € (2). Hence, the
total model potential operator can be written approximately as

P . ) e .
V(') = z g, (1) Vg lo><o| - A - fo><o] ) ;@0

eor' V l-gzcosze'

where |0><0| is the projection operator onto 2=0 states.

The a-dependence of the dielectric function, short-range core potential,
and the intervalley scattering terms have been neglected for the mixing of
s-like states with non-s-like states.

The next step is to examine the kinetic energy (KE) part of the total
Hamiltonian. In general, the KE matrix elements T&é) can be calculated

exactly by carrying out the integration in k-space, i.e.,
™) _ iz (o} j .
) = | gk E°® Rk ok )

where the full knowledge of the dispersion function for the conduction band
in the extended zone scheme is required. Because of the localized nature of

. . ce s . . . oA
the envelope wave functions in k-space, it is a good approximation to write E" (k)
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as the sum of Eg(i-ii) defined for the ith valley as
0% %\ _x2a2 , 12 20 432
E;(k-k;) =h"(k + ky)/Zmt +hvk, - k))/2m, , (22)

where we have chosen Ki = k° 2, with ko being the distance of the band minimm
from the zone center. For Ge, the band minimm is right on the L-point. For
Si, the value of k used in this paper is 0. 86( Ly (23), where a is the lattice
constant, The functions Ei(i-ki) are truncated at the values of ?, where these
functions centered at different valleys intersect with each other. This trum-

cation is necessary for evaluatlng thg intervalley KE so as to avoid the spurious

£k, k)

L

overlapping of the function with the wave functions centered at other

valleys (e.g., k. = -koz) (14).
For the intravalley term, this restriction is unnecessary, and the model

KE operator in real space can be written as

. 2/ 2]\ 73\
M) = -2 <32> 7@[(&7::) + (& , (23)

where we have chosen the z-axis to be the longitudinal axis. For the intervalley
terms, we only have to consider the matrix elements between s-like states

(the others are negligibly small). As will be shown in Sec. I1I, we can find

a simple closed-form operator to approximate the exact intervalley KE operator

(defined in elliptic coordinates, ?')

APS ﬁz Y c My AT 116" 2T el (24)
M (') = 7, (ar')(e - (C-De TN )| A = 2,3 _
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with
1 (25a)
B=x(2+ )
3
where u = mg/mt
and A= ZCko . (25b)

The operators (5%.-) with arrows pointing left or right, are defined as

— P S
Ry = BE) = ey &y (26)
C and n, are chosen to minimize the differences between the model matrix

elements <Bu|TI§IU IB\)> and the exact ones <Bu|T‘)‘)|B\)>. The total model KE

operator is therefore written as

3
g 1) oo (27)

=1t «
A=2

M

Combining Eq. (27) with Eq. (20), we therefore get the closed-form expression
for the model Hamiltonian of symmetry T

r T r
By=Ty*W (28)
In the next section we derive the explicit expressions for the matrix

elements of the exact Hamiltonian H and the model Hamiltonians, H}]; and

see how closely they are related to each other.

III. MATRIX ELBEMENTS
In this section, we evaluate the matrix elements for both the exact

and model Hamiltonians and determine the parameters in model Hamiltonians which
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give the best fit between the two sets of matrix elements. Slater orbitals
in an ellipsoidal coordinate system are used as the basis set. The z-axis
can be used as the longitudinal axis of the ellipsoidal coordinate system.
Analytic expressions for the matrix elements for the model Hamiltonians are
also given, For convenience we use atomic units (a.u.) with

energy measured in units of e4mt/250262 (Rydberg, Ry) and distance

measured in units of e&ﬁz/mte2 (Bohr), where m, is the transverse effective mass.
The radial part of each basis function is made up of a linear combination
of ellipsoidal Slater orbitals,

(r") T'z e-bnzr'
o) = 29
th N (29)

ni ’

where an is the normalization constant,

2+3/2
- (anR)
N, = (30)
V(28 + 2)]

The exponents bn£ are chosen to cover the entire physically reasonable range.
The actual basis function anm(;') is formed by taking the product of a
spherical harmonic Ylm(ﬂ') with an appropriate radial function -ob-

tained from an(r‘) by employing the Schmidt orthogonalization procedure (24)

Bram(®') = Ry, (1) Yy (@) (31)
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with

R, (') = i Aﬁn, R, G@" (32)

]

with Ar%n , obtained from the Schmidt orthogonalization procedure.

(a) Exact Hamiltonian
The matrix elements of the exact Hamiltonian in this basis can be

written in terms of the Slater orbitals (Eq.(29)).

A
<B | |8 > _ L A
Ny &My nylom, foe 110 n,n,
12
- N =
x < Y HMI R, Y, s . 23
RIS naty M (33)

We first calculate the matrix elements for the Hamiltonian H(A) for two
s-like Slater orbitals denoted as lb1> and |b2> , (see Eq. (29)) where b is
the exponent. The total matrix element may be divided into two parts, the
kinetic energy T(A) and the potential energy V(A). For the intravalley term,
we obtain

ey - 5/2 3
<b, [T |b,> = 8B(byb,)™ </ (by+b,) (34)
with B given by Eq. (25a)-
The intervalley kinetic energy matrix elements can be written in terms of the

Fourier transforms of Slater orbitals
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R & = 16r5 2 (35)
07+ k222 0%7 2
X y z

+ %k
For the intervalley (A=2,3), we have

My, -5 [k )
<b2lT lbl> o f (Zn) §£ (0] (k k )) E (k -k z) FB (k -k z)

+ exchange term , (36)

where EO(K k z) is defined in Eq. (22) for the valley associated with RB

1
z is the wnit vector in the z direction and O( ) 1s a rotation operator (25)
which transforms from a given valley to a transverse valley (A=2) or a longitudinal
valley (A=3). The exchange term is produced by interchanging b1 and b2'

With some approximation, Eq. (36) can be reduced to two-dimensional and one-

dimensional integrals for A=2 and 3, respectively. For the reader's interest,

we put this derivation in Appendix B.
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The matrix elements of the potential energy for s-like basis states

are given by

d, VA b s = Eﬁlﬁzziii Jeen s g™ ®.,b.)
1 2 - A vel vV 1°72

where S is given by Eq. (19b). The functions JSA) are given by

1
(1) - 1
P yby) = | e e ——
M L L A
2m 1
(2) - d¢ 1
JY"/(,,b,) = Re dg
v i S i [(byv) + byvy + o) + iko(”l'”z)]2 ’
and
r 1
(3) -
1P b0 = Re |

2 %+ + 94 2
o {[(b1+b2)(1+(6-1)5 ) Ov] 21ko}

whereov are given by Eq. (19¢),

2 1
[1 + (6'1) nl,z]z

V3o = ’
8 E'g"z ,
and
N 5 = A - &7 cos(8/2) ,

with g = 90° for Si and 109.47° for Ge.

(37)

(38a)

(38b)

(38c)

(399)

(39b)
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As discussed in Sec. IIb, the exact Hamiltonian can be approximated by
the single valley effective mass Hamiltonian HEMA for all the other basis

states. These matrix elements for ellipsoidal Slater orbitals are given

y G (fore >2)

<b1m|H.mlb2£|m'> = 6 zl'crnl (bl, 2) Drn 2' 2‘+2J22'(b1’b2)

W/,
- 6 2,2""2;‘ \)EO t(m) a Kzgv(blybz)} ’ (40)
where j is an integer such that 2'+2j is non-negative. The coefficients C?
and ﬁ? are given by
A = 14151 » 220841) - 6n°
¢ £ H{1-B)[1 = o ’ (41a)

and
= (183 [ (aFend) [gz 192-52] (41b)
L -1 2+1 2- ’

where B is given by Eq.(25a). The coefficients a, are given by the recursion

relation

_[@v-1)a  -0)]
ay © zv 1 for v > 1 (42a)
2vg ’

with

a =Sin_ g : (42b)

The G;L, (m) are defined by
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* (2+2')/2 v
4nY£nJQ) YQN{Q) = v=g Gzl,(m) cos

Zv6

’

and can be obtained by carrying out this expansion(26),

J, and K are given by

2 2
I,(b,,b,) = S.,(2) |bjb, + b — X —

2 .-
Jygr (Bp:by) = S15(2) l:bz + 2bb,/ (142 2)}

Kpgr(bysby) = 451,(2) b/ (a2 + 2)

where

ble 29+ 3

S1,(8) = <b12|b22> =<_F—
and

b= (b, +b,)/2

(43)

The coefficients I,

(44a)

(44b)

(44¢)

(45a)

(45b)
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(b) Model Hamiltonian
The only part of the model Hamiltonian matrix that differs from the
exact Hamiltonian matrix is that for the s-like basis states. Again we
will treat the kinetic and potential energies separately.
We want to replace the intervalley contribution to the kinetic energy
by that appearing to originate from a single valley.
The form of the model KE operators given in Eq. (24) is obtained by
observing that the principal contribution to the integral in Eq. (36)
occurs for Kbnear the band minima. Hence, we can approximate the integral
by replacing the tail of the basis function R in the other valleys by an appro-
priate function in the original valley.
In the first term of Eq. (36), Ebz is localized in
the valley outside the region where the integration is carried out. Its
tail in the region of integration is a smooth function of i, and can be approxi-
mated by the functional form

5/2

16m by~ “C 167 bzs/z(c-l)

[a+ %+ A -k 2)%)? [en2 + b)) + tf(k-k_2)°]?

(46)

where n and C are taken as adjustable parameters. This function has the

advantage that it resembles the function sz in the region of integration

and only gives small contribution to the integral when the region of inte-
gration is extended to the whole k-space. Furthermore, when the region of
integration is extended to the whole k-space, the integral can be done

analytically and we obtain
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@, |1 by> = eBcblbz)S/z[ c .G 3] (47)
(n,8 + by+b,) @n A + by+b,)
which corresponds to the matrix elements of the postulated intervalley KE operators
defined in Eq. (24). It should be noted that Eq. (47) reduces to Eq. (34) when
A is set equal to zero.
The matrix elements for the s-like part of the model potentials VéQ)
given in Eq. (17)) can be carried out analytically. We obtain

4 s a
3/2, v ©°
J,/ (8TC)+R, I —77

. (48)
v=1 (by*by*ho ) + pi

o NG by = 50,2
’
where R,, Sv’ and o, are defined by Egs. (12),(19b) and (19¢c), respectively;
Py and h are adjustable parameters.
(c) Fitting of the Free Parameters
There are a number of free parameters in the model Hamiltonians which are
to be selected so that the matrix elements of the model Hamiltonian are as

close as possible to those for the exact Hamiltonian. Fitting of the intervalley

KE matrix elements results in the parameters given in Table II-1 for Si and
Ge. The quality of the fit as a function of the orbital exponent for the
Slater orbital is shown in Fig.II-1 The fit is superb for the range b< 8 a.u.;
however, for larger values of b (more localized functions) deviations between
the exact and model results do occur.

The fit of the intravalley PE matrix elements is accomplished by adjusting
the parameter h. The values resulting in the best fit are given in Table II-1 |,
The quality of the fit as a function of orbital exponent for the Slater orbital

is shown in Fig.II-2 Again the fit is superb, and continues to be quite good



TABLE II-1, Adjustable parameters h, f,, PA’ c, nkdeterndned by fitting
the diagonal matrix elements of various terms in the model Hamiltonian

with that of the corresponding terms in the exact Hamiltonian.

material Si Ge
Intra | Inter-trans | Inter-long Intra | Inter-trans
arameter 0= 1. 0=2) |, (=3) (=1 | - O=2)
fx 1 1 2 1 1
P, 1 1.005 2.265 1 1.48
m 1.48 1.59 2.42
h 0.821 0.69
C 12 25
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Figure 11- 1. Intervalley kinetic energy plotted as a function of the
inverse radius of the basis envelope wave function for the exact
Hamiltonian (dashed line) and the model Hamiltonian (dotted line)

for donors in Si and Ge. Atomic units are used as defined in the

text.
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Figure 11- 2. Intravalley potential energy plotted as a function of the

inverse radius of the basis envelope wave function for the exact
Hamiltonian (dashed line) and the model Hamiltonian (dotted line)

for donors in Si and Ge. Atomic units are used as

defined in the text.
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The fit of the intervalley PE matrix elements is carried out by adjusting
the parameters p, and fk with h fixed at the value required for the inter-
valley PE. The parameters resulting in a very good fit are given in Table
11-1 The comparison between the exact results and calculations for the
model are given in Fig.II-3 The fit is quite good over the entire range of

b required for our calculations.

IV. RESULTS

In this section we report the results of calculations of the various
ground state and s(d)-like excited states of donors in Si and Ge. Results
are reported for both the model and exact Hamiltonian matrices.

The numerical work was carried out, using 10 s-like, 6 do-like and 4

go-like Slater orbitals. The parameters bnl are chosen to be bo/Zn with

Q”
bo = 2 a,u. for Si and b0 = 4 a.u. for Ge and

I

2,=(,1.5,2,34,6,9, 14, 0.5, 0,25) for g = 0

Z

ng = (-5, .7,1, 2,3, 5) for g =2

an

(.5, .7, 1, 2) for 2 = 4,

The eccentricity factor ¢ was determined by minimizing the ground state
energy. Hence, it is not clear whether our basis set is good for the excited
states or not. To examine this, we calculated the eigenvalues of the HWA(Z)
Hamiltonian using this basis set with ¢=.57 for Si and ¢ =.355 for Ge, res-
pectively. Our results for the lowest six states are listed in Table II-2

along with the results obtained by Faulkner (3).

(3)

Our results for Si are almost identical to those of Faulkner . For

Ge, we obtain slightly larger ionization energies (by about .1 meV) for the
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Figure 11- 3. Intervalley potential energy plotted as a function of the

inverse radius of the basis envelope wave function for the exact
Hamiltonian (dashed line) and the model Hamiltonian (dotted line)

for donors in Si and Ge. Atomic units are used as

defined in the text.
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Ionization energies of the 6 lowest s(d)-like states obtained

in EMA for Si:P and Ge:As. The results obtained by Faulkner () are also

included for comparison.

All energy values are in meV.

1s 2s 3s 3d0 4s 4do
E present work 31.22 8.85 4,76 3.75 2.86 2,11
Si:P l — — J| - .
, Ref. 3 31.27 .8.83 4.75 3.75 2.85 2.11
present work 9.81 3.59 2.14 1.43 1.19 0.94
Ge :As
Ref. 3 9.81 3.52 2.01 1.34 1.17 0.87
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excited states than those obtained by Faulkner. We therefore believe that
our method is suitable for the ground states as well as for the excited
states.

The matrix elements for the exact Hamiltonian H and the model Hamiltonian
HM were obtained as described in Sec, III, and both matrices are diagonalized
numerically. The results obtained for both Hamiltonians are very close to
each other (within 1%).

For the isocoric impurity P in Si, we assume the short-range core potential

takes the form
0T (9994 (49)
27.2°eV
W =poe © Lo, 28

2.72 and o_ = 3.33 a.u. #7) Pputting Eq. (49) into Eq. (11), we obtain

R

with Pc
that J 1

we assume the short-range core potential has negligible effect, i.e., set J)\=0

-0.60, J, = 6.35 and J; = 7.11 (in units of 10> Ry Bohr>). For As in Ge,

1

in Egs. (14), (17), and (37). The validity of this assumption may depend on the
impurity pseudopotential used. It was shown by Pantelides and Sah ) that the
short-range core potential is small for an isocoric impurity, if one works within
a truepatential representation. On the other hand, the Umklapp renormalization
factors Rk are obtained by using the empirical pseudopotential method (EPM). This
empirical pseudopotential used for the crystal may not satisfy the criteria

for internal consistency given by Pantelides (18) . We therefore calculated

the ground state energies for several choices of the renormalization factors R)\.
For Si, we worked out the cases with R2 taken to be from 0.47 to 0.55 and RS
taken to be 0.48. The results for the energies of the three split ground

States calculated for both H and Hy are plotted in the upper half of Fig.II-4
against the parameter RZ We find that with the choice R2 = 0.53, the theo-
Tetical results are in excellent agreement with the experimental data. For

R2'~‘0.1‘>8 and R3=0.3 (the values obtained from EPM) (13), we obtain for the ~I‘1,
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-54-
rs and PS states 38.9, 35.1 and 33.5 meV, respectively, when W(?) is included
and 43.2, 34.3 and 33.1 meV, respectively, when W(?) is neglected. For
Ge:As, the energies of the split ground states are plotted in the lower
half of Fig. II-4 against R,, with R.2 ranging from 1.3 to 1.8. For R2
= 1.56, the results fit experimental data very well. For R2 = 2.33 (the
value obtained from EPM)ClS), we obtain very large binding energy (>20 meV),
which is inconsistent with the experimental data.

To examine the stability of the Hamiltonian when the short-range core
potential is neglected, we did a variational calculation using the s-like
trial wave function FB(?) as given by Eq. (29). In Fig. II-5 the energy ex-
pectation value of the Fl-symmetry ground state for Si:P with a trial wave
function given by Eqs. (6) and (29) is plotted against the variational para-
meter b. The Umklapp renormalization factors used are those from EPM (13).

As shown in this figure, the system is stabilized only if the intervalley KE

term is included. Similar situations also hold for donors in Ge.

The charge densities of the ground states of Si:P and Ge:As are plotted
in Fig. II-6 and Fig. II-7 against the radial distance r' (defined in ellip-

soidal coordinates). The ground state wave function calculated within the

effective mass approximation (EMA) is also included. It should be noted

that the rl-symmetry ground state is much more localized in space (therefore,

more spread out in k-space) than the other states. This is expected, because
the tunneling of the wavefunction from a given valley to the other valleys

has a large constructive effect for the I, state but small destructive effects
for the Iz and I States. Therefore, the I, state should be more spread out
in k-space and mare strongly bound, while the g and I'g states should be a bit

less spread out in k-space and less bound than the ground state of the single
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valley Hamiltonian. However, as shown in Fig. I1-6, the ground state of Si
calculated within EMA is more spread out than the Ty and I'c states. This is
due to the neglect of the wave vector dependence of the dielectric function
that reduces the binding. The %70 components of the ground states are
found to be negligibly small. The charge densities for the s-like components
and d-like components of the excited states calculated within EMA are plotted in
Fig. II-8 for Si:P and Ge:As , against the radial distance r'. From the
nodal structure of the excited states shown in Fig. II1-8 , it is noticed
that the roles played by 3do- and 4s-states in Ge seem to be exchanged, as com-
pared to that in Si. The charge densities for the s-like and d-like components
of the Il-symmetry excited states are plotted against the radial distance r' in
the top and bottom panels of Fig. II-9 for Si:P and Ge:As, respectively.
Comparing Fig. II-9 with Fig. II-8, we find that the charge distribution of all

I.- symmetry excited states except the 3d0 state in Si and the 4s state in Ge are

1
shifted toward the center with respect to the states obtained in EMA. This is

because the requirement of the orthogonality to the ground state (mainly s-1like)

has substantially modified all the s-like excited state wave functions. The 4s

state in Ge, however, is intrinsically a 3d0 state as already mentioned and
is not affected by the above requirement. On the other hand, the 3d0 state
in Ge and 4do state in both Si and Ge, having the 4s and 5s nodal structures,
are shifted toward the center to a small extent.

For non-?socoric impurities, we can adjust the core potential

Strength JA such that the calculated ground state energies fit the experi-

mental data, with the Umklapp renormalization factors R, determined from the
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results for the isocoric impurities. In Table II-3 we listed the parameters

JA determined for various impurities in Si and Ge. For the interstitial
jmpurity Li in Si, we have used the Umklapp renormalization factors,

R, = 1.08 and R; = 1.23 (from Ref. 13). It should be noted that for zero

core potential (J, = 0), we obtain a large binding energy (about 600 meV)

for the interstitial donors in Si. The ionization energies of the 6

jowest s(d)-like states for various impurities in Si and Ge are listed in
Table II-4 The available experimental data are also included in parentheses
for comparison. Excellent agreement between theory and experiment is obtained.
In TableII-4 it is noticed that the ionization energies of the 3do-state in
Si and the 4s state (having the 3do nodal structure) in Ge are almost indepen-
dent of impurity type and the valley-orbit interaction while the ionization
energies of the other states are more or less affected. This is again due

to the fact that the s-like excited states have to be readjusted to become
orthogonalized to the new ground state, which has been modified by the valley-

orbit interaction.

V. SUMMARY

We have constructed the model Hamiltonian for the donors in Si and Ge.

The matrix elements of this model Hamiltonian can be expressed analytically,
if Slater-type basis wave functions are used. This Hamiltonian yields
almost identical results as the exact Hamiltonian, and because of its
simplicity, can be applied to more complicated systems such as donor bound
excitons and bound multiexciton complexes (BMEC). We have also calculated
the six lowest energy eigenvalues for the s(d)-like states of each symmetry
for various impurities in Si and Ge. Our results are in excellent agreement

with the available experimental data.
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TABLE II-3, Short-range core potential strength parameters J, determined

from fitting the calculated ground state energies with the experimental data

. -3 3
for non-isocoric impurities in Si and Ge. The units of JA are 10 ~ Rydberg Bohr ~.

material
Si:As Si:Sb Si:Li Ge:Sp Ge:Sb
parameter
J] 18.62 36.83 57.36 0.975 8.05
J2 -4.88 -3.92 90.88 0.975 8.05
J3 2.62 26.33 84.43 | ----- ----
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various impurities in Si and Ge.
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are included in parentheses. All energy values are in me\.

The available experimental values

Ionization energies of the 6 lowest s(d)-like states for

Reuszer and Fisher (34)
(35)

Aggarwal et al

1s 2s 3s 3d0 4s 4d0
P 45.5 a 10.3 b 5.22b 3.75 c 3.1 b 2.16
(45.5) (10.6) (5.3) (3.75) (3.1) (2.2)
As 53.7 b 10.9 b 5.39b 3.75 3.20 b 2.19
(53.7) (11.2) (5.3) (3.2) (2.2)
T Sb 42.7 10.0 5.15 3.75 3.07 2.14
(42.7)8
Li 31.2 £ 8.85 4.76 3.74 2.86 2.10
(31.2)
p 34.2 a 9.19 c 4.88 3.75 2.92 2.11
(33.9) (9.05)
As 32.6 a 9.01 4.82 3.75 2.89 2.10
Si T (32.6)
Sb 32.9 a 9.04 4.83 3.75 2.89 2.10
(32.9)
Li 33.0 b 9.06 b 4.84 b 3.75 2.90 2.10
(33.0) (9.0) (4.8)
P 32.7 a 9.03 c 4.82 3.75 2.89 2.10
(32.6) (9.05)
As 31.2 3 8.85 4.76 3.75 2.86 2.10
T (31.2)
Sb 30.5 a 8.76 4.73 3.74 2.84 2.10
(30.5)
Li 33.0 b 9.06 b 4.84 b 3.75 2.90 2.10
(33.0) (9.0) (4.8)
P 12.9 3.90 2.27 1.51 1.20 0.96
(12.9)¢
T As 14.2 e 4.01 d 2.32 d 1.53 d 1.20 0.97
(14.2) (4.1) (2.4) (1.5)
Sb 10.3 e 3.65 2.16 1.45 1.19 0.94
Ge (10.3)
P,As,Sb| 9.81 3.59 2.14 1.43 1.19 0.94
r P (10.1)‘2
As (10.0) 1
sb |(10.0)®
a. Aggarwal and Ramdas (30)
b. Sauer (31
c. Thewalt (32)
d. Gross et al (33)
e.
f
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APPENDIX A
FUNCTIONAL FORM FOR THE MODEL POTENTIALS

In the spherical model, the intervalley potentials are equal to their

spherical average, i.e.,

. ick,-k,)T
vV @) = 56@) - Ré? f e J 1 1 do
e(r)r 4m
sy 2 sin(a,1)
de(r) RA e A (A1)
e(™)r (8,1) ,
where A, = Iii-ijl for A =1,2,3 as before. In an ellipsoidal coordinate
system (with T = (x,y,2/t)), the spherical average for V(A)(?) is
i(k.-k.)T
A) = d Q' 2 l(iJ i '
v (r9=Jf5(i-)7—-Reje 1 4o

.

Comparing Eq. (A2) with Eq. (Al), we can approximate Véx)(;) by the expression

vaI@ =3, 6@/ - R € £, 2, sin(p,Ar’)

E' (I-')rl (prrl) (AS)

1 1 4 -hovr'
where = z Sv e , A =2tk s
e'(r') o v=1 °
1
1 -
a, £ J d(cosb’) = sin 1 g/g , with gz =1 - CZ
o V1 - gzcose'
and

£, P, and h are adjustable parameters.
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APPENDIX B

MATRIX ELBMENTS FOR INTERVALLEY KINETIC ENERGY

In this appendix we derive a simplified expression for Eq. (36) for the
intervalley KE matrix elements. Substituting Eq. (22) and Eq. (35) into Eq.
(36), we obtain

<b, | T |b)>

5/2 -8, -
t®b) g 2 [i -k )2 + k2]
- [kdkjdq’Jdk T PR O Y N S B i
| T C X ! _ -
) -Bé - I:bZ"’kxw (ky k,) +ks]2[bl+kx+13'+; (k,"k,) ]
+ exc}l. P

: = = 1 (Bl)
with k. = kccos (¢+8) and k_ sin(¢+8)
and

<b, TG b >
1 2 2 2
[f(kz-ko) + kx + ky]
2 2.2.,2 2 242
k,+k )11 biskyrkiv? (k)]

z i X 4 Y [bg-a-k)z(-rk}z,ﬂ;z

> (B2)
where we have used kCcoscb = kZ and szimi) = ky and extended the region of
integration to infinity along the direction where the function in the integral

quickly decreases to zero as k increases. For A = 2, only the

integration over kx can be carried out analytically (we have chosen the x-axis

normal to the plane spanned by the two valleys).

5/2 w-B/2 1 2 2
z(b,b,) ® [Ik ,0)Ek -k )™ + kD) + 1]
<b2|T(2) |b1> = 71__2___ J d'kC kC do g’ U2 g Yy
pa(p+a)
) -B/2
+ exch.

> (B3)
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where

lb«l

_ ] 1
I(kc’¢) = (;2"" ;2’ + )

3

p2 = b% + ;2 ('kccoscb - ko)2 + kzsin2¢
a? £b5 + c2c, cos(@+8) - k)? + K sin’(o+6)

where
B8 = 90° for Si and 109.47° for Ge.

2

For A=3, only the integration over kx and ky can be carried out analytically.

5/2

Z

2¢(,b))>
& [T b = — 17 [ JLogk )2 10) + 3007 + exch. | (B)

T v~z o

where
1 1 1 2
I(k)-———-7 [—*—'-———gm (P
Z .- p.) P, P (P,,,'P_ +
and
30) =~ p) - —2—y
- p) -
2 (,p) ¥ +P.
with
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) 22,2
p. = bz * (kz ko) E

The remaining integrals must be carried out numerically.
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CHAPTER 3

THEORY OF DONOR STATES IN GaP
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I. INTRODUCTION

In the last chapter, we have studied extensively, the donor
states in the multivalley semiconductors Si and Ge. In this chapter
we study the donor states in another multivalley semiconductor, GaP.

The donor states in GaP are of particular interest, because
they exhibit several unique features. First, the valley-orbit split-
ting for the ground state in GaP is conspicuously large (1) (50
meV) in contrast to that in other indirect materials (10 - 20 meV for
Si and 0 - 4 meV for Ge) (2). Second, the energy levels for the
excited states deviate substantially from the predictions based on the
Kohn-Luttinger effective mass theory (KL-EMT) with ellipsoidal
band parameters (3’4).

Recently it has been proposed that in GaP the minimum of the
conduction band does not occur at the zone edge (X point), but at

(5).

slightly smaller values of wave vector This position of the
minimum leads to a "camel's back" structure produced by the two closely
spaced minima. This camel's back structure causes the donor spectrum
in GaP to be qualitatively different from that in Si and Ge. For
example, the luminescence spectra for the even-parity excited states

(3.657) <how

obtained from the "two-electron" transition experiment
some irregular behavior in the oscillator strength, In particular,
the transition to the 2$(r]) final state in GaP:Sp (GaP doped by
S in the P-site) yields an oscillator strength that is about ten

times smaller than that for the transition to the 3s(P]) state.
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This observation suggests that the ZS(P]) state in GaP:SP must have
a very different nodal structure from the regular 2s-like state of
a hydrogen-like system.

Previously, several authors have studied the camel's back struc-
ture in the conduction band of GaP. Altarelli g;_gl_(g) have explored
theoretically the implications of the camel's back structure for the
free exciton spectrum. By fitting the experimental effective masses

(10)

for GaP (9) and the exciton density of states , they find a value

for the height of the maximum separating the two minima (AE) of approxi-
mately 4 meV and a value for the displacement (ko) in wave vector space

of the conduction band minimum from the zone edge of approximately 0.06

(2m

%

been confirmed qualitatively by measurements of the derivative of the

) where a, is the cubic lattice constant. These calculations have

exciton density of states by Humphreys et al (]]). Recently, Glinskii

et al (12) have calculated the dispersion in the free exciton spectrum

for GaP and compared their results with data from Dean and Thomas (13)
to obtain AE = 3.5 + 0.3 meV and kO = 0.084 = 0.002(%3).

0
The influence of the camel's back on the excitation spectrum of

(14)

the donors has been studied less extensively. Kopylov et al have

measured the energy separation between the 2 Po and 2p, states of the
neutral donor in sulfur- telluriumy and oxygen-doped GaP. They fit
their values to a simple variational calculation to obtain AE = 3 meV

I
and k0 = 0.08 (ao).

In this chapter we present an extensive theoretica1 study of
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the energies of low-lying discrete states for donors in GaP using the
Rayleigh-Ritz variational method. We first study the donor spectrum
when the valley-orbit interaction is neglected. By comparing the
energy separations between the odd parity donor states (which are not
affected by the valley-orbit interaction by symmetry) with the experi-
mental values, we obtain the camel's back parameters similar to that

obtained by Glinskii et a1 (12).

Given these parameters, we study the

effect of the valley-orbit interaction on the even-parity donor

states. We obtain a theoretical spectrum in reasonably good agreement

with the experimental data. Our results provide a clear identification
of the origins for the optical transitions observed in GaP.

We find that the envelope function of the Zs(r]) state is a sym-
metric combination of 6 p-like orbitals localized at the 6 equivalent
band minima. It behaves 1like a 2s state if we view the two closely
spaced minima near the X-point as belonging to a single valley with a
camel's back structure, but 1ike a 2p state if we view the 6 minima
as belonging to 6 separated valleys. The p-like character of each
component in the Zs(r]) state accounts for the irregular oscillator
strength for the two-electron transition spectra observed in GaP:SP.

We estimate the relative oscillator strengths for this process with the
final donor states being 1s(r]), ZS(T]) and 3s(F]), etc. Qualita-
tively good agreement is obtained between theory and experiment.

The results of this chapter will be applied in Chapter 5 to the calcu-

lation for the exciton spectra of donor bound excitons in GaP.
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In Section II, we discuss the theory for donor states in
GaP, both with and without the valley-orbit interaction. In
Section III, we discuss how we obtain the camel's back parameters
and how the camel's back structure affects the donor spectrum. We
also compare our theoretical results with the available experimental

data. In Section IV, we summarize our results.

I1. THEORY

In this section, we discuss the theory for treating the donor
in GaP with and without the valley-orbit interaction.

A. Effective Mass Hamiltonian

Using K. perturbation theory, Lawaetz (5) proposed an energy

expression for each valley of the conductién band of GaP:

2 2 ‘
A A
ot (g’* AE) (1)

k
_ ., 2 2 z - Q b4
ES(TE) =k + ky + =< .

where we have introduced norga]ized units in whach distance and energy
ef e'm '

are measured in units of —2 7 the Bohr and ———%—5 , the transverse
mse 2e, N

mass Rydberg (Ry), respectively. The parameter €0 is the static di-

electric constant and my is the transverse conduction band effective

mass. The parameter u is the anisotropy factor, i.e., the ratio of

the longitudinal-to-transverse effective masses. The parameter Q is

(5)

related to the f-ﬁ parameter P defined by Lawaetz by the expression
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Q= uP2

The parameter A is the energy spacing between the X]C and X3C conduction
band states. The camel's back height is represented by the parameter

AE. The offset AE is used in Eq. (1) such that the absolute energy

is zero at the conduction band minima, i.e., kz = ko. If we examine

Eq. (1) for a minimum, we find that when Q > A a minimum occurs at a

value of kz:

2 2
Ko = ( 46 : (2)

and the height of the camel's back E is given by

2
AE = LQ_&%I___ (3)

The values of some of these parameters have been measured ac-

(15)

curately. Onton has determined that the value of A is 355 = 3

meV. The value of my is determined by cyclotron resonance to be 0.254

Mg (9). The value of € has been found to be 11.02 (]6). The value

of my is uncertain due to the camel's back structure; hence, we consider

values of the anisotropy parameter u between 3 and 5 as suggested by

(17)

pseudopotential calculations The value of Q is treated as a

parameter to be determined.
Within the single-valley effective mass approximation, the envelope
functions of the donor states satisfy the Schrodinger equation with the

effective mass Hamiltonian (18)
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where ES(—iv) is an operator defined by the equation

* 5 > * 5 -> > 3
[ i) o) @ 2 [ V0 £, (0) 900 Loy
(2m)

for any arbitrary functions ¢ and ¢. v(K) and ¢(E) are the

(4)

(5)

Fourier transform of w(*) and ¢(¥), respectively; and Es(?) is given

by Eq. (1).

In practice, the conduction band of GaP consists of three

equivalent valleys along the [100] , [010] and [001] directions,

Therefore, the envelope functions for the donor states

should satisfy the multivalley effective mass equation (see Chapter 2)

HF() = EF(F
with

H= E(-iv) + V(¥)

(6a)

(6b)

where E(-iV) is related to E(K) in the same way as ES(-iV) is related

to ES(?); E(K) being the energy expression for the multivalley

conduction band. V(¥) is the impurity pseudo potential (19).

For

convenience, we will approximate E(K) by the sum of three truncated

valley functions,
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E((RKy)  if k> |k | and k> [k |

. z = '"x z ="y

E, (k- ) (7b)
0 otherwise

The center of the first valley is taken to be ?] = km2.

>

Ez(k-EZ) (or E

>

3(k--lz3)) can be obtained by applying an operation O2
(or 03) of Td’ j.e., a rotation of w/2 about the y (or x) axis, on

E](?-?]). For the isocoric impurity S in GaP, we assume that the

y (13,

central-cell core potential is negligibly smal Therefore,

the impurity potential V(r) will be approximated by

- %- for intravalley term

for intervalley term

R2 is the Umklapp renormalization factor required to account for the
Umklapp process in the intervalley scattering term (20). e(/?km)

is the wavevector (a) dependent dielectric function evaluated at

q =2 km’ the magnitude of the momentum transfer for the intervalley
scattering. The value for eo/e(JZ km) used in the present calculation

is 4.8 (21),



-78-

B. Solution to the Effective Mass Equation
() Without the valley-orbit interaction
The single-valley effective Hamiltonian (Eq. 4) can be rewritten

as

HS = HEMA - f(kz) + (A/2 + AE) (9a)

where

£(k,) = /ake + a20 (9b)

and HEMA is the sum of the remaining terms, which corresponds to the
Kohn-Luttinger effective mass Hamiltonian (]8).

The Hamiltonian HS is invariant under the operations of parity
and rotation about the z axis. Therefore, the states of different
parity or different projection of angular momentum are decoupled.
In the present calculation, only three series of states are considered,
i.e., the s-series, po-series and pi—series. The s-series includes
even parity states with quantum numbers m =0 and £ = 0, 2, 4,...;
the Ps and pf-series include odd parity states with m = 0 and 1,
respectively, and 2= 1,3,5,... .

To calculate the energies of the low-lying discrete states, we

expand their envelope functions F(¥) on a set of "basis" functions

-
{anm(r)} . Namely,

F(F) = = ¢, B, (F) (10)
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I <n2m|HS|n'£'m'> c

] ] ]
n'L'm n'&'m

where we have used the simplified notation |ngm> for |8n2m> .

<ngm|n'L'm'>C

n'e'm'

The basis functions are chosen to be products of spherical har-

monics and Slater orbitals defined in an ellipsoidal coordinate

system with eccentricity factor ¢, viz.,

L-b or'
?') = (r.)e nz Yﬂm(Q')a

where =

vz (x,y,2/T).

A1l the matrix elements of HEMA can be expressed analytically

(c2)

The matrix elements of f(kz) can be expressed as one-dimensional

integrals in K-space. We find

e (k) [ =803 (0P ()

mm'm

(2+2')/2

X z Gvn (m) U (k)' ’
v=0 2L v

where £ and &' differ only by an even integer, and

(k) R ()

(13)



9. PR 2
Rnl(k) jﬁr Jg(kr) e r-dr

2 (14)
[2(£+1)]!!bﬁzk

2 2\2+2
(bpg *K°)

is the radial part of the Fourier transform of the Slater orbitals as

defined in Eq. (12). The coefficients Gz.l(m) are determined by the

relation
(2+2')/2
* _ V 2v
4n Yﬂ'm(e’¢) ng(e,¢) = vEO Gg.l(m) cos”" 0 , (15)
and
]
U, (k) = J xzv\/kaxz/uc + 0278 dx (16)

o)

which can be evaluated analytically with the result

T -
e va
and
U, = (R3 - (2v-1)a U ,)/2(v+1)c for v>1
v v-1 ’ - ’
where
R = Vc+a s
¢ = Wil



-81-
and
a =z A%/

The matrix equation, Eq. (11), can be solved numerically to obtain the

eigenvalues E and eigenvectors.

(i1) With the valley-orbit interaction

One can describe the envelope functions for the donor states as
linear combinations of functions in ?-space localized at the center of
each valley (the X-point), which transform according to the irreducible
representation F](A]) or T3(E) of the Td point group. Alternatively,
one can describe the envelope functions as linear combinations of
functions centered at each of the six equivalent minima. Within each
valley, they are either symmetric or antisymmetric combinations of
functions located at the two closely-spaced minima. We shall call them
the symmetric and antisymmetric "dumbbell" functions (DF), respectively.
Linear combinations of symmetric DF's localized in different valleys
can transform according to the irreducible representation F](A])
or P3(E), whereas the antisymmetric DF's will transform as the three
basis vectors of the PS(TZ) representation. If we expand the angular
part of each envelope function in terms of spherical harmonics,
we find that both even and odd harmonics have to be included, since the

dumbbell functions of the same parity made from them will be coupled

together.
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To calculate the energies of the donor states, we expand their
envelope functions localized within each valley in terms of the dumbbell-
like Slater-type orbitals (DSTO's). In K-space, the DSTO's are

defined as
Ty = & |7 = -k - -
Bnm(k) = /? {Bnm(kx,ky, c(kz+k0) iBan( ks ky,c( kz+ko)ﬂ , (17a)

where

4rb k™ 2(2+1 )
B . (k .k ,k) = Topy L2041

nam' x’y’z (b2+k2)2+2 Y,Q,m(Qk) (17b)

is the Fourier transform in K-space of Eﬁzm(;') as given by Eq. (12).
In Eq. (17a), "+" labels the symmetric or antisymmetric DSTO's, g

is the eccentricity factor, and k0 is given by Eq. (2). Linear
combinations of the symmetric DSTO's localized at different valleys
can produce basis states, which transform as basis vectors of the

irreducible representations T] and T3, i.e.,

3
T TN + =| —>_+ . -
Bnm(k) = JE] aj(r) Bnlm(oJ(k kJ))a T r-l or 1“3 ’ (]8)
where
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and
o (Tg) = (1, -1, O)VZ or (1,1, -2)//8

Ej indicates the positions of the three equivalent X-points, and Oj

represents an operation of Td’ which transforms a valley on the z-axis

th

into the j~ valley. The antisymmetric DSTO's themselves transform

as three basis vectors (labelled by j) of the Ps—representation,

i.e.,

8 2I(%) = 87, (O

o R d=1.23 . (19)

J J
The mixing of antisymmetric envelope functions associated with
different valleys is rigorously zero, according to symmetry; hence,

the 5 states are not affected by the valley-orbit interaction.

Expanding the total envelope wave function of symmetry T as

Ak = = ocy b (B, (20)

We readily obtain the matrix equation in K-space

> Cr I[;'Q,'ml b

-l r T
n'l'm' - E z <B |8n|2|m1>c

T
<Bn£m|H|Bn'Q'm' n'e'm' nem

z
n'g'm'

(21)

where H is the multi-valley effective mass Hamiltonian defined by
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Eq. (6b). The matrix elements in Eq. (21) include intravalley and
intervalley terms. In Appendix A, we derive the general expression
for all the intravalley terms and the intervalley terms associated
with s-1ike orbitals of both the Hamiltonian and overlap matrix
elements. The intervalley terms associated with other orbitals are
neglected, since only the ground state envelope function (which in-
cludes mostly s-1ike components) has appreciable spreading in K-space.
Eq. (21) can be solved numerically to obtain the eigenvalues E and

eigenvectors.

ITI. RESULTS AND DISCUSSION

A. Determination of the Camel's Back Parameters

To determine the camel's back parameters Q and u , we solve
the single-valley effective mass equation (Eq. (11)) for several
values of Q and u. The numerical work was carried out using 10
Slater orbitals (given by Eq. (12)) for 2 = 0 or 1, 6 orbitals for
2 =2 or 3, and 4 orbitals for 2 = 4 or 5. The parameters bnz were

1

chosen to be bo/(£+1) an, with b0 = 5 Bohr ' and

Zn =(1,1.5,2, 3,4,6,9, 14, 21,32) , fore=00r1,
= (-59 -79 1, 2, 3, 5) ’ for 2 = 2 or 3,
= ('53 -7’ 13 2) s fOY‘ 2 =4 or 5.
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The eccentricity factor ¢ is chosen to minimize the energy ex-
pectation value of the Hamiltonian for the lowest energy basis wave
function for each symmetry.

To compare our method with the accurate results obtained by

(22)

Faulkner at the KL-EMT limit (Q = 0), we also did a calculation

at this limit for u']/3

= 0.6. Our calculated eigenvalues agree
with Faulkner's within 0.001 Ry for all the states of interest.

To see how the energy values of the low-lying states vary as
the parameter Q changes, we plot the calculated energy values for the
6 lowest states for the s-series (even parity) and the 4 lowest states
for each of the Pq and p, series (odd parity) as functions of Q/A
in Fig. III-1 and Fig. III-2, respectively, for the case u = 4.
As shown in these figures, for Q/A < 1, the whole spectrum decreases
monotonically as Q/A increases, and behaves qualitatively the same

as that calculated by the KL-EMT (]8).

This is due to the fact that,
for Q/6 < 1, the conduction band is approximately parabolic with

an effective mass given by
= (22)
m, = umt/2(1-Q/A) .

When Q/A > 1, then the camel's back appears at the conduction band
edge, and the spectrum behaves very differently from that obtained
by the KL-EMT.

We determine the best parameter Q by fitting the calculated

energy spacing between the 2po and 2p, states to that of the experi-



-86-

ENERGIES OF EVEN PARITY

-Lof STATES AS FUNCTION OF .10
CAMEL'S BACK PARAMETER ~
-l2F (ANISOTROPY = 4) @
-
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@
w
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ENERGY (Transverse Mass Rydberq)

Ll 1 11 1""70

1 | 1 1 | 1
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Figure III-1 Energies of the 6 lowest states for the s-series
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mental value observed by Scott et al (23).

The best fit is ob-
tained at Q/A = 1.39, 1.29, 1.21, 1.17 and 1.13 for u = 3, 3.5, 4,
4.5 and 5, respectively. Substituting these values of Q/A into Eq.
(3), we obtain that AE = 9.7, 5.8, 3.2, 2.2 and 1.3 meV. Sub-
stituting the pairs of values for Q/A and u into Eq. (2) we obtain
k, = 0.095, 0.090, 0.083, 0.080 and 0.074 (Z1).

Comparing our results for AE and k0 wigh the experimental values
obtained by Humphreys et al (]]), we conclude that u should be about
4 and Q/A about 1.21, which are in good agreement with the results

obtained by Glinskii et a1 (12).

B. Donor States without Valley-Orbit Interaction

Knowing the suitable parameters for the camel's back structure,
we then repeat the above calculation, including four more orbitals
(with the parameter an =8, 12 for £ = 2 or 3 and an = 3,5 for
2 = 4 or 5) and with the eccentricity factor z varied independently
to find the lowest upper bound for each eigenvalue of the Hamiltonian.
The ionization energies, eccentricity factors and percentages in various
orbitals of the Towest 6 states for each series are Tisted in Table III-
1, along with the available experimental data. The notation used
to label the states is the same as that used by Faulkner (22). As
noted from Table III-1, all the states except the lowest of each

series have large amounts of admixture of the higher orbitals. The

ionization energias for the 1s, 2po and Zpi states obtained in the
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present paper are about 5% larger than that obtained by a simple

variational calculation (]4).

To compare our theoretical results with the experimental data
(3’6’7’23), we assume that the theoretical energies for the 2pi level
relative to the conduction band edge is the same as the experimental

energies (24).

This assumption allows us to predict the values of
the ionization energies for various impurities by adding the theo-
retical ionization energy for ZP: to the experimentally observed spacing
between the ground state and 2pi level. The procedure yields the values
85.3 meV, 107.3 meV, and 93.1 meV for the binding energies of the
donors SiGa’ SP, and TeP, respectively, in GaP. The experimental
jonization energies of the other states listed in Table III-1 are
also obtained by matching the 2pi level with our theoretical results.
To illustrate this point further, we plot in Fig. III-3 our theoretical
spectrum for the odd parity states along with the experimental spectra
observed in GaP:SiGa, GaP:Sp, and GaP:TeP, respectively. As shown in
Fig. III-3, the agreement between theory and experiment is fairly
good for the low-lying states (with ionization energy greater than 0.21
Ry, or 6 meV). For the highly*excited states, the appropriate as-
signment for the experimentally observed lines is difficult.

We did not include the effects of the valley-orbit interaction
which results from the fact that the conduction band in GaP has three
equivalent valleys along the [100] , [010] , and [001] directions. If

one includes the valley-orbit interaction, all the even parity states



-90-

TABLE III-1. Ionization energies, eccentricity factors, and per-
centages in various orbitals of the lowest 6 states for each of the
S Py and P, series for the donors in GaP. The experimental data
for ionization energies observed in GaP:SP, GaP:S'iGa and GaP:TeP

are also listed for comparison.

State  Eccentricity Percentages in Various Orbitals Ionization Energy (mel)

5 5:Po P, do ’ fo ’ f: & ’ho ’h: Theory  Experiment
1s .45 94.7 5.2 0.1 61.95  107.3%,93.1585.34°
2s .41 56.1 40.9 0 24.37 26.0°
3s .39 27.5 66.7 .8 15.77 17.18
3d, .35 32.9 39.7 27.3 10.33 12.48
4s .31 34.3 53.2 12.5 7.23
4d .35 18.8 46.5 34.7 5.7
2p, .42 94.7 5.2 0.1 35.64  35.84°,36.8°
3, .36 76.5 22.5 1.0 18.93  17.9%,18.569,18.47°
4p, .32 53.2 43.9 2.9 1237 12.0°
af .28 36.2 42.1 21.7 7.78 7.77°
5p .30 31.6 55.2 13.2 6.14
5, .26 24.8 37.6 37.6 4.40
2p, .24 79.8 19.5 0.7 10.54  10.54"
3p, .26 41.8 51.1 7.1 7.39 6.94°
4p, .24 12.1 66.9 21.0 5.01
af, .18 26.0 20.9 53.1 3.41
Sp. .24 28.7 52.9 18.4 2.17
5f .16 23.6 37.0 39.4 1.13

a. Observed in GaP:Sp by Dean 93.91.7 (A1 the states are of T,

symmetry)

b. Observed in GaP:S, by Scott et al 2>
c. Observed in GaP:SiGa by Carter et al

d, Observed in GaP:Tep by Onton et al ”
e. Observed in GaP:Tep by Kopylov et al
+ The experimental values are obtained by matching the 2pi state

with theory.
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will be split into a singlet state (of F] symmetry) and a doublet state
(of F3 symmetry). The odd parity states are unaffected by the inter-
valley scattering, and thus are not split. For the even parity states,
our theoretical energy values should be close to that of the experimental
T3 states since the intervalley scattering effect on the r3 states

is much smaller than on the F] states. The experimental data are only
available for the I, states. The differences between theoretical and
experimental energy values for these states are estimated to be about

2 meV for the excited states.

C. Donor States with Valley-Orbit Interaction

To include the effects of the valley-orbit interaction, we must
solve the multivalley effective mass equation (Egs. (6) and (21)).
We use the basis functions defined in Eqs. (18) and (19) with ex-

ponents bnl given by

b =2 Bohr-] and

by = Po/Ings by

ng

(1,2,4,8,16,32,64, 1/2, 1/4, 1/8) for 2 =0
an, = (]a23498316a]/2) for 2 = 1
(]9294a8) for 2 = 2

Orbitals with £ > 3 are neglected.

The eccentricity factor ¢ is determined by minimizing the energy
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expectation value of the single valley Hamiltonian on the trial
wave function B;oo given by Eq. (17). We obtain a value of 0.48 for
z.

We have computed the valley-orbit interactions for several values
of the Umklapp renormalization factor R2. The results for the energies
of the lowest Pl-symmetry, T3-symmetry and Fs:;ymmetry states are
plotted in Fig. III-4 as functions of RZ' The energies of the P5-
symmetry states are independent of R2 as expected. Fitting this curve
for the ground state to the experimental data (1,7,23) (marked "+"),
we obtain a value for R2 = 0.91. In Table III-2, we have listed the

jonization energies and percentages in various orbitals of the 6

Towest states for each of the T F3 and FS symmetries. The experi-

'l)
mental data observed in GaP:S are also included in parentheses for
comparison (]’7’23). The agreement between theory and experiment is

fairly good, even though we neglected the electron-phonon interaction,
and made some rather crude approximationsfor the Hamiltonian. An
interesting feature of the energy spectrum is that the ordering of

F3 and Ts—symmetry states is reversed with respect to that of Si.

This is due to the fact that the distance k between the two conduction
band minima on the same axis (displaced by one reciprocal lattice
vector) in GaP is two times shorter than that in Si. This yields a
strong overlap between the envelope functions located at the two minima
in the camel's back valley and hence reduces the binding energy for

the rs-symmetry (odd parity) state substantially.
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TABLE 111~2, Ionization energies and percentages in various
orbitals of the 6 low~lying states for each of the Iy Ty and I'g
symmetries. The experimental data for GaP:S, are also included

for comparison,

SYMMETRY STATE | PERCENTAGES IN VARIOUS ORBITALS IONIZATION ENERGY (meV)
s Po do Theory Experiment
1s 99. 38 0.60 0.02 107.3 107.3°
2s 7.74 | 90.76 1.50 25.36 26.0°
r 3s 82.59 | 1.92 | 15.49 17.70 17.1:
3d, 10.12 | 73.05 | 16.83 11.08 12.4
4s 23.11 | 18.93 | 57.96 9.56 9.
4d 54,98 | 14.04 | 30.98 6.90
1s 99.04 | 0.22 | 0.74 58.25 53.80
2s 7.07 | 90.75 2.18 24.25 -
ry 3s 64.55 9.42 | 26.03 15.97 ——--
34, 5.81 | 89.89 4.30 10.12 -
as 27.65 4.99 | 67.36 8.77 ——--
4d, 59.54 7.23 | 33.23 6.80 -
1s 98.5 0.90 0.06 35.71 35.86
2s 20.67 | 79.28 0.05 19.16 17.9 €
re 3s 49.41 | 17.53 | 33.06 13.52 12.0 €
3d, 14.57 | 62.33 | 23.10 8.83 ——--
4s 21.51 | 32.38 | 46.11 7.39 ——--
4d, 66.5 6.60 | 26.90 6.33 ——--

a. Dean et al 7

b. Manchon g3.§1_1

c. Scott et al 23



-96-

The ionization energy for the lowest T3-symmetry obtained here

is approximately 10% larger than the experimental value. This discre-
pancy may be caused by the neglect of the short~range core potential (st
It should be noticed that the Fg-symmetry states presented here corres-
pond to the states belonging to the 2p0—series obtained in Part B,
in which these functions are described by a set of basis functions
localized at the center of the "camel's back" valley (the X-point).
The ionization energies for these states obtained here are slightly
larger than those obtained previously. This indicates that the ex-
pansion of the envelope wave functions on the DSTO's is superior to
the expansion on the previously used basis functions.

Another interesting feature of our result is that the 25(?1)
state is mainly made up of the po-1ike orbitals (91%), whereas the
3s(r]) state is mainly made up of the s-like orbitals (see Table III-
1). This predominantly p-like character of the ZS(T]) state accounts
for the irregular oscillator strength for the two-electron transition

observed in the luminescence spectrum from GaP:S (3,6,7)

(6.7)

and GaP:Te

To illustrate this point further, we calculated the ratios of
oscillator strengths for the 1s(T]), 3s(F]), 3d0(r]) and 4s(T]) states
to the ZS(T]) state. In the two-electron transition process, the photo-
luminescence results from the recombination of an electron-hole pair

in the donor bound exciton, leaving one electron in an excited donor
state (the final state). To calculate the oscillator strength of the
Tuminescence line, we have to know the electron wave function in the

bound exciton. We approximate the 3-particle bound exciton wave
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function by the following form

‘Pb b.b (r'-l ’r2’r3) “[Bb

> > - -> -b3r3 :
b, () 8, (F,)8, () 6, (rz)] e ¥ X(1.2)x(3)

1 2 2 1
(23)

where ?], ?2, and F3 are the coordinates for the two electrons and

the hole respectively; x(1,2) and X(3) are the two electron product

spinor (a singlet) and the hole spinor (a quartet), respectively, and
-> -b\/ 2+y2+22/c2

B (r) = /2e cos (k,2) (24)

The exponents b1, b2 and b3 are variational parameters determined by
minimizing the energy expectation value of the tofa] Hamiltonian

in the trial wave function wb]b2b3f The eccentricity factor ¢ is the
same as for the donor states. To obtain reasonable results, the
donor Hamiltonian is modified by increasing the factor R2 slightly
such that a variational calculation using the trial wave function
Bb(F) will reproduce the binding energy for the ground donor state.

A value of 1.125 for R2 is found to be appropriate for this purpose.
The optimized values for the parameters b], b2 and b3 are found to be
3.5, 1.0 and .56 Bohr'], respectively. This set of parameters
yields a total energy -134.4 meV for the bound exciton in GaP:S,
which is not too far from the experimental value -149 meV (26). The
oscillator strength for the two-electron transition process with a

final donor state |n> is given by
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f ¢|<n|8 > <B, |M|B, > + <n|8 ><B,_ |M|B >|2
n b b2 b3 b2 b] b3

(25)
1

where <Bb|M|8b > represents the optical matrix element for an electron
3

28)

in state |Bb> to recombine with a hole in state IBb >(. Since the

N 3
state IBb > is much more spread out in k-space than the state

1 (29)
|3b2 > (by = 3.5 b,), we expect that |<Bb]|M|B b3>| >> I<Bb2|Mle3>l.

Therefore, Eq. (26) can be approximated by

2
|

2
fn « |<n|8b2>| . <Bb]|M|Bb3> (26)

Then the ratio of fn to f2$ (the oscillator strength for the 2s final

donor state) is simply

- 2 2
f /5o = |<n|8b2>| ////i<25|8b2>l (27)

According to Eq. (27), we obtained that

ooty = f

2s : f

35 F3q ¢ f, =30 :1:13:2 :1

1s o 4s

For comparison, we plot in Fig. III-5, the two-electron transi-
tion spectrum observed in GaP:S by Dean g;_gl_(7). The line positions
for the lowest excited states predicted by the present calculation
are marked by arrows. As shown in this figure, the theoretical

predictions for both line position and oscillator strength are in
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these lines predicted using Eq. (27) are shown under the arrows. ELIM is
the position of the series limit for the donor states, predicted by sub-
tracting the binding energy (107.3 meV) of the donor ground state from

the line position of the bound exciton luminescence.
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reasonable agreement with the experimental data.

IV. SUMMARY

In this chapter, we have studied extensively the effect of the
camel's back structure on the donor spectra. We have calculated the
energies of the 6 Towest states for each of the s, Po and P, series
of donors in GaP with and without valley-orbit interaction. We
determine the camel's back parameters by fitting our theoretical spec-
trum with the experimental data. These parameters are consistent
with those obtained by Glinskii (]2), The energy values of the low-
lying odd parity state are in good agreement with the experimental
values.

We have calculated the valley-orbit interaction for the even
parity donor states in GaP:S. We find a valley-orbit splitting of 71.6
meV between the F] and F5 states and 49.0 meV between the T] and T3
states. These values are in reasonable agreement with the experimental
data. We have estimated the ratios of oscillator strength for the
Tow-1ying I, -symmetry (even parity) states. Both the energy values
and oscillator strength are in close agreement with the experimental
data. Our study provides an understanding of the effects on the donor
states of GaP due to the camel's back structure and the valley-orbit
interaction. Our calculation explains the large valley-orbit split-
ting for the donor ground state in GaP and the irregular oscillator
strength ratio for two-electron transitions observed in GaP:S and

GaP:Te (3’6’7).
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APPENDIX A: DERIVATION OF THE MATRIX ELEMENTS

In this appendix, we derive both the Hamiltonian and overlap
matrix elements for the basis functions defined in Eq. (3) and

Eq. (4). It is readily shown that

r r o o * > 0
<BnﬁAH]Bn'£'m'> = <Ky z)IHIBn,l,m,(k-kmz)> $m (A1)

+ > " + =l &> =
* 800 <Bron Kka) [HI8L o O R-RD)> 6,

and similarly,

T r o2 Tiiad > 0 RN -
<Bn£m|8n'£'m'> = <Bn2m(k'kmz)|5n'2‘m'(k'kmz)>%nﬂ+g(r)<8n£m(k kmz)lsn'l'm

: (A2)
x (O3 &K S

where g(T') = 2,-1 and O for T = r],r3 and rs, respectively. Oj repre-
sents an operation in Td’ which transforms a valley on the z-axis into
the jth valley. It is convenient to evaluate the kinetic energy term

in ﬁ-space and the potential energy term in real space. For convenience,

we define the functions sz(kz) by the relation
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z-m + ¢
x*y o () / Oc)(k 2""‘/2 mk , (A3)

where Qk is the solid angle and ¢k the azimuthal angle for K with
respect to the z-axis.

Substituting Egs. (3), (4), (7) and (8)'s into Egs. (A1) and (A2),
we obtain for the intravalley term that the kinetic energy matrix

elements are

ngmiE(k)lﬁn "o'm [T;EQ.(O) + Tnﬁl. ] (Ada)

with

b,bo L 20 1)t! [2(2r 1)) Fom 2'-m 2 2

- n'g

Tﬁzl'(ko) = 2m L L Lz
v=0 v'=0 i=1 j=1

(A4b)

<

x| G Gon@ LI ™iac )+ 1Y P )E, &)1 &k,

-0

where

v ) xV dx
RQ'O(Z r +z +x)£7 (blz'l 1ot zz-o-x) *e
(e}

(A5a)
with

z. = [ -1)?* k, - k1%
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and

k2
z

B ) = gt - ol v ate 48 4aE (ASE)

z

The potential energy matrix elements are

<ol VIBn gy = 2LV (0) £ VI (k )] (A62)
with

1
; rer [ 98 Quu®) Qup(8) (242" + 1)1
Vi (k) = Re { )2 | 3n®) Y ®) G087 D

me . L+2'+2(
o-\/l - g g2 (®pp * Dpige - 2k EL )

(A6b)
g =1 - é? , £ = cos® : (A6c)
where
Qqp (6) =[(2%13n !(2'“’)!] : Py (£) (A6d)
and PQ is the associated Legendre function, The overlap matrix
elements are
anIB-'Q > M(ngm, n'lﬁn')g Vﬁ§i+2)! (28'+2)! (A7a)
(an£)£+3/2 (an'z')2'+3/2
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and

M(ngm, n'e'm) = §

. (2 B &) 3 ek

\J
22 v=0 20 k=0 (2+2'+2)! o'l

(1-ipjl+£ +2-K

(A7b)
where we have defined
p = ZCkO (bnl + bn'l‘) ’ (A7C)
(DX vv-1)...(v-k*1)  if k>0
f(v,k)
1 if k=0 (A7d)
. m
The coefficients Fzg'(v) are related to sz(g) Qz'm(g) by
2+ Fm v
QofE) QunfE) = I (v)
m( m v=0 2.2.' (A7e)

For intervalley terms, only symmetric s-like dumbbell functions are
considered. We therefore drop out the indices (&m) of the basis func-

tions, B's. The intervalley kinetic energy matrix elements are given by
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<8} (k- 2) [EK) |8, (O, (&-Kp)>

n
- [T;m,+T;,n] (A8a)
with
T .= <6l &k 2)|E,()|8], 0 (K-Kp)
em)?b_b 2 m kzd.’kxdky .
TE idsz (2m)° | [baekiekir (e -k -k “ 507

1 1

+
y) ) Z 2,2 l Z Z 2,242
[bn + kx + ky + (kz+ko-km) g ]2” [bn,+ ky + kZ + (kx-ko-km) g]

+ 1 [kz . k2
)’ X

Y 2 2 i 2 2
[bn.+ky+kz+ckx+ko-km>c2]

+ Ey (k,-k )]

2b b czkm /4 (A80)
= 1 f do o J a6 [ 1(p,6) (E, (pcose-k ) + p’sin’e) + J(p,0)] ,
~n/4
with ©
s . (A8c)
J(p,$) = I

. 3
1=1 piqi(pi+qi)
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and
4 ‘
1 1
I(D,QJ) = I kS [—Z"’-z* ]
2o p. o
i=1 Piqi(pi+qi) Pi Qi 171 , (Asd)
where
P; = bﬁ + (pcos¢- km + oiko)ZL? + pzsin2¢
q; = b2, * (psing - K +6:k 227 + pcos%y
and

o, = (1,1,-1,-1)

for i = 1,2,3,4
§; = (1,-1,1,-1)

Similarly, we obtain for the overlap matrix elements

+ o> 7 + =l > >
<8, (k-k 2)[8 (0, (k-k;) |> = [N+ N
with
L 3n/4
anbn,gz
N * =25 [a0 0 [ a0 16,0 (89)
o -n/4

where I(fP,$) is given by Eq, (A8d), In deriving Eqs. (A8) and (A9),

we have redefined the basis functions as
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+ > o + ~
B&-C-kmz)=e(k-§mz)
and the band energy expression

Ej(k - G- Kk2) =E&- kz2)

’

with G = (0,0,2) km' when km < kz < ka‘ It should be noted that only
with this redefinition, can the Bﬁzm(?) defined in Eqs, (3) and (4)
transform rigorously according to the representation T' of Td‘

The intervalley potential energy matrix elements are given by

<8, (k-k 2) [V] £, (G, (R-K;))>

R.e A10
_ .20 Re( J dq»n ae 1 . . > (A10)
e:(/ka) A (Zm) [bn\):l + by, ¢ 1ko(n1-n2)]

v1,2 = [1 + (i)z'l)ni,zj s

and

nl,2 E'Vl-&z cos (¢+m/4)
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CHAPTER 4

BOUND EXCITONS IN A SPHERICAL MODEL
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I, INTRODUCTION
In order to understand the general properties of bound excitons, we

first have to study this system in a simple spherical model, in which

electrons and holes are described by spherical effective masses,

m: and m;, respectively. The effect due to the realistic band structures

(valley-orbit interaction and mass anisotropy) and short-range core

potential will be discussed in the next chapter. In the spherical model

this system behaves like a Hz-molecule or a H™ (negative hydrogen ion)

at very small (c<0.1) and very large (o > 10) mass ratios (core particle

to outer particle), respectively. In this chapter we will study how

the energy spectrum of this system changes from the H2-m01ecu1e limit

to the H™ limit.

(1)

Since the original estimates given by Hopfield , there have

been a number of calculations dedicated to the binding energy of the
excitons to neutral impurities, for various values of the electron to

hole mass ratio, o. With the exception of the calculation based on

(2)

the local density approximation by Wunsche et al , the calculations

divide into two groups, one valid for 0 < o < 1 and the other valid

(2)

for 1 < 0 < ». Further, the calculation by Wiunsche et al is not
valid for o > 10 or 0 < 0.1. Hence, none of the techniques are
accurate throughout the entire range of o. This fact has led to some
discussion of the binding energy in the crucial range where

(3,4)

o ~v 1. Munschy and coworkers have reported that the exciton is

not bound to a neutral impurity for 0. <0< 2.5, where o, is some
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constant with 1 <o, < 2, While the recent work of Winsche et al 2)
shows binding in this range of g, the deviation of the results from

the accurate values as o » « has led to continuing questions concerning
the existence of an instability.

Furthermore, all the previous calculations are designed for the
evaluation of binding energies, and hence cannot predict the energy
levels for the excited states, The excited state spectra of the bound
exciton (BE) have been of great interest because of its bearing on
the structure of bound multiexciton complex (BMEC). Further, the

(8)

absorption data reported by P. Dean for GaP indicate the existence
of many excited states.

In this chapter, we report on a theory of the bound excitons,
which is valid for all mass ratios of interest (o > 0.01) and is able
to predict the ground state energies as well as the excitation energies
for the low-lying excited states. Our approach is to develop single-
particle model Hamiltonians which yield analytic solutions that are
like the Hartree-Fock solutions. The difference between the total
Hamiltonian and the sum of the model Hamiltonians are treated as a
perturbation. The energies of the ground state and the low-1lying
excited states are then calculated using second order perturbation
theory. Our results for the ground state energies agree with the
previous calculations in the various regions where they are valid and

indicate that the exciton is bound for all values of 0. It is found

that the excited states are not bound with respect to the dissociation
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into a free exciton plus a neutral impurity, for core particle to
outer particle mass ratio () in the range between 0,03 and 10,

These excited states may appear as resonances if the lifetime for
decaying into continuum states with one free exciton is long enough,
However, in some cases (e.g., exciton bound to a donor in GaP)

the valley-orbit splitting is so large that the total energy of the
core particles could be pulled down by a large enough amount to make
some of these states bound. The results for the energies of the low-
lying excited states can be compared with the available experimental

data. Good agreement between theory and experiment is obtained,

IT. THEORY

In the single-particle picture, we consider the bound exciton
system as consisting of an impurity center, two core particles (electrons
or holes), and one outer particle (hole or electron). The excited
states can be described by one-particle, two-particle and three-
particle excitations. In the present calculation, we are only con-
cerned with the ground state and the s-1ike one-particle excitations
for the outer particle, since these are the low-lying states of interest.
For definiteness, we solve the problem for donor bound excitons.
For acceptor bound excitors,one only has to exchange the roles played
by electrons and holes, Within the spherical band effective mass

approximation, the total Hamiltonian to be solved can be written as
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2 2 2 1 1 ] ) (1 1 1
Ho= -5 = 75 woV = 2 [t o = | 4+ 2 . e e (1)
Tz (‘”1 2 T3 12 T3 Tesl

with subscripts 1 and 2 representing the two core electrons and 3

representing the outer hole. We have introduced standard atomic

units with distance measured in units of edﬁz/m;ez, the Bohr, and energy
4*
measured in units of € Me , the donor Rydberg (Ry). The parameter
Zegﬁz

* * * *
is o = me/mh with my and m the electron and hole effective masses,

respectively. This Hamiltonian can be rewritten in the form

H=TH+ Veff v - Veff) R (2)

where T is the sum of the single-particle kinetic energies in Eq. (1)

and v includes all the potential terms. The Veff is a sum of single-

(1)

particle model potentials V' /,

V(i)
1

) =

eff ’ (3)

n o™ w

1‘
which are selected so as to minimize the effects of the term v - Veff'

If we define
Ho =T Veff ’ (4)
then Ho can be written as the sum of single particle Hamiltonians

3.
Ho= ¢ i) (5)
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where Hg1) for the electrons are

H) = w2+ §OD gor a2 (6)
and Héi) for the hole is
H3) = ov? + 7(3) (7)

We want to select the soluble model potentials so that they are
as close as possible to the self-consistent potential seen by each
particle due to the others and due to the impurity, Vél). Hence,
we first examine the approximate form of the self-consistent potential

for the hole. If we take a trial wavefunction for the electrons of

the form e'br with b as a variational parameter, then we find that
(3) . .
VSC is given by
V(e = 2 () - 1y (8)
sc '3 X X

where x is br3. Examining the expression in Eq. (8), we find the

potential can be accurately represented by the soluble potential

(9)

'Slco

A
2
"3

where A and B are suitably chosen parameters. The lowest energy

3

solution (9) to Eq. (7) is

r W 2 1 2.1 cbrosz
(3> 11 2b, © To 3’4o
b (r3) = LT(TO+]5 ( 0) } "3 ¢ Y00 (%3) (10)
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where the parameters To and Z0 are related to A and B by
Ty = 1+ /T+73R/c and Zo/b = OTO/B .

As noted above we expect the electron wavefunction to be approxi-

mately hydrogenic, that is
¢(r) = e (11)

This wavefunction is the solution to a Hamiltonian consisting of the

kinetic energy and a potential given by

_ 2

V(r) = 2 (12)
Hence, we take the model potential for electrons to be
i) _ =2b
v (r) =22 (13)

;
for i=1,2.

The three-body trial wavefunction used for a variational calculation
of the energy for the total Hamiltonian given in Eq, (1) is taken to
be a product of two electron wavefunctions given by Eq. (11) and one
hole wavefunction given by Eq. (10). The values of the parameters
b, L3 and Z0 appearing in these wavefunctions are determined by
minimizing the total energy EV‘ The results of this calculation for
the range of mass ratio between 0,001 and » are given in Table IV-1.
Examination of this table shows that T increases rapidly with
decreasing values of o for o < ,01, Large values of T, make numerical

calculations difficult since the power of the radius in Eq. (10)
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is very large.

With the adjustable parameters determined in the above procedure,
the self-consistent potential seen by each electron, Vgi) can be
also calculated analytically based on the trial wavefunctions ¢(i).

0
We obtain, say for i =1

-2x/1 Too
(1) __2b X ] k -2y
Ve () 'x {e o1+ kZ] rrd=k/T ) (2x/2 )" 1L 1-e7 "2 (14 ) I(14)
where x = br].
To compare the model potentials with the self-consistent ones,
we have plotted them as a function of the normalized radial coordinate
(br) on Fig. IV-1 for the core particle (top) and the outer particle

(bottom), for two typical mass ratios (o = 0.2 and 5). As shown in

these figures, the deviations of the model potentials from the self-
consistent ones are small except for short distances.

The radial probability of the s-1ike zeroth order wavefunctions for
the outer particle is plotted in Fig. IV-2 against the radial coordinate
normalized to the core radius, (1/b), for two different mass ratios.

It is found that the hole wavefunctions behave like vibrational states
as the mass ratio o decreases, and approache the hydrogen-like states
as o increases.

We can consider the difference between the exact Hamiltonian
and the sum of the model Hamiltonians as a perturbation. For the
two core electrons, we will denote the one-particle excited states

of their model Hamiltonian as |a2> and |b2>, and the associated excita-
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Figure IV-2 Radial probability of the S-like one-particle basis
wave functions for the outer particle plotted against
the radial coordinate normalized to the radius (1/b)
of the core particles, for two mass rations: 0=.2

ando= 5.
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tion energies as € and e, Similarly, for the outer hole, we will
2 2
denote the one=particle excited states of its model Hamiltonian as

|c2> and the associated excitation energy as Ec The subscript 2
L
for these states represents the angular momentum quantum number., We

then denote the ground state of the zeroth order Hamiltonian, HO

as |o> , and the two particle excited states as ]a£b2 > for two

electrons, or |a >, for one electron and one hole,

22
Using second-order perturbation theory, the total energy of the

ground state is given by

R L N R A o

a € €
a c
© 0 0 CO

E, = <o|H|o> - 2

2 2 2 2
<o0lE12yc, <00z —|ab,>!

- 27T (2241) I - (22+1) (15)
€_ te € +e
L a,Cy 3 ¢ '3 aQb2 a, bi

In this expression AV(]) and AV(3> are the difference between the self-

consistent and model potentials defined as (Vil)- V(])) and (Vég)-v(3))

(3) g(3) g

and
sC

for electrons and holes, respectively, where V
V(lz are as given in Eqgs. (8), (9), (13) and (14), respectively. The
total energy when the outer hole is excited in an s-Tike orbital

|c0> is given by
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|<CO|AV(3)|0>|2 |<c0|AVC3)lcé>|2

E = <c0|H|co> + - -3
!

© o o % %

2 2
|<oc I.__4a o>l
o] rls o)

a -
o) Ea E:C
(o) o

2

2y (Dyesy - 2
|(<°°lr13|ao°> + <o|aViTal>) - <o Col?I;|a$Co>|

'
ao Ea,
o

2 112

|<o e lx=laze;>|

-2 (22+41) I
L azcg

€,
a4

| <00l 2 a,b3 |7
- L (2241) I 1 (16)
2

€ +¢
azbi a, b2

The sum in the third term is oyer all states like |c8> except the state
|c0> . The last term in Eq.(16) represents the electron correlation
energy of the frozen core, which cancels the corresponding term in
Eq.(15) exactly. The excitation energies for the S-like hole excited
states can be obtained by taking the differences between Eq. (16) and

Eq. (15)
To obtain better convergence for the ground state energy, we have

(11-12)

adopted the second-order Brillouin-Wigner perturbation theory,

in which the ground state energy is given by the expression
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EBw = EV + AEz(EBw) (17)
where AE2 is the second order correction, If we let

AE

Egy ™ Eq (18)

where E0 is defined to be the sum of the Towest eigenvalues of single-

particle model Hamiltonians, then

(1) 2
b, = -2 ¢ [OI&V Tlag] 1<ofav (3¢ 512
a e. - AE 0

0 a -
o co eco AE

2 2
(22+1) I |<00|'r—]'2—|32b2>l /(€a;'€b£AE) - 2z5(2241)

agb2 )

2 2
z |<oo!;——1a£c2>| /(ea+ b-AF) (19)

a,c, 13 2 2

In Eq. (19), the first two terms only involve one particle excita-
tions and in large part correct the energy for the difference between
the self-consistent Hartree-Fock ground state and our model ground
state. The third and fourth terms in Eq. (19) give the contribution

due to electron-electron and electron-hole correlation, respectively.

ITI. RESULTS AND DISCUSSION

The numerical calculations were carried out by including 6 discrete
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states and 18 continuum states with waye numbers k ranging from 0 to
4 (a.u.) for each angular momentum &, The other discrete states con-
tribute only about 3% to the sum, because the matrix elements con-

verge like (1/n)22+3

, where n is the principal quantum number, The
contributions from high energy continuum states are also negligible,
since the energy denominater is proportional to kz, and the matrix
elements of those high energy states are small due to their fast
oscillatory behavior,

We will discuss the results for the ground state and excited

states separately.

A, Ground State

To obtain the ground state energies, the implicit equation Eq.
(19), was solved by iteration. The results as a function of mass

ratio o are given in Table IV-1 along with dissociation energy
Way(0) = Eppanp (o) - Egylo) . (20)

To analyze the results of this calculation, we have plotted in Fig.
IV-3 the energies as a function of o including various terms in Eq. (19).
For comparison, we have also included the ground state energy, EV’

obtained in the previous variational calculation and the energy of a

free exciton (FE) plus neutral impurity (NI) given by the expression
_ 240

EFENI T " TRe (21)

Since EFE+NI is lower than EV, the variational calculation does not yield

a bound state for the exciton to a neutral donor.



TABLE IV<1. Values of the variational parameters, Ty Z0 and b;

ground state energy from the variational calculation, EV; ground
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state energy from the Brillouin-Wigner perturbation scheme, E

and dissociation energy NBW as a function of the electron to hole

effective mass ratio o,

A1l the units in the table are atomic units

based on electron effective mass as discussed in the text.

o T Z, b E, Epw L

(bohr” 1) (Ry) (Ry) (Ry)
.0011 82 .033 932 | -1.749 —_— —
.01 26 .108 .916 -1.706 -2.250 -260
.03 17 72 .898 | -1.662 -2.224 .253
.05 13 .230 .886 | -1.634 -2.141 -189
.125 8 .399 .861 -1.566 -1.980 .099
2 7 .481 .843 -1.522 -1.921 -088
.4 5 .744 814 | -1.445 -1.762 .048
.6 4 1.004 .796 -1.392 -1.662 .037
.8 4 1.080 .779 -1.354 -1.603 .048
1.0 4 1.155 767 | -1.322 -1.555 -055
1.25 3 1.64 .760 -1.289 -1.488 -044
1.667 3 1.814 .745 -1.249 -1.428 .053
2.5 3 2.16 .725 -1.192 -1.348 .062
5.0 3 3.21 .700 -1.100 -1.233 . 066
8.0 2 6.696 .695 -1.054 -1.171 .060
©« || e .6875 | -0.945 -1.057 -057
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Figure 1V-3. Ground state energies as a function of mass ratio o of the BE system. The
energy is defined to be zero when all particles are ionized. The dash-dot-dash
line is Ev calculated by the variational method. The dashed line is EV plus
the first two terms in Eq. (19). The dotted line is Ev plus the first two
terms in Eq. (19). The solid line is EBN' The total energy of FE + NI system

is also plotted for comparison (dash-dot-dot).
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The results plotted here show that the correction due to the
single particle excitations is quite small in keeping with the fact
that our model Hamiltonian produces nearly self-consistent wavefunctions,
The inclusion of electron-electron correlation (or correlation due to
core particles) produces a bound state only over a limited range of
o. When all the terms in Eq. (19) are included binding occurs over
the entire range of o.

To compare our results with those of other authors, we have plot-
ted our values of the dissociation energy along with theirs as a func-
tion of o in Fig. IV-4. Our results agree to within 3% with those
obtained for H™ which are appropriate for 0 = », At o = 1, we find a
value which is within 6% of that obtained by Navin et al (5) for a
large scale variational calculation for positronium hydride. Our
results show that wa(o) is relatively independent of o for 1 < g < =
and takes on a value of about 0.05 Ry. This value is approximately
half the value observed experimentally in excitons bound to acceptors.
This discrepancy may be due to deviations from spherical symmetry
in real semiconductors.

In contrast to the results of Stebe and Munschy (4), we find that
the exciton is bound for all mass ratios. This difference is due to
the importance of electron-hole correlations in our calculation, for
if we neglect electron-hole correlation we obtain results very similar
to those of Stebe and Munschy (see Fig., IV-3). Our results are close
to those of Wunche et al (2) for 0.8 < 0 < 2 but deviate substantially

o (3)

for 0 > 2. Our results agree with Munschy et al near 0.2<0<0.5
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and with Sharma, g;_glﬂ(ﬁ) for 0 < 0.2,

B. S-1ike Low-1ying Excited States

The numerical results for the first three S-like excited states,
and the ionization energy Ei of the outer particle obtained from the

expression

E; = E(H) - Ep, (22)

with E(H) being the ground state energy of the H™ (negative hydrogen
jon), are listed in Table IV-2, and plotted in Fig. IV-5. For mass
ratio o greater than 20, the outer particle sits so far away from the
core that the excitation of this particle has very little effect on
the core. Therefore, the ionization energies for the ground state
and the excited states of the outer particle can be calculated in
good approximation by simply evaluating the energy expectation values

of the sub-Hamiltonian

b3, -ovg + véi)(r3) , (23)

where Vég) is defined in Eq. (8). The excitation energies are then
obtained by taking the differences between the ionization energies of
the excited states and that of the ground state.

The spectrum of excited states exhibits a number of physically
interesting features. First, for mass ratios greater than one, the

spectrum is more hydrogenic. To illustrate this point, we have

*
plotted the energy in the unit of acceptor Rydberg( mhe4 ) , the
250262
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TABLE IV~2, Energies of the S=like low~1ying excited states and the
ionization of the outer particle (measured from the ground state).

The energy units in this table are donor Rydberg as defined in the

text.

o 2s 3S 4s Ei
.01 174 .310 .373 1.194
.03 .256 .427 .550 1.168
.05 .296 .482 .609 1.085
.125 371 .552 .664 .924
.2 .381 .546 .633 .865
4 .378 .510 .570 .706
.6 .361 .468 .516 .606
.8 .335 414 .464 .547
1.0 .304 .386 421 .499
1.25 .288 .357 .385 .432
1.667 .252 .307 .332 .372
2.5 .199 .240 .261 .292
5.0 .125 .148 .158 177
8.0 .085 .101 .107 .116
20.0 .0362 .0430 .0454 .0485
50.0 .0149 .0177 .0186 .0199
100.0 .00748 .00887 .003836 .00998
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exciton (into a free exciton plus neutral donor) is
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parison.
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dash-dot-dashed curves in Fig,IV-5, Since the excited states in these
cases are those for holes outside a rigid, nearly coulombic core, we
would expect the difference between the excited state energy on this
scale to be approximately independent of o and as in the hydrogen atom,
On the other hand the spacing between the excited states and ground
state decreases rapidly with decreasing o since the electron-hole
correlation effect is more important for the ground state than the
excited states.

Second, the excited state spectrum in units of the donor Rydberg
shows a maximum as a function of o. The maxima all occur in the range
o = 0.1v0.3. The physical reason for this transition is the changeover
from the hydrogenic spectrum at large o to that analogous to the vi-
brational spectrum of H2 which is appropriate in the 1imit of small o.

Third, we can examine the question of whether or not the states are
bound. In Fig IV-5 we have plotted the dissociation energy for bound
excitons into a neutral . donor and free exciton in donor Rydbergs (2)
(see dashed 1ine). As can be seen from this figure, all these excited
states are unbound for 0.03 < o < 10. For very small and very large
values of o, there are still some bound states.

A somewhat more realistic treatment of the problem would include
valley-orbit splitting and other short-range corrections for the core
particles. However, we do not expect these effects to make substantial
corrections to the excitation energies when the outer particle is

excited. On the other hand if one goes beyond the spherical model to
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include anisotropic effectiye masses and inter-valley scattering, the
ground state will be split, resulting in many other excited states.

We can make comparisons of our results with experimental results
for donors in GaP obtained by Dean (8) and Elliott g;_gl_(]3). To
make this comparison we must assign a value to the ratio of the effective
mass for electrons and holes. This ratio is given by the ratio of the
binding energy of an electron to a donor to that for a hole to an
acceptor. The experimental value for the binding energy of an electron

(14,15) 45 54 mev. The

in Ty state for the sulfur donor in GaP
theoretical value in the hydrogenic model for the binding energy of
holes is 56.3 mevg]e%he ratio of these two quantities gives a value

of o of approximately one. We therefore choose a mass ratio o ~ 1 and
a Rydberg ~54 meV for GaP. With this choice, we obtain the energy
values 16.4 meV, 20.9 meV, 22.7 meV, and 27.0 meV for the 2S, 3S, 4S
states, and the ionization threshold, respectively. The experimental

(8) are 16 meV for 0' state and 22.5 meV for

(13)

values observed by Dean

0" state. More recently, Elliott et al have observed some

excited states for exciton bound to GaP:S at 16.6 meV and 22.4 meV,
which are close to our predicted values. This agreement is particularly
interesting since we have not included the anisotropy of the valence
bands and the spin-orbit interaction which have been found to be im-

(]6’]8). While all these states are unbound

portant for the acceptor
in our calculation, the 2S excited state is found to be bound in GaP,
This binding is due to a large valley-orbit splitting which leads to

extra binding for the core states.
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IV. SUMMARY

iNe have devised a method for calculating the ground state energy and
the excitation energies for the low-lying excited states, This method
is valid for all mass ratios greater than 0.01, This calculation
indicates that excitons are bound for all mass ratios., It is found
that for mass ratios o between 0.03 and 10 the excited states are not
bound with respect to the dissociation into a free exciton, but some
of them will become bound if the valley-orbit interaction is taken
into account ( as 1in GaP), Some of these states may appear as
resonances if the lifetime of decaying into the free exciton continuum
is long enough. These results have been compared with some experimental

data, and qualitatively good agreement is obtained.
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CHAPTER 5

EXCITATION SPECTRA OF DONOR BOUND EXCITONS
IN MULTIVALLEY SEMICONDUCTORS
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I. INTRODUCTION
In the last chapter, we treated the bound exciton system in a
spherical model. In this chapter we discuss the effect due to the
anisotropy of the realistic band structures on the electronic excita-
tion spectra of donor bound excitons in Si, Ge and GaP.
The Tuminescence due to the radiative recembination of excitons

(1)

bound to neutral impurities in Si was first observed by Haynes
(1960) and later studied more extensively by Dean et al (2)
(1967). Kaminskii et al (3) (1970) observed a series of sharp lines
(known as the KAPS lines) in the luminescence spectra of lightly doped
Si, which they attributed to the electron-hole recombination in the
BMEC. The explanation of the origin of the KAPS lines was further
strengthened later by Sauer (4) (1973), Kosai and Gershenzon (5)
(1974), and Dean et al (6) (1976). Kirczenow (7) (1977) proposed a
shell model (SM) for the BE and the BMEC, which appears to account for
the major features of the experimental data. This model has recently
been reviewed in detail by Thewalt (8) (1978). In the SM, many states
(9)

of the same configuration
(10)

are assumed to be degenerate; for
example, the {2P3;T8} state is 16-fold degenerate. In practice
the linear combinations of those states, which transform according to
different representations of the tetrahedral group of the total
Hamiltonian, are in general associated with different energy eigen-
values. For instance, the product states of T3 electrons can be de-
composed into states transforming according to the F1, T2 and r3

representations. The products of these states with the r8 hole state

can be further decomposed into states transforming according to the
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representations P8, FB’ and r6 + r7 + FB’ respectively. Without
including the interparticle interaction, it is not possible to pre-
dict these fine structure splittings. Some of these fine structure
splittings have recently been observed for the BE in Ge:P by Mayer
and Lightowlers (1) (1979) and in GaP:s by Eltiott et a1 (12) (1980).
These lines cannot be explicitly identified without going beyond the
shell model (SM).

In this chapter, we present a theoretical calculation of the
excitation spectrum for the donor bound exciton system in which the
effects of realistic band structures and the interparticle interactions
are properly taken into account, The fine structure splittings for
the states of various configurations are obtained for several donors
in Si and Ge and one donor (sulphur) in GaP, respectively, We find that
the charge density of the electrons is ellipsoidally distributed. When
the major axes of the ellipsoids associated with the two electrons are
not oriented parallel to each other (e.g. two electrons localized in
valleys on different axes ), the mutual interaction between them (the
nonparallel mutual interaction) is a few percent less than in the case
where the two major axes are parallel to each other (the parallel
mutual interaction). This difference in parallel and nonparallel mutual
interactions is the major source for the coupling between states of
different configurations but same overall symmetry to which the two-
electron product states belong; for example, the coupling between the
(F]F])P], (Tar3)Ty and (Tgrc)Ty states (where the notation (I ry)T,

means that the two electrons of F3 symmetry couple together to form a pro-



-140-

duct state of F] symmetry). The strength of this coupling depends
sensitively on the ratio of the relative magnitude of the difference

in parallel and nonparallel mutual interaction to the energy spacing
between the states of various configurations. For example, in Si:P

the coupling between the ground state of configuration (F]F])F] and

the states of other configurations but same overall symmetry is
negligibly small (less than 1%), because this level is well separated

in energy from the states it couples to. For some of the excited states,
this coupling is substantial (e.g., the mixing between (F3P3)F1 and
(PSFS)F] in Si:P is about 10%).

The hole wavefunction, in general, can be described by a spherical
(s-1ike) wavefunction plus some admixture of the quadrupole (d-like)
wavefunction. The electron-hole interaction which mixes the s-like and
the d-like parts of the hole state produces the coupling between states
of different electron and hole configurations but of the same overall
symmetry to which the total wavefunction belongs; for example, the
coupling between the [(F]FS)FS F8] rg and [(F]P])F] F8] Ig states
(where the notation [(F]PS)FS F8]r8 means that the T, and I electrons
first couples together to form a product state of FS symmetry, which
then couples to the F8 hole states to form a new product state of F8
symmetry). We find that the fine structure splitting due to the
electron-hole interaction is about 5 times smaller than the corresponding
splitting in the free exciton system. Our results for the energy
spacings between various states are in good agreement with the experi-

mental data available.
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This chapter is organized in the following way: in Sec. II, the
general theory for solving the donor bound exciton is presented. The
theory for a donor system incorporating the intervalley scattering
with the anisotropic conduction band is also reviewed. In Sec. III,
the calculation method is discussed. In Sec. IV, the results are
discussed and the comparison with the experimental data is made.

Finally, in Sec. V we present our conclusions.

II. GENERAL THEORY

In this section, we present the theory for the donor bound
exciton (D°X) in multivalley semiconductors. In the last chapter,
we studied this system in a spherical model. We found that for
electron-to-hole mass ratios greater than 1, the D%x system is best
described by a D™ (negatively ionized donor) core plus anouter hole.
For the materials considered here (Si, Ge and GaP), the electron-to-
hole mass ratios are about 1. Hence, we expect that the electron-
electron interaction plays a more important role than the electron-hole
interaction for the D°X in Si, Ge and GaP. To include the effects
of realistic band structures, the interaction of each electron with
the donor has to be considered explicitly. We first discuss the inter-
action of an electron with the donor, then treat the D~ core including
the electron-electron interaction and finally we study the donor bound
exciton (D°X). Group theory is used to classify the eigenstates of

the total Hamiltonian. For the materials considered here, all these
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systems are invariant under the tetrahedral group Td; therefore,
their eigenstates can be classified by the representations of Td.
The neutral donor system has been studied extensively (]3'15). In
Chapters 2 and 3 we presented a calculation for the donors in Si, Ge
and GaP, respectively. The intervalley scattering, short-range correc-
tion and effects due to anisotropic conduction band were properly

included. These results will be applied here to the interaction

between the electrons with the donor in DOX.

A. Interaction of an Electron with the Donor

The single-particle Hamiltonian for the electron in D°X inter-
acting with the donor is the same as that for a neutral donor system.
The solutions to the neutral donor Hamiltonian have been studied in
Chapter 2 for Si and Ge and in Chapter 3 for GaP,6and are briefly
reviewed here. In the indirect materials, the conduction band has
several equivalent minima. The number of equivalent minima, N, is
4 in Ge and 6 in Si and GaP. The bound eigenstates of the donor
Hamiltonian are constructed from linear combinations of wavefunctions
localized at the N equivalent minima, the expansion coefficients being
determined by group theory. The bound states for donors in Ge are
then classified as the T, (singlet) states and the I (triplet)
states, and those in Si are classified as the Iy (singlet), Iy (doublet)

and Tg (triplet) states.
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The general solutian associated with the Hamiltonian of the
donor system can be expanded in terms of pseudo-Bloch functions ¢%(?)

for the conduction bands of the unperturbed crystal as

FTY(K) o8 (F) (1)

where I' labels the representation of Td and u labels the partners of

3
the representation I'; the summation J stands for j d’k 3 in the
k (2m)
extended zone scheme. The envelope function Fr“(ﬁ) satisfies the

Schrodinger equation

HFTME) = E FIMR) (2)

where H is an integral operator in K-space defined as

HF(K) = 'E F(K) + ; <12|v |K'> F(R') (3)

where EC(K) is the dispersion relation for conduction bands in the
extended zone scheme; V¢ is the impurity pseudo-potential and I?'>
represents the pseudo-Bloch function ¢%.(F) associated with the con-
duction band. To solve Eq. (2) it is convenient to expand Fru(f) on

a complete set of basis wavefunctions of symmetry T, {B H(K)} as

FU(K) =z ¢ (m) 8
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Each basis wavefunction can be written in turn as linear com-

binations of wavefunctions Tocalized at the N equivalent minima

1}
—

denoted by Fi’ i N,

N )
aTH(K) = goﬁ?(u) Bk -%) (5)

where the wavefunctions Bé(f-fi), i=1,...,N, are transformed into

P )

each other under certain operations of Td, and the coefficients o

are determined entirely by group theory.
Substituting Eq. (4) into Eq. (2) and projecting out the basic

wavefunction, we obtain a matrix equation for the coefficients Cr(m),

i»r<m|H|m > Cr(m ) = EF Cr(m) (6)
where <-l€|m>F denote the basis state B;(E) and H is defined in Egq. (3).

Each Hamiltonian matrix element, r.<m[H|m'>I. in Eq. (6) can be written

as the sum of the kinetic energy (KE) and potential energy (PE) matrix
elements. Both matrix elements contain the intravalley term as well

as intervalley scattering terms. The KE matrix elements may be
evaluated by carrying out the integral in ?—Space. The conduction band
energy expression EC(E) may be approximated by the sum of several
truncated valleys, each valley being described by a ellipsoidal
expression (for Si and Ge) or a camel's back expression (for GaP).

The PE matrix elements may be evaluated in real space, where the
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kernel associated with the PE operator is written approximately as

>

e g T T

<k|V¢|k >Ny o+ Vpc(k-k ) R, > (7)
with X and k' restricted in the neighborhood of the center of the ith
and jth valleys, respectively. The JA's represent the short-range

interaction strength factors as defined in Chapter 2. For non-
isocoric impurities, they are taken as empirical parameters fitted
to the binding energies of the donor ground states . The RA'S are
Umklapp renormalization factors as defined in Ref. 15; the index
A= 1,2,3 corresponds to the intravalley, intertransverse and inter-
longitudinal valley terms, respectively. The function V C('cT) repre-
sents the Fourier transform of the screened point charge potential (12).
A11 parameters Jx and Rk have been determined in the previous
chapters. However, in the calculation of bound exciton states, we
adjust the JA parameters slightly so that the use of a smaller set
of basis functions (necessary for the bound exciton) will reproduce

the ionization energies for the donor ground states (one for each

symmetry associated with Td).

B, D~ Core

The D™ core is made up of two electrons and a positively charged
impurity center, The total Hamiltonian of this two-electron system

can be written as
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c= My ey ()

HD ee , (8)

2)

where H(]) and H( are the single-particle Hamiltonians as defined in

Equation (3). veél,Z) represents the electron-electron mutual interac-

tion whose Fourier transform is

~y 41re2
v(q) = W s (9)

where e(a) is the wavevector-dependent dielectric function, the same
as used in Chapters 2 and 3. The exact eigenstate of HD- can be ex-

panded in terms of products of two pseudo-Bloch functions as

> > - > c
w(r]arz) - _,z_i D(k] ’?2) ¢k
kykz

](F]) q»ﬁz(?z) : (10)

The coefficients D(i],FZ) satisfy the Schrddinger equation
- > >
Hy- D(k],Iz) = E0(k;.ky) (11)

where HD- is the integral operator defined as

Hy- DK .K,y) = [EL(K)) + E(K,) ] DK Ky) + %<ﬁ]1\$|i€;> D(K; .k,)
1

D <K,V k> DKy ) + _k.gﬁl&]kzlveﬁ]kg D(ky.ky)  (12)
172
) :
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The single-particle potential energy terms can be approximated by the
expression given in Eq. (6).

Since HD- is invariant under Td, it is convenient to expand its
exact eigenstates in terms of linear combinations of products of
single-particle wavefunctions, which transform according to the ir-
reducible representations of Td. To avoid confusion, we use T to label
the irreducible representation associated with single-particle states
and Fe to label the irreducible representation associated with the two-
electron product states. If we denote the single-particle states as
|T]u];m> and |T2U2§n> for particles 1 and 2, respectively, (where
M and Mo label the partners of the representations T and Tys and
m and n label the remaining quantum numbers for the two particles),

then we can write the product basis states (transforming as a basis

vector Mo of the representation Fe) as
|m n ;(Tlrz)reue> = I 'CT T (u]uz;reue)|r]u];m>' Tolg3n> (13)
My 172
where CT]Tz(u]uz;Peue) are the coupling coefficients for group Td’

and can be found in Ref. 17. For Si or GaP, T and 1, can be any of the
representations F],P3,F5 and Fe can be any of the representations
F],P3,P4 or FS. For Ge, P] and Fz can be either F] or FS’ and Fe
can be F],P3,P4 or Fs. Since the total Hamiltonian is spin-independent,
we may choose the basis states to be eigenstates of the total spin

operator. This can be accomplished by using symmetric (labelled by
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“+") or antisymmetric (labelled by "-") (if the two electrons are in

different orbitals) combinations of the states defined in Eq. (13).

Namely,
fﬁfz
+
lm"’(TITZ)re“e> = ._%g?—-[lmn; (r]rz)r:ue>t | nm;(rzr])Feue>] (14)
with
1/ /2 ifmen and 1y _ 7,
T.T
12 (15)
mn
1 otherwise s

where we have assumed implicitly that a singlet (triplet) two-electron
spinor is multiplied by the symmetric (antisymmetric) space state to
make the total wavefunction antisymmetric under the exchange of the
two electrons.

The exact envelope wavefunction D(E],Fz) can be expanded in terms
of the above basis states. Then, the expansion coefficients, denoted by
C(mn,(T]TZ)TZue), will be determined by the standard cqnfiéuration-

interaction matrix equation

[} ). ] [} * . * *
;n <m'n'; (t375) gk [Hy=[mn; (19751TgHg> Clmn, (17, )T 1)

+

[ |
= Pt
E C(m n-, (T]Tz)re“e)
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where the states of different symmetries have been decoupled. The
Hamiltonian matrix in Eq. (16) involves the sum of two donor Hamil-
tonian matrices T]<n’|H(])|n>T and _ <n'|H(2)|nT > and the mutual
interaction matrix. In Appendix A, we derive the expression for the

electron-electron interaction matrix elements. We obtain

M0 (11T T |V (12) [ (17,005, >

4 r
- Int n' e ' !
= [Uo(m n',mn) Gr]ri 61212 + AZ]UA( ,mn)GA (T]TZ,T]TZ)]

] ]
y fT1T2 £ S exchange term , (17)

where U0 represents the intravalley mutual interaction between two
electrons with charge distributions along the same axis and (UO—U])
represents the intravalley mutual interaction between two electrons
with charge distributions along different axes; U2 and U3 represent the
contributions from the momentum-conserving intervalley scattering
schemes (longitudinal and transverse) and U4 the contribution from
momentum-non-conserving intervalley scattering schemes. For Ge and
GaP, there is no U2 term. The exchange term is obtained from the
direct term by exchanging the roles of the two electrons in the final
state. The G-matrices describing the electron-electron couplings are
given in Table A-1 for Si and GaP and A-2 for Ge. As will be shown in
Sec. III, the net contribution of U], U2, U3 and U4 terms is less

than 5% of the total energy. In the zeroth order approximation, the

terms involving U], U2, U3 and U4 are neglected. The energy levels
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can therefore be labelled by the symmetry representation of single-
particle states. For Si:P, the ordering of the energy levels for the
lowest states of various configurations is (starting from the lowest):
(F]F]), (P]PS), (PSFS), (F3F5), and (F3P3). For Ge:As, it is

(P]F]), (FIFS)’ and (rsrs). This ordering is mainly determined by the
sum of energies in single particle states as predicted by the "shell
model". But the spacing between energies of various configurations

is much smaller than that between the sum of one-particle energies

in donor states belonging to various representations.

It is noted from Eq, (17) that in the absence of the coupling
terms U, Uz, U3, and U4, the spin singlet and triplet states for the
mixed configurations (i.e., (r]r3), (P]FS) and (r5r3) ) are degenerate
(since the exchange term vanishes). For the symmetric configurations
(i.e., (F]Fl), (PSFS), and (r3r3)), the spin triplet states lie at
much higher energies than the spin singlet states in analogy to the

. (16)
253/2 and ]S]/z states in the He system .

When all the coupling
terms are included, the states originally labelled by the symmetry
representation of single particle states are now split into several
states labelled by the symmetry representation of the total
Hamiltonian. For the mixed configurations, these states are also
split into spin singlet and triplet states.

The above symmetry arguments can also be applied to the donor

bound exciton (D°X) system, which is further complicated by the

presence of a Fe-symmetry hole.
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c¢. Donor Bound Exciton (DOX)

The D°X is formed by attracting one hole to a D~ core.
Therefore the total Hamiltonian is equal to the sum of the Hamiltonian
for a D~ core, HD-, the single particle Hamiltonian, H( 3) for a hole
interacting with the donor and the electron-hole interaction terms.

Namely,

H o = Hy-(1,2) + w(3) . v (13) = v,

o n(23) (18)

where we have labelled the coordinates of the two core electrons by
1,2 and that of the hole by 3; the electron-hole interaction Veh has
the same Fourier transform v(a) as Eq. (9). If we expand the exact

eigenstate of H o in terms of the products of two pseudo-Bloch functions
D-X
associated with the conduction band, ¢% and ¢% , and one pseudo-
1

2
Bloch function associated with the valence band, ¢% , as
3

W(F .F, ) = B(K;,K,5K5) @%1(‘#]) q»ﬁz(?z) o (F) . (19)

z
-
kiR Ky 3
then the coefficients B(k],kz,kB) must satisfy the Schrddinger

equation

= EB(Ry Ky k) (20)

where H o is an integral operator defined by
DX
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>

T TY=u. > > > > > > >

HDOX B(k],kz,k3) = HD (1,2) B(k],k k,) + E (k3) B(k],k k

+ %. <?3|v¢|§§ >B(E1,?2,fé) - I <?'?'lveh|?'ﬁ'> B(k!,K..K!
3

T T TIiE T T T
- kgké <k2k3|veh|k2t3> B(K;.k5.K3)

where ﬁD-(12) is defined by Eq, (12), EVCK31 is the dispersion relation
for the valence band measured from the top of the valence band, and
V¢is the impurity pseudo-potential, Since the hole wavefunction is
localized near the zone center, it is a good approximation to replace
<?3|V¢|F;> by the point charge potential gpéig-tg) as defined in

Ref. 13. Expanding the products of the periodic parts of the
pseudo-Bloch functions uy (;1) u%.(?l) and uy (F3) u%, (rg) in

1

Fourier series with coefficients c(fl,Fi;ﬁl)and c(ﬁé, %5;53)’

respectively, we can write the electron-hole interaction as

> FiFil - ~ T O_T _-»' > ' LS .
<Kk Ky lvyp [KiKy> = EzE v(ﬁ] + % - Ky - Kq) e ],k1,§1) c (k3,r3,c3)
173
> >! ' >
. a(él + X - Ky 33 +ky-Ky) (22)

where §],§3 are reciprocal lattice vectors and §(kK,k')=8(k-K'), the
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Dirac delta function, The term has appreciable contribution only
when f3 and fé are near the zone center; therefore, the momentum
conservation can be satisfied only when 61 = 0 and §3 = 0. Hence,

we can write approximately

3-K3) . (23)

Similarly, for the mutual interaction between the second electron

and the hole,

bak

[ ~ >
oKy> = v(Ky-K,) (KK 5 (24)

These interactions correspond to the operators

41re2 and 41Te2
€\r3/ M3 elry3) rp3 ’

where E%?7F' is the Fourier transform of 2 in real space. The

N e(q)q
valence band dispersion function Ev(k3) is very anisotropic. If we

transform Eq. (21) in real space, the kinetic energy operator for the
hole can be written in the following form as introduced by Baldereschi

and Lipari (17,18) (B-L) in the limit of strong spin-orbit interaction
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£ (-1 =) = o[-v5 - L u(pl2la@)y o« L [p(2) o2 ] (4

CI

where o is the ratio of electron transverse effective mass to hole

»*
effective mass defined as o = y]mt/m0 (m0 being the free electron mass),
u= (6y3 + 4y,)/5v; and & = (y53 - v,)/vy, with v, v, and v; being

(19)

the parameters proposed by Luttinger for the description of the

valence band dispersion relation near the center of the Brillouin zone;

p(2) and 9(2)

are the second rank symmetric tensors for the linear and
angular momentum, respectively, as introduced by B-L.

In the 1imit of strong spin-orbit interaction, the hole wave-
functions transform as partners of the double group representations
of Td. We shall label the representations associated with the hole
states by Fh and that with the two-electron product states by Fe' The
basis wavefunctions which have overall symmetry Fiu can be constructed
from the linear combinations of products of two-electron states
(of symmetry (T]TZ)F;) and hole states (of symmetry Fh). We shall
denote our basis functions hnnp;[(r]rz)rirh]riu> , where the symbol
[(I]TZ)FE Fh]rﬁlindicates how the total wavefunction of overall symmetry
r'liis made by the two-electron product states (of symmetry~(ﬁ112)rz)

and the hole state (of symmetry Fh)‘ The indices mn and p represent
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the remaining quantum numbers for the two electrons and hole, res~

pectively. The exact envelope wavefunction B(?],EZ,E3) can be

expanded in terms of these basis states. The coefficients for ex-
+

pansion, C(mnp, [(T1T2)fe,ThJTiu) can be determined by the standard

configuration-interaction matrix equation,

[ R IR . * *
mﬁp <m'n'p ,[(T]TZ)F;Th]T ulHDox]mnp,[(r]rz)Fth]P u>
T]TZ,Fth

x mp { (17,)T, 5 Ir) = €7 C(m'n'p!, [ (1,)T2r, 1), (26)

The only difference between the Hamiltonian matrix elements for the 0%x
and D~ systemsis the additional term involving matrix elements for the

(3)

single hole Hamiltonian H and that for the electron-hole mutual
interactions. The matrix elements for H(3)are the same as that for an
acceptor system except for a reversed sign in the potential energy
part. Hence, we can treat them in the same way as Refs. 17,18. The
electron-hole interaction terms lead to further complication and will
be treated in greater detail here. In Appendix B, we derive the
matrix elements for the electron-hole interaction with the electron
states restricted to s-1ike (ellipsoidal) orbitals and the hole states

restricted to s-like and do-like (spherical) orbitals. We obtain a

general expression for the electron-hole interaction term
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[
<m'n‘p';[(1]rz)rzrhjriu|v(13)Imnp;[(r]rz)rzrhjriu>

= JFG:(T]TZ)Fth], [(T]TZ)Fth]) V]3(m’p',mp)8TZTé6nn.
T4Tn T1T4
X fml 2 fm]nz + exchange term , (27)

where V]3(m'p',mp) is the matrix element for the Coulomb mutual inter-

action, i.e.,
] ' [ ] 2
Vi3(m'p',mp) = <m pl,.]—3lmp> . (28)

JP represents the electron-hole coupling matrix between states of dif-
ferent configurations but same overall symmetry, I'. The exchange term
is obtained from the first term by exchanging the roles of the two
electrons. The J-matrices depend on the orbital symmetry of the single-
hole states p and p'. For hole states p, p' of the same orbital
symmetry (i.e., both s-1ike or both d-like), all the J-matrices are
equal to the identity matrix, For hole states p,p' of different orbital

symmetries (e,g. one s-like and one d-like) the J matrices are

nontrivial and are listed in Table B-2 for Si and GaP and Table B-3

for Ge. It is noted that all the matrices given in Table B-2 and Table
B- 3 can be diagonalized with the resulting eigenvalues equal to either

1 or -1, This is the same as one would have obtained if the electron in
each of the equivalent valleys had been considered to interact with the

hole independently.
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To illustrate the use of Tables B-2 and B-3, we take the states
associated with the configuration [(15)F5P8]I‘i in Si as an example.
Here we use (i,j) to denote the labelling (rirj). The electron-hole

interaction coupling a s-1like and a d-Tike hole states can be written

as

<[ (15)rTaIr*|v(13) + v(23)|[ (15)rgrgIr™>

= KL (18)rergIr|v(13) + v(23)|L (15)rsrgIr>

3:<[(51)1’51"8]r|v(13) + v(23)][(51)r5r8]r>} , (29)

where we used the relation [(15)[‘51‘8]1‘i = %—{[(15)FSF8]F1[(51)F5P8]F}
and the fact that all cross terms vanish as indicated in Table B-2.

Writing the above matrix elements in terms of the J-matrices and the
electron-hole coupling strength véh’ with Véh =2.a,V

s°d "sd’
and ay are the coefficients associated with the s-like and d-1like

(where a

components respectively, in the hole ground state, and VSd is the
electron-hole interaction coupling the s-1ike and d-1ike components
of the hole states).

We obtain
< (15)I‘5I'8I‘i|v(13) + v(23)] (15)r5r8]rt>

{37((15) rghg, (15)rgTg) + 37 ((51)TeTq, (5TgT) W, » (30)
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8 and T8,

respectively. There is also an off-diagonal term -3/5 Véh for the coupling

which equals Véh, 'Véh’ 4/5 Véh’ and -4/5V'eh forT = Tgs T9s T

between states with T = F8 and T = Pé. Since the two states are degen-
erate in the absence of electron-hole interaction, we can simply diag-
onalize the J-matrix coupling the states [(51)F5r8]F8 and [(51)r5r8]ré
and obtain the eigenvalues -1 and 1. We therefore obtain the
values Véh and 'Véh for the two mixed states associated with T = Tg
and Fé, which diagonalize the J-matrix. In other words, the

initially four-fold degenerate hole states are now split into two
levels (one classified as F6 + P8’ another classified as T7 +Ig) due
to the presence of a F5 electron. This is expected, since the T5
electron in Si occupies valleys on the same axis thus producing

an electron-hole splitting in the same manner as in a free exciton
system. If we apply this argument to the states associated with the
same configuration in Ge, we obtain the values véh’.veh’ -4/SVeh, and
1/5 Véh for the diagonal terms with I = FB,F7,P8 andIg, respectively,
and a value -2/5 Veh for the off-diagonal term of the J-matrix

coupling the ' = T8 and T = Fé states. This J-matrix also couples

the above two states with the [ (11)I TgIly state as shown in Table B-3.
If we neglect the coupling between the [(]I)T]T8]F8 state and the
[(51)T5F8]T8,Té states (this is approximately valid due to the fact
that the energy of the [(11)F]P8]T8 state is lower than the[(50T5T8]T8

state by a large value compared to'Véh), we can diagonalize the sub-

matrix which couples the two states of the same electronic symmetry
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(51)r5, and obtain the eigenvalues 0 and -1. We therefore conclude
that the I'g electron will split the hole state into three levels with
approximately equal spacing with the highest level classified as r6+ Iy
and the lower two levels classified as P8 symmetry. This is parti-
cularly interesting, because it reflects the fact that the P5 electrons
in Si and in Ge are intrinsically different in that the former oc-

cupies valleys along the same axis and the latter has the same probability

in all four valleys.

ITI. CALCULATION METHOD

Our calculation is based on the Hartree-Fock approximation. It is
assumed that the fine structure in the excitation spectrum is approxi-
mately unaffected by the correlation effect, although this effect plays
an important role in the binding of the system. Our calculation
procedure is divided into three steps. In the first step (zeroth-order
approximation), both the electron-electron coupling terms (U],UZ,U3
and U4) and the electron-hole coupling term (Véh) are neglected. In
the second step, the electron-electron coupling terms are included.

In the final step, all coupling terms are included. In the first

step, the states of different electronic configurations, denoted as
(F]PZ), are completely decoupled. We can therefore carry out the cal-
culation for each configuration separately. The Hartree-Fock solutions
are expanded in terms of a set of basis functions. For each of the two

electrons with symmetry u , we use seven basis functions defined by
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linear combinations of Slater-type orbitals (STO), namely,

N

ik

Lo N 5 -b,}/x2+y2+z2/g2
By (r) =2 Z a.(u) e e

(31)

where aj(u) are the expansion coefficients, which make the basis

functions BE (¥) transform as a basis vector (labelled by u)
n

associated with an irreducible representation of Td’ and
bn = bo/zn; n=1,...,7
with

1

2 bohr™" for Si (or GaP) and 4 bohr"] for Ge

o
i

and
(1,2,4,8,16,1/2,1/4) for Si and Ge

z = .
n {(]’2’498,]/2,]/4,]/8) for GaP

The eccentricity factor ¢ is determined by minimizing the energy
expectation value of the effective mass Hamiltonian in the state Bg,
The best value of ¢ was found to be 0.57 for Si, 0.48 for GaP and
0.355 for Ge. It should be noted that for GaP, the STO's localized
at two minima along the same axis are combined into dumbbell-1like
Slater-type orbitals, (DSTO) (see Chapter 3). The fact that the ground
state in the neutral donor system has very little admixture of higher
angular momentum states (defined in the ellipsoidal coordinates) makes
it a good approximation to expand the electron wavefunction in each

valley in terms of s-like STO's or DSTO's (see Chapters 2 and 3).
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For the hole, however, the mixing of s-like and d-like orbitals is
appreciable. Hence we use 7 s-like and 7 d-like basis functions

with their radial parts given by

4cn e for 2=0
fcn(r‘3) = - (32)
4cn “C."3
-3 l"3 e for g=2 ,
= = : = -1 1
where c, = co/zn, n=1,...,7 with <o 0.5 Bohr . The z,'s are

the same as used for the electrons. The angular parts of the s-Tlike
and d-like basis functions are |[2=0, J=3/2; F=3/2, Fz> and 12=2,
J=3/2;F=3/2,Fz>, respectively, when J is the spin associated with the
valence band, and F is the total angular momentum associated with 2
and J.

In the first step, the expansion coefficients in Eq. (26) are de-

composed in  the product of three terms, viz.

C(mnp [ (7T, T, Iru) = Co m) € () € (p) (33)

Then, Eq. (26) can be simplified to

[ |
£ <m'n'p'|H 0X|mnp>T]T2 CT](m) CT

mnp D (n) CT (P) = EO(T.l ’TZ)CT]("")

2 h

< € () cp (6) (34)
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where

! ' U | (])
<m'n'p |HDOX|mnp> ot T]<m |H |m>T S &

ne(2)
S Sppe e oo

pp'

S ) ' ) - int
pp' °mm' * r, P (K P> Ty Somt Spnt T <M PUVpImP>S ‘Széz3

- <n'p'|v_ |np> & Sys + <m'n' | (35)
| Vapl m' e, <m'n'| Vag IMN> 85
with 23,23 indicating the angular momentum quantum number of the hole
states. Eq. (34) can be solved for the coefficients CT (m), CT (n)
1 2
and Crh(p) self-consistently by iteration.

In the second step, the correction due to the electron-electron
coupling is included. We evaluate the contributions due to the terms
UA(A=1,2,3,4) in the zeroth order ground state wavefunctions obtained
in the first step. It is found that for Ge, the intervalley scattering
terms U3 and U4are two orders of magnitude smaller than the U] term

and can be neglected. The zeroth-order ground states of various

configurations are now coupled together through the off-diagonal matrix

elements of G{ . The sub-Hamiltonians defined for each symmetry
+
Pe by
e d o Te
H (T]TZ,T]T2)=EO(T],T2)5 8+ UAGA'(T]T25WT2) (36)

T T2 A=
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(with Eo(r]rz) being the eigenvalues obtained in the zeroth order
approximation) are then diagonalized separately. The energy levels
except the lowest one are now split into several states, each one
associated with an irreducible representation of the group Td. The
coupling coefficient between states of different electronic configura-
tions+are also obtained. We shall denote the energy eigenvalues
of Hre(r]rz,r;ré) as E] [(r]rz)rz] . In the final step, the
electron-hole coupling term'Veh is included. As shown in Table B-2 and
B-2 this term only couples the states which are separated by an energy
large compared to‘Veh or the states associated with the same electronic
configuration. In the former case, the coupling can be neglected.
In the latter case, the zeroth order energies are degenerate. If
we diagonalize the sub-matrices which couple tHe states associated
with the same electronic configurations, we obtain the eigenvalues
-1 and 1 for most of them; the others are between -1 and 1. We therefore
repeat the Hartree-Fock calculations for each electronic configuration
(r]rz) with the J-matrices set equal to 1 and -1. The contributions
of'V'eh to the Hamiltonian matrix for J-coefficientsbetween -1 and 1
can be obtained simply by interpolation.

We have expanded the hole wavefunction in terms of s-like and d-
1ike orbitals (with total angular momentum F = L + J = 3/2). There-
fore, the contributions due to the other orbitals (e.g., with L = 2

(21)

and F = 7/2, 5/2, 1/2, and L = 4, 6, ... etc.) are not included.

For simplicity, we include the correction due to these orbitals by
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multiplying the values of Véh obtained above by a correction factor

fc’ where fc is the ratio of the electron-hole splitting for the
free exciton system obtained with and without the orbitals associated
with L =2 and F = 7/2, 5/2, 1/2; and L = 4,6,...etc. For this pur-
pose, we have calculated the ground state splitting of the free exciton
for Si, GaP and Ge, using the basis set given by Eq. (32) and the

(20’21). We obtain a

band parameters used by Lipari and Altarelli
value for this splitting of 0.92, 1.95 and 0.58 meV for Si, GaP and
Ge, respectively. Comparing our results with the accurate results

obtained by Lipari and Altarelli (20,21)

, we obtain that fc = 0.5,
1 and 2 for Si, GaP and Ge, respectively.

The remaining task is to diagonalize the sub-Hamiltonians defined

by

+
r* e s
H {1y mp)T el (1yTp)TeTg) )= Ey [(TlTZ)Fe]GI‘eFé

+ V00 L (T1T2)Fe’(T1T2)F«;] + 9T T )T (15701 13 (37)

’

+

where E][(r1r2)rz] is the eigenvalue of H e(r]rz,riré) obtained in the
previous step. The final results for the energy eigenvalues will be

+ +
denoted as E([(r]rz)rerg]r ).

IV. RESULTS AND DISCUSSION

We will discuss our results for Si, Ge and GaP separately.
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A. Si

Tables V-1 to V-4 show the ground state energies for various con-
figurations of the D°X obtained in three calculation steps (denoted
by EO, E] and E for the zeroth order approximation (ZOA), ZOA plus
electron-electron coupling, and ZOA plus all couplings, respectively,)
for Si doped by the impurities P, As, Sb, and Li, respectively. For
illustration, the theoretical spectrum for Si:P is plotted in Fig.
V-1, showing the systematic change of the energy levels in various
approximations. The smallness of the fine structure splitting, as
compared to the total binding energies, justifies the validity of
the first order approximation used to evaluate the various fine struc-
ture terms. For example, for the {P]PS;FB} states in Si:P, we have
Véh =U, = Uy = % Uy = 3%5 EO(F]FS). As shown in Fig. V-1, when the
electron-electron and electron-hole coupling terms are neglected, we
obtain one energy level for each configuration and the ordering is the
same as predicted by the shell model. When the electron-electron
(dominated by U;) coupling is includer , all levels except the (Ty7y)
state are split into several states. We find that the mixing of con-
figurationsis appreciable only for the states of the same overall
symmetry and close in energy. The admixture of configurations(r3r3)r;
and (PSFS)P; in the ground state (r]r])r; is less than 0.1%, whereas
the mixing between (r3r3)r¥ and (PSPS)F; is substantial (about 9%).
The (r3r3)r§ state also couples strongly with the (FSFS)F; state

(about 8% mixing). The remaining states only couple with each other
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TABLE V-1

Total energies of the lowest-lying states of various configurations of the

0%X calculated in three steps (EO. E] and E) for Si:P.

A1l energies are in meV.

The notation r: in the fourth column stands for the irreducible representation

to which the two-electron product wave function belongs; "t" indicates a spin

singlet or triplet.

First Step Second Step Final, E
Material - T
Contigu- E '
ration Eo re E1 r6 Ty Tg r8
+
N -42,58 - - -42.57 -
FiT5iTg}| -42.59 r; -42.89 | -42.89 | -42.89 | -42.90 -
T -43.25 - - - -43.25
r; -43.16 | -43.21 | -43.12 | -43.21 | -43.12
) } T -43.96 | -43.94 | -43.97 | -43.97 | -43.95
TifeiTgl)-43.39
35 rz -44.04 | -44.03 | -44.06 | -44.06 |-44.03
ry -44.06 | -44.11 | -44.02 |-44.11 |-44.02
Si:P
r; -44.08 - - -44.04 -
+ -44.16 |- - -
(r T3y |-a4.09 T3 44.10 44.23 |-44.20 -
r; -44.67 |-44.64 |-44.71 |-44.71 !.44.64
r -44.76  |-44.80 |-44.73 |-44.80 |-44.73
+
fr Taitgt| -53.00 Ty -53.13  |-53.09 |-53.17 |-53.13 -
'3 -53.35 .|-53.31 [-53.39 [-53.35 | -
+
(r Fe;Tg}| -53.22 Tg -53.3¢ |-53.38 |-53.30 |-53.38 |[-53.30
Ty -53.64 |-53.68 |[-53.60 |-53.68 |-53.60
(r,T);Tg) -57.36 r; -57.67 - - -57.67 -
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TABLE V-2
Total energies of the lowest-lying states of various configurations of the D°X,

calculated in three steps (Eo, E] and E) for Si:As.

First Step Second Step Final, E
Material T
Configu- + '
ration Iso j I‘e E1 r.6 I"/' l.8 r‘8
M -41.09 - R 41,08 | -
{rsl4iTgl| -41.09 P; -41.39 | -41.39 | -41.39 | -41.40 | -
T -41.72 - - - -41.72
r; -41.71 | -41.76 | -41.76 | -41.75 | -41.68
0192 r -42.48 | -42.47 | -42.49 | -42.49 | -42.47
(r,r.;r 3| -41.
358 r; -42.55 | -42.54 | -42.57 | -42.56 | -42.54
ry -42.57 | -42.62 | -42.54 | -42.61 | -42.54
Si:As
r; -42.65 - - -42.61 -
oy | -42.65 r; -42.73 | -42.67 | -42.80 | -42.77 -
5'5''8
rg -43.22 | -43.19 | -43.25 | -43.25 | -43.19
r -43.30 | -43.33 | -43.27 | -43.33 | -43.27
) r; -60.76 | -60.72 | -60.80 | -60.76 -
[T T5:Tg}| -60.69
ry | -60.91 | -60.87 | -60.95 | -60.91 -
+
. -60.88 | -60.92 | -60.84 | -60.92 | -60.84
(I re;Tg) 60,82 re
T -61.07 | -61.11 | -61.03 { -61.11 | -61.03
. -66.65 M -66.87 - - -66.87 -
(r.r;Tg) 66.6 T
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TABLE V-3

calculated in three steps (Eo, E] and E) for Si:Sb.

First Step Second Step Final E
Materia Configu-' < 7
{ ration Eo re E1 r6 l“7 r8 rS
r; -40.33 - - -40.32 -
{rsrsiTg| -40.28 rg -40.61 | -40.61 | -40.61 | -40.62 -
r -40.89 - - - -40.89
r; -41.57 | -41.61 | -41.53 | -41.61 | -41.53
rs -42.32 | -42.31 | -42.33 | -42.33 | -42.31
(T Tg3Tg| -41.79 4
r; -42739 | -42.38 | -42.40 | -42.40 | -42.38
rg -42.40 | -42.44 | -42.37 | -42.44 | -42.37
Si:Sb N ‘
r] -42.91 - - -42.88 -
+
r -42.99 | -42.93 | -43.05 | -43.02 -
{TTe;Tg}| -42.96 3
r; -43.53 | -43.50 | -43.56 | -43.56 | -43.50
T2 -43.62 | -43.65 | -43.59 | -43.65 | -43.59
+
) r -50.25 | -50.21 | -50.29 | -50.25 -
(T F43Tg}H| -50.11 3
r3 -50.46 | -50.42 | -50.50 | -50.46 -
+ - -
(I TeiTe}| 50,54 Ty -50.67 | -50.71 | -50.63 | -50.71 | -50.63
r; -50.99 | -51.03 | -50.96 | -51.03 | -50.96
(r,ry;rg}| -54.25 r; -54.48 - - -54.58 -
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TABLE V-4
Total energies of the lowest-lying states of various configurations of the D°X,

calculated in three steps (Eo, E] and E) for Si:Li.

First Step Second Step Final, E
Material - .
Configu- + !
ration I:‘o | r.e E1 I~6 r; I‘8 l“8
r; -43.47 - - -43.46 | -
{ryrgirgd| -43.01 | rg -43.68 | -43.68 | -43.68 | -43.69 | -
r; -43.67 - - - -43.67
r; -43.22 | -43.27 | -43.17 | -43.27 | -43.17
43,06 Ta -43.63 | -43.61 | -43.64 | -43.64 | -43.61
(T Io;ToH -43.
3578 rz -43.72 | -43.70 | -43.74 | -43.74 | -43.70
Ty -43.73 | -43.78 | -43.69 | -43.78 | -43.69
Si:Li
r; -42.79 - - -42.78 -
+ - - - - -
(rergiry) -43.10 I3 43.13 43.07 43.20 | -43.14
rg -43.68 | -43.65 | -43.71 | -43.71 |-43.65
T -43.76 | -43.79 | -43.73 | -43.79 | -43.73
rt -42.13 | -42.10 | -42.16 | -42.13 -
.{rlrs;rs} -42.23 3
r3 -42.85 | -42.82 | -42.88 | -42.85 -
(r reitl| 42,27 r; -42.06 | -42.09 | -42.03 |-42.09 |-42.03
Iy -42.90 | -42.93 | -42.87 |-42.93 |-42.87
{r T ;Tgh| -41.25 r; -41.44 - - -41.44 | -
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weakly (less than 1%). When the electron-hole coupling is included,
the states are split further and mixing is only important between states
associated with the same electronic configuration. The splitting due
to the electron-hole coupling is an order of magnitude smaller than
the splitting due to the electron-electron coupling and therefore dif-
ficult to observe experimentally,

We can compare our theoretical results with the experimental data.
The energy level schemes for 0% and D° in Si:P are plotted in Fig.
V-2, also included are the experimental data obtained by Lightowlers
gg.gl_(zz). A11 possible optical transitions are indicated by arrows.
The whole excitation spectrum has been shifted by a uniform correlation
energy (of approximately 7.0 meV). As shown in this figure, the agree-
ment between theory and experiment is very good. A1l the peaks except
the o line observed in the luminescence data are a superposition of
several lines. Our theoretical spectrum predicts a line due to the
optical transition from the (r]rs)rg state of D°X to the Ig state of
p° near the same energy position of the &' line. This line was first
observed by Thewalt (23) and cannot be explained by the shell model.
For As and Sb similar theoretical spectra can be obtained using Tables
V-2 and V-3, respectively. For Si:As, the energy spacings between the
group of states associated with the {P] r3;r8} and {P1 rs;rg} con-
figurations and the ground state obtained in present calculationsare
about 1.5 meV larger than the experimental value for the spacing

(22),

between the §-1line and a, line On the other hand, by looking

at the optical transitions from the {P].P3;F8} and {P] P5;P8} D%x
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Figure V-2. Theoretically predicted transition lines (indicated by
arrows) plotted accompanied with the experimental data
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excited states to the Iy and I donor excited states (y lines),
ElTiott et al (24) have obtained a value =5.8 meV for the energy
separation between the {I'1 F3;P8} and {F] FS;FS} excited states and
the ground state in Si:As. This value is in good agreement with the
present calculation. We therefore attribute the §-line (22) observed
in Si:As to the optical transition involving a p-like hole excited
state.

For Li, an interstitial donor in Si, the energy spectrum is
qualitatively different than that for the other donors (substitutional).
The major difference is that in Si:Li, the ordering for the donor
states are inverted ( the Ty and I'g states have Tower energies than
the ry state . (255. In the top panel of Fig. V-3, we plot our
theoretical spectrum for %X in Si:Li, showing the systematic change
of the energy levels obtained in the zeroth order approximation (ZOA)
and Z0A plus electron-electron coupling. As shown in this figure, in
the zeroth order approximation, the states {2F5;F8} and {2r3;r8} are
nearly degenerate, so are the states {F]rs;r8} and {F]P3;F8}. This is
expected, since the F3 and rs donor states in Si:Li are degenerate.
When the electron-electron coupling term is included, these levels
split into a group of states approximately 1 meV wide in energy.

(26-28)

To compare our results with the experimental data , we plot the

energy level scheme for 0° in the middle panel of Fig. V-3 and the

(27)

experimental spectrum obtained by Thewalt in the bottom panel.

The observed optical transitions are indicated by arrows. Again,the
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whole theoretical spectrum is shifted by the correlation energy of

7.3 meV. The number of nearly degenerate states associated with a line
js indicated in parentheses. It is found that the main bound exciton
1line (marked "Lil") and the line marked "Li]'" correspond to the
transitions from a group of 156 states associated with the configuration

{2I‘3 5;F8} , and a group of 60 states associated with the configuration

{r, F3’5;P8}(p1us 4 states associated with the configuration
{2F3,5;F8} ), respectively, to the F3’5 donor ground state. The line
marked “Li]*“corresponds to the transition from a group of 60 states
associated with the configuration {F] F3’5;F8} to the I excited donor
state. There is a small hump between the lines marked Li]' and Lilu,
which may correspond to the transition from a group of 20 states
associated with the {r] F3,5;r8} configuration (which are separated
from the ground states by approximately t meV) to the donor ground
state. This point has to be examined by further experiment. The line
marked "Li' " cannot be identified with any transitions from an
electronic excited state obtained in the present calculation and there-
fore may be attributed to the transition from a hole excited state as
proposed by several authors (28'30).

We can estimate the correlation energy for the ground state by taking
the difference between the experimental and the theoretical value for
the dissociation energy. The theoretical dissociation energy is ob-
tained by subtracting the binding energy for the neutral donor and

for the free exciton from the total binding energy for the donor bound

exciton. The binding energies for the neutral donors are 45.5, 53.7,
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(29) (29) (29) 30)

42.7 and 33.0 meV for Si:P , Si:As » Si:Sb , and Si:Li(
respectively. The binding energy for the free exciton is about 14.7

meV (3]). Combining these results with the Hartree-Fock calculation

for the total energy, we obtain the dissociation energies -2.5, -1.5,
-2.8 and -3.9 meV for Si:P, Si:As, Si:Sb and Si:Li, respectively.

The negative values of the dissociation energy indicate that the system
is not bound in the Hartree-Fock approximation. The experimental value
for the dissociation energy is about 4.5, 5.5, 4.2 and 3.4 meV for

23) (22)’ Si:Sh (22) (26)

Si:P ( s Si:As , and Si:Li , respectively.

Taking the difference between the experimental and theoretical values
for the dissociation energy, we obtain approximately the same cor-
relation energy, 7 meV for Si doped with P, As, and Sb and 7.3 meV

for Li. In a previous calculation for the ground state energy of bound
excitons in a spherical model (Chapter 4) we obtained a correlation
energy about .20 Rydberg for an electron-to-hole mass ratio of 1.
Taking a Rydberg to be the binding energy of the donor in Si (31.3

meV) calculated in the Kohn-Luttinger effective mass approximation

(ema) (32

, we obtain a correlation energy 6.3 meV, which is in
reasonably good agreement with the value estimated from comparing our
Hartree-Fock calculation with the experimental data for practical

systems.
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B. Ge

In Table V-5, the ground state energies for various configurations
obtained in three steps (denoted by Eo, E] and E for the zeroth order
approximation (ZOA), ZOA plus electron-electron coupling, and ZOA
plus all coupling terms, respectively) are listed for Ge:P, Ge:As and
Ge:Sb. The theoretical spectrum for Ge:P showing the systematic
change of the energy levels in various steps is plotted in Fig. V-4.
Again, it is found that the electron-electron and electron-hole coupling
terms are small compared to the total binding energy. For example,
for the (T T5;Tg) states in Ge:P, we have Véh=20 U;=20 U,= %-U] = %55
EO(P]FS). The terms U3 and U4 are negligibly small, and were completely
ignored in our calculation. The spectrum of Ge is simpler than Si.
The electron-electron coupling is small compared to the energy separa-
tion between states of the same symmetry. The mixing between the
(F]P])T; state and the (F5F5)T¥ state is about 0.34%, and that between
the (F]FS)P; and (TSFS)P; states is about 0.34%, and that between the
(F]FS)P; and (Fsrs)rg states is about 0.38%. There is no mixing between
the other states shown in this figure. The further splitting due to
the electron-hole coupling is explicitly shown in this figure, Again,
only mixing between states associated with the same electronic con-
figuration is included. The splitting due to the electron-hole coupling
is found to be comparable to the splitting due to the electron-electron
coupling, and can be observed experimentally. To compare our results

with the experimental values, we plot the energy level scheme and the

theoretical spectra in Fig. V-5 for Ge:P and Fig. V-6 for Ge:As,
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TABLE V-5
Total energies of the lowest-lying states of various configurations, calculated

in three steps (Eo, E1 and E) for Ge:P, Ge:As and Ge:Sb. All energies are in meV.

l First Step Second Step Final, E
Material - T
Configu- 2 0
ration Eo ) l.e E1 r6 r7 r8 r8
rl‘ -13.18 - - -13.07 -
I -13.28 -13.35 | -13.35{-13.18 | -13.39
irraingl| -13.07 "
A r3 -13.53 -13.56 | -13.56 | -13.55 -
Ge:P .
€ Iy -13.53 -13.44 | -13.44 | -13.63 | -13.53
NN 175 -15.37 -15.49 | -15.49|-15.26 |-15.37
‘..115,.8. _1519 > i
ry -15.52 -15.64 | -15.64 | -15.41 | -15.52
i7)TyiTg)| -16.20 I -16.62 - - -16.62 -
rI -13.04 - - -12.94 -
T, -13.16 -13.22 | -13.22 ' -13.06 |-13.26
ireTeiTg)| -12.94 >
5°5°°8 r; -13.40 -13.43 | -13.43 |-13.42 -
Ge:As 1-; -13.40 -13.31 | -13.31 |-13.50 |-13.40
l‘g -16.48 -16.60 | -16.60 |-16.36 |-16.48
N TeiTgl| -
175iTgd| -16.34 r; -16.60 | -16.72 | -16.72 |-16.49 |-16.60
{113 Tg) -17.61 rI -18.05 - - -18.05 -
— s
r; -12.99 - - -12.85 -
r; -13.01 -13.09 | -13.09 |-12.91 |-13.15
.
{rgTsiTgl| -12.94 r -13.40 | -13.42 | -13.42 |-13.81 | -
Ge:Sb Iy -13.40 -13.31 | -13.31 |-13.50 |-13.40
'Y
T . - - - -
(rTeTed 1310 S 13.50 13.60 13.60 [-13.41 |-13.50
Ty -13.57 -13.67 | -13.67 |-13.48 |-13.57
-13.25 + -13.67 - - -13.67 -
|ryryirgd n .
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Figure V-4.

Theoretical electronic spectrum of donor bound excitons in
Ge:P plotted in three steps: zeroth order approximation
(Z0A), Z0A plus electron-electron coupling and ZOA plus
are coupling terms. The notations for symmetry labels are

defined in the text.
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accompanied with the experimental spectra obtained by Mayer and

Lightowlers (]]).

The whole theoretical spectrum is shifted by a
correlation energy (of about 1.7 meV) so that the line associated
with the ground-state to ground-state transition matches the experimental
data (a] line). With this assignment, the theoretical spectrum fits
the experimental data quite well. The spacing between the first-
excited-state to ground-state transition and the o line agree with
the experimental value (for the separation between oy and‘7$ lines)
to within 0.05 meV. In the phonon-assisted absorption spectrum obtained
by Henry and Lightowlergagé Tine labelled 6](LA) is observed, which is
due to the transition from the ground state of the neutral donor to
the first excited state of the bound exciton. The position of this
excited state is about0.2 meV in Ge:P and 0.45 meV in Ge:As below
the Towest electronic excited state obtained in our calculation.
Since the no-phonon transitions from this state to the donor r5 state
are not observed, we attribute this state to the first hole excited
state (denoted as 2P3/2) in the donor bound exciton system. The no-
phonon transition between the ground state and this 2P3/2 hole excited
state is forbidden, because the overlap of the electron and hole
envelope function vanishes according to symmetry.

We can also estimate the correlation energy in the same way as we
did for Si. The binding energies for the neutral donors are 12.9,

14.2 and 10.3 meV for Ge:P, Ge:As and Ge:Sb, respectively (33). The

v (34).

binding energy for the free exciton is about 4.15 me Accordingly,
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we obtain the dissociation energy -0.43, -0.30 and -0.78 meV for Ge:P,
Ge:As and Ge:Sb, respectively. The experimental valuesfor the dis-
sociation energy for Ge:P and Ge:As are 1.3 meV and 1.45 meV,

(1)

respectively Thus we obtain correlation energies of about
1.7 meV for both Ge:P and Ge:As. Using the result from our previous
calculation in a spherical model and taking a Rydberg to be 9.8 meV

(32)), we obtain a correlation

(the binding energy calculated in EMA
energy 1.96 meV for the bound exciton with electron to hole mass ratio
equal to 1. This is again in reasonable agreement with the value es-

timated above for a practical system.

C. GaP

The ground state energies for various configurations, obtained in
three steps, zeroth order approximation, ZOA, (denoted EO), Z0A
plus electron-electron coupling (denoted E]) and Z0A plus all coupling
terms (denoted E) for GaP:S are listed in Table V~6. These energy
spectra are plotted in Figure V-7, showing the systematic change. As
shown in this figure, the electron-electron coupling and electron-hole
coupling terms are small compared to the total binding energy. For

example, for the {F] F3;F8} states, we have

v .
Vah Uy = o5 E

=13 U3 = 3 Uy = 555 Eo(TqT3) -

3

)

A11 electron-electron couplings are negligibly small <1%. The largest
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TABLE V-6

Total energies of the low-lying states of various configurations of the
0

DX calculated in three steps (EO, El’ and E) for GaP:S. A1l energies
are in meV.
First Step Second Step Final, E
Materia T
s Configu- : " -
ration E Te E ‘6 T Tg | T
r; -47.2 - - -47.0 -
+
rrgirg| -47.2 T3 -47.2 -47.0 -47.4 | -47.4 -
r; -47.5 -47.4 -47.6 |-47.6 |-47.4
I3 -47.5 -47.6 -47.4 | -47.6 |-47.4
T; -66.4 -66.6 -66.1 |-66.6 |-66.1
r- -66.7 -66.6 -66.5 |-66.6 |-66.5
(r.r.;r )| -66.5 4
GaP:s | 3°5'°8 r; -66.7 -66.7 -66.8 |-66.8 |-66.7
ry -66.8 -67.0 -66.8 |-67.0 |-66.8
r; -72.2 - - 72.1 -
fe w - + - - - - -
"'3'3"8} -71.7 1'3 73.7 73.7 73.7 73.7
- -75.1 - - - 75.1
2
[y - + - - - - -
(17Tt | -113.9 ry 113.8 114.0 113.6 |-114.0 |-113.6
rs -113.9  |-114.1 |-113.7 [-114.1 |[-113.7
, rt -114.8 |-114.6 |-115.0 |-114.8 -
7175378 | 1142 3
. r3 -115.6 |-115.4 |-115.8 |-115.6 -
+
(rriTg}| -133.4 T -133.7 - - -133.7 -
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Figure V-7.

Theoretical electronic spectrum of donor bound excitons
in GaP:S plotted in three steps: zeroth order approximation
(ZOA), ZO0A plus e]ectron-é]ectron coupling and ZOA plus
all coupling terms. The notations for symmetry labels

are defined in the text.
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mixing due to electron-electron coupling is about 0.1% (between the
(PyT4)rg and (I Tg)ry states). It is noted that the (ryry) and

(T1P5) states are very close in energy (separated by about 1 meV).

This result is of particular interest since in the neutral donor, the
P3 and F5 states are separated by about 20 meV. This energy separation
between F3 and FS states is reduced by a factor of 20 in the bound
exciton. This drastic change in energy separation is a combined

effect resulting from the screening of the impurity potential due to the
Iy electron and the camel's back structure in the conduction band. We
find that for the (P]P3) and (F]F5) states in DX, the ry electron
tends to retain its wavefunction as in the D° system. Therefore,

the potential seen by the Iy (or PS) electron in DX is largely
screened. This causes the wavefunction of the I (or Fs) electron

to be much more localized in E-space than in the case for a D°. The
overlap between the wavefunctions localized near the two minima
associated with a camel's back valley is greatly reduced; hence, the
binding energies for the Iy and Fs electrons become similar.

The magnitude of the electron-hole coupling is about 0.2 meV,
which is never important for the states of different configurations,
since the smallest energy separation between states of different con-
figurations and with non z;;b e]ectron-hole coupling is about 70 meV
(between {P]F3;P8} and'QF3;F8} ). To compare our results with the
available experimental data, we plot the energy level schemes for the

D°X and the D° for GaP:S in Fig. V-8 accompanied with the experimental
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(12)
spectra obtained by E11iott et al. We can predict the optical transi-

tions due to the recombination of an electron-hole pair in the 0°x.
The theoretically predicted transitions are indicated by the arrows

in Fig. V-8, where we have shifted the whole bound exciton spectrum by
a correlation energy of about 15 meV, so that the line associated with
the ground-to-ground state transition matches the experimental data
(the zero of the energy axis). The detailed comparison between theory
and experiment is difficult, because the luminescence associated with
this set of excited states is rather weak. As shown in the figure,
the line marked Sg may correspond to the transition from the {F]P3;T8}
statesof the D°X to the donor ground state. The line marked Sg. cor-
responds to the 2s hole excited state as discussed in Chapter 2. The
1ines marked Sg and Sg cannot be understood from the present calcula-

tion.

V. CONCLUSION

We have developed the theory for the fine structure in the excita-
tion spectrum of donor bound excitons for Si, Ge and GaP doped by
various impurities. This fine structure is produced mainly by the
valley-orbit interaction for the two electrons and the valley-anisotropy
splitting due to the electron-hole interaction. This theory allows us
to go beyond the shell model and interpret the detailed structure of
the spectrum for donor bound excitons observed in Si and Ge doped with
various impurities as well as GaP:S. Using the energy eigenvalues

calculated in the Hartree-Fock approximation, we obtain the theoretical
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excitation spectrum in good agreement with the available experimental
data. Therefore, we conclude that the correlation energy has little
effect on the energy differences between the low~lying electronic
excited states discussed here and the ground state, although it is
important in determining the binding energy. The present work has
provided a better understanding of the electronic properties and

excitons bound to neutral donors in multivalley semiconductors.
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APPENDIX A. MUTUAL INTERACTION BETWEEN TWO ELECTRONS IN D

In this appendix, we derive the expression for the matrix elements
of the mutual interaction between two-electron product states denoted

by
R - . +
[m'n"3 (17p)Tghe> and  |mn; (1y7,)Tgu, >

According to the definition of these states (see Eqs. (13) and (14))we

can write the matrix elements of the mutual interaction as

] 1. ! ! i. . 1-
<m'n ,(TITZ)TeueIV(IZ)Imn, (T]Tz)reue>

G Té(ul“zr“)cmz(uluz’r“) [em'n® uquy [Wlm, pyuy>

]
uiué
1 1
[ T,7T T.T
* <m'n',u1u2|Wlnm,u2ul>] fmrl] 2 fm%n‘? (A1)
with
1 ]
vy _ *‘Ul >! *'UZ >V ot > o l“1 > “2 >
<uyu, [Wluquy> =2 B T(kB k<K K| vk k2B T (kDB (k). (AZ)
"
272

In Eq. (A2) the indices mn and m'n' have been dropped for

simplicity. Using the Fourier expansion in the reciprocal lattice vector
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space for the product of the periodic parts of the Bloch functions

>! > >! > . ' '
|k1> and |k1> (or lkz>and |k2>), with coefficients c(izl,'lfl;ﬁl) (or c(ﬁz,iz;éz)),

we can write the kernel for mutual interaction as

. 8@+ %,-%., T, k.-K) (A3)

Substituting Eq. (5) and Eq. (A3) into Eq. (A2Z), we obtain

L] _ , ' ! ' s s s sy Ad
<U1U2|W|U1U2> = iigjj' ai(ul) aj (uz) ai(pl) aj(uz) W(l,l »J ) ) (Ad4)

where

1 * N
RSB DIENS SN SR SIS SRR %
616, kil S
'
kaky

> ! * > > >, > (LT >
-c(kl,kl,ﬁl) c (ké,fz,ﬁz) 6(§1+k1-ki,32+ké-kz) B; (k) -k;) 85 (K, kj)

(AS)
The R.H.S. of Eq. (AS) can be sorted into three classes:

> > > -> > >
1) Akl = Ak2 =0 (2) Ak1 = Ak2 #0 (3) Ak1 # Akz
where Ak, = k.-k. and Ak, = k. - k
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We will discuss the three classes separately:

> >

(1) Akl = Akz = 0 (intra-intra)
Only the terms with Gl = 0 ans 62 = O have appreciable contribution.
Transforming Eq. (A5) into real space, we readily obtain

. .. . 3 3 * o L - -
WGLE,3,0) = [ ary @y g () 816y vy 8 G 83, 46)

which takes two different values depending on whether the major axes

of the ellipsoid charge distributions of two particles are parallel

to each other.

We define

W(iL,1,5,0) =Uy if K |1 K

1 j
(A7)
Uo - U1 if ki not parallel to Kj
1
This case contributes a term to <u1u;|W|u1u2> as
" t
Wy Gy wyuy) = Uy 6“1“i 6“2“? Up Gy (kqigsmgmy) (A8)
where
R
= ey . |
Gy Cughgsbgig) = =8 by * 'IZI' o3 (1g) a5 (up) o5 (up) a5 (up) . (A9)
illj

The sumation is over terms with Ki | Fj only.
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2) AKI = Aﬁz # 0 (inter-inter)

>

k., and Ki' = ﬁj)or(fi = -fj and ii' = -FJ. W

We must have either(]?i 3

Only the terms with ﬁl = 62 have appreciable contribution, due to the
restriction of the delta function in Eq. (A3). Analogous to the Umklapp
renormalization factors introduced for the single-particle potential

(15)

energy term , we define

RELL5,3 = & e®y k) cBpkl) vk K/ vk (10)

as the renormalization factors for the mutual interaction term. With
the restriction AKI = AEZ, it is easy to prove that c(if,ij;ﬁ)

= c(k;,k;50), and Eq. (A10) is simplified to
2 T >
R(1,i") = ¢ e, Ky 50| v(@-akp/viek) (A11)
G

where we have dropped the dependence on j and j'. With the use of the
renormalization factors R(i,i') and transforming Eq. (A5) into real

space, we readily obtain

R
1AK, T

R 3 3 '* > > 171
W(i,i',j,j") = R(i,1) Id r dr, B, (r)) Bi(r)) e v(ry,)

-18K, T
st @) Gy e P (412)
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'x >
Introducing the Fourier transforms for the function Bi Cri) Bi(rl)

iAK, »T . ~iAK. T
171 -+ .. * > - 2 72
e as Ii,i(q-Ail) and similarly for Bj,(rz) Bj(rz) e ,
we can rewrite Eq. (Al2) as
3 ~ - * 2> o
W(ELE5,30 = RGAD [ S v@) 1, Gy 1,y Grakp) (19
(2m)

-~ * - -
The function Ii,i(q—Af1)~Ij,j(q-Afl) is sharply peaked at q = Afl,

and V(a) is a smooth function there. Therefore, we can write approxi-

mately
oy L T [& 5D (A14)
W(i,i',5,3") =R(E,1",3,3") * v(ek)) (—2“—)—511,i(q) 5150
1
We define

W(i,i',j,j") =rU, for longitudinal scattering scheme

U for transverse scattering scheme

3
For longitudinal scattering, we must have ii' = ’Ki and ij' = 'Kj’
and the restriction AE& = Afé requires F} = :ig. This case contributes

1 1 1 ]
a term U,G, (WqHy,HyH,) to Wlkqlgy,HiH,),



-195-

6 Gapigrigig) = T (e (o) e () (ALS)

1
where a_i(ul) is the component associated with k., = -Ei, similarly

1'
for a-i(uz). For the transverse scattering, we obtain a contribution

GS(UIUZ,Llluz) to W(UIUZ,UIUZ) with

' 1 ] ' 1]
Galuphp,ipky) 2 L oy (ul)otj (uz)ai(ul)aj (W) (A16)
over all

transverse scatterlng terms satisfying
the restriction Akl = Akz

> >
3) Akl # Akz
With the change of variables El -+ il - 61 and iz > iz + EZ’

Eq. (AS) can be rewritten as

x LI k1 v ~ >
Wi = T ey (kg ey &R v KD
cICZ IEIEI
KZKZ (A17)

' t

* e > . .2 . T & P >
x
Replacing c(f1 1, 1,6 ) and c (i iz+§2,§2) by their values at
§1'31 = ii’kl = ki” 2 + 62 = ij and fz = ijb respectively, and trans-

forming Eq. (Al7) into real space, we obtain
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> * 5 o
W(l 1°5,75) ) ﬁzﬁ c(kl’kj',-él) c (kJ"kJ ,62)
>72
S 10 3 x L, -i(tk,G)eT
[ @rdr, 8 @ ssEp e ! 2 V(I:lz)ej,*(rz)ej(rz)e 2
> o L > d3q -
- Ol KD Sy [ S @R Gk v @)
¢g, g em

(A18)

- *
where Ii,i(ﬁ) and I.,.(q) are the Fourier transforms of B;,(?l) x

3'3
'*_> -
Bi(?l) and ej,(rz) xsj(?z), respectively. Since I.,.(q - AE +0 )
* -
and Ij,j(a- KZ + ﬁz) are sharply peaked at q = 3 -AE and q—C 2,
respectively. The integral appearing in the R.H.S. of Eq.(A18) is

negligibly small unless the momentum is approximately conserved, i.e.,

G, - &k, = G, - Ak (A19)

In Si, Eq, (A19) can be satisfied only for some very special cases.
For example, if Af = 0 and Ai = (0,0,2) k o’ then the term with ﬁ =0
and C =(0,0, 2) T leads to appreciable contribution to the integral in
Eq. (A18). However the coefficient c (kf’kj;ﬁz) in these cases happens
to be nearly zero (less than 10-4), which renders the net contribution

to W(i,i',j,j') negligible.
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In Ge, the restriction Afl = AKZ and Eq. (Al19) can be satisfied
simultaneously only if Ki’ ii" ﬁj’ and kj' are at four different
minima. Combining Eq. (Al18) and Eq. (A19), and replacing V(E) by its

value at § = Cl - Ak,, we obtain

>
1)

c iy s s > . * > o> oz > ~ >
W(l,l',J ] )’ é C(ki’ii' 961) c O(J’kj"al k1+ kz) V(él kl)
1

3

@m)

n
[

L I | L |
This class contributes a term U4 G4(u1u2,ulu2) to <u1ule|u1u2> with

G4(uiu;,u1u2) = ai(ui) aj'(u;) a; (uy) aj( M) (A20)

z
i#i'#5#5"

L}
Collecting all the contributions to <u1u2lW|u1u2> from various terms,

we obtain

4
'

= N 1,,¢

<]J1]J2|W|Lllu2> UO Guluiéuzuz' )\El Ux G)\(UIUZ’MIUZ) (AZ]-)
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Substituting this equation into (Al), we obtain the final expression

with the indices mn and m'n' written explicitly

bt (e pE .
<m'n’; (17,0 ug [VAA2) [ (17,)T ugsm>

4
[Ub(m'n',mn) 5§ ., 6 I UA(m'n',mn)

T,T, TiT!
_ g 172 172 '
171 272 =1

m m'n'
T
x G e(TiTé,Tszﬂ

+ exchange term (A22)

where

F" - t
Gy (197,1y7) = L C oy (g, TH) &

HiHy 1172
uruz.

172 (HpHol W)

. GA(“i“é’“1“z) ;A =1,2,3,4. (A23)

The exchange term is obtained from the direct term by exchanging the

roles of the two electrons, The non-vanishing submatrices for the

matrices G£ are listed in Table A-1 for Si and Table A-2 for Ge.



1 (ss) 0 (ss) 1-
o 0 () o g/1- (s) o c/1-
0 €/t 0 (sg) 0 £/1 /1 (sg) 0 £/ g/v-
o 0 €/gr- 0 (s) o 9/ 9/24  9/t- (1) o £/ S /-
0 €/ip- 0 £/2 o |(sp o 9/¢r  9/7- 9/t 9/t- |(s1) O s/t s/ S/ gz
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0 1 0 (sg) 0 0 0 (sg) 0 0 1- (sv)
) (9 (s) | 5o 59 (55) 9 | B ) ) G0l
J J 1
1- (ss) 174 (ss) 0 (s$)
' [Y7ASR YA (€5) 9/s, 9/t (g5) A s/ (g5)
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99 9 a9 @0 | S (s 0 a9 0 R TN O I O B I (1) ¢l
A 1 1
1- (g5) 0 (g£) I- (g£)
£ z 1,
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is the same as used in Table II.

The electron-electron coupling matrices for Ge; the notation

N N N

G, l (11) (55) Gy | (11) (55) G, l (11) (55)

an -3/4 /3/4 1) 7/4  -5/%/a 11) I 3/2 -/3/2

(55) -1/4 (55) 13/4 0

r r r

3 3 3

G, (55) G, (55) G, (55)

(55) ‘ -1 (55) l 1 (55) 9/4

r r r

cl‘ (55) G} (55) 54“ , (55)

(55) -1 (55) -1 (55) 0

Ts Is Ts

Gy ,(15) (51) Gy as) (51) (55) G, 15) (51) (55)
(1s) | -3/4 1/4 as) | -1/4 3/4  -VZ/4 0 (15) | -1/2 -1/2 1/v/2
(51) -3/4 (51) -1/4  -VZ/4  (51) -1/2 1/v2
(55) -1/2  (55) 1/2  (55) -3/2
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APPENDIX B, MATRIX ELEMENTS FOR ELECTRON-HOLE INTERACTION

In this appendix we derive an expression for the matrix elements
for the electron-hole interaction in D°X. The electron states are
restricted to s-like (defined in an ellipsoidal coordinate system)
orbitals and the hole states restricted to s-like and d-like (in a
spherical coordinate system) orbitals. The single-particle basis
wave functions for the hole are chosen as eigenstates of the total

angular momentum defined as

F=J+

—

where J is the spin and T is the orbital angular momentum of the hole.
For the ground state (of F8 symmetry), the s-like and d-like orbitals
are the most important ones for expansion. These basis functions are

denoted by

u
¢ph(r3) z fp(r3)|0,3/2;3/2,uh> or fp(r3)|2,3/2;3/2,uh> »  (B1)

where

|0,3/2;3/2,uh> = Y00(93)xuh Sy T +3/2,x1/2 ,

2
12,3/2;3/2, +3/2> = IE' Y,0(R3)%3/7 '\/—;(YZ:l(QS)X:I/Z'YZ:Z(QB)XH/Z)

and

: 2
|2,3/2;3/2,21/2> = 72‘ Y203)%s1/2 *\/;(Yz:z(gs)xzs/z*‘(z;l (@3)%:3/2)

)
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with X“h being the spin-3/2 spinor,

Let's now consider the electron-hole interaction with the
electron being in a valley labelled by i, with the envelope wave func-
tion denoted by B;(?]), where the major axis of the ellipsoidal charge
distribution is taken to be ;i‘ If we choose the quantization axis
of the hole 23 to be parallel to ;i’ then the potential seen by the
hole, defined by

'm > _ i% > i, 3
VE m(rs) ='f Bm,(rl) Bm(rl) v(13) d Ty (82)

will not mix its four partners of the F8 representation. Namely, we

can write
TN : W Iuhl'”’ﬁ
'i '"h ylgl, D_ _ ) .
<8m'@p' lv(]--))lsmd:p > = Vls(m'P,mP) auh’u}'} (-1) (83)
% vm‘m - d3r3 .
where J fp'(TS) I (r3) fp(rs) @ when &' = 2

Vyz(m'p,mp) =
£ ) VM () £ (ry) You(2) Yon(@2) d3r/V5  (B4)
p' ‘T30 Y 30 *piT3) Toots) Y2043 37,
when &' # 2
with 2' and & (restricted to o or 2) being the angular momenta as-
sociated with p' and p, respectively, Since the electron basis func-

s ->
tions Bm](r]) (defined in Eq. (5)) are linear combinations of the

envelope functions B;(?]) localized at different valleys and oriented
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N
along different axes Zis the electron-hole interaction can be written in

general as

1

IBERT! My My ) '
<Bm}¢>p},l vas) (e, e, > = j (upoupsuysdy) Vo'’ mp), (85)

where the coupling coefficients ofj(u],u;;uh,ﬁ;) can be determined by
symmetry. To obtain these j-coefficients, we need to know the trans-
formation properties of the matrix elements under the operations in Td.
For simplicity, we drop out the indices (m*p’, mp) in Eq. (B5) and
denote V]3(m‘p‘,mp) as Vss’vdd and V_,, respectively, for the cases

(' =2=0), (2t =2 =2) and (' # 2). If we transform the coordinate
frame of the hole by a rotation about the y axis of an angle y, and

then followed by a rotation about the new z-axis of an angle B, the
potential Vh(?3) will mix the four partners of the hole state in the

following way:

'ul R uh : _
s hlvh(r3)|¢o g = Voo 6uhul'l for @ = s,d ’
+i
Wi G163/ = - v ale) Vg e
(86)
2 Fy
o2 Gpley> = VIAH® Vg e T

2i
e (r3)|¢33/2 7 d(Z)z(B) v, &

7z alB ) Vg e

0P Fp)leg
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where the d-matrices are defined in Ref, 33. Substituting Eq. (5),
(B2) and (B6) into Eq. (B5), we readily obtain the j-coefficients,
For the s-s and d-d terms, we obtain no couplings, i.e.,

]

1 \
j (qsbysiy i) = 6
U Mo Kl Lo LTI TR

The coupling occurs for the s-d term. and we list these coupling co-
efficients J(U],u];uh,uh) in Table B-1.

The basis states for the D°X are linear combinations of the
products of two-electron states and hole states, which transform ac-

cording to irreducible representations of Td, i.e..

+
mnps[ (1T )T 1) - B Cr o, G T Ims (270> [Ty ip> (87)
where I(T]Tz)rzue;mn> is the two-electron product states defined by Eg.
(13) and (14), and Irhuh;p> is the hole state given by (B1). There-

fore the matrix elements for electron-hole interaction are

<m'n'p; [(Tltz)reirh]riulv(IS)|mnp; [(Tlrz)rérhjriu>

= I Terh(”e“h’r“) z CTsz(uluz,P ) ; C} rgu w,Tu)
IREN MMy Mewy, T

. 3 1. ] ] ]
e R AR Re e bl e B KR s
12

+ exchange term (B8)

L ]
leTz
m'n'
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8/¢/- Ut | vt (San)
8/, Ut _yu- (Ta*Zn)
0 AT - £41/T (ac
y/t 92/1- 92/t (%an)
y/- 97/1- ¥/t ("a<Tn)
0 1 1 (2a<ta)
215/ ot 2/1- (Cactn)
245/ 2/t 2/1- (*atay
2/1- 0 0 (%n<Tn)
0 2/ 2/1- (%n<tn)
0 0 g4/ A/t (°ata)- 0 2/1- 2/t ('n*Tn)
0 0 £4/15 AT (la+€a) 0 £A/1- $AT asm
gp/Ts §4/15 0 0 (°asta) 2/- £/2/1 ££7/1- (Cacm
Sp/15 A/ 0 0 (Eatm) 2t £/ sr2/1- (la‘m)
0 0 A/ A1 (%Atm) 7% 0 0 (‘n'm) |
0 0 A/ S/1- (Lacm) 0 /- 7/ (Tn*m)
e s s s e (tnelny s e e s (Tn<Tn)
(2/t32/8%) | (@/e3°2/13) | (¢/132/e3) | (2/S¥°2/19) |y N4 (z/e%72/1%) | (2/13°2/13) | (2/s3°2/8%) | y o
(e (2/13°2/5%) ()
29 1S
*(p33SL| 34e SJUILD} 430D BurysiueA-uou K uo) ‘Araatydadsaud «€p pue p <Ly Aq
uorjeruasaudas-2) ay3 40 S40729A siseq a3yl ayj pue ‘Cn pue lh £q uoyjejuasaadaa € ayl 4o S40329A syseq oMy ayy ‘m Aq

uotjeuasaadas-Ly ayy 40 J0303A siseq ajbuls ay) ajoudp am uod}da[d ayy Jo4 -2/g‘2/L = Ui £q pa|1agef aJe 3oy 3yl 40y

uotyeuasaadas-8 ay3 yo suo030an siseq 4noy ayy] -A13A1303dsaa *3g pue 1§ 404 PIISL| UOLIIRUIJUL I|OY-UOU}II|I dY3 03

anp 3|0y 3yl JO s$33IS IYL|-p pue IYL|-S uaamMlaq bui|dnod ayy 40y (Gg) "b3 uL paurgap suaLIL44300-F

“1-9 318vl
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7T
where fml 2 is given by Eq, (15), and all the C-coefficients can be

found in Ref. 10. The exchange term is obtained from the first term
by exchanging the roles of the two electrons. If we define an electron-

hole coupling matrix for each over-all symmetry T, by

i (Lryrprgry ], [ (ryTdr I D= uzuh . (ghp,Tw) . (aguy,T . TL)
e

eh “1“2 %2

L [} s ' !
* % ' Cr r (L‘ u ru) z' CT'T' (ui uZ’reue) J(ul)ul;Uh)Uh) ’ (Bg)
u'u eh eh
e'h Hy 12

then Eq. (B8) reduces to

n'n'p'i[ (11T Ty Irulv(A3) | mp; [ (xy7,)TLT, Ir>

gyl [yt r Ty 1) Vygm'p! ,mp) 6

I+

exchange term (810)

The electron-hole coupling matrices (J-matrices) are listed in Table

B-2 for Si (or GaP) and B-3 for Ge, respectively.
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(] ] ]
TABLE B-2. Coupling matrices J'Kr]réreFB,(rlrz)rers] of the electron-

hole interaction veh(1,3) calculated for Si; the states in various con-

*
figurations [(rirj)re,ra] are denoted by the simplified notation (ij)re.

r

r

r r
38 |oen poJ 6 |(51)rS g6 |3, 9 6 |sarg 3 6 |(55) T4
(3107, | -1 (51)r5| 1 (ss)r4l -1 (ss)rsl 1 (55)r3| -1
T's Te T
3 Janrg emry 30 e, 6sorg I° jasrg  Gsrg (8,
(13)ry| 0 1 (s5)r,| 1/2 -/3/2 1s)rgf 0 1/vV2 1/v2
(33| 1 o (rg S2 g vz -2
(3sr, 1/2
r r r r r
g7 Gury  J 7 |surg 3 7 |s3r, 3 7 |earg 9 7 |Gs5)r
GLrg| 1 (51)r5| -1 (53)r4| 1 (ss)rsl -1 (55)r3| 1
r, T, r,
37 jamry @ary 37 jeor, eorg 37 asrg (95 68r,
anry} o -1 (ss)r,| -1/2 -/3/2 as)rg| o 12 1YV2
331, 0 (S5)T 1/2 (35)T -2 -1/2
(35T 172
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* A1aA1109dsau ..mo.:_u: pue o.:.ad Aq pajousp aie

8 8 9
I d

QEU_ pue w._ Hm._ m.:.:: SUOTIeINITJUOD U013IITd AleIjIqiE

hOM sajlels HU3ﬂ.°&Q M:,.mﬂvCOQMQ.—.hOU oM} OP—H ..WCOMHNHCOWQPQQ.H w..— oM] WQEHUCA Qt—xwr— HS@OPQ OSH sm..— J0 J = QL HOH— M
s/2 Wepmmmvu
0t/s s/z- Yise)
s/z- T:mm: 0 2/ s/z- [51(59)]
ot/s s/2 F1(ss) /- 0 o1/s-  S/z Su(sg)
2/sl- 0 5/2 [*1(59)] 0 /- ws/v- zps/s- 0 .Hm,:mcu
0 /Y or/s S/t- S1(s8) /1 0 2/5/€- 2/S/v 0 o | Si(sv)
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I I
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J ! J ! J
s/b- m:a: 0 £1(ss) 0 £1(15)
s/s- s/v | S1(19) 1 o [Liss) 1 o [Lam
(510191 Sacrs) gl £16s9)  Lucss) o f fia9) LG gl
! J J J
(psrwutiuo)) 2-g F1AVL
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TABLE B-3. Coupling matrices of the electron-hole interaction veh0,3) calculated for
r
Ge; all notations are the same as in Table B-2.The J 7 matrices are omitted, because they

r
are the same as the J 6 matrices.

T Te
J° |6brg J (1S)rg  (5)Tg  (55)ry  (S5)T,
(S1ref 1 asyrg| o 1/7/2 1/73 1//6
(s5)r 1/2 -1//8  -1/273
58 anpr,  6urg [GDrd 68T, 0 1/V2
avr| o - 25 S 172
(51T -4/5  -2/5
ksurg -1/5
JFS (55)r; 69Ty (53T,  [(s8)r,]" (s9)rg  [(s8)rg]l' sy [as)yrgl’
(s5)ry | o 0 0 0 -2/ 15 2/2//1s  -1/Y15 2/715
(55)T5 o 5 yiw -2/ % yis yiis
(55)T, 2/s 1/5 7375 -1/573 -/6/5 72/573
[ssr,] 1/10 -1/573 33/ Y2/53 -3Y6/10
(55)T¢ -2/5 -1/5 -2/2/s Y25
((55)1‘51d -1/10 -2/5 -/2/10
asr, 0 0
Casr,] 0
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CHAPTER 6
THEORY OF BOUND MULTIEXCITON COMPLEXES
IN MULTIVALLEY SEMICONDUCTORS
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I. INTRODUCTION

In the last chapter, we have studied the excitation spectra of
donor bound excitons in multivalley semiconductors. In this chapter,
we extend our theory to bound multiexciton complexes (BMEC) for
donors in multivalley semiconductors. In these systems, a number of
electron-hole pairs (EHP) are bound to a neutral impurity. Photo-
luminescence resulting from the recombination of an EHP in BMEC's
typically yields a series of sharp lines lying at the long wavelength
side of the associated BE luminescence line. These spectra were first
reported by Kaminski gg__l.(z) and later by several authors (3). Some
theoretical speculations have been put forward to explain these ex-
perimental spectra (4’5). Kirczenow (5) has speculated that the char-
acteristics of these states for donors can be understood by assigning
electrons to single-particle electron states for neutral donors, the
so-called shell model. This model accounts for all the available

(3)

spectral information

(6)

Local density functional formalism cal-
culation for a model semiconductor have indicated the existence
of a shell structure. However, this model is idealized to the extent
that detailed comparison between theory and experiment cannot be
carried out to check the validity of this conclusion.

The calculation performed in the last chapter yields results for
the energy separations between the low-lying one-electron excited
states and the ground state of the 0°X in Si and Ge in good agreement
with the experimental data. This lends support to the interpretation

(5)

of the gross features of the spectra in terms of the shell model
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In this chapter, we present a theoretical calculation for the excita-
tion spectra of BMEC's associated with donors in Si and Ge including
the multivalley character of the conduction band., Our theoretical
calculation provides a better understanding of these interesting many-
body systems in semiconductors. We find that the excitation energy
for one Iy symmetry electron being excited into a state of either

F3 or FS symmetry in BMEC's is approximately independent of the number
of EHP. This condition holds for most donors in Si and Ge, Our results
for the excitation energies of BMEC's associated with donors in Si

are in good agreement with the experimental data. For donors in Ge,
only the optical transitions from the ground state of the m = 2 BMEC
to the excited states of the bound exciton are available, Hence, our
theoretical calculation for the excited states of BMEC's associated
with donors in Ge cannot be compared with the experimental data but
may serve as a guidance for later experimental work,

This chapter is organized in the following way, In Section II,
we present a general theory for BMEC's in semiconductors. In Section
III, we discuss our calculational method for the BMEC's associated
with donors in Si and Ge. In Section IV, we discuss our theoretical
results and compare them with the available experimental data, Finally,

a conclusion is presented in Section V,
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IT. GENERAL THEORY

In this section, we discuss the general theory for BMECsin semi-
conductors. For definiteness, we will treat BMEC's associated with
donors. This discussion may be applied to BMEC's associated with
acceptors as well. For BMECS associated with donors,denoted by
D°Xm (where m is the number of EHP's), the effective mass Hami]tonian(7)

can be written as

m+1 N m N m+1 m
H = ¢ h(r)+ zh(s.)+ T v (i,i')+ zv_ (3,i")
0%, =1 & 1 g I e jeg'mm
m+l  m
- T v (i,§) (1)
j=1 =1 °

where he and hh represent the single-particle Hamiltonian for an
electron and a hole, respectively, interacting with the donor; Vae?
Vih and Veh represent the electron-electron, hole-hole and electron-
hole interactions, respectively. We have used the indices i (or i')
to label the (m+1) electrons and j (or j') to label the m holes. We
use r to represent the spatial coordinate of an electron and 3 to
represent both the spatial coordinate and spin of a hole. This
Hamiltonian is invariant under the point group Td. Therefore, the
exact eigenfunctions of H should transform according to the

D°x
irreducible representations Tlabe]]ed T') of Td’ i.e.,
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Ho Y, G = B Y L B
D Xm

(2)

where wr“ is an eigenfunction of H 0 which transforms like a basis
D" Xm
vector (labelled u) of the representation T. el is the associated

eigenvalue. X, is the spinor associated with the ith

j electron. To

solve Eq. (2), one can expand wF“ on a complete set of basis wave

functions with symmetry Tu.

YHIED ¥, B =T D e N, B (3)
an

It is customary to choose Bgﬁ as a linear combination of the
Hartree-Fock (HF) solutions associated with the configuration an,

where o labels the "crystalline configuration", {Pi,i=1,...m+1'

2 (8)
Fj,J 1,...m}

m+1; nj=1,...m}. In analogy to atomic physics, n,

the orbital symmetry (s,p,d,...,) and the principal quantum number

and n labels the "atomic configuration", {ni,i=1,...

(or "j) denotes

(1,2,3,...); rs (or Fj) denotes the crystalline symmetry T'y, T3, Tg

. (or F8’ PG’ r7,...). Then
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TP - ) m+l T.u.
Ban({ri}xi’{sj}) = E C(Tu|{rym, iX3 T uy JA(T o Ui rilx;)

i=1 N
fuixs,i=1,...me1)

{u.,j=1,...
UJ J=1,...m}

m FJuJ
x A(CT ¢ (s )) (4)
=1 " ’
Fiks 5 2
where . (ri) and 90" (s ) are the Hartree-Fock single-particle
1 J

solutions with symmetry ( ) and (FJuJ) for the electron and hole,
respectively. C(ru|{l.u.X.,T. 3M; }) are the coupling coefficients

it
(including spinors) which can be determined by group theory. The

symbol A stands for the operation “taking a Slater determinant".
The hole spinors xj have been absorbed into the double group repre-
sentations Pj. We treat the electrons and holes as nonidentical
particles, since the electron-hole exchange is usually negligible.

Substituting Eq. (3) into Eq. (2), we readily obtain

Tu Ty _ T flu
a'n <B 'HD IB 'nv Davnv = E Dan . (5)
m

In Eq. (5), the matrix <BF“|H IBPu > is usually referred to as
0%

the "configuration interaction" (C I) matrix . The standard procedure
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T.ys

of solving Eq. (2) is to solve the Hartree-Fock equations for¢>n1 !
T.u. j

and ¢n? J, and then diagonalize the C-I matrix to find Dgﬁ and

the eigenvalues EF. In practice, the C-I calculation is unmanageable
when the number of particles becomes large. Eq. (5) will be greatly
simplified, if the coupling of states belonging to different crystalline

configurations (labelled by a) can be neglected, i.e.,

Ty - T'u Tu
IBQ'n'> - Gaa'<8an|H IB

Tu >
<Ba lH DOX a'n' (6)
m

D°X

m

Eq. (6) is valid, provided

Tu I I T
<ol et << 1B - EL |

(7)

for o # o', where Eg and Eg, are the energy expectation values of

H o in the states of interest. In this chapter, we are interested
D Xp
in the states containing mainly the lowest-lying HF solutions (ng)

for low-lying crystalline configurations (a), where we labelled the
lowest-1lying atomic configuration by n=0.
It is conceivable that

Tu T'u Tu Tu
<@ FIH |85 > << <8 |H |8} >|
an DOX a'n’ Qo D°X a'o

m m (8)

for either n>0 or n'>o0 ,
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since these couplings are determined by the inter-particle interactions,
which are larger for states more localized in space and the states
associated with the lowest-lying atomic configuration (labelled by

n=0) are much more localized in space than the high-lying states

(n>0). The criterion (Eq. (7)) for Eq. (6) to be valid then reduces

to

r
- Eavl

r r
[<BoolH o 18551 << IE

m

for o # o' .

Tu

The matrix element <B
[0 Xo]

|HDOX |B£?0> (e # a') can be written as the
sum of the matrix elements for the electron-electron interactions,
electron-hole interactions and hole-hole interactions. As discussed
in the previous chapter, both the electron-electron and electron-hole
couplings between the lowest-lying states associated with different
crystalline configurations are of the same order of magnitude as the
fine structure splittings (f 0.5 meV for Si and 50.1 meV for Ge).

It will be shown in Section III that this argument also holds for the
hole-hole coupling. The fine structure splittings due to the hole-
hole interaction is similar to the splittings of the low-lying states
of the acceptor bound exciton through the "j-j coupling" scheme. In
the D°Xm system, however, all the holes are loosely bound, and these

fine structure splittings will be much smaller than for the acceptor

bound exciton.
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When these coupling terms are neglected, Eq, (5) can be re-

written for each crystalline configuration a and overall symmetry

I'u as

Tu Tu JRERSS VIR, LG AT
IZI' <8°m|HD°X lBom’ > * Dpe= By Dy - (10)

From Eq. (10), it is observed that the energy spectra of the BMEC's
(labelled by Eg) can be described approximately by assigning electrons
and holes to various configurations (labelled by a). This approximation
has been used in the shell model to interpret the experimental data for
the BMEC's observed in Si and Ge. In the shell model, it is further
assumed that the ordering of the energy levels associated with various
crystalline configurations is determined by the single-particle states
contained within the crystalline configurations. It is not clear
whether or not this assumption holds unless Eq. (10) is solved for
various crystalline configurations. It is conceivable that the cor-
relation energy obtained by solving Eq. (10) will be approximately
independent of the labelling o for the states close to each other

in energy. Therefore the ordering of the states containing mainly
lowest-lying HF solutions (labelled by n=0) is approximately deter-
mined by the energy expectation values for the associated Hartree-Fock
solutions, i.e., <B£g|H oy IB£E> . For our purpose here (finding

the energy differences between these states and the ground state),

we only solve the Hartree-Fock equations for the energies
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<8£3|HDO |B£$>. For BMEC's with the number of EHP's (m) less than
five, all the electrons and holes can be assigned to states of dif-
ferent spin or crystalline symmetries. For the states of interest,
all the four holes should occupy the Ié representation. In this case,
if we neglect the exchange interaction between electrons of the same
spin but different crystalline symmetries and that between holes (which
again yields the fine structure splittings of the same size as that
produced by the other coupling schemes), then the problem of solving
the Hartree-Fock equations reduces to that of solving the Hartree
self-consistent equations. In the next section, we describe the
calculation method used to solve the self-consistent Hartree equations

for BMEC's associated with donors in Si and Ge.

IIT. CALCULATION METHOD

To obtain the self-consistent Hartree solutions, we expand each

T.u. I’
! YF.) or o J(s )) on a set

of the single-particle wavefunctions (¢ ;

M
of basis functions, denoted by Bb (r ) and Bb (s ) for the electron and

J
hole, respectively ,

F i%i
(r)'ZC(b)Bb(r) ,
b1 i

and (11)

8uj 2y = uj -+
G 1 & 0y 8)E)
i J
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For electrons, the basis functions are selected to be linear
combinations of seven ellipsoidal Slater-type orbitals (ESTO) of the

form

K7 b [xPryPea?/e?
a.(u)e J e (12)

Bl (¥) =
bn J

.M =

where aj(u) are proper coefficients chosen to make this basis function
transform as a basis vector (labelled by p) associated with an irredu-

(3).

cible representation of the group Td The Fj are the positions of
the N equivalent conduction band minima. ¢ is the eccentricity factor
determined by minimizing the energy expectation value of the donor
Hamiltonian in the state BE(F), in which the exponent b is also
allowed to vary. We find that the value of ¢ are 0,57 and 0,355 for

Si and Ge, respectively, and they are approximately the same for the

F], F3 and FS states. The exponents are chosen to be

b

bo/zn; n=1,...,7

n
with
b, = 2 bohr™! for Si and 4 bohr™! for Ge;
z. = (1,2,4,8,16,1/2,1/4) for Si and Ge . (13)

For the holes, seven s-like and seven d-like Slater-type orbitals (STO)
are used to account for the warping of the valence band, Linear

combinations of the products of these STO's and the j=3/2 spinors, which
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transform as basis vectors associated with the F8-representation
of Td are constructed to form the basis wavefunctions for the hole (9),
viz.
-bnr
" e |2=0,j=3/2; F=3/2, Fz=u> for 2=0 R
Bb = (14)

n -bnr
re |2=2,3=3/2; F=3/2,Fz=u> for 2=2 ,

= T, = = i = -1
where F = § + 73 ; b, = C,/Z,, n=1,...7 with C_ = 0.5 bohr

and Zn's

given by Eq. (13). States with F # 3/2 are not included, because

they are not directly coupled to the s-like orbitals. The single-particle
Hamiltonian seen by a given electron (say, i=1) due to the average

charge distribution of other particles is

m+1 T . 2
>y - > %1 .y 43
Py 2 ng(Fp) ¢ o [ 1667 F ) vgg (1,1 &,
m J ST
871 ,> 2 43
- [ 1ogT TG 1) s (15)

where he is the donor Hamiltonian and v is the mutual Coulomb inter-
action. Similarly, the Hamiltonian seen by a given hole (say, j=1)

is

T.u.
>y > e Y 43
RN J |6, (FDI% vy, (1,1) &r,
. 1 J |¢r8uj(§ 12 v, (1,5) a3 (16)
j=2 o) J hh*" v/ j
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To obtain the Hartree-Fock solution for each configuration, we

first set up the Hamiltonian matrix for one particle He or H_ with

h
the remaining single-particle wavefunctions fixed by an initial guess.
This matrix is then diagonalized to obtain an improved solution for
the coefficients Cri(bi) and CFs(bj)’ This process is repeated for
each particle and the whole procedure is then iterated until a self-
consistent solution is obtained. The matrix elements for He are the
sum of the matrix elements for a donor Hamiltonian, he, electron-electron
interaction and electron-hole interaction. The matrix elements for Hh
are the sum of the matrix elements for a hole Hamiltonian, hh, electron-
hole interaction and hole-hole interaction. All these matrix elements
except the hole-hole interaction term have been discussed in the
previous chapters, and are briefly reviewed here.

For the donor Hamiltonian, he’ we include the intra- and inter-
valley terms for both the kinetic and potential energies as well as
the effect of the short-range core potential. The short-range core
potential is approximated by a contact potential (i.e., Jy §(F))
with strength parameters JX (where A = 1,2,3 for intravalley, inter-
transverse and interlongitudinal scattering terms, respectively)
determined semi-empirically, Since we only include the s-like ESTO's,
the energy eigenvalues obtained by diagonalizing he on this basis set
are slightly higher (about 1%) than the exact eigenvalues of he‘ For

our purpose here, we readjust the parameters JA slightly to fit the

energies of the lowest-lying states of he associated with various
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symmetries (r],r3 and Fs) (in the present basis set) to the experi-
mental results. For the hole Hamiltonian hh, we neglect the mixing
with the split-off band, This is a valid approximation, since the
orbit energy of the hole (the lowest eigenvalue of Hh) is small
compared to the separatian between the top of the valence band and the
split-off band. For the electron-electron interaction, the matrix

elements can be written as

<UUy | Vaa (1:2) [uqus> = Uy Guluisuzué"};uka(“l“Z’“i“é)
where u](ui) and uz(ué) denote the single-particle symmetries of the
two electrons (labelled by 1 and 2), respectively. U0 represents
the intravalley mutual interaction between two electrons with major
axes of their ellipsoidal charge distributions along the same axis.
Uy (A=1,2,3,4) are terms which lead to splittings within a given
crystalline configuration and couple states of different crystalline
configurations but same overall symmetry. Gy (A =1,...,4) are the
electron-electron coupling matrices defined in Chapter 5. In the
present calculation, the terms involving UA (A=1,2,3,4) are neglected.

For the electron-hole interaction, the matrix elements can be written as

<ue“hlveh!“éuﬁ> = (vss * vdd) Gu H S

ele MhHh

+ Vgq I(ughg wphp) (17)
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where He (u;) and My (u;) denote the single-particie symmetries of the
electron and hole, respectively. Vss’ vdd and VSd represent the mutual
interactions between the ellipsoidal charge distribution of the elec-
tron and the charge distribution of the hole. VSS and Vdd represent
the coupling between two s-1ike and two d-like hole states, respec-
tively; Vsd represents the coupling between one s-like and one d-like
hole state. j is the electron-hole coupling matrix defined in Chapter
5. In the present calculation, the electron-hole coupling term
(involving Vsd) is neglected.

The hole-hole interaction has not been treated previously and is
discussed here in more detail. In Appendix A, we derive the hole-hole
interaction matrix elements between the two-hole states denoted by
|u]u2> andllgué> , with My (u;) and My (ué) labelling the basis vectors
of the F8 representation for the two holes. It is shown in this appendix

that the off-diagonal terms (with My # My Oor u, # uz) are two orders

2)‘
Therefore, the mixing of hole states through the off-diagonal term (hole-

of magnitude smaller than the diagonal term (with My = uy and My = W

hole coupling) can be neglected. Neglecting these off-diagonal terms,
we can write the matrix elements for the hole-hole interaction as

(see Appendix A for derivation)
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1 2.2
r 2 ( fb](rl)fbi(r1) F: sz(rz)fbé(rz)r]rzdr]drz .
<“]”2|th|“13f= ) for Ly =24 and 2y = 2,
2
2 r< 22
z—s‘J Fo, (P fpr(ry) =5 F) (rp)fy, (rpdryradrydry,
1 1 rS 2 2
for R] # i] and 22 # 22
(18)
\ 0 otherwise

b (fb ) are the radial parts of the basis func-
2 2

where f (f; ) and f
. 1 . )
tions (B J's) given by Eq. (14); % (2]) and % (22) denote the angular
b

i . : L P M2 M2 .
momenta associated with the states B_' (B,.) and 8, % (8 %), respectively.
by "7by by b,
In the next section, we discuss our theoretical results for the
energies of the lowest-lying HF states associated with various con-

figurations for several donors in Si and Ge.

IV RESULTS AND DISCUSSION

We discuss our results for Si and Ge separately.

A. Si

The total energies of the low-lying states for D°Xm in Si:P,
Si:As and Si:Sb are listed in Table VI-1. For complexes with m > 2,

some states with configurations of the type {F],F3,F5;2r8} , in which



-229-

TABLE VI-1 Total energies of the low~lying states for D°Xm in Si:P,

Si:As and Si:Sb obtained in Hartree- Fock approximation.

A1l energies

are in meV.

Complex Configuration Si:P Si:As Si:Sb
{2r 1) -57.36 | -66.65 | -54.25

DX {ry.Igilg) -53.22 | -60.82 | -50.54
{1"1 ,r331"8} ‘53.00 "60. 69 '50.11

{2r,,Ig;2rg) -64.29 | -73.70 | -61.11

0%y {2r,.r4;2rg) -64.25 | -73.69 | -61.02
2 {ry,2rg;52rg} -60.04 | -67.44 | -57.36
{r,,2r,;2r g} -59.73 | -67.23 | -56.76

1°¢33¢%g

{ar,2rg;3rgl | -70.75 | -80.10 | -67.55

0% {2r,,2ry;3rg} | -70.65 | -80.04 | -67.35
3 {r,,3rg;3rg) -66.59 | -73.80 | -63.88
{r},303337g} -66.21 | -73.52 | -63.14

(2r,,3r34Tg) | 76,96 | <86,26 | -73.70

0%x {er,,3ry;4rgl | -76.84 | -86.16 | -73.44
4 {r),4rg:4Tgl | -72.76 | -79.79 | -70.01
{r;,ar3;4rgl | -72.32 | -79.43 | -69.17
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three electrons are assigned to different symmetry states, are not
listed. These states can be inserted between states with configura-

tions of the types

{F],ZP 2F8} and {P],ZF 2r

35 5:2lgt .
It should be noted that the separations between these states are of
the same order of magnitude as the fine structure splittings; there-
fore, all these states are strongly mixed together and the assignment
of electrons and holes into single-particle states is no longer a good
description for these states in BMEC. However, a shell model (5) in
which states associated with the F3 and PS single-particle symmetries
are considered as belonging to a single crystalline configuration is
still a good description of the BMEC.

In the photoluminescence spectrum from the BMEC two series of

(10)

1‘ines(o'|,n and Bm) are observed In the shell model (5), the

a-series and B-series luminescence are interpreted as the ground-

to-excited state and ground-to-ground state transitions respective]y(s’]o),

i.e.,

o transition: {ZF],(m-l)F3’5;mF8}+{P1,(m-])F3’5;(m-1)F8}

Bm-] transition: {ZF],(m—l)F3’5;mP8}+{2F],(m-2)F3,5;(m-1)F8}

The excitation energies of these excited states can therefore be
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deduced from the separations between the positions of the a_ and

Bm-] lines. A systematic study of these energy separations for various
donors in Si has been given by Elliott gg_gl_(]]). In FigVI-1 we plot

our theoretical predictions of these separations obtained in the present

approximation and the experimental data (]0"]2). For Si:As, we have

reassigned the 82, 83 and 84 lines. We have relabelled the 82 and

B3 lines in Ref. 11 as B4 and Ba and assumed that the By line is hidden
under the TO phonon-assisted aq line. Hence, we cannot precisely locate
the 82 line as indicated by a range in the figure. This relabelling of

lines in Si:As results in the Ootl T Bm separations being almost

independent of the index m as in Si:P and Si:Sb., Good agreement

between theory and experiment is found for all complexes.

We can make systematic studies of the correlation energies of D°Xm

in Si. We define the dissociation energies éEm by
6€ =[E, 1+ E]- E

where E_and E are the ground state energies for D°Xm and a free exciton,
respectively. Expanding the free exciton wavefunction on our basis
set, we obtain a value -14.2 meV for Ex’ which is slightly higher than

the experimental value-14.7 meV (13) and the theoretical value obtained

with a larger basis set (]4). Taking the difference between the experi-

mental values for the dissociation energies, GEm(SM) (10-12) (from the

luminescence data interpreted using the shell model (5))and the HF
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Figure VI-1. Theoretical and experimental energy separations between
the Gt and Bm lines and plotted against the number of
electron-hole pairs bound to a donor. The experimental
data are taken from Ref. 10 for Si:P and Ref. 11 for Si:Sb

and Si:As (see text for reinterpretation).
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corr

values GEm(HFA), we can obtain the correlation energies dEm

for binding one EHP in the (m-1) complex., In Table VI-2, we list
the values of SE (HFA), E (SM) and SE-°"" for DX in Si:P, Si:As
and Si:Sb. In Fig. VI-2 the correlation energies per EHP so obtained

(6E;orr) are plotted against the number of EHP in DOXm, for various

donors in Si. As shown in this figure, GE;orr increases monotonically,
reaching a 1imiting value GEEaEr, the correlation energy per EHP

in the electron-hole droplet (EHD). The value 17 meV for SEEﬁBr is

obtained by taking the difference between the experimental binding
energy (15) and the binding energy calculated in HFA (]6). For Si:As,
we have relabelled the By Bq and By lines as before. The value of
6E§°rr is indicated by a range in the figure, because we cannot
precisely locate the 82 Tine.

B. Ge

In Table VI-3, we list the total energies of the ground states
({ZP],(m-l)Fs;mrg}) and the one-electron excited states ({r],mr5;mr8})
for complexes DOXm obtained in the present approximation for Ge:P,
Ge:As and Ge:Sb. For illustration purposes, we plot in Fig. VI-3,
the energy separations between these one-electron excited states and
the ground states (Bm'am+1 separations) for complexes associated with
various donors. As shown in this figure, the energy separations for all
donors are approximately independent of the index m (the number of EHP
in D°Xm). The energy separations for the first one-electron excited

states for bound excitons (DOX) in Ge:P and Ge:As are in
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TABLE VI-2. Systematics for the dissociation energies (GEm(HFA) and
GEm(SM)) and correlation energies (GE;orr) per EHP of D°Xm for donors

in Si. A1l energies are in meV.

Material No. of EHP §E_(HFA) SE_(SM) ssg°r”
(m)
1 -2.3 4.5 2 6.8
2 -7.4 3.8 2 11.2
Si:p
3 -7.7 6.7 @ 14.4
4 -8.0 9.0 2 17.0
1 1.2 5.5 P 6.7
2 7.3 3.2 0 10.5
Si:As b
3 -7.8 5.4 - 5.9°| 13.2 - 13.7
4 -8.0 8.3 P 16.3
1 -2.6 4.2 ¢ 6.8
2 7.5 4.1 0 1.6
Si:Sb b
3 -7.7 7.2 14.9
4 8.1 9.50 17.6

a. Thewalt (Ref. 10)
b. Elliott et al (Ref. 11)
c. Mayer et al (Ref. 17)
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Figure VI-2.

Correlation energies per electron-hole pair (EHP)
plotted against the number of EHP bound to a neutral
donor for Si:P, Si:As and Si:Sb. The experimental data
used for obtaining these correlation energies are taken

from Ref. 10 for Si:P and Ref. 11 for Si:Sb and Si:As.
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TABLE VI-3. Total energies of the low-lying states for D°xm n
Ge:P, Ge:As and Ge:Sb, obtained in Hartree-~Fock approximation,

A1l energies are in meV,

Complex Configuration Ge;P Ge:As Ge:;Sb
(ar ;rg) -16.12 17.73 -13.35

0
DX {r,.Tgilg} ~15.10 -16.43 ~13.20
{2r,,rg52rg) -18.11 -19.56 -15.09

0
D"X, {ry,2;2rg) -17.02 -18.15 _14.98
(ar,,2rg330g} -19.81 -21.26 -16.82

0
D"X5 {r,,30533g} -18.71 -19.81 -16.69

]

o (2r,,3rg34rg) -21.36 -22.81 -18.49
4 {r,,4rg;4rg} -20.25 -21.34 -18.27
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Figure VI-3. Energy separations between the one-electron excited
states and the ground state for D°Xm in Ge:P, Ge:As

and Ge:Sb, plotted against the number of EHP.
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good agreement (to within 0.1 meV) with the experimental data (the
separations between the a](lsfs) and 7% Tines) observed by Mayer et al

(17)

The experimental data for the other Bm-a separations are not

m+1
available for a comparison with our theoretical results, The observa-
tion of the luminescence from higher complexes in Ge is difficult
because these lines are mixed with the luminescence associated with

(18)

electron-hole-droplets and are difficult to resolve Nonetheless,
our theoretical calculation provides some understanding of the BMEC's

associated with donors in Ge.

V. CONCLUSION

We have calculated the electronic excitation spectra of the BE
and BMEC's for donors in Si and Ge. Good agreement between our calcu-
lation and the experimental data interpreted using the shell model
strongly suggests that the BE and BMEC's can be understood in terms
of a shell-like model. Throughout this calculation we have neglected
correlation effects which are essential in obtaining the correct binding
energies. These correlation energies are estimated to be approximately
10 meV for each EHP in the D°Xm in Si. The correlation effect could
be included by expanding the total wavefunction in terms of the HF
solutions. However, we expect the splittings evaluated on the "cor-
related" states to be still of the same order of magnitude as before.
Hence, we conclude that the correlation effect, although substantial

in magnitude, does not affect the splittings substantially. Our cal-
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culation clarifies some ambiguities in the interpretations of the
luminescence spectra and provides a better understanding of the BMEC's

in multivalley semiconductors,
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APPENDIX A MATRIX ELEMENTS OF THE HOLE-HOLE INTERACTION

In this appendix, we derive the expression for the hole-hole inter-
action matrix elements of the type

! !

H2 Hy Mo

[ H
Uyl |Vl wpup> = <Bb:

where Bg 's are given by Eq. (14 ) with b and u denoting the exponent
and symmetry (index for the FB representation), respectively. More

specifically, we can write

By () = £,(r) T Cylu,m) Yo (@) X o (A2)
m
e 0T for 2=0
where fb(r)= { (A3)
re ®T  for g=2

The coefficients C£=O(u,m=0) = 1 for all u and /§C2=2(u,m) are listed

in Table A-1. Substituting Eq.(A2) into Eqg.(Al1) and using the relation

L
v, =2 =3 B Sy )y (@) (A4)
(o2 = =575 e T ) Y@

|r1-r2 IM T,

we obtain
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[ 1 ]
<1J11J2 'th IU]UZ>=41T m:zl:m Cg’l (1-11 ’m-l) C‘Q']'_ (111,111‘111+m1) CQ’Z (UZ’mZ)
2

£.m

] | *
X Cy\ (tosio-totmy) T J (bysbo,besbo) » f @)
1222 ZZIML]' 2271°72 111

*
Yo 1’“1 u1+m1(91) Yuw(Ql) dgl ) J zzmz(QZ) Yl',ué-u2+m2(92)
*
x YUW(QZ) sz , (A5)
where
L
rrs 2 T
I (01,b3:b15by) = T?IIT)J b, ) & ) £ ()
>
2
(r ) rlrzdrl dr2 ] (A6)

In Eq.(AS), the integrals over dQ and d.Qz yield coefficients propor-
tional to § , . y and § M» respectively. Therefore

¥1THpe MM
<u1u2|vhhlu]'ué>vanishes unless

y . (A7)

We discuss the diagonal terms (u1 =l and Hy = “2) and off-

diagonal terms (u];fu'] and uzfﬁ'z) separately.
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1. Diagonal term (ul = ui and My = ué) :

(a) 9,1 = Ri and 22 = Jlé

= "Rt 2
<U1U2|\;hluluz> = 4m E JL(bl’bZ’bl’bz) f L Icll(ul’ml) Y’Q‘]_ml(gl)l

™

* 2
X Yo (@) dy - f z |CxL2(“2”"2)‘(1121112(92)l Y10(@p) 49,

2
= JO(bl ,bzybl’bz) (AS)
where we have used the relation (see Table A-1)
21 2_1
EIC, Gaym) Yon (D] = Wi'ymm)’ s (A9)
() 2, # 2 and %, # &)
_ 1 ] 1] .
Wﬂﬁ%%%”?iﬁwﬂbﬁ”ﬂfﬁﬁﬁ)ﬁﬂ%)ml
: f Y20(8p) Y15(8y) 49,
(AL10)

_ 1 r 1]
= 5 J5(by5by,by,b5)

]
(c) For the other cases (21 =zi and %, # lé) and(l1 # % and L, = 22),
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Uy [Vpp luqup> = 0

Substituting Eq. (A3) into Eqs. (A8) and (A10), we obtain

U] Uz U] U2

b B, "(..lsbi By 7

'\3/2

! 1 1
= 64(b,b,b,b,) [ + 1, for £,=21=2,=21=0
1°1°2°2 77 345 10T 972 =25=47
alaz(a1+a2) alaz(al+a2)
(Alla)
5/2
256 (b,b!b,bl)
_ 1°1°2°2 4. 4.2 4 033 oo —ote
737 [2(a1+a2)x + 100 0,X 25a1a2] yfor 2,=01=2,=25=2
172
(A11b)
1280,0) 20002 3 .
173 [ x +0,X7 + @aZX + Zalaz] ,for 2,50 = 0
271
and 22=£é =2
(Allc)
256 (b;b,) > 2 (b]b3)*/2 Vo
= 3 , for 2 = L, = 0 and 81 =4, = 2
0 0y X
172
(Al1d)

|

1
a; = b1 + b1 » Oy = b2 + b2 and x = a; +a,
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The other cases can be obtained from Eq. (All) by symmetry.

2. Off-diagonal terms (ul # ui and My # u;)
Let M = My T My # O, then My ~ By = M (from Eq. (A7)).

Eq.(AS) can be written as

<upiip [ iy 1927 [ (22141) (224+1) (22,41) 2+1) 1"

L C, (wy,m) C,\ G Mm) Co (uoymy) Cyy Goymo-M)
mim, Co, (M10™ 2101 1 G, U™ 2202 2

\

m 1
(_1)m1(_1) 20pM ¢ T (2LeD) Jp(bg,by,by b))
L> M|
f ]
21 Q’l L 9.1 9.1 L 22 12 L 2,2 22
My m1=M -M 0O 0 O -m, mz-M M 0O O

where we have used the relation

1
_ [ (29+1) (22'+1) (2L+1)7?
SEmYﬂm'nMdQ'[ 2L ]

] 1
L 2 L L 2 L
0O O O m m' M
]

The R.H.S. of Eq. (A12) vanishes for 2y = 2y = 0 or

22=£é=0, since the coefficient

(A13)
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m m' M

Therefore, the most important contribution to <u]u2|vhh|u;ué> (Eq.

(A12)) comes from 2] = 22 = 0 and 21 = 22 = 2 (or equivalent cases,

e.g., & =%, =.0and 2, = ¢, = 2, etc.). For this case, we obtain
\J 1 1 14 1 1
<U1UZ|\;"|U1U2> - CZ(UI’M) CZ(UZ)'M) Jz(bl ’bzyblybz)

1

2 '

We can compare the size of the contribution for Eq. (A14) to that from
Eq. (A11). If we assume that in the ground state, the hole wavefunction

¢h is described by

O = 350 *ag by (A15)

with ¢s and ¢d being the s-like and d-like components of ¢h’
respectively, then Eq. (Al4) will yield a contribution to the total

energy of magnitude

4
T 3433 J,(bg,bg,by,by) ’ (AL6)
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with bS and bd being the exponent associated with the wavefunctions
: . _ 4 . :

¢S and ¢d’ respectively. Taking bs = bd and T a3y = 0.3, we obtain

a contribution from (Al6) about 2% of that from the hole-hole inter-

action given by Eq. (Alla).
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TABLE A-1. Expansion coefficients v5 C, (u,m) for the 2=2 hole
basis functions on the products of spherical harmonics and j = 3/2

spinors

u
/5C, (u,m) e oz oz
[ -2 7z 2 0 0
-1 -2 0 /Z 0
m ( O 1 -1 -1 1
1 0 V2 o -z
\ 2 0 0 Z V2




-248-

REFERENCES

See for example, Solid State Physics ,vol 32,edited by H. Ehrenreich,

F. Seitz and D. Turnbull (Academic Press, New York, 1977).

A. S. Kaminskii, Y. E. Pokrovskii, and N, V. Alkiev, Zh. Eksp.
Teor. Fiz. 59, 1937 (1970) [ Sov. Phys.-JETP. 32, 1048 (1971)].
See for example, M. L. W, Thewalt, Proc. 14th Int, Conf. Phys.
Semicond., Edinburgh (1978) (Institute of Physics and Physical
Society, London, 1979) p. 605, and references therein.

T. N. Morgan, Proc. XIII Int. Conf. Phys. Semicond., Rome, Italy,
p. 825 (1976).

G. Kirczenow, Solid State Commun. 21, 713 (1977) and Can. J. Phys.
55, 1787 (1977),

H. J. Wiinsche, V. E. Khartsiev, and K. Henneberger, Phys. Stat.
Sol. (b) 85, k53 (1978); and H, J. Wiinsche, Phys. Stat. Sol.(b)
92, k57 (1979).

See for example, F. Bassani and G. P. Parravicini, Electronic

States and Optical Transitions in Solids (Pergamon Press, Oxford,

1975).
See for example, M, Lax, Symmetry Principles in Solid State Physics

and Molecular Physics (John Wiley and Sons,New York, 1974) p. 431.

Translations to other notation can be made using Table A1l in this

reference.

A. Baldereschi and N, 0. Lipari, Phys. Rev, B6, 2697 (1973),



10.

11.
12.

13.

14.

15.

16.

17.

18.

-249-

M. L. W, Thewalt, Solid State Commun. 21, 937 (1977}, and Can,
J. Phys. 55, 1463 (1977),

K. E1liott and T. C. McGill, Solid State Commun, 28, 491 (1978),
E. C. Lightowlers, M. 0. Henry and M, A. Vouk, J, Phys. C; Solid
State Phys. 10, L713 (1977).

K. L. Shaklee and B, Nahory, Phys, Rev. Lett, 24, 942 (1970).

N. 0. Lipari and M. Altarelli, Phys. Rev. B15, 4883 (1977).

M. Comberscot and P. Noziers, J. Phys. C: Solid State Physics 5,
2369 (1972).

W. T. Brinkman and T. M. Rice, Phys. Rev. B4, 1507 (1973).

A. E. Mayer and E. C. Lightowlers, J. Phys. C: Solid State Physics
12, L539 (1979) and L945 (1979).

M. L. W. Thewalt, Excitons, edited by M. D. Sturge and E. I.
Rashba (to be published by the North Holland Publishing Co.).



