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ABSTRACT

Electrostatic interactions govern the organization and motion of charged matter
across molecular and macroscopic length scales. In macromolecular systems,
their long-ranged and collective nature couples molecular conformation, mobile-
ion organization, solvent response, chemical equilibrium, and material dynamics.
Consequently, the behavior of charged materials cannot generally be inferred from
charge magnitude, pair interactions, or static molecular structure alone. This thesis
combines physically grounded theory with molecular simulations to isolate these
couplings and establish transferable relationships between microscopic electrostatic

interactions and macroscopic material behavior.

The first part maps the thermodynamic landscape of charge-containing systems.
For polymer—ionic liquid mixtures, we show that electrostatic correlations produce
phase-envelope asymmetries and molecular-weight scaling laws that differ from
classical Flory—Huggins predictions, enabling the development of a minimal model
with physically interpretable parameters. We then challenge the treatment of sol-
vents as passive dielectric continua. An explicit-solvent liquid-state theory and
molecular simulations demonstrate that dipolar polarization is an active thermody-
namic degree of freedom: ion—dipole correlations alter dielectric screening, reverse
the temperature dependence of effective electrostatic interactions, and generate both
upper-critical-solution-temperature behavior and inverted salt partitioning in poly-
electrolyte coacervates. The effects of molecular architecture are subsequently
examined through charge sequence and polymer topology. For polyampholytic in-
trinsically disordered proteins, charge blockiness promotes salt-free coacervation,
whereas net charge suppresses it through electrostatic repulsion and counterion en-
tropy. Added salt can nevertheless screen these repulsions and induce phase separa-
tion over a broad region of sequence space. For branched polyelectrolytes, compact
topologies display an enhanced propensity for coacervation, while differences in

topology alone can drive multiphase separation.

The second part examines the dynamic pathways by which charge, matter, and
stress move and relax within these thermodynamic states. In ionic-liquid—solvent
mixtures, all-atom simulations and analytical theory reveal that ion dissociation
is controlled by chemically specific short-range interactions rather than bulk di-
electric constant alone. Moreover, ion-pair populations do not uniquely determine

conductivity, which depends on collective relaxation, electrophoretic, viscous, and



X
ion-asymmetry effects. In charge-regulating polyelectrolyte hydrogels, dynamic
protonation can enhance multivalent-ion diffusion by an order of magnitude through
a protonation-assisted hopping mechanism, thereby decoupling ionic mobility from
equilibrium binding. Finally, a multiscale framework combining quantum chem-
istry, thermodynamic theory, and coarse-grained simulation connects metal-ligand
coordination to the phase behavior and mechanics of metallo-polyelectrolyte com-
plexes. Their mechanical response is governed not by binding strength alone, but by
competition among interchain bridges, intrachain loops, crosslink persistence, and

network relaxation.

Together, these results establish that the properties of charged materials emerge
from the collective organization and motion of ions, solvents, and macromolecular
architectures, providing practical design principles for ionic liquids, biomolecular

condensates, responsive hydrogels, and other charge-containing soft materials.
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INTRODUCTION

Electromagnetic interactions constitute one of the four fundamental interactions of
nature and underpin chemical bonding, molecular organization, and many biological
processes. In the electrostatic limit, these interactions are governed by Coulomb’s
law, first formulated more than two centuries ago[23]. The magnitude of the force
between two point charges is

F=kTE (1)
r

where k. is Coulomb’s constant, g; is the charge of entity Z, r is the separation be-
tween the charges, and F is the force between them. At the time of Coulomb’s work,
before a molecular description of matter had been established, this law was applied
primarily to macroscopic charged objects. Faraday and Maxwell’s subsequent stud-
ies of dielectric polarization[24, 25] clarified how the intervening medium modifies
electrostatic interactions, while the later work of Born and Landé applied Coulombic
models directly to the energetics of ionic crystals[26, 27, 28], one of the first uses
of Coulomb’s law to describe interatomic interactions. At the microscopic level,
chemical bonding and intermolecular forces ultimately arise from electromagnetic
interactions among nuclei and electrons, with quantum mechanics determining how
these underlying Coulombic interactions manifest as covalent bonding, polarization,

hydrogen bonding, and dispersion.

Despite this common microscopic origin, electrostatic interactions occupy a dis-
tinctive position in statistical mechanics because of their exceptionally long range.
Although the Coulomb force decays as 2, the corresponding pair potential decays

only as r~ 1.

Consequently, a naive mean-field integration of the bare Coulomb
potential over an infinite system does not converge. By contrast, many common
intermolecular interactions decay sufficiently rapidly that pairwise-additive or local
mean-field approximations provide a useful starting point. Electrostatic interactions
must therefore be treated collectively, with the response of the surrounding charged

medium included from the outset.

This collective character was first captured systematically by Debye and Hiickel[29].
By solving the linearized Poisson—-Boltzmann equation, they showed that an ion is
surrounded by an oppositely charged ionic atmosphere that reduces its effective in-
teraction with distant charges. The resulting phenomenon of electrostatic screening
arises because a central ion responds not only to its nearest neighbors, but to the

collective organization of many ions throughout the surrounding solution. Even at
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relatively low concentrations, the effective interaction differs from the bare Coulomb
potential. Electrostatic contributions therefore cannot, in general, be represented
as an independent pairwise correction to an otherwise neutral reference system,;
they depend on the composition, structure, and collective response of the charged

medium.

The development of analytical theories for simple ionic systems proceeded rapidly.
Seminal contributions from Onsager and Fuoss extended the Debye—Hiickel frame-
work and provided foundational descriptions of ionic association, conductivity, and
the correlated motion of charged species[30, 31, 32, 33]. Subsequent theories have
incorporated finite ion size, short-range correlations, molecular association, solvent
structure, and hydrodynamic effects, including Kirkwood’s extension of dielectric
theory to account for local molecular correlations in polar liquids[34]. As a re-
sult, the equilibrium and transport properties of simple electrolytes can now be
described quantitatively across a broad range of conditions, although concentrated

and chemically complex electrolytes continue to present important challenges.

The incorporation of electrostatic interactions into polymer physics introduces an ad-
ditional hierarchy of complexity. Macromolecules possess extended conformations,
internal connectivity, and characteristic length and time scales[35] that overlap with
those associated with electrostatic correlations. Charges located on distant positions
along the same molecule may interact directly, while the conformation of the chain
controls the spatial organization of those charges. At the same time, electrostatic
interactions between different chains couple molecular conformation to intermolec-
ular organization and macroscopic material properties. Neither the polymeric nor
the electrostatic degrees of freedom can therefore be treated as a passive background
for the other.

Even mixtures containing uncharged macromolecules and small ions may exhibit
behavior without a straightforward analogue in neutral molecular mixtures. Large
disparities in molecular size, mobility, and interaction environment create competing
asymmetries in both equilibrium partitioning and transport. The addition of charge
further couples the motion and distribution of the small species to the organization of
the macromolecules, producing thermodynamic and dynamic behavior that cannot

generally be inferred from either component in isolation.

A particularly rich realization of this coupling occurs in polyelectrolytes, for which
charged monomers are chemically connected along a macromolecular backbone. In

these systems, long-ranged electrostatic correlations coexist with the extended length
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scale and constrained architecture of the polymer chain. This coupling produces
complex single-chain behavior that depends on solvent conditions, ionic strength,
charge density, charge sequence, and molecular architecture. At finite concen-
tration, overlap between chains introduces additional intermolecular correlations,
while counterions and added salt reorganize in response to the polymeric charge
distribution. The resulting macroscopic phase behavior and transport properties
emerge from correlations spanning monomeric, molecular, and collective length

scales.

Charge-containing systems are also subject to constraints that have no direct coun-
terpart in neutral materials. Most prominent among these is electroneutrality. This
condition couples species that may possess vastly different sizes, mobilities, and
interaction environments, such as polyelectrolytes and their counterions or oppo-
sitely charged polymers with different charge densities and molecular architectures.
Electroneutrality consequently reduces the number of independently variable com-
positions, constrains phase coexistence and species partitioning, and correlates the
local motion of charged entities[36]. Although simple in statement, this constraint
can generate nontrivial scaling behavior that is absent from either component con-

sidered independently.

A further source of complexity is charge regulation: the ability of a molecular
site to alter its charge state through a reversible chemical reaction. Charge reg-
ulation is not unique to macromolecular systems, nor does chemical equilibrium
itself require electrostatic interactions. Nevertheless, acid—base reactions are ubiq-
uitous in aqueous environments[37, 38], and their equilibrium is inherently coupled
to the local electrostatic potential. Within a macromolecule or polymer network,
changes in protonation modify electrostatic interactions, which in turn alter molec-
ular conformation, ion binding, and the local propensity for further protonation or
deprotonation. Charge regulation therefore establishes feedback between chemical
state, molecular organization, and transport, giving rise to behavior that cannot be

reproduced by models with fixed charges.

This thesis examines how these defining characteristics of charge-containing sys-
tems (long-ranged correlations, molecular connectivity, electroneutrality, chemical
specificity, and charge regulation) combine to determine their macroscopic behavior.
Rather than attempting to reproduce the full chemical complexity of each material
from the outset, the work follows a reductionist strategy in which dominant physical

ingredients are isolated and examined individually. This approach makes it possible
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to identify transferable mechanisms and design principles that apply across systems

that may otherwise appear chemically unrelated.

The thesis is divided into two complementary parts. Part I, Equilibrium Behavior of
Charge-Containing Macromolecular Systems, develops an equilibrium map of the
states accessible to charged macromolecular materials. It examines how electrostatic
correlations govern phase stability and how these correlations are reshaped by
mixture composition, solvent polarization, charge sequence, and polymer topology.
Across these chapters, the central objective is to determine the unique ways in which

electrostatic interactions drive phase separation in each of the scenarios considered.

Part I, Dynamic Behavior of Charge-Containing Macromolecular Systems, con-
siders how charge, matter, and stress move and relax within these thermodynamic
states. It investigates the relationship between ion association and electrical conduc-
tivity, the coupling of charge regulation to ion transport through polymer networks,
and the role of dynamic metal-ligand associations in controlling hydrogel mechan-
ics. These chapters demonstrate that static measures such as ion-pair populations,
equilibrium charge states, or crosslink densities do not uniquely determine dynamic
behavior. Conductivity, diffusion, and mechanical response instead emerge from
collective motion, exchange kinetics, and competition among relaxation pathways

spanning multiple length and time scales.

Together, the two parts provide complementary views of charge-containing materi-
als. The first identifies the thermodynamic landscape and the collective interactions
that shape it; the second examines the pathways by which systems move, respond,
and relax within that landscape. In doing so, this thesis seeks to establish a unified
physical picture connecting microscopic electrostatic interactions to the equilibrium

and dynamic behavior of chemically complex macromolecular systems.
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Partl

EQUILIBRIUM BEHAVIOR OF CHARGE-CONTAINING
MACROMOLECULAR SYSTEMS

(FOCUS: ELECTROSTATIC CORRELATIONS, DIPOLAR
SOLVENTS, CHARGE SEQUENCE AND POLYMER TOPOLOGY)



Introduction
Just as geographical maps help us navigate physical space, phase diagrams provide
maps of thermodynamic behavior. Their utility lies in projecting a high-dimensional
thermodynamic space onto a small number of experimentally or theoretically ac-
cessible control variables. For a nonreactive system in the absence of additional
constraints, the dimensionality of the coexistence space is described by the Gibbs
phase rule[39],

F=C-P+2, 2)

where F is the number of degrees of freedom, C is the number of components, and
P is the number of phases. As chemical systems become increasingly complex,
however, both the accurate description of their thermodynamics and the projection
of their many degrees of freedom onto an easily interpretable variable space become
increasingly challenging. Tackling this complexity in its entirety is often intractable
and may provide few general principles that can be transferred across different
classes of materials. A more productive approach is therefore to distill a system into
its dominant physical ingredients and develop an understanding of the role played by
each. Canonical examples of this strategy include the theories of van der Waals[40],
Flory and Huggins[41, 42], and Debye and Hiickel[29], each of which reduced the
chemical complexity of real systems to a small number of physically interpretable

parameters and thereby enabled application across a broad range of materials.

Subsequent theoretical developments extended these foundational models to account
for molecular association, chemical specificity, molecular architecture, and confor-
mational degrees of freedom. Despite this progress, electrostatic interactions remain
particularly difficult to reduce to a compact set of transferable principles, especially
in multicomponent macromolecular systems. As discussed in the general Intro-
duction, the long-ranged nature of electrostatics produces collective, many-body
correlations that depend strongly on composition and molecular organization. In
macromolecular systems, electrostatic interactions couple many charged sites both
within and between molecules, linking molecular conformation, mobile-ion orga-
nization, solvent response, and macroscopic phase stability across multiple length
scales[43]. Theresulting phenomenology often lies beyond simple pairwise-additive

or mean-field descriptions.

Charged systems are additionally constrained by electroneutrality, which reduces
the number of independently variable compositions and couples the partitioning of

different ionic species. Although such constraints can be incorporated into gener-
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alized forms of the Gibbs phase rule, they make the construction and interpretation
of low-dimensional phase diagrams less straightforward. Moreover, electrostatic
interactions may be attractive or repulsive depending on the spatial organization of
charge, while their effective range and strength are modified collectively through
screening and solvent polarization. The phase behavior of charged macromolecu-
lar systems therefore cannot generally be inferred from charge magnitude or pair

interactions alone.

The objective of this first part is to identify how electrostatic correlations gov-
ern macroscopic phase behavior and how those correlations are reshaped by four
molecular features: mixture composition, solvent polarization, charge sequence, and
polymer topology. By isolating these effects in progressively more complex settings,
the following chapters provide a “map” of the phase space accessible to charged
macromolecular materials and establish physical principles that can be transferred

across chemically distinct systems.

Motivated by the anomalous phase behavior of polymer—ionic liquid mixtures, Chap-
ter 1 examines how electrostatic correlations affect the thermodynamic stability of
mixtures containing charged species and macromolecules. The electrostatic contri-
bution is shown to be distinct from conventional Flory—Huggins-type interactions
and to produce markedly different molecular-weight and composition scaling laws.
The resulting framework is then extended to polyelectrolyte coacervates[44, 45] to
examine the electrostatic origins of macromolecular partitioning as a function of
molecular size, charge density, and charge sequence. Although polymer—ionic lig-
uid mixtures and polyelectrolyte coacervates are chemically distinct, isolating their

electrostatic contributions reveals common physical principles applicable to both.

Chapter 2 relaxes a central assumption made in most treatments of electrostatic
interactions: the representation of the solvent as a passive, homogeneous dielectric
background. Using complementary analytical theories and molecular simulations,
we compare explicit and implicit treatments of the solvent and demonstrate that
solvent polarization can qualitatively alter the thermal response of electrostatic
interactions and the resulting phase behavior. This comparison reveals the fun-
damental limitations of abstracting away the molecular response of the solvent in

electrostatically driven systems.

In Chapter 3, we consider a more subtle manifestation of electrostatic interactions:
their dependence on the sequence of charges along a macromolecular backbone. In

systems such as polyampholytic intrinsically disordered proteins, numerous studies
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have proposed strong connections between isolated-chain properties and macro-
scopic phase behavior. By developing analytical theories that explicitly account for
charge sequence and validating them against molecular simulations, we find that
single-chain descriptors capture only part of the accessible phase behavior. Added
salt modifies collective screening and intermolecular correlations in ways that can-
not be inferred from isolated-chain properties alone, producing an expanded phase

space that includes both self- and salt-induced phase separation.

Finally, while the effects of chain length, charge density, and charge sequence are
examined in the preceding chapters, a more subtle and comparatively underappreci-
ated molecular variable is polymer topology. Chapter 4 demonstrates that, even at
fixed chain length, charge density, and interaction parameters, changes in polymer
topology alter intramolecular correlations and thereby modify macroscopic phase
stability. These results highlight the counterintuitive role of molecular connectivity

in determining the collective behavior of charged polymers.

Together, these four chapters provide a unified account of how electrostatic correla-
tions are shaped by composition, solvent polarization, charge sequence, and molecu-
lar topology. They demonstrate that the phase behavior of charged macromolecular
systems emerges not from charge alone, but from the collective organization of

charged sites, mobile ions, solvent molecules, and molecular architecture.
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Chapter 1

ELECTROSTATIC ORIGINS OF ANOMALOUS PHASE
BEHAVIOR IN POLYMER-IONIC LIQUID MIXTURES

Polymer—ionic liquid (IL) mixtures are promising materials for applications ranging
from battery electrolytes and gas separation membranes to responsive actuators and
sensors, owing to their unique combination of mechanical robustness and ionic con-
ductivity. These systems often exhibit lower critical solution temperature (LCST)
behavior and more symmetric phase envelopes than anticipated from the classi-
cal Flory—Huggins theory. In this chapter, we investigate the molecular origins of
this anomalous behavior by systematically incorporating clustering, polymer—cation
binding and electrostatic correlations into a simple thermodynamic framework. Our
analysis reveals that the formation of clusters contributes to demixing at low temper-
atures, contrary to both experimental observations and prior theoretical predictions.
In contrast, electrostatic interactions introduce persistent asymmetries in the free
energy landscape, yielding different chain-length scaling in the critical composition
and interaction parameter than predicted by the Flory—Huggins theory. Based on
these insights, we propose a minimal, physically grounded model incorporating
only mixing entropy, temperature-dependent Flory—Huggins parameter, and elec-
trostatic correlation. This model successfully reproduces key experimental features
in systems such as PEO + [EMIM][BF,], using a small set of interpretable param-
eters. These results offer a mechanistic understanding of the phase behavior of
polymer—IL mixtures and provide a practical modeling framework for their design

and optimization.

This chapter includes work from our previously published article: Pierre J. Walker
and Zhen-Gang Wang. “Anomalous Phase Behavior of Polymer—Ionic Liquid
Mixtures”. In: J. Phys. Chem. B 129 (Nov. 2025). 1ssnx: 1520-6106. por:
10.1021/acs. jpcb.5c04858

1.1 Introduction

Polymer—ionic liquid (IL) mixtures are promising materials for a range of applica-
tions. Owing to their thermal and chemical stability, non-volatility, and high ionic
conductivity, ionic liquids have been widely explored for use in battery electrolytes

[46, 47, 48]. When combined with polymers, which impart mechanical strength and
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structural integrity, these mixtures yield durable and efficient electrolytes [49, 50,
51]. Beyond energy storage, polymer—IL systems have also shown utility in gas and
ion separation membranes [52, 53, 54, 55], soft actuators [56, 57], and chemical
sensors [58, 59, 60]. Despite this versatility, the phase behavior of these mixtures

remains poorly understood [61].

At first glance, polymer—IL. mixtures appear to resemble conventional polymer
solutions and should therefore be well described by the classical Flory—Huggins

theory [42, 35], with the familiar expression for the free energy of mixing AFpix:

S Slogg+ (1-9)log(1 =) +xd(1-¢). (LD
InEq. (1.1), v is the monomer volume (assumed to be the same as that of the solvent),
V is the system volume, T the temperature, kg the Boltzmann constant, N the chain
length of the polymer, ¢ the polymer volume fraction and y the Flory—Huggins
parameter characterizing the polymer—solvent interaction. This expression has been
extensively used to model polymer solutions and blends [62, 63], often with y taken
to be temperature-dependent. Notably, it predicts that the critical volume fraction

-1/2

and interaction parameter scale as ¢, = N and y. = % + N~1/2  respectively, for

large N.

However, experiments by Lee et al. [64, 65] with mixtures of poly(ethylene oxide)
(PEO) and 1-ethyl-3-methylimidazolium tetrafluoroborate ((EMIM][BF,]) revealed
anomalous behavior that is very different from that anticipated from Flory—Huggins
theory. Given the hydrophilic nature of PEO and the relatively hydrophobic character
of [EMIM][BF,], one would expect a positive interaction parameter y that decreases
with temperature, leading to upper critical solution temperature (UCST) behavior.
Additionally, due to size asymmetry, the critical concentration would be expected to
vanish as N — oo. Instead, Lee et al. observed lower critical solution temperature
(LCST) phase separation with a critical composition near ¢, =~ 0.5, relatively
insensitive to chain length. This trend has been observed in other polymer—IL
systems [66, 67, 68, 69, 70, 71, 72].

To explain this behavior, several approaches have been proposed. Molecular dy-
namics simulations [73, 74] have successfully reproduced the experimental trends
and offered valuable insights into the phase behavior. For instance, Choi et al. [73]
emphasized the importance of polymer—cation binding, particularly between the
ether oxygens on PEO and the electropositive hydrogens on the imidazolium ring of

EMIM*. However, because molecular dynamics inherently capture all interactions
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simultaneously, it can be difficult to disentangle the specific contribution of each. In
this context, theoretical approaches offer a clear advantage by enabling controlled,

systematic investigation of individual interactions.

White and Lipson [75] were the first to develop a theoretical approach to model
polymer—IL systems. They used a lattice-based model incorporating the strong
cohesive energy of ILs and their tendency to form long-lived clusters [76, 77, 78].
By making the simplifying assumption that ILs form clusters of fixed size, their

model successfully reproduced the more-symmetric shape of the phase envelope.

Another major simplification in the work of White and Lipson, and in others [79,
80], is the treatment of electrostatic interactions. These studies typically assume that
electrostatics are effectively captured through ion pairing or, in White and Lipson’s
case, through the formation of fixed-size clusters. Other approaches, such as that
of Nakamura [81], incorporate electrostatic effects via solvation free energies and
dielectric mismatch. However, to our knowledge, no existing theoretical model has
explicitly included electrostatic correlations, which are inherently non-pairwise, in
polymer—IL mixtures using even basic frameworks such as the Debye—Hiickel theory
[29], let alone more advanced treatments such as the mean spherical approximation
(MSA) [82] or the hypernetted-chain (HNC) approach [83].

Prior work on charged polymer systems by Sing and co-workers [84, 85] has shown
that including electrostatic interactions can significantly shift phase boundaries rel-
ative to neutral analogs, arising from the many-body, long-range nature of these
interactions in contrast to typical solvent—polymer interactions. This suggests that
the same may hold for polymer—IL systems. We therefore hypothesize that electro-
static correlations are essential to understanding the anomalous phase behavior of

polymer—IL mixtures.

To test this hypothesis, we systematically examine the role of clustering, polymer—
cation binding and electrostatics in determining the phase behavior. Based on this
analysis, we propose a minimal model that incorporates only the essential physics

yet captures the experimentally observed trends.

1.2 Theory

To model the phase behavior of polymer—ionic liquid mixtures, we extend the Flory—
Huggins (FH) theory, taking inspiration from the work by Jiang and co-workers [86,
87] (later extended by Zhang et al. [88]). We express this theory in terms of the
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Helmholtz free energy of mixing, AFyix, as a sum of ideal and excess contributions:

AF, mix
kgTV

= Afmix = Afid + Afex s (12)

where T is the temperature, kp is the Boltzmann constant and V is the system
volume. The ideal mixing contribution, A fiq, captures the translational entropy and

is formally given by:

1
A== 2t0g+ (1-9)log(1-9)] . (13)
where ¢ and N are the volume fraction and degree of polymerization of the polymer

and v is the reference monomer volume.

The excess contribution, A fex, accounting for all other non-ideal interactions, will
depend on the system and the model representation. The simplest and most familiar
treatment would be through the Flory—Huggins expression[89, 42], in which the

interactions between pairs of species are represented by the parameter y:

1
Afex = —x¢(1-9). (L4)
A common extension introduces temperature dependence into y, enabling the de-
scription of both UCST and LCST behavior[62, 90]:

B
=A+—, 1.5
X T (1.5)

where A and B are the entropic and enthalpic components, respectively. Note that
the specific temperature dependence of the y parameter does not alter the scaling
with chain length of the critical properties. It is more rigorous, and in many cases
necessary, to explicitly account for the underlying physical interactions that give rise
to the phase behavior. In this work, we consider three such interactions explicitly:

clustering, polymer—cation binding, and electrostatic correlations.

Clustering

A distinguishing feature of ionic liquids, relative to inorganic salts, is their tendency
to form large and long-lived aggregates or clusters[76, 77, 78]. This behavior has
been proposed as a key factor underlying the atypical phase behavior of certain
polymer—ionic liquid mixtures. For instance, White and Lipson [75] suggested that
clustering, with a characteristic aggregate size of ten, contributed to the unusual
phase behavior of PEO + [EMIM][BF4] mixtures. Several theoretical frameworks

have been developed to describe clustering in these systems [91, 92].
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Building on Wertheim’s thermodynamic perturbation theory (TPT1) and in a similar
vein as the approach of McEldrew and co-workers [91, 92], we assume a known
reference state ref. of unbound n, species, where each species i has m; binding sites,
and the number of pairs between species i and j is given by m;;. The partition

function of this system is given by the following equation:
Z = Zyet. PcombWhind » (1.6)

where Z..r is the partition of the reference system. Whying 1S the product of the

probability of all pairs ij being formed:

/l,--v ij
Wbmd:]—[( o ) : (1.7)

i

where 4;; is the binding strength between species i and j, v is the monomer volume
and V is the system volume. The number of ways to form m;; pairs, Pcomp, 1S given
by:

P = l_[ (m;N;)!(m;N;)! (1.8)
com mii'(miN; = Y mi) | (mjiN; = Y nj)! '

If we take the logarithm of the perturbative terms (Wying and Pcomp), We can obtain

i

the binding term as:

Foind
= - 1 ,'N,'!+1 N —1 ,'
keT ;j ( n (m;N;) n(mj j) n(mj )

—1In (miNi - Z m,-k)!
k

—ln(ijj —ij'k)!
k

ey (22, (1.9)
W
Minimizing with respect to m;; gives:
m;; Aoy
- ==L, (1.10)
(m;N; — X mix)(m;Nj — 3 mji) 1%
re-arranging:
Aijv
mi; = (miNi—Zm,-k)(ijj—ijk)%. (1.11)
k k

If we now add up all j sites, we have:

Zm,j = (m,'N,'—Zm,'k)Z(m_/Nj—Zn’ljk)/li—‘iv. (112)
J k J k
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Dividing by m;N;, we have (setting N;v/V = ¢;):

%%%g::( ka”)§§¢J ( nle)ﬂu. (1.13)
If we then define:
Xi=1- Zﬂ;xf , (1.14)
we have:
1= X=X ) ¢mX;dij . (1.15)

J
Giving us the generalized law of mass action:

1
X; = . (1.16)
L+ 3 ¢ymjdijX;

Substituting this result into our expression for the Helmholtz free energy will sim-

plify to:

Fpindv _
TV - Soind = Zl: dim;

InX; + I_ZX’] . (1.17)

The excess contribution can be obtained by deducting the bind free energy in the

pure state (denoted by the subscript 0):

VAfbmd - Z ¢1ml [hl (;((0) Xi02_ Xi] 5 (118)

giving us the generalized excess free energy due to binding. In the case of the
clustering term, we simply set m, = 0 and only allow binding between m . cation
sites and m_ anion sites. The excess free energy contribution due to clustering in

this mixture is then given by:
X+
VA fa = —(1 - </)){m+ [log (X ) + > (Xb0 - X+)]

[log ( X—o) + =(X_0—- X_ )] } (1.19)

where X; and X;o denote the fractions of unbound sites of species i (or equivalently,
the fraction of free species i) in the mixed and pure ionic liquid, respectively. These

values are obtained self-consistently from the mass action equations:

1
X+ = 1 N (1.20)
1+ zm_(l - ¢)/1C1X—
1

1+ %m+(1 = ¢)da X+ '

(1.21)
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The analytical solution to this coupled set of equations is:

oL T3 - Adatm —m)) + Y+ 50 = @a(m = m)? +2(1 = pm.

(1 - ¢)m+/lcl
(1.22)
U oaln, - m) + VO + 50 =) da(m, —m )2 +2(1 - $ym_Aq
T (1 =¢)m_Aq '
(1.23)

Note that identical expressions can be obtained following the approach by Semenov
and Rubinstein[93]. The parameter A is the binding strength between cation and

anion sites, defined as:
Act = verexp (€a/(ksT)) , (1.24)

where v is a dimensionless binding volume (normalized by the monomer volume),

reflecting the steric accessibility, and € is the pairwise binding energy[93].

From this framework, the average cluster size, (N.), can be calculated as[94, 95]:

p+-p-+[(my = Dps_ + (m- = 1)p_]

(Ne) =1+
(2= + 22) [1= (me = D(m = Dpsp]

, (1.25)

where p,_ and p_, denote the probabilities that a site on a cation is bound to an

anion, and vice versa:

1

P+- = 5(1 —o)m_AgX X, (1.26)
1

P-+= 5(1 —p)midg X X_ . (1.27)

From Eq. (1.25), it follows that percolation (i.e., the formation of infinite clusters)
occurs when 1 — (my — 1)(m- — 1)ps_p_+ = 0, which can only be satisfied when
my > 2 and m_ > 2. For instance, when m = m_ = 2, infinite clusters only arise in
the limit p._ = p_; = 1, corresponding to infinite binding strength and chain-like
assembly. In the case of m, > 2 and/or m_ > 2, percolation can occur at a finite
binding strength. If either species has only a single binding site (m; = 1), then the

maximum cluster size is finite and limited to m, + m_.

Polymer—cation binding
In their study, Lee et al. [65] proposed (and later verified by Choi et al. [73]) that
cations such as EMIM™* can bind to the oxygen atoms in PEO via hydrogen bonding
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interactions from the imidazolium ring. This phenomenon is very similar to the
hydrogen bonding interactions in water+PEQO systems[96, 97] where the introduction
of PEO results in entropy loss as water is now bound to the PEO backbone. Such
interactions can be modeled analogously to the clustering framework described

above, by introducing binding sites on both the polymer and the cation.

For simplicity, we assume one binding site per polymer repeat unit and one per
cation. Under these assumptions, the excess free energy contribution from (1.17)

can be simplified to:

VAf, = %(1 - @) (logX+ + 2X+) + ¢(logXp + I_ZXP) .

where X, and X, are the fractions of unbound sites on the cation and polymer,
respectively. Since binding is only considered between polymer and cation, the
reference values X;o = 1 for all species. The unbound site fractions are determined
self-consistently from the following mass-action equations:
3 1

1+ X,

3 1

X, (1.28)

X, (1.29)

where Ay, is the polymer—cation binding strength, defined analogously to Eq. (1.24).

The analytical solution to this coupled set of equations is given by:

=1+ 2,030 = 1)+ (1410, 36— D) +2(1 - 9)4,

X, = 1.30
(=) (-0
(1= 125+ (3¢ = 1)) + (1 = 12,4 (3¢ = 1)) + 494,
X, = 290 . (1.31)
p+

While this model can, in principle, be extended to include both clustering and
polymer—cation binding within a unified framework [91], doing so requires solv-
ing the larger coupled system of equations and introduces additional parameters,
as shown in (1.16). To isolate the effects of each interaction and maintain in-
terpretability, we consider clustering and binding contributions separately in this

work.

Electrostatic correlations
To model electrostatic interactions, several theoretical approaches are available, in-

cluding the Debye-Hiickel theory [29] and the hypernetted-chain approximation
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[83]. Consistent with our previous work [88, 90, 4], we employ the mean spherical
approximation (MSA), as developed by Blum and co-workers [82, 98], which pro-
vides a favorable balance between analytical tractability and quantitative accuracy.
The generalized form of the MSA free energy requires solving a self-consistent set
of equations. However, in the special case of equal size for all ions, the free energy

can be simplified to give an analytical expression:
1 2 2
Afge==|(1-=@)5 (5 +Too | -T° |5 + T ||,
bl 3 3

where o is the ion diameter and the inverse screening length, I', is related to the

inverse Debye screening length, «, as:
K
I'1+rI'o)= 3 (1.32)

where k? = 4”TZB(I — ¢) for monovalent ions. Here, Iy = ¢?/(4neyekgT), is the

Bjerrum length which characterizes the distance where the electrostatic interaction
between two elementary charges in a medium equals the thermal energy. The
constant e is the elementary charge, €y is the vacuum permittivity and € is the
relative static permittivity of the medium. Iy is the screening length of a pure ionic
liquid. There is some debate in the literature as to what the relative static permittivity
should depend on. For most pure solvents, the relative static permittivity is expected
to decrease with increasing temperature. This inverse relationship often results in an
increase in the Bjerrum length, and therefore the strength of electrostatic interactions.
However, it is also known that the introduction of charged species to the medium
can also lead to a decrement in the relative static permittivity[99, 100, 101]. A true
first-principles theory would have to account for both these effects, which is clearly
beyond the scope of this work. The value of the relative dielectric permittivity used
in the model should best be interpreted as representing some average value across

the range of compositions and temperatures considered.

We note that comparable behavior can be captured using the full Debye—Hiickel free
energy, where the two treatments converge in the dilute limit. Specifically, the De-
bye—Hiickel limiting law is recovered by taking the point-charge limit (o0 — 0),
which yields fue — —«>/(127). This corresponds to a Voorn-Overbeek-like
treatment of charged systems[44]. However, in contrast to models incorporating
finite-sized ions, the Debye—Hiickel limiting law permits a divergence of the elec-
trostatic free energy with increasing ion concentration. This behavior is unphysical

at high packing fractions, where excluded volume effects limit ion overlap and lead
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to saturation of electrostatic contributions. Therefore, for dense systems such as
polymer—ionic liquid mixtures, the use of MSA is essential for a realistic descrip-

tion.

1.3 Phase Equilibrium and Critical Point
In the previous sections, all equations were defined in terms of the polymer volume
fraction, ¢, where the composition of each ion can be obtained as ¢_ = ¢, =

%(1 — ¢), as dictated by electroneutrality.

At a fixed temperature, the condition for coexistence between phases a and S is

given by:
aAfmix _ aAfmix
Y = o4 , (1.33)
@ B
L OAfmix || o OA fmix
(Afmlx ¢ Y, )a—(Afmlx ¢ 90 )ﬁ, (1.34)

The first condition ensures equality of (exchange) chemical potential, while the
second ensures equality of osmotic pressure. We note that, when the critical point
is near ¢ =~ 1, it is sometimes best to solve Eq. (1.33) and Eq. (1.34) in terms of
1 — ¢ rather than ¢. Additional numerical stability can be achieved by solving for

the logarithm of the compositions instead.

The critical point of the system is obtained from the condition:

2 .
07 A fmix =0, (1.35)
A2
63Afmix
=0, 1.36
Py (1.36)

which is solved simultaneously to determine the critical composition ¢, and tem-
perature 7. All thermodynamic derivatives in this work are evaluated numerically
using ForwardDift.jl [102], a Julia package that implements forward-mode auto-

matic differentiation.

1.4 Key Physical Effects
We shall now consider the effect of each interaction introduced in the previous
section on the phase behavior of a polymer—ionic liquid mixture, before proposing

a minimal model to reproduce the experimental results.
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Clustering

We begin by examining the role of clustering, as shown by the solid curves in
Figure 1.1, where temperature is normalized by the binding energy. In these calcu-
lations, we set m; = 3 and m_ = 4, corresponding to the number of putative binding
sites on EMIM™ and BF, respectively.[91] By itself, clustering will favor demixing
as it acts to reduce the translational entropy of the solvent. For sufficiently strong
binding strength, clustering can induce phase separation if both m, and m_ exceed
two. We can demonstrate this analytically if one considers the limit of infinite bind-
ing strength. For simplicity, we only consider m, = m_ = m, where our solutions

for the association fractions simplify substantially:

—1++1+2(1-¢)miy
X,=X_=X= . 1.37
(1= pmia (137

In the case of the excess free energy, we are interested in two quantities: the

difference between X and Xy, and their ratios. In the limit of infinite binding energy,

it is easy to see that:

Iim X= lim Xp=0. (1.38)
A —00 A—00
As such:
ﬁlim X-Xo=0. (1.39)
Cl—)OO

However, the limit of the ratios is more interesting:

X =l +2(1—@)mag 1 1
lim — = lim = .
Ag—00 X() Ag—00 —1 + Vl + 2m/lcl 1 - ¢ \ll — ¢

Substituting these solutions into our expression for the mixing free energy gives:

(1.40)

Afuin = S1og g+ (1- ) (1= gy log(1 - 9). (141)

We can now test different values of m and examine the maximum effect of clustering
on the free energy of mixing. In the case of m = 1, our expression for the free energy

of mixing simplifies to:

1_
Afuix = Slogg 4~

log(1 - ¢), (1.42)

which is equivalent to the mixing free energy when the solvent is of size N = 2.
This makes sense as with m = 1, the maximum cluster size will be a dimer. In this
case, the cluster contribution to the mixing free energy is simply a correction to the

entropy of mixing.
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In the limit of m = 2, where percolation becomes possible, our expression simplifies

to:

Afuin = 21089, (1.43)

which is equivalent to the mixing free energy when the solvent is of infinite chain
length. This makes sense as with m = 2, we can form continuous chains. This does
highlight that, even at infinite binding strength, it is impossible to induce a phase
split when m = 2 through clustering alone as the contribution to the mixing free

energy is simply a correction to the mixing entropy.

Finally, for m > 2, the second term of this equation becomes positive, favoring
demixing and leading to a phase split. One of these phases will be the polymer-rich
phase whose composition is ¢ = 1, which also corresponds to the spinodal. The

composition of the other spinodal will be given by:

1
sp. _
PP = NI (1.44)

And the composition of the binodal is:

m
— -1
2

where W (x) is the Lambert W function. It is easy to verify that the ‘critical point’

R N( ) +1, (1.45)
C

will occur when m,. = 2 and ¢, = 1. We can see that the composition of the binodal
and spinodal are finite, only approaching zero when N — co. This highlights that,
although infinite clusters do form at these conditions, mixing entropy of the polymer
is still sufficient to allow it to dissolve within the clusters. The only time this will

not be the case is when N is infinite.

With this understanding, we can now examine the resulting phase behavior for
finite A;, which exhibits upper critical solution temperature (UCST) behavior. As
shown in Figure 1.1a, the critical point initially lies near polymer-rich compositions
but shifts toward polymer-dilute regions with increasing chain length. White and
Lipson [75] previously argued that clustering increases the effective size of ionic
species, thereby reducing the size asymmetry with the polymer and shifting the
critical point toward polymer-rich compositions. This trend is partially reflected in
our results. However, at sufficiently large polymer chain lengths, the critical point
shifts back toward the polymer-dilute region, consistent with Flory—Huggins theory
for mixtures with unfavorable polymer—solvent interactions. Indeed, this model
recovers the classic Flory—Huggins scaling of the critical point with chain length,

N~'/2 as shown by the red markers in Figure 1.1b.
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Figure 1.1: Phase behavior (a) and critical scaling (b) of a polymer + ionic liquid
mixture only including the effect of clustering. The solid lines (a) and blue symbols
(b) are the results obtained using clustering where €; = 1.0, vq = 107! and
my = 3, m_ = 4. The dashed lines (a) and red symbols (b) are the results obtained
using cation-polymer binding where &, = 1.0, v, = 1.0 and m, = m, = 1, with an
athermal y = 1.95. Square symbols in (b) correspond to the critical volume fraction
of the polymer while the circular symbols correspond to the critical temperature.

These trends can be rationalized by examining the average cluster size, shown in
Figure 1.2. In pure ionic systems, cluster size is determined by the number of
binding sites per ion and the binding strength (via Eq. (1.24)). For example, at
low temperatures, systems with m; = m_ = 2 form moderately large clusters,
and systems with m; = 3 and m_ = 4 exhibit a divergence in cluster size with
decreasing polymer volume fractions, indicating the onset of percolation. In both
cases, increasing either the polymer volume fraction, disrupting cluster formation, or
the temperature, weakening the binding interactions, leads to a reduction in average

cluster size. This behavior is independent of polymer chain length.

At low polymer chain lengths, the mixing entropy is relatively large, resulting in
a decreased critical temperature. Under these conditions, clustering plays a more
significant role in the free energy of mixing, as seen from the solid red curve in
Figure 1.3. Here, clustering effectively acts as a correction to the entropy of mixing,
accounting for the increased effective size of the ionic species. This correction is
skewed toward polymer-rich compositions, leading to a shift in the critical point

toward higher polymer concentrations.

As the polymer chain length increases, the mixing entropy decreases, leading to a
higher critical temperature. At these higher temperatures, clusters are both smaller

and more easily disrupted, reducing their contribution to the free energy of mixing.
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This is reflected in the dashed and dotted red curves in Figure 1.3, which show a
smaller and more symmetric excess contribution, resembling that of the standard
Flory—Huggins interaction. As a result, the critical point shifts toward polymer-

1/2

dilute compositions, recovering the characteristic N™'/“ scaling behavior of Flory—

Huggins theory, as shown in Figure 1.1b.

102 5

Zw 10" 1

100

Figure 1.2: Average cluster size, obtained using Eq. (1.25), in a polymer—ionic
liquid mixture varying number of sites on the ions (shown through the illustrations)
at T = 0.3 (solid line) and T = 0.8 (dotted line). These results are independent from
the chain length of the polymer. Parameters for clustering are identical to those used
in Figure 1.1.

These results suggest that clustering among ionic liquids alone is insufficient to

explain the experimentally observed phase behavior of polymer—ionic liquid systems.

Polymer—cation binding

An important interaction in IL—polymer mixtures is the reversible binding between
cations and the polymer backbone. Lee et al. [65] proposed, and Choi et al.[73]
confirmed using molecular dynamics simulations, that cations such as EMIM*
can form hydrogen bonds with the ether oxygens in PEO via the electropositive
hydrogens on the imidazolium ring. We model this interaction using Eq. (1.28),
where, because X, X,, < 1, the binding contribution to the free energy of mixing is
always negative. This indicates that polymer—cation binding enhances miscibility
as illustrated by the blue curves in Figure 1.3. Note that, as temperature decreases,
the minimum of the binding contribution shifts toward ¢ = %, corresponding to the

case where the number of cations equals the number of binding sites on the polymer.
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Figure 1.3: Contribution of clustering (red curves) and cation-polymer binding (blue
curves) to the free energy of mixing for a polymer + ionic liquid system at various
temperatures, with parameters corresponding to those used in Figure 1.1.

To recover the experimentally observed LCST behavior, we can introduce an ather-
mal, positive Flory—Huggins interaction parameter y to account for the unfavorable
mixing between hydrophilic polymers and hydrophobic ionic liquid moieties. At
high temperatures, binding is weak and unfavorable y interactions dominate, driving
phase separation. Because this mechanism does not involve clustering or aggrega-
tion, the LCST is shifted toward the polymer-dilute compositions, and the critical

scaling follows the Flory—Huggins prediction of N~1/2

, as shown by the red markers
in Figure 1.1b. Moreover, the binding contribution, being skewed toward polymer-
dilute compositions (Figure 1.3), may actually enhance this shift at lower chain

lengths.

While the inclusion of explicit polymer—cation binding offers mechanistic insight
and a more physically grounded treatment, the same qualitative features, particularly
LCST-type demixing, can be captured using a temperature-dependent y parameter.
In this sense, the binding model serves to justify such a dependence. Indeed, the
binding free energy can be algebraically rewritten in a form resembling Eq. (1.5),
with effective parameters A ~ —logvy, and B ~ —¢p, highlighting the connection

between reversible binding and the phenomenological y parameter.

Electrostatic correlations

In modeling ionic liquids, many prior studies have neglected electrostatic interac-
tions [79, 75, 80], often arguing that ion pairing and clustering effectively render the
system neutral, allowing the cation—anion pair to be treated as a single, uncharged
species. However, as discussed in the previous section, clusters are dynamic en-

tities. Their size and stability depend strongly on temperature and concentration,
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Figure 1.4: Phase behavior (a) and critical scaling (b) of a polymer—ionic liquid
mixture only including electrostatic interactions. Square symbols in (b) correspond
to the critical volume fraction of the polymer while the circular symbols correspond
to the critical temperature.

and under many conditions, ionic liquids predominantly consist of dissociated ions.
Consequently, we argue that electrostatic interactions are a fundamental feature of
ionic liquids and must be retained in any physically consistent model. In this work,
we account for these interactions using the mean spherical approximation (MSA),
as detailed in Section 1.2. Electrostatic correlations manifest as effective attractions
between the ions that are inherently many-body in nature. Such effective attractions
are disrupted when diluted by another neutral solvent, including polymeric solvent.
This is evident by the positive contribution to the mixing free energy shown in
Figure 1.5, providing the driving force for phase separation, even in the absence of

other energetic interactions[103, 104].
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Figure 1.5: Electrostatic (green) contribution to the free energy of mixing (purple)
for a polymer—ionic liquid system at various temperatures.

Figure 1.4 shows the phase diagrams for the polymer—IL mixture at several chain
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lengths with only electrostatic interactions, where the temperature axis is normalized
using the Bjerrum length. For reference, assuming a dielectric constant €, ~ 6 — 15
at T = 298.15K for PEO, this corresponds to a reduced temperature range of
T ~ 0.04 - 0.10, with o = 0.4 nm.

Due to the effective repulsion between the polymer and the ionic species, as the
polymer disrupts favorable electrostatic interactions, a polymer—IL mixture with only
electrostatic interactions exhibits UCST behavior. However, unlike classical Flory—
Huggins systems, the critical concentration remains consistently skewed toward
polymer-rich compositions, even at large chain lengths, and approaches a finite
value as N — oo. These features contrast sharply with the behavior observed in
Figure 1.1, and is consistent with known trends in charged systems[104], including
polyelectrolytes [105, 106, 107, 88]. To understand this shift, we consider the

scaling of the inverse screening length, which follows:

T~(1-¢)2, (1.46)

at low ionic strengths. As such, I' decreases sharply as ¢ — 1, resulting in
weaker electrostatic interactions at high polymer concentrations. This asymmetry is
reflected in the electrostatic contribution to the free energy of mixing (Figure 1.5),
which is positive and skewed toward polymer-rich compositions. Importantly, this
skewness persists even at elevated temperatures, with the maximum in the excess
free energy occurring around ¢ ~ 0.65. Note that when the mixing entropy is
included, the combined free energy produces a composition of the polymer-rich

phase at coexistence close to ¢ ~ 1; see Figure 1.5.

Although increasing chain length modifies the entropy of mixing and introduces a
competing asymmetry, this contribution diminishes with increasing N. As a result,
the electrostatic contribution dominates, and the critical concentration remains near

the polymer-rich region, as shown in Figure 1.5.

An additional noteworthy result is the scaling of the critical parameters, shown in
Figure 1.4b. We find that both the critical temperature and concentration scale as
N7', in contrast to the N~'/2 scaling predicted by Flory—Huggins theory. To our
knowledge, this scaling has not been reported in experiments or simulations. How-
ever, this is not entirely surprising. The experiments of Lee et al. [65], for example,
involve multiple competing interactions, making it impossible to isolate the effects
of electrostatics. Furthermore, our result is derived using a reduced temperature

based on the Bjerrum length, which incorporates the dielectric constant. As €
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typically decreases with increasing temperature, direct experimental validation of
this scaling will be challenging. However, simulations could be designed to isolate
electrostatic effects and verify this scaling. We note that a version of the theory
presented in section 1.2 which incorporates a temperature-dependent dielectric con-
stant has shown that this decrease in dielectric constant can induce LCST behavior
by itself.[90]

Another striking finding from our analysis is the behavior of the inverse screening
length at the critical point. Following tedious algebra, we find that the spinodal

condition, when expressed in terms of the screening length I, is given by:

azAfmix _ 1 1 VQ(F)

=—+ — , 1.47
607 No 19 (1-9) (47
where: 3
(1 +To)
N=————™. 1.4
o) 2n(1 +2lN0) (1.48)
Imposing the second constraint for the critical point, we find:
3 .
s 11 0 (1.49)
d¢° N¢? (1-¢)2  (1-¢)°
where: -
10I“oc“ +8l'c + 1
I = 1.50
D) = v are)? (1.50)
Introducing:
o) X
=7 = 1.51
Y=g ¢=Te (1.51)
gives:
x(N +x)
rN=——-. 1.52
VoD = Y (1:52)
from (1.47), and:
¥ +r(Dx+NFT) -1) =0. (1.53)

from (1.49). We can then obtain the following solutions at the critical point:

o3 (1 +To) (1OF202 + 8o + 1)2
NT) = 5 (1.54)
(1+2l0o)(1-2I"%02) [2n(1 +200) —vI3(1 + T'o?)]

vI3(1 +To) (100202 + 8Tc + 1)
Ar(1 4 2T0)3 —vI3(1 +To)(1 - 2I202)’

1 —¢.(I) = (1.55)

and:

(1+T0o) [4n(1 +2T0)? —vI3(1 + To) (1 - 2% ?)]

Ipo(T) =
Be(l) 87T (101202 + 8T + 1)

(1.56)
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The limit N — oo can only be achieved for physical values of I when

Jim (1- 2I%0%) - 0. (1.57)
The limiting critical value is therefore
1
[0 = —. (1.58)

V2

Performing an expansion around I'¢ ..o~ such that:

['co=IT¢co -6, (1.59)
where 0 < 62 < 1. Substituting into (1.54), (1.55) and (1.56) gives the scaling
relationships:

1 4n(4+3V2) 1

lim Lo = A _ @43V 1, (N-Z) : (1.60)
N—eo V2 @Br-1)2 N

| T2x+48V2r-11 O(N_z)’

lim (1 —¢.) = — — 1.61

Nl—r>rc1>o( 9c) 87 87(87 — 1)? Nt (1.61)
o lge (31 11 5
,JILI},J—(z*@)(”gﬂ_lN*O(N ))’ (1.62)

all of which are in good agreement with the results from Figure 1.4b. These results
are also all of similar magnitude to the limit predicted by the restricted primitive
model studied by Luijten et al. [104], though our values are slightly smaller. We
hypothesize that the limiting behavior of the screening parameter I'. may reflect
optimal ion packing in the condensed phase under strong electrostatic correlations.
A detailed exploration of this hypothesis is beyond the scope of this work and is left

for future investigation.

More broadly, while the mean spherical approximation (MSA) captures long-range
electrostatic interactions, it has also been argued that it implicitly accounts for short-
range clustering [108, 109]. This interpretation has important modeling implica-
tions: combining an explicit clustering free energy with an MSA-based electrostatic
term risks double counting the same physical effect. Since the MSA approach alone
reproduces the experimentally observed shift in critical concentration (Figure 1.4),
we contend that it provides a more parsimonious and physically grounded basis for
modeling ionic liquid—polymer mixtures. For cases where a more explicit treatment
of ion pairing is desired, extensions such as binding-MSA [110, 111] may offer a

systematic and rigorous framework, though less interpretable.
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(a) (b)

Figure 1.6: Phase diagram for PEO+[EMIM][BF,] at various PEO chain lengths
(color) where solid curves represent fittings obtained using a combination of MSA
+ x contributions when fitted to PEO-20 (a) and PEO-2 (b). Model parameters
are given in table 1.1. w), is the weight fraction of the polymer. Data are taken
from Ref. [65] where 7 in the notation PEO-i denotes the approximate kg/mol of the
polymer chain.

1.5 A Minimal Model
Building on the insights developed in the preceding sections, we now introduce a

minimal model for polymer—ionic liquid mixtures.

If one were to attempt rigorously accounting for all interactions present in a polymer—
IL system, it would require combining clustering, polymer—cation binding, electro-
static and y interactions. Aside from introducing significant model complexity,
these contributions are all temperature-dependent and can become intertwined,
leading to parameter degeneracy and ambiguity in interpretation [17]. An example
of this has already been hinted at in section 1.4 where the effects of polymer—cation
binding could be convoluted with a temperature-dependent y parameter. For these
reasons, a more pragmatic and robust modeling strategy may be to omit polymer-
cation binding altogether and absorb their effects into a temperature-dependent y
with both enthalpic and entropic contributions (leading to an LCST). As electro-
static correlations cannot be captured by an effective y parameter, and the mean
spherical approximation implicitly accounts for clustering, the MSA contribution

will be retained where we set oo = 0.4 nm, as we have done in our prior work[90].
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Figure 1.7: Phase diagram for poly(isopropyl glycidyl ether) (green, PiPGE)
and poly(n-butyl glycidyl ether) (blue, PnBGE) with 1-hexyl-3-methylimidazolium
bis(trifluoromethylsulfonyl)imide ((HMIM][NTHf,]) where solid curves represent fit-
tings obtained using a combination of MSA + y contributions. The model parame-
ters are given in Table 1.1. w), is the weight fraction of the polymer. Data are taken
from Bentley et al. [69].

The resulting expression is given by:

¢

Afﬁﬁ,: - }G

1%
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1
+ —
T

(1-¢)T3 (% + roa) -1 (% + ra) ] . (1.63)

where each term, its parameters and influence on the free energy of mixing has been
discussed in the previous section. This expression only departs slightly from the
classical Flory—Huggins theory, but retains the key physical ingredients necessary to
reproduce the thermodynamic behavior of these systems. Specifically, we propose
that the mixing free energy requires only three contributions: entropy of mixing,
polymer—ion interactions (captured via a temperature-dependent Flory—Huggins
parameter given by Eq. (1.5)), and electrostatics treated using the mean spherical
approximation (MSA). To avoid overfitting, an all-too-common pitfall[112, 17],
we deliberately restrict ourselves to just four adjustable parameters: the molecular
weight per effective monomer, the coefficients A and B in y between the polymer

and cation, and a single dielectric constant.

For the purposes of this section, we will focus on the PEO-[EMIM][BF4] system
studied by Lee et al.[65], although we have applied our model to two other polymer—
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ionic liquid mixtures. The resulting phase diagrams are shown in Figure 1.6 and
Figure 1.7, with the fitted values of the parameters given in Table 1.1. It is important
to note that the fitting is dependent on which data set is used, as demonstrated in
Figure 1.6 where we fit either to the longest (Figure 1.6a) or shortest (Figure 1.6b)
PEO chain length, with all other chains representing predictions. In this comparison,
we see that the PEO-20 fit provides much better predictions than the PEO-2 fit. This
is likely due to the fact that shorter PEO chains are expected to have different
dielectric constants[113]. We also note that, as discussed by Lee et al.[65], large
uncertainties are to be expected in the measurements of cloud points. As such, small
disagreements between predictions and experimental data, such as that for PEO-2
and PEO-5 mixtures, can be partially attributed to this. As such, for the remainder
of this section, we will focus on the PEO-20 parameters and Figure 1.6a where
the close agreement between the theoretical predictions and the experimental data
highlights the model’s extrapolative power and physical grounding, achieved using

a minimal set of well-motivated parameters.

Table 1.1: Parameters corresponding to the PEO+[EMIM][BF,] system for the
approach using a combination of the MSA + y contribution.

Parameter PEQO-20 Fit PEQO-2 Fit PiPGE Fit PnBGE Fit Units

M, /N 237.2 237.2 760.6 447.41 g/mol
A 2.509 2411 2.5717 2.677 -
B -923.3 -970.4 -764.1 -977.6 K
€ 9.228 8.356 9.158 11.883 -

We now briefly discuss the parameter values obtained from our model for the PEO-
20 fitting. If we consider the polymer chain length predicted in Table 1.1 and our
prescribed value for o, it suggests that each coarse-grained segment corresponds to
approximately five PEO monomers, which is consistent with the large Kuhn length
of PEO [114]. Note that while M,,/N is expected to be degenerate with o, as both
quantify the size of the chain, it is expected that this correspondence should remain
the same.

The fitted interaction parameters between the ions and the polymer are similarly
reasonable. They are intended to reflect the temperature-dependent balance be-
tween favorable ion—polymer binding at low temperatures and unfavorable hy-
drophilic—hydrophobic interactions at higher temperatures. The magnitudes are
comparable to those used for systems with similar lower critical solution tempera-
ture (LCST) behavior, such as water + PEO mixtures [96, 97]. The condition A > 0
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and B < 0 induces the LCST, as observed in Figure 1.6.
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Figure 1.8: Electrostatic (red), y (yellow) and ideal (green) contributions to the free
energy of mixing (blue) for PEO-20+[EMIM][BF4] at 90°C (left) and 170°C (right).
Parameters match those obtained from the PEO-20 fitting given in table 1.1.

Crucially, the inclusion of electrostatic interactions is necessary to capture the ob-
served shift in critical concentration. Without them, the coexistence curve would
be skewed toward polymer-dilute compositions. This arises from the inherent skew
in the electrostatic contribution compensating for the skew present in the entropy of
mixing, shown visually in Figure 1.8. The fitted dielectric constant falls between
the known values for PEO (5-10)[113] and for common ionic liquids (5-20)[115],
lending further physical credibility to the model. Note that this value is expected to
depend on the specific polymer—ionic liquid mixture. We also assume the dielectric
constant is independent of temperature, although it is known to generally decrease
with increasing temperature. Therefore, we interpret this value as an effective aver-
age over the temperature range considered. We note that, in our previous work[90],
the inclusion of this dielectric decrement by itself can induce LCST behavior in
aqueous polyelectrolytes. In polymer+IL systems, even if the decrement in relative
static permittivity with increasing temperature had been captured explicitly, due to
the already low value in the dielectric constant, this would be insufficient to drive

such behavior.

An interesting feature in Figure 1.6 is that the critical composition shifts toward
polymer-dilute regions with increasing chain length. Experimentally, while Lee
et al.[65] did not explicitly report the critical point, we note that the experimental
coexistence curves near criticality are relatively flat, making the precise location of

the critical point difficult to extract. Within this model, the trend arises because,
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for the two-phase region to close at lower temperatures, the favorable y interactions
must eventually outweigh the electrostatic contributions. Consequently, the critical
behavior becomes dominated by the entropy of mixing, which naturally drives the
critical point toward the polymer-dilute limit as chain length increases. However,
if the dielectric decrement with temperature is sufficiently strong so as to lead to
an LCST driven by electrostatic correlations alone, then based on the limited shift
in critical composition in Fig 1.4a, we would observe minimal shifts in critical

composition as the chain length increases.

Overall, the results presented in Figure 1.6 and Figure 1.7 demonstrate that even a
system as complex as polymer + ionic liquid systems, involving a convolution of
electrostatic and clustering interactions, can be accurately and transparently modeled

using a minimal set of physically motivated parameters.

1.6 Conclusion

In this chapter, we have developed a physically motivated framework for model-
ing the phase behavior of polymer—ionic liquid mixtures, with particular emphasis
on understanding the role of clustering, polymer—cation binding, and electrostatic
correlations. Starting from Flory—Huggins theory, we incorporated key non-ideal
effects through excess contribution to the mixing free energy expression. Through
systematic analysis of each contribution, we clarified the distinct and competing

roles they play in determining the phase behavior.

Our results demonstrate that although clustering leads to phase separation which
skews slightly towards the polymer-rich compositions, it cannot by itself account for
the experimentally observed lower critical solution temperature (LCST) behavior in
systems. Conversely, explicit modeling of cation—polymer binding, combined with
an unfavorable entropic Flory—Huggins interaction, can capture the LCST behavior
and yields critical scaling consistent with Flory—Huggins predictions. However, this
effect alone does not reproduce the shape of the coexistence curve with increasing

molecular weight observed experimentally in polymer—ionic liquid systems.

Importantly, we find that electrostatic interactions, often neglected in prior treat-
ments, have a profound and persistent influence on the phase behavior. The MSA
treatment captures not only the many-body, long-range nature of electrostatic inter-
actions but also implicitly reflects the tendency of ions to form clusters, eliminating
the need for a separate clustering term. The inclusion of this contribution leads to a

complete transposition of the critical concentration towards the polymer-rich com-
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positions, something that cannot be explained using a simple Flory—Huggins-type
theory. Interestingly, the critical concentration now approaches a finite value close
to ¢ = 1, in contrast to the typical result from Flory—Huggins theory. The change
in the critical temperature and concentration (from the infinite chain-length limit)

1/2

both scale as N~!, as opposed to the N~'/2 scaling from the Flory—Huggins theory.

Finally, we propose a minimal model that combines only three ingredients (mixing
entropy, temperature-dependent y interactions, and electrostatics) yet reproduces
key features of experimental phase behavior using a minimal set of physically inter-
pretable parameters. This model highlights how a carefully constrained theoretical
framework can yield quantitative predictions while avoiding the pitfalls of overfit-
ting and parameter degeneracy. Good agreement with experimental data on several

polymer—ionic liquid mixtures demonstrates the broad applicability of this model.

Together, these findings offer a unified and extensible framework for the thermo-
dynamic modeling of polymer—ionic liquid systems, with implications for both
fundamental understanding and materials. A brief example of this is shown in the
appendix for a chemically-different system, polyelectrolyte coacervates, where the
same physical model can be used to illustrate the origins of another anomalous

phenomena.

1.7 Appendix

Guest Polymer Selectivity in Complex Coacervates

This section contains work currently in preparation: Zongpei Wu, Julia Bonesso-
Sabadini, Pierre J. Walker, Watson Loh, Zhen-Gang Wang, Sarah L. Perry, and
Shensheng Chen. “Origin of the Anomalous Guest Polymer Selectivity in Complex
Coacervates”. In: Submitted (2026)

Complex coacervates are charge-rich liquid phases formed through the association
of oppositely charged macromolecules. Their ability to selectively concentrate
proteins, nucleic acids, and synthetic polymers is central to their biological function
and to proposed applications in artificial cells, therapeutic delivery, and nanoreactors
[116, 117, 118]. However, guest uptake is often strongly dependent on molecular
size, charge density, and charge sequence. For example, coacervates may absorb
small neutral solutes while excluding chemically similar neutral polymers [119, 120,
121]. Charged guests likewise exhibit selectivity that cannot be explained solely
by macroscopic charge compensation: proteins containing localized charge patches

can partition more strongly than proteins with comparable net charge but more
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disordered charge distributions [122, 123]. These observations suggest that guest
partitioning is governed by how the guest perturbs the electrostatic correlations that

stabilize the host coacervate.

Here, we apply the theory developed earlier in this chapter for polymer—ionic-
liquid mixtures to describe guest polymers in complex coacervates. Only minor
modifications are required because the theory is already formulated for arbitrary
multicomponent mixtures. For an incompressible mixture of equal-sized segments,

the free energy is written as

Afmix = Afra + Afer, + Afen., (1.64)

where Afrg is the Flory—Huggins free energy mixing, Afe. is the electrostatic
correlation contribution obtained from the mean-spherical approximation [82, 98],
and A f, is the free-energy contribution associated with connecting charged beads
into chains [124]. This latter term is the only new contribution required. More

details given in Sections 2.2 and 3.2.

In our treatment, it is assumed the coacervate host is made up of oppositely charged
polyelectrolyte (N;, = 50), guests of varying composition and the remainder being
comprised of monomeric, neutral solvent. All y interactions have been set to zero
to isolate the effects of electrostatic interactions. Neutral guests are represented by
chains of uncharged beads. For partially charged polyelectrolytes, a fraction f of the
guest beads is assigned a charge and the corresponding neutralizing counterions are
included explicitly. For polyampholytes or intrinsically disordered proteins (IDPs),
the bead charges are assigned according to the prescribed sequence, so that the chain
contribution distinguishes between like-charged and oppositely charged neighboring
segments. The electrostatic free-energy expression itself is unchanged. Thus, the
differences between the guest classes enter through the species composition, the
required counterions, and the statistics of the bonded charge pairs rather than through

the introduction of an additional phenomenological interaction parameter.

Global phase equilibria are obtained by enforcing equality of the chemical poten-
tials and pressure between all coexisting phases [20] as described in section 1.3.
Figure 1.9 shows representative phase diagrams in terms of the total host and guest
volume fractions, ¢, and ¢,. The dashed gray path corresponds to replacing solvent
with guest at fixed host content, as in the accompanying simulations. An intersection
of this path with the two-phase region therefore indicates that the guest is expelled

from the host-rich coacervate.
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Figure 1.9: The physical origin of the exclusion of guest polymers and its conse-
quence on the guest encapsulation efficiency. (a) to (c), Phase diagrams of the host
(n, N = 50) + guest (¢g, Ny = 50, unless indicated otherwise) for each guest
considered in this work. Areas enclosed by the solid colored lines represent the two-
phase regions where, if the composition of our systems enters this region, a phase
split is expected to occur where the composition of the coexisting phases lies on a tie
line (examples given by the colored dashed lines). The dashed gray lines represent
the process of substituting solvent with guest species, as done in our earlier work.
If this line enters the two-phase region, the guest is expelled from the coacervate
phase. The solid gray line represents the specific tie line over which the mixing free
energies in figures (d), (e), and (f) are obtained. Not included for simplicity is the
three-phase region present in (b), which occurs at low ¢,. (d) to (f), Free energies
of mixing, and their respective electrostatic and chain contributions, obtained when
traversing the phase diagrams along the solid gray line, where ¢ denotes the path
along the tie line, for each guest considered. Conditions correspond exactly to those
used in figures (a) to (c).

For neutral guests, increasing chain length widens the two-phase region; when
N, = 50, nearly the entire diagram lies within the two-phase domain, as shown in
Figure 1.9(a). Along the gray path, the point at which phase separation occurs shifts
to progressively smaller guest fractions as N, increases. This aligns with simulation
results[125]: for N, = 10, ¢, = 0.01 remains in the one-phase region, whereas for
N, = 50 the system expels almost all guests, as indicated by the red tie line linking

a guest-free coacervate to a host-free supernatant.

To identify the driving forces, we compute the free-energy change along an arbitrary
path (black line in Figure 1.9(a)) between a guest-free coacervate (¢ = 0) and
a coacervate-free mixture (¢ = 1). Note that, even if a tangent line can be drawn

along this projection, the compositions along this path do not necessarily correspond
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to the true, globally optimal phases. While we could have chosen a path that connects
coexisting phases, doing so in a fair comparison between all systems is unfeasible.
Further, this approach allows us to decompose the free energy (Figure 1.9(d)) into
the electrostatic correlation contribution AF,; and the chain-formation contribution
AF¢,, where both are strongly unfavorable as N, increases. Introducing neutral
guest dilutes the charge concentration, thereby weakening electrostatic attractions,
an energetically costly effect which favors demixing, as discussed in section 1.2.
Moreover, chain formation among like charges is more extended relative to a neutral
chain due to electrostatic repulsions. Such conformations are entropically favorable
and diluting the charged environment reduces this effect and produces an unfavorable

contribution to AF.

Both mechanisms are insensitive to the guest’s chain length and thus behave analo-
gously to the “enthalpic” term in a Flory—Huggins description, but with the crucial
distinction that electrostatic interactions are inherently many-body and cannot be
captured by a single y-parameter [103, 104, 107], as discussed earlier. These contri-
butions compete with the entropy of mixing, which decreases with increasing chain
length of either component. Consequently, once both host or guest chain length ex-
ceeds a certain chain length (N, N; > 50), the mixing entropy becomes too small
to offset the unfavorable electrostatic correlation and chain formation contributions,

and neutral guests are universally expelled.

When the guest carries a small charge fraction f, the phase behavior changes qual-
itatively (Figure 1.9(b)). Introducing a weak polyelectrolyte necessarily introduces
counterions as well; ¢, therefore represents the combined volume fraction of the
guest beads and their neutralizing counterions. As f increases, the two-phase region
shrinks, and for f = 0.50 the gray path no longer intersects the two-phase domain,
consistent with simulations, where higher-charge-density guests readily mix with

the coacervate.

The free-energy decomposition along the black path in Figure 1.9(b) (plotted in
Figure 1.9(e)) confirms that both AF;; and AF, are reduced relative to the neutral
case. This is because the guest now introduces some charge, reducing the dilution of
the electrostatic interactions. Moreover, the accompanying counterions contribute
strongly to the entropy of mixing, further incentivizing mixing. Together, these

effects suppress the exclusion of the charged guest observed for neutral guests.

The behavior of intrinsically disordered proteins (IDPs) is more nuanced. The two-

phase region is much smaller overall, requiring a zoomed-in axis in Figure 1.9(c).
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More ordered sequences (« = 1.0) can even self-coacervate in the absence of host
polymer (¢, = 0). Because these IDPs gain electrostatic cohesion from contacts
within their own chains, they mix favorably with the host coacervate, as reflected by
the positive-slope tie lines. Only when the sequence becomes sufficiently disordered
does the two-phase region begin to expand, and the tie lines invert to indicate
expulsion rather than mixing. The more disordered sequences (« = 0.08 and 0.00)
exhibit a re-entrant-like behavior: the two-phase region grows at low guest fractions
but closes again at larger ones. The gray path intersects the two-phase domain only
when the sequence is fully disordered (k = 0.00), consistent with the simulation

results.

The free energy change contributions in Figure 1.9(f) show that, unlike the previous
two cases, the electrostatic contribution AFy is nearly negligible across all IDP
sequences. Because the guest introduces fully charged species (even though the net
charge is zero), the overall charge density is not diluted, and electrostatic correlations
remain largely unchanged. Exclusion of the guest is therefore driven almost entirely

by the chain-formation term AFy,.

IDPs differ from standard polyelectrolytes because they form both like-charged and
oppositely-charged neighboring pairs. Unlike polyelectrolytes, which only contain
like-charged neighbors, IDPs experience favorable local electrostatic attractions that
promote locally collapsed conformations, reducing chain entropy. More disordered
sequences (smaller k) contain more such unlike-charge contacts and therefore incur
a larger entropic penalty upon forming chains. This penalty is only sufficient to
drive phase separation when the sequence is highly disordered, and even then the
driving force is weak; a slight increase in charge concentration would increase
screening and eliminate the effect, restoring a single-phase system. This explains
the re-entrant behavior observed in Figure 1.9(c). Note that the approach used only
considers pair-wise interactions. As such, we do not account for any long-range,
intramolecular interactions within IDPs. Such effects are considered in more detail
within Chapter 3.

Thus, using a very similar theoretical approach, we identify a common physical
origin for the selectivity of neutral, charged, and sequence-defined guests: guest
incorporation perturbs the long-range, many-body electrostatic and conformational
correlations of the host coacervate. The particular free-energy contribution respon-
sible for exclusion depends on the guest architecture, but no change to the underlying

theory is required, demonstrating the generalizability of such coarse grained models.
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Chapter 2

EXPLICIT SOLVENTS REVERSE ELECTROSTATIC PHASE
BEHAVIOR IN CHARGED FLUIDS

Coacervation in charged polymer solutions underlies the formation of many func-
tional materials and biological condensates. Most existing theories treat the sol-
vent implicitly as a homogeneous dielectric continuum with a prescribed dielectric
constant, thereby neglecting both the coupling between ionic and dipolar degrees
of freedom and differences in dielectric response between coexisting phases. In
this chapter, we combine molecular dynamics simulations with an explicit-solvent
liquid-state theory that incorporates the orientational polarization of dipolar sol-
vent molecules directly into the thermodynamics of electrolyte and polyelectrolyte
solutions. The dielectric response is determined self-consistently from the temper-
ature and local composition, allowing the coacervate and supernatant to develop
distinct dielectric constants and Bjerrum lengths. At finite charge concentrations,
many-body ion—dipole correlations suppress local dipolar screening and reverse
the temperature dependence of effective electrostatic interactions. This collective
effect, which is inaccessible to pairwise implicit-solvent descriptions, produces
upper-critical-solution-temperature behavior in direct contrast to the lower-critical-
solution-temperature behavior predicted by conventional implicit-solvent electro-
static theories. When applied to complex coacervation with added salt, the theory
further predicts an experimentally observed inversion of salt partitioning arising
from competition among dielectric-mediated electrostatic stabilization, electrostatic
screening, and mobile-ion mixing entropy. These results identify solvent polariza-
tion as an active thermodynamic degree of freedom and demonstrate that phase-
dependent dielectric environments can fundamentally control phase separation and

ion partitioning in charged polymer solutions.

This chapter includes work currently in preparation: Pierre J. Walker and Zhen-
Gang Wang. “Explicit Solvents Reverse Electrostatic Phase Behavior in Charged
Fluids”. In: In preparation (2026)

Pierre J. Walker, Tianyi Jin, Alejandro Gallegos, and Zhen-Gang Wang. “Dielectric
Inhomogeneity Governs Phase Behavior and Salt Partitioning in Complex Coacer-

vates”. In: In preparation (2026)
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2.1 Introduction

As shown in Chapter 1, treating electrostatic correlations explicitly already captures
phase behavior that pairwise, Flory—Huggins-type theories miss; the present chapter
asks how the remaining implicit-solvent approximation used there may change the

resulting phase behavior.

Much of our understanding of electrolyte and polyelectrolyte solutions is based on
the use of implicit solvent models, in which the solvent is represented as a dielectric
continuum, with polarization and dipolar degrees of freedom subsumed into a single

parameter, the dielectric constant, which rescales Coulomb interactions as!

qiq; I
— =77 — 2.1
ArepekpTr oy 21

Boe(r) =

where g; and g; are the particle charges, Z; and Z; their valencies, and /g =
e?/(4nepekgT) is the Bjerrum length, a measure of the strength of electrostatic

interaction relative to thermal energy.

The dielectric-continuum framework played a central role in the classical theories
of Gouy—Chapman [126, 127], Debye—Hiickel [29], Wagner [128], and Onsager
[30, 31]. These developments established many of the foundational concepts in the
physics of ionic solutions, including electrostatic screening, ionic correlations, and
the structure of the electrical double layer. Subsequent treatments incorporated the
finite hard-core size of ions, leading to the primitive model, whose analysis remains
a central component of liquid-state theory and underpins a large fraction of modern

computer simulations of electrolyte systems.

The same implicit-solvent description forms the basis of most contemporary the-
ories of polyelectrolyte phase separation. Of particular interest is complex coac-
ervation, a liquid-liquid phase-separation process in which a solution containing
charged macromolecules separates into a dense, polymer-rich coacervate and a di-
lute, polymer-poor supernatant. Coacervation plays an important role in materials
science [116] and is increasingly recognized as a driving force for the formation
of biomolecular condensates and membraneless organelles, which provide spatial

organization for numerous cellular processes.

Theoretical approaches have been instrumental in identifying the molecular mecha-

nisms governing coacervation and establishing general design principles for charged

I'The first instance of this formulation is believed to appear in Maxwell’s “A Treatise on Electricity
and Magnetism”.
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macromolecular systems [44, 36]. Modern theories describe the competition among
electrostatic correlations, chain connectivity, excluded-volume interactions, and the
translational entropy of polymers and mobile ions [88, 129, 130, 106, 131, 105,
132, 133, 124, 134, 12, 135]. These frameworks have subsequently been extended
to describe the effects of charge asymmetry [136, 137], counterion valency [4, 131],
salt partitioning [138, 139], charge regulation [140, 141, 142, 143], and polymer
charge sequence [144, 145, 130].

Despite their considerable success, most of these theories assume that the solvent
can be represented as a spatially homogeneous dielectric medium with a prescribed
dielectric constant. The consequence of this is better understood by examining the
effect of the temperature-dependence of the dielectric constant on the phase be-
havior. If the dielectric constant is fixed, increasing the temperature decreases the
Bjerrum length and weakens electrostatic interactions. In strongly polar solvents,
however, increasing temperature also disrupts dipolar correlations and reduces e;.
This reduction can be sufficiently strong that the Bjerrum length increases with tem-
perature, as illustrated for several common polar solvents in Figure 2.1. Electrostatic
interactions may therefore be interpreted as strengthening upon heating, in contrast

to most conventional attractive intermolecular interactions.
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Figure 2.1: Bjerrum length /g as a function of temperature for water, methanol,
acetonitrile, and acetone, calculated from experimental static-permittivity data ob-
tained from the DETHERM databank [146].
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Within an implicit-solvent theory employing the dielectric response of the pure
solvent, this behavior suggests that electrostatic correlations should promote phase
separation at elevated temperatures and therefore produce lower-critical-solution-
temperature (LCST) behavior. This mechanism has been invoked to explain ex-
perimentally observed LCST behavior in aqueous polyelectrolyte complexation
[147, 90]. However, it cannot provide a general account of electrolyte phase be-
havior. In particular, it is difficult to reconcile with the frequently observed in-
crease in simple-salt solubility with temperature or with the upper-critical-solution-
temperature (UCST) behavior reported for several polyelectrolyte systems [ 148, 149,
150].

The limitation arises because the dielectric constant is not solely a property of the
pure solvent and cannot, in general, be prescribed independently of the ionic com-
position. Ion—dipole interactions partially align and saturate the solvent molecules
surrounding an ion, reducing their ability to respond to an external electric field.
The resulting decrease in the dielectric constant with ionic concentration is the
well-known dielectric decrement [151, 152, 153]. Direct ion—dipole interactions
also generate solvent-mediated, effective many-body interactions between ions that
cannot be represented by the pairwise Coulomb potential in Eq. 2.1. The solvent
therefore does more than passively rescale electrostatic interactions: its polariza-
tion is coupled directly to the local charge concentration and contributes to the

thermodynamics of the solution.

This coupling becomes particularly important in phase-separated systems. Conven-
tional continuum theories assign the same dielectric constant to the coacervate and
supernatant even though the two phases differ substantially in polymer, salt, and
solvent composition [154]. In reality, their different charge concentrations should
produce distinct solvent-polarization responses and, consequently, distinct dielectric
constants and Bjerrum lengths. The electrostatic correlations stabilizing each phase
then modify the local composition, which further alters the dielectric response. This
feedback between composition, solvent polarization, and electrostatic interactions

cannot be captured when ¢, is treated as a fixed external parameter.

Recent studies have begun to relax this assumption by introducing explicit dipolar
solvent molecules or by incorporating the measured temperature dependence of the
dielectric constant [155, 147, 156, 157]. Mean-field treatments of dipolar solvents,
for example, account explicitly for dipole—dipole and ion—dipole interactions [155,

147], whereas other approaches prescribe €, (T) using empirical correlations for bulk
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water [158]. The latter introduces an additional temperature-dependent contribution
to electrostatic interactions that is sometimes described as electrostatic entropy
[159].

In this chapter, we develop an explicit-solvent liquid-state theory that incorporates
the orientational polarization of dipolar solvent molecules directly into the thermo-
dynamic description of electrolyte and polyelectrolyte solutions. The theory builds
upon the mean-spherical-approximation treatments of dipolar and ion—dipole fluids
developed by Blum and others [82, 98, 160, 161, 124]. We employ a minimal
molecular model in which solvent molecules are represented as hard spheres carry-
ing point dipoles, while ions or charged polyelectrolyte monomers are represented as
hard spheres carrying discrete charges. This model retains the orientational degrees
of freedom of the solvent while remaining sufficiently simple to permit an analytical
thermodynamic treatment. We corroborate these findings using molecular dynamics

simulations of an equivalent system.

2.2 Methods

We take this opportunity to discuss the appropriate normalization of the variables
present in the theory. As with previous treatments[88, 138, 3], the bead diameter,
o, provides a simple normalization for the densities (¢; = p;o>). Normalizing
temperature is more subtle. In most treatments of electrostatics, a common metric
used to characterize the strength of electrostatic interactions is a reduced Bjerrum

length:
2

- I ex
s = o drepekgTo’ 2.2)
where e, is the elementary charge, € is the vacuum permittivity, € is the dielectric
constant of the medium, kg is the Boltzmann constant and 7 is the temperature.
Inherently, I is the inverse dimensionless temperature. However, in the explicit
solvent treatment, the dielectric constant also becomes dependent on composition,
making /g an inappropriate measure to characterize temperature. As such, we will
instead define the temperature scale relative to the Bjerrum length of a vacuum, /g o,

eliminating the dielectric constant from our temperature length scale:

- 4mepksT
TZMO—Z‘B”:L’ (2.3)
e? g0

By a similar token, we normalize the dipole strength by the electrostatic energy:

u
e.o

= 24)
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As a reference, assuming o = 3Aand T = 300K, T ~ 0.005. For most dipolar

solvents in the liquid phase (such as water), the dipole strength can range from
2-4 D, which, rescaling to account for the electronic polarizability of most solvents

(€x = 2), would give a range of i ~ 0.15-0.4.

Theory
We describe both the implicit- and explicit-solvent models within a common liquid-
state-theory framework[124, 88]. Due to the mathematical complexity of these
terms, unlike the previous chapter, the theory will expressed in terms of the total
Helmholtz free energy, rather than the mixing function. Maintaining a consistent set
of dimensionless variables, we define the reduced Helmholtz free-energy density as
f= %BT = fid. + fos + fele. + fehain - (2.5)
The four contributions account for the ideal translational entropy, hard-sphere ex-
cluded volume, electrostatic correlations, and chain formation, respectively. The

ideal contribution accounts for the translational entropy of each species,

NP
fa=) 1% ln(pTil) - 1] , (2.6)

where A; is the thermal de Broglie wavelength of species i. Excluded-volume in-

teractions between disconnected beads are described using the Boublik-Mansoori—
Carnahan-Starling—Leland (BMCSL) equation of state [162, 163]. For equal bead

diameters, this reduces to the Carnahan—Starling expression,

61 (4 - 3n)
=t vV 2.7
where
_T 3
=g Ei pio” . (2.8)

is the total packing fraction. Under the incompressibility constraint imposed below
the packing fraction is fixed at n = /6. The hard-sphere term is therefore retained
for formal completeness but does not affect phase equilibrium for the equal-diameter

incompressible systems considered here.

The implicit- and explicit-solvent descriptions differ in the treatment of electrostatic
correlations and, consequently, in the reference contact correlations entering the
chain contribution. These terms are developed separately below. The implicit-
solvent electrostatic contribution is identical to the one used in Chapter 1 and

Chapter 3, although we now place more emphasis on the derivation of the this term.
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We note that, unlike prior works where the solvent is treated entirely implicit, only
contributing through the dielectric constant, for consistency between both implicit
and explicit solvent treatments, the solvent within the implicit solvent treatment will

also be included as a neutral hard-sphere satisfying the incompressibility constraint:

Z pic? = Z gi=1. 2.9)

This also accounts for any differences in packing effects between the two treatments.

Implicit Solvent

In the primitive-model mean-spherical approximation developed by Blum and co-
workers[82, 98], ions are represented as charged hard spheres embedded in a dielec-

tric continuum. The pair interaction is:

ion oo, r <o
u;; (r) = 22,6 (2.10)
dreper ’ rzo
0€r

where Z; is the valence of species i and r is the separation distance between beads
i and j. The solvent enters the electrostatic reference system only through the
prescribed relative permittivity €. By solving the Ornstein—Zernike[164] equations

under the MSA closure, Blum[82, 98] obtain the following central equation:

2r(1 +To) =«, (2.11)

e

eo&kpT i /OiZ,-2 is the Debye

inverse screening length. From this result, Blum also derived the free-energy

2
where I" is the MSA inverse screening length and k? = —=

contribution from electrostatic interactions as:

32/3+To)
—

Jele. = — (2.12)

In this form, only disconnected charged beads are accounted for. The free energy
change when disconnected beads are assembled into chains can be accounted for
by invoking Wertheim’s first-order perturbation theory[165, 166, 167, 168], which

gives:

1 3
Fehain = — Z pi (1 - ﬁ) In [ gii (o) eP )] | (2.13)

1

where g;; (o) and u;; (o) are the contact pair distribution function and interaction

potential between beads i and j. While both can be obtained from the MSA treatment
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for charge hard spheres, it is known that g}.\j/.[SA(o') can give erroneous predictions
(namely g}.\]/.[SA(O') < 0) which would result in unphysical values of fchain. Because
of this, the EXP approximation[169, 170, 171, 172] is typically invoked, where:

8 (@) = gl (@) exp (g5 (o) - S (e) (2.14)

where the hard-sphere radial distribution function at contact, g"S(o), is given
by[173]:

2+n
HS
8ij (0'):2(1_)7)2, (2.15)
and:
IBZ;Z;
gll-\,/'[SA(O')—gi}jI'S(O') =—m- (2.16)
The contact interaction potential is simply:
Is
ﬁu,‘j(O') = Z,‘Zj; . (2.17)

Explicit Solvent

The explicit solvent treatment proposed in this work is based upon the work de-
veloped by Blum and Wei[160, 161] and subsequent works by Simonin[174, 175]
which aided in clarifying many of the ambiguities in the former. Here, “explicit
solvent” denotes a molecular-level reference model in which each solvent molecule
is represented as a hard sphere carrying a central point dipole. The model there-
fore resolves ion—dipole and dipole—dipole correlations explicitly, while retaining
a coarse-grained representation of molecular structure. As a result, the ion—ion

interaction no longer require the dielectric constant in its definition:

ion 0, r<o
i (r) = 2z, (2.18)
4repr =Y
Subsequently, ion—dipole interactions are also included:
L o0, r<o
ul.(?n dipole — (219)

L Ziec
L. >
47r60r3”J r, rzo,

where p; is the dipole vector of species j and r is the separation vector between

species i and j. Finally, dipole—dipole interactions are also included:

udipole-dipole _ e, r<o

ij : o 3(y)
dnepr3 Hi J r2

(2.20)

], r=o.
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Because the dielectric response is generated by the explicit dipoles, we introduce

the bare Debye parameter

2
2 Cc 2 - _
Ky = okl Ei piZ;, Ko = Koo, (2.21)

where the sum again extends over charged species. The dipolar coupling is charac-

terized by

¥ = psolv,uz
360kBT.

(2.22)

Using an invariant expansion with spherical harmonics[176, 177] and following a
similar procedure to the implicit solvent approach, Blum and Wei[160, 161] obtained
the following three central equations, each corresponding to the ion—ion, ion—dipole
and dipole—dipole correlations. To the best of our ability, for a system in which all

beads have the same diameter, we obtain a simplified set of equations:

(14T0)’T?+ (1 =D)(1+To)’(1 + 1+ To)?

(2.23)
DL tlo [D(1+2+T0)?(B+1+To) = (1 +Ta)(1+2)(3+21 +2I0)]
(2.24)

90+ (- v (1+To)2(D -1) ,

To(2 7 )2 (L7 psoe KT op2 (3+1+T0o)

(2.25)

where D and A are measures of the ion—dipole and dipole—dipole interaction strength.

The auxiliary quantity K'! is given by

A2+ A4
1_psolV.K11 = %
D -1
+ 3D (1+A+To)B3+A+T0o), (2.26)

and the dielectric constant is related to y and A through:

9(1+2)*

Tlez+ 02X (27

r:

Thus, unlike the implicit-solvent model, the dielectric response is predicted from

the density and dipole moment of the solvent together with the ion-induced changes

2.2
:DKO
4 b

ZEI"



57

in the MSA scaling parameters. From these equations, the free energy contribution

from electrostatic interactions is given by:

1
127

fele. =

— +
o 1+T0 2+ A1

K2(0—1—ra (D-1)

-7, (2.28)

where the full expression for J’ involves three contributions:

J = Ji/on—ion + 2‘]i/on—solv. + Jéolv.—solv. ’ (229)
where: 3
/ o 2
Jion-ion = 3 IZ]: PiP;j (l’lion-ion,ij (0-)) s (230)
where:
2+n 4lgp (3(D-1) 5
hion—ion,ij(o') = 2(1—_]7)2 ) J'DK20'3 ( 2+ A + (FO’) . (2.31)
For Ji,on—solv.: 3
, no
Jion-solv. = T Z Pipj(hion-solv,,ij(0-))2 > (2-32)
i€ion jesolv.
where:
Vpi(D -1
hion—solv.,ij(o-) = —4\/§Z,'L)(/l + FO‘(I + A+ FO‘)) . (233)
DVI
And for Jéolv.-solv.:
3 2
, no (hsolv.-solv.2(07))
‘]solv.—solv. = T (]/LSOIV--SOW-J(O-))2 +— SOSV Z PiPj » (2.34)
ijesolv.
where: .
’ + 2 ’
hsolv.-solv.,l(o-) = Q—q s (235)
2V3no
11 _ 24’
hsolv.-solv.,Z(O-) = \/EQ—Q s (236)
2V3ro
and:
24 D -1
o' = —3(/l+(D—1)(1+/1+Fo-))+2( )(1+F0')(1+/1+F0')— 3
Dpsoly.0 Psolv.0

(2.37)
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, 6(/1—1)(/l+3)
2+ D)1+ )2
The dipole-free limit is obtained for y — 0, D — 1, and 4 — 1. In this limit,

(2.38)

Egs. (2.23) and (2.28) reduce to the primitive-model MSA with a vacuum dielectric
background, ¢, = 1,and J’ = F3/ (37). Conversely, in the ion-free limit, ko = ' = 0
and D = 1, such that Eq. (2.25) becomes
2A+0*
— 16 - € -
Combined with equation 2.27, this gives the expression for Wertheim’s dielectric
constant[178].

(2.39)

By using the same EXP approximation used in the previous section, we can obtain
the free energy change when forming chains of charged beads in the explicit solvent

treatment. In this case, we have:

&2 (o) = g1 (0r) =
4lgp (3(D-1)

ayEr ey +(To)?| . (2.40)

- 7,Z;

In the limit of no dipoles, equation 2.40 recovers equation 2.16 by substituting
equation 2.11 with € = 1.

Within the electrostatic reference fluid, charged beads enter through their densities
irrespective of whether they are free ions or segments of a polyelectrolyte. Polymer
connectivity enters separately through the chain term. Consequently, the predicted
dielectric response depends on the density of charged beads but does not distinguish
salt ions from chemically identical charged polymer segments at the level of the
MSA electrostatic term.

With this, all equations necessary to model polyelectrolyte phase behavior in an
explicit solvent have been defined. As noted earlier, equations 2.23-2.25 must be
solved simultaneously for I', D and A. This must be done with an iterative solver
where, for reliable solutions, we recommend using the initial values obtained from

both the ion-free and dipole-free limits (D can be initialized at unity).

Phase Equilibrium and Criticality

All systems are treated as incompressible,

Z ¢ =1, (2.41)



59

which allows the solvent volume fraction to be eliminated. We consider symmetric
mixtures of oppositely charged polyelectrolytes with equal chain lengths and equal-
magnitude valences. Local electroneutrality is imposed in each bulk phase, such
that

bp+ = dp- = % (2.42)
For a symmetric monovalent salt, we similarly set
s+ = Ps— = % (2.43)
The solvent fraction is therefore
Psov = 1 = dp = ¢s. (2.44)

For co-existence to exist between a supernatant and coacervate phase, we must have:

su

1" = pi, Vie{p,s}, (2.45)
Hsup. — HCO. , (246)

where the chemical potential, y;, is obtained by:

of )
;= , 2.47
8 (a¢i T.¢j=i ( :

and the osmotic pressure is given by:
M=+ i (2.48)
i

For the salt-free system, incompressibility and electroneutrality leave ¢, as the only

independent composition variable. The critical point therefore satisfies

2
(‘9—];) =0, (2.49)
943 ).,
(m—f) =0 (2.50)
i) =" .

All calculations in this work are performed using Clapeyron.jl[20] where partial

derivatives are obtained using the ForwardDiff.jl[102] package.
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Molecular Dynamics Simulations

All simulations are performed using LAMMPS[179] with an NVT ensemble where
temperature was maintained at 7 in Lennard-Jones (LJ) units using a Nosé—Hoover
thermostat which accounts for the rotational degrees of freedom of dipolar particles
with a relaxation time 7 = 100Ar (where At is the timestep) and a constant total
reduced density (po>) of 0.8 was set for all conditions. [180, 181] The solvent was
treated as a spherical bead with a permanent point dipole of magnitude [, while
charged particles were treated using the Coulombic potential with charge +4. Both
interactions are evaluated in real space up to a cutoff distance of r., dependent on
the system, beyond which the interactions are evaluated in Fourier space using the
particle—particle particle—-mesh (PPPM) method for long-range dipolar interactions
[182] with a target force accuracy of 10™*. To emulate hard-sphere interactions so
as to closely mimic the theoretical predictions, all particles also interact through the
Weeks—Chandler—Adams (WCA) potential:

N
m
—
—_—
~19
SN—
—
)
|
—_—
~ S

)6+‘—11], ifr <260

Uwca(r) = (2.51)

0, ifr> 260

where € is the Lennard-Jones energy parameter which provides the normalization
for the temperature in LJ units, 7 = T/(kge). When considering polyelectrolytes,

adjacent monomers were connected using the finite extensible nonlinear elastic

(FENE) potential[183],
\2
1 - (R_o) ] (2.52)

Although we use the LJ unit system within LAMMPS as it does not natively support

Urpne(r) = —0.5kRZ In

with k = 30e/0? and Ry = 1.50.

the dimensionless unit system used within the explicit solvent liquid state theory
proposed earlier, we map the LJ temperatures (), dipoles (/) and charges (§) to the
desired units through the following relationships:

_ T i
T=—— =K g=zx10. (2.53)
4ng? g
This provided the benefit that the simulations used values of O(1) in LJ units
for the temperature (T ~ 1.0-3.0), charges (§ ~ 3.0—11.5) and dipole strengths

(fi ~0.3—-1.7), resulting in numerical stability.
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All systems were initialized using Packmol[184] followed energy minimization
using the conjugate-gradient algorithm until both the energy and force tolerances
reached 107>, Particle velocities were then initialized from a Maxwell-Boltzmann

distribution at the specified reduced temperature with zero net linear momentum.

Unlike the theoretical calculations for polyelectrolytes, rather than using a homopoly-
electrolyte, we use chains with alternating neutral and charged blocks, where all
chains start and terminate with a neutral bead. This was done due to the fact that,
with an explicit solvent, polyelectrolyte beads no longer represent entire monomers.
More appropriately, they now represent functional groups, where neutral groups
would be separating the charged groups. Keeping with the simplified representation,
we only consider a linear chain. Furthermore, due to the more polarizable nature
of functional groups in polyelectrolytes compared to simple electrolytes, we must
account for the larger electronic polarizability contribution to the dielectric constant.
In conventional forcefields, this is done through rescaling of the charges.[185] For

simplicity, we rescale all charges by /e, where €., = 2.

All simulations used a timestep At = 0.0057 where 19 = \Vmo?/e.

Bulk Simulations

In order to compute dielectric properties of dipolar solvent with varying temperature,
dipole strength and simple electrolyte composition, we perform bulk, isotropic
simulations with 5000 total particles. A real-space cutoff of 70 for electrostratic
interactions. Systems were equilibrated for 10° timesteps followed by 2 x 10°
timesteps for production. We compute the dielectric constant, €, from equilibrium

polarization fluctuations using the Kirkwood fluctuation formula,[186, 152]

4rp ) )
=1+ ——((M~) - (M)?), 2.54
&= 1+ 3 m((MP) = (M) 2.54)
where the total system dipole moment is:
M= E i, (2.55)

making use of MDAnalysis[187] and MDCraft[14] to parse the simulation trajecto-
ries. Block averaging was used to compute dielectric constant errors.
Slab Simulations

In order to determine the composition of co-existing phases, we perform slab simu-

lations where, initializing the coacervate as pure electrolyte and the supernatant as



62

pure solvent, the compositions are allowed to equilibrate over the duration of the
simulation. In the case of simple electrolytes, a box of 100~ X 100~ x97.50 with 6000
solvent particles and 900 ion pairs. In the case of polyelectrolyte coacervates, a box
of 150 X 150 x 1480 with 18000 solvent particles, 270 polyelectrolyte pairs and
equivalent composition of ion pairs. For simple electrolytes and polyelectrolytes, a
real space cutoff of 80 and 140~ were used, respectively, to evaluate the electrostatic

interactions using PPPM.

We initialize the coacervate / charge dense slab by first introducing charged species
in the system, and dragging them to the center of the box over 10° timesteps.
Subsequently, solvent is added to the remaining box volume. After an additional
energy minimization step, the two domains are allowed to equilibrate and reach
the equilibrium density. While not all system conditions required it, equilibrium

compositions were typically reached after 107 timesteps.

Compositions of the coexisting phases were determined by obtaining the density
profiles using MDCraft[14].

Potentials of Mean Force

To examine the effects of temperature, dipole strength, charge concentration and de-
gree of polymerization, we compute PMFs between oppositely charged monovalent
ions and oppositely charged polyelectrolyte chains using the adaptive biasing force
(ABF) method[188, 189] implemented in the Colvars module [190].

For simple electrolytes, a box of 18.420 X 18.420 x 18.420 was initialized with
5000 total particles, with at least one ion pair. The ion separation distance is treated
as a collective variable and is varied over the interval 1o to 9.210. The system is
initially equilibrated for 10° timesteps followed by 107 timesteps for production. A

real space cutoff of 70 to evaluate the electrostatic interactions using PPPM.

For complex polyelectrolytes, a box of 400 X 400~ x 400~ was initialized with 48000
total particles, with one pair of polyelectrolytes with their counterions. The chain
center-of-mass separation distance is treated as a collective variable and is varied
over the interval Oo to 200 divided into five intervals. The system is initially
equilibrated for 107 timesteps followed by 2 x 107 timesteps for production. A real

space cutoff of 140 to evaluate the electrostatic interactions using PPPM.
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Figure 2.2: Temperature dependence of the dielectric constant (solid lines and
symbols, left axis) and Bjerrum length (dashed lines, right axis) for a pure solvent
(a) and solvent + salt mixture (b). Lines denote results obtained from the explicit
solvent theory while symbols denote results obtained from simulations.

2.3 Results and Discussion

Dielectric constant

The strength of electrostatic interactions is often characterized by the Bjerrum
length, /g, defined as the separation at which the Coulomb interaction between
two elementary charges equals the thermal energy, kg7. The Bjerrum length is
therefore given by Iy = e2/[4nepe:(T)kpT], where its magnitude can be interpreted
as a measure of the electrostatic driving force. In this expression, the temperature
dependence enters in two places: through the explicit 1/7 dependence and through
the dielectric constant, 1/€.(7T"), which accounts for the orientational response of
the solvent dipoles. Consequently, understanding the temperature dependence of
the Bjerrum length requires simultaneous consideration of both thermal and dipolar

fluctuations.

We first consider the simple case of a pure solvent in the absence of ions. To
first establish the validity of the mean-spherical approximation in modeling explicit
solvent systems, consider Figure 2.2 where the theory predictions are compared to
simulation results. Examining the pure solvent behavior first in Figure 2.2a, one
can see that, for both dipole strengths considered, remarkable agreement is achieved
between theory and simulations. The exception to this is for g = 0.15 at the lowest
temperature. This is somewhat to be expected as, according to Blum and others[161,
160, 191, 174], itis in this very regime of strong dipolar correlations where the linear
approximations within the MSA approach are expected to manifest. Nonetheless,

the explicit solvent approach adequately accounts for the qualitative behavior of
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the dielectric constant and Bjerrum length of a pure dipolar solvent, predicting an
increasing Bjerrum length with temperature, as expected from real polar fluids (see
Figure 2.1).
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Figure 2.3: Temperature dependence of (a), (c) the dielectric constant and (b), (d)
Bjerrum length of (a), (b) a pure dipolar solvent with varying dipole strength and
(c), (d) a single dipolar solvent (7 = 0.28) with varying salt concentration. In (a)
and (b), varying colors denote the different dipole strengths, corresponding to the
legend in (a). In (c) and (d), varying colors denote the different salt concentrations,
corresponding to the legend in (c).

Extending our analysis to mixtures of dipolar fluids and salts in Figure 2.2b, similar
qualitative agreement is achieved. To maximize the concentration range over which
ions are soluble within the solvent, we have only considered g = 0.15. As a result,
the limited agreement in Figure 2.2a permeates to Figure 2.2b. In spite of this, the
explicit solvent MSA approach does qualitatively capture the dielectric decrement
upon addition of salt. When examined in terms of the Bjerrum length, this results

in a weakening in the sensitivity to temperature.

Having established the validity of the theoretical approach against simulations, we
can now leverage its cheaper computational cost to better understand the effects of

dipole strength, salt concentration and temperature on the dielectric constant and
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the strength of electrostatic interactions through the Bjerrum length. Figures 2.3(a)
and (b) show the dielectric constant and Bjerrum length, respectively, for varying
solvent dipole moments, fi obtained from theory. Considering the dielectric constant
first, increasing the temperature monotonically decreases the dielectric constant in
all cases, as thermal fluctuations weaken the orientational correlations between
permanent dipoles. Increasing the dipole strength enhances the dielectric response
of the solvent and therefore produces a larger dielectric constant. On a logarithmic
scale, the decay of the dielectric constant with temperature is similar for the different

dipole strengths.

The corresponding Bjerrum lengths in Figure 2.3(b) reveal the competition between
thermal energy and solvent polarization. At low temperatures, the dielectric con-
stant decreases rapidly for all dipole strengths. This reduction is sufficiently large
to outweigh the explicit 1/7 dependence, causing the Bjerrum length to initially in-
crease with temperature. Most polar solvents are expected to have a dipole strength
of approximately g > 0.2 within the present coarse-grained description. Thus,
over the temperature range considered, the implicit-solvent picture would predict
that the electrostatic driving force strengthens with increasing temperature. Similar

behavior has been discussed in previous works [147, 90].

As the temperature increases further, however, the sensitivity of the dielectric con-
stant to temperature weakens, such that the explicit 1/7 dependence eventually
becomes dominant. This competition produces a broad maximum in the Bjerrum
length, followed by a gradual decrease. The crossover is most evident for weakly
polar solvents, such as the case with g = 0.15. If a broader temperature range were
considered, the Bjerrum length would eventually decrease for all dipole strengths.
These results demonstrate the competition between thermal and dipolar fluctuations.
For most of the dipole strengths and temperatures considered here, the explicit 1/T
dependence is outweighed by the decrease in dielectric constant, resulting in an in-

creasing Bjerrum length and, consequently, strengthening electrostatic interactions.

These results reflect the typical temperature dependence of the Bjerrum length,
and therefore of the effective electrostatic driving force, within an implicit-solvent
treatment. However, the addition of ions to a dipolar solvent can itself influence
the dielectric response. Following Debye’s theory of polar dielectrics, the dielectric
constant reflects the collective orientational polarization of the solvent dipoles. Dis-
solved ions perturb this orientational response through ion—dipole interactions and

solvation, giving rise to the well-known dielectric decrement observed experimen-
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tally [151], computationally[152, 192] and theoretically [193, 153, 194, 195]. Figure
2.3(c) illustrates this effect for a solvent with a fixed dipole strength, g = 0.28, at
three salt concentrations. Increasing the salt concentration systematically lowers the
dielectric constant over the entire temperature range, demonstrating the suppression

of the dielectric response by the addition of salt.

The reduction in the dielectric constant has a direct consequence for the effective
strength of electrostatic interactions, as shown in Figure 2.3(d). Atlow temperatures,
the lower dielectric constant at higher salt concentrations results in an increased
Bjerrum length. However, this reduction in the dielectric constant is accompanied
by a weaker temperature dependence. At sufficiently high salt concentrations, the
dielectric constant becomes sufficiently insensitive to temperature that the explicit
1/T dependence becomes dominant. This results in an eventual decrease in the
Bjerrum length with increasing temperature, implying a weakening of the effective

electrostatic driving force.

Within implicit-solvent treatments, the physical picture is comparatively simple: an
increasing Bjerrum length strengthens electrostatic interactions and can therefore
enhance the driving force for phase separation, resulting in lower-critical-solution-
temperature (LCST) behavior. However, when the dielectric constant is determined
explicitly by the concentrations of ions and dipoles, the Bjerrum length and its
temperature dependence can differ substantially between the two phases. These
trends may even oppose one another under some conditions. As a result, Figure 2.3
alone is insufficient to determine the resulting phase behavior of an electrostatically
driven system. The complete phase diagram must instead be obtained by explicitly

solving the phase-equilibrium conditions.

We briefly note that, although a dielectric decrement upon the addition of simple
salts is generally expected for polar solvents, dielectric increments can occur when
ion pairing is substantial [196] or, in the case of polyatomic ions, when electronic
polarizability contributes significantly to the dielectric response [197]. Such behav-
ior is most commonly observed in weakly polar or non-polar solvents. In studies of
polyelectrolyte coacervates [198, 149, 148, 150], however, the solvent of primary in-
terest is typically water, for which the dipolar contribution to the dielectric constant

is substantial.
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Simple electrolyte phase behavior

Before examining more complex systems, we next examine the phase behavior of
simple electrolyte systems. As the proposed theory only considers fluid phases, it
is more appropriate to consider these systems as being most similar to ionic liquid
+ polar solvent mixtures, rather than the typical simple, monoatomic electrolytes
which typically precipitate out of solution into a solid phase. This section intends to
provide the initial intuitions needed to understand the effects of an explicit solvent
on ion—ion interactions. Later sections will more directly consider the qualitative

differences between implicit and explicit solvent approaches.
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Figure 2.4: (a) Potentials of mean force between oppositely charged ions in an
explicit solvent of varying dipole strength (color) with varying temperature (line
styles) obtained from simulations (b) Phase diagram for a mixture of dipolar solvent
and monomeric ions with varying dipole strength (color) obtained from simulations
(solid lines and empty symbols) and theory (dashed lines and solid symbols). Empty
symbols denote simulations results whilst the lines serve as visual aids. Filled
symbols denote critical points.

Before examining the macroscopic phase behavior, it is useful to first consider
the potential of mean force between pairs of oppositely charged ions with varying
temperature in order to examine the effects of an explicit solvent on the two-body
ion—ion interactions, shown in Figure 2.4a. Across the range of dipole strengths and
temperatures examined, pair interactions strengthen with increasing temperature.
Consistent with Eq. 2.1 and prior work[193], decreasing dipole strength lowers the
dielectric response and deepens the attractive well. At g = 0.15, the PMF between
monomeric ions exhibits short-ranged oscillations associated with solvation-shell
structure once dipolar screening substantially weakens direct ion—ion interactions.
These observations are all consistent with the typical implicit solvent picture of

electrostatic interactions. However, as shown in Figure 2.4b, the true phase behavior
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results in the closure of the two-phase region at higher temperatures, implying that

the ion—ion interactions should weaken within increasing temperatures.

The origins of this discrepancy are partly explained by the results in the previous sec-
tion where, within the charge-dense phase in which ion—ion interactions dominate,
the Bjerrum length decreases with increasing temperature, implying weakening in-
teraction strength. However, this result is more correlative in nature rather than

causal. The latter can be better understood by revisiting the PMF, now considering

the effects of added salt.
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Figure 2.5: Potential of mean force between oppositely charged ions at infinite
dilution (blue) and ¢ = 0.01 (green) with varying temperature for an explicit dipolar
solvent with g = 0.15.

As shown in Figure 2.5(a), introducing a small ion fraction (¢ = 0.01, correspond-
ing to approximately 0.2M for o = 0.4nm) produces two effects. First, ionic
screening shortens the interaction range relative to the infinite-dilution limit[29, 84,
3]. Second, and more importantly, the thermal response reverses: pair interactions
now weaken with increasing temperature. This reversal correlates with the dielec-
tric decrement discussed in the previous section[152, 153]. Crucially, simulations
show that this reversal emerges at substantially lower concentrations (¢ < 0.01 in
Figure 2.5) than would be inferred from the macroscopic dielectric response alone
(¢ > 0.3 in Figure 2.2b). This reflects the distinction between bulk dielectric behav-
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ior and the local environment governing ion—ion interactions: dipoles within ionic
solvation shells are perturbed far more strongly than those in the bulk, leading to
a larger reduction in local dielectric screening and a more pronounced reversal of
the thermal response[199, 200, 201]. This effect is naturally captured in MSA-ID
and simulations through the explicit coupling between ionic and dipolar degrees of

freedom.

In essence, the mechanism is a crossover from solvent-controlled electrostatics at
infinite dilution to ion-induced suppression of local dipolar screening at finite con-
centration, reversing the thermal response of electrostatic interactions and ultimately

producing UCST phase behavior.

Polyelectrolyte salt-free phase behavior
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Figure 2.6: Phase behavior of a pure complex polyelectrolyte coacervate (N = 50)
with varying temperature and solvent dipole strength. (a) Phase boundary of an
explicit solvent (solid lines) and implicit solvent (dashed lines), where the implicit
solvent assumes the same temperature-dependent dielectric constant of a pure dipolar
solvent. (b) Dielectric constant and (c) Bjerrum length in the coacervate (solid lines)
and supernatant (dotted lines) in the explicit solvent systems. The temperature
dependence in implicit solvent systems would follow approximately that of the
supernatant phase in explicit solvent systems.

With the intuitions developed in the previous section, we now consider the phase be-
havior of a complex polyelectrolyte in the presence of implicit and explicit solvents,
as shown in Figure 2.6. To enable a direct comparison between the two approaches,
the dielectric constant in the implicit-solvent model is assigned the same tempera-
ture dependence as that of the pure dipolar solvent in the explicit-solvent treatment.
Thus, within this comparison, the principal difference is that the explicit-solvent
model additionally accounts for the dependence of the dielectric response on charge
concentration. We elect not to show the complete phase diagrams because the lower-
and upper-critical solution temperatures occur at either unphysically low or unphys-

ically high temperatures. The temperature range shown therefore better represents
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physically relevant conditions.

As shown in Figure 2.6(a), the two theories predict qualitatively different phase be-
havior. In both cases, decreasing the molecular dipole moment lowers the dielectric
constant and weakens the ion—dipole interactions, thereby enlarging the coexistence
region without substantially changing its overall shape. As expected from the dis-
cussion in the previous section and Figure 2.3(b), the pure-solvent Bjerrum length
increases with temperature over the range considered. Within the implicit-solvent
treatment, this strengthens the electrostatic driving force for coacervation and gives
rise to lower-critical-solution-temperature (LCST)-like behavior, consistent with
previous work [147, 90].

In contrast, the explicit-solvent treatment predicts more complex behavior, with the
two-phase region initially widening before narrowing again at higher temperatures.
We have observed closure of the coexistence region only at high temperatures, and
not at low temperatures. However, as noted by Blum and Wei[160, 161] in their
original work, the low-temperature regime corresponds to very strong electrostatic
correlations, under which the theory can begin to produce unrealistic predictions.
Nonetheless, over the physically relevant temperature range, the explicit-solvent
treatment predicts UCST-like and, in some cases, looping phase behavior in complex

polyelectrolytes.

To understand the origin of this behavior, we first examine the dielectric con-
stants of the coexisting phases in Figure 2.6(b). The supernatant is composed
predominantly of dipolar solvent molecules and contains only a low concentration
of polyelectrolytes. Consequently, its dielectric constant closely follows that of the
corresponding pure dipolar solvent shown in Figure 2.3(a), decreasing monoton-
ically with increasing temperature as the orientational polarization of the solvent
weakens. This trend is nearly identical to the dielectric constant imposed in the
implicit-solvent treatment. Examining the corresponding Bjerrum length in Figure
2.6(c), the resulting phase behavior is consistent with the conventional Bjerrum-
length interpretation: the rapid decrease in dielectric constant causes the Bjerrum
length to increase, thereby strengthening electrostatic interactions and promoting

phase separation.

The polymer-rich coacervate, by contrast, exhibits a consistently lower dielectric
constant than the supernatant throughout the coexistence region. This is expected
because the coacervate contains a higher concentration of charged species and a

lower concentration of dipolar solvent. The lower dielectric constant also contributes
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to the high polymer concentration of the coacervate at low temperatures, as it

strengthens ion—ion interactions and enhances the driving force for phase separation.

Like that of the supernatant, the dielectric constant of the coacervate decreases
monotonically with increasing temperature. However, the resulting temperature de-
pendence of the Bjerrum length is more complex. Atlow temperatures, the dielectric
constant of the coacervate decreases more rapidly than that of the supernatant. This
behavior arises from two coupled effects. First, increasing temperature weakens
the orientational response of the dipoles, directly reducing the dielectric constant.
Second, the resulting reduction in dielectric constant strengthens ion—ion interac-
tions and promotes further phase separation. The associated increase in polymer
concentration further lowers the dielectric constant by reducing the concentration
of dipolar solvent and increasing the disruption of the solvent dielectric response.
Together, these effects produce the rapid decrease in dielectric constant and the

corresponding rapid increase in Bjerrum length at low temperatures.

At a crossover temperature that depends on the solvent dipole strength, the dipolar
contribution has been sufficiently weakened so that the dielectric constant is now
weakly dependent on temperature. Further reductions in the dielectric constant
are then unable to compensate for the explicit increase in thermal energy, and the
Bjerrum length begins to decrease with increasing temperature. As the effective
electrostatic interactions weaken, the driving force for coacervation is reduced,
leading to a decrease in the polymer concentration of the coacervate. At sufficiently
high temperatures, this driving force becomes too weak to sustain phase separation,

and the two-phase region closes.

The qualitative variation of the Bjerrum length in Figure 2.6(c) closely follows the
phase behavior shown in Figure 2.6(a), supporting a central conclusion of this work:
the coacervation behavior of an electrostatically driven system is governed by the
dielectric environment within the coacervate, which correlates poorly, if at all, with

the dielectric environment of the supernatant.

To ensure the validity of this analysis, we now briefly consider a comparison to
coarse-grained simulations, given in Figure 2.7. First consider the potential of mean
force given in Figure 2.7a where, much like the previous section, with increasing
temperature, we observe a deepening potential. At face value, like the implicit
solvent model, one would expect LCST-type phase behavior. However, as shown
in Figure 2.7b, one actually observes a UCST, in good agreement with the findings

of the previous section and Figure 2.6. Figure 2.7 is a demonstration of the clear
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disconnect between the two-body image often used to characterize polyelectrolyte
interactions[159] and the macroscopic phase behavior arising from the long-range,

many-body nature of electrostatic interactions.
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Figure 2.7: (a) Potentials of mean force between oppositely charged polyelectrolytes
in an explicit solvent (7 = 0.15) and counterions with varying temperature (line
styles) obtained from simulations (b) Phase diagram for a mixture of dipolar solvent
and oppositely charged polyelectrolytes obtained from simulations (solid lines and
empty symbols). Empty symbols denote simulations results whilst the lines serve
as visual aids.

The elevated critical temperatures in Figures 2.6 and 2.7, relative to ambient condi-
tions, and the depth of the PMFs in Figure 2.7 reflect a deliberate simplification of
the model, in which polyelectrolytes are treated as assemblies of strongly interacting
charges. Rather than providing a quantitative description of a specific material, this
minimal representation isolates electrostatics as a singular driving force and thereby
exposes its intrinsic thermodynamic tendency. In real systems, both solvent and
polymers contain polarizable groups and intrinsic dipoles, giving rise to a dielectric
response comprising a weakly temperature-dependent electronic contribution and
a strongly temperature-dependent orientational contribution. Electronic polariz-
ability has been approximately incorporated through a rescaling of charges[185],
which preserves both the inversion in the Bjerrum length and the UCST behavior
found here. When the dielectric response is dominated by electronic polarizabil-
ity (e.g., in non-polar solvents or ionic liquids) such that the effect on ion—ion
interactions amounts to a rescaling of the charges, the implicit-solvent picture is
appropriate[202]. For most polyelectrolytes in highly polar solvents such as water,

however, dipolar contributions dominate and this approximation breaks down.
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implicit explicit

Figure 2.8: Phase behavior for a polyelectrolyte complex (N = 50) with varying salt
concentration and a dipolar solvent (i = 0.28) at 7 = 0.015 for an (a) implicit and
(b) explicit solvent system. The implicit solvent phase diagram is obtained assuming
the dielectric constant is unchanged from the charge-free limit. Solid lines denote
the two-phase boundary. Dashed lines connecting empty square symbols denote tie
lines connecting co-existing phases. Solid markers denote the critical points.

Polyelectrolyte added-salt phase behavior

We next investigate the effect of added salt on the phase behavior of complex
coacervates at a fixed temperature, T = 0.015. As shown in Figure 2.8, both the
implicit- and explicit-solvent theories predict that increasing the salt concentration
progressively suppresses phase separation, causing the coexistence region to shrink
and eventually close at sufficiently high salt concentrations. This behavior reflects
the well-established screening effect of added salt, which weakens the electrostatic

correlations responsible for coacervation.

Although the overall phase boundaries predicted by the two theories are qualitatively
similar, the theories predict different salt-partitioning behavior, as indicated by the
tie lines. As shown in Figure 2.8(a), the implicit-solvent treatment predicts nearly
horizontal tie lines throughout the coexistence region, indicating only weak salt
partitioning between the coacervate and supernatant. This behavior follows from
the assumption of a compositionally uniform dielectric constant, leaving only a
relatively weak balance between electrostatic and mixing-entropy contributions to
salt partitioning. These effects are sufficiently small that they do not produce a

visually significant slope in the tie lines.

In contrast, the explicit-solvent theory predicts a pronounced evolution of the tie-
line slopes, as shown in Figure 2.8(b). At low salt concentrations, the tie lines have

positive slopes, indicating preferential accumulation of salt within the coacervate.
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Figure 2.9: (a) Salt partition coefficient with varying salt concentration in the
supernatant phase from the phase diagrams in 2.8 for implicit (green) and explicit
(blue) solvent treatments. (b) Dielectric constants in the coacervate (solid) and
supernatant (dotted) phases for the explicit solvent systems. Implicit solvent systems
assume a dielectric constant of ~ 42 for all conditions.

As the overall salt concentration increases, the tie-line slope gradually decreases
and eventually becomes negative near the critical point. The corresponding salt
partition coefficient, ¢°/¢;"", is shown in Figure 2.9(a) for both treatments. The
explicit-solvent theory predicts a transition from salt enrichment in the coacervate,
¢°/p3" > 1, at low salt concentrations to preferential partitioning into the su-
pernatant, ¢<°/¢; T < 1, at intermediate salt concentrations, before the partition
coeflicient approaches unity at the critical point. In contrast, the implicit-solvent
theory predicts only weak deviations from unity throughout the coexistence region.
The slight enrichment of salt in the coacervate predicted by the implicit-solvent treat-
ment at low salt concentrations arises from the initial enhancement of electrostatic
correlations upon the addition of salt, before screening becomes dominant [138].
The explicit-solvent treatment, however, predicts substantially larger variations in
the partition coefficient, similar to those observed experimentally[203, 204, 205,
206, 207, 208, 209].

The physical origin of this behavior is illustrated in Figure 2.9(b). Throughout
the coexistence region, the coacervate possesses a substantially lower dielectric
constant than the supernatant because of its higher charge concentration and its
correspondingly lower concentration of dipolar solvent. At low salt concentrations,
this large dielectric contrast produces a substantially larger Bjerrum length in the
coacervate, making it energetically favorable for ions to partition into the coacervate

despite the stronger electrostatic screening within this phase.



75

As additional salt is introduced, the dielectric decrement in the supernatant reduces
the dielectric contrast between the coexisting phases, while electrostatic screening
simultaneously weakens the ion correlations. Consequently, the energetic advantage
associated with ion accumulation in the coacervate diminishes. Mixing entropy
and the weaker electrostatic screening in the supernatant then become increasingly

important, leading to preferential salt partitioning into the supernatant [210].

These results demonstrate that dielectric heterogeneity provides an additional ther-
modynamic driving force for ion partitioning. By allowing the dielectric constant to
evolve self-consistently with the local composition, the present theory captures the
pronounced evolution of salt partitioning that is absent from continuum treatments

employing a homogeneous dielectric medium.

2.4 Conclusion

In this chapter, we used molecular simulations and explicit-solvent liquid-state the-
ory to examine how ion—dipole coupling governs the temperature-dependent phase
behavior of charged fluids and complex coacervates. In contrast to conventional
implicit-solvent descriptions, in which the solvent is reduced to a spatially uniform
dielectric background, the present framework retains dipolar solvent fluctuations as
an explicit thermodynamic degree of freedom. The dielectric response therefore
emerges self-consistently from the temperature and local composition, allowing re-
gions with different charge concentrations to possess distinct dielectric constants

and Bjerrum lengths.

This self-consistent treatment reveals that the electrostatic response of a dipolar
solvent is governed by competition between thermal disruption of dipolar corre-
lations and the many-body suppression of dipolar shielding by charged species.
Although the dielectric constant of the bulk solvent decreases upon heating, this
macroscopic response alone does not determine the thermodynamics of phase sepa-
ration. Implicit-solvent theories that prescribe the temperature-dependent dielectric
constant of the pure solvent predict that electrostatic correlations strengthen upon
heating and consequently favor LCST behavior. Explicitly accounting for ion—
dipole coupling instead produces a concentration-dependent reversal of this thermal
response and leads intrinsically to UCST behavior. The local electrostatic envi-
ronment controlling ionic correlations can therefore differ qualitatively from that
inferred from the dielectric properties of the bulk solvent[199, 200, 201].

When applied to complex coacervation, this dielectric feedback allows the coacer-



76

vate and supernatant to develop different dielectric environments. Phase separation
modifies the local concentrations of polymer, ions, and dipolar solvent, which
changes the dielectric response and, in turn, alters the electrostatic correlations sta-
bilizing the coexisting phases. The resulting dielectric inhomogeneity provides a
mechanism for UCST behavior that is absent from theories employing a composi-
tionally uniform dielectric constant. Our analysis further shows that phase stability is
governed predominantly by the Bjerrum length within the polymer-rich coacervate.
This quantity is not constrained to follow the Bjerrum length of the supernatant, as

is necessarily assumed in an implicit-solvent description.

The extension of the theory to coacervates containing added salt further demonstrates
the central role of dielectric inhomogeneity in ion partitioning. At low salt con-
centrations, the lower dielectric constant of the coacervate strengthens electrostatic
correlations sufficiently to overcome the greater degree of electrostatic screening
within the dense phase, leading to preferential salt accumulation in the coacervate.
As the salt concentration increases, the difference in dielectric contrast between the
phases diminishes, while screening and the translational entropy of the mobile ions
become increasingly important. The balance between these contributions ultimately
reverses the direction of salt partitioning. The theory therefore provides a unified
thermodynamic explanation for the evolution and inversion of tie-line slopes across

the phase diagram.

More generally, these results demonstrate that the phase behavior of charged fluids
cannot be inferred from isolated pair interactions alone. Potentials of mean force
between two charges are frequently used as proxies for phase-separation propensity,
yet they neglect the collective reorganization of the surrounding dipolar solvent.
Consequently, an increase in the effective attraction between an isolated pair of
charges upon heating does not necessarily imply LCST behavior. Phase separation
is instead controlled by the coupling of electrostatic interactions to many-body
solvent-mediated correlations, which can reverse the trend suggested by the pair

potential.

These findings also illustrate both the utility and the limitations of reducing com-
plex charged systems to a simplified set of interactions. By isolating electrostatics,
we find that explicit ion—dipole coupling establishes an intrinsic tendency towards
UCST behavior. The occurrence of both UCST and LCST behavior across differ-
ent experimental polyelectrolyte systems likely reflects competition between this

electrostatic baseline and additional chemistry-specific interactions, including hy-
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drophobic association and hydrogen bonding, which may favor LCST behavior [12,
3]. Electrostatics thus provides a baseline thermodynamic driving force, while
short-range interactions fine-tune the balance between different classes of phase

behavior.

Overall, this work establishes dipolar solvent fluctuations as an active component
of the thermodynamics rather than a passive dielectric background. Incorporat-
ing explicit ion—dipole coupling and dielectric feedback substantially extends the
predictive capabilities of liquid-state theories and provides a common framework
for understanding critical behavior, dielectric inhomogeneity, and ion partitioning in
charged polymer solutions. These results point to a growing need for explicit-solvent
descriptions in quantitative models of real polyelectrolyte systems [211, 156, 157].
The framework may be extended naturally to sequence-defined polyelectrolytes, in-
trinsically disordered proteins, multivalent electrolytes, and biological condensates,

in which spatial variations in solvent polarization may be similarly important.
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Chapter 3

SELF- AND SALT-INDUCED COACERVATION OF
CHARGE-ASYMMETRIC POLYAMPHOLYTES

In aqueous environments, polyampholyte-like intrinsically disordered proteins (IDPs)
can undergo liquid-liquid phase separation, forming a protein-rich condensate phase
coexisting with a dilute supernatant phase. Previous studies have primarily focused
on charge-symmetric sequences where IDPs carry an equal amount of positive and
negative charges. Real-world IDPs typically possess finite net charge. Consequently,
the combined influence of charge patterning and salt concentration on coacervation
of charge-asymmetric IDPs remains poorly understood. In this chapter, we use
a hierarchy of theoretical approaches, including a new hybrid Liquid-State The-
ory — gaulL.S — and molecular dynamics simulations to systematically investigate
the phase behavior of polyampholyte-like IDPs. We demonstrate that gaul.S ac-
curately reproduces the single-chain conformation obtained from MD simulations.
We show that charge blockiness is the primary molecular descriptor governing
salt-free self-coacervation, whereas net charge suppresses phase separation through
electrostatic repulsion and the higher translational entropy of the accompanying
counterions. The addition of salt produces two competing effects: it screens the
attractive electrostatic correlations responsible for coacervation while simultane-
ously reducing long-range repulsive interactions. Consequently, salt monotonically
suppresses phase separation in charge-neutral IDPs but can initially enhance, and
even induce, coacervation of moderately charge-asymmetric IDPs before eventually
suppressing their phase separations at higher salt concentrations. We construct a
global sequence—state diagram spanning charge blockiness and net charge, reveal-
ing that salt-induced coacervation occupies a substantial region of sequence space
and is likely to be far more prevalent than previously appreciated. The predic-
tions of gauLLS show good agreement with MD simulations across the representative
sequences examined. These results establish a predictive framework for understand-
ing and designing sequence-dependent biomolecular phase behavior across a broad

range of chemical and biological systems.

This chapter includes work currently in preparation: Tianyi Jin, Pierre J. Walker,
Kelsey Fu, Shensheng Chen, and Zhen-Gang Wang. “Self- and salt-induced coac-

ervation of polyampholytic intrinsically disordered proteins”. In: In preparation
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3.1 Introduction

Intrinsically disordered proteins (IDPs) can undergo liquid—liquid phase separation
in aqueous environments, giving rise to protein-rich condensates that coexist with
dilute supernatant phases. This ubiquitous phenomenon underlies the formation of
membraneless organelles and plays a central role in numerous cellular processes
[212, 213, 214]. Beyond their biological importance, the principles governing IDP
coacervation have inspired the design of functional soft materials for applications in-
cluding drug delivery, biomolecular encapsulation, and stimuli-responsive materials
[116]. The stability of these condensates is highly sensitive to environmental con-
ditions such as temperature, pH, pressure, and ionic strength, all of which alter the
balance between attractive and repulsive intermolecular interactions. Consequently,
relatively small environmental changes can induce substantial shifts in phase behav-
ior and, in some cases, give rise to re-entrant phase separation, in which condensates

form only over a finite range of conditions before redissolving [215, 216, 217, 218].

Among the molecular factors governing IDP phase behavior, the distribution of
charged residues along the amino-acid sequence is particularly important. Numer-
ous experimental, simulation, and theoretical studies have demonstrated that charge
patterning strongly influences both single-chain conformations and phase separation
[219, 220, 221, 222]. In particular, McCarty et al. [144] showed that sequences
with highly segregated charged domains exhibit a substantially greater propensity
for coacervation than sequences with randomly distributed charges. Experimental
studies have likewise demonstrated that altering charge patterning can significantly
modify the critical conditions for phase separation. However, most previous studies
focused on charge-symmetric polyampholytes containing equal numbers of posi-
tively and negatively charged residues. Natural IDPs, in contrast, typically possess
finite net charges [223, 222]. The net charge can introduce nontrivial electro-
static effects, as it brings additional electrostatic repulsions that compete with the
attractive correlations responsible for coacervation. Consequently, the combined
influence of charge blockiness, charge asymmetry, and salt concentration on IDP
phase behavior remains poorly understood. Charge sequence is one of several
molecular-architecture variables — alongside chain topology, examined in Chap-
ter 4 — that can reshape intramolecular correlations without changing net charge or

chain length.
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Theoretical and computational approaches have been instrumental in elucidating the
molecular mechanisms governing IDP phase separation and establishing sequence-
dependent design principles [224, 225, 144, 139, 226]. Rather than providing
a comprehensive review, we refer the reader to several recent reviews and meta-
reviews [224, 117, 154]. Existing computational methods include field-theoretic
methods [227, 228], the polymer reference interaction site model (PRISM) [229], the
Random Phase Approximation (RPA) [230, 231, 232] and molecular dynamics (MD)
simulations[233, 234, 235, 4, 236, 237, 238, 239]. Among these, RPA has become
popular because of its analytical simplicity and its ability to explicitly incorporate
sequence information [221]. However, its Gaussian-chain assumption often leads
to an overestimation of electrostatic correlations [135]. Liquid-State (LS) theories
provide a complementary framework by explicitly accounting for local packing and
electrostatic correlations, but conventional implementations typically retain only
nearest-neighbor connectivity (LS) [88, 136, 90, 4], thereby underestimating higher-
order sequence effects. There therefore remains a need for theoretical approaches
that simultaneously capture local sequence-dependent interactions and long-range

conformational correlations, which can be important for charge-asymmetric IDPs.

In this work, we first extend Liquid-State Theory by incorporating explicit triplet
correlations (LS-T) before introducing a hybrid embedded-chain framework, gaul.S,
which couples local triplet conformations to the long-range electrostatic environ-
ment of the surrounding chain. Using LS, LS-T, gauLS, and RPA, together with
extensive molecular dynamics simulations, we systematically investigate how charge
blockiness and salt concentration determine the coacervation of charge-asymmetric
IDPs. The theoretical framework enables us to map the phase behavior of 12,741

distinct sequences spanning the space of charge patterning and net charge.

Our results demonstrate that while charge blockiness is the primary sequence de-
scriptor governing salt-free self-coacervation, net charge acts as an important modi-
fier through long-range electrostatic repulsion and the introduction of small ions with
high translational entropy. We identify a broad region of sequence space in which
phase separation occurs only upon the addition of salt, revealing that salt-induced
coacervation is not a rare phenomenon but a common outcome for moderately
charge-asymmetric sequences. Together, these results establish a comprehensive
sequence—state diagram for polyampholyte-like IDPs and provide a predictive frame-
work for understanding how sequence architecture and ionic environment cooperate

to regulate biomolecular condensate formation.
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Sequence descriptors

Throughout this work, we consider intrinsically disordered proteins (IDPs) with a
degree of polymerization of N = 50, similar to previous studies[219, 144]. Each
sequence is characterized using two quantitative descriptors: the normalized net

charge, | Z,et|/ N, and the degree of charge blockiness, «.

The normalized net charge is defined as the absolute net charge of a sequence divided

by its chain length,
| Znet|

N 3.1)

The second descriptor, «, quantifies the degree of charge blockiness and is defined
as [219]

= obsg ~ Ot (32)
Oblk,g — Oalt,g
Here, 6., denotes the local charge asymmetry evaluated within a sliding window
of length g. The subscripts “obs”, “alt”, and “blk” correspond to the sequence
of interest, a maximally mixed (alternating) sequence, and a maximally blocky
sequence, respectively, all having the same overall charge composition. The local

charge asymmetry is given by

Oug = (fr = )7, (3.3)

where f; and f_ denote the fractions of positively and negatively charged residues
within the sliding window, respectively. The quantity J. , appearing in the definition
of k4 is obtained by averaging J., over all sliding windows along the sequence.
Throughout this work, we use the conventional window size of g = 5, corresponding
approximately to the blob size [219]. Unless otherwise stated, we omit the subscript

and simply write «.

For charge-neutral sequences, this definition reduces to the original descriptor pro-
posed by Das and Pappu [219], since 5a1t,g = 0 for a perfectly alternating sequence.
By construction, « is bounded between 0 and 1, with larger values corresponding
to increasingly blocky charge patterns. For real IDP sequences containing neutral
residues, the reference “alternating” and “blocky” sequences are determined through
optimization by minimizing and maximizing &, , [240]. Neutral residues are treated

as non-charged spacers when calculating the local charge asymmetry, 0. .

Furthermore, « is approximately monotonically correlated with the normalized se-

quence charge decoration (nSCD) introduced by Sawle and Ghosh [241], which
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has become a widely used measure of charge patterning in polyampholytes and

intrinsically disordered proteins [242, 243].

It is important to note that |Z,.|/N and « are not independent descriptors. For
example, a perfectly alternating sequence (k = 0) with an even chain length must
necessarily be charge neutral. Moreover, both descriptors are many-to-one map-
pings: multiple distinct sequences may share identical values of |Z,e|/N and «

while exhibiting different charge arrangements.

In following sections, we examine representative sequences by systematically vary-
ing |Znet|/N and k. All representative sequences are listed in the Supporting In-
formation (SI), together with their corresponding coacervation classifications. In
general, three classes of sequences are considered: (1) diblock sequences; (2) tri-
block sequences consisting of oppositely charged terminal blocks separated by a
central alternating-charge block; and (3) multiblock sequences with systematically
varied charge block lengths. Finally, we consider a total of 12,741 unique se-
quences spanning a range of |Ze|/N, up to 0.24 (corresponding to Z,e¢ = 12) and
K, to construct the global sequence-state diagram. Larger net charges introduce
substantial intra- and interchain electrostatic repulsion, which generally suppresses
self-coacervation and instead favors finite-size aggregates rather than macroscopic
phase separation [244]. Consequently, sequences with Z,.; > 12 are excluded from
the present study. We also note that, under our model, sequences related by a global
sign inversion (i.e., exchanging all positive and negative charges) or by sequence
reversal are physically equivalent. Therefore, only one representative from each

equivalence class is included in the dataset.

Theory

To investigate the phase behavior of intrinsically disordered proteins, we consider
a series of complementary theoretical descriptions that differ in how they treat
electrostatics interactions and chain conformations, as summarized schematically in
Figure 3.1. These include the Random Phase Approximation (RPA) [232], which
treats collective density fluctuations at the Gaussian level while also representing in-
tramolecular correlations using ideal Gaussian-chain statistics ; Liquid-State Theory
[124, 88] combined with Wertheim’s first-order thermodynamic perturbation theory
(TPT1) [165, 166, 167, 168], hereafter referred to as LS; an extension to account for
next-nearest-neighbor (triplet) interactions (LS-T); and a hybrid approach developed
in this work that combines the local structural description of LS-T with long-range
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Target: W

Liquid State (LS) Theory Random Phase Approximation (RPA)
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Figure 3.1: Schematic illustration of the theoretical frameworks considered in this
work. The theories differ in the treatment of correlations they consider: doublet
correlations are included in LS, LS-T, and gauLS; triplet correlations are included in
LS-T, and gauLS; and a fixed Gaussian-chain conformation is assumed in RPA and
gauLS. Throughout this work, anionic monomers are shown in blue and cationic
monomers in red.

Gaussian-chain conformational statistics. We refer to this hybrid model as gaulsS,

reflecting its integration of Gaussian-chain conformations with Liquid-State Theory.

All four approaches provide an expression for the Helmholtz free energy of the

system as a function of the monomer densities, p, and the Bjerrum length, /g,

VkBT = f(pa lB)’ (34)

where f denotes the reduced free-energy density, V is the system volume, kg is
the Boltzmann constant, and 7 is the absolute temperature. The Bjerrum length is

defined as )
=2 (3.5)
dreye,

where 8 = 1/(kgT), e is the elementary charge, €y is the vacuum permittivity,

and e, is the relative dielectric permittivity of the solvent. Physically, the Bjerrum
length corresponds to the separation at which the electrostatic interaction between
two elementary charges is equal to the thermal energy, kg7. Throughout this work,
all monomers, small ions, and solvent molecules are assumed to have the same

diameter, 0. The volume fraction of species i is therefore given by

¢; = pi0'3. (36)
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All theoretical models were implemented using Clapeyron.jl [20]. The source code

used to reproduce all calculations is publicly available on GitHub.

Random Phase Approximation

The Random Phase Approximation (RPA) is one of the most widely used theoreti-
cal frameworks for describing electrostatic interactions and phase separation. RPA
captures many qualitative trends in sequence-dependent phase behavior for poly-
electrolytes [129, 245, 234, 246], polyampholytes [226, 247] with added salts [139,
145], and IDPs [221, 248]. Within RPA, concentration fluctuations are treated at
the quadratic (Gaussian) level, while polymer chains are assumed to adopt Gaussian
conformations that are independent of sequence, polymer concentration and salt
concentration. Under these assumptions, the reduced free energy is written as the

sum of an ideal mixing contribution and an electrostatic contribution,

f=fra+ fele., 3.7

where the subscripts FH and ele. denote the Flory—Huggins mixing and electrostatic

contributions, respectively.

The Flory—Huggins contribution is

fr =) S inp, (3.8)

1

where N; is the degree of polymerization of species i. This expression is evaluated

subject to the incompressibility constraint
Dpict = gi=1. (3.9)
i i

The electrostatic contribution, adapted from Kudlay and Olvera de la Cruz [232], is

expressed in Fourier space as

fele. = %/ dCI[ln (1 +u(q) Zpigi(CI)) (3.10)

~u(q) ) pi- (3.11)
i#p
where the subscript p denotes the polymer species.
The electrostatic kernel, anl
nlg
u(q) = (3.12)

g*(1 +02¢?)’
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accounts for the finite size of ions. At separations larger than the particle diameter,
it reduces to the Coulomb potential, whereas at r < ¢ the interaction saturates at

the Coulomb contact energy.

For polymeric species, the sequence-dependent intramolecular structure factor is

N N

1
go(a) =5 > 12,-2,- exp [—

i=1 j=

q22

ot
G Il—JI], (3.13)

where Z; denotes the charge carried by monomer i. This expression corresponds
to the Debye structure factor of an ideal Gaussian chain and therefore neglects any
conformational changes arising from electrostatic interactions or excluded-volume

effects.

Its assumption of Gaussian-chain conformations neglects chain contraction, chain
expansion, and screening-induced conformational changes, leading to an overes-
timation of electrostatic correlations, particularly at high polymer concentrations
and large Bjerrum lengths [135]. This limitation of RPA is more significant for

charge-asymmetric IDPs due to intra-chain repulsions[135]

An additional limitation of RPA becomes evident in the polymer-free limit. For
point ions (introduced here for analytical simplicity), the electrostatic free energy

reduces to the Debye—Hiickel expression. In the limit kxpoo — 0, where
«p = (4nlps)'/?, (3.14)

is the inverse Debye screening length, the free energy becomes

3

K
f:—é+pslnps+(1_ps)ln(1_ps)- (3.15)

This expression predicts a critical Bjerrum length of approximately /g/o = 2.05,
above which a simple electrolyte undergoes phase separation. Such behavior is not
observed experimentally under ambient aqueous conditions, illustrating the well-
known tendency of RPA and Debye—Hiickel theory to overestimate electrostatic

correlations.

Liquid-State Theory

Liquid-State Theory (LS) provides a complementary description to RPA by explic-
itly accounting for local packing and electrostatic correlations between particles.
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Following the work of Zhang et al. [88], we extend this framework to sequence-

specific IDPs. The reduced free energy is decomposed into four contributions,

F
f= VieT fid. + fos + fete. + fehain » (3.16)

where the subscripts id., hs, ele., and chain denote the ideal, hard-sphere, elec-
trostatic, and chain formation contributions, respectively. The ideal contribution

accounts for the translational entropy of each species,

3
Pi pil\;
fd, :Zﬁ’l ln( ;V,- )—1] : (3.17)
1

where A; is the thermal de Broglie wavelength of speciesi. Since the present work fo-

cuses on phase equilibria rather than thermodynamic properties involving molecular
momenta, only the translational contribution is retained. Excluded-volume inter-
actions between disconnected beads are described using the Boublik-Mansoori—

Carnahan—Starling-Leland (BMCSL) equation of state [162]. For particles of equal

diameter, ,
6n°(4 — 3n)
= — = 3.18
where the packing fraction is
_T L3
=g Ei pio”, (3.19)

Electrostatic interactions between disconnected charged beads are described using
the restricted primitive model obtained through the mean spherical approximation
(MSA) of Blum and Hoeye [98],

32/3+To)
—

fele. = — (3.20)

where the MSA screening parameter, I', satisfies

r(1+0o) = %D . (3.21)
Unlike RPA, the electrostatic contribution in LS is formulated in real space and
naturally incorporates excluded-volume effects through the finite size of the con-
stituent particles. The remaining contribution accounts for the free-energy change
associated with forming polymer chains from disconnected monomers. Within
Wertheim’s thermodynamic perturbation theory, this contribution can formally be

written as

fowin == 3, 3 in iy exp (U )| (3:22)
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where gi(rlN ) is the single-chain conformational distribution function, er denotes
the coordinates of all beads within a chain, and U (rlN ) is the corresponding in-
tramolecular potential energy. Although formally exact, direct evaluation of this
expression is impractical because the conformational distribution function is not
known analytically and the multidimensional configurational average is computa-
tionally intractable. Consequently, successive approximations are introduced to
evaluate fpain, beginning with Wertheim’s first-order thermodynamic perturbation
theory.

The simplest approximation to the chain contribution is Wertheim’s first-order ther-
modynamic perturbation theory (TPT1), which assumes that chain formation is
governed solely by nearest-neighbor correlations. Under this approximation, the
conformational distribution is factorized into a product of pair distribution func-
tions at contact,

Ni—1
(Inlgi(x}) exp(BUGN) 1) ~ ) Inlgj,ju1 () exp(Buj (@)l (323)

j=1
where u; j+1(0) is the electrostatic interaction between two bonded monomers
separated by one particle diameter. Substituting this approximation into the exact

chain free energy yields

Nl BZ;,jZi, j+1
Jehain = —Z % In [gj,j+1(0')e( 4 )] : (3.24)
|
The pair distribution function at contact for charged beads is given by[124, 170,
169, 172]
2+n
(1-mn)?

where the first term corresponds to the hard-sphere cavity function and the expo-

(3.25)

) - IsZ:Z;
8i8o) = o(1+To)?

exp (
nential accounts for screened electrostatic interactions within the MSA.

Since TPT1 only retains nearest-neighbor correlations, there are only three possible
bonded charge combinations: (++), (——), and (+—). Because the (++) and (——)

interactions are equivalent, the chain free energy can be simplified to

Z Pi
fh' [ -
cham : Nl'

+Npn (g4 - (o)e™0/7) ] (3.26)

(Ni = Nis = 1) In g (0)e™/ )




97

where N; . denotes the number of unlike nearest-neighbor pairs within the sequence.
The TPT1 approximation therefore reduces the sequence dependence to a single
structural descriptor, N; ., together with the net charge of the chain. Consequently,
distinct sequences sharing the same values of these quantities are predicted to
exhibit identical thermodynamic behavior. Furthermore, because only nearest-
neighbor correlations are retained, long-range intrachain electrostatic interactions
are neglected, preventing the theory from describing electrostatically induced chain

contraction or expansion.

The nearest-neighbor approximation inherent to TPT1 neglects correlations between
successive bonds and therefore provides only a limited description of sequence-
dependent conformations. Motivated by the philosophy of second-order thermody-
namic perturbation theory (TPT2)[249, 250, 251, 252], we extend the TPT1 frame-
work by explicitly incorporating triplet correlations through next-nearest-neighbor
interactions. Rather than deriving the full second-order perturbation expansion, we
approximate the chain conformational distribution using triplet distribution func-
tions, thereby retaining the dominant local three-body correlations while preserving
a computationally tractable theory. Specifically, we approximate the conformational

distribution as

gi(x)) exp(BUGEY)) ~ (3.27)
Ni-1
1—[ gj—1j.j+1 (o o rp) exp|Bujoy j e (o o)), (3.28)
j=2

where r; denotes the separation between beads j — 1 and j + 1, and g;_1 ;, j+1 is the
triplet distribution function describing three consecutive monomers. To obtain an
analytical expression for the triplet distribution function, we adopt the approximation
proposed by Miiller and Gubbins [253, 254] for hard-sphere fluids,

gj-1.j.j+1(o,0,1)) = gj—l,j(o')gj,jﬂ(O')g?)(rj)a (3.29)

where gf) (r;) accounts for the remaining triplet correlation not captured by the pair
distribution functions. Electrostatic interactions are then incorporated by Boltzmann

weighting the hard-sphere distribution, giving

N;i—-1
Jehain = — Z %{ Z In [ngH(g-i)elBZi,jZi,jﬂ/o-f]
I 7=

i

Ni-1
+ 3 (in | (rpeleZmZmin|) 4, (3.30)
Z JoN r;

=
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where (- --),, denotes a Boltzmann average over the separation r;. By explicitly
accounting for next-nearest-neighbor interactions, this triplet approach, referred to
herein as LS-T, distinguishes a substantially larger number of sequences than the
standard TPT1 approach and provides a more accurate description of local chain
conformations. Nevertheless, the theory remains inherently local: electrostatic in-
teractions beyond three consecutive beads influence the chain only indirectly through
the bulk screening length. Although incorporating triplet correlations improves the
description of local structure, LS-T remains fundamentally a local theory. Consider,
for example, an otherwise polycationic chain containing a single negatively charged
monomer. LS-T predicts that the attractive interaction between this monomer and
its neighboring cationic beads produces a locally collapsed, hairpin-like structure.
In reality, the long-range electrostatic repulsion between the remaining positively
charged monomers largely prevents such a collapse, leading instead to an almost
fully extended chain with only a slight local distortion. Local conformations are
determined solely by the geometry of neighboring triplets and therefore cannot
respond to the electrostatic environment generated by the rest of the chain. Con-
sequently, LS-T cannot capture the feedback between global chain conformation
and local electrostatic interactions which becomes increasingly important for highly
heterogeneous sequences. This limitation motivates the incorporation of long-range

Gaussian-chain conformational statistics in the hybrid gaulLS framework.

Though the triplet correlation introduced above improves upon TPT1 by explicitly
incorporating local three-body correlations, it remains a local theory where elec-
trostatic interactions beyond three consecutive monomers enter only through the
bulk screening length. However, evaluating the chain distribution in LS through
Eq. 3.22 is computationally intractable, motivating an approximate treatment using
local correlation. On the other hand, The Random Phase Approximation provides
the complementary limit. RPA naturally incorporates long-range intrachain elec-
trostatic correlations through Gaussian-chain statistics, but it lacks an accurate de-
scription of local packing and short-range electrostatic correlations. This motivates
an embedded-chain approximation in which local triplet correlations are treated
explicitly using Liquid-State Theory, while the remaining degrees of freedom are
represented by an effective Gaussian chain assumed in the RPA framework, which
together captures the feedback between the chain conformation and local sequence

information. We refer to this hybrid framework as gaulLS.

In this approach, each triplet of consecutive monomers is treated as an explicit
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charged hard-sphere cluster embedded within the rest of the chain. The explicit
triplet consists of monomers j — 1, j, and j + 1, while all remaining monomers are
represented by Gaussian-chain statistics. The Gaussian-chain contribution explicitly
excludes the monomers belonging to the triplet, thereby avoiding double counting of
the electrostatic interactions included in the local triplet term. For a fixed terminal
separation r; between monomers j — 1 and j + 1, we define an effective triplet free

energy,
BH;(rj) = BUP (r)) = Ingj 1 i (o 0 rp) + BFE(r)), (3.31)

where the explicit triplet electrostatic energy is

IBZ; 1\ Zj+1

Tj

BUTP (1)) = (3.32)
The term g;_1; j+1(0, 0, 7;) is the hard-sphere triplet distribution function intro-
duced above, while FJ.G (r;) is the conformational free energy of the remaining chain,
conditioned on the fixed separation r; of the explicit triplet. The Gaussian-chain

contribution is defined through the restricted configurational partition function

o BFI0)) _ / DR(s) exp [_ﬁHJG[R(s);rj] , (3.33)

where the functional integral is taken over all conformations of the chain segments
outside the explicit triplet, subject to the constraint imposed by the terminal separa-

tion r;. The Gaussian-chain Hamiltonian is approximated as

G 3 AR (s)\>
BH} = — J( 3 )ds

, Z()Z(S')  _iR(s)-R(s))|
l s ds D . 3.34
e ./GEJ /ij IR(s) — R(S,)le ( )

Here, s ¢ j denotes all contour positions outside the explicit triplet. The first
term is the elastic free energy of the effective Gaussian chain, and the second term
accounts for screened electrostatic interactions between the remaining monomers.
The Debye screening parameter kp is determined by the bulk ionic environment,
consistent with the MSA description used in the Liquid-State Theory. Thus, local
triplet interactions are treated explicitly, while the rest of the chain contributes

through a screened, mean-field electrostatic environment.

Analytical expressions for the Gaussian-chain contribution can be obtained from the

variational treatment of Sawle and Ghosh [241]. The effective triplet free energy
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H(rj) therefore defines a potential of mean force for the local triplet geometry,
conditioned on the sequence-dependent electrostatic environment of the surrounding

chain. The Boltzmann distribution of triplet separations is

e BH;(rj)

Pj(rj) = (335)

20 1 o~BH;(r}) ’
o J

where the integration limits reflect the geometrically accessible range of the termi-
nal separation for three tangent hard spheres. The corresponding chain-formation

contribution is then approximated as
o 1 Ni—1
— 7T - (7
fcham = I N;N; -2 22 <,8HJ (rJ)>P_,-(r_,~) . (3.36)
i Jj=

The gaulS framework should therefore be viewed as an embedded-chain approx-
imation rather than a rigorous higher-order perturbation expansion. Its purpose is
to retain the local packing and electrostatic correlations captured by Liquid-State
Theory while allowing the local triplet geometry to respond to the long-range,
sequence-dependent electrostatic environment of the full chain. In this way, gaulLS
provides a computationally efficient route to incorporate both local and non-local

sequence effects without requiring the full single-chain conformational distribution.

Phase Equilibrium and Criticality

For a given Bjerrum length, /g, the thermodynamic state of the system is fully
specified by the vector of monomer densities, p. Before determining phase coexis-
tence, we first assess the local stability of the homogeneous phase. Local stability

is governed by the Hessian matrix of the Helmholtz free energy,

_ 0°F
dpidp;’

i (3.37)
evaluated at the homogeneous composition. For charged systems, however, not all
concentration fluctuations are physically admissible. Since macroscopic charge sep-

aration is prohibited, only fluctuations that preserve electroneutrality are considered,

Znet,i
N;

5p; = 0. (3.38)

Accordingly, the local stability analysis is performed on the Hessian projected onto

the electroneutral subspace. The homogeneous phase is locally stable when the
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projected Hessian is positive definite, while the onset of spinodal decomposition is

identified when its smallest eigenvalue vanishes,
Amin (HP) =0, (339)

where Hp denotes the Hessian restricted to fluctuations satisfying the electroneutral-
ity constraint. Within the spinodal region, infinitesimal concentration fluctuations
grow spontaneously, whereas outside this region any phase separation must proceed

through nucleation and growth.

Assuming the system separates into two homogeneous phases with monomer den-

sities p,, and pg, the total Helmholtz free energy is

Fr = ¢F(py.I8) + (1 = 9)F(pp. Ip), (3.40)

where ¢ is the volume fraction of phase a. Conservation of mass requires

Pi0 = PPia + (1 —@)pig, Vi, (3.41)

where p; o denotes the overall monomer density of species i. Since the initial state is
electrically neutral, electroneutrality need only be imposed on one of the coexisting

phases,
Pi,«
20N Zneni =0, (3.42)
i i

the corresponding condition for the second phase following automatically from the
mass balance. The coexistence conditions are obtained by minimizing the total free
energy subject to the mass-balance and electroneutrality constraints. Introducing

Lagrange multipliers y; and ¢ gives

L =¢pF(p,.18) + (1 = @) F(pg.Ip)

+ Z HMi [Pt,o — @pia— (1 - ‘P)Pi,ﬁ] (3.43)

l
Pi,a
+t//90§ ——Znet,i»
: Nl net,i

whose stationary point determines the equilibrium phase compositions. Minimiza-

tion with respect to p, and pg yields the equality of electrochemical potentials,

_(OF Zoeti _ (OF
y,_(api)w+¢ N _(6p,-)ﬁ' (3.44)

Minimization with respect to ¢ gives equality of osmotic pressure,

0= F(po-l8) = F(pp.ls) = Y fti(pia — pig): (3.45)
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while minimization with respect to the Lagrange multipliers recovers the mass-

balance and electroneutrality constraints.

For a single, charge-neutral IDP, the critical point is obtained by simultaneously

satisfying
’F
(_5 2) _ o, (3.46)
op* ),
’F
(—8 3) =0. (3.47)
ap° ),

All first-, second-, and third-order derivatives of the free energy are evaluated using

automatic differentiation through ForwardDiff jl.

Molecular Dynamics Simulation

Coarse-grained molecular dynamics (MD) simulations were performed using LAMMPS
[179] following the simulation protocol of Chen and Wang [159]. IDPs were mod-
eled using the Kremer—Grest force field with explicit electrostatic interactions. Each
polymer consisted of a linear chain of charged beads, with every monomer carrying

a unit charge of +e. Monovalent counterions were added to ensure overall elec-
troneutrality, while added salt was represented by monovalent ions with interaction
parameters identical to those of the counterions. All particles were assigned identi-
cal mass m and diameter o-, and all quantities are reported in reduced Lennard-Jones

units.

Adjacent monomers were connected using the finite extensible nonlinear elastic

(FENE) potential,
- \2
1-|— 3.48
(R)] (3.48)

Excluded-volume interactions between all non-bonded particles were described by

Urpne(r) = —0.5kRZ In

with k = 30e/0? and Ry = 1.50.

the purely repulsive Weeks—Chandler—Andersen (WCA) potential,

€ [(9)12 - (9)6 + 4—1‘] ,ifr <2%0

Uwca(r) = (3.49)

0, ifr> 260

where € is the Lennard-Jones energy parameter. In the absence of electrostatic

interactions, this corresponds to good-solvent conditions for neutral polymers. To
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provide reference conformations in later parts, #-solvent conditions were approx-
imated using a Lennard-Jones potential with cutoff 2.50- and interaction strength

€L] = 0.3e.
Electrostatic interactions were modeled using the Coulomb potential,

q1492

Ucoul.(r) = Areoe -
7

(3.50)

with a real-space cutoff of 100-. Long-range electrostatic interactions were evalu-
ated using the particle—particle particle-mesh (PPPM) method with a target force

accuracy of 1074,

All simulations were first undergo energy minimization using the conjugate-gradient
algorithm until both the energy and force tolerances reached 107>. Particle veloc-
ities were then initialized from a Maxwell-Boltzmann distribution at the reduced
temperature 7* = kgT' /e = 1.0 with zero net linear momentum. Production sim-
ulations were performed in the canonical ensemble using a Langevin thermostat
with damping parameter 7.017 and the velocity-Verlet integration algorithm with

timestep 0.0057, where

(3.51)

Single-chain simulations

Single-chain simulations were performed to characterize the equilibrium confor-
mations of individual IDPs through the radius of gyration, Ry, and the average
separation of next-nearest neighbors. Simulations employed a cubic simulation box
of dimensions 500 x 500" x 500, followed by 10 equilibration timesteps and 3 x 107
production timesteps. Radii of gyration were calculated using MDAnalysis [187]
together with MDCraft [14].

Two-chain simulation

Two-chain simulations were performed to quantify intermolecular interactions through
the potential of mean force (PMF) as a function of the center-of-mass separation
between two IDPs. The PMF was obtained using the adaptive biasing force (ABF)
method [188, 189] implemented through the Colvars module [190]. The reaction
coordinate was divided into four windows spanning separations from 0o to 200,

with each window sampled for 10% timesteps. The propensity for self-coacervation
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Figure 3.2: (a) Average distance between opposing beads of a triplet, (r;), for
four representative sequences obtained from MD simulations and the hybrid theory,
gaulS. (b) Radius of gyration (Ry) of single-chain polyampholyte with changes of

k and % The R, values corresponding to a neutral chain in a good solvent and a
#-solvent are shown as horizontal reference lines. Multiblock sequences are shown
in hollow markers.

was quantified using the osmotic second virial coefficient,

By = -2n / ) [exp(—BF (r)) — 1] r* dr, (3.52)
0

where F(r) is the PMF. Negative values of B, correspond to a net attractive in-
teraction between two chains and were therefore used to classify sequences as
self-coacervating. Although direct coexistence simulations provide a more rigorous
determination of phase behavior[239, 237], the second virial coefficient offers a
computationally efficient metric that has been shown to correlate well with liquid—

liquid phase separation[238].

3.3 Results and Discussion

To systematically investigate the effects of charge sequence, charge asymmetry, and
salt concentration on IDP coacervation, we carried out more than 100 molecular
dynamics simulations and theoretical calculations spanning over 10,000 distinct
sequences. For clarity, we first examine a representative subset of these results
to develop physical intuition regarding single-chain conformations, intermolecular
interactions and phase behavior, before discussing the complete sequence phase

space.
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Single-chain behavior

Single-chain conformations provide valuable insight into the phase behavior of in-
trinsically disordered proteins and offer a stringent test of the gaul.S framework
developed in this work. We therefore begin by examining two microscopic quan-
tities: the average separation between the terminal monomers of each triplet, (r;),
which directly probes the local conformations predicted by gaulS, and the radius

of gyration, Ry, which characterizes the overall chain dimensions.

Within the triplet approximation (LS-T), (r;) depends only on the local charge
arrangement, resulting in only two possible values corresponding to like- and
oppositely-charged terminal monomers. Conversely, RPA assumes Gaussian-chain
statistics and therefore predicts a uniform value of (r;) independent of sequence. In
contrast, gauLLS allows long-range electrostatic interactions to modify local triplet
conformations, giving rise to sequence-dependent variations in (r;). As shown in
Figure 3.2(a), the MD simulations reveal that (r;) varies substantially along the chain
and depends strongly on the charge sequence. The predictions of gauLS reproduce
these spatial variations well, demonstrating that the theory captures the influence of
long-range electrostatic interactions on local chain conformations while retaining

the local steric description of Liquid-State Theory.

One of the most prominent features reproduced by gauLS is the pronounced re-
duction in (r;) at the interfaces between oppositely charged blocks, reflecting local
charge collapse driven by electrostatic attraction. The magnitude of this collapse
increases with block size, as seen by comparing the fully diblock sequence with the
sequence composed of four-residue blocks. Conversely, uniformly charged domains
exhibit larger values of (r;) owing to intrablock electrostatic repulsion, with longer
charged domains producing greater local extension. The theory also captures more
subtle features, including the reduced extension near chain ends and the alternating

degree of collapse between successive charge-block interfaces.

Overall, gauLS reproduces the sequence-dependent variation in local conformations,
including the location and relative magnitude of local collapses and extensions. Nev-
ertheless, the predicted amplitudes of (r;) exhibit noticeable quantitative deviations
from the simulations. These discrepancies arise from the assumption of gaul.S
that the remainder of the chain follows fixed Gaussian statistics, preventing the sur-
rounding conformational ensemble from adapting to local sequence heterogeneity
and electrostatic interactions. Addressing this limitation by incorporating a more

self-consistent description of chain conformations, such as renormalized Gaussian
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fluctuation (RGF) theory [135], is a promising direction for sequence-dependent

polyampholytes.

The radius of gyration has been shown to correlate strongly with the phase behavior
of IDPs [255, 243]. We therefore examine the dependence of R, on the two
sequence descriptors introduced in Section 3.2. As shown in Figure 3.2(b), the
radius of gyration decreases nearly monotonically with increasing charge blockiness.
Larger values of x promote intrachain collapse through stronger attraction between
extended oppositely charged domains, whereas more uniformly mixed sequences
remain comparatively expanded, approaching the dimensions of a neutral polymer

in a good solvent.

A small group of exceptions is observed near k = 0.2, corresponding to multiblock
sequences with a block length of four residues (hollow markers in Figure 3.2(b)).
This deviation arises from the definition of «, which employs a conventional sliding
window of g = 5, larger than the underlying block length. When characterized
using the normalized sequence charge decoration (nSCD), these sequences recover

the expected monotonic trend [241, 255].

For a fixed «, increasing the normalized net charge, |Z,.|/N, generally leads to
larger values of R, as the excess like-charged residues introduce additional intrachain
electrostatic repulsion that opposes chain collapse. This effect is most pronounced
for weakly blocky sequences, where attractive interactions are relatively weak. As
k approaches unity, however, the influence of net charge becomes progressively
less important because the strong attraction between oppositely charged domains
dominates the chain conformation. Consequently, charge blockiness is the primary
determinant of chain compactness, while net charge acts as a secondary modifier
that shifts the balance between attractive and repulsive electrostatic interactions, and

has a more pronounced effect for sequences with low-to-moderate .

From a mean-field, single-chain perspective, one might therefore expect sequences
that are more compact than a neutral polymer under 6-solvent conditions (indi-
cated by the lower reference line in Figure 3.2(c)) to undergo macroscopic phase
separation through sufficiently strong intrachain attraction [62]. Based solely on
the single-chain conformations, one would conclude that charge blockiness is the
dominant factor controlling self-coacervation. This picture, however, neglects both
interchain electrostatic repulsion and the inherently many-body nature of electro-
static interactions[3, 85], where repulsive interactions can be substantially reduced

through screening by neighboring chains and added salt. As shown in the follow-
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ing sections, these collective effects fundamentally alter the relationship between
single-chain conformations and macroscopic phase behavior, particularly for charge-

asymmetric sequences.

Salt-free phase behavior
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Figure 3.3: Salt-free phase behavior of representative sequences. Panels (a-c)
correspond to net charge-neutral sequences (% = 0), progressively increasing
the length of alternating charge block in the center of the sequence, and panels
(d-f) examine the effect of net charge (lZNﬂ) for diblock sequences with x = 1.
The potentials of mean force (PMFs), BF(r), obtained from MD simulations are
shown in panels (a) and (d), together with sequence schematics and their color
codes. The long-range electrostatic repulsion follows the Coulombic interaction,
shown as dashed lines. Phase diagrams corresponding to the same sequences are
presented in panels (b) and (e), where critical Bjerrum lengths (/g.) are denoted
by circular markers. Except for the diblock sequence with k = 1 in panel (b), for
which results from all four theoretical approaches are shown, only gaulLS predictions
are included in the phase diagrams. The /g s of selected sequences in panel (a)
and additional multiblock sequences are summarized in panels (c) and (f), where
predictions from all theoretical approaches are compared. The multiblock sequences
(hollow markers) correspond to charge block lengths of 2, 4, and 8 residues, yielding
k values of 0.00, 0.22, and 0.69, respectively. The fitted curves are polynomial fits,
with line styles corresponding to the blue set shown in panel (b). The line styles
correspond to the different theoretical approaches: solid lines denote gaulLS, dashed
lines denote LS, dash-dotted lines denote LS-T, and dotted lines denote RPA.

‘We next examine the self-coacervation of IDPs in the absence of added salt, such that
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the system consists only of the IDPs and the counterions required to maintain elec-
troneutrality. We first investigate the role of charge blockiness using charge-neutral
sequences (Figures 3.3(a)—(c)), before examining the effects of charge asymmetry

in the following section.

The potentials of mean force (PMFs) obtained from the molecular dynamics simu-
lations are shown in Figure 3.3(a). As the charge blockiness decreases, the PMFs
become progressively less attractive, eventually developing a short-range repulsive
barrier for the most alternating sequences. Physically, this reflects the increasing
cancellation of neighboring opposite charges, reducing the net electrostatic attrac-
tion between chains. In contrast, the diblock sequence (x = 1) exhibits a strongly
attractive PMF across the entire separation range, highlighting the favorable inter-

actions between large oppositely charged domains.

These microscopic interactions translate directly into the predicted phase behavior
shown in Figure 3.3(b). Considering the gaul.S predictions, increasing charge
blockiness shifts the coexistence envelope towards lower Bjerrum lengths, indicating
that more blocky sequences phase separate under weaker electrostatic interactions.
This trend is in excellent agreement with the PMFs. At /g = o, only the three
most blocky sequences possess negative second virial coefficients and are therefore

expected to self-coacervate, consistent with the corresponding phase diagrams.

The diblock sequence also provides a useful benchmark for comparing the four
theoretical approaches, as they differ fundamentally in their treatment of electro-
static interactions and chain conformations. The predicted critical Bjerrum lengths
follow the ordering: LS < gaul.S < LS-T < RPA, reflecting progressively stronger
predicted electrostatic correlations. LS considers only nearest-neighbor interactions
and therefore predicts the weakest. At the opposite extreme, RPA assumes Gaussian-
chain conformations throughout, leading to an overestimation of long-range elec-
trostatic correlations. The two intermediate theories both incorporate higher-order
sequence information but differ in their treatment of chain conformations. Whereas
LS-T explicitly accounts for next-nearest-neighbor (triplet) interactions, gauLLS em-
beds these local conformations to the long-range electrostatic environment of the
surrounding chain. This coupling moderates the local electrostatic correlations,

yielding predictions intermediate between LS and LS-T.

The broader trends are summarized in Figure 3.3(c). All four theories predict that
the critical Bjerrum length generally decreases with increasing charge blockiness,

confirming that segregating opposite charges promotes self-coacervation. For highly
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blocky sequences (k > 0.3), the relative ordering of the theories remains unchanged.
As the sequences become increasingly disordered, however, the predictions begin
to diverge. In particular, LS-T predicts a considerably weaker dependence of /g .
on « than the other approaches. This behavior is consistent with the local nature
of the approximation. In highly alternating sequences, each triplet contains oppo-
sitely charged next-nearest neighbors, which favors locally collapsed conformations
within the triplet description. Because LS-T treats these triplets independently of
the remainder of the chain, this local stabilization is not influenced by the longer-
range electrostatic environment. By contrast, gaulLS embeds each triplet within
the Gaussian chain, allowing the local conformations to respond to the surrounding
electrostatic environment while retaining the description of local structure. This ad-
ditional coupling provides a possible explanation for why gaulLS predicts a stronger

dependence on « than LS-T while remaining less sensitive than RPA.

Although the dependence of /g on « is approximately monotonic, Figure 3.3(c)
also reveals several notable outliers corresponding to multiblock sequences (hollow
markers). These sequences exhibit substantially different critical Bjerrum lengths
despite possessing similar values of k. Their behavior cannot therefore be understood
solely from the overall degree of charge blockiness. To understand the origin of
these deviations, we compare in Figure 3.4 two representative sequences that contain
the same number of unlike nearest-neighbor pairs but differ in their overall charge

arrangement.

The PMFs obtained from MD simulations, shown in Figure 3.4(a), reveal that both
sequences are capable of self-coacervation (B, < 0), but their intermolecular in-
teractions differ substantially. The triblock sequence exhibits a deeper potential
minimum at short separations, whereas the multiblock sequence displays a broader
attractive well extending to larger intermolecular distances. These differences arise
directly from the distinct single-chain conformations shown in Figure 3.2 and vi-
sually in the simulation snapshots of Figure 3.4(a). The triblock sequence adopts
a compact conformation, favoring strong short-range interchain contacts, while the
more extended multiblock sequence can establish favorable electrostatic interactions

over a larger range of separations.

These microscopic differences are reflected in the predicted phase diagrams shown
in Figure 3.4(b). RPA predicts a significantly larger critical Bjerrum length for
the multiblock sequence than for the triblock sequence because the Gaussian-chain

approximation effectively averages the alternating charge blocks into a more homo-
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Figure 3.4: Salt-free behavior of a selected pair of sequences containing the same
number of charge doublets. The potentials of mean force (PMFs), 8F(r), obtained
from MD simulations are shown, together with sequences schematics and their color
codes (left panel). Corresponding phase diagrams are presented in the right panel,
where critical Bjerrum lengths (/g.) are shown by dots. The line styles correspond to
the different theoretical approaches: solid lines denote gaul.S, dashed lines denote
LS, dash-dotted lines denote LS-T, and dotted lines denote RPA. The LS results for
both sequences are identical and are in close proximity with the gaulLS predictions
for the chain with « = 0.22.

geneous charge distribution, thereby underestimating the favorable local electrostatic
correlations. In contrast, both gaulLS and LS-T correctly predict that the multiblock
sequence exhibits only a slightly weaker tendency towards phase separation than the
triblock sequence. Figure 3.4 also illustrates the fundamental limitations of local
sequence descriptors. Since the two sequences possess the same number of unlike
nearest-neighbor pairs, LS predicts identical phase behavior for both sequences.
This demonstrates that nearest-neighbor statistics alone are insufficient to charac-
terize sequence-dependent self-coacervation. Incorporating triplet and long-range
conformational correlations substantially improves the predictions. These results
therefore demonstrate that the global organization of charge along the chain, rather
than local charge statistics alone, plays a decisive role in determining intermolecular

interactions and phase behavior.

Having established how charge patterning influences salt-free self-coacervation, we
next examine the effect of charge asymmetry. For clarity, we restrict our discussion
to diblock sequences (k = 1), although the same qualitative trends are observed for

more disordered charge patterns.

The PMFs obtained from the MD simulations are shown in Figure 3.3(d). Introduc-

ing a net charge produces a long-range Coulombic repulsion between chains, giving
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rise to the expected BF (r) « det /r behavior at large separations. At short distances,
however, attractive interactions between oppositely charged blocks remain, result-
ing in a local attractive minimum even for highly charge-asymmetric sequences. As
the net charge increases, this minimum becomes progressively shallower because

contacts between oppositely charged domains become less favorable.

These changes are reflected directly in the phase diagrams predicted by gaul.S
(Figure 3.3(e)). Increasing the normalized net charge systematically shifts the coex-
istence envelope towards larger Bjerrum lengths, demonstrating that progressively
stronger electrostatic interactions are required to overcome the increasing interchain
repulsion. The qualitative agreement with the PMFs is excellent: sequences with
sufficiently large charge asymmetry retain short-range attractive interactions but are

no longer able to undergo macroscopic phase separation.

This observation also highlights an important distinction between single-chain and
many-body behavior. Although the most highly charged sequences remain more
compact than a neutral polymer under #-solvent conditions (Figure 3.2(b)), they
nevertheless fail to phase separate. Single-chain collapse alone is therefore insuffi-
cient to predict self-coacervation. Macroscopic phase behavior additionally depends
on the balance between attractive interchain correlations, long-range electrostatic

repulsion, and the entropy of the accompanying counterions.

The complete dependence of the critical Bjerrum length on charge asymmetry is
summarized in Figure 3.3(f). All four theoretical approaches predict a monotonic
increase in /g with increasing |Ze|/N, consistent with the reduced propensity
for phase separation as the excess charge increases. Although the quantitative
predictions differ, the relative ordering of the theories remains unchanged, LS <
gauLS < LS-T < RPA, indicating that the treatment of intrachain electrostatic
correlations remains the primary source of the quantitative differences between the

theories.

Interestingly, the dependence of /g . on charge asymmetry is considerably weaker
than its dependence on charge blockiness. While increasing the net charge sup-
presses phase separation through long-range interchain repulsion and the increasing
translational entropy of the counterions required to maintain electroneutrality, charge
blockiness directly controls the magnitude of the attractive electrostatic correlations
responsible for self-coacervation. Consequently, the sequence patterning of charged
residues emerges as the dominant molecular descriptor governing salt-free phase

behavior, with net charge acting primarily as a secondary perturbation.
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Figure 3.5: Added-salt effect on representative sequences. Panels (a-c) correspond
to charge-symmetric sequences (@ = () with progressively increasing the length
of alternating charge block in the center of the sequence, and panels (d-f) examine
the effect of net charge ('ZNit') for diblock sequences with k = 1. The potentials of
mean force (PMFs), BF (r), obtained from MD simulations with salt concentrations
(shown here as an increasing inverse screening length «xpo-), are shown in panels (a)
for a diblock sequence with @ = 0, and (d) for a diblock sequence with @ =
0.08. The long-range electrostatic repulsion follows the Coulombic interaction,
shown as dashed lines. With added salt, the long-range attractive interactions now
follow Debye screened interactions. Corresponding phase diagrams are presented in
panels (b-c) and (d-e), where critical points are shown by circular markers. Results
obtained by gaulS are shown in panels (b) and (e), while results obtained by RPA
are shown in panels (c) and (f).

Effect of added salt

The previous section considered salt-free systems containing only the IDP and the
counterions required to maintain electroneutrality. In practice, however, biological
and experimental systems typically contain substantially higher salt concentrations.
The effect of added salt is considerably more complicated because electrostatic
screening simultaneously weakens both the attractive and repulsive interactions
responsible for self-coacervation. To isolate these competing mechanisms, we

again separately consider charge-neutral and charge-asymmetric sequences.

We first examine the effect of salt on a charge-neutral diblock sequence. The corre-

sponding PMFs obtained from MD simulations are shown in Figure 3.5(a). Increas-
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ing the salt concentration progressively weakens the attractive interactions between
oppositely charged domains, leading to a shallower potential well. Consequently,
the propensity for self-coacervation decreases monotonically with increasing salt
concentration. This microscopic behavior is reflected directly in the phase diagrams
predicted by both gaul.S and RPA (Figures 3.5(b,c)). In both theories, increasing
the salt concentration progressively contracts the coexistence region until phase
separation is completely suppressed at sufficiently high salt concentrations. Se-
quences with weaker charge blockiness require considerably less salt to eliminate
phase separation because their electrostatic attractions are already relatively weak

in the salt-free limit.

Although the qualitative trends predicted by gaul.S and RPA are identical, the
quantitative predictions differ substantially. RPA consistently predicts significantly
higher critical salt concentrations than gaul.S. This difference originates from the
stronger electrostatic contribution of the mobile ions within RPA compared with
the MSA treatment employed in Liquid-State Theory. Consequently, greater salt
concentrations are required in RPA before electrostatic screening becomes sufficient

to suppress phase separation.

The behavior changes qualitatively once the sequence carries a net charge. Fig-
ure 3.5(d) shows the PMFs for a diblock sequence with |Zne|/N = 0.08. In the
absence of added salt, the interaction is dominated by long-range Coulombic re-
pulsion arising from the excess charge on each chain, preventing self-coacervation
despite the presence of attractive interactions between oppositely charged domains.
The addition of salt initially screens this long-range repulsion, allowing the attrac-
tive block-block interactions to dominate and producing a pronounced attractive
minimum in the PMF. As the salt concentration increases further, however, these
attractive interactions are themselves progressively screened, resulting in a shal-
lower potential well. Thus, added salt first enhances and subsequently suppresses
intermolecular attraction, similar to the salting-in and salting-out transition in the

complex coacervation of asymmetric polycations and polyanions[88, 256, 234].

This competition produces the re-entrant phase behavior shown in Figures 3.5(e.,f).
At low salt concentrations, screening of the long-range repulsion enlarges the coex-
istence region and can even induce phase separation in sequences that remain homo-
geneous in the salt-free limit. Beyond an intermediate salt concentration, however,
screening of the attractive electrostatic correlations becomes dominant, causing the

coexistence region to contract before eventually disappearing altogether. The non-
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monotonic dependence of phase behavior on salt concentration is therefore a direct

consequence of the competing effects of electrostatic screening.

The extent of this re-entrant behavior differs markedly between the two theories.
While gaul.S predicts that re-entrant phase behavior is restricted to moderately
charge-asymmetric sequences (|Znet|/N < 0.24), RPA predicts that it persists for
highly charged sequences approaching homopolyelectrolytes. This discrepancy re-
flects the limitations of the Gaussian-chain approximation, together with the stronger
electrostatic contribution of the mobile ions within RPA, both of which exaggerate

the stabilizing effect of screening at low salt concentrations.

Itis important to distinguish the present mechanism from the re-entrant phase behav-
ior commonly discussed in the IDP literature [216, 218, 208]. In many experimental
systems, phase separation occurs in both the low- and high-salt limits, with the in-
termediate homogeneous region arising from competition between electrostatic and
hydrophobic interactions. In contrast, the systems considered here remain homoge-
neous in both the salt-free and high-salt limits, while phase separation occurs only
at intermediate salt concentrations. The re-entrant behavior therefore arises entirely
from electrostatic screening and does not require additional attractive interactions

such as hydrophobicity.

A qualitatively similar non-monotonic response to added salt has recently been re-
ported for isolated polyampholyte chains, where the radius of gyration exhibits a
minimum at intermediate salt concentrations [130]. The present results demonstrate
that the corresponding phase behavior is fundamentally a many-body phenomenon.
While added salt modifies single-chain conformations, its dominant effect on coac-
ervation arises through the collective screening of intermolecular electrostatic in-
teractions. Consequently, the influence of salt cannot be inferred from single-chain

properties alone.

Global phase behavior

Having established the individual roles of charge blockiness, charge asymmetry,
and added salt, we now combine these effects to construct the global phase behavior
of polyampholyte-like IDPs in terms of the sequence descriptors « and |Zpe|/N.
Sequences are classified into three categories: those that undergo self-coacervation
under salt-free conditions, those that coacervate only upon the addition of salt,
and those that remain homogeneous regardless of salt concentration. Within the

molecular dynamics simulations, this classification is based on the sign of the
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Figure 3.6: Global phase diagrams of IDP sequences using (a) gauLLS and (b) RPA.
Blue points denote sequences that self-coacervate under salt-free conditions, and
green points denote sequences that remain homogeneous under salt-free conditions
but undergo salt-induced phase separation. White regions (sequences not shown)
correspond to sequences that remain homogeneous regardless of salt concentration.
The MD results, quantified through the second virial coefficient (B,), are shown as
squares, where red squares denote sequences which do not coacervate under any
condition.

second virial coefficient (B;) under both salt-free and added-salt conditions. For
the theoretical approaches, self-coacervation is identified by determining whether
the critical Bjerrum length satisfies /g < 0. Sequences that do not satisfy this
criterion are subsequently examined at finite salt concentration to determine whether
electrostatic screening induces a spinodal instability. While the molecular dynamics
simulations were limited to 30 representative sequences at three salt concentrations,
the efficiency of the theoretical models enabled more than 10,000 distinct sequences

to be examined.

The resulting phase maps are shown in Figure 3.6, with the predictions of gaulLS and
RPA presented in Figures 3.6(a) and (b), respectively. Blue regions correspond to
sequences that undergo self-coacervation under salt-free conditions, green regions
denote sequences that phase separate only in the presence of added salt, and the
remaining white regions correspond to sequences that remain homogeneous irre-
spective of salt concentration. The molecular dynamics results are shown as square

markers.

The molecular dynamics simulations reveal that salt-free self-coacervation is limited
to sequences possessing either sufficiently large charge blockiness or sufficiently
small net charge. For neutral sequences, self-coacervation persists down to ap-

proximately x ~ 0.05, while increasing the normalized net charge progressively
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suppresses phase separation, producing an approximately linear trade-off between
charge blockiness and charge asymmetry. These trends are reproduced well by
gauLS, which slightly overestimates the extent of the self-coacervating region. In
contrast, RPA predicts that self-coacervation remains possible for sequences with
substantially larger net charges, extending to |Z,e¢|/N =~ 0.30, reflecting its system-

atic overestimation of electrostatic correlations.

The influence of added salt is even more striking. The green region occupies a
substantial fraction of the phase diagram, demonstrating that many sequences in-
capable of self-coacervation under salt-free conditions can nevertheless undergo
phase separation at intermediate salt concentrations through electrostatic screening.
The molecular dynamics simulations indicate that, compared to the salt-free case,
added salt approximately doubles the maximum net charge compatible with phase
separation. Importantly, this salt-induced region remains bounded by the underlying
self-coacervation boundary: if a neutral sequence cannot phase separate, introduc-
ing a net charge and screening it with salt is insufficient to induce coacervation.
gaul.S captures both the overall size and shape of this region, although it modestly
overestimates its extent. RPA, however, predicts a substantially larger salt-induced
region, incorrectly suggesting that salt can induce phase separation even for se-
quences whose neutral counterparts remain entirely homogeneous. This behavior
originates from the combined effects of the Gaussian-chain approximation and the

overestimation of the electrostatic contribution of the mobile ions.

These results demonstrate that salt-induced coacervation is not a rare phenomenon
but rather occupies a substantial region of sequence space, particularly for moder-
ately charge-asymmetric IDPs. Previous theoretical studies have largely focused on
self-coacervation, whereas the present results show that many sequences lie close to
the boundary separating salt-free and salt-induced phase separation. This observa-
tion has important biological implications. Ionic strength varies substantially across
cellular compartments and can change in response to environmental and physio-
logical stimuli. A preliminary analysis of 1,301 human IDP sequences extracted
from the DisProt database [257] indicates that the majority cluster around « = 0.2
and |Zpet|/N = 0.05-0.10, placing them close to the predicted phase boundaries.
Consequently, many naturally occurring IDPs may exist near the threshold of coac-
ervation, where relatively small changes in ionic strength are sufficient to induce
either condensate formation or dissolution. These results therefore suggest that

changes in the local ionic environment provide a general mechanism for regulating
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biomolecular phase separation without requiring modifications to the underlying

amino-acid sequence.

3.4 Conclusion

In this chapter, we have systematically investigated the effects of charge blockiness,
charge asymmetry, and salt concentration on the coacervation of intrinsically disor-
dered proteins using molecular dynamics simulations and a hierarchy of theoretical
approaches. To overcome the limitations of existing Liquid-State and Random Phase
Approximation theories, we introduced gaul.S, an embedded-chain framework that
combines explicit local triplet correlations with a Gaussian-chain description of
long-range electrostatic interactions. Comparison with molecular dynamics simula-
tions demonstrated that gaulLS accurately captures sequence-dependent single-chain
conformations and substantially improves predictions of phase behavior across a

broad range of charge sequences.

Using this framework, we mapped the phase behavior of 12,741 polyampholyte
sequences in terms of charge blockiness, net charge, and salt concentration. We
showed that charge blockiness is the primary molecular descriptor governing salt-
free self-coacervation, while net charge acts as a secondary modifier through long-
range electrostatic repulsion and the entropy of the accompanying counterions.
Most importantly, we identified a broad region of sequence space in which phase
separation occurs only upon the addition of salt. This salt-induced coacervation
arises from the competition between screening of long-range repulsive interactions
and screening of the attractive electrostatic correlations responsible for condensate
formation, demonstrating that salt can both promote and suppress phase separation

depending on the sequence architecture and ionic environment.

Beyond providing a predictive theoretical framework, these results establish a com-
prehensive sequence—state diagram for polyampholyte-like IDPs and reveal that
salt-induced coacervation is likely to be far more prevalent than previously appre-
ciated. Given that many naturally occurring IDPs possess both finite net charge
and operate in environments with varying ionic strength, our findings suggest that
changes in the local ionic environment may provide a general mechanism for reg-
ulating biomolecular condensate formation without requiring modifications to the
underlying amino-acid sequence. More broadly, the gaul.S framework provides
a foundation for extending predictive theories of biomolecular phase separation

to increasingly realistic systems, including charge regulation [143], heterogeneous
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interaction chemistries [258], multicomponent condensates, and explicit solvent

effects.
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Chapter 4

TOPOLOGY-DRIVEN PHASE SEPARATION IN CHARGED
POLYMER SOLUTIONS

In this chapter, we develop a topology-specific theory of polyelectrolyte coacerva-
tion using the random phase approximation and apply it to both simple and com-
plex coacervation. Our results for stars and dendrimers show that more compact
chain topologies display a greater propensity for liquid-liquid phase separation, as
a function of both Bjerrum length and salt concentration. For mixtures of different
topologies, we demonstrate that differences in polymer topology alone are sufficient
to drive multiphase coacervation of polyelectrolytes, which we rationalize in terms
of an effective y parameter. Analysis of a simplified global phase diagram reveals
that the propensity for such topology-driven phase separation is largest at a finite
molecular weight. Overall, our results establish polymer topology as a powerful
design lever for tuning the phase diagram of charged macromolecules independently
of molecular weight, net charge, and monomer chemistry, since changes in topology
enable fine-tuning of the effective charge density without altering these molecular

characteristics.

This chapter includes work from our previously published preprint: David Beyer,
Pierre J. Walker, Lena Tarrach, Zhen-Gang Wang, and Christian Holm. How
Topology Shapes the Phase Behavior of Polyelectrolytes. arXiv:2607.15703 [cond-
mat.soft]. July 2026. por: 10.48550/arXiv.2607.15703

4.1 Introduction

The phase behavior of charged macromolecules plays an important role in cell biol-
ogy [259, 260], soft matter science [44, 116, 117, 261], and various technological
applications [262]. For example, charged biopolymers can spontaneously phase sep-
arate, leading to droplet-like structures known as biomolecular condensates [260,
263,264,265]. Ananalogous phenomenon occurs for synthetic polyelectrolytes [44,
116, 117]: as illustrated in Figure 4.1(a), aqueous solutions of polyelectrolytes can
split into a dense coacervate phase and a dilute supernatant through liquid-liquid
phase separation (LLPS). Depending on the composition of the system—either
solely consisting of polyelectrolytes with the same sign of charge or containing

both polyanions and polycations—the coacervate is called a simple coacervate or
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a complex coacervate. Recent works have revealed that mixtures of different poly-
electrolytes may even split into multiple distinct coacervate phases [266, 245, 267,
246, 268, 269, 270]—so-called “multiphase coacervation.”

Together with the charge-sequence effects examined in Chapter 3, this establishes
molecular architecture — sequence and topology alike — as a design variable for
phase behavior that operates independently of net charge, chain length, and monomer

chemistry.

supernatant (b) linear star dendrimer
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Figure 4.1: (a) Polyelectrolyte solutions can split into a supernatant with a low
polyelectrolyte concentration and a coacervate with a high polyelectrolyte concen-
tration through LLPS. Blue and red chains correspond to polyanions and polycations,
respectively. (b) Schematic representation of the different polymer topologies in-
vestigated in this work: linear chains, stars, and dendrimers. Note that for visual
clarity, the different topologies are not shown at the same scale. (c) Overview of the
different mixtures of polyelectrolytes studied in this work: simple coacervates (left
panel), complex coacervates (middle panel), and salt-free, mixed complex coacer-
vates (right panel).

A key question in polyelectrolyte physics is identifying the parameters that govern
the coacervate phase behavior. Previous studies have demonstrated that LLPS can
be controlled by adjusting parameters such as temperature [90], salt concentration
[271, 207], and pH [272, 273]. Furthermore, the phase behavior of charged macro-
molecules is also influenced by properties intrinsic to polymers, including charge
density and net charge [209, 234, 274], chain stiffness [275], and architectural pa-
rameters such as the sequence of charged residues [221, 222, 225, 233, 226, 276,
277, 236]. Another architectural parameter that could influence the phase behavior
of polyelectrolytes is the polymer topology. However, although there exist a small

number of publications studying the coacervation of polyelectrolytes with non-linear
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topologies [278, 279, 280, 281, 282, 283, 137, 284, 285, 286], the majority of stud-

ies focus on linear chains, presumably because of their prominence in biological
systems and ease of synthesis. Previous works studying the effects of molecular
architecture on polyelectrolyte coacervation invariably varied both chain topology
and other parameters such as molecular weight simultaneously [278, 280], making
it difficult to isolate the effects of chain topology. Moreover, we are not aware
of any systematic theoretical investigation establishing the phase behavior of com-
plex mixtures containing polyelectrolytes of different topologies. To address these
open questions, we develop a minimal, topology-specific theory of polyelectrolyte
coacervates and apply it to simple and complex coacervation, revealing several

topology-driven effects, including topology-driven multiphase coacervation.

4.2 Theory

Because the space of polymer topologies is astronomically large, we use a class of
simple model architectures that allow us to systematically vary the chain topology
via a small number of easily interpretable parameters. The model architectures
studied in the following are dendrimers, which have previously been studied, for
example, in the context of binary polyelectrolyte complexation [287]. We consider
dendrimers with f arms emerging from the central core (see Figure 4.1(b)). Each
arm branches into f — 1 branches (these branches then branch into f — 1 sub-
branches, etc); in total, there are Ny, generations of branchings. For a given topology,
the number of monomers between two branchings is always taken to be the same
(L), resulting in three parameters that fully characterize our model topologies (7 =
(f, Np, N)): the number of arms ( f), the number of generations (N ), and the overall
molecular weight (). To focus solely on the effect of topology, we set the degree
of polymerization of the polymers to a constant value, N = 200, in the following.
We represent the polymer chains using a continuous Gaussian chain model, which
allows us to derive a simple closed-form expression for the single-chain structure

factors and is justified given that L > 1 for all model architectures considered.

To construct phase diagrams of coacervates consisting of polyelectrolyte chains with
different topologies, we need a topology-specific expression for the free energy.
Approaches such as the Voorn-Overbeek theory [44] or liquid-state theory [253, 88,
138, 136, 90, 250, 251, 288] cannot account for differences in polymer topology.
Therefore, we combine the Flory-Huggins free energy with a Coulomb correlation
term derived within the random phase approximation (RPA) [289], which has been
widely used to study the phase behavior of polyelectrolytes [290, 291, 227, 278,
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292, 134, 129, 245]. The free energy, F, for a mixture of salt, polyelectrolytes of

various topologies, and neutral solvent reads

3

4.1)

with sums running over all species i. The first two terms are the Flory-Huggins free
energy, where ¢; and N; are the volume fraction and molecular weight of species
i, respectively. b is the Kuhn length, which, for simplicity, is assumed to be the
same for all polymers. Furthermore, we set the volume of small ions and solvent
molecules to b3, y; ; 1s the interaction parameter of species i and j, which is set to
xij = 1/2 for polymer-solvent interactions to emulate a #-solvent and set to zero for
all other interactions [129]. The final term accounts for electrostatic correlations of
polyelectrolytes and small ions at the RPA level. Here, k is the wave number and
Ig = e?/4neyekgT is the Bjerrum length of the system, with the elementary charge
e, the vacuum permittivity €y, and the dielectric constant of the solvent €. o7 is
the charge fraction of species i, i.e. the average fraction of elementary charges per
monomer; we set 0; = 0.2 for all polyelectrolyte species and o; = 1 for salt ions.
gi(k; ;) is the single-chain structure factor of species i, which explicitly depends

on the corresponding topology 7;.

For salt ions, we have g; = 1. For a continuous chain with a dendrimer-like
topology, characterized by a degree of polymerization N, branching number f, and

Ny, generations, the single-chain structure factor is defined as

1 N N ) ,
8k T) = / ds / ds’ ()Tl (4.2)
0 0

where s and s’ denote contour positions along the polymer backbone. Assuming
Gaussian chain statistics, the characteristic function for monomers belonging to the

same edge takes the form

21,2 ’
<eik.[r(s)—r(s’)]> — exp(—M) ) 4.3)
6
The correlations between points belonging to the same edge of the dendrimer,

therefore, generate the standard Debye function D (x),

Lortoort K2bs - 5’|\ 2
2 ; ds/0 ds’exp(—%) = = (e +x-1)=D(x), “4.4)

Fb? i 1 b [ 47l
ﬁv :Z%1n¢i+izx,j¢,-¢j+m/0 dk k> [ln(1+k2—£2¢i0—l2gi(k;7?) -
;i i.j J

123 21
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where we introduced the abbreviation x = Lk?b? /6 and L, which is the length of
a single graph edge. Correlations between a branch point and the positions on an

adjacent edge generate the auxiliary function A(x),

L 21,2
%/0 dsexp(—k 16’ s) :%(1—5}6) = h(x). 4.5)

The full dendrimer structure factor is obtained by combining same-edge and inter-

edge correlations. The latter depend only on the graph distance between edges
and can be collected into a generating function G(z; f, Np), where z = e™*. The

resulting single-chain structure factor is

G(Z;f’ Nb) hZ(x)

g(k;‘T):m D(x) + E(f. No) (4.6)
where
_ (f_ 1)Nb+l -1
E=f 72 4.7

is the total number of edges in the dendrimer, allowing us to calculate the length of

a single edge,

N
L= — 4.
ECf. Ny 8

For Ny, = 0, we have:
G(z) = f(f-D), (4.9)

and for Ny, = 1, we have:
G(2)=(f=Df(f+ 1) +2f(f =D’z + f(f - 1)’ (4.10)

To find the composition of coexisting phases, we follow the same approach described
in Chapter 2, subject to an incompressibility constraint »; ¢; = 1. In practice, we
use an implementation of equation 4.1 in the Clapeyron.jl software package [20],
which uses automatic differentiation to evaluate derivatives of the free energy and

allows for efficient numerical computation of phase diagrams.

4.3 Results and discussion

We now apply our theory to model systems of increasing complexity (Figure 4.1(c)),
progressing from simple coacervates (with added salt) to complex coacervates (with
added salt) to mixtures of complex coacervates. Each system intends to identify the

effects of polyelectrolyte topology on their phase behavior.
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Figure 4.2: Phase diagrams of simple (subfigure (a) and (c)) and complex (subfigure
(b) and (d)) coacervates of varying topology. Subfigures (a) and (b) show salt-free
phase diagrams as a function of the polymer volume fraction and the Bjerrum
length. Subfigures (c) and (d) show diagrams in the presence of salt as a function
of the polymer volume fraction and the salt volume fraction (the Bjerrum length is
set to [g = b). Solid lines correspond to the co-existence boundary; dashed lines
correspond to tie lines connecting coexisting phases (empty markers); solid markers
denote the critical points.

Simple and complex coacervates

First, we consider a salt-free simple coacervate, i.e., a polyelectrolyte with counteri-
ons in the absence of salt. Figure 4.2(a) shows that this system undergoes LLPS for a
sufficiently high Bjerrum length (“simple coacervation”). As the Bjerrum length is
reduced, the electrostatic interactions, and thus the driving force for LLPS, weaken,

causing the coacervate and supernatant branches to approach each other and finally
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Figure 4.3: Charge—charge structure factor of a simple polyelectrolyte of varying
topology with its counterion at Ilg = b, o0 = 0.2, ¢, = 0.01 and N = 200.

merge at the critical point. Despite the fact that the total charge and molecular
weight of each topology shown in the plot are identical, a comparison shows that the
critical Bjerrum length decreases in the order (1,0) — (6,0) — (10,0) — (6, 1)
(using the notation introduced in the legend of Figure 4.2(a)). This increased ten-
dency to phase separate is driven solely by changes in topology and stems from the
more compact nature of branched architectures, which leads to a locally increased
charge density and, therefore, to stronger electrostatic correlations driving LLPS.
The increased compactness is evident from the RPA structure factors of the different

topologies, obtained as:

> 6ot gi(k; T
L+ 258 5, gio2gi(k: )

Sec(k) = 4.11)

The resulting structure factor for a dilute simple polyelectrolyte with its counterion is
shown in Figure 4.3. In all cases, a maximum appears at a finite k, implying compact
conformations. These maximum becomes more pronounced and shifts to higher &
as the polymer topology becomes more branched, implying further compactification
of the single chain. This behavior demonstrates the higher local charge density of

branched topologies.

Assuming that the location of the maximum of the single-chain charge-charge struc-
ture factor approximately represents the inverse volume taken up by a single chain,

we can estimate (see appendix for derivation) the increase in charge density when
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going from a linear chain to a topology 7, first for a star topology:

Peefi(star) Iz 3/4 .
peef(chain)  \3f-2) .
and for a dendrimer
Pe.eff (dendrimer) Iz 3/2 -
Pe.eff(chain) 3f-2 .

An interesting but sensible result from these two equations is that, for the same
branching number f, dendrimers achieve a greater effective charge density than
stars, consistent with the results in Figure 4.2.

Notably, topology-induced changes in charge density are distinct from those re-
ported for linear polyelectrolytes [245], where changes in linear charge density are
invariably accompanied by variations in monomer size or polymer chemical com-
position. In contrast, changes in topology allow the monomer properties and charge
density to be decoupled, enabling fine-tuning of the phase behavior while maintain-
ing a fixed polyelectrolyte chemistry and molecular weight. For salt-free complex
coacervates, we observe a largely analogous behavior (Figure 4.2(b)). However, the
critical Bjerrum length for complex coacervates is more than an order of magnitude
smaller than for simple coacervates. This higher propensity for LLPS is caused by
strong electrostatic correlations between the polyelectrolytes driving the phase split,

as opposed to weaker polyelectrolyte-counterion correlations in simple coacervates.

In the next step, we fix the Bjerrum length to /g = b and study coacervation in
the presence of added salt '. As shown in Figure 4.2(c), for simple coacervation,
all topologies exhibit the same qualitative phase behavior. The most prominent
feature of the phase diagrams is a reentrant coacervation: at low salt concentration,
an increase in salt leads to a broadening of the two-phase region, i.e., the polymer
concentration in the coacervate increases. For star topologies, where the salt-free
critical /g is greater than b, the addition of salt even induces phase separation, as
indicated by the critical points at low salt concentrations. The observed reentrant
behavior occurs due to initial increases in electrostatic correlations upon the addition
of salt, strengthening the driving force for coacervation. Conversely, at sufficiently

high salt concentration, electrostatic screening begins to dominate, weakening the

"For many polymers, b ~ 0.4 —0.6 nm [293], meaning that this Bjerrum length would be slightly
smaller than that of water.
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Figure 4.4: Phase behavior of mixed complex coacervates where symmetric pairs are
considered for all topologies, i.e. the same number of polyanions and polycations is
always added to the system for a particular topology. “1-¢”, “2-¢” and “3-¢” denote
regions where one, two or three phases coexist, respectively. (a) Phase diagram of a
salt-free mixture of linear chains (volume fraction ¢, 1) and stars (f> = 10, volume
fraction ¢, ). (b) Phase diagram of a salt-free mixture of linear chains (volume
fraction ¢, 1) and dendrimers with one generation of branching (f, = 6, Ny = 1,
volume fraction ¢, ). (¢) Global phase diagram of a salt- and solvent-free blend of
linear chains with stars (blue) and dendrimers (N = 1, green) with varying degree
of polymerization (N) and degree of asymmetry (taken as f~!). Points represent
conditions at which the blend of polyelectrolytes will not phase separate at /g = b.
If a mixture lies below these curves, the addition of solvent will eventually result in
three-phase separation.

driving force for coacervation and causing the two phase region to shrink and
eventually close at the critical point. Changes in topology lead to a trend consistent
with the salt-free case: more compact architectures exhibit a larger two-phase region
and thus higher salt resistance, with the phase separation propensity increasing in
exactly the same order as for the salt-free case. At the same time, the critical polymer
concentration slightly increases, which also mirrors the behavior observed for the

salt-free systems.

Consistent with other theories on simple coacervates [88, 136], negatively-sloped
tie lines are observed due to differences in electrostatic screening between the
supernatant and the coacervate. For complex coacervates (Figure 4.2(d)), the phase
behavior is largely similar. However, we do not observe reentrant coacervation,
1.e., the two-phase region monotonically shrinks with increasing salt concentration.
This behavior originates from the stronger electrostatic correlations in complex
coacervates: because the correlations between polyelectrolyte chains are already
quite strong in the absence of salt, adding salt has only a minor effect that is
overwhelmed by the increase in electrostatic screening. Moreover, we observe that
in contrast to the simple coacervates and prior works, the tie lines are positively-

sloped, due to the stronger electrostatic correlations in the complex coacervate.
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Figure 4.5: Salt partitioning in a simple (a) and complex (b) coacervate as a function
of salt concentration in the supernatant with varying polyelectrolyte topology. For
all systems, /g = b.

While a few tie-lines are included within Figures 4.2(b) and 4.2(d), it is often of
interest to examine how the partitioning of salt varies across the phase diagram.
In Figure 4.5, we present the partition coefficient of salts within a simple (a) and
complex (b) coacervate as a function of salt concentration in the supernatant with
varying polyelectrolyte topology. Figure 4.5(a) demonstrates that for a simple
coacervate, the partition coefficient is consistently smaller than unity; i.e., salt is
rejected by the simple coacervate and the salt concentrations in the two phases only
equalize at the critical point. Comparing different topologies, we observe that more
compact molecular architectures reject salt more strongly, with the ability to reject
salt increasing in exactly the same order as the phase separation propensity. This
type of behavior is expected in simple coacervates, as the higher ion concentration
in the supernatant results in greater electrostatic screening in this phase. Thus, with
effectively weaker electrostatic interactions, the salt will preferentially partition into
the supernatant. For the complex coacervate, we observe that ions preferentially
partition into the coacervate rather than the supernatant (Figure 4.5(b)), which
continues up to the critical point. The preferential partitioning into the coacervate is
due to the stronger electrostatic correlations within this phase due to the presence of
the oppositely charged polyelectrolytes, in contrast to the simple coacervate system

containing a single polyelectrolyte with its small counterion.

Mixtures of complex coacervates

Having studied simple and complex coacervates in which only a single polymer
topology is present in the system, we now turn to mixtures of different topologies.
To avoid unnecessary complexity, we consider complex coacervates containing pairs

of linear polyanions and polycations, mixed with pairs of polyanions and polycations
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with a non-linear topology (see Figure 4.1(c)), and set Iy = b. For systems with
minor topological asymmetries, e.g., linear chains and stars with f = 6 arms, almost
ideal mixing occurs within the coacervate phase and the observed phase behavior
is largely analogous to the results reported in the previous sections. In contrast,
for systems with stronger asymmetries in polymer topology, such as linear chains
mixed with 10-arm stars (Figure 4.4(a)), a more complex phase diagram emerges:
in addition to single-phase behavior (“1-¢”) and two-phase coexistence (‘“2-¢”),
we also observe three-phase coexistence (“3-¢”"). These three coexisting phases,
corresponding to the vertices of the dashed triangle, are a supernatant with a low
overall polymer concentration, a coacervate phase in which the linear chains are
enriched, and another coacervate phase with a high concentration of stars. Notably,
this three-phase coexistence only occurs in a regime where the concentrations of

both polymer topologies are fairly low.

The driving force behind the observed three-phase separation (and, at higher concen-
trations, the two-phase separation between polyelectrolytes of different topologies)
ultimately stems from differences in chain topology: the effect of topology on the
electrostatic interactions between chains manifests itself as a change in the effective
charge densities of the polyelectrolytes and, in fact, the whole single-chain structure
factors. To elucidate the mechanism of topology-driven phase separation, we use
an approach previously established by Chen et al. [245, 137]. Let us consider the

free energy density of a general mixture,

BFb?

=%

(4.14)

The thermodynamic stability of a bulk phase is governed by the curvature of this
free energy density. The second-order variation of f under infinitesimal density

variations 0¢; can be written as

1 1 9*frpa
52f:§ 5.2+—§ [~-+ 5450 ;. (4.15)
— Nigi i 2 = Xii 0¢i0; $109;
The Hessian matrix of the RPA contribution, g;lf‘(;‘;;*j, reads

52 p3 [ anlg\>  orotgi(k; g (k; T;)
TRea / dkkz( ’TB) ( ! ’ (4.16)
0

A0,  4n? .
el g 1+%Zz¢10}2g1(k;7ﬁ)

= —/OOdka(k)o;zofg,-(k;(mgj(k;‘r-), 4.17)
0
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where we defined the abbreviation
b3k2 (47rlB )2 1
COT (1 43 g )

a(k) = (4.18)

Following the approach of Chen et al. [245, 137], we can now rewrite the variation

62§ using the incompressibility condition 3; 5¢; = O:

1 1 0*frpa
6% = 24 = i+ 5¢i0¢;
f ZNN%' l ZZ A 0¢;0¢; $100;
2 ieen (4.19)
RPA
+A;+A:|00i0p;.
Ni¢l 22 [Xl] a¢la¢] ! ¢ ¢]
Note that this equation holds for arbitrary A;, A; € R. Setting
e 42 (T
A= 5 dk a(k)o;' g7 (k; T7), (4.20)
0
6% can be written as
§%f = ZN@&;S + = Z)( 0piod;, (4.21)
with the effective y parameter,
o = v 1 [ dkah) [o2e (kT - o2 (kT | 4.22
Xij —)(zj+2 A a(k) (o7 gi(k; ) O-jgj( T - (4.22)

Let us now consider two polyelectrolyte species i and j that have the same charge
densities, o; = o = o, but different topologies, 7; # 7;. In this case, the effective

interaction between the species is governed by

4 (o)
= x+ 2 /0 dk a(k) [g:(k: T) - g, (k: T))]* (4.23)

Therefore, if the two topologies are sufficiently different, such that )(l.ejff exceeds a

critical value, differences in topology alone can drive liquid-liquid phase separation.

For a mixture of linear chains with dendrimers (Figure 4.4(b)), a slightly different
phase behavior is observed: first, the concentration regime in which three-phase
coexistence occurs is slightly larger. Second, the two-phase region no longer termi-
nates at a critical point and instead intersects the solvent-free edge ¢, = 1 — ¢ 1.
As in Figure 4.4(a), the driving force of multiphase coacervation is the difference in

the intramolecular charge correlations, which are described by single-chain structure
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factors. Due to weak electrostatic screening, the topology-driven LLPS is partic-
ularly pronounced at low polyelectrolyte concentrations. However, the differences
in topology are so large that even in the solvent-free case, screening is insufficient
to close the two-phase region. On the whole, the mixture of linear chains and
dendrimers therefore exhibits a much larger concentration range where some form

of topology-driven phase separation—either into two or three phases—occurs.

To characterize the effect of topological asymmetries on the global phase behavior,
we consider a solvent- and salt-free blend comprised of linear polyelectrolytes and
polyelectrolytes of arbitrary topology. For a given molecular weight, N, we then
calculate the minimal degree of asymmetry (characterized by f) needed to drive
LLPS between the different topologies. As shown in Figure 4.4(c), both for stars and
dendrimers (Np = 1), we observe a non-monotonic dependence of the asymmetry
f required to drive LLPS on the molecular weight N. Because dendrimers have
an innately greater degree of topological asymmetry than stars, a lower degree of
branching is needed for topology-induced LLPS, resulting in a larger two-phase
region. The observed non-monotonicity can be understood as follows: on the
left branch, where the molecular weight is low, electrostatic correlations are weak.
Therefore, to induce LLPS, the charge density must be increased, resulting in a
positive correlation between N and f~!. Conversely, for large N, the RPA expression

3/2 which is faster than the

for the electrostatic correlation free energy decays as N~
entropy of mixing, N~! (see appendix for more details). In order to induce LLPS,
there must thus be a sufficiently high degree of topological asymmetry to overcome
the entropy of mixing, resulting in a decrease of f~! with N. These results are
consistent with the scaling behavior of )(lfcjff — xij that we derive in the appendix: for
small N we have ijff - Xij ~ N3/2, and for large N we have Xf]ﬁ - Xij ~ N73/2,
Taken together, our analytical results therefore suggest that topology-induced LLPS
should be most pronounced for polyelectrolytes of finite molecular weight, which is

in agreement with the numerically obtained phase diagrams.

4.4 Conclusion

In this chapter, we have theoretically studied the influence of polymer topology on
the phase behavior of polyelectrolyte coacervates. The emerging picture is that
more compact chain topologies show a greater propensity for LLPS, as a function
of both Bjerrum length and salt concentration. Furthermore, we also investigated
the phase behavior that results when polyelectrolytes of the same molecular weight

but different topologies are mixed. These systems exhibited a more complex phase
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behavior, including three-phase coexistence driven solely by differences in topol-
ogy, which we could rationalize in terms of an effective y parameter. Analysis of
a simplified global phase diagram revealed that the propensity for such topology-
driven LLPS has a non-monotonic functional dependence on the molecular weight,
becoming increasingly suppressed for very small or large molecular weights. Over-
all, our results establish polymer topology as a powerful design lever for tuning the
phase diagram of charged macromolecules independently of molecular weight, net
charge, and monomer chemistry, since changes in topology enable fine-tuning of the
effective charge density without altering these molecular characteristics. Looking
ahead, it will be interesting to test our predictions using simulations that do not
rely on the approximations of our RPA theory and ultimately through experiments.
In particular, it would be worthwhile to investigate topology-modulated quantities
and phenomena that are not accessible within our theory, including single-chain

conformations, material properties, and polymer dynamics.

4.5 Appendix

Effective charge density

The increased charge compaction can also be demonstrated analytically by deriving
the asymptotic scaling laws for the effective charge density. For simplicity, we focus

on the single-chain charge—charge structure factor:

ggp(k"f)
1+ 7 5, gio?ei(k:s Ty

At infinite dilution, ¢, — 0, keeping the ion concentration fixed, ¢; > 0, we have:

Sp(k) = (4.24)

Sp(k) = o gp(k; T) (4.25)

41
+ a1y g

Recognizing the second term in the denominator as the square of the inverse Debye

screening length, k2 = 4”13 2 ¢,0' we can write:

k2
Sp(k) = 05 gp(k; Tp) Tt 426)
Sp(k) 2 L) .
oL ((Lb2k2/6)2 L +(Lb22/6) -1 (4.27)
G(z: f, Nv) 1 ke ]2) K2
A [(Lb2k2/6) (1 ¢ ) e (4.28)
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Using x = Lb%*k?/6 and defining B(x) = G(e™; f,Ny)/E(f,Np) and K =
Lb%k2/6, we get

Sp(x)  F(x)
opL Cx(x +K) (4.29)
where
F(x)=2(e ™ +x—-1)+B(2) (1 —e™)?2. (4.30)
Differentiating w.r.t. x to find the maximum results in
i(Sp(x)) _x(x+K)F'(x) — (2x + K)F (x) 431)
dx \ opL B x2(x + K)? ’ '
with
F'(x) =2(1 —e™) (1 + B(x)e™) + B'(x)(1 — e™)? (4.32)

The root of equation 4.31 (which is the maximum of S,(k)) corresponds to the

solution of the equation:
x(x+K)F' (x) - (2x+K)F(x) =0. (4.33)

At low salt concentration or large chain length, K — 0, the asymptotic behavior for

small K can be obtained by expanding the equation in powers of x:
(1 + Bo)Kx> — (% + Bo + Bl) + 0K, %) = 0. (4.34)
For a star topology we have
Bo=f-1,B; =0, (4.35)
and for a dendrimer topology we have
Bo=f>-1, B =2(f -1). (4.36)

Solving equation 4.34 gives the solution:

. 3(1+Bo)
x N\/1+3(Bo+Bl)W_<' (4.37)

In the case of a linear chain we thus obtain

Ks

N1/2p -~

(k%)% ~ 3V2 (4.38)

In the case of a star polymer, we get

2
(k*)? ~ 3\/§Nf;2b, /3ff_ - (4.39)
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For the dendrimer topology we get

2
(k*)? ~ 3«/§Nf;2b 3 ff —- (4.40)

Assuming that (k*)? approximately represents the inverse volume taken up by a
single chain, we can estimate the increase in charge density when going from a

linear chain to a topology 7:

pc,eﬂ(T) (k;')s

- . (4.41)
Oc.eff(chain) (kchm)3
Thus, for a star topology, we obtain
Pe eff (star) N f? a (4.42)
pc,eﬁ(Chain) 3f-2 ’ ‘
and for a dendrimer
Pe.eff (dendrimer) f? 32 4.43)
Pe.efr (chain) 3f-2 .

Large-N asymptotics of the RPA free energy

To understand the large-N behavior of topology-driven phase separation, let us
consider a four-component system containing pairs of oppositely charged polyelec-
trolytes with topology 74 and topology 73, all with the same degree of polymeriza-

tion N and charge fraction o~. The RPA contribution to the free energy is

Frpab® b3 ™ drlgo? Arlgo?
Plreab” dk K2 In [ 1+ =2 [paga(k; Ta) + ¢pgp(k; T5)] | — —oe [$a + é5]
\% 472 0 k2b3

(4.44)

The electrostatic contribution which governs topology-driven phase separation is
the excess RPA contribution relative to the two pure-topology reference systems,

which for a solvent-free system is given by

AFrpab® b3 ™
BAFRrpaD® /dkk2

ln(l b | ea (kT + (1 ba)gn(k: frB)])

V. 4x? s
4nlgo? 4rlgo?
—¢aln (1 + k2]31;3 ga(k; 774)) -(1- ¢A)1n(1 + k2]23 gs(k; 7?3))]
(4.45)
We now introduce the simplified notation
4rlgo?
=BT (ki) = NDi(K*N), (4.46)

b3
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where D; is the generalized Debye function of species i. Note that for economy
of notation, we have suppressed the dependence of D; on the other architectural
parameters, since here we are only interested in the scaling with N. We also define

the composition-weighted, generalized Debye function
D(K*N.¢4) = ¢aDa(k*N) + (1= $)Dp(K*N). (4.47)

Splitting the first logarithm in equation 4.45 into ¢4 and (1 — ¢4) contributions

gives

3. p3 e 1+ 25D (KN, 1+ 25D (KN,
BATRmY” _ bZ/ dkk2[¢Aln + 5 DUN. 8) +(1=¢a)n + DN 4) ]
4 4 Jo 1+ k—2~DA(k2N) 1+ k—éDB(kzN)

(4.48)

To extract the large-N dependence, we rescale the integration variable according to

¢> = k>N,  k*dk = N%¢%dq. (4.49)
This gives
2+ — 2 —
BAFgpa b3 b3 o 1+ N—fD(qz, Pa) 1+ %D(Clz, oy
% = 4 2N3/2/ dgq”|daln +(1=¢4)In FYer:
d 1+ 25D.4(g?) 1+ 5Dg(q?)
(4.50)

In the large-N limit, the integrand admits an asymptotic expansion in powers of
N2, with a leading order term that is independent of N. Asymptotically, the excess
RPA contribution thus becomes

BAFreab®  b° /Ooodqqz[mln( (¢°, ¢A)) (1—¢A)ln( D (¢, ¢A))]’

% 472 N3/2 Da(q?) Dg(q?)
4.51)
which scales as
AFrpab?
ﬁ% ~ N3, (4.52)

This scaling is physically intuitive: in the melt phase, as N becomes sufficiently
large, the influence of branching diminishes because monomers are increasingly
“unable” to distinguish whether neighboring monomers belong to the same branch

or to different branches.
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Asymptotic scaling of the effective y parameter

To examine the N-dependence of X;’jff, we consider a salt-free mixture of polyelec-
trolytes with the same molecular weight and perform the same transformations as
in the previous section. We find that a/(k) exhibits the following N-dependence:

b3q? (4nigN\* 1
a(k) = 4ﬂfN( ;23 ) - S (45D)
( nzz%v X diofei(g; T))

Therefore, in the limit of large N, we obtain the scaling behavior
1 32
alk) ~— — th - xij ~ N~ (4.54)
Conversely, for small N we get
a(k) ~N = x&' = xij ~ N/ (4.55)
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Introduction

The preceding part developed a thermodynamic map of charge-containing systems,
identifying the regions of phase space in which different equilibrium states emerge.
Such a map, however, describes only the available destinations. It does not reveal
the routes by which a system moves between them, the rate at which matter and
charge travel through a material, or how the material responds when displaced from
equilibrium. Two systems occupying similar positions on a thermodynamic map
may follow markedly different dynamical paths, just as two locations separated by
the same distance may be connected by roads of very different length, resistance,
and accessibility. The purpose of this part is therefore to complement the equilib-
rium maps developed previously by examining the molecular pathways that govern

transport, relaxation, and mechanical response in charge-containing materials.

Whereas equilibrium phase behavior can be characterized through free energies
and static correlation functions, dynamic properties depend on time-dependent
correlations, kinetic pathways, and competition among processes occurring over
different length and time scales. Foundational relations developed by Einstein[294],
Sutherland[295], von Smoluchowski[296], Stokes[297], Onsager[30, 31], and oth-
ers remain indispensable because they connect macroscopic transport coefficients
to molecular motion, hydrodynamic resistance, and coupled thermodynamic forces.
Their direct application to chemically complex charged materials, however, often
relies on assumptions such as independent molecular motion, dilute conditions, or

a clear separation between microscopic relaxation processes.

These assumptions become particularly restrictive in charge-containing soft materi-
als. The long-ranged and many-body nature of electrostatic interactions correlates
the motion of different species, while molecular association, chemical reactions,
and network rearrangements introduce additional pathways through which charge,
mass, and stress can relax. Consequently, equilibrium structure constrains dynamics
but does not determine it uniquely. Systems with similar compositions, degrees of
association, or average molecular structures may nevertheless exhibit substantially

different conductivity, diffusivity, or mechanical response.

The central objective of this part is to determine how microscopic association
and exchange processes give rise to macroscopic transport and response. Across
the systems considered here, intuitive one-to-one relationships between molecular
association and dynamic behavior frequently break down. Ion pairing does not

uniquely determine conductivity, the equilibrium charge state of a polymer network
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does not uniquely determine ionic mobility, and the number or strength of physical
crosslinks does not alone determine mechanical relaxation. Instead, these properties
emerge from collective motion, exchange kinetics, and competition among multiple

dynamical pathways.

Chapter 5 begins at the molecular scale by examining the relationship between ion
association and electrical conductivity in ionic-liquid—solvent mixtures. Conductiv-
ity is commonly interpreted in terms of the fraction of dissociated ions, suggesting a
direct relationship between ion pairing and charge transport. Ion pairing, however,
is a static structural measure, whereas conductivity is a collective dynamic property
governed by correlations among ionic motions. By quantifying ion association and
conductivity independently, we demonstrate that these properties need not vary to-
gether and that the degree of ion dissociation cannot, by itself, serve as a general
measure of ionic transport. The results further show that, even when electrostatic
interactions dominate the macroscopic behavior, chemically specific short-range in-
teractions can control the molecular association equilibria from which that behavior

emerges.

Chapter 6 introduces a further level of dynamical coupling by examining ion trans-
port through charge-regulating polyelectrolyte hydrogels. In these materials, ionic
motion cannot be separated from the local chemical state of the polymer network:
protonation, electrostatic binding, and molecular diffusion alter one another as the
system evolves. Charge regulation therefore introduces both an equilibrium response
to the local electrostatic environment and a dynamic pathway through which ions
can bind, unbind, and move through the material. By disentangling the competing
processes governing transport, we identify the origins of the resulting nonmonotonic
dependence of ionic mobility on network charge and establish design principles for

controlling transport in responsive polymer networks.

Chapter 7 extends this perspective from the motion of molecular species through
a network to the relaxation of the network itself. In physically crosslinked hydro-
gels, mechanical response is governed not only by the number and strength of the
crosslinks, but also by their spatial organization, stoichiometry, and exchange dy-
namics. By combining quantum chemistry, liquid-state theory, and coarse-grained
molecular simulations, we connect molecular-scale metal-ligand interactions to the
collective mechanical response of the polymer network. This multiscale analysis
identifies the ratio of dynamic crosslinkers to available binding sites as a central

design variable governing the tunability of the material. Owing to the generality of
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this balance between crosslink availability, occupancy, and exchange, the resulting

principles extend beyond the specific chemical systems considered in this chapter.

Together, these three chapters trace a progression from molecular association and
collective charge transport, through reaction-coupled diffusion within a polymer net-
work, to the mechanical relaxation of the network itself. They demonstrate that the
dynamic behavior of charge-containing materials cannot generally be inferred from
static measures of association alone. Ionic conductivity, molecular diffusion, and
mechanical response instead emerge from the collective motion and reorganization
of ions, molecules, and polymer networks across multiple length and time scales.
In this way, the chapters provide a dynamic counterpart to the thermodynamic map
developed in the preceding part, revealing not only where charge-containing systems

reside, but how they move, respond, and relax within that landscape.
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Chapter 5

DECOUPLING ION ASSOCIATION FROM CONDUCTIVITY IN
IONIC-LIQUID-SOLVENT MIXTURES

Ionic-liquid—solvent electrolytes are promising materials for electrochemical energy
storage, yet the microscopic connection between ion association and macroscopic
conductivity remains difficult to interpret. A common approach is to identify the
ionicity, defined as the ratio of measured to Nernst—Einstein conductivity, with an
apparent free ion fraction. However, this interpretation conflates local ion dis-
sociation with collective ion-motion correlations. In this work, using all-atom
molecular dynamics simulations of 1-butyl-3-methylimidazolium tetrafluoroborate
([BMIM][BF4]) in water, acetonitrile, acetone, and dimethyl sulfoxide, we indepen-
dently quantify ion association, ionicity, viscosity, and conductivity across the full
composition range. We find that ion dissociation is not governed by bulk solvent
dielectric constant alone. Instead, ion-pair formation is controlled by short-range,
site-specific association interactions involving the imidazolium ring hydrogens, BF,
fluorines, and solvent donor sites, explaining why water is a comparatively weak
dissociating solvent despite its high dielectric constant. To rationalize these trends,
we combine Wertheim’s first-order thermodynamic perturbation theory for local
ion association with the mean-spherical approximation conductivity theory of Blum
and Turq for correlated charge transport. This framework captures the simulated
conductivity trends and separates the role of free ion population from relaxation,
electrophoretic, viscosity, and ion-asymmetry effects. Because ionic liquids remain
miscible with these molecular solvents across the entire composition range, unlike
simple electrolytes or polyelectrolytes, we can trace this decoupling continuously
from dilute electrolyte to neat ionic liquid, revealing a non-monotonic minimum in
ionicity and apparent ionicities exceeding unity—behavior that is difficult to access
in systems confined to dilute compositions by phase separation. We thus demon-
strate through simulation and analytical theory the lack of direct dependence of
ionicity on ion dissociation, and further highlight that the origin of the anomalous
trends in ionicity are linked to dynamic properties, rather than static properties like

ion dissociation.

This chapter includes work currently in preparation: Pierre Walker and Zhen-Gang

Wang. “Decoupling Ion Association from Conductivity in Ionic-Liquid—Solvent
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Mixtures”. In: In preparation (2026)

5.1 Introduction

Ionic liquids (ILs) are organic salts that exist as liquids at or near room temperature.
Their negligible vapor pressures, wide electrochemical stability windows[298, 299],
and broadly tunable physicochemical properties make them attractive for applica-
tions including next-generation battery and polymer electrolytes,[46, 50, 300, 51]
green solvents and CO; capture media,[301, 302] polymerized ionic-liquid mem-
branes for gas separation,[52] and functional polymer—IL composite materials.[3,
303] When mixed with molecular solvents, ILs form electrolyte solutions whose con-
ductivity, viscosity, and electrochemical stability can be tuned continuously with
composition, making them promising candidates for battery and supercapacitor
electrolytes.[304, 305, 306, 307] Although pure ILs often exhibit limited conduc-
tivity because of their high viscosity, dilution with low-viscosity molecular solvents
can substantially increase ion mobility and produce broad conductivity maxima at

intermediate compositions, as shown in Figure 5.1(d).

Despite these promising properties, a quantitative understanding of IL electrolytes
remains challenging because their transport behavior reflects several coupled molec-
ular effects. Coulombic interactions, hydrogen bonding, dispersion interactions,
steric packing, and hydrophobic effects can all contribute to local ion association
and the formation of ionic clusters, even at relatively high dilution.[308, 92, 309]
As a result, the fraction of free or unpaired ions has often been invoked as an
intuitive descriptor of conductivity, and numerous studies have explored the rela-
tionship between ion association and charge transport in IL.-containing systems (see
Figure 5.1(a)).[308, 305, 310] Ionic liquids offer a particularly stringent test of this
idea. Unlike simple electrolytes or polyelectrolytes, which typically phase-separate
or gel well before reaching high charge density, ILs remain miscible with molec-
ular solvents across the entire composition range, from dilute electrolyte to neat
molten salt. This makes it possible to track the relationship between ion associa-
tion and conductivity continuously into a regime of very high charge concentration,
where non-monotonic trends in ionicity and apparent ionicities exceeding unity have
been reported.[311, 312] Both observations are unexpected under a naive picture
in which ion pairing simply removes charge carriers from transport, and neither is
easily explained without a more complete theoretical treatment. Although a number
of studies have already shown, largely empirically, that the ion dissociation fraction

is a poor proxy for ionicity, what has been missing is an analytical framework that



155

identifies the distinct physical origins of each quantity and thereby explains, rather

than demonstrates, this apparent disconnect.
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Figure 5.1: (a) Molar conductivity of ionic-liquid—solvent mixtures obtained from
the ILThermo database. (b) Chemical structures of the ionic-liquid cation/anion
pairs and solvents studied in this chapter. (c) lonicity, A/ANg, as a function of
ionic-liquid mole fraction xy, for the systems shown in (a). Ionicity is estimated
using the Walden—Stokes approximation, & = An/ AIS\}EI‘GS, where Als\}gkes is computed
using Stokes—Einstein—Sutherland ion radii; the gray region denotes systems with
apparent ionicity > 1. (d) Ionic conductivity o~ and (e) dynamic viscosity 1 on
a logarithmic scale as a function of xy for [BMIM][BF4] in four solvents. Open
symbols denote simulation results; filled symbols denote experimental data.[313]
Lines in (d) and (e) are guides to the eye.

An influential operational formulation of this idea was proposed by Nordness et
al.,[313, 304] who related an apparent dissociated ion fraction to conductivity

measurements through

A
=—, 5.1
Qapp ANE (5.1)
where A is the measured molar conductivity and
2
esN, A
ANE = — D, +D_ 5.2
NE= ST (D+ ) (5.2)

is the Nernst—Einstein molar conductivity for a monovalent electrolyte. Here, e, is

the elementary charge, N is Avogadro’s constant, kg is the Boltzmann constant, 7’
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is the temperature, and D; is the self-diffusion coefficient of ion species i. In this
approach, the self-diffusion coefficients are estimated using the Stokes—Einstein—

Sutherland relation,
kgT

= 6rnr;’

(5.3)

where 7 is the dynamic viscosity and r; is the hydrodynamic radius of species i.

Combining these expressions gives

A 6mAn
. = = s
PP ANE e%NA (r;l +I’:1)

(5.4)

suggesting that an apparent dissociated fraction can be obtained from conductivity
and viscosity measurements, provided the ion radii are known. The physical motiva-
tion is clear: if the Nernst—Einstein expression represents the conductivity expected
for fully mobile, uncorrelated ions, then the ratio A/ANg provides a convenient

measure of deviations from that ideal limit.

This interpretation has proven useful for organizing experimental trends, but it also
raises important questions. In IL—solvent mixtures, the apparent dissociated fraction
obtained in this way can exhibit a minimum with composition, such that the inferred
degree of dissociation eventually increases as more ionic liquid is added, as shown in
Figure 5.1(c). This behavior is not immediately obvious from a simple ion-pairing
picture, in which increasing the concentration of oppositely charged ions might
be expected to promote association. Consequently, several studies have sought to
rationalize this non-monotonic behavior and its relationship to ion transport.[314,
315, 316]

At the same time, a number of authors have emphasized that A/ ANg—conventionally
known as the ionicity, é—is not generally equivalent to the fraction of free ions.[311,
312,317, 318, 319, 308] Rather, ionicity compares collective charge transport with
an uncorrelated self-diffusive reference. It therefore contains information about
ion—ion correlations and collective motion. By this definition, values of & > 1
are not mathematically excluded, and have indeed been observed experimentally
in ionic-liquid systems, as shown in Figure 5.1(c). Much of this discussion has
focused on either pure ionic liquids or simple aqueous electrolytes, leaving the
interpretation of ionicity in IL—solvent mixtures less clear. Moreover, local ion
association can still be strongly linked to transport: even dilute charged systems, such
as polyelectrolytes, may form neutral pairs or complexes to maximize electrostatic
interactions,[320, 321, 45, 322] and ion-pair lifetimes have been directly connected

to transport properties, including conductivity.[310, 78, 323] Thus, the key question
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is not whether ion association matters, but how local ion dissociation and collective

conductivity are quantitatively related.

To address this question, we combine molecular dynamics simulations with a the-
oretical framework that separately describes ion association and charge transport.
We simulate [BMIM][BF,] in four molecular solvents: water, acetonitrile, acetone,
and dimethyl sulfoxide (DMSO). The ionic liquid is described using the OPLS
Virtual-Site Ionic Liquid (VSIL) force field,[324] which has been shown to repro-
duce structural and transport properties of pure ILs,[324, 325] while the neutral
solvents are described using the standard OPLS force field.[326] Although the main
analysis focuses on [BMIM][BF,], we also consider additional ionic-liquid and sol-
vent combinations, including [EMIM][BF,], [BMIM][NTf,], [BMIM][TFO], and
[EMIM][NTTf,], to assess the generality of the force-field and association framework;
these systems are summarized in Figure 5.1(b).

Using the molecular dynamics results, we then develop a theoretical description that
combines Wertheim’s first-order thermodynamic perturbation theory (TPT1),[165,
166, 167, 168] used to model local ion association, with the MSA conductivity
theory of Blum, Turq, and co-workers,[327, 328] used to describe collective charge
transport. This approach allows us to distinguish the free ion fraction from the
ionicity and to identify how solvent-specific association, electrostatic correlations,
electrophoretic effects, viscosity, and ion-specific asymmetries jointly determine
conductivity in IL—solvent mixtures. Further simulation and theoretical details are

provided in the Methods section.

5.2 Methods

Molecular Dynamics

All simulations were performed with GROMACS 2021.[329] The [BMIM][BF,]
ionic liquid was described using the OPLS Virtual-Site Ionic Liquid (VSIL) force
field,[324] which places partial charges on massless virtual sites on the imidazolium
ring to reproduce the anisotropic charge distribution of the cation. All molecular
solvents were described using the OPLS-AA force field;[326] water was modeled
using SPC/E.[330] Initial configurations were generated with Packmol.[184]

Nine compositions were simulated for each solvent, spanning xyp. ~ 0.02—1.00, using
40-440 [BMIM][BF,] ion pairs combined with 0—2000 solvent molecules in cubic
simulation boxes. Periodic boundary conditions were applied in all directions, and

electrostatic interactions were treated using particle-mesh Ewald summation[331].
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Van der Waals and short-range electrostatic interactions were truncated at 1.4 nm.
All covalent bonds were constrained using LINCS[332]. The temperature was
maintained at 7 = 298.15 K using the Nosé—Hoover thermostat[180, 181], while
the pressure was maintained at p = 1 bar during equilibration using the Berendsen
barostat[333]. Each system was energy-minimized, equilibrated for 100 ps in the
NVT ensemble and 10 ns in the NpT ensemble, and then simulated for a further

40 ns in the NVT ensemble for production.

The ionic conductivity was calculated from the collective charge displacement using

the Einstein relation,

o = Jim TtZZ(q,Ar,(Z) ;A (1)), (5.5)

where i and j run over molecular ions, g; is the net ionic charge, and Ar;(t) = r;(t) —
r;(0) is the unwrapped center-of-mass displacement of ion i. Molar conductivities
were obtained from A = o /cy, where ¢y is the molar concentration of ionic-liquid
pairs. The conductivity was decomposed into self, distinct, and cation—anion cross
contributions following McDaniel and Son [78] and Fong et al. [334, 335], using
fast-Fourier-transform algorithms implemented in the MDCeraft library.[187, 14]

Viscosities were obtained from non-equilibrium molecular dynamics simulations
using the cosine-acceleration method of Hess [336]. Three field amplitudes, 0.01,
0.025, and 0.05 nm ps‘z, were simulated for 10 ns each, and the zero-field viscosity

was obtained by extrapolation to vanishing field amplitude.

Ion association was characterized using the site—site radial distribution function
between imidazolium ring hydrogens on BMIM™ and fluorine atoms on BF,. The
cutoff distance was chosen as the first minimum of this radial distribution function,
re = 3.5 A. To avoid overcounting multiple fluorine contacts from the same BF, ion,
the bound fraction was evaluated directly from the trajectories by counting unique
site associations. Specifically, the fraction of paired cation association sites was

computed as
Ni Nia

Xpair = Nittia Z Z C) (rc - mlnrﬂa vb) (5.6)

pu=1a=
where N; is the number of cations, n;, is the number of cation association sites,
Tua,vb 18 the distance between site a on cation u and site b on anion v, and O is
the Heaviside step function. A similar method was used to obtain the number of

ion—solvent pairs.
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Association Theory

The free ion fraction was modeled using Wertheim’s first-order thermodynamic
perturbation theory (TPT1).[165, 166, 167, 168] The fraction of sites of type a on

species i that remain unassociated, Xl.fr;e, satisfies the mass-action equation

1
Xif,fe = free’
1+ Z ijnj,bAij,aij,b
j b

where x; is the mole fraction of species j, n;, is the number of sites of type b on

(5.7

species j, and A;; 45 is the association strength between sites a and b on species
i and j, respectively. This equation can be solved iteratively using the routines in

Clapeyron.jl[20]. This equation is identical to the one derived in chapter 1.

For [BMIM][BF,] in a molecular solvent, we used a reduced association model with
effective association sites on each ion species: three sites on the imidazolium of
BMIM™ and four from the fluorines on BF,. Each solvent was also assigned one
electron donor site, while water was assigned an additional two hydrogen donor

sites.

Conductivity Theory
The molar conductivity of an associating electrolyte was described using the MSA-
based theory of Blum, Turq, and co-workers.[327, 328] In this formulation, the

conductivity is evaluated as a sum over charged species,

A=Y @l
i

2
+Srel.,i (1 + _Srel.,i) ]’ (58)

1+ Sepi(1+ Srer.)

3

where the sum runs over charged species, /l? is the infinite-dilution molar conduc-
tivity contribution of species i, and «a; is the fraction of species i contributing to

free-ion transport.

The MSA screening parameter was computed from the total concentration of charged

species,
2

2 e 2
= 77, 59

where p; is the number density of species i, Z; is its valency, and &, is the

composition-dependent dielectric constant. The MSA parameter I" is then obtained
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from
K
2 = , 5.10
1+1I'd (5.10)
or equivalently
V1 +2«kd -1
= r=k- (5.11)
2d
where d = oyg is the effective ion diameter.
The electrophoretic correction for species i is
kgT r
Selj= —————— 5.12

where 1 is the composition-dependent viscosity and D? is the infinite-dilution
self-diffusion coefficient of species i, obtained from simulations. The relaxation

correction is obtained by summing pairwise contributions,

Srel.,i = Z Srel.,ija (513)
J#i
with ) 20 20
) e piti D+ pjL;
Kij = 5 5 , (5.14)
goe kpT D} + Dj
and
1 Kl.2j€2|Z,'Zj|

Sy = —
©Li T Daneoe ksT d(1 + T'd)2

1 — exp(—2k;;d)
N .
Kizj + 2FK,‘j +2I2 [1 - eXp(—Kijd)]

(5.15)

The corresponding Nernst—Einstein contribution within the same approximation is
Ane = ) @A) (1+ Srer i) . (5.16)
i

The ionicity predicted by the theory was then computed as

A
=, (5.17)
ANE
This formulation makes explicit that the free-ion fraction controls the absolute
magnitude of both A and Ang, while deviations of & from unity arise from the

relaxation and electrophoretic corrections to correlated ion motion.

The composition-dependent dielectric constant, molar volume, and viscosity enter-
ing these expressions were obtained from the mixing rules and simulation results

described above.
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5.3 Results and Discussion

Before using the simulations to examine the relationship between ion dissociation
and conductivity, we first establish the fidelity of the force-field description for the
systems of interest. Figures 5.1(d) and 5.1(e) compare the simulated ionic conduc-
tivity and viscosity, respectively, with available experimental data for [BMIM][BF,]
systems. Other systems are examined within the appendix (Figures 5.4b and 5.4a).
Without further adjustment of the force-field parameters, both properties are gen-
erally reproduced with good accuracy across the solvents considered. The main
exception is DMSO, for which the conductivity is underestimated by approximately
a factor of two. This discrepancy is consistent with the corresponding overesti-
mation of the dynamic viscosity in Figure 5.1(e). Nevertheless, the simulations
capture the qualitative differences in transport properties across the four solvent en-
vironments. We therefore use these simulations as a molecularly resolved basis for
analysing how ion dissociation, local solvation, and collective transport are related

in ionic-liquid—solvent mixtures.

Ion Dissociation

Defining an ion pair in ionic liquids is less straightforward than in simple elec-
trolytes. For monoatomic ions, ion pairing is often described using a distance
criterion between oppositely charged species. In ionic liquids, however, the molec-
ular complexity of the ions introduces multiple possible contact geometries, making
ion pairing more closely analogous to a site-specific association, such as a hydrogen

bond, than to a purely distance-based Coulombic pair.

This site-specific character is illustrated in Figure 5.2(a) for BMIM™ and BF,
(similar analysis is carried out in Figure 5.6a for other ionic liquids). Among the
possible interatomic radial distribution functions, the most well-defined peaks are
observed between the fluorine atoms of BF, and the hydrogens on the imidazolium
ring of BMIM™*. The additional features at larger distances arise from neighboring
fluorine atoms associated with the same BF, ion. The inset of Figure 5.2(a) further
highlights this local structure through the spatial distribution function of BF, around
the imidazolium hydrogens, which reveals highly localized association regions. This
picture is consistent with previous molecular simulation and quantum chemistry
studies of hydrogen-bond-like interactions in imidazolium-based ionic liquids.[309,
337] We therefore define an IL association using the first minimum of the relevant
site—site radial distribution function, located at r. = 3.5 A. The fraction of bound

IL association sites, Xy, is then obtained by normalizing the number of bound sites
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by the total number of available sites.
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Figure 5.2: Ton dissociation in [BMIM][BF,4]-solvent mixtures. (a) Site—site radial
distribution function g(r) between BF, fluorine atoms and BMIM™ imidazolium
hydrogens in the pure ionic liquid; inset: spatial distribution function of BF}
around BMIM™*. (b) Schematic of the association network illustrating competition
between BMIM™, BF,, and solvent molecules. (c) Radial distribution functions
between BMIM™ and the electron-donor atom of each solvent in the dilute-IL limit,
xi. = 0.02; inset shows the corresponding radial distribution function between
BF, and water hydrogen atoms. (d) Bound IL-site fraction Xy, as a function of
xyL obtained from simulation, shown as open symbols, and Wertheim TPT1 theory,
shown as lines. (e) Solvent electron-donor—cation association fraction Xcat.ep; inset
shows the solvent hydrogen-donor—anion association fraction.

Figure 5.2(d) shows Xy as a function of the IL mole fraction xp, for all four
solvents. In every case, Xy increases monotonically with increasing ionic-liquid
concentration. Thus, as more ionic-liquid association sites become available, the
probability of forming an ion-pair contact increases smoothly. Notably, no maximum
in X7 is observed over the composition range studied here. This monotonic increase
is, in large part, an expected consequence of concentration alone: because the
number of available IL-IL association sites grows with xy; , a comparable qualitative
trend would arise even for random mixing of non-interacting species, simply through
mass action. The composition dependence of Xy therefore does not, by itself,
indicate a change in the strength of ion—ion interactions with xy ; rather, it is the

solvent-dependent differences in this trend that are informative. We also note that



163

Xn1, does not reach unity even in the neat ionic liquid (xy, = 1). This reflects
the finite, rather than infinitely strong, association between BMIM™ and BF}: steric
constraints on the imidazolium ring and the finite energetics of the fluorine—hydrogen
contact limit full site saturation. This is consistent with simulation and experimental
evidence that ionic liquids form finite-sized ionic clusters rather than an infinite, fully

associated network, even in the pure liquid.[76, 77, 92]

The different solvents also vary substantially in their ability to disrupt IL—IL asso-
ciation beyond this baseline concentration-driven trend. As shown in Figure 5.2(d),
the effectiveness of the solvents in reducing ion pairing follows the sequence
DMSO > acetonitrile > acetone > water. A continuum electrostatic picture would
suggest that solvents with larger dielectric constants should more effectively screen
the Coulombic attraction between oppositely charged ions and therefore promote
ion dissociation. Excluding water, the ordering in Figure 5.2(d) broadly follows this
expectation. Water, however, has by far the largest dielectric constant among the
solvents considered, yet it is the least effective at dissociating [BMIM][BF,4]. This
observation suggests that bulk dielectric screening alone is insufficient to rationalize
ion-pair formation in these mixtures. Instead, ion dissociation is strongly influenced
by short-range, chemically specific association interactions at well-defined molecu-

lar sites.

To identify the relevant solvent—ion association sites, we examined radial distribu-
tion functions between the ions and the different solvent atoms. The most promi-
nent solvent—cation interactions involve the electron-donor atoms of the solvents,
namely oxygen or nitrogen atoms, coordinating with the imidazolium hydrogens of
BMIM™*. Figure 5.2(c) compares these radial distribution functions in the dilute-IL
limit (similar analysis is carried out in Figure 5.5b for other ionic liquids). Acetoni-
trile, acetone, and DMSO produce sharp and prominent first peaks, indicating strong
coordination with the imidazolium ring. By contrast, water produces a weaker and
broader feature. This broader distribution is consistent with the smaller size and
reduced steric hindrance of water, which allows it to sample a wider range of con-
figurations around the imidazolium ring, as also reflected in the spatial distribution

shown in the inset of Figure 5.2(c).

Water is also distinct from the other solvents considered here because it can donate
hydrogen bonds to the fluorine atoms of BF,. This additional interaction is visible
in the inset of Figure 5.2(c), where a well-defined peak appears between water

hydrogens and BF, fluorine atoms. Thus, water can interact with both ions: through
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its oxygen atom with BMIM™, and through its hydrogen atoms with BF;.

Using analogous site-based criteria, we computed the fraction of cation and anion
sites associated with solvent electron-donor and hydrogen-donor sites, respectively.
These results are shown in Figure 5.2(e). The trends are consistent with those
observed for the IL-IL association fraction in Figure 5.2(d): water binds most weakly
to BMIM™*, while the other solvents follow the same general ordering observed in

the ion-dissociation trends.

To rationalize these solvent-dependent differences in ion dissociation, we model
the association network using Wertheim’s first-order thermodynamic perturbation
theory, TPT1.[165, 166, 167, 168] Related association-based approaches have pre-
viously been used to describe ionic-liquid interactions and phase behavior.[338,
79, 339] The association network considered here is summarized schematically in
Figure 5.2(b). In this model, BMIM™*, BF, and the solvent molecules compete for a
finite number of association sites. Unlike the other solvents, water is able to associate

with both BMIM™ and BF,, while also forming solvent—solvent associations.

The generic TPT1 mass-action equations can be written as

free _ 1
La = free’
L+ D D vt X[y
j b

where the indices i and j denote molecular species, a and b denote association-site

(5.18)

types, ¢; is the volume fraction of species i, Xl.fr;e is the fraction of sites of type a
on species 7 that remain unassociated, n; , is the number of such sites per molecule,
and A;; 4 characterizes the association strength between sites a and b on species i

and j, respectively.

In principle, the association parameters A,;; ,, may be estimated from existing asso-
ciation models or from quantum chemistry calculations. Here, for simplicity, and to
maintain consistency with the conductivity model developed below, we determine
these parameters by fitting to the simulated IL-IL association fraction, Xy.. The
resulting model is then compared against the independently measured ion—solvent
association fractions. The fitted parameters are given in Table 5.1. As shown in Fig-
ures 5.2(d) and 5.2(e), this compact association model accurately reproduces both
the IL—IL association fraction and the solvent—ion association trends, indicating that
the dominant composition dependence of ion dissociation can be captured through
a site-specific association framework. Similar agreement is also achieved for other

ionic liquid systems in Figures 5.6a and Figures 5.6b.
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Table 5.1: Association parameters (A;; 45) used within the proposed theory (equation
5.7).

speciesi site a species j site b A;jap

BMIM* H  BF, F 60305
BMIM* H  TFO- O  1.8504
BMIM* H  H,0 O 11109
BMIM* H  ACN N  3.638
BMIM* H  ACT O 25959
BMIM* H DMSO O  6.0305
EMIM* H  BF; F 84417
EMIM* H  NTf; O 21920
EMIM* H  HO0 O 18504
EMIM* H DME O 3.0735

BF, F  H,0 H 0158

TFOO O  H,0 H 01912

H,O H HO0 O 0558l

The fitted association parameters also provide molecular insight into the solvent
ordering. The cation—solvent association strength follows the same sequence ob-
served in Figures 5.2(d) and 5.2(e). This trend is consistent with the solvent dipole
moments, which provide a simple proxy for the strength of local IL—solvent associa-
tion[340]: DMSO, 3.96 D; acetonitrile, 3.92 D; acetone, 2.88 D; and water, 1.85 D.
This ordering also agrees with previous quantum chemistry calculations of solvent

interactions with imidazolium-based ionic liquids.[309, 337]

The behavior of water highlights the importance of competition within the associ-
ation network. Although water can interact with both BMIM* and BF,, its cation
association is relatively weak, and its ability to self-associate introduces an addi-
tional competing pathway. As the water content increases, water—water association
becomes increasingly favorable and can reduce the availability of water molecules
for disrupting IL-IL contacts. This provides a molecular explanation for why water,
despite its large dielectric constant, is less effective at promoting ion dissociation

than the other solvents considered here.

These results do not imply that electrostatic interactions are unimportant in ionic-
liquid—solvent mixtures. Rather, they indicate that bulk dielectric screening is not,
by itself, sufficient to describe local ion-pair formation. Short-range association
specificity controls the local dissociation equilibrium, while the charged nature of
the ions can still strongly influence collective and long-ranged properties.[85, 3]

This distinction between local association and collective charge transport is central
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Figure 5.3: Relationship between ion dissociation, ionicity, and conductivity in
[BMIM][BF,]-solvent mixtures. (a) Ionicity, & = A/Ang, plotted against the
free ion fraction « for all simulated systems. The solid line denotes the simple
proportionality & = a, while the dashed line marks & = 1. (b) Schematic illustration
of the conductivity decomposition. The conductivity depends on the free ion fraction
a, relaxation corrections associated with distortion of the ionic atmosphere, and
electrophoretic corrections associated with solvent back-flow and collective ion
motion. (c) Normalized molar conductivity, A/A¢., and free ion fraction, «, as
functions of ionic-liquid mole fraction xy, where the reference point is the lowest
simulated IL mole fraction for each solvent. (d) Onsager decomposition of the molar
conductivity for [BMIM][BF,] in water into the self contribution, Agjr = ANg, and
the combined correlation contribution, Ao = Agist + Across: Symbols denote
simulation results and lines denote the corresponding MSA predictions. (e) lonicity
¢ as a function of xy, from simulation and theory, showing the emergence of a
minimum at intermediate composition and apparent ionicities exceeding unity at
high ionic-liquid content.

Conductivity

Having established that the simulations reproduce the qualitative trends in the exper-
imental transport properties, Figures 5.1(d) and 5.1(e), and that the ion-dissociation
fractions can be rationalized using a site-specific association model, we now exam-

ine how ion dissociation relates to ionic conductivity. A natural starting point is
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the comparison between the ionicity, & = AANE’ and the free ion fraction, @, shown
in Figure 5.3(a). If ion pairing were the dominant origin of deviations from ideal
Nernst—FEinstein behavior, one might expect these two quantities to be closely re-
lated. However, the simulation results show that this relationship is not one-to-one.
At relatively large values of a, there is a weak positive correlation between & and
a, although with appreciable solvent-dependent scatter. At smaller values of «,
this trend becomes less clear and can even appear inverted. In water-rich systems,
apparent ionicities greater than unity are also observed, despite the fact that such
values are difficult to interpret within a simple picture in which ion pairing only

removes charge carriers from transport.

This apparent disconnect does not mean that ion dissociation is unimportant. Indeed,
Figure 5.3(c) shows that both the molar conductivity and free ion fraction decrease
monotonically with increasing xj;.. Moreover, when normalized by their respective
values at the lowest simulated IL concentration, the solvent-dependent ordering of
the conductivity decay broadly follows the ordering of ion dissociation discussed in
the previous section. It is therefore understandable why ion pairing and conductivity
are often discussed together. However, the comparison in Figure 5.3(a) indicates
that ionicity cannot be interpreted as a direct measure of the free ion fraction alone.
Instead, the conductivity reflects both the number of available charge carriers and

the collective dynamical correlations between them.

To clarify this relationship, we use the conductivity theory developed by Blum, Turq,
and co-workers,[327, 328] which extends Onsager’s treatment of electrolyte con-
ductance[341, 342, 32] using the mean-spherical approximation. For an associating

electrolyte, the molar conductivity may be written as

2
A=A |1+ Sel.(1 + Srel.) + Srel. (1 + §Srel.)] , (5.19)

where Ay is the infinite-dilution molar conductivity, « is the free ion fraction, S,
is the relaxation correction, and S, is the electrophoretic correction. The physical
content of these contributions is illustrated schematically in Figure 5.3(b). In the
absence of ion motion, the ionic atmosphere surrounding a central ion is, on average,
symmetric and exerts no net force on that ion. When the ion moves, this atmosphere
becomes distorted and its relaxation produces a retarding contribution to the ion
motion. The electrophoretic correction instead accounts for hydrodynamic back-

flow: the motion of charged species drags solvent and surrounding ions, modifying
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the effective friction experienced during charge transport. Finally, the prefactor «

accounts for the reduction in mobile charge carriers due to ion association.

Combining this conductivity theory with the association model introduced above
gives the theoretical curves shown in Figure 5.3(c) and Figure 5.7. Here, the free ion
fraction is obtained from the Wertheim TPT1 model, while the dielectric constant
and viscosity entering the transport corrections are described using composition-
dependent mixing rules. Full expressions for Sy, Se1., and the other terms entering
Eq. 5.19 are given in the Methods. The resulting theory captures the main sim-
ulation trends, indicating that the conductivity can be rationalized by combining
local association equilibria with collective electrostatic and hydrodynamic transport
corrections. With this framework established, we can decompose the theory to

determine why the ionicity does not simply track the free ion fraction.

Equation 5.19 contains the free ion fraction as an explicit prefactor, consistent with
the intuitive expectation that ion association reduces the number of mobile charge
carriers. However, this prefactor is not the only composition-dependent contribution
to the conductivity. The relaxation and electrophoretic corrections also vary with
composition through changes in screening, dielectric response, viscosity, and ion
concentration. Thus, even if ion dissociation controls part of the conductivity, the

ionicity depends on how the same physical effects enter both A and Ang.

To make this point more transparent, we consider the Onsager decomposition of the

molar conductivity,

ANE
—
A= Aself + Adist + Across’ (520)
[ —
ACOIT.

where Ager 1S the self contribution, equivalent to the Nernst—Einstein conductivity,
and Agist + Across represents the combined distinct and cation—anion cross-correlation
contributions. We refer to this combined term as Acor.. This decomposition is
commonly used to analyse correlated ion transport in concentrated electrolytes and
ionic liquids.[78, 334, 335]

Within the MSA framework, the corresponding Nernst—Einstein contribution can
be written as[343, 344]
ANE = Apa (1 + Spel). (5.21)

In this expression, the relaxation correction modifies the single-ion contribution

because the motion of an individual ion is affected by the distortion of its surrounding
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ionic atmosphere. By contrast, the electrophoretic correction arises from collective
hydrodynamic back-flow between ions and therefore enters through the correlated
contribution. Subtracting Eq. 5.21 from Eq. 5.19 gives the corresponding theoretical

estimate of Acoyr. .

Figure 5.3(d) compares this decomposition with the simulation results for [BMIM][BF,]
in water (decompositions for other ionic liquid + solvent systems are available in
Figures 5.8 and 5.9). The theory captures the Nernst-Einstein contribution quanti-
tatively and the correlation contribution qualitatively. The less precise agreement
for Acorr. 18 not unexpected: in molecular ionic liquids, many-body correlations
include not only electrostatic relaxation and hydrodynamic effects, but also disper-
sion interactions, steric packing, and specific association interactions. Nevertheless,
the decomposition is useful because it shows how changes in ion dissociation and

changes in ion correlations contribute differently to the total conductivity.

One perhaps unexpected feature of Eq. 5.21 is the appearance of the free ion fraction,
@, as a prefactor in the Nernst—Einstein contribution. This reflects an important
distinction: the self-diffusion coefficient of ions is not necessarily equivalent to
the diffusion coefficient of free ions alone. More generally, the Nernst—FEinstein
contribution should include a sum over all possible association states of each ion,
including free ions, ion pairs, and higher-order clusters, each weighted by its charge,
abundance, and mobility. In the simplified treatment used here, we assume that
once an ion is part of a pair or larger cluster, its diffusion coefficient has dropped
so substantially that it no longer contributes meaningfully to conductivity; free ions
therefore provide the dominant contribution to the self-diffusive charge transport
captured by ANg. More elaborate cluster-based transport theories can relax this
approximation by explicitly accounting for the mobilities and charges of different

ionic aggregates.[345]

An important consequence follows from taking the ratio of Eq. 5.19 and Eq. 5.21.
Because the cation—anion cross term contributing to Acerr. In Eq. 5.19 is scaled by
the same free-ion prefactor @ as Ang, rather than by the population of paired ions,
there is no double counting or implicit cancellation between the self and correlated
contributions: the two terms are separated by construction. This shared prefactor is
precisely what cancels on taking the ratio, giving

A 2 8
£z = (1+50) + 5t

_ 5.22
ANE 31+ Sl (522)

Note that, for simplicity, this form of the theory assumes the ions are symmetric.
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Thus, within this simplified form of the theory, ionicity is not directly proportional
to the free ion fraction. Instead, it measures the relative importance of collective
correlation effects compared with the self-diffusive contribution. The free ion
fraction still affects the absolute conductivity through the prefactor in Egs. 5.19 and
5.21. As such, the ratio A/ANg is not, by itself, a direct measure of the number of

dissociated ions.

This distinction helps explain the behavior shown in Figure 5.3(e). Both simulations
and theory exhibit a minimum in ionicity at low-to-intermediate ionic-liquid compo-
sition, followed by an increase at larger xy.. At low ionic-liquid content, increasing
ion concentration strengthens electrostatic correlations. The relaxation contribution
therefore becomes more important and suppresses collective charge transport rel-
ative to the ideal Nernst-Einstein limit, decreasing £. In a simple electrolyte with
weak composition dependence of viscosity and dielectric constant, this trend would

be expected to dominate over a broad concentration range.

Ionic-liquid—solvent mixtures differ from this simple limit because their transport
properties change strongly with composition[346]. In particular, the viscosity in-
creases substantially as the ionic-liquid content increases, as shown in Figure 5.1(e).
This increase in viscosity reduces both the total conductivity and the Nernst—Einstein
conductivity by slowing molecular motion. However, it also reduces the magnitude
of the electrophoretic correction, because hydrodynamic back-flow becomes less
effective when the medium is more viscous. As a result, the electrophoretic correc-
tion weakens at larger xyr, causing the ionicity to increase again. The minimum in
ionicity therefore arises from a competition between increasing electrostatic correla-
tions at low IL concentration and the viscosity-mediated reduction of electrophoretic
corrections at higher IL concentration. This mechanism is particularly relevant for
ionic-liquid mixtures because they combine strong Coulombic correlations with
large, composition-dependent changes in viscosity over a broad miscible composi-

tion range.

The occurrence of apparent ionicities greater than unity is more subtle. Equa-
tions 5.19-5.22 are written for a simplified symmetric electrolyte, which makes the
cancellation of the explicit free-ion prefactor especially transparent. Real ionic lig-
uids, however, are molecularly asymmetric: cations and anions differ in size, shape,
charge distribution, and association interactions. When cation and anion are per-
fectly symmetric, their relative motion is maximally correlated and the cation—anion

cross term is correspondingly strong and negative. As the size, mass, or mobility of
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the two ions become increasingly asymmetric, the faster ion increasingly dominates
the pair’s relative motion, degrading this correlation and, beyond a certain point,
reversing its sign so that the cross-correlation contribution becomes less negative or
even positive, increasing the collective conductivity relative to the Nernst—Einstein
estimate. In this case, values of € > 1 do not imply that more charge carriers exist
than expected; rather, they indicate that the collective ion motions enhance charge

transport relative to the uncorrelated self-diffusion reference.

Finally, we note that this analysis also clarifies the limitations of using the Stokes—
Einstein—Sutherland relation to infer ionicity across ionic-liquid compositions. One
might argue that, in the dilute limit, the Stokes—Einstein—Sutherland estimate should
approximate the diffusion coefficient of isolated free ions. However, even at rela-
tively low ionic-liquid concentrations, electrostatic and hydrodynamic correlations
can already contribute measurably to transport because of the long-ranged and
many-body nature of Coulomb interactions. As a result, deviations from ideal

Nernst—FEinstein behavior need not require extensive ion pairing or clustering.

We also note that the association fraction Xy used throughout this chapter is a
static, structural measure: it does not distinguish between long-lived ion pairs and
transient contacts that separate again on a timescale short compared with diffusive
ion motion. A dynamic, lifetime-resolved definition of ion pairing would be expected
to correlate more closely with ionicity, since only sufficiently long-lived contacts

can meaningfully suppress dynamic cation—anion correlations[78, 310].

Taken together, these results show that ion dissociation and conductivity are related,
but not interchangeable, descriptors of transport in ionic-liquid—solvent mixtures.
Solvent-specific association controls the local population of free ions, while the
measured conductivity and ionicity are further shaped by collective electrostatic
correlations, electrophoretic effects, viscosity, and ion-specific asymmetries. Con-
sequently, trends in ionicity should not be interpreted as direct measures of ion-pair
populations. Instead, they provide a complementary measure of how correlated
ion motion modifies charge transport relative to the ideal Nernst—Einstein limit.
The same distinction between local association and collective dynamic response
reappears in a very different context in Chapter 7, where the ratio of dynamic metal-
ligand crosslinkers to available binding sites, rather than crosslink density alone,

governs the mechanical response of a polymer network.
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5.4 Appendix

Additional Figures
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Figure 5.4: (a) Ionic conductivity o and (b) dynamic viscosity 1 on a logarithmic
scale as a function of xy, for various ionic liquid and solvent systems. Open symbols
denote simulation results; filled symbols denote experimental data. Lines in (a) and
(b) are guides to the eye.
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Figure 5.5: (a) Site-site radial distribution function g(r) between anionic and
cationic binding systems in the pure ionic liquid. (b) Radial distribution functions
between cationic sites and the electron-donor atom of each solvent (solid lines) and
between anionic binding sites and hydrogen-donor atoms of each solvent (dashed
lines) in the dilute-IL limit, x;p, = 0.02.
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Figure 5.6: For ionic liquid + solvent systems not considered in the main text:
(a) Bound IL-site fraction Xy, as a function of xj;, obtained from simulation, shown
as open symbols, and Wertheim TPT1 theory, shown as lines. (b) Solvent electron-
donor—cation association fraction Xcat.ep; inset shows the solvent hydrogen-donor—
anion association fraction.
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Figure 5.9: Onsager decomposition of the molar conductivity for [BMIM][BF4]
in (a) water, (b) acetonitrile, (c) acetone and (d) DMSO into the self contribution,
Aself = ANE, and the combined correlation contribution, Acorr = Agist + Across- Sym-
bols denote simulation results and lines denote the corresponding MSA predictions.
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Chapter 6

DYNAMIC CHARGE REGULATION ENHANCES ION
MOBILITY IN POLYELECTROLYTE NETWORKS

Weak polyelectrolyte hydrogels are emerging as a versatile platform for ion trans-
port and separation, desalination, and energy applications. However, a predictive
understanding of how dynamic charge regulation at the nanoscopic scale influences
ionic mobility in these polymer networks remains elusive. In this chapter, using
large-scale molecular simulations, we dissect the coupled mechanisms governing
small-ion transport in weak polyelectrolyte hydrogels, and reveal how charge den-
sity, competitive binding, and dynamic charge regulation jointly control ion mobility.
By systematically isolating these effects, we uncover a pronounced non-monotonic
dependence of ion self-diffusion on hydrogel pK, and salt concentration for multi-
valent ions. Strikingly, allowing the hydrogel backbone to dynamically regulate its
charge eliminates this non-monotonicity and leads to dramatic enhancements in ion
mobility, with diffusion coefficients increasing by up to an order of magnitude for
trivalent ions. We attribute this effect to a protonation-assisted hopping mechanism
that continuously remodels the local electrostatic landscape, providing an additional
molecular-scale pathway for ion unbinding beyond translational escape and accel-
erating ion-pair kinetics without affecting the fraction of free ions. Our results
demonstrate that dynamic nanoscale charge regulation can decouple ion mobility
from equilibrium binding strength, offering a powerful design lever unavailable in
fixed-charge materials. Building upon these insights, we propose simple molecu-
lar design principles for next-generation ion-conducting hydrogels and suggest new
strategies for nanostructured membranes, energy materials, and biologically inspired

charge-adaptive soft matter.

This chapter includes work from our previously published preprint: Pierre J. Walker,
David Beyer, Christian Holm, and Zhen-Gang Wang. lon Transport Enhancement in
Charge-Regulating Hydrogels. 2026. por: 10.26434/chemrxiv.15004897/v2

6.1 Introduction

Polyelectrolyte hydrogels—soft solids consisting of chemically or physically crosslinked
polyelectrolyte chains—have emerged as a promising class of tunable materials with
remarkable physicochemical properties.[347, 348, 349, 4, 235, 350] An important
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feature of these charged polymer networks is their exceptional swelling capacity in
aqueous solutions, which is reactive to external stimuli, including salt,[351] tem-
perature,[235] and light.[352] This responsiveness gives rise to numerous advanced
applications of polyelectrolyte hydrogels, ranging from desalination[350] and elec-

troadhesion[353] to targeted drug delivery[354] and nanomechanics.[355]

Although much of the experimental and theoretical focus has been on hydrogels
composed of strong polyelectrolytes with a fixed-charge backbone, many hydrogels
consist of weak polyelectrolytes, such as the commonly used poly(acrylic acid). In
contrast to strong polyelectrolytes, weak polyelectrolytes contain weakly acidic or
basic groups, whose degree of ionization depends on the pH value.[356] Naively, one
might expect the behavior of weak polyelectrolytes to be equivalent to that of strong
polyelectrolytes with a varying fraction of ionized monomers. However, because
the ionization state of these weak monomers is determined by reversible acid-base
equilibria, weak polyelectrolytes often dynamically adapt their ionization state in re-
sponse to various physicochemical factors, including system pH, salt concentration
and valency, and even electrostatic interactions with other polyelectrolytes. Such
charge regulation effects are known to play an important role in numerous systems
in soft matter science and biophysics, for example weak polyelectrolyte brushes[357,
358, 359, 360, 361, 362, 363] and complexes,[364, 365, 366] globular[367, 368,
369] and intrinsically disordered[370, 371, 143] proteins, and nanoparticles[372,
373, 374] and colloids.[375, 376] In weak polyelectrolyte hydrogels, charge reg-
ulation results in a pH-responsive swelling response,[377] non-trivial interactions
with guest molecules[378, 379] and, in special cases, even a first-order swelling
transition.[380, 381, 355]

The pH-responsive behavior of charge-regulating polyelectrolyte hydrogels has been
studied in detail using experiments,[380, 382] (semi-)analytical theory[383, 384,
381], and coarse-grained simulations. [377, 385, 386, 387] However, virtually all
theoretical studies on these systems so far have either focused on static equilibrium
properties or large-scale conformational motions.[388, 389] In contrast, a mecha-
nistic understanding regarding the transport of small (multivalent) ions and charged
guest molecules through charge-regulating polyelectrolyte networks has not been
attained yet, although it is highly relevant for applications ranging from hydrogel-
based membranes and filters over targeted drug-delivery to biocondensates. This
lack of understanding is unsurprising, since charge regulation is inherently entangled

with numerous other factors contributing to transport properties, including the salt
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concentration, ion binding, polymer density, and network architecture, all of which
complicate the theoretical analysis. For example, while it is known that varying the
charge fraction of a hydrogel can affect the transport properties of added salt, the
very addition of salt (particularly with a high valency ion) to a charge-regulating
hydrogel can shift the ionization equilibrium through favorable electrostatic inter-
actions, changing the ionization fraction of the hydrogel in turn. This coupling
between local charge state and the surrounding electrostatic environment echoes
the solvent-polarization feedback identified in Chapter 2: just as dielectric response
there fed back onto the effective electrostatic interaction, here protonation equilib-
rium feeds back onto ion mobility. Similarly, ionization equilibria, salt partitioning
and hydrogel swelling are all tightly coupled,[377] which in turn influences the

transport of small ions.

Despite the complexities described above, developing a molecular-level understand-
ing of ion transport in charge-regulating hydrogels—Ilinking nanoscopic phenom-
ena with macroscopic bulk properties—is of paramount importance for the rational
design of hydrogel-based materials across various applications and scientific dis-
ciplines. Gaining this understanding purely based on experimental observations
is practically infeasible due to the challenges in disentangling the various factors
explained above. It is therefore indispensable to leverage theory and computer
simulations to understand the various effects influencing ion transport in charge-
regulating polymer networks. While analytical approaches typically neglect many
details that may be relevant for these complex systems and employ drastic ap-
proximations, molecular simulations at the all-atom level are computationally too
expensive for studying large, charge-regulating hydrogels. The best compromise
between these two extremes are coarse-grained, implicit solvent simulations, which
neglect chemical specificity but maintain a particle-based description and fully ac-
count for electrostatic correlation effects, chain connectivity, etc. It is for this reason
that we leverage coarse-grained molecular dynamics simulations in this publication:
by reducing the system complexity to a few key design parameters, it is substantially
easier to examine the contribution of isolated effects on macroscopic properties. To
achieve this, we adopt a hierarchical strategy starting from a simple model system,
adding complexity (salt, charge regulation) step-by-step. As we show below, this
approach allows us to obtain simple molecular design principles for next-generation
ion-conducting hydrogels. These insights are subsequently leveraged to suggest
new strategies for membranes, energy materials, and biologically inspired charge-

adaptive soft matter.
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6.2 Methods

Model

Following the approach used in previous simulation studies [390, 391, 386, 387,
377], we represent our polyelectrolyte hydrogel as a unit cell of a diamond-like
network, as shown in Figure 6.1(a). In this architecture, polymer strands consisting
of N = 60 beads connect tetravalent crosslinking nodes. Each polymer bead is
assumed to be a weak acid (HA), which can dissociate into an anionic bead (A™) by

releasing a free cation (H*) into solution:

HA = A~ +H". (6.1)

ap—dyg+

This chemical reaction is governed by the equilibrium constant K, = e

—log; Ka), where q; is the activity of species i.

In addition to polymer chains and counterions, a Z : 1 electrolyte is added to
the system at a concentration Cs. The cations XZ, acting as counterions for the
polyelectrolyte network, have valency Z (+1, +2, or +3). The anions X~ are always

monovalent.

HA, A~, H", and X~ beads all have the same effective diameter oo = 0.355 nm; in
a previous work, this value was shown to accurately reproduce the excess chemical
potential of aqueous NaCl solutions [392]. The cations X? are half the size of the
other beads (o0 = 0.1775 nm) to distinguish them from H* and to account for the
smaller solvation diameter of higher-valency ions [393]. All particles have the same
mass m = 1.0 in the system of reduced Lennard-Jones units. The solvent is taken
to be water at 7 = 298.15 K and is treated implicitly, such that the Bjerrum length
is Ag = 0.71 nm.

Our coarse-grained, implicit-solvent model for polyelectrolyte chains and ions is de-
rived from the model of Kremer, Grest and Stevens.[183, 394] This model represents
monomers and ions as spherical, bead-like particles that interact via (1) repulsive
steric interactions, (2) electrostatic interactions and (3) FENE bonds. Steric interac-
tions between types of particles are modeled using the Weeks-Chandler-Andersen
(WCA) potential.[395] The WCA potential between particle types i and j is given
by

y 46((—0-1;},]) —( ‘;r’))+6 1fr$2%—’;f
U\ (r) = (6.2)
git0;j

0 if r > 28 2%,
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where € = kgT, with T = 298.15 K, is the energy scale of the interaction. o7 is a
measure for the bead diameter of particle type i which we set to o = 0.355 nm for
all species except the cations X*, which have a smaller diameter of ox+ = 0/2 =
0.1775 nm.

In addition to steric interactions, all charged particles also interact through the
Coulomb potential[23]

ApkpTz:z;

Ulcjoulomb (r) = (63)

r
where z; is the charge number of particle type i. Here, the solvent of the system is
taken to be water at 7 = 298.15K and is treated implicitly such that the Bjerrum
length of the system is Ag = 0.71nm. The Coulomb interactions in periodic
boundary conditions are summed up using the PPPM method with a relative error
of 1074.[396, 397, 398]

To connect monomers into polymer chains, we use FENE bonds,[183] which are

described by the interaction potential

2
_&2‘2“3"11'1 (1_(A}";ndx) ) ierArmax

Ureng(r) = (6.4)

00 if r > Arpax.

Throughout this chapter, we set the spring constant to k = 30 kg7 /o> and use a

value of Arpax = 1.5 o for the maximum bond extension.

To characterize the effects of charge regulation on small-ion transport, we vary
three parameters: the valency of the added salt cation (Z = +1,+2, +3), the salt
concentration (Cy € {0.001,0.05} M), and the equilibrium constant of the acid—base
reaction (pK, € {-3,3}). As most hydrogels are primarily comprised of water, we
assume a high swelling ratio such that the polymer volume fraction is low (¢ = 0.05,
corresponding to C, ~ 0.16 M). This monomer concentration lies in the lower
regime of typical hydrogels and was chosen to minimize screening contributions
from ions originating within the network itself, thereby amplifying changes induced

by the addition of multivalent salts, which are the focus of this chapter.

In general, the equilibrium volume of a charge-regulating polyelectrolyte hydrogel is
determined by a complex balance of acid—base equilibria, ion partitioning, electro-
static interactions, and network elasticity [377]. As we will show in the following,
even at fixed volume, ion transport in charge-regulating hydrogels involves a convo-

lution of multiple factors that are difficult to isolate. Allowing the network to swell
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or contract would only further complicate this analysis. Therefore, in the present
chapter, we fix the monomer concentration across all simulations in order to focus
specifically on transport mechanisms. An extension of this work to account for gel

swelling and volume changes represents a natural direction for future research.

(a) System (b) Simulations

RO

r
Fixed charge, salt-free:

Charge regulating, salt-free:

\

! I

*« MD+RxMC 1+ MD |
* Effects: charge density I « Effects: charge density 1
'« Label: CD I

(Charge regulating, added-salt: ) f
+ MD+RxMC |
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\ J
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« MD
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Figure 6.1: Overview of the methodology used in this chapter. (a) Simulated
hydrogel architecture using a diamond-like unit cell. (b) Summary of the types
of simulations performed in this chapter, the approach used and their labels. (c)
Different competing effects investigated in this chapter: 1. variation in hydrogel
charge density, 2. added-salt induced competitive binding and 3. dynamical charge
regulation of the hydrogel backbone.

Simulation Methods

In this chapter, we identify three key effects that influence ion transport in charge-
regulating hydrogels (cf. Figure 6.1(c)): (1) the influence of hydrogel charge density
on ion transport, (2) competitive binding of cations to the hydrogel backbone, and
(3) the role of dynamical charge regulation. Performing simulations that account for
all three effects simultaneously would make it difficult to disentangle their individual
contributions. We therefore perform three types of simulation that progressively
add complexity, allowing the role of each effect to be isolated. The setup of these
different types of simulation is summarized in Figure 6.1(b) and will be explained

in detail in the following paragraphs.

To simulate the molecular motions of our system as well as the acid-base reactions,
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we use a hybrid scheme combining Molecular Dynamics (MD) with Monte Carlo
(MC) . At a fixed particle number, the positions of all particles (small ions and
monomers) are propagated using Langevin dynamics with Gaussian white noise. In
the simulations, we solve the Langevin equations for all particle positions numeri-
cally using the Velocity-Verlet integrator with a time step of At = 0.01 7, where 7
is the Lennard-Jones time scale. We set the bare friction coefficienttoy = 1.0 771,
corresponding to a diffusion coefficient of D = 1.0 o->7~! for non-interacting beads.
While Langevin dynamics capture the effects of hydrodynamics to some extent, we
have chosen not to explicitly account for the effects of long-range hydrodynamic
interactions using methods such as DPD[399] or Lattice-Boltzmann[400] in order
to fully isolate the effects of charge regulation. The simulations are conducted using

version 4.2.4 of the open source simulation suite ESPResSo[401, 402].

The monomers of our hydrogel are weakly acidic groups participating in the acid-
base reaction
HA = A™ +H", (6.5)

which is governed by the equilibrium constant K, = 107Xz, To model this reaction,
we use the Reaction Ensemble Monte Carlo method[403, 404] (RxMC). In this
method, elementary reaction steps are represented by Monte Carlo moves that are
probabilistically accepted. A single MC move proceeds as follows. First, the extent
of reaction & 1s randomly selected (¢ = +1 for the forward reaction in Equation 6.5,
¢ = —1 for the reverse reaction in Equation 6.5). Next reactant particles are randomly
selected, i.e. a monomer HA if £ = +1 or a monomer A~ and counterion H* if
¢ = —1. Then, a new state is proposed by changing the identity of the selected
monomer according to Equation 6.5 and either deleting the selected counterion H*
(if £ = —1) or inserting an additional counterion H* at a random position into the
simulation box (if & = +1). Subsequently, the proposed new state (n) is accepted
with a probability given by

NAINS-INSL N (KanPV)E

(NgIA - g)! (Ng_ + g)! (N§I+ + g)z

PRIMC — min {1, exp (—BAU.) ¢ . (6.6)

In this equation, N? denotes the particle number of species i in the old state (0), n€ is
the number density corresponding to the reference concentration ¢® = 1 M, V is the
volume of the simulation box and AU, , is the change in potential energy between
the old state and the proposed new state. If the proposed new state is rejected, the

old state is retained.
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In the simulations, the MD integration steps are combined with MC moves by
performing alternating cycles consisting of 10> MD and 103 MC steps respectively.
To test the influence of the ratio of MD and MC steps, we also perform simulations
where the number of MC steps per cycle is either reduced or enhanced by a factor
of 10.

Salt-free simulations: We first perform simulations of the hydrogel in the absence
of added salt. To emulate changes in the hydrogel charge density with decreasing
pK. (Figure 6.1(c)), we combine MD with the Reaction Ensemble Monte Carlo
method[403, 404] (RxMC). The RxMC method is one of several Monte Carlo
schemes that allow simulating acid-base equilibria in weak polyelectrolytes.[405,
403, 404, 406, 356] In this chapter, we choose RxMC rather than the Grand-Reaction
method [356], as the latter would additionally capture effects such as gel swelling
[377] and ion partitioning [392], which are intentionally excluded here to simplify
the physical picture.

To reach the desired polymer volume fraction, we use a simulation protocol similar
to previous works:[377, 385] after initializing the gel network in a fully extended
state, the simulation box is compressed isotropically at a rate of 0.1 /7 until the
target monomer concentration is reached. The system is then equilibrated for 10°
MD steps, during which 10> RxMC moves are attempted every 10> MD steps. This
procedure allows the network to relax and the backbone charges to reach equilibrium.
Subsequent production runs are performed for 2 x 107 MD steps, maintaining the
same ratio of the MD steps to the MC moves. This ratio is consistent with previous
simulations studying the effects of dynamical charge regulation [355] and is intended
to emulate the rapid kinetics of typical acid—base reactions [407, 408, 409], assisted
by Grotthuss proton hopping [410].

Although the salt-free simulations do not provide information on the transport of
multivalent ions, they characterize the ionization equilibrium and charge distribution
within the gel network. Because the simulations are performed in the absence of
multivalent salt, they allow the influence of hydrogel charge density to be examined
independently of competitive binding. To study ion dynamics in a hydrogel with a
given charge density, we randomly select equilibrated charge configurations from
the RxMC trajectories (including monovalent counterions), freeze the backbone
charges, and add multivalent salt at varying concentrations. These systems are then

simulated for an additional 2 x 107 MD steps without RxMC. In this way, we isolate
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the effect of hydrogel charge density on ion transport. The described procedure
is repeated for two independent charge realizations in order to average over charge
fluctuations of the gel network. We refer to these quenched-charge simulations as
charge-density (CD) simulations, after the effect being probed in these simulations
(see Figure 6.1(b)).

Added salt simulations: Having isolated the effect of charge density, we next
examine the combined influence of competitive binding and charge regulation.
These effects are captured in simulations performed with MD+RxMC in the presence
of added salt. We therefore initialize the gel network with multivalent salt and
repeat the protocol described above: isotropic compression at a rate of 0.1 o/,
equilibration for 10> MD steps, and production runs consisting of 2 x 10’ MD
steps, with 10° RxMC moves attempted every 10° MD steps. These simulations are
referred to as charge-regulating (CR) simulations. From the production trajectories,
we extract self-diffusion coefficients of the added salt ions; the validity of this
procedure is discussed later. We also examine the effect of varying the ratio of MD

steps to MC moves in the Discussion and Supplementary Information.

In the CR simulations, the effects of charge regulation and competitive binding are
intrinsically coupled. To separate these contributions, we again select two equi-
librated gel charge configurations from the CR trajectories, freeze the backbone
charges, and perform additional simulations for 2 x 10’ MD steps without RxMC.
Because the mean degree of ionization and charge distribution are preserved, these
simulations remove dynamical charge regulation while retaining competitive bind-
ing. These systems are referred to as competitive-binding (CB) simulations (see
Figure 6.1(b)).

Analysis
All analysis in this chapter is performed using the programs MDAnalysis [187] and
MDCeraft [14].

Self-diffusion coefficients: The primary quantity of interest is the self-diffusion

coefficient of the added ions, defined as

N.
1 2
D; = lim W;QRN) -R;(0)]%), (6.7)

where ¢ is time, N; is the number of particles of species i, and R;(¢) is the position

of particle j at time 7.
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For simulations that include Monte Carlo steps (CR simulations), the validity of
measured dynamical properties such as self-diffusion coefficients warrants careful
consideration. In this chapter, transport properties are extracted exclusively for
species that do not participate directly in Monte Carlo moves, such that their micro-
scopic motion is governed solely by molecular dynamics. Consequently, we do not
report the total ionic conductivity of the system, which would additionally require
tracking the dynamics of the charged polymer backbone and protons, both of which

are involved in RxXMC moves.

Because particle motion is correlated, unphysical displacements associated with
RxMC moves could in principle indirectly affect the dynamics of all species. Under
the dilute conditions considered here, however, the influence of low-valency parti-
cles undergoing RxXMC moves is expected to enter primarily through their collective
contribution to electrostatic screening. When averaged over long trajectories, their
effect is therefore anticipated to be comparable to that of physically diffusing par-
ticles. To validate this assumption, we explicitly examined the effect of varying
the ratio of RxMC moves to MD steps over two orders of magnitude. These tests,
reported in the Supplementary Information, indicate that while small deviations
arise in low-salt, low-pK, regimes, for most conditions the measured dynamical

properties are not significantly affected by this ratio.

Ion pairing: To assess how charge regulation influences the transport of multiva-
lent ions, we quantify the fraction of cations not bound to the anionic sites on the
hydrogel backbone. An ion is defined as unbound when no anions are present within
a distance 1.50 of the cation center (corresponding approximately to the location of
the first minimum in the radial distribution function). Because the fraction of bound
cations is an equilibrium quantity, its averaged value is independent of the ratio of
MD to RxMC steps; a small ensemble-dependent finite-size effect may in principle

exist, but is not expected to be significant here.

Although equilibrium properties are expected to be identical between CR and CB
simulations up to finite-size effects, their relaxation dynamics may differ. Of partic-
ular relevance is the ion-pair relaxation time [411, 310, 78], which has been shown
to correlate strongly with ionic self-diffusion. Following previous work [310], we
define the ion-pair relaxation time 7ip as the time at which the survival probability

P(t) decays to 1/e. This quantity is obtained from the autocorrelation function of
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hij(t):
P(t) = (hij(t)h;;(0));; — <hij(t)>i2j’ (6.8)

where (-);; denotes averages over all added cations and anionic hydrogel beads, and:

1 R;(1) - R; <150y,
|1 RO R0l <150, .
0, |IR;(z) —R]'(l)” > 1.5 aij .

Because the ion-pair relaxation time is a dynamical property, its validity in the
presence of Monte Carlo steps has to be justified using arguments analogous to
those applied to the self-diffusion coefficients. Across simulations in which the

ratio of RxXMC moves to MD steps was varied by two orders of magnitude, 7jp was
found to change at most by a factor of two.

Charge profile autocorrelation function: The addition of high-valency ions
through competitive binding is expected to modify the charge distribution along
the hydrogel backbone. To quantify these changes, we define the autocorrelation
function of the charge profile [412], averaged along the polymer strands of the
hydrogel (disregarding crosslinkers):

P4 (AC) = (qrqeeacdchain = (@) - (6.10)

Here, g/ is the (dimensionless) charge of bead ¢ and (-)cpain denotes averages along
the polymer strands. The quantity (q)chain 1S €quivalent to the degree of ionization
a. pg(Al) is positive when beads separated by A¢ along the chain are, on average,

more highly charged than the bulk average, and negative in the opposite case.

6.3 Results

In total, more than 700 distinct systems were examined in the course of this chapter.
Presenting results for every case in the main text would be impractical; all data are
therefore provided in the Appendix, while the results shown here are selected to
illustrate and elucidate the physical mechanisms of interest. The conclusions drawn
are supported not only by the specific examples discussed below, but by the full

ensemble of systems considered.

The remainder of this section is organized around systems of increasing complexity,
designed to isolate the individual effects highlighted in Figure 6.1(c).
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Charge Density

From ideal-solution theory it can be derived that increasing the pK, of the depro-
tonation reaction reduces the equilibrium degree of ionization a of the hydrogel

according to

Co)l1-a

Here, Cp = 1M is the reference concentration and C,, is the concentration of

2
107PKa = (ﬁ) d (6.11)

ionizable monomers. In polymer networks, connectivity between neighboring beads
renders adjacent ionized beads energetically unfavorable due to strong electrostatic
repulsion. As shown in Figure 6.2(a) for charge-regulating hydrogels in the absence
of salt, this repulsion suppresses ionization of the hydrogel backbone and gives rise to
an apparent shift in the pK,. This well-known phenomenon in weak polyelectrolytes
has been observed in a large number of studies and is termed the “polyelectrolyte
effect.” [377, 142, 413]

To capture realistic charge states of hydrogels at a given pK, while isolating trans-
port mechanisms, we first perform calculations by extracting equilibrated charge
configurations from the charge-density simulations and quenching the backbone
charges. Multivalent salts of varying concentration are then introduced, producing
systems in which the hydrogel charge profile is fixed while the particle positions of
monomers and mobile ions evolve dynamically. This process is illustrated visually
in Figure 6.1(b). These simulations allow the effect of the hydrogel charge density
(labeled as CD) on cation transport to be examined independently of competitive

binding and dynamical charge regulation.

The resulting self-diffusion coefficients as functions of cation valency, salt con-
centration, and pK, are shown in Figure 6.2(b). Overall, the self-diffusion coeffi-
cient decreases with increasing cation valency and increasing degree of ionization
(decreasing pK,), while higher salt concentrations partially restore mobility. For
high-valency cations at low salt and low pK,, a pronounced minimum in the diffu-
sion coeflicient is visible. In general, the effects of varying charge density are not
surprising: if we consider small ions bound to the polymer backbone as practically
motionless, only the fraction of unbound ions contributes to the self-diffusion coef-
ficients. Increasing the degree of ionization (lowering the pK,) provides more sites
to which the added cations can bind, thus reducing the self-diffusion coefficient.
A similar effect occurs when increasing the ion valency, because with stronger
electrostatic interactions the fraction of bound cations will increase, leading to a

decreasing self-diffusion coefficient. Adding more salt (and thus cations) simply
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Figure 6.2: Effect of hydrogel charge density on ion transport. (a) Variation in the
hydrogel degree of ionization with varying pKj, in the absence of salt. Predictions
from the ideal limit have been included. (b) Cation self-diffusion coefficient obtained
using the CD simulations with varying pK,, cation valency and salt concentration.
Colors denote valency (blue: monovalent, yellow: divalent, green: trivalent) and
lines denote concentration (solid: 0.05 M, dashed: 0.01 M). Dotted lines denote the
limited diffusion coefficient for a fully ionized hydrogels. (c) Ion pair relaxation
times between the added cation and hydrogel backbone for the same conditions as
(b), using the same colors and lines. (d) Visual illustration of the effects of elec-
trostatic correlations on the binding between the cation and the hydrogel backbone.
(e) Variations in the salt-concentration dependency of D, with varying pK, for a
divalent cation.

increases the amount of free ions, resulting in a larger self-diffusion coefficient.
At sufficiently high ion concentrations, where electrostatic correlations and pack-
ing effects dominate, the self-diffusion coefficient would be expected to eventually

decrease again.

Generally speaking, we find a good correlation between the fraction of free cations
and the self-diffusion coefficient (see Figure 6.13). However, for high valency
cations, we observe a minimum in the self-diffusion coefficient at low salt concen-
trations and low pK,, which is not present in the unbound fraction. To explain this
unexpected result, consider that in these regimes the fraction of free ions is extremely
small. Therefore, the ions are bound most of the time and their effective diffusion
coeflicient is primarily governed by the rate of unbinding from the backbone rather

than the diffusion coefficient of a free ion. Thus, the self-diffusion coefficient is
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determined by the lifetime of ion—polymer associations and should (approximately)
be inversely related to the ion-pair relaxation time [411, 78]. This relationship is
borne out in Figure 6.2(c): divalent and trivalent systems exhibit relaxation times
that decrease strongly with increasing salt concentration, consistent with enhanced
electrostatic screening that weakens ion—polymer correlations and facilitates trans-
port. At salt concentrations below 0.01 M, the ion-pair relaxation time for both
multivalent ions displays a pronounced maximum at intermediate pK,, coinciding
with the minimum in the self-diffusion coefficient. We attribute this non-monotonic
behavior to the change in binding environment for the added cations at low salt
concentrations: as shown in Figure 6.2(d), at high pK, and low salt concentrations,
the cation is strongly bound to the backbone, with its motion being coupled to the
much slower hydrogel backbone. With decreasing pK,, more charged sites become
available, such that it is favorable for the cation to translate along the backbone,
increasing its diffusion coefficient. Distributing the charge uniformly along the
hydrogel backbone eliminates the minima by providing easier mobility along the
backbone (see Figure 6.14). At very high salt concentrations, when the amount of
cations exceeds the amount of available sites at all pK,, this minimum no longer
appears as there are always free cations even when the hydrogel is fully charged.
Although previous studies have explored the influence of charge fraction on ionic
transport in hydrogels [414, 415, 235, 351], to our knowledge such pronounced

non-monotonic behavior has not been reported.

Ion concentration provides an additional means of tuning transport, as shown in
Figure 6.2(e). We include the limiting cases of neutral (pK, — oo0) and fully charged
(pKy — —o0) hydrogels. In the neutral limit, self-diffusion decreases monotonically
with concentration, as expected from crowding and electrostatic correlations in
bulk electrolytes. Once the hydrogel carries charge, however, electrostatic binding
strongly suppresses mobility at low salt concentrations. Increasing salt initially
enhances diffusion by saturating polymer binding sites; at still higher concentrations,
diffusion is expected to decrease again as ion—ion correlations and packing effects

become dominant.

At intermediate pK,, where the hydrogel is only partially ionized, particularly for
divalent and trivalent ions, the concentration dependence becomes highly sensitive to
salt concentration. The strongest sensitivity to salt concentration occurs near pK, ~
0, while either increasing or decreasing pK, diminishes this effect. This regime

coincides with the inflection points in the pK,-dependent trends of Figure 6.2(b),
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corresponding to the maximum of the “charge regulation capacitance,’[367] where
the system is particularly sensitive to changes in pK,. Previous studies such as Yin et
al. [351] would likely have observed similar features had a broader range of charge

fractions been examined.

Taken together, the results presented in this section underscore the delicate interplay
between hydrogel charge density and salt content in controlling ion transport. As we
will see in the following sections, the inclusion of additional physical effects causes

these two seemingly independent parameters to become coupled.
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Figure 6.3: Effect of competitive binding on ion transport. (a) Variation in the hydro-
gel degree of ionization with varying pK, in the presence of added salt. Predictions
from the ideal limit have been included. (b) Cation self-diffusion coefficient obtained
using the CD (lighter) and CB (darker) simulations with varying pK,, cation valency
and salt concentration. Colors denote valency (yellow: divalent, green: trivalent)
and lines denote concentration (solid: 0.05 M, dashed: 0.01 M). Dotted lines denote
the diffusion coefficient for fully ionized hydrogels. (c) Ion pair relaxation times
between the added cation and hydrogel backbone for the same conditions as (b),
using the same formatting scheme. (d) Charge profile autocorrelation with varying
monomer separation Af using the same scheme as (b) for pK, = —1 (e) Charge
profile autocorrelation evaluated at a monomer separation A¢ = 1 using the same
scheme as (b) for pK, = —1 (f) Variations in the salt-concentration dependency of
D, with varying pK, for a divalent cation between CD and CB simulations.



198
Competitive Binding

The results discussed in the previous section are directly relevant to hydrogels
synthesized from mixtures of fixed-charged and uncharged monomers. Examples
of such fixed-charged groups include sulfonates, quaternary ammonium groups, and
certain ionic-liquid-based monomers [351], which all have very small pK,. However,
many commonly used monomers like carboxylic acids and phosphates exhibit more
moderate pK, values [235, 4]. In such systems, the deprotonation equilibrium can be
strongly influenced by changes in solution conditions, for example by the addition of
multivalent salts [356]. As shown in Figure 6.3(a), added salt shifts the equilibrium
toward the deprotonated state due to favorable electrostatic interactions between
cations and the polymer backbone, resulting in increased ionization fractions. While
monovalent salts induce only minor changes, divalent and especially trivalent ions
drive substantial shifts, with the latter pushing the degree of ionization beyond the
ideal-solution limit at high concentrations, effectively reversing the polyelectrolyte
effect.

To isolate the consequences of this salt-induced shift in ionization—without intro-
ducing dynamical charge regulation—we sample equilibrated charge profiles from
charge-regulating simulations in the presence of added salt, quench the backbone
charges, and perform additional competitive-binding (CB) simulations. This pro-
cess is illustrated in Figure 6.1(b). Because monovalent salts produce negligible
changes in the ionization state, they do not lead to appreciable differences relative to
the CD results discussed earlier. Accordingly, the remainder of this section focuses

on divalent and trivalent ions.

The resulting self-diffusion coefficients are shown in Figure 6.3(b). Qualitatively, the
dependence on pK, is identical to that observed in the CD simulations, reflecting the
same competition between electrostatic binding and screening. There are, however,
two quantitative differences. First, the inflection points in the self-diffusion curves
shift between the two cases. This behavior mirrors the corresponding changes
in ionization fraction shown in Figure 6.3(a) and in the fraction of unbound ions
reported in Figure 6.9, becoming more pronounced at higher salt concentrations,
consistent with the stronger forward shift of the deprotonation equilibrium. A
second, more unexpected difference is the appearance of deeper minima in the self-
diffusion coefficient at low salt concentrations. Because the fraction of unbound
ions is nearly identical between the CD and CB simulations (see Figure 6.9), one

might anticipate only a horizontal shift in the diffusion curves with pK,. The
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additional suppression of mobility therefore points to a structural reorganization
of the backbone charge profile that enhances the ion-pair lifetimes, suppressing
cation diffusion. This interpretation is supported by the ion-pair relaxation times
shown in Figure 6.3(c), which exhibit correspondingly larger maxima at low salt
concentrations. To probe the origin of this effect, we examine the correlation

function of the charge profile along the polymer backbone (Eq. 6.10).

Representative results are shown in Figure 6.3(d). In the absence of salt, the nearest-
neighbor value of p, is negative. This indicates that if a bead i is charged, its
immediate neighbors preferentially remain neutral in order to minimize electrostatic
repulsion, a direct manifestation of the polyelectrolyte effect. Upon the addition
of multivalent salt, binding of the cations to the backbone locally reduces the
effective negative charge density, making it more favorable for neighboring beads
to deprotonate and thus increasing p, at short separations. Notably, the largest
increase occurs for next-nearest neighbors (A¢ = 2). Such an alternating ionization
pattern allows beads i and i + 2 to both carry charge while avoiding nearest-neighbor
repulsion with bead i+1. Furthermore, this pattern enables both sites to be bridged by
a single multivalent cation[416, 417]. The described phenomenon becomes clearer
when examining p,(Af = 1) as a function of valency and salt concentration in
Figure 6.3(e). Increasing salt concentration and cation valency progressively raises
pq(AC = 1) from its salt-free value, ultimately rendering it positive for trivalent
ions at Cg = 0.05 M. These results demonstrate that multivalent salts not only shift
the overall degree of ionization, but also reorganize the spatial pattern of charges
along the polymer backbone to maximize favorable ion—polymer interactions. The
resulting binding environment makes it harder for the cations to move along the
backbone, increasing ion-pair lifetimes and consequently further suppresses cation

mobility relative to the CD case.

A practical consequence of salt-induced shifts in the deprotonation equilibrium is
their impact on the concentration-dependence of ion transport. As discussed earlier,
this effect is most pronounced at high salt concentrations, where forward shifts in
ionization reduce the self-diffusion coefficient. Compared to systems with quenched
charge profiles, this leads to a transport behavior that is more robust with respect to
changes in salt concentration, as shown in Figure 6.3(f). While such behavior may be
unfavorable for applications requiring highly responsive conductivity, it underscores
the effect of charge sequence in tuning both thermodynamic and transport properties:

even for a fixed average charge fraction, the local chemical environment can still be
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engineered to balance ion solubility and diffusion coeflicient.
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Figure 6.4: Effect of dynamical charge regulation on ion transport. (a) Cation self-
diffusion coefficient obtained using the CR (light), CB (dark) and CD simulations
with varying pK,, cation valency and salt concentration. Colors denote valency
(blue: monovalent, yellow: divalent, green: trivalent). Dotted lines denote the
limited diffusion coefficient for a fully ionized hydrogels. (b) Ion pair relaxation
times between the added cation and hydrogel backbone for the same conditions
as (b), using the same colors. (c) Effect of varying the ratio of MC moves to
MD steps on D, obtained from CR simulations. (d) Visual illustration of the
protonation-assisted hopping mechanism to enhance ion transport. (e) Variations
in the salt-concentration dependency of D, with varying pK, for a divalent cation
between the three simulation types.

Dynamical Charge Regulation

While charge regulation shifts the deprotonation equilibrium and induces structural
changes in the hydrogel, allowing backbone sites to dynamically regulate their
charge state during the simulation is expected to further influence cation transport.
The validity of extracting dynamical properties from simulations involving both
RxMC moves and MD steps is addressed in Section 6.2. The results of charge-
regulating (CR) simulations are shown in Figure 6.4(a) and compared with those of
the charge-density (CD) and competitive-binding (CB) cases. We focus on a single
salt concentration (0.01 M), both for clarity and because these effects are most
pronounced at low concentrations where the fraction of unbound ions is small.

Across all conditions examined, CR simulations consistently yield higher self-
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diffusion coeflicients than CB systems with the same mean ionization fraction. At
low pKj,, the mobility of the cation can even exceed that observed in CD simulations
with a lower charge density. The magnitude of this enhancement depends strongly
on cation valency: divalent ions display a nearly two-fold increase, whereas trivalent
ions exhibit an order-of-magnitude speed-up. This behavior is striking, given that
CR simulations possess fractions of unbound ions that are comparable to those of
the corresponding CB and CD systems. Moreover, for both valencies, the non-
monotonic minima observed previously in the self-diffusion coefficients disappear,
demonstrating that dynamical charge regulation can overcome both electrostatic
binding and the more favorable binding environments created by salt-induced charge

reorganization.

The origin of the observed enhancement in diffusion can again be traced to the
ion-pair relaxation times, shown in Figure 6.4(b), which are systematically shorter
in CR simulations than in their CB counterparts. As illustrated in Figure 6.4(d),
in CR systems, ion pairs can dissociate through two distinct mechanisms. The first
mechanism is translational escape, whereby an ion diffuses away from the polymer
backbone. As discussed earlier, this pathway strongly depends on the cation valency
and the local binding environment. The second mechanism is unique to systems with
dynamical charge regulation: the backbone site coordinating the ion may become
protonated during an RxXMC move. In general, the probability of such an event is
governed by the pK, value and the strength of the ion—polymer electrostatic interac-
tion. Although protonation of a site is suppressed when a multivalent ion is bound to
it, when protonation does occur, it is expected to be faster than translational escape.
This additional pathway therefore shortens the ion-pair lifetime and increases the
self-diffusion coefficient. Because binding is reversible, the equilibrium between

bound and free ions satisfies

1 - f free TIp
OC 9

Stree Tfree
where fiee 1s the fraction of unbound cations and 7¢.. denotes the lifetime of a free

Kbind = (6.12)

ion. This expression assumes mass-action kinetics and therefore neglects higher-
order ion—ion correlations. Although 7. is difficult to extract directly because
free states are typically short-lived, ffe. is identical in the CR and CB simulations.
Equation 6.12 therefore implies that the reduced ion-pair relaxation times in CR

systems must be accompanied by correspondingly shorter free-state lifetimes.

In CR simulations, this concomitant shortening of both 7ip and 7. can be attributed

to the constraints imposed by protonation moves: for a charged site to protonate with
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appreciable probability, a nearby monomer must be charged and unoccupied. Once
protonation occurs, a multivalent cation can rapidly migrate to this neighboring
site and rebind. This correlated, protonation-assisted hopping process circumvents
the otherwise large energetic penalty associated with protonating a site directly
coordinating a multivalent ion, thereby accelerating both binding and unbinding
kinetics and enabling faster ion motion. The described mechanism is most effective
at low pK,, where the binding of cations is substantial, yet a sufficient number of
charged sites remain available. This behavior is almost similar to the hydrogel being
uniformly charged (on average), shown in Figure 6.14. It is also loosely analogous

to Grotthuss proton hopping in water[410, 351].

The rate of protonation events is controlled in part by the ratio of RxMC moves to
MD steps. One would therefore expect that, in the limit of very infrequent RxMC
moves, CR simulations should approach CB behavior. To test this expectation, we
varied this ratio by two orders of magnitude (see Figure 6.4(c) and Figure 6.15). With
increasing RxMC frequency, the ion-pair relaxation time decreases while the self-
diffusion coefficient increases; however, these changes are far smaller than would
be anticipated from the magnitude of the rate variation itself. This observation
indicates that the protonation-assisted hopping mechanism is not strongly limited

by the intrinsic protonation rate.

As noted earlier, dynamical charge regulation enhances cation mobility primarily at
low salt concentrations, whereas competitive binding suppresses transport at higher
concentrations. The combined effect is therefore a reduced sensitivity of the self-
diffusion coefficient to salt concentration, as shown in Figure 6.4(e). This impact
is most pronounced near the pK, values at which the minima previously occurred:
for pK, < 0, the self-diffusion coefficient no longer increases monotonically with
concentration and even exhibits weak non-monotonicity for trivalent ions at low salt

concentrations.

6.4 Conclusion and Outlook

In this chapter, we have deconstructed the physical mechanisms that govern ion
transport in charge-regulating hydrogels. At a fundamental level, the self-diffusion
coeflicient of small ions is determined by a competition between three factors: (1)
electrostatic binding, which impedes ion motion; (2) electrostatic screening, which
facilitates transport; and (3) charge regulation itself, which can either suppress or

enhance mobility depending on conditions. These effects are strongly coupled,
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Figure 6.5: Implications of charge regulation for ion transport. (a) Hydrogel ion
membranes: for the same charge profile, a charge regulating hydrogel will have
the same ion partitioning as the fixed charge equivalent, but with enhanced diffu-
sion and, therefore, permeability. (b) Co-polymer hydrogels: introducing neutral
spacer monomers into a weak polyelectrolyte hydrogel will reduce the effects of
competitive binding, increasing interchain crosslinks and improving the transport
and mechanical properties of the gel. (c) Biocondensate guest encapsulation: the
adaptive environment of a charge-regulating biocondensate may improve the uptake
of guest molecules and enhance their diffusion coefficient.

making it challenging to rationally design charge-regulating materials. Building
upon the insights gained through our coarse-grained simulations, we can formulate
simple design heuristics for such systems, anticipating future developments in both
experiments and simulations. We therefore conclude by outlining several promising

directions for future experimental and theoretical investigations.

One important application of polyelectrolyte hydrogels is in ion-selective mem-
branes, illustrated schematically in Figure 6.5(a). In this context, the relevant

performance metric is the relative permeability,

Pgel = Dgelngl, (6.13)



204

where P;, D;, and K; denote the permeability, diffusion coefficient, and partition
coefficient in medium i, respectively. Charge-regulating hydrogels offer a distinct
advantage over fixed-charge systems: for a given mean charge fraction, ion solubil-
ities are expected to be comparable. In contrast, the enhanced diffusion coefficients
in charge-regulating networks translate directly into higher permeability. As shown
above, this enhancement is most pronounced for multivalent ions and can reach
nearly an order of magnitude depending on the hydrogel pK,. This feature is partic-
ularly relevant for heavy-metal separations, where target ions often possess a high
valency. Going beyond point-like small ions, it could potentially also be relevant
for charged oligomers such as peptides in various biochemical and pharmaceutical
processes. We emphasize that the present model treats ions in a simplified manner
and neglects the polarizability and specific complexation effects that are known to
be important for many heavy metals. Although it is not straightforward to predict
how such chemical specificity would modify transport under charge regulation, we
anticipate that protonation-assisted hopping would still provide a substantial kinetic
advantage. Developing a more detailed understanding of specific systems will re-
quire either chemically specific coarse-grained models[418, 419] or even atomistic
simulations in the future, in which charge regulation can be included using a range
of different algorithms.[420, 421, 422, 423, 424, 425]

A central limitation of charge regulation identified in this work arises from com-
petitive binding: the hydrogel adapts its charge profile to maximize favorable
ion—polymer interactions, thereby reducing mobility at high concentrations. In
applications such as sensors or battery electrolytes, where maximizing ionic trans-
port is essential, mitigating this effect is crucial. One possible strategy is to employ
co-polymer networks in which charge-regulating monomers are interspersed with
neutral units, as illustrated in Figure 6.5(b). Neutral spacers would increase the aver-
age separation between charges, suppressing local overcharging and the associated
long ion-pair lifetimes. In this regime, ion-mediated crosslinks between polymer
chains are preferable to ions being locally sequestered along a single backbone.
Separating charge-regulating sites entropically favors interchain bridges [93], while
the increased ionic mobility associated with charge regulation should further benefit
mechanical response relative to fixed-charge networks. Determining the optimal
spacing between ionizable groups, such that protonation-assisted hopping remains
effective while local overcharging is avoided, represents an intriguing direction for

future work.
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Another important avenue concerns the temperature dependence of ion transport.
Temperature affects thermal motion, electrostatic interactions through the Bjerrum
length, and the acid—base equilibrium itself. Because pK, values typically decrease
with increasing temperature[426, 427, 428, 429], our results suggest that heating
could suppress ion mobility by increasing the degree of ionization, even as thermal
agitation and reduced electrostatic coupling act in the opposite direction. Exploring
this interplay may shed light on the unusual temperature sensitivity observed in
some charge-regulating hydrogels, particularly when neutral spacers are incorpo-
rated [235].

Beyond synthetic materials, the concepts developed in this work have potential
relevance in biological contexts. Charge-regulating hydrogels have qualitative simi-
larities to biomolecular condensates,[260] in which many amino-acid residues titrate
with pH. For charged guest molecules entering such chemically distinct environ-
ments,[265, 430, 273] charge regulation may simultaneously enhance solubility, by
producing a more favorable local environment for the guest, and accelerate transport,
improving encapsulation efficiency (Figure 6.5(c)). In the present work, we consid-
ered only a charge-regulating background matrix, but many guest molecules—such
as small-molecule pharmaceutical compounds, flexible polypeptides, and globular
proteins—also undergo protonation equilibria.[431] When both matrix and solute
can adapt their charge, interactions may become more favorable than in fixed-charge
systems,[367, 432, 378, 433] and protonation-assisted hopping could be further
amplified because charge fluctuations of either component may trigger unbinding
events. These effects have clear implications for drug delivery and nucleic-acid-

based therapeutics.

Overall, by disentangling the coupled phenomena underlying charge regulation
and ion transport, this work opens multiple avenues for future exploration across
membrane science, energy materials, soft-matter mechanics, and biological physics.
We anticipate that combining charge regulation with architectural control of polymer
networks will provide a powerful framework for designing next-generation ion-

conducting materials.
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Figure 6.6: Variation in the hydrogel degree of ionization as a function of the
pK, value and for different salt concentrations and valencies. The black curves
correspond to the theoretical prediction in the ideal limit.
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Figure 6.7: pK,-dependence of diffusion coefficients obtained for mono-, di- and
trivalent cations at different salt concentrations. The plots compare results obtained
from simulations accounting for variations in the charge density (CD), competitive
binding (CB) and dynamical charge regulation (CR). Dotted horizontal lines denote
the diffusion coefficients obtained in the limits of fully ionized and neutral hydrogels.
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Figure 6.8: pK,-dependence of monovalent anion diffusion coeflicients obtained
in the presence of mono-, di- and trivalent cations at different salt concentrations.
The plots compare results obtained from simulations accounting for variations in
the charge density (CD), competitive binding (CB) and dynamical charge regulation
(CR). Dotted horizontal lines denote the diffusion coefficients obtained in the limits
of fully ionized and neutral hydrogels.
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for variations in the charge density (CD), competitive binding (CB) and dynamical

charge regulation (CR).
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Chapter 7

FROM METAL-LIGAND COORDINATION TO THE
MECHANICS OF METALLO-POLYELECTROLYTE
COMPLEXES

Metallo-polyelectrolyte complexes derive their mechanical response from the cou-
pling between metal-ligand coordination, polymer ionization, and network topol-
ogy. In this chapter, we develop a multiscale computational framework combining
quantum-chemical calculations, thermodynamic theory, and coarse-grained molec-
ular dynamics simulations to relate these molecular interactions to phase behavior,
gelation, relaxation, and deformation. Electronic-structure calculations show that
metal—acrylate binding is governed primarily by metal valency and contact separa-
tion, with additional ion-specific orbital contributions for some transition metals.
The thermodynamic model predicts that increasing metal valency or polymer charge
density promotes phase separation and gelation, while explicit coupling between pro-
tonation and metal binding produces an intermediate composition range favorable
for network formation. Molecular dynamics simulations further show that trivalent
ions form stronger, more persistent, and more highly connected networks than di-
valent ions, producing stiffer but less readily reorganized gels. Overall, the results
demonstrate that MPEC mechanics are controlled not only by binding strength, but
also by the competition between interchain bridges, intrachain loops, and network

relaxation.

This chapter includes work from our previously published article: Seola Lee, Pierre
J. Walker, Seneca J. Velling, Amylynn Chen, Zane W. Taylor, Cyrus J. B. M.
Fiori, Vatsa Gandhi, Zhen-Gang Wang, and Julia R. Greer. “Molecular control
via dynamic bonding enables material responsiveness in additively manufactured
metallo-polyelectrolytes”. In: Nat. Commun. 15.1 (Aug. 2024), p. 6850. 1ssN:
2041-1723. por: 10.1038/s41467-024-50860-6

7.1 Introduction

Metallo-polyelectrolyte complexes (MPECs) are a class of dynamic soft materials
formed through reversible interactions between multivalent metal ions and charged
polymer chains. In these systems, metal cations electrostatically associate with

polyanionic backbones while also forming secondary metal-ligand coordination
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interactions, thereby acting as labile crosslinkers whose coordination states can
reorganize in response to changes in their environment [434, 435, 436]. The coupling
between local metal coordination, polymer charge state, and chain conformation
gives rise to distinctive macroscopic properties. For example, variations in the local
coordination environment can produce markedly different mechanical responses
[437, 438], while the identity and oxidation state of the metal ion can influence
ionic transport [235]. This molecular-level tunability makes MPECs promising
candidates for applications including ion-exchange filtration, responsive adhesion,
biomedical devices, sensors, soft robotics, and recyclable or reprocessable materials
[439, 440, 441, 442].

The properties of MPECs emerge across a broad hierarchy of length and time
scales. At the molecular scale, the chemical nature and coordination geometry
of the metal-polymer interaction determine the strength and lifetime of individual
associations [434, 443, 444]. At larger scales, these associations alter the charge
state, conformation, aggregation, and connectivity of the polymer chains, ultimately
controlling the structure, mechanics, transport properties, and responsiveness of the
material. These coupled processes are strongly affected by metal valency, solution
pH, and solvent quality [445, 446]. In particular, pH does not merely change the
number of charged groups on a weak polyelectrolyte; it also modifies the competition
between protonation and metal binding. Consequently, the polymer ionization
fraction, metal association, and phase behavior must generally be determined self-

consistently rather than prescribed independently.

Developing a molecular understanding of this coupling remains challenging. Much
of the theoretical literature on charged polymers has focused on complex coacerva-
tion between fully ionized polyelectrolytes in the presence of monovalent ions [122,
202, 90, 447, 322]. Comparatively fewer studies have considered weak polyelec-
trolytes interacting with multivalent counterions, for which ion binding can produce
bridging, aggregation, precipitation, or gelation [448, 449, 450, 451]. Furthermore,
many models specify the polymer charge fraction a priori, whereas experimental
control is typically exerted through solution pH. Simulations and experiments have
demonstrated that charge regulation can produce substantial and non-trivial changes
in polyelectrolyte structure and material properties [452, 4]. A predictive descrip-
tion of MPECs must therefore account simultaneously for acid—base equilibria,

multivalent metal association, and collective polymer behavior.

Direct molecular simulation provides a route to resolving some of these mechanisms
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but introduces its own difficulties. All-atom simulations can describe local coor-
dination chemistry in detail, yet the slow relaxation of polymer conformations and
metal-mediated aggregates makes it difficult to access the length and time scales rel-
evant to gel formation and mechanical response [453, 416]. Coarse-grained models,
including those based on the Kremer—Grest representation, extend the accessible
scales and have been widely used to investigate ionic aggregation and dynamics in
charged polymers [183, 454, 455, 456]. However, computational cost still increases
substantially with ion valency because of the strong electrostatic correlations and
long-lived associations that must be sampled. Moreover, coarse-graining requires
decisions about how chemically specific metal-ligand interactions should be rep-
resented. Models that neglect these interactions may miss important coordination
effects, whereas overly detailed models can sacrifice the computational efficiency

needed to investigate mesoscale organization.

The broader collaborative study motivating this chapter combined the fabrication and
experimental characterization of homogeneous poly(acrylic acid)-based MPEC gels
with theory and simulation across multiple scales. The experimental measurements
establish how changes in pH, metal valency, and composition affect the structure
and macroscopic response of the gels. The focus of the present chapter is the
computational framework developed to interpret these observations and identify
the molecular mechanisms underlying them. Rather than attempting to reproduce
every aspect of the material within a single model, we employ a hierarchy of
complementary theoretical and computational approaches, each designed to resolve
a different level of the MPEC behavior.

First, quantum-chemical calculations are used to examine the local interactions
underlying metal—carboxylate association and to assess the physical assumptions
employed in the reduced models (section 7.2). We next develop an association
theory that couples protonation equilibria with multivalent metal binding, allow-
ing the polymer charge state, extent of metal complexation, and phase behavior
to be determined self-consistently (section 7.3). This theory provides a compu-
tationally efficient means of mapping broad changes in composition, pH, and ion
valency and is used to guide the construction and interpretation of coarse-grained
molecular dynamics simulations. These simulations then resolve the effects of
metal-mediated association on polymer organization and dynamics at mesoscopic
scales (section 7.4). Together, these methods connect local coordination chemistry

to collective polymer behavior and provide a mechanistic basis for understanding
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how chemical composition controls the structure and response of MPEC gels.

7.2 Metal-Ligand Binding

Before examining the mesoscale organization and macroscopic properties of MPEC
gels, we first characterize the local interactions between metal ions and charged sites
on the polymer backbone. In a purely electrostatic description, the behavior of a
metal ion would be determined primarily by its valency and ionic radius. These are
therefore the natural descriptors for constructing a chemically transferable coarse-
grained model. However, such a description neglects ion-specific coordination
effects and possible covalent contributions to metal-ligand binding, neither of which
can be assessed directly within the coarse-grained framework. We therefore use
electronic-structure calculations to determine whether valency and size provide an
adequate first-order description of the metal-carboxylate interaction and to identify

ions for which additional chemical specificity may be required.

Based on the benchmarks reported by Blasko, PaSteka, and Urban [457], the cal-
culations were performed using the B3LYP density functional [458], together with
the D3(BJ) dispersion correction [459] and the def2-TZVPP basis set [460, 461], as
implemented in the ORCA quantum-chemistry package.

80 oee G~

(a) Monovalent system (b) Divalent system (c) Trivalent system

Figure 7.1: Initial configurations used in all quantum chemistry calculations to
obtain binding energies between acrylate and metal ions.

Binding energy

We first consider the binding of isolated acrylate ions to a series of metal cations.
Poly(acrylic acid) is the primary polymer considered in the experimental MPEC
system [4], making acrylate the simplest molecular representation of a charged site
on the polymer backbone. Although this model neglects the connectivity and local
environment of the polymer chain, it provides a computationally tractable means

of comparing the intrinsic interactions of different metal ions with the carboxylate

group.
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For each metal ion, the number of acrylate ligands was chosen to balance its formal
charge, as illustrated in Figure 7.3. This construction produces neutral complexes
containing one, two, or three acrylate ions for monovalent, divalent, and triva-
lent metals, respectively. Solvation by water was represented implicitly using the
conductor-like polarizable continuum model (CPCM) [462]. The resulting calcula-
tions should therefore be interpreted as a simplified comparison of metal-acrylate
interactions rather than a complete description of the aqueous coordination environ-
ment, which may also contain explicitly coordinated water molecules and competing

counterions.

The geometry of each metal-acrylate complex was first optimized, and its final
electronic energy, Ecomplex, Was calculated. The corresponding energy of the isolated
metal ion, (E,,), was then obtained using the same level of theory and solvation
model. Finally, the metal ion was removed from the optimized complex, after which
the remaining acrylate ligands were re-optimized to obtain E,crylaee. The resulting

binding energy was calculated as

AEbind = Ecomplex —Ey - Eacrylatea . (71)

With this convention, a more negative value of AEyg corresponds to stronger
binding. Because both the complex and separated acrylate configurations are in-
dependently optimized, this quantity includes the energetic cost associated with
reorganizing the ligands upon complex formation. The calculation procedure is il-
lustrated in Figure 7.2. A characteristic contact separation was defined as the mean

distance between the metal ion and the centers of mass of the acrylate ligands.

ofome O of e¢

AEping = Ecomplex - En - Eacrylate

Figure 7.2: Visual representation of the process used to obtain binding energies
from quantum chemistry calculations in the case of a divalent cation.

The calculated binding energies are shown in Figure 7.3. To assess their sensitivity
to the choice of density functional, calculations for sodium, calcium, and aluminum

were repeated using the long-range-corrected wB97X-D3 functional [463, 464].
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The two functionals produce similar binding energies for these representative ions,

indicating that the qualitative trends are not strongly dependent on the selected

functional.
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Figure 7.3: Binding energies obtained from quantum chemistry calculations. Sym-
bols with a gray edge were calculated using the B3LYP-D3(BJ) functional and
symbols with a red edge were calculated using the wB97X-D3 functional. Dashed
lines represent the predictions from the ion-dipole potential and the solid line rep-
resents predictions from the Coulombic potential.

The overall trends are consistent with a predominantly electrostatic picture: trivalent
ions exhibit the strongest binding, whereas monovalent ions exhibit the weakest.
When the binding-energy magnitude is normalized by the metal valency, the results
approximately collapse onto a common curve, suggesting that the ionic charge

provides the leading contribution to the variation in binding strength.

The binding-energy magnitude also decreases systematically with increasing metal—
acrylate separation. Over the range of contact distances sampled here, the depen-
dence is more closely described by an inverse-square scaling than by the inverse-
distance scaling expected for a simple interaction between two point charges. An
ion—dipole model, parameterized using the acrylate dipole moments obtained from
the optimized structures, provides a particularly good description of the calculated
values, as shown by the dashed curves in Figure 7.3b. This result suggests that
the spatial distribution and orientation of charge within the carboxylate group are

important even when the overall trends are dominated by metal valency.

This apparent inverse-square dependence should be regarded as an effective descrip-
tion of the short-range binding configurations rather than an asymptotic interaction
law. At these separations, the metal ions interact with the distributed charge density

of the carboxylate group, and the calculated energies also contain contributions
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from ligand reorganization, continuum solvation, and ion-specific coordination.
Nevertheless, the approximate collapse of the results demonstrates that a model
based primarily on valency and an effective contact distance captures much of the

variation among the metal ions considered.

Electronic structure of the complexes

Although the binding energies are largely organized by metal valency and sepa-
ration, several transition-metal ions exhibit additional electronic-structure effects.
During optimization, the preferred spin multiplicities of the nickel, cobalt, iron,
and chromium complexes differed from those of the corresponding isolated ions.
This change indicates that coordination by the acrylate ligands alters the ligand-field
environment and electronic structure of the metal center. It is therefore consistent
with appreciable metal-ligand orbital mixing, although a change in spin state alone

does not establish the formation of a particular covalent bond.

The distinction is particularly apparent for the divalent nickel and zinc complexes
shown in Figure 7.4. Despite beginning from similar configurations in which the two
carboxylate groups are approximately perpendicular, the optimized nickel complex
adopts a more nearly coplanar arrangement. By contrast, the zinc complex retains a
geometry that more effectively separates the negatively charged oxygen atoms. The
planar geometry of the nickel complex is not favored by electrostatic interactions
alone, because bringing the carboxylate groups into the same plane increases the

proximity of their oxygen atoms.

Inspection of the molecular orbitals provides a possible explanation for this differ-
ence. As shown in Figure 7.4, the nickel complex contains an orbital with electron
density delocalized across the metal center and the coordinating oxygen atoms.
This metal-ligand orbital mixing provides a stabilizing contribution that is absent,
or substantially weaker, for the closed-shell zinc ion. The additional stabilization
can offset some of the electrostatic repulsion between the carboxylate groups and is
also consistent with the moderately stronger binding calculated for nickel relative to

other divalent ions of comparable size.

The corresponding differences are less pronounced among the trivalent complexes.
In each case, the optimized geometry remains relatively similar to the initial con-
figuration shown in Figure 7.1c, with the three acrylate ligands arranged around the
central metal ion. For these complexes, the strong electrostatic repulsion among

the negatively charged ligands places a substantial geometric constraint on the co-
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(a) Zinc (b) Nickel (c) Nickel Molecular Orbital

Figure 7.4: Optimized complexes for zinc (7.4a) and nickel (7.4b) obtain from
quantum chemistry calculations. Nickel molecular orbitals are shown in Figure 7.4c.

ordination environment, favoring configurations that maintain separation between
the carboxylate groups. Consequently, metal-specific orbital interactions produce

comparatively small changes in the optimized geometry.

The remaining differences in binding energy among trivalent ions may neverthe-
less contain contributions from ligand-field effects and metal-ligand orbital mixing.
Overall, the calculations indicate that metal valency and contact separation capture
the dominant variation in metal—acrylate binding, supporting their use as the princi-
pal descriptors in the coarse-grained model. Transition-metal complexes can exhibit
additional coordination-specific interactions, however, and these effects represent a

limitation of a purely electrostatic parametrization.

7.3 Phase Behavior and Gelation

In this section, we develop a theoretical framework for describing the phase behavior
and gelation of MPECs as functions of metal valency, polymer charge density, and
solution pH. We begin by reviewing the thermoreversible association model of Se-
menov and Rubinstein [93], which provides a useful conceptual description of gela-
tion in polymers containing reversible “sticker” sites. We then extend this framework
to MPECs by incorporating excluded-volume interactions, long-range electrostatic
correlations, and association between multivalent metal ions and charged sites on the
polymer backbone. Finally, we introduce charge regulation explicitly, allowing the
polymer ionization state and metal coordination to be determined self-consistently
from the pH and metal concentration. All calculations presented in this section
were implemented in the open-source thermodynamic modelling package Clapey-
ron.jl [20]. This association-based approach parallels the ion-pairing framework
used in Chapter 5: there, Wertheim theory separated local ion association from
collective conductivity; here, an analogous separation of local metal-ligand binding

from collective network mechanics is the key to isolating the crosslinker-to-binding-
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site ratio as the relevant design variable.

Thermo-reversible gelation in associating polymers
We first review the theory of thermoreversible gelation developed by Semenov and
Rubinstein [93]. In this model, each polymer contains N monomers and f reversible
association sites, or stickers. The mean number of monomers separating neighboring
stickers 1is N

£ = 7o (7.2)
and is assumed to satisfy £ > 1. Each sticker can form a reversible bond with
another sticker, with an association energy €. A schematic representation of this

model is shown in Figure 7.5.

Stickers

Figure 7.5: Visual representation of associating polymers of length N with sticker
spacing . Colors have been used to distinguish between chains.

The Helmholtz free-energy density is decomposed into three contributions:
F = Fret. + Fine. + Fyt.s s (7.3)

where Fif is the ideal-chain reference contribution, Fj,. describes non-specific
monomer interactions, and Fg accounts for reversible sticker association. The
ideal-chain reference is written as:
Fref 1 C C
= __InZ :—ln(—) 7.4
kBT v ref. N eN ( )

where kg, 7', V and c are the Boltzman constant, temperature, volume and monomer

concentration, respectively. Non-specific monomer interactions are represented

through a virial expansion,

nt. _ 2, + e, (7.5)
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where v and w are the excluded volume and three-body interaction parameters,
respectively. To construct the sticker contribution, consider a system in which N,
sticker pairs are formed from a total of Ny stickers. Relative to the non-associating

reference system, the partition function is
Zst. = Zyet. Peomp. W exp (,BENp) , (7.6)

where 8 = 1/(kgT). The number of distinct ways of selecting N, sticker pairs is:

Ny !
(Ngt. —2N,)IN, 12N

Peomp. = (77)

and W is the probability of all paired stickers being found close enough to one

another, neglecting the presence of the association interaction:

V—b)N" , (7.8)

W=
Vv

where v, is the so-called bond volume. Using Stirling’s approximation and mini-

mizing the total free energy with respect to the number of pairs N, it is possible to

obtain a simplified expression for the total free energy:

F
——iln(i)+zc2+ﬁc3+£(

p
- P 1= p), 79
keT N \en)T2° "6 77 + In( P)) (7.9)

2

where p is the fraction of stickers paired, given by:

L VAenje+1-1
—1- T A (7.10)

and A can be thought of as the association strength, given by:

A =vpexp (Be). (7.11)

Using equation 7.9, it is possible to apply the conditions for phase equilibria (in
this case, equality of chemical potential and osmotic pressure) to trace the phase
boundary, as shown in Figure 7.6 (assuming we have a 8-solvent). The gel boundary

can be estimated using the Stockmayer percolation criterionStockmayer [465]:

2 (f-1

Cgel = ;m, (7.12)

where cg 1s the concentration at the gel point. As discussed more rigorously in
Semenov and Rubinstein [93]’s work, the above expression is only valid in the

6-solvent limit.
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Figure 7.6: Phase diagram obtained from equation 7.9 where colors represent
different sticker spacings, solid lines refer to the two-phase boundary and the dashed
lines refer to the gel curve.

The model provides several useful qualitative insights into reversible crosslinking.
At large A, strong association drives separation into a polymer-rich phase and an ex-
tremely dilute supernatant. In the strong-association limit, Semenov and Rubinstein
[93] interpreted the polymer-rich phase as a population of dense globules. Weaken-
ing the association narrows the coexistence region until the critical point is reached.
At sufficiently high polymer concentration, a homogeneous percolated gel can then
be obtained. Further reduction of A eventually suppresses gelation and produces
a homogeneous polymer solution. In the context of MPECs, changes in 4 may
represent changes in metal-ligand affinity, temperature, solvent dielectric response,

or other environmental variables that modify the effective crosslink strength.

Decreasing #, and therefore increasing the density of stickers along the chain,
broadens the two-phase region and shifts the gel boundary towards lower polymer
concentrations. The shift in the gel boundary follows directly from the increased
number of possible intermolecular bonds. The enhanced phase separation reflects

the larger associative contribution to the free energy when more stickers are available.

The simple theory nevertheless has important limitations when applied to MPECs.
Its dimensionless association parameter cannot be mapped uniquely onto metal va-
lency, ionic radius, or solvent dielectric properties. The model also treats each
sticker bond as a one-to-one association. It therefore naturally represents a divalent

crosslinker that bridges two polymer sites but does not distinguish the additional
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coordination states available to trivalent ions. Moreover, excluded-volume and
electrostatic interactions are represented only through phenomenological virial co-
efficients. While Danielsen and others[466, 467, 468, 469, 470, 471] have developed
extensions of the Semenov and Rubinstein approach to improve upon these approx-
imations, we directly address these limitations below by introducing an explicit
molecular description of the polymer segments, mobile ions, and metal-mediated

associations.
Multivalent, cation-mediated crosslinks in polyelectrolyte gels
Free-energy model

We retain ideal, non-interacting chains as the reference system but introduce three
additional physical contributions (as done in prior chapters): excluded-volume inter-
actions, long-range electrostatic correlations, and short-range association between

charged polymer sites and multivalent metal ions. The resulting free energy is
F = Fiq. + Fexc. + Fele. + Fassoc. - (7.13)

A schematic representation of the model is shown in Figure 7.7.

Figure 7.7: Visual representation of the proposed theory. Colors have been used
to distinguish between chains. Charged sites on the polymer backbone have been
highlighted in red. The metal crosslinker, polyelectrolyte counter-ion and metal
co-ion have been highlighted in yellow, light blue and brown, respectively.

To describe excluded-volume interactions and polymer connectivity, we adopt a

hard-chain reference inspired by Statistical Associating Fluid Theory [472]. Each
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species is represented as a chain of m; tangent hard-sphere segments of diameter o;.

The hard-chain contribution is

Fexc. FHS

NkgT meBT - in(mi — 1) In[gus(oy)], (7.14)

where x;, m;, and o; are the mole fraction, number of segments, and segment

diameter of species i, respectively. The mean number of segments per molecule is

i = Zx,-m,-. (7.15)

i

From this point onwards, N denotes the total number of molecular species in the

system rather than the polymer chain length.

The hard-sphere contribution, Fygs, is represented using the Boublik—Mansoori—
Carnahan—Starling-Leland equation of state [473, 162]:

R 13 ) >
o136, 6 (8 g, aae
NkgT Qo |1-8G 0 (1-43) 3
where the moment densities are
Cn = %p inmio-ina neo0,1,2,3, (7.17)

and p = N/V is the total molecular number density. The corresponding hard-sphere

contact distribution function is approximated as

g 30 o} 25
-G 20-02F 40-ap

Unlike the treatment of Zhang et al. [88], we use the hard-sphere contact function

gus(o;) = (7.18)

in Equation 7.14 only to describe covalent chain formation. In their model, every
segment in the polymer chain is charged. In the present work, charged sites are
separated by £ nominally neutral segments. Directly bonded segments therefore
interact through the hard-chain reference, while electrostatic interactions between

more distant charged sites are accounted for separately.
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This separation becomes less accurate when the charged sites are sufficiently close
that strong electrostatic correlations occur over only a few backbone segments. We
therefore avoid applying the model in the limit where the charge spacing is smaller

than, or comparable to, the electrostatic screening length.

The electrostatic contribution, Feje , is represented using a finite-size Debye—Hiickel

expression:

F,
Vg = Lok Y 5 fiZ k), (7.19)

1

where f; is the number of charged sites on species i, and Z; is the valency of each

charged site. The Bjerrum length is

2
Be:

4repe’

Is

(7.20)

where e, is the elementary charge, € is the vacuum permittivity, and € is the relative

dielectric constant of the medium. The inverse Debye screening length is

% = dnlgp Zx,-fizf. (7.21)

The finite-size correction is

ey 2040+ 54| 2

3
x(y) = F

Several approximations accompany the Debye—Hiickel treatment. Most importantly,
the electrostatic potential is linearized, and detailed ion-pair and chain-connectivity
correlations are neglected. For sparsely charged polymers, intramolecular correla-
tions between neighboring charged sites are expected to be weak when their separa-
tion substantially exceeds the electrostatic screening length. In a freely jointed-chain
picture, this corresponds approximately to the condition kZo > 1. The approxi-
mation becomes progressively less reliable as the charge spacing decreases or the

electrostatic coupling increases.

The solvent is also treated as a uniform dielectric continuum. Because the present

calculations focus on a single temperature and do not attempt to predict solvent or
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salt partitioning quantitatively, the dielectric inhomogeneity discussed in Chapter 2

is not included.

An implicit-solvent mean-spherical approximation could alternatively be used to
describe the electrostatic contribution, as in Zhang et al. [88] and Ylitalo et al. [90].
Based on the analysis of Maribo-Mogensen, Kontogeorgis, and Thomsen [474],
some of the differences between the MSA and Debye—Hiickel expressions can be
represented through an effective rescaling of the ion diameters. Because the present
objective is to identify qualitative trends, and because the Debye—Hiickel expression

is less computationally demanding, we retain the latter.

For the association contribution, we assume that a metal ion contains f,, = Z,,
equivalent association sites. This imposes the condition that the ion cannot coordi-
nate more monovalent polymer charges than are required to compensate its formal
valency. Once the local complex is neutral, coordination by an additional nega-
tively charged site is assumed to be energetically unfavorable. Each charged site on
the polymer acts as a monovalent association site, giving f, association sites per

polymer chain.

The sticker free energy of Semenov and Rubinstein [93] can be recovered from
first-order Wertheim thermodynamic perturbation theory in the ideal-reference and
strong-association limits, where g(r) =~ 1, as discussed in Chapter 1. In the present
model, however, association occurs in a reference fluid containing both excluded-
volume and electrostatic correlations. We therefore retain the reference pair distri-

bution function explicitly.

Let p;(r;) denote the local density of association sites of type i:

N;(x;) fi

v (7.23)

pi(r;) =
where N;(r;) denotes the local population of species i. If a fraction of the sites are

associated, the local density of unassociated sites is

pio(r;) = wxi(ri), (7.24)

where X;(r;) is the local fraction of sites of type i that remain unbound.
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The free-energy change associated with polymer—metal bonding is then

Fassoc. Z/Pl(rz)l (piO(l'i)) + pi(r;) = pio(r;)dr; (7.25)

kT pi(r;)
- / / pPO(rp)pmo(rm)g(rpm)f(rpm)drpdl'm ,

where the indices p and m denote polymer and metal association sites, respectively,
and r,,, is their separation. The reference pair distribution function is g(r), while

the Mayer function is
f(r) = [exp=B¢(r) - 1], (7.26)

where ¢(r) is the potential characterizing the association interaction. For a homo-

geneous system, the association free energy simplifies to:

Fiassoc. Pi0 /
= In[— ; ; dr; 7.27
knT Zi [p n(p-)+p po] ' 72D

_pPOpMO//g(rpm)f(rpm)drpdrm,

Fassoc
o ZNf, [nX; +1—-X] (7.28)

- 47rpp0pm0V/ g(rpm)f(rpm)rlzymdrpm s

F S .
Na;:CT _ Z xifi (X + 1= Xi) = pxp2im f fon Xp Xon A . (7.29)

For clarity, the association strength is defined as

Apm = 4n / &(rom) f (Fom)T o pin - (7.30)
Minimizing equation 7.29 with respect to all X;, we obtain:
9 ( Fassoc.
ax, (%) Xpfo [ p ] X pXm fp on XmBDpm = 0, (7.31)
9 (Fasee. = X fm | — — 0XpX fo finXpApm = 0. (7.32)
X, \NkgT Xon prmrp P

These relations can be rearranged to give the mass-action equations

1
X, = , 7.33

P+ px fn D pim Xom (7.33)
X, = ! . (7.34)

L+ px, frApmXp
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Substituting these expressions to equation 7.29 will give:

F I-X;
NkBT = Zj:xi £ [mxl- +— ] . (7.35)

At this stage, we note the similarities between equation 7.35 and the sticker contri-

e +Fexc.

Figure 7.8: Summary of the impact of each term in the proposed theory. The
dielectric medium is represented with a change in the background color. Color
scheme is identical to that in Figure 7.7.

bution in equation 7.9. If the polymer sites were allowed to associate directly and
p = 1 — X, the expression of Semenov and Rubinstein [93] would be recovered.
The principal distinction is that A,,, now depends on the structure of a charged

hard-sphere reference fluid.

For the attractive interaction between a metal ion of valency Z,, and a monovalent,

negatively charged polymer site, we use

lBZm

¢(rpm) = . (7.36)
7 pm
The corresponding Mayer function is
IgZ
Frpm) = exp( B ’") - 1. (7.37)
7 pm
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Analytical approximations for the pair distribution function of charged hard spheres
can be obtained from the MSA [98], including the exponential approximation intro-
duced by Jiang et al. [124]. Direct numerical evaluation of Equation 7.30, however,

would be inconvenient during repeated phase-equilibrium calculations.

Following common SAFT practice, we therefore evaluate the pair distribution func-
tion and Mayer function at contact and absorb the remaining configurational integral

into an effective bonding volume:

IsZ
Apm = Kpm T8 ¥ (Tpm) [exp( ’") ~ 1] : (7.38)

Opm
Here, Kme';m represents the effective volume over which a polymer site and metal
ion are considered bonded. The complete hierarchy of free-energy contributions is

summarized in Figure 7.8.

Definition of phase equilibrium

Consider a system with overall species densities p;( that separates into phases a and
(. The total Helmholtz free-energy density, ¥ = F/V, is

Y= SolPle(pa/’T) + (1 - SO)IP,B(I)IB’T) s (739)

where ¢ is the volume fraction of phase @ and p is the vector containing the density
of each species in phase j. In order to conserve the total density of each species, we
must introduce the Lagrangian multiplier, y;, for each species. Furthermore, as we
are now including charged species, we must ensure electroneutrality in all phases.
Given the input densities must satisfy electroneutrality, then we only require one
more Lagrangian multiplier, ¥, to ensure this will be satisfied. As a result, the total

Lagrangian for this system is:

L=¢¥(pe.T) + (1 = )¥s(pp.T) (7.40)
+ Z ui(@pia + (1 = @)pig — pio)

l
+U9 Y piatiZi.
i

To determine the composition of each phase, we must minimize equation 7.40 with

respect to all densities (p;;), volume fraction (¢), and all Lagrangian multipliers. In
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doing so, we find the following system of equations:

P oF
i = 0% WhZi=—2, Vi (7.41)
apia 3/01',3
0= —Ps+ > pti(pia = pip) +¥ . piafiZi, (7.42)
0 = ¢pia + (1 = @)pig — pio» Vi (7.43)
0= piafiZ. (7.44)

The multipliers y; are related to the species chemical potentials, while ¢ represents
the electrostatic potential difference required to maintain electrochemical equilib-
rium between phases with different ionic compositions.

Phase behavior of polyelectrolytes with multivalent counter-ions

We first consider an idealized system in which the multivalent metal ion is itself the
polymer counterion. No monovalent polymer counterions or metal-salt co-ions are

present. We additionally assume that all species have the same segment diameter:

Op=0p=0. (7.45)

The system can then be described using the total reduced density

p=c ) pi (7.46)
i

and the reduced Bjerrum length:

Ig =lg/o (7.47)

The calculated phase diagrams for divalent and trivalent counterions are shown in

Figure 7.9.

The gel curve is also included in Figure 7.9. Following the reasoning of Stockmayer
[465], we define the gel point through

(1- m)Z( )N (=12 (1-X,) "' x =1, (7.48)
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Figure 7.9: Phase diagram for polyelectrolytes with divalent (7.9a) and trivalent
(7.9b) counter-ions. Curve colors and styles are identical to Figure 7.6. In all cases,
the bonding volume has been set to 10 and the chain length is set to 1000.

This equation is applicable to both divalent and trivalent systems. It assumes that
the association sites on a metal ion are equivalent and that successive polymer—
metal bonds form independently. In reality, each additional bond modifies the local
electrostatic and steric environment. The association energies of the first, second,
and third bonds are therefore unlikely to be identical. This limitation is addressed

more explicitly in Section 7.3.

The phase diagrams retain the qualitative structure of the reversible-sticker model,
with /B playing a role analogous to InA. Phase separation occurs above a criti-
cal electrostatic coupling strength, and the critical /B decreases as the separation
between charged sites is reduced. Increasing the linear charge density strengthens
both electrostatic correlations and metal-mediated association, thereby stabilizing

the polymer-rich phase.

These trends are consistent with the calculations of Zhang et al. [88], who predicted
somewhat lower critical Bjerrum lengths for fully charged polymer chains. Because
every segment in their model was charged, the electrostatic correlations were stronger

than in the sparsely charged systems considered here.

The excluded-volume contribution prevents indefinite collapse of the polymer-rich
phase. Numerically, the dense branch approaches the hard-sphere free-energy sin-
gularity at {3 — 1, corresponding to p — 6/x for equal-sized segments. This value
should not be interpreted as the physical close-packing density of hard spheres.
Rather, it reflects the divergence built into the hard-sphere equation of state.

The predicted dilute-phase densities can become extremely small, in some cases
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reaching values of order 1070, Such values expose a limitation of the monomeric
description of the dilute phase. Small, approximately neutral polymer—ion clusters
would contribute substantially to the supernatant concentration but are not treated as
distinct species in the present theory. Cluster formation has previously been shown

to increase predicted supernatant concentrations substantially [322].

Excluded volume also changes the low-/g behavior of the gel boundary. Unlike
the corresponding result from the ideal sticker model in Figure 7.6, the gel curves
bend towards the hard-sphere divergence as the electrostatic attraction is removed.
In this weak-association limit, network formation can occur only at extremely high

polymer concentrations, where the chains are forced into close proximity.

Increasing the counterion valency from two to three substantially lowers the criti-
cal Bjerrum length. Trivalent ions produce stronger electrostatic correlations and
can connect a larger number of polymer sites, both of which favor condensation.
The dense-phase density changes comparatively little because it is constrained by

excluded volume, whereas the predicted supernatant density decreases strongly.

The trivalent system also gels at lower polymer concentrations. This shift arises from
both the stronger polymer—metal association and the larger number of configurations
through which a trivalent ion can connect multiple polymer sites. These qualitative
trends are consistent with the greater propensity of trivalent ions to form strongly

crosslinked gels and dense aggregates experimentally.

The reduced variables can be mapped approximately onto experimentally relevant
conditions. Taking o = 0.4 nm, consistent with common coarse-grained mappings
[456], gives Ig ~ 1.8 for water near ambient conditions. Within the assumptions of
the model, this coupling is insufficient to produce phase separation for many of the
divalent systems in Figure 7.9a, whereas several trivalent systems in Figure 7.9b lie

inside the predicted coexistence region.

This observation is consistent with the experimental difficulty of preparing homo-
geneous trivalent MPEC gels through conventional solution casting, where rapid
association can instead produce dense aggregates or globules. Furthermore, form-
ing gels with large charge spacings requires relatively high polymer concentrations

at these conditions.

Adding glycerol reduces the dielectric constant of the medium and therefore in-
creases the Bjerrum length. For the chosen segment size, a reduced Bjerrum length

of approximately 3—4 is representative of a glycerol-rich environment. The theory
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consequently predicts that glycerol can reduce the polymer concentration required
for gelation. This interpretation is qualitative because glycerol may also modify
solvent quality, ion solvation, viscosity, and metal coordination. Nevertheless, Fig-
ure 7.9 motivates the range /g ~ 1.8—4 explored in the coarse-grained simulations

described in Section 7.4.

Phase behavior of polyelectrolytes with multivalent salts

A more experimentally representative system contains a weak polyelectrolyte with
monovalent counterions together with an added multivalent salt. The salt contributes
both multivalent metal cations and monovalent co-ions. Even this case has not been
studied in much depth experimentally or theoretically[448, 451, 4]. The definition
for phase equilibria in this system remain identical to that in equation 7.40 and we
can re-use our definition for the gel point from equation 7.48. As such, we are able

to produce Figure 7.10.

For monovalent polyelectrolyte solutions without specific metal association, the
coexistence region is generally approximately parabolic or elliptical, with tie lines
lying primarily along the polymer-density direction [310, 88]. The metal-associating
systems in Figure 7.10 exhibit qualitatively different behavior. Their tie lines are

strongly diagonal, indicating coupled partitioning of polymer and metal ions.

At the large Bjerrum length used here, most multivalent ions that enter the polymer-
rich phase are strongly associated with charged polymer sites. The polymer and
metal ions therefore partition together, while the unassociated monovalent coun-
terions and salt co-ions preferentially remain in the dilute phase. Trivalent ions
produce a larger coexistence region because their association is stronger and their
higher functionality provides a greater free-energy gain from forming a polymer-rich

network.

The trivalent system in Figure 7.10b additionally exhibits a narrow indentation in
the coexistence envelope at high polymer density and low metal concentration.
In this region, coexistence occurs between two polymer-rich phases with similar
overall polymer concentrations but different metal contents. The behavior reflects
competition between the energetic gain obtained through metal coordination and
the translational and configurational entropy favored by a less-associated polymer

phase.

One of these coexisting phases can lie above the estimated gel boundary while
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Figure 7.10: Phase diagram for polyelectrolytes + divalent (a) and trivalent (b) salts.
Solid and dashed lines represent the phase envelope at high and low pH, respectively,
while dotted lines dotted curves represent tie-lines. The bonding volume has been
set to 10, the dimensionless Bjerrum length is set to 10 and the chain length is set
to 1000. A 3D projection with varying charge spacing is shown in (c).

the other lies below it, as shown in Figure 7.10b. The theory therefore admits
coexistence between a percolated and a non-percolated polymer-rich phase. In
a sufficiently concentrated and entangled material, this could manifest as a gel-
in-gel morphology. This interpretation remains a structural hypothesis because
the equilibrium free-energy model does not explicitly describe rheology, network
elasticity, or kinetic arrest. Figure 7.11 summarizes the combined phase and gelation
behavior for both divalent and trivalent systems, highlighting the correspondingly

larger coexistence and gelation regions obtained for trivalent ions.

Within the present model, pH is represented indirectly through the prescribed sep-
aration between charged polymer sites. Decreasing ¢, corresponding to increasing

the polymer ionization fraction, substantially enlarges the coexistence region while
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Figure 7.11: Phase diagram for polyelectrolytes + divalent and trivalent salts. Solid
lines represent the phase envelope, dashed lines represent the gelation curve and
dotted lines dotted curves represent tie-lines. The bonding volume has been set to
10, the dimensionless Bjerrum length is set to 10 and the chain length is set to 1000.

retaining its overall shape. At sufficiently large £, corresponding to low polymer ion-
ization, the electrostatic and associative driving forces become too weak to produce

phase separation.

Effect of pH in polyelectrolytes

The preceding calculations prescribe the charge spacing ¢ independently of the
metal concentration. For a weak polyelectrolyte, however, the ionization fraction is
controlled by the solution pH and responds to the local electrostatic and chemical

environment.

For an isolated monoprotic acid site, the Henderson—Hasselbalch relation is

04
pH - pK, = log,, (m) , (7.49)

where « is the fraction of ionized sites. If every polymer segment can ionize and

the mean charge spacing is defined as £ = 1/a, then

£ =1+ 10PKa—PH (7.50)

In the low-1onization limit, # > 1, this reduces to

pH - pK, ~ —log,, 7. (7.51)
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Metal binding couples directly to this acid—base equilibrium. Association stabilizes
the deprotonated state and thereby shifts the ionization equilibrium towards addi-
tional deprotonation [356, 392]. Consequently, the polymer charge fraction cannot

generally be specified independently of the metal concentration or valency.

In this section, we therefore extend the preceding model to describe the coupled
effects of solution pH, metal concentration, and metal valency on polymer ionization
and gel formation.
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Figure 7.12: Visual representation of the possible associations of a weak polyelec-
trolyte in the presence of multivalent cations. Association constants are denoted by
K; and the fraction of polymers existing in state i are denoted by f;. Color scheme
is identical to Figure 7.8.

Theory

We consider the association states illustrated in Figure 7.12. A divalent ion can bind
one or two polymer sites, whereas a trivalent ion can additionally bind a third site.

These reactions are treated as sequential and reversible.

Consider a polymer containing m,, ionisable sites, of which m_ are deprotonated.

The partition function associated with protonation is

Z_ = ref.P—,comb.KgL 5 (7.52)
where Z¢. is our reference partition function. The combinatorial term, P_ comp. 1S
given by:

mp!
P—,comb. = . (7.53)
(mp —m_)!m_!
The intrinsic acid—base equilibrium constant is represented as
Ko = p, 10PHPKa) (7.54)

If we were to minimize equation 7.52 with respect to m_ and define a new variable,

f- =m_/m,, we would recover the Henderson-Hasselbach equation:

pH-pKa = —log (%) . (7.55)
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We next suppose that m, metal ions each form an initial bond with one of the m_
deprotonated polymer sites. Taking Z_ as the reference, the corresponding partition
function is

Zd = Z—Pd,comb.K;nd P (756)
where the combinatorial term is given by:

m_! my,!

Pd,comb. = d! . (7-57)

m
(m——mg)!mg! (my, —my) \my!

The factor my! counts the number of ways of pairing the selected metal ions with
the selected polymer sites. Following from equation 7.38, the equilibrium constant

for the first polymer—metal association is

I8Zn
K1 = ppkac8™F (opm) [exp((lj_ )— 1] , (7.58)
pm

where «; is the bonding-volume parameter for the first association.

The same construction can be applied to a second polymer site binding to a metal—
polymer dimer and, for a trivalent ion, to a third site binding to the resulting

three-body complex. The combined partition function is

my!my,!
Z, = Zet KKK K P :
1 el %o B2 B3 (mp —m_ ) (my, —mg)!(m; —my) ! (m_ —mg —m; —mgy)'mg!
(7.59)
The association strengths for the second and third coordination events are approxi-
mated as
) 1
K2 = ppkiT g™ (opm) [exp (i [zm - —]) - 1] : (7.60)
Opm 2
K3 = pquO'SngXP(O'pm) [exp (I—B [Zm - i]) -1]. (7.61)
Opm V3

Here, «; and k, are the bonding-volume parameters for the second and third as-
sociations, respectively. The energetic corrections estimate the Coulomb repulsion
generated by polymer sites that are already coordinated to the same metal ion. A lin-
ear arrangement is assumed for two coordinated polymer sites, while an equilateral

planar arrangement is assumed for three. These approximations give
K3 < Ky < Ky, (762)

consistent with the increasing electrostatic and steric penalty associated with suc-
cessive coordination events. Defining
m;

fi=—. (7.63)

mp
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and minimizing the partition function with respect to m_, mg, m,, and m, gives

Kozf‘ ];"_f]j’ Ja (7.64)
Ja—Ji
T A ey (7:65)
K2= ft_fq
(fa—- = fa=fi— 1)
K3 = Jy
s =

(ft _fq)(f— - fd - ft - fq) ’
The cumulative populations fy, f;, and f, count metal ions that have formed at least
one, two, or three polymer bonds, respectively. It is more intuitive to introduce

populations that count polymer sites in each state exclusively:

X =f—-fa-fi—tq: (7.66)
Xa=TJa—=fi—Jq (7.67)
X =2(fi = fq)

X, =3f,.

Here, X_ is the fraction of free deprotonated sites, X is the fraction of sites in singly
coordinated metal-polymer complexes, X; is the fraction in doubly coordinated

complexes, and X, is the fraction in triply coordinated complexes.
The fraction of unassociated metal ions is
Xon free = Jm — Xa - X:/2 - Xq/3 . (7.68)

Substituting into equations 7.64 gives:
X_

Ko = : 7.69
"TI-X —X4-X - X, (7.69)
X
K= d_ (7.70)
Xm,freeX—
X
2K, = i
X X_
3 X
“Ky= —0
2 X.X_

These equations represent the states in Figure 7.12 as a sequence of reversible
reactions. They also make the coupling between ionization and metal coordination
explicit. Metal association consumes free deprotonated sites and thereby shifts the
acid-base equilibrium towards additional ionization. The effect is strongest when

metal binding is favorable and the solution pH lies below the intrinsic polymer pKj,.
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Interplay between pH and metal valency

We use the association theory developed above to examine the interplay between
pH and metal valency. To isolate the influence of successive coordination events,
we first set

K, =K, = K3 = 1000 (7.71)

and calculate the mean polymer charge spacing as a function of pH. The results are

shown in Figure 7.13.
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Figure 7.13: Charge sparsity of a polyelectrolyte chain at different divalent metal
concentrations (7.13a) and different valency metals at the same concentration
(7.13b), f,, = 0.01.

Introducing divalent ions decreases the charge spacing at low pH, corresponding
to an increase in the polymer ionization fraction. Strong metal binding consumes
deprotonated sites and drives further deprotonation until either the available metal

ions or the available polymer sites are saturated.

At sufficiently high pH, the number of ionized sites greatly exceeds the number of
metal ions, and the intrinsic acid-base equilibrium again dominates. The curves
therefore converge towards the metal-free Henderson—Hasselbalch result. As the
metal concentration approaches the concentration of ionisable polymer sites, suffi-
cient metal is present to bind a substantial fraction of the deprotonated sites over the
full pH range. The metal-induced shift from the isolated-polymer ionization curve

then persists to higher pH.

Trivalent ions produce a larger shift in the ionization equilibrium than divalent
ions at intermediate pH because each ion can stabilize an additional deprotonated

polymer site. At very low pH, however, ionized sites are sufficiently rare that most
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metal ions form only their first polymer bond. The behavior is therefore controlled

primarily by K, which is taken to be identical for the two valencies.

At high pH, the polymer is nearly fully ionized even in the absence of metal binding,
and the difference between divalent and trivalent ions again diminishes. These trends
are consistent with previous reaction-ensemble simulations of weak polyelectrolytes

in the presence of multivalent ions [356, 392].

Within the simplified population model, a percolation condition can be estimated

from

Je(mpfo —1) =2. (7.72)

This relation approximates the onset of a system-spanning network from the number

of multiply coordinated metal ions and the number of available charged polymer

sites.
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Figure 7.14: Gel regions of a polyelectrolyte chain at different pH (7.14a) with a
divalent metal ion and different valency metals at the same pH (7.14b), A pH=0.

The lower boundary of the gel region in Figure 7.14a corresponds to insufficient
metal being available to produce a percolating population of bridges. In this regime,
the metal concentration is also too small to perturb the polymer ionization equi-
librium appreciably. The lower boundary therefore agrees qualitatively with the

corresponding gel boundary in Figure 7.10.

Trivalent ions can form a network at slightly lower concentrations than divalent ions,
as shown in Figure 7.14b. Their additional coordination state both increases their

effective network functionality and promotes further polymer deprotonation.
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The upper boundary has a different origin. At high metal concentration, metal
binding drives the polymer towards extensive deprotonation. When the number
of metal ions becomes sufficiently large relative to the number of charged sites,
most metal ions form only a single polymer contact rather than bridging two or
more sites. The fraction of elastically active crosslinks therefore decreases, and the

system leaves the gel region.

Because this loss of bridging is controlled primarily by the excess number of metal
ions, the upper boundary is comparatively insensitive to metal valency. Thus,
adding more metal does not necessarily strengthen the gel indefinitely. Beyond an
intermediate concentration, excess metal can saturate individual charged sites and

suppress the formation of network-spanning bridges.

Atlow polymer and metal concentrations, neither component is sufficiently abundant
to generate a percolated network. This regime is predicted to overlap partly with
the two-phase region obtained from the free-energy model, although the coupling
between phase separation, charge regulation, and gelation has not been solved self-

consistently here.

-

Figure 7.15: Different possible configurations for intra- (a-c) and inter- (d-f)
crosslinks. Different colors represent different chains.

Competition between inter- and intra-crosslinking

Percolation requires metal ions to connect different polymer chains. Associations
that connect two sites on the same chain instead form intrachain loops and do not
contribute directly to the macroscopic network elasticity. Representative intrachain

and interchain coordination states are illustrated in Figure 7.15.
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Following Semenov and Rubinstein [93], we assume that all available metal ions
are multiply coordinated and that intrachain bonds form only between neighboring
charged sites along the backbone. For a Gaussian chain, the probability that two sites
separated by # segments meet scales as £73/2. The corresponding conformational
entropy penalty is

ASinga. = ~Mina ki n (£32) (7.73)

where min,. 1s the number of intrachain pairs. Taking the fully associated state as

the reference, the partition function is

AS tra.
Zintra. = Zassoc. Pcomb. W eXP( km = ) . (7.74)
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Figure 7.16: Inter-crosslink (solid), intra-crosslink (dashed) and trimer (dotted)
fraction in divalent (green) and trivalent (yellow) systems at different pH where the
metal ion concentration is sufficient to saturate all charged sites. All equilibrium
constants have been set to 10* to ensure all trimers associate.

Here, P.omp. and W are defined analogously to those in Section 7.3, with mjp,. pairs

selected from the multiply coordinated metal complexes.

Minimizing Equation 7.74 with respect to minya, and defining finga, = Minga./Mp

gives

1+ \/1 +4212p,03
2012p 03

ﬁntra. = s (7.75)

where ¢ is determined by the coupled protonation and metal-binding equilibria.
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For divalent ions, each doubly coordinated metal is classified as either an intrachain
or an interchain bridge. Trivalent ions permit additional mixed configurations in
which two sites lie on one chain and the third lies on another, as illustrated in

Figure 7.15. Accounting for these possibilities gives

2
1 i X intr: X
ﬁntra.,tri = Z fntrza. d + t; (1) (7.76)
and
finter.,tri — ]lt (1 - fizntra‘)Xt + 3ﬁntra.(1 - fintraé) + (1 - fintra.)zxq] ) (7.77)
t

These expressions apply in the strongly associated limit, f; ~ 1.

As shown in Figure 7.16, the strongly associated approximation is well satisfied for
the trivalent system across the pH range considered, whereas the divalent system

approaches complete multiple coordination only at somewhat higher pH.

At low pH, charged sites are sparse along the polymer backbone. Intrachain loop
formation then carries a large conformational penalty, and interchain bridging is
favored. Trivalent ions form a larger interchain-crosslink fraction than divalent ions
because their additional coordination site provides more ways of connecting distinct

chains.

Increasing the pH increases the polymer ionization fraction and reduces the contour
separation between neighboring charged sites. Intrachain coordination consequently
becomes less entropically costly, leading to a larger loop fraction and fewer elastically

active interchain crosslinks.

As shown in Figure 7.16, trivalent ions promote deprotonation more strongly than
divalent ions. The crossover towards intrachain association therefore occurs more

rapidly in the trivalent system. Above approximately

pH — pK, = —1.8, (7.78)
the model predicts a larger interchain-crosslink fraction for the divalent system,
despite the greater maximum functionality of the trivalent ions.

These results provide a molecular interpretation of the experimentally observed
weakening of MPEC gels at high pH [4]. Increasing the polymer charge fraction

does not necessarily strengthen the macroscopic network. Instead, it can favor local
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intrachain coordination at the expense of load-bearing bridges between different

chains.

At lower and intermediate pH, trivalent ions retain an advantage because their larger
coordination capacity produces a greater population of interchain connections. The
mechanical response is therefore controlled not only by the total number and strength
of metal-polymer bonds, but also by how those bonds are distributed between

intrachain loops and network-forming interchain crosslinks.

7.4 Mechanical Properties

Although the framework developed by Rubinstein and Semenov [475] can, in princi-
ple, be extended to describe the linear dynamics of reversibly associating polymers,
the collective relaxation and mechanical response of MPEC gels depend on spatially
heterogeneous network structures that are difficult to resolve using the equilibrium
theory alone. We therefore use coarse-grained molecular dynamics simulations
to investigate how metal valency, polymer charge density, ion size, and solvent-
mediated confinement influence the structure and dynamics of the MPEC network.
The simulations are designed to connect the equilibrium trends developed in the
previous section to the relaxation and deformation behavior of the resulting materi-

als.

Kremer-Grest model for polyelectrolytes

Following previous simulations of ion-containing polymers [454, 455, 456, 476,
114], we represent the polyelectrolytes using the coarse-grained Kremer—Grest
model [183]. An atomistic representation would provide a more chemically de-
tailed description of the metal coordination environment, but the large energetic
barriers and long polymer-relaxation times associated with multivalent ions make
simulations at the relevant length and time scales computationally demanding [453,
477]. This remains the case even though suitable atomistic force-field parameters

are available for many of the constituent species [478, 479].

The phenomena of primary interest here—network formation, polymer relaxation,
cluster reorganization, and mechanical deformation—occur on length scales sub-
stantially larger than the local metal coordination environment. The Kremer—Grest
model therefore provides an appropriate compromise between molecular resolution
and computational accessibility. It also permits a relatively direct mapping between
the simulation parameters and the reduced variables used in the phase diagrams

developed in Section 7.3.
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Covalent bonds between adjacent polymer beads are represented using the finitely
extensible nonlinear elastic potential together with the repulsive part of the Lennard—

Jones potential:

2 12 /o\6

—~kR2In |1 - (—) +4e (_) - (_) ve r<2fg

Ro r r
2
= 1
Ureng(r) = 9 LRI |1 - 0. 26 < v < Ry,
2 Ro
0 r = Ro,

(7.79)

where k = 30€e/0? is the spring constant and Ry = 1.50 is the maximum bond
extension, following the original parametrization of Kremer and Grest [183]. Here,

o is the polymer-bead diameter and € sets the energy scale.

Non-bonded excluded-volume interactions are represented using the Weeks—Chandler—
Andersen potential [395]:

+e, r<2Yoq,

Uwca(r) = (7.80)

0, r> 26,

This choice produces an athermal polymer reference in which cohesion arises pri-
marily from electrostatic interactions and metal-mediated crosslinking rather than
from non-specific dispersion between polymer beads.

Explicit constant-pH simulation of a coarse-grained polyelectrolyte would require
protonation and deprotonation moves to be coupled to both the local electrostatic
environment and the metal-binding state [480, 481]. Rather than introduce this
additional sampling issues, we construct fixed-charge models representing two lim-
iting pH regimes, guided by Figures 7.10 and 7.13. Chapter 6 showed that dynamic
charge regulation can substantially reshape both the local ion-binding environment
and macroscopic ion transport; the fixed-charge treatment adopted here therefore
neglects a coupling that may be significant for MPEC networks specifically.

At relatively low pH, the polymer ionization fraction is small and the charged sites
are widely separated. We represent this regime using a charge spacing of £ = 27.
The number of multivalent metal ions is selected to compensate the polymer charge,

such that most charged polymer sites can participate in metal-mediated complexes.
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At higher pH, the polymer is more extensively deprotonated. This regime is rep-
resented using a smaller charge spacing of £ = 7. The metal concentration is held
fixed, so the additional polymer charge must be compensated by monovalent coun-
terions. These two models do not describe pH continuously, but they capture the
change from a sparsely charged, metal-dominated network to a more highly charged
system containing a substantial population of monovalent counterions. Representa-

tive simulation configurations are shown in Figure 7.17.

(a) Low pH (b) High pH

Figure 7.17: Simulation snapshots of a polyelectrolyte chain in the presence of
divalent metal ions at different low (left) and high (right) pH values.

Electrostatic interactions are represented using the Coulomb potential:

q192

Ucoul. (1) = pr——
T

(7.81)

where ¢g; and ¢, are the charges of the interacting beads. The simulations are
performed in reduced units with € = o = 1. In these units, the strength of
the electrostatic interaction is most directly characterized by the reduced Bjerrum
length,

- _Ip e?

g=—=—-—"——. 7.82
BT dreye,okgT (7.82)

Consequently, assigning €, = 1 in the simulation input should not be interpreted as
directly representing a material with a physical relative permittivity of unity. The

physical mapping also depends on the selected values of o, €, and T [456].

The electrostatic coupling was chosen to lie within the range motivated by Figure 7.9.

This produces interactions stronger than those expected for a dilute aqueous solution
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and is intended to represent the polymer-rich, glycerol-containing experimental
material rather than pure water. Because solvent molecules are not represented
explicitly, this parameter should be interpreted as an effective electrostatic coupling

that incorporates both dielectric screening and coarse-graining.

The mobile ions are assigned a diameter smaller than that of the polymer backbone
beads, with ojon = 0.507, in the reference simulations. This choice reflects the
smaller physical size of the ions and allows them to access the charged pendant
groups. The charged sites are represented as pendant beads rather than charges
placed directly on the polymer backbone. This introduces local conformational

freedom and a degree of directionality into the polymer—metal association.

Each polymer contains approximately 336 backbone beads. This chain length places
the unassociated Kremer—Grest chains well within the entangled regime [183],
allowing the simulations to capture the coupling between physical entanglement

and reversible metal-mediated crosslinking.

All initial configurations are first energy minimized. The systems are then equili-
brated under NVT conditions, followed by N pT equilibration at a reduced temper-

ature of

_ keT
T=2B . (7.83)
€

The experimental gels coexist with an external solvent-rich environment and are
therefore subject to a finite osmotic pressure rather than the zero-pressure condition

commonly used for polymer melts. We apply a reduced pressure of approximately

_ Po3
P=——= 1073, (7.84)

This value is sufficiently small to represent weak external confinement while main-
taining polymer-rich densities comparable to those predicted in Figure 7.9. It should
be regarded as an effective pressure used to control the free volume of the implicit-
solvent model, rather than a direct quantitative mapping of the experimental osmotic

pressure.

Relaxation modes of polyelectrolytes
Following equilibration, longer production simulations are performed in the NVE

ensemble to characterize the intrinsic relaxation of the systems without direct ther-
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mostat or barostat perturbations. We focus on two complementary dynamical quan-
tities: the lifetime of polymer—ion contacts and the relaxation of the polymer end-
to-end vector. These quantities probe the local dynamics of the reversible crosslinks

and the collective reorganization of the polymer network, respectively.

For a dynamical variable A(¢), we define the normalized autocorrelation function
as

(A(to +1)A(t0))y,
<A(lo)2>,0

The ion-pair correlation function is constructed from an indicator variable that

Ca(t) = (7.85)

records whether a metal ion and charged polymer site remain associated. The
polymer relaxation is characterized using the autocorrelation of the chain end-to-
end vector. Characteristic relaxation times are extracted from the decay of these
correlation functions. The resulting autocorrelation functions and relaxation times

are summarized in Figure 7.18.
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Figure 7.18: (a) Autocorrelation functions and (b) relaxation times of different
modes of motion for different ion valencies (denoted by the different colors) and
different pH regimes (solid lines correspond to low pH and dashed lines correspond
to high pH).

The ion-pair relaxation time increases systematically with ion valency. Trivalentions
exhibit longer-lived contacts than divalent ions, which in turn exhibit longer-lived
contacts than monovalent ions. This trend is consistent with the stronger electrostatic
attraction of higher-valency ions and their ability to coordinate multiple charged
sites simultaneously. Dissociation of a multivalent ion can require the disruption of

several correlated contacts rather than the breaking of a single isolated ion pair.
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The ion-pair lifetime also depends on polymer charge spacing. At high charge
density, a metal ion is surrounded by a larger number of potential binding sites. This
can stabilize multiply coordinated states, but it can also facilitate exchange between
nearby sites. The measured relaxation therefore reflects both the energetic stability

of an individual contact and the competition among neighboring charged groups.

The polymer end-to-end relaxation time reveals how these local associations influ-
ence the collective network. Taking the monovalent system as a reference, increasing
the ion valency substantially slows the polymer relaxation. Monovalent counterions
can condense around the polymer but cannot directly bridge two negatively charged
sites. Their influence on the long-time chain dynamics therefore arises primarily

from electrostatic screening and counterion condensation.

Divalent ions form both intrachain and interchain bridges. These reversible crosslinks
increase the effective connectivity of the polymer network and restrict large-scale
chain motion. Trivalent ions generate still slower relaxation because their contacts
are longer lived and each ion can coordinate as many as three charged sites. The
higher functionality favors compact, highly connected local structures, consistent

with previous simulations of multivalent-ion-mediated polymer association [455].

The end-to-end autocorrelation function of the low-pH trivalent system appears
to contain two characteristic decay regimes. A possible interpretation is that the
initial decay reflects local conformational fluctuations within a persistent network,
while the slower decay corresponds to the collective rearrangement of the multiply
connected polymer structure. The present analysis does not uniquely assign these
modes, however, and a more detailed decomposition into local segmental, chain,

and cluster relaxation would be required to establish their microscopic origin.

Athigh pH, the polymer relaxation times move towards the monovalent reference. As
discussed in Section 7.3, increasing the charge density reduces the contour separation
between charged sites and can favor intrachain coordination over network-forming
interchain bridges. The resulting intrachain loops constrain local segments but

contribute less strongly to macroscopic connectivity.

Smaller loops also require less large-scale chain reorganization than bridges con-
necting distant sites or separate chains. Consequently, the polymer can relax more
rapidly even though metal-polymer contacts remain present. This convergence is
incomplete for the trivalent system because the additional coordination site still

permits highly connected local structures and longer-lived associations.
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Cluster formation

The mechanical response of an MPEC gel depends not only on the number of metal—
polymer contacts but also on whether those contacts join different chains into a
system-spanning network. Following the approach of Semenov and Rubinstein [93]
discussed in Section 7.3, we estimate the fraction of multivalent ions participating
in interchain crosslinks as a function of polymer charge spacing. The theoretical

predictions are compared with the molecular dynamics results in Figure 7.19.
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Figure 7.19: (a) Theoretically- (lines) and computationally- (markers with 95%
confidence interval) predicted fraction of inter-crosslinked ions for divalent (green)
and trivalent (yellow) systems at different charge sparsity. Dotted line corresponds
to the sparsity where the metal ions perfectly neutralize the polyanion. (b) Violin

plot of simulated cluster distribution in MPECs. Wider distributions represent larger
fluctuations of the cluster size.

As shown in Figure 7.19a, trivalent ions generally exhibit a larger interchain-
crosslink fraction than divalent ions. A single trivalent ion can connect three
charged sites and therefore possesses more possible configurations that involve mul-
tiple polymer chains. The agreement between the theoretical trends and simulation
results indicates that the competition between intra- and interchain association de-
veloped in Section 7.3 captures an important component of the simulated network

topology.

The interchain-crosslink fraction is non-monotonic with charge spacing. When
charged sites are very sparse, the probability of locating two or more suitable poly-
mer sites near the same metal ion is small. Increasing the charge density initially
promotes network formation by increasing the number of accessible binding sites.
At still higher charge density, however, nearby sites on the same chain become in-

creasingly accessible, and intrachain loops compete more effectively with interchain
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bridges. The largest interchain fraction therefore occurs at an intermediate charge
spacing where the availability of charged sites is balanced against the conformational

preference for local intrachain association.

Figure 7.19b shows the distribution of the largest connected cluster, normalized
by the total polymer population represented in the cluster analysis. Divalent and
trivalent systems form clusters that span nearly all polymer chains under most
of the conditions considered. The trivalent gels exhibit the narrowest cluster-size
distributions, consistent with their stronger binding, greater connectivity, and slower

structural relaxation.

No direct metal-mediated pathway exists for a monovalent ion to bridge two nega-
tively charged polymer sites. Connectivity in the monovalent system must therefore
arise from physical chain entanglements and transient spatial contacts rather than
ion-mediated crosslinks. The resulting largest clusters are smaller and fluctuate

more strongly than those in the multivalent systems.

The variation of cluster size with charge spacing broadly follows the interchain-
crosslink fraction in Figure 7.19. This correspondence indicates that interchain
coordination is a primary driver of the evolving polymer topology. The cluster-
size distributions broaden as the charge spacing decreases beyond the optimum
for interchain association. This greater structural variability is consistent with a
network containing more competing local coordination states and may contribute to

the faster polymer relaxation observed in Figure 7.18.

Mechanical response of polyelectrolytes
To probe the deformation response of the simulated gels, we apply uniaxial extension
along the x direction. Following Sampath and Hall [456], the box length is increased

at a constant engineering strain rate, €é:

dLy = €Ly, dt, (7.86)

where Lo, is the initial box length in the deformation direction. The corresponding

engineering strain is

Ly — Loy
€eng. = — -

(7.87)
LOx
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A barostat is applied in the transverse directions to maintain a reduced pressure of
1073, This allows the simulation box to contract laterally as the material is stretched

and approximates deformation under weak external osmotic confinement.

A strain rate of

€ =652x10737"! (7.88)

is used, where 7 is the reduced time unit. This relatively rapid rate is required to
access large deformations within computationally feasible trajectories. The resulting
curves should therefore be interpreted as finite-rate deformation responses rather
than quasistatic equilibrium stress—strain relations. The initial portion of each curve
can be used to compare apparent stiffnesses under the common imposed rate, while
the response at large strain also contains substantial viscoelastic and structural-

reorganization contributions.

The virial stress tensor is calculated as

1
Oap = 17 | D miviavip + ) riafip | (7.89)
i i

where m; is the particle mass, r;, is the @ component of its position, v;, is the
corresponding velocity component, and f;g is the S component of the force acting
on it. The first term is the kinetic contribution, while the second contains the bonded
and non-bonded virial contributions. The deformation response is characterized
using the xx component of the stress tensor. The resulting curves are shown in
Figure 7.20.

Figure 7.20 shows that the apparent stiffness increases strongly with metal valency.
The trivalent systems generally sustain the largest stresses at a given deformation,
followed by the divalent and monovalent systems. This ordering is consistent with
the relaxation times shown in Figure 7.18. A network cannot relax an imposed
deformation efficiently when its crosslinks are long lived relative to the deformation
timescale. The larger functionality of trivalent ions also produces a more highly

connected network, further increasing its resistance to deformation.

A step-like feature appears near 500% strain in the trivalent response. Similar non-
monotonic features have been reported in simulations of ion-containing polymers

[456], where they can arise from abrupt network rearrangements, strain-induced
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Figure 7.20: Stress-strain curves of different valencies (denoted by the different
colors) and different pH regimes (solid lines correspond to low pH and dashed lines
correspond to high pH). All systems used a constant strain rate of € = 6.52x1073771,

alignment, or the failure of a subset of load-bearing connections. The present
trajectories do not establish a unique origin, and the feature may also be sensitive to

finite system size and strain rate.

The simulations do not provide a sharply defined macroscopic fracture point. Nev-
ertheless, the configurations in Figure 7.21 provide insight into the contrasting

deformation mechanisms of the divalent and trivalent networks.

(b) Trivalent system

Figure 7.21: Simulation snapshot of divalent (7.21a) and trivalent (7.21b) systems
at approximately 500% strain, close to the point at which both systems form two
separate clusters.

In the divalent system, multiple chains become strongly extended and continue
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to bridge the developing polymer-rich clusters. The comparatively short crosslink
lifetime permits metal ions and polymer segments to reorganize during deformation,

redistributing the imposed load across the network.

The trivalent system forms more compact and highly coordinated clusters. Fewer
chains span the gap between these clusters, and the slower structural relaxation
limits the ability of the network to generate new load-bearing pathways as it is
stretched. The material can therefore sustain a large stress initially but undergoes
more localized network separation at large deformation. This behavior is consistent
with the experimentally observed contrast between the stiffer, more brittle trivalent

gels and the more extensible divalent gels [4].

The greater ability of the divalent network to exchange and reform crosslinks also
suggests a microscopic origin for its greater capacity for structural recovery and self-
healing [482]. The simulations do not directly model a complete healing protocol,
but they demonstrate that the divalent network can reorganize more readily on the

deformation timescale.

The effect of pH is shown in Figure 7.20b. The high-pH systems generally exhibit
a smaller initial stress response, consistent with their faster polymer relaxation in
Figure 7.18 and with the experimental trends reported by Lee et al. [4]. Increased
polymer charge density favors shorter intrachain loops and reduces the fraction of

load-bearing interchain bridges, thereby decreasing the effective network stiffness.

The high-pH multivalent systems do not, however, become mechanically identical
to the monovalent system. Although the polymer conformations relax more rapidly,
the multivalent ion pairs remain longer lived than the monovalent contacts. At
the imposed strain rate, these local associations cannot fully equilibrate during

deformation and therefore continue to resist chain motion.

This competition is illustrated by the evolution of the interchain-crosslink fraction
in Figure 7.22. The divalent gels lose interchain connections progressively during
extension, indicating that their crosslinks exchange or dissociate as the network
reorganizes. The interchain fraction in the trivalent gels changes much less over the
same strain range. The persistent trivalent network resists deformation strongly but

is less able to redistribute its binding sites to accommodate the applied strain.

Effect of ion size
The electronic-structure calculations in Figure 7.3 indicate that the leading variations

in metal-acrylate binding can be associated with metal valency and an effective
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Figure 7.22: Fraction of inter-crosslinked ions during deformation. The change in
fraction of inter-crosslinked divalent (left) and trivalent (right) ions during elastic
deformations obtained using molecular dynamics simulations. Solid lines corre-
spond to low pH regime and dashed lines correspond to high pH regime.

contact separation. The simulations discussed above isolate the effect of valency
while holding the ion diameter fixed. We next vary the metal-ion diameter to
determine how the effective contact separation influences network dynamics and

mechanical response.

Two ion diameters are considered: ojon = 0.50 and oo, = o. This deliberately
broad range is intended to reveal the maximum qualitative sensitivity of the coarse-
grained model to ion size. It should not be interpreted as a direct quantitative
mapping onto the bare crystallographic radii of particular metal ions, because ex-
perimentally relevant sizes also depend on solvation and coordination state. The

results are summarized in Figure 7.23.

Increasing the ion diameter decreases the stress sustained by the divalent gels at a
given strain, as shown in Figure 7.23a. Increasing the contact separation weakens
the Coulomb attraction between the ion and charged pendant groups. The resulting
polymer—ion contacts relax more rapidly, as shown in Figure 7.23c, and the polymer
end-to-end vector also decorrelates more quickly, as shown in Figure 7.23d. The
more mobile network can reorganize during deformation and therefore sustains a

smaller stress at the imposed strain rate.

The end-to-end relaxation of the monovalent system is nearly insensitive to ion diam-
eter. Because monovalent ions cannot directly bridge two negatively charged sites,

the lifetime of an individual polymer—ion contact does not control the connectivity
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Figure 7.23: Results obtained from molecular dynamics simulations of MPEC gels
with varying ion diameters: a, Stress-strain curves from uniaxial stretching. b,
Cluster size distribution over different ion diameters. ¢, lon-pair relaxation and d,
end-to-end vector relaxation. Solid curves correspond to diameters of 0.50- and
dashed curves correspond to diameters of o-. The color scheme used in this figure
follow the scheme used in the main text (blue: monovalent, green: divalent and
yellow: trivalent ions).

of the polymer network. Changes in ion diameter therefore have a weaker influence

on the large-scale chain dynamics than in the divalent and trivalent systems.

The monovalent stress response is nevertheless altered slightly. Increasing the ion
diameter weakens counterion condensation and changes the effective electrostatic
repulsion between polymer chains. The mechanical change in this case arises
primarily from modified screening and packing rather than from a change in dynamic

crosslink density.

The trivalent stress—strain curve is less sensitive to ion diameter than the divalent
curve. Increasing the diameter accelerates both the ion-pair and polymer relaxation,

but the trivalent system remains more slowly relaxing than the reference divalent
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system. Moreover, each trivalent ion can still form three polymer contacts. As
shown in Figure 7.23b, the largest-cluster distribution is consequently less affected

than in the divalent system.

These results indicate that ion size provides a secondary control parameter that
acts primarily through the polymer—metal contact strength. Valency determines the
maximum functionality of the crosslinker, while ion diameter modifies the lifetime

and spatial compactness of the resulting coordination structures.

Effect of solvent

Because the solvent is represented implicitly, its influence cannot be varied through
an explicit change in molecular composition. Instead, two effective parameters can
be modified: the dielectric screening, which controls the strength of the electrostatic
interactions, and the applied pressure, which controls the free volume of the polymer-

rich phase.

Changes in solvent composition can affect both quantities experimentally. Replacing
glycerol with water increases the dielectric constant and weakens electrostatic asso-
ciation, but it can also change the swelling pressure, solvent quality, and polymer
volume fraction. Because the simulated systems contain a high polymer concentra-
tion, we focus here on the free-volume contribution and vary the applied reduced

pressure while keeping the electrostatic coupling fixed.

The pressure variation should therefore be interpreted as a simplified probe of
solvent-mediated confinement rather than as a one-to-one mapping between pressure

and water content. The results are shown in Figure 7.24.

Increasing the applied pressure increases the stress sustained at a given deformation
for all three ion valencies, as shown in Figure 7.24a. This trend is qualitatively
consistent with the stronger mechanical response observed experimentally upon

changing the solvent composition [4].

Figures 7.24d and 7.24c show that the increased pressure reduces the available free
volume and substantially slows the large-scale polymer motion. The chains are
packed more closely and have less space in which to reorganize. Their end-to-end
vectors therefore remain correlated for longer times, increasing the resistance of the

network to deformation.

The divalent and trivalent systems also exhibit narrower cluster-size distributions

at the higher pressure. Confinement suppresses large fluctuations in the connected
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Figure 7.24: Results obtained from molecular dynamics simulations of MPEC gels
with varying applied pressure: a, Stress-strain curves from uniaxial stretching. b,
Cluster size distribution under different system pressure. ¢, [on-pair relaxation and
d, end-to-end vector relaxation. Solid curves correspond to pressures of 0.001¢/0
and dashed curves correspond to pressures of 0.005¢/0->. The color scheme used
in this figure follow the scheme used in the main text (blue: monovalent, green:
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network and stabilizes a more persistent cluster topology. This effect is particularly
strong for the trivalent system, in which the combination of high connectivity and
reduced free volume produces relaxation times beyond the duration of the production

trajectory.

The trivalent end-to-end correlation function does not fully decay within the avail-
able simulation time. Its characteristic relaxation time therefore cannot be deter-
mined reliably from these trajectories. The increased mechanical response can
still be interpreted qualitatively, but quantitative comparison with the other systems
would require substantially longer simulations. Based on the observed decay, tra-

jectories approximately two orders of magnitude longer may be required to sample
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complete relaxation, which was not computationally feasible with the resources

available for this work.

The monovalent system exhibits a broader rather than narrower cluster-size distribu-
tion at increased pressure. Because its clusters are not connected by metal-mediated
bridges, closer packing brings independently moving chains into contact and in-
creases the mean instantaneous cluster size. The membership of these clusters
can fluctuate as individual chains diffuse and disentangle. Since the monovalent
polymer relaxation remains faster than that of the divalent reference system, these

fluctuations remain observable over the simulation timescale.

In contrast to the polymer relaxation, the ion-pair relaxation functions in Figure 7.24c
change only weakly with pressure. A small acceleration is observed in some cases,
possibly because closer packing increases the number of alternative charged sites
available for ion exchange. The direct binding strength remains fixed because the

electrostatic parameters are unchanged.

The pressure variation therefore influences the mechanical response primarily through
polymer packing and collective chain mobility rather than through a substantial
change in the lifetime of an individual polymer—ion contact. Within the implicit-
solvent model, solvent-mediated free volume consequently provides a control pa-

rameter that is distinct from metal valency, ion size, and polymer charge density.

7.5 Conclusions

In this chapter, we developed a multiscale computational framework to understand
how metal-ion chemistry, polymer ionization, and network topology govern the be-
havior of metallo-polyelectrolyte complexes. Rather than attempting to represent
every relevant length scale within a single model, we combined electronic-structure
calculations, thermodynamic theory, and coarse-grained molecular dynamics simu-
lations. Together, these approaches connect the local interaction between a metal ion
and a carboxylate group to the phase behavior, gelation, relaxation, and mechanical

response of the resulting polymer network.

The electronic-structure calculations in Section 7.2 showed that the metal-acrylate
binding energies are governed primarily by metal valency and the characteristic
metal-ligand separation. Trivalent ions bind more strongly than divalent ions,
which in turn bind more strongly than monovalent ions. Normalizing the binding
energies by the metal valency produced an approximate collapse onto a common

relationship with separation, supporting a predominantly electrostatic description
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of the interaction. The observed distance dependence was more consistent with an
effective ion—dipole interaction than with a simple point-charge Coulomb potential,
demonstrating that the spatial charge distribution of the carboxylate group remains
important at contact. Transition-metal ions also exhibited metal-ligand orbital
mixing and changes in their preferred coordination geometries, indicating that ion-
specific electronic effects can provide additional stabilization beyond the leading
electrostatic contribution. Valency and effective ion size therefore provide useful
first-order descriptors for coarse-grained modelling, although they do not capture

all coordination-specific chemistry.

Building on these observations, Section 7.3 introduced a thermodynamic description
of multivalent-ion-mediated phase separation and gelation. The reversible-sticker
theory of Semenov and Rubinstein provided the conceptual starting point, showing
how strong association can produce polymer-rich globules, homogeneous gels, or
dissolved polymer solutions depending on the association strength and sticker den-
sity. We extended this framework by incorporating hard-chain excluded volume,
long-range electrostatic correlations, and explicit association between charged poly-
mer sites and multivalent metal ions. The resulting theory maps the phenomenolog-
ical association strength onto physically interpretable quantities such as the Bjerrum

length, metal valency, ion diameter, polymer charge spacing, and bonding volume.

The theory predicts that increasing the polymer charge density or metal valency
strengthens association, lowers the electrostatic coupling required for phase sep-
aration, and permits gelation at lower polymer concentrations. Trivalent ions
consequently produce substantially larger coexistence regions and lower gelation
thresholds than divalent ions. The multivalent ions partition strongly with the poly-
mer into the dense phase, producing diagonal tie lines that differ qualitatively from
those expected for polyelectrolytes containing only monovalent ions. Under some
conditions, the theory also predicts coexistence between polymer-rich phases with
different metal contents, one of which may be percolated while the other remains
fluid-like. This raises the possibility of gel-fluid or gel-in-gel phase separation,
although the equilibrium theory alone cannot determine whether these states remain

accessible or become kinetically arrested.

An important extension in Section 7.3 was the explicit coupling of acid—base equilib-
ria to sequential metal coordination. Metal binding stabilizes deprotonated polymer
sites and therefore shifts the ionization equilibrium beyond the isolated-polymer

Henderson—Hasselbalch prediction. This coupling is strongest at intermediate pH,



270

where the intrinsic ionization fraction remains incomplete but sufficiently many
charged sites are present to support multidentate metal coordination. Trivalent ions
drive a larger increase in polymer ionization than divalent ions because they can

stabilize an additional charged site.

The same theory predicts a bounded region of gel formation with respect to metal
concentration. At low metal concentration, too few bridges are present to generate a
percolating network. At very high metal concentration, the available polymer sites
become individually saturated, causing many ions to form only a single polymer
contact rather than bridging multiple sites. Gelation is therefore favored at an
intermediate metal-to-polymer ratio. The theory also reveals a competition between
network-forming interchain bridges and intrachain loops. Increasing the polymer
charge density initially promotes crosslinking by providing more binding sites, but
eventually favors local intrachain association because neighboring charged sites
become easier to connect. Consequently, the fraction of elastically active interchain
crosslinks is maximized at an intermediate charge spacing rather than increasing

monotonically with the polymer ionization fraction.

The molecular dynamics simulations in Section 7.4 provided a direct description of
how these equilibrium trends influence network structure and dynamics. Higher-
valency ions formed longer-lived polymer contacts and produced slower polymer
relaxation. Divalent ions generated reversible bridges that increased the effective
connectivity of the entangled polymer network, while trivalent ions produced more
compact, highly connected structures with substantially longer relaxation times. The
simulations also reproduced the non-monotonic dependence of interchain crosslink-
ing on polymer charge spacing predicted by the theoretical model. Divalent and
trivalent systems formed system-spanning clusters, whereas monovalent ions could
not directly bridge negatively charged polymer sites and therefore produced smaller,

more weakly connected structures.

The simulated mechanical response followed directly from these differences in
network topology and relaxation. Trivalent systems sustained the largest stresses
because their highly connected networks could not relax appreciably on the defor-
mation timescale. However, their compact structure and slow crosslink exchange
limited their ability to redistribute stress, producing a comparatively stiff and brittle
response. Divalent networks relaxed more readily, allowing chains and metal-
mediated crosslinks to reorganize during deformation. These systems were conse-

quently less stiff but more extensible and displayed a greater capacity to maintain
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bridging chains between separating clusters. This dynamic reorganization also pro-
vides a molecular basis for the greater potential of divalent MPEC networks to

recover and self-heal following deformation.

Increasing the polymer ionization fraction generally accelerated large-scale polymer
relaxation and reduced the mechanical stiffness, despite increasing the total number
of charged sites. This result can be understood through the increasing prevalence
of short intrachain loops at high charge density, which reduces the fraction of load-
bearing interchain connections. Nevertheless, the high-pH multivalent systems
did not become mechanically equivalent to the monovalent reference because their
individual polymer—metal contacts remained long lived. Their deformation response
therefore reflects a competition between relatively rapid polymer conformational

relaxation and slower ion-pair exchange.

The ion-size and pressure calculations further demonstrated that metal valency is
not the only control parameter available for tuning MPEC mechanics. Increasing the
effective ion diameter weakened the polymer—metal attraction, accelerated ion-pair
and polymer relaxation, and reduced the stress response, particularly for divalent
systems. Trivalent networks were less sensitive because their larger functionality
preserved a highly connected cluster even when individual contacts were weakened.
Increasing the applied pressure reduced the available free volume and slowed col-
lective polymer motion without substantially changing the lifetime of individual
ion pairs. The resulting gels sustained larger stresses and exhibited more persistent
cluster structures. Solvent-mediated packing and metal coordination can therefore

influence the material response through distinct microscopic mechanisms.

Overall, the results establish that the macroscopic behavior of MPEC gels cannot
be predicted from the metal-ligand binding strength alone. Their properties emerge
from the coupled effects of metal valency, ion size, polymer ionization, metal con-
centration, solvent-mediated packing, and the distribution of associations between
intra- and interchain configurations. Stronger binding and higher crosslinker func-
tionality generally increase stiffness, but they can also suppress network relaxation
and promote brittle failure. Likewise, increasing the polymer charge density cre-
ates additional binding sites but can weaken the macroscopic network by favoring
local loops over interchain bridges. The optimal material therefore lies between
the limits of weak, rapidly exchanging association and strong, kinetically trapped

coordination.

The multiscale framework developed here provides a computational basis for navi-
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gating these competing effects. Electronic-structure calculations identify the molec-
ular descriptors required to distinguish metal ions, thermodynamic theory maps how
these descriptors influence phase separation and gelation, and molecular dynamics
simulations reveal how the resulting network topology controls relaxation and me-
chanics. Together, these methods provide a route for rationally selecting metal
ions, pH, composition, and solvent conditions to design MPEC gels with targeted

combinations of stiffness, extensibility, stability, and dynamic responsiveness.
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CONCLUDING REMARKS

Throughout this thesis, we have examined a broad range of thermodynamic and
dynamic phenomena arising from electrostatic interactions in macromolecular and
charge-containing systems. A recurring conclusion is that electrostatics cannot
generally be incorporated as a simple pairwise correction to an otherwise neutral
reference system. Owing to their long-ranged and collective nature, electrostatic
interactions couple molecular conformation, ionic organization, solvent response,
chemical equilibrium, and macroscopic material properties across multiple length
and time scales. Nevertheless, by isolating these couplings in progressively more
complex systems, we have developed simplified theoretical descriptions and trans-

ferable physical intuition for understanding their consequences.

The first part of this thesis established how electrostatic correlations reshape the
equilibrium phase behavior of charge-containing materials. These effects were
shown to depend not only on the magnitude of the charge, but also on molecular
size, solvent polarization, charge sequence, and polymer topology. The second part
extended this perspective to dynamic properties, demonstrating that conductivity,
molecular transport, and mechanical response cannot generally be inferred from
static measures such as ion-pair populations, equilibrium charge states, or crosslink
densities alone. Instead, these properties emerge from collective motion, association
and exchange kinetics, and competition among multiple relaxation pathways. Taken
together, the results provide complementary thermodynamic and dynamic views
of charged materials: one describing the states they may occupy, and the other

describing how they move, respond, and relax within those states.

As is often the case, however, resolving one set of questions exposes several others.
The findings of this thesis therefore suggest a number of natural directions for
future work, particularly concerning explicit solvent effects, interfacial electrostatics,

charge regulation, chemical specificity, and molecular design.

A particularly important insight from Chapter 2 is that the solvent cannot always be
reduced to a passive dielectric background. The collective polarization of dipolar
solvent molecules, especially when coupled to mobile ions and charged macro-
molecules, can qualitatively alter both the magnitude and temperature dependence
of electrostatic interactions. The implications of this result extend well beyond the

homogeneous bulk systems considered in that chapter. In particular, many con-



280

clusions drawn from implicit-solvent models of polyelectrolytes, electrolytes, and
biomolecular condensates should be reconsidered when strong dielectric inhomo-

geneity or preferential solvent organization is expected.

One immediate extension would be to examine the interface between a coacervate
and its surrounding supernatant. The two phases may differ substantially in polymer
concentration, salt content, solvent density, and dielectric response. Their interface
must therefore accommodate simultaneous gradients in composition, polarization,
electrostatic potential, and molecular organization. Explicit-solvent molecular sim-
ulations could, in principle, resolve these profiles directly, but the computational
cost of equilibrating large, slowly fluctuating interfaces would be considerable. A
more tractable route would be to extend the explicit-solvent liquid-state theory de-
veloped in Chapter 2 to inhomogeneous systems, analogous to existing classical

density-functional treatments of implicit-solvent electrolytes[483].

Such a theory could predict the spatial variation of the solvent density, polarization,
dielectric response, ionic composition, and polyelectrolyte organization across the
interface. It would also clarify whether the local dielectric constant varies smoothly
between the bulk phases or exhibits nonmonotonic behavior caused by interfacial
alignment and preferential partitioning. These quantities may be particularly impor-
tant for understanding electrostatic potentials generated at biomolecular-condensate
interfaces. Such potentials have been proposed as a means of concentrating reac-
tants, orienting charged species, or modifying local reaction barriers[260], an effect
that parallels the strong interfacial electric fields reported at aqueous microdroplet
interfaces and their debated role in driving interfacial reaction chemistry[484, 485].
A molecularly resolved description of dielectric and compositional gradients would
therefore provide a firmer basis for evaluating the potential catalytic functions of

condensate interfaces.

Related questions arise at solid—-liquid and membrane-liquid interfaces. Many con-
ventional treatments assume a constant dielectric permittivity up to the charged
surface, even though molecular packing, solvent orientation, and local ion con-
centration may differ strongly from their bulk values. Resolving the spatial decay
of dielectric response away from an interface could improve our understanding of
electric-double-layer structure, capacitive energy storage, interfacial ion associa-
tion, and the formation or dissolution of salt aggregates. It could also clarify when
continuum electrostatic boundary conditions remain valid and when molecular po-

larization must be treated explicitly.
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Mixed solvents represent another natural, but substantially more challenging, exten-
sion. Differences in solvent polarity, molecular size, hydrogen-bonding character,
and ion affinity can generate strong preferential solvation. In some mixtures, the
addition of salt alone can induce or suppress liquid—liquid phase separation through
a combination of dielectric contrast, ion partitioning, and changes in solvent chem-
ical potentials. When combined with the nontrivial temperature and concentration
dependence of the dielectric response identified in Chapter 2, these effects may
produce phase behavior that cannot be captured by assigning a single composition-
dependent dielectric constant to the mixture. An explicit treatment of each solvent
species would make it possible to disentangle dielectric effects from preferential

solvation and other chemically specific interactions.

Further complexity may arise from the internal charge distribution of the sol-
vent molecules themselves. Our work on shifted-dipole Stockmayer fluids[10,
11] demonstrated that displacing a molecular dipole from the center of a parti-
cle introduces substantial changes in local structure, dielectric response, and phase
behavior, even when the total dipole moment is held fixed. This additional molec-
ular parameter is likely to influence the interfacial and mixed-solvent phenomena
described above. At the same time, adding molecular asymmetry greatly enlarges
the parameter space and may obscure the general physical principles sought through
coarse-grained modeling. Future work should therefore adopt a targeted approach,
introducing off-center dipoles only when they represent a specific molecular feature

or address a clearly defined physical question.

A second major direction concerns charge regulation. Chapter 6 demonstrated that
reversible changes in the charge state of a polymer network can alter ion transport
in ways that cannot be reproduced by a fixed-charge description. Protonation,
electrostatic binding, ion partitioning, and molecular diffusion are strongly coupled,
and the resulting transport behavior reflects competition among these processes.
Many questions remain regarding how these mechanisms operate in other responsive

charged materials.

Chapter 7, for example, treated the charge state of the metallo-polyelectrolyte hydro-
gel using a fixed-charge approximation. A natural extension would be to repeat this
analysis while explicitly accounting for charge regulation. Changes in protonation
could alter the number of available metal-binding sites, the strength of local elec-
trostatic attraction, the spatial distribution of crosslinks, and the exchange kinetics

of metal ions. Conversely, metal coordination may shift the acid—base equilibrium
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of nearby functional groups. The mechanical response would then arise from feed-
back among protonation, ion binding, network structure, and dynamic crosslink

exchange.

The insights developed in Chapter 6 provide a useful strategy for addressing this
complexity. Rather than attempting to interpret the full response through a single
effective parameter, the competing mechanisms could be isolated through care-
fully chosen reference systems: fixed-charge networks, nonbinding counterions,
permanently bound crosslinks, and independently varied protonation and metal
concentrations. This decomposition would help determine which effects arise from
equilibrium charge regulation, which arise from changes in network structure, and
which depend on the kinetics of binding and unbinding. Such a study could yield
design principles for pH-responsive hydrogels, selective ion-transport membranes,

adaptive adhesives, and dynamically reconfigurable networks.

Combining explicit solvent polarization with charge regulation presents an even
more fundamental challenge. Most theories of charge regulation treat the solvent as
a homogeneous dielectric medium, allowing protonation equilibria to be coupled to
a mean electrostatic potential without explicitly resolving the molecular response of
the solvent. The results of Chapter 2, however, suggest that this approximation may
fail in phase-separated systems, concentrated polymer networks, and interfacial
environments. A change in protonation alters the local electric field and ionic
composition, which modifies solvent polarization and the local dielectric response.
That dielectric response then feeds back onto the free energy of ionization. Charge
regulation and solvent polarization must therefore be treated as mutually coupled

degrees of freedom rather than as independent corrections.

This coupling becomes particularly subtle in mixed-solvent environments. Even
the operational definitions of pH and pK, require care because proton activities,
standard states, solvation free energies, and reference electrode responses depend on
solvent composition. Preferential solvation may cause the microscopic environment
of an ionizable group to differ substantially from the bulk solvent composition,
especially within polymer-rich phases or near interfaces. A rigorous theoretical or
simulation framework would therefore need to connect local proton solvation and
chemical equilibrium to macroscopically measurable activities. Developing such
a framework would provide a much-needed foundation for understanding charge
regulation in solvent mixtures relevant to separations, catalysis, electrochemistry,

and biomolecular formulations.
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The results of this thesis and the extensions described above are intentionally for-
mulated at a coarse-grained level. This reduction is a strength because it exposes
general mechanisms that would be difficult to distinguish in a fully chemically
detailed model. At the same time, many contemporary applications require quan-
titative predictions for specific molecules, solvents, ions, and polymer chemistries.
Bridging the gap between transferable physical theory and chemical specificity is

therefore one of the most important challenges for future work.

Chapter 1 demonstrated that the simplified theoretical frameworks developed here
can be extended to represent chemically specific species. In practice, however, pa-
rameterizing these models solely through regression to experimental data is often
difficult. Relevant measurements may be sparse, internally inconsistent, or con-
fined to narrow ranges of temperature and composition. The challenge is especially
severe for multicomponent charged systems, where the number of possible interac-
tions grows rapidly and individual parameters may be poorly identifiable from bulk

measurements alone.

Several complementary approaches could alleviate these limitations. Group-contribution
methods can transfer parameters among chemically related molecules and reduce the
amount of data required for each new species[486]. Ab initio quantum-chemical cal-
culations can provide independent estimates of association energies, charge distribu-
tions, molecular volumes, polarizabilities, and solvation free energies. Data-driven
approaches, including machine learning, can then be used to identify relationships
between molecular structure and coarse-grained model parameters[487]. The most
promising strategy is unlikely to be purely empirical. Rather, quantum chemistry,
group-contribution models, and machine learning should be embedded within ther-
modynamic and transport theories that retain the essential constraints and collective

physics of charged macromolecular systems.

Such physics-informed models would offer several advantages over direct predic-
tion of macroscopic properties from molecular structure. They could enforce elec-
troneutrality, thermodynamic consistency, correct limiting behavior, and known
relationships between equilibrium and transport coefficients. They could also sep-
arate uncertainty arising from molecular parameters from uncertainty associated
with the theoretical approximation itself. Most importantly, they would preserve
interpretability, allowing a predicted change in phase behavior, conductivity, or me-

chanical response to be traced back to a molecular interaction or structural feature.

The resulting framework could ultimately be coupled to computer-aided molecular
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and materials design. Potential applications include the design of battery elec-
trolytes with balanced conductivity and stability[488], lipid-nanoparticle formula-
tions for nucleic-acid delivery[489], selective membranes[440] and responsive hy-
drogels, and macromolecules that self-assemble into prescribed structures. Extend-
ing molecular-design methods to macromolecules will require confronting a much
larger and more structured design space than is encountered for small molecules. In
addition to chemical composition, the available variables include molecular weight,
charge density, monomer sequence, branching, topology, crosslink density, and spa-
tial patterning of functional groups. These variables are combinatorial, but they are
not arbitrary: the physical principles developed in this thesis can be used to identify
reduced descriptors and constrain the search to regions most likely to produce the

desired behavior.

The broader opportunity is therefore not simply to construct increasingly detailed
models, but to combine levels of description in a purposeful manner. Coarse-grained
theory can identify the dominant physical mechanisms and relevant dimensionless
variables; molecular simulation can test approximations and resolve correlations
inaccessible to analytical theory; quantum chemistry can supply chemically spe-
cific microscopic information; and data-driven methods can interpolate efficiently
across large chemical and architectural spaces. Together, these tools could provide

predictive models that remain both chemically useful and physically interpretable.

The central lesson of this thesis is the importance of the long-range, many-body
nature of electrostatic interactions on macromolecular systems. Its consequences
depend on how charges are distributed, connected, solvated, regulated, and allowed
to move. Electrostatic interactions couple these features over scales ranging from
local molecular association to collective phase separation and network relaxation.
By isolating these couplings, the work presented here has developed a set of prin-
ciples for navigating both the thermodynamic landscape and the dynamic pathways
of charge-containing macromolecular systems. Future progress will depend on ex-
tending these principles to interfaces, mixed solvents, adaptive charge states, and
chemically specific materials while preserving the rigorous treatment of collective

electrostatics on which they are founded.
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