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Abstract 

Diblock copolymers (DCP) represent the simplest block copolymers that can m1-

crophase separate into a variety of ordered phases. \i\Thile the equilibrium properties 

of DCP have been studied extensively, the dynamical aspects have been relatively un­

explored. In this work, we study the kinetics of order-disorder and order-order tran­

sitions in weakly segregated diblock copolymers using a time-dependent Ginzburg­

Landau (TDG L) approach. In particular, we investigate the microstructural change 

as well as the order parameter evolution after a sudden temperature jump from one 

phase to another. Direct numerical simulation of the TDGL equations shows that 

depending on the extent of the temperature jump, these transitions often occur in 

several stages and can involve nontrivial intermediate states. For example, we find 

that transition from the lamellar phase to the hexagonal cylinder phase goes through 

a perforated lamellar state within a certain temperature range. A theory is developed 

based on the anisotropic fluctuations in the ordered phases. These fluctuations play 

two crucial roles: first, they determine the stability limit of the initial structure, and 

second, they are responsible for the emergence of new structures, whether they are 

the final equilibrium states or transient states during the transition. A linear stability 

analysis allows us to identify the largest fluctuation modes under both equilibrium 

and nonequilibrium conditions. By combining the order parameter of the initial struc­

ture with the largest fluctuation modes into a simplified mulitimode model ( under the 

single-wavenumber approximation), we are able to describe qualitatively the full non­

linear evolution of the system after sudden temperature jumps beyond the spinodal 

of the initial phase. Specifically, the analysis reveals that the geometric characteris­

tics of the free energy surface, particularly saddle points and ridge-like features, are 

responsible for the nontrivial intermediate states on the kinetic pathways. On the 

basis of this analysis, a generalized kinetic "phase diagram" is constructed, which is 

able to account for all the different scenarios observed in the numerical simulation. 
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Our results are discussed in connection with available experimental observations. 

A closely related problem concerns the nature, stabili ty, and mechanism of for­

mation of t he so-called perforated lamellar structure, which generates considerable 

confusion of controversy in recent years . We show that this structure develops from 

the anisotropic fluctuations of the lamellar phase when it reaches its spinodal. It is 

proposed that there can be two different perforated lamellar structures, one based 

on a hep latt ice and one based on a bee latt ice, with nearly degenerate free energy. 

In the framework of a Leibler-type free energy functional, it is shown that the per­

forated lamellar structure is only pseudostable ( corresponding to a saddle point in 

the free energy surface) in the weak-segregation limit , but can become metastable 

in the intermediate-segregation regime. Calculation of the fluctuat ion spectrum of 

metastable perforated lamellar structures enables us to explain in a simple and con­

sistent manner several puzzling structural data from small-angle neutron scattering 

studies . 
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Chapter 1 Introduction 

1.1 Block Copolymers and Their Applications 

Macromolecules, or polymers , are long-chain molecules that are composed of a large 

number of repeating units called monomers. These materials are widely used in 

our everyday life[l]. For example, elastomers, such as natural rubber whose main 

component is polyisoprene, are used in producing tires, hoses and some automotive 

parts because of their resiliency; fibers, either natural or synthetic, because of their 

high tenacity, are used in textile and composite applications; biological polymers, 

such as DN As and proteins, are essential for life. 

While single types of polymer show abundant properties and functionalities, the 

mixture of two or more types of polymers provide much richer possibilities and better 

controls on material performances. For example, two or more polymers can be blended 

together to improve the cost-performance ratio: blending may be used to reduce the 

cost of an expensive engineering thermoplastic, or to improve the processability of 

high-temperature or heat-sensitive thermoplastic, or to improve impact resistance. 

Blending is also very important for recycling industry[2]. Therefore, a critical problem 

in polymer industry is the compatibility of different types of polymers. When two 

types of polymers are mixed , the mixing entropy per chain is proportional to kB T, 

where kB is the Boltzmann constant and T is the temperature, while the mixing 

enthalpy is proportional to N x, where N is the number of monomers in a polymer 

chain and xis the so-called Flory-Huggins parameter which characterizes the repulsive 

interaction between different monomers. \i\!hen temperature is lowered such that 

the enthalpy cost is larger than the entropy gain, two polymers will tend to demix. 

One way to overcome this is to form block copolymers by chemically connecting 

the different types of polymers. Because of the connectivity of the different blocks, 

macroscopic phase separation is impossible in block copolymers. Upon decreasing 
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the temperature, these systems can only microseparate into ordered domains. The 

temperature at which this happens, however, is considerably lower - by as much as 

a factor of 2.5 or more - than the temperature for macroscopic phase separation in a 

polymer blend [3][4][5][6]. In practice, block copolymers are often blended with the 

corresponding homopolymers because of the relatively low cost of the latter. 

On the other hand, block copolymers provide a new class of soft materials whose 

ordered, nanometer-scale microphases have recently been found to be of great im­

portance for material designs. For example, the spheres formed by the minority 

component in a body-centered-cubic (BCC) structure can become the host lattice 

sites for synthesizing metal nanocrystals[7]. The size of the metal core can be eas­

ily controlled by changing the molecular weights of the blocks. These spheres can 

also provide the medium for synthesizing other polymers[8] which prefer the minority 

component to the majority one, again with easy control of the size of the polymer. 

These ordered nanostructures of block copolymers can also serve as a template for 

a nanoscale nonlinear optical device[9]. Since these applications are related to the 

phase behaviors of block copolymers, the study of the stability and kinetics of block 

copolymers is of great interest. 

Block copolymer can exist in many different architectures . In this thesis, we will 

consider the simplest block copolymer, namely a diblock copolymer. Most experi­

ments have been done on diblocks because of the relative ease in synthesizing and 

characterizing these systems. The phase behavior of multiblock copolymers made 

from connecting the A and B blocks is similar to that of the A-B diblock. There­

fore, the results we have obtained for the simple A-B diblock copolymers can be used 

qualitatively to multiblocks. 

1.2 Phase Behaviors of Diblock Copolymers 

The equilibrium problem of diblock copolymer melts has been thoroughly studied 

since early 1970s. It is now well-known that their phase behavior is determined by 

three parameters [l0l[ll] [12]: the polymerization index (the number of monomers in 
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a polymer molecule) N, the Flory-Huggins interaction parameter x scaled by k8 T(see 

below for its definition), and the fraction of one of the components in a diblock copoly­

mer molecule, f. The combined parameter N x controls the degree of segregation of 

different block domains, which can be divided into three regimes: the weak segrega­

tion limit (WSL), the strong segregation limit (SSL) and the intermediate segregation 

region (ISR) [11]. 

In the WSL (Nx ~ 12 for symmetrical diblock copolymers or f ~ 0.5), the mi­

crophases can be characterized by small deviations in the local composition from the 

uniform value. By considering a Landau expansion of the free energy to the fourth 

order in the composition order parameter (to be defined later), Leibler[4] showed that 

in the WSL there are three ordered equilibrium phases for diblock copolymers: one­

dimensional lamellar (L) phase, two-dimensional hexagonally packed cylindrical (H) 

phase and three-dimensional body-centered-cubic (BCC) phase. The schematic mor­

phologies are shown in Fig. 1.1. One important result of this mean-field theory is that 

there is a finite optimal wavenumber for the ordered phase in the vicinity of order­

disorder transition (ODT) temperature. Thus, the ordered phases in WSL can be 

described by the density waves with a single wavenumber. Experiments by Cohen and 

co-workers showed that the WSL behavior in 1,4-polyisoprene-1,4-polybutadiene[13] 

and 1,4-polybutadiene-1 ,2-polybutadiene[14] diblock copolymers melts is qualitatively 

consistent with Leibler's mean-field theory. Bates et al.[15][16], by using small-angle 

neutron scattering (SANS) in partially deuterated 1,4-polybutadiene-1,2-polybutadiene, 

and Mori et al.[l 7], by applying small-angle X-ray scattering (SAXS) on polystyrene­

polyisoprene diblock copolymers, also demonstrated the temperature dependence of 

measured structure factor in the disordered state agrees with what Leibler predicted 

for f ~ 0.5. 

The strong segregation limit (SSL) is reached as N x approaches 50. In this regime, 

the A-rich and B-rich domains are separated by sharp interfaces and the blocks are 

highly stretched. Helfand and \,Vasserman[18] [1 9] developed a self-consistent field the­

ory that enables quantitative calculations of free energies, composition profiles and 

chain conformations in the regime of N x » 10. They also developed numerical tech-
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niques for calculating the phase diagram in SSL, and located the nearly temperature­

independent phase boundaries for the L, H and BCC phases, see a schematic in Fig. 

1.2. Experiments[20] using TEM clearly showed L, H and BCC structures in this re­

gion with well-defined composition ranges. The compositions at the phase boundaries 

are consistent with what Helfand and Wasserman[19] predicted. 

Spheres Cylinders Gyroid Lamellae Gyroid Cylinders Spheres 

f 

Figure 1.1: Schematic diblock copolymer morphologies. (Reproduce from Ref. [25]) 

Only in the past several years has the intermediate segregation region (ISR) been 

distinguished as a separate regime, distinct from the asymptotic WSL and SSL. In this 

regime, addit ional Fourier modes are required to accurately model the microphases. 

Matsen and Schick[21] examined this region by using incompressible Gaussian chain 

and self-consistent field theory formulated using Bloch waves. Thus, a complete 

phase diagram in ISR is calculated. Roughly speaking, for f = 0.5, the ISR is 

between N x = 12 to N x = 50, but a more precision location is not possible since 

the progression from the WSL to the ISP and then to the SSL is a gradual one. An 

interesting discovery within the ISR is a new equilibrium bicontinuous gyroid (G) 

phase[22] [21] [23] [24], which starts and ends at two triple points, see the schematic 

morphology in Fig. 1.1 and phase diagram in Fig. 1.2. This phase requires at 

least two sets of Fourier modes to describe, and it was not included in the Leibler's 

mean-field theory. 
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Nx 

7;---

1 

ISR 

H 

DIS 
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LAM H 

WSL,...._ ______ ..i..,.. _____ _,_ 

0.5 f 

Figure 1.2: The schematic phase diagram of diblock copolymers. 

The equilibrium morphological behaviors of such simple diblock copolymers are 

now well understood. Relevant to the current work is the fact that in the weak­

segregation limit (i.e., near the microphase separation transition or MST), phase 

transitions can be affected by changing the temperature, see the phase diagram in 

Fig. 1.2. Thus an interesting and natural question is: what are the kinetic path­

ways during the various order-order and order-disorder transitions after a sudden 

temperature change? More specifically, how does the system transform from one 

microstructure to another ( of different symmetry)? Are there interesting interme­

diate states during the transition? If so, what is the nature of these intermediate 

states? Apart from the fundamental interest in understanding the kinetics of phase 

transitions involving spatially modulated phases, answers to these questions are also 

helpful in designing suitable processing routes for obtaining well-ordered structures in 

self-assembling systems . For example, our results indicate that hexagonal cylinders 

obtained by a temperature jump from a defect-free lamellar structure do not con­

tain many structural defects, whereas the same structure obtained by a temperature 

quench from the disordered or even the BCC phase will usually be laden with defects. 

This in turn raises an interesting question about the role of the initial symmetry in 

directing the structural evolution of another phase. 
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In the following chapters, we will address the question of thermally induced 

microphase transition kinetics by a time-dependent Ginzburg-Landau (TDGL) ap­

proach. We will focus on the WSL, since the phase behavior in this regime depend 

most sensitively on the temperature. Apart from directly addressing the issues out­

lined above, our study also sheds light on the nature and stability of certain new 

structures discovered in several recent experiments[26][27] [28][29]. 

1.3 Theoretical Approach for Weakly Segregated 

DCP Melts 

Our study employs the time-dependent Ginzburg-Landau (TDGL) approach. A key 

input in this approach is the free energy functional in term of an appropriate order 

parameter. In this section, we briefly outline the derivation of the order-parameter 

free energy. 

Consider a system of np di block copolymer molecules with NA monomers of type 

A and NB = N - NA monomers of type B in one chain. For a single noninteracting 

polymer, the statistical weight for a given configuration { R(n)} (where R(n) is the 

position of the nth segment which is taken as continuous) is 

( 1.1) 

where /3 = l/(kBT) and bis the statistical segment length (called Kuhn length). U 

is the potential which includes interaction between the monomers and the potential 

coming from external fields. The total Hamiltonian, therefore, is of the form 

H = 3kBT t {N dn([JRo: (n) )2 + U. 
2b2 

a=l Jo fJn 
(1.2) 

Because of the liquid density of the di block copolymers, the system can be considered 

incompressible. This is conveniently expressed as a delta-function - 5(pA(i) + PB(i)­

p) in the statistical weight , where the microscopic local volume fraction Pi( i7) is defined 
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as 

(1.3) 

Where V is the volume of the sample. 

Since we are interested in properties that are on much larger length scales than 

the monomer size, it is often adequate to write the interaction between monomer as 

a local pseudopotential 

U = n,: ~ Wij j Pi(i1)pj(r)di, 
i,J 

(1.4) 

where i,j = A or B, and 'Wij are the interaction parameters between monomer type 

i and type j. Because of the in com pressi bili ty condition, U can be written as 

( 1.5) 

\i\fhere x satisfies 

(1.6) 

Since it is more appropriate to describe the microphase behavior by using an order 

parameter, we define a coarse grained local density Pi(i) (j = A or B) as the thermal 

average of the microscopic local density pj(i): (pj(i)) = py(i). From this, we define 

the order parameter 'ljJ as 'ljJ ( i) = PA ( i) - f, here f is the fraction of monomers A in 

one chain: f = NA/N. Because the problem can be solved more easily in k-space, 

we shall use the Fourier transform of the order parameter, i.e. 'ljJ(if) as the variable. 

Thus , the incompressibility condition becomes PA( if) + PB( if) = 0 for if -/- 0 and 

PA(i/) + PB(i/) = canst for if= 0. Since if= 0 terms contribute constant prefactor in 

the statistical weight, we shall ignore it. After these definitions , we introduce the free 

energy functional F['ljJ (if)] of the diblock copolymer system through 



8 

Z = / D [7/J(q)] exp {-JJF [7/J(q)]} = / rr::1 { D [RJ(n)] c> [ R~(n) - RB(O)]} 

x { 2-_ ~ { NA d (8RA(n)) 2 3 ~ ( NB d (8RB(n)) 2 + nPNx / , (:1\' ( :1\d ... } 
exp - 262 L., Jo n an - 262 L., Jno n an -v PA q;PA -q; q 

A oc=l B oc =l 

x / D [PA( q)] D [PB( q)] ITq,to { c>[pA( q) + PB( q)] 6 [PA ( q) - PA( q)] 6 [PB( q) - PB( q)]}, (1.7) 

where D [RJ(n) ] = IT~;0dRY(n) , D [pj(q)] = ITq,todpj(q) , j = A or B, and the first 

delta-function in Eq. 1. 7 ensures the connectivity of the A and B blocks. 

The free energy functional F[7/J] can be obtained by using the random phase ap­

proximation on the above partition function. This was done first by Leibler[4]. The 

resulting free energy functional has the form of 

F = Fo + i / dkf2(k, -k)?jJ(k)?jJ(-k) + ;, / dk1dk2f 3(k1, k2, -k1 - k2)7/J(k1)v;(k2) 

x7/J( -k1 - k2) + ~ / dk1dk2dk3f4(k1, k2, k3, -k1 - k2 - k3)7/J(k1)7/J(k2)7/J(k3) 
4. 

x7/J(-k1 - k2 - k3) + ... , (1.s) 

where 7/J(k) is the Fourier transformation of 7/J(r). f 2(k1 , k2 ), f 3(k~, k~, k~), and 

f 4(k~, k~, k~, k:) are in general wavevector-dependent coefficients in the expansion. 

The two-point vertex function has the form of f 2 (k, -k) = S01(k) - 2Nx, where 

80 ( k) is the structure factor for noninteracting di block copolymers and is peaked at 

a wavenumber k*. The derivation of f 2 is given in Appendix. The derivation of 

f 3(k~, k~, k~) and f 4(k~, k~, k~, k:) is similar by considering higher order expansion in 

Eq. A.7. In the weak-segregation regime where the temperature is close to ODT tem­

perature, the density waves are dominated by wavevectors with the optimal wavenum­

ber k*. Thus we approximate the functions f3(k~ , k~ , k~) and f 4(k~, k~, k~, k:) by their 

values corresponding to wavevectors having the optimal magnitude k*. In this approx­

imation, f 3(k~,k~,k~) becomes independent of the wavevectors while f 4(k~,k~,k~,k:) 

has only a weak angular dependence. We further ignore the angular dependence in r 4 
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by the approximation f 4(k~, k~ , k~, k:) = f 4(0, 0), where f 4(0, 0) is a function defined 

in Ref. [4]. We denote these functions as 13 and 14 , respect ively. These approxima­

tions are not necessary and are not expected to have any significant effects on the 

issue we wish to address here, but greatly simplify the calculations and make the 

results much more transparent. Thus , above free energy functional becomes 

Based on the free energy in Eq. 1.9, the mean-field phase diagram of diblock 

copolymers has been depicted, see Fig. 1.3. This phase diagram is valid only when 

Nx is close to ODT value, i.e., in WSL. Notice that the phase behavior is related to 

N x, instead of N and x, and for compositional symmetrical di block copolymers (i.e., 

J = 0.5), only L phase can be formed from disordered phase (DIS) through a second 

order phase transit ion. 

16 

>< 14 

< 
12 

10 
0.35 0.40 0.45 0.50 

f 

Figure 1.3: The mean-field phase diagram for diblock copolymer melts, calculated 
using the free energy Eq.1.9. 

To derive the dynamic equation governing the evolution of the order parameter 

under nonequilibrium conditions, one should in principle start from the equations of 

motion at the level of the polymer chains . Formally, this is accomplished by projecting 

the chain-level dynamics onto the order parameter dynamics [30], or by applying a 
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dynamic RPA[31]. Implementation of this procedure, however, is extremely involved, 

and has only been done for some specific systems. Since the focus of our study is not 

to understand the order-parameter dynamics from the microscopic chain dynamics, 

we adopt a more phenomenological approach, namely the time-dependent Ginzburg­

Landau (TDGL) approach[32]. In this approach, the evolution of the order parameter 

is driven by the functional derivative of the order-parameter free energy. For conserved 

order parameter, the TDGL takes the form of 

31/J ( i, t) J """" ( - -'/) 2 [ 6 F l ( - ) at = dr M r - r Vr' d'ljJ(i') + 17 r, t , (1.10) 

where l\1(i-i') is a mobility coefficient which is in general nonlocal[30][31] [33][34][35][36] . 

17(i, t) is a random fluctuating force with zero mean and with a variance satisfying 

the fluctuation-dissipation theorem: 

(1.11) 

Eqs. 1.10 and 1.11 together with the free energy functional Eq. 1.9 form the basis 

of our study. 

1.4 Thesis Perspective 

In this thesis, we analyze the various order-order and order-disorder transition kinet­

ics by the time-dependent Ginzburg-Landau (TDGL) approach. In Chapter 2, we 

investigate the microstructural changes as well as the order parameter evolution after 

a sudden temperature jump from one phase to another by direct simulation of the 

TDGL equations. We find that depending on the extent of the temperature jump, 

these transitions often occur in several stages and can involve nontrivial intermediate 

states. For example, we find that transition from the lamellar phase to the hexag­

onal cylinder phase goes through a perforated lamellar (PL) state within a certain 

temperature range. In Chapter 3, we develop a theoretical framework to elucidate 

the numerical results of Chapter 2. First, based on the concept of anisotropic fluctu-
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ations of the order parameter in the ordered structures, different :fluctuation modes 

(eigenvectors) are obtained. The emergence of the new structure is due to the least 

stable fluctuation modes . A systematic linear stability analysis is presented both for 

the equilibrium states ( in order to locate the spinodal of the initial structure) and for 

nonequilibrium states where the thermodynamic driving force is nonvanishing. This 

allows us to determine the stability of the mean-field kinetic path. By combining 

the least stable modes and the order parameter of the initial structures into an ex­

panded order-parameter space, we are able to describe qualitatively the full nonlinear 

evolution of the system during the various transitions. Based on the results of both 

Chapters 2 and 3, we provide two models for the puzzling modulated lamellar and 
' perforated lamellar phases in Chapter 4. The nature and stability of the suggested 

models are discussed, and analytically calculated structure factors are compared with 

available experimental results. 
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Chapter 2 Simulation of Diblock 

Copolymer Phase Transition Kinetics 

2.1 Introduction 

As mentioned in Chapter 1, one of the most fascinating properties of block copoly­

mers is their ability to self-assemble into a variety of ordered microstructures. The 

simplest block copolymer system is an undiluted diblock copolymer with two incom­

patible blocks, where upon decreasing the temperature and/ or increasing the molecu­

lar weight, a variety of ordered microstructures , such as lamellae (LAM), hexagonally 

packed cylinders (HEX), body-centered-cubic (BCC) spheres, and bicontinuous gy­

roid (G) structures, have been obtained [l] . , 

In this Chapter, we address the questions of thermally induced phase transitions 

by a time-dependent Ginzburg-Landau (TDGL) approach. To be concrete, we shall 

use A-B diblock copolymers as the context, although the same analysis can be easily 

extended to other systems. For diblock copolymers, the appropriate order-parameter 

is 'ljJ(i) = PA(i) - f, where PA(i) is the local volume fractions of A-monomers, and 

f is the fraction of A-monomers in the diblock. The time evolution of the order 

parameter 'ljJ is governed, in the spirit of linear irreversible thermodynamics, by the 

time-dependent Ginzburg-Landau (TDGL) equation[2] shown in Eq. 1.10. As men­

tioned in Chapter 1, derivation of the TDG L equations from the microscopic chain 

dynamics generally yield a non-local mobility coefficient[3][4][5]. Here we ignore this 

non-locality by assuming a constant mobility J\;J (M(i - ?) = Mo(i - ?)). This 

should not be a serious approximation in the weak-segregation regime since the order 

parameter in this regime is dominated by a single wavenumber. By the same token, 

the distinction between conserved and non-conserved order-parameter dynamics is 

not essential, and therefore most of our results for the case of conserved order param-
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eters should be applicable also for nonconserved order parameters. The simplified 

TDGL thus takes the form of 

(2.1) 

where we have used the fact that '1/J is a conserved order parameter as is appropriate 

for di block copolymers. 17( r, t) is a random force, which for a system in equilibrium 

at temperature T, satisfies the fluctuation-dissipation relation: 

and F ['1/J(r)] is the free energy functional which we take to be of the form: 

F ['1/J(r)] J df: { '1/J(r) [-i + ~(1 _ 2n 2 
_ ~v2

] '1/J(r) 

+~(1 - 2J)'I/J(r)3 + 1!__'1/J(r) 4
} 

3 4 

+~ j dr1 j di2G(r1 - r2)'1/J(r1)'1/J(1S). 

(2.2) 

(2.3) 

This form of the free energy can be considered as an expansion in the order-parameter 

'1/J(r) and 1 - 2f from the free energy functional in Eq. 1.9 with Fourier transforma­

tion. The long-range interaction in the last integral arises from the connectivity of 

the two blocks and is typical of amphiphilic systems[6] [7][8], where G(r1 - r2) sat­

isfies v2G(r1 - 1S) = -c5(r1 - r2). The coefficients a, b, c, u, v can be computed by 

evaluating the appropriate vertex functions given by Leibler[9] together with the local 

approximation for the higher (3rd and 4th) vertex functions[7][10]. T is related to the 

Flory-Huggins interaction parameter X (thus the temperature) by relation 

Nx=Sa 1(k*,J)/2+ 2 ~u,] !)2 [T-2~-a(l-2!)2
]. (2.4) 4v 14 1 - 2 

Vie point out that a large class of physical systems with competing short-range and 

long-range interactions can be described by a free energy functional of the type Eq. 
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(2.3)[11]. Therefore we believe that the phenomenology we are studying is quite 

general and hence we allow the freedom of choosing the parameters in Eq. (2.3) as 

phenomenological constants not specifically limited to diblock copolymers. 

Several dynamical aspects of systems that can be described by the free energy 

functional Eq. (2 .3) have been addressed in the literature. Desai and co-workers, 

using a combination of numerical and analytical approaches, have extensively in­

vestigated the kinetics of microstructure formation from the disordered phase [12]. 

Oono and co-workers [13] [14] developed a cell-dynamics approach for simulating 

the formation of microstructures in diblock copolymers. Chakrabarti et al, using 

the cell-dynamics approach combined with simulated annealing, showed that large, 

defect-free lamellar domains can be obtained with sufficiently slow cooling rate [15]. 

A number of researchers have addressed the rheological properties of block copoly­

mers near the order-disorder transition [16] [17] and in the ordered phases[18] [19] . In 

recent years, flow-induced ordering and alignment of microstructures by flow in block 

copolymers, have attracted much attention both theoretically [20] [21] [22] [23] and 

experimentally[24]. While these dynamical issues are all important and interesting, 

we feel that the simpler but no less important question of the kinetics of transitions 

between different ordered phases and between an ordered and the disordered phase in 

the quiescent condition need to be addressed. The kinetics turns out to be far from 

trivial, even in transitions where there is no free energy barrier: as we will demon­

strate in this Chapter and Chapter 3, pseudostable and transient states on the kinetic 

pathway, which are clue, respectively, to saddle and ridge-like features on the free en­

ergy surface, give rise to interesting intermediate structures during the transition and 

to non-simple temporal behaviors. 

The TDG L equation will be analyzed by two methods: in this Chapter, direct nu­

merical simulation will be applied; in Chapter 3, based on the concept of anisotropic 

fluctuation, a simplified single-wavenumber mode analysis is used to explain above 

simulation results by combining the least stable fluctuation and the order parameter 

of the initial structures into an expanded order parameter space. The temperature 

change is mimicked by a change in the parameter N x from an initial value favoring 
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one phase (Nx)i to a value favoring a different phase (Nx)1. Broadly speaking, an 

increase in N X corresponds to a decrease in temperature and vice versa. In this 

work we shall focus on temperature-jump (T-jump) kinetics because in temperature­

quench cases, the kinetics usually involves the formation of complicated topological 

defects accompanying the lowering of symmetry in a system. Inclusion of such defects 

requires a much larger system in the direct numerical simulation and more sophis­

ticated analytical approaches than those employed here. Also, we avoid the issue 

of nucleation and consider cases where the T-jumps are beyond the spinodal of the 

initial phase in question. Thus the transitions we study are barrierless and the mi­

crostructural changes are global. Finally, we limit our study to transitions involving 

the lamellar (L), hexagonal cylinder (H), body-center-cubic (BCC) and disordered 

(DIS) phases. We omit the gyroid phase[25] since this phase is not stable in the weak 

segregation limit (WSL)[26][27]. 

2.2 Direct Numerical Simulation 

In this section, we present results from direct numerical simulation of Eq. (2.1) . 

The parameters are chosen to be u = 0.5, v = 1.5, b = 0.5, c = 0.02 and a = 1.5. 

To facilitate the numerical procedure, we bring Eq. (2.1) into a cell-dynamics form 

suggested by Oono and co-workers[l3][14]. The numerical simulations are performed 

on a 48x48x50 simple cubic lattice. An initial ordered structure (L, H, BCC) is 

prepared at the initial temperature (Nx)i; then we change Nx to (Nx)1 and follow 

the subsequent evolution of the system after this sudden change in temperature. 

To be consistent with the mean-field level mode analysis in Section 3.4 , we will 

ignore the thermal noise term in Eq. (2.1), except to include it as providing an 

initial randomness (for possible symmetry breaking). We have conducted studies 

that include the fluctuation during the simulation and do not find its effects to be 

essential. The effects of fluctuations will be discussed further in Section 2.3. 

Two different procedures are used to generate the initial defect-free ordered phases. 

One is to set a sinusoidal wave with the appropriate symmetry of the state ( with the 
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wavelength determined from the free energy) and then let t he system equilibrate for 

sufficiently long t ime. Another procedure is to let the ordered phase evolve from the 

disordered state by adding a random but anisotropic ini t ial perturbation determined 

by the symmetry of the state. The two schemes lead to the same ordered structures. 

In both cases, we make sure that the initial ordered phase is the equilibrium structure 

at the temperature (Nx) from the mean-field diagram. 

To quantify the global temporal behavior of the system, we introduce an order 

parameter Q = JL,sites 'I/J(r) 2 = J'f:,k '/Pk'/P - k- At the mean-field level, Q is zero 

in the disordered phase and is positive in the ordered phases. The time evolution 

of Q is used to demonstrate different stages in the kinetics . Where there involve 

interesting intermediate states, we also show 3-dimensional gray-level plots of the 

order parameters or 2-dimensional cross-sections. The different transit ions are listed 

below. Cross references are made between this Section and Section 3.4 in order to 

corroborate between the numerical findings and results from the simplified mode 

analyses. 

2.2.1 L to H Transition 

A transition from L to the hexagonal cylinder (H) phase is possible only for asym­

metric diblocks. Here we choose f = 0.45. The initial value of the temperature-like 

parameter (N X)i = 11.67 ( or Ti = 0.35). The mean-field equilibrium structure corre­

sponding to this set of parameters is the lamellar structure . The structure is shown in 

Fig. 2.1 (a), with the layer normal along the z-direction . Three temperature jumps are 

studied with the final (Nx)1 equal 10.95, 10.80 and 10.74 (or TJ equal 0.25, 0.23 and 

0. 22), respectively, all within the H phase in the mean-field phase diagram. On phys­

ical grounds, we expect the cylinders to pinch off from the lamellar layers containing 

the minority blocks, with their axes lying within the initial lamellar layers. 

Direct visual inspection of the gray-level plot of the microstructures during the 

first plateau region does not reveal any specific structure within the lamellar layers. 

Thus the system remains in the lamellar phase, with a decreased order-parameter. 
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A multimode analysis usmg the single wave-number approximation m the Section 

3.4 shows that the first plateau in Fig. 2.2 corresponds to a saddle-point in the free 

energy surface. 

(a) t=0 step (b) t=3300 

(c) t=4000 (d) t=8000 

Figure 2.1: Microstructural evolution after a T-jump from L to H at f = 0.45 
((Nx)i = 11.67, (Nx) 1 = 10.95 or Ti = 0.35,TJ = 0.25); Data taken at vanous 
stages of the simulation. 

Fig. 2.2 shows the temporal evolution of the global order parameter Q. For all 

the three temperature jumps, the order parameter reaches a final steady-state value 

consistent with the equilibrium H phase. However, in all three cases, the evolution is 

non-monotonic. In the cases of the two lower temperatures (or larger (Nx)1 values) , 

there is a clear plateau following the initial rapid decrease in the order parameter, 
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suggesting that the system reaches some kind of stagnation point. The duration of 

the plateau is clearly longer for the lower temperature ((Nx)1 = 10.95) than for 

the higher temperature ((Nx)1 = 10.80). For (Nx)1 = 10.74 the plateau is less 

pronounced. 

0.30 

(Nx)1 = 10.95 

Q 0.20 (Nx)1 = 10.80 

x 1 =10.74 

0.10 

0.00 '-~-----'--~-L--~-----'--~-----' 

0 2000 4000 6000 8000 
t 

Figure 2.2: Temporal evolution of the global order parameter Q during the L to H 
transition at J = 0.45 for T-jumps from (Nx)i = 11.67 to (Nx)1 = 10.95, 10.80 and 
10.74 (or from Ti= 0.35 to TJ = 0.25 , 0.23 and 0.22), respectively. 

Of special interest is the appearance of a second plateau in the two lower temper­

ature cases. A gray-level order-parameter plot (Fig. 2.l(b)) shows that at the encl of 

the first plateau, modulation within the lamellar layers begins to develop. The struc­

ture becomes most pronounced in the flat part of the plateau; see Fig. 2.1 ( c). There 

seems to be clear correlations between different layers. At the encl of the plateau, 

cylinders evolve by connecting the dark regions in one of the diagonal directions of 

the xy plane. The final H structure is shown in Fig. 2.1( cl). It is remarkable that 

this structure is nearly perfect, i.e ., free of any structural defects, although a symme­

try breaking is clearly required to select the orientation of the cylinders within the 

lamellar layers. 

The structural characteristics of the intermediate structure resembles in many 

respects the so-called perforated or modulated lamellar (PL or ML) phase reported 

in literature[28][29][30]. One may tentatively identify the structure in Fig. 2.1 (b) 

as the modulated lamellae (ML) and that in Fig. 2.l(c) as the perforated lamellae 

(PL) although the evolution from ML to PL is a continuous process. It will be 
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shown in the Section 3.4 that the second plateau is due to another saddle point in 

the free energy surface. The PL structure corresponds to this saddle point , whereas 

the ML is a transient state between L and PL states. Analyses there show that the 

perforated lamellar plateau exists only when the final temperature is within a certain 

"phase boundary" in the H part of the phase diagram. This saddle point disappears 

when the temperature jump is outside of this "phase boundary" as is the case for 

(Nx)1 = 10.74. In that case, the cylinder phase emerges directly without going 

through a distinct PL stage, although a short transient ML state is still involved 

when the plateau L decays. 

2.2.2 L to BCC Transition 

The initial state is the same as in the L to H transition. The temperature parameter 

is changed from (Nx)i = 11.67 to (Nx) 1 = 10.705 (or from Ti= 0.35 to TJ = 0.216). 

The temporal evolution of the global order parameter is shown in Fig. 2.3. Notice the 

large initial decrease in the order parameter. This initial fast decrease is followed by a 

long valley where the order parameter increases only slightly but overall remains very 

weak. Gray-level plots ( with the same contrast level as in Fig. 2.1 (a)) of the spatial 

distribution of the order parameter shows no specific structure within the lamellar 

layers at the bottom of the curve, corresponding to t = 5000 [31]. However, upon 

enhancing the contrast in the images, some weak traces of the BCC wave superposed 

on the lamellar st ructure can be detected, see Fig. 2.4. The BCC waves appear at an 

accelerated pace at about t = 15000 and the final BCC structure is completed within 

a short period of time thereafter. It will again be shown that the long valley is due to 

the existence of saddle regions in the free energy surface. At t = 20000, the system 

reaches a stable BCC microstructure, see Fig. 2.5. Note again the absence of defects 

in the structure. 
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0.10 (Nx)1 = 10.705 
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Figure 2.3: Temporal evolution of the global order parameter Q during the L to BCC 
transition at J = 0.45 for a T-jump from (Nx)i = 11.67 to (Nx) 1 = 10.705 (or from 
Ti = 0.35 to Tj = 0.216). 

2.2.3 L to DIS Transition 

Using the same initial condition as in Section 2.2.1 and Section 2.2.2 (Fig. 2.1( a)), 

we studied two temperature jumps, from (Nx)i = 11.67 to (Nx) 1 = 10.66 and 

(Nx)1 = 10.60 (or from Ti = 0.35 to TJ = 0.21 and TJ = 0.202), respectively. Both 

(Nx)/s correspond to the disordered (DIS) phase. In both cases, the global order 

parameter decreases monotonically, see Fig. 2.6. However, visualization of the gray­

level plots of the order parameter during the melting process reveal that melting 

proceeds through two different routes for the two cases: while in the case of large 

temperature jump the lamellae melt directly (i.e. the amplitude of the lamellar wave 

simply decreases) , in the case of the smaller temperature jump, the lamellae melt 

by first developing modulation within the lamellar layers and melt as this three­

dimensionally ordered structure. Fig. 2. 7 shows the gray-level plot in the xy cross­

section( i .e., in the lamellar layers). Although the exact symmetry of this intermediate 

structure is difficult to ascertain owing to the small system size used in the simulation 

and the weakness of the structure, it is reasonable to believe that this structure is the 

same as the intermediate, modulated lamellar structure observed during the transition 

from lamellae to hexagonal cylinders. Using this assumption, we can show that this 

transient structure results from a ridge-like landscape in the free energy surface, 

similar to the transient sphere structure seen during the melting of the hexagonal 
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f-l 

Figure 2.4: Cross-section view of the in-layer ( xy plane) structure during the L to 
BCC transition at f = 0.45 for (Nx)1 = 10.705 or TJ = 0.216 at t = 5000, the 
contrast has been enhanced. 

cylinders[32]; see Sections 2.2.5 and 3.4. On the other hand, the melting for the large 

temperature jump follows a simple down-hill path in a simple parabolic free energy 

surface. 

2.2.4 H to BCC Transition 

For the two transitions involving H below, we shall choose f = 0.4 instead off = 0.45 

used in the previous transitions [33]. An initial equilibrium hexagonal cylinder phase 

is prepared at (Nx)i = 11.62 or Ti = 0.30 (see the initial structure in Fig. 2.9(a)). 

Two temperature jumps to (Nx)1 = 11.27 and (Nx)1 = 11.24 (or TJ = 0.25 and 

0.246), respectively, are studied. The evolution of the global order-parameter Q is 

shown for the two cases in Fig. 2.8. 

As with temperature jumps from the L phase, a temperature jump from the H 

phase to the BCC phase leads to a rapid initial decrease in the order parameter. 

This rapid decrease is followed by a plateau which is again due to a saddle point in 

the free energy surface. At this saddle point, the system remains a H phase. Thus 

there is a time lag before the BCC structure appears. The sphere structure begins 

to emerge from the cylinders at the end of the plateau; see Fig. 2.9(b ). The final 

state is shown in Fig. 2.9( c). Both temperature jumps exhibit the same qualitative 
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Figure 2.5: Final microstructure after a T-jump from L (same initial state as in 
Fig.2.l(a)) to BCC at f = 0.45 ((Nx)i = 11.67, (Nx)1 = 10.705 or Ti = 0.35, 
Tj = 0.216). 
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Figure 2.6: Temporal evolution of the global order parameter Q during the L to DIS 
transition at f = 0.45 for a T-jump from (Nx)i = 11.67 to (Nx)1 = 10.66 (solid 
curve) and 10. 60 ( dashed curve). 

behavior, although the duration of the plateau shortens for the higher temperature 

(small Nx) . This implies that the saddle point becomes more unstable. Indeed, we 

have determined that there exists a boundary within the BCC phase, such that the 

saddle point no longer exists for a temperature jump beyond this boundary. It is 

interesting to note that, as in the case of L to BCC transition, existence of such 

a saddle point does not correspond to a new distinct , intermediate structure, but 

changes the temporal behavior of the kinetics . 
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Figure 2.7: Cross-section view of the in-layer (xy plane) structure during the L to 
DIS transition at J = 0.45 for (Nx)1 = 10.66 or TJ = 0.21 at t = 2000. 
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Figure 2.8: Temporal evolution of the global order parameter Q during the H to BCC 
transition at f = 0.4 ((Nx); = 11.62 or T; = 0.30). 

2.2.5 H to DIS Transition 

The same initial state as used in the last subsection is used as the initial state for the 

H to DIS transition. Two temperature jumps to (Nx)1 = 11.2 and to (Nx)1 = 11.0 

(or to TJ = 0.24 and to TJ = 0.21, respectively, are studied. The evolution of the 

global order parameter is depicted in Fig. 2.10. For the larger temperature jump 

to (Nx)1 = 11.0 (or TJ = 0.21), the order parameter decays in a simple manner, 

suggesting direct melting of the cylinders . Gray-level plots of the order-parameter at 

various times show no structural change as the cylinders melt. 

In contrast, the behavior of Q in the case of the smaller temperature jump ( to 
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Figure 2.9: Microstructural evolution during the H to BCC transition at J = 0.4 with 
(Nx)i = 11.62 and (Nx)1 = 11.24 (or Ti= 0.30, and TJ = 0.246). 

(Nx)1 = 11.2 or TJ = 0.24) suggests a nontrivial melting process. The slower de­

cay at intermediate times is accompanied by the formation of structures along the 

cylinders : the cylinders seem to first break into spheres and the melting proceeds via 

this modulated hexagonal cylinder (MHC) phase. This transient structure is clearest 

between the two inflection points on the curve in Fig. 2.10, because at long times 

the structure has all but melted and at short times the structure is dominated by 

the hexagonal cylindrical structure of the initial state. Fig. 2.11 shows the transient 

MHC state. 
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Figure 2.10: Evolution of the global order parameter Q for the T-jump from the H 
to DIS phase at J = 0.4 with (Nx)i = 11.62 (or Ti = 0. 30). 

z 

Figure 2.11: Intermediate state during the H to DIS transition at f = 0.4 ((Nx)i = 
11.62, (Nx) 1 = 11.2 or Ti = 0.30, TJ = 0.24), taken at t = l000. 

To study the effects of in situ thermal :fluctuations, we have performed simula­

tions both with and without these fluctuations and found that the same qualitative 

behaviors are observed. (The results presented in this subsection for the smaller tem­

perature jump have been obtained with thermal fluctuations: the final nonvanishing 

value of Q in Fig. 2.10 is due to these fluctuations.). However, the inclusion of 

thermal :fluctuations in the case of the smaller temperature jump is found to enhance 

the transient modulated cylinder structure. This point will be discussed further in 

Section 3.5. 
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2.2.6 BCC to DIS Transition 

For this transition, we choose f = 0.45 and use the final BCC structure obtained 

in the L to BCC transition with (Nx) 1 = 10.705 (or TJ = 0.216) as the initial 

structure; see Fig. 2.5. Two temperature jumps are studied with (Nx) 1 = 10.66 and 

( N x)1 = 10.60 ( or TJ = 0.21 and TJ = 0.202), respectively. The behavior of the global 

order parameter shows some slight difference for the two temperature jumps, see Fig. 

2.12. For the smaller temperature jump ((Nx)1 = 10.66 or TJ = 0.21), the curve 

has two inflection points, while for the larger temperature jump ((Nx) 1 = 10.60 or 

TJ = 0.202) , the decay is rather fast and is nearly exponential. This difference for the 

larger and smaller temperature jumps in this case is rather similar to that in the L 

to DIS and H to DIS transitions. However, in this case, there is no free energy ridge. 

In Section 3.4 we will show that there exist two inflection points along the kinetic 

path on the free energy surface. Although this does not lead to any new intermediate 

structures (the system melts as a perfect BCC structure), it changes the temporal 

behavior of the melting process. 

0.10 

0.08 

0.06 

0 .04 

0.02 

0.00 
0 200 400 600 

t 
800 1000 

Figure 2.12: Evolution of the global order parameter Q for the T-jump from the BCC 
to DIS phase at f = 0.45 with (Nx); = 10.705 (or T; = 0.216). 

2.3 Discussion 

In this Chapter, we have studied the kinetics of several order-order and order-disorder 

transitions after a T-jump in weakly-segregated block copolymers by a direct numer-
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ical simulation of the TDGL equation. The numerical results reveal that the kinetics 

is far from trivial even in the absence of any free energy barriers. In particular, we 

propose that the kinetic pathways often involve interesting intermediate states and 

non-simple temporal evolution. A multitude of novel kinetic scenarios have been 

identified. 

An important result of this study is that the kinetics of the various order-order 

and order-disorder transitions after temperature jumps depends on the extent of the 

temperature jump. For example, in the case of H to DIS transition, the cylinders melt 

uniformly for large temperature jumps, but the melting goes through a modulated 

cylinder state for small temperature jumps. This dependence will be understood 

from the temperature dependence of the growth rate of the most unstable mode in 

the linear stability analysis and the free energy landscape to be studied in the next 

Chapter. 

It will be shown in the next Chapter that the nontrivial kinetic paths can be un­

derstood in term of the anisotropic fluctuations around the initial structure. Besides 

providing driving force for the emergence of new structures, fluctuations ( either ther­

mal fluctuations or other externally imposed perturbations) have some systematic 

quantitative effects on the pseudostable and transient states. Since the pseudostable 

states correspond to saddle points on the free energy surface, fluctuations will lead to 

a faster decay from the saddle point and hence the lifetime of these pseudostable struc­

tures become shorter with the inclusion of fluctuations, On the other hand, transient 

structures that are caused by ridge-like landscapes of the free energy will be enhanced 

since fluctuations help the sideway pushes which are responsible for the appearance of 

these transient structures in the first place. The opposite effects of fluctuations on the 

pseudostable states and transient states caused by ridge-like free energy landscapes 

could conceivably be exploited to experimentally distinguish between these two types 

of intermediate states. 
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Chapter 3 Anisotropic Fluctuations and 

Kinetics of Microphase Transitions 

3.1 Introduction 

In Chapter 2, we studied the kinetics of several order-order and order-disorder transi­

tions after sudden temperature jumps in weakly segregated di block copolymers using 

a time-dependent Ginzburg-Landau (TDG L) approach[l ][2]. Direct numerical simu­

lation of the TDGL equations shows that depending on the extent of the temperature 

jumps, these transitions often occur in several stages and can involve nontrivial in­

termediate states. For example, we find that melting of the hexagonal cylinder phase 

can involve the transient appearance of density modulations along the cylinders for 

small temperature jumps (which are nevertheless beyond the spinodal of the initial 

cylinder phase). Transition from the lamellar phase to the hexagonal cylinder phase 

goes through a perforated lamellar (PL) state within a certain temperature range. 

In this Chapter, we seek a theoretical understanding of the kinetics of order­

order and order-disorder transitions. A unified framework is developed based on 

anisotropic fluctuation in the ordered phases. The fluctuation is shown to play two 

crucial roles: first, they determine the stability limit of the initial structure, and 

second, they are responsible for the emergence of new structures, whether they are 

the final equilibrium states or transient states during the transition. A linear stability 

analysis allows us to identify the largest fluctuation modes under both equilibrium 

and nonequilibrium conditions. By combining the order parameter of the initial 

structure with the largest fluctuation modes into a simplified multimode model, we 

are able to describe qualitatively the full nonlinear evolution of the system after 

sudden temperature jumps beyond the spinodal of the initial phase. 

This Chapter is organized as follows. In Section 3.2, we discuss anisotropic flue-
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tuation in a stationary ordered phase. This study allows us to obtain the fluctuation 

spectrum from which we can identify the least stable modes ( or the largest fluctua­

tion modes). The vanishing of the eigenvalue associated with the least stable modes 

signals the limit of stability of the structure. A key result in this section is that 

the least stable modes are generally located on reciprocal lattice positions that are 

different from those constituting the initial ordered structure. This is the very reason 

for the emergence of new structures. In Section 3.3, we discuss the kinetics of order­

order and order-disorder transitions under nonequilibrium conditions. We perform a 

linear stability analysis on the dynamic equation. A key step here is the separation 

of the free energy driving force into a mean-field, deterministic part and a fluctuating 

part. The deterministic contribution serves primarily to change the amplitudes of 

the density waves of the initial ordered phase. The fluctuating part determines the 

stability of the mean-field trajectory, the deviation from which leads to the emer­

gence of new structures . The most unstable modes give the directions of deviation 

from the mean-field path. In Section 3.4, evolution beyond the linear regime is stud­

ied by a multimode analysis which composes the most unstable modes together with 

the mean-field order parameter associated with the initial structure. Combining the 

linear stability analysis with the simplified multimode analysis, we arrive at a fairly 

complete picture of the various kinetic scenarios. We highlight two types of interme­

diate states in this section: the pseudostable state[3] and the transient state which 

correspond respectively to saddle and ridge-like features in the free energy surface. A 

generalized phase diagram which includes the various metastability and pseudosta­

bility limits as well as regions in which other interesting intermediate structures are 

to be observed, is constructed. Section 3.5 is a summary of our main results, together 

with discussions of relevant experiments. 
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3.2 Anisotropic Fluctuation and Stability of Or-

dered Phases 

In this section, we discuss anisotropic fluctuation in a stationary ordered structure. 

The purpose of this section is two-fold: first , the analysis allows us to identify the 

high temperature spinodal and the largest fluctuation modes in an ordered structure, 

and second and more relevant to the transition kinetics, the method of analysis can 

be easily extended to nonequilibrium conditions. 

At a stationary state (stable, metastable, or state corresponding to a saddle point 

on the free energy surface), the first derivatives of the free energy with respect to 

the order parameters ( to be specified later) vanish. The stability of the structure is 

determined by the matrix of the second derivatives. A stable structure, either locally 

or globally, is characterized by the positive definiteness of the matrix of the second 

derivatives. The system reaches its spinodal when the lowest eigenvalue of the matrix 

of the second derivatives vanishes. 

The stability of a structure is intimately related to the spontaneous, thermal fluc­

tuation in that structure. A structure is stable if the mean-square fluctuation of 

the order parameter is finite, and becomes unstable when any mean-square fluctu­

ation diverges. In an ordered diblock copolymer phase, the fluctuation is generally 

anisotropic because of the anisotropy of the ordered structure. The structure reaches 

its spinodal when the largest fluctuation becomes divergent. These largest, or most 

unstable, modes dictate the potential direction for the spontaneous emergence of new 

structures. 

A rigorous approach for studying anisotropic fluctuation based on the exact self­

consistent solutions has been developed by Shi et al.[4]. Here, we provide a simpler, 

approximate approach based on an order-parameter free energy functional. Although 

not accurately enough for quantitative purposes, the current approach is simpler 

to implement and is mathematically more transparent than the rigorous one. The 

order parameter approach is also more suitable for studying kinetics. Since the issues 

addressed in this paper do not depend on quantitative accuracy, we choose this simpler 
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approach. 

We start with the standard Leibler free energy functional [5] for incompressible 

diblock copolymers, i.e., Eq. 1.9. To be convenient, we rewrite it here: 

where 1j;(k) 

F [1P(k)] =} j dk [s0
1(k)-2Nx] 7j;(k)7j;( -k) 

+ '~ j d(k~k~)1j!(k~)1j!(k~)1j!(-k~ - k~) 
3. 

+ 1; j d( k~ k~k~)7j;( k~ )7j;( k~)7j;( k~)7j;( -k~ - k~ - k~), (3.1) 
4. 

PA(k) - f, p(k) is the Fourier transform of local density PA(i) of 

monomers A and f is the fraction of monomers A in a diblock copolymer molecule. 

The mean-field order parameter 7j;0 ( k) for a given morphology can be written as: 

1Po(k) = L Aao(k - G), 
6 

(3.2) 

where G is the set of reciprocal lattice wavevectors of the morphology, and the Ac's 

are obtained by minimizing the free energy Eq. 3.1 by substituting Eq. 3.2 into the 

free energy. 

To study the fluctuation around the mean-field structure, we write 

7j;(k) = 1Po(k) + t::.7j;(k). (3.3) 

Substituting this into Eq. 3.1, keeping terms only up to quadratic order in t::.1j;(k) 

and noting the stationary condition for 7j;0 (k), we obtain 

F [1j;(k)] = F [1Po(k)] + l j dk [sa1(k) - 2Nx] 

xt::.1j;(k)t::.7j;( -k) + 13 Lf dkA0t::.1j;(k)t::.7j;(-k- G) 
2 o 

+ ' 4 LL j dkA0 A0,t::.7j;(k)t::.7j;(-k - 6 - 6'). (3.4) 
4 o c' 
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The presence of periodic order makes the fluctuation in k-space non-diagonal. To 

study the anisotropic fluctuation and the stability of the ordered phases, the quadratic 

term of free energy needs to be diagonalized. This generally requires diagonalization 

of a infinite-large matrix. In this work, we make the simplifying approximation that 

the dominant fluctuation arises from modes with wavevectors lkl ~ k*. This ap­

proximation is justified in the weak segregation regime where fluctuations are mainly 

determined by the leading quadratic coefficient S'0
1 ( k) - 2N x which has a minimum 

at k = k*, see Fig. A.l. Using this approximation, the matrix can be truncated to 

a smaller matrix involving k and k ± G, and can then be diagonalized analytically; 

the eigenvalues of this matrix determine the stability of an ordered structure. The 

structure is stable or metastable if all the eigenvalues are positive. The spinodal of a 

structure is reached when the lowest eigenvalue turns negative. 

k z 

·'.'it',.::: ... '.:: .... :: .... ::!:..:::: .. ::: .... ::>.··· p "' 

::.-:.·.·.·_-_-:.·.·_::.:··- ••..• r.7o·•---•-·-·· .. i:::.:~.:_-:·:·:·:·.·~ k: 

.. ;,11,•··:''.::::::::: ........... , ..........• ::::::::,,, .. . 

(a) (b) 

Figure 3.1: (a)A schematic showing the two rings in the k-space at kz = ±½k* corre­
ryonding to the least stable fluctuation modes in a lamellar structure of wavevector 
k = k*ez. (b) The fluctuation part of the scattering pattern of the L phase with 
N x = 18.0 for f = 0.35 in kx = 0 plane in unit of k*. The two Braggs spots at 
kz = ±k*, ky = 0 due to the mean-field lamellar wave are not shown. 

The structure factor of an ordered phase when it is stable or metastable is given 

by 

(1/;(k)1/;(-k)) = 1/Jo(k)1/Jo( -k) + (6.1/;(k)6.1/;( -k)). (3.5) 
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(!"::.?_/J(k)!"::.?_/J(-k)), which is the fluctuation part of the structure factor, is obtained by 

taking the diagonal element of the inverse matrix of the quadratic coefficient in Eq. 

3.4. 

Vie now illustrate the theory by applying it to the lamellar and hexagonal cylinder 

phases. 

3.2.1 Anisotropic Fluctuations in L Phase 

For the mean-field lamellar structure, we assume a sinusoidal wave in the z-direction 

for the order parameter, with k = k*ez. The amplitude of the mean-field lamellar 

wave is obtained by minimizing the free energy Eq. 3.1. 

To study the fluctuation spectrum and the stability of the lamellar phase, we 

consider a small perturbation of the form given by Eq. 3.3. The diagonalization 

of the matrix in Eq. 3.4 can be easily performed with the result that the lowest 

eigenvalues lie on two rings at kz = ±(1/2)k* and lkl = k*, as shown in Fig. 3.1 (a). 

Thus the dominant fluctuations, i.e., the least stable fluctuation modes will come 

from wavevectors on these rings. 

Fig. 3.1 shows the fluctuation contribution to the structure factor in the kx = 0 

plane of the L phase with f = 0.35 in the metastable state near the spinodal. The 

scattering due to fluctuations at kz = ±½k* and ky = ± {! k* is a result of the 

intersection of the rings with kx = 0 plane. The same scattering pattern was obtained 

earlier by Yeung et al. [4] using a more rigorous approach. 

As N x decreases, fluctuations on the two rings in Fig. 3.1 will increase. The 

vanishing of the eigenvalue corresponding to these least stable modes, or equivalently, 

the divergence of the fluctuations of these modes, signals the spinodal of the lamellar 

phase. 

Although the scattering pattern resulting from the linear stability analysis lacks 

any in-layer structure (in the x-y plane), the finding that the dominant fluctuations 

occur at kz = ±½k* leads to the important conclusion that any structures that form 

as a result of instability of the L phase will have a periodicity of two layers. 
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The location of the largest :fluctuation modes ink-space can be understood with a 

simple geometric argument. In the presence of a periodic structure, the :fluctuations 

interact with the mean-field order parameter associated with the ordered structure, 

and become anisotropic as a result. Such interactions satisfy a momentum conserva­

tion law as manifested in the forms of the last two terms in Eq. 3.4. In the weak­

segregation regime, the mean-field order parameter is dominated by Fourier modes 

with reciprocal lattice wavevectors IGI = k*. The dominant :fluctuations are also from 

modes with wavevectors lkl ~ k*. Thus we focus on :fluctuations with lkl = k*. Take 

the 13-term first. The restriction that the wavevectors of the :fluctuations be on a 

sphere with k = k* means lkl = k* and lk ± GI = k*. Since IGI = k*, it follows 

that the dominant fluctuations, as a result of interacting with the mean-field order 

parameter with a wavevector G, are on the ring formed by the intersection between 

the sphere lkl = k* and the plane k = ±(l/2)G. A similar analysis of the 14-term 

yields two types of contributions: an isotropic contribution when a' = -G and an 
-+ -, -,, -, -,, 

anisotropic contribution when G + G = G where G and G are other reciprocal 

lattice wavevectors. For the lamellar phase in the weak-segregation limit, the second 

contribution will be small since either G or a' or a" will have to be outside the 

spherical shell lkl = k*. For nonlamellar structure, e.g. for hexagonal cylinders, it is 
-+ -, -,, -+ -+, -,, 

possible to satisfy G + G = G while still having IGI = IG I = IG I = k*. In that 

case the analysis becomes identical to that for the , 3-term. 

3.2.2 Anisotropic Fluctuations in H Phase 

The hexagonal cylinder (H) structure in the weak-segregation limit can be represented 

as a superposition of six co-planer density waves with wavevectors that are 60 degrees 

apart from each other. The positions of these wavevectors ink-space are indicated by 

the six large black clots at ±01, ±G2, ±G3 in Fig. 3.2. The amplitudes of the density 

waves are obtained by minimizing the free energy, and the :fluctuation spectrum can 

be obtained using the method described earlier. 

To locate the positions of the largest fluctuation modes in k-space, we use the 
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Figure 3.2: ( a) Locations of the largest fluctuation modes of the H phase in k-space. 
The 18 spots constitute the set of the smallest wavevectors of a twinning-bee structure. 
(b) Calculated structure factor for the H phase in the kz = 0 plane for N x = 13.0 
with f = 0.35. 

simple geometric construction outlined above in Section 3.2.1. For each of the six 

reciprocal lattice wavevectors, we form a plane that is perpendicular to the wavevector 

and that cuts the wavevector at a half. The intersection of this plane with the spherical 

shell lkl = k* forms a ring. This construction results in six rings associated with the 

six reciprocal lattice wavevectors. Fluctuations modes will be larger on these rings 

than elsewhere, and will be the largest at points where two rings intersect. There 

are 18 such points, 6 of which coincide with the positions of the original H waves, 

and the other 12 are shown by the dots at ±i<1 , ±!{2 , ±!{3 and ±Q1, ±Q2 , ±Q3 in 

Fig. 3.2. These 18 spots constitute the reciprocal lattice of a twinning-bee structure. 

Therefore, the anisotropic fluctuations in the H phase are on a twinning-bee structure. 

The twinning-bee structure was observed in the experiment by Almdal et al.[6] by 

dynamically shearing the BCC phase of poly(ethylenepropylene)-poly(ethylethylene) 

diblock copolymers. Their scattering pattern agrees well with our Fig. 3.2(6). They 

interpreted the twinning-bee structure as arising from the shear deformation of the 

initial structure. An alternative interpretation is that shear destroys the bee structure 

and turns it into the cylinder phase with large fluctuations. What they observed could 

be the fluctuation from the H phase rather than Bragg peaks from a twinning-bee 
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structure. 

The analysis in this section identifies the least stable fluctuation modes in an 

ordered block copolymer structure. These modes provide hints of the potential evo­

lution of the system when the spinodal is reached. However, to address the kinetics 

of phase transition, we need to study the nature of anisotropic fluctuation under gen­

eral non-equilibrium condition where there is a nonvanishing thermodynamic driving 

force. This task is undertaken in the next section. 

3.3 Fluctuation vs. Deterministic Driving Forces: 

Linear Stability Analysis 

We describe the dynamic evolution of the order parameter by TDGL equation, see 

Eq. 1.10. It is convenient to work with the Fourier modes of the order parameter. In 

the Fourier representation, Eq. 1.10 becomes 

(3.6) 

while Eq. 1.11 becomes 

(3.7) 

A general expression for the mobility coefficient M(k) has been derived by Kumaran 

and Fredrickson [?]; it is: 

l\1(k) = DSo(k), (3.8) 

where S0( k) is the structure factor for the same di block copolymer in the absence of 

enthalpic interaction (i.e. with Nx = 0), see Appendix. Dis the diffusivity of the 

polymer chains whose scaling behavior depends on whether the chains are entangled or 

not. Vie define an effective kinetic coefficient >{k) = k2 M(k). In the weak-segregation 

limit (WSL), the order parameter as well as fluctuations are dominated by wavevectors 
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with /k/ = k* (This is valid when temperature is close to MST temperature). Thus it is 

reasonable to replace the k-dependent .>..(k) by .>..(k*) . .>..(k) also becomes independent 

of kin the limit of large /kl . Therefore henceforth we will t ake .>..(k) to be an constant 

.>.., and Eq. 3.6 simplifies to 

81/;(k) [ SF l --
0 

- = -.>.. - + 17(k , t). 
t 81/; (-k) 

(3.9) 

Eq. 3. 7 also simplifies correspondingly. 

In Eq. 3.9, the order parameter 1/;(k) includes both a part that represents the 

structure of the initial phase and a part due to fluctuations. To gain insights and 

to make use of the concept of anisotropic fluctuations, it is instructive to write the 

order parameter as a sum of a mean-field part 1/;0 (k) and a fluctuating part 6.1/; (k) , 

in the same form in Eq. 3.3, but now allowing both 1/Jo(k) and 6.1/;( k) to be time­

dependent . Substituting Eq. 3.3 into Eq. 3.9, we obtain, to linear order in 6.1/; (k) 

( to be consistent with the level of treatment of equilibrium fluctuations in the last 

section): 

81/;o(k) = - .>.. [ SF - ] 
ot 81/;( - k) 0 ' 

(3.10) 

and 

o6.1/; (k) = - A J dk' [ 
6
~ F - l 6.1/; (k' ) + 1 (k t) 

ot 81j;(-k)81j;(k') 
0 

7 
' ' 

(3 .11) 

where the subscribe "O" indicates that the derivatives are taken at 1/;( k) = 1/;0( k). 

More explicitly, using Eq. 3.1 for the free energy, Eq. 3.10 and Eq. 3.11 become, 

respectively, 

8
~ 6 = - A { [so 1

(k*) - 2Nx] Ac+ ~
3 ~ Aa,AG-G' 

G' 

+ ~
4 ~ ~ Aa,Aa"Aa-61-611

} , 

G' G" 

(3.12) 
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and 

(3.13) 

where we have used our ansatz Eq. 3.2 for the mean-field order parameter. 

The equation for the mean-field order parameter, i.e., Eq. 3.12, describes a steep­

est descent path along the gradient of the (mean-field) free energy. Thus, if the system 

finds itself in a nonequilibrium condition, as after a temperature jump, the mean-field 

order parameter will follow a downhill path until the gradient vanishes. It is clear 

from Eq. 3.12, that if we start with a structure described by the mean-field order 

parameters {A0 }, the system will remain in the frame of that structure; only the 

magnitude of the order parameter changes. Thus the mean-field path corresponds 

to a trivial dynamics. Deviation from such trivial, mean-field dynamics is clue to 

anisotropic fluctuations. As we showed in the last section, fluctuations in ordered 

structures are anisotropic and generally the largest fluctuations are located at dif­

ferent positions in Fourier space than the reciprocal lattice positions of the original 

structure. Thus the emergence of new structures on the kinetic pathway is a re­

sult of anisotropic fluctuations: these fluctuations determine whether the mean-field 

deterministic path is stable. 

The coefficient of the linear term on the right-hand side of Eq. 3.13 has the 

same form as the quadratic coefficient in Eq. 3.4. However, in Eq. 3.4, the mean­

field order parameters are those that minimize the free energy, and are hence time 

independent, whereas in Eq. 3.13 the order parameters in general do not correspond 

to an equilibrium condition and are time dependent. This makes the analysis of Eq. 

3.13 difficult. However , our main concern here is to determine the local, instantaneous 

stability of Eq. 3.12, for which we only need to know if a certain fluctuation around an 

instantaneous value of A 0 will grow or decay. For this purpose, it suffices to analyze 
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Figure 3.3: Growth rate of the least stable fluctuation modes A (in unit of ,\) as a 
function of the L order parameter at f = 0.35 and (Nx)1 = 15.0. After a temperature 
jump, Ac evolves in the direction of decreasing IAcl. The saddle point of the L at 
this Nx value is at Ac= -0.1911. 

the growth rate matrix on the right hand side of Eq. 3.13. This is the same matrix 

as the quadratic coefficient in Eq. 3.4 multiplied by -2,\, and its analysis thus can 

be performed following the same procedure as outlined in Section 3.2. In particular, 

the locations of the least stable fluctuation modes in k-space remain the same; but 

the stability of these modes now depends on the instantaneous value of Ac. When all 

eigenvalues of the matrix are negative, the mean-field path is stable, and when one or 

more eigenvalues turn positive, the mean-field path becomes unstable, signaling the 

emergence of new structure. The new structure should now be represented by adding 

the most unstable modes to the mean-field order parameter. 

\Ve now use these theoretical ideas to discuss the kinetics of phase transitions after 

a sudden temperature jump, using the L to H and H to DIS transition as concrete 

examples. 

Consider the L to H transition first. We start from a well-ordered L structure in 

equilibrium at ( N X)i in the L region of the phase diagram characterized by a one­

dimensional sinusoidal wave with wavevector G and amplitude Ac. Now imagine 

making a temperature jump, i.e. , decreasing Nx to (Nx)1 in the H region of the 

phase diagram, beyond the spinodal limit of the L phase. Due to the deviation from 

equilibrium, Ac will evolve according to Eq. 3.12. However, even though (Nx)1 is 
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Figure 3.4: Temporal evolution of the global order parameter Q during the L to H 
transition at f = 0.45 for T-jump from (Nx)i = 11.67 to (Nx)1 = 10.95. 

now beyond the spinoclal of the L phase, the initial stage of the evolution is a simple 

decay of the L order parameter, i.e., the evolution is well described by Eq. 3.12 and 

the fluctuations, the largest of which are located on the rings in Fig. 3.1, are still 

stable, clue to the large value of IAcl- This is shown in Fig. 3.3 where we plot the 

growth exponent of the least stable fluctuation mode ( the largest eigenvalue of the 

matrix of linear coefficient in Eq. 3.12) as a function of the lamellar order parameter 

Ac ( Ac is chosen to be negative to satisfy the correct phase relationship.) For large, 

negative values of Ac, the exponent is negative. As Ac decays ( according to Eq. 

3.12) the deterministic driving force decreases, and at some point, the least stable 

fluctuation becomes unstable, and new structure corresponding to the two rings in 

Fig. 3.1 begins to emerge. Note that the onset of the instability, i.e ., deflection from 

the mean-field path, occurs before the system reaches a saddle point. 

The above described scenario is in agreement with the result obtained from di­

rect numerical simulation of the Ginzburg-Landau equation. Fig. 3.4 shows the 

simulation result for the temporal behavior of a global order parameter defined as 

Q = J'£,""1-p(r) 2 = J'Lk 1Pk1P - k for a temperature jump from (Nx)i = 11.67 to 

(Nx)1 = 10.95 (see also Fig. 2.2). The initial rapid decrease in the order parameter 

as well as the plateau that follows are well described by the mean-field equation, Eq. 

3.12. Direct visual inspection of the gray level plot of the microstructure during this 

stage does not reveal any specific structure within the lamellar layers. Thus the sys-
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tern remains in the lamellar phase, but with a decreased order parameter. At the end 

of the plateau , however, the global order parameter increases, and at the same t ime 

in-layer density undulations begin to emerge as shown in Fig. 2.l(b). This signals the 

instability of the mean-field path and the growth of the fluctuation mode. Note that 

the fluctuations have a periodicity in the z-direction of twice the lamellar spacing; 

this is in excellent agreement with the prediction that the most unstable modes are 

on the rings at kz = ±½k*; see Fig. 3.1. 

Vve now discuss the H to DIS transition, this time starting with the simulation 

results. Fig. 2.10 shows the evolution of the global order parameter for two tempera­

tures jumps. For the large temperature jump to (Nx)1 = 10.97, the order parameter 

decays in a simple manner, suggesting direct melting of the cylinders . Gray level plots 

of the order parameter at various times show no structure change as the cylinders 

melt . 

In contrast, the behavior of Q in the case of the smaller temperature jump ( to 

(Nx)1 = 11.15) suggests a nontrivial melting process. The slower decay at interme­

diate times is accompanied by the formation of structures along the cylinders: the 

cylinders seem to first break into spheres and the melting proceeds via this modulated 

hexagonal cylinder (MHC) phase. This transient structure is clearest between the two 

inflection points on the curve. Fig. 2.11 shows the transient MHC state during this 

stage. 

These two qualitatively different behaviors can be understood by analyzing the 

stability of the mean-field equation Eq. 3.12. For the large temperature jump , fluctu­

ations are stable along the entire path. On the other hand, for the small temperature 

jump, fluctuations become unstable on certain part of the mean-field path . These two 

different behaviors are shown by plotting the growth rate of the least stable modes as 

a function of the order parameter of the H wave; see Fig. 3.5. Since the least stable 

fluctuations form a twinning-bee structure ( or bee structure if we restrict to perfect 

periodic structure), the growth of the fluctuation modes leads to the appearance of a 

modulated hexagonal cylinder (MHC) structure which is the superposition of the H 

and bee waves. The critical value of the final N x that separates these two different 
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Figure 3.5: Growth rate of the least stable :fluctuation modes A (in unit of ,\) as a 
function of the H order parameter at f = 0.4 for two final values of N X- After a 
temperature jump A0 evolves in the direction of decreasing IAcl . For the smaller 
temperature jump ((Nx)1 = 11.15), the mean-field kinetic path becomes unstable 
at the first deflection point, and between the two deflection points, the free energy 
surface has a ridgelike feature. 

kinetic behaviors is also calculated, for f = 0.4, this critical value is ( N x)c = 11.03. 

For (Nx)1 > (Nx) c, a nontrivial pathway for the H to DIS transition is expected, 

where the cylinders will first go through a MHC structure before melting; whereas if 

(Nx)1 < (Nx)c, a direct featureless melting is expected. These behaviors are cap­

tured in Fig. 3.5: the curve for the smaller temperature jump to (Nx) 1 = 11.15 has 

two deflection points suggesting a ridgelike structure on the free energy surface be­

tween these two points ( also see Fig. 3.18) while the curve for the larger temperature 

jump to (Nx)1 = 10.97 indicates that the fluctuations are stable, consistent with a 

simple melting of the H structure. 

3.4 Beyond the Linear Regime: a Simplified Mul­

timode Analysis 

The linear stability analysis in Section 3.3 yields information about whether the mean­

field path is stable, when it becomes unstable, and if it does become unstable in which 

direction the system will evolve. However , further evolution of these fluctuation into 

a three-dimensional structure cannot be predicted by such a linear stabili ty analysis . 
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In this section, we describe a simplified multimode analysis, which, although lack­

ing in mathematical rigor, has the merit of being physically intuitive, and captures 

essentially all the qualitative dynamical behaviors revealed by our computer simula­

tion studies. This analysis was first proposed by us in Refs. [1 ][2], based on symmetry 

and physical intuition. Here we provide a more rigorous justification. 

61 

Figure 3.6: The 12 first-order wavevectors for a bee structure. 

We have shown in Section 3.2 that the largest fluctuation modes of an ordered 

phase are located at positions ink-space usually different from those corresponding to 

the mean-field order parameter of the initial structure. When the mean-field kinetic 

path becomes unstable, these fluctuations will grow and will become part of the new 

order parameter. This suggests that one can construct an expanded order parameter 

space that includes both the original order parameter and the dominant fluctuation 

modes. In the weak-segregation limit, both the order parameter and the fluctuations 

are dominated by modes with lkl = k*. Thus we choose a set of waves Aa with 

wavevectors I GI = k*. If we restrict our consideration to spatially periodic structures, 

a minimal set of wavevectors that can represent the L, H, BCC, as well as intermediate 

states during the transitions are the 12 first-order reciprocal lattice wavevectors of a 

bee lattice. We set our coordinate system such that 

.... k* 
k*(0, 0, 1 ), G4 = 3 ( J3, -v6, 0), 

k* .... k* 
-(J3, 0,1), G5 = 1c(v'2,4,v6) , 
2 2v6 
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_, k* 
G6 = 1c(-v'2, -4, \/'6). 

2v6 
(3.14) 

These wavevectors and their inverse wavevectors are shown in Fig. 3.6. The order 

parameter is then represented by 

'Ip ( r) = L A a exp ( i G . r)' 
o 

(3.15) 

where A 0 's are the amplitudes associated with the wavevectors G's ( we use the same 

notation A 0 for both the order parameter of the initial structure and the dominate 

fluctuation modes). By considering only periodic structures, we may choose A 0 to 

be real; then A_0 = A0 . In this construction, the L phase is represented by a 

nonzero A 01 ( = A_01 ) with all other amplitudes being zero; the H phase is obtained 

by either the wavevectors G1, G2, G3, or G1, G5, G6; the BCC phase requires all 

the six wavevectors with equal amplitudes. Evolution of the order parameter is then 

described by 

-A { [sa 1(k*) - 2Nx] Ao+ ~
3 0 Aa,AG-G' 

G' 

+ ~
4 0 ~ Aa,AG"AG-0'-0"} + 17a(t). 

G' G" 

(3.16) 

This is the same equation as Eq. 3.12, except that {A0 } includes both the order 

parameter of the original structure and the dominate fluctuation modes. 

Note that in this representation, the locations of the fluctuation modes are con­

sistent with the result of anisotropic fluctuation. For example, fluctuations on the 

lamellar phase with a wavevector G1 are captured by the wavevectors ±G2, ±G3, 

±G5, ±06, which reside on the rings identified in Fig. 3.1. The fact that here we 

have a discrete modes of fluctuation modes instead of the continuum of modes on 

the rings from the previous analysis, is of little consequence at the linear order of the 

fluctuation. For example, the same spinodal is predicted independent of the number 
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of modes used. (This is generally true in any linear stability analysis). Thus the 

simplified mode analysis is consistent with the full analysis in Section 3.2 and Section 

3.3 at the level of linear stability analysis, but has the advantage of allowing a simple 

qualitative description of the system in the nonlinear regime. 

Further symmetry considerations require that Aa
2 

= Aa
3 

and Aa
5 

= Aa
6 

. Thus 

we group the six waves into four subsets: 

• B = Ac➔ = Ac➔ • 
2 3 ' 

• C = Ac➔ = Ac➔ • 
5 6' 

Therefore, the various transient structures can be obtained by the appropriate super­

position of these four subsets of waves. 

The perforated/modulated lamellar (PL/ML) structure shown in Section 2.2.1 

deserves some further remarks. Within the bee-based , single-wavenumber approxi­

mation, periodic density modulations in the lamellar layers can be represented by a 

structure with IAI > B = C > IDI. Such a structure does not have perfect in-layer 

six-fold symmetry which is believed to be associated with the PL/ML structure[8]. 

In Chapter 4, we also use a hcp(hexagonal-close-packing)-based wavevector set to de­

scribe the L to H transition and we find the same qualitative behavior as we did using 

the bee-based lattice. Because bee structure enables us to treat all the structures con­

sidered in a unified framework, we will adhere to the bee-based representation in most 

part of this Chapter. In fact, there is reason to believe that experimentally observed 

PL/ML structures may be either hep or bcc-based[9]. 

3.4.1 L to H Transition: Pseudostable L and PL 

In this phase transition, all the six groups of waves from Aa
1 

to Aa
6 

are involved, 

where as mentioned above, A = Aa
1 

is the amplitude of the initial lamellar wave. 
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Figure 3. 7: Evolution of the wave amplitudes during the L to H transition at f = 0.45 
((Nx)i = 11 .67, (Nx) 1 = 10.95) . Note the appearance of two plateaus beside the 
final H state. 

Either -A = B = Ac\ = Aa
3 

or - A = C = Aa
5 

= Aa
6 

(where the minus sign ensures 

the proper phase relationship) can form a H structure given that the other parameters 

are zero, and when all the Aai (i = 1 to 6) are non-zero, a three-dimensional periodic 

structure is obtained. In Fig. 3. 7 we show the temporal evolution of the various modes 

for the L to H transition after a sudden temperature jump, obtained by a direct 

numerical integration of Eq. 3.16. (For simplicity, we included the random noise 

term in the initial conditions for the various modes, but did not keep it during the 

simulation; this turned out not to have qualitative effects on the dynamical behaviors .) 

The kinetic path starts with a rapid decrease of the lamellar order parameter which 

then quickly turns to a plateau. During this initial phase, the amplitudes of the other 

modes remain small. Thus the system remains in a lamellar state. At the end of 

the first plateau, the other modes ( which in the case of L represent the anisotropic 

:fluctuations) begin to grow and at the same time the amplitude of the lamellar wave 

undergoes another drop. The system then reaches another plateau. On this plateau, 

the amplitudes B and C are degenerate; they bifurcate towards the end of this plateau 

when B merges with the lamellar wave A while C and D decrease to zero to form 

the hexagonal cylinder structure. This stagewise behavior is consistent with the full 

simulation results in Fig. 2.2 or Fig. 3.4. (The durations of the plateau are subject to 

the specific realization of the noise terms and hence are not particularly meaningful.) 
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Evolution of the microstructure is well captured by superposing the various modes. 

In particular, the structure corresponding to the second plateau is shown in Fig. 3.8. 

It is rather reminiscent of the perforated lamellar structure Fig. 2.l(c) observed in 

the numerical simulation. The results in Section 2.2.1, including the behavior of the 

global order parameter and the microstructural features during the transition, are all 

consistent with the foregoing analysis. 

Figure 3.8: Microstructure generated using the six wave amplitudes with values cor­
responding to the second plateau in Fig. 3. 7. 

The plateaus in Fig. 3. 7 suggest that the system passes near saddle points on 

the free energy surface. Using the free energy Eq. (3.1), we can locate these saddle 

points and the region of the phase diagram in which they exist. We find that the 

first saddle point evolves from the local free energy minimum corresponding to the 

L phase, i.e., the metastability limit of the L phase is reached by turning the local 

minimum into a saddle point. This scenario is shown in the reduced parameter space 

of A (the lamellar wave) and B (which, together with A, constitutes the H wave) in 

Fig. 3.9( a) and (b) with C = D = 0. The value of N x where this happens marks the 

spinodal of the lamellar phase. We shall term states corresponding to saddle points in 

the free energy surface pseudostable states[3]. The range of N x in which this saddle 

point exists is shown schematically in Fig. 3.20. Because of the positive curvature 

along the A axis in Fig. 3.9(6), the decay of the initial L structure (with A more 
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negative than its saddle point value) in this temperature range will follow a path that 

drives the system to the saddle point. This saddle point is responsible for the first 

stagnation (plateau) in both Fig. 2.2 and Fig. 3. 7. As the temperature increases 

( N X decreases), the negative curvature in the B direction increases and the positive 

curvature in the A direction decreases, thus the time spent by the system near the 

saddle point gets shorter. This is indeed the case; see Fig. 2.2. 

A A 
( a) (b) 

Figure 3.9: Free energy contour plot in reduced order parameter space illustrating 
(a) the metastable L ((Nx) 1 = 11.17), (b) the pseudostable L (TJ = 11.10), and (c) 
the pseudostable PL ((Nx)1 = 10.96) states. In (a) and (b) C and Dare both set 
to zero whereas in ( c) A and D are set to the saddle point values (A = -0.11781, 
D = 0.00706). f = 0.45 for all three figures. 

A similar saddle point is responsible for the appearance of the second plateau in 

Fig. 3.7. At this saddle point, however , all the three amplitudes B, C, and D are 

non-zero, but B = C . Therefore the structure has three-dimensional rather than 
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one-dimensional order. The saddle point is unstable with respect to bifurcation from 

B = C . This is shown in Fig. 3.9( c) where we set A= -0.117808 and D = 0.007061 

at their respective saddle point values. The system eventually leaves this saddle 

point following the unstable direction which leads to either - A = B , C = D = 0, 

or - A = C, B = D = 0, both representing a perfect H structure with the cylinder 

axes lying within the original lamellar layers . The range of N x where this saddle 

point exists is shown schematically in Fig. 3.20, which lies within the H part of the 

equilibrium phase diagram. 

Although the pseudostable L structure itself has no interesting structural features, 

the decay from this structure is nontrivial. It turns out the most unstable direction is 

the direction of increasing B and C with B = C. This implies that when the system 

leaves the pseudostable L, it does so by going through a transient ML state. If a 

pseudostable PL state exists, the ML will evolve to the PL state which eventually 

decays to the H. If the temperature is outside of the pseudostable PL region, the ML 

will evolve continuously to the H structure without a distinct intermediate stage, see 

Fig. 3.10. These conclusions are indeed consistent with the results in Section 2.2.1. 
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Figure 3.10: Evolution of the wave amplitudes during the L to H transition at J = 0.45 
((Nx) i = 11.67, (Nx) 1 = 10.74). A transient ML phase appears around t = 4000. 
We have chosen a more anisotropic fluctuations for the initial value of B and C, to 
prevent the system to go to the metastable BCC phase. 
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3.4.2 L to BCC Thansition: Pseudostable L States 

As in the L to H transition, all the six waves represented by four parameters A,B,C 

and D are required to describe this transition. The kinetic pathway displays two 

different behaviors depending on the extent of the temperature jump. For the smaller 

temperature jump from (Nx)i = 11.67 to (Nx)1 = 10.71 , the kinetic pathway shows 

a plateau similar to the first plateau in the L to H transition, see Fig. 3.11. At this 

plateau the structure is again lamellar with a reduced wave amplitude. The other 

three waves emerge almost equally at the encl of this plateau while A continues to 

decrease, reaching the final value - A = B = C = - D = 0.02824 corresponding to 

the equilibrium BCC structure at this temperature. 
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Figure 3.11: Evolution of the wave amplitudes during the L to BCC transition at 
f = 0.45 ((Nx)i = 11.67, (Nx)1 = 10.71). Note the appearance of the first plateau 
indicates pseuclostable L phase. 

For the larger temperature jump from (Nx); = 11.67 to (Nx)1 = 10.68, the 

pathway is more smooth for - A, see Fig. 3.12. The difference between Fig. 3.11 and 

Fig. 3.12 is small. But the place for - A to turn around in Fig. 3.12 corresponds 

to nonzero B, C and - D values, and no saddle point is found at this temperature. 

The four curves finally reach a common steady-state value of 0.02488. Notice that the 

initial values of B , C and - D come from fluctuations. If the initial fluctuat ions is not 

strong enough, L phase will go to DIS phase: This is because the final temperature 

is quite close to the metastable DIS phase. 

The L saddle point for the smaller T-jump in the L to BCC transition has the 
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Figure 3. 12: Evolution of the wave amplitudes during the L to BCC transition at 
f = 0.45 ((Nx)i = 11.67, (Nx)1 = 10.68). Note the appearance of the U-turn of - A 
comes from the overdrive in the direction of A. The initial values for B, C and D 
come from fluctuat ions. 

same origin as the L saddle point m the L to H transition. Beyond the spinodal 

of the L phase, the L saddle point ( stable with respect to variation in the lamellar 

wave amplitude A but unstable with respect to perturbations in at least one of the 

other amplitudes) persists over a rather wide region in the phase diagram; this region 

has overlap with the lower temperature part of the equilibrium BCC phase. Thus if 

the T-jump is into this region, transition from the L to the BCC phase will proceed 

by first going through the L saddle point with the consequence of a time lag in the 

growth of the BCC structure. Beyond this region, transition will be a more smooth 

one. The scenario described in this section is fu lly consistent with the simulation 

results of Section 2.2.2 . 

3.4 .3 L to DIS Transit ion: Transient ML State 

vVe again start with the equilibrium L structure at (Nx)i = 11.67 with A = -0. 3. 

Two T-jumps to (Nx)1 = 10.66 and (Nx)1 = 10.60 are studied by numerically 

solving the four coupled amplitude equations with small perturbations in B, C and 

D of the order of 0.3 percent of the initial value of A. The evolution of A, B, C 

and D at (N x) 1 = 10.66 is shown in Fig. 3.13. All these four amplitudes eventually 

decay to zero as the equilibrium phase at this T is the DIS phase. However, note the 



58 

0.0020 .---~-~----~-~--

0.0015 

0.0010 

0.0005 

0.0000 

-0.0005 

-0.0010 
0 

Band C 

10000 20000 30000 
t 

Figure 3.13: Temporal evolution of the different modes during the transition at f = 
0.45 from L to DIS ((Nx)i = 11 .67, (Nx) 1 = 10.66). 

transient increase in B and C. At the maximum of B and C, the structural feature 

is similar to that obtained during the transition from L to H, although the density 

modulation within the layer (as measured, or example by IE/Al or IC/Al) is much 

weaker here ( and this is why the global order parameter Q decreases monotonically 

for both large and small temperature jump, see Fig. 2.6 compared with Fig. 2.10). 

For this reason we term this transient structure also ML. Although the structural 

features between this ML and the ML observed in the L to H transition are the same, 

the mechanisms which give rise to this structure in the two cases are different. Recall 

that in the case of the L to H transition, the ML is due to a saddle point on the 

kinetic path: it is the most unstable mode for the pseudostable L to decay, and if a 

pseudostable PL state exists, it will further evolve into such a state. Here, however, 

no such saddle points exist . Rather, the transient growth of the ampli tude B or 

C is due to deflection from the path along the axis B = C = D = 0 caused by a 

ridge-like feature in the free energy landscape. This is shown by a contour plot of 

the free energy in the reduced parameter space A, B, see Fig. 3.14. We have found 

analytically that there exists a small finite window ( N x) 1 < N X < ( N X )u in the 

phase diagram for this transient state to exist. The upper boundary ( N x)u coincides 

with the BCC/DIS phase boundary. For f = 0.45, (Nx)1 = 10.64. Therefore, when 

(Nx) 1 = 10 .60 < (Nx)1, all four amplitudes decrease monotonically, and melting of 

the L will proceed directly without involving a transient ML state. This compares 



well with the simulation results. 
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Figure 3.14: Free energy contour plot in the reduced order parameter space showing 
the ridge-like feature during the L to DIS transition at f = 0.45 ((Nx)1 = 10.66). B 
and C are set to be equal while D is set zero. 

3.4.4 H to BCC 'Iransition: Pseudostable H State 

Assuming that this transition involves only the initial H waves and another set of 

waves which are part of the BCC structure, the four groups of waves can be further 

reduced to two, denoted by A(= B) and C( = D), respectively, where A constitutes 

the H density wave, with A= A
01 

= A
02 

= A
0 3

, and C = A
04 

= A
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= A
06

. 
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Figure 3.15: Evolution of the wave amplitudes during the H to BCC transition at 
f = 0.4 ((Nx)i = 11.62, (Nx)1 = 11.27). Note the appearance of the first plateau 
indicates a pseudostable H state. 
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The temporal evolution of A and C for a T-jump from (Nx)i = 11.62 to (Nx )1 = 

11 .27 at f = 0.4 was shown in Fig. 3.15 . Note that there is a long plateau after 

the rapid decrease in A from its initial value. Within the duration of this plateau, C 

remains close to zero. Thus there is a time lag for the BCC structure to appear, and 

when it does, the structure becomes that of a modulated hexagonal cylinder (MHC) 

with a continuous growth of the BCC component, reaching the final equilibrium state 

with A= -C. The plateau arises from a saddle point which lies on the C = 0 axis. 

Thus we have a pseudostable H structure in the H to BCC transition, whose origin is 

similar to the pseudostable L state. Once again, there is a region in the phase diagram 

for the pseudostability. The lower temperature (larger N x) side of the boundary is 

the spinodal of the H phase, i.e., when the H reaches its metastability limit , it does 

so by turning the local minimum of free energy into a saddle point . The situation 

is similar to how the L phase loses its metastabili ty, see Section 3.4.1. The high-T 

(lower N x) boundary lies within the BCC part of the phase diagram: for f = 0.4, 

(Nx) c = 11.26. Therefore a T-jump to a (Nx)1 value beyond this boundary, i.e., 

(Nx)1 < (Nx) c, but still in the BCC part of the phase diagram leads to a direct 

transition from the H to the BCC, see Fig. 3.16. This explains the observations in 

Section 2.2.4 . 
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Figure 3. 16: Evolution of the wave amplitudes during the H to BCC transition at 
f = 0.4 ((Nx) i = 11.62, (Nx)1 = 11.25). There is no plateau of - A which has 
zero-value C parameter. 
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3.4.5 H to DIS Transition: Transient MHC State 

In this case, the kinetics is again described by the two order parameters A and C, as 

defined in the last subsection. For a large T-jump ((Nx)i = 11.62 to (Nx)1 = 11.0), 

A decreases monotonically to zero; also any initial perturbation from C = 0 is rapidly 

damped. This corresponds to a direct melting of the H phase. 

For a smaller T-jump ((Nx); = 11 .62 to (Nx)1 = 11.236), while A still decreases 

monotonically, an initial perturbation from C = 0 first grows before it decays again 

to zero. Thus there is a transient growth of the BCC component of the density wave. 

This wave, superposed on the dominant H wave, results in a modulated hexagonal 

cylinder (MHC) state. These results are in full agreement with the simulation results. 
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Figure 3.17: Phase portrait for the H to DIS transition for a temperature jump from 
(Nx); = 11.62 to (Nx)1 = 11.236 at f = 0.4. The nonzero initial C is due to the 
initial perturbation. 

In Fig. 3.17, we show a phase portrait in terms of A and C for the H to DIS 

transition in the case of a shallow temperature jump. The transient growth of C is 

the result of the instability discussed in Section 3.3. While the linear analysis there 

predicted that the fluctuation modes ( which are part of a bee or twinning-bee lattice) 

would grow at some point along the kinetic path, the nonlinear analysis presented 

here allows us to predict the full trajectory of the system. Fig. 3.17 depicts the 

full pathway of the system starting from a H structure, going through a transient 

bee-modulated hexagonal state, and eventually melting to the DIS state. 

A study of the free energy shows that the landscape (in the parameter space of 
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Figure 3.18: The ridgelike structure of the free energy surface for (Nx)1 
and f = 0.4. 

11.236 

A and C) has two qualitatively different appearances depending on the final tem­

perature. For (Nx)1 = 11.0 corresponding to the larger temperature jump, the free 

energy surface is parabolic with a simple minimum at A = 0 and C = 0. However, for 

(Nx)1 = 11.236, the free energy surface has a ridgelike feature as shown in Fig. 3.18. 

The transient appearance of the bee-modulation during the melting of the hexagonal 

cylinders is thus a result of deflection from the direct downhill path, C = 0. By 

studying the free energy landscape, we also find that there exists a window in the 

phase diagram in which the landscape exhibits a ridge-like feature, this has been 

shown schematically in Fig. 3.20. 

The degree of the deflection from the ridge, and hence the strength of the mod­

ulation and the length of its duration, is closely related to the magnitude of the 

fluctuations. In the absence of any fluctuations (including initial noise), a path that 

starts with C = 0 will keep C = 0 even though the C = 0 axis is a ridge. Deviation 

from C = 0 is caused by perturbations (either given initially or included in situ). 

The same considerations apply to other transient phenomena caused by ridge-like 

free energy landscapes. This issue will be discussed more fully in Section 3.5. 
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Figure 3.19: Evolution of the wave amplitudes during the BCC to DIS transition at 
J = 0.45 with (Nx); = 10.71. Solid line is for (Nx)1 = 10.6620 and clashed line is for 
(Nx)1 = 10.6545. Note the appearance of two inflection points on the solid curve. 

3.4.6 BCC to DIS Transition 

The transition from BCC to DIS is relatively featureless. Here, we do not find saddle 

or ridge-like features in the free energy landscape. The numerical simulation in Section 

2.2.6 does not show any distinctive intermediate structure. However, upon closer 

investigation of the free energy, we find two inflection points (see Fig. 3.19 for -A= 

B = C = -D curve. The two inflection points are defined as where the second 

derivatives of free energy with respect to A is zero) on the otherwise downhill path 

in a temperature window beyond the spinoclal limit of the BCC phase. The high-T 

(low Nx) boundary of this window corresponds to (Nx)1 = 10.6615 at J = 0.45. For 

(Nx)1 < (Nx)1 the order parameter will decay as a simple exponential, whereas for 

(Nx)1 > (Nx)1 the melting will be somewhat slowed clown between the two inflection 

points . \Ve believe this is the reason for the non-simple decay of the order parameter 

seen at the larger (Nx)1 in Section 2.2.6. 

3.4. 7 Generalized Phase Diagram 

The different scenarios described in the previous sections can be summarized in a 

generalized phase diagram. This phase diagram is obtained by a detailed study of the 

free energy landscape in the four order parameters A, B, C and D, because under the 
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Figure 3.20: Generalized phase diagram: the different regions indicate different tran­
sition scenarios and the intermediate states involved, starting (from left to right) from 
the L, H and BCC phases, respectively. 

assumption that the kinetics of the various order-order and order-disorder transitions 

can be described by a few dominant modes with a single wavenumber, the kinetics 

reduces to a steepest descent path on the free energy surface. We have calculated 

analytically all the mean-field "phase boundaries" for the transitions studied in this 

Chapter and Chapter 2 in terms of N x and f. However, there are too many curves in 

this phase diagram to leave any space for labeling the different scenarios. Therefore, 

we choose to show only the different behaviors at a single f = 0.45. The qualitative 

behavior is the same for other values of f. The diagram is not drawn to scale; only 

the correct sequence of these phase boundaries in N x is maintained. 
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Vie now illustrate the richness of the phase diagram by following a T-jump se­

quence from the equilibrium L phase. Seven different kinetic scenarios can be iden­

tified, depending on the final temperature ((Nx) 1). If (Nx) 1 lies in region h (the 

subscript L refers to the initial L phase), the lamellar phase is metastable. Transition 

to the H phase can only occur via nucleation of the H within the L phase. The dotted 

line indicates the spinodal of the L phase. In region I h, the L phase first becomes 

pseudostable, then passes through another pseudostable state ( which we identify as 

the PL), and finally reaches the H state. In region I I h, the L state again first be­

comes pseudostable. However, after some time lag spent at this pseudostable state, 

the H phase will emerge gradually (via a short transient ML) but directly from the L 

structure without another clear intermediate stage. In Region IVL, the L will spend 

some time at the pseudostable L state, and then transform continually to the BCC 

structure. This transition will again necessarily involve a short transient ML struc­

ture, but no distinct stages can be identified. It is interesting, and not coincidental, 

that the lower boundary of the pseudostable L is identical to the spinodal limit of the 

H phase. In Region VL, the transition from L to BCC will be a direct one. Again, 

the transition will involve the ML state, but the process is a continuous one with no 

distinguishable stages. If the final ( N x) f lies in Region V h, the L phase will melt by 

going through a transient ML state, caused by a ridge-like feature in the free energy 

landscape which deflects melting of the L from following a direct path. Finally, in 

Region VI h, the L phase will melt directly without involving any other structures. 

The different kinetic scenarios for transitions starting from the H or BCC phases 

can be similarly identified from reading the generalized phase diagram. 

Vlhereas equilibrium states correspond only to the global free energy minimum, 

the kinetics of the various transitions involves states that are caused by other features 

of the free energy surface. Besides the thermodynamically stable structures, there 

are metastable states corresponding to local free energy minima, pseudostable states 

corresponding to saddle points, and transient states either arising from deflection of 

a more direct path or serving to connect two distinct states. Finally, unstable states 

in our study refer to those which possess a non-zero thermodynamic driving force 
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and decays uniformly and monotonically. Clearly, inclusion of these states greatly 

broadens the phase diagram. 

3.5 Discussion 

In this Chapter, we have described a unified approach to understanding the various 

order-order and order-disorder transitions in weakly segregated diblock copolymers. 

Our theory is based on the concept of anisotropic fluctuations of the order parameter 

in the ordered structures. The emergence of new structures, whether they are the final 

equilibrium structures, or transient structures on the kinetic pathways, is due to the 

growth of the most unstable fluctuation modes. A systematic linear stability analysis 

is presented both for the equilibrium states - in order to locate the spinodal of the 

initial structure and identify the least stable fluctuation modes - and for nonequi­

librium states where the thermodynamic driving force is nonvanishing. In the latter 

case, it is shown that the thermodynamic driving force can be separated into a mean­

field, deterministic contribution that governs the evolution of the mean-field order 

parameter associated with the initial structure, and a fluctuating contribution that 

determines the stability of the mean-field path and is responsible for the emergence 

of new structures. The linear stability analysis allows us to determine the stability 

of the mean-field path for any given value of the mean-field order parameter of the 

kinetic path. By combining the largest fluctuation modes and the order parameter of 

the initial structure into an expanded order parameter space, we are able to describe 

qualitatively the full nonlinear evolution of the system during the various transitions. 

Recently, Laradji et al.[l0], using an RPA theory of anisotropic fluctuations devel­

oped by this group of researchers [4], have addressed the stability of ordered phases. 

By expanding the free energy around the exact mean-field solutions to second order, 

these authors examined the anisotropic fluctuations in the various ordered phases. 

The most unstable fluctuation modes are used to infer the kinetic pathways of the 

order-order transitions. V/hile it is true that the most unstable modes in an ordered 

phase are closely related to the transition kinetics, this information is inadequate to 
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determine the actual pathways of the transitions for two reasons: first, the stability 

analysis by Laradji et al. is a linear one and can only predict the fastest growing 

modes when an ordered structure reaches its spinodal but cannot predict the subse­

quent evolution of the system. Secondly and more importantly, their stability analysis 

is on a stationary structure where the first derivatives of the free energy vanish, but 

usually the various order-order and order-disorder transitions are caused by large 

deviations from equilibrium conditions which result in a large deterministic driving 

force given by nonvanishing first derivatives of the free energy. This is important, for 

example, for explaining why hexagonal cylinders melt uniformly for large tempera­

ture jumps but proceed through a bee-modulated hexagonal cylinder state when the 

temperature jump is small[ll[2] . In our theory, the anisotropic fluctuations are stud­

ied under both equilibrium and nonequilibrium conditions. The nonlinear dynamics 

for the evolution of a new structure, whether it is a (meta)stable state or a transient 

state, is constructed by combining the order parameter of the original structure and 

the least stable fluctuations. Therefore, our theory enables a complete description of 

the kinetics of order-order and order-disorder transitions in diblock copolymers. 

3.5.1 Comparison with Experiments 

In recent years, there have been a number of experiments aimed at probing var­

ious dynamical aspects of the order-order and order-disorder transitions in block 

copolymers[ll] [12][13][14][15][16][17] [1 8][19][20]. However, experiments that directly 

address the kinetic pathways after temperature jumps are few and are perhaps dif­

ficult. Nevertheless, some tentative comparisons can be made between theory and 

experiments where such comparisons are appropriate. 

vVe start with the shear cessation experiments of Bates and co-workers [18]. In one 

of these experiments, an initially disordered phase of asymmetric poly( ethylenepropylene­

b-ethylethylene) (PEP-PEE) diblock copolymer close to the order-disorder boundary 

is subjected to a constant shear which induces a transition to the H phase (with the 

cylinders aligned along the shear direction). The shear is suddenly stopped, and the 
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system is now in a condition favoring the DIS phase. These authors observed that 

the cylinders first break into spheres before melting to the DIS phase, much akin to 

what we find after a temperature jump. Insofar as a H phase is created and then the 

condition is changed to favoring the DIS phase, the shear-cessation experiment can 

be likened to a temperature jump experiment. We believe the mechanism described 

in this paper is responsible for their observations. 

The H to BCC transition has also been studied by Bates and co-workers [l 7]. 

These authors showed that BCC spheres pinch off from the H cylinders such that the 

cylinder axis is the (111) direction of the resulting BCC structure which they term the 

"epitaxial" relationship. They also suggested that the BCC phase forms by way of 

an undulating cylinder structure. These are in agreement with our mechanism[ll[2]. 

Thermally induced L to H transition has been studied by Hajduk et al. [16] for 

the poly(styrene-b-ethene-co-butene) diblock copolymers . However, these authors 

did not observe the appearance of the intermediate modulated/perforated lamellar 

structure predicted by our theory and simulation (see Fig. 2.1). We have shown 

earlier (Ref. [2]) that a distinct intermediate PL structure appears only in a certain 

temperature window in the L to H transition; see Fig. 3.20. It is possible that the 

temperature jump in the experiment is too large for a distinct intermediate PL to 

appear, but further studies are needed to fully resolve the discrepancy between theory 

and experiment. 

On the other hand, the perforated lamellar (PL) structures have been observed 

in several experiments by Bates' group [8] [22][23] in regions of the phase transitions 

between L and H or the G phase. In a very recent paper by Hajduk et al. [21], 

an extensive series of new experiments demonstrate quite convincingly that the PL 

is a kinetic state en route from the L phase to the H or G phase, thus providing 

indirect evidence of our proposed L to H transition mechanism. Through both direct 

computer simulation and theoretical analysis, we found that the PL state during the 

transition from L to Hafter a temperature jump can be made metastable by a sudden 

temperature quench back to the initial temperature: instead of going back to the L 

phase, the system gets trapped in a metastable PL state. It is possible that the PL 
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structures reported by Bates and co-workers that had been initially thought to be 

equilibrium phases, were in fact kinetically trapped states due to a combination of 

thermal and shear operations used in the experiments. This topic will be discussed 

in Chapter 4. 
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The Nature of Perforated Chapter 4 

Lamellar Phase 

4.1 Introduction 

Undiluted diblock copolymers represent the simplest system for studying the vari­

ous aspects of microphase transitions and hence have been the subject of extensive 

experimental and theoretical investigations for the past two decades[l ]. Earlier the­

ories predicted only three stable ordered phases[2][3]: lamellar (L ), hexagonally or­

dered cylinders (H) and bee ordered spheres (BCC). More recent experiments have 

revealed three additional "complex" morphologies : hexagonally modulated lamellar 

(HML) [4], hexagonally perforated lamellar (HPL) [4] [5] and the bicontinuous double 

gyroid (G)[6][7]. The structure of the G phase has been well characterized through a 

combination of x-ray diffraction and transmission electron microscopy (TEM) studies 

[ 6]. Also , state-of-the-art mean-field calculations predict that the G phase is stable 

between the L and H phases , ending at a triple point on the high temperature encl of 

the phase diagram [8] [9] , see Fig.4.4 for the mean-field calculated phase diagram. 

The status of the HML and HPL phases is much less satisfactory. From small­

angle neutron scattering (SANS) and TEM studies [4] [10][11], it is believed that the 

HML phase consists of alternating minority and majority component layers in which 

the thickness of the minority component domains is modulated with a hexagonal in­

layer symmetry. In the HPL phase the majority component is envisioned to form 

hexagonally ordered channels that extend through the minority component and con­

nect the layers formed by the majority component . However, the three-dimensional 

stacking of the HML modulations and the HPL perforations is still not known, and 

this lack of structural information has led several theoretical calculations[1 2][13][14] 

to assume different structures , which resulted in conflicting conclusions with regard 
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to their thermodynamic stability. 

Of foremost importance in resolving the structural nature of the HML and HPL 

phases is a consistent interpretation of the SANS data of Bates and co-workers. There 

are two outstanding puzzles from these scattering data: the in-layer scattering pattern 

exhibits six weak broad peaks at wavevectors whose magnitudes are slightly less than 

that corresponding to the reciprocal of the layer spacing[4], and in samples where 

the perforations were assumed to be stacked in the abcabc... pattern (in order to 

explain other features of the data) , two distinct scattering peaks were missing at po­

sitions where they were expected to appear[l0]. Bates and co-workers have proposed 

some rather elaborate structural mechanisms that offer partial explanations for their 

scattering data, but these two puzzling observations have never been satisfactorily 

explained. 

In the last two Chapters, using a time-dependent Ginzburg-Landau (TDGL) ap­

proach, we addressed the kinetics of microphase transitions in di block copolymers(see 

also Refs.[15] and [16]). In particular, our numerical simulations show that transition 

from the L phase to the H phase involves intermediate states whose structural fea­

tures are strongly reminiscent of the HML and HPL phases[15]. Using a multimode 

analysis under the single wavenumber approximation, we argued that the perforated 

lamellar (PL) structure is a saddle point that lies on the pathway between the L and 

the H phases while the modulated lamellar (ML) structure is simply the incipient PL 

and results from the most unstable mode of the L phase when the L phase reaches 

its spinodal. Since the ML and PL structures do not differ in symmetry but only 

differ in the degree of density modulation, we shall refer to both as the PL phase in 

the remainder of this chapter. Also, we shall refer to the perforated lamellar as PL 

rather than HPL, because we believe that the in-plane structure is not necessarily 

of hexagonal symmetry. Yeung et al. [17] and Laradji et al. [18], based on a theory 

of anisotropic fluctuations in ordered diblock copolymers recently developed by Shi 

et al. [19] have also suggested that the modulated or perforated lamellar states are 

due to fluctuation modes of the lamellar phase; however, they did not address the 

3-dimensional structures. 
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In this Chapter, we present a unified description of the nature, stability, and pos­

sible mechanism of formation of the PL structure in undiluted diblock copolymers. 

Using a simple, Leibler free energy functional, we show that the PL develops from 

anisotropic fluctuations of the lamellar phase when it reaches its limit of metastability. 

Specifically, we propose two different PL structures, one based on a hep lattice, and 

one based on a bee lattice, with nearly degenerate free energies. In the framework 

of this free energy, we find that the PL structure is pseudostable ( corresponding to a 

saddle point in the free energy surface) in the weak-segregation limit, but can become 

metastable in the intermediate-segregation regime. Our proposed structures produce 

features that are consistent with all known structural data on the PL structure. In 

particular, by studying the fluctuation spectrum of the metastable PL structui·es , we 

are able to explain in a simple and consistent manner the two puzzles mentioned ear­

lier. In addition, our study provides important insights to the experimental conditions 

that produce the PL structures. 

4.2 Structure and Stability of the PL Phase 

In Section 3.2.1 we showed that the least stable fluctuations of L phase appear on the 

two rings, see Fig. 3.1. It is thus reasonable to assume that PL phase develops from 

these least stable modes when the L phase reaches its spinodal. Further evolution 

of these fluctuations into a three-dimensional structure cannot be predicted by such 

a linear stability analysis. The question of pattern selection due to nonlinear inter­

actions at present is still not fully resolved [20] and is thus beyond the scope of the 

present work . However, our t ime-dependent Ginzburg-Landau (TDGL) simulation of 

the structural evolution beyond the spinodal of the L phase, shows unambiguously a 

well-defined abab ... stacking pattern of perforated layers with clear periodic in-layer 

structures[15], although the exact symmetry of the in-layer structures is difficult to 

ascertain because of the small system size used in the simulation. 

Given that the PL phase is a three-dimensional periodic structure that forms out of 

the least stable mode of the L phase as discussed in the last Chapter, it follows that the 



76 

first-order reciprocal lattice points that are responsible for the structure must reside 

on the two rings shown in Fig. 3.4. Symmetry considerations limit their distribution 

on the ring to two choices within the simple space group with reflection symmetry [21]. 

In the first choice, there are six reciprocal lattice points equally spaced on each ring. 

The in-layer structure thus has hexagonal symmetry. The set of wavevectors for the 

three-dimensional structure is shown in Fig. 4.1. Note that the differences formed 

among the six wavevectors G1 ... G6 give rise to three other sets of wavevectors that lie 

in the kz = 0 plane, the smallest of which coincide with the projections of G1 through 

G6 in that plane. The next two sets are outside the sphere in the Figure. Because 

these wavevectors have magnitudes that are different from k*, the amplitudes of these 

waves are quite small and can be neglected for most purposes. We shall name the PL 

phase of this structure the hep-based PL. 

z 

------------.----

t>t~-----:==~":' y 

' 
Figure 4.1 : The first-order reciprocal lattice wavevectors of a hep-based PL. 

The second choice has four spots on each ring at kz = ±½k* and lkl = k*. The 

most symmetric arrangement is into a square; this would give rise to an in-layer 

square lattice. More generally, the four spots can be arranged into a rectangle. Al­

though symmetry considerations alone are incapable of predicting the angles between 

these spots, based on the fact that density waves in the weak-segregation regime are 

dominated by those having the optimal wavenumber k*, we expect that the optimal 

arrangement will be such that some of the in-plane wavevectors formed by the dif­

ference between the four wavevectors G1 through G4 have a magnitude of k*. This 

consideration leads to a reciprocal lattice shown in Fig. 4.2 . In the one wavenumber 
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approximation, this reciprocal lattice is that of the bee structure. Thus we name the 

PL phase of this structure the bee-based PL. 

z 

,:::~ 1(~->~+i-?:l~: :·:: 

' 
Figure 4.2: The first-order reciprocal lattice wavevectors of a bee-based PL. 

The real space structure of the PL phase corresponding to the two reciprocal-space 

structures in Fig. 4.1 and Fig. 4.2 are shown in Fig. 4.3 (a) and (b); both structures 

have the abab ... stacking. 

(a) hep-based PL phase (b) bee-based PL phase 

Figure 4.3: Microstructure generated using the wavevectors in ( a) Fig.4.1 and (b) 
Fig.4.2. The wave amplitudes are obtained at the stationary point of the correspond­
ing PL phase. 

Using the representation of the PL structure in Fig. 4.1 and Fig. 4.2, we have 

calculated the stability of the two PL models using the free energy functional, Eq. 
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3.1. \t\Tithin the framework of this free energy, we find that neither the hep-based 

nor the bee-based PL is the lowest free energy state when compared with the L, G, 

H and BCC phases. However, they can exist as metastable states in the region of 

the phase diagram where the G phase is thermodynamically stable. The bee-based 

PL phase has a slightly lower free energy than the hep-based PL phase, but given 

the approximations in the theory, such a small difference should not be taken to be 

of significance. At smaller Nx and/or J, the PL structure loses its local stability 

characterized by one or more of the eigenvalues of the matrix turning negative. It 

should be pointed out that because of the multidimensionality of the order parameter 

(due to the multitude of the reciprocal lattice wavevectors), some eigenvalues remain 

positive. Therefore in general the structure beyond the spinodal limit corresponds 

to a saddle point in the free energy surface, which we termed pseudostable structure 

in last Chapter, see also ref. [1 5]. We comment here that allowing G to be different 

from k* will generally lead to a lower free energy and a slight modification of the 

structure. However, the effect is quantitative rather than qualitative, and in the 

weak-segregation regime, the effect is negligible. 

The high temperature spinodals of the two PL structures are shown in a restricted 

part of the phase diagram in Fig. 4.4. Shown there also is the spinodal of the L 

phase. These three spinodal lines are quite close. Given the approximations in the 

theory, their relative position in the phase diagram is probably not very meaningful. 

That they are quite close, however, is significant in understanding the experimental 

conditions which produce the observed PL structures, as will be discussed in Section 

4.3 . 

In the metastable PL state, it is meaningful to define a ( quasi)equilibrium struc­

ture factor. The procedure for calculating the fluctuation part of the structure factor 

is described in Section 3.2. Again for simplicity of calculation, we assume that the 

dominant fluctuations arise from modes with wavevectors lkl ~ k*, although higher 

order reciprocal lattice wavevectors are used in the representation of the structure as 

well as in the calculation of the free energy. 

Of particular interest is the in-layer scattering pattern (the intensity plot of the 
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Figure 4.4: The phase diagram for a diblock copolymer system. The solid lines are 
conventional phase boundaries for L, G, H, BCC, and DIS (the disordered phase); t he 
long dashed line is the spinoclal line for L; the clotted line with "+ " is the spinodal 
line for the metastable hep-based PL, while the clotted line with "x" is the spinoclal 
line for the metastable bee-based PL. 

structure factor in the k 2 = 0 plane) . Fig. 4.5 shows the fluctuation part of t he 

scattering pattern fo r the hep-based PL for diblock copolymers with f = 0.35 and 

Nx = l 7. The six-fold symmetry compares well with the SANS pattern obtained 

by Bates and co-workers [4][11]. Though not obvious from the :figure, each peak in 

Fig. 4.5 is actually a combination of two peaks positioned 10° degree apart. T hus the 

combined peak has a rather wide angular spread. T he posit ions of the two peaks can 

be understood by the same geometric construction used to understand the fluctuation 

spectrum in the L phase. For each of the 12 wavevectors ( G1 through G6 and their 

inverse) we form a plane perpendicular to the wavevector by cutting through t he 

middle of the vector. The intersection of this plane with the sphere k = k* forms a 

ring. The intersection of this ring with the scattering plane (in this case the k 2 = 0 

plane) yields the peak posit ions of the scattering intensity clue to fluctuation . This 

is illustrated in Fig. 4.6. Note that each wavevector is responsible for two scattering 

spots in the k2 = 0 plane. Thus the six wavevectors G1 through G6 yields 12 scattering 

spots in the k2 = 0 plane. T he inverse vectors of G1 through G6 lead to scattering 

spots in the k 2 = 0 plane that are identical in their location to the 12 spots from 

G1 through G6 . Therefore, this construction leads to 12 distinct points on the ring 

at k2 = 0 and lkl = k* . Strictly speaking, the above geometric procedure is valid 
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Figure 4.5: The fluctuation part of the scattering pattern in the kz = 0 plane for a 
metastable hep-based PL. The parameters are chosen at N x = 17 and f = 0.35. 

for weak sinusoidal periodic potentials. In the metastable PL state, the amplitude of 

the order parameters are not very small and there are now higher order harmonics 

contributions. These effects lead to the result that the peaks shift slightly inward 

from the ring at lkl = k*, as shown in Fig. 4.5. 

The scattering pattern in Fig. 4.5 shows only contributions due to fluctuation in 

the order parameter. The full scattering function includes also contributions due to 

Bragg scattering from six in-plane wavevectors that are formed from the difference 

between two adjacent wavevectors in the set G1 through G6. The six spots are at the 

same angular position as the six peaks in Fig. 4.5, but at a distance '(! k* from the 

origin. Because of the weakness of these Bragg peaks and the unavoidable broadening 

of Bragg peaks in the experiments, these peaks will be combined with the scattering 

peaks due to fluctuation to give the appearance of six broad peaks with the apparent 

peak position somewhere between 0.866k* and k*. This is in excellent agreement with 

experiment [4] [11] [22]. 

The fluctuation part of the scattering function for the bee-based PL can be ob­

tained in a similar manner, with the resulting scattering pattern shown in Fig. 4.7. 

Note now that the six scattering peaks are no longer six-fold symmetric. The two 

peaks at kx = 0 are much stronger than the other four. The four weak peaks are 

situated at angles 19.47° from the kx axis, on the ring lkl = k*. In addition to the 

six scattering peaks due to fluctuation, there are also two Bragg spots (not shown in 
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the figure) from the mean-field structure that are located at the same positions at 

the two bright spots; thus the total scattering intensity at the two bright spots will 

be even stronger. 

z 

' 
Figure 4.6: Geometric construction for obtaining the locations of the strongest scat­
tering spots in the k2 = 0 plane. 

The scattering pattern Fig. 4. 7 was observed in the work of Forster et al. [l OJ. 

These authors attributed the scattering pattern as arising from perforated layers 

with abcabc ... stacking with the layer normal in the x-direction. Although capable 

of accounting for the location of the four weak peaks, their model would predict, as 

noted by these authors, two additional Bragg peaks in the k 2 = 0 plane at ±35.26° 

with respect to the x-axis, which were not observed in their SANS pattern. Also, the 

weakness of the four weak peaks was never satisfactorily explained. Our model based 

on anisotropic fluctuation in a bee-based PL, on the other hand, predicts the correct 

position of all the peaks observed in the experiment. The predicted disparity in the 

intensity between the two groups of peaks is also in excellent qualitative agreement 

with experiments. As pointed out at the end of Section 3.2, if we assume that the 

PL phase results from the least stable fluctuation mode of the L phase, then the 

perforations will be stacked in the abab ... pattern. Our bee-based PL model satisfies 

this requirement and gives a fully consistent explanation of all the features observed 

in the puzzling SANS data. 
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Figure 4.7: The :fluctuation part of the scattering pattern in the kz = 0 plane for a 
metastable bee-based PL. The parameters are chosen at N x = 17 and f = 0.35. 

4.3 Discussion 

In this Chapter, we have proposed a consistent theoretical explanation of the nature 

of the perforated lamellar (PL) phases that were experimentally observed for a num­

ber of diblock copolymer samples. Arguing that the PL phase arises from the least 

stable fluctuation mode of the lamellar (L) phase, we proposed two structural models 

for the PL phase, an hep-based PL and a bee-based PL, both having abab ... stack­

ing. Within a Leibler-type mean-field theory, we find that these structures are not 

thermodynamically stable phases but are only pseudostable in the weak-segregation 

limit and metastable in the intermediate-segregation regime. This last conclusion is 

consistent with more recent experiments by Hajduk et al. [23]. 

Perhaps the most significant result of this study is a consistent interpretation 

of the in-plane small-angle neutron scattering patterns for the PL phases obtained 

by Bates and co-workers [4][7] [10][11][24] . Whereas previous attempts have tried 

to explain the peaks in the scattering patterns in terms of the crystal symmetry of 

the reciprocal lattice of the structure, i.e., as Bragg scattering, we propose that the 

experimentally observed scattering peaks arise from anisotropic :fluctuations instead 

of, and in some cases in addition to, Bragg scattering from the mean-field periodic 

structure. Our calculated scattering patterns using the two structural models are 

in excellent agreement with the experimental data. The weakness of some of these 
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in-plane scattering peaks can be explained by the fact that these peaks are not the 

primary Bragg peaks associated with the structures, but are either peaks arising 

from anisotropic fluctuations or secondary Bragg peaks which are generally much 

weaker in the weak-segregation regime. Thus we are able to explain in a simple and 

consistent manner both the intensity and the location of the in-plane scattering peaks, 

particularly with regard to the puzzling non-six-fold scattering patterns in the work 

of Forster et al[lO], which we associate with the bee-based PL structure. 

In contrast to the classical phases (L, C, and BCC) and the bicontinuous G phase, 

experimentally the PL phases are not easily obtainable by thermal annealing of the 

samples. Frequently, a combination of temperature change and shear flow is employed 

to obtain the PL phases [4][10] [11][23]. Although the study of shear flow effects is 

beyond the scope of this work, our results can be used to qualitatively understand 

the elusiveness of the PL phase in experiments, as explained in the following. 

From our calculated phase diagram, the spinodal of the PL phase (for both mod­

els) is very close to that of the L phase. Thus, when the L phase becomes unstable as 

N x decreases ( or as the temperature increases), so does the PL phase. If we assume, 

as we did in this paper, that the PL phase arises from the least stable fluctuation 

mode of the L phase as the L phase reaches its spinodal, then one cannot obtain a 

(meta)stable PL by increasing the temperature. Increasing the temperature beyond 

the spinodal of the L phase results in a pseudostable PL which should subsequently 

decay to the stable H phase through a continuous symmetry breaking. This is in 

agreement with our previous computer simulation study of the kinetic pathway of 

the L to C transitions [15], and also in agreement with experiments [4][23]. How­

ever, a metastable PL phase can be obtained by quenching the temperature from the 

pseudostable PL [25]. This offers a plausible explanation as to why shear is often 

used in obtaining a (meta)stable PL, because shear has the effect of decreasing the 

fluctuations[26][27] ( albeit anisotropically) and thus is similar to decreasing the tem­

perature. Shear may also help select one PL structure from the other PL structure. 

In the absence of shear, the near degeneracy in the free energy between the hep-based 

and bee-based PL structures may result in both structures being formed in the same 
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sample, thus leading to PL structures with apparently poor spatial order[23]. 

The region of metastable PL overlaps with that of the G phase. Thus over a 

sufficiently long time the metastable PL will anneal to the more stable G phase. 

However, we find that the mechanism of this transformation cannot be described by 

some unstable modes of the PL phase. Such a transition likely involves structural 

rearrangement in real space, based on spacing and topological requirements. Since 

both the G phase and the bee-based PL structure have a cubic underlying lattice, the 

transition from PL to G is likely to involve the bee-based rather than the hep-based 

PL. 
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Chapter 5 Conclusion 

In this thesis, we studied the kinetics of various order-order and order-disorder transi­

tions in weakly segregated diblock copolymers by using a time-dependent Ginzburg­

Landau (TDG L) approach. Our study reveals that the transition kinetics in these 

systems is considerably richer and more complex than in simple, phase-separating sys­

tems, such as binary fluids[l]. Since many microstructured systems, such as ferrofluids 

and Langmuir films, share the same qualitative behaviors as diblock copolymers, our 

results should be applicable to a broader class of systems. 

One of the key concepts that emerges from our study is that of the anisotropic 

fluctuation. These fluctuations play two crucial roles: first, they determine the sta­

bility limit of the initial structure, and second, they are responsible for the emergence 

of new structures, whether they are the final equilibrium states, or transient states 

during the transition. Besides the direct relevance to microphase transition kinetics, 

anisotropic fluctuations are essential for interpreting small-angle neutron or X-ray 

scattering data. Since these fluctuations are in general peaked at positions different 

from those constituting the reciprocal lattice of the ordered structures, it is important 

to distinguish them from the Bragg peaks in the scattering data. 

The kinetic issues investigated in this thesis deals with systems in quiescent state. 

Experimentally, however, it is much more convenient to cross phase boundaries by 

applying a flow field than by changing the temperature. Changes in the small-angle 

neutron scattering patterns of ordered block copolymer phases due to shear have 

been demonstrated in several experiments by the Bates' group[2] [3][4]. These results 

reflect the distortion of the spectrum of anisotropic fluctuations. However, no theory 

is currently available. The distortion of the fluctuation spectrum generally leads to 

a shift in the spinodal of the original structure and can break the degeneracy in the 

most unstable modes. For example, under steady shear flow conditions, the hexagonal 

cylinders that emerge as a result of increasing the temperature from the lamellar phase 
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will be oriented in the flow direction. Thus understanding the effects of flow on the 

anisotropic fluctuations will enable us to understand the mechanism of flow alignment 

of microphase separated block copolymers [5]. 
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Appendix A Derivation of Structure 

Factor of Diblock Copolymers by the 

Random Phase Approximation 

In this appendix, we outline the derivation of the free energy functional from the 

partition function Eq. 1.7 and provide an explicit expression for r 2 in Eq. 1.8. In a 

compact form, we rewrite the partition function as: 

Z j D [?J,(q)] exp [-/3F] 

j rr:~1 { D [R~(s) ] D [RB( s) ] Po [R~(s) ] Po [RB(s) ] c5 [R~(NA) - RB(o)]} 

x exp [nP;x j PA(q)PA(-q)d~ j D [PA(q)] D [PB(q)] ITq,toc5 [i>A(q) + PB(q)] 

xc5 [pA(q) - PA(qj] c5 [pB(q) - PB(qj] (A.l) 

where D [Rj(s) ] = IT~0dRj(s), D [pj(q)] = ITq,todpj(q), j = A or B, and Po is 

defined as 

(A.2) 

CN
1 

= (2n-b2 /3) 3 NJ/ 2 is the normalization constant. To obtain the free energy as a 

functional of pj(ii) instead of con:figurational variables Rj, we use the Fourier trans­

form of Eq. 1.3 to rewrite the delta-function 
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Where we introduce field Aj(ii), thus the coupling imposed by the delta-function 

in the first step can be divided into configurational dependent and configurational 

independent part: 

Z = JD [PA( q)] D [PB( q)] D [>.A( q)] D [>.B( q)] c5 [PA ( q) + PB( q)] 

X {! D [RA(s) ] D [RB(s) ] p [RA(s) ] p [RB(s)] c5 [RA(NA) - RB(o)] rp 

x exp {J dq [ J= iV>.j(q)pj(q) + np;x PA(VPA(-q)l}, (A.4) 
J-A,B 

terms contribute only constant prefactors, we shall ignore them. In the following, all 

the Lrj and J dq mean with q -=I- 0. In the above equation, P [ Rj ( s)] is defined as 

and Aj(Rj(s)) is the Fourier transform of Aj(q): 

The term inside the curve bracket of Eq. A.4 which is the only term of configura­

tion dependence, thus can be calculated by expanding with respect to Aj- If we only 

want to derive the structure factor, i.e., the two-point vertex function this expansion 

can be cut off at the second order. Higher order vertex functions can be similarly 

obtained by the expansion of Aj to higher order. The result up to the second order 
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(A.7) 

where the vector >. ( if) = ( AA (if), AB ( q)). The matrix M is defined as 

M = [ g(Ny, J) ½[g(Ny, 1) - g(Ny, J) - g(Ny, 1 - J)] l · 
½[g(Ny, 1) - g(Ny, J) - g(Ny, 1 - J)] g(Ny, 1 - J) 

(A.8) 

In deriving Eq. A.7, we have used the following results: 

(A.9) 

and 

NA NB 1 
L exp( -ysi) L exp( -ys2) = 2N 2[g(Ny, 1) - g(Ny, J) - g(Ny, 1 - !)]. (A.10) 

s1=0 s2 =0 

In the above equations y = b2q2/6, Ji= Nj/(NA +NB)= Nj/N and g(x,f) is the 

Debye function: 

g(x, J) = 2[f x + exp( -fx) - 1]/x2
. (A.11) 

Thus, the partition function Z, in the limit of nP ----+ oo, becomes: 

z = JD [PA(q)] D [PB(q)] D [AA(q)] D [AB(q)] c5 [PA(q) + PB(q)] 

x exp {- ~: J dq>.( q)M( q)>.T (-q)} 
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x exp {j def [i(V AA ( cf)PA( cf) + VAB ( q)pB (cf)) + np: X PA( VPA( -q) ](f--12) 

Using 
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(A.13) 

Figure A.1: The structure factor for f = 0.45 and x = 0. The maximum of the curve 
corresponds to the optimal wavenumber. 

we further obtain 

Z = JD [PA(q)] D [PB(q)jc> [P A(q) + PB(q)] 

x exp h~, 21 p'(q)M-
1 t'Hl + n~x 21 PA(l/)PA(-q)] 

- JD [PA(q)] 

x exp [-~~ 21pA(q)PA(-q) (1 M,,/( N DetM) - 2x)] . (A.14) 

Therefore, the structure factor So( q) is: 

(A.15) 
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This function has a maximum which is only related to f. This maximum will be 

divergent when x is equal to the critical value. For f = 0.45 and x = 0, the structure 

factor S0/ N is shown in Fig. A.l. 




