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Abstract

This thesis consists of three related chapters that investigate rationality of asset pric-
ing. The point of view of this study differs from traditional analysis of rational
expectations (market efficiency) in one important aspect: market participants are
not required to have correct beliefs about all parameters of the economy. Instead,
investors’ subjective assessment of the future may be different from the objective
probability distribution. Other than that, investors are assumed to be rational which
means that they process new information to the market in a consistent and efficient
manner.

This line of research has been inspired by Bossaerts (1996) who proposed a set of
novel rationality restrictions on securities prices that are robust to investors’ initial
beliefs. These restrictions obtain for prices of special finite-lived securities whose
payoff can be categorized into two states: “out-of-the-money” state where the payoft
is zero, and “in-the-money” state where the payoff is random. The simplest example
of such securities is an Arrow-Debreu (AD) type security, a binary security paying
$1 in some states of the world and zero in others. More general examples include
option-like contracts and, most importantly, equity.

In Chapter 1, we discuss the model of Bayesian agents with potentially biased
beliefs aﬁd derive several related theoretical results. The new rationality restrictions
allow one to test the central part of rational expectations, namely investors’ usage of
Bayes’ law to update their beliefs, or rationality of learning. The strongest predictions
obtain for prices of Arrow-Debreu (AD) securities and we use them in two empirical
applications.

In Chapter 2, we investigate rationality and biases in expectations in the Iowa
Electronic Market (IEM). The IEM, an experimental market, runs, among others,
a number of winner-take-all markets with contracts based on the future prices of

US stock exchange traded securities and indices. The winner-take-all contracts are
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classical examples of AD securities with “1-0” payoff structure and, therefore, their
prices can be used in the new tests. We find that price histories of these contracts
are in accordance with rational learning but not with rational expectations.

As the next application, in Chapter 3, we suggest how rationality of learning can
be tested in real financial markets, where no AD securities are traded. The idea here
is to estimate prices of particular AD securities, namely digital options. Each of these
digitals pays $1 whenever the S&P 500 Index closing price on the expiration date
is above a predetermined cutoff level, or zero otherwise. Prices of digitals can be
estimated from prices of corresponding traded S&P calls and puts. The estimation
procedure that we use to recover prices of digitals is in the spirit of nonparametric
techniques and has several interesting features.

First, and most importantly, the estimation procedure does not require station-
arity of an underlying asset’s price dynamics. This means that the option formula
is allowed to change over time. Second, the estimation procedure enforces rudimen-
tary theoretical shape restrictions on options prices. Third, it proposes an alternative
parametric option specification which is parsimonious, computationally very simple,
and which significantly outperforms the Black-Scholes specification for the studied
dataset.

The analysis of time series of the estimated digital options supports the hypothe-
sis of rational learning. Several tests based on the martingale restriction on prices of
digitals indicate that investors of the S&P 500 Index Options efficiently process new
information to the market. Still, strong evidence against rational expectations sur-
faces, implying that investors must have started with biased priors. We characterize
the investors’ expectational errors and, in particular, show that, over the five-year
period from 1991 to 1995, investors repeatedly underestimated the S&P 500 Index

expected return and overestimated its volatility.
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Introduction

Throughout the last several decades, almost all empirical work in macroeconomics
and finance has relied on the hypothesis of rational ezpectations. This hypothesis was
first formally stated by Muth (1961) and it asserts that, when forecasting the future,
individuals do not make systematic mistakes and that their expectations about param-
eters of the economy are correct on average. The hypothesis of rational expectations
is based on the following two important assumptions. The first assumption states
that, when making consumption, savings and investment decisions, agents weigh po-
tential future outcomes using probabilities that reflect the frequencies with which
these factually will occur. In other words, the agents’ subjective probability measure
coincide with the objective (or, true) probability measure in the system. The second
assumption says that, when new information arrives to the market, agents correctly
update their belief. They infer the necessary information from signals (which include
prices in the market) applying the rules of conditional probability (Bayes’ law).

In finance, the related idea of investors’ rationality is called the efficient markets
hypothesis (EMH). The origin of the EMH can be traced back at least as far as the
pioneering theoretical contribution of Bachelier (1900). In the modern literature, this

hypothesis is usually stated as follows:

The prices of securities observed at any time are based on correct eval-
uation of all information available at that time. In an efficient market,

prices fully reflect available information”— Fama (1970).

In a perfectly efficient market, the return of any security must be unpredictable
from past information and must only reflect risk. If a security earns higher average

returns than another, it must be because it is more risky.!

Tt is common to distinguish among three versions of the EMH: the week, semistrong, and strong
forms of the hypothesis. Formally, the market is said to be efficient with respect to some information
set if security prices would be unaffected by revealing that information to all participants. Moreover,
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The first empirical tests in 1960s and early seventies seemed to support the hy-
pothesis of market efficiency. However, starting in the mid-1970s, more sophisticated
techniques found considerable evidence of predictability of securities returns.

For example, DeBondt and Thaler (1985), Jegadeesh and Titman (1993), Chopra,
Lakonishok, and Ritter (1992) have shown that past returns of a stock are useful in
predicting future returns. Also, Fama and French (1992, 1993, 1996), Lakonishok,
Shleifer, and Vishny (1994) have demonstrated that future returns can be predicted
by book-to-market ratio, size, earning-to-price ratio, and sales growth. Some other
“anomalies” that seem to contradict the theory of efficient markets include the eg-
uity premium puzzle (see Mehra, Prescott (1985, 1988) and Rietz (1988)), mean
reversion in stock prices (see, for example, Lo, MacKinlay (1988) and Poterba, Sum-
mers (1988)), some of the event studies anomalies, like a strong association between
the magnitude of an earnings announcement and the postannouncement performance
of equity (see, for example, Foster (1977), Foster, Olsen, Shevlin (1984), and Ball
(1992)).

There is considerable disagreement about the causes of these anomalies and dif-
ferent explanations have been suggested.

Some believe that they may result, at least in part, from various biases in data or
methodology. For example, Kothari, Shanken, and Sloan (1995) and Brown, Goetz-
mann, and Ross (1995) have suggested that survivorship bias could account for many
apparent violations of market efficiency. Black (1993) and Lo and MacKinlay (1990)
have argued that the findings could be due to some form of “data mining” or data
“snooping.”

Others accept the fundamental nature of the anomalies of market efficiency but

interpret them differently. Since it is not possible to test for market efficiency directly

efficiency with respect to an information set implies that it is impossible to make economic profits
by trading on the basis of that information set.

Strictly speaking, the original definition of the EMH does not specify theoretical assumptions
required for a market to be efficient, however, standard finance theory and virtually the entire
empirical literature have interpreted market efficiency as implying the same two assumptions as the
rational expectations hypothesis does: (i) correct prior beliefs, and (2) correct updating of beliefs
from news.
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(one can only conduct joint tests of market efficiency and some model of equilibrium
prices), they disagree on whether these findings reflect market inefficiency or time-
varying expected risk premia.

The first group believes that the cross-sectional variation in stock returns is ez-
pected and required by investors and that this variation reflects risk premia (see, for
example, Fama and French (1992, 1993, 1996); Ball, Kothari, and Shanken (1995)).
They argue that while the nature of risk premia seem inconsistent with the predic-
tions of the Capital Asset Pricing Model (CAPM), the premia could be consistent
with market efficiency under other, multifactor models. These authors search for
more complicated asset pricing models to replace the CAPM but their belief in mar-
ket efficiency is not shaken.

The second group of authors does not belief that risk can explain all anomalies
and attributes the differentials in stock returns to investors’ irrationality (for example,
DeBondt and Thaler (1985), Chopra, Lakonishok, and Ritter (1992), and Lakonishok,
Shleifer, and Vishny (1994)). These authors reject the hypothesis of market efficiency
and develop alternative behavioral models in which investors have non-rational ex-
pectations about future cash flows or have faulty risk perceptions. In these models,
the differentials in stock returns result from cognitive errors committed by investors
who over- or under-react to various events.

The present study takes a different point of view on the hypothesis of rational
expectations. It accepts that rational expectations is a very restrictive model which
is often inconsistent with the empirical data. As an alternative, we consider a more
realistic version of rationality which allows for biased (or, subjective) priors. In this
model, investors remain rational, in the sense that they update their beliefs in a con-
sistent, efficient manner (using the rules of conditional probabilities). They, however,
are not required to always have correct (objective) beliefs about all parameters of
the economy. This means that of the two assumptions of rational expectations we
relax the first one (of correct beliefs) but keep the second and central assumption (of
rational updating).

The assumption of correct beliefs has been often criticized as too strong and un-
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realistic. For example, Swamy, Barth, and Tinsley (1982) have focused on the critical
role that objective probability distributions play in the theory of rational expecta-
tions, where individuals calculate the expected values of key variables on the basis of
these objective distributions. However, in many realistic circumstances, it is difficult
to imagine how individuals actually find or learn about these probability distributions
in the first place. For example, it is typical for the economic system to undergo con-
tinual structural changes: institutions constantly adapt, government agencies become
more complex and assume different functions, and new economic actors appe‘ar on
the scene. Also, in new or nonrepetitive situations (like initial public offerings in new
industries, company liquidations, political events, etc.), how can someone seriously
contend that individuals’ expectations coincide with true probabilities governing the
system?

As for the assumptions of rational updating, it seems less controversial. It “only”
requires investors to be good analysts and to understand how securities prices are set
in the market.

Correctness of beliefs is not crucial for many theoretical insights, such as the
Euler equation restrictions obtained in Lucas (1978), the existence of an equivalent
martingale measure shown in Harrison and Kreps (1979), or the dealer market pricing
equations of Kyle (1985). These continue to hold even if we allow for biases in
investors’ beliefs. However, expectations must then be taken with respect to agents’
subjective beliefs instead of the “objective probability measure.” Even homogeneity
of beliefs is unnecessary.>

Instead, the attraction of the assumption of correct beliefs is exclusively empirical.
It facilitates estimation and testing of asset pricing models, because investors’ beliefs

can readily be obtained from the empirical distribution. Parsimonious model testing

2Beliefs may differ across agents as long as priors remain “consistent” in the sense of Harsanyi
(1967), which means that any differences in priors should be as if they were the outcome from
differences in information only. When beliefs are inconsistent, agents will agree to disagree (Aumann
(1976)) and start to speculate openly, something that is absent in standard asset pricing models,
where only covert speculation takes place (exploitation of superior information behind noise or
liquidity trading). See Bossaerts and Biais (1997) for a comparison of these beliefs concepts and
further references.
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ensues, as exemplified by Hansen and Singleton (1982). The introduction of biases
in beliefs would require one to be much more specific about the economy, and, in
particular, about learning, with the consequent danger that the model is rejected
because the evolution of beliefs was misspecified.

Even proponents of rational expectations admit that, in many circumstances,
individual probability beliefs may differ from objective beliefs. However, they defend
the assumption of correct beliefs by arguing that no economic reasoning will be of
any value if agents have incorrect beliefs. Lucas (1977) has expressed this common

view that “anything is possible when beliefs are biased,” in the following:

. without some way of inferring what an agent’s subjective view of the
future is, this hypothesis [of Bayesian updating with subjective beliefs] is
of no help in understanding his behavior. Even psychotic behavior can

¢

be (and today, is) understood as “rational” given a sufficiently abnormal

view of relevant probabilities.

To employ economic theory in practice, Lucas has argued, one must know what
probability distributions agents actually use.

This point of view has recently been challenged by Bossaerts (1996) who has
proposed a new theory of Bayesian investors with biased beliefs.> The novelty of his
approach is to analyze time-series of special finite-lived securities for which survival
is related to the payoff. The terminal payoff of such. a security can be categorized
into two states: “out-of-the-money” state, where the security pays zero, and “in-the-

)

money” state, where its payoff is random. The simplest example of such securities is

an Arrow-Debreu (AD) type security, a binary security paying $1 in some states of

the world and zero in others. More general examples include option-like contracts.
By using a modification of the traditional return measure and introducing a se-

lection bias, Bossaerts has derived a set of novel empirically relevant martingale re-

strictions that are robust to investors’ beliefs and does not depend on specification of

3Bossaerts refers to it as Theory of Efficiently Learning Markets
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likelihood functions. Investors may have biased beliefs about the eventual payoff of
securities but they are otherwise rational.

The new theory of Bayesian investors with biased beliefs, thus, offers a more
general and realistic alternative to the traditional hypothesis of rational expecta-
tions. More importantly, however, this relaxation of rational expectations has simple,
well-specified predictions (which can easily be tested) meaning that it is potentially
rejectable. And this is in contrast to both behavioral models and descriptive mod-
els of time-varying risk premia which tend to be complicated, with vague and often
untestable predictions.

This thesis follows the approach by Bossaerts (1996) to investigate rationality of
asset pricing. It consists of three related chapters.

In Chapter 1, we discuss the theory of Bayesian agents with potentially biased
beliefs and derive several additional theoretical results for securities whose payoff have
the survivorship feature. In particular, for the case of general option-like securities,
we propose new sub- and super-martingale restrictions. These restrictions obtain
under relatively weak assumptions on an underlying security price dynamics and can
be used in many interesting applications. We also consider extensions of the results
obtained in Bossaerts (1996) for the case of “out-of-the-money” securities and nonzero
risk-free rates.

The new selection-bias induced rationality restrictions have two important em-
pirical implications. First, under rational expectations, they provide the necessary
information to measure the effect of the survivorship bias and allow one to disentangle
the survivorship bias from other economic phenomena.

Second, the new rationality restrictions suggest simple tests to discriminate be-
tween traditional rational expectations (with correct beliefs) and more general rational
learning (with potentially biased beliefs). The strongest predictions obtain for prices
of Arrow-Debreu (AD) securities and, to gauge empirical relevance of the new theory,
we use them in two applications in Chapters 2 and 3.

In Chapter 2, we investigate rationality and biases in expectations in the Iowa

Electronic Market (IEM). The IEM is an experimental Internet-based market devel-



7

oped at the College of Business Administration at the University of Iowa for research
purposes. The IEM runs, among others, a number of winner-take-all submarkets
with contracts based on the future prices of US stock exchange traded securities and
indices. The winner-take-all contracts are classical examples of AD securities with
“1-0” payoff structure and, therefore, their prices can be used in the new tests. We
find that price histories of these contracts are in accordance with rational learning
but not with rational expectations.

As the next application, in Chapter 3, we suggest how rationality of learning can
be tested in real financial markets, where no AD securities are traded. The idea here
is to estimate prices of particular AD securities, namely digital options. A digital
call with exercise price X is a contract that pays $1 when the maturity price of an
underlying asset St exceeds X. Otherwise, it pays nothing. Thus, digital options
(or, simply digitals) amount to straight bets on the terminal value of the underlying
asset St.

Prices of digital options are implicit in prices of traded puts and calls. In Chapter
3, we use prices of S&P 500 Index Options to recover prices of corresponding digitals.
The estimation procedure that we use is in the spirit of nonparametric techniques
and has several interesting features.

First, and most importantly, the estimation procedure does not require station-
arity of an underlying asset’s price dynamics. This means that the option formula
is allowed to change over time. Second, the estimation procedure enforces rudimen-
tary theoretical shape restrictions on options prices. Third, it uses an alternative
parametric option specification which is parsimontous, computationally wvery simple,
and which significantly outperforms the Black-Scholes specification for the studied
dataset.

The analysis of time series of the estimated digital options supports the hypoth-
esis of rational learning. Several tests based on the martingale restriction on prices
of digitals indicate that investors of the S&P 500 Index Options efficiently process
new information to the market. Still, strong evidence against rational expectations

surfaces, implying that investors must have started with biased priors. The dataset
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allows one to characterize the investors’ expectational errors. In particular, it is shown
that, over the five-year period from 1991 to 1995, investors repeatedly underestimated

the S&P 500 Index expected return and overestimated its volatility.



Chapter 1 Selection-Bias Induced Martingale

Restrictions on Securities Prices

1.1 Introduction

In this chapter we examine the theoretical implications of survivorship bias on asset
pricing. Survivorship (or, selection) bias has been a longstanding problem of the em-
pirical finance most recently addressed in Kothari, Shanken, and Sloan (1995) and
Brown, Goetzmann, and Ross (1995). Empirical analysis of time series of asset re-
turns is implicitly conditioned upon the asset surviving (or being selected) into the
sample. The survivorship bias, in general, induces spurious relationship between the
asset’s realized returns and the asset’s riskiness. Brown, Goetzmann and Ross (1995)
have argued that this spurious relationship could, at least in part, explain a num-
ber of “anomalies” of market efficiency such as, the equity premium puzzle (Mehra,
Prescott (1985, 1988) and Rietz (1988)), mean reversion in stock prices (Lo, MacKin-
lay (1988) and Poterba, Summers (1988)), and some of the event studies anomalies,
like a strong association between the magnitude of an earnings announcement and
the postannouncement performance of equity (Foster (1977), Foster, Olsen, Shevlin
(1984), and Ball (1992)).

To formally investigate the implications of the survivorship (selection) bias, Bossa-
erts (1996) has considered special finite-lived securities that do not pay dividends and
whose terminal payoff can be categorized into two states: “out-of-the-money” state,
where the payoff is zero, and “in-the-money” state, where the payoff is random. The
simplest example of such securities is an Arrow-Debreu (AD) type security, a binary
security paying $1 in some states of the world and zero in others. Such a security
can be used to model a wide range of economic and finance environments: it could

be a company’s bankruptcy status on a certain date; whether or not a firm will have
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its technology accepted as unique nationwide standard by the government; it could
represent an outcome of a sport betting, and so on.

More general examples of securities for which survival is related to the payoff
include option-like contracts. These contracts could describe equity, an emerging
market, a high-yield bond, and several derivative securities (including puts, calls,
warrants, caps, floors, etc.).

By using a new performance measure, Bossaerts has derived a set of novel ratio-
nality restrictions on prices of “survived” securities. These martingale restrictions
provide the necessary information to measure the effect of the survivorship bias and
allow one to disentangle the survivorship bias from meaningful economic phenomena.

Even more importantly, the new rationality restrictions are robust to investors’
expectations. Investors may have biased belief about eventual payoff of securities but
they are otherwise rational, i.e., they process new information to the market in an
efficient manner: they are Bayesian. This suggests that the new restrictions may be
used to distinguish between traditional rational expectations where investors’ beliefs
are correct, and more general rational learning where investors may have potentially
biased beliefs.

In this chapter we follow the approach of Bossaerts (1996) and derive several
related results for securities whose payoff have this survivorship feature. In partic-
ular, for the case of general option-like securities, we propose new sub- and super-
martingale restrictions. These results obtain under relatively weak assumptions on
an underlying security’s price dynamics and can be used in many interesting applica-
tions. We also consider extensions of the results obtained in Bossaerts (1996) for the
case of “out-of-the-money” securities and nonzero risk-free rates. |

The remainder of the chapter is organized as follows. The next section discusses
the model and states new results for Arrow-Debreu and option-like securities un-
der rational expectations. Section 1.3 extends the results to the setting of rational
learning. Section 1.4 illustrates the theoretical restrictions by means of simulation

examples. We conclude in Section 1.5.
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1.2 The Benchmark Model

Let (2, F, ) be a probability space, where points w € 2 represent possible states of
the world, F is a o-algebra of subsets of 2 (which are called events), and w : F — R*
is a probability measure on F. The probability measure 7 can be interpreted for now
as a set of unanimously held objective probability assessments concerning the state
of the world.

We study a finite horizon economy where risk-neutral investors trade at discrete
points of time indexed t =0,1,...,7T. For the moment, we assume that the risk-free
rate is zero. Consider a security v which does not pay dividends and whose eventual
payoff at time ¢t =T is V, a random variable defined on 2.

The payoff V' depends on the true state of the world w picked by Nature at the
outset. Investors do not know w; however, they gather information as time passes by
and update their beliefs using Bayes’ rule. At each period ¢t = 1,...,T they receive
a signal s; € Sy about the state of the world. A signal s; could be public information
common among all investors, or it could be a vector of private signals to investors. In
the latter case, investors learn about the true state of the world through information
reflected in the equilibrium prices py, ..., p; of the traded security. The last signal sp
reveals the realized value of V.

The history of signals s, ..., s; determines (possibly through the observable equi-
librium prices py, ..., p;) the information flow to the market at time ¢, which is repre-
sented by a filtration {F;}7,, i.e., a nondecreasing family of sub-o-fields of F, such
that F; C Fyy1 CF, forallt=1,...,T.1

Under REE, the equilibrium price p; equals the conditional expectation of the

payoff V' given the current information F:
p; = E[V|Fy). (1.1)

The representation (1.1) implies the following fundamental result of the theory of

\Fy = o(s1,...,8t) — a o-field generated by the random variables sg, i.e., the smallest o-field
with respect to which s; is measurable for every k = 1,...,¢.
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rational expectations. Let 7,4 denote the return over the period [¢,¢ + 1]:

Di+1 — Dt

o (1.2)

Ti41 =
Proposition 1 [Samuelson] Under REE, for any security

E[""t+1|‘¢t] = 0.

Proof: The result obtains immediately from the law of iterated expectations:

E[pt+1|~7:t] = E[E[Vij'—tﬂﬂft] = E[fot] =p;. A

Proposition 1, originally formalized in Samuelson (1965), implies that, under REE,
risk neutrality and zero discounting, realized security returns should form a martin-
gale difference sequence with respect to the filtration {F;}L ;, the property usually
interpreted as unpredictability of security returns, also known as the market efficiency
property (Fama (1970)). Historical averages of security returns should be zero and
projections of return 7,1 onto past information should produce insignificant coeffi-
cients.

To model a selection bias, we now consider a random variable 8 defined on €2 which
can take on two values § and f. In interpretation, @ is a payoff relevant variable that
represents general process of censoring (or selecting). For example, it could determine
the security surviving into the sample. For an equity, the event {§ = 8} denotes that
a firm survived on a certain date. In the case of options, § = @ for those options that
eventually matured in-the-money and so on.

In many situations, only securities with § = @ generate complete price records
available to an empiricist and one of the objectives of this chapter is to derive the

restrictions on prices of these censored securities. More specifically, we know that
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returns 7,41 of uncensored securities form a martingale difference sequence (Propo-
sition 1). Unfortunately, this result is of little relevance for an econometrician who
observes time-series with only 6 = . In this case, the actual distribution of the sig-
nals s; and, hence, the equilibrium prices p; is determined by F; A 0= o(sy, ..., ¢, 0),
the o-algebra generated by the information that investors have as well as the event
{6 = 0}.

In general, Efry1|F: A # 0 and one wonders if there are martingale-type re-

strictions on securities prices which obtain under the empirically relevant filtration

[F: ABE,.

1.2.1 Arrow-Debreu Securities

We first consider the simplest possible case of Arrow-Debreu type securities, i.e.,

binary securities paying $1 if # = 8 and zero otherwise, i.e.:

1, iff=
Vi =
0 =

0
0, ifg=4

In this case,

De = E[V|ft] = PI'Ob(Q = 9_|ft)

- In what follows we will often assume that the information filtration satisfies the

following technical no-revelation assumption:
Al. Forallt < T, (0 =0) ¢ F; ae..

This assumption means that for almost all w € €2, investors do not know at time
t < T whether the event (6 = §) has occurred.

An example that does not satisfy Al is an Arrow-Debreu security that represents
a firm’s bankruptcy status: at a certain period ¢ = T in the future, the firm has either
survived (i.e., & = ) or is bankrupt (§ = @). Since the firm can become bankrupt
prior to time ¢ =T, there is a positivé probability that the event {6 =0} is revealed

at some t < T, and, hence, Al does not hold. Note that Al does not ban situations
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when 6 € F, with some positive probability, only that ¢ ¢ F; a.e.. We shall discuss
this condition later on.

We use notations m(A) for the probability density of event A and m;(A) for the
conditional density of event A at time ¢ (given that signals sy, ..., s; have been ob-
served). We assume that the objective probability measure 7 is “factored” into an
“in-the-money” probability measure 7! which governs signals si,...,s; when § = 0,
and an “out-of-the-money” probability measure 7° when 6 = §. If the initial prob-

ability of the event {6 = @} (i.e., priors) is denoted as g, then 7 can be represented

as
n() =) =qn' () + (1 = 9)n°(). (1.4)
In this notation, time-¢ and time-(¢ + 1) prices of v can be written as follows:
gy = EAB 15 9) (1.5)
7(S1,...,8)
G 1 1 1
P41 = Pe41(Se41) = 772:((;:11)) ir((l:ll”."'::;t)) = Zi((jtt;l)) Dt (1.6)

As mentioned before, returns 7,1 of Arrow-Debreu securities that eventually ma-
tured in-the-money (f = 6) do not form a martingale difference sequence (in fact, they
are positive on average reflecting an upward drift in prices of “winners” — see below).
To obtain martingale restrictions for this case, Bossaerts (1996) has introduced the

modified return defined as follows:

Pt+1 — Dt
Tip1 = —————-

Di+1 (1.7

The only difference from the traditional return r4; (1.2) is that the future price
pey1 instead of the past price p; is used as a basis.

It turns out that the modified return z;,; of Arrow-Debreu securities that eventu-

ally matured in-the-money plays a role similar to that of the traditional return z;y;

of uncensored securities. More specifically,
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Proposition 2 [Bossaerts] Under REE and Al,

E[$t+1|ft A 9] = O,

where the return x,41 1is computed as in (1.7) using prices of an Arrow-Debreu security

with the payoff structure (1.3).
Proof: From (1.6)

% = p
B[ |F, A 6] =/ T} (Se41) dSpyn = Ty (St41) dSpy1 = 1,
DPi+1 S¢q1 pt+1(5t+1) St41 _

and the result follows immediately from the definition of z;,1. A

Consequently, the histories of the modified return of Arrow-Debreu securities that
matured in-the-money satisfy a martingale difference sequence and must be unpre-
dictable from investors’ past information. Propositions 1 and 2 together solve the
problem of the survivorship bias for the case of Arrow-Debreu securities. Indeed,
under REE, the difference between the traditional and modified returns of Arrow-
Debreu securities that matured in-the-money “measures” the effect of the selection
bias which now can be disentangled from other economic phenomena.

Proposition 2 can be easily extended to the case of Arrow-Debreu securities that
matured out-of-the-money, i.e., when 6 = . Define a new Arrow-Debreu security
U as complementary to v. This security pays $1 if § = @ and zero if § = 0. Let p,
denote the equilibrium price of . The corresponding traditional and modified returns
7441 and Zyy1 are defined similar to (1.2) and (1.7). From the no-arbitrage condition

pt + Py = 1, returns 741 and Z;41 can be rewritten in terms of prices of v as follows:

Zat+1 —Ps Pt — D

= e O 1.8

t41 5 = (1.8)

g = DL TR PRl TR (1.9)
Pt+1 1= Pei

When Arrow-Debreu security v matures out-of-the-money, the complementary
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Arrow-Debreu security  matures in-the-money and we can apply Proposition 2 to

the modified return ;,; of v. The assumption which is “dual” to A1 is:
A2. Forallt <T, (0 =0)¢F, ae.

Note that assumption A2 is not the same as Al. The condition A2 means that,
for almost all w € Q, the event {# = §} cannot possibly be revealed at any date prior
tot = T. It assumes nothing about possibility for event ({# = 6}) to be revealed
before ¢ = T. An Arrow-Debreu security that represents a firm bankruptcy status
is an example that does not satisfy Al but satisfies A2 — the fact that a firm has
survived (0 = @) is only known after t = T.?

The following corollary of Proposition 2 holds for Arrow-Debreu securities that

matured out-of-the-money.

Corollary 1 Under REE and A2,

El&is1|Fo A 8] = E[— Mv—t AB) =0,
— Pt+1

where the return 4,1 1s computed as in (1.9) using prices of an Arrow-Debreu security

with the payoff structure (1.3).

While being a trivial extension to Proposition 2, Corollary 1 is important because
it allows one to analyze time series of Arrow-Debreu securities that fail to satisfy
assumption Al (but still satisfy A2) — potentially a wide class of interesting applica-
tions which includes such examples as survival of a company, emerging markets, peso

problems, default of a low-quality bond, and others.?

2Another example would be betting on sport events. Consider an Arrow-Debreu security which
pays $1 if a certain team wins the NBA championship in 1996 (i.e., # = ). This security does not
satisfy Al since (6 = @) can be revealed at some intermediate time (for example, when the team
is eliminated in a first round playoff). Nevertheless, it satisfies A2 — bettors cannot possibly know
that the event {6 = #} has occurred before the playoff ends.

3Bossaerts’ Theorem 4 states another result for Arrow-Debreu securities that matured out-of-
the-money. That theorem is derived for return series in reverse time and it requires signals s; to be
conditionally independent in reverse time. Unfortunately, this assumption is very restrictive and is
not satisfied in most realistic environments. The problem here is that the reversed sequence of prices
pr,...,p1 “converges” to the starting price py = ¢ (i.e., investors’ priors about #). This means that
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The proof of Proposition 2 reveals the role of assumption Al. The derivation
depends on the cancelation of term 7} (s;4;) which has been assumed positive almost
everywhere in view of Al. The following example is intended to illustrate what

happens when an Arrow-Debreu security does not satisfy Al.

Example 1. There are 16 teams in the NBA playoff which consists of four rounds
denoted ¢t = 1,2,3,4. Assume that all teams have the equal chance to win in any
round. Consider an Arrow-Debreu security v that at time ¢ = 5 pays one dollar if
a certain team wins the championship (i.e., § = 8). Before round ¢, price of the
Arrow-Debreu security p; is 287° or zero if the team has been already eliminated.

There are five possible price series for v:

{11_6’ %7 %, %, 1 } — with probability %;

{s, %> 1> 3, 0 } — with probability 1&;
{3 1 0,0} — with probability g;
{ &, 3, 0,0,0} - with probability 1;

{ 150,0,0,0 } — with probability 3.

We first observe that the Arrow-Debreu security v does not satisfy assumption Al
(for example, with the probability 1 the event {6 = §} is announced after round 1).
If an empiricist now computes the time-(t+1) average modified return z;,; for the

securities that eventually matured in-the-money, she would find that

1
Et-i—lzi#o’ t:1727374'4

signals s; and prices p;, in general, will not be independent in reverse time (even despite the fact
that they might be conditionally independent in forward time). For an illustration of this point, see
Section 1.4.

In contrast, Corollary 1 applies to general informational flows.

4Bossaerts (1996) has used a simple limiting argument to provide theoretical justification of the
rationality restriction in Proposition 2 when A1l is not satisfied. However, for an empirical analysis
of prices of surviving securities, this limiting argument will be often of little help.
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However, v satisfies assumption A2 and, as Corollary 1 predicts,

Elzo|Fing) = —

1
T( i) 8 ( 0=%) _,
5\ 1-1) 1\ 1-0
) 3( 3—%\ 4( 0-1
E[mg,l]-}/\_@_]:?(—“ 8)—}—?(— 8):0’

<_

Similarly,

Elz4|Fs N ] =

LWl —
Ll S Lo
[] 1
DO [ =
S
+
W Do
/T\
—| O
[ ]|
O [ix=
L
Il
()

From the proof of Proposition 2 it is clear that when an Arrow-Debreu security

does not satisfy Al (A2),° returns x;;; (Z;41) are nonnegative on average and we

state that as

Corollary 2 Under REE,

E[xt+1lft N 9] = PrOb(ptH = O|ft) Z 0,

E[Cﬁt+1|ft /\_9_] = Prob(pt“ = ]-Ift) 2 0,

where the returns Ty and Ty are computed as in (1.7) and (1.9) using prices of an

Arrow-Debreu security with the payoff structure (1.3).
By using Proposition 1, Corollaries 1-2 and applying inequality

_ 2
Ti+1 — g1 = M > O, (110)
Pt+1Pt

we immediately obtain the following restrictions given here for completeness.

Corollary 3 Under REE,
Elzi41|F:] <0,

SNote that at time T neither A1 nor A2 are satisfied (§ € Fr by definition). This means that
Proposition 2 and Corollary 1 do not apply to the last period returns z7 and Zr.
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Elryp1|Fe A0) >0,
Elzyq1|Fi AN < E[rq|Fe A 6] <0,

where the returns ry1 and 2,41 are computed as in (1.2) and (1.7) using prices of an

Arrow-Debreu security with the payoff structure (1.8).

Remarks. Similar restrictions obtain for returns 7;,; and Z;,,. Note that Corollary 3
does not depend on assumption Al (or A2). All inequalities in Corollary 3 are strict

unless pyy1(se41) is equal to p; almost everywhere.”

1.2.2 Option-like Securities

We now turn to the case of more general securities which are subject to censoring by
6. Specifically, let us consider a security v which pays some random amount V' (w) > 0

when 6 = 6 and zero when 0 = 6:

(1.11)

We refer to v as an option-like security because its payoff structure is similar to

that of a call option
XT e E, if XT > F

0, if Xp<E

Cr(E) =

where FE is exercise price and Xp is price of an underlying security at the maturity
date t =1T.

An equity, index of an emerging capital market and some of contingent claims are
typical examples that can be modeled by an option-like security.

The equilibrium price of v is p; and returns ryy; and x4,; are defined as before

61.e., when sty is independent of 8 (for almost all s;41 € Siy1). In this case, the signal s¢41
reveals no additional information about whether or not the event {§ = 6} has occurred and p;41 = p¢
a.e. (see (1.6)).
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in (1.2) and (1.7). We observe that the price p; = E[Vr|F;] can be written as:

Pt = q: Vi,

where
g: = Prob(8 = 0_|J:t A 9),

V, = E[Vi|F, A 0],

In this representation, ¢ denotes the probability of the event {# = §} and, thus,
the results for Arrow-Debreu securities from the previous section apply. In particular

(provided that Al is satisfied):

E——|F, A0 = = (1.12)
Qt+1 dt

On the other hand, V; denotes the expectation of the terminal payoff Vi con-
ditional on @ = #. The law of iterated expectations with respect to the enhanced

filtration {F; A G}, implies that
E[Via|Fe A 0] = Vi (1.13)

We also know that Proposition 1 holds for the return 7r;,; of uncensored time

series of option-like securities :

E[pt+1|ft] = DPt- (1-14)

As for restrictions derived for the information filtration {F; A 6}I_,, the analogue
of Proposition 2 does not obtain. Modified returns z;.; of an option-like security
that eventually matured in-the-money do not generally form a martingale difference
sequence. In this case, however, the following modification of Proposition 2 can be

proved.
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Proposition 3 [Bossaerts] Under REE and Al,

E[.’Et+1 VTlft VAN 0_] = 0,

where the return x4, is computed as in (1.7) using prices of an option-like security

with the payoff structure (1.11).

Proof: In view of (1.12) and (1.13)

Vi = Vi =
E[pt—T | Fy A6 :E[Pt—t+1|-7:t/\9] =V
Di+1 Dt+1

and

EVp|F N0 =V,

This implies that E[zy Vr|F: A0 =0. A

In Proposition 3, Vr can be replaced by any V, (t+1 < 7 < T). In practice,
however, conditional expectations of the payoff V;’s are generally not known except
for the terminal value V7.” Notice that when V7 is independent of signals sq, ..., sr,
Proposition 3 coincides with Proposition 2 for the case of Arrow-Debreu securities.
In most interesting applications, however, V7 is correlated with signals s1,...,s7. In
this case, Proposition 3 is weaker than Proposition 2. Since V7 remains fixed in a
single time series, the empirical scope of Proposition 5 is limited to cross-sectional
analysis when Vr varies across different securities.

To derive restrictions on prices of option-like securities that can be used for a time-
series analysis, we state two monotonicity assumptions on an underlying security price

dynamics.

A3. For all time-¢ signals s}, s (¢t < T),

"Also, by applying the out-of-the-money restrictions to the Arrow-Debreu price q; = p;/V; we
obtain that - W
E[Pt+1 t — DPtVit+1 | /\Q] =1,
Vit1 — Pes1
however, this restriction is not interesting because it involves unobservable values V; and Vi1 which
cannot be conditioned out.
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it p(sy) > pe(sy)

then a(sy) > q(s)) ae.

A4. For all time-t signals s}, s} (t < T),
it plsy) > plsy)

then Vi(sy) > Vi(s)) a.e.

Assumption A3 simply says that, at any time ¢, a higher price of v implies a higher
probability for v to mature in-the-money. Similarly, assumption A4 says that a higher
price of v implies a higher expected payoff Vi (conditional on # = f). Consequently,
conditions A3 and A4 are intuitive and natural in many applications. We shall discuss

them after we derive new results for option-like securities.

Proposition 4 Under REE and A8,

Elrya|Fe N 6] >0,

where the return Tyy1 18 computed as in (1.2) using prices of an option-like security

with the payoff structure (1.11).
Proof: Proof in the Appendix.
Proposition 5 Under REE, A1, and A/,

E[$t+1|ft A 9] S 0,

where the return x;., 1s computed as in (1.7) using prices of an option-like security

with the payoff structure (1.11).

Proof: Proof in the Appendix.®

8See also Theorem 6 in Bossaerts (1996) where it has been shown that E[z¢y1|F¢ A 6] < 0 under
a different restriction on the underlying security’s price dynamics.
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Propositions 4 and 5 suggest a simple test of the rational expectations hypothesis
when only price records for surviving securities (§ = @) are available to an empiri-
cist: one needs to verify that the traditional return r;y; of such a security forms a
submartingale difference sequence (i.e., it is positive on average) while the modified
return z;1; forms a supermartingale difference sequence (it is negative on average).
In other words, the interval [z;i1,7¢y1] must include zero on average.

This test is potentially powerful because the difference between the traditional
and modified returns is usually small (it is of second order of magnitude since ;41 —
Tgp1 = Tey1 Tep1). This means that Propositions 4 and 5 specifiy rather tight bounds
on securities prices under REE. Violation of these restrictions would reject rational
expectations.

One can also interpret the difference between the traditional and modified returns
of the survived securities as an upper bound on the survivorship bias because under
REE

E[xi41|Fi A 0] < Efreg1|Fe) = 0 < Elrg|[Fi A 4).

This, in particular, means that if some anomaly of market efficiency do not “disap-
pear” when the modified return z;;; of the survived securities is used (instead of the
traditional return r;,;), then the survivorship bias alone cannot explain the anomaly.

To use Propositions 4 and 5, however, we need to assume that the underlying
security price process satisfies both A3 and A4 which means the following. If signal s,
is “better” than signal s} (i.e., ps(s}) > pi(s))), then both the probability of maturing
in-the-money ¢; and the expected payoff V; conditional on expiration in-the-money

for signal s’ are no less than those for signal s/:
g t g ¢

@(st) > a(sp),

Vi(si) = Vi(st)-

Usually, one can directly verify assumptions A3 and A4 when the underlying

security price dynamics is known. For example, one can check that assumptions A3
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and A4 are satisfied for call and put options in the Black-Scholes model.® One can also
show that when processes ¢; and V; are independent, the restrictions of Propositions 4
and 5 obtain (even though assumptions A3 and A4 may not be satisfied).
Assumption A3 (A4) is sufficient but not necessary for Proposition 4 (Proposi-
tion 5) to obtain. However, when A1 (A2) is not satisfied, the prediction of Proposi-

tion 4 (Proposition 5) may not hold. This is illustrated in the following two examples.

Example 2. Consider a simple finite-state world where the first signal s; can take
on only two values, s’ and s”. We assume that the signal probabilities are as in the

following matrix:

S1 =S8 S1 =S8

SS
Il
|

0.1 0.1

SS
Il
S~

0.1 0.7

We also assume that Vi(s') = 1 and V;(s”) = 9. From these data we can easily

compute that

a(s) =1, Vi(s') =1, m(s) =3,
q(s") =3, Vi(s") =9, pi(s") =&,
do = %7 ‘/0 - 57 Po = I

Clearly, this example does not satisfy the monotonicity condition A3 (¢;(s’) >

q1(s") while p1(s") < p(s")), and we find that

P1— Do _ 1(1 9> 3
E Fonfl==(24+2)-1=-"<0.
[ o [Fa 4 6] 5\2 "3

Example 3. Consider a slight modification of the previous example. The signal

probabilities are the same:

9See Section 1.4 for a numerical illustration.
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S1 =S8 S1 =S8

>
Il
|

0.1 0.1

S
Il
5

0.1 0.7

However, now Vi(s') = 2 and Vi(s"”) = 4. For the price process of this example,

QI(SI) = %; ‘/1(8,) = 27 pl(sl) = 17
0 (s") =, Vi(s") = 4, pi(s") = 3,
q0:%7 ‘/0:37 pOZ%

In this example, the monotonicity condition A4 is not satisfied (Vi(s') < Vi(s")
while p;(s") > p(s”)), and we find that
1/3 6 1

P1— Do =
E ;f/\9=1——<— —):— .
= ek s\575) 710"

1.2.3 Nonzero Risk-free Rate

To complete the set of restrictions on censored time series, we now consider relaxing
the assumption of a zero risk-free rate. We continue to study a general option-like
security v with the payoff structure as in (1.11).

Let ps > 0 denote the risk-free rate over the period [¢,¢ + 1]. We can define

t

B =[]+ ), (1.15)

7=0

the time-(¢ 4 1) value of one dollar invested at time 0 at the risk-free money account.
We observe that all previous results continue to hold when the risk-free asset B; is
used as numeraire, i.e., securities prices are expressed in terms of B; rather than

dollars. For example, instead of Proposition 1 we obtain the following martingale

property:

Pi+1 Pt
E ] = £,
B 7= B,
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Also, under REE and A1 (Proposition 2):!0

E

[pt+1Bt — peBip1

o~ |F: A = 0. (1.16)

In other words, if we define a new option-like security 7 with the payoff Vi =
Vr/Br when 6 = § and zero when § = §, then all results of Section 1.2.2 apply to
prices p; of .

However, in the special case when risk-free rates y; can be viewed as independent
of signals si,...,sr (which also includes constant and deterministic rates), these
extensions to the case of nonzero risk-free rate become particularly simple. In this

case,

Elpep1|Fi] = pe (14 ),
1 . 1
El—I|Fi N0 = ———,
Di+1 pe (1 + pe)
and we obtain the following
Corollary 4 When risk-free rates u; are independent of signals sy, ..., sy, Proposi-

tions 1-5 and Corollaries 1-8 continue to hold if returns of v are defined in excess of

the risk-free rate, 1.e.,
_ Diy1 = De

Tt41 = T = Mt
¢

Ptv1 =Pt M
Di+1 1+ p

Ti41 =

and similarly for fi41, Tiy1-

1.3 Extension to Rational Learning

In the previous section, the results for censored securities (Propositions 2-5) have been

all derived under the assumption that securities prices are set in REE. These results,

108ee also Bossaerts’ Theorem 5 for the pricing kernel M; = 1/B;.
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however, continue to be valid in more general setting where investors’ expectations
may be biased. In this setting investors are Bayesian and rationally process informa-
tion but they update their beliefs using subjective probability measure 7* instead of
objective probability measure 7 = 74 = g7' + (1 — ¢)7° that they use in REE. We
assume that 7* can also be factored into 7' and 7°, i.e., that there exists ¢* > 0

(representing investors’ biased priors about the event {# = §}) such that
™ =77 = ¢*rt + (1 — ¢*)7°. (1.17)

The interpretation behind the representation in (1.17) is that investors priors
about # may deviate from true priors ¢, yet, they make correct inferences about 6
when new information (signals s;) arrives to the market. In this case, we say that
investors have correct conditional beliefs and refer to the corresponding equilibrium
concept as Rational Learning Equilibrium (RLE). |

Consider again an option-like security v with the payoff structure (1.11). Its
equilibrium price is p; under rational expectations (i.e., when investors use the objec-
tive probability measure 7) and p; under more general rational learning (i.e., when

investors use the subjective probability measure 7*):
p; = E*[Vr|F4),

where E*[-] denotes integration with respect to 7*.

When investors’ conditional beliefs are correct,
E[Z\Fi NG = E*[Z|F, A6,

for any measurable with respect to F random variable Z (in both cases integration

is carried out with respect to 7!). For example, under Al

B P n g = PP F o ng) = 0.
Pt Dty
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Now it becomes clear why all previous results for censored securities are robust
to investors’ priors. Those results (Propositions 2-5 and Corollaries 1-4) are stated in
terms of expectations with respect to filtration {F; A 8}, (as opposed to Proposi-
tion 1 which is stated with respect to filtration {F}_,). Since expectations E[-|F; A 0]

can everywhere be replaced with E*[-|F; A 0] we arrive to the same conclusions under

the subjective probability measure 7*. For example, under Al

B P £ g = B Af) = 0.
Dty1 Pt+1

Hence, the following result holds.

Proposition 6 [Bossaerts] Propositions 2-5 and Corollaries 1-4 continue to hold

under RLE.

Proposition 6 suggests that the restrictions on prices of censored securities can
be used to distinguish between traditional rational expectations (with correct beliefs)
and more general rational learning (with potentially biased beliefs). In particular,
when Proposition 1 is rejected, rational expectations must be rejected as well. That
would not necessarily reject rationality of learning, however. It could be the case that
REE fails to hold only because investors have started with biased beliefs, but they
are otherwise rational (i.e., they correctly apply the rules of conditional probability).
That is the core of the more general class of RLE for which only Propositions 2-5

hold.

1.4 Illustration

For our simulation exercises we consider a financial market in which the price of an
underlying asset is modeled by a geometric Brownian motion (GBM) with constant

drift o and volatility o:

dXt = O[Xtdt -+ O'Xtth, (118)
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where dW; denotes a standard Wiener process. The risk-free interest rate is p and
the initial price of the asset is Xy. For simplicity, we assume that the asset does not
pay dividends.
Taking the number of days per year to be 252 = 12mosx21days we draw signals
sy from the normal distribution N(«/365,0%/252) to approximate the sample paths
of the geometrical Brownian motion.!! The price of the underlying asset at time ¢,

t=1,...,T is given by

t
X = Xoexp <Z s,-) .

i=1
Let Cy(X;, E) denote the time-t value of European call with maturity date T
and exercise price E when the current price of the underlying asset is X;. Time to

maturity 7 = T — ¢t. From the Black-Scholes formula

Ct(Xt, E) = Xt(ﬁ(dl) — Ee"’”@(dg), (119)
where
In(X;/E) + (u+ %02)7
dl = )
o\/T
p In(Xy/E) + (1 — %02)7'
gi= P

o/T

and ®(-) is the standard normal cumulative distribution function.

1.4.1 A Digital Option

For the first example we consider a particular Arrow-Debreu security v which pays
$1 when Xr > FE and zero dollars otherwise. This security is often referred to as a
digital (or binary) call. The REE price of v, denoted p;, is equal to the probability
that the call option Cy(X;, E) eventually matures in-the-money (6 = 0):

p; = Prob(f = 8| F;) = Prob(Xr > E | Fy).

UEollowing the common convention in the finance literature, when we calculate option prices,
annual values are converted to a daily frequency by dividing by 365 for interest rates and returns,
and by /252 for standard deviations.
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Using the familiar result in Breeden and Litzenberg (1978), the price p; can be

computed from the call function as follows:

rr-t) 0C(Xy, E,T — t)
0F '

pr=—e€ (1.20)

From this expression!? we obtain that

We take annual volatility ¢ = 30%, © = a = 0, and a time-to-maturity of two
months (7' = 42 days). The initial price of the underlying security X is normalized
to 1.

For the "at-the-money” strike price £ = 1.0 we generate a sample path of the
underlying asset X, X1, ..., X7 and calculate a price path pg, p1,..., pr of the cor-
responding digital option from (1.21).

We generate £k = 1,...,10,000 sample paths of the underlying asset, and com-

ko ok

pute the time-series average returns r*, z*, 7%, and £* for each price path k of the

corresponding digital option:!'3

6 Loy
r :_—ZTH—I’
371

k

and similarly for returns z*, 7*, and z*.

k 7% and £* across sample paths that matured

After that we average returns 7%, z
in-the-money, (6 = @), across sample paths that matured out-of-the-money (§ = 8),
and across all simulations. These (cross-sectional) average returns r, z, 7, and Z are
reported in Table 1.1.

The reported results supports the predictions of Propositions 1-2. In particular,

the average modified return x for digital options that matured in-the-money insignif-

12Gee Chapter 3 for another derivation of the result in (1.20).

13We exclude the last five prices in each series because near-maturity prices usually converge very
quickly to 1 (for digital options that eventually matured in-the-money) or to 0 (for digital options
that eventually matured out-of-the-money).
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icantly differs from zero (Proposition 2) while the average traditional return r is
positive and significant (as Corollary 3 predicts).

A similar situation appears for the digital options that matured out-of-the-money.
The average return Z is insignificantly different from zero (Corollary 1), while 7 is
positive and significant.

Table 1.1 also illustrates the observation about the martingale restriction in reverse
time (Theorem 4 in Bossaerts (1996)). According to this theorem, the return 7.,
must be zero on average if signals s; are (conditionally) independent in reverse time.
In this example, signals s; are independent in forward time but not in reverse time
since a reversed sequence of underlying security prices Xr, ..., X; always converges to
Xo = 1.0. The significantly negative average return r for digital options that matured
out-of-the-money reflects this fact.

Table 1.2 and Table 1.3 report two independent sets of the same simulations for
in-the-money digital options (strike price of E = 0.9) and for out-of-the-money digital
options (strike price of E = 1.1) respectively.

1.4.2 A Call Option

The second example illustrates Propositions 3, 4 and 5 for option-like securities. We
keep all the parameters the same as in the previous example and consider time series

of call option prices. In this case, the equilibrium price p; is given by:
pe = Cy( Xy, ).

For each of three strike prices, in-the-money E = 0.9, at-the-money F = 1.0,
and out-of-the-money E = 1.1, we generate 10,000 price series and compute average
returns 7 and x across sample paths that matured in-the-money. Also, to illustrate

Proposition 3, for each sample path & of that matured in-the-money we compute the
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modified “weighted” return over the period [0,7/2], i.e.:

E Lk ko .k
o = Cf(xf, B) T2 = (xb - B) L0,

Drye p?/z
Let v denote the average of v* across all matured in-the-money calls. The results
are reported in Table 1.4 and they confirm the predictions of Propositions 3-5 for
option-like securities.
For all three strike prices, average returns r are significantly positive (Propo-
sition 4), average returns x are significantly negative (Proposition 5) and average

returns v are insignificantly different from zero (Proposition 3).

1.5 Conclusion

In this chapter we examine the implications of the survivorship (selection) bias on
asset pricing. Following the model developed in Bossaerts (1996) we derive several
related empirically relevant restrictions on prices of securities whose payoff have a
survivorship feature.

These selection-bias induced rationality restrictions have two important empirical
implications. First, under rational expectations, they provide the necessary informa-
tion to measure the extent of the survivorship bias problem.

Second, they can be used to distinguish between the traditional rational expecta-
tions (when beliefs are required to be correct) and the more general rational learning
(when beliefs may be biased). The strongest restrictions obtain for prices of Arrow-

Debreu securities and we use them in two applications in Chapters 2 and 3.
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1.6 Appendix

Proof of Proposition 4
The idea of the proof is to show that under A3 the following inequality must be
true:

Vi+1

[pt“mAe] BUIFY) 2 BIS2F A0 E [Qt“m] (1».22)

Indeed,
I = [pt“ |F, A8 E[1|F,] =

P41 St—l—l "
/ 3t+1) dSt—H 1 5t+1> dsy 1 =

me(8hy1) me(s
2// t+;t q: t“) (pt“(s;ﬂ)qtﬂ(s’t“)+pt+1(8£'+1)€h+1(5g+1)) dstyy sty

Similarly,

Vi+1

I, = B[S |Fi A G E[Qt+1|7-"t]

Vig1 (s} :
/—_Hl‘(/ttﬂ) 3 (St1) A8t /7%“;?“) t(sit1) dsiyy =
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Finally,
2 (Il - IZ) ==

me(Syiq) Te(s
// ¢ H;t qtt (si41) (Pt+1(52+1)—pt+1(3g+1)) (Qt+1(52+1)—9t+1(32/+1)) dsy1 dSi11-

The last representation implies that [; — I, > 0 (under assumptions A3). Now,

since we also know that

Vt—l—l

BI1|F = B[S F A ) = [qt“lft]—l

the result follows immediately from (1.22). A
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Proof of Proposition 5
The proof is similar to that of Proposition 4 except now we use a different in-

equality. We want to show that, under A4:

[p \FAO E [pt+1[]-"t]>E[ |ft/\€] E[‘”“]ft] (1.23)

In this case, a similar trick yields that

L=E 2 \F A0 E [pt“w—
Di+1

D 17 7 / pt‘i‘l(sf‘,l-l—l) " "
———— 7, (s},7) ds /——7r Bhny ) U8y =
/Pt+1(3£+1) ¢ t+1) t+1 ; t( t+1) t+1

1 ! /i ! 14
_//Wt(5t+1)7rt(3t+1) (pt+1(8f;|—l) L pt+1(sf+l>> d82+1 dsQ’H,
2 qt V;t+1(5t+1) Vt+1(3t+1)

and

L=E-2L 7, Af E[Qt+l|ft]—
qt+1
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[t day [ ol et =
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Using these representations for I; and I, we obtain that

2([1 —IQ) =

(8, 1) me(s] 1 1
// t(Se) Te(574) (Pt+1(5£+1)_pt+1(3,t/+1)) ( - 7 ) dsiy1 sy
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This proves that, under assumption A4, I — I, > 0. Finally, we recall that
[Pt+1 5] = [Qt—l—l 1E =1,

and that, under Al,

E[-ZF Al =1,
qt+1



and the result follows from (1.23). A
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Table 1.1: Average returns r, z, 7, and z of digital options com-
puted across sample paths that matured in-the-money, (6 = §),
across sample paths that matured out-of-the-money (6 = §)
and across all simulations. The strike price £ = 1.0. Results
are based on 10,000 independent time series (t¢-statistics in
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Table 1.2: Average returns r, z, 7, and % of digital options com-
puted across sample paths that matured in-the-money, (6 = §),
across sample paths that matured out-of-the-money (0 = §)
and across all simulations. The strike price £ = 0.9. Results
are based on 10,000 independent time series (¢-statistics in
parentheses).

N r © . P
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o= | s ] e
oo s s 5

Table 1.3: Average returns r, z, 7, and Z of digital options com-
puted across sample paths that matured in-the-money, (6 = §),
across sample paths that matured out-of-the-money (6 = §)
and across all simulations. The strike price F = 1.1. Results
are based on 10,000 independent time series ({-statistics in
parentheses).
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Table 1.4: Average returns r, z, and v for call options that
matured in-the-money. Results are based on 10,000 indepen-
dent time series for strike prices £ = 0.9, E =10, and £ = 1.1
(t-statistics in parentheses).

N T z v

0.0105 | -0.0250 | -0.0007

E=0.9] 7780 (50.9) | (-56.5) | (-0.38)

0.0402 | -0.0289 | -0.0011

E=10149771 106.2) | (37.2)| (0.82)

0.0854 | -0.0346 | -0.0004

E=1.11|2452 (105.7) | (-23.9) | (-0.65)
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Chapter 2 Expectations and Learning in Iowa

2.1 Introduction

The purpose of this chapter is to illustrate how the theoretical results discussed in
Chapter 1 can be implemented to test for the Rational Learning Equilibrium (RLE)
against the more restrictive traditional Rational Expectations Equilibrium (REE).

We investigate the pricing of “winner take all” contracts traded in the Iowa Elec-
tronic Markets (IEM), computerized experimental markets developed at the Univer-
sity of Iowa for academic purposes. Winner-take-all contracts are classical examples
of Arrow-Debreu securities: they pay $1 in one state of the world; $0 in all others.
We study the contracts which derive their payoff from price changes of stocks in the
computer industry and the S&P 500 Index. These winner-take-all contracts allow us
to use the strongest restrictions from Chapter 1 derived for prices of Arrow-Debreu
securities.

Specifically, let r;4; and z;1; denote the traditional and modified returns of an

Arrow-Debreu security with time-¢ price p;:

Pesy = Pty1 — Pt7 (2.1)
Dt

Tipr = Pty — Pt (2.2)
Pit+1

Under rational expectations, the traditional return r;,; is unpredictable from in-
vestors’ past information:

E[Tt+1|Ft] =0. (23)

Under more general rationality of learning, the traditional return r;,; and modified

return z;4; of Arrow-Debreu securities that matured in-the-money must satisfy the
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following restrictions:

E[Tt+l lft, é] > 0, (24)

Elega|Fpb) = 0. (2.5)

Under REE, restriction (2.3) can be verified in a cross section of random histories
of prices of Arrow-Debreu securities. If this property is rejected, rational expectations
must be rejected as well. That would not reject rationality, however. Agents could
have started with biased beliefs. For rationality, they need only apply correctly the
rules of conditional probability. That is the core of the more general class of RLE.
In those, restrictions (2.4)-(2.5) for returns of securities that matured in-the-money
hold. Thus, a cross section of price histories of “winning” Arrow-Debreu securities
allows us to test the proposition that investors’ learning is rational.

The analysis of time series of winner-take-all contracts suggests that prices in
the lowa markets are in accordance with rational learning. Evidence against rational
expectations surfaces, however, indicating that investors may have started with biased
priors. Among other things, there is a pronounced negative correlation between the
price level and the subsequent price change. This finding is not unlike the evidence
from stock markets (e.g., Keim and Stambaugh (1986)).

It deserves emphasis that the latter does not necessarily imply that there is money
to be made. The priors of participants in the Iowa markets are as good as any other.
An outsider may have different priors, but whether this would lead her to “make
money” depends on the circumstances. She would if her priors happened to be better
(this is a chance event). Her trading would amount to pure speculation, because our
results indicate that participants in the Iowa market certainly do not leave “money
on the table” because they do not know how to correctly update their beliefs (they
could be over-reacting or under-reacting to new information).

The remainder of this chapter is organized as follows. The next section describes
the Iowa experimental markets that are the focus of the study. Section 2.3 presents

the results of the tests of rationality of learning. Section 2.4 investigates rational
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expectations. Section 2.5 concludes.

2.2 The Iowa Experimental Market

The College of Business Administration at the University of Iowa runs a number
of markets in winner-take-all contracts based on the returns or prices of U.S. stock
exchange listed securities and indices. Each month, a new set of contracts is offered.
Contract liquidation values are determined by rates of return or changes in closing
prices of the underlying stock measured from the third Friday of one month to the
third Friday of the next month. Trade starts on Monday following the third Friday of
the month. Trading halts when the liquidation value is determined. Rates of return
on the underlying stock securities are adjusted for dividend payments. Rates of return
on indices are not dividend-adjusted.

Iowa manages another set of markets, where the payoffs on the traded securities
depend on political events, such as the outcome of presidential or parliamentary
elections. These markets pre-date the ones that we are studying here. For an in-
depth analysis of the political markets, see Forsythe, Nelson, Neumann and Wright
(1992).

We investigate two sets of markets: the computer industry returns markets and
the Microsoft price level markets. Four winner-take-all contracts are traded in the
former. They pay one dollar depending on which underlying security had the highest
return: Apple, IBM, Microsoft or the S&P 500, respectively. Contracts written on
losers expire worthless. Hence, these contracts are Arrow-Debreu securities written on
a state space determined by the returns of the aforementioned stocks and the S&P 500
Index. In the Microsoft markets, two contracts are traded. One, the “High” contract,
pays a dollar when Microsoft’s next month closing price is above a predetermined cut-
off level. The other one, the “Low,” pays one dollar in the complementary state. The
cut-off level is determined by the exercise price of the closest-at-the-money, exchange-
traded option (CBOE) on Microsoft.

The trading mechanism of the Iowa Electronic Market is the computerized double
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auction. Participation extends beyond the University of lowa (the market is Internet-
based), but is restricted to investors with academic affiliations. In addition to trading
individual contracts, a “market” portfolio can be purchased and sold. This is a unit
portfolio which bundles all contracts in a set of markets, and, hence, guarantees a
unit payout. It can be purchased from or sold to the system for a unit price, or
bought/sold in the market (the latter requires, however, that there be quotes in all
contracts).

We limit our attention to daily closing prices, which are defined to be the last
transaction price before midnight, or, if no transactions took place, the previous clos-
ing price. Notice that closing prices on complementary contracts are not necessarily
synchronous. This fact along with the bid-ask spread imply, among other things, that
the closing prices do not necessarily add up to one, even if a bundle of complementary
contracts guarantees a unit payoff, and that returns are not collinear. Let us look at
the data to gauge the importance of nonsynchrony.!

Table 2.1 displays some descriptive price and volume statistics. Figure 2.1 plots
the price paths for the two Microsoft securities over four sample months. Table 2.1
lists the average and standard devié’cion of the absolute deviation of the sum of the
prices of complementary securities from one. The numbers are sizeable, indicating
that nonsynchrony is a serious problem. It also means that the returns on comple-
mentary securities are not necessarily collinear, a fact that we will exploit in our tests.
The lack of collinearity is also apparent from Figure 2.1: if synchronous, the price
paths of the two Microsoft securities should be perfectly symmetric with respect to a
line through $0.50. They are not.

Table 2.1 also documents substantial positive skewness and extreme kurtosis in
the distribution of returns. Readers familiar with derivatives markets (such as the
winner-take-all markets we are studying here) will not be surprised. The kurtosis is

also apparent in Figure 2.1: the history for the 10/95 Microsoft High contract (which

INote that one can earn risk-free profit if at any time sum of the bid prices of complimentary
contracts is greater than one or sum of the ask price is lower than one. However, when transactions
are nonsynchronous and could take place either at the bid or at the ask, the fact that the closing
prices on complimentary contracts do not always add up to one does not imply that arbitrage
opportunities are available in the Iowa markets.
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pays $1 if Microsoft’s price increased from September 1995) includes a day (10/17/95)
when the price jumped from $0.024 to $0.455, a return of 1,796%! The skewness is
reflected in the surprisingly high average daily return. See Table 2.1. The averages
are less than two standard errors from zero, however, except in the pooled sample.

The next two sections present the tests for rationality of learning and rational
expectations based on the martingale results discussed in Chapter 1. These results can
be tested in many different ways, however, due to data problems, in analyzing returns
of the lowa winner-take-all contracts, we concentrate on the simplest predictions only.
We provide more complete analysis of the theoretical results in the context of the

higher quality options data in Chapter 3.

2.3 Testing Rationality of Learning

Restriction (2.5) demonstrates that one can use the modified return (where the end-of-
period price is used to deflate payoffs) of winning securities to test for the rationality
of learning. This result solely depends on agents’ correctly applying the rules of
conditional probability (Bayes’ law), and not on the initial beliefs, which can be
arbitrarily biased.

Let us look at the returns and modified returns on winning securities in the Iowa
market data described in the previous section. Because of restriction (2.4), we expect
the traditional return to be positive on average. This contrasts with the modified
return, which should be zero on average.

We computed average daily returns and modified returns for each month-long
price history and then tested whether the average (of this average) was zero across
the monthly histories. Since the dataset covers 16 months, we will have a cross section
of sixteen averages for each individual set of markets (the Microsoft markets and the
computer industry markets separately) and 32 averages when we pool both sets of
markets. The outcomes in the cross section can be safely assumed to be independent.

We can also look at the securities with payoffs complementary to those of the

losing securities. Of course, the complementary securities are winners as well. Com-
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plementary securities can be created by purchasing the market portfolio from the
system for $1 and selling one traded security. We take the price of the complemen-
tary security to be the value of this portfolio. In the Microsoft case, each security
is the complement of the other, so that results are exp.ected to be similar to those
obtained from actually traded winning securities. Discrepancies will arise, however,
because securities trade nonsynchronously. In the computer industry markets, the
complementary security to, say, Apple, is the one that pays $1 if any other security
than Apple wins.

In the computer industry markets, there will be correlation across monthly his-
tories of complementary securities that traded simultaneously, i.e., during the same
month. The results that we are about to report do not correct for this. When we
attempted to address the problem (mainly by running Seemingly Unrelated Regres-
sions), the results were not altered qualitatively.

Table 2.2 displays the average of the time series daily return average, as well as
its standard error. In all cases is this average more than two standard errors above
zero, corroborating restriction (2.4). Table 2.2 also lists results for the average of the
time series daily modified return average. It is always within two standard errors from
zero, in accordance with restriction (2.5).2

In Table 2.1, we documented extreme skewness and kurtosis in the distribution of
returns. One wonders to what extent these affect the inference in Table 2.2. Therefore,
Table 2.2 also displays the skewness and excess kurtosis of the month-long averages.
The values are far more acceptable, rendering credibility to our results. This is
certainly so for the modified returns.

We can conclude provisionally that learning in the lowa markets is rational: there
are no biases in the modified returns of winning securities.

In fact, restriction (2.5) is stronger than this simple test of the average modified

return may indicate. For learning to be rational, the average modified return of

2We only report standard errors and whether the statistic is 1.8 or 2 standard errors from zero.
In order to avoid unnecessary controversy, we refrain from attaching a specific p-level to the esti-
mates. We allow the reader to use his or her favorite distributional theory to determine what the
corresponding p-level is.
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winning securities ought to be unpredictable from any past information. We can test
this in two ways.

First, we can correlate the modified return with past information, by computing
the average of the modified return times, say, the lagged price, or the lagged price
squared. Second, we can simply regress the modified return onto lagged information,
e.g., the lagged price.

Let us discuss results from the first strategy. We compute monthly averages of
Tip1pe and 7441 (p;)?, and test whether they are zero across the months. Of course,
we continue to limit our attention to winners. For comparison, we also report results
for monthly averages based on the traditional return, i.e., from 7,y1p; and ryy1(ps)2.3

Table 2.3 reports the results. In no case is the monthly average of z;y1p; or
Ts41(p;)? significantly different from zero, supporting rationality of learning. This
contrasts with the averages of 74,1p; and 74,1 (p;¢)?, which are all significantly positive.
Taking the results of Tables 2 and 3 together, the modified return of winning contracts
is not predictable from past information embedded in the price level.

The second strategy, whereby we project the (modified) return onto the beginning-
of-period price using OLS, deserves more discussion. Many researchers, starting with
Keim and Stambaugh (1986), have found that stock returns are negatively related to
the beginning-of-period price. For winners, however, the projection of the modified
return onto the lagged price should produce insignificant results, at least if prices are
set in a RLE. We verify this for the Iowa markets.

When plainly projecting the modified return on the lagged price, however, the
error exhibits substantial heteroscedasticity: its variance is far higher for low price
levels. This obviously affects the inference. It turns out that there is a simple way to

correct for the heteroscedasticity in the error term, namely, by regressing the modified

3Later in Chapter 3, we analyze the traditional and modified returns r;;11 and z;;; after multi-
plying them by p; for some real v. We also argue that the transformed returns, r;+1p] and z¢41p;,
may be interpreted as returns of particular dynamic trading strategies. Specifically, the case v > 1
corresponds to the “follow market” strategy: sell securities when their price goes down and buy
them when price goes up. The case v < 1 corresponds to the “contrarian” strategy: sell securities
when their price goes up and buy them when price goes down. Finally, when v = 1 (the case we
investigate for the Iowa contracts) the trading strategy is “buy and hold” where composition of the
portfolio remains constant over time.
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return times the lagged price (z;41p:) onto the lagged price (p,).

Table 2.4 reports results of this alternative projection. For comparison purposes,
we also display results for OLS projections of the traditional return multiplied by
the lagged price (i.e., the price change) onto the lagged price. The contrast between
the highly significant coefficients for the traditional return against the small and
insignificant ones for the modified return is striking. As before, rational learning is

supported.?

2.4 Testing For Rational Expectations

As is well-known, REE can be tested by verifying (in-sample) predictability of returns
using past information. We must not, however, condition on future information, such
as, e.g., the eventual payoff on a security. In the previous section, we did so, because
the tests were inspired by restriction (2.5). In contrast, tests of rational expectations
are based on restriction (2.3), where one conditions out (i.e., averages across) eventual
outcomes.

We initially tested REE by projecting returns onto lagged prices. As with the
projections leading to Table 2.4, however, we discovered pronounced heteroscedastic-
ity in the error term: its variance decreased with the price level. Again, a simple
transformation purged the error of heteroscedasticity, namely, multiplication of the
return by the lagged price. Of course, this means that the regressand became simply
the change in the price over the subsequent day.’

Figure 2.2 provides a scatter plot of daily price changes against lagged prices for
the Microsoft contracts. The negative trend stands out. Also, there is little evidence
of heteroscedasticity as a function of the price level.

Table 2.5 reports the results of the OLS projections of price changes onto lagged
prices. The negative trend apparent in Figure 2.2 translates into significantly positive

intercepts and negative slope coefficients. It is interesting to note that this is precisely

“The results for the securities that are complementary to the losers are similar to those for the
winning contracts. They are not reported to conserve spaces.
5See also footnote 3.
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what has been observed for U.S. stock returns as well (see, e.g., Keim and Stambaugh
(1986)).

The evidence in Table 2.5 leads us to refute REE at high confidence levels. Because
we concluded in the previous section that closing prices in the Iowa markets reflect
rational learning, however, we cannot attribute this rejection to over-reaction (the
explanation usually advanced for this phenomenon in the stock markets). It must
be agents’ beliefs. They are biased, in violation of one of the assumptions behind
rational expectations.

In what sense are beliefs biased? A closer investigation of the data revealed the
following. Take the Microsoft markets, for instance. The Microsoft High contract
matured in the money 12 times out of 16 (months). This seems to indicate that
chances for Microsoft High to pay off $1 are 75%, which would lead us to assign a
value of $0.75 at the beginning of trading. We noticed, however, that the first closing
price for Microsoft High was often substantially different from $0.75. The deviation
for the 9/95 contract, for instance, was more than $0.30 (see Figure 2.1).

By themselves, these deviations from what we consider to be a fair value for
the Microsoft High contract may merely be evidence of the superior information that
markets possess over us, or they may reflect that the Microsoft High contract does not
always start trading at the money. However, together with the negative relationship
between price levels and subsequent returns, the deviations in the initial Microsoft
High prices from fair value seem to indicate that Iowans started out with more extreme
priors than can be justified ez post. Beliefs subsequently reverted back to some more
acceptable level.

Unfortunately, we observe only 16 predictions. The forecasts reflected in the initial
closing prices did not deviate sufficiently to be able to make formal statements about
the extent to which agents’ beliefs were biased.

In this respect, it is worth emphasizing that a comparison between the negative
correlation between price levels and subsequent price changes (documented in Ta-
ble 2.5), on the one hand, and the absence of correlation between the modified return

and lagged prices for winning securities (documented in Table 2.4), on the other hand,
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did allow us to conclude that initial beliefs must have been biased. It underscores the
power of our methodology.

As a final note, we should caution the reader against overinterpreting our evidence
against rational expectations. Return measures do not always accurately reflect po-
tential profitability. Our returns are computed on the basis of transaction prices.
Transactions could take place either at the bid or at the ask. If today’s closing trans-
actions took place at the bid, and tomorrow’s at the ask, the return one computes
from the closing prices is an incorrect measure of the payoff on a strategy of purchasing
the security at today’s close and selling at tomorrow’s close.

Among other things, the regression results reported in Table 2.5 could be affected
by this bid-ask bounce, if closes with a low price predominantly take place at the
bid. The subsequent return would be biased upward. This bias would translate into
a negative correlation between the error in the regression of returns onto previous
closing prices and the regressor. The OLS slope coefficient would be negatively biased.
Absent quote data, however, we have no way to tell how severe this problem is.

Still, it is important to appreciate that if bid-ask bounce biased the regressions
with the traditional return as regressor, it ought to have affected the ones with the
modified return as regressand as well. Tables 3 and 4 documented, however, that the
results for the latter ¢conform nicely to the theory. This makes our evidence against

rational expectations less ambivalent.

2.5 Conclusion

We cannot find any predictability in return sequences of winning securities in the Iowa
experimental markets where the payoffs are defined with respect to U.S. exchange-
listed stock. The returns were suitably modified to adjust for the selection bias
caused by our focusing on securities that matured in the money. Since these modified

returns are unpredictable if agents correctly apply the rules of conditional probability,

6Several papers in the finance literature point out the potential biases from using transaction
prices, starting with Blume and Stambaugh (1983).
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we conclude that we cannot reject that market prices in Iowa reflect rational learning.

In contrast, we find evidence of in-sample predictability of returns, in the form of
a negative correlation between the daily price change and the level of the previous
closing price. Since in-sample predictability violates rational expectations but agents
appear to have correctly implemented Bayes’ law, we conclude that their priors must
have been biased. Under rational expectations, the priors had to coincide with the
actual distribution of outcomes.

What does this mean in terms of the traditional notion of market efficiency (Fama
(1970, 1991)), i.e., for a newcomer’s ability to “make money”? Based on the evidence
reported here, a newcomer should refrain from betting against the Iowa markets.
There is no money to be made from mistakes against the rules of conditional prob-
ability. Still, the newcomer may want to trade because her priors differ from those
of the market. The bottom line is: the marginal bet in the Iowa market is pure

speculation.
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Table 2.1: Descriptive Statistics

All Microsoft Computer
Markets Markets  Industry
Markets
N: 2380 795 1585
Daily return: Average 0.083 0.081 0.084
St. dev. 1.563 1.169 1.728
Skewness 27.7 16.8 28.2
Kurtosis 980 325 953
Average Daily
Volume (Units): 80.0 266.3
Measure of Average 0.006 0.019
Nonsynchrony:  St. Dev. 0.049 0.062

Notes: The information is based on daily closing prices from the Iowa Exper-
imental Markets, 8/95 till 12/96 (16 months). The closing price is the price of
the last transaction or, if no transaction took place during the day, the previous
closing price. Sometimes, contracts continued to be traded after their payoff
became known; the corresponding observations were deleted. Also, the follow-
ing were discarded because they clearly represented aberrations: All computer
markets closing prices on 8/28/95 and 8/29/95; Microsoft Low closing price
on 5/20/96; Computer industry markets closing prices on 6/20/96. N denotes
sample size. Nonsynchrony is measured by the average absolute deviation of

the sum of the closing prices of complementary contracts from unity.
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Table 2.2: Analysis Of Payoffs On Winning Contracts

All Microsoft Computer
Markets Markets  Industry
Markets

Winners L E 32 16 16
7.  Average | 0.115** 0.097** 0.173**

(0.030) (0.037) (0.047)

Skewness 2.4 3.5 2.0

Kurtosis 9.9 16.2 9.4

T: Average -0.033 -0.032 -0.035

(0.022) (0.022) (0.038)

Skewness 1.7 -1.6 -1.6

Kurtosis 5.8 4.5 |

Complements | IV: 64 16 48
to Losers 7 Average | 0.046* 0.086** 0.032**
(0.008) (0.026) (0.006)

Skewness 4.0 Do Ay

Kurtosis 26.2 14.7 8.8

T: Average -0.016 -0.028 -0.011

(0.010) (1 0.020) (0.011)

Skewness -3.9 -1.4 -4.9

Kurtosis 21.8 3.7 30.0

Notes: N denotes sample size. T denotes the average across all month-long
histories of the time series average daily traditional return. Z denotes the
average across all month-long histories of the time series average daily modified
return, where the payoff is divided by the end-of-period closing price. Standard
error in parentheses. * and ** indicate that the statistic is more than 1.8 and
2 standard errors from zero, respectively. The closing prices of complements
to losers is obtained by subtracting the closing price of a loser from the price
at which the market portfolio can be bought from the system (i.e., $1). In
the Microsoft case, the price history of the complements to the losers is not
identical to that of the winners, because of nonsynchrony.
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Table 2.3: Analysis Of Payoffs On Winning Contracts: Correlation

With Lagged Information

All Microsoft Computer

Markets Markets  Industry

Markets

Lagged | N: 32 16 16
Price 7p:  Average 0.086** 0.097** 0.035**
(0.004) (0.004) (0.007)

Skewness 1.1 -0.4 0.9

Kurtosis 6.2 2.4 5.4

Tp: Average -0.011 -0.019 -0.003

(0.008)  (0.013) (0.009)

Skewness -1.8 -2.3 -0.2

Kurtosis 8.3 8.4 3.4

Lagged | N: 32 16 16
Price rp?:  Average | 0.009** 0.006™* 0.013**
Squared (0.002) (0.003) (0.004)
Skewness 0.6 -0.8 1.5

Kurtosis 5.3 2.4 5.9

xp?:  Average | -0.005 -0.011 0.000

(0.005)  (0.008) (0.005)

Skewness -2.4 2.5 -0.0

Kurtosis 12.0 10.3 3.6

Notes: N denotes sample size. 7p denotes the average across all month-long
histories of the time series average daily traditional return multiplied by the
lagged price level. ZTp denotes the average across all month-long histories of
the time series average daily modified return multiplied by the lagged price
level. 7p? denotes the average across all month-long histories of the time series
average daily traditional return multiplied by the square of the lagged price
level. xp? denotes the average across all month-long histories of the time series
average daily modified return multiplied by the square of the lagged price level.
Standard error in parentheses. * and ** indicate that the statistic is more than
1.8 and 2 standard errors from zero, respectively.
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Table 2.4: Analysis Of Payoffs On Winning Contracts: OLS Projec-
tions Of Returns Times Lagged Prices Onto Lagged Prices

All Markets Microsoft Markets | Computer Industry
Markets
Return Modified | Return  Modified | Return Modified
Return Return Return
N 601 601 299 299 301 301

Intercept | 0.044*  -0.014 | 0.056*  -0.032 |0.034™  -0.011
(0.010)  (0.014) | (0.018)  (0.030) | (0.013)  (0.014)

Slope —0.044*  0.003 |—0.067" 0.021 | -0.015  0.011
(0.017)  (0.024) | (0.026)  (0.045) | (0.028)  (0.031)
R? 0.011 0.000 0.021 0.001 | 0.001  0.000

Notes: To compute the modified return, the payoff is divided by the end-of-
period price instead of the beginning-of-period price. N denotes sample size.
* and ** indicate that the statistic is more than 1.8 and 2 standard errors from
zero, respectively.

Table 2.5: OLS Projections Of Changes In Prices Onto Lagged Price
Levels

All Markets | Microsoft Markets | Computer Industry

Markets

N 1792 591 1200
Intercept 0.050** 0.058** 0.048**
(0.006) (0.013) (0.007)
Slope —0.053** —0.069** —0.048**
(0.009) (0.019) (0.010)

R? 0.020 0.022 0.019

Notes: N denotes sample size. * and ** indicate that the statistic is more
than 1.8 and 2 standard errors from zero, respectively.
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Figure 2.1: Time series plots of daily closing prices for contracts Microsoft High
(bold line) and Microsoft Low (dashed line). One-month histories for four expiration
months are shown: 9/95 (month mb5i), 12/95 (month mb5l), 1/96 (month m6a) and

6/96 (month m6f).
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Figure 2.2: Scatter plot of daily changes in closing prices (RLP) onto previous-day
closing prices (LP), Microsoft contracts.
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Chapter 3 Testing Rationality of S&P 500 Index

Options

3.1 Introduction

The purpose of this chapter is to demonstrate how rationality of learning can be
tested in real financial markets, where no Arrow-Debreu (AD) securities are traded.
The approach is implemented for the S&P 500 Index Options (SPX). We use prices of
the S&P 500 Index Options to estimate prices of particular Arrow-Debreu securities,
namely digital options. A digital call with exercise price X is a contract that pays
$1 when the maturity price of an underlying asset St exceeds X. Otherwise, it pays
thing. Thus, digital options (simply digitals) amount to straight bets on the terminal
value of the underlying asset Sr.

Prices of digital options are implicit in prices of corresponding puts and calls and
closely related to cumulative risk-neutral densities CRND).! For any exercise price
X, asset’s risk-neutral density (RND) (or state-price density (SPD)) defines the risk-
neutral probability that the asset’s maturity price falls between X and X +dX, while
the CRND determines the risk-neutral probability that the asset’s maturity price
does not exceed X. The idea to estimate the RND from prices of traded financial
securities has been suggested by Banz and Miller (1978), Breeden and Litzenberger
(1978) and Ross (1976). Both parametric and nonparametric approaches have been
implemented in the empirical literature.

In the parametric approaches, either the underlying asset’s price dynamics or
the RND are prespecified in some parametric form.? The problem with parametric

techniques, however, is that their success (or failure) critically depends on the ability

1The concept is based on risk-neutral valuation of options (See, Cox and Ross (1976)).

2See Jarrow and Rudd (1982), Shimko (1993), Madan and Milne (1994). Parametric specifications
for stochastic processes other than geometric Browninan motion can be found in Goldenberg (1991),
Hull and White (1987), and Heston (1993).
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to capture the underlying asset’s price dynamics: a misspecification of the dynamics
leads to systematic errors.

One recent response to these difficulties is to estimate the RND nonparametrically.
These approaches use neural networks (Hutchinson, Lo, and Poggio (1994)), kernel
regressions (Ait-Sahalia and Lo (1995)), or optimization methods (Rubinstein (1994),
Jackwerth and Rubinstein (1996), Stutzer (1996)) to fit functional “black boxes”
that map market option data (e.g., time to maturity, exercise price, underlying asset
price, dividend yields, interest rates, etc.) into option prices. With no parametric
restrictions on the underlying asset’s price process, these approaches are “distribution-
unrestricted.” Consequently, they are free of the classical joint hypothesis on asset’s
price dynamics and risk premium that is typical of parametric arbitrage models.

The new estimation procedure that we use to recover prices of digital options is
in the spirit of nonparametric techniques and has several interesting features.

First, and most importantly, the estimation procedure does not require station-
arity of an underlying asset’s price dynamics. Evidence against the stationarity as-
sumption abounds in the empirical finance literature.> Macroeconomic variables (for
example, level of stock market prices, volatilities, interests rates, etc.) may affect
stock and options prices in a way that is yet not fully understood. The functional
dependence on these variables, unaccounted in parametric or nonparametric specifica-
tions, causes the nonstationarity of the underlying asset’s process (and, consequently,
the option pricing formula). That is why we estimate the option pricing formula
separately for each trading day using only most recent options prices. Since we study
how investors change their beliefs over time, the empirical option formula is allowed
to vary over time as well.

Second, the estimation procedure enforces rudimentary theoretical shape restric-
tions on options prices (such as monotonicity, convexity and boundary conditions).

An iterative algorithm is suggested to solve the resulting nonlinear Constrained Con-

3See, for example, empirical study of options prices in Rubinstein (1985). He found that options
prices exhibited different biases for the two studied subperiods. For the first period from August 23,
1976, to October 21, 1977, implied volatilities tended to be relatively high for in-the-money options
and relatively low for out-of-the-money options. For the second period from October 22, 1977 to
August 31, 1978, the exactly opposite results were obtained.
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vex Regression (CCR).

Finally, the estimation procedure uses an alternative parametric option specifi-
cation which is parsimonious, computationally very simple, and which significantly
outperforms the Black-Scholes specification for the studied dataset.

The analysis of time series of the estimated digital options supports the hypothesis
of rational learning. Several tests based on the martingale restriction under Rational
Learning Equilibrium (RLE) indicate that investors of the S&P 500 Index Options
process new information to the market in an efficient manner. This means that
investors’ reaction is consistent with revisions prescribed by Bayes’ rule: they do not
over- or under-react to new information.

Still, strong evidence against rational expectations surfaces, implying that in-
vestors must have started with biased priors. The dataset allows one to characterize
the investors’ expectational errors. In particular, it is shown that, over the five-year
period from 1991 to 1995, investors repeatedly underestimated the S&P 500 Index
expected return and overestimated its volatility.

The remainder of the chapter is organized as follows. Section 3.2 reviews the
relation between prices of digitals and traditional options. Section 3.3 describes our
dataset, the test specification, and the estimation procedure to recover prices of dig-
itals. Section 3.4 presents the empirical results of the tests for rationality of learning

and rational expectations. Section 3.5 concludes.

3.2 Constructing and Pricing Digital Options

Let Cy(X)=C(Ss, pe.1, 617, t; X, T) and P,(X)=P(S:, pe.1, 617, t; X, T) denote the time-
t values of European call and put with maturity date 7" and exercise price X written

on an underlying asset (index) with a current price S;, where
e 6,7 = the dividend rate between ¢ and T}

e ;7 = the risk-free rate of return for maturity 7' (continuously compounded).
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As usual, we assume that both the underlying asset and the options are traded
in perfect markets with no transactions costs or tax considerations and that unlim-
ited risk-free borrowing and lending is available at the same instantaneous rate e

Throughout the chapter we often use the following notations:

o 7 =T —t = time to maturity;
e m = S/X = moneyness;
o F, = S;e~%r(T-1) = “dividend-adjusted price”;*

o Gi(X) = Xe 7Tt = value of the risk-free bond that pays X dollars at time
T. We can think of G;(X) as “interest rate adjusted” exercise price, and, when

it is unambiguous, we suppress the dependence on X and simply write G,.

Options are derivative securities whose payoff depend on the maturity price of the

underlying asset, Sr. For example, the payoff of a call option:
Cp(X) = Sr—X, ifSpr>X (3.1)
0, ifSr<X

Consider another derivative security that has a payoff structure similar to (3.1),
a digital (or binary) call. A European digital call with exercise price X is a contract
that pays $1 when the maturity price of the underlying asset S exceeds X and zero
dollars otherwise. Thus, a digital option amounts to a straight bet on whether the
underlying asset terminal value Sy will be above the exercise price X. Its payoff
is independent of how far above the exercise price the asset value is at the time of
maturity.

The value of the digital call is denoted DCy(X) = DC(Sy, pe,r,be7,t; X, T) and
its payoff is given by:

1, iS5 >X
DCr(X) = nor (3.2)
0, ifSr<X

4More precisely, since S;e(#t.7=00.7)(T~1) i equal to the asset’s futures price at time 7' (or in-
vestors’ expectations about St), S;e~%-7(T—%) represents “present value of the asset’s futures price.”
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Also referred to as cash-or-nothing or binary options (they are discussed in most
standard references on options, such as Hull (1997), Wilmott et al. (1993), or Ritchken
(1996)), digitals are simple, but powerful tools for pricing complex contingent claims.
And, as discussed before, they can be used to test rationality of learning in financial
markets, the primary focus of this chapter.

When prices of digitals are unobservable, they can be inferred from prices of traded
options written on the same underlying asset. Suppose there exists a collection of
calls and puts with an infinitely dense set of exercise prices from zero to infinity.
Then, in a dynamically complete market, the digital call DC(X) can be priced by
arbitrage arguments.’

Consider a replicating portfolio constructed by buying one call with exercise price
X, Cy(X), and selling one call with exercise price X + ¢, Cy(X + €). The payoff of
1/e shares of the portfolio at time T is given by:

1, ifSp>X+e¢
Ur(X)=4 1/e (S —X), fX<Sp<X+¢
0, ifSr<X

As € tends to 0, the limit of the last expression is equal to the payoff of the digital
call DCy(X) in (3.2), so

At time ¢, the portfolio price is given by
1
g(ct(X) - Gi(X +¢)),

which, in the limit, equals
_8G(X)
ox

>The following derivation is based on the approach suggested by Breeden and Litzenberger (1978)
for pricing state contingent claims implicit in options prices.
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Consequently, we obtain that

DCy(X) = _‘9%()( ), (3.3)

We can also use the put-call parity relation

to rewrite DCy(X) as follows

- — ol (*i) - - 0l (‘()
/,Lt’T(T t) t — .ut,T(T t) S t—
DCy(X)=e ~ox ¢ (1 G, ) (3.5)

For instance, imagine that the Black-Scholes option model holds, where the risk-
free and dividend rates are constant and the underlying asset has a log-normal dis-

tribution with constant variance o2. The call price is given by
CtBS(X) = Ft q)(dl) - Gt (I)(dg),

where

d B ln(Ft/Gt) + %UQ(T - t)
1= NT—1

and ®(-) is the standard normal cumulative distribution function, F;=S,e~%"~* and
G=G¢(X)=Xe T-%_ From (3.3) we compute the price of the corresponding digital
call, DEEZ

DCES = e7HT=Y &(dy).

In practice, the theoretical closed-form option formula is not known. In this
case, options with available exercise prices X can be used to estimate the derivative
_acat_)((X)_ Then, using (3.3) (or (3.5)) we can determine prices of the corresponding
digitals and test the rationality constraints from Chapter 1. The next section describes

the dataset and the estimation procedure.
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3.3 The Dataset and Test Specification

3.3.1 S&P 500 Index Options

The data for our empirical analysis are daily closing prices of the S&P 500 Index
Options for the 5-year period from January 1991 to December 1995. This sample
contains a total of 129,264 pairs of call and put option prices.®

The S&P 500 Index (formally known as the Standard & Poor’s 500 Composite
Stock Price Index) is a capitalization-weighted index of 500 stocks from a broad
range of industries. It represents about 70 percent of all of the U.S.-traded common
stocks. The S&P 500 Index Options (traded on the Chicago Board Options Exchange
(CBOE), the ticker symbol: SPX) are the world’s most actively traded European-style
index options.” Because of high liquidity, the market of the S&P 500 Index Options
presents a particularly interesting application for the new methodology.

Over the 5-year period from January 1991 to December 1995, the mean and stan-
dard deviation of continuously-compounded daily returns of the S&P 500 Index was
13.20% and 10.32%, respectively.® The S&P 500 Index prices are shown in Figure 3.1.
Short-term interest rates during the period ranged from 2.86 to 6.22 with the mean
equal to 4.31.° Short-term interest rates are shown in Figure 3.2. Simple descriptive
statistics of the dataset are presented in Table 3.1.

Since our choice of test specification has been partially affected by the actual
rules that the CBOE uses to introduce options to the market, we briefly summarize
the most important features of these rules.!® At any one time, the S&P 500 Index

Options have six unique expiration months: the three near-term months and the

6Some of these prices were missing due to zero trading volume of the corresponding options. Of
all 129,264 options pairs only 69,082 puts and 46,123 calls had positive volume.

"In 1995, the total volume of the SPX Options was 26,726,023 contracts and the average daily
volume was more than 105,000 contracts.

8We follow the common convention in equity markets to report annual returns and their means
calculated on the basis of calendar days (365 days per year) as opposed to standard deviations
calculated on the basis of trading days (the standard assumption that there are 252 trading days
per year).

9The risk-free rate y; r is approximated as the yield of the 3-month Treasury bill that matures
closest to the option expiration date. Since in what follows we analyze options with short lifetimes,
small measurement errors in interest rates should have very little.

10See, for example, Hull (1997) or Ritchken (1996) for more details.
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following three months from the March quarterly schedule (March, June, September,
December). The expiration date is Saturday immediately following the third Friday
of the expiration month. The minimum price tick is 1/16 for options trading below 3
and 1/8 for options trading above 3.1! The exercise prices are multiples of 5 for the
near-term months and 25 for far months. When options expire and new series are
introduced, the CBOE sets the two exercise prices closest to the current S&P 500
Index price. If the current price is very close to one of those exercise prices, a third
exercise price is listed to better bracket the current price. If the index trades through
the highest or lowest exercise price currently available, another exercise is generally
introduced for all expiration dates, to bracket that price.

The closing prices for S&P 500 Index Options data present a number of practical
problems that must be taken into account in any empirical research.

First, the underlying index prices and the options prices are not necessarily per-
fectly synchronous. There is no guarantee that the closing transaction for each option
is recorded at the same time as the closing index price. In fact, for thinly traded
options this mismatch can be significant and, occasionally, can indicate that pure
arbitrage opportunities are available. For example, the closing price of a deep-in-the-
money option might correspond to a trade at 12:00 p.m. (and when the index was,
say, 665), while the closing index price is recorded at 5:00 p.m. (when the index was
657). In this case, the reported option price does not reflect the actual price at which
an option could be bought or sold for when the underlying asset stopped trading at
the end of the day. Since most option trading takes place in at-the-money or out-
of-the-money short-term contracts, the closing prices of in-the-money and long-term
options are particularly unreliable. A related problem in using closing prices is the
irregularities caused by the bid-ask spread.'?

Second, the S&P 500 Index usually pays a dividend. At the time of trade, the

expected future dividend stream is not known with certainty since it depends on

10ne option point is equal to $100. Thus, the minimum price ticks are $6.25 and $12.5,
respectively.

12Geveral papers in the finance literature have studied the potential biases from using transaction
prices, starting with Blume and Stambaugh (1983).
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the exact amount and timing of the dividends of the stocks that compose the index.
In principle, future index dividends can be estimated in two ways. They may be
reasonably well extrapolated from the past. For example, the dividends paid in
January last year are assumed to be equal to the dividends paid in January this year.
Alternatively, future index dividends may be measured as though they have been
forecast perfectly. In this case, the dividends are assumed to be equal to the dividends
actually paid by the S&P 500 Index. Neither approach, however, yields investors’
true expectations about the future index dividends at the time of trade. Due to the
variability of dividends over time, the implied future price, Syel#7=81)T=1) " could
sometimes be above the spot index price, while at other times it could be below the
spot price S;.

The other real-world considerations relevant to our analysis include:

a) Asymmetry between options with below- (m < 1) and above-the-money (m >
1) exercise prices: Over the studied period, the number of listed below-the-money
options, on average, exceeded substantially the number of listed above-the-money
options. Only 46,272 out of 129,964 observations (or less than 36 percent) had an
above-the-money exercise price. Of course, this just reflects the fact that the S&P
500 Index rose at about 13.2% annual rate over the five-year period and the way the
CBOE sets exercise prices. See also Table 3.1.

b) Higher liquidity of out-the-money options compared to in-the-money options:
The average daily trading volume for puts that were 25 points out-of-the-money
(m > 1) was 597 contracts, while the average daily trading volume for puts that were
25 points in-the-money (m < 1) was 49 contracts, more than ten times less. The
average trading volumes for calls that were 25 points out-of-the-money (m < 1) and
25 points in-the-money (m > 1) were 389 and 116 contracts, respectively. See also
Table 3.1.

c) Higher trading activity of puts compared to that of calls: The total trading
volume of put contracts was about 30% higher than that of call contracts. This must
reflect the higher demand by portfolio managers for protective puts.

d) Correlation of options time series: Since we study the options written on the
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same underlying asset, the returns of overlapping options are strongly correlated.

e) Discreteness of options prices: Since there is a minimum price tick, sometimes
several out-of-the-money options with different exercise prices and one maturity date
may have the same closing price. For example, on 01/08/92 the index was 418.10 and
the put contracts with exercises 355, 365, 370 and 375 and the time-to-maturity of 7
days had the same closing price of 0.1875 points. One could then incorrectly conclude
that the market did not price the additional value of the put with the exercise 375
(compared to the put with the exercise 355) or, equivalently, that the market put
zero probability for the index to close at [355,375] interval on the expiration date.

To address these issues we proceed as follows. We divide the option data into
separate groups corresponding to different expiration dates. In each group, we discard
observations with time-to-maturity 7 = 7" — ¢ of more than 25 or less than 6 trading
days. This yields a cross section of 58 nonoverlapping subperiods.!®> Each of these
subperiods has closing options prices for 20 trading days which, approximately, covers
one calendar month ending one calendar week before the maturity.'* Short-lived
options (7 < 5) are dropped because of extreme variation of their returns which lead
to even more extreme returns of the estimated digitals.!®

The resulting sample represents a quite broad cross section of most liquid options
and contains a total of 16,374 puts and 13,375 calls with positive trading volume
for 58%20=1160 trading days. We denote by t;; (¢ = 1,...,58 and j = 1,...,20)
a trading day from subperiod i (corresponding to expiration date T;) with time-to-

maturity 7; = (26 — 7).

3.3.2 Estimation Procedure

For each trading day ¢;; (i =1,...,58 and j = 1,...,20) we approximate the empir-
ical put formula P;(X) in the following three steps.

13Too short series of options with expiration in January, 1991, has been dropped. Also, there were
no option series with expiration in November, 1992.

14Time to maturity is measured in trading days. See also footnote 8.

15Note also that the discreteness of options prices is particularly relevant for out-of-the-money
options that are close to maturity.
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In the first step we obtain reliable empirical put prices. The idea here is to
exploit the fact that out-of-the-money options are more liquid compared to in-the-

money options. This step is a slight modification of the procedure that has been used

in Ait-Sahalia and Lo (1995). More specifically, define

The put-call parity relation (3.4) implies that, at least in theory, P,(X)=P;(X).'6
When the put option P;(X) is in-the-money and illiquid, the corresponding call,
Cy(X), is out-of-the-money and relatively more liquid. Therefore, P;(X) calculated
from Cy(X) is more reliable than P;(X). Similarly, out-of-the-money puts are more
liquid than the corresponding in-the-money calls. One difficulty in using the rela-
tion (3.6) is that the term Fy = Sye~%7(T=% is not known since the expected dividend
rate 6,7 is not observable. However, since F; is invariant across all exercise prices
X, we can estimate it from actively traded and reliable at-the-money options pairs.
Specifically, let X* (k = 1,2,3,4) denote the four exercise prices closest to at-the-
money. For each of these exercise prices, we define F¥ = (Cy(X*) + G¢(XF*) — P,(X*))
and set F} to be the average of Ff (k=1,2,3,4).17

After that, we replace every illiquid in-the-money put P;(X) with P;(X) computed

16Geveral empirical studies have confirmed that put-call parity is very rarely violated in practice
when synchronous quotes are studied. Since it requires just a few rational agents in the market to
eliminate any pure arbitrage opportunity, these opportunities can only exist for very short time and,
oftentimes, there is no way of exploiting them. See, for example, Bhattacharya (1983), Galai (1977,
1978), Gould and Galai (1974), Klemkosky and Resnick (1979, 1980), Rubinstein (1985).

Recently Kamara and Miller (1995) have carried out the empirical study of put-call parity for
the S&P 500 Index Options. They have found that violations of put-call parity for European-style
options are even less frequent and smaller than for American-style options.

When nonsynchronous closing prices are used, we may expect P;(X) to differ from P;(X), espe-
cially for far-from-the-money exercise prices.

17Note that in this step we essentially estimate the S&P implied futures price, Sye(#t.7=8e0)(T—1) =
Fiet+(T=1) from observable option prices. As an alternative, one could use quotes of the S&P fu-
tures actually traded on the Chicago Mercantile Exchange (CME) rather than implied futures prices.
However, the latter approach is not necessarily preferable. First, quotes from the two markets, CBOE
and CME, may be slightly nonsynchronous. Second, when we compute the implied futures price
as an average across different exercise prices, we effectively “smooth” or “cancel-out” irregularities
caused by the bid-ask spread and price discreteness. Those irregularities can be substantial when
one uses actual futures prices. Finally, the put-call parity relation (3.4) is typically satisfied more
accurately when the implied futures price is used as opposed to the actual futures price.
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from the liquid call C;(X) using (3.6). For the four closest to at-the-money exercise
prices X*, we replace P,(X) with 1/2(P,(X) + P;(X)). After all reliable information
has been extracted from liquid call prices, we discard them and from now on work
with put prices only.

Even though we have obtained reliable empirical put prices, they do not necessarily
satisfy theoretical restrictions on the option formula. In particularly, for any option
pricing model,

(1) put price P,(X) is an increasing convex function of exercise price X;

(i) 0 < 813—)(5{) < e~#1(T= for all exercise prices X.!8

Nonsimultaneity of stock and options prices, the bid-ask spread, the minimum
price tick and other real-world imperfections may lead to local violations of these
conditions. So, in the second step, we correct this by running the constrained con-
ver regression (CCR). Specifically, let {P?, X"} ; represent a collection of put and
exercise prices corresponding to some trading day ¢ and expiration day 7', where
Pt = P(X%) and X'<X?<...<X" Our goal is to find a function {Y*}? ; which is
the closest (in the sense of least squares) to {P'}?"; and which satisfies the shape
restrictions (i) and (ii).

Mathematically,

Minimize Y (Y*— P')? (3.7)
{Yz ?:1 1

18These restrictions are equivalent to existence of the asset’s risk-neutral density. Indeed, let
U, (X) denote the asset’s cumulative risk-neutral density (CRND), i.e., it determines risk neutral
probability that the asset’s maturity price St does not exceed X. In view of (3.5), ¥;(X) is equal
to Q}G(i_fl. Then, the second condition simply states that CNRD must be between 0 and 1, i.e.,

0<Ty(X) <1, for all exercises X.
The first condition states that the asset’s CNRD is a nondecreasing function of X, i.e.,
U (X) < Ty(X +¢), fore > 0,
and, consequently, the asset’s risk-neutral density (RND) 1;(X) is nonnegative:

TP(X)

V= —ox

> 0.
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subject to

Y2-Y!' > 0, (3.8)
Yi+1 _ Yz Yz _ Yi—l .
m Z m, Z=2,...,n—1, (39)
n _ yn—1
—; — ;n_l < emr(T-t), (3.10)

To solve the constrained least squares problem (3.7)-(3.10), we use a modification
of the algorithm by Dykstra (1983). The details on the implemented realization can
be found in the Appendix.

Up to this point, the estimation procedure is completely nonparametric because
any put function that satisfies rudimentary shape conditions (i) and (ii) is admissible.

The put prices obtained as a result of the CRR (3.7)-(3.10) are free of noise and
arbitrage violations and represent a discrete approximation of the true put function
P,(X). Of all discrete approximations that satisfy the shape restriction (i) and (ii),
the approximation {P*}?, is closest to the empirical data {P*}", (in the sense of
the least squares objective functional).

To compute prices of digitals, we need to approximate the derivative %({}—Q. One
may be tempted to use put spreads with consecutive exercise prices to approximate
OP(X)

aX

the derivative . For example, when X € (X7, X7*!) one can use the first-order

finite difference approximation

OP,(X) _ pit+l _ pi

axX = XiH_ X7 (3-11)
or the second-order finite difference approximation
P(X
g 5;{ L (3.12)

(XI+1 4 X342 _ 9X)(PJF — Pi~1) 4 (2X — X7-1 — X9)(Pit2 — pitl)
Xi+2 4 X+l — X7 — Xi-1 '

Unfortunately, when the grid step (the difference between two consecutive exercise
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prices, AX = X7t — X7) is relatively large, the finite difference schemes (3.11)-
(3.12) may yield very rough approximations of the derivative %(X—) and may lead
to systematic errors.!® This is particularly critical for near-to-maturity options when
AX = X7+! — XJ = $5 is comparable to total subperiod movements of the Index.
In this case, the derivative ﬂatxﬁ changes significantly from X7 to X7*! for near-the-
money exercise prices (i.e., even though AX is equal to only 1 to 2 percent of the
Index value, the probability of Sy ending in the interval [X7, X7*!] is substantial).

Another popular approach to estimate the derivative %{—)ﬂ is nonparametrical
where the function {152 ~_, is smoothed by some kernel regression and then differen-
tiated with respect to exercise price X.2° However, this approach is also not suited
for small samples and when the grid step is large.?!

It turns out, that the best fit for a—%(ﬁ obtains when we use continuous parametric
approximations of discrete put prices {]3’ ~ 1. Therefore, in the third step, we specify
some smooth parametric put formula, P(X, &), with a vector of unknown parameters

¢ to be estimated in the following nonlinear least squares problem:
Minimize S (PP — P(X4,6))% (3.13)
i=1

We have tried different specifications P(X,¢), including the Black-Scholes put

formula,

PP3(X) := —F,®(—d;) + G®(—dy), (3.14)

for which the vector of unknown parameters é=(oZ, F}) is estimated to solve the

minimization problem (3.13). In this case, the resulting Black-Scholes approximation

19Tn particular, the RND resulting from discrete approximations (3.11)-(3.12) will have standard
deviation biased upward.

20Note that any uniformly positive kernel smoother preserves the shape restrictions (i) and (ii).

21 Estimating a derivative from an empirical function (as well as recovering a density from an

empirical distributional function) is an ill-posed problem. This means that, when f(X ) is a tight

smooth approximation to f(X), its derivative %()Q does not necessarily approximate %& well.
See, for example, Vapnik (1982, p.22). Solutions to ill-posed problems can be obtained using regular-
ization methods (Tikhonov (1963)). Regularization can be also implemented in some nonparametric
estimators. Still, accuracy of nonparametric estimators which require smoothing of empirical data

is often poor for small samples because of the bias caused by the smoothing.
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exhibits the well known volatility smile bias, i.e., it consistently underprices far-from-
the-money options and overprices near-the-money options.?? For estimated digital
options, this bias means that prices of far-of-the-money digitals are less extreme than
true ones, i.e., the Black-Scholes approximation consistently overprices out-of-the-
money (m < 1) and underprices in-the-money (m > 1) digital options. The effect of
the volatility smile bias is quite pronounced in our analysis but it is not substantial
enough to overturn the main conclusions of the following sections.??

Nevertheless, after some experimentation, we have decided to use an alternative
parametric specification that considerably outperforms the Black-Scholes one for the
studied dataset of the S&P 500 Index Options.

More specifically, let us postulate that true function P;(X) satisfies the following

relationship. For any exercise price X,

Pt(X)(Ft = Gt + Pt(X)) = atFth, (315)

where «; is a constant independent of GG; or F;. The only positive solution to the

quadratic equation (3.15),

PO(X) = % ((Gt —F)++(Gi—Fp+ 4atFth> | (3.16)

22The volatility smile effect persists even when we allow for maximum flexibility by estimating
the vector of unknown parameters {=(o7, Fy, us,7). This gives the Black-Scholes formula the best
chance because all independent parameters in formula (3.14) (including the risk-free rate p; ) are
implied simultaneously.

23Pricing biases associated with the Black-Scholes option pricing model have been well docu-
mented. Studies by Black (1975), Emanuel and MacBeth (1982), MacBeth and Merville (1979)
and Rubinstein (1985, 1994) have all reported that the Black-Scholes model tends to systematically
misprice deep in-the-money and deep out-of-the-money options. Rubinstein (1994) has also pointed
out that exercise price biases associated with the Black-Scholes model have been especially severe
for S&P500 Index Options since the October 1987 market crash and that the magnitude of these
biases has tended to increase since then.

These documented biases are generally thought to result from the parsimonious assumptions of the
Black-Scholes model such as geometric Brownian motion, constant volatility, frictionless markets,
etc. They, in turn, imply that stock prices are lognormally distributed. More complex parametric
specification can be used to overcome the limitations of the Black-Scholes model. For example,
Jarrow and Rudd (1982) have proposed an approximate option valuation formula which has ad-
ditional degrees of freedom which allow one to account for skewness and kurtosis deviations from
lognormality in stock price distributions.



71
satisfies the shape restrictions (i) and (ii). In addition, the “quadratic” parametric
specification in (3.16) has several desirable properties. In particular, it satisfies the

following two boundary conditions:

B = B,
. OPR(X)
oG, — b

which one expects from any parametric or nonparametric put formula. Other inter-
esting properties of P?(X) are discussed in the Appendix.

We solve the nonlinear least squares problem (3.13) for a vector of unknown pa-
rameters é=(ay, F}) to find the best approximation P2(X) in the class of functions
defined in (3.15). The quadratic approximation, parsimonious and computationally
very simple, captures the empirical data surprisingly well.?* For comparison, it out-
performs the Black-Scholes approximation in 96 percent of cases (or, in other words,
only accidentally does it perform worse than the Black-Scholes approximation). The
average standard error (across 1160 trading days) is 0.205 for the quadratic approxi-
mation and 1.242 for the Black-Scholes approximation, respectively.?s The quadratic
approximation merits separate investigation and we leave it for future research.

The estimation procedure of this section is discussed in more detail in the Ap-
pendix where we report intermediate results of the above three steps for one trading
day of the dataset. When illustrating the third step of the procedure we also compare
results for the quadratic approximation with those for the Black-Scholes approxima-
tion. After the parametric put formula P,(X) and its derivative with respect to
exercise price %{ﬁ have been estimated for each trading day, we can now define

digital options and compute their prices.

24 A multivariate Newton-Raphson search is implemented to solve the nonlinear least squares
Problem (3.13) for both the quadratic and Black-Scholes specifications. However, the procedure is
much simpler for the quadratic approximation. Since Equation (3.15) is linear in both F; and o F;,
“good” initial values for a; and F; can be easily estimated. See the Appendix for details.

25In both specifications, less reliable puts with exercise prices very far from index current price
St (|S¢ — X| > 25) have been eliminated to improve accuracy of the approximations near to at-
the-money. This also reduces the bias caused by larger number of out-of-the-money puts (m > 1)
compared to in-the-money puts (m < 1).
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3.3.3 Digital Options and Their Prices

For every subperiod 7 (¢ = 1,.. ., 58) we define a set of five digital calls, DC1; — DC5;,

with exercise prices X1; — X5; related to the “initial” subperiod-: index price S; ; as

follows:
X1 = 0.98 5;,
X2 = 0.99 5,
X3 = 1005,
X4 = 1.01 5],
X5 = 102 8,
fori=1,...,B8.

To simplify exposition, we refer to all digitals DC1; with exercise prices X1;
(1 =1,...,58) as one security DC1, a digital option with exercise price X1 which
is always 2%-in-the-money at the beginning of subperiod-;. The idea behind this
definition is that the digital DC'1 follows similar underlying dynamics for different
subperiods and, thus, the cross section of prices of the digital DC1 can be used
to test the rationality restrictions. Similarly, at the beginning of each subperiod,
DC?2 is 1%-in-the-money, DC3 is at-the-money, and DC4 and DC5 are 1%- and 2%-
out-of-the-money. Figure 3.3 displays S&P 500 Index prices and the exercise prices
X1— X5 of the constructed digitals DC1— DC5 for 12 subperiods of 1993. For most
trading days, the exercise prices X1 — X5 bracket the index fairly well. Also, the
exercise prices are not too far from at-the-money which assures that prices of digitals
DC1 — DC5 can be reliably estimated by liquid puts and calls.

We use put formulae P;(X) estimated in the previous section for all trading days
and equation (3.5) to compute the equilibrium prices of the digitals DC1 — DC5.
Figure 3.4 plots the price paths of the digitals DC1— DC5 for four sample subperiods.

Figure 3.4 also presents an additional evidence of nonstationarity of the index price

dynamics. Note that, at the beginning of each subperiod, corresponding digitals have
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the same maturity (7 = 25 trading days) and moneyness m (by definition of the
exercise prices X1 — X5). Therefore, almost all stationary option models would yield
the same put and call prices (and, consequently, same prices of digitals) on first trading
day of each subperiod. Inspection of four different subperiods in Figure 3.4 shows
that this is clearly not the case. Initial prices of the digital options vary considerably
across subperiods. For example, they range from 0.71 to 0.84 for DC'1 and from 0.22
to 0.38 for DC'b.

3.4 Empirical Results

In this section we use the martingale restrictions on prices of Arrow-Debreu securities
of Chapter 1 to distinguish between rational expectations with correct beliefs and
more general rational learning when investors beliefs may be biased.

Let u; denote the risk-free rate over the period [t,¢+ 1]. In the empirical analysis
we use the traditional return r;,; and modified return z,;, defined wn ezcess of risk-
free rate u, i.e.,

oyl = Pe+1 — Pt Lt (3.17)

Pt
and
Pt41 =Pt Bt 96
Dt+1 1+ g

Top1 = (3.18)

The rationality restrictions of Chapter 1 that we are going to use in the tests can
be summarized as follows.
Under rational expectations, the traditional return 7,4, of any security is unpre-

dictable from investors’ past information:

Elre|F) = 0. (3.19)

Under more general rationality of learning, the traditional return 7,1 and modified

26In our empirical analysis, the correction to the martingale restrictions due to discounting is
usually much smaller than other effects (y is less than 0.0002 when the annual riskless rate is 5%).



74

return z,,1 of winning digital options must satisfy the restrictions:

Elrya|F,0) > 0, (3.20)
E[xt—l—llft:é] = (321)

3.4.1 Testing Rationality of Learning

We begin with the tests for rationality of learning when investors’ beliefs may be
biased. The tests are based on the restrictions in (3.20) and (3.21) that state that for
learning to be rational, the modified return z;,; of the digital options that matured
in-the-money should be zero on average. In contrast, the average traditional return
of the winning digitals must be positive.

Table 3.2 reports the results for the winning digital options DC1— DC5. For each
digital options, we first determine subperiods for which the digital option matured
in-the-money (NN in Table 3.2 denotes the number of such subperiods; for instance,
in 40 out of 58 subperiods DC3 was a winner). Then, for each of these subperiods
we compute the average daily traditional and modified returns and test whether the
cross sectional averages 7 and Z (of subperiod averages) are different from zero.?’

The results in Table 3.2 are consistent with the hypothesis of rational learning.?®
For all contracts DC1 — DC5, the average traditional return 7 is always positive and
statistically significant at the 0.01 one-tail level. In contrast, the average modified
return T is insignificantly different from zero at the 0.20 two-tail level. Note also
that the average traditional return 7 monotonically increases as moneyness decreases
(from DC1 to DC5) as should be expected: the lower initial prices (smaller initial
m), the stronger the upward drift in prices of winners. Nevertheless, the average
modified return Z “cancels” the upward drift (or the selection bias) for all contracts
DC1 — DC5. All t-statistics in Table 3.2 are truly impressive.

The restriction (3.21) not only claims that the average modified return is zero

2TThe results for nonoverlapping subperiods can be safely assumed independent.
28The returns in all tables are calculated per period (which, in this case, corresponds to one trading
day); they are not annualized returns.
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for winning digitals but also that the modified return z,;; ought to be unpredictable
from past information. We verify this for a popular in finance regression, whereby
the return is projected onto the lagged price p; using OLS. In Table 3.3 we report
the results of OLS projections for the daily traditional and modified returns in the
time-series analysis of pooled winning digital options.

Again, the results are pronounced. For all digitals DC'1— DC5, both the intercept
and slope coefficient are several standard errors from zero for the traditional return
Ti41, but they become insignificant when the modified return is used. The positive
intercept and negative slope coefficient in the regressions involving the traditional
return is reminiscent of similar findings on prices of common stock on organized
exchanges. The insignificance of the intercept and slope coefficients when using the
modified return is comforting: since the regressor is a lagged, endogenous variable, the
OLS estimators are biased, and one expects to reject often, at least in small samples.

Figure 3.5 presents the scatter plots of the projections of the traditional and
modified returns for the digital options DC'3, contracts that start at-the-money at
the beginning of each subperiod. As can be seen from these plots, the results of the
OLS regressions are robust. They are not due to a few outliers.

Figure 3.5 also reveals pronounced heteroscedasticity in the error term: its vari-
ance decreases with price level. This, of course, affects the statistical inference. One
way to correct for heteroscedasticity is to run a GLS regression. For example, the
variance of the error term can be specified as some function of the lagged price p;
and time to maturity 7 = (T — t). Alternatively, the variance can be estimated in
a two-step GLS regression. We tried several parametric models of heteroscedasticity
and the results were not altered qualitatively. It turns out that even most general
GLS models do not purge the regression error of all heteroscedasticity. That is why,
in what follows, we report the results that are based on the cross sectional analysis
for nonoverlapping subperiods. Those results are not affected by heteroscedasticity.

The martingale restriction (3.21) has many other interesting implications. Let

©(F;) be a function of the investors’ information. Then, the following consequence of
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the restriction (3.21) must hold:

Elzi410(F1)| Fi, 0] = 0. (3.22)

In particular, for real v,

Elz41p! |F3, 0] = 0. (3.23)

One way to interpret results in (3.23) and (3.22) is the following. Imagine an
investor whose portfolio consists of a number of same digital options DC. At the end
of each period, the digital options DC' are bought and or sold such that the portfolio
value is equal to ¢(F;) dollars (i.e., the portfolio consists of ¢(F;)/p; contracts).

Assume that function ¢(F;) is uniformly positive and consider a portfolio of the
digital options DC' which eventually matured in-the-money (i.e., we again introduce

the same selection bias). The net profit of this portfolio will be positive on average:

Elz110(F:)|F:, 6] = 0. (3.24)

In contrast, the modified net profit x;.1p(F;) for winning digital options will form a
martingale difference sequence 3.23. And as before, the modified return z;y; corrects
the bias caused by selecting only “winners.” In other words, when the investment
o(F;) “earns” the return z;.; (instead of r41), the winning digitals give rise to zero
average net profit.

We test the restriction (3.23) for values of ¥ = 1, 2, -1 and -2.2° Note the following
interpretation for . When 7 > 1, the investor uses the “follow market” strategy: she
sells the securities when their price goes down and buys them when price goes up.
When v < 1, the investor follows the “contrarian” strategy: she sells the securities
when their price goes up and buys them when price goes down. Finally, the case
~v =1 corresponds to the “buy and hold” trading strategy for which the composition
of the portfolio remains constant over time.

The results are presented in Table 3.4. The corresponding statistics for traditional

29The case v = 0 is reported in Table 3.2.
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return 7,41 based on (3.24) are also included for completeness. The results strongly
support the hypothesis of rationality of learning. The statistics for the traditional
return are always positive and statistically significant at the 0.01 one-tail level (except
for two occasions when they are significant at the 0.05 one-tail level). In contrast, all
statistics for the modified return z,y; (except for two occasions when v = —2) are
insignificantly different from zero at the 0.20 two-tail level.

It is worth mentioning that analysis of the trading strategies in (3.23) represent
a rather severe test of the martingale property of the modified return z;,;. Differ-
ent trading strategies can be viewed as different rules to compute weighted average
returns. Extreme weights amplify any model misspecifications. In particular, the
trading strategies with negative  put unacceptably large weights on observations
with unusually small p; (these observations often correspond to abnormally high tra-
ditional returns r;11). Even a small error in the estimation of the price p; affects the
average statistics substantially. However, without specific assumptions on the error
distribution, the effect of this bias cannot be accounted for.

We now consider implication of the martingale restrictions (3.20) and (3.21) for
returns over periods larger than one trading day (of course, the rationality restrictions
must hold regardless of period length). Let 7;4; denote the traditional return in
excess of risk-free rate ju.q; over the period [t,¢ + []. The modified return z;;4; is

defined similarly to (3.18). The restrictions (3.20) and (3.21) then imply that

E[Tt,t+l|-7:t7 é] > 0, (325)
E[Cvt,t_Hlft, é] = 0. (326)

Table 3.5 reports the tests based on (3.25) and (3.26) for the cases [ = 2 and | = 4.
The results are similar to those in Table 3.2 and confirm the hypothesis of rational
learning nicely.

So far all tests in this section have been based on prices of digital calls. However,

30Tronically, exactly 2 out of 20 statistics in Table 3.4 have significant ¢-values which literally
corresponds to the 10 percent significance level.
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we can as well analyze returns of contracts complimentary to digital calls, namely,
digital puts. A digital put DP,(X) with exercise price X and time to maturity T pays
$1 when DCy(X) pays zero and vise versa, i.e., DPp(X) =1 — DCp(X). Of course,
when a digital call matures out-of-the-money, the corresponding digital put matures
in-the-money and its modified return must satisfy the martingale restriction (3.21).
We have implemented all the previous tests for winning digital puts. The results are
very similar to those based on digital calls and not reported to conserve space.

In summary, the empirical results of this section surprisingly consistently support
the hypothesis of rational learning. Of course, we have only tested a few of infinitely
many implications of the result (3.21).3! Still, the variety of implemented tests and
unusually clean empirical results for the modified return lend some credence to the

rationality hypothesis.

3.4.2 Testing For Rational Expectations

We now turn to tests for rational expectations when investors’ beliefs must coincide
with the actual distribution of outcomes. This implies that assets traditional returns
must be unpredictable, i.e., the historical average return is zero and projections of
returns onto past information ought to produce only insignificant coefficients — a
property also known as market efficiency (Fama (1970), (1991)).

Tests for rational expectations are based on the restriction (3.19) which must hold
for the traditional return 7441 (in excess of the risk-free rate) of any security (not only
winning digitals). We first examine returns of the S&P 500 Index and notice that,
over the period from 1991 to 1995, the average daily excess return on the Index
is extremely large, annualized 8.9% (the average absolute return of 13.2% net the
average risk-free rate of 4.3%). The corresponding return is even large for 1995 for
which it is 24.2% (29.7% net 5.5%, respectively). And this is without taking into

account dividend payments. Can the excess return of that magnitude be consistent

310ne can never prove the statement that past information cannot be used to predict future
returns since there are an infinite number of ways that the sequence of past prices can be used to
forecast future prices. All that can be done is to test particular ways of combining past information
to predict future prices.
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with the hypothesis of rational expectations? Clearly not if investors are risk-neutral.
Even if they are risk-averse, still, such a huge excess return cannot be adequately
rationalized by the (time-varying) risk premia.3? It must reflect the fact that the
investors’ beliefs were biased (they were too pessimistic about the expected return of
the Index).

We can also look at traditional excess returns of other securities. Table 3.6 reports
the average returns 7 on different derivative contracts: digitals, puts, and calls with
exercise prices X1 — X5 (for each contract, return 7 is computed as a cross sectional
average of 58 subperiod averages).>® Several of these statistics are significantly dif-
ferent from zero rejecting the hypothesis of rational expectations. Note that for puts
with exercise prices X1 — X5 and for calls with exercise price X5 average return is
negative and significant at the 0.02 two-tail level. This is particularly damaging for
the traditional hypothesis of rational expectations because this implies a negative risk
premium.

Additional evidence against rational expectations is presented in Table 3.7 which
reports the results of the OLS projection of the daily traditional return 7,4, onto
the closing price of the previous day p; in the time-series analysis for all digital
options (winners and losers). The intercept and/or slope coefficient are significant for
contracts DC'1 — DCS3.

What is the source of the findings in Tables 3.6 and 3.77 Because we concluded in
the previous section that prices of the S&P 500 Index Options reflect rational learning,
it cannot be over-reaction or under-reaction (the explanation usually advanced for this
phenomenon in the stock markets). It must be investors’ beliefs. They were biased,

in violation of one of the assumptions behind rational expectations.

32The equity premium puzzle has been posed by Mehra and Prescott (1985) who have observed
that ez post historical premium provided by stocks over bonds is much higher than can be justified
by reasonable specifications of investors’ risk aversion. As follows from the discussion in Mehra and
Prescott (1988) (in response to Rietz (1988)), to explain this phenomena in the framework of the
standard competitive theory, the required investors’ risk-aversion parameter must be no less than
10, which is far larger value than used in other applied general equilibrium studies. Besides, there is
not any historical support to justify especially abnormal risk premium for 1995 compared to other
years.

33In Table 3.6 prices of puts and calls for the artificial exercise prices X1 — X5 are calculated from
the empirical put formulae estimated in Section 3.3.2.
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3.4.3 Analysis Of Investors’ Expectational Errors

To investigate in what sense the investors’ expectations were biased, let us take a
closer look at the results. In Table 3.6, the average traditional return 7 are positive
for all digital options DC'1— DC'5 (at different significance levels). This supports the
previous observation that the investors were pessimistic about the expected return
of the Index. The same conclusion is also consistent with the results for puts: their
average return T is significantly negative for all exercise prices X1 — X5. However,
the negative average returns of calls (significant for exercise prices X5) may seem
counterintuitive. After all, calls must have matured in the money more often than
investors expected (the conclusions based on returns of digital options and S&P 500
Index).

The explanation to this surprising phenomenon lies in the volatility. The average
historical volatility of the S&P 500 Index (annualized with a 252-day year) was 10.32%
over the five-year period and 7.78% for 1995. The Index average volatility implied
in options prices was 13.33% and 11.43%, respectively. In other words, investors
considerably overestimated the volatility of the index over the studied period, which
contributed to overpricing calls and puts. Even though the calls matured in the
money more often than expected, their realized payouts turned out to be lower than
what investors anticipated.

Another way to characterize investors’ biases is to note that investors on average
overestimated the time value of calls and puts; they underestimated the intrinsic value
of calls and overestimated the intrinsic value of puts. Because of this, out-of-the-
money calls (exercise prices X4 and X5) with zero intrinsic values were significantly
overpriced. Overpricing decreases as moneyness increases, and far-in-the-money calls
were underpriced (i.e., they had positive average returns; not reported). For put
options, the two biases added to overpricing. Still, out-of-the-money puts (exercise
prices X1 and X 2) were overpriced more significantly compared to in-the-money puts

(exercise prices X4 and X5).3

34 Also, average returns become negative for far-out-of-the-money digitals (i.e., they were over-
priced; not reported) again supporting the conclusion that the historical volatility of the index
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It is important to keep in mind the limitations of our analysis. In interpreting the
empirical finding we have relied on several assumptions. Some of them are standard,
like perfect markets (no transaction costs, not tax considerations, unlimited risk-free
borrowing and lending, etc.), informational efficiency (absence of riskless arbitrage
opportunities), and existence of the representative agent.

The critical assumption that we have used is that investors are risk-neutral. In
the above analysis of investors’ biases we, in a sense, compare the actual distribution
of the Index returns with the distribution returns smplied in options prices. The
latter reflects information about both the implied Index price dynamics and investors’
preferences. If investors are not risk-neutral, then one wonders whether some of
the previous conclusions may be, at least in part, due to investors’ risk aversion. For
example, one can argue that the too high implied volatility (compared to the historical
volatility) may reflect the insurance feature of options (i.e., options sellers require
extra premium to accept higher risk of adverse price movements of an underlying
asset and option buyers are willing to pay the premium to hedge against this risk).
While it may be true for puts and calls, it is very unlikely that the conclusions based
on the analysis of returns of digitals may be explained in term of risk.

First, there are theoretical reasons which suggest that the rationality restric-
tions (3.19) and (3.21) on prices of digitals must obtain under very general risk
preferences of investors. Formal characterization of investors’ preferences for which
the theory still holds is beyond the scope of this study, but the intuition is simple.
Loosely stated, the riskiness of a digital call is similar to that of the complimentary
digital put and their combination is risk-free (by the no-arbitrage argument). This
fact, along with binary payoff structure, guarantees that prices of digitals satisfy the
martingale restrictions (3.19) and (3.21) for a wide class of investors’ preferences.3

The second argument is empirical. The results for the modified returns of winning

returns was considerably lower than the volatility implied by the options prices.

35This property of Arrow-Debreu securities has been recognized by experimental economists who
often use the Binary Lottery Payoff procedure to induce risk-neutral preferences in the laboratory.
In this two-stage procedure, payoffs to a primary research problem are denominated in terms of
“tickets” or “points,” which determine the probability of winning a prize in a binary lottery that is
played in the second stage. See, for example, Kagel and Roth (1995).
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digitals in Tables 3.2-3.5 conform to the theoretical model nicely which suggests that
if there is a risk premium in prices of digitals, it is much smaller than the estimation
errors. This means that the risk premium should be also negligible for the traditional
returns of digitals. Therefore, the analysis based on prices of digitals is robust to
investors’ preferences which is, of course, extremely attractive.

Another important concern in interpreting the empirical results is the power of
the tests. The analysis in the previous section is based on estimated prices of secu-
rities and, thus, we, essentially, test a joint hypothesis of rationality of asset pricing
and correctness of the implemented estimation procedure. Since we use no special
assumptions on the underlying stochastic process, we cannot derive statistical prop-
erties of the estimation errors and, consequently, cannot formally state the power of
the tests. We can address this potential criticism in three ways.

First, let us again take a look at results for winning digitals in Tables 3.2-3.5.
The statistics for the traditional return are always very significant (several standard
errors from zero) while they are insignificant for the modified return. This gives some
indication on the power of the tests. Indeed, the difference between the traditional

and modified returns is relatively small; it is of second order of magnitude

(Pes1 — pr)° _ T

Dt+1D¢ 1+ g

Ti+1 — Tg41 =

Thus, it is very comforting to know that this small correction leads to impressive
difference in t-statistics for the traditional and modified returns.

Second, the reported empirical findings seem to be robust to the choice of es-
timation procedure. We have tried several other estimation procedures (including
different parametric and nonparametric techniques), but the main conclusions have
not changed.®

Finally, we interpret the unusually clean empirical results for the modified return

36We realize that results based on a nonstandard estimation procedure (especially if it uses a new
parametric specification) may be less convincing than results based on more traditional approaches,
but since the procedure described in this chapter seems to consistently outperform other methods
in fitting empirical data, we report the result that are based on it.
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of winning digitals as the evidence that the estimation procedure works well enough,

at least for the studied dataset.

3.5 Conclusion

This chapter implements a new approach to test rationality of asset pricing. Based
on the theory of Chapter 1, it distinguishes between traditional rational expecta-
tions and more general rational learning. Several empirical tests are presented which
demonstrate that there is no predictability in the modified returns of prices of win-
ning digital options estimated from the S&P 500 Index Options. Since these modified
returns are unpredictable if investors correctly apply the rules of conditional proba-
bility, we conclude that prices of the S&P 500 Index Options are in accordance with
the hypothesis of rational learning.

In contrast, we find evidence against rational expectations. The evidence is in
the form of significant average traditional returns of the Index, digitals, puts and
calls and a negative correlation between the returns and the level of the previous
closing price for digitals. Since prices of the S&P 500 Index Options reflect rational
learning but violate rational expectations, we conclude that investors’ beliefs must
have been biased. We argue that, over the 5-year period, the investors repeatedly
underestimated the expected return of the S&P 500 Index but overestimated its
volatility.

The main message of this chapter is that there is a simple and parsimonious
model that surprisingly accurately describes actual behavior of the S&P 500 Index
Options prices. In this model, financial markets are populated with investors who
may have biased beliefs but who are otherwise rational decision makers that efficiently
process new information. The model is a generalization of the concept of rational
expectations, but it is not too general in the sense that “it can explain anything.” On
the contrary, the model of rational investors with expectational errors suggests precise
testable restrictions which turn out to be satisfied in the empirical data. Moreover,

the model explains the data without having to appeal to sophisticated and sometimes
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controversial theories of time-varying risk premia. In particular, the empirical findings
indicate that, if there is a risk premium for digital options written on the S&P 500
Index, it must be negligible (smaller than the estimation errors), which is much more
in line with our theoretical understanding of risk premia.

It deserves emphasis that reported results do not imply that there is money to be
made. The beliefs of the market of the S&P 500 Index Options are as good as any
others. An outsider may have different beliefs, but whether this would lead her to
“make money” depends on the circumstances. She would only if her priors happened
to be more accurate (this is a chance event). Still, her trading would amount to pure
speculation.’”

Based on the evidence reported here, investors in the S&P 500 Index Options
certainly do not leave “money on the table” by making mistakes against the rules
of conditional probability. At least for the short-term horizons considered in this
chapter, investors’ reactions to new information appear to be consistent with the rules
of conditional probability: investors do not over-react or under-react. The newcomer
may want to trade if her priors differ from those of the market. But disagreement
is not sufficient. Because of the well-known result in Aumann (1976), she must be
sure that her priors and those of the market are inconsistent (as defined by Harsanyi
(1967)).

And finally, to implement the tests for the new rationality restrictions, we have
developed the novel procedure to recover prices of digitals and risk-neutral densities
implicit in prices of traded puts and calls. The procedure is very flexible, it estimates
instantaneous implied risk-neutral densities using only the most recent option prices
only and, thus, does not depend on stationarity of an underlying asset’s price dynam-
ics. The clean empirical results indicate that the estimation procedure captures most
salient features of the option data extremely well. This means that the procedure

may be useful in many other contexts as well. For example, the estimation procedure

37Tt is worth pointing out that investors’ biases may (and will) change over time. The estimated
historical expectation errors cannot be used to predict the future expectation errors and, thus, his-
torical discrepancies between the implied and factual return distributions do not necessarily indicate
profit opportunities.
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suggests how prices of traded puts and calls can be used to determine arbitrage-free
prices of complex or illiquid contingent claims, for example, exotic options. The pro-
cedure also allows one to analyze the implied underlying asset’s price dynamics and

to calibrate parameters of theoretical price dynamics models.
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3.6 Appendix

3.6.1 Constrained Convex Least Squares Regression

Dykstra (1983) has proposed a simple iterative technique for a least squares regres-
sion subject to the restriction that the solution must satisfy certain side conditions.
Specifically, the following problem is considered. Let vectors g, w,y € R™. Consider

a minimization problem:

Minimize Y w'(g* — y*)? 3.27
finimize - u'(s' ~ ) (3:27)
where K, ..., K" are closed convex cones. It is assumed that the following problem
Minimize » w'(f* —y*)? (3.28)
yeK?

=1

can be easily solved for any f = (f!,...,f") € R™ and . To find the solution
to the more involved problem (3.27), the procedure iteratively solves simpler prob-
lems (3.28).

The constrained least squares problem (3.7)-(3.10) fits nicely in this framework.

Indeed, let w'=(1,1,...,1), Pi=P(X?), X! < X?,...,< X™. Define K" as follows:

K!. =3 2 0
; Yi—l-l _ Yi Yi o Yi—l
K*: S(H-l—_XL Z W, 222, .,TL—]_,
Y”—Y”_l i
o — M, —t)
K" ~n e < emtur(T=D),

The constrained least squares problem (3.7)-(3.10) can be then written as

Minimize e 3.29
mtnige, ;( ) (3.29)
The corresponding problems (3.28) for K* (i = 1,...,n) are simple, nevertheless,

we cannot use the algorithm directly since the restriction K™ is not a closed convex

cone. Fortunately, there is a way to resolve this complication.
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We first observe that the restriction K' is not binding when put prices {P*}2,
satisfy the condition

P! < P, i=1,...,n. (3.30)

In this case, it can be shown that the solution to (3.29) (with excluded restriction

K') satisfies the same property:
¥i< yt i=1,...,n.

In the studied dataset, the condition (3.30) has been met for all 1160 trading
days®® and, thus, restriction K' in (3.29) can be omitted. After that, we define a

linear transformation

Zi — Y’L _ Xie_p't’T(T_t),

and rewrite the CCR problem (3.29) as follows:

Minimize Y (P'— Z' — Xl #erT=0)2 (3.31)

e K

with the restrictions K° expressed in terms of Z%:

~. Zi+l _ 71 T Zi—l .
K: —m Z m, 2:2,...,7?,—1,
~ T Zn—l
K" : — < 0.
Xn _Xn—l =

The restrictions K* are closed convex cones and the solution to (3.31) can be found
according to the general algorithm. The projections onto K' are very simple (they
only involve corrections for three points, Z*~!, Z¢ and Z*! for K®, i =2,...,n — 1,
and two points, Z"~! and Z™ for K ™). The average value of n for empirical put prices

is about 21 and the convergence to the solution is quite rapid.

381f it were not we could have enforced it, for example, by adding an “artificial” put P° = P;(X°)
with the exercise price X° < X! and the lowest possible price, 1/16.
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3.6.2 Properties of Quadratic Specification

In this appendix we discuss several theoretical and computational properties of the
quadratic specification defined in equation (3.15).
Note that, in view of put-call parity (3.4), equation (3.15) can be compactly

restated in the following form
PR(X)CR(X) = o4 F,G,. (3.32)

The put formula P2(X) satisfies two additional properties (also shared by the
Black-Scholes formula PP(X) and most other parametric option formulae).

First, P2(X) is homogeneous of degree one in both F;, and G;. This property
holds for options written on an asset which follows a proportional risk-neutralized
stochastic process (i.e., when it is assumed that the risk-neutral return distribution
is independent of price).*

Second, let X* denote the implied future price, i.e., the price for which F;=G;(X™)
(or, alternatively, for which P,(X*)=Cy(X™)):

X* = G,elber—br)(T~1)

Then, for any positive constant k,
PR(EX*) = kC2(X*/k).

This property holds for assets for which the risk-neutralized stochastic process is
proportional and symmetric in log-returns.

Note that, intuitively, the parameter oy in the quadratic specification is closely
related to the variance ¢? in the Black-Scholes specification. In general, o;; monoton-

ically increases as o} increases (the range [0, 1] of a; corresponds to the range [0, o0]

39See Theorem 9 in Merton (1973b).
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of o7 ). The two specifications coincide in the limits, i.e., when oy = o2 = 0,
PP(X) = PPS(X) = max(G, — F,,0),
and when oy = 1, 07 = o0
PA(X) = PPS(X) = G,

From equation (3.3) (or (3.5)) we obtain the price of the corresponding digital
option, DCP(X):

DCR(X) = %e—utm@-t) (1 (G- F)+2a,F, ) |

\/(Gt — Ft)2 + 40[tFth

Let th(X):@bQ(St,,ut,T,6t7T,t;X, T) denote the risk-neutral density (RND) im-
plied by the quadratic specification (3.15), i.e., for any exercise price X, th (X)dX is
equal to risk-neutral probability that the asset maturity price St falls between X and
X+dX. The cumulative risk-neutral density (CRND), \II?(X)-——\I/Q(S,:, per, 6rr, t; X, T),
is equal to the risk-neutral probability that the asset maturity price S does not ex-

ceed X.

Accordingly,

Q 82PtQ(X) 4Ft2at(1 - Ozt)

t (X) === aGQ =i 3
t \/(Gt e Ft)2 —+ 40ltFth

and
¥9(x) = OPP(X) 1 L G-F+2b
t = = = = .
6Gt 2 \/(Gt == Ft)2 — 40étFth

Finally, let us discuss a useful trick that significantly simplifies solving the non-
linear least squares problem (3.13) for the quadratic specification. Recall that in the

third step of the estimation procedure in Section 3.3.2 for each trading day ¢t and
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maturity date 7', we needed to solve the following problem:

n
Minimi P'— PUX% o, F))?
inimize ;( (X% @, FT) (3.33)
where {]31 »_, is a collection of empirical put prices corresponding to exercise prices

{X"}2 ,. The parametric function P?(X% o, F) = P?(X?") is such that
Pe(XY)(F - G* + P9(XY) = oFG", (3.34)

where G* = G(X*) = Xte#ur(T—t),

Since P?(X% o, F) is a nonlinear function of parameters oz and F', we use the
multivariate Newton-Raphson method to search for the optimal solution (o, F™)
of (3.33). The ability of the iterative Newton-Raphson method to find the functional
global minimum (as well as its computational efficiency) critically depends on avail-
ability of a “good” initial approximation for the solution (a*, F*). In order to find
initial values («, F) close enough to (a*, F*), we consider the following weighted least

squares problem:

Mi%%rb;lize i(ﬁf — PO(XH))}(P' + POXY) + F — GY)2. (3.35)
The problem (3.35) differs from the problem (3.33) because variable weights { Pi+
PO(X") + F — G*}1, are used instead of constant ones. Otherwise, the two problems
are similar, and it can be shown that, under weak assumptions on {]3Z * 1, the solution
(o/, F') of (3.35) is “very close” to (a*, F*) (this statement can be made precise but,
intuitively, it is clear since the weights in the minimization problem (3.35) do not
vary significantly). Now, the problem (3.35) may appear more difficult than the
problem (3.33), but, in fact, it is much easier to solve (3.35) than (3.33). Indeed,
using (3.34) we obtain that:

(P'— Po(X))(P'+ PYXY) + F — G') = P(P'~ G') + FP' — aFG'.  (3.36)
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This means that we only need to project P*(P' — G%) onto (—P%) and G* in
an OLS regression to find the coefficients F' and o/F’ (which amounts to solving
the corresponding 2 X 2 system of linear algebraic equations). After that, we use the
vector (o, F') as an initial approximation for (o*, F*) in the Newton-Raphson search.
Since this approximation is very tight, the method always finds (a*, F*) (as opposed

to some local minimum of the functional (3.33)) and requires only a few iterations.

3.6.3 One Day in the Life of the Dataset

The purpose of this appendix is to illustrate the procedure used to estimate prices
of digitals. Here we report intermediate results of different steps of the procedure
for a randomly chosen trading day in the dataset. Specifically, consider options that
matured on April 15, 94 and that were trading on March 15, 94, corresponding to
time to maturity, 7 = 22. At the close of March 15, 94, the S&P 500 Index was
467.01 and there were 14 puts and 14 calls with positive volume and with exercise
prices from 400 to 500. Not all of these options were equally liquid. Therefore, in the
first step of the estimation procedure, we use put-call parity to obtain reliable put
prices.

This step is illustrated in Figure 3.6. We estimate the put-call relationship for
this trading day (F; = 465.57) from liquid puts and calls with exercise prices 460,
465, 470, and 475 (i.e., the four closest to at-the-money pairs). Now we know two put
prices: true, P;(X), and imputed from the corresponding call, P;(X). After that, we
replace less liquid puts (exercise prices above 475) with P;(X). Puts with exercise
prices from 460 to 475 are replaced by 1/2(P,(X) + P;(X)), and more liquid puts
(exercise prices below 460) are not changed. Resulting prices are represented by the
solid line in Figure 3.6.

In the second step, we run the constrained convex regression to ensure that put
prices are increasing and convex. This step is illustrated in Figure 3.7. Here dots
and the solid line represent the input and the output of the CCR, respectively. Note

that, for most exercise prices, the CCR does not change corresponding puts. It does,
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however, “correct” the nonconvexity around exercise prices 445-460. This example is
typical, in the sense that, for most trading days, only a few prices (if any) are needed
to be changed to satisfy the shape restrictions. Nevertheless, the CCR is a very useful
procedure to deal with real-world imperfections because it allows one to filter rare
but sometimes significant nonconvexities/outliers locally, without affecting the rest
of the dataset.

The third step of the estimation procedure, we fit discrete put prices by smooth
continuous functions. This step is implemented for the quadratic specification (Fig-
ure 3.8) and for the Black-Scholes specification (Figure 3.9). The continuous approx-
imations are shown by the solid lines. Inspection of the two graphs suggest that the
quadratic specification fits the data significantly better than the Black-Scholes spec-
ification does. In particular, standard error is 0.17 for the former and 0.60 for the
latter. Figure 3.9 also illustrates the famous volatility smile: the Black-Scholes ap-
proximation underprices out-of-the-money and in-the-money options but overprices
at-the-money options. In contrast, Figure 3.8 does not reveal any special pricing
biases for the quadratic approximation. Again, this example is typical: For most
trading days in the studied dataset, the quadratic approximation consistently out-
performs the Black-Scholes approximation. Finally, Figure 3.10 plots prices of digitals
computed using different approximations. It shows that the Black-Scholes approxi-
mation underprices in-the-money digitals (m > 1) and overprices out-of-the-money
digitals (m < 1). For comparison, we also report prices of digitals computed from the

finite difference equation (3.12).
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Table 3.1: Destribution of Average Daily Trading Volumes, Closing Prices,
and Maturities for S&P 500 Call and Put Options: Sample Period 01/91-
12/95

Call Put
Moneyness (m) N Volume Price 7 N Volume Price 7
1.12 <m 2884 313 89.1 48 | 11520 346 1.5 75
1.08 <m < 1.12 | 2110 362 439 40| 8119 003 2.7 60
1.04 <m < 1.08 | 4794 464  28.2 37 | 13408 783 37T 52

1.00 <m <1.04 | 11434 966 14.5 40 | 16736 1368 6.6 53
0.96 < m < 1.00 | 14806 1226 5.9 45 | 13507 622 133 5l

092 <m <096 | 7886 658 26 58| 4189 184 27.0 70
0.88 <m <0.92| 1840 422 24 93| 1166 123 44.0 95
m < 0.88 369 246 1.1 108 437 98 73.6 93
All 46123 849 16.5 48 | 69082 736 83 959

Notes: Averages are taken across observation with positive trading volume of cor-
responding options, N denotes the number of these observations. Time to maturity,
7 =T —t, is measured in trading days, moneyness m = S/X.
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Table 3.2: Analysis of Returns of Winning Digital Op-

tions
DC1  DC2 DC3 DC4  DC5
N| 54 47 40 33 24
_ [ 0.0077* 0.0129* 0.0248** 0.0378" 0.0515*
"| (442) (5.62) (6.87)  (6.60)  (5.38)
_ | -0.0030 -0.0024 -0.0018 -0.0029 -0.0052
1 (-087) (-0.54) (-0.32) (-0.35)  (-0.43)

Notes: N denotes the number of subperiods for which the cor-
responding digital option matured in-the-money. 7 denotes the
average across all subperiods of the time series average daily
traditional return. T denotes the average across all subperiods
of the time series average daily modified return. The numbers
in parentheses are t-statistics with * and ** indicating that the
t-statistic is significant at the 0.10 and 0.02 two-tail levels, re-
spectively.



95

Table 3.3: OLS Regressions of Traditional and Modified Returns of
Winning Digital Options on Beginning-of-period Prices, 7,1 = a +
Bp:+ec and 241 = o+ Op + &

DC1 DC?2 DC3 DC4  DC5

N 1026 893 760 627 456
 nterceny | 0-1366™  0.12277  0.1508"  0.1397"  0.1282"
Tepr: o MEICRL 700y (6.11)  (6.79)  (5.61)  (4.50)
e -0.1539"  -0.1405™ -0.1943" -0.1766™ -0.1686**

ope (-6.69)  (-5.58)  (-5.93)  (-4.36)  (-3.01)
 lntercens | 00124 00126 0.0209  0.0106  -0.0017
Teprc o GMGICEDL g 53)  (0.54)  (1.17)  (0.44)  (-0.07)
" -0.0184  -0.0191  -0.0456  -0.0234  -0.0076

ope (-0.67)  (-0.65)  (-1.29)  (-0.60)  (-0.16)

Notes: N denotes sample size. 7,41 denotes traditional return, x;.; denotes
modified return. The numbers in parentheses are t-statistics with * and **
indicating that the t-statistic is significant at the 0.10 and 0.02 two-tail levels,
respectively.
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Table 3.4: Analysis of Profitability of Different Investment Strategies
for Winning Digital Options, E[r..1p{|F:, 0] and E[z.1p{|F:, 0] for v =
1,2,-1,-2

DC1 DC?2 DC'3 DC4 DC5

N o4 47 40 33 24

. 0.0036*  0.0065** 0.0108"* 0.0138" 0.0149**
VOTage TeriPr |\ (979)  (3.81)  (5.26)  (5.23)  (4.37)

A , | 0.0020* 0.0037** 0.0054** 0.0060 0.0058*
VOIage Tenibe | (176)  (2.80)  (3.52)  (3.50)  (3.19)

A L | 0.0185™ 0.0301* 0.0619" 0.1192* 0.2126*
VOIage Tirin, | (355)  (5.87)  (5.64)  (5.51)  (3.79)

" . | 0.0549* 0.0911"* 0.1802* 0.4480** 1.0722**
VOIage Tit1pr | (9.34)  (3.05)  (3.84)  (4.31)  (2.65)

& -0.0026  -0.0022 -0.0023 -0.0021 -0.0015
VOrage TP | (111)  (-0.75)  (-0.64)  (-0.51)  (-0.33)

N , | -0.1156 -0.0799 -0.0741 -0.0014 -0.0004
VOrage Te+iPr | ((123)  (-0.83) (-0.77) (-0.58)  (-0.18)

A 1 -0.0003  0.0005 0.0066 0.0054  -0.0007
VOTage Tutip, | (L0.08)  (0.09)  (0.67)  (0.25)  (-0.01)

A L | 00131 0.0213* 0.0437*  0.0595  0.0215
VOTage Tutipr | (1.23)  (2.16)  (1.69)  (0.72)  (0.07)

Notes: N denotes the number of subperiods for which the corresponding dig-
ital option matured in-the-money. Averages are taken across all subperiods
for time series average statistics. ry.; denotes traditional return, z;,; denotes
modified return and p; denotes price of digital options. The numbers in paren-
theses are t-statistics with * and ** indicating that the ¢-statistic is significant
at the 0.10 and 0.02 two-tail levels, respectively.



Table 3.5: Two-day and Four-Day Returns of Winning Digital

ar

Options

DC1  DC2  DC3  DC4  DC5

N 54 47 40 33 24
| _g. - | 00162 0.0238" 0.0418* 0.0664" 0.1033"
=== T | 486)  (458)  (5.73)  (5.22)  (5.15)
_ | -0.0030 0.0002 0.0017 -0.0027  0.0005

Tl (-052)  (0.03)  (0.17)  (-0.16)  (0.02)
_4. 5 |00277" 00567 0.1028" 0.1561" 0.2333"
=== T | (399) (5.49) (7.79)  (7.12)  (5.43)
_ | -0.0067 0.0082 0.0198  0.0180  0.0191

Tl (052)  (052)  (1.09)  (0.59)  (0.42)

Notes: N denotes sample size for which the corresponding digital op-
tion matured in-the-money. 7 denotes the average across all subperiods
of the time series average two-day or four-day traditional return. T de-
notes the average across all subperiods of the time series average two-
or four-day modified return. Returns 7 and Z are computed using every
second and every fourth prices of the digital options (10 and 5 obser-
vations in each subperiod). The numbers in parentheses are ¢-statistics
with * and ** indicating that the t-statistic is significant at the 0.10 and
0.02 two-tail levels, respectively.



Table 3.6: Analysis of Traditional Returns of Digitals, Puts, and Calls

98

X1 X2 X3 X4 X5

Disitals. = | 0:0060° 0.0071*  0.0095*  0.0123*  0.0104
1A%, (2.92)  (2.02)  (1.83)  (1.72)  (1.20)
bute x| 0-0356" -0.0286" -0.0233* -0.0199* -0.0169"
ST (4.08)  (-3.13)  (-2.63)  (-2.48)  (-2.43)
Calls. 7 | 00012 -0.0037  -0.0078  -0.0147* -0.0247"
ST (024)  (-0.64)  (-1.18)  (-2.06)  (-3.49)

Notes: The number of subperiods is 58. 7 denotes the average across all
subperiods of the time series average daily traditional return. The numbers
in parentheses are t-statistics with * and ** indicating that the ¢-statistic is
significant at the 0.10 and 0.02 two-tail levels, respectively.

Table 3.7: OLS Regressions of Traditional Returns of Digital Options
on Beginning-of-period Prices, r,.1 = o + Op; + &

DC1 DC2  DC3  DC4  DC5

Intercenq | 008457 0.0602° 0.0426" 0.0300" 0.0135
HUSTCEDY 1 5.00)  (3.50)  (2.53)  (1.82)  (0.88)
5 -0.0952** -0.0720 -0.0538* -0.0375 -0.0091
PC 1 (473)  (-3.19)  (-2.10)  (-1.20)  (-0.24)

Notes: The sample size is 1102 (=58*19). T denotes the average across all
subperiods of the time series average daily traditional return. The numbers
in parentheses are t-statistics with * and ** indicating that the t-statistic is
significant at the 0.10 and 0.02 two-tail levels, respectively.
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Figure 3.1: Daily closing prices of the S&P 500 index for the period from January
1991 to December 1995. The sample daily mean of continuously-compounded returns
(annualized with a 365-day year) was 13.20% over the five-year period and 29.67%
for 1995 year. The sample standard deviation of returns (annualized with a 252-day
year) was 10.32% over the five-year period and 7.78% for 1995 year.
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Figure 3.2: Risk-free rate p approximated by the yield of the 3-month Treasure bill
for the period from January 1991 to December 1995. The sample daily mean of risk-
free rates (annualized with a 365-day year) was 4.31% over the five-year period and
5.49% for 1995 year.
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Figure 3.3: Daily closing prices of the S&P 500 index (thick line) and the exercise
prices of the constructed digital options which expired in 1993 (12 months). At the
beginning of each subperiod, digital options have exercise prices X1-X5 such that
X1 and X2 are 2%- and 1%-in-the-money, X3 is at-the-money, X4 and X5 are 1%-
and 2%-out-of-the-money. See Section 3.3.3 for details.
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Figure 3.4: Time series plots of daily closing prices for the digital options with expi-
ration dates in March, 91 (expmonth=910), May, 93 (expmonth=93Q), December,
93 (expmonth=93X) and October, 95 (expmonth=95V). See Section 3.3.3 for details.
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Figure 3.5: Scatter plots of traditional return 7,7 (left) and modified return z;4;
(right) against the beginning-of-the-period price p; for winning digital options DC'3
(i.e., those that started at-the-money).



104

Estimation Procedure, Step 1: Obtaining Reliable Put Prices
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Figure 3.6: Step 1 of the estimation procedure for trading day 03/15/94 (ma-
turity=04/15/94). Points are closing put and call prices. The solid line repre-
sents put prices estimated from the most liquid options.

Estimation Procedure, Step 2: Constrained Convex Regression
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Figure 3.7: Step 2 of the estimation procedure for trading day 03/15/94 (ma-
turity=04/15/94). Points and the solid line represent put prices before and
after running the CCR, respectively.
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Estimation Procedure, Step 3: Quadratic Specification
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Figure 3.8: Step 3 of the estimation procedure for trading day 03/15/94 (ma-
turity=04/15/94). The solid line is the continuous quadratic approximation of
discrete put prices.

Estimation Procedure, Step 4: Black-Scholes Specification
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Figure 3.9: Step 3 of the estimation procedure for trading day 03/15/94 (ma-
turity 04/15/94). The solid line is the continuous Black-Scholes approximation
of discrete put prices.
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Prices of Digital Options for Different Approximations
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Figure 3.10: Prices of digital options for trading day 03/15/94 (matu-
rity=04/15/94) computed using the quadratic specification, the Black-Scholes
specification, and the finite difference approximation in equation (3.12).
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Conclusion

This thesis provides a theoretical and an empirical study of rationality of asset pric-
ing. We consider the relaxation of the traditional expectations model suggested in
Bossaerts (1996) where investors may have potentially biased beliefs about crucial
parameters of the economy. Investors remain rational, however, in the sense that
they update their beliefs in a consistent and efficient manner applying the rules of
conditional probability (Bayes’ law). This means that of the two underlying assump-
tions of rational expectations, we relax the one of correct beliefs but keep the central
assumption of rational learning.

The new model of Bayesian investors with biased beliefs is more general and
realistic than the traditional hypothesis of rational expectations. More importantly, .
however, the new model offers simple and well-specified predictions which suggest
that not any price history could be compatible with investors’ rationality.

It turns out that the model of Bayesian investors with biased beliefs has more than
just theoretical value. As the applications to the Iowa Experimental Markets and to
the S&P 500 Index Options demonstrate, this model provides a parsimonious and
fairly accurate description of empirical data. We find that prices of Arrow-Debreu
type contracts traded in the IEM and prices of the digitals estimated from the S&P
500 Index Options are in accordance with rational learning but not with rational
expectations.

The encouraging empirical results suggest that the new rationality restrictions
can be used in many interesting applications. In particular, one can study rationality
of pricing of other financial markets. One can also investigate whether errors in
investors’ expectations may explain other anomalies of traditional market efficiency.
And, of course, one can use the new rationality restrictions to measure the extent of

survivorship bias. We leave these possible applications for future research.
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