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ABSTRACT

Much of machine learning for scientific computing approximates a function specified
in advance. This thesis investigates how dedicated learning systems can address tasks
of increasing complexity and thereby automate larger parts of scientific discovery.
Each method exploits structure in the learning method or in the scientific problem
to constrain the search and incorporate mathematical knowledge.

In Function Learning, the target task is prescribed; we develop minimal-variance
aggregation of black-box predictions, operator learning for partial differential equa-
tions at machine precision, and pruning of deep networks guided by random matrix
theory.

In Structure Discovery, the relationships among variables must be recovered from
data; we identify functional and stochastic dependency graphs for digital twins with
up to one thousand variables while treating randomness, time, and control explicitly.

In Algorithm Discovery, we design algorithms by combining computational prim-
itives through a variant of AlphaZero and expand the primitive set through Algo-
rithmic Byte Pair Encoding. The resulting algorithms adapt during execution and
outperform state-of-the-art methods on the strongly NP-hard Quadratic Assignment
Problem; the framework also produces a new formulation of Grover’s algorithm
using half as many gates as the standard construction.
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C h a p t e r 1

INTRODUCTION

Scientific computing combines mathematical modeling with computational methods
to tackle problems in science and engineering, thus supporting scientific discovery.
Here, we refer to scientific discovery as producing new relationships, models, or
procedures from observations and prior knowledge. Much of machine learning in
science addresses the narrower task of approximating a well-identified function from
data under a predefined success criterion. Yet machine learning can also determine
what to model or how to solve a problem, allowing it to address more open-ended
parts of the scientific process.

In this thesis, we develop machine learning methods for scientific computing that
automate tasks of increasing complexity: Part I improves the learning of pre-
scribed functions and operators, Part II automates the identification of functional
and stochastic relationships between variables, and Part III automates the design of
algorithms. Each stage expands the computational toolbox by asking the learner to
search over a richer object: first a function, then a structure, and finally an algorithm.
Throughout this work, structure in the learning method or in the scientific problem
restricts the search space and allows mathematical knowledge to be incorporated
directly.

Large Language Models (LLMs), which rose to prominence over the course of this
thesis (2022–2026), provide a contrasting route based on general-purpose models
rather than dedicated systems. Their rapid progress makes this alternative essential
to consider in a thesis on automating scientific discovery. We therefore first examine
the role of machine learning in scientific computing and its progression toward more
open-ended tasks, then assess the LLM-based approach, and finally return to the
problem structure that connects the contributions of this thesis.

1.1 Machine Learning in Scientific Computing
Using data to support research has long been a staple of the scientific method.
Kepler’s first law, formulated by fitting an ellipse to Tycho Brahe’s observations
of Mars, illustrates how approximating a function from data can contribute to
discovery [159]. Modern machine learning scales this pattern: given suitable data,
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objectives, and computational resources, learned systems can outperform manually
designed pipelines on difficult tasks. Examples include computer vision [6, 164],
speech recognition and machine translation [179], and strategic game playing, as
exemplified by AlphaGo [308].

Machine learning now contributes across the sciences, an impact recognized by
the 2024 Nobel Prizes in Physics and Chemistry [229, 230]. Many of these ap-
plications learn prescribed mappings, including PDE solution operators [56, 173],
protein sequence-to-structure maps with AlphaFold [154], weather forecasts with
FourCastNet [177], and predictive models from biological and medical data [15,
206, 325, 351, 379].

1.1.1 Contributions in Function Learning
Part I (Function Learning) focuses on this setting, using primarily Gaussian pro-
cesses and neural networks [179, 273]. Chapter 2 develops a robust method for
combining predictions from multiple black-box models without assumptions on the
models. We train an aggregation model to predict the error each model will make
on an input, and combine the models’ predictions with a weighted average inversely
proportional to the predicted errors. We compare to the straightforward aggregation
that minimizes error and show that it suffers from catastrophic failures in adver-
sarial cases, and prove that our method enjoys a faster convergence rate for fixed
inputs. Finally, in experiments on PDEs, our method combines traditional numerical
solvers and machine learning methods and reaches a best-of-both-worlds regime: it
outperforms all aggregated models and minimal-error aggregation by an order of
magnitude in mean squared error.

Chapter 3 introduces an operator-learning method that reaches machine precision
on PDE problems. Chapter 4 uses random matrix theory to identify and prune
uninformative components of neural-network weights. Together, these contributions
improve the robustness, accuracy, or efficiency of learning while the target task
remains fixed. By contrast, governing-equation discovery requires the learner to
identify the equation itself, whether through sparse regression, as in SINDy [47],
or through kernel methods that jointly learn equations and their solution operators
[152].

1.2 Toward Automating Scientific Discovery
Automating scientific discovery is challenging: the problems are domain-specific,
often poorly specified, and located at the boundary of existing knowledge; represen-
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tative data may be scarce, past performance may be a weak guide, and success may
be difficult to define in advance [102, 166, 211, 248, 380]. These difficulties make
the division of work between the researcher and the system central. Human-factors
research treats automation as a division of functions between humans and machines
[276, 305]. Under this definition, Parts II and III automate the recovery and anal-
ysis of relationships and the search for algorithms, respectively, while the rest of
scientific discovery remains under human direction. Relative to Function Learning,
these parts transfer more pattern recognition and trial and error from the researcher
to the system.

1.2.1 Discovering functional dependencies from data
Recovering structure from data is already central to causal discovery [259, 319].
Part II (Structure Discovery) considers functional and stochastic dependencies rather
than causal relationships. Digital-twin modeling motivated this work, as did the
operator-learning contributions in Part I and the author’s supply-chain emulator
[376]. High-fidelity models are often used as digital twins, but they can become too
complex to build, validate, interpret, or stress-test in real-world systems. Here, our
objective is to construct from data an interpretable reduced model that retains the
main behavior of the full system, while reducing the dimension of the problem and
removing spurious correlations between variables.

Chapter 5 recovers the sparsest graph of functional dependency between variables
that accurately represents the data. Each variable is modeled as a function of the
others, and we use Gaussian processes (GPs) to approximate that function. We then
exploit the variance-decomposition property of GPs [243] to measure nonlinear
sensitivity and prune insignificant variables. The method integrates regularization,
kernel selection, and ancestor pruning; while certain components are already known,
their orchestration into a unified system unlocks the new capability of automatically
discovering structure from data.

The resulting model supports prediction, control, anomaly detection, and uncertainty
quantification. When there is a strong prior and a relationship belongs to the class
represented by the GP’s kernel, the method can recover its equation; otherwise,
it provides an approximation. In this restricted sense, the procedure automates
part of the inference illustrated by Kepler’s construction of an orbital law from
observations. In our experiments, linear and quadratic kernels recovered exact
equations for algebraic equations and chemical reactions. Under uninformative
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priors, we recover known dependencies for the Fermi–Pasta–Ulam–Tsingou problem
and produce consistent results with real-world COVID and gene-activation data.
Although we demonstrated scaling to 1,000 variables, practical digital twins may be
orders of magnitude larger and operate in uncertain environments, aspects this first
work did not fully address.

1.2.2 Discovering stochastic dependencies from data
Chapter 6 addresses these limitations by identifying a reduced set of variables of
interest to track and treating missing variables, environmental perturbations, and
memory effects as sources of randomness. The method recovers the transition law
of the variables of interest as a sparse graph of conditional probability distributions,
which enables the recovery of dependencies hidden in variance, tail behavior, or
other features invisible to conditional-mean modeling. This recovery proceeds in
two steps: we first use stochastic interpolants [5], a flexible class of conditional
generative models, to approximate the full conditional law of the target variables.
We then build a Gaussian process surrogate of the generative model, which allows
us to leverage the nonlinear sensitivity analysis described in Section 1.2.1 to identify
which variables influence the conditional distribution.

Using the reduced graph, we demonstrate accurate recovery of known dependen-
cies in SDEs and PDE control problems, discover memory variables in partially
observed dynamics, and produce sparse digital twins whose downstream control
performance matches full-variable models in pendulum, heat-equation, Lunar Lan-
der, and robotic-arm benchmarks.

Together, the two chapters of Part II automate part of the analysis that turns obser-
vations into functional or stochastic relationships.

1.2.3 Discovering algorithms using computational language processing
Automated search has also been used to design computational systems, notably
neural-network architectures [29]. Part III (Algorithm Discovery) moves from dis-
covering relationships to searching directly for algorithms. Algorithms consist of
sequences of computational steps and often share common subprocedures. We rep-
resent these subprocedures as predefined operations, called primitives, and search
over their combinations. We use a variant of AlphaZero [308] to automate the
trial and error of constructing and evaluating candidate algorithms. Because of the
similarity to producing sequences of tokens in Natural Language Processing (NLP),
we coin this framework Computational Language Processing (CLP).
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The researcher still frames the problem and designs the initial primitives, while
the system uses computation and reinforcement learning to combine them. The
abstraction level of the primitives is therefore crucial: overly granular primitives
make the search space too large, whereas coarse primitives limit its expressivity.
We address this tradeoff with a procedure based on Byte Pair Encoding [109] that
generates new primitives from existing ones. This procedure explores a hierarchy
of complexity adapted to the problem. The system can also generate algorithms
during execution, thereby adapting them to individual problem instances.

We test the framework on the Quadratic Assignment Problem (QAP), a strongly
NP-hard combinatorial optimization problem, and obtain state-of-the-art results.
Because the action space consists of algorithmic operations, it does not grow ex-
ponentially with problem size, a pathology common for reinforcement learning
methods in combinatorial optimization. The same framework also improves upon
ADAPT-QAOA for the Quantum Approximate Optimization Algorithm (QAOA).
Finally, the framework discovers a new formulation of Grover’s well-known algo-
rithm [126] that uses half as many gates as the standard construction. These results
show that substantial parts of algorithm design can be automated while the re-
searcher retains responsibility for defining the problem and the initial computational
vocabulary.

1.3 LLMs and Scientific Discovery
LLMs provide another approach to automating scientific discovery. ChatGPT was
released two months after the start of this thesis [352]; since then, LLMs have
progressed from struggling with basic arithmetic to contributing to the solution
of major open problems in mathematics [149, 289]. This rapid progress makes it
necessary to consider whether this approach can automate scientific discovery and
how it differs from the work presented here.

Three observations support this possibility. First, generative pretrained models
showed that language models could act as general conversational agents [45, 232].
Second, grokking showed that prolonged optimization could produce an abrupt
transition from memorization to generalization [264]. Third, empirical scaling laws
showed predictable improvements as model size, dataset size, and training compute
increase [143]. These observations suggest that scaling existing architectures can
produce further gains and possibly new capabilities. Reinforcement-learning-based
fine-tuning, including reasoning-oriented training, has extended LLM capabilities in
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mathematics and coding [80, 128, 232, 358], bringing LLM performance close to the
upper tail of human performance on some tasks [16, 129, 329]. Researchers and AI
companies now pursue scientific discovery directly with these systems [11, 79, 231].
Recent examples include AlphaEvolve for algorithm design [228] and language-
model-based proof formalization [262].

Nevertheless, this approach has important limitations. First, some researchers argue
that systems trained predominantly on language have an incomplete physical under-
standing and that embodied or visual experience is necessary to construct true world
models [14, 61, 77, 354]. This concern is supported by the gap between strong
results on knowledge-intensive benchmarks and weaker results on novel or visual
tasks and long-horizon interactions [106, 160, 311, 357]. A well-known example
is Anthropic’s Claude spending many hours stuck in the 1996 game Pokémon Red
under a minimal agent harness [233].

Second, it is unclear how far generalization and grokking can advance scientific
discovery [160]. LLMs can manipulate existing theories and solve difficult problems
when the task is well-defined. Performance on these tasks does not establish whether
they can formulate new conceptual frameworks outside the structure of existing
knowledge, or achieve human-level scientific intelligence on open-ended problems.

Finally, these systems consume substantial resources without necessarily providing
a corresponding computational advantage on the underlying scientific problem [53,
84, 148, 203, 288, 335].

1.4 Extracting Structure from Problems
LLMs can generate arbitrary text, making the search space for scientific discovery
immense. They constrain this search using patterns learned from existing text,
which biases their output toward familiar patterns and can reduce its diversity after
alignment [370]. The work presented in this thesis follows a different approach
inherited from scientific computing: each method uses structure in its learning
method or in the scientific problem to restrict what must be learned.

We leverage two types of structure in this dissertation: the structure of the learning
method and that of the problem itself. We exploit the first type in Chapter 2 by
formulating model combination statistically and proving a convergence result that
justifies the method over more direct alternatives. Chapter 4 uses random matrix
theory (RMT) to identify properties of the large weight matrices that arise during the
training of transformers. Part II uses the variance-decomposition property of Gaus-
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sian processes to perform nonlinear sensitivity analysis and recover dependencies
among variables.

We exploit the second type in Chapter 3 by constraining operator learning with
the Newton–Kantorovich algorithm; the resulting model reproduces the output of
this fast-converging method to machine precision. Part III incorporates known
QAP operations, including convex and orthogonal relaxations and local searches, as
primitives that can be combined into new algorithms. Algorithmic Byte Pair Encod-
ing further exploits repeated subprocedures to explore the hierarchy of complexity
within algorithms.

Across these contributions, mathematical structure makes the assumptions explicit,
restricts the search to the problem at hand, and incorporates mathematical knowl-
edge directly into the procedure. It also separates what is known from what must
be discovered, controlling which prior knowledge enters the search, supporting
mathematical guarantees, and allowing new solutions to emerge.

1.5 Outline
This thesis is organized in three parts of increasing scope and autonomy. Part I
improves function learning on well-defined computational tasks, Part II discovers
functional and stochastic relationships between variables from data, and Part III
automates the design of algorithms.



Part I

Function Learning

8
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C h a p t e r 2

MINIMAL VARIANCE MODEL AGGREGATION

Théo Bourdais and Houman Owhadi. Minimal variance model aggregation: A
principled, non-intrusive, and versatile integration of black box models. In The
Thirteenth International Conference on Learning Representations (ICLR), 2025.
URL https://openreview.net/forum?id=grM2Yv49cI.
TB was lead author: developed the aggregation framework and theory, ran the
experiments, and wrote the manuscript.

2.1 Introduction
Many challenges in scientific computing and Machine Learning (ML) involve ap-
proximating functions using models. These models can vary significantly, ranging
from numerical solvers that integrate differential equations to various ML methods
and other approximation techniques. Their performance can differ widely across
different benchmarks, as seen in the Imagenet leaderboards [282]. In some cases, no
single model outperforms others across all scenarios; each has its own strengths and
weaknesses. For instance, the Intergovernmental Panel on Climate Change (IPCC)
report on model evaluation [104] highlights numerous evaluation metrics, showing
that different models excel in different areas. When multiple models are available to
predict the same quantity of interest, a key challenge arises: how can their predic-
tions be combined most effectively? Ensembling ML models is a well-established
practice with many successful applications, such as bagging, boosting, and Mixture
of Experts (MoE) [369]. Gradient boosting, in particular, is widely regarded for its
effectiveness, combining simplicity and accuracy in data analysis [32]. Most ensem-
bling methods focus on training strategies that build and combine multiple models
[369]. However, methods for aggregating predictions from existing models are less
developed and broadly used, and practitioners often rely on simplistic techniques
like averaging [92]. This highlights the need for a simple and general framework to
aggregate predictions and better exploit diverse models’ unique strengths.

Related work Ensemble learning methods combine multiple learnable models to
improve accuracy. While these works are influential training paradigms, our ap-
proach assumes the models are not trainable, and focuses solely on their aggregation,
yielding a different task. We emphasize that our work is not comparable to popular
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ensembles such as Gradient Boosting [295] as it combines black box models.
Extensive research has been made on model averaging, especially in cases where the
models are assumed to be linear [139, 188, 374]. Combination strategies with con-
stant factors include Pawlikowski and Chorowska [254], Viana et al. [342]. Other
studies have explored the pointwise linear aggregation of surrogate models, with
various heuristics using weighted averages. Zerpa et al. [367] uses the variance
predicted by Gaussian processes, Lee and Choi [180], Liang et al. [187], Ye et al.
[363] try to predict the cross-validation error at each point and use it to combine
models while Liu et al. [193] trains an aggregation to minimize the Mean Squared
Error of the aggregate. Crucially, these methods are heuristics, which do not justify
why the aggregation should be a convex combination, or why it should be weighted
using cross-validation. Secondly, they do not formulate the aggregation as a learn-
ing problem and instead use specific approaches, such as K-nearest neighbours or
interpolation through weighted averages. This limits the scope of the aggregation,
in particular, these studies only aggregate one-dimensional regression, and prevent
the methods from benefiting from advances in other areas of Machine Learning.
A growing trend in scientific computing involves applying statistical inference and
machine learning (ML) methods [28, 41, 56, 271]. These problems are often framed
as operator learning tasks, which can be seen as infinite-dimensional regression
problems. In this work, we adopt a statistical/ML framework to unify and aggregate
diverse methods, even those not inherently inference or ML-based. This approach
is particularly well-suited to structured problems with inherent design constraints,
where heterogeneous models naturally arise. Such contexts often involve a combi-
nation of non-trainable numerical solvers, legacy simulation codes, and specialized
ML models with distinct trade-offs, which are challenging to integrate or retrain us-
ing standard ensemble techniques. Our work focuses on addressing these challenges
by reconciling and leveraging the strengths of pre-trained or specialized models in
constraint-heavy, structured problems.

Contributions We introduce Minimal Empirical Variance Aggregation (MEVA),
a versatile method for aggregating predictions from diverse models, treating them
as black-box input-output functions (deterministic or stochastic). MEVA provides
a robust, non-intrusive framework for structured problems, particularly in scientific
computing and other domains where traditional methods often fall short. While the
approach is broadly applicable, its primary strength lies in addressing challenges in
scientific computing and other structured domains. Key contributions include:
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• Justification and formulation: Contrary to previous heuristics, we present
a probabilistic model for aggregation, grounded in clear assumptions that
justify using convex combinations and approximations of cross-validation
error (Sections 2.2, 2.3). Future works may build upon this model and adapt
it to constraints specific to the application at hand. We also formulate MEVA
as a learning problem (sec. 2.3), making an extension to other settings such as
graphs or computer vision simple using popular learning techniques of these
fields.

• Ruling out MEEA We assess Minimal Empirical Error Aggregation (MEEA),
which minimizes aggregate empirical error directly, and identify its limitations
via a pathological example (Section 2.2.2). MEVA, introduced in Section 2.3,
addresses these challenges and consistently outperforms MEEA in experi-
ments. We rigorously prove that MEVA converges faster than MEEA, making
it more robust in scarce data regime.

• Extension to operator learning Our approach extends model aggregation
beyond machine learning to include scientific computing, enabling the in-
tegration of diverse methods for estimating shared target quantities. We
demonstrate this by expanding from one-dimensional problems to operator
learning using established techniques (Section 2.4.2). To our knowledge, this
is the first work to aggregate outputs across machine learning and classical
PDE-solving methods.

The remainder of the paper is structured as follows: Section 2.2 discusses pointwise
aggregation and MEEA’s limitations. Section 2.3 introduces the probabilistic foun-
dation of MEVA, a theorem proving its superiority, and its computation. Section 2.4
validates MEVA with two experiments: a sanity check in data science and examples
from Scientific Machine Learning (SciML) involving PDE solving.

2.2 The minimal error aggregation
2.2.1 Best linear aggregate when model correlations are known
An effective way to derive an aggregation method is to define it as optimal with
respect to a specific loss function. If the target function 𝑌 (𝑥) and the models 𝑀𝑖 (𝑥)
are viewed as random variables on the same probability space, a commonly used
loss function is the Mean Square Error (MSE). In this context, an aggregated model
𝑀𝐴 (𝑥) can be defined as any measurable function of the models that minimizes the
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expected squared error:

𝑀𝐴 (𝑥) := arg min 𝑓 measurableE
[(𝑌 (𝑥) − 𝑓 (𝑀1(𝑥), .., 𝑀𝑛 (𝑥))2

]
= E [𝑌 (𝑥) |𝑀1(𝑥), .., 𝑀𝑛 (𝑥) ] , (2.1)

where the second equality follows from the 𝐿2 characterization of conditional ex-
pectation. While computing the conditional expectation can be intractable [2], this
computation reduces to solving a linear system in the Gaussian case. Specifically, if
the vector (𝑌 (𝑥), 𝑀1(𝑥), . . . , 𝑀𝑛 (𝑥)) is Gaussian with mean 0 (see remark below),
then the conditional expectation in the equation above is a linear combination of the
models’ outputs. Rullière et al. [281] uses this assumption to aggregate Gaussian
processes. Bajgiran and Owhadi [18] demonstrates that any consistent and rational
aggregation of models must be a weighted average that is point-wise linear. Finally,
many ensembling methods (random forest [43], MoE [365]) also use a linear com-
bination of models. Motivated by this, we restrict our aggregation approach to a
pointwise linear combination of the models:

𝑀𝐴 (𝑥) = 𝛼∗(𝑥)𝑇𝑀 (𝑥) (2.2)

With this simplification, aggregation can be achieved by determining the Minimal
Error Aggregation (MEA) 𝛼∗(𝑥) such that:

𝛼∗(𝑥) = arg min𝛼∈R𝑛E
[(𝑌 (𝑥) − 𝛼𝑇𝑀 (𝑥))2]

= E
[
𝑀 (𝑥)𝑀 (𝑥)𝑇 ]−1

E [𝑀 (𝑥)𝑌 (𝑥)] (2.3)

By definition, the MEA is the best possible point-wise linear aggregation. This
equation reveals that the MEA requires knowledge of both the correlation matrix of
the models, E

[
𝑀 (𝑥)𝑀 (𝑥)𝑇 ] , as well as the correlation between the models and the

target E [𝑌 (𝑥)𝑀 (𝑥)]. We demonstrate in appendix A.2.2 that the aggregated model
can achieve exceptional performance when these correlations are perfectly known.

Remark In the general case with non-zero mean, the aggregation of a Gaussian
vector would be affine. Since we do not assume anything on the models, affine
coefficients can be recovered by adding an extra constant model, i.e., by a linear
aggregation of 𝑀̃ (𝑥) = (𝑀 (𝑥), 1). In section 2.2.2, we will see that this can lead
to catastrophic failure for empirical error minimization. Appendix A.6 shows that
empirical variance minimization provides a more robust approach for estimating
bias.
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2.2.2 Data-driven aggregation
We will now consider the situation where the quantities E [𝑌 (𝑥)𝑀 (𝑥)] and
E

[
𝑀 (𝑥)𝑀 (𝑥)𝑇 ] required for the best linear aggregate (2.3) may be ill-defined (e.g.,

because the underlying models are not stochastic) or difficult to estimate. In this
situation, a natural alternative approach is to estimate the aggregation coefficients
𝛼∗ appearing in (2.2) directly from data by a minimizer 𝛼̂ of a (possibly regularized)
empirical version of the loss (2.3), as seen in [193]:

𝛼̂𝐸 = arg min𝑎∈H
𝑁∑︁
𝑖=1

��𝑌 𝑖 − 𝑎(𝑋 𝑖)𝑇𝑀 (𝑋 𝑖)��2 + 𝜆∥𝑎∥2H . (2.4)

where the (𝑋 𝑖, 𝑌 𝑖 := 𝑌 (𝑋 𝑖)) are 𝑁 data points; H is a set of functions used for the
approximation; 𝜆 ≥ 0 and ∥𝑎∥2H is a regularizing norm. We call this aggregation
Minimal Empirical Error Aggregation (MEEA). While this transition from expected
loss to empirical loss may seem well-founded, it can introduce a significant loss of
information, which yields to the aggregation completely failing, as showcased in the
following sections.

Pathological example: A dubious trend In this example, we introduce a basic
aggregation with linear coefficients, where the MEEA fails. This, along with
appendix A.3 and A.7, gives intuition as to why MEEA is not the appropriate
strategy. Figure 2.1 represents the results of this experiment. We pick 𝑌 , a good
model 𝑀𝐺 and bad models 𝑀𝐵 s.t.:

𝑌 (𝑥) = 2𝑥 + cos(3𝜋𝑥)
𝑀𝐺 (𝑥) = 𝑌 (𝑥) + 𝜖 (𝑥) where 𝜖 (𝑥) ∼ N (0, 0.2)
𝑀𝐵 (𝑥) = 1

(2.5)

We also choose a linear aggregation, which means that we will find 𝑎𝐺 , 𝑎𝐵, 𝑏𝐺 , 𝑏𝐵
s.t. 𝛼̂(𝑥) = (𝑎𝐺𝑥 + 𝑏𝐺 , 𝑎𝐵𝑥 + 𝑏𝐵) ∈ R2. Finally, we pick some trick data 𝑋 =

(0.8−2/3∗4, 0.8−2/3∗3, .., 0.8,−0.8,−0.8+2/3∗1, ..,−0.8+2/3∗4) so that the
𝑌 (𝑋 𝑖) = 𝑌 𝑖 form a line. We may see that 𝑀𝐺 has a lower error than 𝑀𝐵 on each 𝑋 𝑖 by
evaluating the models at these data points. Thus, we expect an aggregation method
to use the good model primarily in the aggregation. However, the opposite behaviour
is observed. Minimizing the loss (2.4) with 𝜆 = 0, we obtain that the coefficient on
the good model is 0, so 𝑀𝐺 is completely ignored, which is counterintuitive. The
aggregate uses the bad model, 𝑀𝐵, to directly estimate 𝑌 by linear regression. This
shows that the MEEA simply employs models as features to interpolate the data
points instead of weighting each model according to its estimated accuracy.
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Figure 2.1: Pathological example (sec. 2.2.2)

2.3 Aggregation through error estimation: the Minimal Variance Aggregate
(MVA)

2.3.1 Modelling the error
By placing no assumption on our model, MEEA is vulnerable to pathological
examples, and in our experiments does not generalize well. In particular, there
is nothing representing the fact that models are approximations of the target. To
encode this, we add the assumption that the models, represented in the vector 𝑀 , are
unbiased estimators of 𝑌 . Thus, the errors of each model are interpreted as follows:

𝑀 (𝑥) =
©­­­«
𝑌 (𝑥)
...

𝑌 (𝑥)

ª®®®¬ + 𝑍 (𝑥) where

{
E[𝑍 (𝑥)] = 0

Cov[𝑍 (𝑥)] = 𝐴(𝑥) (2.6)

Under this assumption, any linear combination with weights 𝛼𝑖 (𝑥) s.t.
∑𝑛
𝑖=1 𝛼𝑖 (𝑥) =

1 is unbiased. Thus, we define the Minimal Variance Aggregate (MVA) as the Best
Linear Unbiased Estimate (BLUE) of 𝑌 (𝑥):

𝑀𝐴 (𝑥) = 𝛼𝑉 (𝑥)𝑇𝑀 (𝑥) :=
1𝑇 𝐴(𝑥)−1𝑀 (𝑥)
1𝑇 𝐴(𝑥)−11

(2.7)

where 1 := (1, .., 1)𝑇 is the all ones vector. Note that

𝛼𝑉 (𝑥) = arg min1𝑇𝑎=1E
[(𝑌 (𝑥) − 𝑎𝑇𝑀 (𝑥))2] ,

regardless of whether E [𝑍 (𝑥)] = 0. In previous heuristics [180, 187, 193, 342],∑𝑛
𝑖=1 𝛼𝑖 (𝑥) = 1 is assumed, while we justify it as the set of unbiased linear aggre-

gations. This leads to a natural generalization for biased models in appendix A.6,
while in practice bias correction did not improve results. The following section
proves that despite MVA being inferior to MEA in MSE, MVA can be more robustly
estimated, making MEVA better performing than MEEA.
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2.3.2 A theorem on the superiority of MEVA over MEEA
To investigate the theoretical properties of MEVA and MEEA, we fix 𝑥 and focus
on estimating 𝛼∗ and 𝛼𝑉 . Details and proofs are given in appendix A.1. Let 𝑌 be
a random real-valued variable and the random vector of models 𝑀 ∈ R𝑛. Suppose
we have i.i.d observations (𝑀1, 𝑌1), . . . , (𝑀𝑁 , 𝑌𝑁 ), collected in the matricesM ∈
R𝑁×𝑛 andY ∈ R𝑁 . Define 𝑀 = 𝑌1+ 𝜖𝑍 , where 𝑍 is the scaled error, with 𝜖 chosen
so that E

[
𝑍𝑍𝑇

]
:= 𝐴 has Frobenius norm 1 ; and 𝑏 := E [𝑌𝑍]. We find that the

MEA 𝛼∗ defined in equation (2.3) and the MVA 𝛼𝑉 (equation (2.7)) satisfy:

𝛼∗ = 𝜆𝛼𝑉 + (1 − 𝜆)𝛼𝑅 where

{
𝜆 = 𝑠(𝐸 [𝑌2]−𝑢)

𝑠(𝐸 [𝑌2]−𝑢)+(𝜖+𝑡)2
𝛼𝑅 = 1

𝜖+𝑡 𝐴
−1𝑏

(2.8)

with 𝑠 = 1𝑇 𝐴−11, 𝑡 = 𝑏𝑇 𝐴−11 and 𝑢 = 𝑏𝑇 𝐴−1𝑏 assumed to be non zero quantities.
Note that 𝜆 ∈ [0, 1], making 𝛼∗ a convex combination of 𝛼𝑉 and 𝛼𝑅. For the
empirical variants of these aggregations, we use 𝐴̂ = 1

𝜖2𝑁
(M𝑇 − 1Y𝑇 ) (M −Y1𝑇 ).

Using the central limit theorem on 𝐴̂ − 𝐴 := 1√
𝑁
𝛿𝐴, we find that the scaled error

𝛿𝐴 converges to a Gaussian Matrix of finite covariance. Similarly, E
[
𝑌2] and 𝑏 are

estimated with estimators converging at 1√
𝑁

rates, with 𝛿𝑉 and 𝛿𝑏 their scaled error.
Write 𝛼̂𝐸 := (MM𝑇 )−1M𝑇Y for the empirical MEA, 𝛼̂𝑉 = ( 𝐴̂−11)/(1𝑇 𝐴̂−11) the
empirical MVA, and L(𝛼) = E

[(𝑌 − 𝛼𝑇𝑀)2] the Mean Squared Error. We prove
the following theorem:

Theorem 2.3.1. Assume 𝑠, 𝑢, 𝑡 ≠ 0, then there exist two sequences of random
variables, 𝐾𝐸𝑁 and 𝐾𝑉𝑁 , each of which converges in distribution to a distinct finite
random variable, such that

L(𝛼̂𝑉 ) = 1
𝜆
L(𝛼∗) + 1

𝑁
𝐾𝑉𝑁 (2.9)

L(𝛼̂𝐸 ) = L(𝛼∗) + 1√
𝑁
𝐾𝐸𝑁 (2.10)

MEVA incurs a constant error relative to MEEA, given by 1
𝜆 . However, MEVA

is less sensitive to perturbations, causing its error to converge more rapidly to its
limiting value than MEEA. Thus, in the model aggregation setting where 𝜆 is close
to 11, the smaller difference in limiting loss values is outweighed by MEVA’s faster
convergence making it outperform MEEA
While this theorem applies to a fixed 𝑥 and 𝑁 observations, we are interested in the
case where these 𝑁 data points are used to extrapolate across all 𝑥. In such cases,

1See appendix A.1 for more details
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model aggregation inherently operates in the scarce data regime where 𝐴̂ − 𝐴 is
large. This amplifies the behavior described in the theorem, further emphasizing
the practical advantages of MEVA.

2.3.3 Computing the aggregation: the Minimal Empirical Variance Aggre-
gate (MEVA)

To compute our empirical aggregation 𝛼̂𝑉 (𝑥), we must compute the covariance
matrix of the error for all 𝑥 ∈ X from the data. This poses several challenges when
𝐴(𝑥) is unknown. First, we must approximate a symmetric matrix everywhere on
the domain, needing 𝑛(𝑛 + 1)/2 coefficients to aggregate 𝑛 models. Moreover, we
must ensure this matrix is always positive-definite. To simplify the approximation
and to easily enforce the positive-definite condition, we suppose that for all 𝑥, 𝐴(𝑥)
can be diagonalized using a fixed eigenbasis 𝑃. Then, its positive eigenvalues
are approximated by 𝑒𝜆𝑖 (𝑥) , where the 𝜆𝑖 are functions to be regressed from the
data. Thus, we approximate 𝐴(𝑥) with 𝐴̂(𝑥) = 𝑃𝑇𝐷𝑖𝑎𝑔(𝑒𝜆1 (𝑥) , .., 𝑒𝜆𝑛 (𝑥))𝑃. This
formulation has the advantage of symmetrizing the covariance and precision matrix
estimation, as the log-eigenvalues of both matrices are opposite. This is desirable
because while we are interested in the precision matrix, the covariance matrix is
easier to estimate. As a further simplifying assumption, we will take 𝑃 = 𝐼𝑛, which is
equivalent to assuming that models have independent errors. Appendix A.4 presents
the general case 𝑃 ≠ 𝐼𝑛, which in our experiments did not improve performance.
Using this assumption on 𝐴̂(𝑥) in (2.7), we get:{

𝐴̂(𝑥) = 𝐷𝑖𝑎𝑔(𝑒𝜆1 (𝑥) , .., 𝑒𝜆𝑛 (𝑥))
𝛼̂𝑉 (𝑥) = 𝑆𝑜 𝑓 𝑡𝑚𝑎𝑥(−𝜆(𝑥)) (2.11)

where 𝜆𝑖 are regressors 𝑆𝑜 𝑓 𝑡𝑚𝑎𝑥(−𝜆(𝑥))𝑖 = 𝑒−𝜆𝑖 (𝑥 )∑𝑛
𝑘=1 𝑒

−𝜆𝑘 (𝑥 ) . Notice that using our
model of the error (2.6), we have re-discovered the popular softmax, used in par-
ticular in Mixture-of-Experts (MoE). All that remains for our aggregation to be
complete is to train the regressors 𝜆𝑖. To do so, we will rely on covariance matrix
estimation. Let 𝑍1, ., 𝑍𝑁 be i.i.d. samples of the random variable 𝑍 ∈ R𝑛 such that
E [𝑍] = 0. An unbiased estimate of 𝐶𝑜𝑣 [𝑍] is

ˆCov 𝑍 =
1
𝑁

𝑁∑︁
𝑖=1

𝑍 𝑖 (𝑍 𝑖)𝑇 = arg minΣ∈R𝑛×𝑛
𝑁∑︁
𝑖=1
∥Σ − 𝑍 𝑖 (𝑍 𝑖)𝑇 ∥2𝐹 (2.12)

where ∥·∥𝐹 is the Frobenius norm. If we further assume that ˆCov 𝑍 must be
diagonal (as we do with 𝐴̂(𝑥)), then its coefficients are such that ( ˆCov 𝑍)𝑘𝑘 =
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arg min𝑐∈R
∑𝑁
𝑖=1∥𝑐 − (𝑍 𝑖𝑘 )2∥22. We will now regularize this arg min formulation to

approximate the model errors covariance matrix for all values of 𝑥. Writing 𝑒𝑖 for
the vector with entries defined as the sample errors (𝑒𝑖)𝑘 = 𝑀𝑘 (𝑋 𝑖) − 𝑌 (𝑋 𝑖), we
identify the functions 𝜆𝑖 as

𝜆 = arg min𝑙∈H
𝑁∑︁
𝑖=1

𝑛∑︁
𝑘=1

(
𝑒𝑙𝑘 (𝑋

𝑖) − (𝑒𝑖)2𝑘
)2
+ 𝑎∥𝑙∥2H (2.13)

Here, we denote the entries of the vector-valued function 𝑙 by 𝑙𝑘 , andH represents
the space of vector-valued functions selected to approximate the log-eigenvalues.
This space could be a RKHS associated with a particular kernel, a neural network
with a specific architecture, or any other normed function space. The notation ∥·∥H
refers to the regularization norm intrinsic to that space, such as the RKHS norm or
the 𝐿2-norm of the weights and biases in a neural network.

2.4 Experiments
2.4.1 Sanity check: aggregation on the Boston housing dataset
The Boston housing dataset [142] is a popular benchmarking dataset for regression.
It contains 𝑁 = 506 samples of 14 variables. We use this dataset as a sanity check
that our approach can improve upon the predictions of the aggregated models, while
our focus is on the PDE examples below. We split this dataset into train, validation,
and test sets, and average results over many splits. To evaluate our method, we
train several standard ML methods on the train set (e.g. linear regression, gradient
boosting, etc.). We then train our aggregation on the validation set before testing
on the test set. To get a fair comparison, we also trained the ML methods on the
train and validation sets combined so that they see the same amount of data as
the aggregate. We first implement our aggregation as described in section 2.3.3,
using a kernel method with kernel 𝜅. This is equivalent to minimizing (2.13) over
𝜆𝑖 ∈ H𝜅 where H𝜅 is the RKHS defined by the kernel 𝜅. After experimenting
with many kernels, the best we found uses the Matérn kernel 𝜅Matérn(𝑢, 𝑣, 𝜌) =(
1 +

√
3∥𝑢−𝑣∥
𝜌

)
exp

(
−
√

3∥𝑢−𝑣∥
𝜌

)
, and is defined as

𝜅(𝑥, 𝑦) = 𝜅Matérn(𝑀 (𝑥), 𝑀 (𝑦), 𝜌) (2.14)

with adequate choice2 of 𝜌. This formulation uses the prediction 𝑀 (𝑥) to output
the aggregation coefficients 𝛼(𝑥).
The results of this experiment are shown in figure 2.2. In this situation, the mean

2See details in the paper’s repository
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performs well. The aggregate, denoted MEVA with kernel, performs better than
all individual models being aggregated, their average and any ML model when fed
the same data. This is a success for the MEVA, which is difficult to obtain with
MEEA. The aggregation improves upon the performance of the best aggregated
model, Gradient Boosting, by 𝑟train = 1 − 𝑀𝑆𝐸 (Aggregate)

𝑀𝑆𝐸 (Gradient Boosting) = 7%, and the best
model overall by 𝑟all = 2%.

We conduct a second experiment to demonstrate the effectiveness of our proposed
method compared to Minimal Error Aggregation, defined in (2.4). In this experi-
ment, we use a small, fully connected Deep Neural Network (DNN)3 and train it
using two different loss functions: the MEA described in section 2.2, and a Minimal
Variance Aggregate (MVA) using an end-to-end loss especially useful for neural
networks, described in appendix A.5. The results, presented in figure 2.2, highlight
the impact of the chosen loss function. Since the only difference between the two ap-
proaches is the loss function, the results clearly illustrate the advantages of variance
minimization. Specifically, the minimal error aggregation (denoted MEEA with
DNN in the figure) performs significantly worse compared to our minimal variance
aggregation (denoted MEVA with DNN in the figure). It also performs worse than
the two best models aggregated.

2.4.2 Aggregation of PDE solvers
This section introduces the approach for combining Partial Differential Equation
(PDE) solvers through model aggregation. By incorporating classical PDE solvers
into the aggregation framework, we lower the accuracy threshold necessary for the
aggregated solution to outperform individual models. Notably, this threshold is sig-
nificantly below the typical 1% relative error benchmark targeted by most ML-based
PDE solvers. We first formulate the aggregation problem in the operator learning
context, followed by two experimental case studies demonstrating the effectiveness
of this approach.

2.4.2.1 Operator Learning in the Aggregation Context

Consider the Laplace equation with zero Dirichlet boundary conditions on the
domain Ω = [0, 1]2 as an illustrative example of a PDE:{

−Δ𝑢†(𝜔) = 𝑓 (𝜔) for 𝜔 ∈ Ω
𝑢†(𝜔) = 0 for 𝜔 ∈ 𝜕Ω (2.15)

3See details in the paper’s repository
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Figure 2.2: Comparisons of the performance of the different models on the Boston
housing dataset. Red bars are the performance of models trained using the training
set and used in the aggregation. Blue bars show models trained on the training
and validation set (train+val) to get a fair comparison with the aggregations. The
aggregation does not use the models trained on train+val.

where 𝑓 ∈ F ⊂ 𝐿2(Ω) and 𝑢† ∈ Y ⊂ 𝐻2(Ω) ∩𝐻1
0 (Ω) is the solution. The solution

operator maps the source term 𝑓 to the solution 𝑢†. In this context, the solution
operator is defined as 𝑆 : 𝑓 ∈ F ↦→ 𝑢† ∈ Y. This operator is often approximated
using a PDE solver, which can be based on methods like finite element analysis
[24] or spectral methods [105]. Alternatively, the operator can be learned directly
from pairs of input/output solutions, a supervised learning task known as operator
learning [173]. Since PDE solvers and machine learning methods approximate
operators, we can naturally frame our aggregation task as an aggregation of multiple
operators (or PDE solvers), denoted 𝑀1, . . . , 𝑀𝑛. The aggregated operator 𝑀𝐴 is
then expressed using 𝛼, an operator that maps F to 𝐿2(Ω,R𝑛), so that:

𝑀𝐴 ( 𝑓 ) =
𝑛∑︁
𝑖=1

𝛼𝑖 ( 𝑓 )𝑀𝑖 ( 𝑓 ) ∈ F (2.16)

Remark: In the operator context, one may consider many aggregations that are
pointwise linear with respect to the models, for instance, the aggregation of Fourier
coefficients, 𝑀̃𝐴 ( 𝑓 ) = T −1 (∑𝑛

𝑖=1 𝛼̃𝑖 ( 𝑓 )T (𝑀𝑖 ( 𝑓 ))
)
, where T represents the Fourier
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transform.

2.4.2.2 The operator aggregation loss

To get the loss for our problem, we will first state the general loss in the operator
learning setting and then modify it for increased performance. Since the aggregation
loss (2.13) is defined for real-valued objectives with an abstract input 𝑥 ∈ X, we
must specify X in the context of operator learning. We use X = {(𝜔, 𝑓 ) ∈ Ω × F },
which means 𝑥 = (𝜔, 𝑓 ) is a choice of point in space and source term. We define
𝑌 (𝑥) := 𝑆( 𝑓 ) (𝜔) = 𝑢†(𝜔) ∈ R. Given a grid (𝜔1, ...𝜔𝑁1) ∈ Ω and a set of
input functions ( 𝑓 1, .., 𝑓 𝑁2), we get the 𝑁1 × 𝑁2 datapoints 𝑋 𝑖, 𝑗 := (𝜔𝑖, 𝑓 𝑗 ) for our
aggregation. These pairs of datapoints (𝑋 𝑖, 𝑗 , 𝑌 𝑖, 𝑗 = 𝑆( 𝑓 𝑗 ) (𝜔𝑖)) can then be used in
(2.13).
When solving PDEs, the focus is often on the order of magnitude of the error, i.e.,
its logarithm. Therefore, we may adapt the loss function (2.13) to account for this.
Specifically, observe that if the regularization parameter 𝑎 is small, then functions 𝜆
obtained from regressors that can interpolate arbitrary data (e.g., GPs with universal
kernels) may result in a near-zero loss and 𝑒𝜆𝑘 (𝑋 𝑖, 𝑗 ) → (𝑌 (𝑋 𝑖, 𝑗 ) −𝑀𝑘 (𝑋 𝑖, 𝑗 ))2 := 𝑒𝑖, 𝑗𝑘
as 𝑎 → 0. Thus, we can linearize the exponential around log[𝑒𝑖, 𝑗𝑘 ] to see that:

(𝑒𝜆𝑘 (𝑋 𝑖, 𝑗 ) − 𝑒𝑖, 𝑗𝑘 )2 ≈
(
𝑙𝑘 (𝑋 𝑖, 𝑗 ) − log[𝑒𝑖, 𝑗𝑘 ]

)2
(𝑒𝑖, 𝑗𝑘 )4 (2.17)

This linearization shows that samples where the models perform well are down-
weighted, and the aggregation would focus on instances where they perform poorly.
Instead, we use the following more sensitive loss (2.18) where the down-weighting
is removed, which, in practice, gives good results on these problems:

𝜆𝑠 = arg min𝑙∈H
𝑁1∑︁
𝑖=1

𝑁2∑︁
𝑗=1

𝑛∑︁
𝑘=1

(
𝑙𝑘 (𝑋 𝑖, 𝑗 )−

log
[(𝑌 (𝑋 𝑖, 𝑗 ) − 𝑀𝑘 (𝑋 𝑖, 𝑗 ))2

] )2
+ 𝑎∥𝑙∥2H (2.18)

We also recall the process for obtaining 𝛼 and the aggregate 𝑀𝐴 from 𝜆𝑠 is given
in equations 2.11 and 2.16. In both examples, we use the Fourier Neural Operator
(FNO) [185] to learn the operator 𝑙. We also explored a kernel-based approach for
operator learning, as detailed in Batlle et al. [28]. Although operator learning using
a Matérn kernel yielded good results, FNO offered better performance with minimal
hyperparameter tuning for the examples discussed in this section.
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(a) Laplace equation (b) Burgers’ equation

Figure 2.3: log MSE of the different methods for: (2.3a) the Laplace equation;
(2.3b) Burgers’ equation. Samples are sorted by the error of the aggregate.

2.4.3 The Laplace equation
Our first example is the Laplace equation (2.15). We use six simple solvers as
models: a finite difference method, two finite differences with an inhomogeneous
grid (one denser for 𝑥 < 0.4, the other for 𝑥 > 0.4), a spectral method, and a GP
solver. Our data is generated by sampling4 random parameters 𝑓𝑚𝑎𝑥 , 𝜇0, 𝜇1, 𝑅 for
functions of the form

𝑢(𝑥, 𝑦) = − sin(𝜋𝑥) · sin(𝜋𝑦)

· sin ©­« 𝑓𝑚𝑎𝑥 · exp ©­«−
[
𝑥 − 𝜇0

𝑦 − 𝜇1

]𝑇
· 𝑅 ·

[
𝑥 − 𝜇0

𝑦 − 𝜇1

]ª®¬ª®¬ (2.19)

Six hundred pairs of functions ( 𝑓𝑖 := Δ𝑢𝑖, 𝑢𝑖) are sampled, of which 500 are used
for training and 100 for testing. Figure A.3 shows an example of such a pair. These
functions and the models are evaluated on a grid of 100 × 100. The aggregation
is performed by FNO, which takes input 𝑓 and the models’ outputs and outputs
the aggregation coefficients’ logits 𝜆. When training a FNO with parameters 𝜃 ∈
Θ ⊂ R𝑁Θ and loss (2.18), we find the minimizer of (2.18) with H = { 𝑓 ↦→
𝐹𝑁𝑂 (𝜃) ( 𝑓 , 𝑀1( 𝑓 ), .., 𝑀𝑛 ( 𝑓 )) for 𝜃 ∈ Θ} with ∥𝐹𝑁𝑂 (𝜃)∥H = ∥𝜃∥2.

Apart from the GP solver, all other methods perform similarly, with the finite
difference method being the best overall. The GP solver, implemented with a fixed
length scale, has two regimes. When the function 𝑢𝑖 is not evolving too fast (i.e.
when 𝑓𝑚𝑎𝑥 is not too large), the kernel is well specified, and the GP solver obtains
the best performance. On other occasions where 𝑓𝑚𝑎𝑥 is larger, the method fails

4See details in the paper’s repository
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and has a substantial error. Thus, the aggregation challenge here is to use the GP
when performing well but ignore it when it fails. The result of this experiment is
shown in figure 2.3a. Because of the significant error in the failure case, we observe
that the mean is a poor aggregation that performs worse than all models aggregated.
Our aggregate is consistently among the best performers on each sample and the
best-performing model for many samples. On average, our aggregate performs one
order of magnitude better than the models aggregated, as shown in table 2.1. An
example of model outputs, errors, 𝛼, and final aggregation is shown in figure A.4.
As a comparison, we also train FNO using a direct MSE loss of the aggregation,
akin to (2.4). We observe that this method fails as the aggregation converges to a
constant, i.e., 𝛼( 𝑓 , 𝜔) ≈ (1, 0, 0, 0, 0, 0) ∀ 𝑓 , 𝜔, picking the best-performing model.
We believe that this convergence to a fixed value, without combining the different
models to get a better one as observed in our method, is due to the absence of
the log term that we added in the sharp loss (2.18). As we observed in section
2.4.2.2, without this log it is difficult for a loss to differentiate between 10−3 and
10−9 error. Furthermore, while learning the log-error instead of the error is a simple
modification from (2.13) to (2.18), it is difficult to see where this log would be added
in a loss like (2.4).

2.4.4 Burgers’ equation
We now turn to a non-linear PDE, Burgers’ equation with periodic boundary condi-
tion on Ω = [0, 1]2: 

𝜕𝑡𝑢(𝑡, 𝑥) + 𝜕𝑥 ( 12𝑢2(𝑡, 𝑥)) = 𝜈𝜕𝑥𝑥𝑢(𝑡, 𝑥)
𝑢(0, 𝑥) = 𝑓 (𝑥)
𝑢(𝑡, 0) = 𝑢(𝑡, 1)

(2.20)

We choose 𝜈 = 2.10−3 and pick initial conditions 𝑓𝑖 as samples from the Gaussian
processN(0, 𝐾exp sin2) where 𝐾exp sin2 (𝑥, 𝑦) = exp

(
−2 sin2 (𝜋 |𝑥−𝑦 |)

𝑙2

)
and 𝑙 = 1.5. With

this set of parameters, the initial conditions are infinitely differentiable periodic
functions that often, but not always, form a shock within the time frame studied
(𝑡 ∈ [0, 1]). We use seven different solvers with the same fixed discretization grid.
While the first five methods implement the viscid version of Burgers’ equation
directly, for instance, using an explicit scheme or a finite volume method, the
penultimate uses a flux limiter. The last one solves the inviscid Burgers’ equation.
With this variety of solvers, we have methods that are accurate in smooth cases
when there is no large shock, an intermediate method that may be more robust to
shocks, and a method that will never diverge even in the presence of shocks, but
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will be less accurate in general because it solves a slightly different equation. A
good aggregation must be able to recognize artefacts and divergences that may arise
around shocks but use the more precise, although more brittle, solvers in cases where
they are accurate. To perform the aggregation, similarly to the previous section, we
use FNO, to which we feed the models’ prediction as a stack of 2-dimensional
arrays (one for time and one for space). Specifically, we minimize loss (2.18) with
𝜆( 𝑓 ) = 𝐹𝑁𝑂 (𝜃) (𝑀1( 𝑓 ), .., 𝑀𝑛 ( 𝑓 )) for some 𝜃.
The results are displayed in figure 2.3b. Our method successfully leverages the
predictions of the different models to give a robust and accurate prediction. The
behaviors of our aggregation can be separated into a few cases. On the left of the
graph, we find easy initial conditions that all models can approximate correctly. We
may notice the Riemann method, which solves the inviscid Burgers’ equation, has
lower accuracy. Thus, on this easy half of the graph, the aggregation mainly relies
on the TVD solver, the most precise, to achieve excellent accuracy. In the right half,
we find the more complex cases where the aggregation has an accuracy closer to the
more robust Riemann solver. In this half, there are cases where the TVD method
fails and diverges and is avoided by our aggregation. The process can identify each
solver’s strengths and weaknesses and obtain a better average error, as shown in
table 2.2. An example of model outputs, errors, 𝛼, and final aggregation is shown
in figure A.5.

Method Geometric Mean of MSE
(log10)

Aggregate -6.282
FDM -5.523

Spectral -4.988
GP -4.739

FDM (Asymmetric Right) -4.685
FDM (Asymmetric Left) -4.699

Table 2.1: Result of Laplace equation experiment (sec. 2.4.3)

2.5 Discussion
We introduced a general data-driven framework for aggregating models with min-
imal assumptions. As demonstrated in the pathological example Section 2.2.2 and
the theorem 2.3.2, directly training the aggregate model is unstable and may result
in an aggregator that fails to improve upon the performance of individual models.
To address this, we introduced a simple assumption of unbiased models in (2.6)
and reformulated the aggregation task as a variance minimization problem (Section
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Method Geometric Mean of MSE
(log10)

Aggregate -3.106
Riemann -2.734

TVD -2.568
FVM -1.228

Spectral -0.625
Implicit -0.488
Explicit -0.455

Lax-Wendroff -0.455

Table 2.2: Result of Burgers’ equation experiment (sec. 2.4.4)

2.3). In one data science problem (Section 2.4.1) and two PDE-solving examples
(Sections 2.4.3 and 2.4.4), our loss function consistently outperformed the minimal
error aggregate and led to an aggregation that surpassed the performance of the
individual models. These latter two examples also illustrate the flexibility of our
method, which can aggregate not only machine learning models but also other types
of models, such as PDE solvers, in a data-driven manner. Notably, we used FNO
to get an aggregate performance much higher than it could get when trying to solve
the PDE directly.

Our method relies on the availability of unseen data to estimate the error of different
models. Therefore, as seen in the Boston Housing example (section 2.4.1), splitting
the data further to create an unseen validation set in scenarios where data is limited
may significantly reduce the amount of training data available for the models, poten-
tially impairing overall performance. Additionally, in challenging aggregation tasks,
there is no guarantee that the aggregate will consistently outperform the individual
models or simpler methods, such as averaging, despite the higher computational
cost.

MEVA’s flexibility makes it well-suited for integrating diverse methods, particularly
in structured contexts like scientific computing, where non-intrusive solutions are
often necessary. By requiring minimal assumptions about the models or data,
MEVA can effectively aggregate legacy solvers that are difficult to modify, physics-
based models built on differing assumptions, or models with incompatible software
frameworks.
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C h a p t e r 3

OPERATOR LEARNING AT MACHINE PRECISION

Aras Bacho, Aleksei G. Sorokin, Xianjin Yang, Théo Bourdais, Edoardo Calvello,
Matthieu Darcy, Alexander W. Hsu, Bamdad Hosseini, and Houman Owhadi.
Operator learning at machine precision. Journal of Computational Physics, 566:
115240, 2026. doi: 10.1016/j.jcp.2026.115240. URL https://doi.org/10.1016/j.jc
p.2026.115240.
TB contributed to method development and manuscript writing and editing.

3.1 Introduction
Operator learning [27, 40, 172] extends the idea of approximating finite-dimensional
objects, such as functions, with neural networks to infinite-dimensional mappings,
namely operators G : U → V between Banach spaces U and V. Often, G
may be implicitly defined by another operator F such that F (𝑢,G(𝑢)) = 0. In
the PDE setting, a central example is the solution operator G which maps input
data in U such as initial conditions, boundary conditions, source terms, or other
PDE parameters to outputs in V, such as the solution of the PDE itself or other
quantities of interest. The main motivation for using operator learning methods is
that, once the surrogate operator S𝜃 has been trained on a family of PDE instances,
it can predict the solution for a new unseen input in a single forward pass. In
contrast to traditional numerical solvers, this avoids solving the PDE from scratch
for every new query. As a result, operator learning is particularly attractive in many-
query settings, such as reduced-order modeling, real-time prediction, optimization,
uncertainty quantification, and digital-twin applications. Its main advantages over
classical numerical methods are the potentially much faster inference after training,
the ability to amortize computational cost over many evaluations, and the flexibility
to handle parametric families of PDEs within a unified framework. Depending on
the architecture, operator-learning methods may also exhibit good transfer across
discretizations or resolutions. At the same time, these methods also have limitations.
Their accuracy may still be below that of high-fidelity numerical solvers, especially
in applications requiring strict reliability or very high precision. Training can require
large datasets and substantial computational resources. Moreover, performance
may degrade outside the training distribution, and challenging high-dimensional,
multiscale, or strongly nonlinear problems remain difficult. Finally, compared with
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traditional numerical methods, operator-learning approaches often provide weaker
guarantees in terms of error control, stability, and interpretability. Operator learning
has attracted significant attention in scientific computing and has become one of
the core problems of physics-informed machine learning (PIML) [156] for learning
equations [47, 151, 279], and solving Partial Differential Equations (PDEs) and
inverse problems [23, 55, 72, 219]. Among the most well-known operator learning
models are Deep Operator Nets (DeepONet) [202] and Fourier Neural Operators
(FNO) [184]. While differing in their parameterizations, operator learning methods
are typically designed to learn discretized approximations of operators between
function spaces from empirical data.

We consider two main categories of operator learning problems:

• Category 1: The target operator is available only through input-output pairs,
and the governing equations or boundary conditions are unknown or incom-
plete. This often necessitates a purely data-driven approach.

• Category 2: The target operator is known to satisfy a set of constraints, typi-
cally explicitly or implicitly in the form of a PDE with appropriate boundary
conditions.

In the context of Category 2, physics-informed operator learning methods [122]
are often used to encode the constraints into an accelerated emulator for the PDE
solution. While these approaches can provide substantial acceleration, to the best of
our knowledge existing methods cannot match the accuracy of the numerical solvers
they emulate.

3.1.1 Summary of contributions
In this article we focus on operator learning problems under Category 2 and make
six key contributions:

• Introduction of CHONKNORIS: We propose a novel neural operator learn-
ing method inspired by the Newton–Kantorovich method [263]. The CHON-
KNORIS model explicitly learns the dependence of the Cholesky factor R
of the Gauss-Newton Hessian matrix (𝜆𝐼 + F ′(𝑢, 𝑣)∗F (𝑢, 𝑣))−1 on the ap-
proximate PDE solution 𝑣 and the random coefficients 𝑢. Integrating CHON-
KNORIS Cholesky factor predictions R̂ into a quasi-Newton iterative algo-
rithm enables us to emulate PDE solvers to machine precision error.
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• Generalization via FONKNORIS: Building upon CHONKNORIS, we in-
troduce FONKNORIS, a foundation modeling framework which learns the
dependence of the Cholesky factors R on the approximate PDE solution 𝑣 and
a set of coefficients functions 𝑢 common to a large class of PDEs. The en-
hanced generalization of FONKNORIS enables machine precision recovery
of PDEs not seen during training.

• Enhanced Accuracy and Interpretability: By explicitly embedding the un-
derlying physics into a kernel interpolation model or a neural network archi-
tecture resembling ResNet / Transformer layers, CHONKNORIS significantly
surpasses the accuracy limitations of existing operator learning frameworks
while providing improved interpretability through the physically meaningful
structure of each iteration.

• Theoretical Guarantees. We establish an inexact Newton–Kantorovich anal-
ysis for the learned Tikhonov inverse approximate Hessian, yielding rigorous
Kantorovich-style convergence guarantees. The theoretical result is instan-
tiated on a nonlinear elliptic PDE, where we explicitly compute the design
error for a kernel-based approximation of the learned Cholesky factors.

• Comprehensive Experimental Validation: Extensive numerical experi-
ments demonstrate that CHONKNORIS and FONKNORIS are capable of
machine precision recovery across a wide variety of forward and inverse
nonlinear PDE problems. These include a nonlinear elliptic equation, the
Burgers’ equation, a nonlinear Darcy flow equation, Calderón’s inverse prob-
lem, an inverse wave scattering problem, a seismic imaging full waveform
inversion problem, and a FONKNORIS generalization to the Klein–Gordon
and Sine–Gordon equations.

• Benchmarking against operator learners. Compared to strong baselines
(kernel methods, Fourier Neural Operators, and Transformer-based Neural
Operators), our approach lowers typical relative errors from around 10−3 or
10−2 to near 10−16 (machine precision) on benchmark forward and inverse
problems.

Finally we highlight the practical and scientific use cases of CHONKNORIS and
FONKNORIS algorithms:
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• Known physics. When the residual map F (𝑢, 𝑣) = 0 is specified (forward or
inverse settings) and high accuracy is required, the solver-emulating updates
attain machine precision accuracy in practice, substantially exceeding typical
operator-learning baselines.

• Reliability. CHONKNORIS is equipped with theoretical guarantees (e.g.,
convergence and stability under standard assumptions), yielding reproducible
and dependable results.

• Controllable accuracy and cost. Accuracy is governed by the iteration
budget; per-iteration complexity is dominated by Jacobian actions in the form
of two triangular matrix–vector products.

• Cross-PDE transfer. Our foundation model, FONKNORIS, learns a single
mapping from operator coefficients to Cholesky factors, enabling transfer
across PDE families and generalization to previously unseen equations without
retraining.

3.1.2 Brief review of the relevant literature
Methods for operator learning can be broadly categorized into three main groups:
(1) Artificial neural network (ANN)-based approaches [171, 184, 202], (2) kernel-
based methods [27, 155, 225], and (3) hybrid approaches [221, 240, 242]. Kernel-
based methods are well-established, offering strong theoretical foundations and
convergence guarantees. Theoretical support for ANN-based methods has been
developed more recently [78, 172, 217, 274]. ANN methods have become popular
as they can benefit from advanced hardware and software ecosystems, enabling
efficient scaling to large datasets. When G corresponds to the solution operator of a
PDE, learningG through evaluations ofF is referred to as physics-informed operator
learning [122, 186, 347]. These methods typically incorporate a loss term to enforce
the consistency of the learned operator with the underlying PDE. As mentioned
earlier, a common issue with operator learning methods is their limitations in terms
of accuracy. For example, in tasks such as mapping diffusion coefficients to solutions
in second order elliptic PDEs a relative 𝐿2 error of around 0.1% is achieved on
benchmark data sets, even in the physics-informed setting [144, 165, 186]. Adjacent
to the above works, the recent papers [151, 198] explored operator learning via
equation learning where F is learned from data and then inverted numerically to
estimate G and achieved significant improvements in accuracy and data efficiency.
However, these methods are not true emulators since every evaluation of the learned
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operator requires the numerical solution of a nonlinear PDE. In parallel, there is
a growing interest in foundation models for operator learning, where large neural
operators are pre-trained across families of PDEs and subsequently adapted to solve
new unseen PDEs or tasks, see, e.g., [37, 145, 364].

These results raise a compelling question:

Can operator learning for PDE problems achieve machine precision
or at least approach it, if we incorporate explicit knowledge that the
underlying map G is fully determined by known constraints?

The recent works [94, 115, 116, 140, 144] introduced operator learning techniques
based on traditional numerical algorithms. In [144], the authors propose a multi-
grid operator for solving linear PDEs while [94, 140] introduce an operator learning
algorithm that emulates the iterative updates of Newton’s method for solving PDEs.
In [115, 116], the authors introduce Fredholm neural networks, which solve Fred-
holm integral equations of the second kind by unrolling an iterative fixed-point
scheme into a feed-forward architecture. Several PDEs, including the Helmholtz
equation, admit such formulations. In [115], they report small interior errors and
near machine precision accuracy on the boundary for selected benchmarks. By con-
trast, [94] proposes RandONets: shallow, one-hidden-layer operator networks that
first embed inputs via random projections and then learn only the output weights
with linear solvers. For certain linear operators with aligned data, this approach
attains near machine precision. An abstract viewpoint of that is provided in [101],
who introduce generalized neural operator networks via unrolled Banach fixed-point
iterations and prove that, when the iterator map is emulated sufficiently accurate, the
depth of the neural network yields an exponential convergence for nonlinear operator
equations in Banach spaces. This perspective complements our method conceptu-
ally: both works leverage contractive iterative structure, but CHONKNORIS is
tailored to PDE-constrained operator learning through learned approximations of
the linearized Newton–Kantorovich operators rather than a general fixed-point con-
struction, cf. fig. 3.1 and appendix B.7. Furthermore, our numerical experiments
indicate that the required number of iterations varies substantially across instances,
suggesting that a fixed depth chosen in advance is suboptimal. The works [140] are
the closest method to ours. Methodologically, the method in [140] learns a neural
operator that directly approximates the nonlinear Newton update map and obtains a
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solution by iterating this learned map, guided by a Newton-informed loss. In con-
trast, our CHONKNORIS framework regresses Cholesky factors of the underlying
linear elliptic operators and hard-wires a regularized Newton–Kantorovich residual
iteration as the network architecture. The CHONKNORIS framework therefore does
not approximate the full nonlinear Newton step, but only the linear elliptic operator
entering the Newton–Kantorovich linearization. Under standard assumptions en-
suring that the Newton–Kantorovich iteration based on the exact elliptic operator is
contractive, and provided that the learned operator is sufficiently close to this exact
operator so as to preserve contraction, increasing the iteration budget systematically
reduces the error down to the accuracy level dictated by the underlying numerical
discretization.

Gauss–Newton algorithms, along with other quasi-Newton algorithms as well as
their function space extensions, the Newton–Kantorovich method, have been widely
used for solving nonlinear PDEs [267, 366] and inverse problems [133, 134]. Such
algorithms are also central to the design of recent RKHS methods for solving PDEs
[55] as well as boosting Physics Informed Neural Net (PINN)-type methods [153].
The wide applicability and simple abstract formulation of quasi-Newton algorithms
suggests that they can be emulated or approximated using Machine Learning (ML)
models, further motivating our exposition in light of algorithm unrolling ideas in
the design of ANN architectures [220, 362].

Finally, we note that operator learning is deeply related to older ideas in scien-
tific computing and applied mathematics such as computer model emulation [158],
operator compression [100], polynomial chaos expansions [356], and model order
reduction[297] among others. For more historical remarks in this direction we refer
the reader to the literature review in [27].

3.1.3 Outline
The remainder of this article is organized as follows. Section 3.2 details the operator
learning problem (Section 3.2.1), the Newton–Kantorovich method (Section 3.2.2),
the Newton–Kantorovich method with Tikhonov regularization (Section 3.2.3), the
proposed CHONKNORIS method (Section 3.2.4), and the proposed FONKNORIS
foundation model (Section 3.2.5). Section 3.3 details our numerical experiments in-
cluding benchmarking CHONKNORIS against existing operator learning methods
(Section 3.3.1), forward problem modeling with CHONKNORIS (Section 3.3.2),
foundation modeling with FONKNORIS (Section 3.3.3), and inverse problem mod-
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eling with CHONKNORIS (Section 3.3.4). Section 3.4 provides theoretical guar-
antees of the CHONKNORIS method. Finally, Section 3.5 gives a brief conclusion
and outlook of future work.

3.2 Operator Learning
3.2.1 The operator learning problem
Let U,V, and W be separable Banach spaces, and denote with L(V,W) the
space of linear bounded operators fromV toW. We are interested in learning the
operator G : U → V that is implicitly defined by F : U ×V →W:

G : 𝑢 ↦→ G(𝑢) := 𝑣 such that F (𝑢,G(𝑢)) = 0 for all 𝑢 ∈ U.

In this work, we assume to know and have full access to the operator F , and to its
Fréchet derivative 𝛿F

𝛿𝑣 : U×V → L(V,W) as well as its adjoint 𝛿F𝛿𝑣
∗ : U×V →

L(W,V).

3.2.1.1 Nonlinear elliptic PDE as a running example

As a running example, we consider the following nonlinear elliptic equation supple-
mented with periodic boundary conditions. We will use this PDE throughout the
paper to ground our ideas and provide intuition for our abstract derivations:

−Δ𝑣(𝑥) + 𝜅𝑣(𝑥)3 = 𝑢(𝑥) for 𝑥 ∈ (0, 1)
𝑣(0) = 𝑣(1)

. (3.1)

The corresponding differential operator and its derivative are

F (𝑢, 𝑣) = −Δ𝑣 + 𝜅𝑣3 − 𝑢 and
[
𝛿F
𝛿𝑣
(𝑢, 𝑣)

]
(ℎ) = [−Δ + 3𝜅𝑣2] (ℎ) (3.2)

respectively. Our task is to learn an approximation of G such that for 𝑣 = G(𝑢)
the above equation is satisfied in some suitable sense, e.g., in the classical or weak
sense. In other words, we aim to learn the solution operator that maps the right hand
side 𝑢 to the solution 𝑣 of (3.1).

A suitable analytical framework may setU =W = C𝑝𝑒𝑟 (T), the space of periodic
continuous functions on T, and either V = C2

𝑝𝑒𝑟 (T), the space of periodic twice
differentiable functions on Ω for classical solutions, or V := 𝐻1

per,0(T) =
{
𝑢 ∈

𝐻1
per(T) :

∫ 1
0 𝑢 = 0

}
for weak solutions where 𝑊 := 𝑉∗ ≃ 𝐻−1

per,0(T) with ∥𝑢∥𝑉 :=
∥𝑢′∥𝐿2 (0,1) .
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3.2.2 The Newton–Kantorovich method
The Newton–Kantorovich (NK) method [263] is a generalization of Newton’s
method to Banach spaces. First, we outline the method with the nonlinear el-
liptic PDE defined in (3.1) and (3.2). To solve this equation, we start from an initial
guess 𝑣0, and iteratively perturb the approximation using successive linearizations
around each estimate. Writing 𝑣𝑛 for the current estimate and 𝑣𝑛+1 := 𝑣𝑛 + 𝛿𝑣𝑛 for
the next estimate, we have:

0 = −Δ(𝑣𝑛 + 𝛿𝑣𝑛) + 𝜅(𝑣𝑛 + 𝛿𝑣𝑛)3 − 𝑢
=

[−Δ(𝑣𝑛) + 𝜅(𝑣𝑛)3 − 𝑢] + (−Δ𝛿𝑣𝑛 + 3𝜅𝑣2
𝑛𝛿𝑣𝑛) + 𝑜(𝛿𝑣𝑛)

= F (𝑢, 𝑣𝑛) + (−Δ + 3𝜅𝑣2
𝑛)𝛿𝑣𝑛 + 𝑜(𝛿𝑣𝑛).

Ignoring higher orders of approximation, this defines the update 𝛿𝑣𝑛 as the solution
of a 𝑣𝑛-dependent linear PDE. Our critical insight is that learning to solve this
linearized PDE is much simpler than directly solving the original nonlinear PDE.
This methodology can be generalized to any operator equation F (𝑢, 𝑣) = 0: We
have

0 = F (𝑢, 𝑣𝑛 + 𝛿𝑣𝑛) ≈ F (𝑢, 𝑣𝑛) +
[
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

]
(𝛿𝑣𝑛) (3.3)

where again 𝛿F
𝛿𝑣 is the Fréchet derivative of F . The NK method proceeds to find

𝛿𝑣𝑛 by solving the linear problem in (3.3) giving

𝛿𝑣𝑛 = −
(
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

)−1
F (𝑢, 𝑣𝑛). (3.4)

Therefore to emulate the NK flow, it is sufficient to learn the term
(
𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛)

)−1
.

3.2.3 The Newton–Kantorovich method with Tikhonov regularization
Limited data and the potential ill-conditioning of the operator 𝛿F𝛿𝑣 can lead to inaccu-
racies and instabilities if we try to directly use the iteration in (3.4). To address this
issue, it is necessary to regularize the problem. We therefore consider a Tikhonov-
regularized variant of the NK method by defining

𝛿𝑣𝑛 = arg min𝛿𝑣∈V
{


F (𝑢, 𝑣𝑛) + 𝛿F

𝛿𝑣
(𝑢, 𝑣𝑛) [𝛿𝑣]




2

W
+ 𝜆∥𝛿𝑣∥2V

}
(3.5)

where 𝜆 > 0 is the regularization parameter that balances robustness and accuracy;
larger values of 𝜆 slow down convergence and improve robustness while smaller
values lead to faster algorithms that are less stable. Assuming that the underlying
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spaces are Hilbert, the first-order optimality condition for (3.5) yields a (linear)
normal equations that can be solved explicitly. This results in the following iterative
scheme

𝛿𝑣𝑛 = −
( ( 𝛿F

𝛿𝑣 (𝑢, 𝑣𝑛)
)∗ 𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛) + 𝜆𝐼

)−1 ( 𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛)

)∗ F (𝑢, 𝑣𝑛), (3.6)

𝑣𝑛+1 = 𝑣𝑛 + 𝛿𝑣𝑛, (3.7)

where 𝛿F
𝛿𝑣

∗ denotes the Hilbert adjoint of the Fréchet derivative of F . This is
precisely the Hilbert-space analogue of the Levenberg–Marquardt step [226]. We
note that this iterative scheme leads to a connection with the attention mechanism
from transformers [51, 338] that we highlight in Appendix B.7, leaving further
investigation to future work.

In Banach spaces, a (unique) minimizer of (3.5) still exists under standard as-
sumptions (e.g., uniform convexity/smoothness and suitable conditions on F ). The
corresponding optimality conditions replaces inner products by duality pairings and
involves the duality mappings 𝐽𝑉 and 𝐽𝑊 , leading to a nonlinear equation of the form( 𝛿F

𝛿𝑣 (𝑢, 𝑣𝑛)
)∗
𝐽𝑊

(F (𝑢, 𝑣𝑛) + 𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛) 𝛿𝑣𝑛

) + 𝜆 𝐽𝑉 (𝛿𝑣𝑛) = 0,

which can be solved by standard monotone-operator or Newton-type methods. For
clarity, we confine our analysis to the Hilbert-space setting.

Since we assumed that the adjoint operator 𝛿F
𝛿𝑣

∗ is known, the most significant
computational burden in computing the update 𝛿𝑣𝑛 is, in general, to compute

𝑄(𝑢, 𝑣𝑛) =
((
𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛)

)∗
𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛) + 𝜆𝐼

)−1
. For that reason, we only learn the

parametric operator (𝑢, 𝑣) ↦→ 𝑄(𝑢, 𝑣). This operator is symmetric, positive definite
and linear, but it depends nonlinearly on both 𝑢 and 𝑣𝑛. The next remark justifies
learning 𝑄, as it can be done efficiently.

Remark 3.2.1 (Reduction to parametric elliptic operator learning). Let us write
L+(V,V) for the space of symmetric positive linear operators from V to V. We
notice that 𝑄 is indeed a mapping from U × V to L+(V,V). Then, assuming
that the adjoint operator 𝛿F

𝛿𝑣

∗ is known, we can compute Q 𝛿F
𝛿𝑣

∗
. The operator Q−1

is indeed an elliptic differential operator whose solution map Q can be learned
efficiently [54, 291].

The subsequent remark shows that our analogue of the Levenberg–Marquardt algo-
rithm, as in the finite-dimensional case, interpolates between gradient descent and
the Newton–Kantorovich method.
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Remark 3.2.2 (Interpolation between Gradient Descent and NK). In the Hilbert
space setting, we can formally write



F (𝑢, 𝑣𝑛) + [

𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

]
(𝛿𝑣)





2

W

= ∥F (𝑢, 𝑣𝑛)∥2W + 2
〈
𝛿𝑣,

[
𝛿F
𝛿𝑣
(𝑢, 𝑣𝑛)

]∗
F (𝑢, 𝑣𝑛)

〉
V
+ O(∥𝛿𝑣∥2V). (3.8)

and see that 𝛿𝑣𝑛 given by (3.6) approximates the NK increment (3.4) as 𝜆 ↓ 0 while it
is proportional to a gradient descent update for the left-hand side of (3.8) as 𝜆 ↑ ∞.
Therefore, the regularization parameter 𝜆 allows us to interpolate between the NK
algorithm and gradient descent, enabling a controlled balance between convergence
stability and update accuracy.

3.2.4 CHONKNORIS
We are now ready to introduce CHONKNORIS based on the idea of using operator
learning to efficiently learn the solution operator Q as mentioned in Remark 3.2.1.
More precisely, CHONKNORIS uses the same update rule as in (3.7), but replaces
the costly operator inversion in the definition of Q with a learned approximation. In
practice, we work with an arbitrary discretization of input and output spacesU,V,
andW. This discretization can be derived from various numerical methods such
as finite-elements, finite-differences, spectral methods, or any other discretization
method. Thus, choosing an appropriate parametrization of our input and output func-
tions, CHONKNORIS can be made discretization-invariant following the optimal
recovery approach in [27] or the Fourier neural operator (FNO) framework in [184].
Consequently, Q(𝑢, 𝑣𝑛) is discretized as a positive definite matrix. We choose to
approximate the Cholesky factors of Q to enforce positivity, which stabilizes learn-
ing, guarantees descent directions, reduces the number of learned parameters, and
allows for efficient triangular solves. We train a surrogate operator R̂, parameterized
for instance as a neural operator or a kernel-based model, such that

R̂ (𝑢, 𝑣)R̂ (𝑢, 𝑣)𝑇 ≈ Q(𝑢, 𝑣) =
[(
𝛿F
𝛿𝑣
(𝑢, 𝑣)

)∗ (
𝛿F
𝛿𝑣
(𝑢, 𝑣)

)
+ 𝜆𝐼

]−1

(3.9)

R̂ (𝑢, 𝑣) is upper triangular. (3.10)

To that end, we use a traditional NK solver to generate training data for our method.
Using input data 𝑢(1) , . . . , 𝑢(𝑀) ∼ 𝜇 that are sampled from a probability measure 𝜇
supported on U, we run the NK solver for 𝑛𝑤𝑎𝑟𝑚 ∈ N steps to generate flow data
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𝑣 (𝑚)𝑘 where 𝑚 = 1, . . . , 𝑀 and 𝑘 = 0, . . . 𝑛𝑤𝑎𝑟𝑚. This flow data lives along the true
NK method trajectory to mitigate the curse of dimensionality and avoid generating
data that is not seen in the NK iteration scheme. We can then compute the Cholesky
factors of Q(𝑢(𝑚) , 𝑣 (𝑚)𝑘 ) and train a parameterized R̂𝜃 model to approximate them,
e.g., by using the usual regularized mean squared error loss

min
𝜃

∑︁

R̂𝜃 (𝑧, 𝜆) − 𝑅

2
𝐹
.

Note that it is also possible to vary the Tikhonov regularization 𝜆, introducing an
additional dependency for R̂, i.e., R̂ (𝑢, 𝑣, 𝜆). This is particularly useful for ill-posed
problems, such as inverse problems, to speed up the convergence and obtaining
higher accuracy.

Once we have trained R̂, the CHONKNORIS approximation is Ĝ : 𝑢 ↦→ 𝑣̂𝑁 , where

𝑣̂𝑛+1 = 𝑣̂𝑛−𝛼𝑛R̂ (𝑢, 𝑣̂𝑛, 𝜆𝑛)R̂ (𝑢, 𝑣̂𝑛, 𝜆𝑛)𝑇
(
𝛿F
𝛿𝑣
(𝑢, 𝑣̂𝑛)

)∗
F (𝑢, 𝑣̂𝑛), 𝑛 = 0, . . . , 𝑁−1.

(3.11)
For a sufficiently large number or inference iterations 𝑁 , we expect Ĝ(𝑢) = 𝑣̂𝑁 ≈
G(𝑢). Here, 𝛼𝑛 is a step size schedule and 𝜆𝑛 the Tikhonov regularization schedule.
Both schedules may be chosen adaptively, e.g., using line-search or the more robust
inflation/deflation scheme we detail in Appendix B.5. Thus, CHONKNORIS is
an emulator of the true NK method. We summarize the resulting algorithm in
Algorithm 1 and give a visual depiction of the post-training operator in Figure 3.1.

3.2.5 FONKNORIS
In this section, we introduce FONKNORIS, a foundational model variant of CHON-
KNORIS. We illustrate this method using our running example of a nonlinear elliptic
PDE. First, we notice that in 1D the Fréchet derivative of the nonlinear elliptic PDE
in (3.2), 𝛿F𝛿𝑣 (𝑢, 𝑣) = (−𝜕𝑥𝑥 + 3𝜅𝑣2), can be expressed as[

𝛿F
𝛿𝑣
(𝑢, 𝑣)

]
(ℎ) (𝑥) = [𝑎(𝑢, 𝑣)𝜕𝑥𝑥 + 𝑏(𝑢, 𝑣)𝜕𝑥 + 𝑐(𝑢, 𝑣)] ℎ(𝑥), (3.12)

for coefficient functions 𝑎 = −1, 𝑏 = 0, 𝑐 = 3𝜅𝑣2. While CHONKNORIS learns to
predict the Cholesky factors of the Tikhonov-regularized inverse of this operator as
a function of 𝑣𝑛 and 𝑢, i.e., R̂ (𝑢, 𝑣̂𝑛), FONKNORIS aims to learn the same Cholesky
factors as a function of the coefficient functions 𝑎, 𝑏, and 𝑐, i.e., R̂ (𝑎, 𝑏, 𝑐). This
implies that, once the model R̂ (𝑎, 𝑏, 𝑐) is trained on a sufficiently large and diverse
dataset of (𝑎, 𝑏, 𝑐) combinations, we are able to predict the Cholesky factors arising
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Algorithm 1 CHONKNORIS/FONKNORIS

1: Inputs: training data size 𝑀; residual map F ; Jacobian 𝐽 (𝑢, 𝑣) = 𝛿F
𝛿𝑣 (𝑢, 𝑣);

adjoint 𝐽∗; measure 𝜇; NK warm-up steps 𝑛warm; model R̂𝜃 (lower-triangular,
diag > 0); flow relaxation 𝜆flow; training relaxation set 𝜆train

2: Mode: choose parameterization Φ and Jacobian builder BuildJ:
• CHONKNORIS: Φ(𝑢, 𝑣) = (𝑢, 𝑣), BuildJ(𝑢, 𝑣) = 𝐽 (𝑢, 𝑣)
• FONKNORIS: Φ(𝑢, 𝑣) = (𝑎(𝑢, 𝑣), 𝑏(𝑢, 𝑣), 𝑐(𝑢, 𝑣)), BuildJ(𝑎, 𝑏, 𝑐) =
𝑎 𝜕𝑥𝑥 + 𝑏 𝜕𝑥 + 𝑐

3: Data (offline):
4: for 𝑚 = 1, . . . , 𝑀 do
5: sample 𝑢(𝑚) ∼ 𝜇
6: initialize 𝑣0
7: for 𝑖 = 0, . . . , 𝑛warm do ⊲ solver warmup
8: 𝑧𝑖 ← Φ(𝑢(𝑚) , 𝑣𝑖) ⊲ 𝑧𝑖 = (𝑢(𝑚) , 𝑣𝑖) in CHONKNORIS, or 𝑧𝑖 = (𝑎, 𝑏, 𝑐)

in FONKNORIS
9: 𝐽𝑖 ← BuildJ(𝑧𝑖)

10: 𝑣𝑖+1 ← 𝑣𝑖 −
(
𝐽∗𝑖 𝐽𝑖 + 𝜆flow𝐼

)−1
𝐽∗𝑖 F (𝑢(𝑚) , 𝑣𝑖)

11: for 𝜆 ∈ 𝜆train do
12: 𝑅 =

(
chollower(𝐽∗𝑖 𝐽𝑖 + 𝜆𝐼)

)−∗
⊲ 𝑅𝑅∗ = (𝐽∗𝑖 𝐽𝑖 + 𝜆𝐼)−1

13: store training data
(
𝑧𝑖, 𝜆, 𝑅

)
14: end for
15: end for
16: end for
17: Learn (offline): min

𝜃

∑︁

R̂𝜃 (𝑧, 𝜆) − 𝑅

2
𝐹

; enforce lower-triangular with
positive diagonal.

18: Evaluate (online): given 𝑢, 𝑣0, budget 𝑁; initial values 𝛼predict/𝜆train.
19: for 𝑛 = 0, . . . , 𝑁 − 1 do
20: 𝑟 ← F (𝑢, 𝑣𝑛)
21: 𝑧𝑛 ← Φ(𝑢, 𝑣𝑛)
22: 𝐽𝑛 ← BuildJ(𝑧𝑛)
23: 𝑅 ← R̂𝜃 (𝑧𝑛, 𝜆𝑛)
24: 𝛿𝑣 ← −𝛼𝑛𝑅∗𝑅𝐽∗𝑛𝑟
25: 𝑣𝑛+1 ← 𝑣𝑛 + 𝛿𝑣
26: choose 𝛼𝑛, 𝜆𝑛 by repeating the above steps until ∥F (𝑢, 𝑣𝑛+1)∥ ≪ ∥𝑟 ∥ ⊲

e.g., using line-search
27: Stop if ∥𝑟 ∥ and/or ∥𝛿𝑣∥ below given tolerances
28: end for
29: Return 𝑣̂ = 𝑣𝑁
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𝑣0 Iteration 1 𝑣1 Iteration 2 𝑣2 • • • Iteration 𝑇 𝑣𝑇

𝛿𝑣 = −R̂(𝑢, 𝑣𝑛)R̂𝑇 (𝑢, 𝑣𝑛)
[
𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛)

]∗ F (𝑢, 𝑣𝑛)
𝑣𝑛

id

+ 𝑣𝑛+1

(b)

(a)

Figure 3.1: CHONKNORIS. (a) An initial guess 𝑣0 for the true solution 𝑣 =
G(𝑢) is iteratively refined by adding a correction term. (b) Each iteration consists
of two steps: First, compute the correction term 𝑟 =

[
𝛿F
𝛿𝑣

]∗F and then 𝛿𝑣 =

−(R̂R̂∗𝑟 ) (𝑢, 𝑣𝑘 ),where R̂ is a learned surrogate for the Cholesky factors of ( 𝛿F𝛿𝑣 𝛿F𝛿𝑣
𝑇+

𝜆𝐼)−1, F is the forward map with its Fréchet derivative 𝛿F
𝛿𝑣 , 𝑣𝑘 is the current

approximation of the desired function 𝑣 = 𝐺 (𝑢), and 𝑢 is the input for which we
seek the solution. Next, update the current approximation via 𝑣𝑘+1 = 𝑣𝑘 + 𝛿𝑣.

from any PDE whose Fréchet derivative is of the form (3.12), i.e., any local PDE of
second order. We note that the coefficient functions 𝑎, 𝑏, and 𝑐 depend on and are
uniquely determined by the operator F .

To this end, FONKNORIS seeks to train a data-driven surrogate operator R̂, such
as a neural operator or a kernel-based model, where

R̂ (𝑎, 𝑏, 𝑐)R̂ (𝑎, 𝑏, 𝑐)𝑇 ≈ ([𝑎𝜕𝑥𝑥 + 𝑏𝜕𝑥 + 𝑐] [𝑎𝜕𝑥𝑥 + 𝑏𝜕𝑥 + 𝑐]∗ + 𝜆𝐼 )−1
,

R̂ (𝑎, 𝑏, 𝑐) is lower triangular.

This model is trained once, and generalizes to any equation with a Jacobian of the
form (3.12). Then, the FONKNORIS approximation is Ĝ : 𝑢 ↦→ 𝑣̂𝑁 , where

𝑣̂𝑛+1 = 𝑣̂𝑛 − 𝛼𝑛R̂ (𝑎𝑛, 𝑏𝑛, 𝑐𝑛)R̂ (𝑎𝑛, 𝑏𝑛, 𝑐𝑛)𝑇 [𝑎𝑛𝜕𝑥𝑥 + 𝑏𝑛𝜕𝑥 + 𝑐𝑛]∗ F (𝑢, 𝑣̂𝑛)
where 𝑎𝑛 = 𝑎(𝑢, 𝑣𝑛), 𝑏𝑛 = 𝑏(𝑢, 𝑣𝑛), 𝑐𝑛 = 𝑐(𝑢, 𝑣𝑛).

Again, for a sufficiently large number or iterations 𝑁 , we expect Ĝ(𝑢) = 𝑣̂𝑁 ≈ G(𝑢).
Note that for FONKNORIS, we add an intermediate step that, given 𝑢 and 𝑣𝑛,
computes the coefficient functions 𝑎𝑛 = 𝑎(𝑢, 𝑣𝑛), 𝑏𝑛 = 𝑏(𝑢, 𝑣𝑛), 𝑐𝑛 = 𝑐(𝑢, 𝑣𝑛) and
passes them to the model R̂, hence we assume knowledge of these functions.

Furthermore, we note that this 1D example can be easily extended to any dimension
and to any nonlinear operator. For local differential operators of order 𝑘 ∈ N, we
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observe that

𝜕F
𝜕𝑣
(𝑢, 𝑣) =

∑︁
|𝛼 |≤𝑘

𝛽𝛼 (𝑢, 𝑣)𝐷𝛼

where 𝛼 ∈ N𝑘 is a multi-index, 𝐷𝛼 denotes a linear differential operator, and 𝛽𝛼

denotes the coefficient functions. For nonlinear operators that are nonlocal, the
Fréchet derivative also contains linear nonlocal operators. However, the principle
remains the same: The Fréchet derivative can still be parameterized in terms of
the coefficient functions. FONKNORIS can be regarded as a foundation model for
local differential equations, as it is trained once on a diverse collection of PDEs
through their coefficient functions 𝛽𝛼 and generalizes to unseen equations without
retraining. By learning a universal mapping from operator coefficients to inverse
operators, FONKNORIS provides a reusable model that captures the shared structure
underlying broad classes of PDEs. The FONKNORIS algorithm is summarized in
Algorithm 1.

3.3 Numerical Experiments
In this section we present various numerical experiments that verify the ability of
CHONKNORIS and FONKNORIS in emulating various PDE and inverse problem
solution maps to machine precision. We note that the reported machine-precision
errors should be interpreted with respect to the discrete reference solutions produced
by the underlying finite-difference solver that we use for our examples, not with re-
spect to the exact continuous PDE solution or inverse problems. Therefore, the
truncation error of the finite-difference discretization is not included in the reported
error; rather, our method is aimed to perfectly emulate the classical solver. In this
sense, the small errors indicate that the proposed method can emulate the chosen
discrete solver to near machine precision. In the experiments, the spatial discretiza-
tion is based on central finite differences, while time integration is performed with
an implicit time-stepping scheme. CHONKNORIS is then applied at each time step
to reproduce the corresponding discrete update.

Furthermore, we note that for the forward problems, we mainly adopt a linearize-
then-discretize perspective, whereas for the inverse problems we use a discretize-
then-linearize perspective for practical reasons. For the forward problems, lineariz-
ing first is natural within the Newton–Kantorovich framework, since the method is
formulated at the operator level in function space. This allows us to interpret each
iteration as the solution of a linearized PDE operator and then discretize that linear
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problem using a numerical method of choice. One advantage of this viewpoint
is that it aligns with the operator-learning formulation and facilitates the use of
discretization- or resolution-invariant architectures. For the inverse problems, by
contrast, discretizing first is more convenient computationally, because the relevant
parameter-to-observable map is implicit at the continuous level and is most natu-
rally handled through its discrete realization. This makes it possible to compute the
required derivatives and adjoints directly at the computational level, for example by
automatic differentiation. There are also fundamental differences between the two
viewpoints. In general, linearization and discretization do not commute exactly, so
linearize-then-discretize and discretize-then-linearize may lead to different discrete
operators. The former is often more natural for analysis and for preserving the
continuous operator interpretation, whereas the latter is often preferred in practice
because it is directly tied to the implemented numerical scheme.

3.3.1 Benchmarking Summary
To assess the performance of the CHONKNORIS method, we benchmark against
the kernel/Gaussian process (GP) operator learning framework of [27], Fourier
neural operators (FNOs) [184], and transformer neural operator (TNO) [51]. We
deploy these three models as purely data-driven baselines which learn the operator
G directly from input-output pairs (𝑢, 𝑣). Note that 𝑣 is given by the last iterate
of the Newton–Kantorovich method, so the baseline methods do not have access
to the intermediate steps of the solver. These baselines are not intended as a
comprehensive benchmark; rather, they serve as a control to verify that conventional
operator-learning frameworks do not attain machine precision on these problems.
Furthermore, we note that the benchmark methods are trained in the low-data regime
detailed in the following subsections, justifying the varying performance of the
baselines. We also note that the vanilla FNO and vanilla TNO do not support the
different input and output domains which arise in our benchmark inverse problems
as detailed in Section 3.3.4; hence, we do not apply these benchmarks to the inverse
problems we test here. Table 3.1 gives a performance comparison between these
benchmark operator learning methods and our proposed CHONKNORIS approach.
The details of the benchmark problems are outlined in the remainder of this section.
Additional details on the GP baselines are given in Appendix B.1 along with an
inference time comparison in Table B.1.
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GP FNO TNO CHONKNORIS (ours)

Nonlinear elliptic 2.4e-5 1.3e-3 5.7e-3 8.9e-16
Burgers’ 1.1e-1 6.0e-3 2.2e-2 5.1e-16
Nonlinear Darcy 1.8e-3 4.8e-3 3.9e-3 9.6e-16
Calderòn 1.6e-2 – – 3.2e-15
Inverse wave scattering 1.5e-2 – – 9.2e-13
Seismic imaging 5 × 5 2.2e-2 – – 2.6e-14
Seismic imaging 7 × 7 4.1e-2 – – 3.0e-12
Seismic imaging 10 × 10 5.0e-2 – – 1.2e-03

Table 3.1: Summary of median relative 𝐿2 losses over multiple forward and inverse
problem benchmarks.

3.3.2 Forward Problems
Table 3.2 summarizes the forward problems we consider and their parameteriza-
tions. The following subsections provide additional details on each of these forward
problems.

forward problem Nonlinear Elliptic 1D Burgers’ 1D time-dependent Darcy 2D
𝑢 distrib. GP-periodic sum of sines GP-invLaplacian
FD grid 𝑁𝑥 = 63 (𝑁𝑡 , 𝑁𝑥) = (151, 127) (𝑁𝑥1 , 𝑁𝑥2) = (20, 20)

(𝑅train, 𝑅val) (896, 128) (448, 64) (896, 128)
(𝑛warm, 𝜆flow, 𝜆train) (5, 0, 0) (5, 0, 10−2) (6, 0, 10−3)

Hessian model GP-Gaussian MLP-Tanh (127, 500, 1000, 8128) GP-Gaussian
Section Section 3.3.2.1 Section 3.3.2.2 Section 3.3.2.3

inverse problem Calderòn Inverse Wave Scattering Seismic Imaging FWI
𝑢 distrib. GP-invLaplacian GP-invLaplacian OpenFWI dataset [82]
FD grid (𝑁𝑥1 , 𝑁𝑥2) = (9, 9) (𝑁𝑥1 , 𝑁𝑥2) = (7, 7) (𝑁𝑥1 , 𝑁𝑥2) ∈ {(5, 5), (7, 7), (10, 10), (14, 14)}

(𝑅train, 𝑅val) (7500, 2500) (9750, 250) (800, 200)
(𝑛warm, 𝜆flow, 𝜆train) (0, 10−10, 10−10) (0, 10−4, 10−4) (400, adaptive, adaptive)

Hessian model GP–Gaussian GP–Gaussian GP–Gaussian
Section Section 3.3.4.1 Section 3.3.4.2 Section 3.3.4.3

Table 3.2: Forward and inverse problem parameters. 𝑢 distrib. is the distribution of
random coefficients. FD grid contains the regular grid sizes for the finite difference
scheme. (𝑅train, 𝑅val) are the number of training and validation realizations respec-
tively. 𝑛warm denotes the number of Newton–Kantorovich iterations used to generate
training data along the flow. 𝜆flow is the relaxation used in the NK method, while
𝜆train is the relaxation shown to the Hessian prediction model. CHONKNORIS
training is performed with Λtrain = {𝜆flow} in the context of Algorithm 1. GP-kernel
denotes a Gaussian process with the given kernel, with the invLaplacian kernel
given by 5(−Δ + 1/100)−2 where −Δ denotes the Laplacian. MLP-nonlinearity is
a multi-layer perceptron neural network architecture where the tuple specifies layer
sizes, including input and output layers, and the given nonlinearity is applied to all
hidden layers. Note that for Burgers’ equation, 𝑛warm = 5 NK steps were run per
time step.

3.3.2.1 Nonlinear Elliptic Equation

The first example is the 1D nonlinear elliptic PDE (3.1) with 𝜅 = 50 as introduced
in Section 3.2.
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The differential operator is given in (3.2) and the corresponding solution operator
is given by G(𝑢) = 𝑣 mapping the right hand side to the solution of the boundary
value problem Section 3.2. The random coefficient 𝑢 is sampled from a zero-mean
GP with a periodic kernel

𝐾 (𝑥, 𝑥′) = exp(−2/ℓ sin2(𝜋/𝑝(𝑥 − 𝑥′)))

with period length 𝑝 = 1/2 and lengthscale ℓ = 10. Here we fit two operator learning
models. The first is an end-to-end operator learning model whose prediction is
used as an initial guess for the NK/CHONKNORIS method. The second is our
CHONKNORIS predictor model for the Cholesky factor. For both models we
use vector-valued GP regression with Matérn kernels with smoothness parameter
𝜈 = 5/2 (which we abbreviate as 5/2 Matérn) and squared exponential kernels, all
with tuned lengthscales.

3.3.2.2 Burgers’ Equation

The second example is the 1D time-dependent Burgers’ equation, supplemented
with periodic boundary conditions and a random initial condition, which may be
written as 

𝜕𝑡 𝑓 = 𝜈𝜕𝑥𝑥 𝑓 − 𝑓 𝜕𝑥 𝑓 , (𝑥, 𝑡) ∈ T × [0, 𝑇],
𝑓 (0, 𝑡) = 𝑓 (1, 𝑡), 𝑡 ∈ [0, 𝑇],
𝑓 (𝑥, 0) = 𝑓0(𝑥), 𝑥 ∈ T

. (3.13)

Here 𝜈 = 1/50, 𝑓0 is the initial condition and 𝜕𝑡 , 𝜕𝑥 , 𝜕𝑥𝑥 are partial derivatives.
Here, we discretize the PDE in time and learn the solution operator of the time-
discrete problem. More precisely, we discretize [0, 𝑇] using the 𝑀-point uniform
grid {𝑡𝑖}𝑀−1

𝑖=0 := {𝑖Δ𝑡}𝑀−1
𝑖=0 , Δ𝑡 = 𝑇/(𝑀 − 1), and apply an implicit Euler time

discretization leading to

𝑓 𝑖+1(𝑥) − 𝑓 𝑖 (𝑥)
Δ𝑡

= 𝜈𝜕𝑥𝑥 𝑓
𝑖+1(𝑥) − 𝑓 𝑖+1(𝑥)𝜕𝑥 𝑓 𝑖+1(𝑥)

where 𝑓 𝑖 (𝑥) = 𝑓 (𝑥, 𝑡𝑖) and Δ𝑡 = 𝑇/(𝑀 − 1). Thus, the time marching discretization
scheme defines the next time step 𝑓 𝑖+1 given 𝑓 𝑖 so that F ( 𝑓 𝑖, 𝑓 𝑖+1) = 0 with

F (𝑢, 𝑣) = 𝑣 − Δ𝑡 (𝜈𝜕𝑥𝑥𝑣 − 𝑣𝜕𝑥𝑣) − 𝑢,
𝛿F
𝛿𝑣
(𝑢, 𝑣) [ℎ] = ℎ − Δ𝑡 (𝜈𝜕𝑥𝑥ℎ − 𝜕𝑥𝑣ℎ − 𝑣𝜕𝑥ℎ) . (3.14)

Notice that 𝛿F/𝛿𝑣 does not depend on 𝑢. The resulting solution operator is given
by G(𝑢) = 𝑣 mapping the previous time step 𝑢 = 𝑓 𝑖 to the next time step 𝑣 = 𝑓 𝑖+1.
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Here, CHONKNORIS approximates the solution operator G which in turn is used
iteratively to obtain the solution for all time steps. We take the random initial
condition to be

𝑓0(𝑥) =
3∑︁
𝑘=1

𝑎𝑘 sin(𝜋𝑘𝑥), (𝑎1, . . . , 𝑎3) ∼ N (0, 1).

3.3.2.3 Nonlinear Darcy Flow

The third example is the 2D Darcy flow equation, supplemented with homogeneous
Dirichlet boundary conditions, which may be written as

−∇ · (𝑒𝑢∇𝑣) + 𝑣3 = 𝑓 , 𝑥 ∈ [0, 1]2

𝑣 = 0, 𝑥 ∈ 𝜕 [0, 1]2
(3.15)

with forcing term 𝑓 and conductivity 𝑒𝑢. Expanding−∇·(𝑒𝑢∇𝑣) = −𝑒𝑢 [∇𝑢·∇𝑣+Δ𝑣],
we have,

F (𝑢, 𝑣) = −𝑒𝑢 [∇𝑢 · ∇𝑣 + Δ𝑣] + 𝜅𝑣3 − 𝑓 ,[
𝛿F
𝛿𝑣
(𝑢, 𝑣)

]
(ℎ) = −𝑒𝑢 [∇𝑢 · ∇ℎ + Δℎ] + 3𝜅𝑣2ℎ. (3.16)

Here, the solution operator is given by G(𝑢, 𝑓 ) = 𝑣 which maps the forcing 𝑓 and
the conductivity 𝑢 to the solution 𝑣. In that sense, CHONKNORIS is learning a
parametric family of solution operators G𝑢 (·) = G(𝑢, ·). We take the fixed forcing
term 𝑓 to be a single draw from a zero-mean GP with a 5/2 Matérn kernel and
constant lengthscale of 3/10 across both dimensions.

3.3.2.4 Summary of the numerical results for CHONKNORIS on the
forward problems

We used CHONKNORIS to emulate and solve the three problems above. The
domains were discretized using regular grids, and derivatives were approximated
using standard finite differences. A traditional NK solver was used to generate the
training data, and the reference solutions with which the errors were computed. The
Cholesky factors for the nonlinear elliptic PDE in Section 3.3.2.1 and the Darcy
flow problem in Section 3.3.2.3 were predicted using a GP, while for the Burgers’
equation in Section 3.3.2.2 we used a Multi-Layer Perceptron (MLP).

In all tested instances of the three problems, CHONKNORIS consistently achieves
machine precision error. We study the speed of convergence in the nonlinear elliptic
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PDE in Section 3.3.2.1, see Figure 3.2 (a), and found that CHONKNORIS starting
from an initial guess of 0 typically converges in 10 iterations while predicting
the approximate Hessian, whereas the traditional NK solver needs only 4 iterations
using the precise approximate Hessian. We also observed that the convergence of the
RMSE residual ∥F (𝑢, 𝑣𝑛)∥, which we could track, follows the desired convergence
of 𝐿2 relative errors ∥𝑣𝑛 − 𝑣∥ to machine precision (which is not generally known
except when the true solution 𝑣 is known as is the case here). We observed that
providing an initial guess from an end-to-end operator learning approach gives
modest speedups of one to two iterations to both the NK and CHONKNORIS
iterations.

We tested the robustness of our method with the Burgers’ problem in Section 3.3.2.2,
see Figure 3.2 (b), and found that our method can achieve machine precision even
when solutions contain shocks. Finally, the Darcy flow problem in Section 3.3.2.3
was the most challenging of the forward benchmarks as it required a lot of data to
learn the parametric Cholesky factors. This experiment showcases the capacity of
our method to utilize additional compute to achieve convergence even in difficult
settings. As shown in Figure 3.2 (c), within 10 iterations CHONKNORIS usually
reaches 𝐿2 relative errors on the order of 10−3, putting it on par with existing operator
learning models. After 100 iterations, errors are typically on the order of 10−6 or
better. Continuing to increase the number of CHONKNORIS iterations to 1000
enables convergence to machine precision in 95% of all cases. In this example,
we observed that realizations from a rougher distribution require significantly more
CHONKNORIS iterations for exact recovery.

3.3.2.5 Klein–Gordon and Sine–Gordon

For our last two forward problem examples, we consider the 1D Klein–Gordon and
the Sine–Gordon equations. We will use these problems as a held out validation
problem for testing the generalization error of FONKNORIS. When supplemented
with initial and boundary condition, both PDEs take the form of

𝜕𝑡𝑡 𝑓 = 𝜅1𝜕𝑥𝑥 𝑓 − 𝜅2𝜏( 𝑓 ), (𝑥, 𝑡) ∈ T × [0, 𝑇],
𝑓 (0, 𝑡) = 𝑓 (1, 𝑡), 𝑡 ∈ [0, 𝑇],
𝑓 (𝑥, 0) = 𝑓0(𝑥), 𝑥 ∈ T

. (3.17)

Here 𝑥 ∈ Ω = T and 𝑡 ∈ [0, 𝑇], 𝑓0 is the initial condition, and 𝜏 is a nonlinearity. For
Klein–Gordon, 𝜏( 𝑓 ) = 𝑓 3, 𝜅1 = 0.1, 𝜅2 = 10, while for Sine–Gordon 𝜏( 𝑓 ) = sin( 𝑓 )
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Figure 3.2: Forward problems. (a) Results for the nonlinear elliptic PDE problem.
Quantiles of 10% − 90% are shown across test realizations. Our CHONKNORIS
method is able to achieve machine precision accuracy in around 10 iterations.
(b) Results for Burgers’ equation. CHONKNORIS was able to achieve machine
precision error in recovering the discretized solution which contained shocks. (c)
Results for the Darcy flow PDE: (c1) shows that more challenging realizations
require more CHONKNORIS iterations. (c4) shows a single realization of the
random coefficient with the corresponding solution in (c2). (c3) shows the fixed
forcing term.

and 𝜅1 = 𝜅2 = 1. Similar to the time marching scheme for Burgers’ equation in
Section 3.3.2.2, we discretize [0, 𝑇] and approximate 𝜕𝑡𝑡 𝑓 ≈ ( 𝑓 𝑖+2−2 𝑓 𝑖+1+ 𝑓 𝑖)/Δ𝑡2.
Knowing the state 𝑢 := (𝑢1, 𝑢2) := ( 𝑓 𝑖+1, 𝑓 𝑖), we want to compute the next time step
𝑣 := 𝑓 𝑖+2 defined as F (( 𝑓 𝑖+1, 𝑓 𝑖), 𝑓 𝑖+2) = 0 with

F (𝑢, 𝑣) := 𝑣 − 2𝑢1 + 𝑢2 − (Δ𝑡)2(𝜈𝜕𝑥𝑥𝑣 − 𝜅2𝜏(𝑣)), (3.18)[
𝛿F
𝛿𝑣
(𝑢, 𝑣)

]
(ℎ) = ℎ − (Δ𝑡)2

(
𝜅1𝜕𝑥𝑥ℎ − 𝜅2

𝛿𝜏

𝛿𝑣
(𝑣) [ℎ]

)
, (3.19)

where 𝑢 = (𝑢1, 𝑢2). For Klein–Gordon, 𝛿𝜏
𝛿𝑣 (𝑣) [ℎ] = 3𝑣2ℎ, and for Sine–Gordon

𝛿𝜏
𝛿𝑣 (𝑣) [ℎ] = cos(𝑣)ℎ. We note again, that 𝛿F/𝛿𝑣 is independent of 𝑢. The resulting
solution operators are in both cases given by G(𝑢) = 𝑣 which map the previous time
steps 𝑢 = (𝑢1, 𝑢2) = ( 𝑓 𝑖+1, 𝑓 𝑖) to the next time step 𝑣 = 𝑓 𝑖+2. Again, CHONKNORIS
approximates the solution operator G which is used in the very same time marching
scheme to obtain the solution for all time steps.
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FONKNORIS Partial differential equation 𝑎 𝑏 𝑐

training PDEs
Nonlinear elliptic (3.2) −1 0 3𝜅𝑣2

Burgers’ (3.14) −(Δ𝑡)𝜈 (Δ𝑡)𝑣 1 + (Δ𝑡)∇𝑣
Nonlinear Darcy flow (3.16) −𝑒𝑢 −𝑒𝑢∇𝑢 3𝜅𝑣2

testing PDEs Sine–Gordon (3.18)/(3.19) −𝜅1 (Δ𝑡)2 0 1 + 𝜅2 (Δ𝑡)2 cos(𝑣)
Klein–Gordon (3.18)/(3.19) −𝜅1 (Δ𝑡)2 0 1 + 3𝜅2 (Δ𝑡)2𝑣2

Table 3.3: FONKNORIS coefficients.

Figure 3.3: Quantiles of predictions of FONKNORIS for 100 realizations of initial
conditions, external forces, and conductivities using a mixture of experts consisting
of GPs for nonlinear elliptic, nonlinear darcy flow, and Burgers’ equation and testing
it for withheld Sine–Gordon and Klein–Gordon equations.

3.3.3 Foundation Model - FONKNORIS
For the FONKNORIS model, we train sub-model experts, each specific to a given
PDE, and aggregate individual CHONKNORIS sub-models within mixture of ex-
perts [280]. The aggregation of the sub-models is done by the so-called nested
Kriging method [280], see also Appendix B.2. This method relies on the fact that
each sub-model has the same underlying Gaussian process and thus share the same
kernel. In our FONKNORIS prediction framework, we employ Gaussian processes
to model and predict the behavior of specific PDEs for each expert model. Con-
structing a single foundational Gaussian process model capable of representing a
large class of PDEs would require an extensive dataset, which would quickly exceed
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typical computational and memory limits. To overcome this limitation, we train
each expert model independently and subsequently aggregate the individual experts
within a foundational (meta) model.

3.3.3.1 Data Generation and Training

In our numerical experiments for FONKNORIS, we trained separate instances of
the model R̂𝜃 for the one-dimensional nonlinear elliptic equation, Burgers’ equation,
and the one-dimensional nonlinear Darcy flow, using Matérn kernels with learned
length scales ℓ1, ℓ2, and ℓ3 for the input distributions 𝜇. For the aggregated model,
we used the arithmetic mean of the length scales, ℓA = 1

𝑝

∑𝑝
𝑖=1 ℓ𝑖 . The Sine–Gordon

and Klein–Gordon equations were held out for testing. All PDEs were discretized
with 𝑁𝑥 = 64 collocation points. In the Newton–Kantorovich warm-up step of
Algorithm 1 we used a fixed flow relaxation parameter 𝜆flow = 0.01 and the same
value in the training relaxation set, 𝜆train = 0.01.

For the nonlinear elliptic equation and Burgers’ equation, we generated 𝑀ell =

5000 and 𝑀Burg = 5000 offline realizations, respectively. The realizations for the
nonlinear elliptic equation were generated by drawing 1000 external forcings 𝑓

from a periodic kernel defining 𝜇 and running 𝑛warm = 5 Newton–Kantorovich
iterations. The realizations for Burgers’ equation were generated by drawing 1000
initial conditions 𝑢0 from a periodic kernel and again running 𝑛warm = 5 Newton–
Kantorovich iterations. For the nonlinear Darcy flow, we generated 𝑀Darcy = 10000
realizations by drawing 2000 pairs of conductivities 𝑎 and external forcings 𝑓 from a
periodic kernel and running 𝑛warm = 5 Newton–Kantorovich iterations for each pair
(𝑎𝑖, 𝑓𝑖). The aggregation model was tested on the Klein–Gordon and Sine–Gordon
equations by drawing realizations of the initial condition 𝑢0 from a periodic kernel
and choosing 𝑣0 = 0 in the online phase of Algorithm 1. The data for training and
testing were generated from the same distributions.

3.3.3.2 Summary of the numerical results for FONKNORIS on the forward
problems

We applied FONKNORIS to the above problems, using the nonlinear elliptic, the
Burgers’, and the nonlinear Darcy flow equations as training problems, and test-
ing on all five problems, including the Klein–Gordon and Sine–Gordon equations.
In Figure 3.3, we see that the aggregated model 𝑀 (𝑥) not only achieves machine
precision on the trained instances, but also achieves near machine precision for the
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withheld Klein–Gordon and Sine–Gordon equation. Table 3.3 shows the FON-
KNORIS coefficients for the aforementioned forward problems. The advantage of
this approach is its simplicity and generating training data does not rely on a specific
PDE as the coefficients 𝑎, 𝑏, 𝑐 can be generated from a certain distribution, optimally
from various distributions. The main difficulty is that the model can become very
large and the coefficients 𝑎, 𝑏, 𝑐 can easily get out of distribution when computing
each Newton–Kantorovich step; one deals with the curse of dimensionality as the
generated data might not inherit the statistics of a given PDE. Therefore, we generate
the training data from the first three problems and generalize it to all problems in-
cluding the Sine–Gordon and Klein–Gordon equation. Here, our mixture-of-experts
Gaussian process model was capable of handling the large scale data necessary to
generalize across PDE problems. This ability to generalize to unseen problems at
machine precision is a state-of-the-art achievement that is due to the unique design
of the FONKNORIS model.

3.3.4 Inverse Problems
In this section, we introduce various inverse problems which will be used to fur-
ther test the performance of CHONKNORIS as an emulator for PDE constrained
optimization. These include the Calderòn problem (Section 3.3.4.1), the inverse
wave scattering problem (Section 3.3.4.2), and a problem in seismic imaging full
waveform inversion (Section 3.3.4.3). Specific parameterizations for each of these
problems are given in Table 3.2. The following subsections further detail our setup.

3.3.4.1 The Calderòn problem

Let Ω = [0, 1]2 and assume 𝑣 ∈ 𝐿∞(Ω) is a real-valued conductivity with 𝑣(𝑥) > 0
for almost every 𝑥 ∈ Ω. Consider the boundary value problem

∇ · (𝑣(𝑥)∇𝑐(𝑥)) = 0 for 𝑥 ∈ Ω,
𝑐(𝑥) = 𝑔(𝑥) for 𝑥 ∈ 𝜕Ω,

(3.20)

where on the boundary, we prescribe a boundary voltage pattern 𝑔 ∈ 𝐻 1
2 (𝜕Ω).

We define the Dirichlet-to-Neumann (DtN) map Λ𝑔 : 𝐻 1
2 (𝜕Ω) → 𝐻−

1
2 (𝜕Ω) that

maps the boundary voltage pattern 𝑔 to the current flux 𝑣 𝜕𝑐𝜕𝑛

����
𝜕Ω

. Note that Λ𝑔 ∈

L(𝐻 1
2 (𝜕Ω), 𝐻− 1

2 (𝜕Ω)) is a linear bounded operator. The Calderòn problem is
the task of recovering the conductivity 𝑣 from a given DtN map Λ𝑔. Denote
with F̃ : 𝐿∞(Ω) → L(𝐻 1

2 (𝜕Ω), 𝐻− 1
2 (𝜕Ω)) the forward operator that maps the
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conductivity to the Dirichlet-to-Neumann map. Then, the operator of interest is
given by

F (Λ𝑔, 𝑣) = F̃ (𝑣) − Λ𝑔 .

CHONKNORIS aims to approximate the operator G : L(𝐻 1
2 (𝜕Ω), 𝐻− 1

2 (𝜕Ω)) →
𝐿∞(Ω) that maps the DtN map to the conductivity, i.e., G(Λ𝑔) = F̃ −1(Λ𝑔) = 𝑣. We
note that, in practice, we only have access to pairs of observations (𝑔𝑖, 𝑣 𝜕𝑐𝑖𝜕𝑛 |𝜕Ω)𝑁𝑖=1 on
a finite number of sensor points on the boundary 𝜕Ω, where 𝑐𝑖 denotes the solution
to the (3.20) with conductivity 𝑣 and boundary condition prescribed by 𝑔𝑖. Thus the
equation used in practice is

F̂ (𝑢, 𝑣) =
(
F̃ (𝑣)𝑔𝑖 − 𝑣 𝜕𝑐𝑖

𝜕𝑛
|𝜕Ω

)𝑁
𝑖=1

= 0,

where 𝑢 = (𝑔𝑖, 𝑣 𝜕𝑐𝑖𝜕𝑛 |𝜕Ω)𝑁𝑖=1.

We note that in the inverse problems, we adopt to the first discretize-then-linearize
philosophy for practical reasons. Since the operator F is defined implicitly by
solving the forward problem, discretizing the problem first, allows us to express the
operator F explicitly as follows: The PDE is discretized via a suitable finite stencils
method and written in the form 𝐴(𝑣)𝑐 = 𝐺𝑔, where 𝐴(𝑣) is the discrete differential
operator depending on the conductivity 𝑣, 𝑔 denotes the imposed boundary data, and
𝐺 is the extension operator that incorporates the boundary condition into the discrete
domain representation. The corresponding discrete solution is 𝑐 = 𝐴(𝑣)−1𝐺𝑔, and
the associated boundary flux is obtained by applying a linear observation operator
𝐹 (𝑣) which depends on the conductivity 𝑣. Hence, the discrete operator F̃ is
represented by F̃ (𝑣) = 𝐹 (𝑣)𝐴(𝑣)−1𝐺, which maps the conductivity to the DtN
map. This map is used to construct a concrete DtN map Λ𝑣 := F̃ (𝑣) for a randomly
chosen conductivity 𝑣 which we then use to recover the conductivity. The target
operator is then given by F (Λ𝑣, 𝑣) = 𝐹 (𝑣)𝐴(𝑣)−1𝐺 − Λ𝑣. Using the explicit
expression of the discrete F , its Fréchet derivative can be computed directly, and in
our implementation we use automatic differentiation.

We take the fixed forcing term to be a single draw from a zero-mean GP with 5/2
Matérn kernel and constant lengthscale of 3/10 across both dimensions.

3.3.4.2 Inverse Wave Scattering

Let Ω = [0, 1]2 and assume that 𝑎 ∈ 𝐿∞(Ω) is a real-valued material property
satisfying 𝑎(𝑥) > 0 for almost every 𝑥 ∈ Ω. We study the following elliptic
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boundary value problem:
−Δ𝑢(𝑥) − 𝜔2𝑎(𝑥)𝑢(𝑥) = 0, 𝑥 ∈ Ω,
𝑢(𝑥) = 𝑔(𝑥), 𝑥 ∈ 𝜕Ω,

(3.21)

where 𝑔 ∈ 𝐻 1
2 (𝜕Ω) denotes the prescribed boundary excitation.

We define the Dirichlet-to-Neumann (DtN) map Λ𝑎 : 𝐻 1
2 (𝜕Ω) → 𝐻−

1
2 (𝜕Ω) that

maps the boundary input 𝑔 to the corresponding flux

Λ𝑎 (𝑔) = 𝜕𝑢

𝜕𝑛

����
𝜕Ω
.

Note that Λ𝑎 ∈ L(𝐻 1
2 (𝜕Ω), 𝐻− 1

2 (𝜕Ω)) is a bounded linear operator depending on
the material coefficient 𝑎.

The inverse wave scattering problem is the task of recovering the coefficient 𝑎 from
a given DtN map Λ𝑎. Denote with F̃ : 𝐿∞(Ω) → L(𝐻 1

2 (𝜕Ω), 𝐻− 1
2 (𝜕Ω)) the

forward operator that maps the material property 𝑎 to the DtN map. Then, the
operator of interest is defined as

F (Λ𝑎, 𝑎) = F̃ (𝑎) − Λ𝑎 .

Again, CHONKNORIS aims to approximate the operator

G : L (
𝐻

1
2 (𝜕Ω), 𝐻− 1

2 (𝜕Ω)) → 𝐿∞(Ω),

which maps the DtN map to the material property, i.e., G(Λ𝑎) = F̃ −1(Λ𝑎) = 𝑎.

In practice, we only have access to finitely many boundary input-output pairs
(𝑔𝑖, 𝜕𝑢𝑖𝜕𝑛 |𝜕Ω)𝑁𝑖=1 measured on sensor locations along 𝜕Ω, where 𝑢𝑖 denotes the so-
lution to (3.21) corresponding to the boundary excitation 𝑔𝑖. Hence, the equation
used in practice is

F̂ (𝑢, 𝑎) =
(
F̃ (𝑎)𝑔𝑖 − 𝜕𝑢𝑖

𝜕𝑛

����
𝜕Ω

)𝑁
𝑖=1

= 0,

where 𝑢 = (𝑔𝑖, 𝜕𝑢𝑖𝜕𝑛 |𝜕Ω)𝑁𝑖=1.

Similar to the Calderon problem, we adopt to the first discretize-then-linearize
philosophy which allows us to explicitly express the operator F on the discrete
level by F̃ (𝑎) = 𝐹𝐴(𝑎)−1𝐺 which maps the material property to the DtN map.
The target operator is given by F (Λ𝑎, 𝑎) = 𝐹𝐴(𝑎)−1𝐺 − Λ𝑎. Again, this map is
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used to construct a concrete DtN map Λ𝑎 := F̃ (𝑎) for a randomly chosen material
property 𝑎 which is then recovered by CHONKNORIS. The Fréchet derivative of
F is computed via automatic differentiation.

We take the fixed forcing term to be a single draw from a zero-mean Gaussian process
with 5/2 Matérn kernel and constant lengthscale of 2/10 across both dimensions.

3.3.4.3 Seismic Imaging

Let Ω = [0, 1]2 and let 𝑇 > 0 denote the final observation time. Assume that
𝑣 ∈ 𝐿∞(Ω) is a real-valued velocity coefficient satisfying 𝑣(𝑥) > 0 for almost every
𝑥 ∈ Ω. We study the following time-dependent acoustic wave equation:

Δ𝑝(𝑡, 𝑥) − 1
𝑣2 (𝑥) 𝑝𝑡𝑡 (𝑡, 𝑥) = 𝑠(𝑡, 𝑥), (𝑡, 𝑥) ∈ (0, 𝑇) ×Ω,

𝑝(0, 𝑥) = 0, 𝑝𝑡 (0, 𝑥) = 0, 𝑥 ∈ Ω,
(3.22)

where 𝑝 denotes the pressure variation and 𝑠 represents the source term which we
take to be a Ricker wavelet [349].

The reflected and refracted wavefields are measured on the surface S := {(𝑥1, 𝑥2) ∈
Ω | 𝑥2 = 0} ⊂ 𝜕Ω, yielding the boundary observations 𝑝 | [0,𝑇]×S . We define
the Source-to-Receiver (StR) map Λ𝑣 : 𝐿2((0, 𝑇) × Ω) → 𝐿2(0, 𝑇 ;𝐻 1

2 (S)) that
maps a source 𝑠 to the measured surface signal Λ𝑣 (𝑠) = 𝑝 | [0,𝑇]×S . Note that
Λ𝑣 ∈ L(𝐿2((0, 𝑇) × Ω), 𝐿2(0, 𝑇 ;𝐻 1

2 (S)) is a bounded linear operator depending
on the velocity coefficient 𝑣.

The seismic inverse problem or full wave inversion problem is the task of recovering
the coefficient 𝑣 from a given Source-to-Receiver map Λ𝑣 [343]. Denote with
F̃ : 𝐿∞(Ω) → L(𝐿2((0, 𝑇) ×Ω), 𝐿2(0, 𝑇 ;𝐻 1

2 (S))) the forward operator that maps
the velocity coefficient 𝑣 to the corresponding StR map. Then, the operator of
interest is defined as

F (Λ𝑣, 𝑣) = F̃ (𝑣) − Λ𝑣 (𝑠).

Similar to the inverse wave scattering and Calderón problems, CHONKNORIS aims
to approximate the operator

G : L(𝐿2((0, 𝑇) ×Ω), 𝐿2(0, 𝑇 ;𝐻
1
2 (S))) → 𝐿∞(Ω),

that maps the Source-to-Receiver map to the velocity coefficient, i.e., G(Λ𝑣) =
F̃ −1(Λ𝑣) = 𝑣.
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In practice, we only have access to finitely many input-output pairs (𝑠𝑖, 𝑝𝑖 | [0,𝑇]×S)𝑁𝑖=1
measured at discrete sensor locations alongS, where 𝑝𝑖 denotes the solution to (3.22)
corresponding to the source 𝑠𝑖. Hence, the equation used in practice is

F̂ (𝑢, 𝑣) =
(
F̃ (𝑣)𝑠𝑖 − 𝑝𝑖 | [0,𝑇]×S

)𝑁
𝑖=1

= 0, (3.23)

where 𝑢 = (𝑠𝑖, 𝑝𝑖 | [0,𝑇]×S)𝑁𝑖=1. We use data from the OpenFWI dataset [82] and the
forward solver from [348] (a 2− 4 finite difference scheme with 2nd-order accuracy
in time and 4th-order in space). Convergence of the exact NK method for a single
14 × 14 resolution velocity map is shown in Figure 3.4 (a1-a5).

As for the other inverse problems, we adopt to the first discretize-then-linearize
philosophy so we can explicitly express the operator F̂ on the discrete level. As
mentioned before, instead of recovering the velocity field 𝑣 given the StR map, we
recover 𝑣 from input-output pairs (𝑠𝑖, 𝑝𝑖 | [0,𝑇]×S)𝑁𝑖=1. This is accomplished by doing
a space-time discretization and solving the resulting discretized PDE. This defines
the operator F̃ (𝑣)𝑠 = 𝐴(𝑣)−1𝑠 which maps the velocity field to the solution of the
acoustic wave equation for a given source term 𝑠. The target operator is given by

F̂ (𝑢, 𝑣) =
(
𝐴(𝑣)−1𝑠𝑖 − 𝑝𝑖 | [0,𝑇]×S

)𝑁
𝑖=1
. (3.24)

This map is used to recover 𝑣 by CHONKNORIS. The Fréchet derivative of F is
computed via automatic differentiation.

While our previous experiments predicted the inverse Cholesky of the approximate
Hessian, for this problem we obtained better performance by directly predicting
the Cholesky factors of the approximate Hessian and then use triangular solves
to determine each increment. Invertibility of the triangular matrix is ensured by
enforcing non-zero diagonals. We note that the resulting inference complexity
remains unchanged when using the Cholesky factor rather than its inverse due
to the quadratic cost of triangular matrix solves. We also found it necessary to
simultaneously tune both the step size 𝛼 and the Tikhonov relaxation 𝜆 in order to
converge to machine precision in a reasonable number of iterations, see Algorithm 1.
The inflation/deflation tuning scheme we used is described in Appendix B.5. In
Table B.2 we compare seismic imaging dataset generation times and CHONKNORIS
model fitting times across resolutions.
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Figure 3.4: Inverse Problems. (a) Results for the seismic imaging problem, showing
the iterative solutions and the relative 𝐿2 error across CHONKNORIS iteration. (b)
For the seismic imaging problem, evolution of the adaptive regularization term in
the Newton–Kantorovich iterations for different resolutions, and comparison of the
relative 𝐿2 error between the Newton–Kantorovich method and our CHONKNORIS
method. (c) Results for the Calderón problem. (d) Results for the inverse wave
scattering problem.

3.3.4.4 Summary of the numerical results for CHONKNORIS on the Inverse
Problems

We use CHONKNORIS to solve the three inverse problems above. The domains are
discretized using regular grids. A traditional NK solver is used to generate training
data where the converged iterates are used as reference solutions. These inverse
problems are significantly harder to solve than the forward problems due to the non-
locality of the operator F and the ill-posedness of the inverse problem. The results
for the Calderón problem in Figure 3.4 (d) show that running the CHONKNORIS
method for 103 iterations was able to recover solutions to machine precision for
over 75% of withheld test realizations. The results for the inverse wave scattering
problem in Figure 3.4 (e) shows that running the CHONKNORIS method for 40 iter-
ations is able to recover solutions to machine precision. For the rough velocity maps
encountered in the seismic imaging problem, increasing the resolution increases the
condition numbers of the relaxed approximate Hessian. For example, Figure 3.4
shows that the seismic imaging problem with just a 10× 10 velocity map resolution
encounters condition numbers around 108 for near-convergence iterations. CHON-
KNORIS is unable to exactly predict the Cholesky factor of ill-conditioned matrices,
and thus resorts to inferring gradient descent steps which can make CHONKNORIS
inference slow to converge. As expected, we also observe that the relaxation is



53

decreased as NK nears convergence, indicating a smooth transition from gradient
descent to Gauss–Newton updates. This behavior is more difficult to replicate with
CHONKNORIS as the approximate Hessian near the solution is ill-conditioned and
therefore difficult for CHONKNORIS to predict.

3.4 Theoretical results
In this section, we want to present several results on the convergence properties of the
CHONKNORIS and FONKNORIS algorithms. This is accomplished by combining
an inexact Newton–Kantorovich method with Tikhonov-regularized inverse and the
kernel-based operator learning method.

3.4.1 Analytic Setting
Assume that we are in the operator learning framework of Section 3.2.1, i.e., let
(U, ⟨·, ·⟩U , ∥ · ∥U), (V, ⟨·, ·⟩V , ∥ · ∥V), and (W, ⟨·, ·⟩W , ∥ · ∥W) be separable Hilbert
spaces. For notational convenience, we suppress the dependence of F on the first
argument, i.e., for each fixed 𝑢 ∈ U, we define F (·) := F (𝑢, ·) : V → W
and its Fréchet derivative F ′(𝑣) := 𝛿F

𝛿𝑣 (𝑢, 𝑣) ∈ L(V,W) with Hilbert adjoint
F ′(𝑣)∗ ∈ L(W,V).

For 𝜆 > 0 and 𝑣 ∈ V, define the Tikhonov resolvent and the Tikhonov right inverse

𝑅𝜆 (𝑣) :=
(
𝜆𝐼V + F ′(𝑣)∗F ′(𝑣)

)−1 ∈ L(V,V),
𝐵𝜆 (𝑣) := 𝑅𝜆 (𝑣) F ′(𝑣)∗ ∈ L(W,V).

Let 𝑅𝜆 (𝑣) ∈ L(V,V) be a (learned) surrogate and set 𝐵𝜆 (𝑣) := 𝑅𝜆 (𝑣) F ′(𝑣)∗.
Given 𝑣0 ∈ V, consider the iteration

𝑣𝑘+1 = 𝑣𝑘 + 𝛿𝑣𝑘 , 𝛿𝑣𝑘 := − 𝐵𝜆𝑘 (𝑣𝑘 ) F (𝑣𝑘 ) = − 𝑅𝜆𝑘 (𝑣𝑘 ) F ′(𝑣𝑘 )∗ F (𝑣𝑘 ),

for a sequence of parameters 𝜆𝑘 > 0. Furthermore, we make the following assump-
tions.

Assumption 3.4.1. Let 𝐷 ⊂ V be open and convex and F : 𝐷 →W be 𝐶1. Fix
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𝑣0 ∈ 𝐷 and 𝑅 > 0 with 𝐵 := 𝐵(𝑣0, 𝑅) ⊂ 𝐷. Assume:

(A1) F ′(𝑣0) is invertible and ∥F ′(𝑣0)−1∥L(W,V) ≤ 𝛽 ∈ R>0,

(A2) There exists 𝐿 > 0 such that

∥F ′(𝑢) − F ′(𝑣)∥L(V,W) ≤ 𝐿 ∥𝑢 − 𝑣∥V ∀𝑢, 𝑣 ∈ 𝐵,
(A3) 𝑀 := sup

𝑣∈𝐵
∥F ′(𝑣)∥L(V,W) < +∞,

𝜎∗ := inf
𝑣∈𝐵

𝜎min
(F ′(𝑣)) = inf

𝑣∈𝐵
∥F ′(𝑣)−1∥−1

L(W,V) > 0.

Now, we are in a position to state the main theorem on the Tikhonov-regularized
inexact Newton–Kantorovich iteration method based on a classical inexact Newton–
Kantorovich method [81]. The proofs in this section are postponed to the appendix
Appendix B.8.

Theorem 3.4.2 (Tikhonov–inexact Newton–Kantorovich). Let Assumption 3.4.1 be
satisfied. Then, for each 𝑣𝑘 with 𝑣𝑘 ∈ 𝐵(𝑣0, 𝑅), the linearized residual satisfies

∥F ′(𝑣𝑘 )𝛿𝑣𝑘 + F (𝑣𝑘 )∥W
∥F (𝑣𝑘 )∥W

≤ 𝜆𝑘

𝜆𝑘 + 𝜎2∗
+ 𝑀2 𝜀𝜆𝑘 =: 𝜃𝑘 , (3.25)

where
𝜀𝜆 := sup

𝑣∈𝐵(𝑣0,𝑅)



 𝑅𝜆 (𝑣) − 𝑅𝜆 (𝑣) 

L(V,V)
denotes the design/learning error. If sup𝑘 𝜃𝑘 ≤ 𝜃 < 1 and all iterates remain in
𝐵(𝑣0, 𝑅), then the inexact Newton–Kantorovich conclusions hold on 𝐵(𝑣0, 𝑅) with

𝐿̃ :=
𝐿

1 − 𝜃 , ℎ̃ := 𝛽 𝐿̃ 𝜂, 𝜂 := ∥F ′(𝑣0)−1F (𝑣0)∥V .

In particular, if ℎ̃ ≤ 1
2 and 𝑡∗ = (1 −

√︁
1 − 2ℎ̃)/(𝛽𝐿̃) ≤ 𝑅, then the iterates are

well-defined, remain in 𝐵(𝑣0, 𝑡∗), and converge to the unique zero 𝑣∗ ∈ 𝐵(𝑣0, 𝑡∗),
with the Kantorovich majorant bounds

∥𝑣𝑘 − 𝑣∗∥V ≤ 𝑡∗ − 𝑡𝑘 , ∥𝑣𝑘+1 − 𝑣𝑘 ∥V ≤ 𝑡𝑘+1 − 𝑡𝑘 ,

where 𝑡𝑘+1 = 𝑡𝑘 − 𝜙(𝑡𝑘 )
𝜙′(𝑡𝑘 ) and 𝜙(𝑡) = 𝜂 − 𝑡 + 1

2 𝛽𝐿̃ 𝑡
2.

Moreover, if 𝜆𝑘 → 0 and 𝜀𝜆𝑘 → 0, then 𝜃𝑘 → 0 and the local rate approaches the
quadratic rate of exact Newton.

The following corollary makes the final statement of the preceding Theorem 3.4.2 on
the convergence more precise. In particular, it shows for which Tikhonov parameters
and design errors we obtain linear, superlinear, quadratic convergence.
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Corollary 3.4.3 (Convergence Rates). Let 𝑒𝑘 := ∥𝑣𝑘 − 𝑣∗∥V . Under the hypotheses
of Theorem 3.4.2 and for all 𝑘 with 𝑣𝑘 ∈ 𝐵(𝑣0, 𝑅),

𝑒𝑘+1 ≤ 1
1 − 𝜃

(
𝛽𝐿

2
𝑒2
𝑘 + 𝜃 𝑒𝑘

)
. (3.26)

Then, there exist constants 𝐶1, 𝐶2, 𝐶3, 𝐶4 such that

(i) If 𝜃 ∈ (0, 1) is fixed, then lim sup
𝑘→∞

𝑒𝑘+1
𝑒𝑘
≤ 𝜃

1 − 𝜃 (at least 𝑄-linear).

(ii) If 𝜃𝑘 → 0, then 𝑒𝑘+1 ≤ 𝛽𝐿
2 𝑒2

𝑘 (1 + 𝑜(1)) and the rate is 𝑄-superlinear.

(iii) If 𝜃𝑘 ≤ 𝐶1 ∥F (𝑣𝑘 )∥𝛼W for some 𝛼 > 0, then 𝑒𝑘+1 ≤ 𝐶2 𝑒
1+𝛼
𝑘 + 𝐶3𝑒

2
𝑘 for 𝑘

large, so the local order is min{2, 1 + 𝛼}.

(iv) If 𝜃𝑘 = O(∥F (𝑣𝑘 )∥W), then 𝑒𝑘+1 ≤ 𝐶4 𝑒
2
𝑘 and the convergence is 𝑄-

quadratic.

Based on the preceding corollary, we can propose a schedule for the Tikhonov
parameter 𝜆𝑘 and the design error 𝜀𝜆𝑘 in order to achieve the desired convergence.

Remark 3.4.4 (Scheduling 𝜆𝑘 to reach superlinear/quadratic convergence). Let
𝜃tik,k =

𝜆𝑘

𝜆𝑘 + 𝜎2∗
and 𝜃des,k = 𝑀2 𝜀𝜆𝑘 so that 𝜃𝑘 = 𝜃tik,k + 𝜃des,k.

(a) If 𝜆𝑘 → 0 and 𝜀𝜆𝑘 → 0, then 𝜃𝑘 → 0 and the rate is superlinear.

(b) If there exist 𝑐1, 𝑐2 > 0 such that

𝜆𝑘 ≤ 𝑐1 ∥F (𝑣𝑘 )∥W , 𝜀𝜆𝑘 ≤ 𝑐2 ∥F (𝑣𝑘 )∥W ,

then 𝜃𝑘 = O(∥F (𝑣𝑘 )∥W) and the convergence is 𝑄-quadratic.

(c) Suppose for some 𝐶 > 0 one has the regularity proxy 𝜀𝜆 ≈ 𝐶 𝜆−2. Consider
𝜙(𝜆) :=

𝜆

𝜆 + 𝜎2∗
+ 𝐶 𝜆−2. Then any 𝜆𝑘 chosen near the minimizer 𝜆∗ ≍

(𝐶 𝜎2∗ )1/3 balances Tikhonov bias and model error early on; subsequently
decreasing 𝜆𝑘 ↓ 0 (as the model improves and the iterates approach 𝑣∗) drives
𝜃 → 0 and approaches quadratic convergence.
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Remark 3.4.5 (Variant: learning the full 𝐵𝜆 (𝑣) directly). If the surrogate model
directly learns 𝐵𝜆 (𝑣) and achieves sup𝑣∈𝐵 ∥ 𝐵𝜆 (𝑣) − 𝐵𝜆 (𝑣)∥L(W,V) ≤ 𝜀𝜆, then the
residual bound becomes

𝜃 ≤ 𝜆

𝜆 + 𝜎2∗︸  ︷︷  ︸
𝜃tik

+ 𝑀 𝜀𝜆︸︷︷︸
𝜃des

,

since ∥𝐼−F ′𝐵𝜆∥ ≤ ∥𝐼−F ′𝐵𝜆∥ + ∥F ′∥ ∥𝐵𝜆−𝐵𝜆∥. All conclusions of Theorem 3.4.2
remain unchanged with this 𝜃.

Example 3.4.6 (Application to nonlinear elliptic PDE).

In this example, we want to apply the convergence theorem to the nonlinear elliptic
PDE considered in Section Section 3.3.2.1. Let T = R/Z and

V := 𝐻1
per,0(T) =

{
𝑢 ∈ 𝐻1

per(T) :
∫ 1

0
𝑢 = 0

}
, W := V∗ ≃ 𝐻−1

per,0(T),

with ∥𝑢∥V := ∥𝑢′∥𝐿2 (0,1) . Let 𝑓 ∈ 𝐿2(0, 1) be fixed and define

F : V →W, F (𝑢) = −𝑢′′ + 𝑢3 − 𝑓 , F ′(𝑢)𝑣 = −𝑣′′ + 3𝑢2𝑣.

Now, we present the main convergence result with explicit constants by verifying
the conditions of Theorem 3.4.2.

Theorem 3.4.7 (Main convergence theorem with explicit constants). Let 𝑣0 = 0
and 𝜆 > 0 be the Tikhonov parameter. Assume that the iterates {𝑣𝑘 } remain in
𝐵𝑟 := {𝑣 ∈ V : ∥𝑣∥V ≤ 𝑟} for some 𝑟 > 0. Define

𝜂 := ∥F ′(0)−1F (0)∥V = ∥ 𝑓 ∥𝐻−1 , 𝐿 =
3

2𝜋2 𝑟, 𝑀 = 1 + 3
4𝜋2 𝑟

2.

Then all the conclusions of Theorem 3.4.2 hold true for this problem. In particular,
the Lipschitz constant in Theorem 3.4.2 can be chosen as

𝐿̃ :=
𝐿

1 − 𝜃 =
3

2𝜋2 𝑟

1 − 𝜆
1+𝜆 − 𝑀2𝜀𝜆

,

where 𝜀𝜆 is the design/learning error, and 𝜃 := 𝜆
1+𝜆 +𝑀2𝜀𝜆 bounds the forcing terms

𝜃𝑘 in (3.25) for all 𝑣𝑘 with 𝑣𝑘 ∈ 𝐵𝑟 .
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3.5 Conclusion and Outlook
In this paper, we introduced CHONKNORIS, a novel operator learning methodology
rooted in the Newton–Kantorovich method for solving infinite-dimensional systems.
Crucially, CHONKNORIS removes the longstanding ceiling in accuracy typically
observed in operator learning frameworks, setting a new standard in precision. To
our knowledge, this is the first instance of an operator learning framework that
achieves machine precision in solving a variety of nonlinear partial differential
equations (PDEs) and inverse problems.

The central innovation of CHONKNORIS lies in employing an iterative scheme
based on the Newton–Kantorovich method, where we explicitly learn the depen-
dence of the Cholesky factors of the matrix (𝜆𝐼 + ( 𝜕F𝜕𝑣 )∗ 𝜕F𝜕𝑣 )−1 on coefficients 𝑢 and
solution estimates 𝑣. The explicit integration of the underlying equation within these
iterations significantly enhances the accuracy and interpretability of the learned so-
lutions. It also makes it uniquely suited for inverse problems, as the general equation
F may incorporate observed data. The ability to tackle inverse problems directly
within the operator learning framework is a significant improvement from tradi-
tional approaches, which depend on repeated iterations of forward solvers and often
struggle in high-dimensional settings. Building on CHONKNORIS, we introduced
FONKNORIS, a foundational model motivated by the observation that 𝜕F

𝜕𝑣 always
defines a linear PDE. While CHONKNORIS learns to solve the linearized PDEs
associated with the Fréchet derivative of one equation F , FONKNORIS extends this
concept by learning to solve any linearized PDE. By plugging this learned linear
PDE solver into the CHONKNORIS framework, we obtain a universal operator
learner capable of solving a broad class of nonlinear PDEs.

We validated our methodology on diverse forward problems, including a nonlinear
elliptic equation, Burgers’ equation, a Darcy flow equation, the Sine–Gordon equa-
tion, and Klein–Gordon equation as well as inverse problems, including Calderòn’s
problem, an inverse wave scattering problem, and a problem from seismic imaging
full waveform inversion. Both CHONKNORIS and FONKNORIS achieve machine
precision in these cases, demonstrating their robustness and accuracy. Notably,
FONKNORIS attained near machine precision on the Klein–Gordon and Sine–
Gordon equations, despite not being trained on these equations, demonstrating
remarkable generalization capabilities.

Despite these advances, our method is still constrained by the computational cost
and occasional ill-conditioning that arise when computing and storing Cholesky
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factors in high dimensions. In practice, avoiding explicit computation and inversion
of the Fréchet derivative is crucial. For example, rather than forming the derivative
exactly, one can use the approximation described in Appendix B.6. Additional
improvements in high-dimensional scalability depend on the surrogate model used
to solve the linear subproblem. We note that CHONKNORIS and FONKNORIS
are agnostic to the underlying machine learning algorithm used to approximate the
Cholesky factors, which may allow one to solve the computational challenges as-
sociated with high-dimensional problems. In particular, this adaptability enables
the integration of various deep learning techniques, such as Fourier Neural Opera-
tors or Deep Operator Networks, as well as scalability enhancements for Gaussian
process regression through inducing points or nested Kriging. In Appendix B.3,
we show that a sparse-Cholesky strategy can scale and accelerate CHONKNORIS
for Gaussian-process surrogates, albeit with an accuracy-speed trade-off: faster
run-times come at the cost of reduced precision. Even though, we don’t make
use of the sparse-Cholesky algorithm, we do exploit the rank-revealing and spar-
sity properties of the max-min ordering, see Appendix B.3.0.3. Further ways of
scaling and accelerating CHONKNORIS are by using nested kriging and approx-
imating the Fréchet derivative, see Appendix B.2 and Appendix B.6, respectively.
We also experimented with learning Newton—Kantorovich increments directly to
reduce overhead; however, this has thus far yielded only limited gains. Finally, in-
corporating multi-fidelity, multi-scale, and hierarchical approaches offer promising
directions for future research.

3.6 Code and data availability
An open source Python implementation of all experiments presented in this work
is available at https://github.com/OwhadiGroup/CHONKNORIS. We primarily
utilize the Python packages PyTorch [253], PyTorch Lightning [95], GPyTorch
[111], and FastGPs [317]. Our implementation uses double-precision floating point
arithmetic for which machine precision is 2.2 × 10−16.

All synthetic datasets used in the forward and inverse PDE experiments are provided
in the repository. For the seismic imaging (full waveform inversion) experiments
we use the publicly available OpenFWI dataset [82].
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C h a p t e r 4

PRUNING DEEP NEURAL NETWORKS VIA
MARCHENKO–PASTUR THEORY AND REGULARIZATION

Leonid Berlyand, Théo Bourdais, Houman Owhadi, and Yitzchak Shmalo. Pruning
deep neural networks via a combination of the Marchenko–Pastur distribution and
regularization. arXiv preprint, 2025. URL https://arxiv.org/abs/2503.01922.
TB co-developed the pruning methodology and theory, contributed to experiments,
and co-wrote the manuscript.

4.1 Introduction
DNNs have emerged as a powerful tool in the realm of classification tasks, where
they categorize objects from a set 𝑆 ⊂ R𝑛. They are a class of parametric functions
and will be defined in section 4.2.1. The training of DNNs on labeled training
datasets 𝑇 ⊂ R𝑛 is done by optimizing its parameters to minimize a loss in order to
increase the network’s accuracy, typically the cross-entropy loss, as shown in (4.3).
DNNs have been applied to various real-world challenges, achieving remarkable
results in fields such as handwriting recognition [178], image classification [174],
speech recognition [147], and natural language processing [326] among others.
One significant hurdle in DNN training is overfitting, where the model excessively
adapts to the training data, leading to poor generalization of unseen data. This
often results in a decline in performance on test datasets despite high accuracy
on the training set T. To mitigate overfitting, researchers have developed various
regularization strategies, including dropout [320], early stopping [265], and weight
decay regularization [250].

Recently, Random Matrix Theory (RMT) has emerged as a promising approach to
tackling overfitting in deep learning [204, 209]. This includes the development of
RMT-based stopping criteria [213] and regularization methods [355]. Furthermore,
RMT has been applied to analyze the spectrum of weight layer matrices [330]
and study the input-output Jacobian matrix [251, 252]. Investigations into RMT-
based initializations for DNNs have also been conducted, see e.g, [283]. It has
been demonstrated that the spectral characteristics of DNN weight layer matrices
can provide insightful information about the network’s performance, even in the
absence of test data. In particular, it has been shown in [208, 210] that the spectrum
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of the weight layers of a DNN can be indicative of the DNN’s accuracy on unseen
test sets. In this work, we show that analyzing these spectral properties helps identify
weights that have minimal impact on accuracy, enabling the pruning of a DNN’s
weights while maintaining its accuracy.

In the comprehensive review by [336], numerous studies on pruning are categorized
into three main strategies: magnitude-based pruning, redundancy identification
through clustering, and sensitivity analysis-based pruning. Other works and surveys
on pruning in deep learning can be found in [62] and [161]. Several previous studies,
such as [10, 49, 359–361], have leveraged Singular Value Decomposition (SVD)
to prune small singular values from DNN weight matrices, focusing on empirical
techniques like energy thresholds and validation set error monitoring. In our work,
we introduce a theoretically grounded magnitude-based pruning method using RMT.
The Marchenko–Pastur (MP) distribution, a famous RMT distribution (see Section
4.2.2), characterizes the distribution of the singular values of random matrices.
Using the MP distribution, we may recover the amount of noise in the weight
layers and compare their spectrum to that of purely random matrices. Eigenvalues
that deviate significantly from what would be expected in a purely random matrix
indicate weights that contain information and are critical to the network’s function.
Conversely, weights associated with eigenvalues that align closely with those of
random matrices are considered candidates for removal. Additionally, we quantify
the degree to which each layer’s spectrum aligns with the MP distribution, providing
a measure of “randomness” that guides targeted training and regularization efforts.
For the classical case of fully connected DNNs, it has been demonstrated in [34]
both numerically and theoretically using rigorous mathematical analysis that MP-
based pruning can reduce a network’s parameters by over 99% while increasing its
accuracy.

The goal of this work is to develop state-of-the-art pruning algorithms for Vision
Transformer (ViT) models based on the MP spectral approach from RMT theory. We
compare our pruning algorithms with those presented in [123, 249, 316, 382]. A key
feature of our method, compared to other works, is that our pruning does not rely on
any access to a validation or test set. Furthermore, our numerical experiments reveal
that the extent of effective parameter removal achieved via our RMT-based pruning
method increases with the size of the ViT models. This is particularly significant
in today’s context, as DNNs continue to scale up, underscoring the essential role of
our approach for effective pruning in large-scale models.
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In principle, this pruning approach can be extended to other deep neural network
models, such as Convolutional Neural Networks (CNNs). We also provide a rigorous
mathematical analysis of how removing randomness from the weight layers of DNNs
reduces loss without affecting accuracy. We demonstrate that during training, the
randomness in the DNN weight layers diminishes over time. As DNN parameters
converge to a local minimum, the randomness vanishes.

The paper has been organized as follows. In Sections 1 and 2, a brief overview
of key notions and concepts is presented. In Section 4.3, we apply our MP-based
pruning and fine-tuning approach to ViTs pre-trained on the 1K ImageNet dataset
[83]. We study the reduction in parameters and how it affects the accuracy of the
DNN on the ImageNet validation set. We compare our results with the following
work [316] and the references therein, showing that we achieve higher pruning with
less reduction in accuracy.

In Sections 4.4 and 4.5, we present our main mathematical results that explain
the evolution of randomness in DNN weight layers during training. We prove
two key theorems. Our first theorem demonstrates that for a DNN trained with
𝐿2 regularization, the random parameters within the network’s weight matrices
diminish and vanish as the network’s loss approaches a local or global minimum.
This result underscores the transition of the network’s parameters from a regime
dominated by randomness (from their initialization) to one where deterministic
structures prevail, thereby contributing to how DNNs extract information from
noisy data under training. The second theorem describes how DNN loss decreases
as we remove randomness in the weight layers and shows a monotone dependence
of the decrease in loss with the amount of randomness that we remove.

Our numerical findings and corresponding mathematical results illustrate the in-
terplay between regularization and pruning (see Theorem 4.4.2), emphasizing the
critical role of regularization techniques in the training and pruning of DNNs. Our
numerical approach is underpinned by rigorous mathematical results and tested
on advanced ViT models, demonstrating its applicability to modern deep-learning
models.

4.2 Randomness in Deep Neural Networks
4.2.1 Introduction to Deep Neural Networks
In classification tasks, the goal is to categorize elements of a set 𝑆 into one of
𝐾 distinct classes. Let 𝐶 (𝑠) ∈ {1, .., 𝐾} be the correct class of 𝑠 ∈ 𝑆. Given a



63

labeled training set 𝑇 ⊂ 𝑆, we wish to develop an approximate classifier to extend
the accurate classification from the training set 𝑇 to the entire set 𝑆. To do so,
we use a DNN as a parameter-dependant classifier 𝜙(𝑠, 𝛼), where 𝛼 ∈ R𝜈 are its
parameters. The DNN outputs a probability vector (𝑝1(𝑠), . . . , 𝑝𝐾 (𝑠)) such that
𝑝𝑘 (𝑠) := P[𝐶 (𝑠) = 𝑘] is the estimated probability distribution of 𝐶 (𝑠).
We consider DNNs which are a composition 𝜌 ◦ 𝑋 (·, 𝛼), with 𝜌 the softmax (given
in (4.2)) and 𝑋 (·, 𝛼) defined as follows. Let

𝑋 (·, 𝛼) = 𝜆 ◦ 𝑀𝐿 (·, 𝛼) ◦ · · · ◦ 𝜆 ◦ 𝑀1(·, 𝛼) (4.1)

with:

• 𝑀𝑘 (·, 𝛼) an affine function R𝑁𝑘−1 → R𝑁𝑘 parameterized by a weight matrix
𝑊𝑘 ∈ R𝑁𝑘×𝑁𝑘−1 and bias vector 𝛽𝑘 ∈ R𝑁𝑘 such that 𝑀𝑘 (𝑥) = 𝑊𝑘 · 𝑥 + 𝛽𝑘 .

• 𝜆 : R𝑚 ↦→ R𝑚 is a nonlinear activation function. In this case, we as-
sume 𝜆 is the absolute value activation function, such that 𝜆 : 𝑥 ∈ R𝑚 ↦→
(|𝑥1 |, . . . , |𝑥𝑚 |) ∈ R𝑚.

• The softmax function 𝜌 normalizes the outputs of 𝑋 (·, 𝛼) into a probability
vector over {1, . . . , 𝐾}. The individual components of 𝜌 are computed as:

𝜌(𝑣)𝑖 = exp(𝑣𝑖)∑𝐾
𝑖=1 exp(𝑣𝑖)

for 𝑣 ∈ R𝐾 (4.2)

Given the neural network architecture above, we train our classifier 𝜙(·, 𝛼) by
minimizing the cross-entropy loss. This loss quantifies the accuracy of our classifier
over the training set, and is defined as

𝐿 (𝛼) = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log
(
𝜙𝐶 (𝑠) (𝑠, 𝛼)

)
. (4.3)

Training a DNN is fundamentally about exploring a complex, high-dimensional,
and non-convex landscape of loss to identify the global minimum. However, the
intricacies of these landscapes often result in the emergence of local minima, saddle
points, and broad flat regions. These features can act as impediments in the learn-
ing process, obstructing the path to an optimal solution. The prevalence of such
challenges escalates with the increase in dimensionality and complexity of the DNN
[65, 76].
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In this context, the potential of RMT is noteworthy. By applying RMT to prune DNN
weight layers, we can simplify the loss landscape, thereby reducing local minima
and saddle points. This simplification assists the optimization process in finding the
global minimum, potentially leading to higher training accuracy without reaching a
plateau and overall improved model performance. We observe this improvement in
performance (higher accuracy) for fully connected DNNs trained with 𝐿1 and 𝐿2
regularization; see Appendix C.1.

4.2.2 The MP Distribution in Machine Learning contexts
The identification of the Marchenko-Pastur distribution, a fundamental result in
RMT, has far-reaching implications in fields like signal processing, wireless com-
munication, and machine learning. References such as [69, 114, 303, 341] detail
its applications. This distribution provides insights into the spectral density of large
random matrices, revealing the asymptotic eigenvalue distribution in these matrices
and predicting their behavior under various conditions. Furthermore, the MP distri-
bution is pivotal in dimension reduction techniques, including principal component
analysis (PCA), as highlighted in [1, 44, 277].
We introduce the concept of the empirical spectral distribution (ESD) for an 𝑁 ×𝑀
matrix 𝐺, then state the Marchenko–Pastur theorem:

Definition 4.2.1. The ESD for an 𝑁 × 𝑀 matrix 𝑋 is defined as:

𝜇𝑋𝑀 =
1
𝑀

𝑀∑︁
𝑖=1

𝛿𝜎𝑖 , (4.4)

where 𝜎𝑖 are the non-zero singular values of 𝑋 , and 𝛿 signifies the Dirac measure.

Theorem 4.2.2 (Marchenko and Pastur (1967) [207]). Consider an 𝑁 ×𝑀 random
matrix 𝑊 with 𝑀 ≤ 𝑁 . Let the entries 𝑊𝑖, 𝑗 be independent, identically distributed
with zero mean and finite variance 𝜎2. Let 𝑋 = 1

𝑁𝑊
𝑇𝑊 . When 𝑁 → ∞ and

𝑀
𝑁 → 𝑐 ∈ (0, +∞), the ESD of 𝑋 , denoted by 𝜇𝑋𝑀 , converges in distribution to the
Marchenko-Pastur probability distribution:

1
2𝜋𝜎2

√︁
(𝜆+ − 𝑥) (𝑥 − 𝜆−)

𝑐𝑥
1[𝜆− ,𝜆+]𝑑𝑥 (4.5)

with
𝜆± = 𝜎2(1 ± √𝑐)2. (4.6)

Theorem 4.2.2 states that as the dimensions of a random matrix increase, its eigen-
value distribution converges to the MP distribution. The MP distribution is deter-
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ministic and hinges on two parameters: the variance of the matrix’s entries, 𝜎2, and
the aspect ratio of the matrix, denoted by 𝑐.

4.2.3 Reduction of randomness in DNN weights via MP Distribution
As outlined in Subsection 4.2.1, a DNN is composed of affine functions 𝑀𝑙 , repre-
sented by an 𝑁 × 𝑀 matrix 𝑊𝑙 of parameters and a bias vector 𝛽𝑙 . Before training,
these matrices are often initialized with i.i.d. entries according to a normal dis-
tribution N(0, 1

𝑁 ). Given the large size of these matrices, the Empirical Spectral
Distribution (ESD) of 𝑋𝑙 = 1

𝑁𝑊
𝑇
𝑙 𝑊𝑙 is close to the MP distribution before training.

Yet, previous studies have used the spiked model in random matrices to examine𝑊𝑙 ,
showing that the ESD of 𝑋𝑙 after training exhibits eigenvalues that diverge from the
Marchenko-Pastur limit 𝜆+ [209, 321]. This observation suggests that the weight
matrices contain signal obtained from the data after training.

With random initialization and training through Stochastic Gradient Descent (SGD),
the sequence of parameters during training 𝛼(𝑡) satisfies

𝛼(0) is i.i.d. Gaussian (4.7)

𝛼(𝑡 + 1) = 𝛼(𝑡) − 𝜏∇𝐿 (𝛼(𝑡)) (4.8)

While ∇𝐿 (𝛼(𝑡)) contains information derived from the training data (signal) it also
includes noise due to the data itself possibly being noisy, and the use of random
minibatches by SGD. Thus, each update of 𝛼 contains both noise and signal. To
account for this observation, we model the training process using the following
suppositions:

Supposition 1 After 𝑡 steps of training, the weight matrix at layer 𝑙 can be decom-
posed as

𝑊𝑙 (𝑡) = 𝑅𝑙 (𝑡) + 𝑆𝑙 (𝑡) (4.9)

where 𝑆𝑙 (𝑡) represents the signal (structured information learned from the data) and
𝑅𝑙 (𝑡) is an independent random noise perturbation.

As training progresses, we expect the magnitude of the signal ∥𝑆𝑙 (𝑡)∥𝐹 to increase
while the magnitude of the noise ∥𝑅𝑙 (𝑡)∥𝐹 decreases, where ∥ · ∥𝐹 is the Frobenius
norm of a matrix. The theory will explore this question in detail. Given this
decomposition, we will use the MP distribution to separate the signal from the noise.
To do so, we assume that the signal in𝑊𝑙 is strong enough to be distinguishable from
the noise. Since the singular values of 𝑅𝑙 are determined by the MP distribution,
with maximal value

√
𝜆+, this supposition can be reformulated as:
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Supposition 2 𝑆𝑙 (𝑡) has low rank 𝑟, with 𝑟 not depending on 𝑁 .

In Section 4.3, we will use Supposition 2 to design a pruning strategy and apply
it to VIT models. In Section 4.4, we formalize these suppositions and prove that
removing 𝑅𝑙 (𝑡) does not decrease accuracy (see Lemma 4.4.4). The theory, through
Theorem 4.2.2, provides insights into how the training reduces the noise in weight
matrices. We first present our result for a simplified case where the DNN has only
three weight layer matrices and no bias vector. In future works, the results will be
extended to more general ViT models.

4.3 Pruning Visual Transformers (ViTs)
ViTs have emerged as state-of-the-art models for image classification tasks on bench-
marks such as ImageNet [83]. Most weights in ViTs are organized as dense matri-
ces, representing affine transformations through matrix-vector products, such as in
Multi-Layer Perceptrons (MLPs) and Attention layers [338]. This structure makes
ViTs particularly compatible with the framework of RMT. For further details on the
architecture of ViTs, see [83].

4.3.1 Pruning strategy based on Random Matrix Theory
In this section, we detail our pruning strategy that leverages insights from RMT. The
pruning process involves selectively removing weights from a DNN based on certain
criteria derived from RMT. Our goal is to reduce the model size while preserving
its accuracy.

Our pruning strategy is based on the suppositions made in Section 4.2.3, and exten-
sive experiments on ViT models. Given our supposition that the weight matrices
are perturbed low-rank structures, we can prune them by setting small values, which
are likely noise, to zero. We define the pruning function for 𝑥, 𝜃 ∈ R:

Prune(𝑥, 𝜃) =
{
𝑥 if |𝑥 | > 𝜃
0 if |𝑥 | ≤ 𝜃 (4.10)

This function can be vectorized for matrices 𝑊 ∈ R𝑁×𝑀 s.t. Prune(𝑊, 𝜃)𝑖, 𝑗 =

Prune(𝑊𝑖 𝑗 , 𝜃).
There are three types of pruning that can be done:

1. Singular vector pruning: Small values in the singular vectors may be inter-
preted as noise. This step helps protect the model during pruning by enhancing
the low-rank structure and preserving accuracy.
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2. Singular value pruning: Although small singular values could be considered
noise according to our suppositions, experiments showed that pruning these
values significantly degraded the network’s performance. Therefore, this
technique was excluded from our final pruning procedure.

3. Direct coefficients pruning: We may also directly set to zero small coeffi-
cients in the weights layer, as they may be interpreted as noise.

After pruning, we observe that applying a combination of 𝐿1 and 𝐿2 regularization
helps in refining the weight matrices, promoting sparsity while maintaining the
network’s performance.
To guide the pruning and define what is interpreted as noise, we introduce two key
metrics:

• Spike Metric 𝛾: This metric quantifies the proportion of spikes in the weight
matrices of the layers. It is defined as:

𝛾 =
1
𝑁
· Card

{
𝜎 ≤

√︁
𝜆+𝑁, for 𝜎 singular value of𝑊ℓ

}
where 𝑁 is the size of the weight matrix 𝑊ℓ, and 𝜆+ is the upper edge of
the Marchenko-Pastur distribution fitted to the Empirical Spectral Density
(ESD) of 𝑋ℓ = 1

𝑁𝑊
𝑇
ℓ 𝑊ℓ. In the base ViT described below, its average value is

88.55%. This metric suggests how large the rank of the matrix 𝑆 is compared
to the total rank of𝑊 . See Appendix C.4 for more on spikes.

• MP Fit Metric 𝜇: This metric measures the error in fitting the MP distribution
to the ESD of 𝑋ℓ = 1

𝑁𝑊
𝑇
ℓ 𝑊ℓ. It is computed based on a fitting algorithm (see

Subsection C.4.3). In the base VIT described below, its average value is 0.3.

4.3.1.1 Singular vector pruning

For a triplet (𝑣, 𝑤, 𝜎) of respectively left, right singular vectors and singular value,
we apply pruning such that:

𝑣 ← Prune

(
𝑣, 𝜃max

{
1

750
,

[
1 − 𝜎√

𝜆+

]30
})

(4.11)

A similar update is performed on 𝑤. The specifics of this pruning were found by
extensive experiments. The pruning of the components of the singular vectors is
based on their size, with smaller components being pruned. The threshold of this
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pruning is based on 𝜃 = .00001125 × 𝑟 × 𝑁 × 𝑀 , with 𝑁 and 𝑀 being the sizes
of the matrix. This process reduces the complexity of the model by removing less
significant components of the singular vectors. It seems to "protect" the DNN during
the pruning phase and make the weight layers "more" low rank, see Subsection C.4.5.

4.3.1.2 Direct coefficients pruning

To prune the weight matrices, we use the metric 𝜁1(𝑡), which depends on the
randomness of the layer and the current pruning cycle 𝑡. It is defined as:

𝜁1(𝑡) = [(1 − 𝜇) · 𝛾]
1.5
𝑡 · 𝑟 · Card

{ |𝑊ℓ |𝑖 𝑗 > 0
}

(4.12)

where:

• 𝜇 is the MP Fit Metric of the layer.

• 𝛾 is the spike metric of the layer.

• 𝑟 is the desired proportion of parameters to remove in each pruning cycle (set
to 𝑟 = 6%).

• 𝑡 is the current pruning cycle (with total cycles 𝑁cycle = 19).

• Card
{ |𝑊ℓ |𝑖 𝑗 > 0

}
is the number of non-zero parameters in the weight matrix

𝑊ℓ.

The above equation for 𝜁1(𝑡) was derived through a process of trial and error, but it
also embodies some common sense principles. In particular, weight matrices that
are determined to be more random—based on the randomness criteria provided by
the MP Fit Metric (𝜇) and the Spike Metric (𝛾)—are pruned more aggressively in
the initial pruning cycles. This approach leverages the idea that less structured (i.e.,
more random) weights are likely to be less critical to the network’s performance.

The exponent 1.5
𝑡 ensures that as we progress through the pruning cycles (i.e., as 𝑡

increases), the influence of the randomness metrics 𝜇 and 𝛾 diminishes. This design
allows us to focus more on pruning layers that are identified as more random in the
early cycles and shift towards a more uniform pruning strategy in later cycles. Using
this, each matrix is updated using the following rule:

𝑊ℓ ← Prune(𝑊ℓ, 𝑓 max{3, 5[(1 − 𝜇)𝛾] 1.5
𝑡 }) (4.13)
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where 𝑓 is the pruning factor. 𝑓 is found to be the smallest number so that the total
amount of weights pruned in the matrix is larger or equal to 𝜁1(𝑡). In practice, 𝑓 is
initialized at 𝑓 = 1𝑒 − 6 and increased by steps of 5𝑒 − 6 until the total amount of
weights pruned is more than 𝜁1(𝑡).

4.3.1.3 Regularization

Regularization helps mitigate potential accuracy loss due to pruning. It also helps
in refining the weight matrices after pruning, promoting sparsity while maintaining
the network’s performance.

After every pruning cycle, we minimize the loss function

L = 𝜇1∥𝑊 ∥1 + 𝜇2∥𝑊 ∥22,

with 𝜇1 = 5× 10−6 and 𝜇2 = 2× 10−6 using SGD and a learning rate of 0.05× 10−6

(without any training data), so that although an infinite number of minimization
steps would drive all weights to zero, the finite number of epochs applied causes
the weights to simply become smaller—with some small weights vanishing—thus
allowing us to decay the weight magnitudes without directly pruning them. Again,
note that no training data is used during this regularization, and there are no other
constraints for this minimization.

4.3.2 Pruning procedure overview
Having defined the different steps used in our procedure, we may now describe
the overall process. To progressively remove weights, we perform 𝑁𝑐𝑦𝑐𝑙𝑒 = 19
times the following pruning cycle. First, we prune the singular vectors (only
every other cycle). Then, coefficients of the weight matrix are pruned by direct
coefficient pruning. Finally, we perform regularization for 𝑛𝑟𝑒𝑔 epochs. We start
with 𝑛𝑟𝑒𝑔 = 15 and increase by 5 epochs each cycle, up to a maximum of 40 epochs.

Fine-tuning Finally, after completing all pruning and regularization cycles, we
fine-tune the model to recover any potential loss in accuracy. This fine-tuning is
performed while keeping the pruned weights frozen, thus keeping the sparsification
we obtained through the procedure described above. We use SGD with a momentum
of 0.9, a base learning rate of 3 × 10−5 with the cosine annealing scheduler and a
warmup phase of 2 epochs (learning rate divided by 100). The model is fine-tuned
for less than 20 epochs over the entire training set using cross-entropy loss (the
exact number of epochs is given in the results below). Finally, the gradient norm is
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clipped at 1 to prevent exploding gradients.
Results are presented before and after fine-tuning.

4.3.3 Results for the visual transformer Vit_Base_Patch16_224 Model
Our numerical simulations explore the pruning of a pre-trained vit_base_patch
16_224 model using RMT. This model has approximately 86.5 million parameters
and achieves a 85.1% top-1 accuracy on the ImageNet validation set. We reduce the
DNN’s size by 30-40% and evaluate its accuracy. We assess the model’s top-1 and
top-5 accuracy on the ImageNet validation set, consisting of ≈ 200, 000 objects.

Remark 4.3.1. Some layers of this DNN model fit the MP distribution (based on
Algorithm C.4.3) with an error of 1% while others fit the MP distribution with an
error of over 50%, see Subsection C.4.7 for more. The spike metric and MP fit
metric depend on 𝛼; see Subsection C.4.7. When 𝛼 = .25, we have that the MP fit
metric of this ViT model is .18.

As the pruning progresses, the process yields a series of models with varying levels
of sparsity and performance metrics. The final model selection can be based on
a trade-off between accuracy and complexity. See Fig. 4.1 for the accuracies of
the ViT model vs the number of parameters kept (there is no fine-tuning yet). We
see that the DNN that was pruned by approximately 30% has a reduction in top-1
accuracy by only 1.1%. After 1 epoch of fine-tuning the ViT model on the ImageNet
training set, the DNN accuracy improved to 84.5%, resulting in a total decrease in
accuracy of only .6%.

(a) Top 1 accuracy vs params. kept (b) Top 5 accuracy vs params. kept

Figure 4.1: The top 1 accuracy and top-5 accuracy of ViT-base vs. percentage of
parameters kept for pruning through RMT-based sparsification and no fine-tuning.
The accuracy of the DNN is given as a percentage above the data points.

4.3.4 Pruning the visual transformer Vit_large_Patch16_224 Model
We performed the same pruning strategy on the Vit_large_Patch16_224 Model. This
ViT model is bigger than the one in the previous subsection, having approximately
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300 million parameters. It achieves a 85.85% accuracy on the ImageNet validation
set. In Fig. 4.2, we see the accuracy vs percentage of parameters kept for this
pruning. After pruning 30% of the DNN parameters, the accuracy only drops by
.8%. Again, after fine-tuning for only one epoch, we recover that full reduction in
accuracy (i.e., has a 85.85% accuracy). Finally, we also took the DNN for which
50% of the parameters were pruned and fine-tuned for 12 epochs, obtaining a 84.48%
accuracy after the fine-tuning.

(a) Top 1 accuracy vs params. kept (b) Top 5 accuracy vs params. kept

Figure 4.2: The top 1 accuracy and top-5 accuracy of ViT-large model vs. percentage
of parameters kept for pruning through RMT-based sparsification and no fine-tuning.
The accuracy of the DNN is given as a percentage above the data points.

4.3.5 Pruning results for ViT-B16/224 and ViT-L16/224 on ImageNet
In this section, we compare our pruning results with CP-ViT [316], using the same
architecture but different pre-trained weights. Our initial accuracies are higher:
85.1% for ViT-B16/224 and 85.85% for ViT-L16/224, compared to 76.5% and
77.91% in CP-ViT. Figure 4.3 shows the pruning results with FLOP reduction and
accuracy reduction. Our fine-tuning was done for less than 20 epochs, while the
fine-tuning in [316] was done with 30 epochs.

4.3.6 RMT-based pruning of DeiT
We perform the same pruning strategy with the same hyperparameters from Sub-
section 4.3.1 on the three DeiT models, tiny, small and base. Table 4.1 shows the
result of our RMT-based pruning method and compares them with other pruning
methods, both with and without fine-tuning. For these models, we fine-tune for
only 7 epochs, which is much less than the fine-tuning done in the other works;
for example, in [316], they fine-tune for 30 epochs. From Table 4.1 and Fig. 4.3,
we see that we always outperform [316] (and the other works) when there is no
fine-tuning. Furthermore, Fig. 4.3 shows that we outperform [316] for large DNNs
even with fine-tuning, which makes sense from an RMT perspective given that the
larger the DNN and the more parameters we have, the more RMT applies. Given
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Figure 4.3: Comparison of pruning results between our method and CP-ViT [316]

the massive DNNs being trained these days, with over a trillion parameters, this
RMT perspective becomes especially important. For the Vit_Base_Patch16_224
Model, after fine-tuning, we essentially achieve the same results as [316], but we
only fine-tune for one epoch while they fine-tune for 30.

4.4 Main theoretical results
4.4.1 Assumptions for main theorems: Gaussian case
For simplicity of the presentation, we choose a DNN with only three weight layer
matrices and have other simplifying assumptions. However, many of the assump-
tions on the DNN and the weight layer matrices can be relaxed. For example, we can
include arbitrary layers (see Subsection 4.5.1), components of 𝑅2 can be i.i.d. from
a distribution different than the normal distribution, and other activation functions
can be used (such as Leaky ReLU). In Section 4.5, we present these results for more
general DNN structures. Recall the ℓ1 norm of a matrix𝑊 with entries 𝑤𝑖 𝑗 :

∥𝑊 ∥1 = max
1≤ 𝑗≤𝑛

𝑚∑︁
𝑖=1
|𝑤𝑖 𝑗 |.

Assumption 4.4.1. Architecture of the DNN and bounds on the norms of weight
layer matrices: We consider the following DNN 𝜙:

𝑋 (𝛼, 𝑠) = 𝜆 ◦𝑊3 ◦ 𝜆 ◦𝑊2 ◦ 𝜆 ◦𝑊1𝑠, 𝑠 ∈ 𝑇, (4.14)

𝜙(𝛼, 𝑠) = 𝜌 ◦ 𝑋 (𝛼, 𝑠) (4.15)

where𝑊1,𝑊2,𝑊3 are the weight layer matrices and 𝜆 is the absolute value or ReLU
activation function, 𝑇 is the training set, 𝑋 (𝛼, 𝑠) outputs the components of the
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Table 4.1: Comparison with different ViT pruning methods on the ImageNet dataset.
The accuracy without finetuning was not mentioned in VTP, PoWER, and HVT but
were replicated in [316]. We fine-tune for only 7 epochs on the ImageNet training
set. We see that the larger the DNN, the better our method performs, which makes
sense from an RMT perspective. This is also reassuring, given that modern AI
models are often much larger than these models.

Not Finetune Finetune

Model Top-1 Acc.(%) FLOPs Saving Top-1 Acc.(%) FLOPs Saving

DeiT-Ti 16/224 [332]
Baseline [332] 72.20 - 72.20 -
VTP [382] 69.37 (-2.83) 21.68% 70.55 (-1.65) 45.32%
PoWER [123] 69.56 (-2.64) 20.32% 70.05 (-2.15) 41.26%
HVT [249] 68.43 (-3.77) 21.17% 70.01 (-2.19) 47.32%
CP-ViT [316] 71.06 (-1.14) 23.02% 71.24 (-0.96) 43.34%
RMT-based (ours) 71.09 (-1.11) 24.83% 68.4 (-3.8) 47.23%

DeiT-S 16/224 [332]
Baseline [332] 79.80 - 79.80 -
VTP [382] 77.35 (-2.45) 20.74% 78.24 (-1.56) 42.52%
PoWER [123] 77.02 (-2.78) 21.46% 78.30 (-1.50) 41.36%
HVT [249] 76.72 (-3.08) 20.52% 78.05 (-1.75) 47.80%
CP-ViT [316] 78.84 (-0.96) 20.96% 79.08 (-0.72) 42.24%
RMT-based (ours) 78.91 (-0.89) 23.72% 78.34 (-1.46) 41.92%

DeiT-B 16/224 [332]
Baseline [332] 81.82 - 81.82 -
VTP [382] 79.46 (-2.36) 19.84% 80.70 (-1.12) 43.20%
PoWER [123] 79.09 (-2.73) 20.75% 80.17 (-1.65) 39.24%
HVT [249] 78.88 (-2.94) 20.14% 79.94 (-1.88) 44.78%
CP-ViT [316] 80.91 (-0.91) 22.16% 81.13 (-0.69) 41.62%
RMT-based (ours) 81.44 (-0.38) 21.38% 80.58 (-1.24) 44%

DNN, and 𝜌 is the softmax. We also denote {𝑊𝑙 (𝑡)}3𝑙=1 the weight layer matrices to
highlight the dependence in training time 𝑡.
We wish to study the behavior of the inner layer 𝑊2 for large 𝑁 , as training
progresses. Thus, we assume the outer layers satisfy: For all 𝑠 in the training set 𝑇 ,
the quantity

𝑎(𝑁, 𝑠) :=
∥𝑊3∥1∥𝑊1𝑠∥2

𝑁1.5/4 (4.16)

converges towards 0 as 𝑁 →∞ (see Subsection C.2.3 for more details).

Assumption 4.4.2. Deformed matrix form of matrix𝑊2:

The 𝑁 × 𝑁 matrix𝑊2(𝑡), is such that:

𝑊2(𝑡) = 𝑅2(𝑡) + 𝑆2(𝑡), (deformed matrix) (4.17)
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where 𝑅2(𝑡) is a matrix with i.i.d. random normal entries that have mean zero
and variance less than 1

𝑁 , i.e. such that 𝑅2(𝑡)𝑖, 𝑗 𝑖.𝑖.𝑑.∼ N(0, 𝑔(𝑡)𝑁 ), where 𝑔(𝑡) ≤ 1.
The bound of 𝑔(𝑡) is unimportant and taken to be less than 1 for simplicity. It is
necessary that𝑉𝑎𝑟 [𝑅2(𝑡)𝑖, 𝑗 ] = O( 1

𝑁 ) so that 𝑅2(𝑡) has a bounded spectral norm as
𝑁 →∞. Finally, we assume that 𝑆2(𝑡) is independent of 𝑅2(𝑡).

Remark 4.4.3. Similar results will apply with a rectangular matrix𝑊2(𝑡) ∈ R𝑁×𝑀
such that

𝑀

𝑁
→ 𝑐 ∈ (0, +∞) (4.18)

Assumption 4.4.4. Low-rank nature of 𝑆2(𝑡):

𝑆2(𝑡) =
𝑁∑︁
𝑖=1

𝜎𝑖 (𝑡) 𝑢𝑖 (𝑡) 𝑣𝑇𝑖 (𝑡) =
𝑟∑︁
𝑖=1

𝜎𝑖 (𝑡) 𝑢𝑖 (𝑡) 𝑣𝑇𝑖 (𝑡),

with
𝜎𝑖 (𝑡) = 0 (𝑁 ≥ 𝑖 > 𝑟),

and the rank 𝑟 is fixed (i.e., independent of 𝑁), confirming the low-rank nature of
𝑆2(𝑡).

Remark 4.4.5. For a detailed numerical analysis of 𝑎(𝑁, 𝑠), see Subsection C.2.3.

4.4.2 A theorem on the asymptotic magnitude of the noise
We consider the cross-entropy loss function with L2 regularization for a DNN
𝜙(·, 𝛼(𝑡)), expressed as follows:

𝐿 (𝛼(𝑡)) = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log
(
𝜙𝐶 (𝑠) (𝑠, 𝛼(𝑡))

) + 𝜇 𝐿∑︁
𝑖=1
∥𝑊𝑖 (𝑡)∥2𝐹 , 𝜇 > 0, (4.19)

where 𝐶 (𝑠) denotes the correct class of the object 𝑠. The term 𝜇 acts as a regular-
ization hyperparameters and prevents overfitting in the DNN.

Theorem 4.4.1. Suppose Assumptions 4.4.1, 4.4.2 and 4.4.4 hold. If the parameters
𝛼 of the DNN converge as 𝑡 → ∞ to a local minimum of the loss (4.19), denoted
𝛼∗(𝑁), as 𝑡 →∞, then ∀𝜖 > 0:

lim
𝑁→∞

lim
𝑡→∞P(∥𝑅2∥𝐹 ≤ 𝜖) → 1. (4.20)

The proof of this theorem can be found in Section C.3.3.
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The theorem states that the random part of the weight matrix 𝑊2 vanishes as the
network is trained and its parameters converge towards a local minimum (𝛼(𝑡) →
𝛼∗). It is impossible to decompose𝑊2 into 𝑅2 + 𝑆2 , where 𝑅2 satisfies Assumption
2 and 𝑆2 satisfies Assumption 3. If such a decomposition were possible, the ESD
of𝑊2 would exhibit an MP bulk and spikes (see [17, 31, 70] and Appendices C.3.3
and C.4.1). However, at the local minimum, as we will show,𝑊2 ’s ESD lacks these
features, ruling out any such decomposition.

It should be noted that for a matrix 𝑅 with i.i.d, centered Gaussian entries,
1
𝑁
∥𝑅∥22

𝑎.𝑠.∼
𝑁→∞

4 𝑉𝑎𝑟 [𝑅𝑖 𝑗 ] (4.21)

∥𝑅∥2𝐹 𝑎.𝑠.∼
𝑁→∞

𝑁2𝑉𝑎𝑟 [𝑅𝑖 𝑗 ] . (4.22)

Through Assumption 2, we assume i.i.d Gaussianity with mean zero, and𝑉𝑎𝑟 [𝑅𝑖 𝑗 ] =
O( 1

𝑁 ). However, we may see from (4.22) that this does not straightforwardly imply
∥𝑅∥𝐹 → 0, as the theorem proves. Hence, we prove that the random fluctuations of
the weight matrices have to be much smaller than originally assumed.

One might assume that a local minimum of the loss is deterministic, and thus the ran-
dom part of the weights would have to vanish. While intuitive, this reasoning is not
accurate. First, the theorem states that for any decomposition of𝑊2 into 𝑅2+𝑆2 satis-
fying the above assumptions we would have that lim𝑁→∞ lim𝑡→∞ P (∥𝑅2∥𝐹 ≤ 𝜖) →
1. This means that at a local minimum of the loss if one takes a nonzero random
matrix 𝑅2 and then sets 𝑆2 = 𝑊2 − 𝑆2, we would have that 𝑆2 will not satisfy As-
sumption 3 (with some probability depending on 𝑁). Otherwise, the theorem would
be violated. Furthermore, the training data 𝑇 itself might have noise, and so the loss
landscape, which depends on the training data, might have some noise/randomness.
That is, the local minima might be somewhat random (meaning that the parameters
𝛼 at the local min might be random). However, when we train with regularization,
so long as we can decompose 𝑊2 into 𝑅2 + 𝑆2 satisfying Assumptions 2 and 3, we
have that lim𝑁→∞ lim𝑡→∞ P (∥𝑅2∥𝐹 ≤ 𝜖) → 1.

The role of the regularization in (4.19) is well known in Machine Learning. In
particular, it limits the amount of noise from the data being learned, as the DNN’s
weight may otherwise reflect the random nature of the data, see [321]. In our
theory, it is essential in showing that ∥𝑅∥𝐹 → 0. Thus regularization successfully
mitigates randomness in the network. It is important to note that Assumption 2,
which ensures that the matrix 𝑆2(𝑡) has no small nonzero singular values, essentially
is a statement about the data 𝑇 . It says that any noise from the data cannot be (in
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some sense) "much larger" than the deterministic part of the data (relative also to
the hyperparameter 𝜇).

It is interesting to note that this phenomenon does not necessarily occur when there
is no regularization. In fact, without regularization, one can replace the random
matrix 𝑅2 with a different random matrix (or add any random matrix to 𝑊2), and
the magnitude of the loss will not change. Thus, around every local minima, there
would be a flat region of minima, all corresponding with parameters𝑊2 + 𝑅∗2, with
𝑅∗2 being some random matrix satisfying Assumptions 2 and 3.

4.4.3 A theorem on how pruning randomness reduces loss
We can also show that reducing the randomness in the parameters reduces the loss.
Specifically, we show that for 𝑊2 = 𝑅2 + 𝑆2, if we replace 𝑊2 in the DNN with 𝑆2

(at some fixed time) then with some probability (which goes to 1 as 𝑁 → ∞) we
have that the loss of the DNN with 𝑆2 is smaller than the loss of the DNN with 𝑊2

by the amount 𝜇∥𝑅2∥2𝐹 .

Theorem 4.4.2. Suppose Assumptions 4.4.1, 4.4.2 and 4.4.4 hold. For𝑊2 = 𝑅2+𝑆2,
remove 𝑅2 so that the second weight layer matrix is 𝑆2 alone. Then ∀𝜖 > 0 and any
fixed training time t we have

lim
𝑁→∞

P(𝐿 (𝛼𝑆2) < (1 + 𝜖) (𝐿 (𝛼𝑊2) − 𝜇∥𝑅2∥2𝐹)) → 1. (4.23)

Furthermore, suppose Assumptions 4.4.1 and 4.4.2 hold alone (𝑆2 need not be low
rank). Then ∃𝐺 (𝑁) → 0 as 𝑁 →∞ s.t.

lim
𝑁→∞

P
(
|𝑎𝑐𝑐𝛼𝑊2

(𝑡) − 𝑎𝑐𝑐𝛼𝑆2
(𝑡) | ≤ 𝐺 (𝑁)

)
→ 1, (4.24)

where 𝛼𝑆2 and 𝛼𝑊2 represent the DNNs with weight layer matrices 𝑆2 and 𝑊2

respectively, 𝐿 is the loss function in (4.19) and 𝜇 is the regularization

The proof for this theorem can be found in Subsection C.3.3. For a numerical
simulation that shows that removing (or adding) a random matrix from the DNN
reduces its loss, see Example C.1.3. This theorem demonstrates that pruning random
weights in a DNN reduces its loss. While Theorem 4.4.1 suggests that randomness
vanishes near a local minimum, Theorem 4.4.2 provides a partial answer to whether
removing randomness accelerates convergence, showing that it at least lowers the
loss. The intuition behind this result lies in the perturbations caused by 𝑅2 : the
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cross-entropy term is not affected by adding or removing 𝑅2, while the regularization
term is influenced by its Frobenius norm and decreases as we remove 𝑅2. Since the
regularization perturbation dominates (as shown in (4.22) and (4.21)), removing 𝑅2

significantly reduces the loss. Theorem 4.4.2 formalizes this, showing that removing
the random part 𝑅2 of the weight matrix𝑊2 in the DNN 𝜙(𝛼, 𝑠) reduces the loss by
an amount proportional to ∥𝑅2∥2𝐹 . Specifically, when𝑊2 = 𝑆2 (i.e., 𝑅2 is removed),
the loss satisfies:

𝐿 (𝛼𝑆2 , 𝑠) + 𝜇∥𝑅2∥2𝐹 < (1 + 𝜖)𝐿 (𝛼𝑊2 , 𝑠), (4.25)

with high probability. This implies that the loss decreases by approximately 𝜇∥𝑅2∥2𝐹
when 𝑅2 is removed, as the regularization term involving 𝑅2 vanishes.

This effect can be extended by introducing a scaling factor 𝛾 ∈ [0, 1] to 𝑅2 , defining
the modified weight matrix as:

𝑊2(𝛾) = 𝛾𝑅2 + 𝑆2. (4.26)

As 𝛾 decreases from 1 to 0, the randomness in𝑊2 is reduced, and the corresponding
loss decreases proportionally by 𝛾𝜇∥𝑅2∥2𝐹 .

Thus, we can obtain the following corollary:

Corollary 4.4.3. Suppose Assumptions 4.4.1, 4.4.2 and 4.4.4 hold. For any 𝛾 ∈
[0, 1], define the modified second-layer weight matrix by

𝑊2(𝛾) = 𝛾𝑅2 + 𝑆2,

and let 𝛼𝑊2 (𝛾) denote the corresponding DNN. Then for every 𝜖 > 0 and any fixed
training time 𝑡, we have

lim
𝑁→∞

P
(
𝐿 (𝛼𝑊2 (𝛾)) < (1 + 𝜖)

(
𝐿 (𝛼𝑊2) − (1 − 𝛾) 𝜇 ∥𝑅2∥2𝐹

))
→ 1.

The proof of this Corollary can be found in Subsection C.3.3. Supporting evidence
from [321] shows that removing small singular values in weight matrices (reducing
noise) improves accuracy for DNNs trained on noisy data. Additionally, numerical
simulations (e.g., Example C.1.1) confirm that MP-based pruning reduces loss and
increases accuracy, highlighting the practical benefits of this approach. See Appen-
dices C.1 and C.2 for numerical results on classification and regression problems
that confirm these theoretical findings.
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4.4.4 Key lemmas: how removing randomness from DNN weight layers affects
the output, loss and accuracy of a DNN

To prove the previous theorems, we rely on two key lemmas presented here. These
lemmas demonstrate that replacing𝑊2 with its deterministic part has minimal effect
on the DNN’s output, accuracy, and loss. Since the random component primarily
acts as noise, its removal results in negligible changes.

Lemma 4.4.4. Suppose Assumptions 1 and 2 hold, and suppose we replace the
weight layer matrix𝑊2 with the matrix 𝑆2. Then

P
(
|𝑋𝑖 (𝑠, 𝛼𝑆2) − 𝑋𝑖 (𝑠, 𝛼𝑊2) | ≤ 𝑎(𝑁, 𝑠)

)
≥ 1 − 2 exp(−𝑁

1/4

2
). (4.27)

Here, 𝑎(𝑁, 𝑠) =(4.16), and 𝛼𝑆2 are the parameters of the DNN, which has the weight
matrix 𝑆2 and 𝛼𝑊2 are the parameters of the DNN with the weight layer matrix𝑊2.

For a proof of the Lemma see Subsection C.2.2. This lemma examines the impact of
removing the random component from a weight matrix in a DNN layer. It shows that
replacing𝑊2 with 𝑆2(𝑡) alone results in a small difference in the DNN’s output with
high probability. Intuitively, the random component 𝑅2(𝑡) acts as noise and has a
diminishing effect in large networks due to averaging. The part 𝑆2(𝑡), which captures
the network’s learned structure, dominates the behavior. As a result, removing 𝑅2(𝑡)
has negligible impact on the output, reinforcing that the deterministic component
sufficiently preserves the network’s function. To prove Theorem 4.4.2 we use this
lemma and then show that the regularization part of the loss decreases by 𝜇∥𝑅2∥𝐹
when we replace𝑊2 with 𝑆2.

4.5 Generalized Main Theoretical Results
In this section, we generalize the previous results for DNNs with different architec-
tures and for the case where the random matrix 𝑅 is not necessarily i.i.d Gaussian.

4.5.1 Assumptions for Generalized Main Theorems
Assumption 4.5.1. Consider a DNN denoted by 𝜙, and assume that it can be written
as:

𝜙 = 𝜌 ◦ 𝜓2 ◦ (𝑅 + 𝑆) ◦ 𝜓1, (4.28)

where 𝜓1 and 𝜓2 are arbitrary functions and 𝜌 is softmax.

Take 𝑊 = 𝑅 + 𝑆 and assume that the matrices 𝑅 and 𝑆 satisfying the following
assumptions:
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Assumptions on the matrices 𝑅 and 𝑆
We considered a class of admissible matrices𝑊 , where𝑊 = 𝑅 + 𝑆 and𝑊 , 𝑅 and 𝑆
satisfy the following three assumptions:

Assumption 4.5.2. Assume 𝑅 is a 𝑁 ×𝑀 matrix such that for any vector 𝑣 we have:

P(∥𝑅𝑣∥∞ > 𝑑1(𝑁)𝐽 (𝑣)) ≤ 𝑑2(𝑁), (4.29)

with 𝑑1(𝑁), 𝑑2(𝑁) → 0 as 𝑁 → ∞ and 𝐽 (𝑣) some function that depends on 𝑣
alone. Further, as 𝑁 → ∞, we have that 𝜎max(𝑅) →

√
𝜆+ a.s. Finally, we assume

that 𝑆(𝑡) is independent of 𝑅(𝑡).

Example 4.5.1. For example, when 𝑅 is i.i.d Gaussian, one can show, using the
Borell-TIS inequality (see Theorem C.2.2), that:

P

(
∥𝑅𝑣∥∞ > (

√︂
2 log 𝑁
𝑁

+ 1
𝑁

3
8
)∥𝑣∥2

)
≤ 2 exp

(
−𝑁

1
4

2

)
See Subsection C.2.2 for a proof.

We then assume the following for the matrix 𝑆:

Assumption 4.5.3. Assume 𝑆 is a matrix with 𝑆 =
∑𝑟
𝑖=1 𝜎𝑖𝑢𝑖𝑣

𝑇
𝑖 = 𝑈Σ𝑉𝑇 , with 𝜎𝑖

the singular values and 𝑢𝑖, 𝑣𝑇𝑖 column and row vectors of 𝑈 and 𝑉 . Thus, 𝑆 has 𝑟
non-zero singular values corresponding to the diagonal entries of Σ, and all other
singular values of 𝑆 are zero. We also assume that these 𝑟 singular values of 𝑆 have
multiplicity 1.

Finally, we assume for𝑊 := 𝑅 + 𝑆:

Assumption 4.5.4. For 𝛾 a variable between 0 and 1, take 𝑊 (𝛾) = 𝛾𝑅 + 𝑆. Then,
all the singular values of𝑊 (𝛾) decrease monotonically a.s. as 𝑁 →∞, 𝛾 → 0 (see
Theorem C.3.2 as an example).

Empirically, it has been observed that these assumptions are reasonable for weight
matrices of a DNN; see [321, 330]. There are various spiked models in which
Assumptions 4.5.2-4.5.4 hold, for more on the subject see [3, 17, 19, 20, 31, 60,
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70, 86, 86, 181, 234, 245, 375]. Also, a number of works in RMT addressed the
connection between a random matrix 𝑅 and the singular values and singular vectors
of the deformed matrix𝑊 = 𝑅 + 𝑆, see [30, 31].

These assumptions are quite natural and hold for a wide range of DNN architectures.
Assumption 4.5.2 focuses on the random matrix 𝑅. This assumption ensures that
the random matrix 𝑅 captures the essential randomness in the weight layer while
also satisfying the requirements given in Theorem 4.2.2.

Assumption 4.5.3-4.5.4 pertains to the matrix 𝑆, which is assumed to have a specific
structure, with 𝑟 non-zero singular values and all other singular values being zero.
Moreover, these 𝑟 singular values have multiplicity 1, which is a reasonable expec-
tation for a strongly correlated matrix that contributes to the information content in
the weight layer matrix𝑊 .

The assumption that the singular values of the matrix 𝑆 are larger than some 𝜃 (𝜆+)
is also quite natural, see [321, 330]. This is because the matrix 𝑆 represents the
information contained in the weight layer, and its singular values are expected to be
large, reflecting the importance of these components in the overall performance of
the DNN. On the other hand, the random matrix 𝑅 captures the inherent randomness
in the weight layer, and with high probability depending on 𝑁 , its singular values
should be smaller than the MP-based threshold. This means that there is a clear
boundary between the information and noise in the layer 𝑊 , which is also natural,
see [321].

This distinction between the singular values of 𝑆 and 𝑅 highlights the separation
between the information and noise in the weight layer, allowing us to effectively
remove the small singular values without impacting the accuracy of the DNN. The
assumption thus provides a solid basis for studying the behavior of DNNs with
weight layers modeled as spiked models. It contributes to our understanding of
the effects of removing small singular values based on the random matrix theory
MP-based threshold

√
𝜆+.

One can show that the following two simpler properties on the matrices 𝑅 and 𝑆 are
sufficient to ensure that 𝑅 and 𝑆 satisfy the above Assumptions 4.5.2-4.5.4.

Recall that a bi-unitary invariant random matrix 𝑅 is a matrix with components
taken from i.i.ds such that for any two unitary matrices 𝑈 and 𝑉𝑇 , the components
of the matrix 𝑈𝑅𝑉𝑇 have the same distribution as the components of 𝑅. We then
assume:
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Property 1 (statistical isotropy): Assume 𝑅 to be a bi-unitary invariant random
𝑁 × 𝑀 matrix with components taken from i.i.ds with zero mean and variance 1

𝑁 .

We then assume the following for the matrix 𝑆:

Property 2 (low rank of matrix): Assume 𝑆 is a matrix with 𝑆 =
∑𝑟
𝑖=1 𝜎𝑖𝑢𝑖𝑣

𝑇
𝑖 =

𝑈Σ𝑉𝑇 , with 𝜎𝑖 the singular values and 𝑢𝑖, 𝑣𝑇𝑖 column and row vectors of 𝑈 and 𝑉 .
Thus, 𝑆 has 𝑟 non-zero singular values contained on the diagonal entries of Σ, and
all other singular values are zero. We also assume that these 𝑟 singular values of 𝑆
have multiplicity 1. Finally, we assume that 𝑁

𝑀 → 𝑐 ∈ (0, +∞) as 𝑁 →∞.

An explicit relationship between Properties 1-2 and Assumptions 4.5.2-4.5.4 can be
found in [31]. The Property 1 is indeed strong, as it implies that the random matrix
𝑅 is random in every direction. In other words, for any unitary matrices 𝑈 and 𝑉𝑇 ,
the matrix 𝑈𝑅𝑉𝑇 has the same distribution as 𝑅. Random matrices with complex
Gaussian entries, also known as Ginibre matrices, are a class of random matrices
that are bi-unitary invariant [170].

For a DNN 𝜙 satisfying Assumption 4.5.1, we start by defining,

ℎ𝜙 (𝑠) := 𝐽 (𝜓1𝑠)∥𝜓2∥max→max, (4.30)

where ∥ · ∥max→max is the induced operator norm (or global Lipschitz constant with
respect to ℓ∞)

∥𝐴∥max→max := sup
𝑣≠𝑤

∥𝐴(𝑣) − 𝐴(𝑤)∥max
∥𝑣 − 𝑤∥max

(4.31)

and 𝐽 (·) is given in (4.5.1).

4.5.2 Main Theoretical results for RMT-based decrease in loss
In the context of analyzing DNNs, we consider the cross-entropy loss function with
L2 regularization for a DNN 𝜙(·, 𝛼(𝑡)), expressed as follows:

𝐿 (𝛼(𝑡)) = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log
(
𝜙𝐶 (𝑠) (𝑠, 𝛼(𝑡))

) + 𝜇 𝐿∑︁
𝑖=1
∥𝑊𝑖 (𝑡)∥2𝐹 , (4.32)

where 𝑊𝑖 are the weight layer matrices of the DNN, and 𝐶 (𝑠) denotes the correct
class of the object 𝑠. The term 𝜇 acts as a regularization constant, which is employed
to prevent overfitting in the DNN.

Theorem 4.5.2. Let 𝜙 be a DNN satisfying Assumptions 4.5.1-4.5.4. Assume the
following:
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1. ∀𝑠 ∈ 𝑇 , the quantity 𝑎𝜙 (𝑁, 𝑠) := ℎ𝜙 (𝑠)𝑑1(𝑁) → 0 as 𝑁 → ∞ (with ℎ𝜙 (𝑠)
defined in (4.30) and 𝑑1(𝑁) coming from (4.5.1) see Subsection C.2.3 for
more details).

2. The loss function (4.19) attains a local minimum at 𝛼∗(𝑁), where 𝑁 is the
size of the matrix𝑊 .

3. As training time 𝑡 →∞, the parameter 𝛼(𝑡, 𝑁) converges to 𝛼∗(𝑁).

Then, ∀𝜖 > 0:

lim
𝑁→∞

lim
𝑡→∞P(∥𝑅∥𝐹 ≤ 𝜖) → 1. (4.33)

We can also show that reducing the randomness in the parameters reduces the loss:

Theorem 4.5.3. Assume the setup and conditions of Theorem 4.4.1, particularly
regarding the DNN 𝜙 satisfying Assumptions 4.5.1-4.5.4. Assume that ∀𝑠 ∈ 𝑇 , the
quantity 𝑎𝜙 (𝑁, 𝑠) := ℎ𝜙 (𝑠)𝑑1(𝑁) → 0 as 𝑁 → ∞ (see Subsection C.2.3 for more
details).

Let 𝑅 be removed such that the second weight layer matrix is 𝑆 alone. Then ∀𝜖 > 0
and for any fixed time 𝑡, we have

lim
𝑁→∞

P(𝐿 (𝛼𝑆) < (1 + 𝜖) (𝐿 (𝛼𝑊 ) − 𝜇∥𝑅∥2𝐹)) → 1 (4.34)

Furthermore, suppose Assumptions 4.5.1 and 4.5.2 hold alone. Then ∃𝐺 (𝑁) → 0
as 𝑁 →∞ s.t.

lim
𝑁→∞

P
(
|𝑎𝑐𝑐𝛼𝑊 (𝑡) − 𝑎𝑐𝑐𝛼𝑆 (𝑡) | ≤ 𝐺 (𝑁)

)
→ 1, (4.35)

where 𝛼𝑆 and 𝛼𝑊 are the parameters of the DNNs with weight layer matrices 𝑆
and 𝑊 respectively, 𝐿 is the loss function in (4.19) and 𝜇 is the regularization
hyperparameter.

The proof of these theorems can be found in Subsection C.3.3.
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4.5.3 Key Lemmas: how removing randomness from DNN weight layers af-
fects the output, loss and accuracy of a DNN

In order to prove the main result, we will consider a few critical lemmas. These
lemmas describe how the output, accuracy, and loss of a DNN remain largely
unaffected when we replace the matrix 𝑊2 with its part only. In other words,
the random component of 𝑊2 does not significantly affect the loss, accuracy, and
output of the DNN. This outcome should be expected, as the random part should act
more like noise, without causing substantial changes in the loss and accuracy. The
following lemmas illustrate this concept.

Recall: We define the final output of the DNN before softmax as:

𝑋 = 𝜓2 ◦ (𝑅 + 𝑆) ◦ 𝜓1(𝑠). (4.36)

Lemma 4.5.4. Given (4.36), let 𝑊 + 𝑅 + 𝑆 be a 𝑁 × 𝑁 matrix such that 𝑊 (𝑡) =
𝑅(𝑡) + 𝑆(𝑡), with 𝑅(𝑡) a random matrix with components i.i.d. and 𝑆(𝑡) a matrix
satisfying Assumptions 4.5.1-4.5.2.

Suppose we replace the weight layer matrix𝑊 with the matrix 𝑆. Then

P
(
|𝑋𝑖 (𝑠, 𝛼𝑆) − 𝑋𝑖 (𝑠, 𝛼𝑊 ) | ≤ 𝑑1(𝑁)ℎ𝜙 (𝑠)

)
≥ 1 − 𝑑2(𝑁)). (4.37)

See (4.5.1) for the details on 𝑑1(𝑁) and 𝑑2(𝑁), and (4.30) for the details of ℎ𝜙 (𝑠).
Here, 𝛼𝑆 are the parameters of the DNN, which has the weight matrix 𝑆 and 𝛼𝑊 are
the parameters of the DNN with the weight layer matrix𝑊 .

For a proof of the Lemma see Subsection C.2.2.
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C h a p t e r 5

CO-DISCOVERING GRAPHICAL STRUCTURE AND
FUNCTIONAL RELATIONSHIPS WITHIN DATA

Théo Bourdais, Pau Batlle, Xianjin Yang, Ricardo Baptista, Nicolas Rouquette, and
Houman Owhadi. Codiscovering graphical structure and functional relationships
within data: A Gaussian process framework for connecting the dots. Proceed-
ings of the National Academy of Sciences, 121(32):e2403449121, 2024. doi:
10.1073/pnas.2403449121. URL https://doi.org/10.1073/pnas.2403449121.
TB was lead author: co-developed the CHD methodology and software, ran exper-
iments, and co-wrote the manuscript.

5.1 Introduction
5.1.1 The three levels of complexity of function approximation.
As illustrated in Fig. 5.1.(a-c), Type 1, Type 2 and Type 3 problems can be formulated
as completing or discovering hypergraphs where nodes represent variables and edges
represent functional dependencies. The graph in Type 1 has only two variables and
one unknown function. The graph in Type 2 has multiple variables and (some
possibly unknown) functions, and the connectivity of the graph is known. The
graph in Type 3 has an unknown connectivity (functional dependencies between
variables may be unknown) and this is the focus of this work. Current methods for
solving Type 1 and 2 problems include Deep Learning (DL) methods, which benefit
from extensive hardware and software support but have limited guarantees. Despite
their prevalence, Type 3 challenges have been largely overlooked due to their inherent
complexity. Causal inference methods [121, 223] and probabilistic graphs [199, 324]
and sparse regression methods [47, 88], offer potential avenues for addressing Type
3 problems. However, it is important to note that their application to these problems
necessitates additional assumptions. Causal inference models, for instance, typically
assume randomized data and some level of access to the data generation process or
its underlying distributions. Sparse regression methods, on the other hand, rely on
the assumption that functional dependencies have a sparse representation within a
known basis. In this paper, we do not impose these assumptions, and thus, these
particular techniques may not be applicable. Furthermore while the complexity of
Bayesian causal inference methods may grow super-exponentially with the number
𝑑 of variables, the complexity of our method is that of 𝑑 parallel computations



87

of polynomial complexities bounded between O(𝑑) (best case) and O(𝑑4) (worst
case).

Figure 5.1: The three levels of complexity of function approximation.

5.1.2 Generalizing Gaussian Process methods.
Although Gaussian Process (GP) methods are sometimes perceived as a well-
founded but old technology limited to curve fitting (Type 1 problems), they have
recently been generalized, beyond Type 1 problems, to an interpretable framework
(Computational Graph Completion or CGC [239]) for solving Type 2 problems
[25, 55, 58, 74, 138, 240], all while maintaining the simple and transparent theoret-
ical and computational guarantees of kernel/optimal recovery methods [215, 236].
This paper introduces a comprehensive GP framework for solving Type 3 problems,
which is interpretable and amenable to analysis. This framework leverages the
Uncertainty Quantification (UQ) properties of GP methods, which do not have an
immediate natural counterpart in DL methods. It is based on a kernel generalization
[243, 345] of variance-based sensitivity analysis guiding the discovery of the struc-
ture of the hypergraph. Here, variables are linked via GPs, and those contributing
to the highest data variance unveil the hypergraph’s structure. This GP variance de-
composition of the data leads to signal-to-noise and a Z-score that can be employed
to determine whether a given variable can be approximated as a nonlinear function
of a subset of other variables.

5.1.3 The scope of Type 1, 2 and 3 problems.
The scope of Type 1, 2 and 3 problems is immense. Numerical approximation [236,
237, 292, 293], Supervised Learning, and Operator Learning [26, 136, 137, 290]
can all be formulated as Type 1 problems, i.e., as approximating unknown functions
given (possibly with noisy and infinite/high-dimensional) inputs/output data. The
common GP based solution to these problems is to replace the underlying unknown
function by a GP and compute its MAP estimator given available data. Type 2 prob-
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lems include (Fig. 5.1.(d-h)) solving and learning (possibly stochastic) ordinary or
partial differential equations [55, 74], Deep Learning [240], dimension reduction,
reduced-order modeling, system identification [239], closure modeling, etc. Indeed,
all these problems can be formulated as completing a computational graph [239]. In
this formulation, variables and functions are represented by the nodes and the edges
of the graph whose structure corresponds to the functional dependencies between
variables. Some of the functions and variables may be unknown, and by complet-
ing, we mean approximating the unknown functions (colored in red in Fig. 5.1)
given samples from the observed variables. The common GP-based solution to
Type 2 problems is to simply replace unknown functions by GPs and compute their
MAP/MLE estimators given available data and constraints imposed by the structure
of the graph [239]. While most problems in Computational Sciences and Engineer-
ing (CSE) and Scientific Machine Learning (SciML) can be framed as Type 1 and
Type 2 challenges, many problems in science can only be categorized as Type 3
problems, i.e., discovering the structure/connectivity of the graph itself from data
prior to its completion. Indeed the scope of Type 3 problems extends well beyond
Type 2 problems and includes equation discovery (Fig. 5.1.(i)); the modeling of
land surface interactions in weather prediction (Fig. 5.1.(j) from [87], discovering
possibly hidden functional dependencies between state variables for a finite number
of snapshots of those variables); social network analysis (Fig. 5.1.(k) from [119],
discovering functional dependencies between quantitative markers associated with
each individual in situations where the connectivity of the network may be hidden);
economic network analysis (Fig. 5.1.(m) from [300], discovering functional depen-
dencies between the economic markers of different agents or companies, which is
significant to systemic risk analysis); and computational biology (Fig. 5.1.(l) from
[285], identifying pathways and interactions between genes from their expression
levels).

Figure 5.2: Ancestors identification in Type 3 problem.
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5.2 Overview of the proposed approach for Type 3 problems.
We first present an algorithmic overview of the proposed GP-based approach for
Type 3 problems. For ease of presentation, we consider the simple setting of
Fig. 5.2.(a) where we are given 𝑁 samples on the variables 𝑥1, . . . , 𝑥6. After
measurements/collection, these variables are normalized to have zero mean and unit
variance. Our objective is to uncover the underlying dependencies between them.

5.2.1 A signal-to-noise ratio to decide whether or not a node has ancestors.
Our algorithm’s core concept is the identification of ancestors for each node in the
graph. Let’s explore this idea in the context of a specific node, say 𝑥1, as depicted
in Fig. 5.2(b). Determining whether 𝑥1 has ancestors is akin to asking if 𝑥1 can be
expressed as a function of 𝑥2, 𝑥3, . . . , 𝑥6. In other words, can we find a function 𝑓

(living in a pre-specified space of functions that could be of controlled regularity)
such that:

𝑥1 ≈ 𝑓 (𝑥2, . . . , 𝑥6) ? (5.1)

To answer this question we regress 𝑓 with a centered GP 𝜉 ∼ N(0, Γ) whose
covariance function Γ is an additive kernel of the form Γ = 𝐾𝑠 + 𝛾δ(𝑥 − 𝑦) , where
𝐾𝑠 is a smoothing kernel, 𝛾 > 0 is a regularization parameter and δ(𝑥 − 𝑦) is
the white noise covariance operator. This is equivalent to assuming the GP 𝜉 to
be the sum of two independent GPs, i.e., 𝜉 = 𝜉𝑠 + 𝜉𝑛 where 𝜉𝑠 ∼ N(0, 𝐾𝑠) is a
smoothing/signal GP and 𝜉𝑛 ∼ N

(
0, 𝛾δ(𝑥 − 𝑦)) is a noise GP. WritingH𝐾𝑠 for the

Reproducing Kernel Hilbert Space (RKHS) induced by the kernel 𝐾𝑠, this is also
equivalent to approximating 𝑓 with a minimizer of

inf
𝑓 ∈H𝐾𝑠

∥ 𝑓 ∥2𝐾𝑠 +
1
𝛾



 𝑓 (𝑋) − 𝑌

2
R𝑁 , (5.2)

where ∥ · ∥2
R𝑁

is the Euclidean norm on R𝑁 , 𝑋 is the input data on 𝑓 obtained as an
𝑁 × 5-matrix whose rows 𝑋𝑖 are the samples on 𝑥2, . . . , 𝑥6, 𝑌 is the output data on
𝑓 obtained as an 𝑁-vector whose entries are obtained from the samples on 𝑥1, and
𝑓 (𝑋) is a 𝑁-vector whose entries are the evaluations 𝑓 (𝑋𝑖). At the minimum

V(𝑠) := ∥ 𝑓 ∥2𝐾𝑠 (5.3)

quantifies the data variance explained by the signal GP 𝜉𝑠 and

V(𝑛) :=
1
𝛾



 𝑓 (𝑋) − 𝑌

2
R𝑁 (5.4)
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quantifies the data variance explained by the noise GP 𝜉𝑛 [243]. This allows us to
define the signal-to-noise ratio

V(𝑠)
V(𝑠) + V(𝑛) ∈ [0, 1] . (5.5)

If V(𝑠)
V(𝑠)+V(𝑛) < 0.51, then, as illustrated in Fig. 5.2.(c), we deduce that 𝑥1 has no

ancestors, i.e., 𝑥1 cannot be approximated as function of 𝑥2, . . . , 𝑥6. Conversely if
V(𝑠)

V(𝑠)+V(𝑛) > 0.5, then, we deduce that 𝑥1 has ancestors, i.e., 𝑥1 can be approximated
as function of 𝑥2, . . . , 𝑥6.

5.2.2 Selecting the signal kernel 𝐾𝑠
This process is repeated by selecting the kernel 𝐾𝑠 to be linear (𝐾𝑠 (𝑥, 𝑥′) = 1 +
𝛽1

∑
𝑖 𝑥𝑖𝑥

′
𝑖), quadratic (𝐾𝑠 (𝑥, 𝑥′) = 1+𝛽1

∑
𝑖 𝑥𝑖𝑥

′
𝑖+𝛽2

∑
𝑖≤ 𝑗 𝑥𝑖𝑥 𝑗𝑥′𝑖𝑥

′
𝑗 ) or fully nonlinear

to identify 𝑓 as linear, quadratic, or nonlinear. In the case of a nonlinear kernel, we
employ:

𝐾𝑠 (𝑥, 𝑥′) = 1 + 𝛽1
∑︁
𝑖

𝑥𝑖𝑥
′
𝑖 + 𝛽2

∑︁
𝑖≤ 𝑗

𝑥𝑖𝑥 𝑗𝑥
′
𝑖𝑥
′
𝑗 + 𝛽3

∏
𝑖

(1 + 𝑘 (𝑥𝑖, 𝑥′𝑖)) (5.6)

where 𝑘 is a universal kernel, such as a Gaussian or a Matérn kernel, with all
parameters set to 1, and 𝛽𝑖 assigned the default value 0.1. We select 𝐾𝑠 as the
first kernel that surpasses a signal-to-noise ratio of 0.5. If no kernel reaches this
threshold, we conclude that 𝑥1 lacks ancestors.

5.2.3 Pruning ancestors based on signal-to-noise ratio.
Once we establish that 𝑥1 has ancestors, the next step is to prune its set of ancestors
iteratively. We remove nodes with the least contribution to the signal-to-noise ratio
and stop before that ratio drops below 0.5 as illustrated in Fig. 5.2.(d). To describe
this, assume that 𝐾𝑠 is as in (5.6). Then 𝐾𝑠 is an additive kernel that can be
decomposed into two parts:

𝐾𝑠 = 𝐾1 + 𝐾2 , (5.7)

where 𝐾1 = 1+ 𝛽1
∑
𝑖≠1,2 𝑥𝑖𝑥

′
𝑖 + 𝛽2

∑
𝑖≤ 𝑗 ,𝑖, 𝑗≠1,2 𝑥𝑖𝑥 𝑗𝑥

′
𝑖𝑥
′
𝑗 + 𝛽3

∏
𝑖≠1,2(1+ 𝑘 (𝑥𝑖, 𝑥′𝑖)) does

not depend on 𝑥2 and 𝐾2 = 𝐾𝑠 − 𝐾1 depends on 𝑥2. This decomposition allows us
to express 𝑓 as the sum of two components:

𝑓 = 𝑓1 + 𝑓2 , (5.8)
1We will later present a version with a more sophisticated method for pruning, but we keep the

0.5 threshold in this example for simplicity.
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where 𝑓1 does not depend on 𝑥2, 𝑓2 depends on 𝑥2, and

( 𝑓1, 𝑓2) = argmin(𝑔1,𝑔2)∈H𝐾1×H𝐾2 s.t. 𝑔1+𝑔2= 𝑓 ∥𝑔1∥2𝐾1
+ ∥𝑔2∥2𝐾2

.

Furthermore,
∥ 𝑓 ∥2𝐾𝑠 = ∥ 𝑓1∥2𝐾1

+ ∥ 𝑓2∥2𝐾2
,

and
∥ 𝑓2∥2𝐾1
∥ 𝑓 ∥2𝐾𝑠

∈ [0, 1] quantifies the contribution of 𝑥2 to the signal data variance.
Following the procedure illustrated in Fig. 5.2.(d), if, for example, 𝑥4 is found to
have the least contribution to the signal data variance, we recompute the signal-
to-noise ratio without 𝑥4 in the set of ancestors for 𝑥1. If that ratio is below
0.5, we do not remove 𝑥4 from the list of ancestors, and 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6 is the
final set of ancestors of 𝑥1. If this ratio remains above 0.5, we proceed with
the removal. This iterative process continues, and we stop before the signal-to-
noise ratio drops below 0.5 to identify the final list of ancestors of 𝑥1. The most
efficient version of our proposed algorithm does not use a threshold of 0.5 on the
signal-to-noise ratio to prune ancestors, but it rather employs an inflection point in
the noise-to-signal ratio V(𝑛)

V(𝑠)+V(𝑛) (𝑞) as a function of the number 𝑞 of ancestors
(Fig. 5.3.(d)). To put it simply, after ordering the ancestors in decreasing contribution
to the signal, the final number 𝑞 of ancestors is determined as the maximizer of
V(𝑛)

V(𝑠)+V(𝑛) (𝑞 + 1) − V(𝑛)
V(𝑠)+V(𝑛) (𝑞).

5.2.4 Computational complexity
We will now present a detailed analysis of the computational demands of the pro-
posed method as a function of the number of variables, denoted as 𝑑, and the number
of samples, 𝑁 , pertaining to these variables. In the worst case, the proposed ap-
proach necessitates, for each of the 𝑑 variables: for 𝑖 = 1, . . . , 𝑑 − 1, regressing a
function mapping 𝑑 − 𝑖 variables to the variable of interest and performing a mode
decomposition, as exemplified in (5.8), to identify the variable with the minimal
contribution to the signal. Since these two steps have the same cost, it follows
that, in the worst case, the total computational complexity of the proposed method is
O(d2N3) which corresponds to product of the number of double-looping operations,
𝑑2, and the cost of kernel regression from 𝑁 samples which, without acceleration,
is 𝑁3 (i.e., the cost of inverting a 𝑁 × 𝑁 dense kernel matrix). However, if kernel
scalability techniques are utilized, such as when the kernel has a rank 𝑘 (for exam-
ple, 𝑘 = 𝑑 if the kernel is linear) or is approximated by a kernel of rank 𝑘 (e.g.,
via a random feature map), then this worst-case bound can be reduced to O(d2Nk2)
by reducing the complexity of each regression step from O(𝑁3) to O(𝑁𝑘2). Note
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that the statistical accuracy of the proposed approach requires that 𝑁 > 𝑑 if the
dependence of the unknown functions on their inputs is not sparse. Moreover, in
the absence of kernel scalability techniques, the worst-case memory footprint of the
method is O(𝑁2) due to the necessity of handling dense kernel matrices. However,
once the functional ancestors of each variable are determined, these matrices can
be discarded. Consequently, only one such matrix needs to be retained in memory
at any given time.

Figure 5.3: (a-d) The Fermi-Pasta-Ulam-Tsingou system. (e-k) The Google Covid
19 open data.

5.3 Results
The following examples and experiments illustrate the proposed approach.

5.3.1 The Fermi-Pasta-Ulam-Tsingou system
The Fermi-Pasta-Ulam-Tsingou (FPUT) system [246] is a prototypical chaotic dy-
namical system. It is composed of 𝑀 masses indexed by 𝑗 ∈ {0, . . . , 𝑀 − 1} with
equilibrium position 𝑗 ℎ with ℎ = 1/𝑀 . Each mass is tethered to its two adjacent
masses by a nonlinear spring, and the displacement of the mass 𝑥 𝑗 adheres to the
equation:

¥𝑥 𝑗 = 𝑐2

ℎ2 (𝑥 𝑗+1 + 𝑥 𝑗−1 − 2𝑥 𝑗 )
(
1 + 𝛼(𝑥 𝑗+1 − 𝑥 𝑗−1)

)
, (5.9)
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where 𝛼(𝑥) = 𝑥2, 𝑐 = 1 and 𝑀 = 10. We use fixed boundary conditions by adding
two more masses, with 𝑥−1 = 𝑥𝑀 = 0. We take a total of 1000 snapshots from
multiple trajectories and the observed variables are the positions, velocities, and
accelerations of all the underlying masses. In the graph discovery phase, every
other node is initially deemed a potential ancestor for a specified node of interest.
We then proceed to iteratively remove the node with the least signal contribution.
The step resulting in the largest surge in the noise-to-signal ratio is inferred as one
eliminating a crucial ancestor, thereby pinpointing the final ancestor set. Fig. 5.3.(c)
shows a plot of the noise-to-signal ratio V(𝑛)

V(𝑠)+V(𝑛) (𝑞) as a function of the number 𝑞
of proposed ancestors for the variable ¥𝑥7 and with 𝑍-test quantiles (in the absence of
signal, the noise-to-signal ratio should fall within the shaded area with probability
0.9). Removing a node essential to the equation of interest causes the noise-to-
signal ratio to markedly jump from approximately 25% to 99%. Fig. 5.3.(d) shows
a plot of the noise-to-signal ratio increments V(𝑛)

V(𝑠)+V(𝑛) (𝑞) − V(𝑛)
V(𝑠)+V(𝑛) (𝑞 − 1) as a

function of the number 𝑞 of ancestors for the variable ¥𝑥7. Note that the increase
in the noise-to-signal ratio is significantly higher compared to previous removals
when an essential node was removed. Therefore, while solely relying on a fixed
threshold to decide when to cease the removals might prove challenging, evaluating
the increments in noise-to-signal ratios offers a clear guideline for efficiently and
reliably pruning ancestors. The recovered full graph, depicted in Fig. 5.3.(a), is
remarkably accurate despite the nonlinear nature of the model and the fact that our
prior only encodes that the nonlinearity is smooth. Therefore, our algorithm does
not require a dictionary or extensive knowledge of the structure of the unknown
functions. Notably, velocity variables are accurately identified as non-essential and
omitted from the ancestors of position and acceleration variables. Fig. 5.3.(b),
which omits velocity variables for clarity, further elucidates the accurate recovery
of dependencies. The dependencies are the simplest and clearest possible. They
match exactly those of the original equations except for the boundary particles for
which we recover valid equivalent equations.

5.3.2 The Google Covid 19 open data.
Consider the COVID-19 data from Google2. We focus on a single country, France,
to ensure consistency in the data and avoid considering cross-border variations that
are not directly reflected in the data. We select 31 variables that describe the state
of the country during the pandemic, spanning over 500 data points, with each data

2The dataset can be accessed here

https://health.google.com/covid-19/open-data/raw-data
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point corresponding to a single day. These variables are categorized as the follow-
ing datasets: (1) Epidemiology dataset: Includes quantities such as new infections,
cumulative deaths, etc. (2) Hospital dataset: Provides information on the number
of admitted patients, patients in intensive care, etc. (3) Vaccine dataset: Indicates
the number of vaccinated individuals, etc. (4) Policy dataset: Consists of indicators
related to government responses, such as school closures or lockdown measures, etc.
Some of these variables are illustrated in Fig. 5.3.(e). The problem is then to analyze
this data and identify possible hidden functional relations between these variables.
Fig. 5.3.(f) shows the noise-to-signal ratio (and its increments) as function of the
number of ancestors of the “cumulative number of hospitalized patients” variable.
Even for this real dataset, the proposed approach gives a clear signal for stopping
the pruning process. Fig. 5.3.(g) shows the full recovered graph, which is highly
clustered. Fig. 5.3.(h) shows the cluster corresponding to the variable “schools clos-
ing” revealing that the government either implemented multiple restrictive measures
simultaneously or lifted them in unison (except for mask mandates that were on the
verge of being identified as noise). The vaccination cluster (Fig. 5.3.(j)) reveals
a linear relationship between variables (signaling redundant information) and the
hospitalization cluster (Fig. 5.3.(i)) reveals a nonlinear one. Eliminating redundant
nodes leads to the sparse graph shown in Fig. 5.3.(k), which is interpretable and
amenable to (both quantitative and qualitative) analysis,

Figure 5.4: (a-c) Chemical reaction network. (d-g) Algebraic equations. (h-j) Cell
signaling network.

5.3.3 Chemical reaction network.
In this example, we consider the recovery of a chemical reaction network from
concentration snapshots. The reaction network, illustrated in Fig. 5.4.(a) is that
of the hydrogenation of ethylene (C2H4) into ethane (C2H6). The problem is that
of recovering the underlying chemical reaction network from snapshots (illustrated



95

in Fig. 5.4.(b)) of concentrations [𝐻2], [𝐻], [𝐶2𝐻4] and [𝐶2𝐻5] and their time
derivatives. 𝑑 [𝐻2]

𝑑𝑡 , 𝑑 [𝐻]
𝑑𝑡 , 𝑑 [𝐶2𝐻4]

𝑑𝑡 and 𝑑 [𝐶2𝐻5]
𝑑𝑡 . The proposed approach leads to a

perfect recovery of the computational graph (shown in Fig. 5.4.(c)) and a correct
identification of quadratic functional dependencies between variables.

5.3.4 Algebraic equations.
Fig. 5.4.(a-d) illustrate the application of the proposed approach to the recovery
of functional dependencies from data satisfying hidden algebraic equations. In all
these examples, we have 𝑑 = 6 or 𝑑 = 7 variables and 𝑁 = 1000 samples from
those variables. For 𝑑 = 6 the variables are 𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑥1, 𝑥2. For 𝑑 = 7
the variables are 𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑥1, 𝑥2, 𝑥3. The samples from the variables 𝑤1 to
𝑤4 are i.i.d. N(0, 1) random variables, and the samples from 𝑥1, 𝑥2 (and 𝑥3 for
𝑑 = 7) are functionally dependent on the other variables. In the first example, 𝑑 = 6
and the samples from 𝑥1 and 𝑥2 satisfy the equations 𝑥1 = 𝑤1 and 𝑥2 = 𝑤2. The
algorithm selects the linear kernel and Fig. 5.4.(a) shows the recovered graph (which
is exact). In the second example, 𝑑 = 7 and the samples from 𝑥1, 𝑥2 and 𝑥3 satisfy
the equations 𝑥1 = 𝑤1, 𝑥2 = 𝑥2

1 + 1 + 0.1𝑤2, and 𝑥3 = 𝑤3. The algorithm selects
the quadratic kernel and Fig. 5.4.(b) shows the recovered graph (which is exact).
Even though 𝑥2 can trace back its origin to either 𝑥1 and 𝑤2 or 𝑤1 and 𝑤2, the
algorithm recognizes 𝑥1, 𝑤1, and 𝑤2 as its ancestors underscoring the importance of
eliminating redundant variables when aiming at deriving the sparsest graph. In the
third example, 𝑑 = 6 and the samples from 𝑥1 and 𝑥2 satisfy the equations 𝑥1 = 𝑤1𝑤2

and 𝑥2 = 𝑤2 sin(𝑤4). The algorithm selects the nonlinear kernel and Fig. 5.4.(c)
shows the recovered graph (which is exact). In the fourth example, 𝑑 = 7 and the
samples from 𝑥1, 𝑥2 and 𝑥3 satisfy the equations 𝑥1 = 𝑤1, 𝑥2 = 𝑥3

1 + 1 + 0.1𝑤2 and
𝑥3 = (𝑥1 + 2)3 + 0.1𝑤3. Although these equations appear to be cubic, the algorithm
correctly selects the quadratic kernel and makes an exact recovery of the graph
shown in Fig. 5.4. (d) revealing hidden quadratic dependencies between variables.

5.3.5 Cell signaling network
Next, we apply the proposed framework to the example illustrated in Fig. 5.1.(l) from
[285] and discover a hierarchy of functional dependencies in biological cellular sig-
naling networks. We use single-cell data consisting of the 𝑑 = 11 phosphoproteins
and phospholipids levels in the human immune system T-cells that were measured
using flow cytometry. This dataset was studied from a probabilistic modeling per-
spective in previous works. While [285] learned a directed acyclic graph to encode
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causal dependencies, [107] learned an undirected graph of conditional indepen-
dencies between the 𝑑 molecule levels by assuming the underlying data follows a
multivariate Gaussian distribution. The latter analysis encodes acyclic dependen-
cies but does not identify directions. In this work, we aim to identify the functional
dependencies without imposing strong distributional assumptions on the data. We
simply use 𝑁 = 2, 000 samples chosen uniformly at random from the dataset con-
sisting of 11 proteins and 7446 samples of their expressions. We apply the algorithm
in two stages. The first stage of the algorithm uses only linear and quadratic ker-
nels and recovers the graph shown in Fig. 5.4.(h). It consists of four disconnected
clusters where the molecule levels in each cluster are closely related by linear or
quadratic dependencies (all connections are linear except for the connection between
Akt and PKA, which is quadratic). These edges match a subset of the edges found
in the gold standard model identified in [285]. With perfect noiseless dependen-
cies, one can define constraints that reduce the total number of variables in the
system. Second, we learn the connections between groups of variables within each
cluster with nonlinear kernels and obtain the graph shown in Fig. 5.4.(i) in which
solid arrows indicate strong intra-cluster connections identified in the first level, and
dashed lines indicate weaker connections between nodes and clusters identified in
the second level. The width and grayscale intensities of each edge correspond to its
signal-to-noise ratio. We emphasize that while causal graph recovery methods rely
on the control of the sampling of the underlying variables (i.e., the simultaneous
measurement of multiple phosphorylated protein and phospholipid components in
thousands of individual primary human immune system cells, and perturbing these
cells with molecular interventions), the reconstruction obtained by our method did
not use this information and recovered functional dependencies rather than causal
dependencies. Interestingly, the information recovered through our method appears
to complement and enhance the findings presented in [285] (e.g., the linear and
noiseless dependencies between variables in the JNK cluster is not something that
could easily be inferred from the graph produced in [285] shown in Fig. 5.1.(j) where
we have colored the clusters for comparison).
Comparisons. Using the expected graph reported in [285] as the ground truth
(acknowledging that it may not be entirely accurate), we compare the edges our
approach incrementally added to the true graph. Figure 5.5.(a) reports the num-
ber of additional edges that have been added and are not present in the ground
truth (false positives) and edges removed that are present in the ground truth graph
(false negatives). The added edges are based on the two-stage procedure described
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above, where we first add the ten intra-cluster connections, followed by inter-cluster
connections. Edges are added in decreasing order of signal-to-noise ratio, starting
with the strongest. In the reported results, we do not account for the recovery of
the direction of ground-truth edges. We note that, up to direction, all intra-cluster
connections, along with the inter-cluster connections with the strongest signals are
found in the ground truth graph, leading to the initial decrease in false negatives with
only one false positive edge (the linear connection P38→ Jnk that is not reported in
the true graph). With the addition of the remaining (possibly non-spurious) edges,
the number of false negatives drops to one, having recovered all edges, except for
the one between PKC and Raf, which is identified to be statistically non-informative
in our approach.

Figure 5.5: (a) Cell signaling network comparisons. (b-h) The BCR reaction
benchmark.

5.3.6 A large-scale chemical reaction network: the BCR reaction benchmark
Lastly, we stress-test the scalability of our approach by applying it to a large-
scale chemical reaction network: the BCR reaction benchmark from [197], which
encompasses 1122 species. The dataset comprises 2400 snapshots of species con-
centrations and their corresponding time derivatives. We leveraged JAX’s inherent
parallelization capabilities [42] to accelerate our computations, allowing for the
simultaneous pruning of multiple nodes while abstracting the complexity of par-
allel execution. While the scaling with respect to the number of data points is
straightforward, scaling with the number of variables introduces a trade-off between
computational speed and memory footprint. Specifically, the process of identifying
the ancestors of various nodes can be expedited by storing a large array for all nodes.
Using a DGX workstation equipped with four Nvidia V100 GPUs, each with 32GB
of memory, pruning 190 nodes took approximately three days, projecting a total
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experiment duration of around one month. Nonetheless, we can mitigate this com-
putational burden by optimizing the computation of terms of the form 𝑦𝑇𝐾𝑦 for the
specific quadratic kernel identified for this example. We include the details of such
optimization in the supplementary material. By implementing this optimization,
the duration of the entire experiment was reduced to just one hour.

In the first experiment, we simulated five trajectories of the associated system of
ODEs, recording 1000 snapshots per trajectory. Out of these 5000 snapshots,
2400 were randomly selected as training data, and 2600 as testing data. Writing
TP, TN, FP and FN for True/False Positives/Negatives and using the metrics True
Positive Rate (TPR=TP/(TP+FN)), False Positive Rate (FPR=FP/(FP+TN)), and
False Discovery Rate (FDR=FP/(TP+FP)), we observed a TPR of 39.9%, an FPR
of 16.4%, and an FDR of 97.2% (indicating that 97.2% of predicted positives are
false). This high FDR can be attributed to the limited exploration of the full variable
range—1122 in total—by the five trajectories. The trajectories explored a subset
of the possible space (near a limit cycle attractor), which led to the recovery of
functional dependencies that represent both the chemical reactions and the specific
subspace visited. Furthermore, with 1122 variables, the 630,003 coefficients of
the underlying quadratic equations are vastly under-determined with only 2400 data
points. Despite the high FDR in the recovered graph, as illustrated in Fig. 5.5.(b-c),
the CHD pruning process vastly improves the accuracy (by orders of magnitude) of
the estimated functions on the 2600 unseen snapshots by reducing the dimension of
the regression problem whenever possible. We denote 𝑦𝑖 as an observed data point,
𝜎2 as the variance of the observed data, 𝑦̂𝑖 for a predicted data point without pruning,
and 𝑦̄𝑖 for a predicted data point post-pruning. Fig. 5.5.(b) illustrates the histogram of
the log-normalized squared errors before and after pruning, expressed as log10

(|𝑦𝑖−
𝑦̂𝑖 |2/𝜎2) and log10

(|𝑦𝑖 − 𝑦̄𝑖 |2/𝜎2) . The 99th percentile of the normalized squared
error is less than 10−2 for all species. Fig. 5.5.(c) displays the histogram of the log-
normalized squared error improvements due to pruning, calculated as log10

(|𝑦𝑖 −
𝑦̂𝑖 |2/|𝑦𝑖 − 𝑦̄𝑖 |2

)
. Fig. 5.5.(d-e) display the quantiles of the histograms post-pruning,

conditioned on the noise-to-signal ratio observed at the final pruning step. These
plots reveal a clear trend: a higher noise-to-signal ratio at the time of pruning
correlates with increased error and diminished improvements in accuracy.

In a second experiment, we formed the data by randomly sampling concentrations
uniformly in [0, 1] (independently across species and snapshots) and recorded the
resulting time derivatives. While this sampling increased the variability of the 2400
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snapshots, the model remained vastly underdetermined. The noise-to-signal and
bootstrapped (Z-test) ratios remained close to 0.5, suggesting insufficient data for
statistically significant variable importance assessments. Nonetheless, as depicted in
Fig. 5.5.(f-h), significant insights can still be gleaned from the activations, showing
notable improvements when comparing the histograms of the values of TPR, FPR,
and FDR obtained with pruning based on these ratios and pruning at random. This
analysis reveals that even with high dimensionality and scarce data, between 10%
and 80% of the true ancestors can still be accurately identified.

5.4 Discussions
5.4.1 Limitations
In its present form, the proposed approach is limited by several factors. (1) Without
access to the sampling of the data, the direction of some edges may not be identifiable.
For instance the functional relationship 𝑥 − 2𝑦 = 0 can be represented as both
𝑦 = 2𝑥 (𝑥 → 𝑦) and 𝑥 = 𝑦/2 (𝑦 → 𝑥). (2) It assumes an additive noise 𝑊
on the functional relationship 𝑦 = 𝑓 (𝑥) + 𝑊 between the variables 𝑥 and 𝑦. In
a fully probabilistic setting, this structure may be non-additive, i.e., of the form
𝑦 = 𝑓 (𝑥,𝑊), which implies discovering a general transition kernel, i.e., a non-
Gaussian generative model. Although our method achieves polynomial complexity,
in settings where one has access to the distribution of the data, the price to pay, when
compared with information-theoretic methods, is a reduction in generality imposed
by the stronger assumption made on the data-generating process. Furthermore, the
price to pay for the weaker data requirements (i.e., the absence of interventional
data) is that our method recovers functional relationships rather than causal ones or
conditional dependencies. (3) If the (noisy) functional relationship 𝑦 = 𝑓 (𝑥) +𝑊
is associated with a non-regular (e.g., discontinuous) function 𝑓 then the kernels
discussed above (linear, quadratic and fully nonlinear) will be misspecified and may
lead to false negatives. The kernel selection and hyperparameter tuning problems in
misspecified settings require further work. (4) As demonstrated in the BCR reaction
application, while the method scales well computationally with an increase in the
number of variables, it may still be impacted by the curse of dimensionality. This
occurs particularly if the dataset only covers a limited subset of the full range of
variable values. Given the results displayed in Fig. 5.5.(b-h) we suspect that this
impact could be mitigated by adopting more advanced strategies in place of our
current top-down pruning method. Such strategies could involve grouping variables
and integrating both top-down and bottom-up iterative approaches.
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5.4.2 Conclusions
We have developed a comprehensive Gaussian Process framework for solving Type
3 (hypergraph discovery) problems, which is interpretable and amenable to anal-
ysis. The breadth and complexity of Type 3 problems significantly surpass those
encountered in Type 2 (hypergraph completion), and the initial numerical examples
we present serve as a motivation for the scope of Type 3 problems and the broader
applications made possible by this approach. Our proposed algorithm is designed
to be fully autonomous, yet it offers the flexibility for manual adjustments to refine
the graph’s structure recovery. We emphasize that our proposed approach is not
intended to supplant causal inference methods [256]; see Methods for a complete
overview. Instead, it aims to incorporate a distinct kind of information into the
graph’s structure, namely, the functional dependencies among variables rather than
their causal relationships. Additionally, our method eliminates the need for a pre-
determined ordering of variables, a common requirement in acyclic probabilistic
models where determining an optimal order is an NP-hard problem usually tackled
using heuristic approaches. Furthermore, our approach can actually be utilized to
generate such an ordering by quantifying the strength of the connections it recovers.
The Uncertainty Quantification properties of the underlying Gaussian Processes are
integral to the method and could also be employed to quantify uncertainties in the
structure of the recovered graph. We also observe that forming clusters from highly
interdependent variables helps to obtain a sparser graph. Additionally, the preci-
sion of the pruning process is enhanced by avoiding the division of node activation
within the cluster among its separate constituents. We employed this strategy in the
recovery of the gene expression graph in Fig. 5.4.(i). Given the polynomial com-
plexity of our method, promising avenues for future work include applications to
large datasets in genomics and in systems biology, particularly in the reconstruction
and intervention of metabolic pathways. These applications benefit from the ability
to handle large-scale datasets efficiently, enabling the analysis of complex biological
networks.

5.4.3 Data availability
The data in the paper and the Supplementary Information are available in the Github
repository of the paper.

https://github.com/TheoBourdais/ComputationalHypergraphDiscovery
https://github.com/TheoBourdais/ComputationalHypergraphDiscovery
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5.4.4 Code availability
The code for the algorithm and its application to various examples are available for
download (and as an installable python library/package) in the Github repository of
the paper.

5.4.5 Online content
Supplementary Information is available for this paper.
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C h a p t e r 6

GRAPHICAL CONDITIONAL GENERATIVE MODELING FOR
DIGITAL TWIN MODELING

Zongren Zou, Théo Bourdais, Ricardo Baptista, and Houman Owhadi. Graphical
conditional generative modeling for digital twin modeling. arXiv preprint, 2026.
URL https://arxiv.org/abs/2606.16219.
TB co-developed the structure-discovery and conditional generative framework
and co-wrote the manuscript.

6.1 Introduction
Understanding how variables influence one another is central to the analysis and
modeling of complex systems. Across the physical, engineering, biological, eco-
nomic, and geopolitical sciences, such relationships form structured networks of
dependence: climate variables interact through coupled atmospheric and oceanic
processes, chemical species through reaction networks, stochastic dynamical sys-
tems through state-dependent transition laws, and financial markets through chains
of shocks transmitted across energy, logistics, production, and prices. Recent
geopolitical disruptions provide a vivid example: war-related shocks can propagate
through energy markets, shipping and supply chains, fertilizer production, agri-
cultural costs, and ultimately affect food prices. A wide range of methods have
been developed for this purpose. They perform structure discovery by identifying,
for each variable, a reduced set of other system variables that are relevant for ex-
plaining or predicting its behavior. These approaches differ substantially in their
assumptions, objectives, and statistical objects of interest, yet most implicitly adopt
a functional perspective. A candidate variable is considered influential for a target if
variation in that variable changes an estimated response function, governing equa-
tion, sensitivity index, or conditional expectation. Previous work includes variable
selection techniques in regression (e.g.,[9, 85, 127, 189, 212]), global and local sen-
sitivity analysis (e.g., Sobol indices for global sensitivity [175, 235], and analysis
of variance (ANOVA) [205, 322, 345]), sparse identification of governing equations
[47], graphical model learning [90, 377, 378], and causal inference frameworks
[108, 222, 257].

When structure discovery is driven by prediction under squared-error loss, the fitted
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dependence is primarily a dependence of the conditional mean. Consequently,
variables that leave this conditional mean nearly unchanged may appear irrelevant,
even if they strongly affect the conditional law of the target. In many stochastic
systems, influence is distributional rather than mean-based: changes in candidate
inputs may alter the conditional variance, higher-order moments, multimodality,
tail probabilities, or the likelihood of extreme events without producing appreciable
changes in the conditional mean. For example, these changes may arise in physical
systems near bifurcation points where fluctuations amplify without large mean shifts
[296]; in multiscale or coarse-grained systems where unresolved variables induce
state-dependent stochasticity [64, 120], a setting arising naturally in data-driven
stochastic differential equation (SDE) inference (e.g., [110]); and in biological,
social, and materials systems where rare events and failure probabilities dominate
system behavior [96, 260]. In finance and economics, asset returns often exhibit
weak or near-zero mean dependence, while their volatility and downside risk depend
strongly on market stress indicators, interest rates, or geopolitical risk [39, 93].
Figure 6.1(a) illustrates this phenomenon with daily gold and silver returns: while
any mean dependence between the two is weak, the data suggest that the conditional
distribution may vary substantially, motivating the question of whether distributional
changes exist beyond what mean-based analysis can detect. Figure 6.1(b) shows
an even more pronounced example for data 𝑦 = 𝑥𝜔 with 𝜔 ∼ N(0, 1). Here,
E[𝑦 | 𝑥] = 0, but 𝑥 determines the conditional distribution of 𝑦. This makes it a
dependency that remains undetectable to methods based only on functional or mean
relationships.

Scientific interpretability, Transferable mechanisms, Robust finite-data learning,
Data-efficient modeling.

Interpretability is the primary scientific output; transferability, data efficiency, mod-
ularity, and robustness are downstream benefits of that interpretation. The inter-
pretability gives at least two kinds of value:

1. Operational value for digital twins and control: surrogate reuse, modular-
ity, data efficiency, robustness.

2. Scientific or analytical value for data analysis: understanding which vari-
ables matter, identifying regime-dependent dependence patterns, detecting
structural change over time.
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Learned conditional law 𝑝𝜃 𝑦 𝑋

(a)

(b)

Stage 1: Conditional generative modeling

A conditional sampler ො𝑦 = 𝒢𝜃 𝑋, 𝑧 , 𝑧 ∼ 𝑝0

(c) Digital twin modeling

Robotic control

9/11

2008 financial crisis

COVID-19 crisis

First gulf war

2014-2016 oil price collapse

Second gulf war

Russia-Ukraine war

US-Iran conflict

Delayed dependence analysis in economic markets

Observational data { 𝑋𝑖 , 𝑦𝑖 }𝑖=1
𝑁

Fit a GP surrogate 𝑓(𝑋, 𝑧) on 𝑋𝑖 , 𝑧𝑖 , ො𝑦𝑖

and decompose 𝑓 via KMD

Compute contribution scores of each 

remaining candidate variable

Prune smallest-contribution variable

Largest NSR increment?

Yes

Pruning loop

No

Recovered computational graph

Stage 2: Stochastic structure discovery

Build parsimonious

Collect more data

and refine

digital twins

Return of gold (next day) vs return of silver  

𝑦 = 𝑥𝜔,𝜔 ∼ 𝒩 0,1

𝑦 = 0

𝔼 𝑦 𝑥 = 0 Geopolitical Risk (GPR) Oil Price

Figure 6.1: (a): Daily gold returns (next day) and silver returns (data from Google
Finance) to illustrate stochastic relation in financial data. (b): Equation discovery
with missing variables to illustrate the ancestor hidden in the distribution rather than
the conditional mean. (c): A schematic of the proposed two-stage framework for
digital twin modeling.

We generalize dependence discovery from functional modeling to conditional gen-
erative modeling. Rather than approximating 𝑦 through a deterministic response
function, or conditional mean, we learn a sampler for the conditional law of 𝑦
given candidate covariates 𝑥1, . . . , 𝑥𝑛. A candidate variable is relevant if changing
it affects the conditional law of 𝑦. To quantify relevance, we distill the learned con-
ditional generative model into a Gaussian-process (GP) surrogate and apply kernel
mode decomposition (KMD) [244] to obtain nonlinear ANOVA contribution scores.
Iteratively pruning variables with small scores, as in [41], yields a parsimonious
ancestor set while preserving the learned conditional law. The resulting procedure
targets observational stochastic dependencies rather than causal mechanisms: it
does not assume interventional data, controlled perturbations, or an acyclic causal
structure [259, 319]. It also differs from conditional independence tests [124, 373]
and information-theoretic methods [71, 298]: the output is a deployable conditional
generative surrogate and its ancestor set, not a hypothesis test or significance score.

A central application is data-driven dynamics learning, where one seeks a surrogate
transition law 𝑝(𝑥𝑡+1 | 𝑥𝑡), or 𝑝(𝑥𝑡+1 | 𝑥𝑡 , 𝑎𝑡) in controlled systems. Such a surrogate
can be viewed as a data-driven digital twin: a probabilistic, executable model for
simulation, control, and decision-making [125, 272]. In this setting, structure
discovery identifies the state, action, or memory variables needed to specify the
transition law, yielding a lower-dimensional and more interpretable learned Markov
decision process [266, 327]. In partially observed or coarse-grained systems, this
includes selecting past states and actions needed to make the learned dynamics
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effectively Markovian [64, 120]. The downstream control methods considered
here, including model predictive control (MPC), model-free reinforcement learning
(RL), and model-based RL, serve as evaluation instruments; the contribution is the
discovered ancestor set defining a sufficiently small input space for the surrogate.

6.2 Results
6.2.1 Problem formulation
We consider a system of observed variables 𝑠1, . . . , 𝑠𝑛 sampled through observations

𝑆𝑘 = (𝑠𝑘1 , . . . , 𝑠𝑘𝑛), 𝑘 = 1, . . . , 𝑁,

and seek to recover a conditional dependency structure that describes their joint
stochastic behavior. Specifically, for each target variable 𝑠𝑖, our goal is to identify a
small set of parent variables

A†(𝑠𝑖) ⊂ {𝑠1, . . . , 𝑠𝑛} \ {𝑠𝑖}

that is sufficient to specify the conditional law of 𝑠𝑖. Equivalently, we represent each
node by a stochastic map

𝑠𝑖
𝑑
= 𝑇𝑖 (A†(𝑠𝑖), 𝜔𝑖),

where 𝜔𝑖 ∼ 𝑝0 is a reference random variable drawn independently of the condi-
tioning variables A†(𝑠𝑖), for instance from a standard Gaussian distribution, and 𝑇𝑖
is an unknown conditional transport map that maps this reference noise to a sample
from the conditional distribution of 𝑠𝑖 given its parents. The associated conditional
dependence is represented by a directed graph𝐺 = (𝑉, 𝐸) consisting of vertices and
edges

𝑉 = {𝑠1, . . . , 𝑠𝑛}, 𝐸 = { 𝑠 𝑗 → 𝑠𝑖 : 𝑠 𝑗 ∈ A†(𝑠𝑖) }.
This formulation should be understood in a surrogate-sufficiency sense. Given finite
observational data, we do not assume access to a unique minimal graph. Rather, we
seek parent sets that are sufficiently informative to build accurate conditional gener-
ative surrogates. Formally, one may view the idealized objective as finding sparse
parent sets for which the conditional law 𝑃(𝑠𝑖 | A†(𝑠𝑖)) can be accurately repre-
sented by the conditional sampling mechanism𝑇𝑖 (A†(𝑠𝑖), 𝜔𝑖), for each 𝑖 = 1, . . . , 𝑛.
In additive-noise regimes, where 𝑇𝑖 (A†(𝑠𝑖), 𝜔𝑖) = 𝑓𝑖 (A†(𝑠𝑖)) + 𝜂𝑖 (𝜔𝑖), with input-
independent noise, this reduces to classical functional-dependence discovery under
squared-error prediction loss [41]. Since the parent sets and maps are found for each
node, the graph recovery problem reduces to a sequence of single-target problems.
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Δ𝑥1/𝑅1 Δ𝑥2/𝑅2 Δ𝑥3/𝑅3
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Figure 6.2: Stochastic Lorenz-63 system: (a)–(b) pruning process over ten indepen-
dent runs, (c) recovered computational graph, and (d) generalization of the full and
pruned models under parameter-induced distribution shift by training at 𝜌 = 28 and
testing at different values of 𝜌test.

For a fixed target 𝑠𝑖, we write

𝑦 = 𝑠𝑖, (𝑥1, . . . , 𝑥𝑛−1) = (𝑠1, . . . , 𝑠𝑖−1, 𝑠𝑖+1, . . . , 𝑠𝑛),

and ask which covariates 𝑥 𝑗 influence the conditional law of 𝑦. The local problem
therefore has the general form

𝑦
𝑑
= 𝑇 (𝑥1, . . . , 𝑥𝑛−1, 𝜔), (6.1)

where 𝜔 ∼ 𝑝0 is drawn independently of the covariates used to condition the
sampler. Applying the proposed stochastic ancestor discovery procedure to each
target variable 𝑠𝑖 yields an estimated conditional dependency graph. When the
identified conditioning set is minimal, it can be interpreted as a minimal Markov
blanket of 𝑠𝑖 [167, 255]. In settings with a known temporal or causal ordering, such
as time-lagged dynamical systems, Markov blanket estimation directly translates to
causal graph learning [340].

6.2.2 An illustrative example
The following examples illustrate the proposed approach across increasing levels
of complexity. In each example, we specify the targets, candidate covariates, and
validation criterion explicitly; notation is local to the example. When a reference
computational graph is available, validation is by recovery of the relevant ancestor
sets; otherwise, validation is by sufficiency of the discovered variables for the
downstream task, such as prediction, control, or structural analysis. Data and code
have been deposited in https://github.com/ZongrenZou/GraphicalConditionalGene
rativeModeling. Additional details and examples can be found in Appendices E.3
and E.4.

https://github.com/ZongrenZou/GraphicalConditionalGenerativeModeling
https://github.com/ZongrenZou/GraphicalConditionalGenerativeModeling


107

6.2.3 Conditional-law modeling recovers stochastic graph structure for im-
proved accuracy

This example serves as a verification test because the underlying computational
graph is known. We consider the stochastic Lorenz-63 system with multiplicative
fluctuation-dissipation noise [117, 200]:

𝑑𝑥1 = 𝜎(𝑥2 − 𝑥1)𝑑𝑡 + 𝛼𝑥1𝑑𝑊1, (6.2a)

𝑑𝑥2 =
(
𝑥1(𝜌 − 𝑥3) − 𝑥2

)
𝑑𝑡 + 𝛼𝑥2𝑑𝑊2, (6.2b)

𝑑𝑥3 = (𝑥1𝑥2 − 𝛽𝑥3)𝑑𝑡 + 𝛼𝑥3𝑑𝑊3, (6.2c)

where 𝑥𝑖 are the state variables and 𝑊𝑖 are independent Wiener processes. We
recover the dynamic dependencies of 𝑞I = (𝑥1, 𝑥2, 𝑥3) by applying the proposed
method given samples of state increments. We consider two cases. First, both drift
and diffusion are treated as unknown. In this case, the targets are the full increments
Δ𝑥𝑖, whose true ancestor sets A†(Δ𝑥1) = {𝑥1, 𝑥2}, A†(Δ𝑥2) = {𝑥1, 𝑥2, 𝑥3} and
A†(Δ𝑥3) = {𝑥1, 𝑥2, 𝑥3}, are obtained by inspecting both the drift and diffusion terms.
Second, when the drift is known, we apply the method to the residual stochastic
increments 𝑅𝑖 := Δ𝑥𝑖 − 𝑏𝑖 (𝑥1, 𝑥2, 𝑥3)Δ𝑡, where 𝑏𝑖 is the 𝑖th drift component. Since
the diffusion is diagonal, the true residual ancestor sets reduce to A†(𝑅1) = {𝑥1},
A†(𝑅2) = {𝑥2}, andA†(𝑅3) = {𝑥3}. Figure 6.2 shows the recovered computational
graph and the pruning process from ten independent runs. The method recovers
the full ancestor sets when both drift and diffusion are unknown, and the reduced
diagonal structure when only the drift is known.

We show that pruned model improves both (1) the accuracy of the generative model-
ing for in-distribution data and (2) the accuracy for out-of-distribution data. Specif-
ically, we consider the conditional law of Δ𝑥1 |𝑥1, 𝑥2, 𝑥3, and use the Wasserstein-1
distance as the error to evaluate the generative model. We use data from 𝜌 = 28 for
training, and consider ten test scenarios:

1. 𝜌test = 40: 0.050 ± 0.066 (full model) vs 0.034 ± 0.046 (pruned model)

2. 𝜌test = 36: 0.038 ± 0.049 (full model) vs 0.029 ± 0.037 (pruned model)

3. 𝜌test = 33: 0.032 ± 0.036 (full model) vs 0.026 ± 0.030 (pruned model)

4. 𝜌test = 30: 0.028 ± 0.028 (full model) vs 0.022 ± 0.023 (pruned model)

5. 𝜌test = 28: 0.026 ± 0.023 (full model) vs 0.020 ± 0.017 (pruned model)
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Figure 6.3: Control examples. (a)–(b) Missing-variable pendulum: memory dis-
covery and policy transfer. (c)–(d) Stochastic heat equation: boundary discovery
and MPC performance.

6. 𝜌test = 25: 0.025 ± 0.021 (full model) vs 0.018 ± 0.015 (pruned model)

7. 𝜌test = 20: 0.024 ± 0.020 (full model) vs 0.017 ± 0.012 (pruned model)

8. 𝜌test = 15: 0.025 ± 0.020 (full model) vs 0.016 ± 0.011 (pruned model)

9. 𝜌test = 10: 0.023 ± 0.015 (full model) vs 0.012 ± 0.007 (pruned model)

10. 𝜌test = 5: 0.017 ± 0.007 (full model) vs 0.009 ± 0.005 (pruned model)

averaged from 10, 000 test data points and 1, 000 samples per data point.

6.2.4 Sparse state-control structure preserves downstream control perfor-
mance.

We consider a PDE-based control problem where the discovered ancestor sets can
be verified against the known finite-difference structure. The system is a one-
dimensional stochastic heat equation with Neumann boundary control, given by
𝜕𝑡𝑇 = 𝜅𝜕𝑥𝑥𝑇 + 𝜎𝑇𝜉 on 𝑥 ∈ (0, 1), with boundary conditions −𝜅𝜕𝑥𝑇 (0, 𝑡) = 𝑢1(𝑡)
and 𝜅𝜕𝑥𝑇 (1, 𝑡) = 𝑢2(𝑡) . After spatial discretization using 𝑚 = 10 nodes, we
write 𝑥𝑖 (𝑡𝑛) ≈ 𝑇 (𝑟𝑖, 𝑡𝑛) for the discretized temperature at node 𝑟𝑖. Thus, the
digital-twin state is 𝑞(𝑡𝑛) = (𝑥1(𝑡𝑛), . . . , 𝑥10(𝑡𝑛)), with boundary controls 𝑢(𝑡𝑛) =
(𝑢1(𝑡𝑛), 𝑢2(𝑡𝑛)). We focus on the boundary components 𝑞I = (𝑥1, 𝑥10), whose dy-
namics are the controlled components replaced by learned surrogates inside MPC;
the interior finite-difference updates are assumed to be known and retained. The
finite-difference stencil gives

Δ𝑥1 = −2𝑟𝑥1 + 2𝑟𝑥2 + 𝑐𝑢1 + 𝑥1𝜔1, Δ𝑥10 = 2𝑟𝑥9 − 2𝑟𝑥10 + 𝑐𝑢2 + 𝑥10𝜔10,

where 𝑟 and 𝑐 are constants determined by the discretization, and 𝜔𝑖 denotes the
discretized multiplicative noise. Therefore, the true boundary ancestor sets are
A(Δ𝑥1) = {𝑥1, 𝑥2, 𝑢1} andA(Δ𝑥10) = {𝑥9, 𝑥10, 𝑢2}. Applying the proposed method
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Figure 6.4: Robotics control examples and comparisons. (a)–(b) Lunar Lander:
discovered thrust-stage dependence structure and policy-transfer performance. (c)–
(d) 7-DOF reacher: discovered pruned variables and PETS performance.

to the full candidate set {𝑥1, . . . , 𝑥10, 𝑢1, 𝑢2} recovers exactly these two ancestor
sets, as shown in Figure 6.3(c). To evaluate the discovered structure, flow matching
surrogates trained on the pruned ancestor sets are distilled into feedforward networks
and embedded in an MPC controller, replacing only the boundary-node dynamics
while the interior nodes retain the known discretization. MPC with the pruned
surrogate achieves a cost comparable to MPC with the known dynamics, while
the unpruned surrogate yields slightly higher cost; see Figure 6.3(d). The pruned
surrogate also reduces the average MPC computation time from 31.0 to 24.7 seconds
per simulation, because the lower-dimensional input reduces the cost of gradient
evaluations inside the online optimization.

6.2.5 Discovering state and control dependence in the Lunar Lander control
problem.

We apply the proposed method to the 2D Lunar Lander benchmark [334], a higher-
dimensional control problem with stochastic dynamics. In the notation of Sec-
tion 6.4.2, the state is 𝑞 = (𝑥, 𝑦, 𝜃, 𝑣𝑥 , 𝑣𝑦, 𝜔, 𝑙𝑙 , 𝑙𝑟), consisting of position, angle,
linear and angular velocities, and ground-contact indicators, while the control is
𝑢 = (𝑎1, 𝑎2), the main engine throttle and lateral booster throttle. We focus on
the stochastic thrust stage of the simulator. In this stage, the engines apply random
impulses to the velocity variables (𝑣𝑥 , 𝑣𝑦, 𝜔); the subsequent Newtonian integra-
tion updates positions, angles, and contact variables deterministically and is kept
unchanged. Thus the targets are 𝑞I = (𝑣𝑥 , 𝑣𝑦, 𝜔), or equivalently the thrust-stage
increments Δ𝑣𝑥 , Δ𝑣𝑦, and Δ𝜔, and the candidate covariates are the full state-control
set {𝑥, 𝑦, 𝜃, 𝑣𝑥 , 𝑣𝑦, 𝜔, 𝑙𝑙 , 𝑙𝑟 , 𝑎1, 𝑎2}. The contact indicators 𝑙𝑙 , 𝑙𝑟 are included as can-
didates but are not expected to influence the instantaneous thrust impulse, since
contact dynamics are handled in the Newtonian/contact stage rather than in the
engine-response stage. The method recovers a sparse, physically interpretable struc-
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Figure 6.5: Delayed dependence analysis in economic markets. (a) Aligned WTI
crude oil price and GPR index data. (b)–(e) First-iteration relative contribution
scores of delayed GPR variables across time periods; the highlighted bar denotes
the variable pruned last.

ture (Figure 6.4(a)):

A(Δ𝑣𝑥) = {𝜃, 𝑎1, 𝑎2}, A(Δ𝑣𝑦) = {𝜃, 𝑎1}, A(Δ𝜔) = {𝑎2}.
This is consistent with the physical design: the main engine primarily governs
vertical acceleration, the lateral booster controls angular response, and the lander
orientation 𝜃 geometrically couples thrust to lateral motion. To evaluate the dis-
covered structure, flow matching surrogates trained on the pruned ancestor sets
replace only the thrust stage in the simulator, while the Newtonian/contact stage
remains unchanged. Following the same evaluation protocol as the previous pen-
dulum example, a SAC agent is trained for this problem and transferred to the true
environment without further training. The pruned surrogate achieves 1,000/1,000
successful landings, compared with 991/1,000 for the unpruned surrogate, and
performs comparably to an agent trained in the true environment; see Figure 6.4(b).

6.2.6 Delayed distributional dependence changes across economic regimes
Lastly, we demonstrate the proposed method as an analytical tool for analyzing real
economic data. Specifically, we study how geopolitical risk influences oil price
dynamics and whether this dependence structure remains stable across different
market regimes. We use the daily West Texas Intermediate (WTI) crude oil prices
from the Federal Reserve Bank of St. Louis and the daily geopolitical risk (GPR)
index [50], covering the period from 1986/01/02 to 2026/04/20 (Figure 6.5(a)). Let
𝑟𝑛 denote the daily log-return of oil prices (𝑟𝑛 = log(Oil𝑛+1) − log(Oil𝑛)). We model
the transition kernel

𝑝
(
𝑟𝑛 | 𝑟𝑛−1, 𝑟𝑛−5, 𝑟𝑛−10, 𝑟𝑛−15, 𝑟𝑛−20,

log GPR𝑛, log GPR𝑛−4, log GPR𝑛−9, log GPR𝑛−14, log GPR𝑛−19
)
,

(6.3)

and apply the proposed method to the GPR lag variables to analyze how delayed
geopolitical-risk information enters the oil-return transition kernel. The method
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retains all five GPR lags as ancestors, so we further examine their relative contri-
bution scores and pruning order. Figure 6.5(b)–(e) reports two diagnostics for the
full 1986-2026 period and three sub-periods: the first-iteration relative contribution
scores of the five GPR lags, and the lag pruned last by the iterative pruning proce-
dure. Over the full period, the one-day lag has the largest first-iteration contribution
and is also the last lag to be pruned. In contrast, the dominant surviving lag changes
across sub-periods: the one-day lag is last pruned in 1986-1999 and 2010-2026,
whereas the ten-day lag is last pruned in 2000-2009. These changes indicate that
the delayed dependence structure between geopolitical risk and oil returns is not
stationary across time. The 2000-2009 period coincides with major geopolitical and
economic disruptions, including 9/11 and the 2008 financial crisis, which may have
altered the observed dependency structure between geopolitical risk and oil returns.
Eight five-year sub-periods are also analyzed with the proposed method, revealing a
more detailed evolution of the transition-kernel structure; see Appendix E.3.7 for the
results. These findings illustrate how the proposed method can be used to detect and
localize structural changes in delayed distributional dependence from observational
data.

6.3 Discussion
We introduced a framework for computational structure discovery in stochastic
systems from observational data. The method characterizes conditional distributions
rather than conditional means. By using conditional generative modeling with KMD
of GP surrogates, we identify variables that affect distributional features such as
variability, multimodality, or tail behavior. The examples validate the method in
two ways. When reference dependence structure is available, the method recovers
the relevant ancestor sets, including dependencies that are not identified by methods
that only compute mean dependence. When the ground-truth dependence graph is
not available, as in partially observed control, reinforcement learning, and economic
data, the discovered structure is evaluated by surrogate or task sufficiency: models
built on the discovered ancestors achieve performance comparable to full-variable
models while using a smaller and more interpretable set of inputs. Some limitations
remain: accurate conditional generative modeling is often data-intensive, leading to
higher run-to-run variability with finite data and to the pruning of weak dependencies
when they are not needed for surrogate fidelity (which can be misaligned with the
other objective of discovering the graph). The noise-to-signal ratio stopping rule for
variable pruning can also be ambiguous when no clear inflection point is present.
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Lastly, it will be valuable to develop a comprehensive benchmark against methods
for testing conditional independence or causal discovery, which target different
statistical properties.

6.4 Methods
We now describe the single-target procedure used to estimate the parent set A†(𝑦)
in the formulation of Section 6.2. Given observational data {(𝑋 𝑖, 𝑦𝑖)}𝑁𝑖=1, with
𝑋 𝑖 = (𝑥𝑖1, . . . , 𝑥𝑖𝑛), the goal is to identify which components of 𝑋 are needed to
approximate the conditional law of 𝑦 | 𝑋 with sufficient accuracy. In deterministic
or additive-noise settings, this reduces to discovery of functional dependence and
can be addressed directly by KMD or computational hypergraph discovery [41, 244].
In the present stochastic setting, the object of interest is not only a response function
such as E[𝑦 | 𝑋], but the conditional distribution. Thus, we first learn a conditional
sampler

𝑦 | 𝑋 𝑑≈ G𝜃 (𝑋, 𝑧), 𝑧 ∼ 𝑝0, (6.4)

depending on parameters 𝜃 where 𝑧 is a reference random variable drawn from a
simple base distribution 𝑝0, and G𝜃 maps noise to a sample from the conditional
law of 𝑦 | 𝑋 .

In principle, any sufficiently expressive conditional generative model could be used
in (6.4), including Gaussian approximations, diffusion models, or flow-based mod-
els. In this work, we use flow matching [190], because of its training stability,
expressiveness and scalability; details are given in Appendix E.1. Most importantly,
after the conditional law has been represented by the sampler G𝜃 , stochastic struc-
ture discovery becomes a functional dependence problem for the deterministic map
(𝑋, 𝑧) ↦→ G𝜃 (𝑋, 𝑧). We then distill this map into a GP surrogate so that KMD can
be used to assign variable-wise contribution scores. Thus the two stages are:

1. Conditional generative modeling. Learn a conditional sampler G𝜃 (𝑋, 𝑧) for
the law of 𝑦 | 𝑋 .

2. Distillation and ancestor discovery. Approximate G𝜃 by a GP surrogate
𝑓 (𝑋, 𝑧) ≈ G𝜃 (𝑋, 𝑧) and apply KMD [244], as in computational hypergraph
discovery [41], to prune covariates that do not significantly contribute to the
learned conditional law.

This procedure separates distribution approximation from interpretable structure
discovery: neural conditional samplers are expressive and scalable, but do not
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directly provide the variance decomposition needed for ancestor discovery; GP
surrogates provide this decomposition, but are less suitable as primary conditional
generative models for large datasets. A schematic is shown in Figure 6.1(c). The final
ancestor set A(𝑦) should be understood as an estimate of A†(𝑦) at the resolution
of the learned sampler, the GP surrogate, and the stopping criterion used to identify
ancestors. In finite-data settings, the ancestors found may vary across random
training or distillation runs; when needed, we report stable ancestors found across
repeated runs or report conservative unions of ancestor sets. More details are
provided in the corresponding examples.

6.4.1 Distillation and stochastic ancestor discovery
After training the conditional sampler G𝜃 , we generate synthetic samples from the
learned conditional law. For inputs 𝑋 𝑖 = (𝑥𝑖1, . . . , 𝑥𝑖𝑛) and reference samples 𝑧𝑖 ∼ 𝑝0,
we compute 𝑦̂𝑖 = G𝜃 (𝑋 𝑖, 𝑧𝑖), yielding a dataset for distillation {(𝑋 𝑖, 𝑧𝑖, 𝑦̂𝑖)}𝑀𝑖=1 we use
to train our GP surrogate 𝑓 (𝑋, 𝑧) ≈ G𝜃 (𝑋, 𝑧). While distillation of flow matching
models has been used for fast inference and regularized training [38, 73, 284], here it
is used to make the learned conditional sampler amenable to kernel-based variance
decomposition.

For a kernel 𝐾𝑠 and regularization parameter 𝛾, the surrogate is obtained by kernel
ridge regression. That is,

𝑓 = arg min
𝜑∈H𝐾𝑠

∥𝜑∥2𝐾𝑠 +
1
𝛾

𝑀∑︁
𝑖=1
|𝜑(𝑋 𝑖, 𝑧𝑖) − 𝑦̂𝑖 |2, (6.5)

whereH𝐾𝑠 denotes the reproducing kernel Hilbert space (RKHS) associated with𝐾𝑠.
Here we will use the fact that sums of kernels induce corresponding minimum-norm
decompositions of RKHS functions [244]. Namely, if 𝑘 = 𝑘𝑎 + 𝑘𝑏 and 𝑓𝑘 ∈ H𝑘 ,
then its kernel-mode components are defined by

( 𝑓𝑎, 𝑓𝑏) = arg min
𝑔𝑎 ,𝑔𝑏

{∥𝑔𝑎∥2𝑘𝑎 + ∥𝑔𝑏∥2𝑘𝑏 : 𝑔𝑎 + 𝑔𝑏 = 𝑓𝑘 , 𝑔𝑎 ∈ H𝑘𝑎 , 𝑔𝑏 ∈ H𝑘𝑏

}
.

They satisfy 𝑓𝑘 = 𝑓𝑎 + 𝑓𝑏 and ∥ 𝑓𝑘 ∥2𝑘 = ∥ 𝑓𝑎∥2𝑘𝑎 + ∥ 𝑓𝑏∥2𝑘𝑏 , so ∥ 𝑓𝑎∥2𝑘𝑎/∥ 𝑓𝑘 ∥2𝑘 measures
the fraction of the RKHS signal energy that is attributed to the component associated
with 𝑘𝑎. We use this decomposition to measure surrogate fidelity. Problem (6.5)
can be interpreted as regression with the augmented kernel 𝐾𝑠 + 𝛾𝛿, where 𝛿 is
the white-noise kernel. The corresponding decomposition separates the signal
component associated with 𝐾𝑠 from the noise component associated with 𝛾𝛿. We
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define

NSR :=
𝑉𝑛

𝑉𝑠 +𝑉𝑛 , 𝑉𝑠 := ∥ 𝑓 ∥2𝐾𝑠 , 𝑉𝑛 := ∥ 𝑓𝛾𝛿∥2𝛾𝛿 =
1
𝛾

𝑀∑︁
𝑖=1
| 𝑓 (𝑋 𝑖, 𝑧𝑖) − 𝑦̂𝑖 |2.

(6.6)
A large increase in NSR during pruning indicates that the removed variable signif-
icantly affects the conditional law. The second decomposition measures variable
importance. To identify variables, we use the product kernel

𝐾𝑠 ((𝑋, 𝑧), (𝑋′, 𝑧′)) = (1 + 𝑘𝑧 (𝑧, 𝑧′))
𝑛∏
𝑖=1
(1 + 𝑘𝑥 (𝑥𝑖, 𝑥′𝑖)), (6.7)

where 𝑘𝑥 and 𝑘𝑧 are universal kernels, such as radial basis function (RBF) or Matérn
kernels. Expanding this product yields a sum of interaction kernels over subsets
of the covariates, inducing a nonlinear ANOVA decomposition [41, 244]. For each
variable 𝑥 𝑗 , we set

𝐾 𝑗 = (1 + 𝑘𝑧 (𝑧, 𝑧′)) 𝑘𝑥 (𝑥 𝑗 , 𝑥′𝑗 )
∏
𝑖≠ 𝑗

(1 + 𝑘𝑥 (𝑥𝑖, 𝑥′𝑖)), 𝐾− 𝑗 = 𝐾𝑠 − 𝐾 𝑗 .

The kernel 𝐾 𝑗 collects all ANOVA components involving 𝑥 𝑗 , while 𝐾− 𝑗 collects
the components that do not involve 𝑥 𝑗 . Applying the minimum-norm splitting to
𝐾𝑠 = 𝐾 𝑗 + 𝐾− 𝑗 gives 𝑓 = 𝑓 𝑗 + 𝑓− 𝑗 , and we define

𝑐 𝑗 :=
∥ 𝑓 𝑗 ∥2𝐾 𝑗
∥ 𝑓 ∥2𝐾𝑠

∈ [0, 1] .

The score 𝑐 𝑗 measures the fraction of RKHS signal energy, or equivalently the
GP/nonlinear-ANOVA variance contribution, attributable to components involving
𝑥 𝑗 [41, 244]; variables with smaller scores are treated as less influential. Ancestor
discovery proceeds by iterative pruning. At each step, the variable with the smallest
contribution score is removed and the GP surrogate is retrained on the reduced input
set. The pruning sequence is run to completion, the NSR is recorded at each step,
and the selected ancestor set A(𝑦) is the set of variables remaining immediately
before the largest NSR increment. The full algorithm is given in Appendix E.2.
Unlike conditional independence tests [124, 373], which return binary accept/reject
decisions, this procedure assigns each candidate variable a continuous contribution
score through a variance decomposition of the learned conditional sampler. This
supports pruning when finite data or indirect associations create weak dependencies
among variables. It also avoids testing variables against large conditioning sets,
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whose cost and reliability degrade with dimension [373]. Instead, a sharp increase
in NSR indicates that pruning has removed an important input for the learned
conditional law.

6.4.2 Digital twin modeling and treatment of dynamical systems
While our method applies broadly to the analysis of stochastic dependencies between
arbitrary variables, a particular area of interest is digital twin modeling. We consider
here a dynamical-system view in which the state is represented by a high-dimensional
vector 𝑞(𝑡) ∈ R𝑑 , potentially influenced by a control variable 𝑢(𝑡) ∈ R𝑐. The system
evolves according to

¤𝑞(𝑡) = Φ(𝑞(𝑡), 𝑢(𝑡), 𝜉 (𝑡)), (6.8)

where 𝜉 (𝑡) denotes a source of randomness or unresolved variability. In uncontrolled
settings, 𝑢 may be omitted or set to zero. In this scenario, digital twin modeling
aims to construct an approximation of the input-output behavior induced by the
dynamics Φ from observations of 𝑞 and, when available, 𝑢 [125, 272, 368]. In many
applications, however, it is not necessary to model the full state evolution. Instead,
one may only need to predict or explain the dynamics of a subset of variables of
interest, denoted 𝑞I . After discretizing time, the evolution of these variables can be
written in reduced form as

Δ𝑞I (𝑡) = 𝑞I (𝑡 + Δ𝑡) − 𝑞I (𝑡) = 𝑇I (𝑞I (𝑡), 𝑢(𝑡), 𝜔(𝑡)), (6.9)

where𝜔(𝑡) aggregates unobserved state variables, memory, discretization error, and
noise, as motivated by delay-coordinate embeddings for deterministic and stochas-
tically forced systems [323, 328]. We are interested in recovering the ancestors of
Δ𝑞I (𝑡) among the observed variables, given 𝑞I (𝑡) and, in the controlled case, 𝑢(𝑡).
We refer to these ancestors as the dynamic dependencies of 𝑞I . This corresponds
to setting S = (Δ𝑞I (𝑡), 𝑞I (𝑡)) in Section 6.2, or S = (Δ𝑞I (𝑡), 𝑞I (𝑡), 𝑢(𝑡)) in the
controlled setting, and recovering the bipartite graph 𝐺 from 𝑞I to Δ𝑞I , or from
(𝑞I , 𝑢) to Δ𝑞I when controls are present.
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C h a p t e r 7

DISCOVERING ALGORITHMS WITH COMPUTATIONAL
LANGUAGE PROCESSING

Théo Bourdais, Abeynaya Gnanasekaran, Houman Owhadi, and Tuhin Sahai.
Discovering algorithms with computational language processing. Science Ad-
vances, 12(37):eaea4216, 2026. doi: 10.1126/sciadv.aea4216. URL https:
//doi.org/10.1126/sciadv.aea4216.
TB co-designed the CLP framework, ran the main experiments, and co-wrote the
manuscript.

7.1 Introduction
Discovering algorithms is among the most creative of human endeavors. Efforts to
formalize or automate this process date back more than half a century, from early
theories of program discovery and inductive inference [315], to automatic code
generation for numerical solvers [302], and systematic algebraic searches for faster
matrix multiplication algorithms initiated by Bini et al. [36] which were continued
in modern tensor-decomposition approaches [99]. Yet most of these efforts have
remained narrowly problem-specific, for instance, in the game-theoretic design of
fast, operator-adapted solvers [236], underscoring the difficulty of developing gen-
eral frameworks for algorithm discovery. Alternatively, more recent approaches
adopt direct code-generation paradigms such as AlphaEvolve [227] in which en-
sembles of large language models (LLMs) serve as coding agents. These are often
integrated with evaluation metrics and evolutionary strategies, such as genetic al-
gorithms, to iteratively refine large code segments [182, 192, 278]. AlphaEvolve
and similar methods yield a single solution that is applied uniformly across all
instances within a problem-class. However, such algorithms often overlook struc-
tural information that varies from one instance to another. Algorithms that exploit
instance-specific structure are likely to outperform those that do not, motivating
the development of adaptive approaches to algorithm discovery. In this work, we
address this challenge by tokenizing the computation process itself, an abstraction
that simplifies and generalizes complex algorithmic representations, which we term
Computational Language Processing (CLP).

Next, we introduce an RL ensemble variant of MCTS to efficiently explore the
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space of grammatically consistent token chains (Fig. 7.1, A and B). Contrary to the
prevalent paradigm, where an algorithm is designed for an entire class of problems
(e.g., combinatorial optimization) and uniformly applied across all instances, our
framework is instance-adaptive and performs reinforcement learning directly at the
computational level of each specific problem instance. As a result, our approach can
generate both problem class algorithms and distinct, instance-specific algorithms
finely tailored to the nuances of individual problems. We demonstrate the effective-
ness of this approach in algorithmic discovery through applications to the Quadratic
Assignment Problem (a generic strongly NP-hard combinatorial optimization prob-
lem to which many other NP-hard problems can be reduced, see Sec. F.1), the
Quantum (unstructured) Search Problem and Quantum Approximate Optimization
Algorithm (QAOA). Crucially, this high-level framework not only simplifies the
conceptualization and generalization of complex algorithms and interfaces natu-
rally with downstream code-generation methods, but also has the potential to extend
to other domains such as systems engineering and mathematical discovery.

Computational Language Processing
Primitives

Algorithm

LSG 3OR FW LSSA OC

R SA

FW

LS

OP OC

2O

BK

LSG

3O

(A) (B)

Figure 7.1: Overview of Algorithm Tokens and MCTS+RL Search Tree: (A)
We conceptualize an algorithm as a chain of elementary computational steps (primi-
tives/tokens), chained with a precise grammar/syntax. (B) Starting with elementary
tokens, we discover new tokens and algorithms with ensemble Monte Carlo tree
search (MCTS) + reinforcement learning (RL) as a babbling mechanism to search
over the tree of all possible strings of tokens. Edges represent primitives/tokens
and nodes the ensemble of computational state variables sampled from the string of
(possibly stochastic) tokens leading that node.

7.2 Results
7.2.1 Results on the Quadratic Assignment Problem (QAP).
The QAP is a foundational combinatorial optimization problem that arises in many
domains, including supply chain optimization, facility layout, airport design, data
center placement, and very large-scale integrated circuit design. For additional
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background on the QAP and its practical relevance, see Sec. F.1.1. Because of its
combinatorial search space and strong NP-hardness, even moderately sized instances
(e.g., 𝑛 = 20) are computationally challenging, and achieving any constant-factor ap-
proximation is itself NP-hard [48]. Beyond its intrinsic difficulty, the QAP subsumes
several classical optimization problems. For instance, setting 𝐹 to be the adjacency
matrix of the cycle graph of length 𝑛 with symmetric distances 𝐷𝑖, 𝑗 = 𝐷 𝑗 ,𝑖 ≥ 0,
𝐷𝑖,𝑖 = 0, and 𝐶𝑖, 𝑗 = 0 in the QAP loss (Eqn. 7.1) reduces it to the Traveling Sales-
man Problem (TSP). Similarly, setting 𝐶 = 0 and restricting 𝐷𝑖, 𝑗 ∈ {0, 1} yields
the Graph Matching Problem [287]. Developing an automated framework capable
of generating instance-adapted algorithms that outperform state-of-the-art solvers
for the QAP would, therefore, have substantial scientific and industrial impact. To
formally define the QAP, let 𝐷, 𝐹, and𝐶 be 𝑛×𝑛matrices with arbitrary real-valued
entries, where 𝑛 ≥ 2. Let Π𝑛 be the set of all permutations of {1, 2, . . . , 𝑛}, the
objective of the QAP is to minimize min𝜋∈Π𝑛 L(𝜋) where,

L(𝜋) :=
𝑛∑︁
𝑖=1

𝑛∑︁
𝑗=1

𝐹𝑖, 𝑗𝐷𝜋(𝑖),𝜋( 𝑗) +
𝑛∑︁
𝑖=1

𝐶𝑖,𝜋(𝑖) = Tr
[
𝐹𝑃𝐷𝑇𝑃𝑇 + 𝐶𝑃𝑇 ] , (7.1)

and 𝑃 ∈ P𝑛 is a 𝑛 × 𝑛 permutation matrix associated with 𝜋.

Algorithm discovery can be tackled at different levels of problem complexity, from
hyperparameter tuning to heuristics design. To explore this spectrum, we evaluate
our method on two benchmark generators, the composite QAP (CQAP) [91], the
significantly more challenging Palubeckis QAP (PQAP) [247], and the Quadratic
Assignment Problem Library (QAPLIB) library of challenge problems. In three dif-
ferent experiments, CLP is provided with a base set of tokens and learns to compose
them into increasingly sophisticated algorithms using a lightweight Transformer
model guided by an ensemble variant of MCTS. With this approach, we obtain the
following results: (i) Using well-established algorithms as computational tokens,
(see Sec. F.1.3 for the entire list of tokens), our algorithm learns to chain these strate-
gies to beat state-of-the-art metaheuristics and the mixed-integer commercial solver
Gurobi. This performance is achieved across a range of problem sizes and instances
with varying underlying structure, while keeping the number of objective evalua-
tions constant. As shown in Fig. 7.2, the resulting policies achieve optimal solutions
in 100% of tested instances from CQAP for 𝑛 ≤ 80, ≤ 1% optimality gap on PQAP
for 𝑛 ≤ 80 and beat or equal all other tested methods in all 390 tested PQAP and
CQAP instances. On previously unseen QAPLIB examples, CLP generalizes to new
problem structures, solving 64% of QAPLIB instances to optimality and beating or
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equaling all other tested methods in 100% of QAPLIB instances. See Sec. 7.7.2
for experimental details. (ii) Starting from a minimal set of primitive operations
such as copy operations, gradient steps, negation, Hungarian assignment (to map
continuous matrices to permutation matrices), and simple control-flow tokens, CLP
expands the library to 100+ composite tokens using a variant of Byte-Pair Encoding
[109] for computational tokens, which we term Algorithmic Byte-Pair Encoding
(A-BPE) (see Materials and methods). After just three refinement rounds (of A-
BPE and neural network retraining) it rediscovers many high-level tokens including
the well-known 𝑘-OPT and Frank-Wolfe (FW) algorithms. It also learns to perform
random restarts for FW (see Fig. 7.6), enabling it to reach optimality in over 90%
of cases for CQAP instances of size 40, surpassing what standard implementations
of FW achieve. See Sec. 7.7.1. (iii) When focused on step-size optimization, CLP
discovers a new cyclic step-size schedule that significantly outperforms the stan-
dard step-size schedule implemented within the SciPy software package [344] ( see
Sec. 7.7.1.1).

In short, CLP demonstrates effectiveness across all aspects of algorithmic design:
improving performance at a high-level, rediscovering known algorithms augmented
with novel low-level restarting strategies, and optimizing associated parameters.
CLP outperforms all baselines, including commercial solvers such as Gurobi, while
scaling cubically and providing fast answers on large problem instances.
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Figure 7.2: Optimality gap for different methods: the figure displays median,
10th and 90th quantiles of optimality gap. Computational Language Processing
(CLP) beats all other methods, including Simulated Annealing (SA) and Branch
and Bound (B&B), on all instances, and achieves global optimum on all tested
Composite Quadratic Assignment Problem (CQAP) instances
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7.2.2 Results on the Quantum Search Problem.
Consider a finite, unstructured setX (with no inherent ordering or other distinguish-
ing characteristics) containing 𝑁 elements, indexed by the set {0, 1, . . . , 𝑁 − 1}.
Among the elements of X, there is exactly one marked or target element 𝑥∗ ∈ X.
The task is to identify the marked element 𝑥∗ by querying an oracle (black-box)
function 𝑓 : X → {0, 1}, where 𝑓 (𝑥) = 1 if 𝑥 = 𝑥∗ and 𝑓 (𝑥) = 0 otherwise. This
oracle provides no additional information about the location of the target beyond
the binary responses to queries. The objective is to determine the marked element
𝑥∗ efficiently, minimizing the number of queries to the oracle function 𝑓 . In the
quantum setting, the oracle is represented by a unitary operator𝑈 𝑓 , acting on com-
putational basis states |x⟩ as 𝑈 𝑓 |x⟩ = (−1) 𝑓 (x) |x⟩. This oracle operator flips the
sign of the amplitude corresponding to the marked state. Classically, since the setX
is unstructured, the optimal solution is an exhaustive linear search whose complexity
is O(𝑁). Using the Quantum Oracle Representation, quantum computing leverages
principles of superposition and amplitude amplification to achieve a provable quan-
tum advantage. Grover’s algorithm [126] accomplishes this, solving the quantum
search problem, in approximately 𝜋

4
√
𝑁 oracle queries with a high probability of

success. The quantum search problem is a cornerstone of quantum algorithmic
theory because it (a) demonstrates a provable quantum speed-up, (b) has significant
implications for cryptography, and (c) serves as a subroutine in numerous quantum
algorithms.

An 𝑛-qubit quantum state |ψ⟩ lives in a 2𝑛-dimensional Hilbert space, and is ex-
pressed in the computational basis as: |ψ⟩ = ∑

x∈{0,1}𝑛 𝑎x |x⟩, where
∑

x |𝑎x |2 = 1.
Given a problem of size 𝑁 on 𝑛 = log2(𝑁) qubits, we formulate the discovery of
an algorithm for the quantum search problem as finding a sequence of quantum
gates that maximizes the probability of measuring the target state with minimum
circuit depth. The CLP framework is set up with the following primitives (quantum
gates) that make up Grover’s algorithm: (I) The Hadamard gate on 𝑛 qubits whose
action is on x ∈ {0, 1}𝑛 is given by 𝐻⊗𝑛 |x⟩ = 1√

2𝑛
∑

y∈{0,1}𝑛 (−1)x·y |y⟩ where
x · y = 𝑥1𝑦1 + 𝑥2𝑦2 + · · · + 𝑥𝑛𝑦𝑛 (mod 2). (II) The oracle that marks the target
state |w⟩ as 𝑈 𝑓 |x⟩ = −|x⟩ if x = w and 𝑈 𝑓 |x⟩ = |x⟩ if x ≠ w. (III) The
Pauli-X (NOT) gate on 𝑛 qubits 𝑋⊗𝑛 |x⟩ = |1 − 𝑥1, 1 − 𝑥2, . . . , 1 − 𝑥𝑛⟩. (IV) The
multi-controlled Z (MCZ) gate that applies a phase flip when all qubits are |1⟩, i.e.,
MCZ |x⟩ = −|x⟩ if 𝑥1 = 𝑥2 = · · · = 𝑥𝑛 = 1 and MCZ |x⟩ = |x⟩ otherwise.

The circuit discovered by our framework is shown in Fig. 7.3. Compared to the
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Figure 7.3: Comparison of Grover’s algorithm implementations: standard (left,
𝑈𝐷 is the standard diffusion operator) and optimized (right, with simplified diffusion
operator𝑈′𝐷).

standard Grover’s circuit, also shown in Fig. 7.3, the circuit depth is nearly halved,
yielding a reduction of ( 𝜋2

√
𝑁 − 1) layers, and the number of gates is reduced

by ( 𝜋2
√
𝑁 − 1) log 𝑁 . Quantum errors scale exponentially with circuit depth and

number of qubits due to decoherence and noise. Consequently, our approach results
in an exponential improvement in robustness measures. The standard Grover’s
algorithm can be summarized as follows. (1) Start with |0⟩⊗𝑛. Apply Hadamard
gates to create uniform superposition: |s⟩ = 𝐻⊗𝑛 |0⟩⊗𝑛 = 1√

𝑁

∑𝑁−1
𝑥=0 |x⟩. (2) Repeat

𝑂 (√𝑁) times: (a) Apply oracle 𝑈 𝑓 to mark the target state. (b) Apply diffusion
operator 𝐷 = 2|s⟩⟨s| − 𝐼. The optimized Grover’s algorithm can be summarized as
follows. (1) Start with |0⟩⊗𝑛. (2) Apply X gates to all qubits: 𝑋⊗𝑛 |0⟩⊗𝑛 = |1⟩⊗𝑛.
Apply Hadamard gates to create a different superposition: |s′⟩ = 𝐻⊗𝑛 |1⟩⊗𝑛 =

1√
𝑁

∑𝑁−1
𝑥=0 (−1) |x| |x⟩ where |x| is the Hamming weight (number of 1’s) in the binary

representation of x. (3) Repeat 𝑂 (√𝑁) times: (a) Apply oracle 𝑈 𝑓 to mark the
target state. (b) Apply modified diffusion operator 𝐷′ = 2|s′⟩⟨s′ | − 𝐼. We show in
Sec. 7.8 that our discovered gate sequence is mathematically equivalent to Grover’s
algorithm and is an optimized version constructed using the same gate set. The key
insight is that by starting with |1⟩⊗𝑛 instead of |0⟩⊗𝑛, we can directly implement
the diffusion operator using just 𝐻⊗𝑛 → MCZ → 𝐻⊗𝑛, eliminating the need for X
gates at every iteration.

7.2.3 Results on the Quantum Approximate Optimization Algorithm
(QAOA).

To show that our approach is applicable to settings where the practitioner is interested
in circuits with prescribed depth, we apply CLP to QAOA [97], a hybrid quantum-
classical optimization algorithm designed to approximately solve combinatorial
optimization problems. Here, our goal is to reduce the optimization cost (compute
better minima) for a given circuit depth. Specifically, we use our approach to
generate mixer Hamiltonian circuits for solving the MAX-CUT problem on 𝑝-regular
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graphs. In Sec. 7.9, we show that our approach achieves a 35% improvement when
compared with ADAPT-QAOA [381], the adaptive version of QAOA implemented
within NVIDIA’s quantum computing library (CUDA-Q). The policy and value
networks were trained on 1000 examples and then tested on graphs that were not
seen previously. See supplementary materials for further details.

7.3 Discussion
In this work, we demonstrated the versatility of CLP through three representative
examples of algorithm discovery, spanning classical combinatorial optimization and
quantum computation. The framework composes and refines computational primi-
tives to recover known algorithms and generate instance-adapted variants that match
or exceed existing baselines. While our results focus on these specific domains, the
underlying approach may extend to other areas of automated algorithm design. CLP
currently relies on manually crafted computational primitives; a natural next step
is to automate their generation. Furthermore, scaling CLP to larger problems will
require mitigating the cost of its RL component.

7.4 Materials and methods
7.4.1 Computational Language Processing.
Our framework exploits the conceptualization of an algorithm as “a sequence of
finite computational steps that transform an input into a desired output” [68]. Since
these computational steps naturally correspond to computational graphs [41, 239],
the problem of discovering an algorithm reduces to discovering a computational
graph whose structure can be represented as a sequence of known elementary com-
putational graphs/steps which we call primitives and that can be chained into more
complex operations that we call tokens. Drawing a parallel between computa-
tional primitives and letters, we view an algorithm as a sentence (Fig. 7.1(A)),
and algorithm discovery as learning to speak in a computational language. This
perspective motivates a language-based learning approach, abstracting away from
domain-specific tasks to focus on chaining arbitrary computational steps. This
enables algorithm discovery across diverse problem domains with a unified method-
ology. Therefore, analogous to natural language, the set of primitives serves as the
alphabet for our computational language.

Turbo codes (which transformed digital communications by enabling efficient and
reliable data transmission near the theoretical limit) provide an example of how
composing simple computational primitives can yield a novel and powerful algo-
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rithm. As the inventors, Claude Berrou and Alain Glavieux later reflected, turbo
codes were “the result of an empirical, painstaking construction of a global cod-
ing/decoding scheme, using existing bricks that had never been put together in this
way before” [130].

Our framework automates and amplifies this process. Unlike natural language, no
large dataset of training examples exists for our task. To address this, the framework
alternates between two complementary phases (see Fig. 7.1(A), 7.4(A), and 7.5):
(i) an ensemble MCTS–RL paradigm that automates and scales the exploration of
chains of computational steps, composing elementary primitives into progressively
more complex operations (analogous to forming words in natural language), i.e.,
tokens; and (ii) incremental vocabulary expansion by merging frequently occurring
and efficient token sequences, inspired by Byte-Pair Encoding (BPE) [109].

7.4.2 Ensemble Monte Carlo tree search with reinforcement learning.
To explore and refine the chaining of computational primitives, we integrate
MCTS [46] with trained policy and value neural networks. MCTS incrementally
builds search trees using random sampling and targeted exploration, efficiently
focusing on promising moves without exhaustively searching the entire tree.
Combined with deep neural networks and self-play, this strategy reached break-
throughs like AlphaGo’s superhuman performance in Go and AlphaZero’s rapid
dominance in chess [299, 309, 310]. Our approach is a new ensemble variant of the
AlphaZero reinforcement learning framework as detailed in Sec. 7.6. In this variant,
edges correspond to computational actions represented by tokens, and each node
maintains an ensemble of computational states derived from the sequence of tokens
leading to that node (Fig. 7.1(B)). The framework is specifically designed to handle
stochastic operations such as random initializations (e.g., random permutations) or
stochastic computational operations, as they are key building blocks for designing
efficient algorithms. In addition to token sequences, Boltzmann-weighted averages
(akin to a softmax) of computational states are computed and serve as input
features for the policy and value neural networks. In the setting of algorithm
discovery, our approach learns to chain tokens into algorithms dynamically tailored
to specific problem instances. In several of our test cases, when a single algorithm
proves effective across all instances of a problem class, the learned policy tends to
converge toward that solution. This convergence suggests that the framework can
recover general-purpose algorithms applicable to entire problem classes when such
solutions exist.



126

Subdivision into low-level primitives
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Figure 7.4: Navigating the complexity of algorithmic tokens, complexification
and subdivision using Monte Carlo Tree Search (MCTS) + Reinforcement
Learning (RL): (A) Algorithmic Byte-Pair encoding to increase vocabulary by
creating new tokens from old ones (B) Low-level primitives (C) Fast Approximate
Quadratic assignment problem (FAQ) algorithm rediscovery as a chain of three
primitives (gradient, linear sum assignment, convex combination of doubly stochas-
tic relaxation). See supplementary Sec. F.1.3 for low-level primitive definitions.

7.4.3 Algorithmic byte-pair encoding and learning higher-complexity tokens.
The choice of primitives, i.e. the computational alphabet in CLP, directly governs
the trade-off between expressivity and complexity of the search space. Imposing
strong prior assumptions on the structure or choice of primitives introduces a signif-
icant bias towards the form of algorithm that is ultimately discovered. Conversely,
while low-level primitives such as arithmetic operations or machine code offer max-
imum granularity, they also dramatically enlarge the search space, making discovery
intractable. As a result, coding agents based on LLMs rely heavily on supervised
pretraining to serve as frameworks for algorithm discovery. This inherently biases
them towards existing algorithms and known patterns. Even when fine-tuned using
RL, the often-used Kullback-Leibler (KL) penalty limits exploration by anchoring
updates to the pretrained distribution. This results in distributional shifts rather than
genuine capability expansion [169, 337]. Additionally, the vast parameter count
of LLMs makes RL-based exploration at inference computationally prohibitive. In
contrast, we define a discrete set of computational tokens, allowing us to precisely
control the amount of prior structure and eliminate the need for pretraining. This en-
ables unbounded exploration driven solely by RL, while drastically reducing model
size.
However, a fixed, manually designed vocabulary may constrain expressivity and ne-
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cessitate long token sequences to represent complex behaviors, thereby increasing
the search space and computational burden. To address this, we draw inspiration
from natural language processing (NLP) again to automatically discover tokens most
adapted to the task at hand. Since we view algorithm discovery as learning to speak
a computational language, RL rollouts can be viewed as “babbling”, i.e. learn-
ing speech through trial and error. We collect these rollouts to construct a corpus
of effective computational sequences for the current problem. Using this corpus,
we apply a variant of the BPE algorithm, termed Algorithmic Byte-Pair Encoding
(A-BPE), to iteratively merge frequently co-occurring token sequences into new,
higher-level tokens. These tokens represent higher-level computational steps and
can themselves be recursively composed, supporting hierarchical abstraction. This
enables the iterative construction of complex algorithms and a dynamic combination
of low and high-level representations (see Fig.7.4(A), Fig. 7.5, and Sec. 7.7.1–7.7.3).
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Figure 7.5: Emergence of dominant strategies as difficulty increases: (left-axis)
Frequencies of occurrence of dominant strategy and finding the global optimum.
(right-axis) Average optimality ratio, (L −minL)/minL. (x-axis) A-BPE rounds
occurring every 10 iterations are marked by a vertical dotted line. CLP discovers
increasingly more complex and effective algorithms, with identifiable dominant
strategies and instance-specific adaptations, to reach a high success rate. Strategies
include Frank-Wolfe (FW), 2-city flip (2FLIP), 2-city optimal (2OPT), gradient
(GRAD), Linear Sum Assignment (LSA). Details in 7.7.1
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7.4.4 Primitives, tokens and Algorithmic Byte-Pair Encoding for the QAP.
To illustrate the concepts of primitives and tokens, we describe selected primitives
commonly employed for solving the QAP, into which most existing algorithms
naturally decompose (Fig. 7.4(A)–(C)). A representative subset of these primitives
operates on a relaxation of the QAP from permutation matrices to the larger set
of 𝑛 × 𝑛 doubly stochastic matrices, denoted by P̃𝑛. A matrix 𝑃 ∈ P̃𝑛 satisfies
𝑃𝑖, 𝑗 ∈ [0, 1] for all entries, with row and column sums equal to one, i.e.,

∑
𝑗 𝑃𝑖, 𝑗 = 1

and
∑
𝑖 𝑃𝑖, 𝑗 = 1. By extending the loss function L to this relaxed domain, we obtain

its gradient with respect to the matrix 𝑃 as follows: ∇L(𝑃) = 𝐹𝑃𝐷⊤ + 𝐹⊤𝑃𝐷 +𝐶.
We introduce another fundamental primitive, interpolation between two doubly
stochastic matrices, defined by: 𝑃 ← (1 − 𝛾)𝑄 + 𝛾 𝑆, where 𝑄, 𝑆 ∈ P̃𝑛 and 𝛾 ∈
[0, 1], resulting in another doubly stochastic matrix. Additionally, given an arbitrary
cost matrix 𝐶 ∈ R𝑛×𝑛, we consider the Linear Sum Assignment (LSA) problem,
which seeks a permutation 𝜋 minimizing the total assignment cost

∑𝑛
𝑖=1𝐶𝑖,𝜋(𝑖) . The

Hungarian (or Kuhn–Munkres) algorithm [176, 224] solves this problem optimally
in 𝑂 (𝑛3) time. We denote the optimal permutation matrix solving the LSA defined
by 𝐶 as: LSA(𝐶) := argmin𝑃∈P𝑛

∑𝑛
𝑖, 𝑗=1𝐶𝑖, 𝑗𝑃𝑖, 𝑗 . Although we use the LSA

algorithm as a primitive, in this case, we show how these algorithms can themselves
be rediscovered using low-level primitives (see Fig. 7.5). Additional primitives are
detailed in Sec. F.1.3. To illustrate vocabulary generation and token formation,
consider the Frank–Wolfe (FW) algorithm’s update step for the QAP:

𝑃𝑘+1 = (1 − 𝛾𝑘 )𝑃𝑘 + 𝛾𝑘 LSA(∇L(𝑃𝑘 )).

This update naturally decomposes into an interpolation token and a token repre-
senting the LSA operation applied to the gradient, each corresponding to previously
defined computational primitives (Fig. 7.4(b,c)). Such decompositions demonstrate
the incremental creation and complexity building inherent in our computational
language framework. Fig. 7.5 further demonstrates the practical application of our
A-BPE strategy (see Fig. 7.4(A)) for token construction in the context of the QAP.
Starting from a modest initial set of 8 elementary primitives (see Sec. 7.7.1), the
CLP approach leveraging A-BPE progressively discovers increasingly sophisticated
and effective algorithms (tokens), emerging as dominant (most frequently employed)
strategies (i.e., strings of tokens) over multiple rounds. For example, the FW algo-
rithm emerges as a dominant string of computational tokens. The resulting tokens
exhibit both a recognizable dominant strategy and instance-specific adaptations,
ultimately achieving high success rates (see Sec. 7.7.1 for details).
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We adapt the AlphaZero variant of MCTS [46, 299, 309, 310] as a “babbling”
engine that chains tokens to obtain candidate algorithms. We use our adapted RL
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approach to (i) find generic solvers for the QAP and construct quantum circuits for
quantum search and optimization, and (ii) construct instance-adapted algorithms
that are generated on-the-fly. Details of our ensemble MCTS approach follow, and
we omit aspects that do not deviate from AlphaZero.

State Representation. At depth 𝑑, state s𝑑 is defined by the sequence of previous
actions taken (𝑎1, . . . , 𝑎𝑑−1). Additional information can be extracted from the state
to get a more informative representation to input the neural network, such as loss
increments of the states (L(s2) − L(s1), . . . ,L(s𝑑) − L(s𝑑−1)) and the sequence
of times taken to compute each action (see below).

Transformer-based policy and value networks. Having formulated the state as a
sequence of actions, rather than a problem-specific state such as a permutation or a
quantum state, it is natural to use transformers to perform the task of predicting the
policy and value from the state. By abstracting the problem this way, we obtain a
unified learning framework for algorithm discovery, independent of the underlying
problem. It also ensures effective generalization across problem instances of varying
sizes, as the tokens themselves are defined for any size.

Ensemble Variant and Handling Stochasticity. To accommodate stochasticity
arising from random initializations and stochastic actions, we use ensembles of
candidate solutions at each node, typically 5 to 10, and keep track of the best
candidate ever seen along each path. Any time a node is reached, we compute a
new batch of candidate solutions using s𝑑 = (𝑎1, . . . , 𝑎𝑑−1). We compute the Gibbs
average of the losses (

∑
𝑖 L𝑖𝑒−𝛽L𝑖/

∑
𝑖 𝑒
−𝛽L𝑖 ) of all candidates ever seen at that node,

which gives an estimate of the expected loss achieved by the sequence of actions
s𝑑 , L(s𝑑). This gives more information about a node’s quality than sampling one
candidate, and is fed to the transformers.

Computational cost control. To account for the vast difference in cost between
different primitives, our MCTS search incorporates computational cost into its
decision process. A total compute budget is allocated, and execution halts once no
further action is feasible within that budget. To account for the cost of the policy and
value network evaluations, which are proportional to the depth of the tree, we also
add a fixed compute penalty at each depth level. This compute budget information
is also fed to the transformers, to allow greater planning and compute management.
We also add an early stopping primitive, so that not all of the compute is necessarily
expended. Combined with a discounting of the rewards for high use of compute,
this fosters the discovery of computationally efficient algorithms.
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Termination and correctness. All searches are bounded by a global compute
budget that includes both primitive execution and policy/value evaluations; loops
are implemented as bounded tokens (e.g., FOR(𝑘)), and an explicit STOP primitive
enables early termination. These constraints guarantee halting for every rollout.
Correctness is handled differently depending on the task. For Grover’s algorithm,
we prove correctness a posteriori after algorithm generation (see Sec. 7.8). For
optimization tasks such as the QAP, while mathematical guarantees like objective
bounds are NP-hard, the grammar enforces feasibility of all proposed solutions,
even when the generated algorithms rely on intermediate computations not explicitly
involving permutations.

7.7 CLP applied to the QAP
7.7.1 Discovering new strategies with low-level primitives and CLP
Our algorithm discovery framework is capable of operating with both low-level
and high-level primitives. Using the QAP as a prototypical example, we now
describe how it discovers new algorithms by composing simple base primitives.
The framework alternates between two phases: (1) learning to compose primitives
using MCTS, and (2) introducing new primitives by concatenating existing ones,
following a strategy inspired by Byte-Pair Encoding (BPE) [109].

Computational grammar. When analyzing existing algorithms, we observe that
they often share common building blocks, which we will interpret as low-level primi-
tives. Many of these primitives naturally correspond to matrix-level operations, such
as gradient computations. However, these intermediary computations often impose
specific input requirements, such as being a permutation, that are not guaranteed
to be preserved in their outputs. This imposes constraints on how primitives can
be chained. Furthermore, certain fundamental algorithmic constructs do not neatly
map to operations at the matrix level. For instance, a for-loop does not itself directly
operate on matrices; instead, it represents repeated application of another primitive.
To address this, we introduce the notion of operator primitives, operators that act
upon other primitives to generate new composite primitives. Because the effect of
an operator primitive depends on the structure of the primitive it modifies, addi-
tional constraints arise when composing them. All these constraints naturally give
rise to a grammar that defines the set of valid primitive compositions. There is an
inherent trade-off between the expressivity afforded by a richer primitive set and
grammar, and the complexity involved in effectively composing these primitives.
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To manage this trade-off, we restrict operator primitives to operate exclusively on
a single primitive at a time. As a result, certain algorithms, such as Frank-Wolfe,
while expressible in principle, are not immediately accessible due to their reliance
on nested applications of operator primitives. In such cases, expanding the primitive
set through Byte-Pair Encoding becomes essential to recover complex algorithms.

Control-like behaviors are encapsulated as tokens (e.g., bounded FOR, early STOP,
and selection via BEST or parallel evaluation with PU/2SWAP), extending expres-
sivity beyond a purely linear sequence while preserving a compositional grammar
and analyzable budgets.

Used tokens. LetM denote the relevant state space, here the space of matrices used
to represent relaxed or discrete QAP states (square matrices of size 𝑛). The chosen
primitives are of three kinds: matrix-to-matrix primitives, operator primitives, and
the syntax primitive STOP. Matrix-to-matrix primitives such as COPY, GRAD,
LSA, and NE (detailed below) have type

M →M .

Operator primitives such as RU, PU, FOR, and 2SWAP (described below) take a
matrix-to-matrix primitive as input and return a new matrix-to-matrix primitive;
they therefore have type

(M →M) → (M →M).

Matrix-to-matrix function primitives include the copy primitive (COPY:
𝑥 ↦→ 𝑥), gradient (GRAD: 𝑥 ↦→ ∇L(𝑥)), Linear Sum Assignment (LSA:
𝑥 ↦→ arg min𝜋⟨𝑥, 𝜋⟩𝐹), and negation (NE: 𝑥 ↦→ −𝑥). Operator primitives include a
𝑘-iteration loop (FOR) and residual updates (RU, which maps an arbitrary primitive
𝑃 to RU[𝑃]: 𝑥 ↦→ 𝑥 + 𝑃(𝑥)).

Although COPY(𝑥) = 𝑥 at the value level, COPY is not included merely for padding.
It is the neutral argument that allows an operator primitive to act without impos-
ing an additional transformation. As an example, RU[COPY] (𝑥) = 2𝑥, since
RU[COPY] (𝑥) = 𝑥 + COPY(𝑥). This allows expressibility by recursive compo-
sition of RU, i.e. RU𝑘 [COPY] = 𝑥 ↦→ (𝑘 + 1)𝑥. Similarly, as described be-
low, 2SWAP[COPY] (𝑥) enumerates all one-transposition or two-city-swaps of 𝑥,
and returns the candidate with the lowest loss. Thus, 𝑘 compositions of 2SWAP
(i.e. 2SWAP𝑘 ) generate increasingly rich multi-swap neighborhoods, including all
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neighborhoods used in (𝑘 + 1)-OPT-style local search. This allows us to have a
wide variety of expressible functions via composition while keeping the number of
tokens limited. It also avoids excessively constraining the discovery process with
prior knowledge.

We now describe in detail the parallel 2-city flips operator. Given a permutation
matrix 𝑥 and a primitive 𝑃 (mapping permutation matrices to permutation matrices),
2SWAP(𝑃) (𝑥) is computed as follows: (a) compute the permutations that are one
2-city flip away from 𝑥, i.e. 𝑦𝑖, 𝑗 = 𝑆𝑊𝐴𝑃(𝑥, 𝑖, 𝑗), for 𝑖, 𝑗 = 1, . . . , 𝑛, where
𝑆𝑊𝐴𝑃(𝑥, 𝑖, 𝑗) denotes the permutation obtained from 𝑥 by swapping indices 𝑖 and 𝑗 .
(b) compute the images 𝑧𝑖, 𝑗 = 𝑃(𝑦𝑖, 𝑗 ), (c) return the first 𝑧𝑖, 𝑗 , in index order, among
those with minimal loss (such that 𝑧𝑖, 𝑗 = arg min𝑧𝑘,𝑙 L(𝑧𝑘,𝑙)). Mathematically,
2SWAP[𝑃]: 𝑥 ↦→ arg min𝑧𝑖, 𝑗 {L(𝑃(𝑦𝑖, 𝑗 )) | 𝑧𝑖, 𝑗 = 𝑃(𝑦𝑖, 𝑗 ), 𝑦𝑖, 𝑗 = 𝑆𝑊𝐴𝑃(𝑥, 𝑖, 𝑗)}.

We also introduce the parallel uniform operator primitive PU, which samples 10
random i.i.d. permutation matrices 𝑦1, . . . , 𝑦10 according to the uniform distri-
bution U over the finite set of permutation matrices, applies a given primitive 𝑃
(mapping permutation matrices to permutation matrices) to each, and keeps the
resulting state that has the smallest loss. This results in the operation PU[𝑃]:
𝑥 ↦→ arg min𝑧𝑖 {L(𝑧𝑖), 𝑧𝑖 = 𝑃(𝑦𝑖), 𝑦𝑖 ∼ U, 𝑖 = 1, . . . , 10}.

Finally, we add the syntax primitive STOP to learn to perform early stopping and al-
low us to encourage more efficient algorithms through the reward (see computational
cost control in 7.6).

Algorithmic Byte-Pair Encoding (A-BPE). After each round of babbling, we
collect the sequences of tokens selected by ensemble MCTS. We count how often
each pair of consecutive tokens appears in the corpus, excluding pairs that reconstruct
existing tokens (e.g., applying the negative primitive twice to form the identity). The
most common pair is merged into a new token, and all its instances in the corpus are
replaced accordingly. This process repeats until no remaining pair occurs at least
10 times.

Results. We run multiple rounds of consecutive babbling, with 10 iterations of
self-play each, and A-BPE on QAP problems of size 15 then 40. The results of
this experiment are shown in Fig. 7.5. After one round of babbling, the majority
of rollouts end with a 2-city swap and copy, i.e. the best flip (denoted 2FLIP,
defined as 2𝑆𝑊𝐴𝑃(𝐶𝑂𝑃𝑌 )). A-BPE identifies this pair as frequent and treats it in
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subsequent rounds as an atomic token, thereby reducing search depth and improving
exploration efficiency. After one round, composing 2FLIP with a bounded FOR loop
then becomes feasible, yielding the popular 2OPT strategy used in algorithms such
as the Lin–Kernighan heuristic. While around 60% of rollouts finish with 2OPT-
>GRAD->LSA, the success rate (i.e. the frequency of finding the global optimum)
reaches 80%, indicating that other, instance-specific strategies are discovered. After
the second round of A-BPE, we move to problems of size 40, which are significantly
harder, and renders 2OPT impractical due to its much higher computational cost and
reduced effectiveness. In earlier iterations of our method, where computational cost
was not taken into account, subsequent rounds discovered 3OPT and 4OPT, which
are very effective but prohibitively expensive when implemented in a naive fashion
without pruning. We note that, just as in the RU𝑘 case, the introduction of the 2SWAP
and COPY as separate primitives, rather than solely the 2FLIP primitive, allows us
to generate any 𝑘-OPT operation without having to define separate primitives for
each 𝑘 . In contrast, our current approach shifts to more efficient strategies as
the problem size increases. Two rounds of A-BPE expand the vocabulary to 107
tokens, which include parts of existing and novel algorithms such as 2SWAP, 3FLIP,
FOR(GRAD->LSA), GRAD->LSA->FLIP, LSA->GRAD, NE->LSA.

7.7.1.1 Improving algorithm hyperparameters using CLP

In this experiment, we optimize the learning rate of the Frank-Wolfe algorithm.
Recall that the FW algorithm for QAP iteratively updates:

𝑃𝑘+1 = (1 − 𝛾𝑘 )𝑃𝑘 + 𝛾𝑘 LSA(∇L(𝑃𝑘 )),

where 𝛾𝑘 is a tunable step-size that is typically set to 2
2+𝑘 . Using a line search [344]

at each step yields a similar performance and decay in the learning rate. In order to
optimize this schedule, we discretize the interval [0, 1] with 20 equidistant values.
We define our computational tokens to be the 20 different choices of learning
rate. Using CLP, we optimize the chaining of these tokens, creating learning rate
schedules that are tailored to each instance.
Automatic selection via CLP reveals that cyclical step-size schedules (as in Fig. 7.6)
yield improved performance and an ability to reach the global optimum in tested
instances. Notably, this phenomenon mirrors cyclical learning-rate strategies in
neural networks, which achieve better accuracy and faster convergence without
extensive tuning [312].
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Figure 7.6: Optimal step sizes for the Fast Approximate Quadratic assignment
problem (FAQ) algorithm generated by our Computational Language Process-
ing (CLP) approach compared to the standard step size schedule implemented
in SciPy. CLP discovers a cyclic rate (blue) with interleaving of Linear Sum as-
signments (LS) and Linear Sum assignments on the Gradient (LSG), and reaches
global optimum unlike the standard line search-based approach used in SciPy (red)

7.7.2 Reaching state-of-the-art performance using high-level primitives and
CLP

We define the high-level primitives as existing heuristics used to solve the QAP.
They are simulated annealing, Frank-Wolfe (also known as Fast Approximate QAP)
with two variants to project from doubly stochastic matrices to permutations, 2OPT,
3OPT and two variants of orthogonal optimization.
A pair of models, a policy network and a value network, is trained on examples
generated from CQAP and PQAP, of varying size from 10 to 80, and evaluated on
QAPLIB, with problems ranging in size from 10 to 256. We compare our results
to simply using Simulated Annealing for many more iterations. This is a simple
baseline, which is known to converge to the true solution if given an exponentially
large number of steps [258]. We also code a simple branch-and-bound strategy,
using the Gilmore-Lawler bound, with a limit on the total time spent. Finally,
for a stronger comparison, we use the commercial Gurobi solver by interpreting
the QAP as a mixed-integer quadratic problem, and setting the runtime to be the
same as our method. The CLP runtime (at generation stage) includes the discovery
of the instance-adapted algorithm and its execution to produce the final candidate
solution. All examples up to size 80 run in under 200s (and most run in real-time),
with the longest run taking 17 minutes for a QAPLIB problem of size 150. Note that
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algorithm generation is performed in batches, so the reported durations correspond
to batch-averaged times. All test runs were performed on a Mac Studio with M3
Ultra chip.

Composite QAP (CQAP) Generator. The composite QAP (CQAP) genera-
tor [91] produces problems with varying structural complexity, facilitating robust
evaluation of algorithmic performance. Our framework achieves optimality in all
tested instances. The instance-adapted algorithms generated vary in the primitives
used, their order, and their length. For example, for two QAP instances of size 80,
one is solved using the sequence (FW-LS -> FW -> OC -> SA -> FW-LSG -> 3PO
-> STOP), while another used (2O -> FW -> OC -> SA -> FW-LSG -> FW-LSG ->
FW-LS -> FW-LS -> OC -> STOP). In comparison, other methods obtain nonopti-
mal results, with a gap that widens as the size of the problem increases. Observing
no gap between training and testing performance, we can conclude our framework
has learned effective strategies for the whole CQAP class of problems.

Palubeckis QAP (PQAP) Generator. The Palubeckis QAP (PQAP) genera-
tor [247] represents a sophisticated method for crafting challenging QAP instances
with precisely known optimal solutions. Through Hamming distance analysis, we
observed that the PQAP optimization landscape is notably more challenging than
CQAP. It features steep and narrow valleys around global optima and a high density
of local optima, complicating heuristic search efforts significantly.
Despite this difficulty, our method achieves a 1% optimality gap in all tested in-
stances, and beats the other methods in all examples. Once again, this performance
is consistent with training performance, highlighting the capability of our method
to generalize to other instances in the training distribution.

Benchmarking on QAPLIB. We evaluate our method using the widely recog-
nized QAPLIB [48] library, known for its challenging benchmark problems and
completely unseen in the training of our method. CLP consistently achieves state-
of-the-art performance, achieving the best-known objective values across multiple
tested instances. It beats or equals other methods in all instances. We also note that
global optimum is achieved for problems of size up to 100. This shows the excellent
generalization of our method to unseen problems, with potentially different structure
from the CQAP and PQAP generators used in training. Detailed comparative results
are provided in Table F.1.
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7.7.3 Using CLP to manually create algorithms
While we present a method for automated algorithm discovery, CLP can be a useful
framework for manually designing algorithms. In the process of developing our
framework, we went through the steps of tokenizing, complexifying and improving
by trial and error an algorithm, giving us valuable insight on how to automate this
process. It resulted in an algorithm capable of achieving state-of-the-art perfor-
mance with minimal computational resources when compared to other heuristics.
While this algorithm was ultimately not implemented in automated discovery, it
gives valuable insight on how high-level complexification within CLP is abstracted
away from direct code-generation. Consequently, it fundamentally differs from
approaches [182, 192, 227, 278].

Starting from the Frank-Wolfe algorithm, which is a gradient descent in the space of
doubly stochastic matrices, we observed that projecting the final doubly stochastic
matrix to a permutation could prove to be difficult. While using 𝐿2 projection or
the permutation of steepest descent gives good results, taking the best of the two
improves results most. This yielded the best of both token. The gradient descent
would often get stuck in local minima, as the optimization is not necessarily convex.
To address this, we introduce a biasing token that adds a repulsive penalty to the loss.
Specifically, given the current doubly stochastic matrix 𝑥0 and a biasing matrix 𝑇 ,
the biased loss is L𝐵 (𝑥) = L(𝑥) + 𝛾 Tr(𝑥𝑇𝑇). This allows one to push the gradient
descent away from the current solution. To introduce some variety in the exploration,
we introduced another operator primitive similar to the parallel states primitive in
7.7.1. From a permutation 𝑥, take 10 uniform random permutations, 𝑥𝑖, and 10
random scalars𝑈𝑖 ∼ U([0, 1]). Letting 𝑦𝑖 = 𝑃(𝑈𝑖𝑥𝑖 + (1 −𝑈𝑖)𝑥) for 𝑃 an arbitrary
token acting on doubly stochastic matrices, this parallel state with perturbation
token picks arg minL(𝑦𝑖) as its output. This is similar to implementing a deflation
technique to discover new solutions [98]. This variety allows us to compute a Gibbs
average, 𝑦𝛽 =

∑
𝑖 𝑦𝑖𝑒

−𝛽L(𝑦𝑖 )∑
𝑖 𝑒
−𝛽L(𝑦𝑖 ) . It extracts information about the most likely values for the

true optimum on average, and is used to define the bias token, 𝑇 = 𝑦𝛽 ⊙ (1− 𝑦𝛽) ⊙ 𝑥0

(writing ⊙ for the entrywise product).
Having complexified our vocabulary with these new tokens, we manually crafted a
highly performant algorithm that solved all tested instances of the CQAP generator
up to size 160. This early success motivated us to extend and automate this approach,
using the CLP framework.
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7.8 Discovering a new quantum circuit for Grover’s algorithm with lower
depth using CLP

The GroverGame initializes with 𝑛 qubits and four primitive operations. An oracle
randomly selects a target state from the 2𝑛 possible states, with all states permuted
each run to ensure generalization across arbitrary targets. The iteration limit is
set to Grover’s theoretical bound, ⌈ 𝜋4

√
𝑁⌉, preventing the discovery of algorithms

that exceed it. The game terminates either in success (+1), when a gate sequence
identifies the target state within a tolerance of 3 × 10−2, or in failure (−1), when the
maximum allowed sequence length is reached without success.

Upon termination, training data for the neural network is generated at each step,
consisting of an observation tensor (quantum states), the overlap between current and
target states, chosen primitives, and a modified reward value. To improve learning
efficiency and encourage minimal circuit depth, raw rewards (±1) are adjusted: for
successful cases, shorter gate sequences are rewarded using 𝑣 = 1 − len(sequence)

max_iterations ,
whereas failures receive partial credit based on correctly identified targets (states),
calculated as 𝑣 = −1 + # targets achieved

𝑁 . This modification incentivizes efficiency and
mitigates sparse-reward problems common in reinforcement learning. Early-stage
training faces sparse positive examples, leading to batch balancing of positive and
negative samples (approximately 50% each) via sampling with replacement when
necessary. This ensures effective learning of rare successful gate sequences.

Analysis. We now demonstrate that our optimized gate sequence shown in Fig. 7.3
is mathematically equivalent to Grover’s algorithm but more efficient in gate usage.

First, we summarize the standard Grover’s algorithm. Start from the state |0⟩⊗𝑛 and
apply Hadamard gates to achieve the uniform superposition state

|s⟩ = 𝐻⊗𝑛 |0⟩⊗𝑛 = 1√
𝑁

𝑁−1∑︁
𝑥=0
|x⟩.

Then, for 𝑂 (√𝑁) iterations, repeat two operations: (i) apply the oracle 𝑈 𝑓 that
marks the target state |w⟩ by flipping its phase, and (ii) apply the diffusion operator
𝐷 = 2|s⟩⟨s| − 𝐼. Analyzing one iteration, after applying the oracle𝑈 𝑓 , we have:

𝑈 𝑓 |s⟩ = |s⟩ − 2√
𝑁
|w⟩.

Next, applying the diffusion operator gives:

𝐷𝑈 𝑓 |s⟩ = 2|s⟩⟨s|
(
|s⟩ − 2√

𝑁
|w⟩

)
−

(
|s⟩ − 2√

𝑁
|w⟩

)
.
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Noting that ⟨s|w⟩ = 1/√𝑁 , this simplifies to:

𝐷𝑈 𝑓 |s⟩ =
(
1 − 4

𝑁

)
|s⟩ + 2√

𝑁
|w⟩.

The optimized Grover’s algorithm proceeds as follows. Starting from |0⟩⊗𝑛, apply
𝑋 gates to all qubits, resulting in the state |1⟩⊗𝑛. Next, apply Hadamard gates to
form a modified superposition:

|s′⟩ = 𝐻⊗𝑛 |1⟩⊗𝑛 = 1√
𝑁

𝑁−1∑︁
𝑥=0
(−1) |x| |x⟩,

where |x| is the Hamming weight (number of ones) in the binary representation of
x. Then, iteratively apply the oracle𝑈 𝑓 to mark the target state and use the modified
diffusion operator:

𝐷′ = 2|s′⟩⟨s′ | − 𝐼,
repeating these steps for 𝑂 (√𝑁) iterations.

We now analyze the optimized circuit’s effect on the initial state |0⟩⊗𝑛. Applying
𝑋 gates transforms it to |1⟩⊗𝑛, followed by Hadamard gates yielding the modified
superposition:

|s′⟩ = 1√
𝑁

𝑁−1∑︁
𝑥=0
(−1) |x| |x⟩.

The oracle𝑈 𝑓 acts similarly as before, marking the target state |w⟩:

𝑈 𝑓 |s′⟩ = |s′⟩ − 2√
𝑁
(−1) |w | |w⟩.

The modified diffusion operator is defined as:

𝐷′ = 2|s′⟩⟨s′ | − 𝐼 = 𝐻⊗𝑛 (2|1⟩⟨1| − 𝐼)𝐻⊗𝑛,

which can be efficiently implemented using the gate sequence𝐻⊗𝑛 → MCZ→ 𝐻⊗𝑛,
as illustrated in Fig. 7.3. Applying 𝐷′ after𝑈 𝑓 gives:

𝐷′𝑈 𝑓 |s′⟩ =
(
1 − 4

𝑁

)
|s′⟩ + 2√

𝑁
(−1) |w | |w⟩.

Notably, this result differs from standard Grover’s algorithm by only a global phase
factor (−1) |𝑤 |, which does not affect measurement probabilities. Therefore, our
optimized circuit remains mathematically equivalent. The crucial advantage is
that initializing with |1⟩⊗𝑛 directly simplifies the diffusion operator, removing the
intermediate 𝑋 gates required by the standard implementation.
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Comparison to Related Work. Gilliam et al. [118] reduce circuit depth in
Grover’s algorithm by replacing Hadamard gates with R𝑋 (𝜋/2) rotations, elimi-
nating extra 𝑋 gates (see Table 7.1). However, we note that R𝑋 gates are chal-
lenging to implement on real-world hardware platforms. Our circuits, on the other
hand, are more practical. For example, our circuits are easily implementable on
photonic-based quantum computing solutions by removing the need for R𝑋 gates.
Our approach achieves the same depth reduction using only 𝐻, 𝑋 and MCZ gates,
preserving compatibility with Clifford-based frameworks and providing a more
conventional construction. Wu et al. [353] and Zhang and Korepin [372] propose
multistage variants that reduce depth via hierarchical partitioning and local diffusion
operators. Piron et al. [261] introduce a hybrid strategy that reduces oracle calls
by combining fewer Grover iterations with bounded classical retries. In contrast,
our method avoids block partitioning and classical feedback, and achieves depth
reduction via a simple basis transformation. We also note that in future work, we
plan to include hardware implementation details to design circuits that are tailored
to the quantum platform of interest.

Table 7.1: Comparison of Grover Optimization Strategies

Method Diffusion
operator

Approximation? Hybrid? Depth reduction

Ours 𝐻 ·MCZ · 𝐻 No No 2× fewer 1-qubit
gates

Gilliam et
al. [118]

𝑅𝑋 ·MCZ · 𝑅𝑋 No No 2× fewer gates per
iteration

Wu et al. [353] Hierarchical No Yes
(2-stage)

1.2× depth
reduction

Zhang &
Korepin [372]

Local diffusion Yes No 20% empirical
reduction

Piron et
al. [261]

Standard No Yes 10% reduction

7.9 CLP-based QAOA results
The Quantum Approximate Optimization Algorithm (QAOA) [97] is a hybrid
quantum-classical optimization algorithm designed to approximately solve combi-
natorial optimization problems formulated as a bit-string search z ∈ {0, 1}𝑛 that
minimizes a given cost function 𝐶 (z). The algorithm was designed for the current
generation of noisy quantum platforms with the aim of demonstrating their utility.
The approach has been applied to problems in graph theory, supply chain optimiza-
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tion, task scheduling, and energy management to name a few. By encoding the
cost function in a Hamiltonian form: 𝐻𝐶 =

∑
z∈{0,1}𝑛 𝐶 (z) |z⟩⟨z |., the algorithm

approximates solutions by preparing and optimizing parameterized quantum states
|ψ(γ,β)⟩, which depend on adjustable parameters (γ,β). These parameters are
tuned using classical optimization routines such as gradient descent. These quantum
states are implemented on quantum devices using quantum circuits that consist of
alternating layers: a cost Hamiltonian layer (𝑒−𝑖𝛾𝐻𝐶 ), that encodes the cost function,
and a mixer Hamiltonian layer (𝑒−𝑖𝛽𝐻𝑀 ), that are designed to facilitate exploration
of the energy landscape. Therefore, one can map the initial state |+⟩⊗𝑛 to the final
quantum state using: |ψ(γ,β)⟩ = 𝑒−𝑖𝛽𝑝𝐻𝑀 𝑒−𝑖𝛾𝑝𝐻𝐶 . . . 𝑒−𝑖𝛽1𝐻𝑀 𝑒−𝑖𝛾1𝐻𝐶 |+⟩⊗𝑛. As
mentioned previously, the optimal parameters (𝛾𝑖, 𝛽𝑖) are computed by classically
minimizing the expectation of the cost Hamiltonian:

(γ∗,β∗) = arg min
γ,β
⟨ψ(γ,β) |𝐻𝐶 |ψ(γ,β)⟩.

Results on the Quantum Approximate Optimization Algorithm (QAOA) .
An important challenge within the QAOA setting is the design of shallow mixer
Hamiltonian quantum circuits to minimize the optimization cost. We focus our
efforts on using our CLP framework for designing the mixer Hamiltonian circuits
for QAOA. We compare our approach with an adaptive version of QAOA known
as ADAPT-QAOA [381]. The approach is a standardized solution implemented
within NVIDIA’s quantum computing library (CUDA-Q). ADAPT-QAOA is an
iterative classical-quantum algorithm that adaptively builds problem-specific mixer
Hamiltonians for solving a given combinatorial optimization problem. As shown
in Fig. 7.7 (A), unlike standard implementations of QAOA that use the same mixer
Hamiltonian at each step, ADAPT-QAOA iteratively selects operators from a pool of
candidate gates based on their gradient contributions to the cost function. The mixer
producing the steepest descent at each step is selected and appended to the circuit
ansatz. All parameters (𝛾, 𝛽) of the cost and mixer Hamiltonians are then optimized
classically using variational quantum eigensolver (VQE). The process continues
until either a convergence criterion is met or the user-prescribed maximum circuit
depth is reached.

Our CLP-based approach significantly improves the ADAPT-QAOA approach by
learning to propose the optimal problem-specific mixer Hamiltonian circuit at each
step. Unlike ADAPT-QAOA that uses steepest descent to iteratively add successive
gates to the circuit ansatz, our CLP-based QAOA framework, as depicted in Fig. 7.7
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(B), simultaneously considers entire chains of gates for the mixer circuits by using
MCTS and reinforcement learning to implement a lookahead policy.

To test our approach, we use the CLP framework to efficiently construct the mixer
Hamiltonian circuits for MAX-CUT instances on 𝑝-regular graphs, with the goal of
reducing the optimization cost for a user-prescribed maximum circuit depth. Our
primitives consist of the same gates used with the ADAPT-QAOA framework for
generating circuits [381] . Namely, we use the standard QAOA mixer pool [381]
that consists of

∑
𝑖∈𝑄{𝑋𝑖}, single-qubit ∪𝑖∈𝑄{𝑋𝑖}, and multi-qubit entangling gates

∪𝑖, 𝑗∈𝑄×𝑄{𝐵𝑖𝐶 𝑗 |𝐵𝑖, 𝐶 𝑗 ∈ {𝑋,𝑌, 𝑍}}, where 𝑄 is the set of qubits. We note that
only Pauli strings that have an even number of 𝑌 or 𝑍 gates are retained in our
mixer pool [381]. We generate 1000 𝑝-regular graphs for the training of our neural
networks and limit the depth of the mixer circuits. We then test the CLP framework
on 21 graphs that were not seen in training. The CLP framework outperforms
ADAPT-QAOA in 100% of test cases and corresponds to an average improvement
of 34.62%. The results are tabulated in Table 7.2.

Table 7.2: Performance Comparison: CLP-QAOA vs. ADAPT-QAOA and %
improvement

Circuit 1 2 3 4 5 6 7 8 9 10 11

CLP -2.8 -2.6 -3.2 -4.1 -3.7 -2.3 -2.8 -2.4 -3.9 -2.9 -2.4
ADAPT -2.1 -2.1 -2.2 -3.2 -2.5 -1.5 -2.0 -2.1 -2.6 -2.0 -2.1
% Improve 36 23 44 30 45 49 41 16 51 44 17

Circuit 12 13 14 15 16 17 18 19 20 21

CLP -2.8 -3.3 -2.9 -3.5 -3.3 -3.4 -2.6 -3.3 -4.1 -3.3
ADAPT -2.3 -2.4 -2.2 -2.6 -2.6 -2.4 -2.1 -2.7 -2.5 -2.4
% Improve 19 34 35 35 28 38 21 23 61 38
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(A) ADAPT-QAOA workflow

(B) CLP-based QAOA workflow

Initial State
𝜓𝑟𝑒𝑓 =

Simulation: generate candidate circuits (multiple step lookahead) using PUCT 
formula 

Optimization
VQE: all parameters

Add layer based on simulations
|𝜓(𝑘) >= 𝑒𝑖𝐴𝑚𝑎𝑥𝛽𝑘 𝑒−𝑖𝐻𝑐𝛾𝑘|𝜓 𝑘−1 >

Max circuit depth 
reached?Done

Yes

No

Initial State

𝜓𝑟𝑒𝑓 =
Measure Gradients

𝑖 < 𝜓(𝑘−1)|𝑒𝑖𝐻𝑐𝛾𝑘[𝐻𝑐, 𝐴𝑗] 𝑒−𝑖𝐻𝑐𝛾𝑘|𝜓 𝑘−1 >
Converged?

Done

Yes

No

Select operator with 
largest gradient 

Add layer
|𝜓(𝑘) >= 𝑒𝑖𝐴𝑚𝑎𝑥𝛽𝑘 𝑒−𝑖𝐻𝑐𝛾𝑘|𝜓 𝑘−1 >

Optimization
VQE: all parameters

Operator
Pool

Figure 7.7: Comparison of workflows for generating quantum circuits for Quan-
tum Approximate Optimization Algorithm (QAOA): (A) ADAPT-QAOA, (B)
our Computational Language Processing (CLP)-based approach.
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A p p e n d i x A

APPENDIX TO CHAPTER 2: MINIMAL VARIANCE MODEL
AGGREGATION

A.1 Theorem on the stability of the MEVA
We consider the setting without a dependence on 𝑥 to prove a theorem on the
robustness of MEVA compared to MEEA. Let 𝑌 be a random real-valued variable
and the random vector of models 𝑀 ∈ R𝑛. Suppose we have i.i.d observations
(𝑀1, 𝑌1), . . . , (𝑀𝑁 , 𝑌𝑁 ), collected in the matrices M ∈ R𝑁×𝑛 and Y ∈ R𝑁 . We
wish to study the Mean Squared Error (MSE) of an aggregation method of the form
𝑀𝐴 = 𝛼𝑇𝑀 . Define

L(𝛼) = E
[(𝑌 − 𝛼𝑇𝑀)2] (A.1)

Let 𝐶 = E
[
𝑀𝑀𝑇

]
, 𝛾 = E [𝑌𝑀], we have that the loss is minimized at 𝛼∗ = 𝐶−1𝛾

the MEA. Let 𝑀 = 𝑌1 + 𝜖𝑍 , where 𝑍 is the scaled error, with 𝜖 chosen so that
E

[
𝑍𝑍𝑇

]
:= 𝐴 has Frobenius norm 1 ; and 𝑏 := E [𝑌𝑍]. We have that

𝛾 = 𝐸 [𝑌2]1 + 𝜖𝑏 (A.2)

𝐶 = 𝜖2𝐴 + (𝐸 [𝑌2]1 + 𝜖𝑏)1𝑇 + 𝜖1𝑏𝑇 (A.3)

A.1.1 Characterization of 𝛼∗

To facilitate our computations, we introduce 𝐷 = 𝜖2𝐴+ (𝐸 [𝑌2]1+𝜖𝑏)1𝑇 . We define

𝑠 = 1𝑇 𝐴−11, (A.4)

𝑡 = 𝑏𝑇 𝐴−11. (A.5)

𝑢 = 𝑏𝑇 𝐴−1𝑏. (A.6)

𝑣 = 1𝑇 𝐴−1
(
𝐸 [𝑌2]1 + 𝜖𝑏

)
= 𝐸 [𝑌2]𝑠 + 𝜖𝑡 (A.7)

Using the [306] formula, we find that

𝐷−1 =
1
𝜖2

(
𝐴−1 − 1

𝜖2 + 𝑣 𝐴
−1(𝐸 [𝑌2]1 + 𝜖𝑏)1𝑇 𝐴−1

)
(A.8)

𝐶−1 = 𝐷−1 − 𝜖

1 + 𝑤𝐷
−11𝑏𝑇𝐷−1, (A.9)

𝑤 = 𝜖𝑏𝑡𝐷−11. (A.10)
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Let 𝛼, 𝛽, 𝛿, 𝜁 such that

𝐷−11 = 𝛼𝐴−11 + 𝛽𝐴−1𝑏 (A.11)

𝐷−1𝑏 = 𝛿𝐴−11 + 𝜁 𝐴−1𝑏 (A.12)

Thus, 𝑤 = 𝜖𝑏𝑡𝐷−11 = 𝜖 (𝛼𝑡 + 𝛽𝑢) and 𝑏𝑇𝐷−1𝑏 = 𝛿𝑡 + 𝜁𝑢. The coefficients are:

𝛼 = 1
𝜖2 · 𝜖

2+𝜖𝑡
𝜖2+𝑣 , 𝛽 = −1

𝜖 · 𝑠
𝜖2+𝑣 ,

𝛿 = −𝐸 [𝑌
2]𝑡

𝜖2 (𝜖2+𝑣) , 𝜁 = 𝜖2+𝐸 [𝑌2]𝑠
(𝜖2+𝑣)𝜖2 .

(A.13)

The computation of 𝐶−1𝛾 is broken into two parts:

𝐶−1𝛾 = 𝐶−1
(
𝐸 [𝑌2]1 + 𝜖𝑏

)
= 𝐸 [𝑌2]𝐶−11 + 𝜖𝐶−1𝑏 (A.14)

The intermediate terms are:

𝐶−11 =
1

1 + 𝑤𝐷
−11, (A.15)

𝐶−1𝑏 = 𝐷−1𝑏 − 𝜖 (𝑏
𝑇𝐷−1𝑏)

1 + 𝑤 𝐷−11. (A.16)

Substitute 𝐷−11 and 𝐷−1𝑏:

𝐶−11 =
𝛼

1 + 𝑤 𝐴
−11 + 𝛽

1 + 𝑤 𝐴
−1𝑏 (A.17)

𝐶−1𝑏 =

(
𝛿 − 𝜖 (𝛿𝑡 + 𝜁𝑢)

1 + 𝑤 𝛼

)
𝐴−11 +

(
𝜁 − 𝜖 (𝛿𝑡 + 𝜁𝑢)

1 + 𝑤 𝛽

)
𝐴−1𝑏. (A.18)

Write 𝐶−1𝛾 = 𝑥𝐴−11 + 𝑦𝐴−1𝑏, then

𝑥 = 𝐸 [𝑌2] 𝛼

1 + 𝑤 + 𝜖𝛿 −
𝜖2(𝛿𝑡 + 𝜁𝑢)

1 + 𝑤 𝛼 (A.19)

𝑦 = 𝐸 [𝑌2] 𝛽

1 + 𝑤 + 𝜖𝜁 −
𝜖2(𝛿𝑡 + 𝜁𝑢)

1 + 𝑤 𝛽. (A.20)

Using Sympy [214] to simplify these expressions, we find that:

𝑥 =
𝐸 [𝑌2] − 𝑢

𝑠(𝐸 [𝑌2] − 𝑢) + (𝜖 + 𝑡)2 (A.21)

𝑦 =
𝑡 + 𝜖

𝑠(𝐸 [𝑌2] − 𝑢) + (𝜖 + 𝑡)2 (A.22)

Defining 𝛼𝑉 = 𝐴−11
1𝑇 𝐴−11

and 𝛼𝑅 = 𝐴−1𝑏
𝜖+1𝑇 𝐴−1𝑏

, we have that

𝛼∗ = 𝜆𝛼𝑉 + (1 − 𝜆)𝛼𝑅 where 𝜆 =
𝑠(E [

𝑌2] − 𝑢)
𝑠(E [

𝑌2
] − 𝑢) + (𝜖 + 𝑡)2 (A.23)
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One may find that

E
[
𝑌2] − 𝑢 = E [𝑌 ]2 −

E [𝑌 (𝑀 − 𝑌1))]𝑇 E [(𝑀 − 𝑌1)) (𝑀 − 𝑌1))𝑇 ]−1
E [𝑌 (𝑀 − 𝑌1))] ≥ 0

using the Schur complement of the covariance matrix of the vector (𝑌, 𝑀𝑇−𝑌1𝑇 )𝑇 ∈
R𝑛+1. Thus, 𝜆 ∈ [0, 1], and 𝛼∗ is a convex combination of the MVA, 𝛼𝑉 , and 𝛼𝑅.
Note that

1𝑇𝐶−1𝛾 = 𝑥 ∗ 𝑠 + 𝑦 ∗ 𝑡 = 1 − 𝜖 𝑦 (A.24)

and

𝛾𝑇𝐶−1𝛾 = E
[
𝑌2] (𝑦 ∗ 𝑡 + 𝑥 ∗ 𝑠) + 𝜖 ∗ (𝑦 ∗ 𝑢 + 𝑥 ∗ 𝑡) (A.25)

=

(
𝐸 [𝑌2])2

𝑠 + 2𝐸 [𝑌2]𝜖𝑡 − 𝐸 [𝑌2]𝑠𝑢 + 𝐸 [𝑌2]𝑡2 + 𝜖2𝑢

𝑠(𝐸 [𝑌2] − 𝑢) + (𝜖 + 𝑡)2 (A.26)

= E
[
𝑌2] − 𝜖2 E

[
𝑌2] − 𝑢

𝑠(𝐸 [𝑌2] − 𝑢) + (𝜖 + 𝑡)2 (A.27)

Thus, we have that

L(𝛼∗) = 𝜆𝜖
2

𝑠
= 𝜆L(𝛼𝑉 ) (A.28)

and
L(𝛼𝑉 ) = 𝜖2𝛼𝑉

𝑇 𝐴𝛼𝑉 =
𝜖2

𝑠
(A.29)

A.1.2 Pertubation of 𝛼𝑉
We want to study the finite sample properties of the empirical estimates, thus we
define

𝐴̂ =
1
𝜖2𝑁
(M𝑇 − 1Y𝑇 ) (M − Y1𝑇 ) := 𝐴 + 1√

𝑁
𝛿𝐴 (A.30)

𝑏̂ =
1
𝜖𝑁
(M𝑇 − 1Y𝑇 )Y := 𝑏 + 1√

𝑁
𝛿𝑏 (A.31)

�E [
𝑌2

]
=

1
𝑁
∥Y∥22 := E

[
𝑌2] + 1√

𝑁
𝛿𝑉 (A.32)

The central limit theorem asserts that 𝛿𝐴, 𝛿𝑏 and 𝛿𝑉 converge in distribution to a
Gaussian random variable, with finite covariance matrices. If we study the pertur-
bation of 𝛼𝑉 when estimating it using 𝐴̂, we have that L(𝛼𝑉 ) = 𝜖21𝐴̂−1𝐴𝐴̂−11

(1𝐴̂−11)2 . At
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the first order in 1√
𝑁

,

𝐴̂−11 = 𝐴−11 − 1√
𝑁
𝐴−1𝛿𝐴𝐴−11 (A.33)

1𝑇 𝐴̂−112 = 1𝑇 𝐴−112 − 2
1√
𝑁
1𝑇 𝐴−111𝑇 𝐴−1𝛿𝐴𝐴−11 (A.34)

1𝑇 𝐴̂−1𝐴𝐴̂−11 = 1𝑇 𝐴−11 − 2
1√
𝑁
1𝑇 𝐴−1𝛿𝐴𝐴−11 (A.35)

(A.36)

Using the first order expansion of a fraction,

𝑀 + 𝜂𝑁
𝑂 + 𝜂𝑄 =

𝑀

𝑂
+ 𝜂

(
𝑁

𝑂
− 𝑀𝑄
𝑂2

)
+ O(𝜂2) (A.37)

We find that first-order terms cancel out, meaning that

L(𝛼̂𝑉 ) = L(𝛼𝑉 ) + O( 𝜖
2

𝑁
) (A.38)

O( 𝜖2

𝑁 ) = 𝜖2

𝑁 𝑓 (𝛿𝐴), where 𝑓 is a continuous function of 𝛿𝐴 such that 𝑓 (𝛿𝐴)/∥𝛿𝐴∥2 =

O(1) as 𝛿𝐴→ 0. Since 𝛿𝐴 converges in distribution to a Gaussian 𝑍 with finite co-
variance, using the continuous mapping theorem [35], we have that 𝑓 (𝛿𝐴) converges
to 𝑓 (𝑍) in distribution, a finite random variable.

A.1.3 Perturbation of 𝛼∗

A.1.3.1 Perturbations of 𝑡, 𝑢, and 𝑠

If (𝐴 + 1√
𝑁
𝛿𝐴) (𝑥 + 𝛿𝑥) = 𝑦 + 1√

𝑁
𝛿𝑦, then at the first order 𝛿𝑥 = 1√

𝑁
𝐴−1(𝛿𝑦 − 𝛿𝐴𝑥):

𝛿𝑠 = −1𝑇 𝐴−1(𝛿𝐴)𝐴−11,

𝛿𝑡 = 1𝑇 𝐴−1𝛿𝑏 − 1𝑇 𝐴−1(𝛿𝐴)𝐴−1𝑏,

𝛿𝑢 = 2𝑏𝑇 𝐴−1𝛿𝑏 − 𝑏𝑇 𝐴−1(𝛿𝐴)𝐴−1𝑏.

A.1.3.2 Perturbation of the Denominator

The denominator of 𝐶−1𝛾 is:

𝐷 = 𝑠(𝐸 [𝑌2] − 𝑢) + (𝜖 + 𝑡)2.

The perturbation is:
√
𝑁 (𝐷̂ − 𝐷) = 𝛿𝐷 = 𝛿𝑠(𝐸 [𝑌2] − 𝑢) + 𝑠𝛿𝑣 − 𝑠𝛿𝑢 + 2(𝜖 + 𝑡)𝛿𝑡.
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A.1.3.3 Perturbation of the Numerator

The numerator of 𝐶̂−1𝛾̂ is:

N̂ = ( ˆ𝐸 [𝑌2] − 𝑢̂) 𝐴̂−11 + (𝜖 + 𝑡) 𝐴̂−1𝑏̂.

A.1.3.4 First Term: ( ˆ𝐸 [𝑌2] − 𝑢̂) 𝐴̂−11

Using ˆ𝐸 [𝑌2] = 𝐸 [𝑌2] + 𝛿𝑣, 𝑢̂ = 𝑢 + 𝛿𝑢, and the perturbation formula for 𝐴̂−11:

( ˆ𝐸 [𝑌2] − 𝑢̂) 𝐴̂−11 = (𝐸 [𝑌2] − 𝑢)𝐴−11 − 1√
𝑁
(𝐸 [𝑌2] − 𝑢)𝐴−1(𝛿𝐴)𝐴−11

+ 1√
𝑁
(𝛿𝑣 − 𝛿𝑢)𝐴−11.

A.1.3.5 Second Term: (𝜖 + 𝑡) 𝐴̂−1𝑏̂

Using 𝑡 = 𝑡 + 𝛿𝑡, 𝑏̂ = 𝑏 + 𝛿𝑏, and the perturbation formula for 𝐴̂−1𝑏̂:

(𝜖 + 𝑡) 𝐴̂−1𝑏̂ = (𝜖 + 𝑡)𝐴−1𝑏 + 1√
𝑁

[
𝛿𝑡𝐴−1𝑏 + (𝜖 + 𝑡)𝐴−1𝛿𝑏

− (𝜖 + 𝑡)𝐴−1(𝛿𝐴)𝐴−1𝑏
]
.

A.1.3.6 Final Expression for 𝑁̂

Combining the two terms:

N̂ = (𝐸 [𝑌2] − 𝑢)𝐴−11 + (𝜖 + 𝑡)𝐴−1𝑏

+ 1√
𝑁

[
−(𝐸 [𝑌2] − 𝑢)𝐴−1(𝛿𝐴)𝐴−11 + (𝛿𝑣 − 𝛿𝑢)𝐴−11

+ 𝛿𝑡𝐴−1𝑏 + (𝜖 + 𝑡)𝐴−1𝛿𝑏 − (𝜖 + 𝑡)𝐴−1(𝛿𝐴)𝐴−1𝑏
]
. (A.39)

A.1.3.7 Full Perturbation of 𝐶−1𝛾

The final perturbed 𝐶−1𝛾 is:

𝐶̂−1𝛾̂ =
N̂
𝐷̂
.

Where:
𝐷̂ = 𝐷 + 1√

𝑁
𝛿𝐷, N̂ = N + 1√

𝑁
𝛿N ,

and:
N = (𝐸 [𝑌2] − 𝑢)𝐴−11 + (𝜖 + 𝑡)𝐴−1𝑏.
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Now, we see that N̂𝑇 𝐴N̂ = N𝑇 𝐴N + 2N𝑇 𝐴𝛿N at the first order. We have that
√
𝑁𝐴𝛿N = −(𝐸 [𝑌2] − 𝑢)𝛿𝐴𝐴−11 + (𝛿𝑣 − 𝛿𝑢)1 + 𝛿𝑡𝑏 (A.40)

+ (𝜖 + 𝑡)𝛿𝑏 − (𝜖 + 𝑡)𝛿𝐴𝐴−1𝑏 (A.41)
√
𝑁N𝐴𝛿N = (𝐸 [𝑌2] − 𝑢) [−(𝐸 [𝑌2] − 𝑢)1𝑇 𝐴−1𝛿𝐴𝐴−11 + (𝛿𝑣 − 𝛿𝑢)𝑠 + 𝑡𝛿𝑡

(A.42)

+(𝜖 + 𝑡) (1𝑇 𝐴−1𝛿𝑏 − 1𝑇 𝐴−1𝛿𝐴𝐴−1𝑏
]

(A.43)

+ (𝜖 + 𝑡) [−(𝐸 [𝑌2] − 𝑢)𝑏𝑇 𝐴−1𝛿𝐴𝐴−11 + (𝛿𝑣 − 𝛿𝑢)𝑡 (A.44)

+𝑢𝛿𝑡 + (𝜖 + 𝑡) (𝑏𝑇 𝐴−1𝛿𝑏 − 𝑏𝑇 𝐴−1𝛿𝐴𝐴−1𝑏
]

(A.45)

Then, we have that
√
𝑁𝑏𝑡𝛿N = −(𝐸 [𝑌2] − 𝑢)𝑏𝑇 𝐴−1𝛿𝐴𝐴−11 + (𝛿𝑣 − 𝛿𝑢)𝑡 (A.46)

+ 𝑢𝛿𝑡 + (𝜖 + 𝑡) (𝑏𝑇 𝐴−1𝛿𝑏 − 𝑏𝑇 𝐴−1𝛿𝐴𝐴−1𝑏) (A.47)

We have:

𝑦̂𝑏𝑇 𝛼̂ =
1
𝐷̂
(𝜖 + 𝑡)𝑏𝑇 𝛼̂ =

1
𝐷̂

[
(𝜖 + 𝑡)𝑏𝑇𝛼 + 1√

𝑁
𝛿𝑡𝑏𝑡𝛼 + 1√

𝑁
(𝜖 + 𝑡)𝑏𝑇 𝛿N

𝐷̂

]
(A.48)

and 𝑦̂2 =
(𝜖+𝑡)2+2 𝜖√

𝑁
𝛿𝑡

𝐷2
. Thus,

L(𝛼̂𝐸 ) = 𝜖2

𝐷̂2
(E [

𝑌2] [(𝜖 + 𝑡)2 + 2𝜖𝛿𝑡
]

(A.49)

− 2
[(𝜖 + 𝑡)𝑏𝑇𝛼𝐷̂ + 𝛿𝑡𝑏𝑡𝛼𝐷̂ + (𝜖 + 𝑡)𝑏𝑇𝛿N ]

(A.50)

+ N𝑇 𝐴N + 2N𝑇 𝐴𝛿N) (A.51)

We define

L𝑜 = E
[
𝑌2] (𝜖 + 𝑡)2 − 2(𝜖 + 𝑡)𝑏𝑇𝛼𝐷 + N𝑇 𝐴N (A.52)

L1 = 2𝜖𝛿𝑡E
[
𝑌2] − 2

[
𝛿𝑡𝑏𝑇𝛼𝐷 + (𝜖 + 𝑡)𝑏𝑇𝛿N ] + 2N𝑇 𝐴𝛿N (A.53)

We have that

L(𝛼̂𝐸 ) = 𝜖2
[L𝑜
𝐷2 +

1√
𝑁

(L1

𝐷2 −
2L0𝛿𝐷

𝐷3

)]
+ O( 𝜖

2

𝑁
) (A.54)

Sympy computations show that

L(𝛼̂𝐸 ) = L(𝛼∗) + 𝜖
22𝐸 [𝑌2]𝑡√
𝑁𝐷2

(
−1𝑇 𝐴−1𝛿𝑏 + 𝑏𝑇 𝐴−1𝛿𝐴𝐴−11

)
+ O( 𝜖

2

𝑁
) (A.55)
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Here again, 𝛿𝐴 and 𝛿𝑏 jointly converge to Gaussian random variables, so using
the continuous mapping theorem, 𝜉𝑁 = −1𝑇 𝐴−1𝛿𝑏 + 𝑏𝑇 𝐴−1𝛿𝐴𝐴−11 converges to a
Gaussian 𝜉 with mean 0 and finite covariance (because it is a linear combination of
𝛿𝐴 and 𝛿𝑏, which are jointly Gaussian in the limit).

A.1.4 Comparison between MEVA and MEEA
Building upon the previous sections, we derived the following results for the loss
functions of the two methods:

L(𝛼̂𝑉 ) = 1
𝜆
L(𝛼∗) + O( 𝜖

2

𝑁
) (A.56)

L(𝛼̂𝐸 ) = L(𝛼∗) + 𝜖
22𝐸 [𝑌2]𝑡√
𝑁𝐷2

𝜉𝑁 + O( 𝜖
2

𝑁
) (A.57)

where

𝜆 =
𝑠(E [

𝑌2] − 𝑢)
𝑠(E [

𝑌2
] − 𝑢) + (𝜖 + 𝑡)2 ,

L(𝛼∗) = 𝜆𝜖
2

𝑠
.

We can reformulate these results as:

L(𝛼̂𝑉 ) = L(𝛼∗)
(
1 + (𝜖 + 𝑡)2

𝑠(E [
𝑌2

] − 𝑢) + O ( 1
𝑁

))
(A.58)

L(𝛼̂𝐸 ) = L(𝛼∗)
(
1 + 2𝐸 [𝑌2]𝑡

𝐷 (E [
𝑌2

] − 𝑢) 𝜉𝑁√𝑁 + O ( 1
𝑁

))
(A.59)

In the context of model aggregation, we expect errors to be small, leading to 𝜖 being
close to 0. While the MVA does not assume that 𝑏 = E

[
𝑌 𝑀−𝑌1

𝜖

]
= 0, a small 𝑏

makes 𝜆 closer to 1. This corresponds to the errors being uncorrolated with the
target. This setting of fixed 𝑡 ≠ 0 is the one studied in the theorem. We may see
that even for 𝜆 = 0.5, and small 𝑁 , say 𝑁 = 100, the difference between L(𝛼𝑉 ) and
L(𝛼∗) is a factor 2, while the difference between 1

𝑁 and 1√
𝑁

is a factor 10, making
the latter effect much dominant.

However, 𝑡 = 0 makes the 𝑁− 1
2 term disappear, resulting in MEEA and MEVA

having the same convergence rate. In this scenario: L(𝛼̂𝑉 ) − L(𝛼∗) = O(𝜖4 + 𝜖2

𝑁 ).
Thus, when t = 0, both methods perform well, with the performance gap being of
the order 𝜖4.
We now consider the more general case of a possibly small error correlation with
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the target, which leads to 𝑡 = 𝜅𝜖 . In this case,

L(𝛼̂𝑉 ) = L(𝛼∗)
(
1 + 𝜖2 (1 + 𝜅)2

𝑠(E [
𝑌2

] − 𝑢) + O( 1
𝑁
)
)

(A.60)

L(𝛼̂𝐸 ) = L(𝛼∗)
(
1 + 𝜖√

𝑁

2𝐸 [𝑌2]𝜅𝜉𝑁
𝐷 (E [

𝑌2
] − 𝑢) + O( 1

𝑁
)
)

(A.61)

(A.62)

This comparison reduces to evaluating the relative magnitudes of 𝜖√
𝑁

and 𝜖2. While
it is not possible to compare them a priori, our theorem is aimed at explaining the
behavior of the aggregation when extrapolating to all 𝑥, the regime of very scarce
data. For models that are accurate, it is expected that the model error 𝜖 is much
less than the Monte-Carlo rate of the validation samples, 1√

𝑁
, especially for 𝑁 not

very large. In this case, MEVA remains superior to MEEA, particularly for highly
accurate models.

A.2 Aggregating PDE solvers in the Gaussian setting
This section describes the aggregation performance one may get with GP-based PDE
solvers introduced in Chen et al. [56]. Subsection A.2.1 summarizes the method
and subsection A.2.2 describes the performance of the aggregation of low-fidelity
models obtained by constraining the GPs to satisfy the PDE at a small number of
collocation points.

A.2.1 Solving PDEs with GPs and their aggregation
We now recall the GP-based PDE solver introduced in Chen et al. [56] and describe
the proposed method for aggregating such solvers. Consider the Laplace equation
as a prototypical example:{

−Δ𝑢†(𝑥) = 𝑓 (𝑥) for 𝑥 ∈ [−1, 1]2
𝑢†(𝑥) = 𝑔(𝑥) for 𝑥 ∈ 𝜕 ( [−1, 1]2) (A.63)

Place a Gaussian prior on the solution, i.e., assume 𝑢† = 𝜉 ∼ N(0, 𝜅) where 𝐾 is a
Radial Basis Function (RBF) kernel.

Given 𝑁 interior collocation points 𝑋𝑖 ∈ [−1, 1]2 and 𝑁𝑏 boundary collocation
points 𝑋𝑏𝑗 ∈ 𝜕 ( [−1, 1]2), we approximate the solution 𝑢 with the Gaussian process
estimator

𝑢̂ = E
[
𝜉
��−Δ𝜉 (𝑋) = 𝑓 (𝑋), 𝜉 (𝑋𝑏) = 𝑔(𝑋𝑏) ] (A.64)
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To express 𝑢̂, we extend the action of 𝜅 to distributions (linear functionals) as
described in [241]: for two distributions 𝑑1, 𝑑2, we write

𝐾 (𝑑1, 𝑑2) :=
∫

𝑑1(𝑥)𝜅(𝑥, 𝑦)𝑑2(𝑦) 𝑑𝑥 𝑑𝑦 (A.65)

Note that 𝐾 (𝛿𝑥 , 𝛿𝑦) = 𝜅(𝑥, 𝑦), while 𝐾 (𝛿𝑥 ◦ Δ, 𝛿𝑦) = Δ1𝜅(𝑥, 𝑦) where Δ is the
laplacian, and Δ1 is the laplacian applied to the first variable.

Using this extended kernel, the Gaussian prior 𝜉 ∼ N(0, 𝜅) can be interpreted in
terms of distributions, allowing us to define 𝜉 (𝑥) = 𝛿𝑥 (𝜉) and Δ𝜉 (𝑥) = 𝛿𝑥 ◦Δ(𝜉). In
particular, this Gaussian prior implies that E [𝑑1(𝜉)𝑑2(𝜉)] = 𝐾 (𝑑1, 𝑑2). Defining
the stack of distributions 𝜙 = (𝛿𝑋1 ◦ Δ, .., 𝛿𝑋𝑁 ◦ Δ, 𝛿𝑋𝑏1 , ..𝛿𝑋𝑏𝑁𝑏 ), we can define the
kernel matrix

𝐾 (𝜙, 𝜙)𝑖 𝑗 = 𝐾 (𝜙𝑖, 𝜙 𝑗 ) (A.66)

and similarly, 𝐾 (𝑥, 𝜙)𝑖 = 𝐾 (𝛿𝑥 , 𝜙 𝑗 ). Using this, we have

E
[
𝜉
��−Δ𝜉 (𝑋), 𝜉 (𝑋𝑏) ] = 𝐾 (𝑥, 𝜙)𝐾 (𝜙, 𝜙)−1

(
−Δ𝜉 (𝑋)
𝜉 (𝑋𝑏)

)
(A.67)

In scenarios with multiple GP approximations of 𝑢†, leveraging the GP prior allows
computation of correlations. Let

𝑢̂(𝑘) := E
[
𝜉
���−Δ𝜉 (𝑋 (𝑘)), 𝜉 (𝑋𝑏,𝑘 ) ] (A.68)

be the distinct approximations of the solution of the PDE obtained from differ-
ent interior and boundary collocation points 𝑋 (𝑘) and 𝑋𝑏,𝑘 . Write 𝜙𝑘 := (𝛿𝑋 𝑘1 ◦
Δ, .., 𝛿𝑋 𝑘𝑁 ◦ Δ, 𝛿𝑋𝑏,𝑘1

, ..𝛿𝑋𝑏,𝑘𝑁𝑏
). Since these approximants 𝑢̂(𝑘) , interpreted as models,

are also Gaussian processes, we can explicitly compute their correlations:

E
[
𝑢̂(𝑘) (𝑥)𝑢̂(𝑙) (𝑥)] = 𝐾 (𝑥, 𝜙𝑘 )𝐾 (𝜙𝑘 , 𝜙𝑘 )−1E


(
−Δ𝜉 (𝑋 𝑘 )
𝜉 (𝑋𝑏,𝑘 )

) (
−Δ𝜉 (𝑋 𝑙)
𝜉 (𝑋𝑏,𝑙)

)𝑇 
× 𝐾 (𝜙𝑙 , 𝜙𝑙)−1𝐾 (𝜙𝑙 , 𝑥)

= 𝐾 (𝑥, 𝜙𝑘 )𝐾 (𝜙𝑘 , 𝜙𝑘 )−1𝐾 (𝜙𝑘 , 𝜙𝑙)
× 𝐾 (𝜙𝑙 , 𝜙𝑙)−1𝐾 (𝜙𝑙 , 𝑥).

Similarly,
E

[
𝜉 (𝑥)𝑢̂(𝑘) (𝑥)] = 𝐾 (𝑥, 𝜙𝑘 )𝐾 (𝜙𝑘 , 𝜙𝑘 )−1𝐾 (𝜙𝑘 , 𝑥).

We then use these correlations in (2.3) to compute the aggregation analyzed in the
following subsection.
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A.2.2 Performance of the aggregation
Using the GP-based PDE-solver introduced in Chen et al. [56] and described above,
we generate 100 distinct low-fidelity models of the solution of the PDE (A.63),
an example of which is given in figure A.1b. As this method is GP-based, the
correlations outlined in equation (2.3) are known, and this approach reduces to
nested kriging [281]. In this context, (2.3) is not only the best (in mean squared
error) linear aggregate. It is also the best non-linear aggregate of all models. Figure
A.1 shows the results of this experiment. While the individual models are far
from approximating the solution due to the limited number of collocation points, the
aggregation shown in Figure A.1d closely matches the true solution and significantly
surpasses any single model used in the aggregation. We also observe that mere
averaging across all models does not yield the same accuracy level. This highlights
that significant gains in aggregation performance can be achieved by optimally
incorporating covariance information both within and across models relative to the
target.

(a) (b) (c) (d)

Figure A.1: (a) Real solution of the PDE (b) One of the models aggregated (c)
Uniform average of all models (d) Proposed aggregate (2.3)

A.3 Another Pathological example: Unknown region
In this second example illustrated in Figure A.2 we select

𝑌 (𝑥) = 3 cos(2𝜋𝑥)
𝑀𝐺 (𝑥) = 𝑌 (𝑥) + 𝜖 (𝑥) where 𝜖 (𝑥) ∼ N (0, 0.3)
𝑀𝐵 (𝑥) = 3
𝑀𝑁 (𝑥) = −3

(A.69)

Write 𝑀 = (𝑀𝐺 , 𝑀𝐵, 𝑀𝑁 )𝑇 for the vector defined by the three models. It is
common for aggregation methods, such as MoE, to constrain 𝛼̂ to be a convex
combination, which we implement here by seeking an aggregate of the form𝑀𝐴 (𝑥) =
𝑆𝑜 𝑓 𝑡𝑚𝑎𝑥(𝜈̂(𝑥))𝑇𝑀 (𝑥) where 𝑆𝑜 𝑓 𝑡𝑚𝑎𝑥(𝜈̂(𝑥))𝑘 := exp(𝜈̂𝑘 (𝑥))∑3

𝑗=1 exp(𝜈̂ 𝑗 (𝑥)) . To identify the
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functions 𝜈̂𝑘 we sample 𝑁 = 100 points 𝑋𝑖 uniformly in [−1,−0.5]∪ [0.5, 1] leaving
the region [−0.5, 0.5] with no data. We use a kernel method with an RBF kernel
and loss 2.4, in which ∥ · ∥H is the RKHS norm of 𝜅. Using the representer theorem
[301], we reduce this loss to a finite-dimensional non-linear optimization problem
and solve it using Gauss-Newton iterations [350]. In this example, the good model
is consistently better than the bad models over the entire dataset. Nevertheless, our
aggregate fits the dataset perfectly by combining 𝑀𝐵 and 𝑀𝑁 instead of using 𝑀𝐺 .
In doing so, it fails to learn the quality of the models. Instead, it only interpolates
the data, leading to poor performance outside the dataset despite having a model
with good performance everywhere. This pathological behavior arises because the
aggregate fails to account for model errors in its approximation of 𝑌 , even though it
is a convex combination.

Figure A.2: Pathological example (sec. 2.2.2)

A.4 Non-independent model errors
A.4.1 New formulas for the aggregation
In section 2.3.3, we assume the models have independent errors. In general, this
may not be true. Thus, we present here an extension to non-independent errors.
Recall our approximation of the covariance matrix 𝐴(𝑥):

𝐴̂(𝑥) = 𝑃𝑇
©­­­«
𝑒𝜆1 (𝑥) 0 . . .

0 . . . 0
... 0 𝑒𝜆𝑛 (𝑥)

ª®®®¬ 𝑃 where

𝑃𝑃𝑇 = 𝐼𝑛

𝜆𝑖 are regressors
(A.70)

We may adapt the loss (2.13) to account for 𝑃 ≠ 𝐼𝑛, to get:

𝜆 = arg min𝑙∈H
𝑁∑︁
𝑖=1
∥𝑃𝑇𝐷𝑖𝑎𝑔(𝑒𝑙𝑘 (𝑋 𝑖))𝑃 − 𝑒𝑖 (𝑒𝑖)𝑇 ∥2𝐹 + 𝑎∥𝑙∥2H (A.71)

= arg min𝑙∈H
𝑁∑︁
𝑖=1

𝑛∑︁
𝑘=1

(
𝑒𝑙𝑘 (𝑋

𝑖) − (𝑃𝑒𝑖)2𝑘
)2
+ 𝑎∥𝑙∥2H (A.72)
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With this formulation, we get a more general aggregation. In particular, despite
summing to 1, the coefficients 𝛼(𝑥) are not necessarily positive, giving added
flexibility in case models have negative conditional correlations. The full Minimal
Empirical Variance Aggregate (MEVA) with non-independent errors is given as:

𝜆 = arg min𝑙∈H
𝑁∑︁
𝑖=1

𝑛∑︁
𝑘=1

(
𝑒𝑙𝑘 (𝑋

𝑖) − (𝑃𝑒𝑖)2𝑘
)2
+ 𝑎∥𝑙∥2H (A.73)

𝛼(𝑥)𝑇 =
1𝑇𝑃𝑇𝐷 (𝑥)𝑃
1𝑇𝑃𝑇𝐷 (𝑥)𝑃1 where 𝐷 (𝑥) = 𝐷𝑖𝑎𝑔 [exp(−𝜆𝑘 (𝑥)), 𝑘 = 1, ..., 𝑛] (A.74)

𝑀𝐴 (𝑥) =
𝑛∑︁
𝑖=1

𝛼𝑖 (𝑥)𝑀𝑖 (𝑥) (A.75)

A.4.2 Choosing the matrix 𝑃
We have explored two options for the matrix 𝑃:

• 𝑃 = 𝐼, the identity matrix, is the simplest choice.

• 𝑃 as the orthonormal basis that diagonalizes the empirical covariance matrix
𝐶 := 1

𝑁

∑𝑁
𝑖=1 𝑒𝑖𝑒

𝑇
𝑖 .

In the experiments presented below, we only show results for 𝑃 = 𝐼. This choice
is straightforward and delivers accuracy comparable to or better than using the
eigenvectors of 𝐶.

We also observed that using the empirical covariance matrix can render the method
unstable if the models are highly correlated. Indeed, consider, for instance, two
models whose errors are significantly correlated, leading to the following empirical
covariance matrix:

𝐶 :=

(
1.1 0.9
0.9 1

)
(A.76)

In this case, the second eigenvector of 𝐶, 𝑃2 ≈ 1√
2
(0.97,−1.02), results in 1𝑇𝑃2 ≈

−0.04, which effectively subtracts the two models. This eigenvector is associated
with a small eigenvalue (0.15), indicating that the difference between the two models
has a low variance on average. Since equation (2.7) depends on the inverse of the
estimated covariance matrix, a small estimated variance eigenvalue 𝑒𝜆2 (𝑥) leads to
𝛼(𝑥) having large coefficients with opposing signs. In this scenario, we observed
that the aggregation method can become sensitive to small errors and thereby suffer
from poor generalization.
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A.5 An alternative, direct Minimal Empirical Variance Aggregation loss
Here, we propose an alternate end-to-end loss for the minimal empirical variance
aggregation (MEVA). In section 2.3.1, we observed that our approach can be inter-
preted as minimizing the aggregate’s variance, using an unbiased combination 𝛼 s.t.
1𝑇𝛼 = 1. Under the model (2.6), 𝐶𝑜𝑣 [𝑀 (𝑥)] = 𝐴(𝑥), so our MVA is such that

𝛼(𝑥) = arg min𝜈∈R𝑛∑𝑛
𝑖=1 𝜈𝑖=1𝜈

𝑇 𝐴(𝑥)𝜈 (A.77)

Instead of estimating 𝐴(𝑥) and inverting this estimation to obtain the minimal
variance aggregate as in (2.7), we propose using an empirical version of the above
loss. Specifically, let the empirical covariance matrices 𝐴𝑖 be:

𝐴𝑖 :=

{
𝑃𝑇𝐷𝑖𝑎𝑔((𝑃𝑒𝑖)2𝑘 , 𝑘 = 1.., 𝑛)𝑃 for general 𝑃

𝐷𝑖𝑎𝑔((𝑌 𝑖 − 𝑀𝑘 (𝑋 𝑖))2, 𝑘 = 1.., 𝑛) if 𝑃 = 𝐼𝑛
(A.78)

Write H1 for a normed subspace of the space of unbiased aggregators {𝑢 : 𝑥 ↦→
𝑢(𝑥) ∈ R𝑛 s.t.

∑𝑛
𝑖=1 𝑢𝑖 (𝑥) = 1, ∀𝑥}. Then, the proposed alternative approach iden-

tifies an aggregator 𝛼̃ by minimizing the sample variance of the aggregate:

𝛼̃ = arg min𝑢∈H1
𝑁∑︁
𝑖=1

𝑢(𝑋 𝑖)𝑇 𝐴𝑖𝑢(𝑋 𝑖) + 𝑎∥𝑢∥2H1 (A.79)

We employ this strategy in the Boston dataset example (section 2.4.1). Here,H1 is a
set of vector-valued functions parameterized by a neural network, where the output
is constrained to have positive entries summing to one via a softmax layer. The term
∥𝑢∥2H1 is an 𝐿2-norm regularizer applied to the network’s weights and biases. This
method is both straightforward and practical.

A.6 Adding a bias correction
Assuming the models 𝑀 (𝑥) to be unbiased is necessary to obtain a linear aggregate,
as adding a bias correction will result in an affine aggregation of the form 𝑀𝐴 (𝑥) =
𝛼𝑇 (𝑥)𝑀 (𝑥) + 𝛽(𝑥). This assumption may, however, be violated in practice, and in
this case, bias will be interpreted as variance. In a context with limited data and
little knowledge of the models and target, it would be difficult to know if an error can
be attributed to bias or variance. In the case where it is clear models are biased and
interpreting it as variance hurts accuracy, we may modify our method by accounting
for the bias

𝑀 (𝑥) = 𝑌 (𝑥)1 + 𝑍̃ where

{
E[𝑍̃ (𝑥)] = 𝜇(𝑥)

Cov[𝑍̃ (𝑥)] = 𝐴(𝑥) (A.80)
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In such a model, we must, in addition to 𝜆, train 𝜇. Using the definition of 𝑍̃ , we
know the loss for 𝜇 is of the form

∑𝑁
𝑖=1(𝜇(𝑋 𝑖) − 𝑒𝑖)𝑇 𝐴−1(𝑋 𝑖) (𝜇(𝑋 𝑖) − 𝑒𝑖). Taking

𝑃 = 𝐼, this bias-corrected aggregation would be:

𝜆̃, 𝜇̃ = arg min𝑙,𝑚∈H1×H2

𝑁∑︁
𝑖=1

𝑛∑︁
𝑘=1

[ (
𝑒𝑙𝑘 (𝑋

𝑖) − (𝑒𝑖𝑘 − 𝑚𝑘 (𝑋 𝑖))2
)2

+ 𝑒−𝑙𝑘 (𝑋 𝑖) (𝑚𝑘 (𝑋 𝑖) − 𝑒𝑖𝑘
)2

]
+ 𝑎∥𝑙∥2H1

+ 𝑏∥𝑚∥2H2
(A.81)

𝛼̃(𝑥) = 𝑆𝑜 𝑓 𝑡𝑚𝑎𝑥(−𝜆̃(𝑥)) (A.82)

𝑀̃𝐴 (𝑥) =
𝑛∑︁
𝑖=1

𝛼̃𝑖 (𝑥) (𝑀𝑖 (𝑥) − 𝜇̃𝑖 (𝑥)) (A.83)

whereH1,H2 are two spaces of functions used to approximate the log-eigenvalues
of 𝐴(𝑥) and the bias of the models.
In the Boston housing dataset example in section 2.4.1, we tried to implement this
bias-corrected aggregation, and it did not yield better results than the simpler method
MEVA. While we do not prescribe its use in general, we did not consider this model
in the rest of the paper.

A.7 Aggregation using vector-valued Gaussian processes and matrix-valued
kernels

We will now model aggregation as vector-valued Gaussian process regression to
elucidate the pathologies observed in the two abovementioned examples. We start
with a brief reminder on this vector/matrix-valued generalization of GPs/kernels
[8], before computing the MEA in the GP context.

A.7.1 Vector-valued Gaussian process and matrix-valued kernel
This section is a reminder on vector/matrix-valued GPs/kernels [8]. We define a
matrix-valued kernel as a function 𝐾 : X × X → R𝑛×𝑛 such that,

• ∀𝑥, 𝑥′ ∈ X, 𝐾 (𝑥, 𝑥′) = 𝐾 (𝑥′, 𝑥)𝑇

• ∀𝑥1, .., 𝑥𝑁 ∈ X, ∀𝑦1, .., 𝑦𝑁 ∈ R𝑛,∑︁
1≤𝑖, 𝑗≤𝑁

𝑦𝑇𝑖 𝐾 (𝑥𝑖, 𝑥 𝑗 )𝑦 𝑗 ≥ 0 (A.84)
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This generalizes the positivity and symmetry conditions for defining a kernel. Each
matrix-valued kernel uniquely defines a zero-mean vector-valued Gaussian process
𝜉 such that :

• ∀𝑥 ∈ X, 𝜉 (𝑥) ∼ N (0, 𝐾 (𝑥, 𝑥))

• ∀𝑥, 𝑥′ ∈ X, 𝐶𝑜𝑣 [𝜉 (𝑥), 𝜉 (𝑥′)] = 𝐾 (𝑥, 𝑥′)

One interesting example of such a vector-valued Gaussian process is the case of 𝑛
independent Gaussian processes, corresponding to 𝐾 being diagonal. One can then
understand general vector-valued GP as adding correlation to the coordinates, each
being its own GP.

A.7.2 MEA with matrix-valued kernels
We choose a matrix-valued kernel𝐾 : X×X → R𝑛×𝑛, and writeH𝐾 for its associated
Reproducing Kernel Hilbert Space (RKHS). We get the MEEA by solving (2.4) (see
Appendix A.8):

𝑀𝐴 (𝑥) = 𝛼̂𝐸 (𝑥)𝑇𝑀 (𝑥) = 𝑘̃ (𝑥, 𝑋) ( 𝑘̃ (𝑋, 𝑋) + 𝜆𝐼)−1𝑌 (A.85)

where 𝑘̃ (𝑥, 𝑦) = 𝑀 (𝑥)𝑇𝐾 (𝑥, 𝑦)𝑀 (𝑦). This is also the GP regressor

𝑀𝐴 = E [𝜉 |𝜉 (𝑋) = 𝑌 + N(0, 𝜆𝐼) ]

with prior 𝜉 ∼ N(0, 𝑘̃). This observation is crucial as it shows that the model values
are used as a feature for the regression, as expected. However, it demonstrates
that the Mean Empirical Error Aggregate (MEEA) only tries to regress 𝑌 without
considering the underlying models’ accuracy. This observation is counterintuitive
as we expect model aggregation to leverage the individual models to approximate
the target function better rather than merely regressing directly to the target. This
behavior is particularly evident in pathological examples, illustrating the limitations
of the direct regression approach.

A.8 Minimizing the loss in section A.7
We aim to minimize the following optimization problem:

𝛼̂ = arg min𝛼∈H𝐾
1
𝑁

𝑁∑︁
𝑖=1

[
𝑌 𝑖 (𝑥𝑖) − 𝛼(𝑥𝑖)𝑇𝑀 𝑖 (𝑥𝑖)

]2 + 𝛾∥𝛼∥2H𝐾 (A.86)
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(a) 𝑓 (b) 𝑢

Figure A.3: A pair ( 𝑓 , 𝑢) s.t. −Δ𝑢 = 𝑓 and 𝑢(𝜕Ω) = 0, sampled using (2.19)

Applying the representer theorem, we deduce that the solution 𝛼̂ can be represented
as 𝛼̂ = (𝐾 (·, 𝑥1), . . . , 𝐾 (·, 𝑥𝑁 ))𝑉 , where 𝑉 ∈ R𝑛𝑁 . Additionally, we define the
matrixM ∈ R𝑁×𝑛𝑁 as follows:

M =
©­­­«
𝑀1
...

𝑀𝑁

ª®®®¬ , (A.87)

where eachM𝑖 = (𝑀 (𝑥𝑖)𝑇𝐾 (𝑥𝑖, 𝑥1), . . . , 𝑀 (𝑥𝑖)𝑇𝐾 (𝑥𝑖, 𝑥𝑁 )). The optimal vector 𝑉
is then given by:

𝑉 = arg min𝑣∈R𝑛𝑁 ∥𝑌 −M𝑣∥2 + 𝜆𝑣𝑇K𝑣 (A.88)

where K is a block matrix such that K𝑖 𝑗 = 𝐾 (𝑥𝑖, 𝑥 𝑗 ) for 1 ≤ 𝑖, 𝑗 ≤ 𝑁 . Define the
matrix 𝐷 ∈ R𝑁×𝑛𝑁 as:

𝐷 =

©­­­­­«
𝑀 (𝑥1)𝑇 0 . . . 0

0 𝑀 (𝑥2)𝑇 . . . . . .
... . . .

. . .
...

0 . . . . . . 𝑀 (𝑥𝑁 )𝑇

ª®®®®®¬
(A.89)

Observe thatM = 𝐷K. Using the matrix identity:

(𝑃−1 + 𝐵𝑇𝑅−1𝐵)−1𝐵𝑇𝑅−1 = 𝑃𝐵𝑇 (𝐵𝑃𝐵𝑇 + 𝑅)−1 (A.90)
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where 𝑃−1 = 𝜆𝐾 , 𝐵 =M, and 𝑅 = 𝐼, we derive:

𝑉 =
1
𝜆
𝐾−1M𝑇

(
1
𝜆
M𝐾−1M𝑇 + 𝐼

)−1
𝑌 (A.91)

= 𝐷𝑇 (𝐷K𝐷𝑇 + 𝐼)−1𝑌 (A.92)

It follows that (𝐷K𝐷𝑇 )𝑖 𝑗 = 𝑀𝑇 (𝑥𝑖)𝐾 (𝑥𝑖, 𝑥 𝑗 )𝑀 (𝑥 𝑗 ) = 𝑘̃ (𝑥𝑖, 𝑥 𝑗 ). Thus, the final
model prediction at a new point 𝑥 is given by:

𝑀𝐴 (𝑥) = 𝑀 (𝑥)𝑇𝐾 (𝑥, 𝑋)𝑉 (A.93)

where𝐾 (𝑥, 𝑋) = (𝐾 (𝑥, 𝑥1), . . . , 𝐾 (𝑥, 𝑥𝑁 )) so that 𝛼̂(𝑥) = 𝐾 (𝑥, 𝑋)𝑉 . By identifying
that 𝑀 (𝑥)𝑇𝐾 (𝑥, 𝑋)𝐷𝑇 = 𝑘̃ (𝑥, 𝑋), we can conclude:

𝑀𝐴 (𝑥) = 𝑘̃ (𝑥, 𝑋) ( 𝑘̃ (𝑋, 𝑋) + 𝜆𝐼)−1𝑌 (A.94)
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Figure A.4: Example of aggregation for the Laplace equation (section 2.4.3). Line
1: Outputs of the different models for a given input 𝑓 . Line 2: Prediction errors for
each model. Line 3: Values of 𝛼. Line 4: Aggregate and its error
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Figure A.5: Example of aggregation for Burgers’ equation (section 2.4.4). Line 1:
Outputs of the different models for a given input 𝑓 . Line 2: Prediction errors for
each model. Line 3: Corresponding values of 𝛼. Line 4: Aggregate and its error.
Note that the explicit, implicit, and Lax-Wendroff methods all diverged, while the
spectral method exhibited spurious oscillations. In contrast, the aggregated result
avoids these issues.
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A p p e n d i x B

APPENDIX TO CHAPTER 3: OPERATOR LEARNING AT
MACHINE PRECISION

B.1 Additional Benchmarks
Table B.1 provides an inference time comparison between the benchmark models and
our CHONKNORIS models. Table B.2 provides an additional dataset generation and
GP model fitting time comparison across seismic imaging resolutions. While classic
operator learning methods require only a single model evaluation per prediction,
CHONKNORIS requires separate evaluations at each iteration of the Newton–
Kantorovich method. CHONKNORIS is able to achieve orders of magnitude better
accuracy, as evidence in Table 3.1, but requires more model evaluations and greater
inference time. For inverse problems, the total inference time is often longer than the
total time spend evaluating the model due to costly Jacobian evaluations. Figure B.1
reinforces this insight by comparing the error against inference time for the seismic
imaging problem.

The Gaussian process (GP) benchmarks in Table 3.1 and Table B.1 are based on [27].
The GP measurements are given by either pointwise measurements or projection
onto PCA coefficients, and the intermediate vector valued map is learned using a
Gaussian process with a linear combination of a Matérn and dot product kernels. All
hyper-parameters (number of PCA coefficients, lengthscale, regularization...) are
learned via 5 fold cross validation on the training set and optimized using Optuna
[4].

B.2 Nested Kriging
Nested Kriging is a hierarchical extension of Gaussian process regression designed
to handle very large datasets that cannot be represented efficiently by a single GP.
The idea is to train separate specialized GP models (experts) on subsets of the data or
related problems, and then combine (aggregate) their predictions using another GP
or a statistically optimal weighting scheme. This aggregation step, often based on
minimizing the overall prediction variance, produces a global predictor that retains
much of the accuracy of a full GP model while drastically reducing computational
and memory costs.
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GP FNO TNO CHONKNORIS (ours)

1 eval 1 eval 1 eval 1 eval # evals inference total
*Nonlinear elliptic 1.2e-3 3.4e-3 1.3e-03 1.1e-3 5 1.5e-2
*Burgers’ 6.7e-4 3.5e-3 1.2e-3 2.3e-4 15 × 150 4.4e0
*Nonlinear Darcy 1.1e-3 2.8e-3 1.2e-3 3.3e-3 5000 1.7e1
Calderòn 1.5e-3 – – 2.2e-3 1500 1.5e2
Inverse wave scattering 1.7e-3 – – 1.1e-3 2000 1.6e2
*Seismic imaging 5 × 5 1.2e-3 – – 1.4e-3 100 2.1e0
*Seismic imaging 7 × 7 1.2e-3 – – 1.5e-3 2500 8.1e1
*Seismic imaging 10 × 10 1.3e-3 – – 2.0e-3 25000 1.0e3

Table B.1: Inference time (seconds) across multiple forward and inverse problem
benchmarks. Problems with an * were run on a single GPU (NVIDIA A100),
with other problems run on the CPUs (Intel(R) Xeon(R) Platinum 8380 CPUs @
2.30GHz).

Figure B.1: Comparison of 𝐿2 relative errors versus inference time for the seismic
imaging full waveform inversion problem in Section 3.3.4.3.

resolution time per NK iter. # NK iter. total NK time small CHONKNORIS-GP fit time
5 × 5 0.64 20 13 38
7 × 7 0.80 25 20 137

10 × 10 1.0 35 35 257
14 × 14 1.6 95 152 –

Table B.2: Seismic imaging full waveform inversion (FWI) dataset generation
and model fitting times at different resolutions. We record the time per Newton–
Kantorovich (NK) iteration, the median number of iterations required for conver-
gence, the total NK dataset generation time for a single realization, and the time
required to fit a small version of the CHONKNORIS-GP model (including PyTorch
compilation time). All times are in seconds. We emphasize the dataset generation
times use the NK methods with the full Cholesky decomposition. Compared to the
small CHONKNORIS-GP models fit here, the full CHONKNORIS-GP models we
deploy in inference use between two and three times as much data and between five
and ten times as many GP optimization iterations depending on the resolution. All
timings in this table were carried out on a single NVIDIA A100 GPU.
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More formally, let 𝑀1(𝑥), 𝑀2(𝑥), . . . , 𝑀𝑝 (𝑥) ∈ R𝑚, 𝑥 ∈ R𝑛 be a set of 𝑝 ∈ N experts
that are described by the same underlying Gaussian process 𝑌 (𝑥) with kernel 𝑘 , i.e.,
there holds

𝑀𝑖 (𝑥) = 𝑘 (𝑥, 𝑋𝑖)𝑘 (𝑋𝑖, 𝑋𝑖)−1𝑌 (𝑋𝑖), 𝑖 = 1, 2, . . . , 𝑝.

Furthermore, define 𝑀 (𝑥) = (𝑀1(𝑥), 𝑀2(𝑥), . . . , 𝑀𝑝 (𝑥))𝑇 as well as the covariance
matrix 𝐾𝑀 (𝑋) = Cov(𝑀 (𝑥), 𝑀 (𝑥)) and the vector 𝑘𝑀 (𝑥) = Cov(𝑌 (𝑥), 𝑀 (𝑥)).
Then, the aim is to minimize the variance

𝐸 [(𝑌 (𝑥) − 𝛼𝑇𝑀 (𝑥))2] = 𝑘 (𝑥, 𝑥) − 2𝛼𝑇 𝑘𝑀 (𝑥) + 𝛼𝑇𝐾𝑀 (𝑥)𝛼

with respect to the aggregation vector 𝛼. The solution to this mean squared problem
is given by the

𝛼∗ = 𝐾𝑀 (𝑥)−1𝑘𝑀 (𝑥)

leading to the unconstrained best linear unbiased predictor (BLUP) given by

𝑀A (𝑥) = 𝐾𝑀 (𝑥)−1𝑘𝑀 (𝑥)𝑀 (𝑥).

However, we aim to aggregate our models by weighting the results of the individual
experts by incorporating the constraint

∑
𝑖∈𝐴 𝛼𝑖 (𝑥) = 1𝑇𝛼(𝑥) = 1 for all 𝑥 ∈ R𝑛,

where 1 is a vector of ones with the same dimension as 𝛼. The constrained optimiza-
tion problem is then solved via Lagrange multipliers. The corresponding Lagrange
function is given by

L(𝛼, 𝜆) = 𝐸 [(𝑌 (𝑥) − 𝛼𝑇𝑀 (𝑥))2] + 𝜆(1𝑇𝛼 − 1)
= 𝑘 (𝑥, 𝑥) − 2𝛼𝑇 𝑘𝑀 (𝑥) + 𝛼𝑇𝐾𝑀 (𝑥)𝛼 + 𝜆(1𝑇𝛼 − 1)

(B.1)

where 𝜆 is the Lagrange multiplier associated with the constraint 1𝑇𝛼 = 1. This
gives the following result proved in Appendix B.8

Proposition B.2.1. The Lagrange function given by (B.1) is minimized by

𝛼 = 𝐾𝑀 (𝑥)−1

(
𝑘𝑀 (𝑥) −

1
(
1𝑇𝐾𝑀 (𝑥)−1𝑘𝑀 (𝑥) − 1

)
1𝑇𝐾𝑀 (𝑥)−11

)
. (B.2)

Proof. To minimize L(𝛼, 𝜆), we take the derivative of L with respect to 𝛼 and 𝜆,
and set them equal to zero. This gives the equations:

𝐾𝑀 (𝑥)𝛼 = 𝑘𝑀 (𝑥) − 𝜆21, 1𝑇𝛼 = 1.
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Substituting the 𝛼 in the first equation into the second equation, solving for 𝜆, and
substituting 𝜆 back into the first equation gives the new values of 𝛼 that satisfy the
constraint

∑
𝑖∈𝐴 𝛼𝑖 (𝑥) = 1. This finally yields the desired formula (B.2). □

By enforcing the constraint
∑
𝑖∈𝐴 𝛼𝑖 (𝑥) = 1, the coefficients 𝛼𝑖 (𝑥) are adjusted from

the unconstrained BLUP solution, and the Lagrange multiplier method gives us the
corrected formula. This ensures that the coefficients sum to 1 while still minimizing
the mean squared error in the best linear unbiased way.

Computational complexity

The computational cost of the Nested Kriging can be divided into two parts: the
offline training of the individual experts and the online prediction (aggregation).
During training, each expert 𝑀𝑖 requires the inversion (or Cholesky factorization)
of its covariance matrix 𝐾𝑖 ∈ R𝑛𝑖×𝑛𝑖 , resulting in a computational cost of order
O(𝑛3

𝑖 ) and a memory requirement of O(𝑛2
𝑖 ). Training all 𝑝 experts therefore costs

O
(∑𝑝

𝑖=1 𝑛
3
𝑖

)
, which is significantly cheaper than training a single global Gaussian

process on all 𝑁 =
∑𝑝
𝑖=1 𝑛𝑖 data points, whose cost would be O(𝑁3). For experts of

equal size (𝑛𝑖 = 𝑛), this corresponds to a reduction by a factor of approximately 𝑝2.

At prediction time, computing the prediction 𝑀A (𝑥) for a new input 𝑥 involves
two main steps. First, for each expert, we compute the predictive weights 𝑣𝑖 (𝑥) =
𝐾−1
𝑖 𝑘 (𝑋𝑖, 𝑥), which requires O(𝑛2

𝑖 ) operations per expert, yielding a total cost of
O

(∑𝑝
𝑖=1 𝑛

2
𝑖

)
. These vectors are then used to construct the aggregated covariance

terms: 𝑘𝑀 (𝑥) ∈ R𝑝 and 𝐾𝑀 (𝑥) ∈ R𝑝×𝑝, where forming all pairwise covariances
typically costs O(𝑁2) if cross-covariances between experts are precomputed. Fi-
nally, the aggregation weights 𝛼(𝑥) are obtained by inverting 𝐾𝑀 (𝑥), which adds
an additional O(𝑝3) cost. Consequently, the total online prediction complexity per
test point is of order O(𝑁2 + 𝑝3), compared to O(𝑁2) for a single global Gaussian
process.

Hence, Nested Kriging achieves a substantial reduction in offline training cost—from
cubic in the total dataset size to the sum of the individual cubic costs—while
maintaining comparable prediction complexity and offering improved scalability
with respect to both memory and computation.
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B.3 Choice of ordering in the Cholesky Factorization
The Cholesky factors of Q depend on the ordering of its rows and columns, which
corresponds to the degrees of freedom in R𝑁 . While this ordering can be inherited
from the discretization of the space V, the accuracy of the approximation in (3.9)
can be significantly improved by selecting an ordering that induces a hierarchical
or multiresolution structure in the operator problem [238, 241]. To describe this,
consider first the case where F is a local differential operator (e.g., a PDE) acting
on functions defined over a domain Ω ⊂ R𝑑 . Here, 𝛿F𝛿𝑣

∗ 𝛿F
𝛿𝑣 + 𝜆𝐼 can be interpreted

as a (discretized) elliptic PDE, and its inverse, Θ, represents a (discretized) Green’s
function. Suppose the discretization of F is obtained using a numerical method
(e.g., finite element, finite difference, or collocation), with elements centered around
points 𝑥1, . . . , 𝑥𝑁 ∈ Ω. Although the Cholesky factors of Θ are generally dense
when using a lexicographic ordering, they exhibit significant sparsity when a max-
min ordering is used. As presented in [294], a max-min ordering 𝜋 of {1, . . . , 𝑁} is
defined such that:

𝜋(1) = argmax𝑖 dist(𝑥𝑖, 𝜕Ω) ,
and for 𝑖 ≥ 1:

𝜋(𝑖 + 1) = argmax 𝑗 dist
(
𝑥 𝑗 , 𝜕Ω ∪ {𝑥𝜋(1) , . . . , 𝑥𝜋(𝑖)}

)
.

Writing Π for the permutation matrix associated with 𝜋 and

Π𝑇𝐿†𝐿†,𝑇Π = Θ

for the exact Cholesky factorization of Θ in the maxmin ordering, those Cholesky
factors have two desirable properties [59, 292, 294]: (1) they are rank revealing, and
(2) they are sparse.

B.3.0.1 Rank-Revealing Property

The matrix 𝐿†,(𝑘) , defined as the truncation of 𝐿† to its first 𝑘 columns (with
all remaining columns set to zero), provides a near-optimal rank-𝑘 approximation
(measured in operator norm) within a constant factor [294, Thm. 2.3]. Specifically,
it satisfies: 

Θ − Π𝑇𝐿†,(𝑘)𝐿†,(𝑘),𝑇

Fro ≲ inf

𝑀 of rank 𝑘



Θ − 𝑀


Fro,

where ∥ · ∥Fro denotes the Frobenius matrix norm. This rank-revealing property is:
(a) Analogous to the properties achieved with gamblets or operator-adapted wavelets
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[238, 241] for the compression of elliptic PDEs. (b) more desirable for operator-
learning than mesh invariance because it induces, within a constant factor, an optimal
approximation of the underlying operator at any level of truncation/discretization
which has been the core objective of numerical homogenization [7].

B.3.0.2 Sparsity

The Cholesky factors 𝐿† exhibit exponential decay in their entries, as shown in [294,
Thm. 5.23]. Specifically:

|𝐿†𝑖, 𝑗 | ≲ exp
(
−𝐶 dist(𝑥𝜋(𝑖) , 𝑥𝜋( 𝑗))

ℎ

)
,

where ℎ is the mesh norm associated with {𝑥1, . . . , 𝑥𝑁 }, and 𝐶 is some positive
constant. To describe the sparsity structure, let 𝑙1 := max𝑖 dist(𝑥𝑖, 𝜕Ω) and, for
𝑖 ≥ 1,

𝑙𝑖+1 := max
𝑗

dist
(
𝑥 𝑗 , 𝜕Ω ∪ {𝑥𝜋(1) , . . . , 𝑥𝜋(𝑖)}

)
,

represent the sequence of decreasing distances associated with the max-min order-
ing. Given 𝜌 ∈ N, the sparsity set is defined as:

𝑆𝜌 :=
{(𝑖, 𝑗) ∈ {1, . . . , 𝑁}2 | 𝑖 ≥ 𝑗 and dist(𝑥𝜋(𝑖) , 𝑥𝜋( 𝑗)) ≤ 𝜌𝑙𝑖

}
.

The set 𝑆𝜌 contains approximately O(𝑁𝜌𝑑) elements. Using an incomplete
Cholesky factorization with sparsity pattern 𝑆𝜌, one obtains a lower triangular
matrix 𝐿𝜌 with non-zero entries restricted to 𝑆𝜌. This approach achieves the
approximation: 

Π𝑇𝐿𝜌𝐿𝑇𝜌Π − Θ



Fro ≲ 𝑒−𝐶𝜌 .

Consequently, it is possible to achieve an accuracy 𝜖 by accessing only O(𝑁 log𝑑 1
𝜖 )

entries of Θ. The resulting Cholesky factors 𝐿𝜌 will have just O(𝑁 log𝑑 1
𝜖 ) non-zero

entries.

B.3.0.3 Exploiting the maxmin ordering for operator learning

The rank revealing and sparsity properties of the maxmin ordering have been lever-
aged in [291] for achieving SOTA in terms of both complexity and data efficiency
for learning the solution operator of arbitrary elliptic PDEs ( [291] shows that
those solution operators can be rigorously approximated to accuracy 𝜖 from only
O(log 𝑁 log𝑑 𝑁

𝜖 ) source-solution pairs). Here we employ the maxmin ordering to
improve the accuracy of the map 𝑣 → 𝐿 (𝑣) such that

Π𝑇𝐿𝐿𝑇Π ≈ Θ . (B.3)
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B.3.0.4 Exploiting Random Ordering for Operator Learning

The rank-revealing and sparsity properties of the max-min ordering can also be
achieved using a random ordering, as it implicitly induces a max-min structure (see
[238, Thm. 2.9], derived from [135]). In cases where F is high-dimensional or
represents an arbitrary operator not necessarily associated with a PDE, the rank-
revealing property is still preserved by the random ordering [57], therefore in those
settings we can simply replace Π in (B.3) by random permutation matrix.

B.4 Discretizations and Cholesky factorization
In practice, we work with an arbitrary discretization of the operator G, setting
U = R𝐽 and V = R𝐾 . This discretization can be derived from various numerical
methods such as finite-element, or finite-difference methods or any other discretiza-
tion method such as the optimal recovery approach in [27]. For simplicity, we
retain the original notation for the discretized operators, continuing to use G and F
to denote their discretized counterparts. The spaces U and V are equipped with
the Euclidean inner product. Consequently, the derivative 𝛿F

𝛿𝑣 becomes a function
mapping R𝐽 to the space of 𝐾 × 𝐾 matrices. The elliptic operator

𝛿F
𝛿𝑣

∗ 𝛿F
𝛿𝑣
+ 𝜆𝐼 : V → L+(V)

then simplifies to a map from R𝐽 to the space of 𝐽 × 𝐽 symmetric positive definite
matrices. Then learning the operator Q reduces to learning a mapping from R𝐽

to the space of 𝐽 × 𝐽 symmetric positive definite matrices. To facilitate this, we
represent Q through its Cholesky factorization:

Q = RR𝑇 ,

and seek to learn a lower-triangular-matrix-valued operator:

R : V → {𝑅 ∈ R𝐽×𝐽 | 𝑅 is lower triangular},

Then a neural network or matrix valued RKHS can be used to parameterize and learn
R. In practice we find that this parameterization of the DNO leads to higher accuracy
as the composed operators will enforce positivity and symmetry of Q, however, one
can design intermediate algorithms where Q or N are directly learned.

B.5 Choice of the step size 𝛼 and relaxation 𝜆
We often also found it necessary to adapt the relaxation 𝜆 across iterations for con-
vergence to machine precision in a reasonable number of steps while maintaining
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global convergence. Generally speaking, 𝜆 is decreased as our NK/CHONKNORIS
approximation approaches the true solution in order to achieve the quadratic conver-
gence of Gauss–Newton steps. In such scenarios, the learned Cholesky factor R̂ has
an additional dependence on the relaxation 𝜆. To simultaneously tune the step size
𝛼 and relaxation 𝜆, at any given iteration we may choose to inflate, deflate, or keep
both parameters from the previous iteration. Specifically, if (𝜆𝑛, 𝛼𝑛) are the values
at iteration 𝑛, then we choose 𝜆𝑛+1 ∈ {𝛽𝜆𝜆𝑛, 𝜆𝑛, 𝜅𝜆𝜆𝑛} and 𝛼𝑛+1 ∈ {𝛽𝛼𝛼𝑛, 𝛼𝑛, 𝜅𝛼𝛼𝑛}
among all 9 possible combinations to minimize the loss associated to the computed
step, where 𝜅𝜆, 𝜅𝛼 ∈ (0, 1) are decay factors and 𝛽𝜆, 𝛽𝛼 ∈ (1,∞) are inflation factors.
The choices are visualized in Figure B.2with 𝜅𝜆 = 𝜅𝛼 = 1/2 and 𝛽𝜆 = 𝛽𝛼 = 2. While
we found this inflation/deflation 9-option scheme provided robust performance in
our numerical experiments, other schemes based comparing observed residuals to
linearized residuals have been proposed for parameter tuning, e.g., [151, Appendix
c.2.1] provides a direct and automatic rule to select 𝜆, see also [13, 113]. Detailed
convergence theory for the LM method can be found in [103], including the effects
of inexact steps where convergence hinges on sufficiently reducing the loss on each
iteration. Our direct approach of choosing (𝛼𝑛+1, 𝜆𝑛+1) from the 9 options so as to
minimize the loss naturally allows for conservative steps (large 𝜆, small 𝛼) when
either the error in 𝑅 is large or the linearization is inaccurate, and aggressive steps
(small 𝜆, 𝛼→ 1), when the error in 𝑅 is small and F is near linear in a neighborhood
containing both the current iterate and solution.

B.6 Approximation of the Fréchet derivative
In this section, we discuss some numerical approximations of the Jacobian in cases
when the explicit computation and storage of the Jacobian becomes infeasible,
e.g., for high-dimensional problems such as problems in seismic imaging cf. Sec-
tion 3.3.4.3. The idea is to approximate the Fréchet derivative of F by the finite
difference

𝛿F
𝛿𝑣
(𝑢, 𝑣) [ℎ] ≈ F (𝑢, 𝑣 + 𝑡ℎ) − F (𝑢, 𝑣)

𝑡
,

for sufficiently small 𝑡 > 0 justified by the limit

𝛿F
𝛿𝑣
(𝑢, 𝑣) [ℎ] = lim

𝑡↘0

F (𝑢, 𝑣 + 𝑡ℎ) − F (𝑢, 𝑣)
𝑡

.
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Figure B.2: Given the relaxation𝜆𝑛 and step size𝛼𝑛 at iteration 𝑛, the next parameters
(𝜆𝑛+1, 𝛼𝑛+1) are chosen from the above 9 options to minimize the loss. The deflation
factors 1/2 and inflation factors 2 can be replaced by more general factors, see the
discussion in Appendix B.5.

We obtain for all ℎ ∈ V〈(
𝛿F
𝛿𝑣
(𝑢, 𝑣)

)∗
F (𝑢, 𝑣), ℎ

〉
V

=

〈
F (𝑢, 𝑣), 𝛿F

𝛿𝑣
(𝑢, 𝑣)ℎ

〉
W

≈ 1
𝑡
⟨F (𝑢, 𝑣), F (𝑢, 𝑣 + 𝑡ℎ) − F (𝑢, 𝑣)⟩W . (B.4)

Denoting again with R𝑁V the finite-dimensional approximation of the space V,
we can find the values 𝛿F

𝛿𝑣

∗F (𝑢, 𝑣) by choosing ℎ to be the values of a basis B of
R𝑁V . In order to further reduce the complexity, we can perform a singular value
decomposition of 𝛿F

𝛿𝑣

∗F (𝑢, 𝑣) : U × V → V on a given dataset {(𝑢𝑖, 𝑣𝑖)}𝑚𝑖=1 ⊂
U × V: Denoting with 𝐹 ∈ R𝑚×𝑁V the matrix collocating the point evaluations
𝛿F
𝛿𝑣

∗F (𝑢𝑖, 𝑣𝑖), we obtain 𝐹 = 𝑈Σ𝑉𝑇 with𝑈 ∈ R𝑚×𝑚, Σ ∈ R𝑚×𝑁V , and𝑉 ∈ R𝑁V×𝑁V .
Given a low-rank approximation 𝑟 << 𝑁V , we have 𝐹 ≈ 𝑈𝑟Σ𝑟𝑉𝑇𝑟 . Then, an
approximation of

(
𝛿F
𝛿𝑣 (𝑢, 𝑣)

)∗
F (𝑢, 𝑣) can be achieved by expanding it in terms of

the reduced basis B𝑟 = {𝑣1, . . . , 𝑣𝑟} where the coefficients of this can be found by
testing with ℎ = 𝑣𝑖, 𝑖 = 1, . . . , 𝑟 in (B.4).



211

B.7 Connection to Attention Mechanism
The operator-valued operator N(𝑣𝑛) =

((
𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛)

)∗
𝛿F
𝛿𝑣 (𝑢, 𝑣𝑛) + 𝜆𝐼

)−1
depends

nonlinearly on its input (the current iterate 𝑣𝑛), and its output is a nonlocal, linear
operator. This observation leads to the connection with the attention mechanism
proposed in [338], which defines itself an operator of this nature. The attention
mechanism is at the heart of transformers, a neural network architecture widely
used for language [333] and vision [89] tasks and recently employed in the context
of operator learning, for example as in [51, 52, 141, 183, 270]. Indeed, self-
attention and cross-attention are extended to the function space setting in [51].
Following this framework, we write the extension to function space of the attention
mechanism from [338] in its most general form. We define the attention operator
A : V ×W ×U → U by(A(𝑣, 𝑤, 𝑢)) (𝑥) = E𝑦∼𝑝(·;𝑣,𝑤,𝑥)𝑉𝑢(𝑦), (B.5)

where

𝑝(𝑦; 𝑣, 𝑤, 𝑥) =
exp

(〈
𝑄𝑣(𝑥), 𝐾𝑤(𝑦)〉)∫

Ω exp
(〈
𝑄𝑣(𝑥), 𝐾𝑤(𝑠)〉) d𝑠

,

where the learnable 𝑄 ∈ R𝑑×𝑑𝑣 , 𝐾 ∈ R𝑑×𝑑𝑤 , 𝑉 ∈ R𝑑×𝑑𝑢 parametrize the attention
operator A. Given this definition, we may approximate

N(𝑣𝑛) ≈ A(𝑣𝑛, 𝑣𝑛, ·) ∈ L(U,V). (B.6)

The above is unlike the standard way attention is implemented in practice, as the
second and third input functions of A differ. An alternative approximation of N
based on the cross-attention operator is given byA(𝑣𝑛, F (𝑢, 𝑣𝑛), ·); note that, here,
the second input is the residual itself. Using an approximation of N given by (B.6)
leads to the reformulation of the iteration (3.7) as a neural network block

𝑟𝑛+1 = F (𝑢, 𝑣𝑛),
𝛿𝑣𝑛+1 = A(𝑣𝑛, 𝑣𝑛, 𝑟𝑛+1) ≈ N (𝑣𝑛) (𝑟𝑛+1),
𝑣𝑛+1 = 𝑣𝑛 + 𝛿𝑣𝑛+1.

(B.7)

We highlight that as the transformer from [338] consists of the application of the
attention mechanism (a nonlocal operator) along with residual connections and
pointwise linear transformations, the block in (B.7) is defined itself by a pointwise
transformation, attention and a residual connection. This perspective may be used as
the basis for an end-to-end learning approach. In particular, we may unroll CHON-
KNORIS, as outlined in [220]. This entails choosing a fixed number of iterations
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for our iterative method and interpreting this iterative method as a composition of
blocks of the form (B.7). We leave further investigation of this end-to-end approach
to future work.

Remark B.7.1. Note that while common operator learning models fail to achieve
high accuracy with increasing depth, the proposed iterative structure (3.7) is specif-
ically designed to converge toward the true operator G as depth increases as the
compositions emulate a quasi-Newton algorithm. This connection aligns with obser-
vations in the ANN literature [220, 240], where successful algorithms are effective
not solely due to their depth or complexity, but because they possess: (1) Suffi-
cient expressivity to emulate convergent numerical approximation methods; and (2)
Enough structure in their computational graphs [239] to leverage the same princi-
ples that make such numerical methods effective. Without (2) increasing depth in an
ANN algorithm may only increase expressivity and complexity without improving
accuracy.

B.8 Proofs
B.8.1 Theoretical results

Proof of Theorem 3.4.2. Write 𝐴(𝑣) := F ′(𝑣), 𝐴𝑘 := 𝐴(𝑣𝑘 ), and 𝐹𝑘 := F (𝑣𝑘 ). For
𝜆 > 0, 𝑅𝜆 (𝑣) := (𝜆𝐼V + 𝐴(𝑣)∗𝐴(𝑣))−1.

Step 1. OnW,

𝐼W − 𝐴(𝑣) 𝑅𝜆 (𝑣) 𝐴(𝑣)∗ = 𝜆
(
𝜆𝐼W + 𝐴(𝑣)𝐴(𝑣)∗

)−1
. (B.8)

Indeed, (𝜆𝐼V + 𝐴∗𝐴)𝑅𝜆 = 𝐼V ; multiplying on the left by 𝐴 and on the right by 𝐴∗

gives 𝐴(𝜆𝐼 + 𝐴∗𝐴)𝑅𝜆𝐴∗ = 𝐴𝐴∗, i.e., 𝜆𝐴𝑅𝜆𝐴∗ + 𝐴𝐴∗𝑅𝜆𝐴∗ = 𝐴𝐴∗, and rearranging
yields (B.8) since (𝜆𝐼W + 𝐴𝐴∗) is invertible by (A3).

Step 2. With 𝛿𝑣𝑘 = −𝑅𝜆𝑘 (𝑣𝑘 )𝐴∗𝑘𝐹𝑘 ,

𝐴𝑘𝛿𝑣𝑘 + 𝐹𝑘 =
(
𝐼 − 𝐴𝑘𝑅𝜆𝑘 (𝑣𝑘 )𝐴∗𝑘

)
𝐹𝑘

=
(
𝐼 − 𝐴𝑘𝑅𝜆𝑘 (𝑣𝑘 )𝐴∗𝑘

)︸                   ︷︷                   ︸
(I)

𝐹𝑘

+ 𝐴𝑘
(
𝑅𝜆𝑘 (𝑣𝑘 ) − 𝑅𝜆𝑘 (𝑣𝑘 )

)
𝐴∗𝑘︸                            ︷︷                            ︸

(II)

𝐹𝑘 .

By (B.8) at 𝑣𝑘 and (A3),

∥(𝐼)∥ =


𝜆𝑘 (𝜆𝑘 𝐼W + 𝐴𝑘𝐴∗𝑘 )−1

 ≤ 𝜆𝑘

𝜆𝑘 + 𝜎2∗
=: 𝜃tik

𝑘 .
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For (II), using submultiplicativity and Assumption 3.4.1(A3),

∥(𝐼 𝐼)∥ ≤ ∥𝐴𝑘 ∥ ∥𝑅𝜆𝑘 (𝑣𝑘 ) − 𝑅𝜆𝑘 (𝑣𝑘 )∥ ∥𝐴∗𝑘 ∥ ≤ 𝑀2 𝜀𝜆𝑘 =: 𝜃des
𝑘 .

Therefore
∥𝐴𝑘𝛿𝑣𝑘 + 𝐹𝑘 ∥ ≤ (𝜃tik

𝑘 + 𝜃des
𝑘 ) ∥𝐹𝑘 ∥ =: 𝜃𝑘 ∥𝐹𝑘 ∥,

which is the inexact Newton forcing inequality (3.25).

Step 3. By (A2), for any 𝑣 and 𝑠 with 𝑣, 𝑣 + 𝑠 ∈ 𝐵(𝑣0, 𝑅),

∥F (𝑣 + 𝑠) − F (𝑣) − F ′(𝑣)𝑠∥ ≤ 1
2𝐿∥𝑠∥2.

The standard (Dembo–Eisenstat–Steihaug) majorant analysis applies with

𝜃 := sup
𝑘
𝜃𝑘 < 1, 𝐿̃ :=

𝐿

1 − 𝜃 ,

yielding existence/uniqueness in the ball, the majorant bounds, and convergence
provided ℎ̃ = 𝛽𝐿̃𝜂 ≤ 1

2 and 𝑡∗ ≤ 𝑅. If additionally 𝜆𝑘 → 0 and 𝜀𝜆𝑘 → 0, then
𝜃𝑘 → 0 and the local rate approaches quadratic; if 𝜃𝑘 = O(∥𝐹𝑘 ∥), the rate is
quadratic. □

Proof of Corollary 3.4.3. We sketch the standard derivation; see also DES [81]. By
the mean-value theorem for Gâteaux differentiable functions and (A2), we obtain

F (𝑣𝑘 + 𝛿𝑣𝑘 ) − F (𝑣𝑘 ) − 𝐴(𝑣𝑘 )𝛿𝑣𝑘 =
∫ 1

0

(
𝐴(𝑣𝑘 + 𝜏𝛿𝑣𝑘 ) − 𝐴(𝑣𝑘 )

)
𝛿𝑣𝑘 𝑑𝜏,

so ∥F (𝑣𝑘+1)∥ ≤ ∥𝐴(𝑣𝑘 )𝛿𝑣𝑘 +F (𝑣𝑘 )∥ + 𝐿2 ∥𝛿𝑣𝑘 ∥2. Left-multiplying by 𝐴(𝑣𝑘 )−1 and
using ∥𝐴(𝑣𝑘 )−1∥ ≤ 𝛽 on 𝐵(𝑣0, 𝑅) yields

∥𝑣𝑘+1 − 𝑣𝑘 − 𝐴(𝑣𝑘 )−1F (𝑣𝑘 )∥ ≤ 𝛽 ∥𝐴(𝑣𝑘 )𝛿𝑣𝑘 + F (𝑣𝑘 )∥ + 𝛽𝐿

2
∥𝛿𝑣𝑘 ∥2.

By the forcing condition with 𝜃 and the stability of the step ∥𝛿𝑣𝑘 ∥ ≤
∥𝐴(𝑣𝑘 )−1∥ ∥F (𝑣𝑘 )∥ + 𝑜(∥F (𝑣𝑘 )∥) ≤ 𝛽∥F (𝑣𝑘 )∥ + 𝑜(∥F (𝑣𝑘 )∥), one arrives
at

∥𝑣𝑘+1 − 𝑣∗∥ ≤ 𝜃

1 − 𝜃 ∥𝑣𝑘 − 𝑣
∗∥ + 𝛽𝐿

2(1 − 𝜃) ∥𝑣𝑘 − 𝑣
∗∥2

which is (3.26). Assertions (i)–(iv) follow immediately: (i) by dropping the quadratic
term and applying limes superior; (ii) because 𝜃𝑘 → 0 eliminates the linear term; (iii)
and (iv) use the local equivalence ∥F (𝑣𝑘 )∥ ≍ ∥𝑣𝑘 − 𝑣∗∥ (since 𝐴(𝑣∗) is continuous
and invertible for large 𝑘) to replace ∥F (𝑣𝑘 )∥𝛼 by 𝑒𝛼𝑘 . □
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Proof of Remark 3.4.4. (a) is immediate from 𝜃tik,k → 0 and 𝜃des,k → 0. For
(b), 𝜃tik,k ≤ 𝜆𝑘/𝜎2∗ = O(∥F (𝑣𝑘 )∥) and 𝜃des,k = 𝑀2 𝜀𝜆𝑘 = O(∥F (𝑣𝑘 )∥), hence
𝜃𝑘 = O(∥F (𝑣𝑘 )∥); apply Corollary 3.4.3 (iv). For (c), differentiate 𝜙 on (0,∞):

𝜙′(𝜆) = 𝜎2∗
(𝜆 + 𝜎2∗ )2

− 2𝐶 𝜆−3.

Setting 𝜙′(𝜆) = 0 yields (𝜆 + 𝜎2∗ )−2 ∼ 2𝐶 𝜎−2∗ 𝜆−3; for the coarse scaling one may
drop the +𝜎2∗ inside parentheses (or solve exactly), giving 𝜆3 ∼ 3𝐶 𝜎2∗ and the stated
𝜆∗. This balances the two terms in 𝜃; an annealing 𝜆𝑘 ↓ 0 then ensures 𝜃𝑘 → 0 and,
by Corollary 3.4.3, superlinear/quadratic rates. □

Proof of Theorem 3.4.7. We verify the assumptions of Theorem 3.4.2 for the PDE
setting and identify the constants appearing there.

Step 1: Setting and choice of base point. For a fixed 𝑓 ∈ W, we suppress the
dependence on 𝑓 and write F (𝑢) = F (𝑢, 𝑓 ) = −Δ𝑢 + 𝜅𝑢3 − 𝑓 : V → W. For
simplicity, we choose the base point 𝑣0 = 0 and 𝜅 = 1.

By definition of the residual map,

F (0) = − 𝑓 ∈ W, F ′(0) = 𝐴 := −Δ : V →W.

Recall that the 𝐻−1-norm is defined by duality with respect to theV-inner product
induced by 𝐴, so that for all 𝑔 ∈ W = 𝐻−1,

∥𝑔∥W = ∥𝐴−1𝑔∥V .

Therefore

𝜂 := ∥F ′(0)−1F (0)∥V = ∥𝐴−1(− 𝑓 )∥V = ∥ 𝑓 ∥W ,

which is the first identity in the statement.

Step 2: Verification of (A1) and explicit 𝛽. Assumption (A1) of Assumption 3.4.1
requires that F ′(𝑣0) is invertible and ∥F ′(𝑣0)−1∥ ≤ 𝛽. As just noted, F ′(0) = 𝐴 is
an isomorphismV → V∗ =W, so (A1) holds with

𝛽 = ∥F ′(0)−1∥ = ∥𝐴−1∥ = 1,

where the last equality follows from the way the𝐻−1-norm is induced by theV-inner
product via 𝐴.
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Step 3: Lipschitz bound (A2) and choice of 𝐿. Let 𝐵𝑟 := {𝑣 ∈ V : ∥𝑣∥V ≤ 𝑟}.
Then, for each 𝑣 ∈ 𝑋 , we have

F ′(𝑣)ℎ = 𝐴ℎ + 3𝑣2ℎ.

Hence, for 𝑢, 𝑣 ∈ 𝐵𝑟 ,(F ′(𝑢) − F ′(𝑣))ℎ = 3 (𝑢2 − 𝑣2)ℎ = 3 (𝑢 + 𝑣) (𝑢 − 𝑣)ℎ.

Using the one-dimensional Sobolev embedding and the Poincaré inequality on T,
we obtain

∥𝑤∥𝐿∞ ≤ 1
𝜋
∥𝑤∥V , ∥𝑤∥𝐿2 ≤ 1

𝜋
∥𝑤∥V .

Together with the Cauchy-Schwarz inequality, we obtain the bound

∥ (𝑢2 − 𝑣2)ℎ ∥𝐻−1 ≤ 1
2𝜋2

(∥𝑢∥V + ∥𝑣∥V ) ∥𝑢 − 𝑣∥V ∥ℎ∥V .
Since 𝑢, 𝑣 ∈ 𝐵𝑟 , this yields

∥F ′(𝑢) − F ′(𝑣)∥ ≤ 3
2𝜋2 𝑟 ∥𝑢 − 𝑣∥V ,

so (A2) holds with
𝐿 :=

3
2𝜋2 𝑟.

Step 4: Uniform bound (A3) and choice of 𝑀 and 𝜎∗. For any 𝑣 ∈ 𝐵𝑟 and ℎ ∈ V
with ∥ℎ∥V = 1,

∥F ′(𝑣)ℎ∥𝐻−1 ≤ ∥𝐴ℎ∥𝐻−1 + ∥3𝑣2ℎ∥𝐻−1 .

By definition of the norms, ∥𝐴ℎ∥𝐻−1 = ∥ℎ∥V = 1. Arguing as in Step 3, we obtain

∥3𝑣2ℎ∥𝐻−1 ≤ 3
4𝜋2 ∥𝑣∥

2
V ∥ℎ∥V ≤

3
4𝜋2 𝑟

2.

Hence,
∥F ′(𝑣)∥ = sup

∥ℎ∥V=1
∥F ′(𝑣)ℎ∥𝐻−1 ≤ 1 + 3

4𝜋2 𝑟
2 =: 𝑀

for all 𝑣 ∈ 𝐵𝑟 , which is the 𝑀 stated in Theorem 3.4.7.

Moreover, by coercivity of 𝐴 and the positivity of the nonlinearity, we obtain

⟨F ′(𝑣)ℎ, ℎ⟩W,V = ⟨𝐴ℎ, ℎ⟩W,V + ⟨3𝑣2ℎ, ℎ⟩W,V ≥ ∥ℎ∥2V ,

so that the smallest singular value of F ′(𝑣) is bounded below by 1. Therefore

𝜎∗ := inf
𝑣∈𝐵

𝜎min(F ′(𝑣)) ≥ 1.
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Thus (A3) holds with the above 𝑀 and 𝜎∗ ≥ 1.

Step 5: Forcing term and choice of 𝜃. Let 𝜆 > 0 be fixed and assume that we use a
constant Tikhonov parameter, i.e. 𝜆𝑘 ≡ 𝜆. For the learned resolvent 𝑅𝜆, we define
the design error

𝜀𝜆 := sup
𝑣∈𝐵𝑟



 𝑅𝜆 (𝑣) − 𝑅𝜆 (𝑣) 

L(V,V) .
Then, Theorem 3.4.2 (Tikhonov–inexact NK) gives, for any iterate 𝑣𝑘 ∈ 𝐵𝑟 ,

∥F ′(𝑣𝑘 )𝛿𝑣𝑘 + F (𝑣𝑘 )∥W
∥F (𝑣𝑘 )∥W

≤ 𝜆

𝜆 + 𝜎2∗
+ 𝑀2 𝜀𝜆 =: 𝜃𝑘 .

Using 𝜎∗ ≥ 1, we further obtain

𝜃𝑘 ≤ 𝜆

1 + 𝜆 + 𝑀
2 𝜀𝜆 =: 𝜃.

If 𝜃 < 1, then the hypothesis sup𝑘 𝜃𝑘 ≤ 𝜃 < 1 of Theorem 3.4.2 is satisfied.

Step 6: Application of Theorem 3.4.2 and explicit 𝐿̃. Theorem 3.4.2 then yields
that all the inexact Newton–Kantorovich conclusions hold with modified Lipschitz
constant

𝐿̃ =
𝐿

1 − 𝜃 .
Plugging in the PDE-specific values

𝐿 =
3

2𝜋2 𝑟, 𝜃 =
𝜆

1 + 𝜆 + 𝑀
2 𝜀𝜆, 𝑀 = 1 + 3

4𝜋2 𝑟
2,

we obtain the expression stated in Theorem 3.4.7,

𝐿̃ =
𝐿

1 − 𝜃 =
3

2𝜋2 𝑟

1 − 𝜆
1+𝜆 − 𝑀2𝜀𝜆

.

Together with the identification 𝜂 = ∥F ′(0)−1F (0)∥V = ∥ 𝑓 ∥𝐻−1 from Step 1, this
shows that all conclusions of Theorem 3.4.2 hold in the PDE setting with the explicit
constants given in Theorem 3.4.7. □
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A p p e n d i x C

APPENDIX TO CHAPTER 4: NETWORK PRUNING VIA
MARCHENKO–PASTUR THEORY

C.1 Other Numerical Results
This appendix provides some numerical results which shows that MP-based pruning
leads to a reduction in loss and an increase in accuracy, which is relevant to Theorem
4.4.2. We also confirm that adding (which in this context is the same as removing) a
random matrix to the weight layer matrices of the DNN does not lead to a change in
accuracy or cross-entropy loss but does lead to a change in the 𝐿2 loss, numerically
confirming Theorem 4.4.2 and Lemma 4.4.4.

Example C.1.1. In this example, we trained on Fashion MNIST a fully connected
DNN with ReLU activation and the following topology:

[784, 3000, 3000, 3000, 3000, 500, 10],

This means our network has 6 layers followed by activation functions, with layer
𝑘 being a linear layer 𝐿𝑘 : R𝑇𝑘 → R𝑇𝑘+1 . The training was performed multiple
times, with no regularization and no PM-based pruning, with 𝐿1 regularization, 𝐿2

regularization, 𝐿1 + 𝐿2 regularization and MP pruning (see Algorithm 4) and so on
to compare these different forms of training. We also compare our approach with
stable rank regularization, that is adding the sum over 𝑙 of:

stable(𝑊𝑙) =
∥𝑊𝑙 ∥2𝐹
∥𝑊𝑙 ∥22

(C.1)

to the loss function, see [355] for more. This regularization is supposed to help
induce heavy tail in the weight layer matrices, making the weight layer matrices
"less random".

In all cases, the training was done for 100 epochs. MP-pruning based training
essentially involved pruning the small singular values in the weight layer matrices
based on the MP distribution, and using this reduction in rank to reduce the number
of parameters in the DNN, see Appendix 4 and [34, 307] for more information. The
ReLU activation function was applied after every layer, including the final layer
(which is not typical). While it might be easier to train DNNs without applying the
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activation function to the final layer, we found that we obtained the highest difference
in accuracies (between normal training and training with MP-based pruning) when
training with the affirmation structure while using MP-based pruning (see Table
C.1). Furthermore, without the ReLU activation function being applied to the final
layer (softmax is still applied), the accuracy was less than 90.5% (without MP-
pruning). For the same architecture, using 𝐿1+ 𝐿2 regularization and MP-pruning,
we obtained a 91.37% accuracy on the Fashion MNIST test set, which is the highest
accuracy we observed on the data set using a fully connected DNN (see Example
C.1.2). MP-based pruning also increases the accuracy of fully connected DNNs
used for regularization tasks; for example, see Subsection C.2.

Every 4 epochs, we kept a portion of the smallest singular values (singular values
less than

√
𝜆+ given in Assumption 2 in Subsection 4.4.1) based on the formula:

𝑓 (epoch) = max
(
0,− 1

200
· epoch + 1

)
. (C.2)

By doing this, we are essentially removing "some" of the random matrices 𝑅𝑙 during
training. Once the training is finished, we sparsify the weight layer matrices of
the DNN by removing the weights smaller than some threshold 𝜉, see Algorithm 6.
The results are given in Fig. C.1 and Table C.1. In [34], the authors showed that
one can reduce the number of parameters by a much larger amount (a reduction in
parameters by up to 99.98%) if we remove

𝑓 (epoch) = max
(
0,− 1

100
· epoch + 1

)
(C.3)

of the smallest singular values and sparsify the matrix once the training is complete.
However, the accuracy that is obtained is also lower (see [34] for more on the
relationship between MP-based pruning and sparsification). In Fig. C.1, we show
how accuracy drops as we sparsify the DNNs.

The hyperparameters for the training are given in Table C.3.

Example C.1.2. In this example, we trained on Fashion MNIST a fully connected
DNN with ReLU activation (on all but the final layer) and topology:

[784, 5000, 5000, 5000, 5000, 5000, 5000, 5000, 10] .

This means our network has 7 layers followed by activation functions (excluding the
final layer), with layer 𝑘 being a linear layer 𝐿𝑘 : R𝑇𝑘 → R𝑇𝑘+1 . The training was
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Training method Training acc. Testing acc.

(((((((((MP-based pruning,��𝐿1,��𝐿2 78.03% 71.64%
MP-based pruning,��𝐿1,��𝐿2 88.12% 81.22%
MP-based pruning, 𝐿1, 𝐿2 99.82% 90.53%
(((((((((MP-based pruning, 𝐿1, 𝐿2 87.57% 81.70%

(((((((((MP-based pruning, 𝐿1,��𝐿2 87.42% 81.46%

(((((((((MP-based pruning,��𝐿1, 𝐿2 87.37% 81.31%
MP-based pruning, 𝐿1, 𝐿2, stable rank 99.97% 90.16%

(((((((((MP-based pruning, 𝐿1, 𝐿2, stable rank 79.01% 71.38%
MP-based pruning, 𝐿2 99.98% 90.16%

Table C.1: Performance of fully connected DNN at final epoch for various training
strategies.

Training method Final loss on training set
((((((((((
MP-based pruning, ��𝐿1,��𝐿2 0.629775
MP-based pruning, ��𝐿1,��𝐿2 0.170905
MP-based pruning, 𝐿1, 𝐿2 0.003104
((((((((((
MP-based pruning, 𝐿1, 𝐿2 0.325156
((((((((((
MP-based pruning, 𝐿1,��𝐿2 0.399908
((((((((((
MP-based pruning, ��𝐿1, 𝐿2 .431001

MP-based pruning, 𝐿1, 𝐿2, stable rank .001134
((((((((((
MP-based pruning, 𝐿1, 𝐿2, stable rank .476791

MP-based pruning, 𝐿2 0.001588

Table C.2: Performance of fully connected DNN at final epoch for various training
strategies.

performed with 𝐿1 + 𝐿2 regularization and PM-based pruning (see Algorithm 4)
and compared with using regularization alone.

In all cases, the training was done for 1000 epochs. The ReLU activation function
was applied after every layer, excluding the final layer (which is typical). Without
MP-based pruning, the accuracy on the test set was lower than 90.5%. For the MP-
based pruning, every 12 epochs we kept a portion of the smallest singular values
(singular values less than

√
𝜆+ given in Assumption 2 in Subsection 4.4.1) based on

the formula:

𝑓 (epoch) = max
(
0,− 1

1000
· epoch + 1

)
. (C.4)

We used SGD together with a momentum of .97 and a learning rate of .001 with
the CosineAnnealingLR scheduler. The L1 and L2 regularization hyperparameters
were 0.0000005. Using MP-based pruning, the test set accuracy was 91.37.
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hyperparameters Value
Stable rank (SR) 0.000001
Every how many epochs the SR was used in
the loss

6

𝐿1 0.000001
𝐿2 0.000001
Every how many epochs the MP pruning
was done

4

Momentum 0.9
Learning rate 0.01 (decay by .96 every 4

epochs)

Table C.3: hyperparameter values

Example C.1.3. In this example, we trained on Fashion MNIST a fully connected
DNN with relu activation and topology:

𝑇 = [784, 3000, 3000, 3000, 3000, 500, 10],

This means our network has 6 layers followed by activation functions, with layer 𝑘
being a linear layer 𝐿𝑘 : R𝑇𝑘 → R𝑇𝑘+1 . We use the MP-pruning approach that can
be found in Example C.1.1, to achieve a 90.5% accuracy on the test set. Note that in
Lemma C.2.5, the method for training the DNN does not matter; only the loss and
accuracy of the DNN at time 𝑡 is what matters. Furthermore, this lemma is equally
valid if instead of replacing𝑊2 with 𝑆2, we replace the weight layer matrix𝑊2 with
a new matrix𝑊2 + 𝑅′2, with 𝑅′2 a random matrix with components i.i.d. taken from
𝑁 (1, 𝜖) with 𝜖 ∼ 1

𝑁 . Thus, to all but the final layer matrix of the DNN we add a
random matrix 𝑅′𝑏 with components i.i.d. from the distribution 𝑁 (0, 𝜖) and, in Fig.
C.2, we plot the loss (both with and without L2 regularization) and accuracy of the
DNN as we vary 𝜖 . We see that for 𝜖 ∼ 1

𝑁 we have that the cross-entropy loss and
accuracy don’t change much, which numerically confirms Lemma C.2.5.

C.2 A simple illustration of the relationship between RMT-based pruning and
regularization

The core concept underlying the developed pruning method relies on the observation
that Neural Network weight matrices frequently exhibit characteristics akin to those
of a low-rank matrix addition to a random matrix component. The idea of the pruning
method developed relies on the observation that oftentimes, the weight matrices of
Neural Networks behave like a very low-rank matrix with an added random matrix.
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Algorithm 2 Computing Parameter 𝜆+ using MP and Tracy-Widom Distribution
1: procedure
2: Pick parameters 𝛼 ∈ (0, 1/2), 𝛽 ∈ (0, 1).
3: for each 𝛼𝑁 ≤ 𝑘 ≤ (1 − 𝛼)𝑁 do
4: Calculate 𝑞𝑘 , the (𝑘/𝑁) upper-quantile of the MP distribution with
𝜎2 = 1 and 𝑐 = 1.

5: 𝑞𝑘 satisfies
𝑞𝑘∫
0

1
2𝜋

√
(4−𝜆)𝜆
𝜆 = 𝑘/𝑁 .

6: end for
7: Evaluate 𝜎̂2 =

∑
𝛼𝑁≤𝑘≤(1−𝛼)𝑁 𝑞𝑘𝜆𝑘∑
𝛼𝑁≤𝑘≤(1−𝛼)𝑁 𝑞2

𝑘

.
8: Derive 𝑡1−𝛽, the (1 − 𝛽) quantile of the Tracy-Widom distribution.
9: Conclude with 𝜆+ = 𝜎̂2 [4 + 24/3𝑡1−𝛽 · 𝑁−2/3].

10: end procedure

Algorithm 3 Spectral Analysis using BEMA Technique
1: procedure
2: Take 𝑋 = 1

𝑁𝑊
𝑇𝑊 as input where𝑊 is 𝑁 × 𝑀 .

3: Derive the spectrum of 𝑋 = {𝜎1, . . . , 𝜎𝑀}.
4: Ascertain the observed cumulative spectral distribution of 𝑋 , denoted 𝐹𝑋 .
5: Apply the BEMA technique with parameters 𝛼 and 𝛽 to discern 𝜎̂2, the

expected coordinate variance of𝑊 .
6: Determine 0 ≤ 𝑖min < 𝑖max ≤ 𝑀 with:

• 𝑖min as the least integer for which 𝑖min
𝑀 ≥ 𝛼.

• 𝑖max as the greatest integer for which 𝑖max
𝑀 ≤ 1 − 𝛼.

7: Describe 𝐹′𝑋 as the theoretical CDF for the MP distribution using parameters
𝜎̂2 and 𝜆 = 𝑁/𝑀 .

8: Compute 𝑠 = max𝑖∈[𝑖min,𝑖max]
��𝐹𝑋 (𝑖) − 𝐹′𝑋 (𝑖)��.

9: If 𝑠 > 𝛾, rule out the idea that 𝑋 is governed by the stated distribution. Else,
if 𝑠 ≤ 𝛾, retain this notion.

10: end procedure
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Algorithm 4 MP-based pruning algorithm
Require: ℓ, a predetermined number of epochs; 𝜏, a threshold for the MP fit criteria

in Subsection C.4.3; 𝑓 (epoch), a monotonically decreasing function from 1 to
0 (i.e. (C.2)) and for each 1 ≤ 𝑙 ≤ 𝐿 and weight layer matrix 𝑊𝑙 state
𝑠𝑝𝑙𝑖𝑡𝑙 = 𝑓 𝑎𝑙𝑠𝑒.

1: Initialize: Train the DNN for ℓ epochs. Take epoch := ℓ.
2: while a predefined training condition is met (i.e. epoch ≤ 100) do
3: for each 𝑙, if 𝑠𝑝𝑙𝑖𝑡𝑙 = 𝑓 𝑎𝑙𝑠𝑒 then for weight matrix𝑊𝑙 in the DNN 𝜙 do
4: Perform SVD on𝑊𝑙 to obtain𝑊𝑙 = 𝑈𝑙Σ𝑙𝑉𝑇𝑙 .
5: Calculate eigenvalues of𝑊𝑇

𝑙 𝑊𝑙 .
6: Apply BEMA algorithm (see Subsection C.4.1) to find the best fit MP

distribution for ESD of 𝑋 = 𝑊𝑇
𝑙 𝑊𝑙 and corresponding 𝜆+.

7: Check if ESD of 𝑋 fits the MP distribution using MP fit criteria from
Subsection C.4.3 and threshold 𝜏.

8: if ESD fits the MP distribution then
9: Eliminate the portion (1− 𝑓 (epoch)) of singular values smaller than√

𝜆+ to obtain Σ′ and form𝑊′𝑙 = 𝑈𝑙Σ
′
𝑙𝑉
𝑇
𝑙 .

10: Use Σ′ to create𝑊′1,𝑙 = 𝑈𝑙
√︁
Σ′𝑙 and𝑊′2,𝑙 =

√︁
Σ′𝑙𝑉

𝑇
𝑙 .

11: if 𝑊′1,𝑙 and𝑊′2,𝑙 together have fewer parameters than𝑊′𝑙 then
12: Replace𝑊𝑙 in the DNN 𝜙 with𝑊′1,𝑙𝑊

′
2,𝑙 , change 𝑠𝑝𝑙𝑖𝑡𝑙 = 𝑡𝑟𝑢𝑒.

13: else
14: Replace𝑊𝑙 in the DNN 𝜙 with𝑊′𝑙 .
15: end if
16: else
17: Don’t replace𝑊𝑙 .
18: end if
19: end for
20: Train the DNN for ℓ epochs. Take epoch := epoch + ℓ.
21: for each 𝑙, if 𝑠𝑝𝑙𝑖𝑡𝑙 = 𝑡𝑟𝑢𝑒 do
22: if for𝑊𝑙 := 𝑊′1,𝑙𝑊

′
2,𝑙 the ESD of 𝑋𝑙 fits the MP distribution with thresh-

olds 𝜏 and 𝜆+ and if, we (hypothetically) applied steps 4-12 to 𝑊𝑙 , the number
of parameters in the DNN 𝜙 would decrease then

23: replace𝑊′1,𝑙𝑊
′
2,𝑙 with𝑊𝑙 and 𝑠𝑝𝑙𝑖𝑡𝑙 = 𝑓 𝑎𝑙𝑠𝑒.

24: else
25: Don’t change anything.
26: end if
27: end for
28: end while
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Algorithm 5 Sparsify Singular Vectors
1: Let 𝑊𝑙 denote the 𝑙-th layer matrix of a DNN of size 𝑁 × 𝑁 and an initial

threshold 𝜃.
2: Perform SVD on𝑊𝑙 : 𝑊𝑙 = 𝑈Σ𝑉𝑇 .
3: Given threshold

√
𝜆+.

4: for 𝑖 = 1, . . . , 𝑁 do
5: if Σ𝑖𝑖 <

√
𝜆+ then

6: 𝑀𝑖 = 1
7: else
8: 𝑀𝑖 = 0
9: end if

10: 𝑇𝑖 (𝜎) = 𝜃 ·
(
1 − 𝜎√

𝜆+

)30

11: if 𝑀𝑖 = 1 then
12: 𝑈:,𝑖 = apply_sparsity(𝑈:,𝑖, 𝑇𝑖 (Σ𝑖𝑖))
13: 𝑉𝑖,: = apply_sparsity(𝑉𝑖,:, 𝑇𝑖 (Σ𝑖𝑖))
14: end if
15: end for
16: Extra universal sparsification step:
17: Given a threshold, 𝜃.
18: for 𝑖 = 1, . . . , 𝑁 do
19: 𝑈:,𝑖 = apply_sparsity(𝑈:,𝑖,

𝜃
750 )

20: 𝑉𝑖,: = apply_sparsity(𝑉𝑖,:, 𝜃
750 )

21: end for
22: Recompose matrix: 𝑊′𝑙 = 𝑈Σ𝑉

𝑇 .

Algorithm 6 Element-wise Sparsification
1: Input: Matrix𝑊𝑙 , threshold 𝜉
2: Output: Sparsified matrix𝑊′𝑙
3: for each element 𝑤𝑖 𝑗 in𝑊𝑙 do
4: if 𝑤𝑖 𝑗 < 𝜉 then
5: 𝑤′𝑖 𝑗 = 0
6: else
7: 𝑤′𝑖 𝑗 = 𝑤𝑖 𝑗
8: end if
9: end for

10: return𝑊′𝑙
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(a) No MP-based pruning,
and no 𝐿1 or 𝐿2 regulariza-
tion.

(b) MP–based pruning, no
𝐿1 or 𝐿2 regularization.

(c) MP-based training + 𝐿1
and 𝐿2 regularization.

(d) No MP-based pruning,
used 𝐿1+𝐿2 regularization.

(e) Only used 𝐿1 regular-
ization.

(f) Only used 𝐿2 regulariza-
tion.

(g) MP-based pruning, 𝐿1,
𝐿2, stable rank. (h) 𝐿1, 𝐿2 and stable rank.

(i) MP-based pruning with
𝐿2.

Figure C.1: DNN performance vs. sparsification

The origin of the randomness is two-fold. Firstly, Neural Networks undergo training
through various iterations of stochastic gradient descent. Consequently, the resultant
trained network serves as an approximate minimizer of the associated loss function,
with its weight distribution potentially reflecting the inherent stochastic nature of
the optimization algorithm employed. Secondly, the sample data used to train
the network introduces randomness to the training process, particularly when the
dataset incorporates random noise. The act of pruning can be conceptualized as
a regularization technique operating across the spectrum aimed at promoting the
recovery of this low-rank matrix structure.
In order to better understand the implications of pruning, we present a simple
problem designed to illuminate the effect outcomes of pruning in comparison to
alternative forms of regularization.
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(a) Accuracy of the DNN on the train-
ing and test sets, vs. 𝜖 .

(b) DNN loss (with no regularization)
on training and test set vs. 𝜖 .

(c) DNN loss with 𝐿2 regularization
on training and test set vs. 𝜖 . The hy-
perparameter 𝜇 in the regularization
is .01.

Figure C.2: Accuracy and loss as we add noise to the weight layers of the DNN.

C.2.1 Regularization in a simple regression setting
Having a low-rank weight matrix implies that the DNN has found a feature map
representation of the task that is lower dimensional than the set dimension of the
weight matrix. In order to emulate this situation, we introduce a simple regression
model where an optimal representation is known. We sample 𝑀 random function
𝑦 (𝑘) ∈ 𝑆𝑝𝑎𝑛{cos(𝜋 𝑓 ·), sin(𝜋 𝑓 ·), for 𝑓 ∈ {0, 0.2, .., 2}}, and take random, noisy
samples (𝑋 𝑗 , 𝑌 𝑗 ) ∈ R × R𝑀 s.t. (𝑌 𝑗 )𝑘 = 𝑦 (𝑘) (𝑋 𝑗 ) + 7𝜖 𝑗 , with 𝜖 𝑗 ∼ N(0, 1). Our
objective entails the recovery of the 𝑦 (𝑘) functions from this dataset. An illustrative
example of such data along one coordinate is provided in Figure C.3. Because of
the structure of this problem, an efficient feature map representation of the data is
through the Fourier transform, as 𝑦 belongs to a vector space of low frequency. It
has been argued that Neural Networks can be interpreted as a kernel with a learned
feature map based on the data. For the sake of simplicity in this context, we assume
a fixed feature map, the Fourier feature map. Accordingly, the Neural Network
materializes as a linear layer on top of the selected feature map, equivalent to the
kernel regression defined by the said feature map.
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Figure C.3: Example of data generated from the problem statement on one axis.
The blue line is the function 𝑦0, and the blue dots are the data points.

In the following paragraphs, we will study the impact of different regularizations,
including pruning, on the singular values of the linear layer’s weight matrix. Given
the significant variations in these singular values on a logarithmic scale, we visualize
the cumulative distribution of singular values rather than conventional histograms.

Ideal case In the absence of noise, the optimal weight matrix has a low rank, as
𝑦 belongs to a functional space with a finite number of distinct frequencies. Using
kernel regression theory, we find the optimal weight matrix and visualize its singular
values in figure C.4. Most singular values, barring 16, approach zero (numerically
below 10−15). This confirms that the optimal weight matrix is inherently low-rank
in the absence of noise. Subsequently, our regression task pertains to recovering
this low-dimensional structure when confronted with noisy data.

Figure C.4: Cumulative distribution of singular values of the optimal weight matrix

We will now try the pruning regularisation and compare it to two classical regular-
isations, 𝐿2 and 𝐿1 regularisation.

𝐿2 regularisation in the Presence of Noise Employing Kernel Ridge Regression,
we obtain a 𝐿2 regularised weight matrix. We plot the singular values of this
matrix in figure C.5. We can see a large number of minimal singular values. By
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running the BEMA algorithm on this matrix, we identify a spectrum resembling
the Marchenko-Pastur distribution. Moreover, the algorithm finds an upper bound
for random singular values consistent with the ideal spectrum we observed above.
This alignment with the Marchenko-Pastur distribution implies that the predominant
source of randomness in our weight matrices is data noise rather than the stochastic
nature of the optimization algorithm. Indeed, the weight matrix obtained here is
deterministic when conditioned on the data, as the loss admits a minimizer with a
closed-form solution.

Figure C.5: Cumulative distribution of singular values of the 𝐿2 regularised weight
matrix

𝐿1 regularisation in the Presence of Noise Turning to 𝐿1 regularization, using
kernelized Lasso Regression, we plot the singular values of the resulting matrix in
Figure C.6. Notably, 40% of the singular values have been zeroed out compared to
the 𝐿2 case. However, the remaining spectrum approximates an MP distribution,
underscoring that the noise-induced randomness persists to some degree. It must be
pointed out that 𝐿1 regularisation tends to nullify coefficients of the weight matrix
instead of singular values. In this scenario, our selected ideal feature map endows the
optimal weight matrix with sparsity, thus rendering the recovery of a sparse weight
matrix equivalent to the recovery of a low-rank one. It warrants emphasis, however,
that with an alternate feature map, 𝐿1 regularization might prove less effective
in revealing the weight matrix’s low-rank structure and could even significantly
diminish performance if weighed too heavily.

Figure C.6: Cumulative distribution of singular values of the 𝐿1 regularised weight
matrix
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Pruning in the Presence of Noise We visualize the singular values of the un-
regularised matrix in Figure C.7. We see that this spectrum is very similar to the
spectrum of the 𝐿2 regularised weight matrix. This confirms the intuition that
𝐿2 is not an efficient spectrum regularisation. Nonetheless, the BEMA algorithm
successfully identifies a precise upper bound for the matrix’s random singular val-
ues. This shows the capacity of pruning regularization to eliminate the noise-driven
randomness from the weight matrix.

Figure C.7: Cumulative distribution of singular values of the weight matrix prior to
pruning

In this simple illustrative instance, pruning regularization emerges as an effective tool
for sparsifying the weight matrix’s spectrum, thereby facilitating the recuperation of
the underlying low-rank structure intrinsic to the problem at hand. Table C.4 reports
the effects of the different regularizations on the mean squared error. We see that
successfully removing the random part of the weight matrix spectrum allows better
accuracy.

Model Mean Squared Error
No Regularization 2.5735
L2 Regularization 2.5627
L1 Regularization 0.4157

Pruning 0.1491

Table C.4: Mean Squared Errors of Different Models for the simple regression task

C.2.2 Proof of Lemma 4.4.4
In this proof, 𝑡 ∈ R does not refer to training time. We use this variable 𝑡
because classically the Borell-TIS is given in terms of 𝑡.

We want to bound the probability of a single component of the output of the DNN
when a random matrix 𝑅 is included. Specifically, we aim to bound the probability
that the 𝑖-th component of the following expression exceeds 𝑡:

Proof. Step 1: Apply the Triangle Inequality
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By the triangle inequality, we can remove the activation functions (absolute value)
and simplify the terms inside the norm:

𝑍 = P ( |𝑊3 ◦ 𝜆 ◦ (𝑅 + 𝑆) ◦ 𝜆 ◦𝑊1𝑠 −𝑊3 ◦ 𝜆 ◦ 𝑆 ◦ 𝜆 ◦𝑊1𝑠 |𝑖 > 𝑡) (C.5)

Step 2: Factor Out𝑊3

We can now factor out 𝑊3, using the inequality | (𝐴𝑣)𝑖 | ≤ ∥𝐴∥1∥𝑣∥∞, to move 𝑊3

outside of the norm:

𝑍 = P (∥𝑊3∥1 · ∥ (𝑅 + 𝑆) ◦ 𝜆 ◦𝑊1𝑠 − 𝑆 ◦ 𝜆 ◦𝑊1𝑠)∥∞ > 𝑡) (C.6)

Step 3: Focus on 𝑅

We now separate the terms involving 𝑅 and 𝑆, leaving us with:

𝑍 ≤ P (∥𝑊3∥1 · ∥ (𝑅 ◦ 𝜆 ◦𝑊1𝑠)∥∞ > 𝑡) (C.7)

Step 4: Focus on the Random Matrix 𝑅 Let 𝑌 = 𝑅 ◦ 𝜆 ◦𝑊1𝑠. Each element of 𝑌
is a weighted sum of independent Gaussian random variables:

𝑌𝑖 =
∑︁
𝑗

𝑅𝑖 𝑗 (𝜆 ◦𝑊1𝑠) 𝑗

The variance of each 𝑌𝑖 is:

Var(𝑌𝑖) = 1
𝑁

∑︁
𝑗

(𝜆 ◦𝑊1𝑠)2𝑗 =
∥𝑊1𝑠∥22
𝑁

Step 5: Apply Borell-TIS Inequality We can now apply the Borell-TIS inequality
to 𝑌 . Note that each 𝑌𝑖 is a Gaussian random variable with mean 0 and variance
∥𝑊1𝑠∥22
𝑁 . Let 𝑠2

𝑌 =
∥𝑊1𝑠∥22
𝑁 .

From the Borell-TIS inequality, for any 𝑡 > 0:

P

(
∥𝑌 ∥∞ >

√︂
2 log 𝑁
𝑁
∥𝑊1𝑠∥2 + 𝑘

)
≤ 2 exp

(
− 𝑁𝑘2

2∥𝑊1𝑠∥22

)
Step 6: Incorporate Matrix𝑊3

Next, incorporate the effect of the matrix𝑊3. Using the properties of matrix norms,
we have:

∥𝑊3𝑌 ∥𝑖 ≤ ∥𝑊3∥1∥𝑌 ∥∞
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Therefore, the probability bound becomes:

𝑍 ≤ P

(
∥𝑊3∥1∥𝑌 ∥∞ > (

√︂
2 log 𝑁
𝑁
∥𝑊1𝑠∥2 + 𝑘)∥𝑊3∥1

)
(C.8)

≤ 2 exp

(
− 𝑁𝑘2

2∥𝑊1𝑠∥22

)
, (C.9)

with 𝑡 = (
√︃

2 log 𝑁
𝑁 ∥𝑊1𝑠∥2 + 𝑘)∥𝑊3∥1.

Step 7: Final Bound

Substituting 𝑘 = ∥𝑊1𝑠∥2
𝑁1.5/4 results in:

𝑍 ≤ 2 exp
(
−𝑁

1−1.5/2

2

)
= 2 exp

(
−𝑁

1/4

2

)
Conclusion:

𝑍 = P
(��𝜆 ◦𝑊3 ◦ 𝜆 ◦ (𝑅 + 𝑆) ◦ 𝜆 ◦𝑊1𝑠 − 𝜆 ◦𝑊3 ◦ 𝜆 ◦ 𝑆 ◦ 𝜆 ◦𝑊1𝑠

��
𝑖
> (C.10)√︂

2 log 𝑁
𝑁
∥𝑊1𝑠∥2∥𝑊3∥1 + ∥𝑊3∥1∥𝑊1𝑠∥2

𝑁1.5/4

)
≤ 2 exp

(
−𝑁

1/4

2

)
(C.11)

□

For a DNN with more than three-layer matrices, the proof would be the same. For
example, in the case of four-layer matrices, we have:

Proof. Step 1: Express the Problem We start with the probability we want to
bound, now with four weight layers:

𝑍 = P
(
|𝜆 ◦𝑊4 ◦ 𝜆 ◦𝑊3 ◦ 𝜆 ◦ (𝑆 + 𝑅) ◦ 𝜆 ◦𝑊1𝑠

− 𝜆 ◦𝑊4 ◦ 𝜆 ◦𝑊3 ◦ 𝜆 ◦ 𝑆 ◦ 𝜆 ◦𝑊1𝑠 |𝑖 > 𝑡
)

(C.12)

Step 2: Use Matrix Norm Properties We can bound this using the ℓ∞ norm and
properties of matrix norms:

𝑍 ≤ P (∥𝑊4∥1 · ∥𝑊3∥1 · ∥𝑅 ◦ 𝜆 ◦𝑊1𝑠∥∞ > 𝑡) (C.13)

The rest of the proof then proceeds as above. □
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For a more general DNN, we first restate the relevant assumptions:

Assumption 4:

Consider a DNN denoted by 𝜙, and assume that it can be written as:

𝜙 = 𝜌 ◦ 𝜓2 ◦ (𝑅 + 𝑆) ◦ 𝜓1, (C.14)

where 𝜓1 and 𝜓2 are arbitrary functions and 𝜌 is softmax. Furthermore, assume
that ∃𝐶1 constant such that for any two arbitrary vectors 𝑣 and 𝑤 we have that
∥𝜓2𝑣 − 𝜓2𝑤∥∞ ≤ 𝐶1∥𝜓2(𝑣 − 𝑤)∥∞, with ∥ · ∥∞ the max norm of the vector. Take
𝑊 = 𝑅+𝑆 and assume that the matrices 𝑅 and 𝑆 satisfying the following assumptions:

Assumptions on the matrices 𝑅 and 𝑆
We considered a class of admissible matrices𝑊 , where𝑊 = 𝑅 + 𝑆 and𝑊 , 𝑅 and 𝑆
satisfy the following three assumptions. The first assumption is a condition on 𝑅:

Assumption 5: Assume 𝑅 is a 𝑁 × 𝑀 matrix such that for any vector 𝑣 we have:

P(∥𝑅𝑣∥∞ > 𝑑1(𝑁)𝐽 (𝑣)) ≤ 𝑑2(𝑁), (C.15)

with 𝑑1(𝑁), 𝑑2(𝑁) → 0 as 𝑁 → ∞ and 𝐽 (𝑣) some function that depends on 𝑣
alone. Further, as 𝑁 →∞, we have that 𝜎max(𝑅) →

√
𝜆+ a.s.

Example C.2.1. As mentioned, when 𝑅 is i.i.d Gaussian one can show, using the
Borell-TIS inequality (see Theorem C.2.2), that:

P

(
∥𝑅𝑣∥∞ > (

√︂
2 log 𝑁
𝑁

+ 1
𝑁

3
8
)∥𝑣∥2

)
≤ 2 exp

(
−𝑁

1
4

2

)
We now prove Lemma 4.5.4.

Proof. Step 1: Apply Assumption 4

Take

𝑍 := P ( |𝜓2 ◦ (𝑅 + 𝑆) ◦ 𝜓1𝑠 − 𝜓2 ◦ (𝑆) ◦ 𝜓1𝑠 |𝑖 > 𝑡) . (C.16)

Step 2: Factor Out 𝜓2
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We can now factor out 𝜓2, using the inequality ∥(𝜓2𝑣 − 𝜓2𝑤)∥max ≤
∥𝜓2∥max→max∥𝑣 − 𝑤∥max, to move 𝜓2 outside of the norm:

𝑍 ≤ P (∥𝜓2∥max→max · ∥ (𝑅 + 𝑆) ◦ 𝜓1𝑠 − 𝑆 ◦ 𝜓1𝑠)∥max > 𝑡) (C.17)

Step 3: Focus on 𝑅

We now separate the terms involving 𝑅 and 𝑆, leaving us with:

𝑍 ≤ P (∥𝜓2∥max→max · ∥ (𝑅 ◦ 𝜓1𝑠)∥max > 𝑡) (C.18)

Step 4: Focus on the Random Matrix 𝑅 From Assumption 5, for any 𝑡 > 0:

P (∥𝑅 ◦ 𝜓1𝑠∥∞ > 𝑑1(𝑁)𝐽 (𝜓1𝑠))) ≤ 𝑑2(𝑁))

Step 6: Incorporate 𝜓2

Next, incorporate the effect of 𝜓2. Using the properties of matrix norms, we have:

𝑍 ≤ P(∥𝜓2∥max→max∥𝑅 ◦ 𝜓1𝑠∥∞ > ∥𝜓2∥max→max𝑑1(𝑁)𝐽 (𝜓1𝑠)) ≤ 𝑑2(𝑁)),
(C.19)

with 𝑡 = ∥𝜓2∥max→max𝑑1(𝑁)𝐽 (𝜓1𝑠).
□

Borell-TIS Inequality for i.i.d. Gaussian Variables
In this theorem, 𝑡 ∈ R does not refer to training time. We use this variable 𝑡
because classically the Borell-TIS is given in terms of 𝑡.

Theorem C.2.2 (Borell-TIS Inequality). Let 𝑋1, 𝑋2, . . . , 𝑋𝑛 be i.i.d. centered Gaus-
sian random variables with 𝑋𝑖 ∼ 𝑁 (0, 𝜎2). Set 𝑠2

𝑋 := max𝑖=1,...,𝑛 E(𝑋2
𝑖 ) = 𝜎2. Then

for each 𝑡 > 0:

𝑃

(
max
𝑖=1,...,𝑛

|𝑋𝑖 | − E
[

max
𝑖=1,...,𝑛

𝑋𝑖

]
> 𝑡

)
≤ exp

(
− 𝑡2

2𝑠2
𝑋

)
.

For the absolute value bound:

𝑃

(
| max
𝑖=1,...,𝑛

|𝑋𝑖 | − E
[

max
𝑖=1,...,𝑛

𝑋𝑖

]
| > 𝑡

)
≤ 2 exp

(
− 𝑡2

2𝑠2
𝑋

)
.
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In particular, if 𝑋𝑖 ∼ 𝑁 (0, 1
𝑁 ):

𝑠2
𝑋 =

1
𝑁
,

and for any 𝑡 > 0:

𝑃

(
max
𝑖=1,...,𝑛

|𝑋𝑖 | >
√︂

2 log 𝑛
𝑁
+ 𝑡

)
≤ 2 exp

(
−𝑁𝑡

2

2

)
.

Generalized Chernoff Bound
In this and the next theorems, 𝑡 ∈ R does not refer to training time. We use this
variable 𝑡 because classically the Chernoff bound is given in terms of 𝑡.

Theorem C.2.3 (Chernoff Bound). For any random variable 𝑋 with moment-
generating function 𝑀𝑋 (𝑡) = E[𝑒𝑡𝑋] and for any 𝑡 > 0:

𝑃(𝑋 ≥ 𝑎) = 𝑃(𝑒𝑡𝑋 ≥ 𝑒𝑡𝑎) ≤ 𝑀𝑋 (𝑡)𝑒−𝑡𝑎 .

For the absolute value bound:

𝑃( |𝑋 | ≥ 𝑎) ≤ 𝑀𝑋 (𝑡)𝑒−𝑡𝑎 + 𝑀−𝑋 (𝑡)𝑒−𝑡𝑎 .

If the distribution is symmetric, such that 𝑀𝑋 (𝑡) = 𝑀−𝑋 (𝑡):

𝑃( |𝑋 | ≥ 𝑎) ≤ 2𝑀𝑋 (𝑡)𝑒−𝑡𝑎 .

Chernoff Bound for Normal Distribution

Theorem C.2.4 (Chernoff Bound: normal distribution). For a random variable 𝑋
that is normally distributed with 𝑋 ∼ 𝑁 (0, 1/𝑁), the moment-generating function
is 𝑀𝑋 (𝑡) = E[𝑒𝑡𝑋] = 𝑒 1

2𝑁 𝑡
2 . For any 𝑡 > 0:

𝑃(𝑋 ≥ 𝑎) ≤ 𝑒 1
2𝑁 𝑡

2
𝑒−𝑡𝑎 .

By choosing 𝑡 = 𝑁𝑎:

𝑃(𝑋 ≥ 𝑎) ≤ 𝑒− 𝑁𝑎
2

2 .

For the absolute value bound:

𝑃( |𝑋 | ≥ 𝑎) ≤ 2𝑒−
𝑁𝑎2

2 .
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C.2.3 Training of a DNN with three weight layers using L1 and L2 regular-
ization with varying layer widths

The goal of this subsection is to check how 𝑎(𝑁) =
√︃

2 log 𝑁
𝑁 ∥𝑊1𝑠∥2∥𝑊3∥1 +

∥𝑊3∥1∥𝑊1𝑠∥2
𝑁1.5/4 depends on 𝑁 and the training process. From equation (C.10), we

know that removing the random matrix 𝑅2 from the DNN will change the compo-
nents of the outputs 𝑋 by less than 𝑎(𝑁). We want to see if this change in the output
is small in practice. We train a DNN with three fully connected weight layers:
W1,W2,W3. The middle layer matrix W2 is of variable width 𝑁 , which we vary
across different experiments. We aim to analyze how varying 𝑁 affects both the
network’s accuracy and certain key norms of the weight matrices.

We use both L1 and L2 regularization during training, with the regularization
strengths kept small (.0000001) so that they minimally affect the training process.
Additionally, the learning rate is set to a small value of 0.0001 to ensure that the
weight matrices do not change significantly during the training period.

Normalization of the Fashion MNIST Dataset

The Fashion MNIST dataset consists of grayscale images of size 28 × 28. To
normalize the data, we ensure that the largest element across the entire dataset has
an L2 norm of 0.1. This normalization is essential for controlling the magnitude of
the input vector, which ensures that 𝑎(𝑁) stays small.

The normalization procedure involves the following steps:

1. Compute the L2 norm of each input vector (each image flattened to a 1D
array).

2. Find the maximum norm among all vectors in the dataset.

3. Scale all input vectors so that the largest vector has norm 0.1 .

Training procedure

The network is trained for 10 epochs, and we keep the learning rate at 0.0001. The
weights are initialized from 𝑁 (0, 1/𝑁), with 𝑁 the number of column vectors.

Analysis and metrics

For each value of 𝑁 (the layer weight matrix 𝑊2 has size 𝑁 × 𝑁), we compute two
key quantities:
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• 𝑎(𝑁): This is a metric based on the norms of the weight matrices, calculated
as:

𝑎(𝑁) =
√︂

2 log 𝑁
𝑁
∥𝑊1𝑠∥2∥𝑊3∥1 + ∥𝑊3∥1∥𝑊1𝑠∥2

𝑁1.5/4

where ∥𝑊3∥1 is the L1 norm of the final weight layer and ∥𝑊1𝑠∥2 is the largest
L2 norm of the transformed input data.

• Test Accuracy: The percentage of correctly classified test samples, which
allows us to track how network performance evolves as the width 𝑁 increases.

We analyze the behavior of both 𝑎(𝑁) and the test accuracy as functions of the
layer weight matrix 𝑊2 of size 𝑁 × 𝑁 . The values of 𝑁 that we test for are
[500, 1000, 1500, 2000, 3000, 4000, 5000, 7000, 10000, 20000]. Fig. C.8 shows
that as we increase the size𝑊2, we have that 𝑎(𝑁) goes to zero quickly.

Figure C.8: Plot of 𝑎(𝑁) vs. the width 𝑁 of the middle layer W2. This plot
shows how the complexity-related metric 𝑎(𝑁) behaves as the width 𝑁 is increased,
reflecting changes in the norms of the weight matrices and their dependence on 𝑁 .

Normalization and Initialization of Weight Matrices

In this experiment, we normalize the input vectors such that the largest input vector
has a norm of 10. The normalization process is identical to that described previously,
but instead of scaling the largest vector to 0.1, we scale it to 1.

Additionally, the weight matrices for each layer are initialized such that each entry
is sampled from a normal distribution with zero mean and variance 1/𝑁2, where 𝑁
is the number of columns in the weight matrix.
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Figure C.9: Plot of test accuracy vs. the width 𝑁 of the middle layer W2. This plot
demonstrates how the performance of the DNN changes with increasing 𝑁 , showing
the relationship between network width and generalization ability on the Fashion
MNIST dataset.

C.2.3.1 Analysis of 𝑏(𝑁)

Similar to the previous metric 𝑎(𝑁), we introduce a new metric 𝑏(𝑁), which is
computed exactly like 𝑎(𝑁), but each occurrence of 𝑁 is squared in the formula.
Specifically, 𝑏(𝑁) is defined as:

𝑏(𝑁) =
√︄

2 log 𝑁2

𝑁2 ∥𝑊1𝑠∥2∥𝑊3∥1 + ∥𝑊3∥1∥𝑊1𝑠∥2
(𝑁2)1.5/4

where ∥𝑊3∥1 is the L1 norm of the final weight layer and ∥𝑊1𝑠∥2 is the largest L2
norm of the transformed input data.

Note, given the above initialization, equation C.10 has 𝑏(𝑁) on the LHS rather then
𝑎(𝑁).

Results and Observations

We analyze the behavior of both 𝑏(𝑁) and the test accuracy as functions of the
width 𝑁 of the middle weight matrix W2. The values of 𝑁 tested are

500, 1000, 1500, 2000, 3000, 4000, 5000, 7000, 10000, 20000.

Here, the DNN was trained for 20 epochs with a learning rate of .001.

From Fig. C.10, we observe that as we increase the size of 𝑊2, the metric 𝑏(𝑁)
converges toward zero at a faster rate compared to 𝑎(𝑁). This suggests that the
dependence on 𝑁2 significantly impacts the network’s behavior.
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Figure C.10: Plot of 𝑏(𝑁) vs. the width 𝑁 of the middle layer W2. This plot shows
how the metric 𝑏(𝑁) behaves as the size of the middle layer increases, incorporating
a stronger dependence on 𝑁2.

Figure C.11: Plot of test accuracy vs. the width 𝑁 of the middle layer W2. This
plot demonstrates how the network’s accuracy changes as 𝑁 increases, with weight
matrices initialized using 1/𝑁2.

Additionally, in Fig. C.11, we see the test accuracy improving as the width 𝑁

increases, consistent with the expectations from larger model capacity, though the
gains diminish at higher values of 𝑁 . The training period for each network was kept
constant at 10 epochs with a learning rate of 0.0001, ensuring consistent comparisons
between the different experiments.

C.2.4 Some key lemmas: how accuracy and loss are affected when removing
the random matrix 𝑅2

Next, we introduce a lemma that describes how the loss, without regularization, and
the accuracy of the DNN are affected when we remove the random matrix 𝑅2 from
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the weight layer matrix𝑊2. We define:

𝐿��reg(𝛼(𝑡)) = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log
(
𝜙𝐶 (𝑠) (𝑠, 𝛼(𝑡))

)
. (C.20)

thus

𝐿��reg = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log

(
𝑒𝑋𝐶 (𝑠) (𝛼(𝑡),𝑠)∑𝐾
𝑖=1 𝑒

(𝑋𝑖 (𝛼(𝑡),𝑠))

)
, (C.21)

with 𝐾 the number of classes in our classification problem.

We now introduce the classification confidence, see [33]. Take 𝑋 (𝑠, 𝛼) to be the
output of the final layer in our DNN before softmax. The classification confidence
is defined as follows:

𝛿𝑋 (𝑠, 𝛼) := 𝑋𝐶 (𝑠) (𝑠, 𝛼) − max
𝑗≠𝐶 (𝑠)

𝑋 𝑗 (𝑠, 𝛼). (C.22)

In other words,

• 𝛿𝑋 (𝑠, 𝛼(𝑡)) > 0⇒ 𝑠 is well-classified by 𝜙.

• 𝛿𝑋 (𝑠, 𝛼(𝑡)) < 0⇒ 𝑠 is misclassified by 𝜙

For 𝑇 ′ the test set we can now define the accuracy of the DNN on 𝑇 ′ using the
classification confidence,

acc𝛼 (𝑡) = # ({𝑠 ∈ 𝑇 ′ : 𝛿𝑋 (𝑠, 𝛼(𝑡)) > 0})
#𝑇 ′

. (C.23)

Lemma C.2.5. Let 𝜙 be a DNN with weight layer matrices 𝑊1,𝑊2,𝑊3 and 𝜆 the
absolute value activation function:

𝜙(𝛼, 𝑠) = 𝜌 ◦ 𝜆 ◦𝑊3 ◦ 𝜆 ◦𝑊2 ◦ 𝜆 ◦𝑊1𝑠, 𝑠 ∈ R𝑛. (C.24)

Given (4.19), let 𝑊2 be a 𝑁 × 𝑁 matrix such that 𝑊2(𝑡) = 𝑅2(𝑡) + 𝑆2(𝑡), with 𝑅2

and 𝑆2 satisfying Assumptions 2-3.

Suppose we replace the weight layer matrix 𝑊2 with the matrix 𝑆2. Then ∃𝐺1(𝑁)
s.t.

P
(
|𝐿��reg(𝛼𝑆2 (𝑡)) − 𝐿��reg(𝛼𝑊2 (𝑡)) | ≤ 𝐺 (𝑁)𝐻 (𝜙)

)
≥ 1 − 𝐺 (𝑁), (C.25)

with 𝐺1(𝑁) → 0 as 𝑁 → ∞ and 𝐻 (𝜙) some function depending on 𝜙 with
𝐻 (𝜙) → 0 as 𝑁 →∞ if 𝑎(𝑁, 𝑠) := ∥𝑊3∥1∥𝑊1𝑠∥2

𝑁1.5/4 → 0 as 𝑁 →∞.
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See Subsection C.2.5 for a proof of this lemma. See also Example C.1.3 for a
numerical example of this lemma.

C.2.5 Proof of Lemma C.2.5
Recall we define:

𝐿��reg(𝛼(𝑡)) = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log
(
𝜙𝐶 (𝑠) (𝑠, 𝛼(𝑡))

)
. (C.26)

thus

𝐿��reg = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log

(
𝑒𝑋𝐶 (𝑠) (𝛼(𝑡),𝑠)∑𝐾
𝑖=1 𝑒

(𝑋𝑖 (𝛼(𝑡),𝑠))

)
, (C.27)

with 𝐾 the number of classes in our classification problem.

From Lemma 4.4.4, we have that:

P
(
( |𝑋𝑖 (𝛼𝑊 , 𝑠) − 𝑋𝑖 (𝛼𝑆, 𝑠) | ≤ 𝑎(𝑁, 𝑠)

)
≥ 1 − 𝐹 (𝑁), (C.28)

with 𝐹 (𝑁) → 0 as 𝑁 →∞.

Thus, for any fixed 𝑠 ∈ 𝑇 ′, we have that, for big enough 𝑁 , ∃𝐺 (𝑁) → 0 as 𝑁 →∞
such that:

P

(���� log

(
𝑒𝑋𝐶 (𝑠) (𝛼𝑆 (𝑡),𝑠)∑𝐾
𝑖=1 𝑒

(𝑋𝑖 (𝛼𝑆 (𝑡),𝑠))

)
− log

(
𝑒𝑋𝐶 (𝑠) (𝛼𝑊 (𝑡),𝑠)∑𝐾
𝑖=1 𝑒

(𝑋𝑖 (𝛼𝑊 (𝑡),𝑠))

) ���� ≤ 𝐺 (𝑁)𝐶 (𝑠, 𝜙)) ≥ 1 − 𝐺 (𝑁). (C.29)

Furthermore, because the exponential and log functions are continuous, we have
that if 𝑎(𝑁, 𝑠) → 0, then 𝐺 (𝑁)𝐶 (𝑠, 𝜙) → 0. Because that 𝑇 ′ is a finite set, and
because (C.29) holds for all 𝑠 ∈ 𝑇 ′, we have that ∃𝐻 (𝜙) such that:

P

(����� − 1
|𝑇 |

∑︁
𝑠∈𝑇

log

(
𝑒𝑋𝐶 (𝑠) (𝛼𝑆 (𝑡),𝑠)∑𝐾
𝑖=1 𝑒

(𝑋𝑖 (𝛼𝑆 (𝑡),𝑠))

)
+ 1
|𝑇 |

∑︁
𝑠∈𝑇

log

(
𝑒𝑋𝐶 (𝑠) (𝛼𝑆 (𝑡),𝑠)∑𝐾
𝑖=1 𝑒

(𝑋𝑖 (𝛼𝑆 (𝑡),𝑠))

) ����� ≤ 𝐺 (𝑁)𝐻 (𝜙)
)
≥ 1 − 𝐺 (𝑁). (C.30)

This proves the first part of Lemma C.2.5 and gives us equation (4.27).
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C.3 Some known results on perturbation of matrices
Matrix perturbation theory is concerned with understanding how small changes in
a matrix can affect its properties, such as eigenvalues, eigenvectors, and singular
values. In this section, we state a couple of known results from matrix perturbation
theory.

C.3.1 Asymptotics of singular values and singular vectors of deformation
matrix

The results in this subsection are taken from [31]. Given the Properties 1 and 2 on
𝑅 and 𝑆 described in Section 4.5.1, the authors were able to show that the largest
eigenvalues and corresponding eigenvectors of𝑊 = 𝑆 + 𝑅 are well approximated by
the largest eigenvalues and eigenvectors of 𝑆.

We start by defining the following function:

𝐷𝜇𝑅 (𝑧) =
[∫

𝑧

𝑧2 − 𝑡2 𝑑𝜇𝑅 (𝑡)
]
×

[
𝑐

∫
𝑧

𝑧2 − 𝑡2 𝑑𝜇𝑅 (𝑡) +
1 − 𝑐
𝑧

]
(C.31)

for 𝑧 >
√
𝜆+, with 𝜆+ given by the MP distribution of 𝑅𝑇𝑅. Take 𝐷−1

𝜇𝑅 (·) to be its
functional inverse.

Set
𝜃 = 𝐷𝜇𝑅 (

√︁
𝜆+)−

1
2 (C.32)

Theorem C.3.1. Theorem for large singular values [Benaych-Georges and Nadaku-
diti (2012)] Take𝑊 = 𝑅+𝑆, with𝑊, 𝑅 and 𝑆 all 𝑁 ×𝑀 matrices satisfying assump-
tions 1′ − 2′. The 𝑟 largest singular values of 𝑊 , denoted as 𝜎′𝑖 (𝑊) for 1 ≤ 𝑖 ≤ 𝑟,
exhibit the following behaviour as 𝑁 →∞:

𝜎′𝑖 (𝑊)
𝑎.𝑠.−−−→


𝐷−1
𝜇𝑅 ( 1
(𝜎𝑖)2 ) 𝜎𝑖 > 𝜃

√
𝜆+ 𝜎𝑖 < 𝜃

(C.33)

Example C.3.2. Take 𝑆 =
∑𝑟
𝑖=1 𝜎𝑖𝑢𝑖𝑣

𝑇
𝑖 to be a 𝑁 × 𝑁 matrix, with 𝜎𝑖 the singular

values and 𝑣𝑖 and 𝑢𝑖 the singular vectors of 𝑆. Take 𝑅 to be a 𝑁 × 𝑁 random
matrix with real i.i.d components taken from the normal distribution 𝑁 (0, 1

𝑁 ). For
𝑊 = 𝑅 + 𝑆 we have:

Theorem C.3.3. (Theorem for large singular values for Example C.3.2) The 𝑟
largest singular values of 𝑊 , denoted 𝜎′𝑖 (𝑊) for 1 ≤ 𝑖 ≤ 𝑟, exhibit the following
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behaviour as 𝑁 →∞:

𝜎′𝑖 (𝑊)
𝑎.𝑠.−−−→


1+𝜎2

𝑖

𝜎𝑖
𝜎𝑖 > 1

2 𝜎𝑖 < 1

C.3.2 Asymptotic behavior of singular values and vectors of the deformed
matrix model given in Subsection 4.4.1

The following results can be found in [17, 31]. See [70] for other similar results.

Example C.3.4. Take 𝑆 =
∑𝑟
𝑖=1 𝜎𝑖𝑢𝑖𝑣

𝑇
𝑖 to be a 𝑁 × 𝑁 matrix, with 𝜎𝑖 the singular

values and 𝑣𝑖 and 𝑢𝑖 the singular vectors of 𝑆. Take 𝑅 to be a 𝑁 × 𝑁 random matrix
with real i.i.d. components taken from normal distribution 𝑁 (0, 1

𝑁 ). For𝑊 = 𝑅 + 𝑆
we have:

Theorem C.3.5. (Theorem for large singular values for Example C.3.2) The 𝑟
largest singular values of 𝑊 , denoted 𝜎′𝑖 (𝑊) for 1 ≤ 𝑖 ≤ 𝑟, exhibit the following
behaviour as 𝑁 →∞:

𝜎′𝑖 (𝑊)
𝑎.𝑠.−−−→


1+𝜎2

𝑖

𝜎𝑖
𝜎𝑖 > 1

2 𝜎𝑖 < 1

Remark C.3.1. We say that 𝑋𝑛 → 𝑋 in probability if ∀𝜖 P( |𝑋𝑛 − 𝑋 | > 𝜖) → 0 as
𝑛 → ∞. One can show that 𝑋𝑛 → 𝑋 a.s. implies that 𝑋𝑛 → 𝑋 in law. Thus for
Theorem C.3.3 ∀𝜖 we have:

P( |𝜎′𝑖 (𝑊) −
1 + 𝜎2

𝑖

𝜎𝑖
| > 𝜖) < 𝐵𝑁 (𝜖). (C.34)

In our case, we want the variance of 𝑅(𝑡) to depend on 𝑡. That is, The matrix𝑊𝑏 (𝑡)
is expressed as:

𝑊𝑏 (𝑡) = 𝑅𝑏 (𝑡) + 𝑆𝑏 (𝑡), (deformed matrix) (C.35)

where 𝑅𝑏 (𝑡) is an 𝑁 × 𝑀 matrix with i.i.d. entries drawn from 𝑁 (0, 𝑔(𝑡)𝑁 ), with
𝑔(𝑡) ≤ 1 representing the training time-dependent variance, and 𝑆𝑏 (𝑡) is a matrix.

Lemma C.3.6 (Lemma for large singular values with training time-dependent vari-
ance). Consider the matrix𝑊𝑏 (𝑡) = 𝑅𝑏 (𝑡) +𝑆𝑏 (𝑡), where 𝑅𝑏 (𝑡) is an 𝑁 ×𝑀 random
matrix with i.i.d. entries drawn from 𝑁 (0, 𝑔(𝑡)𝑁 ) and 𝑆𝑏 (𝑡) is a matrix. The 𝑟 largest
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singular values of 𝑊𝑏 (𝑡), denoted 𝜎′𝑖 (𝑊𝑏 (𝑡)) for 1 ≤ 𝑖 ≤ 𝑟, exhibit the following
behaviour as 𝑁 →∞:

𝜎′𝑖 (𝑊𝑏 (𝑡)) 𝑎.𝑠.−−−→
√︁
𝑔(𝑡) ×


1+( 𝜎𝑖√

𝑔 (𝑡 ) )
2

𝜎𝑖√
𝑔 (𝑡 )

𝜎𝑖√
𝑔(𝑡)

> 1

2 𝜎𝑖√
𝑔(𝑡)

< 1

Proof. Define 𝑊′ = 𝑅′ + 𝑆′ where 𝑅′ = 1√
𝑔(𝑡)

𝑅𝑏 (𝑡) and 𝑆′ = 1
𝑔(𝑡) 𝑆𝑏 (𝑡). The entries

of 𝑅′ are now drawn from 𝑁 (0, 1
𝑁 ), matching the classical case.

For 𝑊′, the classical theorem gives the behavior of its largest singular values.
Specifically, if 𝜎′𝑖 are the singular values of 𝑆′, then the singular values of 𝑊′,
denoted as 𝜎′𝑖 (𝑊′), behave as:

𝜎′𝑖 (𝑊′)
𝑎.𝑠.−−−→


1+𝜎′2𝑖
𝜎′𝑖

𝜎′𝑖 > 1

2 𝜎′𝑖 < 1

Since 𝜎′𝑖 =
𝜎𝑖√
𝑔(𝑡)

, the theorem for𝑊′ becomes:

𝜎′𝑖 (𝑊′)
𝑎.𝑠.−−−→

√︁
𝑔(𝑡) ×


1+( 𝜎𝑖√

𝑔 (𝑡 ) )
2

𝜎𝑖√
𝑔 (𝑡 )

𝜎𝑖√
𝑔(𝑡)

> 1

2 𝜎𝑖√
𝑔(𝑡)

< 1

To revert to the original matrix 𝑊𝑏 (𝑡), we multiply the singular values of 𝑊′ by√︁
𝑔(𝑡). This gives the asymptotic behavior of the singular values of𝑊𝑏 (𝑡) as stated

in the lemma. □

C.3.3 Proof of Theorems 4.4.1, 4.4.2, 4.5.2 and 4.5.3.
Proof. In this section, we prove Theorem 4.4.1. Using the more general Assump-
tions 4.5.1-4.5.2 for Theorem 4.5.2, we can use the proof for these results as well.
We will prove the main result by showing that if the random component 𝑅2(𝑡) of the
weight matrix 𝑊2(𝑡) is non-zero at a local minimum, it contradicts the assumption
of a local minimum.

1. Notation and Assumptions:

• We assume that 𝛼∗ is a local minimum of the loss function 𝐿 (𝛼(𝑡)) defined
in Eq. (C.45).
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• We assume that ∥𝑅2(𝛼∗)∥2 ≠ 0, which implies the random component 𝑅2(𝛼∗)
is not zero.

2. Constructing a DNN at the local minimum:

• We initialize a DNN with parameters 𝛼∗ and a loss function 𝐿̄ (𝛼(𝑎)) such
that 𝐿̄ (𝛼(0)) = 𝐿 (𝛼∗). That is, we create a new training time, denoted with
the variable 𝑎, such that when 𝑎 = 0, the DNN parameters are those at the
critical point 𝛼∗. This is achievable as the loss function is continuous.

3. Introducing a controlled random noise:

• We define a random matrix 𝑅(𝑎) with i.i.d. entries drawn from 𝑁 (0, 𝑔(𝑎)𝑁 ).
We will choose 𝑔(𝑎) to vanish as 𝑎 approaches infinity.

4. Key Inequality and its Consequence:

• We claim that there exists a constant 𝑔(𝑎) such that 𝑔(𝑎) → 0 as 𝑎 →∞ and
for all 𝑎 > 0 and 𝑁 > 𝑁0 (for some 𝑁0) we have that ∃𝐷 (𝑁) such that:

P
(
𝐿 (𝛼∗) ≥ 𝐿̄ (𝛼(𝑎))

)
> 1 − 𝐷 (𝑁), (C.36)

with 𝐷 (𝑁) → 0 as 𝑁 →∞.

5. Proof of the Key Inequality:

• We will utilize the following properties:

– Lemma C.2.5: This lemma states that removing the random component
𝑅2 from the weight matrix𝑊2 has a minimal impact on the loss function
with high probability. That is based on Lemma C.2.5, we know that:

P
(
|𝐿��reg(𝛼𝑆2 (𝑎)) − 𝐿��reg(𝛼𝑊2 (𝑎)) | ≤ 𝐺 (𝑁)𝐻 (𝜙)

)
≥ 1 − 𝐺 (𝑁), (C.37)

where 𝐺 (𝑁) → 0 as 𝑁 → ∞ and 𝛼𝑆2 (𝑡) denotes the parameters of the
DNN with the weight matrix 𝑆2(𝑡).

– Frobenius norm:

∥𝐴∥𝐹 =

√√√ 𝑁∑︁
𝑖=1

𝑁∑︁
𝑗=1

𝐴2
𝑖 𝑗 =

√︃
𝜎2

1 + 𝜎2
2 + . . . + 𝜎2

𝑁 . (C.38)
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– The loss:

𝐿 (𝛼(𝑎)) = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log
(
𝜙𝐶 (𝑠) (𝑠, 𝛼(𝑎))

) + 𝐿∑︁
𝑖=1

𝜇∥𝑊𝑖 (𝑎)∥2𝐹 , (C.39)

– Lemma C.3.6. We are assuming that for the non-zero singular values
of 𝑆 we have, 𝜎𝑖 (𝑎) > 1. Because 0 ≤ 𝑔(𝑎) ≤ 1, we have, by Lemma
C.3.6, that:

𝜎′𝑖 (𝑊′)
𝑎.𝑠.−−−→ 𝑔(𝑎)

1 + ( 𝜎𝑖√
𝑔(𝑎)
)2

𝜎𝑖√
𝑔(𝑎)

. (C.40)

That is, ∃𝐷2(𝑁, 𝜖) such that ∀𝜖 :

P
(
|𝜎′𝑖 (𝑊′) − 𝐶 (𝑎)

1 + ( 𝜎𝑖√
𝐶 (𝑎)
)2

𝜎𝑖√
𝐶 (𝑎)

| > 𝜖
)
≤ 𝐷2(𝑁, 𝜖), (C.41)

with 𝐷2(𝑁, 𝜖) → 0 as 𝑁 →∞.

• Take 𝛼∗ to be a local min of (C.45), and suppose ∥𝑅(𝛼∗)∥2 ≠ 0. Initialize the
DNN

𝜙(𝛼, 𝑠) = 𝜌 ◦ 𝜆 ◦𝑊3 ◦ 𝜆 ◦𝑊2 ◦ 𝜆 ◦𝑊1𝑠 (C.42)

with parameters 𝛼∗ and loss 𝐿̄ (𝛼(𝑎)) s.t. 𝐿̄ (𝛼(0)) = 𝐿 (𝛼∗). Assume that
𝑅2(0) is a random matrix with i.i.d. 𝑁 (0, 𝑔(𝑎=0)

𝑁 ), such that at 𝑎 = 0 we have
that 𝑊2(0) = 𝑅2(0) + 𝑆2(0) satisfying the assumptions in Subsection 4.4.1.
Then there ∃𝑔(𝑎) → 0 monotonically as 𝑎 → ∞, and take 𝑅2(𝑎) to be a
random matrix with i.i.d. taken from 𝑁 (0, 𝑔(𝑎)𝑁 ) and𝑊2(𝑎) = 𝑅2(𝑎) + 𝑆2(0).
By Lemma C.2.5, we know that:

P
(
|𝐿��reg(𝛼𝑆2 (𝑎)) − 𝐿��reg(𝛼𝑊2 (𝑎)) | ≤ 𝐺 (𝑁)𝐻 (𝜙)

)
≥ 1 − 𝐺 (𝑁). (C.43)

Furthermore, one can apply the same proof that was used to prove Lemma
C.2.5 to show that ∀𝑎:

P
(
|𝐿��reg(𝛼𝑆2 (0)) − 𝐿��reg(𝛼𝑊2 (𝑎)) | ≤ 𝐺 (𝑁)𝐻 (𝜙)

)
≥ 1 − 𝐺 (𝑁), (C.44)

given that 𝑊2(𝑎) = 𝑅2(𝑎) + 𝑆2(0) and the random part 𝑅2(𝑎) has i.i.d.
components with zero mean and variance 𝑔(𝑎)

𝑁 . That is, as 𝑎 →∞ if the only



245

change in𝑊2 is that the random part 𝑅2 goes to zero, then the loss 𝐿��reg won’t
change significantly with probability depending on 𝑁 .

However, the loss:

𝐿 (𝛼(𝑎)) = − 1
|𝑇 |

∑︁
𝑠∈𝑇

log
(
𝜙𝐶 (𝑠) (𝑠, 𝛼(𝑎))

) + 𝜇 𝐿∑︁
𝑖=1
∥𝑊𝑖 (𝑎)∥2𝐹 , (C.45)

will be decreasing because the term 𝜇
∑𝐿
𝑖=1 ∥𝑊𝑖 (𝑎)∥2𝐹 will get smaller mono-

tonically as 𝑎 →∞. This can be seen from the equations:

∥𝐴∥𝐹 =

√√√ 𝑁∑︁
𝑖=1

𝑁∑︁
𝑗=1

𝐴2
𝑖 𝑗 =

√︃
𝜎2

1 + 𝜎2
2 + . . . + 𝜎2

𝑁 , (C.46)

and (C.41). By (C.41), the 𝑟 largest singular values of 𝑊2 will becomes
smaller as 𝑎 → ∞ (with some probability depending on 𝑁), making
𝜇
∑𝐿
𝑖=1 ∥𝑊𝑖 (𝑎)∥2𝐹 smaller monotonically (again with probability depending

on 𝑁). Furthermore, the 𝑁 − 𝑟 smallest singular values of 𝑊2 will also go to
zero monotonically as 𝑎 →∞, again ensuring that 𝜇

∑𝐿
𝑖=1 ∥𝑊𝑖 (𝑎)∥2𝐹 decrease

(with probability depending on 𝑁). Thus, because for (C.45) the term
− 1
|𝑇 |

∑
𝑠∈𝑇 log

(
𝜙𝐶 (𝑠) (𝑠, 𝛼(𝑎))

)
does not change as 𝑎 → ∞ (with probability

depending on 𝑁) and 𝜇
∑𝐿
𝑖=1 ∥𝑊𝑖 (𝑎)∥2𝐹 decreases as 𝑎 → ∞ (again with

probability depending on 𝑁), we have that the loss given in (C.45) must be
decreasing as 𝑎 → ∞ (with probability depending on 𝑁). That is, for 𝑎 > 0,
∃𝐷 (𝑁) such that ∀𝜖 :

P
(
𝐿 (𝛼∗) > 𝐿̄ (𝛼(𝑎))

)
> 1 − 𝐷 (𝑁). (C.47)

That is, 𝛼∗ is not a local min (with probability depending on 𝑁).

Furthermore, for a fixed training time 𝑡 as 𝑁 → ∞ we have that removing
the random matrix 𝑅2 will not affect the cross entropy term in the loss but
will remove the singular values of𝑊2 smaller then

√
𝜆+. That is, the singular

values of 𝑊2 corresponding to those of 𝑅2 will be set to zero, which means
that the loss will decrease by 𝜇∥𝑅2∥2𝐹 . This proves Theorem 4.4.2. In fact, if
∥𝑅2∥𝐹 > 𝜖 , then one can remove it (by sending 𝑔(𝑡) → 0), and the loss will
decrease monotonically (with some probability depending on 𝑁) by 𝜇∥𝑅2∥2𝐹 ,
showing that we were not in a local min.

□



246

C.4 Algorithms for RMT-Based pruning of DNN
C.4.1 BEMA technique for computing 𝜆+
We outline the BEMA technique for identifying the optimal fit 𝜆+ for 1

𝑁 𝑅
𝑇𝑅 from

the ESD of 𝑋 = 𝑅 + 𝑆. This is beneficial when analyzing matrices with information
added to noise, aiming to pinpoint the furthest boundary of the MP distribution’s
compact support. The BEMA technique is known for its computational efficiency
and precision for matrices with added noise. The complete procedure can be located
in [157]. Below, we present a more streamlined version for an 𝑁 × 𝑁 matrix 𝑅:

Example C.4.1. In this example, we create a random 𝑁 × 𝑁 matrix 𝑅 with random
i.i.d. N(0, 1) (zero mean and unit variance (𝜎2 = 1), Gaussian).

In this example, we generate a random 𝑁 × 𝑁 matrix 𝑅, where each entry is
independently sampled from a standard normal distributionN(0, 1) with zero mean
and unit variance (𝜎2 = 1). We take 𝑆 to be a 𝑁 × 𝑁 matrix with components given
by

𝑆[𝑖, 𝑗] = tan( 𝜋
2
+ 1
𝑗 + 1
) + cos(𝑖) · log(𝑖 + 𝑗 + 1) + sin( 𝑗) · cos( 𝑖

𝑗
), (C.48)

𝑊 = 𝑅 + 𝑆 and 𝑋 = 1
𝑁𝑊

𝑇𝑊 . The BEMA algorithm is used to find the 𝜆+ of the ESD
of 𝑋 , as described in Algorithm 2. 𝑅 is a random matrix satisfying the conditions
of Theorem 4.2.2, and so the ESD of 1

𝑁 𝑅
𝑇𝑅 converges to the Marchenko-Pastur

distribution as 𝑁 → ∞ and has a 𝜆+ that determines the rightmost edge of its
compact support. We can imagine a situation in which 𝑅 is not directly known, and
the goal is to find an estimator of 𝜆+ from the ESD of 𝑋 . See Fig. C.12 for the
result of the ESD of 𝑋 with the Marchenko-Pastur distribution that best fits the ESD
shown in red.

Remark C.4.1. The method relies on parameters 𝛼 ∈ (0, 1/2), 𝛽 ∈ (0, 1). This
dependency can be observed by adjusting 𝛼 and 𝛽 as showcased in Fig. C.13. The
highlighted line represents 𝜆+ = 4, the accurate 𝜆+ for 1

𝑁 𝑅
𝑇𝑅. In this case, while

the influence of 𝛼 is minimal for ample values, adjusting 𝛽 regulates the assurance
that the eigenvalues of the matrix 𝑅 will remain below the 𝜆+ estimator of the MP
distribution.

The BEMA technique will be utilized to deduce 𝜆+ from 𝑋𝑙 (𝑡)’s ESD. As DNN
learning evolves, most of the 𝑋𝑙 (𝑡) eigenvalues are anticipated to fit the MP dis-
tribution. Yet, certain eigenvalues might surpass the MP distribution’s bulk and



247

Figure C.12: In blue we have the ESD of X, in red the Marchenko-Pastur distribution
which best fits the ESD based on the BEMA algorithm.

(a) Dependence of algorithm the
choice of 𝛼, 𝛽 = 0.5. In this example
the rank of the matrix 𝑆 is fairly low.

(b) Dependence of algorithm on the
choice of 𝛽, 𝛼 = 0.25.

Figure C.13: How 𝜆+ depends on the hyperparameters 𝛼 and 𝛽.

correspond to 𝑆𝑙 (𝑡)’s singular values. The BEMA’s objective is to spot the MP dis-
tribution’s outermost boundary, which aids in assessing 𝜆+. Grasping 𝜆+ is pivotal
as it provides an understanding of the DNN’s functionality during learning and its
adaptability to fresh data.

Together with the SVD, the BEMA technique can guide which singular values of
DNN’s weight matrices 𝑊𝑙 to omit during learning. The SVD dissects the weight
matrix, yielding a breakdown into singular values and vectors, which facilitates
an RMT-driven analysis of their distribution. By employing the BEMA, one can
distinguish eigenvalues corresponding to 𝑆𝑙’s singular values from those linked to
𝑅𝑙’s singular values. Removing eigenvalues tied to 𝑅𝑙 can enhance the DNN learning
process’s effectiveness.
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C.4.2 Importance of singular value decomposition in Deep Learning
For a matrix 𝐴 of dimensions 𝑁 ×𝑀 , its SVD comprises a factorization 𝐴 = 𝑈Σ𝑉𝑇 ,
where:

• 𝑈 is a square orthogonal matrix of size 𝑁 × 𝑁 .

• 𝑉 is a square orthogonal matrix of size 𝑀 × 𝑀 .

• Σ is a diagonal matrix of dimensions 𝑁 × 𝑀 , with its diagonal entries corre-
sponding to singular values 𝜎𝑖, and non-diagonal entries being zero.

For matrix 𝑋 = 𝑊𝑇𝑊 , with eigenvalues 𝜆𝑖, the associated singular values of 𝑊
are denoted by 𝜎𝑖 =

√
𝜆𝑖. This ties singular values to eigenvalues of a matrix 𝑊’s

symmetrization.

For a DNN’s weight matrix 𝑊𝑙 , studies have shown that omitting insignificant
singular values through its SVD during training can diminish parameters yet augment
accuracy. In the upcoming sections, we will elucidate how RMT can assist in
determining which singular values to exclude from a DNN layer, ensuring the
DNN’s precision remains intact.

Specifically, integrating the BEMA technique with the SVD of 𝑊𝑙 can determine
which singular values to exclude during training. This is accomplished by first
computing 𝑊𝑙’s SVD, followed by determining the eigenvalues of the symmetrical
matrix 𝑋𝑙 = 1

𝑁𝑊
𝑇
𝑙 𝑊𝑙 . The derived eigenvalues can be related to the singular values

of𝑊𝑙 via 𝑁𝜆𝑖 = 𝜎2
𝑖 . Using the BEMA to estimate 𝜆+ enables setting a threshold for

𝑊𝑙’s singular values. Those below this threshold can be discarded without affecting
accuracy, as they are probably less vital for the DNN’s output. This procedure can
be recurrent during training, updating the threshold as required.

C.4.3 How well does the ESD of 𝑋 fit the MP Distribution with Spikes
In this subsection, we outline a method to investigate whether the ESD of 𝑋 may be
derived from a particular MP distribution that may contain spiked eigenvalues. The
starting point of this method uses the BEMA technique to pinpoint the most appro-
priate MP distribution. The best-fitting distribution offers a theoretical cumulative
distribution function (CDF), while the observed cumulative spectral distribution
for 𝑋 is obtainable. Contrasting these distributions, we can rule out the idea that



249

𝑋 is governed by the proposed MP distribution if there is a notable disparity be-
tween them. We will now elaborate on these notions, beginning with the empirical
cumulative spectral distribution.

Definition C.4.2. Consider 𝐺 as an 𝑁 × 𝑀 matrix with its ESD 𝜇𝐺𝑀 as presented
in Definition 4.2.1. The observed cumulative spectral distribution of 𝐺, denoted as
𝐹𝐺 : R→ R, is:

𝐹𝐺 (𝑎) = 𝜇𝐺𝑚 ((−∞, 𝑎]) (C.49)

Remarkably, the CDFs for the MP distribution are available in an explicit form.
Using these formulas, we can lucidly detail our approach. A tuning parameter
𝛾 ∈ (0, 1) specifies the sensitivity of our evaluation.

This approach measures the utmost disparity between the predicted and observed
CDFs by sampling at each point in the observed distribution. As this is meant for the
special scenario of testing for MP distributions with spikes, this knowledge allows
us to refine our evaluation over simply determining the 𝐿∞ disparity between the
two distributions.

This refinement is evident in the step that determines 𝑖min and 𝑖max. Given that
BEMA solely utilizes data in the quantile between (𝛼, 1 − 𝛼) for the optimal fit,
it’s reasonable to inspect the fit within the same boundaries. In this scenario, a
spiked MP distribution would likely be inadequately represented by its generative
MP distribution around the predominant eigenvalues (the spikes), so it’s logical to
test only the core values for fit accuracy.

C.4.4 Eliminating singular values while preserving accuracy
Algorithm 4 is how we train DNNs together with MP-based pruning.

Example C.4.3. Consider an original DNN with two hidden layers, each consisting
of 10 nodes. The total number of parameters in this case would be 100. By employing
SVD and removing 8 small singular values in the weight layer matrix of this DNN,
we can split the hidden layer into two, resulting in a new DNN with three hidden
layers. The first layer will have 10 nodes, the second layer will have 2 nodes, and
the third layer will have 10 nodes. By keeping only two singular values in the SVD,
we now have only 20 parameters, see Figure C.15. In practice, we don’t actually
split the layer

Example C.4.4. We used the above approach for a DNN trained on MNIST. In this
example the DNN has two layers, the first with a 784 × 1000 matrix 𝑊1 and the
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(a) Full Empirical Density

(b) Zoomed Density

Figure C.14: The ESD of 𝑋𝑙 and its best fit MP distribution
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Figure C.15: Original DNN with two hidden layers, each with 10 nodes (total 100
parameters), is transformed into a new DNN with three hidden layers. The first layer
has 10 nodes, the second layer has 2 nodes (keeping only two singular values in the
SVD), and the third layer has 10 nodes, resulting in a total of 20 parameters.

second with a 1000 × 10 matrix𝑊2. The activation function was ReLU. We trained
the DNN for 10 epocs and achieved a 98% accuracy on the test set.

We perform a SVD on𝑊1, in this case Σ is a 784×1000 matrix. Even if we only keep
the biggest 60 𝜎𝑖 of 𝑊1 and transform the first layer into two layers 𝑊1,1 and 𝑊2,1

the accuracy is still 98%. 𝑊1 has 784 × 1000 = 784000 parameters but 𝑊1,1 and
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𝑊2,1 together have 60× 784 + 60× 1000 = 106440 parameters. This is a significant
reduction in the number of parameters without any loss of accuracy.

C.4.5 Algorithm for Sparsifying Singular Vectors of a DNN Layer
Let 𝑊𝑙 denote the 𝑙-th layer matrix of a DNN and for simplicity we assume that it
is 𝑁 × 𝑁 . The SVD of 𝑊𝑙 is given by 𝑊𝑙 = 𝑈Σ𝑉𝑇 , where 𝑈 and 𝑉 are the left and
right singular vectors, and Σ is a diagonal matrix of singular values.

Given a threshold
√
𝜆+𝑁 , the algorithm proceeds as follows:

Note: The algorithm focuses on sparsifying the singular vectors based on the
dynamic threshold determined by the singular values and a predefined threshold 𝜃.
Here, apply_sparsity(𝑈:,𝑖, 𝑇𝑖 (Σ𝑖𝑖)) sets to zero all elements in the vector 𝑈:,𝑖 below
the threshold 𝑇𝑖 (Σ𝑖𝑖).

C.4.6 Algorithm for element-wise sparsification of a matrix
C.4.7 The MP and spike metrics of a DNN model
First, we present two figures of the ESD of different layers of the base ViT model
studied in Subsection 4.3, see Figs. C.16, C.17. We see that some layers fit the
MP distribution "very" well, while some layers don’t. When pruning layers of the
DNN, we remove larger parameters in the layers that are more random because of
the larger amount of randomness in those layers.

Figure C.16: Best fit MP distribution (on the left) for 𝛼 = .25 and 𝛽 = .8 for a layer
of the base ViT model. Here the MP fit error is .74 while the percentage of singular
values smaller than

√
𝜆+ is 73%. For more on the right figure, see Section C.2.

Second, we show how the hyperparameter 𝛼 discussed in Remark C.4.1 affects the
MP fit and spike metrics; see Fig. C.18.
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Figure C.17: Best fit MP distribution (on the left) for 𝛼 = .25 and 𝛽 = .8 for a layer
of the base ViT model. Here the MP fit error is .01 while the percentage of singular
values smaller than

√
𝜆+ is 99.73%. For more on the right figure, see Section C.2.

Figure C.18: In the left figure, we have 𝛼 vs LRM and on the right we have 𝛼 vs
MP fit metric. This is for the base ViT model studied in 4.1.
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A p p e n d i x D

SUPPLEMENTARY INFORMATION FOR CHAPTER 5:
COMPUTATIONAL HYPERGRAPH DISCOVERY

Supplementary information
This supplementary document provides an overview of refinements and general-
izations on our proposed approach (Sec. D.1) detailed in subsequent sections. It
includes a summary of the principal components of our algorithm (Sec. D.2). It
includes a reminder on Type 2 problems (Sec. D.3) and their common GP-based so-
lutions. It discusses the hardness of Type 3 problems, presents an overview of causal
inference methods, and a well-posed formulation of Type 3 problems (Sec. D.4). Ad-
ditionally, this document offers an in-depth description of our developed GP-based
solution specifically designed for Type 3 problems (Section D.5), along with the
corresponding algorithmic pseudo-codes (Section D.6). It also includes an analysis
of the signal-to-noise ratio (SNR) test that is integral to our method (Section D.7),
and furnishes supplementary details concerning the examples discussed in the main
manuscript (Section D.8).

D.1 Additional details on our proposed approach.
The efficacy of our proposed approach is enhanced through a series of refinements
(implemented in all our examples), which are summarized below and detailed in
sections D.5, D.6 and D.7.

D.1.1 Ancestor pruning.
As discussed earlier, rather than using a threshold on the signal-to-noise ratio to
prune ancestors, we order the ancestors in decreasing contribution to the signal, the
final number 𝑞 of ancestors is determined as the maximizer of noise to signal ratio
increment V(𝑛)

V(𝑠)+V(𝑛) (𝑞 + 1) − V(𝑛)
V(𝑠)+V(𝑛) (𝑞).

D.1.2 Parameter Selection.
The choice of the parameter 𝛾 in (5.2) is a critical aspect of our proposed approach.
We provide a structured approach for selecting 𝛾 based on the characteristics of
the kernel matrix 𝐾𝑠. Specifically, when 𝐾𝑠 is derived from a finite-dimensional
feature map 𝜓 (i.e., when 𝐾𝑠 (𝑥, 𝑥′) := 𝜓(𝑥)𝑇𝜓(𝑥′) where the range of 𝜓 is finite-
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Figure D.1: Histogram of the eigenvalues of 𝐷𝛾=(D.2) for 𝛾 = 10−2 (good choice)
and 𝛾 = 10−6 (bad choice).

dimensional) and the data cannot be interpolated exactly with 𝐾𝑠 (the dimension of
the range of 𝜓 is smaller than the number of data points), we employ the regression
residual to determine 𝛾 as follows:

𝛾 = min
𝑣



𝑣𝑇𝜓(𝑋) − 𝑌

2
R𝑁 . (D.1)

Write 𝐾𝑠 (𝑋, 𝑋) for the 𝑁 × 𝑁 matrix with entries 𝐾𝑠 (𝑋𝑖, 𝑋 𝑗 ). Alternatively, when
the data can be interpolated exactly with 𝐾𝑠 (e.g., when 𝐾𝑠 is a universal kernel),
we select 𝛾 (see Fig. D.1) by maximizing the variance of the eigenvalue histogram
of the 𝑁 × 𝑁 matrix

𝐷𝛾 := 𝛾
(
𝐾𝑠 (𝑋, 𝑋) + 𝛾𝐼

)−1
, (D.2)

whose eigenvalues are bounded between 0 and 1 and converge towards 0 as 𝛾 ↓ 0
and towards 1 as 𝛾 ↑ ∞. We can also select 𝛾 as the median of the eigenvalues of
𝐷𝛾.

D.1.3 Z-test quantiles.
The noise-to-signal ratio V(𝑛)

V(𝑠)+V(𝑛) associated with (5.2) admits the representer

formula 𝑌𝑇𝐷2
𝛾𝑌

𝑌𝑇𝐷𝛾𝑌
. Therefore if the data is only comprised of noise (if 𝑌 ∼ 𝜎2𝑍

where 𝑍 is a random vector with i.i.d. N(0, 1) entries), then the distribution of the
noise-to-signal ratio follows that of the random variable

𝐵 :=
𝑍𝑇𝐷2

𝛾𝑍

𝑍𝑇𝐷𝛾𝑍
. (D.3)

Therefore, the quantiles of 𝐵 can be used as an interval of confidence on the noise-
to-signal ratio if 𝑌 ∼ 𝜎2𝑍 . Fig. 5.3.(c) shows these 𝑍-test quantiles (in the absence
of signal, the noise-to-signal ratio should fall within the shaded area with probability
0.9).
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D.1.4 Generalizations on our proposed approach.
D.1.4.1 Complexity Reduction with Kernel PCA Variant.

Write 𝐾 for the kernel associated with the RKHS H in Problem 1. We use a
variant of Kernel PCA [216] to significantly reduces the computational complexity
of our proposed method, making it primarily dependent on the number of principal
nonlinear components in the kernel matrix 𝐾 (𝑋, 𝑋) (the 𝑁 × 𝑁 matrix with entries
𝐾 (𝑋𝑖, 𝑋 𝑗 )) rather than the number of data points. To describe this write 𝜆1 ≥ · · · ≥
𝜆𝑟 > 0 for the nonzero eigenvalues of 𝐾 (𝑋, 𝑋) indexed in decreasing order and
write 𝛼·,𝑖 for the corresponding unit-normalized eigenvectors, i.e. 𝐾 (𝑋, 𝑋)𝛼·,𝑖 =
𝜆𝑖𝛼·,𝑖. Then | 𝑓 (𝑋) |2 = | 𝑓 (𝜙) |2, where 𝑓 (𝜙) is the 𝑟 vector with entries 𝑓 (𝜙𝑖) :=∑𝑁
𝑠=1 𝑓 (𝑋𝑠)𝛼𝑠,𝑖. Furthermore, writing 𝑟′ ≤ 𝑟 for the smallest index 𝑖 such that

𝜆𝑖/𝜆1 < 𝜖 where 𝜖 > 0 is some small threshold, the complexity of the problem can
be further reduced (as in PCA) by truncating 𝑓 (𝜙) to 𝑓 (𝜙′) = ( 𝑓 (𝜙1), . . . , 𝑓 (𝜙𝑟 ′))
and approximating F with the space of functions 𝑓 ∈ H such that | 𝑓 (𝜙′) |2 ≈ 0.

D.1.4.2 Generalizing Descendants and Ancestors with Kernel Mode
Decomposition.

We can extend the concept of descendants and ancestors to cover more complex
functional dependencies between variables, including implicit ones. This gen-
eralization is achieved through a Kernel-based adaptation of Row Echelon Form
Reduction (REFR), initially designed for affine systems, and leveraging the princi-
ples of Kernel Mode Decomposition [243]. To describe the connection with REFR
consider the example in whichM is the manifold of R3 defined by the affine equa-
tions 𝑥1 + 𝑥2 + 3𝑥3 − 2 = 0 and 𝑥1 − 𝑥2 + 𝑥3 = 0, which is equivalent to selecting
F = Span{ 𝑓1, 𝑓2} with 𝑓1(𝑥) = 𝑥1 + 𝑥2 + 3𝑥3 − 2 and 𝑓2(𝑥) = 𝑥1 − 𝑥2 + 𝑥3 in the
problem formulation 1. Then, irrespective of how we recover the manifold from
data, the hypergraph representation of that manifold is equivalent to the row eche-
lon form reduction of the affine system, and this representation and this reduction
require a possibly arbitrary choice of free and dependent variables. So, for instance,
if we declare 𝑥3 to be the free variables and 𝑥1 and 𝑥2 to be the dependent variables,
then we can represent the manifold via the equations 𝑥1 = 1 − 2𝑥3 and 𝑥2 = 1 − 𝑥3

which have the hypergraph representation depicted in Fig. D.6.(b). To describe the
kernel generalization of REFR assume that the kernel 𝐾 can be decomposed as the
additive kernel

𝐾 = 𝐾𝑎 + 𝐾𝑠 + 𝐾𝑧 , (D.4)
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and write H𝑎, H𝑠, and H𝑧 for the RKHS induced by the kernels 𝐾𝑎, 𝐾𝑠, 𝐾𝑧. Then
a function 𝑓 ∈ H can be decomposed as 𝑓 = 𝑓𝑎 + 𝑓𝑠 + 𝑓𝑧 with ( 𝑓𝑎, 𝑓𝑠, 𝑓𝑧) ∈
H𝑎 ×H𝑠 ×H𝑧. Then, generalizing REFR we can approximate the manifoldM via
a manifold parametrized by equations of the form

𝑓𝑎 + 𝑓𝑠 + 𝑓𝑧 = 0⇔ 𝑔𝑎 = 𝑓𝑠 (D.5)

where 𝑓𝑎 = −𝑔𝑎 and 𝑔𝑎 is a given function in H𝑎 representing a dependent mode,
𝑓𝑧 = 0 represents a zero mode, and 𝑓𝑠 ∈ H𝑠 is identified (regularized) as the
minimizer of the following variational problem

min
𝑓𝑠∈H𝑠

∥ 𝑓𝑠∥2𝐾𝑠 +
1
𝛾

��(−𝑔𝑎 + 𝑓𝑠) (𝜙)��2 . (D.6)

Taking 𝑔𝑎 (𝑥) = 𝑥1 and H𝑠 + H𝑧 to be a space of functions that does not depend
on 𝑥1 recovers our initial example (5.1) (with the pruning process encoded into the
selection ofH𝑧). This generalization is motivated by its potential to recover implicit
equations. For example, consider the implicit equation 𝑥2

1 + 𝑥2
2 = 1, which can be

retrieved by setting the mode of interest to be 𝑔𝑎 (𝑥) = 𝑥2
1 and allowing 𝑓𝑠 to depend

only on the variable 𝑥2.

D.2 Algorithm Overview for Type 3 problems: An Informal Summary
In this section, we provide an accessible overview of our algorithm’s key compo-
nents, which are further detailed in Algorithms 7 and 8 in Section D.6. Our method
focuses on determining the edges within a hypergraph. To achieve this, we consider
each node individually, finding its ancestors and establishing edges from these an-
cestors to the node in question. While we present the algorithm for a single node, it
can be applied iteratively to all nodes within the graph.

Algorithm for finding the ancestors of a node:

1. Initialization: We start by assuming that all other nodes are potential ances-
tors of the current node.

2. Selecting a Kernel: We choose a kernel function, such as linear, quadratic, or
fully nonlinear kernels (refer to Example D.5.4). The kernel selection process
is analogous to the subsequent pruning steps, involving the determination of
a parameter 𝛾, regression analysis, and evaluation based on signal-to-noise
ratios.
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• Kernel Selection Method: The choice of kernel follows a process
similar to the subsequent pruning steps, including 𝛾 selection, regression
analysis, and signal-to-noise ratio evaluation.

• Low Signal-to-Noise Ratio for All Kernels: If the signal-to-noise
ratio is insufficient for all possible kernels, the algorithm terminates,
indicating that the node has no ancestors.

3. Pruning Process: While there are potential ancestors left to consider (details
in Section D.5.3.5):

a) Identify the Least Important Ancestor: Ancestors are ranked based
on their contribution to the signal (see Sec. D.5.3.3).

b) Noise prior: Determine the value of 𝛾 (see Section D.7.2).

c) Regression Analysis: Predict the node’s value using the current set
of ancestors, excluding the least active one (i.e., the one contributing
the least to the signal). We employ Kernel Ridge Regression with the
selected kernel function and parameter 𝛾 (see Sec. D.5.3.3 and D.5.3.3).

d) Evaluate Removal: Compute the regression signal-to-noise ratio (see
Sec. D.5.3.4 and D.7):

• Low Signal-to-Noise Ratio: If the signal-to-noise ratio falls below
a certain threshold, terminate the algorithm and return the current
set of ancestors (see Section D.5.3.6).

• Adequate Signal-to-Noise Ratio: If the signal-to-noise ratio is
sufficient, remove the least active ancestor and continue the pruning
process.

Figure D.2: Formal description of Type 2 problems.
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D.3 Type 2 problems: Formal description and GP-based Computational
Graph Completion

D.3.1 Formal description of Type 2 problems
Consider a computational graph (as illustrated in Fig. D.2.(a)) where nodes represent
variables and edges are directed and they represent functions. These functions may
be known or unknown. In Fig. D.2.(a), edges associated with unknown functions
( 𝑓5,1, 𝑓1,2, 𝑓3,6) are colored in red, and those associated with known functions ( 𝑓2,5)
are colored in black. Round nodes are utilized to symbolize variables, which are
derived from the concatenation of other variables (e.g, in Fig. D.2.(a), 𝑥3 = (𝑥2, 𝑥4)).
Therefore, the underlying graph is, in fact, a hypergraph where functions may map
groups of variables to other groups of variables, and we use round nodes to illustrate
the grouping step. Given partial observations derived from 𝑁 samples of the
graph’s variables, we introduce a problem, termed a Type 2 problem, focused on
approximating all unobserved variables and unknown functions. Using Fig. D.2.(a)-
(b) as an illustration we call a vector (𝑋𝑠,1, . . . , 𝑋𝑠,6) a sample from the graph
if its entries are variables satisfying the functional dependencies imposed by the
structure of the graph (i.e., 𝑋𝑠,1 = 𝑓5,1(𝑋𝑠,5), 𝑋𝑠,2 = 𝑓1,2(𝑋2,𝑠), 𝑋𝑠,3 = (𝑋𝑠,2, 𝑋𝑠,4),
𝑋𝑠,5 = 𝑓𝑠,5(𝑋𝑠,𝑠), and 𝑋𝑠,6 = 𝑓3,6(𝑋𝑠,3). These samples can be seen as the rows of
given matrix 𝑋 illustrated in Fig. D.2.(b) for 𝑁 = 3. By partial observations, we
mean that only a subset of the entries of each row may be observed, as illustrated
in Fig. D.2.(b)-(c). Note that a Type 2 problem combines a regression problem
(approximating the unknown functions of the graph) with a matrix completion/data
imputation problem (approximating the unobserved entries of the matrix 𝑋).

D.3.2 Reminder on Computational Graph Completion for Type 2 problems
Within the context of Sec. D.3.1, the proposed GP solution to Type 2 problems is to
simply replace unknown functions by GPs and compute their Maximum A Posteriori
(MAP)/Maximum Likelihood Estimation (MLE) estimators given available data and
constraints imposed by the structure of the graph. Taking into account the example
depicted in Fig. D.2, and substituting 𝑓5,1, 𝑓1,2, and 𝑓3,6 with independent GPs, each
with kernels 𝐾,𝐺, and Γ respectively, the objective of this MAP solution becomes
minimizing ∥ 𝑓5,1∥2𝐾 + ∥ 𝑓1,2∥2𝐺 + ∥ 𝑓3,6∥2Γ (writing ∥ 𝑓 ∥𝐾 for the RKHS norm of 𝑓
induced by the kernel 𝐾) subject to the constraints imposed by the data and the
functional dependencies encoded into the structure of the graph.
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Figure D.3: (a) Electric circuit. (b) Resistance, capacitance, and inductances are
nonlinear functions of currents and voltages (c) Measurements. (d) Kirchhoff’s
circuit laws. (e) The computational graph with unknown functions represented as
red edges. (f) Recovered functions.

D.3.3 A system identification example.
In order to exemplify Computational Graphical Completion (CGC), consider the
system identification problem depicted in Fig. D.3, sourced from [239]. Our ob-
jective is to identify a nonlinear electric circuit, as illustrated in Fig. D.3.(a), from
scarce measurement data. The nonlinearity of the circuit emanates from the resis-
tance, capacitance, and inductances, which are nonlinear functions of currents and
voltages, as shown in Fig. D.3.(b). Assuming these functions to be unknown, along
with all currents and voltages as unknown time-dependent functions, we operate the
circuit between times 0 and 10. Measurements of a subset of variables, representing
the system’s state, are taken at times 𝑡𝑠 = 𝑠/10 for 𝑠 ∈ 0, . . . , 99. Given these
measurements, the challenge arises in approximating all unknown functions that
define currents and voltages as time functions, capacitance as a voltage function,
and inductances and resistance as current functions. Fig. D.3.(c) displays the avail-
able measurements, which are notably sparse, preventing us from reconstructing the
underlying unknown functions independently. Thus, their interdependencies must



260

be utilized for approximation. It is crucial to note that the system’s state variables
are interconnected through functional relations, as per Kirchhoff’s laws for this non-
linear electric circuit, illustrated in Fig. D.3.(d). These functional dependencies can
be conceptualized as a computational graph, depicted in Fig. D.3.(e), where nodes
represent variables and directed edges represent functions. Known functions are
colored in black, unknown functions in red, and round nodes aggregate variables,
meaning edges map groups of variables, forming a hypergraph. The CGC solu-
tion involves substituting the graph’s unknown functions with Gaussian Processes
(GPs), which may be independent or correlated, and then approximating the un-
known functions with their Maximum A Posteriori (MAP) estimators, given the
available data and the functional dependencies embedded in the graph’s structure.
Fig. D.3.(f) showcases the true and recovered functions, demonstrating a notably
accurate approximation despite the data’s scarcity.

This simple example generalizes to an abstract framework detailed in [239]. This
framework has a wide range of applications because most problems in CSE can
also be formulated as completing computational graphs representing dependencies
between functions and variables, and they can be solved in a similar manner by
replacing unknown functions with GPs and by computing their MAP/EB estimator
given the data. These problems include those illustrated in Fig. 5.1.(d-h).

D.4 Hardness and well-posed formulation of Type 3 problems.
In this subsection, we describe why Type 3 problems are challenging and why they
can even be intractable if not formalized and approached properly.

D.4.1 Curse of combinatorial complexity.
First, the problem suffers from the curse of combinatorial complexity in the sense
that the number of hypergraphs associated with 𝑁 nodes blows up rapidly with 𝑁 .
As an illustration, Fig. D.4 shows some of the hypergraphs associated with only three
nodes. A lower bound on that number is the A003180 sequence, which answers
the following question [150]: given 𝑁 unlabeled vertices, how many different
hypergraphs in total can be realized on them by counting the equivalent hypergraphs
only once? For 𝑁 = 8, this lower bound is ≈ 2.78 × 1073.

D.4.2 Nonidentifiability and implicit dependencies.
Secondly, it is important to note that, even with an infinite amount of data, the exact
structure of the hypergraph might not be identifiable. To illustrate this point, let’s
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Figure D.4: Computational Hypergraph Discovery with three variables

consider a problem where we have 𝑁 samples from a computational graph with
variables 𝑥 and 𝑦. The task is to determine the direction of functional dependency
between 𝑥 and 𝑦. Does it go from 𝑥 to 𝑦 (represented as 𝑥 𝑦

𝑓 ), or from 𝑦 to 𝑥
(represented as 𝑦 𝑥

𝑓 )?

If we refer to Fig. D.5.(a), we can make a decision because 𝑦 can only be expressed
as a function of 𝑥. In contrast, if we examine Fig. D.5.(b), the decision is also
straightforward because 𝑥 can solely be written as a function of 𝑦. However, if the
data mirrors the scenario in Fig. D.5.(c), it becomes challenging to decide as we
can write both 𝑦 as a function of 𝑥 and 𝑥 as a function of 𝑦. Further complicating
matters is the possibility of implicit dependencies between variables. As illustrated
in Fig. D.5.(d), there might be instances where neither 𝑦 can be derived as a function
of 𝑥, nor 𝑥 can be represented as a function of 𝑦.

Figure D.5: The structure of the hypergraph is identifiable in (a), (b), and non-identifiable
in (c). The relationship between variables is implicit in (d).

D.4.3 Causal inference and probabilistic graphs.
Causal inference methods broadly consist of two approaches: constraint and score-
based methods. While constraint-based approaches are asymptotically consistent,
they only learn the graph up to an equivalence class [318]. Instead, score-based
methods resolve ambiguities in the graph’s edges by evaluating the likelihood of
the observed data for each graphical model. For instance, they may assign a higher
evidence to 𝑦 → 𝑥 over 𝑥 → 𝑦 if the conditional distribution 𝑥 |𝑦 exhibits less
complexity than 𝑦 |𝑥. The complexity of searching over all possible graphs, however,



262

grows super-exponentially with the number of variables. Thus, it is often necessary
to use approximate, but more tractable, search-based methods [63, 259] or alternative
criteria based on sensitivity analysis [75]. For example, the preference could lean
towards 𝑦 → 𝑥 rather than 𝑥 → 𝑦 if 𝑦 demonstrates less sensitivity to errors or
perturbations in 𝑥. In contrast, our proposed GP method avoids the growth in
complexity by performing a guided pruning process that assesses the contribution
of each node to the signal. We also emphasize that our method is not limited to
learning acyclic graph structures as it can identify feedback loops between variables.
Alternatively, methods for learning probabilistic undirected graphical models, also
known as Markov networks, identify the graph structure by assuming the data is
randomly drawn from some probability distribution [90]. In this case, edges in
the graph (or lack thereof) encode conditional dependencies between the nodes. A
common approach learns the graph structure by modeling the data as being drawn
from a multivariate Gaussian distribution with a sparse inverse covariance matrix,
whose zero entries indicate pairwise conditional independencies [107]. Recently,
this approach has been extended using models for non-Gaussian distributions, e.g.,
in [21, 275], as well as kernel-based conditional independence tests [371]. In
this work, we learn functional dependencies rather than causality or probabilistic
dependence. We emphasize that we also do not assume the data is randomized or
impose strong assumptions, such as additive noise models, in the data-generating
process.

We complete this paragraph by comparing the hypergraph discovery framework to
structure learning for Bayesian networks and structural equation models (SEM).
Let 𝑥 ∈ R𝑑 be a random variable with probability density function 𝑝 that follows
the autoregressive factorization 𝑝(𝑥) = ∏𝑑

𝑖=1 𝑝𝑖 (𝑥𝑖 |𝑥1, . . . , 𝑥𝑖−1) given a prescribed
variable ordering. Structure learning for Bayesian networks aims to find the ances-
tors of variable 𝑥𝑖, often referred to as the set of parents 𝑃𝑎(𝑖) ⊆ {1, . . . , 𝑖 − 1},
in the sense that 𝑝𝑖 (𝑥𝑖 |𝑥1, . . . , 𝑥𝑖−1) = 𝑝𝑖 (𝑥𝑖 |𝑥𝑃𝑎(𝑖)). Thus, the variable depen-
dence of the conditional density 𝑝𝑖 is identified by finding the parent set so
that 𝑥𝑖 is conditionally independent of all remaining preceding variables given
its parents, i.e., 𝑥𝑖 ⊥ 𝑥1:𝑖−1\𝑃𝑎(𝑖) |𝑥𝑃𝑎(𝑖) . Finding ancestors that satisfy this condi-
tion requires performing conditional independence tests, which are computation-
ally expensive for general distributions [304]. Alternatively, SEMs assume that
each variable 𝑥𝑖 is drawn as a function of its ancestors with additive noise, i.e,
𝑥𝑖 = 𝑓 (𝑥𝑃𝑎(𝑖)) + 𝜖𝑖 for some function 𝑓 and noise 𝜖 [259]. For Gaussian noise
𝜖𝑖 ∼ N(0, 𝜎2), each marginal conditional distribution in a Bayesian network is



263

given by 𝑝𝑖 (𝑥𝑖 |𝑥1:𝑖−1) ∝ exp(− 1
2𝜎2 ∥𝑥𝑖 − 𝑓 (𝑥1:𝑖−1)∥2). Thus, finding the parents for

such a model by maximum likelihood estimation corresponds to finding the parents
that minimize the expected mean-squared error ∥𝑥𝑖 − 𝑓 (𝑥𝑃𝑎(𝑖))∥2. Our approach
minimizes a related objective, without imposing the strong probabilistic assump-
tions that are required in SEMs and Bayesian Networks. We also observe that while
the graph structure identified in Bayesian networks is influenced by the specific
sequence in which variables are arranged (a concept exploited in numerical lin-
ear algebra [292, 293] where Schur complementation is equivalent to conditioning
GPs and a carefully ordering leads to the accuracy of the Vecchia approximation
𝑝𝑖 (𝑥𝑖 |𝑥1, . . . , 𝑥𝑖−1) ≈ 𝑝𝑖 (𝑥𝑖 |𝑥𝑖−𝑘 , . . . , 𝑥𝑖−1) [339]), the graph recovered by our ap-
proach remains unaffected by any predetermined ordering of those variables.

Figure D.6: (a) CHD formulation as a manifold discovery problem and hypergraph
representation (b) The hypergraph representation of an affine manifold is equivalent
to its Row Echelon Form Reduction.

D.4.4 Well-posed formulation of the problem.
In this paper, we focus on a formulation of the problem that remains well-posed even
when the data is not randomized, i.e., we formulate the problem as the following
manifold learning/discovery problem.

Problem 1. Let H be a Reproducing Kernel Hilbert Space (RKHS) of functions
mapping R𝑑 to R. Let F be a closed linear subspace ofH and letM be a subset of
R𝑑 such that 𝑥 ∈ M if and only if 𝑓 (𝑥) = 0 for all 𝑓 ∈ F . Given the (possibly noisy
and nonrandom) observation of 𝑁 elements, 𝑋1, . . . , 𝑋𝑁 , ofM approximateM.

To understand why problem 1 serves as the appropriate formulation for hypergraph
discovery, consider a manifold M ⊂ R𝑑 . Suppose this manifold can be repre-
sented by a set of equations, expressed as a collection of functions ( 𝑓𝑘 )𝑘 satisfying
∀𝑥 ∈ M, 𝑓𝑘 (𝑥) = 0. To keep the problem tractable, we assume a certain level of
regularity for these functions, necessitating they belong to a RKHS H , ensuring
the applicability of kernel methods for our framework. Given that any linear com-
bination of the 𝑓𝑘 will also be evaluated to zero onM, the relevant functions are
those within the span of the 𝑓𝑘 , forming a closed linear subspace of H denoted as
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F . The manifold M can be subsequently represented by a graph or hypergraph
(see Fig. D.6.(a)), whose ambiguity can be resolved through a deliberate decision
to classify some variables as free and others as dependent. This selection could be
arbitrary, informed by expert knowledge, or derived from probabilistic models or
sensitivity analysis.

D.5 A Gaussian Process method for Type 3 problems
D.5.1 Affine case and Row Echelon Form Reduction.
To describe the proposed solution to Problem 1, we start with a simple example. In
this exampleH is a space of affine functions 𝑓 of the form

𝑓 (𝑥) = 𝑣𝑇𝜓(𝑥) with 𝜓(𝑥) :=

(
1
𝑥

)
and 𝑣 ∈ R𝑑+1 , . (D.7)

As a particular instantiation (see Fig. D.6.(b)), we assumeM to be the manifold of
R3 (𝑑 = 3) defined by the affine equations

M =

{
𝑥 ∈ R3

����� 
𝑥1 + 𝑥2 + 3𝑥3 − 2 = 0

𝑥1 − 𝑥2 + 𝑥3 = 0

}
, (D.8)

which is equivalent to selecting F = Span{ 𝑓1, 𝑓2} with 𝑓1(𝑥) = 𝑥1 + 𝑥2 + 3𝑥3 − 2
and 𝑓2(𝑥) = 𝑥1 − 𝑥2 + 𝑥3 in the problem formulation 1.

Then, irrespective of how we recover the manifold from data, the hypergraph rep-
resentation of that manifold is equivalent to the row echelon form reduction of the
affine system, and this representation and this reduction require a possibly arbitrary
choice of free and dependent variables. So, for instance, for the system (D.8), if we
declare 𝑥3 to be the free variables and 𝑥1 and 𝑥2 to be the dependent variables, then
we can represent the manifold via the equations

M =

{
𝑥 ∈ R3

����� 
𝑥1 = 1 − 2𝑥3

𝑥2 = 1 − 𝑥3

}
, (D.9)

which have the hypergraph representation depicted in Fig. D.6.(b).

Now, in the 𝑁 > 𝑑 regime where the number of data points is larger than the number
of variables, the manifold can simply be approximated via a variant of PCA. Take
𝑓 ∗ ∈ F , we have 𝑓 ∗(𝑥) = 𝑣∗𝑇𝜓(𝑥) for a certain 𝑣∗ ∈ R𝑑+1. Then for 𝑋𝑠 ∈ M,
𝑓 ∗(𝑋𝑠) = 𝜓(𝑋𝑠)𝑇𝑣∗ = 0. Defining

𝐶𝑁 :=
𝑁∑︁
𝑠=1

𝜓(𝑋𝑠)𝜓(𝑋𝑠)𝑇 (D.10)
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we see that 𝑓 ∗(𝑋𝑠) = 0 for all 𝑋𝑠 is equivalent to 𝐶𝑁𝑣∗ = 0. Since 𝑁 > 𝑑, we can
thus identify F exactly as {𝑣𝑇𝜓 for 𝑣 ∈ 𝐾𝑒𝑟 (𝐶𝑁 )}. We then obtain the manifold

M𝑁 =
{
𝑥 ∈ R𝑑 | 𝑣𝑇𝜓(𝑥) = 0 for 𝑣 ∈ Span(𝑣𝑟+1, . . . , 𝑣𝑑+1)

}
(D.11)

where Span(𝑣𝑟+1, . . . , 𝑣𝑑+1) is the zero-eigenspace of 𝐶𝑁 . Here we write 𝜆1 ≥
· · · ≥ 𝜆𝑟 > 0 = 𝜆𝑟+1 = · · · = 𝜆𝑑+1 for the eigenvalues of 𝐶𝑁 (in decreasing order),
and 𝑣1, . . . , 𝑣𝑑+1 for the corresponding eigenvectors (𝐶𝑁𝑣𝑖 = 𝜆𝑖𝑣𝑖). The proposed
approach extends to the noisy case (when the data points are perturbations of
elements of the manifold) by simply replacing the zero-eigenspace of the covariance
matrix by the linear span of the eigenvectors associated with eigenvalues that are
smaller than some threshold 𝜖 > 0, i.e., by approximatingM with (D.11) where 𝑟
is such that 𝜆1 ≥ · · · ≥ 𝜆𝑟 ≥ 𝜖 > 𝜆𝑟+1 ≥ · · · ≥ 𝜆𝑑+1. In this affine setting (D.11)
allows us to estimateM directly without RKHS norm minimization/regularization
because linear regression does not require regularization in the sufficiently large
data regime. Furthermore the process of pruning ancestors can be replaced by that
of identifying sparse elements 𝑣 ∈ Span(𝑣𝑟+1, . . . , 𝑣𝑑+1) such that 𝑣𝑖 = 1.

Figure D.7: Feature map generalization

D.5.2 Feature map generalization.
This simple approach can be generalized by generalizing the underlying feature map
𝜓 used to define the space of functions (writing 𝑑S for the dimension of the range
of 𝜓)

H =
{
𝑓 (𝑥) = 𝑣𝑇𝜓(𝑥) | 𝑣 ∈ R𝑑S} . (D.12)

For instance, if we use the feature map

𝜓(𝑥) :=
(
1, . . . , 𝑥𝑖, . . . , 𝑥𝑖𝑥 𝑗 , . . .

)𝑇 (D.13)

thenH becomes a space of quadratic polynomials on R𝑑 , i.e.,

H =
{
𝑓 (𝑥) = 𝑣0 +

∑︁
𝑖

𝑣𝑖𝑥𝑖 +
∑︁
𝑖≤ 𝑗

𝑣𝑖, 𝑗𝑥𝑖𝑥 𝑗 | 𝑣 ∈ R𝑑S
}
, (D.14)
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and, in the large data regime (𝑁 > 𝑑S), identifying quadratic dependencies between
variables becomes equivalent to (1) adding nodes to the hypergraph corresponding to
secondary variables obtained from primary variables 𝑥𝑖 through known functions (for
(D.13), these secondary variables are the quadratic monomials 𝑥𝑖𝑥 𝑗 , see Fig. D.7.(a)),
and (2) identifying affine dependencies between the variables of the augmented
hypergraph. The problem can, therefore, be reduced to the previous affine case.
Indeed, as in the affine case, the manifold can then be approximated in the regime
where the number of data points is larger than the dimension 𝑑S of the feature map
by (D.11), where 𝑣𝑟 , . . . , 𝑣𝑁 are the eigenvectors of 𝐶𝑁 =(D.10) whose eigenvalues
are zero (noiseless case) or smaller than some threshold 𝜖 > 0 (noisy case).

Furthermore, the hypergraph representation of the manifold is equivalent to a fea-
ture map generalization of Row Echelon Form Reduction to nonlinear systems of
equations. For instance, choosing 𝑥3 as the dependent variable and 𝑥1, 𝑥2 as the
free variables,M = {𝑥 ∈ R3 | 𝑥3 − 5𝑥2

1 + 𝑥2
2 − 𝑥1𝑥2 = 0} can be represented as in

Fig. D.7.(b) where the round node represents the concatenated variable (𝑥1, 𝑥2) and
the red arrow represents a quadratic function. The generalization also enables the
representation of implicit equations by selecting secondary variables as free vari-
ables. For instance, selecting 𝑥2

3 as the free variable and 𝑥1, 𝑥2 as the free variables,
M = {𝑥 ∈ R3 | 𝑥2

1 + 𝑥2
2 + 𝑥2

3 − 1 = 0} can be represented as in Fig. D.7.(c).

D.5.3 Kernel generalization and regularization.
This feature-map extension of the previously discussed affine case can evidently be
generalized to arbitrary degree polynomials and to other basis functions. However,
as the dimension 𝑑S of the range of the feature map 𝜓 increases beyond the number
𝑁 of data points, the problem becomes underdetermined: the data only provides
partial information about the manifold, i.e., it is not sufficient to uniquely determine
the manifold. Furthermore, if the dimension of the feature map is infinite, then we
are always in that low data regime, and we have the additional difficulty that we
cannot directly compute with that feature map. On the other hand, if 𝑑S is finite
(i.e., if the dictionary of basis functions is finite), then some elements of F (some
constraints defining the manifoldM) may not be representable or well approximated
as equations of the form 𝑣𝑇𝜓(𝑥) = 0. To address these conflicting requirements, we
need to kernelize and regularize the proposed approach (as done in interpolation).
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D.5.3.1 The kernel associated with the feature map.

To describe this kernelization, we assume that the feature map 𝜓 maps R𝑑 to some
Hilbert space S that could be infinite-dimensional, and we write 𝐾 for the kernel
defined by that feature map. To be precise, we now consider the setting where the
feature map 𝜓 is a function from R𝑑 to a (possibly infinite-dimensional separable)
Hilbert (feature) space S endowed with the inner product

〈·, ·〉S . To simplify
notations, we will still write 𝑣𝑇𝑤 for

〈
𝑣, 𝑤

〉
S and 𝑣𝑤𝑇 for the linear operator

mapping 𝑣′ to 𝑣
〈
𝑤, 𝑣′

〉
S . Let

H := {𝑣𝑇𝜓(𝑥) | 𝑣 ∈ S} (D.15)

be the space of functions mapping R𝑑 to R defined by the feature map 𝜓. To avoid
ambiguity, assume (without loss of generality) that the identity 𝑣𝑇𝜓(𝑥) = 𝑤𝑇𝜓(𝑥)
holds for all 𝑥 ∈ R𝑑 if and only if 𝑣 = 𝑤. It follows that for 𝑓 ∈ H there exists a
unique 𝑣 ∈ S such that 𝑓 = 𝑣𝑇𝜓. For 𝑓 , 𝑔 ∈ H with 𝑓 = 𝑣𝑇𝜓 and 𝑔 = 𝑤𝑇𝜓, we can
then define 〈

𝑓 , 𝑔
〉
H := 𝑣𝑇𝑤 . (D.16)

Observe that H is a Hilbert space endowed with the inner product
〈·, ·〉H . For

𝑥, 𝑥′ ∈ X, write
𝐾 (𝑥, 𝑥′) := 𝜓(𝑥)𝑇𝜓(𝑥′) , (D.17)

for the kernel defined by 𝜓 and observe that (H , 〈·, ·〉H ) is the RKHS defined by
the kernel 𝐾 (which is assumed to contain F in Problem 1). Observe in particular
that for 𝑓 = 𝑣𝑇𝜓 ∈ H , 𝐾 satisfies the reproducing property〈

𝑓 , 𝐾 (𝑥, ·)〉H = 𝑣𝑇𝜓(𝑥) = 𝑓 (𝑥) . (D.18)

D.5.3.2 Complexity Reduction with Kernel PCA Variant.

We will now show that the previous feature-map PCA variant (characterizing the
subspace of 𝑓 ∈ H such that 𝑓 (𝑋) = 0) can be kernelized as a variant of kernel PCA
[216]. To describe this write 𝐾 (𝑋, 𝑋) for the 𝑁 × 𝑁 matrix with entries 𝐾 (𝑋𝑖, 𝑋 𝑗 ).
Write 𝜆1 ≥ 𝜆2 ≥ · · · ≥ 𝜆𝑟 > 0 for the nonzero eigenvalues of 𝐾 (𝑋, 𝑋) indexed in
decreasing order and write 𝛼·,𝑖 for the corresponding unit-normalized eigenvectors,
i.e.

𝐾 (𝑋, 𝑋)𝛼·,𝑖 = 𝜆𝑖𝛼·,𝑖 and |𝛼·,𝑖 | = 1 . (D.19)

Write 𝑓 (𝑋) for the 𝑁 vector with entries 𝑓 (𝑋𝑠). For 𝑖 ≤ 𝑟, write

𝜙𝑖 :=
𝑁∑︁
𝑠=1

δ𝑋𝑠𝛼𝑠,𝑖 (D.20)
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and

𝑓 (𝜙𝑖) :=
𝑁∑︁
𝑠=1

𝑓 (𝑋𝑠)𝛼𝑠,𝑖 . (D.21)

Write 𝑓 (𝜙) for the 𝑟 vector with entries 𝑓 (𝜙𝑖).

Then, we have the following proposition.

Proposition D.5.1. The subspace of functions 𝑓 ∈ H such that 𝑓 (𝜙) = 0 is equal
to the subspace of 𝑓 ∈ H such that 𝑓 (𝑋) = 0. Furthermore for 𝑓 ∈ H with feature
map representation 𝑓 = 𝑣𝑇𝜓 with 𝑣 ∈ S we have the identity (where 𝐶𝑁 =(D.10))

𝑣𝑇𝐶𝑁𝑣 = | 𝑓 (𝜙) |2 = | 𝑓 (𝑋) |2 . (D.22)

Proof. Write 𝜆̂1 ≥ 𝜆̂2 ≥ · · · ≥ 𝜆̂𝑟 > 0 for the nonzero eigenvalues of 𝐶𝑁 =(D.10)
indexed in decreasing order. Write 𝑣1, . . . , 𝑣𝑟 for the corresponding eigenvectors,
i.e.,

𝐶𝑁𝑣𝑖 = 𝜆̂𝑖𝑣𝑖 . (D.23)

Observing that

𝐶𝑁 =
𝑟∑︁
𝑖=1

𝜆̂𝑖𝑣𝑖𝑣
𝑇
𝑖 (D.24)

we deduce that the zero-eigenspace of 𝐶𝑁 is the set of vectors 𝑣 ∈ S such that
𝑣𝑇𝑣𝑖 = 0 for 𝑖 = 1, . . . , 𝑟 . Write 𝑓𝑖 := 𝑣𝑇𝑖 𝜓. Observe that for 𝑓 = 𝑣𝑇𝜓, we have
𝑣𝑇𝑖 𝑣 =

〈
𝑓𝑖, 𝑓

〉
𝐾

. Multiplying (D.23) by 𝜓𝑇 (𝑥) implies

𝑁∑︁
𝑠=1

𝐾 (𝑥, 𝑋𝑠) 𝑓𝑖 (𝑋𝑠) = 𝜆̂𝑖 𝑓𝑖 (𝑥) (D.25)

(D.25) implies that for 𝑓 = 𝑣𝑇𝜓

𝑣𝑇𝑖 𝑣 =
𝑁∑︁
𝑠=1

𝜆̂−1
𝑖 𝑓𝑖 (𝑋𝑠)

〈
𝐾 (·, 𝑋𝑠), 𝑓

〉
𝐾
=

𝑁∑︁
𝑠=1

𝜆̂−1
𝑖 𝑓𝑖 (𝑋𝑠) 𝑓 (𝑋𝑠) (D.26)

where we have used the reproducing property (D.18) of 𝐾 in the last identity. Write

𝛼̂𝑠,𝑖 := 𝜆−1/2
𝑖 𝑓𝑖 (𝑋𝑠) . (D.27)

Using (D.25) with 𝑥 = 𝑋𝑠′ implies that 𝛼̂·,𝑖 is an eigenvector of the 𝑁 × 𝑁 matrix
𝐾 (𝑋, 𝑋) with eigenvalue 𝜆̂𝑖. Taking 𝑓 = 𝑓𝑖 in (D.26) implies that 1 = 𝑣𝑇𝑖 𝑣𝑖 = |𝛼̂·,𝑖 |2.
Therefore, the 𝛼̂·,𝑖 are unit-normalized. Summarizing, this analysis (closely related
to the one found in kernel PCA [216]) shows that the nonzero eigenvalues of𝐾 (𝑋, 𝑋)
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coincide with those of 𝐶𝑁 and we have 𝑟 = 𝑟, 𝜆𝑖 = 𝜆𝑖 and 𝛼̂·,𝑖 = 𝛼·,𝑖. Furthermore,
(D.26) and (D.27) imply that for 𝑖 ≤ 𝑟, 𝑣 ∈ S and 𝑓 = 𝑣𝑇𝜓, we have

𝑣𝑇𝑖 𝑣 = 𝜆
−1/2
𝑖 𝑓 (𝑋)𝛼·,𝑖 . (D.28)

The identity (D.28) then implies (D.22). □

Remark D.5.2. As in PCA the dimension/complexity of the problem can be further
reduced by truncating 𝜙 to 𝜙′ = (𝜙1, . . . , 𝜙𝑟 ′) where 𝑟′ ≤ 𝑟 is identified as the
smallest index 𝑖 such that 𝜆𝑖/𝜆1 < 𝜖 where 𝜖 > 0 is some small threshold.

D.5.3.3 Kernel Mode Decomposition.

When the feature map 𝜓 is infinite-dimensional, the data only provides partial
information about the constraints defining the manifold in the sense that 𝑓 (𝑋) = 0
or equivalently 𝑓 (𝜙) = 0 is a necessary but not sufficient condition for the zero level
set of 𝑓 to be a valid constraint for the manifold (for 𝑓 to be such that 𝑓 (𝑥) = 0 for
all 𝑥 ∈ M). So we are faced with the following problems: (1) How to regularize?
(2) How do we identify free and dependent variables? (3) How do we identify
valid constraints for the manifold? The proposed solution will be based on the
Kernel Mode Decomposition (KMD) framework introduced in [243] (which shares
conceptual foundations with Smoothing Spline ANOVA [345]).

Reminder on KMD We will now present a quick reminder on KMD in the setting
of the following mode decomposition problem. So, in this problem, we have an
unknown function 𝑓 † mapping some input space X to the real line R. We assume
that this function can be written as a sum of 𝑚 other unknown functions 𝑓 †𝑖 which
we will call modes, i.e.,

𝑓 † =
𝑚∑︁
𝑖=1

𝑓 †𝑖 . (D.29)

We assume each mode 𝑓 †𝑖 to be an unknown element of some RKHSH𝐾𝑖 defined by
some kernel 𝐾𝑖. Then we consider the problem in which given the data 𝑓 †(𝑋) = 𝑌
(with (𝑋,𝑌 ) ∈ X𝑁 ×R𝑁 ) we seek to approximate the𝑚 modes composing the target
function 𝑓 †. Then, we have the following theorem.

Theorem D.5.3. [243] Using the relative error in the product norm
∥( 𝑓1, . . . , 𝑓𝑚)∥2 :=

∑𝑚
𝑖=1 ∥ 𝑓𝑖∥2𝐾𝑖 as a loss, the minimax optimal recovery of

( 𝑓 †1 , . . . , 𝑓 †𝑚) is ( 𝑓1, . . . , 𝑓𝑚) with

𝑓𝑖 (𝑥) = 𝐾𝑖 (𝑥, 𝑋)𝐾 (𝑋, 𝑋)−1𝑌 , , (D.30)
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where 𝐾 is the additive kernel

𝐾 =
𝑚∑︁
𝑖=1

𝐾𝑖 . (D.31)

The GP interpretation of this optimal recovery result is as follows. Let 𝜉𝑖 ∼ N(0, 𝐾𝑖)
be 𝑚 independent centered GPs with kernels 𝐾𝑖. Write 𝜉 for the additive GP
𝜉 :=

∑𝑚
𝑖=1 𝜉𝑖. (D.30) can be recovered by replacing the modes 𝑓 †𝑖 by independent

centered GPs 𝜉𝑖 ∼ N(0, 𝐾𝑖) with kernels 𝐾𝑖 and approximating the mode 𝑖 by
conditioning 𝜉𝑖 on the available data 𝜉 (𝑋) = 𝑌 where 𝜉 :=

∑𝑚
𝑖=1 𝜉𝑖 is the additive GP

obtained by summing the independent GPs 𝜉𝑖, i.e.,

𝑓𝑖 (𝑥) = E
[
𝜉𝑖 (𝑥) | 𝜉 (𝑋) = 𝑌

]
. (D.32)

Furthermore ( 𝑓1, . . . , 𝑓𝑚) can also be identified as the minimizer of
Minimize

∑𝑚
𝑖=1 ∥ 𝑓𝑖∥2𝐾𝑖

over ( 𝑓1, . . . , 𝑓𝑚) ∈ H𝐾1 × · · · × H𝐾𝑚
s. t. (∑𝑚

𝑖=1 𝑓𝑖) (𝑋) = 𝑌 .
(D.33)

The variational formulation (D.33) can be interpreted as a generalization of Tikhonov
regularization which can be recovered by selecting 𝑚 = 2, 𝐾1 to be a smoothing
kernel (such as a Matérn kernel) and 𝐾2(𝑥, 𝑦) = 𝜎2δ(𝑥 − 𝑦) to be a white noise
kernel.

Now, this abstract KMD approach [243] is associated with a quantification of how
much each mode contributes to the overall data or how much each individual GP
𝜉𝑖 explains the data. More precisely, the activation of the mode 𝑖 or GP 𝜉𝑖 can be
quantified as

𝑝(𝑖) =
∥ 𝑓𝑖∥2𝐾𝑖
∥ 𝑓 ∥2𝐾

, (D.34)

where 𝑓 =
∑𝑚
𝑖=1 𝑓𝑖. These activations 𝑝(𝑖) satisfy 𝑝(𝑖) ∈ [0, 1] and

∑𝑚
𝑖=1 𝑝(𝑖) = 1

they can be thought of as a generalization of Sobol sensitivity indices [235, 313, 314]
to the nonlinear setting in the sense that they are associated with the following
variance representation/decomposition [243] (writing

〈·, ·〉
𝐾

for the RKHS inner
product induced by 𝐾):

Var
[〈
𝜉, 𝑓

〉
𝐾

]
= ∥ 𝑓 ∥2𝐾 =

𝑚∑︁
𝑖=1
∥ 𝑓𝑖∥2𝐾𝑖 =

𝑚∑︁
𝑖=1

Var
[〈
𝜉𝑖, 𝑓

〉
𝐾

]
(D.35)
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Application to CHD, general case. Now, let us return to our original manifold
approximation problem 1 in the kernelized setting of (D.17). Given the data 𝑋
we cannot regress an element 𝑓 ∈ F directly since the minimizer of ∥ 𝑓 ∥2𝐾 +
𝛾−1∥ 𝑓 (𝑋)∥2

R𝑁
is the null function. To identify the functions 𝑓 ∈ F , we need to

decompose them into modes that can be interpreted as a generalization of the notion
of free and dependent variables. To describe this, assume that the kernel 𝐾 can be
decomposed as the additive kernel

𝐾 = 𝐾𝑎 + 𝐾𝑠 + 𝐾𝑧 . (D.36)

Then H𝐾 = H𝐾𝑎 + H𝐾𝑠 + H𝐾𝑧 implies that for all function 𝑓 ∈ H𝐾 , 𝑓 can be
decomposed as 𝑓 = 𝑓𝑎 + 𝑓𝑠 + 𝑓𝑧 with ( 𝑓𝑎, 𝑓𝑠, 𝑓𝑧) ∈ H𝑎 ×H𝑠 ×H𝑧.

Example D.5.4. As a running example, take 𝐾 to be the following additive kernel

𝐾 (𝑥, 𝑥′) = 1 + 𝛽1
∑︁
𝑖

𝑥𝑖𝑥
′
𝑖 + 𝛽2

∑︁
𝑖≤ 𝑗

𝑥𝑖𝑥 𝑗𝑥
′
𝑖𝑥
′
𝑗 + 𝛽3

∏
𝑖

(1 + 𝑘 (𝑥𝑖, 𝑥′𝑖)) , (D.37)

that is the sum of a linear kernel, a quadratic kernel, and a fully nonlinear kernel.
Take 𝐾𝑎 to be the part of the linear kernel that depends only on 𝑥1, i.e.,

𝐾𝑎 (𝑥, 𝑥′) = 𝛽1𝑥1𝑥
′
1 . (D.38)

Take 𝐾𝑠 to be the part of the kernel that does not depend on 𝑥1, i.e.,

𝐾𝑠 = 1 + 𝛽1
∑︁
𝑖≠1

𝑥𝑖𝑥
′
𝑖 + 𝛽2

∑︁
𝑖≤ 𝑗 ,𝑖, 𝑗≠1

𝑥𝑖𝑥 𝑗𝑥
′
𝑖𝑥
′
𝑗 + 𝛽3

∏
𝑖≠1
(1 + 𝑘 (𝑥𝑖, 𝑥′𝑖)) . (D.39)

And take 𝐾𝑧 to be the remaining portion,

𝐾𝑧 = 𝐾 − 𝐾𝑎 − 𝐾𝑠 . (D.40)

Therefore the following questions are equivalent:

• Given a function 𝑔𝑎 in the RKHS H𝐾𝑎 defined by the kernel 𝐾𝑎 is there a
function 𝑓𝑠 in the RKHSH𝐾𝑠 defined by the kernel 𝐾𝑠 such that 𝑔𝑎 (𝑥) ≈ 𝑓𝑠 (𝑥)
for 𝑥 ∈ M?

• Given a function 𝑔𝑎 ∈ H𝐾𝑎 is there a function 𝑓 in the RKHSH𝐾 defined by
the kernel 𝐾 such that 𝑓 (𝑥) ≈ 0 for 𝑥 ∈ M and such that its 𝑓𝑎 mode is −𝑔𝑎
and its 𝑓𝑧 mode is zero?
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Then, the natural answer to the questions is to identify the modes of the constraint
𝑓 = 𝑓𝑎 + 𝑓𝑠 + 𝑓𝑧 ∈ H (such that 𝑓 (𝑥) ≈ 0 for 𝑥 ∈ M ) such that 𝑓𝑎 = −𝑔𝑎 and 𝑓𝑧 = 0
by selecting 𝑓𝑠 to be the minimizer of the following variational problem

min
𝑓𝑠∈H𝑠

∥ 𝑓𝑠∥2𝐾𝑠 +
1
𝛾

��(−𝑔𝑎 + 𝑓𝑠) (𝜙)��2 . (D.41)

This is equivalent to introducing the additive GP 𝜉 = 𝜉𝑎 + 𝜉𝑠 + 𝜉𝑧 + 𝜉𝑛 whose
modes are the independent GPs 𝜉𝑎 ∼ N(0, 𝐾𝑎), 𝜉𝑠 ∼ N(0, 𝐾𝑠), 𝜉𝑧 ∼ N(0, 𝐾𝑧),
𝜉𝑛 ∼ N(0, 𝛾δ(𝑥 − 𝑦)) (we use the label “n” in reference to “noise”), and then
recovering 𝑓𝑠 as

𝑓𝑠 = E
[
𝜉𝑠 | 𝜉 (𝑋) = 0, 𝜉𝑎 = −𝑔𝑎, 𝜉𝑧 = 0

]
. (D.42)

Application to CHD, particular case. Taking 𝑔𝑎 (𝑥) = 𝑥1 for our running example
D.5.4, the previous questions are, as illustrated in Fig. 5.2(b), equivalent to asking
whether there exists a function 𝑓𝑠 ∈ H𝐾𝑠 that does not depend on 𝑥1 (since 𝐾𝑠 does
not depend on 𝑥1) such that

𝑥1 ≈ 𝑓𝑠 (𝑥2, . . . , 𝑥𝑑) for 𝑥 ∈ M . (D.43)

Therefore, the mode 𝑓𝑎 can be thought of as a dependent mode (we use the label
“a” in reference to “ancestors”), the mode 𝑓𝑠 as a free mode (we use the label “s” in
reference to “signal”), the mode 𝑓𝑧 as a zero mode.

While our numerical illustrations have primarily focused on the scenario where
𝑔𝑎 takes the form of 𝑔𝑎 (𝑥) = 𝑥𝑖, and we aim to express 𝑥𝑖 as a function of other
variables, the generality of our framework is motivated by its potential to recover
implicit equations. For example, consider the implicit equation 𝑥2

1 + 𝑥2
2 = 1, which

can be retrieved by setting the mode of interest to be 𝑔𝑎 (𝑥) = 𝑥2
1 and allowing 𝑓𝑠 to

depend only on the variable 𝑥2.

D.5.3.4 Signal-to-noise ratio.

Now, we are led to the following question: since the mode 𝑓𝑠 (the minimizer of
(D.41)) always exists and is always unique, how do we know that it leads to a valid
constraint? To answer that question, we compute the activation of the GPs used to
regress the data. We write

V(𝑠) := ∥ 𝑓𝑠∥2𝐾𝑠 , (D.44)

for the activation of the signal GP 𝜉𝑠 and

V(𝑛) :=
1
𝛾

��(−𝑔𝑎 + 𝑓𝑠) (𝑋)��2 (D.45)
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for the activation of the noise GP 𝜉𝑛, and then these allow us to define a signal-to-
noise ratio defined as V(𝑠)

V(𝑠) + V(𝑛) . (D.46)

Note that this corresponds to activation ratio of the noise GP defined in (D.34).
This ratio can then be used to test the validity of the constraint in the sense that if
𝑉 (𝑠)/(𝑉 (𝑠) + 𝑉 (𝑛)) > 𝜏 (with 𝜏 = 0.5 as a prototypical example), then the data is
mostly explained by the signal GP and the constraint is valid. If𝑉 (𝑠)/(𝑉 (𝑠)+𝑉 (𝑛)) <
𝜏, then the data is mostly explained by the noise GP and the constraint is not valid.

D.5.3.5 Iterating by removing the least active modes from the signal.

If the constraint is valid, then we can next compute the activation of the modes
composing the signal. To describe this, we assume that the kernel 𝐾𝑠 can be
decomposed as the additive kernel

𝐾𝑠 = 𝐾𝑠,1 + · · · + 𝐾𝑠,𝑚 , (D.47)

which results inH𝐾𝑠 = H𝐾𝑠,1 + · · · + H𝐾𝑠,𝑚 , which results in the fact that ∀ 𝑓𝑠 ∈ H𝑠,
𝑓𝑠 can be decomposed as

𝑓𝑠 = 𝑓𝑠,1 + · · · + 𝑓𝑠,𝑚 , (D.48)

with 𝑓𝑠,𝑖 ∈ H𝐾𝑠,𝑖 . The activation of the mode 𝑖 can then be quantified as 𝑝(𝑖) =
∥ 𝑓𝑠,𝑖∥2𝐾𝑠,𝑖/∥ 𝑓𝑠∥2𝐾𝑠 , which combined with ∥ 𝑓𝑠∥2𝐾𝑠 =

∑𝑚
𝑖=1 ∥ 𝑓𝑠,𝑖∥2𝐾𝑠,𝑖 leads to

∑𝑚
𝑖=1 𝑝(𝑖) =

1.

As our running example D.5.4, we can decompose 𝐾𝑠 =(D.39) as the sum of an
affine kernel, a quadratic kernel, and a fully nonlinear kernel, i.e., 𝑚 = 3, 𝐾𝑠,1 =

1 + 𝛽1
∑
𝑖≠1 𝑥𝑖𝑥

′
𝑖 , 𝐾𝑠,2 = 𝛽2

∑
𝑖≤ 𝑗 ,𝑖, 𝑗≠1 𝑥𝑖𝑥 𝑗𝑥

′
𝑖𝑥
′
𝑗 and 𝐾𝑠,3 = 𝛽3

∏
𝑖≠1(1 + 𝑘 (𝑥𝑖, 𝑥′𝑖)).

As another example for our running example, we can take 𝐾𝑠 to be the sum of the
portion of the kernel that does not depend on 𝑥1 and 𝑥2 and the remaining portion,
i.e.,𝑚 = 2, 𝐾𝑠,1 = 1+𝛽1

∑
𝑖≠1,2 𝑥𝑖𝑥

′
𝑖+𝛽2

∑
𝑖≤ 𝑗 ,𝑖, 𝑗≠1,2 𝑥𝑖𝑥 𝑗𝑥

′
𝑖𝑥
′
𝑗 +𝛽3

∏
𝑖≠1,2(1+𝑘 (𝑥𝑖, 𝑥′𝑖))

and 𝐾𝑠,2 = 𝐾𝑠 − 𝐾𝑠,1.

Then, we can order these sub-modes from most active to least active and create a new
kernel 𝐾𝑠 by removing the least active modes from the signal and adding them to the
mode that is set to be zero (see Fig. D.8). To describe this, let 𝜋(1), · · · , 𝜋(𝑚) be an
ordering of the modes by their activation, i.e., ∥ 𝑓𝑠,𝜋(1) ∥2𝐾𝑠, 𝜋 (1) ≥ ∥ 𝑓𝑠,𝜋(2) ∥2𝐾𝑠, 𝜋 (2) ≥ · · · .
Writing 𝐾𝑡 =

∑𝑚
𝑖=𝑟+1 𝐾𝑠,𝜋(𝑖) for the additive kernel obtained from the least active

modes (with 𝑟 + 1 = 𝑚 as the value used for our numerical implementations), we
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update the kernels 𝐾𝑠 and 𝐾𝑧 by assigning the least active modes from 𝐾𝑠 to 𝐾𝑧, i.e.,
𝐾𝑠 − 𝐾𝑡 → 𝐾𝑠 and 𝐾𝑧 + 𝐾𝑡 → 𝐾𝑧 (we zero the least active modes).

Figure D.8: Iterating by removing the least active modes from the signal

Finally, we can iterate the process. This iteration can be thought of as identifying
the structure of the hypergraph by placing too many hyperedges and removing them
according to the activation of the underlying GPs.

For our running example D.5.4, where we try to identify the ancestors of the variable
𝑥1, if the sub-mode associated with the variable 𝑥2 is found to be least active, then
we can try to remove 𝑥2 from the list of ancestors and try to identify 𝑥1 as a function
of 𝑥3 to 𝑥𝑑 . This is equivalent to selecting 𝐾𝑎 (𝑥, 𝑥′) = 𝛽1𝑥1𝑥

′
1,

𝐾𝑠/𝑡 = 1 + 𝛽1
∑︁
𝑖≠1,2

𝑥𝑖𝑥
′
𝑖 + 𝛽2

∑︁
𝑖≤ 𝑗 ,𝑖, 𝑗≠1,2

𝑥𝑖𝑥 𝑗𝑥
′
𝑖𝑥
′
𝑗 + 𝛽3

∏
𝑖≠1,2
(1 + 𝑘 (𝑥𝑖, 𝑥′𝑖)) , (D.49)

and 𝐾𝑧∪𝑡 = 𝐾 − 𝐾𝑎 − 𝐾𝑠/𝑡 to assess whether there exists a function 𝑓𝑠 ∈ H𝐾 that
does not depend on 𝑥1 and 𝑥2 s.t. 𝑥1 ≈ 𝑓𝑠 (𝑥3, . . . , 𝑥𝑑) for 𝑥 ∈ M.

D.5.3.6 Alternative determination of the list of ancestors.

Our initial approach to determining the list of ancestors of a given node is to use a
fixed threshold (e.g., 𝜏 = 0.5) to prune nodes. We propose a refined approach that
mimics the strategy employed in Principal Component Analysis (PCA) for deciding
which modes should be kept and which ones should be removed. The PCA approach
is to order the modes in decreasing order of eigenvalues/variance and (1) either keep
the smallest number modes holding/explaining a given fraction (e.g., 90%) of the
variance in the data, (2) or use an inflection point/sharp drop in the decay of the
eigenvalues to select which modes should be kept. Here, we propose a similar
strategy. First we employ an alternative determination of the least active mode: we
iteratively remove the mode that leads to the smallest increase in noise-to-signal
ratio, i.e., we remove the mode 𝑡 such that,

𝑡 = argmint
V(𝑛)

V(𝑠/𝑡) + V(𝑛) . (D.50)
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Figure D.9: Computing the ancestors of the variable ¤𝑥0 in the Fermi-Pasta-Ulam-
Tsingou problem. (a) Noise-to-Signal Ratio, denoted as V(𝑛)

V(𝑠)+V(𝑛) (𝑞), with respect
to the number of proposed ancestors, represented by 𝑞. Additionally, we include a
visualization of the quantiles derived from the 𝑍-test, as described in Section D.7.3.
Notably, when there is no signal present, the noise-to-signal ratio is expected to fall
within the shaded area with a probability of 0.9. (b) Increments in the Noise-to-
Signal Ratio, defined as V(𝑛)

V(𝑠)+V(𝑛) (𝑞)− V(𝑛)
V(𝑠)+V(𝑛) (𝑞−1), as a function of the number

of ancestors, denoted as 𝑞. The horizontal axis represents the number of proposed
ancestors for ¤𝑥0. Determining an appropriate stopping point based solely on absolute
noise-to-signal ratio levels can be challenging. In contrast, the increments in the
noise-to-signal ratio clearly exhibit a discernible maximum, offering a practical
point for decision-making.

For our running example D.5.4 in which we try to find the ancestors of the variable
𝑥1 this is equivalent to removing the variables or node 𝑡 whose removal leads to
the smallest loss in signal-to-noise ratio (or increase in noise-to-signal ratio) by
selecting

𝐾𝑠/𝑡 = 1 + 𝛽1
∑︁
𝑖≠1,𝑡

𝑥𝑖𝑥
′
𝑖 + 𝛽2

∑︁
𝑖≤ 𝑗 ,𝑖, 𝑗≠1,𝑡

𝑥𝑖𝑥 𝑗𝑥
′
𝑖𝑥
′
𝑗 + 𝛽3

∏
𝑖≠1,𝑡
(1 + 𝑘 (𝑥𝑖, 𝑥′𝑖)) .

Next, we iterate this process, and we plot (a) the noise-to-signal ratio, and (b) the
increase in noise-to-signal ratio as a function of the number of ancestors ordered
according to this iteration. Fig. D.9 illustrates this process and shows that the
removal of an essential node leads to a sharp spike in increase in the noise-to-signal
ratio (the noise-to-signal ratio jumps from approximately 50-60% to 99%). The
identification of this inflection point can be used as a method for effectively and
reliably pruning ancestors.
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Algorithm 7 CHD by thresholding the signal-to-noise ratio
Require: Data 𝐷, set of nodes 𝑉 , threshold 𝜏 (𝜏 = 0.5 as a default value)
Ensure: Learned hypergraph ⊲ Set of ancestors for each node

1: 𝐷 ← NormalizeData(𝐷) ⊲ Normalize the data
2: for 𝑣 ∈ 𝑉 do
3: for kernel ∈ [“linear”, “quadratic”, “nonlinear”] do ⊲ Find the kernel
4: SetOfAncestors(𝑣)← All other nodes
5: SignalToNoiseRatio← ComputeSignalToNoiseRatio(kernel, node, 𝐷)
6: if SignalToNoiseRatio > 𝜏 then choose that kernel and exit the for loop
7: else remove all ancestors from node
8: end if
9: end for

10: while SignalToNoiseRatio > 𝜏 do ⊲ Prune ancestors
11: Find least important ancestor
12: Recompute SignalToNoiseRatio without ancestor
13: if SignalToNoiseRatio > 𝜏 then Remove that ancestor
14: end if
15: end while
16: end for

D.6 Algorithm pseudocode.
Our overall method is summarized in the pseudocode Alg. 7 and Alg. 8 that we
will now describe. Alg. 7 takes the data 𝐷 (encoded into the samples 𝑋1, . . . , 𝑋𝑁

of Problem 1) and the set of nodes 𝑉 as an input and produces, as described in
Sec. D.5.3, for each node 𝑖 ∈ 𝑉 its set of minimal ancestors 𝐴𝑖 and the simplest
possible function 𝑓𝑖 such that 𝑥𝑖 ≈ 𝑓𝑖

((𝑥 𝑗 ) 𝑗∈𝐴𝑖 ) . It employs the default threshold of
0.5 on the signal-to-noise ratios for its operations. Line 1 normalizes the data (via
an affine transformation) so that the samples 𝑋𝑖 are of mean zero and variance 1.
Given a node with index 𝑖 = 1 in Line 2 (𝑖 runs through the set of nodes, and we
select 𝑖 = 1 for ease of presentation), the command in Line 3 refers to selecting a
signal kernel of the form 𝐾𝑠 =(D.39) (where 𝑘 is selected to be a vanilla RBF kernel
such as Gaussian or Matérn), with 1 ≥ 𝛽1 > 0 = 𝛽2 = 𝛽3 for the linear kernel,
1 ≥ 𝛽1 ≥ 𝛽2 > 0 = 𝛽3 for the quadratic kernel and 1 ≥ 𝛽1 ≥ 𝛽2 ≥ 𝛽3 > 0 for the
fully nonlinear (interpolative) kernel. The ComputeSignalToNoiseRatio function
in Line 5 computes the signal-to-noise ratio with 𝑔𝑎 (𝑥) = 𝑥1 and with the kernel
selected in Line 3. The value of 𝛾 is selected automatically by maximizing the
variance of the histogram of eigenvalues of 𝐷𝛾 as described in Sec. D.7.2 (with the
kernel 𝐾 = 𝐾𝑠 =(D.39) selected in Line 3 and 𝑌 = 𝑔𝑎 (𝑋) with 𝑔𝑎 (𝑥) = 𝑥1). The
value of 𝛾 is re-computed whenever a node is removed from the list of ancestors, and
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𝐾𝑠 is nonlinear. Lines 11, 12 and 13 are described in Sec. D.5.3.5. They correspond
to iteratively identifying the ancestor node 𝑡 contributing the least to the signal and
removing that node from the set of ancestors of the node 1 if the removal of that
node 𝑡 does not send the signal-to-noise ratio below the default threshold 0.5.

Algorithm 8 CHD by inflection point in the noise-to-signal ratio
Require: Data 𝐷, set of nodes 𝑉 , threshold 𝜏 (𝜏 = 0.5 as a default value)
Ensure: Learned hypergraph ⊲ Set of ancestors for each node

1: 𝐷 ← NormalizeData(𝐷) ⊲ Normalize the data
2: for node 𝑣 ∈ 𝑉 do
3: for kernel ∈ [“linear”, “quadratic”, “nonlinear”] do ⊲ Find the kernel
4: SetOfAncestors← All other nodes
5: SignalToNoiseRatio← ComputeSignalToNoiseRatio(kernel, node, 𝐷)
6: if SignalToNoiseRatio > 𝜏 then choose that kernel and exit the for loop
7: else remove all ancestors from node
8: end if
9: end for

10: q← Cardinal(All other nodes)
11: SetOfAncestors(𝑞) ← All other nodes
12: while q ≥ 1 do
13: NoiseToSignalRatio(𝑞) ← ComputeNoiseToSignalRatio(kernel, node,

𝐷)
14: LeastImportantAncestor ← Find least important ancestor in

SetOfAncestors(𝑞)
15: SetOfAncestors(𝑞−1) ← SetOfAncestors(𝑞) \LeastImportantAncestor
16: 𝑞← 𝑞 − 1
17: end while
18: 𝑞† ← Inflection point in (𝑞 → NoiseToSignalRatio(𝑞)) or spike in (𝑞 →

NoiseToSignalRatio(𝑞) - NoiseToSignalRatio(𝑞 − 1))
19: FinalSetOfAncestors(𝑣)← SetOfAncestors(𝑞†)
20: end for

Algorithm 8 distinguishes itself from Algorithm 7 in its approach to pruning an-
cestors based on signal-to-noise ratios. Instead of using a default threshold of 0.5
like Algorithm 7, Algorithm 8 computes the noise-to-signal ratio, represented as
V(𝑛)

V(𝑠)+V(𝑛) (𝑞). This ratio is calculated as a function of the number 𝑞 of ancestors,
which are ordered based on their decreasing contribution to the signal. The detailed
methodology behind this computation can be found in Section D.5.3.6 and is visu-
ally depicted in Figure D.9. The final number 𝑞 of ancestors is then determined by
finding the value that maximizes the difference between successive noise-to-signal
ratios, V(𝑛)

V(𝑠)+V(𝑛) (𝑞 + 1) − V(𝑛)
V(𝑠)+V(𝑛) (𝑞).



278

D.7 Analysis of the signal-to-noise ratio test.
D.7.1 The signal-to-noise ratio depends on the prior on the level of noise.
The signal-to-noise ratio (D.46) depends on the value of 𝛾, which is the variance
prior on the level of noise. The goal of this subsection is to answer the following
two questions: (1) How do we select 𝛾? (2) How do we obtain a confidence level
for the presence of a signal? Or equivalently for a hyperedge of the hypergraph?
To answer these questions, we will now analyze the signal-to-noise ratio in the
following regression problem in which we seek to approximate the unknown function
𝑓 † : X → R based on noisy observations

𝑓 †(𝑋) + 𝜎𝑍 = 𝑌 (D.51)

of its values at collocation points 𝑋𝑖 ((𝑋,𝑌 ) ∈ X𝑁 ×R𝑁 , 𝑍 ∈ R𝑁 , and the entries 𝑍𝑖
of 𝑍 are i.i.d N(0, 1)). Assuming 𝜎2 to be unknown and writing 𝛾 for a candidate
for its value, recall that the GP solution to this problem is approximate 𝑓 † by
interpolating the data with the sum of two independent GPs, i.e.,

𝑓 (𝑥) = E[𝜉 (𝑥) |𝜉 (𝑋) + √𝛾𝑍 = 𝑌 ] , (D.52)

where 𝜉 ∼ N(0, 𝐾) is the GP prior for the signal 𝑓 † and √𝛾𝑍 ∼ N(0, 𝛾𝐼𝑁 ) is the
GP prior for the noise 𝜎𝑍 in the measurements. Following Sec. D.5.3.3 𝑓 can also
be identified as a minimizer of

minimize 𝑓 ′ ∥ 𝑓 ′∥2𝐾 +
1
𝛾
∥ 𝑓 ′(𝑋) − 𝑌 ∥2R𝑁 , (D.53)

the activation of the signal GP can be quantified as 𝑠 = ∥ 𝑓 ∥2𝐾 , the activation of the
noise GP can be quantified as V(𝑛) = 1

𝛾 ∥ 𝑓 (𝑋) − 𝑌 ∥2R𝑁 . We can then define the
noise to signal ratio V(𝑛)

V(𝑠)+V(𝑛) , which admits the following representer formula,

V(𝑛)
V(𝑠) + V(𝑛) = 𝛾

𝑌𝑇
(
𝐾 (𝑋, 𝑋) + 𝛾𝐼 )−2

𝑌

𝑌𝑇
(
𝐾 (𝑋, 𝑋) + 𝛾𝐼 )−1

𝑌
. (D.54)

Observe that when applied to the setting of Sec. D.5.3.4, this signal-to-noise ratio
is calculated with 𝐾 = 𝐾𝑠 and 𝑌 = 𝑔𝑎 (𝑋).
Now we have the following proposition, which follows from (D.54).

Proposition D.7.1. It holds true that V(𝑛)
V(𝑠)+V(𝑛) ∈ [0, 1], and if 𝐾 (𝑋, 𝑋) has full

rank,
lim
𝛾↓0

V(𝑛)
V(𝑠) + V(𝑛) = 0 and lim

𝛾↑∞
V(𝑛)

V(𝑠) + V(𝑛) = 1 . (D.55)
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Therefore, we are led to the following question: if the signal 𝑓 † and the level of
noise 𝜎2 are both unknown, how do we select 𝛾 to decide whether the data is mostly
signal or noise?

D.7.2 How do we select the prior on the level of noise?
Our answer to this question depends on whether the feature-map associated with the
base kernel 𝐾 is finite-dimensional or not.

D.7.2.1 When the kernel is linear, quadratic or associated with a
finite-dimensional feature map.

If the feature-map associated with the base kernel 𝐾 is finite-dimensional, then 𝛾
can be estimated from the data itself when the number of data-points is sufficiently
large (at least larger than the dimension of the feature-space S). A prototypical
example (when trying to identify the ancestors of the variable 𝑥1) is 𝐾 = 𝐾𝑠=(D.39)
with 𝛽3 = 0. In the general setting assume that 𝐾 (𝑥, 𝑥′) := 𝜓(𝑥)𝑇𝜓(𝑥′) where the
range S of 𝜓 is finite-dimensional. Assume that 𝑓 † belongs to the RKHS defined
by 𝜓, i.e., assume that it is of the form 𝑓 † = 𝑣𝑇𝜓 for some 𝑣 in the feature-space.
Then (D.51) reduces to

𝑣𝑇𝜓(𝑋) + 𝜎𝑍 = 𝑌 , (D.56)

and, in the large data regime, 𝜎2 can be estimated by

𝜎̄2 :=
1
𝑁

inf
𝑤∈S



𝑤𝑇𝜓(𝑋) − 𝑌

2
R𝑁 . (D.57)

Our strategy, when the feature map is finite-dimensional, is then to select

𝛾 = 𝑁𝜎̄2 = inf
𝑤∈S



𝑤𝑇𝜓(𝑋) − 𝑌

2
R𝑁 . (D.58)

D.7.2.2 When the kernel is interpolatory (associated with an
infinite-dimensional feature map).

If the feature-map associated with the base kernel 𝐾 is infinite-dimensional (or has
more dimensions than we have data points) then it can interpolate the data exactly
and the previous strategy cannot be employed since the minimum of (D.57) is zero.
A prototypical example (when trying to identify the ancestors of the variable 𝑥1)
is 𝐾 = 𝐾𝑠=(D.39) with 𝛽3 > 0. In this situation, we do not attempt to estimate
the level of noise 𝜎 but select a prior 𝛾 such that the resulting noise-to-signal ratio
can effectively differentiate noise from signal. To describe this, observe that the
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noise-to-signal ratio (D.54) admits the representer formula

V(𝑛)
V(𝑠) + V(𝑛) =

𝑌𝑇𝐷2
𝛾𝑌

𝑌𝑇𝐷𝛾𝑌
, (D.59)

involving the 𝑁 × 𝑁 matrix

𝐷𝛾 := 𝛾
(
𝐾 (𝑋, 𝑋) + 𝛾𝐼 )−1

. (D.60)

Observe that 0 ≤ 𝐷𝛾 ≤ 𝐼, and

lim
𝛾↓0

𝐷𝛾 = 0 and lim
𝛾↑∞

𝐷𝛾 = 𝐼 . (D.61)

Write (𝜆𝑖, 𝑒𝑖) for the eigenpairs of 𝐾 (𝑋, 𝑋) (𝐾 (𝑋, 𝑋)𝑒𝑖 = 𝜆𝑖𝑒𝑖) where the 𝜆𝑖 are
ordered in decreasing order. Then the eigenpairs of 𝐷𝛾 are (𝜔𝑖, 𝑒𝑖) where

𝜔𝑖 :=
𝛾

𝛾 + 𝜆𝑖 . (D.62)

Note that the 𝜔𝑖 are contained in [0, 1] and also ordered in decreasing order.

Writing 𝑌𝑖 for the orthogonal projection of 𝑌 onto 𝑒𝑖, we have

V(𝑛)
V(𝑠) + V(𝑛) =

∑𝑛
𝑖=1 𝜔

2
𝑖𝑌

2
𝑖∑𝑛

𝑖=1 𝜔𝑖𝑌
2
𝑖

, (D.63)

It follows that if the histogram of the eigenvalues of 𝐷𝛾 is concentrated near 0 or near
1, then the noise-to-signal ratio is non-informative since the prior 𝛾 dominates it. To
avoid this phenomenon, we select 𝛾 so that the eigenvalues of 𝐷𝛾 are well spread out
in the sense that the histogram of its eigenvalues has maximum or near-maximum
variance (see Fig. D.1 for a good choice and a bad choice for 𝛾). If the eigenvalues
have an algebraic decay, then this is equivalent to taking 𝛾 to be the geometric mean
of those eigenvalues.
In practice, we use an off-the-shelf optimizer to obtain 𝛾 by maximizing the sample
variance of (𝜔𝑖)𝑛𝑖=1. If this optimization fails, we default to the median of the
eigenvalues. This ensures a balanced, well-spread spectrum for 𝐷𝛾, with half of the
eigenvalues 𝜆𝑖 being lower and half being higher than the median.

D.7.2.3 Rationale for the choices of 𝛾

The purpose of this section is to present a rationale for the proposed choices for 𝛾
in Sec. D.7.2.1 and D.7.2.2. For the choice Sec. D.7.2.1, we present an asymptotic
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analysis of the signal-to-noise ratio in the setting of a simple linear regression
problem. According to (D.58), 𝛾 must scale linearly in 𝑁; this scaling is necessary
to achieve a ratio that represents the signal-to-noise per sample. Without it (if
𝛾 remains bounded as a function of 𝑁), this scaling of the signal-to-noise would
converge towards 0 as 𝑁 →∞. To see how we will now consider a simple example
in which we seek to linearly regress the variable 𝑦 as a function of the variable 𝑥,
both taken to be scalar (in which case 𝜓(𝑥) = 𝑥). Assume that the samples are of
the form 𝑌𝑖 = 𝑎𝑋𝑖 + 𝜎𝑍𝑖 for 𝑖 = 1, . . . , 𝑁 , where 𝑎, 𝜎 ≠ 0, the 𝑍𝑖 are i.i.d. N(0, 1)
random variables, and the 𝑋𝑖 satisfy 1

𝑁

∑𝑁
𝑖=1 𝑋𝑖 = 0 and 1

𝑁

∑𝑁
𝑖=1 𝑋

2
𝑖 = 1. Then, the

signal-to-noise ratio is V(𝑠)
V(𝑠)+V(𝑛) with V(𝑠) = |𝑣 |2 and V(𝑛) = 1

𝛾

∑𝑁
𝑖=1 |𝑣𝑋𝑖 − 𝑌𝑖 |2

and 𝑣 is a minimizer of

min
𝑣∈R
|𝑣 |2 + 1

𝛾

𝑁∑︁
𝑖=1
|𝑣𝑋𝑖 − 𝑌𝑖 |2 . (D.64)

In asymptotic 𝑁 →∞ regime, we have 𝑣 ≈ 𝑎𝑁
𝛾+𝑁 and

V(𝑠)
V(𝑠) + V(𝑛) ≈

𝛾
𝑁 𝑎

2

−𝑎2(𝛾/𝑁 + 1) + (𝑎2 + 𝜎2) (𝛾/𝑁 + 1)2 . (D.65)

If 𝛾 is bounded independently from 𝑁 , then V(𝑠)
V(𝑠)+V(𝑛) converges towards zero as

𝑁 → ∞, which is undesirable as it does not represent a signal-to-noise ratio per
sample. If 𝛾 = 𝑁 , then V(𝑠)

V(𝑠)+V(𝑛) ≈ 𝑎2

4𝜎2+2𝑎2 , which does not converge to 1 as 𝑎 →∞
and 𝜎 → 0, which is also undesirable. If 𝛾 is taken as in (D.58), then 𝛾 ≈ 𝑁𝜎2 and

V(𝑠)
V(𝑠) + V(𝑛) ≈

𝑎2

(𝜎2 + 1) (𝑎2 + 𝜎2 + 1) , (D.66)

which converges towards 0 as 𝜎 → ∞ and towards 1/(1 + 𝜎2) as 𝑎 → ∞, which
has, therefore, the desired properties.

Moving to Sec. D.7.2.2, because the kernel can interpolate the data exactly we can
no longer use (D.57) to estimate the level of noise𝜎. For a finite-dimensional feature
map 𝜓, with data (𝑋,𝑌 ), we can decompose 𝑌 = 𝑣𝑇𝜓(𝑋) +𝜎𝑍 into a signal part 𝑌𝑠
and noise part𝑌𝑠, s.t. 𝑌 = 𝑌𝑠+𝑌𝑛. While𝑌𝑠 belongs to the linear span of eigenvectors
of 𝐾 (𝑋, 𝑋) associated with non-zero eigenvalues, 𝑌𝑛 also activates the eigenvectors
associated with the null space of𝐾 (𝑋, 𝑋) and the projection of𝑌 onto that null-space
is what allows us to derive 𝛾 in Sec. D.7.2.1. Since in the interpolatory case, all
eigenvalues are strictly positive, we need to choose which eigenvalues are associated
with noise differently, as is described in the previous section. With a fixed 𝛾, we
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see that if 𝜆𝑖 ≫ 𝛾, then 𝜔𝑖 ≈ 0, which contributes in (D.63) to yield a low noise-
to-signal ratio. Similarly, if 𝜆𝑖 ≪ 𝛾, this eigenvalue yields a high noise-to-signal
ratio. Thus, we see that the choice of 𝛾 assigns a noise level to each eigenvalue.
While in the finite-dimensional feature map setting, this assignment is binary, here
we perform soft thresholding using 𝜆 ↦→ 𝛾/(𝛾 + 𝜆) to indicate the level of noise of
each eigenvalue. This interpretation sheds light on the selection of 𝛾 in equation
(D.58). Let 𝜓 represent the feature map associated with 𝐾 . Assuming the empirical
mean of 𝜓(𝑋𝑖) is zero, the matrix 𝐾 (𝑋, 𝑋) corresponds to an unnormalized kernel
covariance matrix 𝜓𝑇 (𝑋)𝜓(𝑋). Consequently, its eigenvalues correspond to 𝑁

times the variances of the 𝜓(𝑋𝑖) across various eigenspaces. After conducting
Ordinary Least Squares regression in the feature space, if the noise variance is
estimated as 𝜎̄2, then any eigenspace of the normalized covariance matrix whose
eigenvalue is lower than 𝜎̄2 cannot be recovered due to the noise. Given this, we set
the soft thresholding cutoff to be 𝛾 = 𝑁𝜎̄2 for the unnormalized covariance matrix
𝐾 (𝑋, 𝑋).

D.7.3 Z-score/quantile bounds on the noise-to-signal ratio.
If the data is only comprised of noise, then an interval of confidence can be obtained
on the noise-to-signal ratio. To describe this consider the problem of testing the
null hypothesis H0 : 𝑓 † ≡ 0 (there is no signal) against the alternative hypothesis
H1 : 𝑓 † . 0 (there is a signal). Under the null hypothesis H0, the distribution of the
noise-to-signal ratio (D.59) is known and it follows that of the random variable

𝐵 :=
𝑍𝑇𝐷2

𝛾𝑍

𝑍𝑇𝐷𝛾𝑍
. (D.67)

Therefore, the quantiles of 𝐵 can be used as an interval of confidence on the noise-
to-signal ratio if H0 is true. More precisely, selecting 𝛽 such that ¶[𝐵 ≤ 𝛽𝛼] ≈ 𝛼
with 𝛼 = 0.05 as a prototypical example, we expect the noise to signal ratio (D.59)
to be, under H0, to be larger than 𝛽𝛼 with probability ≈ 1 − 𝛼. The estimation of 𝛽
requires Monte-Carlo sampling.

An alternative approach (in the large data regime) to using the quantile 𝛽𝛼 is to use
the Z-score

Z :=

𝑌𝑇𝐷2
𝛾𝑌

𝑌𝑇𝐷𝛾𝑌
− E[𝐵]√︁

Var[𝐵]
, (D.68)

after estimating E[𝐵] and Var[𝐵] via Monte-Carlo sampling. In particular if H0 is
true then |Z| ≥ 𝑧𝛼 should occur with probability ≈ 𝛼 with 𝑧0.1 = 1.65, 𝑧0.05 = 1.96
and 𝑧0.01 = 2.58.
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Remark D.7.2. Although the quantile 𝛽𝛼 or the Z-score Z can be employed to
produce an interval of confidence on the noise-to-signal ratio under H0 we cannot
use them as thresholds for removing nodes from the list of ancestors as discussed in
Sec. D.5.3.4 Indeed, observing a noise-to-signal ratio (D.59) below the threshold 𝛽𝛼
does not imply that all the signal has been captured by the kernel; it only implies that
some signal has been captured by the kernel 𝐾 . To illustrate this point, consider the
setting where one tries to approximate the variable 𝑥1 as a function of the variable
𝑥2. If 𝑥1 is not a function of 𝑥2, but of 𝑥2 and 𝑥3, as in 𝑥1 = cos(𝑥2) + sin(𝑥3), then
applying the proposed approach with 𝑌 encoding the values of 𝑥1, 𝑋 encoding the
values of 𝑥2, and the kernel 𝐾 depending on 𝑥2 could lead to a noise-to-signal ratio
below 𝛽𝛼 due to the presence of a signal in 𝑥2. Therefore, although we are missing
the variable 𝑥3 in the kernel 𝐾 , we would still observe a possibly low noise-to-signal
ratio due to the presence of some signal in the data. Summarizing if the data only
contains noise then V(𝑛)

V(𝑠)+V(𝑛) ≥ 𝛽𝛼 should occur with probability 1 − 𝛼. If the
event V(𝑛)

V(𝑠)+V(𝑛) < 𝛽𝛼 is observed in the setting of 𝐾 = 𝐾𝑠/𝑡=(D.49) where we try to
identify the ancestors of 𝑥1, then we can only deduce that 𝑥3, . . . , 𝑥𝑑 contain some
signal but perhaps not all of it (we can use this a criterion for pruning 𝑥2).

D.8 Supplementary information on examples.
D.8.1 Algebraic equations.
Although we have used Alg. 8 for the algebraic equations examples presented in
Fig. 5.4, Alg. 7 yields the same results with the default signal-to-noise threshold
𝜏 = 0.5.

D.8.2 The chemical reaction network.
Consider the chemical reaction network example illustrated in Fig. 5.4.(a). The
proposed mechanism for the hydrogenation of ethylene (C2H4) to ethane (C2H6),
is (writing [𝐻] for the concentration of 𝐻) modeled by the following system of
differential equations

𝑑 [𝐻2]
𝑑𝑡

= −𝑘1 [𝐻2] + 𝑘−1 [𝐻]2

𝑑 [𝐻]
𝑑𝑡

= 2𝑘1 [𝐻2] − 2𝑘−1 [𝐻]2 − 𝑘2 [𝐶2𝐻4] [𝐻] − 𝑘3 [𝐶2𝐻5] [𝐻]
𝑑 [𝐶2𝐻4]

𝑑𝑡
= −𝑘2 [𝐶2𝐻4] [𝐻]

𝑑 [𝐶2𝐻5]
𝑑𝑡

= 𝑘2 [𝐶2𝐻4] [𝐻] − 𝑘3 [𝐶2𝐻5] [𝐻]

(D.69)
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The primary variables are the concentrations [𝐻2], [𝐻], [𝐶2𝐻4] and [𝐶2𝐻5] and
their time derivatives 𝑑 [𝐻2]

𝑑𝑡 , 𝑑 [𝐻]
𝑑𝑡 , 𝑑 [𝐶2𝐻4]

𝑑𝑡 and 𝑑 [𝐶2𝐻5]
𝑑𝑡 . The computational hyper-

graph encodes the functional dependencies (D.69) associated with the chemical
reactions. The hyperedges of the hypergraph are assumed to be unknown and the
primary variables are assumed to be known. Given 𝑁 samples from the graph of
the form ([𝐻2] (𝑡𝑖), [𝐻] (𝑡𝑖), [𝐶2𝐻4] (𝑡𝑖), [𝐶2𝐻5] (𝑡𝑖)

)
𝑖=1,...,𝑁 (D.70)

our objective is to recover the structure of the hypergraph given by (D.69), repre-
senting the functions by hyperedges. We create a dataset of the form (D.70) by
integrating 50 trajectories of (D.69) for different initial conditions, and each equi-
spaced 50 times from 𝑡 = 0 to 𝑡 = 5. The dataset is represented in Fig. 5.4.(b)
(the time derivatives of concentrations are estimated by taking the derivatives of the
interpolants of those concentrations). We impose the information that the derivative
variables are function of the non-derivative variables to avoid ambiguity in the re-
covery, as (D.69) is not the unique representation of the functional relation between
nodes in the graph. We implement Alg. 7 with weights 𝛽 = [0.1, 0.01, 0.001] for
linear, quadratic, and nonlinear, respectively (Alg. 8 recovers the same hypergraph).
The output graph can be seen in Fig. 5.4.(b). We obtain a perfect recovery of the
computational graph and a correct identification of the relations being quadratic.

D.8.3 The Google Covid 19 open data.
Consider the example illustrated in Fig. 5.3.(e-k). Categorical data are treated as
scalar values, with all variables scaled to achieve a mean of 0 and a variance of 1.
We implement three distinct kernel types: linear, quadratic, and Gaussian, with a
length scale of 1 for the latter. A weight ratio of 1/10 is assigned between kernels,
signifying that the quadratic kernel is weighted ten times less than the linear kernel.
Lastly, the noise parameter, 𝛾, is determined using the optimal value outlined in
Sec. D.7. Initially, a complete graph is constructed using all variables, depicted in
Fig. 5.3.(g). This construction is done using only linear and quadratic kernels. The
full graph is highly clustered and redundant information is eliminated by selecting
representative nodes for each cluster. Eliminating redundant nodes is important for
two reasons: firstly, it improves the graph’s readability, especially with 31 variables;
secondly, it avoids hindering graph discovery. In an extreme case, treating two
identical variables as distinct would result in one variable’s ancestor simply being
its duplicate, yielding an uninformative graph. Subsequently, the graph discovery
algorithm is rerun, with reduced variables due to eliminating redundancy, ushering
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us into a predominantly noisy regime. With fewer variables available, we use
additionally the nonlinear kernel. Two indicators are employed to navigate our
discovery process: the signal-to-noise ratio and the Z-test. The former quantifies
the degree to which our regression is influenced by noise, while the latter signals
the existence of any signal. We follow the procedure in algorithm 8, resulting in the
graph presented in Fig. 5.3.(k).

D.8.4 Cell signaling network
Consider the example Fig. 5.1.(l) from [285] and Fig. 5.4.(h-j). To identify the
ancestors of each node, we apply the algorithm in two stages. First, we learn the
dependencies using only linear and quadratic kernels. Fig. 5.4.(h) identifies the
resulting graph learned given a subset of 𝑁 = 2, 000 samples chosen uniformly at
random from the dataset. We observe that the graph identified by the algorithm
consists of four disconnected clusters where the molecule levels in each cluster are
closely related by linear or quadratic dependencies (all connections are linear except
for the connection between Akt and PKA, which is quadratic). These edges match
a subset of the edges found in the gold standard model identified in [285]. With
perfect dependencies that have no noise, one can define constraints that reduce the
total number of variables in the system. For this noisy dataset that, we treat these
dependencies as forming groups of similar variables and introduce a hierarchical
approach to learn the connections between groups. Second, we run the graph
discovery algorithm after grouping the molecules into clusters. For each node in the
graph, we identified the ancestors of each node by constraining the dependence to
be a subset of the clusters. In other words, when identifying the ancestors of a given
node 𝑖 in cluster 𝐶, the algorithm is only permitted to (1) use ancestors that do not
belong to cluster 𝐶, and (2) include all or none of the variables in each cluster ( 𝑗 in
cluster 𝐷 ≠ 𝐶 is listed as an ancestor if and only if all other nodes 𝑗 ′ in cluster 𝐷
are also listed as ancestors). The ancestors were identified using a Gaussian (fully
nonlinear) kernel and the number of by ancestors were selected manually based on
the inflection point in the noise-to-signal ratio. The resulting graph is depicted in
Fig. 5.4.(i). Each edge is weighted based on its signal-to-noise ratio. We observe that
there is a stronger dependence of the Jnk, PKC, and P38 cluster on the PIP3, Plcg,
and PIP2 cluster, which closely matches the gold standard model. As compared to
approaches based on acyclic DAGs, however, the graph identified by our algorithm
also contains feedback loops between the various molecule levels. Fig. 5.4.(i-j)
displays a side-by-side comparison between the graph identified with our method
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and the graph generated in [285]. To aid in this comparison, we have highlighted
different clusters in distinct colors. We emphasize that while the Bayesian network
analysis in [285] relied on the control of the sampling of the underlying variables (the
simultaneous measurement of multiple phosphorylated protein and phospholipid
components in thousands of individual primary human immune system cells, and
perturbing these cells with molecular interventions), the reconstruction obtained
by our method did not use this information and recovered functional dependencies
rather than causal dependencies. Interestingly, the information recovered through
our method appears to complement and enhance the findings presented in [285]
(e.g., the linear and noiseless dependencies between variables in the JNK cluster is
not something that could easily be inferred from the graph produced in [285]).

D.8.5 BCR reaction network
In the high-dimensional example of the BCR reaction network, the computations of
terms of the form 𝑦𝑇 𝑘𝑜 (𝑋, 𝑋)𝑦 (i.e., the activations), where 𝑦 ∈ R𝑛 and 𝑘𝑜 (𝑋, 𝑋) is
the 𝑜-th coordinate of the quadratic kernel (𝑘 (𝑥𝑖, 𝑥 𝑗 ) = (1 + ⟨𝑥𝑖, 𝑥 𝑗 ⟩)2) becomes the
computational bottleneck of our method. If we let 𝑥1, . . . , 𝑥𝑛 ∈ R𝑝 be the points and
𝑥𝑜𝑖 be the 𝑜-th coordinate of 𝑥𝑖, we can compute the activation of the 𝑜−th coordinate
using

𝑘𝑜 (𝑥𝑖, 𝑥 𝑗 ) = (1 + 𝑥𝑜𝑖 𝑥𝑜𝑗 )2 − 1 + 2𝑥𝑜𝑖 𝑥
𝑜
𝑗 ⟨𝑥−𝑜𝑖 , 𝑥−𝑜𝑗 ⟩ (D.71)

where 𝑘𝑜 is the 𝑜−th coordinate of the kernel and 𝑥−𝑜𝑖 represents the remaining
coordinates of 𝑥𝑖. To compute the 𝑛 × 𝑛 kernel matrix of 𝑘𝑜 for each 𝑜 ∈ {1, .., 𝑝},
we must compute 𝑝 × 𝑛× 𝑛 inner products in R𝑝, which is a very large computation.
Instead, we may use the following reformulation to speed up computations. Notice
⟨𝑥𝑖, 𝑥 𝑗 ⟩ = 𝑥𝑜𝑖 𝑥

𝑜
𝑗 + ⟨𝑥−𝑜𝑖 , 𝑥−𝑜𝑗 ⟩, and therefore 𝑘𝑜 (𝑥𝑖, 𝑥 𝑗 ) = 2𝑥𝑜𝑖 𝑥

𝑜
𝑗 ⟨𝑥𝑖, 𝑥 𝑗 ⟩ + 2𝑥𝑜𝑖 𝑥

𝑜
𝑗 −

(𝑥𝑜𝑖 𝑥𝑜𝑗 )2. Now, define 𝑣𝑜 = (𝑥𝑜𝑖 𝑦𝑖)𝑝𝑖=1 and 𝑤𝑜 = ((𝑥𝑜𝑖 )2𝑦𝑖)𝑝𝑖=1, and note that

𝑦𝑇𝐾𝑜𝑦 =
∑︁
𝑖, 𝑗

2𝑦𝑖𝑥𝑜𝑖 𝑦 𝑗𝑥
𝑜
𝑗 (1 + ⟨𝑥𝑖, 𝑥 𝑗 ⟩) −

∑︁
𝑖, 𝑗

𝑦𝑖𝑦 𝑗 (𝑥𝑜𝑖 𝑥𝑜𝑗 )2 (D.72)

and so defining 𝐾̃ = (2(1 + ⟨𝑥𝑖, 𝑥 𝑗 ⟩))𝑛𝑖, 𝑗=1 we have that

𝑦𝑇𝐾𝑜𝑦 = 𝑣
𝑜𝑇 𝐾̃𝑣𝑜 −

(
𝑝∑︁
𝑖=1

𝑤𝑜𝑖

)2

(D.73)

Note that 𝐾̃ is computed just once for all 𝑝, and only 𝑣𝑜 and 𝑤𝑜 change for every
ancestor calculation, which is where the main computational gain comes from. One
may find in the GitHub repository of the paper a comparison of the two methods

https://github.com/TheoBourdais/ComputationalHypergraphDiscovery/blob/main/examples/faster_activation_computation.ipynb
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of computations and observe a tenfold speedup. This speedup is even larger in
our implementation of the BCR example, as GPU acceleration enables the second
method to run even faster.
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A p p e n d i x E

APPENDIX TO CHAPTER 6: GRAPHICAL CONDITIONAL
GENERATIVE MODELING

E.1 Conditional generative modeling via flow matching
In this section, we describe the conditional generative modeling stage. The objective
is to learn a sampler for the conditional law of 𝑦 given 𝑋 = (𝑥1, . . . , 𝑥𝑛). We use
flow matching models [190], which learn a velocity field transporting a simple base
distribution to the target conditional distribution through the ordinary differential
equation

𝑑𝜁𝑡
𝑑𝑡

= 𝑣𝜃 (𝑡, 𝜁𝑡 , 𝑋), 𝑡 ∈ (0, 1), (E.1a)

𝜁0 = 𝑧, 𝑧 ∼ 𝑝0, (E.1b)

where 𝑣𝜃 is a neural network parameterized by 𝜃, and 𝑝0 is a tractable base distri-
bution, typically a standard Gaussian. The corresponding solution map defines the
conditional sampler

𝑦̂ = G𝜃 (𝑋, 𝑧) := 𝜁1, (E.2)

where 𝜁1 is obtained by integrating (E.1) from 𝑡 = 0 to 𝑡 = 1. Training is per-
formed by the flow matching regression objective. Given data pairs (𝑋, 𝑦) and an
independent sample 𝑧 ∼ 𝑝0, define the linear interpolation

𝜁𝑡 = (1 − 𝑡)𝑧 + 𝑡𝑦, (E.3)

whose target velocity is ¤̃𝜁𝑡 = 𝑦 − 𝑧. We then learn 𝑣𝜃 by solving

min
𝜃

E(𝑋,𝑦), 𝑧∼𝑝0, 𝑡∼U(0,1)
[

(𝑦 − 𝑧) − 𝑣𝜃 (𝑡, 𝜁𝑡 , 𝑋)

2

]
. (E.4)

After training, samples from the learned approximation of 𝑦 | 𝑋 are generated
by drawing 𝑧 ∼ 𝑝0 and evaluating 𝑦̂ = G𝜃 (𝑋, 𝑧). This procedure is known to
converge in the limit of infinite data [5] under sufficient regularity, and well-specified
approximation class assumptions.

E.2 Algorithm for stochastic ancestor discovery
Here we present the algorithm for stochastic ancestor discovery.
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Algorithm 9 Stochastic ancestor discovery via generative distillation
Require: Observational data {(𝑋 𝑖, 𝑦𝑖)}𝑁𝑖=1
Ensure: Identified stochastic ancestor set A for 𝑦

1: Stage 1: Conditional generative modeling
2: Train a conditional flow matching model to learn the velocity field 𝑣𝜃 (𝑡, 𝜁 , 𝑋)

from {(𝑋 𝑖, 𝑦𝑖)}𝑁𝑖=1
3: Obtain the conditional sampler 𝑦̂ = G𝜃 (𝑋, 𝑧) with 𝑧 ∼ 𝑝0
4: Stage 2: Distillation and ancestor discovery
5: Generate synthetic samples 𝑦̂𝑖 = G𝜃 (𝑋 𝑖, 𝑧𝑖) with 𝑧𝑖 ∼ 𝑝0
6: Construct the distilled dataset D = {(𝑋 𝑖, 𝑧𝑖, 𝑦̂𝑖)}𝑀𝑖=1
7: Initialize candidate set A0 = {𝑥1, . . . , 𝑥𝑛}
8: Initialize NSR record R = [] and ancestor-set record S = []
9: Set 𝑘 = 0

10: while A𝑘 is not empty do
11: Train a GP surrogate 𝑓𝑘 (𝑋A𝑘 , 𝑧) on D
12: Compute and append NSR𝑘 to R
13: Append A𝑘 to S
14: Compute contribution scores 𝑐 𝑗 for all 𝑥 𝑗 ∈ A𝑘 via KMD
15: Let 𝑗𝑘 ∈ arg min𝑥 𝑗∈A𝑘 𝑐 𝑗
16: Remove the least influential variable: A𝑘+1 = A𝑘 \ {𝑥 𝑗𝑘 }
17: Set 𝑘 ← 𝑘 + 1
18: end while
19: Compute increments ΔR𝑘 = R𝑘+1 − R𝑘
20: Let 𝑘∗ ∈ arg max𝑘 ΔR𝑘
21: return A = S𝑘∗

E.3 Additional details
We provide implementation and simulation details for the numerical examples in the
main text. In all numerical examples, unless stated otherwise, we use (1) the Adam
optimizer [163] with learning rate 1e-4 to train the flow matching model, (2) the
Diffrax ODE solver [162] (adaptive fifth-order Runge–Kutta integration with PID
step-size control; 1e-5 relative and absolute tolerances) to generate samples from
the trained flow matching model, and (3) the nugget 1.0 in GP regression.

E.3.1 Recovering the computational graph of a stochastic differential equation
The stochastic Lorenz–63 system used in Section 6.2.3 is

𝑑𝑥1 = 𝜎(𝑥2 − 𝑥1) 𝑑𝑡 + 𝛼𝑥1 𝑑𝑊1, (E.5a)

𝑑𝑥2 =
(
𝑥1(𝜌 − 𝑥3) − 𝑥2

)
𝑑𝑡 + 𝛼𝑥2 𝑑𝑊2, (E.5b)

𝑑𝑥3 = (𝑥1𝑥2 − 𝛽𝑥3) 𝑑𝑡 + 𝛼𝑥3 𝑑𝑊3, (E.5c)
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where 𝑊𝑖 are independent Wiener processes. We use the standard parameters
𝜎 = 10, 𝜌 = 28, 𝛽 = 8/3, noise amplitude 𝛼 = 0.5, and time step Δ𝑡 = 0.01.
Initial conditions are sampled independently from Unif ( [−15, 15]3). The system
is simulated with the Euler–Maruyama method. We generate 50 independent tra-
jectories; each trajectory is run for 200 burn-in steps and then contributes 1,000
state-increment pairs.

To assess run-to-run robustness, we repeat the experiment ten times independently.
In both settings (unknown drift and diffusion in Figure 6.2(b), and known drift with
unknown diffusion in Figure 6.2(c)), all ten runs recover the same graphs. The NSR
and NSR-increment curves in Figure 6.2(b)–(c) report the mean over the ten runs,
with error bars indicating one standard deviation. The target-wise pruning orders
are also largely consistent: for Δ𝑥2, 𝑅2, and 𝑅3, all ten runs yield the same pruning
orders, while for Δ𝑥1, Δ𝑥3, and 𝑅1, nine, nine, and eight runs yield the same pruning
orders, respectively.

We also use this example to assess the approximation error introduced by the two-
stage architecture: a flow matching model is first learned from data, then distilled
into a GP surrogate on which KMD is performed. Specifically, we evaluate the
GP surrogate in two ways: first, by its regression accuracy on distilled samples
{(𝑋 𝑖, 𝑧𝑖, 𝑦̂𝑖)}𝑁𝑖=1 generated from the learned conditional sampler; and second, by
the accuracy with which it reproduces the corresponding conditional distributions
on test inputs generated from the same data-generating process. Results for Δ𝑥1,𝑛

are presented in Table E.1. The Wasserstein-1 distances of the GP surrogate and
the trained flow matching model relative to the exact data-generating process are
statistically indistinguishable, confirming that distillation introduces no significant
additional error beyond that of the flow matching stage. The number of validation
distilled samples is 10,000. We further examine the effect of the number of distilled
samples 𝑁 on ancestor discovery. The GP surrogate is trained separately for each
target variable Δ𝑥𝑘,𝑛. For Δ𝑥1,𝑛 and Δ𝑥3,𝑛, correct ancestors are recovered for all
values of 𝑁 tested. For Δ𝑥2,𝑛, 𝑁 = 500 and 𝑁 = 2,000 yieldA(Δ𝑥2,𝑛) = {𝑥1,𝑛, 𝑥3,𝑛},
missing 𝑥2,𝑛, while 𝑁 = 5,000 and 𝑁 = 10,000 recover the complete ancestor set.
This reflects the fact that the dependence of Δ𝑥2,𝑛 on 𝑥2,𝑛 is the weakest among the
three components, and a sufficiently faithful GP surrogate is required to resolve it.

In this example, we model the conditional distributions of the increments Δ𝑥𝑘,𝑛,
𝑘 = 1, 2, 3, given the current state (𝑥1,𝑛, 𝑥2,𝑛, 𝑥3,𝑛). We use a fully-connected neural
network (FNN) with four hidden layers of 64 neurons each and sigmoid linear unit
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𝑁 = 500 𝑁 = 2,000 𝑁 = 5,000 𝑁 = 10,000

MSE on validation
distilled samples

6.02e-2 2.08e-2 8.34e-3 5.19e-3

The Wasserstein-1
distance (mean±std)

7.47e-2±1.23e-1 4.09e-2±6.54e-2 3.31e-2±3.82e-2 3.11e-2±3.30e-2

Table E.1: Approximation quality of the GP surrogate for the generative model
of Δ𝑥1,𝑛 := 𝑥1,𝑛+1 − 𝑥1,𝑛. Top row: the regression mean-squared error (MSE) on
validation distilled samples generated from the learned conditional sampler. Bottom
row: Wasserstein-1 distance to the exact data-generating process, evaluated on
1,000 test inputs with 1,000 surrogate samples drawn per test point. For reference,
the Wasserstein-1 distance of the trained flow matching model to the exact data-
generating process is 3.42e-2±2.55e-2.

Figure E.1: Recovered computational graph of the multiscale Lorenz 96 system
with missing fast variables: dashed lines represent that Δ𝑥 𝑗 having 𝑥 𝑗 as an ancestor
is given as a prior knowledge to the method.

(SiLU) activation function to parameterize the velocity field of the flow matching
model, with batch size and number of epochs both set to 1,000. In the second stage,
we use 𝑁 = 5,000 distilled samples {𝑥𝑖𝑘,𝑛, 𝑧𝑖𝑘 , ˆΔ𝑥𝑘,𝑛, 𝑘 = 1, 2, 3}5,000

𝑖=1 to train the GP
surrogate. We use the RBF kernel with lengthscale 1.0 for both the state and the
random variables.

E.3.2 Recovering dependence of the slow variables in a multiscale system.
In this example, we consider the multi-scale Lorenz 96 dynamical system [22, 201]:

𝑑𝑥 𝑗

𝑑𝑡
= (𝑥 𝑗+1 − 𝑥 𝑗−2)𝑥 𝑗−1 − 𝑥 𝑗 + 𝐹 − ℎ𝑐

𝑏

𝐽∑︁
𝑘=1

𝑦𝑘, 𝑗 , 𝑗 = 1, ..., 𝑚, (E.6a)

𝑑𝑦𝑘, 𝑗

𝑑𝑡
= −𝑐𝑏𝑦𝑘+1, 𝑗 (𝑦𝑘+2, 𝑗 − 𝑦𝑘−1, 𝑗 ) − 𝑐𝑦𝑘, 𝑗 + ℎ𝑐

𝑏
𝑥 𝑗 , 𝑘 = 1, ..., 𝐽. (E.6b)

Here, 𝑥 𝑗 , 𝑗 = 1, ..., 𝑚 are slow variables and 𝑦𝑘, 𝑗 , 𝑘 = 1, ..., 𝐽 are fast variables.
We consider 𝐽 = 10 and 𝑚 = 10, 20, ..., 90, 100, 150, 200. We use the standard
parameters 𝐹 = 10, 𝑐 = 10, 𝑏 = 10, and coupling strength ℎ = 0.1. To generate data,
we solve (E.6) using a fourth-order Runge-Kutta scheme with time step Δ𝑡 = 0.001,
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where the initial conditions are small random perturbation (Gaussian distribution
with mean zero and standard deviation 0.01) around 𝐹 and 0 for the slow and
fast variables, respectively. One trajectory is simulated for 102,000 steps where
the first 2, 000 are considered as burn-in, and snapshots are saved every 10 steps,
contributing to 10,000 state-increment pairs.

For 𝑚 = 10, we model the distributions of Δ𝑥 𝑗 ,𝑛, 𝑗 = 1, ..., 𝑚 individually by
employing the proposed method 𝑚 times independently (Figure E.1). For 𝑚 > 10
where the scalability of our method is assessed, we only consider the distribution
of Δ𝑥1,𝑛 as the rest is the same in terms of the scalability. In the first stage of
the proposed method, we use a FNN with four hidden layers of 64 neurons each
with SiLU activation function to parameterize the velocity field, with batch size and
number of epochs set to 1,000 and 2,000, respectively. In the second stage, we use
2,000 distilled samples and the RBF kernel with lengthscales 5.0 and 1.0 for the
state and the random variables, respectively.

E.3.3 Controlling stochastic pendulum with missing variables
The stochastic pendulum dynamics are

¥𝜃𝑡 = 3𝑔
2𝑙
(1 + 𝑤𝑡) sin 𝜃𝑡 + 3

𝑚𝑙2
𝑢𝑡 , 𝑤𝑡 ∼ N(0, 𝜎2). (E.7)

To generate data, we collect transition data from (E.7) by discretizing the system with
time stepΔ𝑡 = 0.05, torque 𝑢𝑛 ∈ [−2, 2], mass𝑚 = 1, length 𝑙 = 1, gravity 𝑔 = 9.81,
and noise scale 𝜎 = 0.3. We use a customized Gymnasium-compatible simulator
[334] with the dynamics in (E.7), which integrates semi-implicit Euler updates with
angular velocity clipped to the maximum speed ±8. We run 500 episodes of length
𝑇 = 200 from random initial angles 𝜃0 ∼ Unif ( [−𝜋, 𝜋]) and angular velocities
¤𝜃0 ∼ Unif ( [−1, 1]), applying torques 𝑢𝑡 ∼ Unif ( [−2, 2]). Each sample records
(𝜃𝑛, 𝑢𝑛, 𝜃𝑛+1) with unwrapped 𝜃; for learning, we use inputs (cos(𝜃𝑛), sin(𝜃𝑛), 𝑢𝑛)
and target Δ𝜃𝑛 = 𝜃𝑛+1 − 𝜃𝑛, yielding 100,000 state-increment pairs.

To discover the ancestors of the dynamics with missing angular velocity from the
10 past state-action pairs {(𝜃𝑛−𝑘 , 𝑢𝑛−𝑘 )}9𝑘=0, we first use a FNN with four hidden
layers of 64 neurons each and SiLU activation function to parameterize the velocity
field, and train it with batch size and number of epochs set to 1,000. We then
use 5,000 distilled samples and the periodic kernel (𝑘𝑥 (𝑥, 𝑥′) = exp(−2 sin2((𝑥 −
𝑥′)/2)/𝑙2)) with lengthscale 1.0, the RBF kernel with lengthscale 1.0, and the
RBF kernel with lengthscale 10.0 for the state, control, and random variables,
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respectively. In the second stage, we replace cos(𝜃𝑛−𝑘 ), sin(𝜃𝑛−𝑘 ) with 𝜃𝑛−𝑘 =

atan2(sin(𝜃𝑛−𝑘 ), cos(𝜃𝑛−𝑘 )).

As mentioned in the main text, we evaluate the sufficiency and accuracy of the
discovered graphs through control performance. This setup reflects a common sce-
nario in real applications: the true dynamics are unknown, and one must learn a
surrogate from data. Such a surrogate can then serve as the environment for a
range of control methods, including MPC and RL approaches, where the surrogate
is used as a simulator within which a control policy is learned. An accurately
learned surrogate should produce a well-trained agent that transfers successfully
to the true environment. In this example, we adopt the model-free RL framework
to test the surrogate learned with the discovered graphs. Specifically, we train a
conditional flow matching model [190] on each discovered graph to learn the con-
ditional distribution of Δ𝜃𝑛. Then, following the standard model-free RL protocol,
we use the trained flow matching model as a surrogate environment to train a SAC
agent [132] using Stable-Baselines3 [269], with custom environments implemented
in Gymnasium [334]. The agent observes a fixed window of𝑊′ = 3 past angles and
actions to compensate for not observing the angular velocity. The trained policy
is then transferred to the true stochastic environment without any further training,
and evaluated by mean episode reward computed from 500 independently executed
episodes. A surrogate built on a sufficient ancestor set should produce a policy that
transfers successfully; one built on an insufficient set should fail.

E.3.3.1 Details of the downstream control setup

The control objective is to swing-up and stabilize a stochastic, partially observed
pendulum. The controller applies torque to drive the pendulum toward the up-
right equilibrium 𝜃 = 0 (mod 2𝜋). The agent does not observe angular velocity
¤𝜃; instead, it receives a short history of angle encodings and past actions. This
setting models control under latent velocity, where the policy must infer dynamical
information from delayed observations.

The true environment follows a discretized, torque-controlled pendulum with mul-
tiplicative gravitational noise. At each step 𝑛, with latent state (𝜃𝑛, ¤𝜃𝑛) and control
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input 𝑢𝑛,

𝑤𝑛 ∼ N(0, 𝜎2), 𝜎 = 0.3, (E.8)

𝛼𝑛 =
3𝑔
2𝑙
(1 + 𝑤𝑛) sin(𝜃𝑛) + 3

𝑚𝑙2
𝑢𝑛, (E.9)

¤𝜃𝑛+1 = clip
( ¤𝜃𝑛 + 𝛼𝑛 Δ𝑡, − ¤𝜃max, ¤𝜃max

)
, ¤𝜃max = 8 rad/s, (E.10)

𝜃𝑛+1 = 𝜃𝑛 + ¤𝜃𝑛+1 Δ𝑡. (E.11)

The noise term 𝑤𝑛 perturbs the gravitational acceleration, yielding stochastic tran-
sitions even under deterministic policies.

The agent does not receive ¤𝜃𝑛. Instead, at step 𝑛 it observes a sliding window of the
most recent𝑊′ = 3 frames. Each frame consists of (cos 𝜃, sin 𝜃, 𝑢), where 𝑢 denotes
the previously applied torque (set to zero during warm-up). Frames are stacked with
the most recent frame first, giving

𝑜𝑛 =
[

cos 𝜃𝑛, sin 𝜃𝑛, 𝑢𝑛−1, cos 𝜃𝑛−1, sin 𝜃𝑛−1, 𝑢𝑛−2,

cos 𝜃𝑛−2, sin 𝜃𝑛−2, 𝑢𝑛−3
] ∈ R3𝑊 ′ .

(E.12)

Thus dim(𝑜𝑛) = 9 when 𝑊′ = 3. Using (cos 𝜃, sin 𝜃) avoids discontinuities at
±𝜋. This defines a partially observed Markov decision process: the latent state is
(𝜃𝑛, ¤𝜃𝑛), while the policy 𝜋(𝑢𝑛 | 𝑜𝑛) acts on the 9-dimensional observation only.

The control input is a scalar continuous torque applied at each control step after
clipping. Our experiments use the angle-only reward, which is fully determined by
quantities accessible from the observation history:

𝑟𝑛 = −
(
𝜃2
𝑛+1 + 0.001 𝑢2

𝑛

)
, (E.13)

where the wrapped angle is

𝜃 = ((𝜃 + 𝜋) mod 2𝜋) − 𝜋 ∈ [−𝜋, 𝜋). (E.14)

This cost penalizes deviation from the upright target and control effort. The agent
maximizes the finite-horizon return

𝐺 =
𝑇−1∑︁
𝑛=0

𝑟𝑛. (E.15)

where 𝑇 = 200 is the total number of control steps. In evaluation, we report the
episode return 𝐺 over multiple random seeds.
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Each episode proceeds in three stages. First, we sample the latent initial state:

𝜃0 ∼ Uniform[−𝜋, 𝜋], ¤𝜃0 ∼ Uniform[−1, 1] .

Second, we apply a zero-control warm-up by rolling the true dynamics forward
for 𝐾 = 10 steps with 𝑢 = 0, thereby filling the observation buffer before control
begins. Third, we execute the learned policy for up to 𝑇 = 200 control steps.
Episodes terminate by time limit; there is no early termination upon reaching the
goal. The warm-up protocol is shared across training and evaluation so that all
policies face the same initial observation distribution.

Policies are trained with SAC [132] implemented in Stable-Baselines3 [269] (ver-
sion 2.7.1), using the default MlpPolicy and default hyperparameters (learning rate
3 × 10−4, replay buffer size 200,000, batch size 256, soft-update coefficient 0.005,
discount factor 𝛾 = 0.99, 4 parallel environments, 200,000 training timesteps). The
checkpoint with the highest evaluation return is retained for testing (evaluated every
10,000 steps over 10 episodes). The same RL setup is used for true-environment
and flow-matching surrogate training.

We compare two training regimes: true-environment training and flow-matching
surrogate training. For the former, SAC interacts directly with the stochastic pen-
dulum dynamics. This setting serves as an upper bound on performance when the
simulator is exact. For the latter, SAC interacts with a learned simulator that re-
places the true transition. At each step, a conditional flow-matching model samples
an angular increment Δ𝜃 given a conditioning vector built from past values of sin 𝜃,
cos 𝜃, and 𝑢. The surrogate state update is

𝜃𝑛+1 = 𝜃𝑛 + Δ𝜃𝑛, (E.16)

where Δ𝜃𝑛 is sampled from the trained flow matching model. Importantly, the
agent observation and reward remain identical to the true environment (𝑊′ = 3);
only the transition model used during training changes. Different surrogate models
correspond to different discovered dependency structures:

1. Full history: sin 𝜃, cos 𝜃, and 𝑢 at lags 𝑛, 𝑛 − 1, . . . , 𝑛 − 9 (30 dimensions);

2. Graph 1: sin 𝜃, cos 𝜃, and 𝑢 at lags 𝑛, 𝑛 − 1 (6 dimensions);

3. Graph 2: sin 𝜃, cos 𝜃, and 𝑢 at lags 𝑛, 𝑛 − 3 (6 dimensions);

4. Markov: sin 𝜃, cos 𝜃, and 𝑢 at 𝑛 only (3 dimensions).
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In all cases, the policy still observes the same 9-dimensional window; the difference
lies only in how the surrogate advances the hidden angle state during training.
Surrogate episodes also begin with the same true-dynamics zero-control warm-up
(𝐾 = 10 steps).

All trained policies, regardless of the simulator used during training, are evaluated
on the same true stochastic pendulum with 𝑊′ = 3, the same reward, 𝜎 = 0.3, and
the shared warm-up protocol. For each evaluation seed 𝑠, the environment is reset
deterministically from 𝑠, and the policy acts in deterministic mode (mean action).
Performance is measured by the episode return𝐺𝑠. This train-on-surrogate/test-on-
truth protocol isolates how well each learned dynamics model supports transfer of
control policies to the real plant.

E.3.4 Stochastic heat equation boundary control
We set 𝜎 = 0.2 and 𝜅 = 0.01. The spatial domain [0, 1] is discretized into 𝑚 = 10
equispaced grid points 𝑥𝑖 = (𝑖−1)ℎ, ℎ = 1/(𝑚−1), 𝑖 = 1, . . . , 𝑚. Applying second-
order finite differences with ghost point elimination for the Neumann boundary
conditions, and forward Euler time integration with step size Δ𝑡 = 0.2, yields the
discrete-time stochastic system

𝑋𝑛+1 = 𝐴𝑋𝑛 + 𝐵𝑈𝑛 + diag(𝑋𝑛)𝜔𝑛, 𝜔𝑛 ∼ N(0, 𝜎2𝐼𝑚), (E.17)

where 𝑋𝑛 = (𝑥1,𝑛, ..., 𝑥𝑚,𝑛)⊤ ∈ R𝑚 is the discretized temperature field at time step
𝑛 and 𝑈𝑛 = (𝑢1,𝑛, 𝑢2,𝑛)⊤ ∈ R2 is the control imposed on the boundaries. The state
transition matrix 𝐴 ∈ R𝑚×𝑚 is tridiagonal and sparse, given by

𝐴 = 𝐼𝑚 + 𝑟 𝐴̃, 𝑟 =
𝜅Δ𝑡

ℎ2 ,

where 𝐴̃ is the discrete Laplacian with Neumann boundary conditions:

𝐴̃ =

©­­­­­­­­«

−2 2
1 −2 1

. . .
. . .

. . .

1 −2 1
2 −2

ª®®®®®®®®¬
.

The control input matrix 𝐵 ∈ R𝑚×2 is sparse, with nonzero entries only at the
boundary nodes:

𝐵 =
2Δ𝑡
ℎ
𝐵̃, 𝐵̃1,1 = 1, 𝐵̃𝑚,2 = 1,
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and all other entries of 𝐵̃ equal to zero. The stability condition for the forward
Euler scheme requires 𝑟 ≤ 1/2. To generate data, we simulate 200 trajectories
using above discretization. For each trajectory, we sample the initial condition from
a Gaussian distribution 𝑋0 ∼ N(0, 𝐼𝑚), apply i.i.d. uniform boundary controls
𝑈𝑛 ∼ Unif ( [−𝑢max, 𝑢max]2) with 𝑢max = 0.1 independent of state, and record pairs
(𝑋𝑛,𝑈𝑛, 𝑋𝑛+1) over 𝑇 = 200 steps.

For ancestor discovery, we model the distributions of Δ𝑥1,𝑛 and Δ𝑥10,𝑛 individually
where Δ𝑥𝑚,𝑛 := 𝑥𝑚,𝑛+1 − 𝑥𝑚,𝑛, and find their stochastic ancestors from the full
ancestor set {𝑥1,𝑛, ..., 𝑥𝑚,𝑛, 𝑢1,𝑛, 𝑢2,𝑛}. We use a FNN with four hidden layers of 64
neurons each and SiLU activation function to parameterize the velocity field, with
batch size and number of epochs set to 1, 000. We use 5,000 distilled samples and
the RBF kernel with lengthscales 1.0 for 𝑥𝑖, 𝑖 = 1, ..., 10, 𝑢1, 𝑢2, and 𝑧.

As discussed in the main text, we evaluate control by replacing the boundary-node
dynamics with data-driven surrogates inside MPC, while interior nodes keep the
known finite-difference update. In this case, we only use the first 10 trajectories to
form the training data and train two conditional flow-matching models on pruned
ancestor sets, yielding boundary maps Δ𝑥1,𝑛 = 𝐺1(𝑥1,𝑛, 𝑥2,𝑛, 𝑢1,𝑛, 𝑧1,𝑛) and Δ𝑥10,𝑛 =

𝐺10(𝑥9,𝑛, 𝑥10,𝑛, 𝑢2,𝑛, 𝑧10,𝑛) where𝐺𝑖 denotes the time-1 flow generated by integrating
the learned velocity field. Because repeated ODE integration is too costly for online
MPC, we distill each teacher into a FNN by regressing the student output to the
teacher map with MSE loss. Each student is a three-layer MLP (128 hidden units,
SiLU activation function), trained for 20,000 steps with Adam (1e-3 learning rate)
using mini-batches of 512 synthetic data pairs labeled by the teacher. Wall-clock
MPC comparisons were run on a Mac Studio with an Apple M3 Ultra chip.

E.3.4.1 Details of the MPC setup

Recall that in this example, the control objective is to regulate the temperature
profile to zero under a quadratic cost. Over 𝑇 = 100 steps, 𝑛 = 0, ..., 𝑇 − 1, we
solve a finite-horizon stochastic optimal control problem using a receding horizon
strategy. Specifically, given the current state 𝑋𝑛, we minimize a scenario-averaged
finite-horizon quadratic cost over𝑈𝑛:𝑛+𝐻−1:

min
𝑈𝑛,...,𝑈𝑛+𝐻−1

1
𝑆

𝑆∑︁
𝑠=1

𝐻−1∑︁
𝑘=0

(


𝑋 (𝑠)𝑛+𝑘


2

𝑄
+ ∥𝑈𝑛+𝑘 ∥2𝑅

)
+




𝑋 (𝑠)𝑛+𝐻


2

𝑄
, (E.18)

where 𝑠 = 1, . . . , 𝑆 indexes the scenarios, and ∥𝑣∥2𝑀 := 𝑣⊤𝑀𝑣. Here, 𝑄 = 𝐼𝑚 ∈
R𝑚×𝑚 penalizes deviation of the temperature field from zero, and 𝑅 = 𝜌𝐼2 ∈ R2×2
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penalizes control effort, with 𝜌 = 0.1. Each 𝑈𝑛+𝑘 is clipped to [−0.1, 0.1]2 at
each step. Samples 𝑋 (𝑠)𝑛+𝑘 , 𝑠 = 1, . . . , 𝑆 are drawn from 𝑋𝑛+𝑘 | 𝑋𝑛+𝑘−1,𝑈𝑛+𝑘−1.
The expectation over the stochastic dynamics is approximated by averaging over 𝑆
independent scenarios. Only the first control 𝑈∗𝑛 is applied to the true system, after
which the optimization is resolved at 𝑛 + 1.

We assume that inside the MPC rollout, the update functions for the two boundary
nodes, Δ𝑥1 and Δ𝑥10, are unknown and must be learned from data. The dynamics
of the remaining interior nodes Δ𝑥𝑖, 𝑖 = 2, . . . , 𝑚 − 1, are assumed known exactly.
The learned update is expressed as a stochastic generative model. We compare three
controllers, all targeting the same objective (E.18):

1. MPC with known dynamics as reference.

2. MPC with full ancestors: The dynamics of Δ𝑥1 and Δ𝑥10 are modeled
conditioned on the full ancestor set {𝑥1,𝑛, ..., 𝑥𝑚,𝑛, 𝑢1,𝑛, 𝑢2,𝑛}.

3. MPC with pruned ancestors: The dynamics of Δ𝑥1 and Δ𝑥10 are modeled
conditioned on the pruned ancestor sets ({𝑥1, 𝑥2, 𝑢1} for Δ𝑥1 and {𝑥9, 𝑥10, 𝑢2}
for Δ𝑥10).

All three cases differ only in the learned boundary updates used inside the rollout.

The optimization problem (E.18) is solved using the L-BFGS algorithm [191] with
the maximum iterations set to 300. The control sequence is warm-started at each
time step by shifting the previous solution. We solve the MPC optimization over a
planning horizon of 𝐻 = 20 steps with 𝑆 = 64 Monte Carlo scenarios, and evaluate
over 50 independent trials.

E.3.5 Discovering state and control dependence in the Lunar Lander control
problem

We consider the LunarLanderContinuous-v3 environment from Gymnasium
[334] (version 1.2.3). The continuous action 𝑎 = (𝑎1, 𝑎2) ∈ [−1, 1]2 controls
the main engine throttle and lateral booster throttle, respectively.

The dynamics decompose into two stages at each time step: (1) a thrust stage, in
which the engines apply instantaneous velocity impulses to the lander, perturbing
(𝑣𝑥 , 𝑣𝑦, 𝜔), and (2) a Newtonian stage, which integrates the equations of motion–
updating positions and angles and handling contact dynamics–deterministically
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Figure E.2: Lunar Lander control problem: Controlled flight paths from 1,000
episodes using the SAC agent trained in the surrogate environment with the pruned
ancestor sets.

given the post-impulse velocities. We use the default environment configuration:
wind and turbulence are disabled, so the only stochasticity enters through the engine
impulse dispersion. The terrain is procedurally generated at each episode reset, the
helipad is centered horizontally, and the lander is initialized near the top center of the
viewport with small random perturbations to position, velocity, and angle. No mod-
ifications are made to the reward function, termination conditions, or observation
normalization.

Data are collected under a uniform random policy with actions drawn independently
as 𝑎 ∼ Unif ( [−1, 1]2) at each step. We simulate 5,000 independent episodes of at
most 1,000 steps, terminating early upon crash, successful landing, or the lander
leaving the horizontal viewport bounds. The velocity increments Δ𝑣𝑥 ,Δ𝑣𝑦,Δ𝜔 are
computed as the difference in the lander’s linear and angular velocities immediately
before and after the engine impulses are applied, prior to the Newtonian integration
step. Each transition contributes one record to the dataset, consisting of a 10-
dimensional input vector

𝑋 = [𝑥, 𝑦, 𝑣𝑥 , 𝑣𝑦, 𝜃, 𝜔, 𝑙𝑙 , 𝑙𝑟 , 𝑎1, 𝑎2]

concatenating the full 8-dimensional state observed before the step with the 2-
dimensional action, together with the three scalar thrust-stage outputs Δ𝑣𝑥 ,Δ𝑣𝑦,Δ𝜔.

The ancestor sets of Δ𝑣𝑥 ,Δ𝑣𝑦,Δ𝜔 are discovered separately from the full candidate
set

{𝑥, 𝑦, 𝑣𝑥 , 𝑣𝑦, 𝜃, 𝜔, 𝑙𝑙 , 𝑙𝑟 , 𝑎1, 𝑎2}.
For each target, the velocity field is parameterized by a FNN with four hidden layers
of 64 neurons and SiLU activation function, trained with batch size 1,000 for 1,000
epochs. Structure discovery uses 8,000 distilled samples and a RBF kernel with
lengthscale 1.0 for all state, control, and latent variables.



300

E.3.5.1 Details of the downstream control setup

The control objective is to land the lander softly on the helipad. The step reward is

𝑟𝑛 = Δ𝑆𝑛 − 0.30𝑚𝑛 − 0.03 𝑠𝑛,

where Δ𝑆𝑛 = 𝑆𝑛 − 𝑆𝑛−1 is the change in the shaping potential

𝑆𝑛 = −100
√︃
𝑥2
𝑛 + 𝑦2

𝑛 − 100
√︃
𝑣2
𝑥,𝑛 + 𝑣2

𝑦,𝑛 − 100|𝜃𝑛 | + 10 𝑙𝑙,𝑛 + 10 𝑙𝑟,𝑛,

𝑚𝑛 ∈ [0, 1] and 𝑠𝑛 ∈ [0, 1] are the main and side engine throttle magnitudes at step
𝑛 (nonlinear functions of 𝑎1,𝑛 and 𝑎2,𝑛, respectively), and 𝑙𝑙,𝑛, 𝑙𝑟,𝑛 ∈ {0, 1} indicate
leg ground contact. A terminal bonus of +100 is awarded when the lander comes
to rest on the ground (the rigid body becomes inactive), and −100 when the lander
hull contacts the ground or exits the horizontal viewport bounds. An episode is
considered successful if the cumulative return exceeds 200. We refer to [334] for
the full specification.

As in the pendulum example, we evaluate the discovered structure by training a con-
trol policy in the surrogate environment and transferring it to the true environment
without further training. The thrust stage is replaced by flow matching surrogates
conditioned on the pruned ancestor sets:

Δ𝑣𝑥 = 𝐺𝑣𝑥 (𝜃, 𝑎1, 𝑎2, 𝑧𝑥), Δ𝑣𝑦 = 𝐺𝑣𝑦 (𝜃, 𝑎1, 𝑧𝑦), Δ𝜔 = 𝐺𝜔 (𝑎2, 𝑧𝜔),

where 𝑧𝑥 , 𝑧𝑦, 𝑧𝜔 ∼ N(0, 1) are independent latent variables. The Newtonian stage
remains identical to the true environment.

Policies are trained with SAC implemented in Stable-Baselines3 [269], using the
tuned hyperparameters from RL Baselines3 Zoo [268] (version 2.8.0) for Lunar
LanderContinuous-v3. Policy weights are updated exclusively using interactions
with the surrogate. This protocol directly targets transfer performance and is applied
consistently across all three training regimes–(1) the true environment, (2) the
surrogate with the full ancestor set, and (3) the surrogate with the pruned ancestor
set–ensuring a fair comparison. Controlled flight paths from 1,000 episodes under
the pruned surrogate are shown in Figure E.2.

E.3.5.2 Discussion of the result

The discovered ancestor sets may not be complete: dependencies with small contri-
butions to the total variance may be pruned by the method, and the true dynamics
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(a) (b)

Figure E.3: The 7-DOF reacher problem. (a) A schematic illustration of a robotic
arm. (b) Performance comparison of the model-based RL problem between prob-
abilistic and deterministic dynamics models, adapted from [66]. Higher rewards
indicate better performance.

may exhibit additional weak dependencies not captured in the discovered graph.
Recovering such dependencies would require substantially more data or strong
parametric assumptions, conditions that rarely hold in practice. With finite data,
pruning weak dependencies is statistically justified and practically beneficial, as it
yields a lower-dimensional surrogate that is easier to fit accurately. Nevertheless,
the surrogate trained on the pruned ancestor sets transfers successfully to the true
environment, achieving 1,000/1,000 successful landings–illustrating a general prin-
ciple: a parsimonious surrogate that captures the dominant structure may outperform
a higher-dimensional one, as the latter can introduce unnecessary complexity that
harms rather than helps policy transfer.

The marginally lower success rate of the unpruned surrogate (991/1,000 versus
1,000/1,000) may partly reflect the inclusion of spurious ancestors–in particular,
the leg-contact indicators 𝑙𝑙 , 𝑙𝑟 , which are binary and physically unrelated to the
instantaneous velocity changes induced by engine thrust, since the thrust stage acts
before the Newtonian integration and is therefore independent of ground contact.
Conditioning on such irrelevant discrete variables can introduce noise into the
learned surrogate. That said, the difference is small and may equally reflect run-to-
run variability from the random seed or finite training data.

E.3.6 Discovering state dependence for probabilistic surrogate modeling in
model-based reinforcement learning

This reacher problem involves a simulated PR2 robot arm that must move its end-
effector to a randomly placed target in 3D space (Figure E.3(a)) [66]. The true
transition dynamics are deterministic, governed by MuJoCo’s rigid body simula-
tion [331]. Following the probabilistic ensembles with trajectory sampling (PETS)
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framework introduced in [66], however, we model the transition dynamics proba-
bilistically as 𝑃(𝑠𝑡+1 | 𝑠𝑡 , 𝑎𝑡), where stochasticity represents epistemic uncertainty
from finite data rather than inherent randomness in the physical system. In PETS,
this learned probabilistic model is used inside MPC to evaluate candidate action
sequences before executing actions in the true environment. Figure E.3(b), adapted
from [66], shows that probabilistic learned dynamics models can outperform deter-
ministic learned dynamics models on this task, motivating the use of a probabilistic
surrogate even though the simulator itself is deterministic. This is precisely the set-
ting where distributional structure discovery is relevant: the object of interest is not
stochasticity in the true simulator, but the input structure of the learned conditional
distribution used for planning.

The discovery target in this example is the conditional transition surrogate, not the
reward function or the MPC planning objective. As in the main text, we consider
the 21 state-action inputs (𝑠𝑛, 𝑎𝑛) as candidate parents for the 14 state-increment
outputs Δ𝑠𝑛 := 𝑠𝑛+1 − 𝑠𝑛. We used the publicly released PETS codebase [66] for
the 7-DOF Reacher environment and data-generation protocol. Data used for the
ancestor discovery were generated by rolling out the reacher environment under
uniformly random actions for 100 independent rollouts. At the start of each rollout,
the environment was reset with a deterministic seed offset by rollout index; the
target position was sampled by adding independent Gaussian noise with standard
deviation 0.1 to the target coordinates. Each rollout lasted 150 environment steps,
yielding 15,000 transition samples in total. At each step, a 7-dimensional action
was sampled from the environment action space, bounded by the MuJoCo motor
limits [−20, 20], and the simulator advanced with frame skip 2 and timestep 0.01.
The raw simulator observation is 17-dimensional, consisting of the 7 joint angles,
the 3 target coordinates, and the 7 joint angular velocities. For structure discovery,
we restrict the candidate transition inputs to the 14 arm state variables and the 7
actions; the target location is recorded and used by the task cost, but is not treated
as a candidate parent in the transition graph. For every transition, the dataset stores
the current raw observation, action, next raw observation, reward, goal position, and
observation change.

We discover ancestors for the transition increments (Δ𝜃1, . . . ,Δ𝜃7,Δ𝜔1, . . . ,Δ𝜔7)
from the full candidate input set {𝜃𝑖, 𝜔𝑖, 𝑎𝑖 : 𝑖 = 1, . . . , 7}. Specifically, we fit one
flow matching model for the joint conditional distribution of the 14-dimensional
state increment given the 21 state-action inputs. The velocity field is parameterized
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by a FNN with four hidden layers of 128 neurons and SiLU activation function,
trained with batch size 1,000 for 1,000 epochs. In the second stage, we use 2,000
distilled samples and an RBF kernel with lengthscale 10.0 for both the state-action
and the random variables. We adopt a conservative graph-construction strategy by
taking the union of the discovered ancestor sets across all 14 output coordinates: a
variable is retained if it is identified as an ancestor of any Δ𝜃𝑖 or Δ𝜔𝑖. We repeat the
experiment five times independently to assess run-to-run variability.

E.3.6.1 The evaluation setup

We evaluate the discovered graphs within the original PETS model-based RL
pipeline. All reacher experiments use the publicly released PETS implementa-
tion and experimental protocol of [66]; we refer readers to that work for details of
the model-based RL loop, including the probabilistic dynamics model, trajectory
sampling scheme, MPC planner, and cross-entropy method (CEM) optimization.

In all comparisons, we use the standard PETS probabilistic dynamics model and
change only the input coordinates supplied to it. The full baseline receives all 21
state-action inputs, whereas the pruned models receive only the variables retained by
the discovered graphs. The output space, planning objective, cost function, action
bounds, data collection schedule, and MPC/CEM procedure are kept fixed across all
models. Thus, the comparison isolates the effect of changing the input structure of
the probabilistic transition surrogate. For visualization in Figure 6.4(d), we increase
the number of trials from 100 to 150 and plot the average over three independent
experiments of the best return achieved so far.

E.3.6.2 Discussion of the result

We close this example with several specific remarks. First, the discovered graphs are
data-dependent: the results reported in this work are based on 100 random-control
rollouts used for ancestor discovery, and a different dataset may yield different
estimated graphs. Second, PETS operates as an iterative loop: starting from random-
control data, a probabilistic dynamics model is fitted and used for MPC planning;
the resulting trajectories are then added to the dataset, and the model is refined. As
this loop progresses, the data distribution shifts from random exploration toward
task-relevant, model-guided trajectories.

Consequently, the effective input structure of the learned probabilistic surrogate may
also change across PETS iterations. Variables that appear irrelevant under random
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controls may become relevant in task-critical regions of the state-action space,
or variables retained under broad random exploration may become unnecessary
once the data concentrate near successful trajectories. A natural extension of the
proposed approach is therefore to rediscover the ancestor structure periodically as
the dataset is updated, allowing the graph to be renewed alongside the dynamics
model. This would yield a fully adaptive pipeline in which structure discovery and
model refinement are interleaved, potentially improving both interpretability and
efficiency in high-dimensional model-based RL.

E.3.7 The economic data example
Before constructing the dataset, we synchronize the oil-price and GPR time series
by retaining only dates for which both quantities are available. Since oil prices are
reported only on trading days while the GPR index is available daily, all non-trading
days are removed from the GPR series. Dates containing missing values or extreme
anomalous observations (e.g., negative prices) in either variable are also discarded.
The resulting dataset therefore consists of a filtered sequence of aligned observation
dates. The oil-price return is then defined on this filtered sequence as

𝑟𝑛 = log(Oil𝑛+1) − log(Oil𝑛), (E.19)

where Oil𝑛 denotes the oil price at the 𝑛th retained observation date in the fil-
tered dataset. Consequently, the return is computed between consecutive retained
observations rather than strictly between consecutive calendar days.

We note that the selected lag should not be interpreted as the unique physical response
time of the oil market to geopolitical risk. The lag candidates are user-defined
coarse representatives of delayed information channels. Changes in the dominant
surviving lag instead indicate structural changes in the dependency organization
between geopolitical risk and oil prices across different market regimes.

In addition to three approximate-10-year time periods analyzed in the main text,
we also consider eight five-year time periods (the start and end year are inclusive):
1987-1991, 1992-1996, 1997-2001, 2002-2006, 2007-2011, 2012-2016, 2017-2021,
2022-2026/04/20, and employ the proposed method to analyze the structure of the
transition kernel. Specifically, we focus on the variable with the largest surviving
contribution score in modeling the dynamics in (6.3), defined as the variable pruned
the last by the proposed method. Each time period contains approximately the same
number of data points.
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We find that the one-day lag is found as the largest surviving variable in 1987-1991,
1992-1996, 2002-2006, and 2022-2026/04/20, the 10-day lag in 1997-2001 and
2007-2011, the 5-day lag in 2012-2016, and the 20-day lag in 2017-2021. Observe
that the dominant surviving representative

1. the one-day lag in 1987-1991 and 1992-1996,

2. changes to the 10-day lag in 1997-2001,

3. changes back to one-day lag in 2002-2006,

4. and changes again to 10-day lag in 2007-2011.

This result is consistent with the longer-period analysis presented in the main text.
The periods 1997-2001 and 2007-2011 coincide with major geopolitical and eco-
nomic disruptions, including the 9/11 attacks and the 2008 financial crisis, which
may have altered the observed dependency structure between geopolitical risk (GPR)
index and oil returns.

We also observe that the 2017-2021 period yields the 20-day lag as the dominant
surviving representative. This period coincides with the COVID-19 crisis begin-
ning in early 2020, during which oil prices experienced substantial market shocks.
Similarly, the 2012−2016 period yields the 5-day lag as the dominant surviving
representative, which may be related to structural changes in oil-market dynamics
associated with shale supply expansion and OPEC policy shifts. Overall, these
results suggest that the delayed dependence structure between geopolitical risk and
oil returns is not stationary across time, and that the proposed method can be used
to identify and localize structural changes in stochastic dependency organization
directly from observational economic data.

In this example, for all cases, we use a FNN with four hidden layers of 64 neurons
each and SiLU activation function to parameterize the velocity field, and train it
with batch size 1,000 and 2,000 epochs. We then use 10,000 distilled samples and
the RBF kernel with lengthscale 5.0 for both the state and random variables. The
nugget is set to exp(1.0). We only prune GPR lags.

E.4 Additional examples
In this section, we provide additional examples supporting the stochastic ancestor-
discovery framework. The first and third examples have known reference depen-
dency structures and therefore serve as verification tests. The second example
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illustrates memory discovery in a coarse-grained system with hidden momentum,
where validation is based on the sufficiency of the discovered lag variables for
reproducing the observed transition law.

E.4.1 Recovering the computational graph of a stochastic differential equation
This example serves as a verification test for the proposed method since both the
conditional distributions and the underlying computational graph are known. Specif-
ically, we consider the stochastic Kraichnan–Orszag (KO) system [346]:

𝑑𝑥1 = 𝑥1𝑥3 𝑑𝑡 + 𝜎1 𝑑𝑊1, (E.20a)

𝑑𝑥2 = −𝑥2𝑥3 𝑑𝑡 + 𝜎2 𝑑𝑊2, (E.20b)

𝑑𝑥3 = (−𝑥2
1 + 𝑥2

2) 𝑑𝑡 + 𝜎3 𝑑𝑊3, (E.20c)

where 𝑊𝑖 are independent Wiener processes. The system is simulated using the
Euler–Maruyama method with randomly sampled initial conditions and noise pa-
rameters 𝜎1 = 𝜎2 = 𝜎3 = 0.1.

For dependence discovery, we consider the discretized update equations

𝑥1,𝑛+1 = 𝑥1,𝑛 + 𝑥1,𝑛𝑥3,𝑛Δ𝑡 + 𝜎1
√
Δ𝑡𝜉1, (E.21a)

𝑥2,𝑛+1 = 𝑥2,𝑛 − 𝑥2,𝑛𝑥3,𝑛Δ𝑡 + 𝜎2
√
Δ𝑡𝜉2, (E.21b)

𝑥3,𝑛+1 = 𝑥3,𝑛 + (−𝑥2
1,𝑛 + 𝑥2

2,𝑛)Δ𝑡 + 𝜎3
√
Δ𝑡𝜉3, (E.21c)

and define Δ𝑥𝑖,𝑛 := 𝑥𝑖,𝑛+1 − 𝑥𝑖,𝑛. The goal is to learn stochastic update functions

Δ𝑥𝑖,𝑛 ≈ Φ𝑖 (𝑥1,𝑛, 𝑥2,𝑛, 𝑥3,𝑛, 𝜔𝑖), 𝑖 = 1, 2, 3.

Figure E.4 shows the pruning process and the recovered computational graph. To
evaluate the accuracy of the learned generative models, we compute the Wasserstein-
1 (𝑊1) distance between the learned conditional distributions and the exact distri-
butions. The results are reported in Table E.2. The comparison shows that using
the pruned ancestor set yields accuracy comparable to using all candidate variables,
indicating that the proposed method successfully identifies the correct dependencies
without degrading generative modeling performance.

We useΔ𝑡 = 0.001. Initial conditions are sampled fromN(0, 22𝐼3) where 𝐼3 denotes
the 3 × 3 identity matrix, and the system is simulated with the Euler–Maruyama
method. We generate 50 independent trajectories; each trajectory is run for 10,000
steps, yielding 500,000 state-increment pairs in total. We model the conditional
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(a) (b)

Figure E.4: Stochastic KO system: (a) pruning process and (b) recovered computa-
tional graph.

Φ1 Φ2 Φ3
Using 𝑥1, 𝑥2, 𝑥3 as ancestors (×10−4) 1.15 ± 1.30 1.16 ± 0.60 1.59 ± 2.06

Using pruned variables as ancestors (×10−4) 0.95 ± 0.82 0.92 ± 0.46 1.40 ± 1.84

Table E.2: The𝑊1 distance in average between the learned generative update model
and the exact conditional distribution. We randomly select 1, 000 test data points.
For each one of them,𝑊1-distance is estimated based on 10, 000 samples.

(a) (b)

Figure E.5: The algebraic system with hidden conditional dependence: (a) condi-
tional generative modeling of 𝑦2 | 𝑥1, 𝑥2, 𝑥3 (without pruning) and 𝑦2 | 𝑥3 (with
pruning) and (b) pruning process.

distributions of the increments Δ𝑥𝑘,𝑛, 𝑘 = 1, 2, 3, separately, using the current state
(𝑥1,𝑛, 𝑥2,𝑛, 𝑥3,𝑛) as candidate covariates. We use a FNN with two hidden layers of
64 neurons each and SiLU activation function to parameterize the velocity field of
the flow matching model, with batch size and number of epochs both set to 5,000
and 500, respectively. In the second stage, we use 𝑁 = 5,000 distilled samples to
fit the GP surrogate. We use the RBF kernel with lengthscale 1.0 for both the state
and the random variables.

E.4.2 Algebraic system with hidden conditional dependence
Next, we consider an algebraic system in which dependence appears at the level
of the conditional distribution rather than the conditional mean. This example
illustrates the ability of the proposed method to detect distributional dependence
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beyond the mean; see Figure E.5(a). Specifically, let

𝑦1 = 𝑥1𝜔, 𝑦2 = 𝜀
√
𝑥3, 𝑦3 =

√︁
1 − 𝛼(𝑥2) 𝜉 +

√︁
𝛼(𝑥2) 𝜂,

where 𝛼(𝑥) = sin(𝜋𝑥), 𝑥3 ≥ 0, 𝜔, 𝜉 ∼ N(0, 1), 𝜂 ∼ Laplace(0, 1/
√

2), and 𝜀 is an
independent Rademacher random variable. In this setting,

E[𝑦1 | 𝑥1, 𝑥2, 𝑥3] = E[𝑦2 | 𝑥1, 𝑥2, 𝑥3] = E[𝑦3 | 𝑥1, 𝑥2, 𝑥3] = 0,

Var[𝑦3 | 𝑥1, 𝑥2, 𝑥3] = 1.

Thus the dependencies of 𝑦1, 𝑦2, 𝑦3 on 𝑥1, 𝑥2, 𝑥3 are not identified in their conditional
means. Moreover, the dependence of 𝑦3 on 𝑥2 is also not present in the conditional
variance, since it appears only through the shape of the conditional distribution. We
apply the proposed method to discover the ancestors of 𝑦1, 𝑦2, and 𝑦3 while treating
𝜔, 𝜀, 𝜉, 𝜂 as unobserved variables. The pruning process is shown in Figure E.5(b).
The method correctly recovers A(𝑦1) = {𝑥1}, A(𝑦2) = {𝑥3}, and A(𝑦3) = {𝑥2}.
Notably, the dependence of 𝑦3 on 𝑥2 is manifested only through the changing
relative weights of the Gaussian and Laplace noise components, and hence through
tail behavior rather than through either the conditional mean or variance. This
demonstrates that the proposed framework detects distributional structure beyond
what mean-based or second-moment methods can access.

In this example, 1,000 data points are used for stochastic ancestor discovery for 𝑦1

and 𝑦2, while 10,000 data points are used for 𝑦3. More data points are required
for discovering the ancestors of 𝑦3 accurately, compared to 𝑦1 and 𝑦2, because
the dependence manifests only through the tail behavior rather than through the
mean or variance, as discussed in the main text. In particular, data of 𝑥1 and
𝑥2 are sampled from Unif ( [−0.5, 0.5]) and Unif ( [0, 1]), respectively, and data 𝑦1

and 𝑦3 are computed according to the exact formula using data of 𝑥1 and 𝑥2 with
𝛼(𝑥) := sin(𝜋𝑥), while data of 𝑦2 are sampled from Unif ( [−1, 1]) and data 𝑥3 are
computed accordingly using data of 𝑦2.

For ancestor discovery, we model the distributions of 𝑦1, 𝑦2, 𝑦3 individually by
employing the proposed method three times independently. For each 𝑦𝑘 , 𝑘 = 1, 2, 3,
we use a FNN with four hidden layers of 64 neurons each and rectified linear unit
(ReLU) activation function to parameterize the velocity field, with batch size and
number of epochs set to 1,000 and 5,000, respectively. In the second stage, we use
5,000 distilled samples and the RBF kernel with lengthscale 5.0 for 𝑥𝑘 , 𝑘 = 1, 2, 3.
For 𝑦1 and 𝑦3, we use lengthscale 1.0 for the random variable 𝑧 and nugget 0.1,
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while for 𝑦2, we use lengthscale 0.1 for 𝑧 and nugget 1.0. This choice is made based
on the observation that the conditional distribution of 𝑦2 | 𝑥1, 𝑥2, 𝑥3 is a two-point
distribution concentrated at ±√𝑥3. This discrete structure is poorly suited to both
flow matching and GP regression, motivating the adjusted kernel hyperparameters.

E.4.3 Discovering memory dependence in stochastic dynamics
We consider a coarse-grained stochastic dynamical system in which the momentum
is hidden, so the observed position dynamics exhibit memory. The underlying
system follows a Langevin equation for a double-well potential

𝑑𝑥

𝑑𝑡
= 𝑝, (E.22a)

𝑑𝑝

𝑑𝑡
= −𝑉 ′(𝑥) − 𝛾𝑝 + 𝜎𝜉 (𝑡), (E.22b)

where

𝑉 (𝑥) = 𝑉0

(
1 −

(
𝑥

𝑥0

)2
)2

is a symmetric double-well potential with two metastable states [194, 383].

In this example, we assume that only the position variable 𝑥 is observed while the
momentum variable 𝑝 is hidden. The resulting coarse-grained dynamics of 𝑥 exhibit
memory effects. We therefore model the dynamics using a stochastic update rule

𝑥𝑛+1 = 𝑥𝑛 +Φ(𝑥𝑛, 𝑥𝑛−1, . . . , 𝑥𝑛−𝑚, 𝜔𝑛), (E.23)

where the goal is to identify the relevant memory states. Applying the proposed
method allows us to determine which past states influence the transition dynamics.
Figure E.6 shows the pruning process, the discovered dependency structure, and
trajectories generated using the learned update model. The results show that the
method identifies a compact set of lagged positions sufficient to reproduce the
observed coarse-grained transition law.

We follow the setting in [383] and set 𝛾 = 1, 𝜎 =
√

2, 𝑉0 = 4, 𝑥0 = 1. We use
the Euler–Maruyama method with Δ𝑡 = 0.001 to simulate the system. We generate
5,000 trajectories from zero initial condition; each trajectory is run for 320,000
steps and the last 160,000 steps are kept, from which data are saved every 200
steps. We take the first 100 data points to construct the training data for discovering
the memory dependence with 𝑚 = 9. We use a FNN with two hidden layers of 64
neurons each and hyperbolic tangent activation function to parameterize the velocity
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(a) (b)

(c) (d)

Figure E.6: The coarse-grained transition dynamics with missing variables: (a)
pruning process, (b) discovered graph, (c) generated samples of 𝑥 at different times
from the learned conditional law, and (d) generated trajectories from the learned
conditioned law.

(a) (b)

Figure E.7: The stochastic chemical system: (a) pruning process and (b) discovered
graph.

field of the flow matching model, with batch size and number of epochs both set
to 5,000 and 1,000, respectively. In the second stage, we use 𝑁 = 5,000 distilled
samples to fit the GP surrogate. We use the RBF kernel with lengthscales 1.0 and
10.0 for the state and the random variables, respectively.

E.4.4 Discovering state dependence in a stochastic chemical system
This experiment illustrates the ability of the proposed method to discover state
dependence in stochastic reaction networks from data generated by exact stochas-
tic simulations. We consider the classical Michaelis–Menten enzymatic reaction
mechanism involving four chemical species [146]:

𝑆1 : a substrate, 𝑆2 : an enzyme, 𝑆3 : a complex, 𝑆4 : a product.
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The reactions are

𝑆1 + 𝑆2
𝑐1−→ 𝑆3, (E.24a)

𝑆3
𝑐2−→ 𝑆1 + 𝑆2, (E.24b)

𝑆3
𝑐3−→ 𝑆4 + 𝑆2, (E.24c)

where 𝑐1, 𝑐2, 𝑐3 are the rate constants. Let 𝑋 (𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡), 𝑥4(𝑡)] denote
the state vector where 𝑥𝑖 (𝑡) represents the number of molecules of species 𝑆𝑖 at
time 𝑡. The stochastic reaction dynamics are simulated using Gillespie’s stochastic
simulation algorithm (SSA) [146]. At each step, a reaction is selected with proba-
bility proportional to its propensity function and the state is updated according to
the corresponding stoichiometric change.

While SSA provides an exact simulation of the stochastic chemical kinetics, it does
not directly yield a fixed-time update rule. To analyze the dependence structure
using the proposed framework, we consider the discrete-time increments

Δ𝑥𝑖,𝑛 = 𝑥𝑖,𝑛+1 − 𝑥𝑖,𝑛, 𝑖 = 1, . . . , 4,

with a fixed observation interval 𝜏 = 0.1. The dataset consists of pairs (𝑋𝑛,Δ𝑋𝑛)
obtained from SSA trajectories with randomly sampled initial conditions.

Using these data, we train conditional generative models for the stochastic updates

Δ𝑥𝑖,𝑛 ≈ Φ𝑖 (𝑥1,𝑛, 𝑥2,𝑛, 𝑥3,𝑛, 𝑥4,𝑛, 𝜔𝑖), 𝑖 = 1, . . . , 4,

and apply the proposed ancestor discovery procedure to identify the state variables
that influence each update.

The pruning results and the discovered computational graph are shown in Figure E.7.
The method successfully recovers the correct dependency structure implied by the
reaction network. Since the reaction propensities depend on 𝑥1, 𝑥2 and 𝑥3, while 𝑥4

does not enter any propensity, the reference dependency structure excludes 𝑥4 as an
ancestor of the fixed-time increments. The recovered graph is consistent with this
structure.

We follow the parameter setting, initializations, and time span 𝑇 = 50 from [146],
except that we set 𝑐2 = 0.1, and simulate the Michaelis–Menten system using SSA
independently for 2,000 trajectories. We use a FNN with two hidden layers of 64
neurons each and ReLU activation function to parameterize the velocity field of the
flow matching model, with batch size and number of epochs both set to 5,000 and
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1,000, respectively. In the second stage, we use 𝑁 = 5,000 distilled samples to fit
the GP surrogate. We use the RBF kernel with lengthscale 1.0 for both the state and
the random variables, respectively.

E.4.5 Hidden fast variables do not obscure local slow-variable dependencies
We consider the multiscale Lorenz 96 system [22, 201], which couples 𝑚 slow
variables 𝑥 𝑗 with 𝐽 fast variables 𝑦𝑘, 𝑗 for every slow variable. The slow variables
satisfy

𝑑𝑥 𝑗

𝑑𝑡
= (𝑥 𝑗+1 − 𝑥 𝑗−2)𝑥 𝑗−1 − 𝑥 𝑗 + 𝐹 − ℎ𝑐

𝑏

𝐽∑︁
𝑘=1

𝑦𝑘, 𝑗 , 𝑗 = 1, . . . , 𝑚, (E.25)

where cyclic indexing is imposed by 𝑥 𝑗+𝑚 = 𝑥 𝑗 . In line with Section 6.4.2, the
fast variables are treated as unobserved nuisance variables. Thus, we are interested
in the dynamic dependency of each variable in 𝑞I = (𝑥1, . . . , 𝑥𝑚) on others. For
𝑚 = 10 and 𝐽 = 10 in a weak-coupling regime with ℎ = 0.1, the method recovers
A(Δ𝑥 𝑗 ) = {𝑥 𝑗−2, 𝑥 𝑗−1, 𝑥 𝑗 , 𝑥 𝑗+1}, consistent with the explicit functional structure of
the slow-variable equation. The influence of the unobserved fast variables is encoded
in the learned conditional law of Δ𝑥 𝑗 given the observed slow variables, rather than
being spuriously attributed to distant slow variables. To assess scalability, we
vary 𝑚 = 10, 20, . . . , 200. The method recovers the correct ancestor sets across all
values of𝑚, with a log-log slope of 1.81 for computational time versus𝑚with a fixed
number of data 𝑁 , consistent with the computational cost of the discovery procedure
(O(𝑚𝑁3 + 𝑚2𝑁2)). In these experiments, 𝑥 𝑗 is provided as prior knowledge; the
method identifies the remaining ancestors from {𝑥𝑖 : 𝑖 ≠ 𝑗}.

E.4.6 Probabilistic model-based control tolerates substantial input pruning.
We apply the proposed method to the 7-DOF reacher problem [66], a high-
dimensional model-based RL benchmark in which a simulated PR2 robot arm
moves its end-effector to a target in 3D space. In the notation of Section 6.4.2, the
observed state is 𝑞(𝑡) = 𝑞I (𝑡) = (𝜃 (𝑡), 𝜔(𝑡)), consisting of 7 joint angles and 7 an-
gular velocities, and the control is 𝑢(𝑡) ∈ R7, consisting of joint torques. Although
the MuJoCo simulator dynamics are deterministic, the probabilistic ensembles with
trajectory sampling (PETS) framework [66] models the transition as random using
𝑃(𝑞𝑡+Δ𝑡 | 𝑞𝑡 , 𝑢𝑡), where the stochasticity represents epistemic uncertainty from finite
data. Thus, the object of interest is the inputs of the learned surrogate for the transi-
tion law. The target variables are the 14 state increments Δ𝑞𝑖, 𝑖 = 1, . . . , 14, and the
candidate covariates are the 21 state-action inputs (𝑞𝑡 , 𝑢𝑡). We apply the proposed
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method to obtain ancestor sets A(Δ𝑞𝑖) separately for each output coordinate, and
define the graph for a run by the conservative union A(Δ𝑞) :=

⋃14
𝑖=1A(Δ𝑞𝑖). This

retains any variable identified as an ancestor of at least one transition coordinate.
Across five independent runs, the method consistently prunes 𝜃1, 𝜃2, 𝜃5, 𝜃7. Run-to-
run variability occurs for 𝜔1, 𝜔2, 𝜔7, which are pruned in some runs but retained in
others. As shown in Figure 6.4(c), the least sparse graph prunes only {𝜃1, 𝜃2, 𝜃5, 𝜃7},
while the most sparse graph additionally prunes {𝜔1, 𝜔2, 𝜔7}. To evaluate the dis-
covered structure, we use the PETS probabilistic model-based RL framework [66]
and modify only the input coordinates of its learned dynamics model according to
the discovered graphs. The output space, planning objective, data collection pro-
tocol, and MPC planner are kept fixed. Both the least and most sparse surrogates
achieve performance comparable to the full unpruned PETS baseline, as shown in
Figure 6.4(d), where return denotes the cumulative task reward and the plotted curve
reports the mean best return achieved so far across the trials. This indicates that the
consistently pruned joint angles are non-critical for this control task, and that the
marginal angular velocities are not essential for the reported control performance
even when some inputs are removed.
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A p p e n d i x F

SUPPLEMENTARY MATERIALS FOR CHAPTER 7: QAP
BACKGROUND AND PRIMITIVES

F.1 Why is the QAP hard?
The QAP [168, 196] is a strongly NP-hard problem [112], meaning that not only does
no known polynomial-time algorithm exist to solve the QAP (and it is unlikely that
such an algorithm will ever be found unless 𝑃 = 𝑁𝑃), but the problem remains hard
even if its numerical parameters remain bounded by a polynomial in the input size.
Moreover, for the QAP constructing a constant-factor approximation algorithm is
itself NP-hard. The QAP is widely recognized as computationally challenging, with
instances becoming difficult even at moderate sizes (e.g., 𝑛 = 20) [48]. Furthermore,
any problem in NP (nondeterministic polynomial time) can be reduced to the QAP
in polynomial time [112]. Thus, if we were able to solve the QAP efficiently (in
polynomial time), we would be able to solve all NP problems efficiently, which
would have profound implications for computational complexity theory. The QAP
also encompasses several well-known problems in combinatorial optimization. For
instance, by setting 𝐹𝑖, 𝑗 = 1, 𝐷 𝑗 ,𝑖 = 𝐷𝑖, 𝑗 ≥ 0, 𝐷𝑖,𝑖 = 0 and 𝐶𝑖, 𝑗 = 0, the QAP
simplifies to the Traveling Salesman Problem (TSP) [12], which is a special case
of the QAP and is generally considered much easier to solve. Moreover, by setting
𝐶 = 0 and allowing 𝐷𝑖, 𝑗 ∈ {0, 1}, the QAP reduces to the Graph Matching Problem
[195], a problem concerned with finding optimal node correspondences between two
graphs. Finally, by setting both 𝐹 = 0 and 𝐷 = 0 the QAP simplifies to the linear
assignment problem, which can be solved in polynomial time using the Hungarian
Algorithm [176].

F.1.1 Why is the QAP important?
The optimization of logistics and supply chains, such as allocating resources to
multiple sites during operations and determining inventory levels over time at var-
ious facilities, is inherently challenging due to the combinatorial scaling of search
spaces and the dynamic evolution of states. These complexities often cause cur-
rent algorithms to produce suboptimal solutions, with performance deteriorating
significantly as problem size increases, potentially leading to undesirable outcomes
ranging from increased operational costs to loss of life. In the context of supply



315

chain management, QAP is particularly important for strategically placing facilities
to minimize the time required to move items through a complex network. The prob-
lem’s dynamic and uncertain nature, coupled with evolving structural changes over
time, further complicates the optimization process. Existing methods frequently fail
to adapt to these changes, underscoring the need for algorithms that can dynamically
generate solutions in response to shifting conditions. In supply chain optimization,
moderate-sized problems can involve O(106) parameters, making the simulation
and optimization of these networks inefficient with current algorithms. Addition-
ally, other applications of QAP include facility layout and location (e.g., airport
design), data center optimization, and very-large-scale integrated circuit design.
Developing an automated algorithm discovery framework would therefore represent
a significant industry and operational breakthrough, enabling the dynamic genera-
tion of algorithms that adapt to changing conditions and achieve lower-cost solutions
by effectively relocating items to critical areas. Such advancements would not only
enhance the efficiency and resilience of logistics but also offer substantial benefits
across various sectors reliant on complex supply chain and facility optimization.

F.1.2 Current methods for solving the QAP
Current methodologies for solving the QAP span exact algorithms, heuristic/meta-
heuristic methods, and hybrid/emerging approaches as detailed in surveys [67, 196].
Exact methods include systematic techniques such as Branch and Bound (B&B),
Cutting Plane methods, Dynamic Programming (DP), and Integer Programming
(IP), providing guarantees of optimality but with significant computational demands
for general instances.
Heuristic algorithms offer efficient approximations suitable for larger problems.
Prominent examples include Simulated Annealing (SA), Genetic Algorithms (GA),
Tabu Search (TS), Ant Colony Optimization (ACO), Particle Swarm Optimization
(PSO), Iterated Local Search (ILS), and Greedy Randomized Adaptive Search Pro-
cedure (GRASP).
Hybrid and emerging approaches blend multiple methodologies to enhance per-
formance. These include Memetic Algorithms (MA), Hybrid Genetic Algorithms
(HGA), Parallel Algorithms, and novel techniques such as Quantum Algorithms and
Machine Learning-assisted heuristics.
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F.1.3 Exhaustive list of primitives for the QAP
F.1.3.1 Low-level primitives

Low-level primitives are tokens that do not directly solve the problem at hand, here
the QAP, but can be chained to get an algorithm.
The following low-level primitives are implemented in Sec. 7.7.1:

• Copy (COPY): 𝑥 ↦→ 𝑥

• Linear Sum Assignment (LSA): 𝑥 ↦→ arg min𝜋⟨𝑥, 𝜋⟩𝐹

• Negative (NE): 𝑥 ↦→ −𝑥

• Gradient (GRAD): 𝑥 ↦→ ∇L(𝑥)

• Early stopping (STOP): No further computation, saves compute budget for
higher reward.

Additionally, Sec. 7.7.1 uses operator primitives, whose outputs are determined by
the current state and the supplied primitive 𝑃:

• For loop (usually 50 iterations) (FOR)(𝑃): 𝑥 ↦→ 𝑃 ◦ · · · ◦ 𝑃(𝑥)

• Residual update (RU)(𝑃): 𝑥 ↦→ 𝑥 + 𝑃(𝑥)

• Parallel uniform (PU)(𝑃): 𝑥 ↦→ arg min𝑧𝑖 {L(𝑧𝑖), 𝑧𝑖 = 𝑃(𝑦𝑖), 𝑦𝑖 ∼ U, 𝑖 =
1, . . . , 10}

• Parallel 2-city swaps (2SWAP)(𝑃): 𝑥 ↦→ arg min𝑧𝑖, 𝑗 {L(𝑃(𝑦𝑖, 𝑗 )) | 𝑧𝑖, 𝑗 =

𝑃(𝑦𝑖, 𝑗 ), 𝑦𝑖, 𝑗 = SWAP(𝑥, 𝑖, 𝑗)}, where 𝑦𝑖, 𝑗𝑘 = 𝑥𝑘 if 𝑘 ≠ 𝑖, 𝑗 , and 𝑦
𝑖, 𝑗
𝑗 = 𝑥𝑖,

𝑦
𝑖, 𝑗
𝑖 = 𝑥 𝑗 is the permutation 𝑥, with indices 𝑖 and 𝑗 swapped

Finally, several primitives are considered for manual algorithm discovery 7.7.3:

• Gibbs permutation average (uses multiple permutations) (GIBBS):
(𝑥𝑖)𝑘𝑖=1 ↦→

∑
𝑖 𝑥𝑖𝑒

−𝛽L(𝑥𝑖 )∑
𝑖 𝑒
−𝛽L(𝑥𝑖 )

• Biasing tokens (BIAS): Given a matrix 𝑇 and a doubly stochastic matrix 𝑥0,
changes the loss to L𝑏 (𝑥) = L(𝑥) + 𝛾 Tr(𝑥𝑇0𝑇)

• Best of both (BEST): 𝑥 ↦→ arg min𝑖∈{1,2} (L(𝑦𝑖)) where 𝑦1 = 𝐿𝑆𝐴 ◦ 𝑁𝐸 (𝑥)
and 𝑦2 = 𝐿𝑆𝐴 ◦ 𝐺𝑅𝐴𝐷 (𝑥)
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• Parallel state with permutation (PSP): 𝑥, 𝑃 ↦→ arg min{L[𝑃(𝑦𝑖)] | 𝑦𝑖 =
𝑈𝑖𝑥𝑖 + (1 − 𝑈𝑖)𝑥} where 𝑥𝑖 is a random uniform permutation, and 𝑈𝑖 ∼
U([0, 1])

For clarity, these operator primitives can be read as higher-order procedures: they
take a matrix-to-matrix primitive 𝑃 : M → M as input and return a new matrix-
to-matrix primitive. In pseudocode,

𝑅𝑈 [𝑃] (𝑥) : return 𝑥 + 𝑃(𝑥),
𝑃𝑈 [𝑃] (𝑥) : sample 𝑦1, . . . , 𝑦10 ∼ U,

𝑧𝑖 ← 𝑃(𝑦𝑖), 𝑖 = 1, . . . , 10,
return the first 𝑧𝑖, in index order, with minimal L(𝑧𝑖),

2𝑆𝑊𝐴𝑃[𝑃] (𝑥) : for each pair 𝑖 < 𝑗 , set 𝑦𝑖 𝑗 ← SWAP(𝑥, 𝑖, 𝑗),
𝑧𝑖 𝑗 ← 𝑃(𝑦𝑖 𝑗 ),
return the first 𝑧𝑖 𝑗 , in lexicographic order of (𝑖, 𝑗),
with minimal L(𝑧𝑖 𝑗 ).

Thus 𝐶𝑂𝑃𝑌 acts as the neutral argument for these operator primitives:
2𝑆𝑊𝐴𝑃[𝐶𝑂𝑃𝑌 ] is the ordinary best two-city-swap move, i.e., the best one-
transposition move, while 𝑅𝑈 [𝐶𝑂𝑃𝑌 ] is the residual update 𝑥 ↦→ 2𝑥.

F.1.3.2 High-level primitives

The following algorithms are used to get the high-level primitives results in 7.7.2.
Note that many of these primitives are rediscovered in 7.7.1.

• Two-location optimal swaps (2OPT): iteratively swaps two distinct indices
𝑖, 𝑗 using the best possible swap, until no improvement is possible. Note
that this is approximately achieved by 𝐹𝑂𝑅(2𝑆𝑊𝐴𝑃(𝐶𝑂𝑃𝑌 )) (with enough
iterations).

• Three-location optimal swaps (3OPT): same as 2OPT, but a 3-location swap
can change up to 3 indices, 𝑖, 𝑗 , 𝑘 . Note that this can be approximately achieved
using 𝐹𝑂𝑅(2𝑆𝑊𝐴𝑃(2𝑆𝑊𝐴𝑃(𝐶𝑂𝑃𝑌 ))). In practice, we limit the number of
explorations of 3-city swaps, as this can be prohibitively expensive.

• Path reversal 2OPT (P-2OPT): defining the path reversal such that y 𝑖, 𝑗 =
REVERSE(x, 𝑖, 𝑗), 𝑦𝑖, 𝑗𝑘 = 𝑥 𝑗+𝑖−𝑘 if 𝑖 ≤ 𝑘 ≤ 𝑗 , else 𝑦𝑖, 𝑗𝑘 = 𝑥𝑘 , P-2OPT applies
iteratively the best path reversal until no improvement.
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• Path reversal 3OPT (P-3OPT) choose the best 3 indices, 𝑖, 𝑗 , 𝑘 , and itera-
tively applies two path reversals, REVERSE(REVERSE(x, 𝑖, 𝑗), 𝑗 , 𝑘), until
no improvement or maximum iteration number is reached.

• Simulated annealing (SA): This primitive performs 𝑚 steps of simulated
annealing using two-location flips on an initial permutation 𝑥. At step 𝑘 ,
simulated annealing picks two random indices, 𝑖, 𝑗 , and performs x̃ 𝑘 =

SWAP(x 𝑘 , 𝑖, 𝑗). With probability min
(
1, exp

(
−ΔL
𝑇𝑘

))
where ΔL = L(x̃ 𝑘 )−

L(x 𝑘 ), the move is accepted and x 𝑘+1 = x̃ 𝑘 ; else x 𝑘+1 = x 𝑘 . The tem-
perature follows a decreasing schedule 𝑇𝑘 = 𝑇0(1 − 𝜖)𝑘 . This approach
probabilistically accepts worse solutions, allowing escape from local minima,
until 𝑚 iterations are completed.

• Frank-Wolfe (FW): Performs gradient descent in the space of doubly
stochastic matrices. One iteration has the update 𝑥𝑘+1 = (1 − 𝛾𝑘 )𝑥𝑘 +
𝛾𝑘 LSA(GRAD(𝑥𝑘 )), where 𝛾𝑘 = 2/(2 + 𝑘). Variations include FW-LS,
Frank-Wolfe followed by linear sum assignment, and FW-LSG, Frank-Wolfe
followed by taking the gradient and applying linear sum assignment.

• Orthogonal relaxation with QR decomposition (OP). Following the relax-
ation strategy described in [287], OP performs gradient descent in the space
of orthogonal matrices using the Procrustes solution [286, 287]. Defining
Q[𝑥] as the Q factor of the QR-decomposition, the update rule is 𝑥𝑘+1 =

Q[𝑥𝑘 − 𝛾𝑘 GRAD(𝑥𝑘 )], with the learning rate 𝛾𝑘 = 0.5 ∗ 0.95𝑘 .

• Orthogonal relaxation with QR decomposition and momentum (OC):
More complex update rule for gradient descent with momentum in the or-
thogonal matrices space, see [286, 287].

Note that the space of permutation matrices is exactly the intersection of the doubly
stochastic matrices and orthogonal matrices, justifying the relaxations of both FW
and OC.

Table F.1: Relative gap ((L − minL)/minL, in %) on QAPLIB Benchmark
Instances against Gurobi, Branch and Bound (BB) and Simulated Annealing (SA)

Problem Best model CLP (ours) (%) SA (%) BB (%) Gurobi (%)

bur26a CLP 0.0 1.0 5.1 7.7
bur26b CLP 0.0 0.2 5.4 9.5

Continued on next page
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Problem Best model CLP (ours) (%) SA (%) BB (%) Gurobi (%)

bur26c CLP 0.0 1.3 5.3 10.1
bur26d CLP 0.0 0.5 6.1 12.1
bur26e CLP 0.0 1.2 6.4 9.5
bur26f CLP 0.0 0.4 7.8 7.5
bur26g CLP 0.0 1.1 5.3 10.4
bur26h CLP 0.0 1.1 6.3 9.1
chr25a CLP 7.2 64.5 261.9 432.9
chr22a CLP 1.8 11.9 71.8 140.7
chr22b CLP 1.9 23.8 172.2 138.8
chr20a CLP 4.5 24.2 161.5 379.6
chr20b CLP 6.9 66.3 144.3 431.9
chr20c CLP 0.0 87.6 346.4 737.6
chr18a CLP 0.2 49.4 284.6 706.8
chr18b CLP 0.0 10.0 25.3 227.8
chr15a CLP 0.0 40.7 231.7 657.5
chr15b CLP 0.0 49.9 350.4 688.9
chr15c CLP 0.0 76.8 343.6 554.4
chr12a CLP 0.0 26.2 40.9 516.4
chr12b CLP 0.0 85.3 117.2 392.2
chr12c CLP 0.0 59.2 28.9 238.9
els19 CLP 0.0 70.4 69.9 174.7
esc128 CLP 0.0 125.0 362.5 340.6
esc32e CLP/SA 0.0 0.0 1400.0 3400.0
esc32g CLP/SA 0.0 0.0 366.7 533.3
esc16a CLP/SA 0.0 0.0 23.5 52.9
esc16b CLP/SA 0.0 0.0 1.4 10.3
esc16c CLP/SA 0.0 0.0 7.5 40.0
esc16d CLP/SA 0.0 0.0 62.5 212.5
esc16e CLP 0.0 7.1 35.7 157.1
esc16g CLP 0.0 7.7 15.4 138.5
esc16h CLP/SA 0.0 0.0 5.4 25.5
esc16i CLP/SA 0.0 0.0 85.7 271.4
esc16j CLP/SA 0.0 0.0 75.0 275.0
had20 CLP 0.0 0.1 7.0 9.7
had18 CLP 0.0 0.8 4.8 12.3
had16 CLP 0.0 0.8 5.6 12.7
had14 CLP/SA 0.0 0.0 4.3 18.6
had12 CLP 0.0 0.1 4.1 15.9
kra32 CLP 0.0 13.9 40.5 50.4
kra30a CLP 0.0 14.2 35.9 48.6
kra30b CLP 0.0 9.7 32.4 41.4
lipa90a CLP 0.7 1.3 1.9 1.8
lipa90b CLP 0.0 25.1 30.2 30.1
lipa80a CLP 0.7 1.3 1.9 2.1
lipa80b CLP/Gurobi 0.0 25.3 30.5 0.0
lipa70a CLP 0.8 1.4 2.0 2.6
lipa70b CLP/Gurobi 0.0 24.9 28.6 0.0
lipa60a CLP 0.9 1.6 2.4 2.8
lipa60b CLP/Gurobi 0.0 23.0 27.5 0.0
lipa50a CLP 1.0 1.7 2.7 2.9
lipa50b CLP/Gurobi 0.0 21.7 26.9 0.0
lipa40a CLP 1.1 2.0 3.2 3.6

Continued on next page



320

Problem Best model CLP (ours) (%) SA (%) BB (%) Gurobi (%)

lipa40b CLP/Gurobi 0.0 21.5 28.0 0.0
lipa30a CLP 0.0 2.5 3.9 4.3
lipa30b CLP/Gurobi 0.0 18.9 21.8 0.0
lipa20a CLP 0.0 3.2 5.3 7.5
lipa20b CLP/Gurobi 0.0 16.8 22.5 0.0
nug30 CLP 0.0 9.0 27.4 30.5
nug28 CLP 0.0 7.2 26.4 28.1
nug27 CLP 0.0 4.7 30.1 39.8
nug25 CLP 0.0 3.8 27.0 33.6
nug24 CLP 0.0 9.6 23.6 23.0
nug22 CLP 0.0 6.6 23.5 48.5
nug20 CLP 0.0 6.8 17.3 39.3
nug18 CLP 0.0 5.4 17.0 31.0
nug17 CLP 0.0 3.0 12.0 33.8
nug16a CLP 0.0 1.7 17.4 31.3
nug16b CLP 0.0 3.1 14.2 32.6
nug15 CLP 0.0 1.4 7.0 18.3
nug14 CLP 0.0 3.4 7.7 38.1
nug12 CLP 0.0 2.1 6.2 36.0
rou20 CLP 0.0 3.4 16.0 28.5
rou15 CLP 0.0 9.4 7.8 24.0
rou12 CLP 0.0 4.3 2.0 31.1
scr20 CLP 0.0 12.7 35.7 127.6
scr15 CLP 0.0 22.9 47.9 96.1
scr12 CLP 0.0 16.5 9.8 103.9
sko100a CLP 0.0 8.4 18.1 17.8
sko100b CLP 0.1 8.3 18.7 17.6
sko100c CLP 0.0 8.4 17.4 18.5
sko100d CLP 0.1 8.5 16.5 17.3
sko100e CLP 0.0 8.4 18.6 17.4
sko100f CLP 0.1 7.7 16.7 17.0
sko90 CLP 0.0 8.8 16.5 19.3
sko72 CLP 0.1 8.5 19.6 21.4
sko64 CLP 0.0 8.4 22.2 17.2
sko56 CLP 0.0 9.3 22.8 23.1
sko49 CLP 0.1 6.6 20.8 27.5
sko42 CLP 0.0 6.6 24.8 26.8
ste36a CLP 0.8 28.1 38.3 90.7
ste36b CLP 0.0 47.2 136.5 515.1
ste36c CLP 0.6 13.8 63.3 102.4
tai256c CLP 0.2 5.8 20.9 18.9
tai150b CLP 0.6 16.5 31.1 31.2
tai100a CLP 1.1 8.8 14.2 15.2
tai100b CLP 0.1 15.6 51.0 47.4
tai80a CLP 1.2 8.0 15.0 15.4
tai80b CLP 0.1 15.9 49.9 50.8
tai64c CLP 0.0 4.8 217.6 38.7
tai60a CLP 1.1 9.8 16.6 16.8
tai60b CLP 0.0 20.6 64.6 77.2
tai50a CLP 1.0 10.1 16.2 19.0
tai50b CLP 0.0 18.8 64.1 69.4
tai40a CLP 0.7 6.6 17.0 22.6

Continued on next page
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Problem Best model CLP (ours) (%) SA (%) BB (%) Gurobi (%)

tai40b CLP 0.0 23.0 79.1 74.6
tai35a CLP 0.4 9.0 15.4 19.2
tai35b CLP 0.1 11.6 62.8 93.7
tai30a CLP 0.0 5.9 16.0 18.3
tai30b CLP 0.0 9.3 52.3 112.5
tai25a CLP 0.4 7.9 15.3 24.1
tai25b CLP 0.0 31.2 122.8 188.5
tai20a CLP 0.3 6.8 14.1 22.9
tai20b CLP 0.0 2.9 99.5 249.5
tai17a CLP 0.0 7.4 13.3 28.5
tai15a CLP 0.0 2.0 11.2 25.3
tai15b CLP 0.0 0.4 571.3 572.9
tai12a CLP 0.0 16.2 15.2 29.6
tai12b CLP 0.0 18.0 39.8 118.2
tho150 CLP 0.3 11.1 20.6 19.8
tho40 CLP 0.0 12.7 31.5 39.2
tho30 CLP 0.0 9.7 32.2 49.6
wil100 CLP 0.0 4.8 9.7 10.7
wil50 CLP 0.0 4.5 12.2 14.6

F.1.4 Computational Cost-Based Algorithm Generation
We have developed a modular, multi-node, multi-GPU computational framework
for discovering novel algorithms utilizing ensemble MCTS, RL, and tokenization
techniques. Our framework includes a profiling module designed to estimate the
computational cost of individual primitives. By leveraging this profiling, we set a
fixed computational budget for training an ensemble MCTS-based RL agent, en-
abling it to identify optimal sequences of primitives that minimize the optimality
gap while adhering to computational constraints. For supply chain networks exceed-
ing 60 nodes, the solution space is astronomically large. Current state-of-the-art
methods, such as simulated annealing (complexity O(𝑛4)) and branch and bound
(complexity O(2𝑛) in the worst case), become computationally prohibitive as prob-
lem size grows. In contrast, our CLP approach automatically generates tailored
algorithms with substantially better computational complexity, typically ranging
from O(𝑛2) to O(𝑛3). This improvement corresponds to an average 10,000-fold re-
duction in computational effort (measured in floating-point operations (FLOPs)) for
problems of size 100. Additionally, the CLP method consistently achieves superior
solution quality, frequently finding optimal solutions that state-of-the-art methods
fail to identify. For instance, for problems of size 80, our approach consistently
achieves the optimum.
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