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ABSTRACT

Modern quantum systems have two facets: they are resources we would like to
harness, and they contain physics we would like to probe. This thesis studies both
through several case studies in quantum metrology and computing, unified by the
interplay between entanglement, noise, and dissipation. We first probe entangle-
ment in an optomechanical setting, where a mechanical oscillator is continuously
driven and monitored by a light field. Assuming Gaussian dynamics and arbitrary,
possibly non-Markovian noise, we derive necessary and sufficient conditions for
entanglement. For a vacuum input, the entangling-disentangling transition is set by
the environmental noise alone and is independent of the optomechanical coupling
strength. Furthermore, frequency-dependent squeezing cannot entangle a system
that is separable when driven by vacuum. In the Advanced Laser Interferometer
Gravitational-Wave Observatory (aLIGO), we find that the present level of classi-
cal noise, dominated by low-frequency seismic noise, makes significant stationary
entanglement unlikely. We then turn to quantum frequency estimation and present
two schemes. The first scheme harnesses entanglement as a metrological resource,
approaching Heisenberg-limited precision up to a constant factor using blocks of
Greenberger-Horne-Zeilinger (GHZ) states prepared with logarithmic-depth circuits
and read out with local, adaptive measurements. The second scheme addresses the
precision-bandwidth trade-off through a weak-measurement Ramsey protocol that
recovers the classical precision limit over an extended dynamic range. Finally, we
harness dissipation by introducing the 0-𝑛 Fock qubit, a noise-biased bosonic encod-
ing stabilized by frequency-selective dissipation, with bit-flip errors exponentially
suppressed in 𝑛 (the highest Fock level). Used as a bias-preserving ancilla for cat-
qubit architectures, it enables noise-biased controlled-X gates and low logical error
rates with experimentally realistic parameters. Together, these results explore the
regimes where entanglement and quantum advantage can survive noise, and show
how measurement and dissipation can be engineered to protect them.
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and is used to estimate the laser frequency. (b) Allan deviation𝜎𝑦 (𝜏),
normalized by 𝛾LO/𝜔𝐴𝑁1/2, as a function of the total interrogation
time 𝜏, for various interrogation schemes, and 𝑁 = 200 atoms. The
vertical dashed line represents the coherence time limit due to local
oscillator noise [235], which determines the maximum Ramsey time
𝑇 . The Allan deviation decreases as 𝜏1/2 after this point for the uncor-
related and GHZ interrogation. If phase slip errors are suppressed,
it is possible for the stability to scale as 𝜏−1, as seen from the sta-
bilities of the best classical scheme and the optimal quantum clock
(OQC). The fundamental limit of sensitivity is set by the individual
particle decoherence (Eq. (5.6)), which is plotted with a gray, dashed
line. (c) Allan deviation 𝜎𝑦 (𝜏), normalized by 𝛾LO/𝜔𝐴𝑁1/2, as a
function of the total number of atoms 𝑁 , for 𝜏 = 10−3𝛾−1

LO (top) and
𝜏 = 10 𝛾−1

LO (bottom). Note that the legend for the plots is shown in b.
For 𝜏 𝛾LO < 1, the stabilities of all the clocks scale as 𝑁1/2. Protocols
that show HS can increase the clock stability by an additional factor
of 𝑁1/2. For 𝜏 𝛾LO > 1, 𝑇 takes its largest value of 𝑇 ≈ 𝛾−1

LO for
the uncorrelated interrogation, causing the stability to scale as 𝜏1/2.
Extending the Ramsey time with the best classical scheme enables to
obtain a stability that scales as 𝜏, and using protocols that show HS,
such as the OQC, can further boost the stability by a factor of 𝑁1/2. . 82
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5.3 Summary of the introduced protocol for 𝑁 = 4 qubits, and a prior
width of 𝛿𝜙 = 𝜋/3 ≈ 1.05 rad. (a) The possible partitions of
the blocks of GHZ states for 𝑁 = 4 qubits are given in the Table,
and the MSE as a function of 𝜙 is plotted. For this prior width,
the best-performing partition is plotted in yellow, highlighted in the
Table. (b) Optimization over local, adaptive measurements. The
measurement consists of successive 𝑍̂ (Φ𝑖) operations and projective
measurements. The 𝑍̂ (Φ𝑖) operation corresponds to a rotation around
the 𝑧-axis by Φ𝑖 in the Bloch sphere picture, such that 𝜙 − Φ𝑖 is
measured. Based on the measurement outcome, the next rotation
angle is determined. During the optimization, 𝑚 phases are sampled
uniformly from the interval [−6𝛿𝜙, 6𝛿𝜙], which are then used to
compute the BMSE analytically. Gradient descent is used to tune the
single-qubit rotations Φ𝑖 in the adaptive measurement. This process
is iterated until the BMSE converges to a minimum. (c) Numerical
values (in units of radians) of the single-qubit rotations Φ𝑖 at the end
of the optimization. . . . . . . . . . . . . . . . . . . . . . . . . . . 86
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5.4 Performance of the proposed scheme for 𝑁 = 21 qubits. (a) RBMSE
Δ𝜙 as a function of the prior width, 𝛿𝜙, for 𝑁 = 21. The performance
of the phase estimation with a 21-qubit GHZ state, 21-qubit CSS, the
OQI, and the proposed scheme is plotted in blue, yellow, gray, and red,
respectively. The different shapes of the red markers correspond to
different ways of partitioning the qubits into blocks of GHZ states. (b)
Optimal partitions of 21 qubits into blocks of GHZ states for different
prior widths. For a small prior width the optimal strategy is to use
the GHZ state with the maximum number of atoms possible. The
remaining atoms are distributed to smaller GHZ states. In contrast,
for a large prior width, it is more advantageous to use GHZ states
with smaller numbers of atoms and distribute them equally. (c) The
amplitudes of states with 𝑛up excitations, 0 ≤ 𝑛up ≤ 21, for the
optimal initial states of the OQI and the initial states obtained with
blocks of GHZ states, for different prior widths. 𝑛up = 0 (𝑛up = 21)
corresponds to the state |0⟩⊗𝑁 (|1⟩⊗𝑁 ). We see that for 𝛿𝜙 ≈ 1 rad,
the optimal initial state of the OQI resembles a sine state. (d) MSE
of the OQI, CSS, and the proposed scheme for 𝑁 = 21 and 𝛿𝜙 = 0.7
rad, plotted in purple, yellow, and red, respectively. The proposed
scheme achieves a metrological gain of 𝑔 = 2.29 (3.59 dB). . . . . . 88

5.5 RBMSE as a function of number of qubits 𝑁 , normalized by the
prior width, for 𝛿𝜙 = 0.7 rad. We see that the CSS and the OQI
constitute the SQL and HL, respectively. For larger qubit numbers,
the BMSE of all of the schemes converges to a constant independent
of 𝑁 . We also plot the 𝜋-corrected HL in the absence of phase
slip errors, which touches the OQI curve at 𝑁 ≈ 70. We observe
that all of the schemes that use blocks of GHZ states show sub-SQL
sensitivity. Furthermore, the scheme with a varying block size and
the proposed scheme obtain HS. For all 𝑁 , the proposed scheme
obtains the maximal sensitivity, among existing schemes. Inset. We
plot the RBMSE of the OQI, CSS, and the proposed scheme in the
range 40 ≤ 𝑁 ≤ 100, with gray, yellow, and red, respectively. We
see that the proposed scheme shows HS with an overhead of ≈ 1.56,
shown with the light green line. . . . . . . . . . . . . . . . . . . . . 91



xviii

5.6 RBMSEΔ𝜙, normalized by 2𝜋, as a function of the total qubit number
𝑁 , for different prior widths. For small enough prior widths (𝛿𝜙 = 0.7
rad), no slow atoms are needed. The RBMSE of the proposed scheme
in this regime is plotted in gray. For larger prior widths, the number
of atoms needed to extend the dynamic range depends on the phase
unwinding protocol. We define non-adaptive and adaptive phase
unwinding, also propose a more efficient phase unwinding protocol
that extends the proposed scheme to large prior widths. Furthermore
for the proposed scheme, in the limit of 𝑁 ≫ 1, the RBMSE for
different prior widths converges to the RBMSE for 𝛿𝜙 = 0.7 rad.
Therefore, in this limit, we can obtain a clock stability that scales as
the total interrogation time 𝜏 even in the regime where 𝜏𝛾LO > 1.
Inset. MSE for the proposed phase unwinding scheme for 𝑁 = 16
atoms and a prior width of 𝛿𝜙 = 2.8 rad. We see that the MSE is
close to that of the OQI, and that the proposed scheme has a dynamic
range of ≈ 8𝜋. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.7 RBMSE normalized by 2𝜋, as a function of the number of qubits 𝑁 ,
for the optimal partition of the blocks of GHZ states, and the OQI. The
OQI constitutes a benchmark for Bayesian phase estimation, and we
assume that arbitrarily complex optimal measurements are available
for the optimal partitions. The comparison to the OQI shows that
the BMSE of the optimal partitions performs almost optimally for all
prior widths. We also plot the 𝜋-corrected HL, defined as Δ𝜙 = 𝜋/𝑁
in the limit of 𝑁 ≫ 1 [125], with a gray line. The BMSE of the OQI
(as well as the optimal partition) converges to the HL for all prior
widths except 𝛿𝜙 ≈ 1.05 rad, due to phase slip errors. . . . . . . . . . 103
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6.1 Dynamic range problem in frequency estimation: a) Circuit represen-
tation of the standard Ramsey experiment, where a strong measure-
ment is applied after a phase accumulation time 𝑇. b) We consider a
uniform prior distribution of the unknown frequency P𝛿𝜔 (𝜔) in the
interval [0, 𝛿𝜔]. c) The square-root of the Bayesian mean squared er-
ror (BMSE) Δ𝜔, normalized by the prior width 𝛿𝜔 and the number of
qubits 𝑁 = 64. The solid, red line corresponds to the measurement-
optimized BMSE, which suffers from phase slips beyond 𝛿𝜔𝑇 = 𝜋, as
shown in the Bloch sphere picture. The dashed-blue line corresponds
to the quantum Fisher information bound of (Δ𝜔)−2 = 𝐼𝑄 = 4𝑁𝑇2.

d) Circuit representation of the approach studied here: Ramsey ex-
periment with sequential weak measurements. . . . . . . . . . . . . 108

6.2 Average classical Fisher information (CFI) 𝐼𝐶 , normalized by the QFI,
𝐼𝑄 = 4𝑁𝑇2, for the weak-only protocol (plotted in yellow), and weak-
with-strong protocol (plotted in green). We fix the measurement
strength as 𝑔 = 0.1, measurement period as 𝜏 = 0.1 s, and vary the
interrogation time 𝑇 ∈ [1, 100] s. In the weak back action regime,
i.e. 𝑔2𝑇/𝜏 ≪ 1, the CFI for the weak-with-strong protocol saturates
𝐼𝑄 . The CFI for the weak-only protocols is much smaller, yet it
increases rapidly as 𝑇3. Eventually, in the strong back action regime,
𝑔2𝑇/𝜏 ≫ 1, the two protocols obtain the same CFI of 4𝑁𝑇𝜏/𝑔2. . . . 115
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6.3 Performance of the weak-only protocol (left) and weak-with-strong
protocol (right) with respect to the interrogation time 𝑇 . We plot the
inverse of the MSE scaled by the QFI 𝐼𝑄 , which quantifies the amount
of information gained from the estimation. We fix the measurement
strength as 𝑔 = 0.1, and sample the unknown frequency from the
uniform prior distribution in [0, 𝛿𝜔], where 𝛿𝜔 = 5𝜋, such that the
measurement period is chosen as 𝜏 = 𝜋/2𝛿𝜔 = 0.1 s. Finally, we
plot the CFI of both protocols, 𝐼w

𝐶
and 𝐼ws

𝐶
, normalized by the QFI,

as the benchmark. The CFIs are about 𝜔 = 5 rad/s. The information
gained from the estimation does not saturate the CFI for small SNR
(i.e. small 𝑇) due to the threshold effect. As the SNR is proportional
to the number of qubits 𝑁 , we can saturate to the CFI faster (for
smaller 𝑇) with a larger number of qubits. In order to obtain HS,
this saturation needs to occur in the weak back action regime: the
transition between the two regimes is marked by a green dashed line
in the plot on the left. . . . . . . . . . . . . . . . . . . . . . . . . . 127
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6.4 Performance of the proposed protocol with respect to the interroga-
tion time𝑇 and the threshold effect. The frequency𝜔 is sampled from
a uniform distribution in [0, 𝛿𝜔], which determines the measurement
period as 𝜏 = 𝜋/2𝛿𝜔. a) We fix 𝛿𝜔 = 5𝜋 (i.e. 𝜏 = 0.1), 𝑇 = 10,
and plot the inverse of BMSE (Δ𝜔)2 scaled by the QFI 𝐼𝑄 for the
two weak measurement protocols. (Δ𝜔)2 · 𝐼𝑄 = 1 signifies saturating
the QFI, and 𝐼𝐶/𝐼𝑄 is plotted with gray, plain lines. We observe a
threshold effect such that the attainability of the CFI 𝐼w

𝐶
, 𝐼ws
𝐶

requires
large enough SNR. The green, dashed, vertical line corresponds to
𝑇 =

√︁
3/2𝜏/𝑔2, which is a transition point between the weak and

strong back action regimes. Achieving HS requires the threshold to
occur before this line (which requires 𝑁 > 20 qubits for this case).
b) We fix 𝑁 = 64, 𝛿𝜔 = 𝜋 (𝜏 = 0.5 s) and plot the square-root
of the BMSE Δ𝜔 normalized by the prior width 𝛿𝜔, and scaled by
the square-root of the number of qubits 𝑁 . The vertical green line
corresponds to 𝛿𝜔𝑇 = 𝜋: for larger interrogation times, phase slips
degrade the sensitivity of standard protocols. We compare the perfor-
mance of: the OCI [167], the proposed weak-with-strong protocol,
and the cascaded protocol [224]. The latter two demonstrate an ex-
tended dynamic range, however the proposed protocol outperforms
the cascaded protocol and achieves HS, with an overhead of 1.18 in
Δ𝜔. The measurement strength 𝑔 is optimized for each 𝑇 for the
proposed protocol. . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

7.1 a) Schematic of the 0-n Fock qubit. We encode the logical states
{|0𝐿⟩ , |1𝐿⟩} into the ground state |0⟩ and the n-th excited state |𝑛⟩ of a
Fock qubit. b) Smallest non-zero eigenvalue (in absolute magnitude)
𝜆min of the Lindbladian describing the evolution of the 0-n Fock qubit.
We define 𝑟↑,↓ := 𝜅

↑,↓
𝑖
/𝜅𝑠 ≪ 1 as the ratio of the rates between the

intrinsic processes and the engineered dissipation. The numerical
values are plotted with the markers, whereas the analytical fit given
by Eq. (7.9) is plotted with the dashed lines. . . . . . . . . . . . . . 133
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7.2 a) Schematic of the implementation for the 0-n Fock qubit. The qubit
(system, drawn in purple) is connected to a multimode filter with
coupling rates 𝑔bs and 𝑔tm for the beam splitter and the two-mode
squeezing interaction, respectively. The excitations travel along the
filter and are dissipated to a bath, with a rate 𝜅 𝑓 . b) Effective rates 𝜅eff

of engineered processes between adjacent levels of a 0-n Fock qubit,
with 𝑛 = 5. Decay and gain are engineered via the beam splitter and
two-mode squeezing coupling with the filter. The rates are plotted
as a function of the detuning Δ, normalized with the filter bandwidth
𝐵. We observe that 𝜅eff

𝑔2/𝐵 ≈ 2𝜋, where 𝑔 is the coupling rate for
the corresponding interaction. For an implementation of the Fock
qubit with the Kerr Hamiltonian, the difference in detuning between
adjacent transitions corresponds to the anharmonicity 𝜂. . . . . . . . 139

7.3 Use of the 0-n Fock qubit as an ancilla for noise-biased CX gates
on stabilized cat qubits. a) Schematic of the protocol. The ancilla
is prepared in the |+0𝑛⟩ = 1√

2
( |0⟩ + |𝑛⟩) state using 𝑋 pulses, then

dissipatively stabilized (indicated by Sfock) using the implementation
in Sec. 7.3. Two CX gates are applied sequentially to two stabilized
cat qubits (the stabilization is indicated by Scat) coupled dispersively
to the ancilla, after which the cat qubits are restabilized and the ancilla
is measured in the X basis. b) Logical bit-flip probability 𝑝bf of the
CX gate as a function of the stabilization time 𝑡𝑠, for 𝑛 = 7, |𝛼 |2 = 10,
and a filter with 𝑁 𝑓 = 7 filter modes. We assume perfect CX gates
and consider two intrinsic noise configurations (𝜏↓

𝑖
= 50 𝜇s, 𝜏↑

𝑖
= 5

ms, and 𝜏↓
𝑖
= 250 𝜇s, 𝜏↑

𝑖
= 250 ms) and pulse error probabilities

(𝑝𝑒 = 10−4, 𝑝𝑒 = 10−3). 𝑝bf decays exponentially with stabilization
time before converging to the bit-flip floor. Inset: dependence of
𝑝bf on 𝑁 𝑓 , showing that ∼ 7 modes suffice to suppress spurious
engineered dissipation. c) 𝑝bf and ancilla phase-flip probability 𝑝pf

as a function of the number of levels 𝑁 = 𝑛 + 1 in the Fock qubit.
We consider the intrinsic single-photon transitions during the CX
gates. The gate time is assumed as 𝑡𝑔 = 200 ns, 𝑝𝑒 = 10−3, and
|𝛼 |2 = 10. The dashed lines correspond to analytic predictions. Bit-
flip probabilities below 10−8 can be obtained with 𝑁 ≥ 10 levels.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
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7.4 Average logical error per round 𝑝∗
𝐿

when the 0-n Fock qubit is used
as an ancilla in the repetition code, paired with cat data qubits. The
contours for 𝑝∗

𝐿
∈ {10−4, 10−5, 10−6} are shown as a function of

𝜅1𝑇cycle and the code distance 𝑑, where 𝜅1 is the single-photon loss
rate of the cat qubits, and 𝑇cycle is the cycle time for a single round
of error correction. We work with a phenomenological noise model,
where 𝑍 errors are applied on the ancilla and the data qubits at the
start of each error correction round. The ancilla 𝑍 errors occur only
due to single-photon events (𝜏↓

𝑖
= 250 𝜇s, 𝜏↑

𝑖
= 250 ms) during

the stabilization (𝑡𝑠 = 500 ns), or the CX gates (𝑡𝑔 = 200 ns): we
assume large enough 𝐸𝐽/𝐸𝐶 such that dephasing due to charge noise
is sufficiently suppressed. Lastly, the cat qubits have a mean photon
number of |𝛼 |2 = 10. . . . . . . . . . . . . . . . . . . . . . . . . . 149

B.1 𝜆B and 𝜆N for 𝛼𝐹1 = 10−15 and 𝛼𝐹2 = 15 [top row, (a)]; 𝛼𝐹1 = 10−8,
𝛼𝐹2 = 10, and 𝛼𝑋2 = 103 [bottom row, (b)]. We set 𝑇 = 0.1 s, and
𝑑𝑡 ∈ [0.1, 10] ms. Note that 𝑑𝑡 decreases to the right of the plots.
In Figure a, entanglement exists for both partitions, and 𝜆B(𝜆N ) is
re-plotted in the inset on the left(right) for 𝑑𝑡 ∈ [0.1, 0.5] ms. In
Figure b, the state is separable for both partitions, and 𝜆B and 𝜆N are
re-plotted in the inset for 𝑑𝑡 ∈ [0.1, 0.5] ms. . . . . . . . . . . . . . . 192

B.2 The real and imaginary parts of the eigenvector for the negative
eigenvalue of Vpt + 1

2K for 𝛼𝐹1 = 10−15, 𝛼𝐹2 = 15, denoted by 𝑒1

and 𝑒2, which correspond to the first and second halves of the entire
eigenvector, respectively. The reason behind this slicing is the block-
matrix structure of the light-field sector of the covariance matrix.
Furthermore, since the light field modes are continuous in time, 𝑒1

and 𝑒2 are also functions of time. . . . . . . . . . . . . . . . . . . . 193
B.3 Contour plot depicting the effect of the force noise spectrum on

our numerical precision for both partitions. The force noise levels
increase toward the bottom-right of the figure. The black and the
red dashed lines separate the regions where numerics converge from
the regions where numerics fail for the partition where we do and do
not trace over the cavity, respectively. The region where numerics
converge for both partitions is marked in gray, whereas numerics fail
for both partitions toward the bottom right of the figure, past the red
dashed line, in the yellow region. . . . . . . . . . . . . . . . . . . . 194
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B.4 Examples of force noise spectra along the boundary where we lose
numerical precision (defined with |𝜆N | = 100|𝜆B |) for the partition
where we do not trace over the cavity, plotted in black. aLIGO
noise curves are also plotted for comparison. The black curves are
parametrized with (from left to right) 𝛼𝐹1 = 1 and 𝛼𝐹2 = 200, 𝛼𝐹1 =

10−3 and 𝛼𝐹2 = 14, 𝛼𝐹1 = 10−10 and 𝛼𝐹2 = 1, and 𝛼𝐹1 = 10−15 and
𝛼𝐹2 = 0.029. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194

C.1 RBMSEΔ𝜙 as a function of the prior width 𝛿𝜙, normalized by 𝛿𝜙, for
𝑁 = 12 and in the presence of amplitude damping with a probability
of 𝑝𝑎 = 10−2. The benchmark is the noiseless OQI, plotted in purple.
The 12-qubit CSS for 𝑝𝑎 = 10−2 is also shown in the plot in blue. The
minimum RBMSE obtained from optimal partitioning into blocks of
GHZ states—i.e., the optimal initial state (OIS) for blocks of GHZ
states—for 𝑝𝑎 = 10−2, assuming that optimal measurements are
available, is plotted in green. We notice that this curve is very close
to the noiseless OQI. Finally, the RBMSE given optimal partitioning
into blocks of GHZ states and local, adaptive measurements is plotted
with yellow rectangles. We see that in the presence of amplitude
damping, even though the optimal partitions perform very close to
the OQI when optimal measurements are available, there is a large
gap between the minimum achievable sensitivity and the sensitivity
achieved when local, adaptive measurements are used. . . . . . . . . 206
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C.2 Impact of noise on the proposed scheme. (a) RBMSE Δ𝜙, as a
function of the prior width, 𝛿𝜙, for 𝑁 = 21 and various probabilities
of decay 𝑝𝑎. As before, the RBMSE is normalized by the prior width.
We plot the RBMSE of the 21-qubit CSS and the proposed scheme
(PS on the Figure) for 𝑝𝑎 = 10−3 and 𝑝𝑎 = 10−2. Our benchmark
is the noiseless OQI, plotted in gray. Increase in the RBMSE due
to amplitude damping is most prominent around the prior width of
𝛿𝜙 = 0.7 rad. (b) The metrological gain as a function of the effective
fidelity per qubit 𝐹0, or the bit-flip measurement error probability 𝑝𝑒.
We plot the performances of the optimal partitions for qubit numbers
of 𝑁 = 9, 15, 18, 21. The partitions are shown in the plot in the form
of (𝑥, 𝑦, 𝑧), where 𝑥, 𝑦, and 𝑧 are the number of 4-qubit, 2-qubit, and
1-qubit GHZ states, respectively. We fit lines with different slopes
to the performances of the scheme for different 𝑁 , signifying an
exponential decay in the metrological gain with decreasing 𝐹0, or
increasing 𝑝𝑒. We observe a correlation between the decay rate and
the number of copies of the 4-qubit GHZ state: the partitions with
𝑁 = 21 and 𝑁 = 18 both have three 4-qubit GHZ states, and they
have similar decay rates. . . . . . . . . . . . . . . . . . . . . . . . . 209

D.1 Effect of imperfect weak measurements on the CFI, with respect to
the measurement strength 𝑔. We plot the CFI 𝐼𝐶 normalized by the
QFI 𝐼𝑄 as a function of 𝑔 and for different error probabilities 𝑝𝑒. The
left plot corresponds to the weak-only protocol, and the right one
to the weak-with-strong protocol. We fix the interrogation time, the
measurement period, and the frequency-to-be-estimated as 𝑇 = 10
s, 𝜏 = 0.1 s, and 𝜔 = 5 rad, respectively. Note that in the weak-
with-strong protocol (plotted on the right) we assume that the strong
projective measurement is noiseless. . . . . . . . . . . . . . . . . . . 212
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D.2 Effect of imperfect weak measurements on the CFI, with respect to
the interrogation time 𝑇 . We plot the CFI 𝐼𝐶 normalized by the
number of qubits 𝑁 for the weak-only protocol and the weak-with-
strong protocol with yellow and purple lines, respectively. We fix
the measurement strength and period as 𝑔 = 0.1 and 𝜏 = 0.1 s.
Furthermore, we fix the frequency to be estimated as 𝜔 = 5 rad/s.
We observe that in the weak back action limit where 𝑔2𝑇/𝜏 ≪ 1, the
imperfect measurement effectively scales the measurement strength
as 𝑔 → 𝑔(1−2𝑝𝑒), but the scaling with respect to 𝑇 is approximately
unaffected such that the yellow dashed and plain curves are parallel to
each other. In the strong back action limit, the CFI for the protocols
with imperfect measurements (plain lines) converge to the classical 𝑇
scaling faster compared to the protocols with perfect measurements
(dashed lines). We observed numerically that for larger 𝑝𝑒, the 𝑇
scaling gets modified to 𝑇𝛼, 𝛼 < 1. . . . . . . . . . . . . . . . . . . . 214

E.1 Bit-flip probability 𝑝bf of the CX gate on cat qubits with mean photon
number |𝛼 |2, when the 0-n Fock qubit is used as the control qubit. a)
On relatively short timescales 𝑡 ∼ 1/𝜅𝑠, the 0-n Fock qubit stabilizes
and 𝑝bf converges to to a fixed value referred to as the bit-flip floor,
inversely proportional to 𝑛. b) Bit-flip floor as a function of the
number of levels 𝑁 = 𝑛 + 1 of the Fock qubit. The floor decays
exponentially with 𝑛 for small 𝑛, however the scaling is modified to

1/𝑛2 for 𝑛 ≫ 1 (see Eq. (E.56)). We set 𝑟↓ =
𝜅
↓
𝑖

𝜅𝑠
to 10−3 (plotted

with circles) and 10−4 (plotted with stars), for |𝛼 |2 = 5 (plotted in
blue) and |𝛼 |2 = 10 (plotted in yellow). The analytical fit for large 𝑛
is plotted with the respective colors, with plain and dashed lines for
𝑟↓ = 10−3 and 𝑟↓ = 10−4, respectively. . . . . . . . . . . . . . . . . 230
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E.2 Average logical error per round 𝑝∗
𝐿

when the 0-n Fock qubit is used
as an ancilla in the repetition code, paired with cat data qubits, with a
dephasing budget on the Fock qubit. The contours for 𝑝∗

𝐿
are shown as

a function of 𝜅1𝑇cycle and the code distance 𝑑, where 𝜅1 is the single-
photon loss rate of the cat qubits, and𝑇cycle is the cycle time for a single
round of error correction. 𝑍 errors are applied on the ancilla and the
data qubits at the start of each error correction round. We assume
single-photon events on the ancilla with 𝜏

↓
𝑖
= 250 𝜇s, 𝜏↑

𝑖
= 250

ms, and dephasing such that the overall 𝑍 error probability 𝑝ancilla
𝑍

is
doubled. Lastly, we assume a stabilization time 𝑡𝑠 = 500 ns, CX gate
time 𝑡𝑔 = 200 ns, and cat mean photon number |𝛼 |2 = 10. . . . . . . 235
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C h a p t e r 1

INTRODUCTION

Modern quantum systems operate in a regime of two facets: first, they constitute
resources that we’d like to harness, and second, they contain underlying physics that
we’d like to probe. For the first facet, concepts like squeezing and entanglement al-
low us to build instruments that achieve unprecedented precision and computational
power. Examples of these instruments are atomic clocks, gravitational-wave detec-
tors, and ultimately, quantum computers. However, being able to fundamentally
describe the mechanics of these devices requires probing the underlying physics,
which constitutes the second facet. Here, we aim to probe the same quantum prop-
erties of these devices that we’d like to harness: for example, the ability to become
entangled. This thesis examines some case studies related to both facets of quantum
mechanics across various settings in quantum metrology and computing.

Entanglement is the most fundamental property of a system that we’d like to probe,
as it decides whether the system is quantum or classical. For example, whether a
massive, macroscopic object can become entangled with the field that drives it is
directly related to the question of whether quantum mechanics governs macroscopic
degrees of freedom. Furthermore, entanglement is a metrological resource that
allows an ensemble of probes to estimate a parameter with a precision that improves
with the probe number more rapidly than any classical strategy permits, which
establishes the Heisenberg limit.

The quantum properties of the system are highly fragile against noise. Environ-
mental noise destroys the correlations required for macroscopic entanglement, re-
duces quantum-enhanced sensitivity toward its classical value, and corrupts the
states on which computation depends. However, related irreversible processes can
be engineered to become resources: for example, dissipation can be exploited to
manipulate the system’s internal dynamics to create useful states for quantum com-
putation. The interplay between entanglement, noise, and dissipation constitutes the
unifying theme of this thesis: we probe entanglement where it serves as a signature
of quantum behavior, and harness entanglement and dissipation where they serve
as resources for sensing and computation. The theoretical framework common to
these problems, which comprises quantum estimation theory, noisy and dissipative
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dynamics, Gaussian systems, cavity optomechanics, and basic elements of quantum
error correction, is reviewed in Chapter 2.

The rest of this thesis is structured as follows. In Chapters 3 and 4, we investigate
the conditions under which a mechanical oscillator becomes entangled with the light
field that continuously monitors and drives it. We first establish in Chapter 3 that
the boundary between entangled and unentangled configurations is determined by
the environmental noise alone, and is independent of the coupling strength between
the oscillator and the light field. Entanglement also cannot be induced by squeezing
the input field in a frequency-dependent manner when the vacuum-driven system
is not entangled. Then, in Chapter 4, we take the Advanced Laser Interferometer
Gravitational-Wave Observatory (aLIGO) as a case study, and develop a numerical
framework that tackles the non-Markovian noise of heavy, low-frequency oscillators
to investigate the existence of entanglement in these systems.

The next two chapters concern Bayesian quantum frequency estimation. Chapter 5
describes a scheme that uses entanglement as a metrological resource to approxi-
mate optimal probe states with blocks of Greenberger-Horne-Zeilinger (GHZ) states.
Combined with local, adaptive measurements, this strategy allows for approaching
Heisenberg-limited precision, up to a constant factor. Chapter 6 approaches this
problem from a different angle and tackles the precision-bandwidth problem, with-
out being concerned with Heisenberg-limited precision. We propose a scheme to
recover the classical precision limit for an extended bandwidth using sequential
weak measurements, each of which extracts partial information about the phase
while disturbing the system through measurement back action.

The final chapter concerns the use of dissipation as a resource. Chapter 7 introduces
the 0-𝑛 Fock qubit, a noise-biased bosonic encoding that is constructed with a
multilevel anharmonic oscillator. We propose an experimental implementation of
this qubit through dissipative stabilization realizable with a multimode filter. The
resulting noise bias makes the qubit an effective ancilla for bias-preserving error
correction with cat qubits, achieving low logical error rates under experimentally
realistic conditions. Finally, we summarize the principal results of all of these
chapters and outline directions for future work in Chapter 8.
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C h a p t e r 2

THEORETICAL BACKGROUND

2.1 Quantum parameter estimation
In this Section, we review the fundamental limits of single-parameter estimation.
The parameter to-be-measured is encoded in an input state 𝜌̂ that undergoes a
completely positive and trace-preserving channel Λ𝜃 (·), parametrized by 𝜃. The
output 𝜌̂𝜃 = Λ𝜃 ( 𝜌̂) is then subjected to some positive operator-valued measure
(POVM) {𝐸𝑥} in order to infer the unknown parameter 𝜃. Let us denote the
measurement results with {(𝑥, 𝑝(𝑥 |𝜃))}, where 𝑝(𝑥 |𝜃) = Tr[ 𝜌̂𝜃𝐸𝑥].

Given the measurement results 𝑥1, 𝑥2, . . . , estimating 𝜃 is a classical problem, for
which the sensitivity is given by the classical Fisher information (CFI). However,
one can also optimize over the measurement strategy to obtain the ultimate precision
for an input state 𝜌̂, which is the quantum Fisher information (QFI). We derive these
quantities in the next sections below.

Classical estimation and the Cramér–Rao bound
Let us set up the classical problem of estimating a parameter 𝜃 from measuring 𝑥.
We can define a probability distribution 𝑝(𝑥 |𝜃) that describes how the outcome of
𝑥 depends on the unknown parameter 𝜃. We also define an estimator 𝜃 (𝑥) of this
unknown parameter. We assume that the estimator is unbiased, with

𝐸 [𝜃 (𝑥) − 𝜃] = 0. (2.1)

Or, equivalently,
∫
𝜃 (𝑥) 𝑝(𝑥 |𝜃) 𝑑𝑥 = 𝜃. Differentiating this identity with respect to

𝜃, we obtain ∫
𝜃 (𝑥) 𝜕𝑝(𝑥 |𝜃)

𝜕𝜃
𝑑𝑥 = 𝐸

[
𝜃 (𝑥) 𝜕 ln(𝑝(𝑥 |𝜃))

𝜕𝜃

]
= 1 (2.2)

where we used 𝜕𝜃 𝑝 = 𝑝 𝜕𝜃 ln 𝑝. Also, notice that
∫

𝜕𝑝(𝑥 |𝜃)
𝜕𝜃

𝑑𝑥 = 𝐸 [ 𝜕 ln(𝑝(𝑥 |𝜃))
𝜕𝜃

] = 0.
Then, we can rewrite Eq. (2.2) as

𝐸

[
𝜕 ln(𝑝(𝑥 |𝜃))

𝜕𝜃
(𝜃 (𝑥) − 𝜃)

]
= 1 (2.3)

Applying the Cauchy-Schwarz inequality, we obtain

1 = 𝐸
[
𝜕𝜃 ln 𝑝(𝑥 |𝜃) (𝜃 (𝑥) − 𝜃)

]2 ≤ 𝐸 [(𝜃 (𝑥) − 𝜃)2] 𝐸
[
(𝜕𝜃 ln 𝑝(𝑥 |𝜃))2] , (2.4)
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which yields the classical Cramér–Rao bound (CRB) [53, 215, 133]

var(𝜃) ≥ 1
𝜈 𝐹𝐶 (𝜃)

, 𝐹𝐶 (𝜃) = 𝐸
[
(𝜕𝜃 ln 𝑝(𝑥 |𝜃))2] = − 𝐸

[
𝜕2
𝜃 ln 𝑝(𝑥 |𝜃)

]
, (2.5)

where the factor 𝜈 accounts for 𝜈 independent repetitions of the measurement, and
𝐹𝐶 (𝜃) is the Fisher information. The bound is saturated asymptotically by the
maximum-likelihood estimator.

Quantum Fisher information and the quantum Cramér–Rao bound
In the quantum case the parameter is encoded in a state 𝜌̂𝜃 , and a measurement is
a POVM {𝐸𝑥} with 𝑝(𝑥 |𝜃) = Tr[ 𝜌̂𝜃𝐸𝑥]. Maximizing the Fisher information (2.5)
over all POVMs results in the quantum Fisher information (QFI). We can derive this
quantity by first defining the symmetric logarithmic derivative (SLD) 𝐿̂𝜃 through

𝜕𝜃 𝜌̂𝜃 =
1
2
(
𝐿̂𝜃 𝜌̂𝜃 + 𝜌̂𝜃 𝐿̂𝜃

)
. (2.6)

Then, similar to the classical case, let us define a Hermitian observable 𝑋̂ , with
Tr[𝑋̂ 𝜌̂𝜃] = 𝜃. We can write 𝜕𝜃Tr[𝑋̂ 𝜌̂𝜃] = 1, and Tr[𝜕𝜃 𝜌̂𝜃] = 0, which result in

Tr[( 𝑋̂ − 𝜃𝐼)𝜕𝜃 𝜌̂𝜃] = 1. (2.7)

Using the definition of the SLD, we write

1
2

Tr
[
( 𝑋̂ − 𝜃𝐼)

(
𝐿̂𝜃 𝜌̂𝜃 + 𝜌̂𝜃 𝐿̂𝜃

) ]
= 1 (2.8)

where 𝐼 is the identity operator. Since 𝜌𝜃 is Hermitian and positive semi-definite,
we can find a square root

√︁
𝜌̂, and rewrite this equation as

Re[Tr[
√︁
𝜌̂𝜃 ( 𝑋̂ − 𝜃𝐼) 𝐿̂𝜃

√︁
𝜌̂𝜃]] = 1. (2.9)

Then, we can again apply the Cauchy-Schwarz inequality to find

1 ≤ |Tr[
√︁
𝜌̂𝜃 ( 𝑋̂ − 𝜃𝐼) 𝐿̂𝜃

√︁
𝜌̂𝜃] |2 ≤ Tr[( 𝑋̂ − 𝜃𝐼)2 𝜌̂𝜃]Tr[𝐿̂2

𝜃 𝜌̂𝜃] (2.10)

Then, the quantum Cramér–Rao bound (QCRB) reads [33]

var( 𝑋̂) ≥ 1
𝜈 𝐹𝐶 (𝜃)

≥ 1
𝜈 𝐹𝑄 ( 𝜌̂𝜃)

, (2.11)

with 𝐹𝑄 ( 𝜌̂𝜃) = Tr[𝐿̂2
𝜃
𝜌̂𝜃], var( 𝑋̂) := Tr[𝑋̂2 𝜌̂𝜃] − 𝜃2, and 𝜈 is the number of inde-

pendent repetitions of the experiment. The optimal measurement strategy is thus to
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project the state 𝜌̂𝜃 into the eigenbasis of 𝐿̂𝜃 . However, this POVM is often hard to
implement experimentally.

For a pure state subject to unitary encoding |𝜓𝜃⟩ = 𝑒−𝑖𝜃𝐺̂ |𝜓0⟩ with a Hermitian
generator 𝐺̂, the QFI simplifies as follows. First, for 𝜌̂𝜃 = |𝜓𝜃⟩ ⟨𝜓𝜃 |, notice that
𝜕𝜃 𝜌̂𝜃 = −𝑖[𝐺̂, 𝜌̂𝜃]. Then, since 𝜌̂2

𝜃
= 𝜌̂𝜃 , the SLD is 𝐿̂𝜃 = −2𝑖[𝐺̂, 𝜌̂𝜃], and the QFI

is found as
𝐹𝑄 = 4

(
⟨𝐺̂2⟩ − ⟨𝐺̂⟩2

)
= 4 var(𝐺̂), (2.12)

with the expectation values taken with respect to the initial state, i.e. ⟨𝑋̂⟩ :=
⟨𝜓 | 𝑋̂ |𝜓⟩. Given this observation, it is straightforward to maximize the QFI with
respect to the input state |𝜓⟩: The result is given by

𝐹max
𝑄 = (𝜆max − 𝜆min)2, (2.13)

with 𝜆max,min being the largest and smallest eigenvalues of the generator 𝐺̂, respec-
tively. Thus, the ultimate sensitivity is bounded by the spread of the spectra of the
generator.

Equation (2.12) displays quantum advantage in sensing: consider 𝑁 probes with
collective generator 𝐺̂ =

∑𝑁
𝑖=1 𝑔̂𝑖. If the initial state is a product state, var(𝐺̂) =

𝑁 var(𝑔̂), and we obtain the standard-quantum-limit scalingΔ𝜃 ≥ 1/
√
𝜈𝑁 , whereΔ𝜃

is the standard deviation in estimating 𝜃. In contrast, if the initial state is maximally
entangled (e.g. a Greenberger-Horne-Zeilinger state), the generator eigenvalues can
span a range ∝ 𝑁 , so that var(𝐺̂) ∝ 𝑁2 and the Heisenberg scaling Δ𝜃 ≥ 1/(

√
𝜈 𝑁)

is reached [84]. Saturating these bounds in the presence of noise is generally not
possible, and a range of tighter limits has been developed [69, 61, 145, 90].

For a mixed input state 𝜌̂, the QFI can be found through the spectral decomposition
𝜌̂𝜃 =

∑
𝑖 𝜆𝑖 |𝜙𝑖⟩ ⟨𝜙𝑖 |:

𝐹𝑄 ( 𝜌̂𝜃) := 2
∑︁
𝑖, 𝑗

| ⟨𝜙𝑖 | 𝜕𝜃 𝜌̂𝜃
��𝜙 𝑗 〉 |2

𝜆𝑖 + 𝜆 𝑗
(2.14)

where the sum excludes any pair 𝜆𝑖, 𝜆 𝑗 such that 𝜆𝑖 + 𝜆 𝑗 = 0. Similarly, the SLD 𝐿̂𝜃

is found as

𝐿̂𝜃 := 2
∑︁
𝑖, 𝑗

⟨𝜙𝑖 | 𝜕𝜃 𝜌̂𝜃
��𝜙 𝑗 〉

𝜆𝑖 + 𝜆 𝑗
|𝜙𝑖⟩

〈
𝜙 𝑗

�� . (2.15)
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Finally, if the parameter encoding is through the Hermitian operator 𝐺̂ for the mixed
input state case, the QFI takes a special form

𝐹𝑄 ( 𝜌̂𝜃) = 2
∑︁
𝑘,𝑙

(𝜆𝑘 − 𝜆𝑙)2

𝜆𝑘 + 𝜆𝑙
| ⟨𝜙𝑘 | 𝐺̂ |𝜙𝑙⟩ |2. (2.16)

Again, the sum excludes 𝜆𝑘 + 𝜆𝑙 = 0. The QFI has a convexity property, where

𝐹𝑄 (𝑝𝜌̂1 + (1 − 𝑝) 𝜌̂2) ≤ 𝑝𝐹𝑄 ( 𝜌̂1) + (1 − 𝑝)𝐹𝑄 ( 𝜌̂2). (2.17)

The convexity implies that the QFI is maximized by a pure input state, i.e.

𝐹𝑄

(∑︁
𝑖

𝜆𝑖Λ𝜃 ( |𝜙𝑖⟩ ⟨𝜙𝑖 |)
)
≤

∑︁
𝑖

𝜆𝑖𝐹𝑄 (Λ𝜃 ( |𝜙𝑖⟩ ⟨𝜙𝑖 |)) (2.18)

Bayesian estimation
The CRB is used in the context of frequentist estimation, where the unknown
parameter is assumed as fixed. Another approach is the Bayesian estimation, where
the unknown parameter 𝜃 is assumed to be distributed according to 𝑃(𝜃). Since
the CRB is saturable only asymptotically, or in the limit of many independent
experiments, the Bayesian treatment is useful when few measurements are available,
or when prior knowledge is significant. In this context, assuming a parameter
encoding 𝜌̂𝜃 = Λ𝜃 ( 𝜌̂), the figure of merit is the Bayesian mean-squared error
(BMSE) [167]

(Δ𝜃)2 =

∫
𝑑𝜃

∫
𝑑𝑥 𝑃(𝜃)Tr ( 𝜌̂𝜃Π𝑥)

(
𝜃𝑥 − 𝜃

)2
, (2.19)

where 𝜃𝑥 is the estimator of 𝜃 given an outcome 𝑥, and Π𝑥 is the corresponding
measurement operator, which can be restricted to be a projective measurement in
the form of Π𝑥 = |𝑥⟩ ⟨𝑥 |. The optimization over these operators results in

(Δ𝜃)2 = (𝛿𝜃)2 − Tr[ ¯̂𝜌𝐿̂2], 1
2
{𝐿̂, ¯̂𝜌} = ¯̂𝜌′, (2.20)

where 𝐿̂ is the Bayesian SLD, ¯̂𝜌 :=
∫
𝑑𝜃𝑃(𝜃) 𝜌̂𝜃 , ¯̂𝜌′ :=

∫
𝑑𝜃 𝜃𝑃(𝜃) 𝜌̂𝜃 , and (𝛿𝜃)2 is

the variance of the prior distribution 𝑃(𝜃). (Δ𝜃)2 quantifies the minimum achievable
variance in estimating 𝜃 with the input probe state 𝜌̂. This equation signifies that
the decrease in the variance after a measurement is Tr[ ¯̂𝜌𝐿̂2]. In the case where the
measurement does not provide any information, the posterior variance (Δ𝜃)2 equals
to the prior variance (𝛿𝜃)2.

Similar to the frequentist case, it is valuable to find the minimum possible BMSE,
which would result in the ultimate limit of sensitivity for the Bayesian case. This
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optimization is in general not convex, however, efficient algorithms have been sug-
gested. We outline the algorithm of Ref. [167], where the optimization is performed
iteratively. For a given initial state 𝜌̂, one first finds the optimal 𝐿̂ (i.e. the mea-
surement strategy) from {𝐿, 𝜌̄} = 2𝜌̄′. For any 𝐿̂, the optimal probe state 𝜌̂ is the
eigenstate of Λ†

𝜃

(∫
𝑑𝜃 𝑃 (𝜃)

(
𝐿2 − 2𝜃𝐿

) )
with the maximal eigenvalue. Therefore,

starting from a random initial state, BMSE can be achieved by iteratively calculating
(i) the optimal 𝐿̂ given 𝜌̂, (ii) the optimal 𝜌̂ given 𝐿̂. The iteration stops after the
desired precision and convergence is achieved. It can be proved that this algorithm
converges to the global maximum when, for each iteration, 𝜌̂ and 𝐿̂ are unique.

Lastly, a Bayesian analogue of (2.5), the van Trees inequality, bounds the BMSE
(Δ𝜃)2 below by 1/

(
𝐹̄𝐶 + 𝐹prior

)
, where 𝐹prior =

∫
𝑑𝜃 𝑃(𝜃) [𝜕𝜃 ln 𝑃(𝜃)]2 is the prior

information, and 𝐹̄𝐶 (𝜃) =
∫
𝑑𝜃𝑃(𝜃)𝐹𝐶 (𝜃) is the CFI averaged over the prior distri-

bution [259, 116, 167, 77].

2.2 Open quantum systems and non-Markovian noise
System–bath dynamics and the quantum Langevin equation
A ubiquitous number of physical scenarios can be modeled as a system mode coupled
to a heat bath, which is an assembly of harmonic oscillators. The total Hamiltonian
is in the form of 𝐻̂ = 𝐻̂𝑆 + 𝐻̂𝐵 + 𝐻̂int, where 𝐻̂𝑆 is the system Hamiltonian,
𝐻̂𝐵 =

∑
𝑛

𝑝2
𝑛

2𝑚𝑛 +
𝑘𝑛𝑞

2
𝑛

2 is the bath Hamiltonian (with 𝑞𝑛, 𝑝𝑛 being the position and
momentum operators of the 𝑛th mode), and 𝐻̂int is the interaction Hamiltonian. The
system mode is coupled linearly to the bath. The bath modes can be eliminated by
means of solving the equations of motion in terms of the system mode variables and
substitution.

For the case where the system mode is also a harmonic oscillator of mass 𝑚 and
frequency 𝜔𝑚, we obtain the generalized quantum Langevin equation

𝑚 ¥̂𝑥(𝑡) + 𝑚
∫ 𝑡

−∞
𝛾(𝑡 − 𝑡′) ¤̂𝑥(𝑡′) 𝑑𝑡′ + 𝑚𝜔2

𝑚 𝑥(𝑡) = 𝐹̂th(𝑡) + 𝐹ext(𝑡), (2.21)

where 𝛾(𝑡) is a memory function, 𝐹̂th is the thermal force arising from the coupling
to the bath, and 𝐹ext is any other external force acting on the system. For example,
this may be the force causing the test masses in gravitational wave detectors to
displace. The Markovian limit corresponds to a memoryless kernel 𝛾(𝑡) = 2𝛾 𝛿(𝑡),
where 𝛿(𝑡) is the Dirac delta function. In contrast, any other memory function
with non-zero temporal correlations for 𝑡 > 0 that satisfies lim

𝑡→∞
𝛾(𝑡) = 0 describes

non-Markovian dynamics with finite memory [34, 267, 76].
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Linear response theory
Let us perturb a system in equilibrium with Hamiltonian 𝐻̂0 with a classical,
time-dependent force 𝑓 (𝑡), and examine its first-order response to this pertur-
bation. For this purpose, let us define interaction picture operators 𝐴̂int(𝑡) :=
𝑒𝑖𝐻̂0𝑡/ℏ 𝐴̂(𝑡) 𝑒−𝑖𝐻̂0𝑡/ℏ. Then, the Hamiltonian in this picture can be written as

𝐻̂int(𝑡) = − 𝑓 (𝑡)𝑥int(𝑡) (2.22)

where 𝑥int is the position operator of the system. The density matrix in this picture
evolves as

𝑖ℏ
𝑑𝜌̂int

𝑑𝑡
= [𝐻̂int(𝑡), 𝜌̂int(𝑡)] = − 𝑓 (𝑡) [𝑥int(𝑡), 𝜌̂int(𝑡)] (2.23)

The solution of this evolution is given by

𝜌̂int(𝑡) = 𝜌̂(0) − 1
𝑖ℏ

∫ 𝑡

−∞
𝑑𝜏 𝑓 (𝜏) [𝑥int(𝜏), 𝜌̂int(𝜏)]

≈ 𝜌̂(0) − 1
𝑖ℏ

∫ 𝑡

−∞
𝑑𝜏 𝑓 (𝜏) [𝑥int(𝜏), 𝜌̂(0)] . (2.24)

This approximation holds up to first order in 𝑓 (𝑡) and is used assuming that the
perturbation is weak. Let us use it to find the expectation value of the position of
the system as a function of time. This value is frame independent, and is defined as
⟨𝑥⟩(𝑡) := Tr(𝑥int(𝑡) 𝜌̂int(𝑡)). Let us also define the expectation value of any operator
𝐴̂(𝑡) with respect to the initial state 𝜌̂(0) as ⟨𝐴̂(𝑡)⟩0 := Tr( 𝐴̂(𝑡) 𝜌̂(0)). Using Eq.
(2.24), we find:

⟨𝑥⟩(𝑡) = Tr(𝑥int(𝑡) 𝜌̂(0)) −
1
𝑖ℏ

∫ 𝑡

−∞
𝑑𝜏 𝑓 (𝜏)Tr(𝑥int(𝑡) [𝑥int(𝜏), 𝜌̂(0)]) (2.25)

The first term is the expectation value of this operator when no perturbation is
applied: since the system starts from equilibrium, 𝜌̂(0) commutes with 𝐻̂0, and
Tr(𝑥int(𝑡) 𝜌̂(0)) = Tr(𝑒𝑖𝐻̂0𝑡/ℏ𝑥𝑒−𝑖𝐻̂0𝑡/ℏ 𝜌̂(0)) = Tr(𝑥𝜌̂(0)). We refer to this term
as ⟨𝑥⟩0. In contrast, the second term arises from the response of the system
to the perturbation. Using the cyclic property of the trace, we can simplify the
trace inside the integral as Tr(𝑥int(𝑡) [𝑥int(𝜏), 𝜌̂(0)]) = Tr( 𝜌̂(0) [𝑥int(𝑡), 𝑥int(𝜏)]) =
⟨[𝑥int(𝑡), 𝑥int(𝜏)]⟩0. Lastly, we define 𝛿⟨𝑥(𝑡)⟩ = ⟨𝑥(𝑡)⟩ − ⟨𝑥⟩0 to capture the change
in the expectation value of this operator due to the perturbation. From Eq. (2.25),
we have

𝛿⟨𝑥(𝑡)⟩ = 𝑖

ℏ

∫ 𝑡

−∞
𝑑𝜏 𝑓 (𝜏)⟨[𝑥int(𝑡), 𝑥int(𝜏)]⟩0 (2.26)
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Then, we can see that the response function to the perturbation is

𝜒(𝑡) = 𝑖

ℏ
𝜃 (𝑡)⟨[𝑥int(𝑡), 𝑥]⟩0 (2.27)

where 𝜃 (𝑡) is the Heaviside theta, and the response can be written in the form of

𝛿⟨𝑥(𝑡)⟩ =
∫ ∞

−∞
𝑑𝜏 𝑓 (𝜏)𝜒(𝑡 − 𝜏). (2.28)

Fluctuation–dissipation theorem and noise spectra
The fluctuation-dissipation theorem (FDT) [40, 150] relates the thermal noise expe-
rienced by the system in thermal equilibrium to the temperature of the bath, as well
as the dissipation experienced by the system. We provide a proof for this theorem
below.

We first define a symmetrized power spectral density (PSD) of operators 𝑎̂, 𝑏̂ as
𝑆𝑎𝑏 (𝜔) = 1

2

∫
𝑑𝑡 𝑒𝑖𝜔𝑡 ⟨{𝑎̂(𝑡), 𝑏̂(0)}⟩. We also define the Fourier transform of a

function 𝑓 (𝑡) as 𝑓 (𝜔) =
∫ ∞
−∞ 𝑑𝑡 𝑓 (𝑡) 𝑒

𝑖𝜔𝑡 . First, from taking the Fourier transform
of Eq. (2.27),

Im [ 𝜒̃(𝜔)] = 1
2ℏ

∫ +∞

−∞
⟨𝑥int(𝑡)𝑥(0) − 𝑥(0)𝑥int(𝑡)⟩0 𝑒

𝑖𝜔𝑡𝑑𝑡. (2.29)

To find the expectation value of the commutator, let us define the functions

𝐶̃>(𝜔) =
∫

𝑑𝑡 𝑒𝑖𝜔𝑡 ⟨𝑥int(𝑡)𝑥(0)⟩0, 𝐶̃<(𝜔) =
∫

𝑑𝑡 𝑒𝑖𝜔𝑡 ⟨𝑥(0)𝑥int(𝑡)⟩0 (2.30)

Since the system starts out in thermal equilibrium, the initial state will be given
by 𝜌̂(0) = 𝑒−𝛽𝐻̂0/𝑍 , where 𝑍 = Tr(𝑒−𝛽𝐻̂0) is the partition function, and 𝛽 =

(𝑘𝐵𝑇)−1. Plugging this into the expectation value, we first find that ⟨𝑥(0)𝑥int(𝑡)⟩0 =

1
𝑍

Tr(𝑒−𝛽𝐻̂0𝑥(0)𝑥int(𝑡)). Plugging in the definition of 𝑥int(𝑡) and using the cyclicity of
the trace, this expression simplifies into 1

𝑍
Tr(𝑒−𝛽𝐻̂0𝑒𝑖𝐻̂0 (𝑡−𝑖ℏ𝛽)/ℏ𝑥(0)𝑒−𝑖𝐻̂0 (𝑡−𝑖ℏ𝛽)/ℏ𝑥(0)) =

⟨𝑥int(𝑡−𝑖ℏ𝛽)𝑥(0)⟩0, where we grouped the 𝛽-dependent term into an imaginary time
evolution. Plugging this expression into Eq. (2.30) and integrating over 𝑡, we find

𝐶̃<(𝜔) = 𝑒−𝛽ℏ𝜔𝐶̃>(𝜔) (2.31)

Thus, the imaginary part of the Fourier transform of the response function can be
expressed as

Im [ 𝜒̃(𝜔)] = 1
2ℏ

(
𝐶̃>(𝜔) − 𝐶̃<(𝜔)

)
=
𝐶̃>(𝜔)

2ℏ

(
1 − 𝑒−𝛽ℏ𝜔

)
(2.32)
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Similarly, the symmetrized PSD of the position operator can be written as

𝑆𝑥𝑥 (𝜔) =
1
2

(
𝐶̃>(𝜔) + 𝐶̃<(𝜔)

)
= ℏ coth

(
𝛽ℏ𝜔

2

)
Im [ 𝜒̃(𝜔)] (2.33)

This is the statement of the FDT: equilibrium fluctuations and dissipation are linked
by the above equation.

As an example, we can consider the harmonic oscillator coupled to a thermal bath,
described by the quantum Langevin equation in Eq. (2.21). The response function
of this system can be obtained from the response to an external force, in the form of

˜̂𝑥(𝜔) = 𝜒̃(𝜔)𝐹̃ext(𝜔). (2.34)

For the case of Eq. (2.21), we find the response function (also referred to as the
mechanical susceptibility) as

𝜒̃(𝜔) = 1
𝑚(𝜔2

𝑚 − 𝜔2) − 𝑖𝜔𝑚𝛾̃(𝜔)
. (2.35)

Then, Eq. (2.33) gives

𝑆𝑥𝑥 (𝜔) =
ℏ𝜔Re[𝛾̃(𝜔)]

𝑚
[
(𝜔2

𝑚 − 𝜔2 + 𝜔Im[𝛾̃(𝜔)])2 + 𝜔2Re[𝛾̃(𝜔)]2
] coth

(
ℏ𝜔

2𝑘𝐵𝑇

)
(2.36)

The frequency dependence of the damping 𝛾(𝜔) encodes the noise model. Viscous
(Markovian) damping has 𝛾̃(𝜔) = 𝛾𝑚 constant, giving a white force-noise spectrum
(in the limit of 𝑘𝐵𝑇 ≫ ℏ𝜔). By contrast, structural damping—dominant in the
suspensions and coatings of gravitational-wave-scale oscillators—is described by a
constant loss angle 𝜙, 𝜒̃−1(𝜔) = 𝑚 [𝜔2

𝑚 (1 + 𝑖𝜙) − 𝜔2], producing a force noise that
scales as 1/𝜔 and is intrinsically non-Markovian [227, 87, 108].

Standard quantum limit and the Heisenberg limit
The FDT is intimately tied to the sensitivity achievable in the quantum regime.
When a probe is coupled to a system, the same coupling that lets the probe extract
information also subjects the system to the probe’s fluctuations and imposes dissi-
pation. The FDT states that the fluctuations and the dissipation are related closely,
and one cannot be eliminated without the other. Hence, the sensitivity in probing a
system is limited on a fundamental level. To see this better, consider the following:
let us probe a system that is a harmonic oscillator with mass 𝑚 and resonance fre-
quency 𝜔𝑚, as in the previous subsections. We refer to the output observable with
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units of position as 𝑜(𝑡). The fluctuations in 𝑜 will result from (i) the fluctuations in
the system itself, and (ii) measurement imprecision due to the probe. For example,
in gravitational wave interferometers, the second effect arises due to the shot noise
(or statistical uncertainty) of the photons. We can formally write this as

𝑜(𝑡) = 𝑜imp(𝑡) + 𝑥(𝑡) (2.37)

where 𝑜imp(𝑡) is the added measurement imprecision, and 𝑥(𝑡) is the position of the
sensing device. Furthermore, we have derived from the linear response theory that
the fluctuations in 𝑥 will depend on the spectra of the external force probing the
system, in the form of ˜̂𝑥(𝜔) = 𝜒̃(𝜔) ˜̂

𝑓 (𝜔). We can then write the total spectrum of
the output variable as

𝑆𝑜𝑜 = 𝑆𝑥𝑥 (𝜔) + 𝑆𝑜imp𝑜imp (𝜔) + 2Re[𝑆𝑜imp𝑥 (𝜔)]
= | 𝜒̃(𝜔) |2𝑆 𝑓 𝑓 (𝜔) + 𝑆𝑜imp𝑜imp (𝜔) + 2Re[ 𝜒̃(𝜔)𝑆𝑜imp 𝑓 (𝜔)] (2.38)

We refer to 𝑆 𝑓 𝑓 (𝜔) as the back action force spectrum. The imprecision noise and
the back action, as they arise from the same measurement, satisfy the Heisenberg
uncertainty principle. This principle can be stated as

𝑆𝑜imp𝑜imp (𝜔)𝑆 𝑓 𝑓 (𝜔) − |𝑆𝑜imp 𝑓 (𝜔) |2 ≥ ℏ2

4
(2.39)

If these noise sources are uncorrelated, |𝑆𝑜imp 𝑓 (𝜔) |2 = 0. Furthermore, for an
ideal detector that saturates the bound, 𝑆𝑜imp𝑜imp (𝜔)𝑆 𝑓 𝑓 (𝜔) = ℏ2/4. Then, the
total spectrum of the output variable is 𝑆𝑜𝑜 = | 𝜒̃(𝜔) |2𝑆 𝑓 𝑓 (𝜔) + ℏ2

4𝑆 𝑓 𝑓 (𝜔)
, which is

minimized for 𝑆 𝑓 𝑓 (𝜔) = ℏ/(2| 𝜒̃(𝜔) |). Then, the minimal spectra at the output
(ignoring thermal fluctuations, i.e. setting 𝛾𝑚 = 0) is found as

𝑆𝑜𝑜 = ℏ| 𝜒̃(𝜔) |

=
ℏ

𝑚 |𝜔2
𝑚 − 𝜔2 |

(2.40)

This results in the standard quantum limit (SQL) 𝑆𝑥SQL = ℏ/(𝑚𝜔2), in the limit
𝜔 ≫ 𝜔𝑚. One can get around the SQL by noticing that the measurement imprecision
and the back action can be correlated, i.e. by having |𝑆𝑜imp 𝑓 (𝜔) |2 ≠ 0 in Eq.
(2.38) and (2.39). In particular, we notice that 𝑆𝑜𝑜 can be decreased by tuning
the phases of the response function 𝜒̃(𝜔) and the cross spectra 𝑆𝑜imp 𝑓 (𝜔). Doing
so, one can achieve unlimited precision for a given frequency in theory—however,
experimentally, one is usually constrained by the amount of power in the optical
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cavities, i.e. the number of photons. After the constrained optimization, we recover
the Heisenberg limit (HL).

In an undetuned Michelson interferometer like LIGO, the measurement process can
be understood more clearly from the input-output relations [47]

˜̂𝑣1(𝜔) = 𝑒2𝑖𝛽 ˜̂𝑢1(𝜔) (2.41a)

˜̂𝑣2(𝜔) = 𝑒2𝑖𝛽 ( ˜̂𝑢2(𝜔) − K ˜̂𝑢1(𝜔)) + 𝑒𝑖𝛽
����� K
𝑆𝑥SQL

�����1/2

𝑥𝐺 (𝜔) (2.41b)

where ˜̂𝑣1,2 are the quadratures of the outgoing light field at the dark port (cor-
responding to the antisymmetric mode), ˜̂𝑢1,2 are the quadratures of the ingoing
vacuum, and 𝑥𝐺 (𝜔) is the displacement due to the signal, which we try to estimate.
The other parameters are dependent on the physical parameters of the interferometer,
with

𝑒2𝑖𝛽 =
𝜔 − 𝑖𝛾
𝜔 + 𝑖𝛾 , K =

4𝐺2𝛾

𝑚(𝜔2 − 𝜔2
𝑚) (𝜔2 + 𝛾2)

(2.42)

𝛾 is the linewidth of the effective cavity corresponding to the antisymmetric mode,
and 𝐺 =

√︁
2𝜔0𝐼𝑐/(𝐿𝑐) where 𝐼𝑐 is the circulating power in the common mode,

𝜔0 is the optical pumping frequency, 𝐿 is the length of the interferometer arms,
and 𝑐 is the speed of light. Then, the output observable sensed can be defined as
˜̂𝑜(𝜔) :=

��� K
𝑆𝑥SQL

���−1/2 ˜̂𝑣2(𝜔), in units of displacement. As the ingoing light field is

the vacuum, 𝑆𝑢1𝑢1 = 𝑆𝑢2𝑢2 = 1/2, 𝑆𝑢1𝑢2 = 0, and 𝑆𝑜𝑜 =
𝑆𝑥SQL

2 (K + 1/K) ≥ 𝑆𝑥SQL.
Thus, the sensitivity is limited by the SQL. However, if the ingoing light field is
squeezed in a frequency-dependent way, a sensitivity of 𝑆𝑜𝑜 =

𝑆𝑥SQL
2 (K + 1/K)𝑒−2𝑅

can be achieved. Here, 𝑅 is the squeezing factor, and we describe in Appendix A.4
a strategy to achieve this type of squeezing.

Markovian master equations and decoherence
When the correlation time with the bath is short compared with all system timescales,
the reduced dynamics of the system are Markovian, and are governed by the following
Lindblad master equation

¤̂𝜌 = − 𝑖
ℏ
[𝐻̂, 𝜌̂] +

∑︁
𝑘

(
𝐿̂𝑘 𝜌̂ 𝐿̂

†
𝑘
− 1

2 {𝐿̂
†
𝑘
𝐿̂𝑘 , 𝜌̂}

)
, (2.43)

with jump operators 𝐿̂𝑘 . Through these operators, the system–environment coupling
drives decoherence and the emergence of classical behaviour [230, 282, 127], which
is what makes the persistence of entanglement in a macroscopic, noisy system a
nontrivial question.
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Engineered dissipation and dissipative stabilization
The Lindblad master equation describes the interaction of the system with its en-
vironment. This interaction can be unintentional, resulting in decoherence, or
engineered, resulting in the relaxation of the input state to a target state. The
latter is referred to as dissipative stabilization. Writing (2.43) with the dissipator
D[𝐿̂] 𝜌̂ := 𝐿̂ 𝜌̂ 𝐿̂† − 1

2 {𝐿̂
† 𝐿̂, 𝜌̂},

¤̂𝜌 = L( 𝜌̂) = − 𝑖
ℏ
[𝐻̂, 𝜌̂] +

∑︁
𝑘

𝜅𝑘 D[𝐿̂𝑘 ] 𝜌̂. (2.44)

The Liouvillian L generates a CPTP semigroup, so its eigenvalues obey Re𝜆 𝑗 ≤ 0.
Every eigenoperator of the Liouvillian with a non-zero eigenvalue is traceless. This
can straightforwardly be shown from taking the trace of Eq. (2.44). Using the
cyclicity of the trace, we obtain

Tr[L( 𝑋̂)] = 𝜆Tr[𝑋̂] = 0 (2.45)

Then, Tr[𝑋̂] = 0 if𝜆 ≠ 0. Let us assume that the Liouvillian is diagonalizable. Then,
the time evolution of any density matrix 𝜌̂(𝑡) can be decomposed into the eigenbasis
of the Liouvillian as 𝜌̂(𝑡) = ∑

𝑐 𝑗𝑒
𝜆 𝑗 𝑡 𝑋̂ 𝑗 , where {𝜆 𝑗 } are the eigenvalues, and {𝑋̂ 𝑗 }

are the corresponding eigenoperators. In the limit of 𝑡 → ∞, the density matrix
admits a steady state [34] L( 𝜌̂ss) = 0 in the linear subspace of the eigenoperators 𝑋̂ 𝑗
for which 𝜆 𝑗 = 0. Reservoir engineering chooses 𝐻̂, {𝐿̂𝑘 } so that 𝜌̂ss is the desired
(ideally unique) state. A sufficient construction is a dark state: if

𝐿̂𝑘 |𝜓⟩ = 0 ∀ 𝑘, 𝐻̂ |𝜓⟩ = 𝐸 |𝜓⟩ , (2.46)

then |𝜓⟩ ⟨𝜓 | is an eigenoperator of L with a zero eigenvalue. A shared dark subspace
of the 𝐿̂𝑘 is then a protected code space.

A prominent example of dissipative stabilization is the two-photon dissipation,
where cat qubits [49, 155] are stabilized in the {|±𝛼⟩} manifold [181, 152],

𝐿̂ =
√
𝜅2 (𝑎̂2 − 𝛼2), 𝑎̂2 |±𝛼⟩ = 𝛼2 |±𝛼⟩ . (2.47)

Here, |𝛼⟩ is the coherent state with a mean photon number of |𝛼 |2. Relaxation
toward 𝜌̂ss occurs at the Liouvillian gap Δ = min𝜆 𝑗≠0 |Re𝜆 𝑗 |: fast modes decay at
the engineered rate ∼ 𝜅2, while residual processes competing with the engineered
dissipation set a small gap governing slow leakage. Such stabilization has been
realized in trapped ions and superconducting circuits [209, 186, 136, 83].
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2.3 Gaussian states and continuous-variable entanglement
Commutation relations and symplectic operators
In this section, we present a short review of Gaussian states and Gaussian entangle-
ment. Let us assume an 𝑁-mode system with canonical quadrature operators 𝑥𝑖, 𝑝𝑖,
𝑖 = 1, 2, . . . , 𝑁 , where 𝑥𝑖 (𝑝𝑖) is the position (momentum) operator of the 𝑖th mode.
Furthermore, [𝑥𝑖, 𝑝 𝑗 ] = 𝑖𝛿𝑖 𝑗 , where 𝛿𝑖 𝑗 is the Kronecker delta (we set ℏ = 1). The
commutation relations can be summarized in the form of

[r̂, r̂𝑇 ] = 𝑖Ω, Ω :=
𝑁⊕
𝑖=1

[
1

−1

]
(2.48)

where we defined r̂ = (𝑥1, 𝑝1, . . . , 𝑥𝑁 , 𝑝𝑁 )𝑇 . Ω is referred to as the symplectic form.
It is a 2𝑁 × 2𝑁 antisymmetric matrix, with Ω2 = −I2𝑁 , where I2𝑁 is the identity
matrix. We also define the symplectic matrix 𝑆, which is a real valued matrix that
preserves the symplectic form when acting by congruence, i.e.

𝑆Ω𝑆𝑇 = Ω. (2.49)

The group of matrices 𝑆 is referred to as the symplectic group, Sp(2𝑁,R).

Moments of a Gaussian state
The first and second order moments of a Gaussian state, r̄, and 𝜎, can be written as

r̄ := ⟨r̂⟩, 𝜎 := ⟨{r̂, r̂𝑇 }⟩ − 2⟨r̂⟩⟨r̂𝑇 ⟩ (2.50)

The Robertson-Schrödinger uncertainty relation dictates that for 𝜎 to be the covari-
ance matrix of a physical quantum state, it needs to satisfy 𝜎+ 𝑖Ω ≥ 0 (where 𝐴 ≥ 0
denotes that A is a positive semi-definite matrix). For any covariance matrix 𝜎,
Williamson’s theorem states that there is a decomposition

𝜎 = 𝑆
©­«

𝑁⊕
𝑗=1

𝜈 𝑗 I2
ª®¬ 𝑆𝑇 , (2.51)

where 𝜈 𝑗 , 𝑗 = 1, 2, . . . , 𝑁 are the symplectic eigenvalues of 𝜎, 𝑆 is a symplectic
matrix, and I2 is the 2×2 identity matrix. From the uncertainty principle, we have
that 𝜈 𝑗 ≥ 1∀ 𝑗 .

Gaussian Hamiltonians
A generic Gaussian Hamiltonian will be of quadratic order in terms of the system
quadratures r̂. Therefore, it can be written in the form of

𝐻̂ =
1
2

r̂𝑇𝐻r̂ + r̂𝑇d (2.52)
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where 𝐻 is the Hamiltonian matrix. Note that here, 𝐻 is a symmetric 2𝑁 × 2𝑁
matrix. The action of 𝐻̂ on the quadratures r̂ can be found from the Heisenberg
equations of motion, with [239]

¤̂r = Ω(𝐻r̂ + d) (2.53)

For a strictly quadratic Hamiltonian, d = 0, and this unitary action transforms the
statistical moments of the state as r̄ → 𝑆r̄, and 𝜎 → 𝑆𝜎𝑆𝑇 , where 𝑆 = 𝑒Ω𝐻𝑡 is a
symplectic transformation, as it preserves the symplectic form.

In general, a completely positive, deterministic Gaussian map can be described
through its effect on the statistical moments as

r̄ → 𝑋 r̄ (2.54a)

𝜎 → 𝑋𝜎𝑋𝑇 + 𝑌 (2.54b)

with the constraint that 𝑌 + 𝑖Ω − 𝑖𝑋Ω𝑋𝑇 ≥ 0, with real matrices 𝑋 and 𝑌 . Here, 𝑌
represents additive noise that makes sure that the final state satisfies the uncertainty
relations. If 𝑌 = 0, the inequality 𝑖Ω − 𝑖𝑋Ω𝑋𝑇 ≥ 0 forces 𝑋 to be a symplectic
matrix, which reduces to the dynamics under a quadratic Hamiltonian described
above. Such a map entails coupling to an environment (or an ancillary system)
through a quadratic Gaussian Hamiltonian, which is traced out at the end. It does
not describe any measurement operation on the system itself. For example, 𝑋 = 0,
𝑌 ≥ 0 represents classical mixing. Any Gaussian state can be written as classical
mixing applied to a pure Gaussian state [239].

Some examples of unitary Gaussian symplectic transformations are single-mode
phase shifts 𝑅(𝜙), single-mode squeezing 𝑆(𝑟), and two-mode squeezing 𝑆2(𝑟).
These operations can be implemented with the following unitary transformations
respectively: 𝑅̂(𝜙) = exp

(
𝑖𝜙 𝑎̂†𝑎̂

)
, 𝑆(𝑟) = exp

(
𝑖𝑟
2 ((𝑎̂

†)2 + 𝑎̂2)
)
, and 𝑆2(𝑟) =

exp
(
𝑟 (𝑎̂†𝑏̂† − 𝑎̂𝑏̂)

)
, when implemented on modes 𝑎̂ and 𝑏̂. These are the anni-

hilation operators that act in the Fock basis {|𝑚⟩} as 𝑎̂ |𝑚⟩ =
√
𝑚 |𝑚 − 1⟩ , 𝑎̂† |𝑚⟩ =√

𝑚 + 1 |𝑚 + 1⟩. The corresponding symplectic matrices that act on the first and
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second moments of the state are

𝑅(𝜙) :=

[
cos (𝜙) − sin (𝜙)
sin (𝜙) cos (𝜙)

]
, (2.55a)

𝑆(𝑟) :=

[
cosh (𝑟) sinh (𝑟)
sinh (𝑟) cosh (𝑟)

]
, (2.55b)

𝑆2(𝑟) :=

[
cosh (𝑟) I2 sinh (𝑟) 𝜎𝑧
sinh (𝑟) 𝜎𝑧 cosh (𝑟) I2

]
(2.55c)

with 𝜎𝑧 =

[
1

−1

]
as the Pauli Z matrix.

Gaussian states
Until this part, we have discussed the properties of the moments of the Gaussian
states. Let us now connect these moments to the density matrix of the state. First,
any Gaussian state can be defined by a Hermitian operator 𝐻̂ as defined in Eq. (2.52)
and 𝛽 ∈ R+ as

𝜌̂𝐺 =
𝑒−𝛽𝐻̂

Tr[𝑒−𝛽𝐻̂]
. (2.56)

The limit of 𝛽 → ∞ describes pure states. Given the Hamiltonian in Eq. (2.52),
let us write this explicitly. First, up to an irrelevant constant, we can write this
operator as 𝐻̂ = 1

2 (r̂+ d′)𝑇𝐻 (r̂+ d′), with d′ := 𝐻̂−1d. Then, we define the unitary
displacement operator 𝐷̂ (d) = 𝑒𝑖d𝑇Ωr̂, which has the following action on the vector
of first moments: 𝐷̂ (d)r̂𝐷̂†(d) = r̂+d. Then, given this unitary, we can rewrite the
Hamiltonian as 𝐻̂ = 𝐷̂ (d′) ( 1

2 r̂𝑇𝐻r̂)𝐷̂†(d′). Next, we can use Williamson’s theorem
to decompose the Hamiltonian matrix as 𝐻 = 𝑆𝑇 (⊕𝑁

𝑖=1𝜔𝑖I2)𝑆, where I2 is the 2x2
identity matrix, and 𝑆 is a symplectic matrix. Furthermore, for every symplectic
𝑆, there exists a unitary transformation 𝑆, such that 𝑆r̂ = 𝑆r̂𝑆† [239]. Using this
property, we can write the Hamiltonian in terms of its normal modes, in the form of

𝐻̂ = 𝐷̂ (d′)r̂𝑇𝑆𝑇
(
⊕𝑁𝑖=1

𝜔𝑖

2
I2
)
𝑆r̂𝐷̂†(d′)

= 𝐷̂ (d′)𝑆
(
𝑁∑︁
𝑖=1

𝜔𝑖

2
(𝑥2
𝑖 + 𝑝2

𝑖 )
)
𝑆†𝐷̂†(d′) (2.57)

Let us refer to the normal mode decomposition Hamiltonian as 𝐻̂𝑁 =
∑𝑁
𝑖=1

𝜔𝑖
2 (𝑥2

𝑖
+

𝑝2
𝑖
). Due to the unitarity of the operators 𝑆, 𝐷̂ (d′), plugging this expression into
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Eq. (2.56) results in

𝜌̂𝐺 = 𝐷̂ (d′)𝑆 𝑒−𝛽𝐻̂𝑁

Tr[𝑒−𝛽𝐻̂𝑁 ]
𝑆†𝐷̂†(d′). (2.58)

This expression can be understood as the following: any 𝑁-mode Gaussian state
can be obtained from decoupled, free harmonic oscillators, after the application of
a symplectic operation, and displacing all of the modes. Finally, let us express the
density matrix of the free harmonic oscillators in the Fock basis:

𝑒−𝛽𝐻̂𝑁

Tr[𝑒−𝛽𝐻̂𝑁 ]
=

[
𝑁∏
𝑖=1

(1 − 𝑒−𝛽𝜔𝑖 )
] (

⊗𝑁𝑖=1

∞∑︁
𝑚=0

𝑒−𝛽𝜔𝑖𝑚 |𝑚⟩𝑖 ⟨𝑚 |𝑖

)
(2.59)

Entanglement properties
In order to quantify the amount of entanglement in an 𝑁-mode system, we define the
logarithmic negativity 𝐸N , which is an entanglement monotone that takes a simple
form for the Gaussian case [261, 208]:

𝐸N =
∑︁
𝑗

max{0,− log 𝜈̃ 𝑗 }. (2.60)

Here 𝜈̃ 𝑗 , 𝑗 = 1, 2, . . . , 𝑁 are the symplectic eigenvalues of the partially transposed
covariance matrix, 𝜎̃, and 𝐸N > 0 indicates entanglement. For a bipartite system,
partial transposition with respect to one of the modes amounts to performing the
transformation 𝑝𝑖 → −𝑝𝑖 on the corresponding mode. If 𝜎̃ + 𝑖Ω ≥ 0, the positivity
of the partial transpose (PPT) criterion states that the state is separable [202, 243],
which is a necessary and sufficient condition for this case.

For bipartite states of two-modes, the covariance matrix can be decomposed in the
form of 𝜎 = 𝑆Λ𝑆𝑇 , with a local symplectic matrix 𝑆 = 𝑆1 ⊕ 𝑆2 [67]:

𝜎 =

[
𝑆1

𝑆2

] 
𝑎 𝑐+

𝑎 𝑐−

𝑐+ 𝑏

𝑐− 𝑏


[
𝑆𝑇1

𝑆𝑇2

]
(2.61)

where 𝑎, 𝑏 ≥ 1, and we can choose 𝑐+ ≥ 𝑐− without loss of generality. Here, Λ
is referred to as the standard form. Any state whose standard form fulfills 𝑎 = 𝑏

is said to be symmetric. Furthermore, for a pure, symmetric, two-mode squeezed
state, 𝑎 = 𝑏 = cosh (2𝑟), and 𝑐+ = −𝑐− = sinh (2𝑟), 𝑟 ≥ 0.
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The symplectic eigenvalues of the partial transpose of the covariance matrix given
in Eq. (2.61) can be written as

𝜈̃2
± =

Δ̃ ±
√︁
Δ̃2 − 4Det(𝜎)

2
(2.62)

where Δ̃ := 𝑎2+𝑏2−2𝑐+𝑐−, and Det(𝜎) = (𝑎𝑏−𝑐2
+) (𝑎𝑏−𝑐2

−). Then, the logarithmic
negativity is found as 𝐸N = max{0,− log 𝜈̃−}. For the pure, symmetric, two-mode
squeezed state with 𝑎 = cosh (2𝑟), the symplectic eigenvalues of the partially
transposed matrix are calculated as 𝜈̃± = 𝑒±2𝑟 [4]. Therefore, the logarithmic
negativity is 𝐸N = 2𝑟 ≥ 0. For a review on Gaussian continuous variables, see
Refs. [239, 5, 72].

2.4 Encoding qubits in bosonic modes
The Gaussian states of Section 2.3 are efficiently simulable classically and can-
not support quantum error correction; fault-tolerant bosonic computation requires
non-Gaussian encodings. A bosonic code stores one logical qubit in a single os-
cillator. The logical states of the qubit, |0𝐿⟩ and |1𝐿⟩ are encoded in the infinite
dimensional space span{|𝑛⟩}∞

𝑛=0, with ⟨0𝐿 |1𝐿⟩ = 0. This redundancy may provide
an advantage for error correction: some of the prominent examples are cat codes
[49, 181, 155], Kerr-cat codes [211, 98], binomial codes [178], and Gottesman-
Kitaev-Preskill (GKP) codes [93]. In these codes, the dominant error is usually
the single-photon loss, 𝑎̂, since they are implemented optically. Combined with the
engineered dissipation of Sec. 2.2, cat codes exhibit an error asymmetry: bit flips
suppressed exponentially in the mean photon number |𝛼 |2, whereas phase flips are
enhanced only linearly. This provides a hardware-level noise bias best exploited by
the bias-tailored codes.

An error set {𝐸̂𝑎} is correctable if and only if it satisfies the Knill–Laflamme
conditions [142]

⟨𝑖𝐿 | 𝐸̂†
𝑎 𝐸̂𝑏 | 𝑗𝐿⟩ = 𝑐𝑎𝑏 𝛿𝑖 𝑗 , (2.63)

with 𝑐𝑎𝑏 independent of 𝑖, 𝑗 : no correctable error distinguishes the logical states,
and distinct errors map to orthogonal syndrome spaces.

2.5 Cavity optomechanics and input–output relations
The optomechanical Hamiltonian and its linearization
Cavity optomechanics describes the interaction between a light field in an optical
cavity, and a mechanical mode whose motion creates a moving boundary for the
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light field. Modern interferometric gravitational-wave detectors such as LIGO
can be understood within this framework. Specifically, in LIGO, the mechanical
coordinate of the differential motion of the Fabry-Perot arm cavities produced by
the motion of the mechanical test masses under the effect of gravitational waves
is sensed by the circulating laser field. The radiation pressure due to the photons
bouncing off the mechanical mode, hence transferring momentum, creates phase
modulation on the output light, as evidenced by Eq. (2.41). Let us present a brief
review of cavity optomechanics.

We define a driven optical cavity mode 𝑎̂ with resonance frequency 𝜔𝑐, coupled to a
mechanical mode 𝑏̂ with frequency 𝜔𝑚. In the frame rotating at the drive frequency
𝜔𝐿 , the optomechanical Hamiltonian can be written as

𝐻̂ = −ℏΔ 𝑎̂†𝑎̂ + ℏ𝜔𝑚 𝑏̂
†𝑏̂ − ℏ𝑔0 𝑎̂

†𝑎̂ (𝑏̂ + 𝑏̂†), (2.64)

where Δ = 𝜔𝐿 − 𝜔𝑐 is the detuning, and 𝑔0 the vacuum optomechanical coupling
strength [11, 81, 47]. One can linearize this Hamiltonian by considering the cavity
field as 𝑎̂ = 𝛼 + 𝛿𝑎̂, where 𝛼 := ⟨𝑎̂⟩ is the average coherent amplitude of the field,
and 𝛿𝑎̂ are the small fluctuations around this value. Then, |𝛼 |2 = 𝑛𝑐 is the intracavity
photon number. The linearization results in

𝑎̂†𝑎̂ (𝑏̂ + 𝑏̂†) ≈
(
|𝛼 |2 + 𝛼∗𝛿𝑎̂ + 𝛼 𝛿𝑎̂†) (𝑏̂ + 𝑏̂†). (2.65)

The constant term (proportional to |𝛼 |2) shifts the mechanical equilibrium, and we
neglected the term quadratic in 𝛿𝑎̂ as |𝛿𝑎̂ | ≪ |𝛼 |. Without loss of generality, we can
choose 𝛼 to be real valued, which gives an interaction term −ℏ𝑔(𝛿𝑎̂ + 𝛿𝑎̂†) (𝑏̂ + 𝑏̂†),
where 𝑔 = 𝑔0 |𝛼 | = 𝑔0

√
𝑛𝑐 is the optomechanical coupling strength.

The interaction term gives rise to two separate dynamics,

−ℏ𝑔(𝛿𝑎̂ + 𝛿𝑎̂†) (𝑏̂ + 𝑏̂†) = −ℏ𝑔(𝛿𝑎̂ 𝑏̂† + 𝛿𝑎̂†𝑏̂)︸                   ︷︷                   ︸
beam splitter

−ℏ𝑔(𝛿𝑎̂ 𝑏̂ + 𝛿𝑎̂†𝑏̂†)︸                   ︷︷                   ︸
two-mode squeezing

, (2.66)

The beam-splitter interaction is resonant for a red-detuned drive (Δ = −𝜔𝑚), whereas
the two-mode-squeezing interaction is resonant for a blue-detuned drive (Δ = 𝜔𝑚).
In contrast, in the resonant case of Δ = 0, the radiation pressure is independent of
the mechanical motion up to first order, which is ideal for position measurements as
the mechanical dynamics are not affected by the optical field.
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Langevin equations and input–output relations
The optomechanical cavity will inevitably be connected to some external field: this
external field is the drive, which keeps the field circulating inside the cavity at a
steady level. Let us refer to the fluctuations in this external field as 𝑎̂in, and the
coupling rate as 𝜅ext. Similarly, the mechanical object is coupled to some thermal
bath at rate 𝛾𝑚, and will be driven by external fluctuations 𝑏̂in. The linearized
quantum Langevin equations read

¤𝛿𝑎̂ =

(
𝑖Δ − 𝜅

2

)
𝛿𝑎̂ + 𝑖𝑔(𝑏̂ + 𝑏̂†) − √

𝜅ext 𝑎̂in, (2.67)

¤̂
𝑏 =

(
− 𝑖𝜔𝑚 − 𝛾𝑚

2

)
𝑏̂ + 𝑖𝑔(𝛿𝑎̂ + 𝛿𝑎̂†) − √

𝛾𝑚 𝑏̂in, (2.68)

The intracavity field is connected to the propagating output field by the input–output
relation [76, 269]

𝑎̂out(𝑡) = 𝑎̂in(𝑡) +
√
𝜅 𝛿𝑎̂(𝑡). (2.69)

The linearized equations can be solved in the frequency domain by taking a Fourier
transform. Note that this field obeys the continuum commutation relations

[𝑎̂out(𝑡), 𝑎̂†out(𝑡
′)] = 𝛿(𝑡 − 𝑡′). (2.70)

A canonical description is recovered by projecting the field onto a normalised
temporal envelope 𝑓 (𝑡), with

∫
𝑑𝑡 | 𝑓 (𝑡) |2 = 1, defining the temporal mode

𝐴̂ 𝑓 :=
∫

𝑑𝑡 𝑓 ∗(𝑡) 𝑎̂out(𝑡). (2.71)

From Eq. (2.70), [ 𝐴̂ 𝑓 , 𝐴̂†𝑓 ] =
∫
𝑑𝑡 | 𝑓 (𝑡) |2 = 1, so 𝐴̂ 𝑓 is a canonical bosonic mode.

Choosing an orthonormal family { 𝑓𝑘 (𝑡)}with
∫
𝑑𝑡 𝑓 ∗

𝑗
(𝑡) 𝑓𝑘 (𝑡) = 𝛿 𝑗 𝑘 decomposes the

entire output field into a countable set of independent modes 𝐴̂𝑘 obeying [ 𝐴̂ 𝑗 , 𝐴̂†𝑘 ] =
𝛿 𝑗 𝑘 .

Continuous measurement
Homodyne detection of the output field (2.69) realizes a continuous measurement.
With balanced homodyne detection, we can measure a given quadrature of a temporal
mode. This is done by interfering the output field on a balanced beam splitter with
a strong coherent local oscillator (LO) of phase 𝜙 and normalised envelope 𝐿 (𝑡),∫
𝑑𝑡 |𝐿 (𝑡) |2 = 1. Reading out the photocurrent 𝚤(𝑡) that is the difference of the beam

splitter outputs results in∫
𝑑𝑡 𝚤(𝑡) ∝ 𝑋̂

(𝐿)
𝜙
, 𝑋̂

(𝐿)
𝜙

=
𝐴̂𝐿 𝑒

−𝑖𝜙 + 𝐴̂†
𝐿
𝑒𝑖𝜙

√
2

, (2.72)
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where 𝐴̂𝐿 =
∫
𝑑𝑡 𝐿∗(𝑡) 𝑎̂out(𝑡) is the temporal mode selected by the LO. The quadra-

ture at the readout can be modified by changing the LO phase.

2.6 Probe preparation versus continuous monitoring
The estimation theory of Section 2.1 (prepare-and-measure picture) and the contin-
uous measurement picture of Section 2.5 describe two operationally distinct ways of
learning an unknown parameter 𝜃. The essential difference is what the experimenter
is free to prepare.

In the first, prepare-and-measure picture, one prepares the probe. The parameter is
imprinted on a freshly prepared input state 𝜌̂ through the encoding channel Λ𝜃 , and
the figure of merit, i.e. the QFI of Eq. (2.12), is maximized over that input state. The
sensitivity gain obtainable from preparing an entangled state, in the absence of any
losses during encoding, arises from the spread of the generator spectrum. As the
probe is destructively measured at the end of the interaction, one aims to maximize
the sensitivity for each interrogation by preparing a new state.

In contrast, in the second, continuous-monitoring picture, the probe (the system
that interacts with the parameter) is not directly accessible. We define a meter, an
auxiliary system that interacts with the probe to measure the imprinted parameter.
While doing so, it inevitably disturbs the probe system, a phenomenon that we had
referred to as back action in the previous sections. Then, the meter also drives the
probe through this effect: once the meter is measured at the output, the conditional
state of the probe is altered. In LIGO, the interaction coupling the meter and
the probe is the radiation pressure. In this picture, there arises a trade-off for the
interaction strength between the meter and the probe: a larger interaction strength
results in more information extracted, however also a larger disturbance that makes
it harder to extract the same information in the later rounds. This trade-off brings
about the SQL. Obtaining an enhanced sensitivity thus requires back action evasion
through meter preparation, as we cannot initialize a probe state directly.

These settings are not opposed but mark the two endpoints relevant to this thesis: the
metrology chapters work in the prepare-and-measure setting, where the resource is
an engineered probe state, while the optomechanics chapters work in the continuous
setting, where the resource is a sustained interaction with a system one can monitor
but not prepare. However, the common point of these settings is that the sensitivity
is maximized for some fixed resource. In the first picture, this resource is the number
of probes 𝑁 , where the sensitivity grows as 𝑁 for an optimal preparation. Whereas
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a) Prepare and measure

Probe
preparation

Encode
Measure

Probe consumed after 

measurement, re-prepare

Meter consumed after 

measurement, re-prepare

b) Continuous monitoring

Meter in 
(prepared)
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measured

Encode

Interaction

Probe
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Figure 2.1: The two pictures of parameter estimation: the prepare-and-measure
picture (left), where the parameter is imprinted on the probe and is measured
directly, vs the continuous monitoring picture, where a meter interacts with the
probe and is measured, causing back action on the probe.

in the second case, if one wants to maximize the sensitivity for a given frequency,
the limited resources are the interaction strength and the energy of the meter state.
The interaction strength determines the baseline of sensitivity for a classical input
meter state (i.e. the vacuum state). For example for LIGO, the interaction strength is
limited by the optical power at the bright port. Then, quantum advantage is obtained
by using the limited meter energy to prepare a back action evading state: for LIGO,
this is a frequency-dependently squeezed state, where the energy of the meter is set
by the maximum squeezing level 𝑅 (in the absence of optical losses).

Both pictures admit a further resource: control, the freedom to interleave the encod-
ing with arbitrary operations on the probe or meter and on ancillary systems. With
such control the relevant bound is no longer the state QFI maximized over inputs
but the channel QFI maximized over the full adaptive strategy [61]. For a noise-
less, unitary encoding, the two coincide and one cannot benefit from an increased
sensitivity while doing local estimation (i.e. when the relevant metric is the QFI).
However, for global estimation, where the relevant metric is the BMSE, control can
enhance the precision even for the noiseless case. Perhaps the most well-known
example of this is the dynamic range enhancement in atomic clocks [134].

In the presence of noise, ancilla-assisted error correction can restore Heisenberg
scaling whenever the generator lies outside the span of the noise operators of
Eq. (2.43), and cannot otherwise [281, 237, 60]. In the continuous picture the
same control extends to the interaction itself: ancillary modes can synthesize an ef-
fective quantum-non-demolition or back-action-evading coupling [256] that breaks
the imprecision-back-action trade off (2.39) without squeezing the meter. However,
if the meter is lossy, it limits the sensitivity enhancement obtainable from control.
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C h a p t e r 3

UNIVERSALITY OF STATIONARY OPTOMECHANICAL
ENTANGLEMENT

3.1 Introduction
The transition from quantum to classical behavior has been an intriguing question in
the past decades1. Quantum systems interact with the environment and develop cor-
relations with environmental degrees of freedom, which in turn prohibit observing
the quantum nature of the system when viewed by an independent external observer,
a phenomenon that is referred to as decoherence [282, 229]. Above some rate of
decoherence, it is expected that a system starts displaying classical behavior [7].

Optomechanical systems are examples of quantum systems, where a mechanical
oscillator interacts with an optical field in the simplest case. Due to the high
quality factor of the mechanical oscillator, these devices ensure strong isolation
from the environment and maintain quantum coherence [11]. Furthermore, the
momentum exchange between the mechanical and electromagnetic degrees of free-
dom, a phenomenon that is referred to as radiation pressure [81, 11], gives rise to
the entanglement between these two components. Optomechanical entanglement
has applications in quantum sensing [166], quantum control [114, 86, 45], testing
fundamental physics [177, 274, 263], and new quantum technologies [17, 240].
Stationary entanglement, which arises when the object is measured continuously
by a continuum of light modes coupled to the mechanical object, has been studied
theoretically and proposed for experimental demonstration [81, 175, 177, 103, 65,
201, 262].

Optomechanical systems suffer from decoherence due to environmental noise sources,
which can destroy or diminish the amount of generated optomechanical entangle-
ment [175, 2, 65]. Examples of such noises are Brownian thermal noise [117, 148],
suspension thermal noise [105, 107], and other technical noises. In this chapter,
we classify environmental noise sources based on their effect on the mechanical

1This chapter is adapted from: S. Direkci et al., "Universality of Stationary Entanglement in an
Optomechanical System Driven by Non-Markovian Noise and Squeezed Light," Phys. Rev. Lett.
135, 153601 (2025), DOI: 10.1103/vzhk-cdc3; and S. Direkci et al., "Characterizing stationary
optomechanical entanglement in the presence of non-Markovian noise," Phys. Rev. A 112, 043512
(2025), DOI: 10.1103/gysx-m9p2. Both articles are published by the American Physical Society
under a Creative Commons Attribution 4.0 International (CC BY 4.0) license.
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oscillator: we refer to noise sources that get transduced by the mechanical oscillator
before being read out by the probe (i.e. the light field) as force noise, and noise
sources affecting the probe only as sensing noise.

In [65], the behavior of optomechanical entanglement was studied assuming a lin-
earized interaction and Gaussian dynamics between an oscillator and the vacuum
fluctuations in the input light field [11]. Given this system, it has been observed
numerically that optomechanical entanglement vanishes above a certain threshold
concerning the environmental noise sources only, and cannot be recovered by in-
creasing the interaction strength between the oscillator and the input light field. In
other words, the entangling-disentangling transition is universal with respect to the
interaction strength. Furthermore, this phenomenon has been observed for envi-
ronmental noises that are not necessarily Markovian, due to the presence of, for
example, structural damping [227].

Given this observation, in this chapter, we answer a general question about op-
tomechanical entanglement: what determines the presence of stationary light-mass
entanglement? Is it (i) the quality of isolation from the environment, (ii) the optome-
chanical interaction strength, and/or (iii) the state of the incoming light field? These
factors are intimately tied to the sensitivity of the optomechanical system to weak
forces acting on the mass: (i) determines the environmental noise of the device,
while (ii) and (iii) determine its quantum noise, i.e. the unavoidable, fundamental
measurement noise of the light measuring the position of the mass. In fact, our
work has been directly motivated by the achievement of quantum noise below the
standard quantum limit [58, 47] by the Laser Interferometer Gravitational-Wave
Observatory [52], via the injection of optical squeezed states [278, 172]. Our short
answer is that factor (i) plays a decisive role, while (ii) and (iii), as important as they
are for sensing weak forces, cannot be used to bring optomechanical entanglement
into existence. However, once (i) allows for entanglement, (ii) and (iii) can be used
to tune the level of entanglement.

While answering these questions, we analytically prove the universality of optome-
chanical entanglement in the presence of general, not necessarily Markovian, envi-
ronmental noise sources, when the input field is the vacuum state (or is frequency-
independently squeezed). Furthermore, we show that if the system is separable when
the input field is the vacuum state, entanglement cannot be achieved with arbitrary
frequency-dependent squeezing in the input light field. The universality of the op-
tomechanical entanglement can be interpreted as a quantum-to-classical transition,
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where the system appears to be "classical" due to the environment, i.e. it cannot get
entangled with the light field since it is strongly correlated with the environment.
Calculating the corresponding threshold for environmental noise sources is crucial
for upcoming quantum technologies with optomechanical devices, and observing
quantum behavior in the macroscopic regime.

This chapter is organized as follows. We state the system dynamics, the covariance
matrix, and the entanglement criterion in Sec. 3.2. Then, we demonstrate the
universality of the entangling-disentangling transition for arbitrary environmental
noise sources in Sec. 3.5, assuming that the input light field is in the vacuum state.
We relax this assumption and consider arbitrary frequency-dependent squeezing in
the input light field in Sec. 3.6.

3.2 System Dynamics
The system consists of a mechanical oscillator driven by a coherent, input optical
field. For a schematic, see Fig. 3.1. We work in a suitably displaced frame where
the first moments of the dynamical variables are zero. We denote the position
fluctuations of the center of mass of the mechanical oscillator with 𝑏̂1, its associated
momentum fluctuations with 𝑏̂2, the quantum fluctuations in the amplitude (phase)
quadratures of the input (output) optical fields with 𝑢̂1(𝑡), 𝑢̂2(𝑡) (𝑣̂1(𝑡), 𝑣̂2(𝑡)),
respectively. The dimensionless, linearized equations of motion in the Heisenberg
picture are [183]

𝑣̂1(𝑡) = 𝑢̂1(𝑡) , (3.1a)

𝑣̂2(𝑡) = 𝑢̂2(𝑡) +
Ωq√
𝜔m

(𝑏̂1(𝑡) + 𝑛̂S(𝑡)) , (3.1b)

¤̂
𝑏2(𝑡) = −𝛾m𝑏̂2(𝑡) − 𝜔m𝑏̂1(𝑡) +

Ωq√
𝜔m

𝑢̂1(𝑡) + 𝑛̂F(𝑡), (3.1c)

¤̂
𝑏1(𝑡) = 𝜔m𝑏̂2(𝑡) , (3.1d)

where Ωq is the characteristic light–mechanics interaction strength, or the coherent
coupling2, 𝜔m is the mechanical resonance frequency, 𝛾m is the damping rate of the
oscillator, and 𝑛̂F(𝑡) and 𝑛̂S(𝑡) are the force and sensing noises, respectively. These
linearized equations are valid when the input light is highly excited (e.g. for a high

2In terms of system parameters, Ωq =

√︃
𝐼probe𝜔probe
𝑚𝑐2 , where 𝐼probe and 𝜔probe are the intensity and

carrier frequency of the light probing the mechanics, 𝑐 is the speed of light in vacuum, and 𝑚 is the
mass of the oscillator.
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Figure 3.1: Schematic of the optomechanical system. The mechanical mode 𝑏̂
interacts with a light field and reaches a steady state. We refer to the modes of
the input light field as 𝑢̂, and the reflected (output) light field as 𝑣̂, respectively.
The schematic shows the equivalence between the spatial and the temporal modes
of the light field: for example, the temporal modes of the input field located at
the light-mechanics interface for 𝑡 > 0 can be thought of as the spatial modes at
𝑡 = 0 that have yet to interact with the mirror. Similarly, the temporal modes of
the output field for 𝑡 < 0 can be thought of as the spatial modes at 𝑡 = 0 that have
already reflected off the mirror. We label the duration of the temporal modes as 𝑑𝑡
in the schematic, however, we are interested in the continuum limit, where 𝑑𝑡 → 0.
Lastly, the mechanical mode is subjected to a force noise 𝑛̂F, and the output field is
subjected to a sensing noise 𝑛̂S.

intensity laser |𝛼⟩, with 𝛼 ≫ 1), and the commutation relation for the same-time
quadrature operators are [𝑏̂1(𝑡), 𝑏̂2(𝑡)] = 2𝑖3.

Instead of considering a thermal bath, where the spectrum of 𝑛̂𝐹 or 𝑛̂𝑆 is given by the
fluctuation-dissipation theorem [150, 40], we consider phenomenologically general,
non-Markovian, and Gaussian stationary noises with a power spectral density in the
form of

𝑆𝑛E (Ω) :=
∫ ∞

−∞
𝑑𝑡 ⟨𝑛̂E(𝑡)𝑛̂E(0)⟩ 𝑒𝑖Ω𝑡 = 𝑃(Ω)/𝑄(Ω) (3.2)

3We choose to normalize the quadratures of the mechanical oscillator such that the entries of the
commutator matrix, defined in Eq. (3.10), do not have a factor of 1/2.
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Force noise Sensing noise

Quantum (measurement) noise 𝑢̂1 𝑢̂2

Environmental noise 𝑛̂F 𝑛̂S

Table 3.1: Classification of the noise sources affecting the dynamics, given in
Eqs. (3.1). The noise sources fall under two orthogonal categories, demonstrated
by the x and y-axes of the Table. The first category (x-axis) arises due to the nature
of the noise: we refer to the fundamental noise that occurs due to the continuous
monitoring of the oscillator as quantum noise. Conversely, any noise arising due to
the environment (e.g. seismic noise, coating thermal noise, etc.) is referred to as
environmental noise. The second category (y-axis) describes how the noise source
affects the dynamics: a force noise introduces stochastic momentum kicks on the
oscillator, whereas a sensing noise is sensed with the position of the oscillator and
does not affect its dynamics.

with 𝐸 ∈ {𝑆, 𝐹}, and 𝑃 and 𝑄 are arbitrary polynomials in Ω such that deg(𝑄) ≥
deg(𝑃) due to stability requirements.

First, we assume that the driving light (in the displaced frame) is in the vacuum state,
with temporally uncorrelated fluctuations. This assumption will be relaxed at the
end of the chapter, where an arbitrarily frequency-dependent squeezed input light
field will be considered. The commutation relations for the quadratures of the input
light field are given as [𝑢̂1(𝑡), 𝑢̂2(𝑡′)] = 2𝑖 𝛿(𝑡 − 𝑡′), [𝑢̂𝑖 (𝑡), 𝑢̂𝑖 (𝑡′)] = 0, 𝑖 = 1, 2. The
same relations hold for the output light field.

The noise sources driving the mechanical oscillator, 𝑢̂1,2, 𝑛̂F, 𝑛̂S, can be categorized
in two manners, summarized in Table 3.1. First, we refer to the fundamental
measurement noise occurring due to the continuous monitoring of the oscillator
position as quantum noise. This noise is sourced by 𝑢̂1,2 in Eqs. (3.1). Conversely,
any additional noise in the system that can in principle be eliminated is referred
to as environmental noise. This noise is sourced by 𝑛̂F and 𝑛̂S in Eqs. (3.1). An
orthogonal characterization of the noise sources can be obtained by considering
their effect on the system. We refer to the noise sources that produce stochastic
momentum kicks to the oscillator as force noise, sourced by 𝑢̂1 and 𝑛̂F. Lastly, the
noises that do not affect the dynamics of the oscillator, but are sensed simultaneously
with the mechanical position are referred to as sensing noise. They are sourced by
𝑢̂2, and 𝑛̂S.

Examples of 𝑛̂F are seismic noise [255, 124], suspension thermal noise [87, 56],
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and structural damping [227, 189, 88] in systems with suspended oscillators such
as gravitational wave detectors. Further examples include thermal excitations of
a substrate in contact with the mechanical oscillator [36], and collision with gas
molecules or photon scattering in levitated nanoparticles [123, 92, 89]. Additionally,
examples to 𝑛̂S are, thermal coating noise for coated mirrors [108, 97], and additional
mechanical modes contributing to the outgoing light in membranes or levitated
systems [276]. Note that the sensing noise here couples to the detection channel
with a rate proportional to the interaction strength Ωq (c.f. Eqs. (3.1)). There can be
other types of sensing noises that do not couple with this rate, e.g. passive or photon
losses, and detector dark noise [112]. We only consider the former type of sensing
noise in 𝑛̂S, as in the presence of the latter, the universality of optomechanical
entanglement does not hold (see Sec. 3.5).

Eqs. (3.1) describe a system where the mechanical oscillator is driven by the
input light field and a force noise, represented by the terms Ωq√

𝜔m
𝑢̂1(𝑡) and 𝑛̂F(𝑡)

in Eq. (3.1c), respectively. The system is unconditionally stable and reaches a
steady state. Taking the Fourier transform4 of Eqs. (3.1c) and (3.1d), the steady
state solution for the mechanical oscillator is written as 𝑏̂1(Ω) = 𝜒(Ω)𝐹𝑒𝑥𝑡 (Ω),
where 𝐹𝑒𝑥𝑡 (Ω) = Ωq

√
𝜔m𝑢̂1(Ω) + 𝜔m𝑛̂F(Ω) is the Fourier transform of the sum

of external forces driving the oscillator, and 𝜒(Ω) = (−Ω2 − 𝑖𝛾mΩ + 𝜔2
m)−1 is

the mechanical susceptibility. We refer to the inverse Fourier transform of the
mechanical susceptibility as 𝜒(𝑡), which is a real, causal function of time.

3.3 Structure of the Covariance Matrix
We are interested in the optomechanical entanglement between the traveling light
field and the oscillator’s motion. At any given time 𝑇 , as shown in Fig. 3.1, we have
three parties: the oscillator {𝑏̂1,2(𝑇)}; the output light field {𝑣̂1,2(𝑡) : 𝑡 < 𝑇} that has
been reflected during 𝑡 < 𝑇 (shown in blue); and input light field {𝑢̂1,2(𝑡) : 𝑡 > 𝑇}
that will be reflected during 𝑡 > 𝑇 (shown in orange). Stationary dynamics are
invariant under time translations, therefore we set 𝑇 = 0.

The dynamics in Eqs. (3.1) are linear and stable. Since the driving noises are Gaus-
sian, the system reaches a Gaussian steady state completely characterized by the
covariance matrix of its quadratures. As we are interested in the bipartite entangle-
ment between the single mechanical mode 𝑏̂ 𝑗 (0) and the output field {𝑣̂1,2(𝑡), 𝑡 < 0},

4We use the convention F { 𝑓 (𝑡)} =
∫ ∞
−∞ 𝑓 (𝑡)𝑒𝑖𝜔𝑡𝑑𝑡
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their covariance matrix V can be written in the following block matrix form

V =

[
V𝑏𝑏 V𝑏𝑣

V𝑣𝑏 V𝑣𝑣

]
, V𝑚𝑛 =

[
𝑉𝑚𝑛11 𝑉𝑚𝑛12
𝑉𝑚𝑛21 𝑉𝑚𝑛22

]
(3.3)

where 𝑚, 𝑛 ∈ {𝑣, 𝑏}, V𝑏𝑏 and V𝑣𝑣 are the covariance matrices of the mechanical
mode and the light field respectively, and V𝑏𝑣, V𝑣𝑏 contain the cross-correlations
between the mechanical mode and the modes of the optical field, with V𝑣𝑏 = (V𝑏𝑣)𝑇

(𝑇 denotes the transpose). V𝑏𝑏 is a 2 × 2 matrix of real numbers, as the mechanical
mode is only relevant at the instant of 𝑡 = 0. On the other hand, we are interested
in the output light field for 𝑡 < 0, where the continuous index 𝑡 labels this infinite
set of modes. V𝑣𝑣 is thus a 2-by-2 matrix of bounded operators on L2(0,∞), the
Hilbert space of square-integrable real functions on the half real line. Similarly, the
elements of the 2-by-2 matrix V𝑣𝑏 (V𝑏𝑣) are functions in L2(0,∞). For example,
𝑉 𝑏𝑣12 (𝑡) is a function denoting the correlations between 𝑏̂1(𝑡 = 0) and 𝑣̂2(𝑡) for 𝑡 < 0.
To compute the elements of V, we take the inverse Fourier transform of cross spectra
between quadratures, as

V𝑚𝑛
𝑘𝑙 =

1
2
⟨{𝑚̂𝑘 (𝑡1), 𝑛̂𝑙 (𝑡2)}⟩

=

∫ +∞

−∞

𝑑Ω

2𝜋
𝑆𝑚𝑘𝑛𝑙 (Ω)𝑒−𝑖Ω(𝑡1−𝑡2) , (3.4)

where 𝑚, 𝑛 ∈ {𝑣, 𝑏}, 𝑘, 𝑙 ∈ {1, 2}, 𝑡1(2) = 0 if 𝑚(𝑛) = 𝑏, 𝑡1(2) < 0 otherwise, and
𝑆𝑚𝑘𝑛𝑙 is the double-sided cross spectrum between 𝑚̂𝑘 and 𝑛̂𝑙 , given by

𝑆𝑚𝑘𝑛𝑙 (Ω) 𝛿(Ω −Ω′) = 1
4𝜋

⟨𝑚̂𝑘 (Ω)𝑛̂†𝑙 (Ω
′) + 𝑛̂†

𝑙
(Ω′)𝑚̂𝑘 (Ω)⟩ (3.5)

Note that since the input light field is the vacuum, 𝑆𝑢1𝑢1 = 𝑆𝑢2𝑢2 = 1, and 𝑆𝑢1𝑢2 = 0.
Furthermore, we denote the spectra of 𝑛̂F(𝑡) and 𝑛̂S(𝑡) with 𝑆𝑛̂F (Ω) and 𝑆𝑛̂S (Ω),
respectively.

First, let us compute V𝑣𝑣. The operators in V𝑣𝑣 are indexed by 𝜏 ∈ (−∞,∞), where
𝜏 increases (decreases) with increasing columns (rows) of the matrix of the operator.
V𝑣𝑣 is given as

V𝑣𝑣 =

[
𝛿(𝜏) Ω2

q 𝜒(−𝜏)
Ω2

q 𝜒(𝜏) 𝛿(𝜏) +Ω2
q 𝜒EN(𝜏) +Ω4

q Θ(𝜏)

]
, (3.6)

where Θ(Ω) = |𝜒(Ω) |2 and we define a "force noise susceptibility" 𝜒F(𝜏), with
𝜒F(Ω) = 𝜔m |𝜒(Ω) |2𝑆𝑛̂F (Ω), and a "sensing noise susceptibility" 𝜒S(𝜏), with
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𝜒S(Ω) = 𝑆𝑛̂S (Ω)/𝜔m so that 𝜒EN(𝜏) := 𝜒F(𝜏) + 𝜒S(𝜏) summarizes the suscep-
tibility of the environmental noises. The matrix representations of 𝑉 𝑣𝑣

𝑖 𝑗
, 𝑖, 𝑗 = 1, 2

are in the Toeplitz form, as their elements depend only on the difference between
their respective row and column indices.

Next, let us compute V𝑏𝑣, which will be a matrix of functions indexed by 𝑡, 𝑡 > 0.
It contains the correlations between the mechanical oscillator and the light field:

V𝑏𝑣 =
√
𝜔mΩq

[
𝜒(𝑡) 𝜒F(𝑡) +Ω2

q Θ(𝑡)
1
𝜔m

¤𝜒(𝑡) 1
𝜔m

¤𝜒F(𝑡) +
Ω2

q
𝜔m

¤Θ(𝑡)

]
, (3.7)

where 𝑡 increases with increasing columns. Since 𝑏̂2(𝑡) = ¤̂
𝑏1(𝑡)/𝜔m from Eq. (3.1d),

the cross-correlations involving 𝑏̂2(𝑡) are derivatives of the cross-correlations in-
volving 𝑏̂1(𝑡), normalized by 𝜔m. The terms containing Θ in the second columns
correspond to the amplitude fluctuations of the input light, transduced twice by
the mechanical oscillator (recall that Θ is |𝜒 |2 in the frequency domain). These
fluctuations emerge as noise in the phase quadrature of the output light field. This
phenomenon is referred to as back action.

Lastly, let us compute V𝑏𝑏, which is a matrix of real numbers:

V𝑏𝑏 =

[
𝑉 𝑏𝑏11 0

0 𝑉 𝑏𝑏22

]
(3.8a)

𝑉 𝑏𝑏11 = 𝜔m

(
𝜒F(𝑡 = 0) +Ω2

q Θ(𝑡 = 0)
)

(3.8b)

𝑉 𝑏𝑏22 =
−1
𝜔m

(
¥𝜒F(𝑡 = 0) +Ω2

q
¥Θ(𝑡 = 0)

)
(3.8c)

This matrix is diagonal due to vanishing cross-correlations between 𝑏̂1(𝑡) and 𝑏̂2(𝑡)
at equal times.

3.4 Entanglement Criterion
We are interested in the bipartite entanglement between the mechanical oscillator and
the continuum of temporal modes of the output light. Since we assume Gaussian
dynamics and noise sources, the state of the mechanical mode and the temporal
modes of the light are Gaussian. The mechanical oscillator represents a single
mode, while there are 𝑁 → ∞ countable modes of the output field. In this 1 × 𝑁

configuration, the PPT criterion is necessary and sufficient for verifying the presence
of bipartite entanglement [202, 243, 67, 268]. For continuous variables, the criterion
asserts that a state is separable iff Vpt + 𝑖K ≥ 0; Vpt denotes the partial transpose
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of V with respect to one of the parties [243, 4], and K is the commutator matrix,
defined as

K =

[
K𝑏

K𝑣

]
, (3.9)

with

K𝑏 =

[
0 1
−1 0

]
, K𝑣 =

[
0 𝛿(𝑡)

−𝛿(𝑡) 0

]
. (3.10)

In our configuration, the partial transpose operation amounts to reversing the sign of
the momentum of the mechanical mode: 𝑏̂2(𝑡) → −𝑏̂2(𝑡), which also puts a minus
sign on the rows and columns of V associated with 𝑏̂2(𝑡). For example,

V𝑏𝑣
pt =

[
𝑉 𝑏𝑣11 (𝑡) 𝑉 𝑏𝑣12 (𝑡)

−𝑉 𝑏𝑣21 (𝑡) −𝑉 𝑏𝑣22 (𝑡)

]
. (3.11)

In the 1 × 𝑁 configuration, Vpt + 𝑖K can have at most one negative eigenvalue
[239], and we have the following necessary and sufficient test of optomechanical
entanglement:

det
(
Vpt + 𝑖K

)
< 0 ⇐⇒ entanglement. (3.12)

Standard matrix-determinant properties allow to express Eq. (3.12) as a product of
determinants, factoring out det (V𝑣𝑣 + 𝑖K𝑣), which is positive for Ωq > 05. We can
then conclude that optomechanical entanglement exists if the following condition
holds:

det
[
V𝑏𝑏 + 𝑖K𝑏 − V𝑏𝑣

pt · (V𝑣𝑣 + 𝑖K𝑣)−1
· V𝑣𝑏

pt
]
< 0. (3.13)

Note that the dot product · is defined as, for an 𝑛-by-𝑛 matrix of operators A, an
𝑛-by-𝑚 (𝑚-by-𝑛) matrix of functions f (g),

(g · A · f)𝑘𝑙

=
∑︁
𝑖, 𝑗

∫ ∞

0

∫ ∞

0
𝑑𝑡 𝑑𝑡′ 𝑔𝑘𝑖 (𝑡′)𝐴𝑖 𝑗 (𝑡 − 𝑡′) 𝑓 𝑗 𝑙 (𝑡). (3.14)

From Eq. (3.13), the existence of optomechanical entanglement depends on a
complex trade-off between the strength of the force noise, the sensing noise, and the

5We disregard the trivial case where Ωq = 0: the joint state will be separable, as there is no
optomechanical interaction.
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quantum noise due to vacuum fluctuations. We explore this relation in depth in the
following sections.

Lastly, entanglement is quantified with the logarithmic negativity, defined as [261,
208]

𝐸N =
∑︁
𝑗

max{0,− ln
(
𝜆 𝑗

)
} (3.15)

where the sum is over the symplectic eigenvalues 𝜆 𝑗 of the partially transposed
covariance matrix, and a non-zero logarithmic negativity indicates the presence of
optomechanical entanglement.

3.5 Universal Entanglement
In this Section, we first simplify the condition to observe entanglement in Eq. (3.13).
Subsequently, we demonstrate the universality of the entangling-disentangling tran-
sition. Lastly, we give an example of how this transition constrains the amount of
environmental noise allowable in order to observe optomechanical entanglement.

Entanglement Indicator

To simplify Eq. (3.13), we first evaluate
(
V𝑣𝑣

pt + 𝑖K𝑣
)−1

. Using standard properties
of the 2-by-2 block-matrices, we write

(V𝑣𝑣
pt + 𝑖K𝑣)−1 = 𝚺 · D𝑀 · 𝚺† + 𝚫, (3.16a)

𝚫 =

[
𝑉 𝑣𝑣11 (𝜏)

−1 0
0 0

]
, (3.16b)

𝚺 =

[
𝑉 𝑣𝑣11 (𝜏)

−1 0
0 𝛿(𝜏)

]
·

[
𝑉 𝑣𝑣12 (𝜏) + 𝑖𝛿(𝜏) 0

−𝛿(𝜏) 0

]
, (3.16c)

D𝑀 =

[
𝑀−1(𝜏) 0

0 𝑀−1(𝜏)

]
, (3.16d)

with6

𝑀 (𝜏) =𝑉 𝑣𝑣22 (𝜏) −
[
−𝑖𝛿(𝜏) +𝑉 𝑣𝑣21 (𝜏)

]
· 𝑉 𝑣𝑣11 (𝜏)

−1
·
[
𝑖𝛿(𝜏) +𝑉 𝑣𝑣12 (𝜏)

]
(3.17)

and 𝑀−1(𝜏) is an operator calculated with the Wiener-Hopf method; see Appendix
A.1 for a summary. Plugging in 𝑉 𝑣𝑣

𝑖 𝑗
(𝑡), 𝑖, 𝑗 = 1, 2 from Eq. (3.6), and using the dot

6Note that in general, the operator 𝑀 is a function of two time indices, in the form of 𝑀 (𝑡, 𝑡′).
Here, assume 𝑀 (𝜏) = 𝑀 (𝑡 − 𝑡′) for simplicity, which is true when the input light field is the vacuum
state.
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product convention in Eq. (3.14), we obtain

(V𝑣𝑣
pt + 𝑖K𝑣)−1 = 𝚺 · D𝑀 · 𝚺† +

[
𝛿(𝜏) 0

0 0

]
, (3.18a)

𝚺 =

[
Ω2

q 𝜒(−𝜏) + 𝑖𝛿(𝜏) 0

−𝛿(𝜏) 0

]
, (3.18b)

𝑀 (𝜏) = − 𝑖Ω2
q (𝜒(𝜏) − 𝜒(−𝜏)) +Ω2

q𝜒EN(𝜏). (3.18c)

When the second operator in Eq. (3.18a) operates on V𝑏𝑣
pt and V𝑣𝑏

pt in Eq. (3.13), we
obtain ∫ ∞

0
𝑑𝑡

[
𝑉 𝑏𝑣11 (𝑡)

2 −𝑉 𝑏𝑣11 (𝑡)𝑉
𝑏𝑣
21 (𝑡)

−𝑉 𝑏𝑣21 (𝑡)𝑉
𝑏𝑣
11 (𝑡) 𝑉 𝑏𝑣21 (𝑡)

2

]
(3.19a)

=

∫ ∞

0
𝑑𝑡 Ω2

q

[
𝜔m𝜒(𝑡)2 −𝜒(𝑡) ¤𝜒(𝑡)
−𝜒(𝑡) ¤𝜒(𝑡) 1

𝜔m
¤𝜒(𝑡)2

]
(3.19b)

=

∫ ∞

−∞
𝑑𝑡 Ω2

q

[
𝜔m𝜒(𝑡)2 −𝜒(𝑡) ¤𝜒(𝑡)
−𝜒(𝑡) ¤𝜒(𝑡) 1

𝜔m
¤𝜒(𝑡)2

]
(3.19c)

=
1

2𝜋

∫ ∞

−∞
𝑑ΩΩ2

q

[
𝜔m |𝜒(Ω) |2 0

0 Ω2

𝜔m
|𝜒(Ω) |2

]
(3.19d)

= Ω2
q

[
𝜔mΘ(0) 0

0 −1
𝜔m

¥Θ(0)

]
, (3.19e)

since
∫ ∞

0 𝑑𝑡 𝜒(𝑡) ¤𝜒(𝑡) = −𝜒(0)2/2 = 0. We were able to extend the lower integration
limit to −∞ in Eq. (3.19c) due to the causality of 𝜒(𝑡). Then, we used the Plancherel
theorem to go from the time domain to the frequency domain to calculate the diagonal
elements in Eq. (3.19d). Lastly, we expressed the diagonal elements as inverse
Fourier transforms at time 𝑡 = 0 in Eq. (3.19e). We notice that this expression
is contained in V𝑏𝑏 [Eq. (3.8)], therefore it cancels out of the determinant in Eq.
(3.13), which becomes

det
[
Ṽ𝑏𝑏 + 𝑖K𝑏 − V𝑏𝑣

pt · 𝚺 · D𝑀 · 𝚺† · (V𝑏𝑣
pt )𝑇

]
< 0,

Ṽ𝑏𝑏 :=

[
𝜔m𝜒F(0) 0

0 −1
𝜔m

¥𝜒F(0)

]
(3.20)

where we rewrote V𝑣𝑏
pt as (V𝑏𝑣

pt )𝑇 . We refer to this simplification as the vacuum
cancellation, since the variances of the quadratures of the mechanical oscillator due
to the vacuum fluctuations factor out of the inequality in Eq. (3.13).
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To calculate V𝑏𝑣
pt ·𝚺 ·D𝑀 ·𝚺† · (V𝑏𝑣

pt )𝑇 , we first operate with 𝚺 on V𝑏𝑣
pt from the right,[

𝑉 𝑏𝑣11 (𝑡) 𝑉 𝑏𝑣12 (𝑡)
−𝑉 𝑏𝑣21 (𝑡) −𝑉 𝑏𝑣22 (𝑡)

]
·

[
Ω2

q 𝜒(−𝜏) + 𝑖𝛿(𝜏) 0
−𝛿(𝜏) 0

]
. (3.21)

Here, we use the index 𝑡 > 0 to indicate functions, and 𝜏 ∈ (−∞,∞) to indicate
operators. We use this convention throughout the rest of the chapter. Performing
the matrix product, we obtain[

𝑖𝑉 𝑏𝑣11 (𝑡) +Ω2
q𝑉

𝑏𝑣
11 (𝑡) · 𝜒(−𝜏) −𝑉

𝑏𝑣
12 (𝑡) 0

−𝑖𝑉 𝑏𝑣21 (𝑡) −Ω2
q𝑉

𝑏𝑣
21 (𝑡) · 𝜒(−𝜏) +𝑉

𝑏𝑣
22 (𝑡) 0

]
(3.22)

where we used the fact that taking the dot product with the identity operator 𝛿(𝜏)
does not modify the functions. Taking the dot product between 𝑉 𝑏𝑣11 (𝑡) and 𝜒(−𝜏)
and going to the frequency domain, we have(

𝑉 𝑏𝑣11 (𝑡) · 𝜒(−𝜏)
)
(Ω) = F

{∫ ∞

0
𝑑𝑡′𝜒(𝑡′ − 𝑡)𝑉 𝑣𝑏11 (𝑡

′)
}

= Ωq
√
𝜔mF

{∫ ∞

−∞
𝑑𝑡′𝜒(𝑡′ − 𝑡)𝜒(𝑡′)

}
= Ωq

√
𝜔m𝜒(Ω)†𝜒(Ω)

= Ωq
√
𝜔m |𝜒(Ω) |2 (3.23)

where we used the definition of 𝑉 𝑏𝑣11 given in Eq. (3.7), and we extended the
integration boundary using that 𝜒(𝑡) = 0 for 𝑡 < 0. Then, we find that

𝑉 𝑏𝑣11 (𝑡) · 𝜒(−𝜏) =
√
𝜔mΩqF −1{ |𝜒(Ω) |2}

=
√
𝜔mΩqΘ(𝑡) (3.24)

Similarly, we can also write 𝑉 𝑏𝑣21 (𝑡) · 𝜒(−𝜏) =
√
𝜔mΩq ¤Θ(𝑡). Substituting these

expressions back in Eq. (3.22), we obtain[
𝑖𝑉 𝑏𝑣11 −𝑉 𝑏𝑣12 0

−𝑖𝑉 𝑣𝑏21 +𝑉 𝑣𝑏22 0

]
(3.25)

where we have defined

𝑉 𝑏𝑣12 (𝑡) =
√
𝜔mΩq 𝜒F(𝑡), 𝑉 𝑏𝑣22 (𝑡) =

Ωq√
𝜔m

¤𝜒F(𝑡) (3.26)

i.e. we redefine 𝑉 𝑏𝑣
𝑖2 (𝑡), 𝑖 = 1, 2 such that they only contain the correlations due to

the force noise, and not the back action.
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Similar calculations allow to re-express V𝑏𝑣
pt · 𝚺 · D𝑀 · 𝚺† · (V𝑏𝑣

pt )𝑇 as

Ṽ𝑏𝑣
pt (𝑡′) · V𝑀 (𝜏 = 𝑡 − 𝑡′) · (Ṽ𝑏𝑣

pt (𝑡))𝑇 (3.27)

with

Ṽ𝑏𝑣
pt :=

[
𝑉 𝑏𝑣11 𝑉 𝑏𝑣12

−𝑉 𝑏𝑣21 −𝑉 𝑏𝑣22

]
,V𝑀 :=

[
𝑀−1 −𝑖𝑀−1

𝑖𝑀−1 𝑀−1

]
. (3.28)

Therefore, we can rewrite Eq. (3.20) and define the following entanglement indicator

det
[
Ṽ𝑏𝑏 + 𝑖K𝑏 − Ṽ𝑏𝑣

pt · V𝑀 · (Ṽ𝑏𝑣
pt )𝑇

]
< 0

⇐⇒ optomechanical entanglement. (3.29)

This inequality is our starting point for the subsequent considerations.

Demonstrating Universality
Given the entanglement indicator in Eq. (3.29), we explore the existence of entan-
glement for different configurations of environmental noise sources. For example,
we first assume a very large sensing noise, i.e. the limit of 𝑆𝑛̂S → ∞. In this limit,
𝜒S(𝑡) → ∞, therefore𝑀 → ∞, and consequently𝑀−1 → 0. However, the elements
of V𝑏𝑣

pt are finite, since they do not contain the correlations due to the sensing noise.
Then, the rightmost term in Eq. (3.29) goes to zero, and the entanglement indicator
is modified to

det
[
Ṽ𝑏𝑏 + 𝑖K𝑏

]
< 0 ⇐⇒ entanglement. (3.30)

Ṽ𝑏𝑏 contains the fluctuations in the quadratures of the mechanical oscillator due
to the force noise only. Therefore, this matrix can be thought of as the covariance
matrix of an oscillator in the absence of any optomechanical interaction, subjected
to force noise. Since this is a physical covariance matrix, Ṽ𝑏𝑏 + 𝑖K𝑏 ≥ 0 from the
Heisenberg uncertainty principle. Therefore, Eq. (3.30) cannot be realized for any
physical force noise spectrum, and there can be no optomechanical entanglement in
this limit.

Next, we investigate entanglement in the absence of sensing noise. Let us parametrize
the spectrum of the force noise in the system as 𝛼F𝑆𝑛̂F , where 𝛼F is a dimensionless
constant scaling the overall strength of the noise; and 𝛼F = 0 indicates that there is
no force noise. If the system is entangled for 𝛼F, it will also be entangled for 𝛼F − 𝜖 ,
since the entanglement criterion gets modified as det(Vpt + 𝑖K − 𝜖V′) < 0, where
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det(Vpt + 𝑖K) < 0, and −𝜖V′ is negative semi-definite. Then, the criterion will be
satisfied for 𝛼F − 𝜖 . Therefore, we set 𝑆𝑛̂S (Ω) = 0 for the rest of the Subsection and
characterize the force noise as 𝛼F𝑆𝑛̂F , assuming that 𝛼F ≫ 1. Due to the discussion
above, if the system is entangled in this limit, it will be entangled for all force noise
spectra, regardless of the amplitude.

In this limit, from Eq. (3.18c),

𝑀 (Ω) = Ω2
q |𝜒(Ω) |2

(
𝜔m𝛼F𝑆𝑛̂F (Ω) + 2𝛾mΩ

)
= 𝑀𝑅 (Ω) + 𝑀𝐼 (Ω) (3.31)

where

𝑀𝑅 (Ω) = Ω2
q |𝜒(Ω) |2𝜔m𝛼F𝑆𝑛̂F (Ω) = Ω2

q𝜒F(Ω),
𝑀𝐼 (Ω) = 2Ω2

q |𝜒(Ω) |2𝛾mΩ = 2Ω2
qΘ(Ω)𝛾mΩ (3.32)

Note that in the time domain, 𝑀𝑅 (𝑡) = Ω2
q𝜒F(𝑡), 𝑀𝐼 (𝑡) = 2𝑖Ω2

q𝛾m ¤Θ(𝑡). Since
𝑀𝑅 (Ω) is a real and even function of Ω, 𝑀𝑅 (𝑡) is a real and symmetric function
of time. Similarly, since 𝑀𝐼 (Ω) is a real and odd function of Ω, 𝑀𝐼 (𝑡) is a purely
imaginary and anti-symmetric function. Now, we want to express the inverse of
the operator 𝑀 as a function of the operators 𝑀𝑅 and 𝑀𝐼 , where 𝑀𝑅 is real and
symmetric, and 𝑀𝐼 is imaginary and Hermitian (as 𝑀𝐼 (𝜏) = −𝑀𝐼 (−𝜏)). In the limit
of 𝛼F ≫ 1, we have

𝑀−1 = 𝑀−1
𝑅 ·

(
1 + 𝑀𝐼 · 𝑀

−1
𝑅

)−1

≈ 𝑀−1
𝑅 ·

(
1 − 𝑀𝐼 · 𝑀

−1
𝑅

)
= 𝑀−1

𝑅 − 𝑀−1
𝑅 · 𝑀𝐼 · 𝑀

−1
𝑅 (3.33)

where the approximation used that 𝑀−1
𝑅

· 𝑀𝐼 ∝ 1/𝛼F ≪ 1.

With this approximation of 𝑀−1, we evaluate Eq. (3.29). In order to calculate the
dot products with 𝑀−1

𝑅
using the Wiener-Hopf method, we write 𝑀−1

𝑅
as a product

of its causal and anti-causal parts. Note that we omit writing 𝛼F for the rest of the
subsection. First, we express 𝜒F(Ω) as a product of its causal and anti-causal parts:

𝜒F(Ω) = 𝜒F(Ω)+𝜒F(Ω)−,
𝜒F(Ω)+ =

√
𝜔m𝜒(Ω)𝑆𝑛̂F (Ω)+, (3.34)

and 𝜒F(Ω)− = 𝜒F(Ω)†+. Here, 𝑆𝑛̂F = 𝑆𝑛̂F (Ω)+𝑆𝑛̂F (Ω)−, where 𝑆𝑛̂F (Ω)+ contains
the causal roots and zeros of 𝑆𝑛̂F (Ω). This decomposition is possible for any
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power noise spectrum 𝑆𝑛̂F (Ω) that is a rational function of Ω. Then, we have:
𝑀𝑅 (Ω)± = Ωq𝜒F(Ω)±.

We now want to calculate Ṽ𝑏𝑣
pt ·V𝑀 · (Ṽ𝑏𝑣

pt )𝑇 in Eq. (3.29). For this purpose, we can
define 𝑓 ★𝑔 = 𝑓 ·𝑀−1 ·𝑔 for functions 𝑓 and 𝑔. Using this notation, Ṽ𝑏𝑣

pt ·V𝑀 · (Ṽ𝑏𝑣
pt )𝑇

is given by (we drop the superscripts 𝑏𝑣)[
𝑉11 ★𝑉

𝑇
11 −𝑉11 ★𝑉

𝑇
21

−𝑉21 ★𝑉
𝑇
11 𝑉21 ★𝑉

𝑇
21

]
+

[
𝑉12 ★𝑉

𝑇
12 −𝑉12 ★𝑉

𝑇
22

−𝑉22 ★𝑉
𝑇
12 𝑉22 ★𝑉

𝑇
22

]
− 𝑖

[
𝑉11 ★𝑉

𝑇
12 −𝑉12 ★𝑉

𝑇
11 𝑉12 ★𝑉

𝑇
21 −𝑉11 ★𝑉

𝑇
22

𝑉22 ★𝑉
𝑇
11 −𝑉21 ★𝑉

𝑇
12 𝑉21 ★𝑉

𝑇
22 −𝑉22 ★𝑉

𝑇
21

]
(3.35)

We first calculate Eq. (3.35) by substituting 𝑀−1 with 𝑀−1
𝑅

from Eq. (3.33). We
notice that

𝑉 𝑏𝑣12 (Ω) =
√
𝜔mΩq𝜒F(Ω)+𝜒F(Ω)−,

𝑉 𝑏𝑣22 (Ω) = −𝑖Ω
Ωq√
𝜔m

𝜒F(Ω)+𝜒F(Ω)−. (3.36)

We proceed with the Wiener-Hopf method to calculate 𝑉 𝑏𝑣12 · 𝑀−1
𝑅

. In the frequency
domain, we have

(𝑉 𝑏𝑣12 · 𝑀−1
𝑅 ) (Ω) =

√
𝜔mΩq

Ω2
q

1
𝜒F(Ω)+

[
𝜒F(Ω)+𝜒F(Ω)−

𝜒F(Ω)−

]
+
=

√
𝜔m

Ωq
(3.37)

therefore, in the time domain,

𝑉 𝑏𝑣12 · 𝑀−1
𝑅 = 2𝛿(𝑡)√𝜔m/Ωq (3.38)

for 𝑡 > 0. The factor of 2 arises from the causality of the delta function. Then, the
inner product 𝑉 𝑏𝑣12 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣12 )

𝑇 is given by

𝑉 𝑏𝑣12 · 𝑀−1
𝑅 · (𝑉 𝑏𝑣12 )

𝑇 =
2√𝜔m

Ωq

∫ ∞

0
𝑉 𝑏𝑣12 (𝑡)𝛿(𝑡)𝑑𝑡 = 𝜔m𝜒F(0) = (Ṽ𝑏𝑏)11 (3.39)

Similarly,

𝑉 𝑣𝑏22 · 𝑀−1
𝑅 =

2 ¤𝛿(𝑡)
√
𝜔mΩq

(3.40)

which implies that the second term in Eq. (3.35) is given by[
𝑉 𝑏𝑣12 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣12 )

𝑇 −𝑉 𝑏𝑣12 · 𝑀−1
𝑅

· (𝑉 𝑏𝑣22 )
𝑇

−𝑉 𝑏𝑣22 · 𝑀−1
𝑅

· (𝑉 𝑏𝑣12 )
𝑇 𝑉 𝑏𝑣22 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣22 )

𝑇

]
=

[
𝜔m𝜒F(0) 0

0 1
𝜔m

¥𝜒F(0)

]
= Ṽ𝑏𝑏

(3.41)
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which cancels out with Ṽ𝑏𝑏 in Eq. (3.29). Next, let us evaluate the third term in Eq.
(3.35). From Eq. (3.38) and Eq. (3.40), we have

𝑉 𝑏𝑣12 · 𝑀−1
𝑅 · (𝑉 𝑏𝑣21 )

𝑇 −𝑉 𝑏𝑣11 · 𝑀−1
𝑅 · (𝑉 𝑏𝑣22 )

𝑇

=

(√
𝜔m

Ωq
𝑉 𝑏𝑣21 (0

+) +
¤𝑉 𝑏𝑣11 (0

+)
√
𝜔mΩq

)
= 2 ¤𝜒(0+) = 2 (3.42)

and the entries in the diagonals are zero, since 𝑀𝑅 is a real and symmetric operator.
Then, the third term in Eq. (3.35) will be[

0 −2𝑖
2𝑖 0

]
(3.43)

Finally, we want to calculate the first term in Eq. (3.35). However, one cannot
directly take the dot products of 𝑀−1

𝑅
with 𝑉 𝑏𝑣11 and 𝑉 𝑏𝑣21 : indeed if the force noise

spectrum decays faster than 1/Ω2, the expressions are not well-defined. However,
(quantum) physically, we expect that any (bosonic) continuous variable force noise
will remain finite; as we shall see at the end of this subsection. Then, we work in
the limit of 𝑀𝑅 (𝑡) = 𝜖 +Ω2

q𝜒F(𝑡), 𝜖 ≪ 1. Similar to above, we need to write 𝑀𝑅 (𝑡)
as a product of a causal and anticausal function in the Fourier domain. For this
purpose, notice that the spectrum of 𝑀𝑅 is—up to some constant—the spectrum of
the force noise, 𝑆𝑛̂F (Ω), multiplied by the absolute value squared of the mechanical
susceptibility, |𝜒(Ω) |2, due to the response of the harmonic oscillator to the external
forces caused by the force noise. The force noise spectra can be written as a product
of rational functions of Ω2 as it is a real and even function of Ω. We assume that
𝑆𝑛̂F (Ω) has 𝑧 zeros and 𝑝 poles, 𝑘 = 𝑝 − 𝑧 ≥ 0, 𝑘 even. First, notice that we can
always write 𝑆𝑛̂F (Ω) in the form of

𝑆𝑛̂F (Ω) ∝
𝐴(Ω)+𝐴(Ω)−
𝐵(Ω)+𝐵(Ω)−

=
|𝐴(Ω)+ |2
|𝐵(Ω)+ |2

(3.44)

since 𝑆𝑛̂F (Ω) is real. We set the coefficient multiplying Ω2 to the largest power in
𝐵(Ω)+𝐵(Ω)− to unity, since any coefficient can be absorbed into 𝐴(Ω)±. Further-
more, we define 𝐷 (Ω)+ = Ω2 + 𝑖𝛾mΩ − 𝜔2

m = −1/𝜒(Ω), 𝐷 (Ω)− = 𝐷 (Ω)†+, which
contain the poles of the mechanical susceptibility. Combining the new definitions,
we write

𝑀𝑅 (Ω) = 𝜖 +
1

𝐷 (Ω)+𝐷 (Ω)−
𝐴(Ω)+𝐴(Ω)−
𝐵(Ω)+𝐵(Ω)−

≈ 𝜖 Ω4+𝑝 + 𝐴(Ω)+𝐴(Ω)−
𝐷 (Ω)+𝐷 (Ω)−𝐵(Ω)+𝐵(Ω)−

(3.45)
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where the approximation holds in the limit of 𝜖 ≪ 1. Now, in order to find the roots
of the numerator, notice that in the limit 𝜖 → 0, the numerator goes to 𝐴(Ω)+𝐴(Ω)−.
Then, we can write it as a product of 𝐴(Ω)+𝐴(Ω)− and the rest of the roots, of which
there are 4 + 𝑘 . To find the remaining roots, notice that they will be solutions to

𝜖 Ω4+𝑝 + 𝐿Ω𝑧 = 0 (3.46)

where 𝐿 is a real number. since the roots will be at large Ω in the limit of 𝜖 → 0,
and only the term 𝐿Ω𝑧 in 𝐴(Ω)+𝐴(Ω)− will be of importance. The roots of Eq.
(3.46) are Ω𝑛 = 𝐿𝜖−1/(4+𝑘)exp((𝑖2𝜋𝑛 + 𝑖𝜋)/(4 + 𝑘)), 𝑛 = 0, 1, ..., 3 + 𝑘 . Then,

𝑀𝑅 (Ω) ≈
𝐴(Ω)+𝐴(Ω)−

∏3+𝑘
𝑛=0 (𝜖1/(4+𝑘)Ω − 𝐿𝑒 𝑖 𝜋

4+𝑘+
𝑖2𝜋𝑛
4+𝑘 )

𝐷 (Ω)+𝐷 (Ω)−𝐵(Ω)+𝐵(Ω)−

𝑀𝑅 (Ω)± ≈
𝐴(Ω)±

∏1+𝑘/2
𝑛=0 (𝜖1/(4+𝑘)Ω ± 𝐿𝑒 𝑖 𝜋

4+𝑘+
𝑖2𝜋𝑛
4+𝑘 )

𝐷 (Ω)±𝐵(Ω)±
(3.47)

While using the Wiener-Hopf method, one needs to calculate 1/𝑀𝑅 (Ω)+. We see
that thanks to the terms with 𝜖 , the number of poles and zeros of 1/𝑀𝑅 (Ω)+, in the
limit of 𝜖 → 0, are equal. Therefore, using Eq. (A.13), dot products with 𝑀−1

𝑅
are

guaranteed to be bounded.

We now return to the evaluation of the first term in Eq. (3.35). In taking the dot
products of 𝑀−1

𝑅
with 𝑉 𝑏𝑣11 and 𝑉 𝑏𝑣21 one encounters expressions such as

𝑉 𝑏𝑣11 · 𝑀−1
𝑅 · 𝑉 𝑣𝑏11 =

∫
𝑑Ω

2𝜋
𝑉 𝑣𝑏11 (Ω)

†

𝑀𝑅 (Ω)+

[
𝑉 𝑏𝑣11 (Ω)
𝑀𝑅 (Ω)−

]
+

(3.48)

Since the number of poles and zeros of 𝑀𝑅 (Ω)+ in the limit of 𝜖 → 0 are equal
from the discussion, and 𝑉 𝑏𝑣11 (Ω) has two poles, we can write this as the dot product
of two bounded, causal functions of time. Or, in the frequency domain, as∫

𝑑Ω

2𝜋

[
𝑉 𝑏𝑣11 (Ω)

†

𝑀𝑅 (Ω)+

]
−

[
𝑉 𝑏𝑣11 (Ω)
𝑀𝑅 (Ω)−

]
+

(3.49)

Then, we only need the residues of 1/𝑀𝑅 (Ω)− at the poles of the mechanical
susceptibility to compute the dot products in the limit of 𝜖 → 0. In the end, the first
term in Eq. (3.35) is[

𝑉 𝑏𝑣11 · 𝑀−1
𝑅

· (𝑉 𝑏𝑣11 )
𝑇 −𝑉 𝑏𝑣11 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣21 )

𝑇

−𝑉 𝑏𝑣21 · 𝑀−1
𝑅

· (𝑉 𝑏𝑣11 )
𝑇 𝑉 𝑏𝑣21 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣21 )

𝑇

]
(3.50)
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Now that we have finished discussing the terms with 𝑀−1
𝑅

, we want to calculate
Ṽ𝑏𝑣

pt · V𝑀 · Ṽ𝑣𝑏
pt (Eq. (3.35)) again, substituting 𝑀−1 with 𝑀−1

𝑅
· 𝑀𝐼 · 𝑀

−1
𝑅

; cf.
Eq. (3.33). First, note that after this substitution, the first term in Eq. (3.35) will
be proportional to 1/𝛼2

F ≪ 1, therefore we can ignore this term. From Eqs. (3.38),
(3.40), the second term will be given by

1
Ω2

q

[
𝜔m𝑀𝐼 (0) ¤𝑀𝐼 (0)
− ¤𝑀𝐼 (0) −1

𝜔m
¥𝑀𝐼 (0)

]
=

[
0 −𝑖
𝑖 0

]
(3.51)

since 𝑀𝐼 (0) = ¥𝑀𝐼 (0) = 0. In order to calculate the third term in Eq. (3.35), we
notice that

𝑉 𝑏𝑣12 · 𝑀−1
𝑅 · 𝑀𝐼 = 𝛿(𝑡) · 𝑀𝐼

√
𝜔m

Ωq
= 𝑀𝐼 (𝑡)

√
𝜔m

Ωq

𝑉 𝑏𝑣22 · 𝑀−1
𝑅 · 𝑀𝐼 = ¤𝛿(𝑡) · 𝑀𝐼

1
√
𝜔mΩq

=
¤𝑀𝐼 (𝑡)√
𝜔mΩq

(3.52)

for 𝑡 > 0. Then, the third term in Eq. (3.35) will involve inner products with 𝑀𝐼 (𝑡)
and ¤𝑀𝐼 (𝑡). Since these products will have support only on the half real line (i.e. the
integration limits will be from 0 to +∞), we can replace 𝑀𝐼 (𝑡) and ¤𝑀𝐼 (𝑡) with their
causal counterparts. Notice that

𝑀𝐼 (𝑡)
√
𝜔m

Ωq
= −𝑖Ωq

√
𝜔m𝜒(𝑡) = −𝑖𝑉 𝑏𝑣11 (𝑡) (3.53)

for 𝑡 > 0. Similarly, ¤𝑀𝐼 (𝑡)/
√
𝜔mΩq = −𝑖𝑉 𝑏𝑣21 (𝑡) for 𝑡 > 0. Therefore, the third term

in Eq. (3.35) can be written as

2

[
𝑉 𝑏𝑣11 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣11 )

𝑇 −𝑉 𝑏𝑣11 · 𝑀−1
𝑅

· (𝑉 𝑏𝑣21 )
𝑇

−𝑉 𝑏𝑣21 · 𝑀−1
𝑅

· (𝑉 𝑏𝑣11 )
𝑇 𝑉 𝑏𝑣21 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣21 )

𝑇

]
(3.54)

Therefore, summing all of the matrices above, the condition to be entangled in the
absence of sensing noise is given by

det

{ [
𝑉 𝑏𝑣11 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣11 )

𝑇 −𝑉 𝑏𝑣11 · 𝑀−1
𝑅

· (𝑉 𝑏𝑣21 )
𝑇

−𝑉 𝑏𝑣21 · 𝑀−1
𝑅

· (𝑉 𝑏𝑣11 )
𝑇 𝑉 𝑏𝑣21 · 𝑀−1

𝑅
· (𝑉 𝑏𝑣21 )

𝑇

]
+

[
0 2𝑖
−2𝑖 0

]}
< 0 (3.55)

using the Wiener-Hopf method and the expressions for𝑉 𝑏𝑣11 , 𝑉 𝑏𝑣21 , and 𝑀𝑅, where we
calculate the following elegant expression:

(𝑉 𝑏𝑣11 · 𝑀−1
𝑅 · (𝑉 𝑏𝑣11 )

𝑇 ) (𝑉 𝑏𝑣21 · 𝑀−1
𝑅 · (𝑉 𝑏𝑣12 )

𝑇 )

− (𝑉 𝑏𝑣11 · 𝑀−1
𝑅 · (𝑉 𝑏𝑣21 )

𝑇 )2 =
4𝛾2

m
|𝑆𝑛̂F−(Ω∗) |4

(3.56)



41

where Ω∗ = −𝑖𝛾m/2 ±
√︁
𝜔2

m − 𝛾2
m/4 is one of the poles of the mechanical suscepti-

bility. From Eqs. (3.55) and (3.56), the condition for optomechanical entanglement
reduces to

|𝑆𝑛̂F−(Ω∗) |2 > 𝛾m ⇐⇒ entanglement. (3.57)

There exists a lower limit to |𝑆𝑛̂F−(Ω∗) | from the fluctuation-dissipation theorem
[40, 150], since 𝑆𝑛̂F (Ω) includes the thermal-fluctuations that give rise to velocity
damping on the mechanical oscillator, with a damping rate 𝛾m. Then, assuming
that there is no additional force noise in the system, 𝑆𝑛̂F (Ω) is connected to the
mechanical susceptibility with

𝑆𝑛̂F (Ω) |𝜒(Ω) |2 =
2𝛾mΩ

𝜔m
|𝜒(Ω) |2 coth

(
ℏΩ

2𝑘𝐵𝑇

)
(3.58)

where 𝑇 is the temperature of the bath, and 𝑘𝐵 is the Boltzmann constant. Elim-
inating the mechanical susceptibility from each side, and writing 𝑆𝑛̂F as 𝑆𝑛̂F (Ω) =
𝑆𝑛̂F (Ω)+𝑆𝑛̂F (Ω)−, the minimum value of |𝑆𝑛̂F−(Ω∗) |2 is given by

|𝑆𝑛̂F−(Ω∗) |2 ≥ 2𝛾m (3.59)

We therefore see that all physical force noise spectra ensure optomechanical entan-
glement, from Eq. (3.57). Therefore, the mechanical oscillator is entangled with
the output light field for any force noise spectrum in the absence of sensing noise.

We propose the following heuristic physical interpretation to explain this phe-
nomenon: entanglement is generated by the two-mode-squeezing interaction in-
cluded in the optomechanical coupling [11], and two parties—one in a pure Gaus-
sian state, the other in an arbitrary thermal state—become entangled after any
two-mode-squeezing interaction [170]. In the stationary regime, the force noise
(and its associated bath) essentially sets the state of the mechanical party (similar
to thermalization), while the probing light is in a pure Gaussian state. Therefore,
it can be expected that the joint optomechanical state after interaction is entangled
for any finite force noise. This heuristic argument disregards the possibilities of the
mechanical bath and the measuring light being non-Markovian.

Summarizing the two scenarios discussed above, for a given force noise spectrum,
the existence of entanglement depends on the amount of sensing noise present in the
system, signifying that there exists an entangling-disentangling transition at which
optomechanical entanglement emerges. Furthermore, this transition is unique for a
given force noise and sensing noise spectrum. To show this, let us assume a force
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and sensing noise spectrum 𝛼F𝑆𝑛̂F (Ω), 𝛽S𝑆𝑛̂S (Ω), respectively, where 𝛼F and 𝛽S are
real, positive constants. We want to show that given 𝛼F, the value of 𝛽S for which the
entangling-disentangling transition occurs is unique. In other words, if the system
is not entangled for a pair (𝛼F, 𝛽S), entanglement cannot be achieved by increasing
𝛽S. Note that when we increase 𝛽S, we introduce more sensing noise to the system,
however, we do not change the functional form of the spectrum (i.e. 𝑆𝑛̂S (Ω)).

We write the covariance matrix as V, and add some additional sensing noise to the
system, modifying the covariance matrix in the form of V → V+ 𝑟V′, where 𝑟 ∈ R,
and V′ is positive semi-definite as it is a covariance matrix. V′ will be non-zero
only in the sector of the covariance matrix containing the variance of 𝑣̂2 due to
the structure of the equations of motion, given in Eq. (3.1). This modification
corresponds to modifying 𝛽S, such that 𝛽S → 𝛽S + 𝑟.

We recall from Sec. 3.4 that optomechanical entanglement exists when det(Vpt +
𝑖K) < 0, where Vpt is the covariance matrix of the system. If the system is separable
for a given 𝛽S, it will remain separable for 𝛽S + 𝑟, 𝑟 > 0. This is because the
entanglement criterion becomes det(Vpt + 𝑟V′+ 𝑖K) < 0, where Vpt + 𝑖K is positive
semi-definite, and V′ is positive semi-definite (since it is a covariance matrix).
Therefore, the criterion is not satisfied, and optomechanical entanglement does not
exist. Conversely, if optomechanical entanglement exists for 𝛽S, it will also exist
for 𝛽S − 𝑟, 𝑟 > 0, since the criterion gets modified as Vpt + 𝑖K − 𝑟V′ < 0, where
Vpt + 𝑖K is negative definite, and −V′ is negative semi-definite. Then, the criterion
will be satisfied for 𝛽S − 𝑟.

Therefore, if we introduce some sensing noise to an initially entangled system,
there exists a critical amount of additional sensing noise for which an entangling-
disentangling transition occurs, and the system becomes separable. Beyond this
point, the system cannot get entangled again as we continue introducing more sensing
noise. Conversely, before the entangling-disentangling transition (when the system
is entangled), we cannot induce separability by removing sensing noise from the
system. These statements prove our initial claim that the entangling-disentangling
transition is unique with respect to the amount of sensing noise present.

Lastly, from Eqs. (3.18c), (3.26), (3.28), and (3.29), 𝑀 (𝑡) ∝ Ω2
q, and Ṽ𝑏𝑣

pt ∝ Ωq.
Therefore, the term Ṽ𝑏𝑣

pt · V𝑀 · (Ṽ𝑏𝑣
pt )𝑇 in Eq. (3.29) is independent of Ωq. We

also have that Ṽ𝑏𝑏 and K𝑏 are already independent of Ωq. Therefore, Ωq factors
out of Eq. (3.29), making the entangling-disentangling transition independent of
the interaction strength between the mechanical oscillator, and the output light field.
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Therefore, this transition is universal with respect to the interaction strength. To
restate our definition of universality, we call a transition universal if it i) exists for
a finite level of sensing noise, ii) is unique with respect to the amount of sensing
noise, and iii) is independent of the coherent coupling Ωq.

After the transition (i.e. for an entangled state), we saw numerically that the
negativity increases with Ωq, which supports our intuition that the optomechanical
entanglement is strengthened with an increased interaction strength. However,
most interestingly, the universality implies that, for a noise configuration before
the transition (i.e. for a separable state), one cannot make the state entangled by
increasing the interaction strength.

Example Case
To derive a simple analytical bound on the maximum allowable environmental noise
in order to observe optomechanical entanglement, we assume white noise spectra
parametrized with ΩF and ΩS for the force and the sensing noise, respectively; cf
[47, 65]. More specifically, we assume that their spectra are in the form of

𝑆𝑛̂F (Ω) =
2Ω2

F
𝜔m

, 𝑆𝑛̂S (Ω) =
2𝜔m

Ω2
S
. (3.60)

Consequently, 𝜒F(Ω) = 2Ω2
F |𝜒(Ω) |

2, and 𝜒S(Ω) = 2/Ω2
S.

Furthermore, we assume the free-mass limit, i.e. the mechanical resonance fre-
quency𝜔m of the oscillator is much smaller than the other frequencies in the system.
In this limit, ΩF,ΩS ≫ 𝜔m, 𝛾m. Lastly, we assume the presence of passive losses
occurring due to e.g. a photodetector with non-unity efficiency, whose effect on the
dynamics are described in Appendix A.5. Even though these losses act effectively
as a sensing noise on the system, they do not couple to the detection channel with a
rate of Ωq, different from the sensing noise 𝑛̂S in Eqs. (3.1). Hence, in the presence
of such losses, optomechanical entanglement is no longer universal with respect to
the coherent coupling Ωq.

For a white force and sensing noise, and a photodetector efficiency of 𝜂 < 1, the
spectrum of 𝑀 is given by (Eq. (3.18c))

𝑀 (Ω)
2𝜂Ω2

q
=

1
Ω2

S
+ |𝜒(Ω) |2

[
Ω2

F + 𝛾mΩ +
Ω2

q

2
(1 − 𝜂)

]
. (3.61)

In order to apply the Wiener-Hopf method, we need to write 𝑀 (Ω) as a product
of its causal and anti-causal poles and zeros, i.e. 𝑀 (Ω) = 𝑀 (Ω)+𝑀 (Ω)−, where
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Figure 3.2: Logarithmic negativity for the case where the input light field is the
vacuum state, for a photodetector efficiency of 𝜂 = 0.9 (plotted in yellow), and
𝜂 = 1 (plotted in blue), and white environmental noise sources. We fix the force
noise level with ΩF/(2𝜋) = 10 Hz, and vary the sensing noise level in the range of
ΩS/(2𝜋) ∈ [1, 5000] Hz. The parameters of the mechanical oscillator are chosen as
𝜔m/(2𝜋) = 1 Hz and 𝛾m/(2𝜋) = 0.01 Hz. We observe that for a unity photodetector
efficiency (𝜂 = 1), the entangling transition is characterized byΩF ≈ ΩS, as observed
numerically in Ref. [65]. For a non-unity photodetector efficiency (𝜂 < 1), the
entangling transition is not universal with respect to the interaction strength Ωq. For

this case, the transition is characterized by
√︃
Ω2

F + (1 − 𝜂)Ω2
q/2 ≈ ΩS, drawn by the

red vertical lines in the inset.

𝑀 (Ω)+ = 𝑀 (Ω)†−, and 𝑀 (Ω)+ (𝑀 (Ω)−) contains the causal (anti-causal) poles and
zeros. In the free-mass limit, 𝑀 (Ω)+ is given up to first order in 𝜔m, 𝛾m as

𝑀 (Ω)+ ≈
√︁

2𝜂Ωq

ΩS
· (Ω −Ω𝑧,+) (Ω −Ω𝑧,−)

Ω2 + 𝑖𝛾mΩ − 𝜔2
m

, (3.62)

where

Ω𝑧,± =
−𝑖 ± 1
√

2

√︁
ΩSΩN ∓ 𝑖ΩS𝛾m

4ΩN
. (3.63)

with ΩN =

√︃
Ω2

F + (1 − 𝜂)Ω2
q/2. To evaluate the entanglement indicator in Eq.

(3.29), we need to obtain the expressions for Ṽ𝑏𝑏 and Ṽ𝑏𝑣
pt . From Eqs. (3.20) and
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(3.26), we calculate

Ṽ𝑏𝑏 =
Ω2

N
𝛾m𝜔m

[
1 0
0 1

]
, Ṽ𝑏𝑣

pt (𝑡) =
√
𝜔m𝜂Ωq


𝜒(𝑡) 2Ω2

N Θ(𝑡)
−1
𝜔m

¤𝜒(𝑡) −1
𝜔m

2Ω2
N
¤Θ(𝑡)

 (3.64)

where Θ(Ω) = |𝜒(Ω) |2. Proceeding with the Wiener-Hopf method, we obtain up to
the terms that contribute to constant order in 𝜔m, 𝛾m

Ṽ𝑏𝑣
pt · V𝑀 · (Ṽ𝑏𝑣

pt )𝑇 ≈ Ṽ𝑏𝑏 +


23/2𝜔m

√︂
ΩN
Ω3

S
−𝑖 + 2ΩN

ΩS

𝑖 + 2ΩN
ΩS

−23/2

𝜔m

√︂
Ω3

N
ΩS

 (3.65)

Therefore, Eq. (3.29) reduces to the following condition in the limit of 𝛾m → 0:

ΩN < ΩS ⇐⇒ optomechanical entanglement. (3.66)

When 𝜂 = 1, i.e. there are no passive losses, this relation gets modified as ΩF <

ΩS ⇐⇒ entanglement, which signifies that the presence of optomechanical
entanglement depends on a simple trade-off between the relative strengths of the
environmental noise sources. This bound has been observed numerically in [65].
For 𝜂 < 1, ΩN > ΩF, therefore it becomes harder to achieve optomechanical
entanglement for non-unity photodetector efficiency, and it is more advantageous to
have a small coherent coupling Ωq for this purpose.

We compute the logarithmic negativity numerically, assuming that the input light
field is the vacuum state, and the environmental noise sources are white, character-
ized byΩF andΩS in Eq. (3.60). The results are given in Fig. 3.2. In order to work in
the free-mass limit, we fix𝜔m/(2𝜋) = 1 Hz, 𝛾m/(2𝜋) = 0.01 Hz, ΩF/(2𝜋) = 10 Hz,
and vary ΩS in the range of ΩS/(2𝜋) ∈ [1, 500] Hz, such that ΩF,ΩS ≫ 𝜔m, 𝛾m.
First, we assume a perfect photodetector with unity efficiency (𝜂 = 1). This case is
plotted with dashed and plain lines in blue, where the interaction strength is taken to
be Ωq/(2𝜋) = 10 Hz, and Ωq/(2𝜋) = 20 Hz, respectively. The entangling threshold
occurs at ΩF ≈ ΩS, as observed in Fig. 3.2. Then, we assume a photodetector
with non-unity efficiency (𝜂 = 0.9), which introduces passive losses to the system.
We plot this case with dashed and plain lines in yellow, for Ωq/(2𝜋) = 10 Hz,
and Ωq/(2𝜋) = 20 Hz, respectively. From Eq. (3.66), we compute the entangling
threshold asΩS/ΩF = 1.025 (ΩS/ΩF = 1.095) forΩq/(2𝜋) = 10 Hz (Ωq/(2𝜋) = 20
Hz), which is drawn to the inset of Fig. 3.2 with a red, vertical curve. As observed
analytically, passive losses impede achieving optomechanical entanglement. Fur-
thermore, it is more advantageous to have a small interaction strength to obtain
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entanglement (i.e. reach the entangling threshold). However, once the threshold is
reached, a larger interaction strength provides more entanglement, quantified by a
larger logarithmic negativity.

3.6 Generalization to arbitrary squeezing
Until this part of the chapter, we have assumed that the input light field consisted of
vacuum fluctuations. Now, let us assume that arbitrary squeezing operations have
been performed on the input field before interacting with the mechanical oscillator.

First, we show in Appendix A.2 that if the input field has been subjected to phase
shifts or squeezing by a constant factor, the determinant condition in Eq. (3.29) is
unchanged. Hence, such operations do not affect the entangling-disentangling tran-
sition. Therefore, we must apply a more general, potentially frequency-dependent
transformation to the input light field in order to act on the entangling-disentangling
transition.

A general, unitary transformation performed on the input field must be causal and
symplectic. The causality condition is because we have defined the input field to be
the temporal modes of the light during 𝑡 > 0. Then, any non-causal transformation
mixes the input and the output temporal modes, which conflicts with the causality
of the dynamics.

The most general causal symplectic transformation can be written as (see Appendix
A.3) [

𝑢̂1(Ω)
𝑢̂2(Ω)

]
→ 𝑒𝑖𝜙(Ω)

[
𝐴(Ω) 𝐵(Ω)
𝐶 (Ω) 𝐷 (Ω)

] [
𝑢̂1(Ω)
𝑢̂2(Ω)

]
(3.67)

where 𝐴(Ω), 𝐵(Ω), 𝐶 (Ω), and 𝐷 (Ω) are real functions of Ω, and 𝐴(Ω)𝐷 (Ω) −
𝐵(Ω)𝐶 (Ω) = 1∀Ω. The phase factor 𝑒𝑖𝜙(Ω) ensures the causality of the transfor-
mation.

We proceed with writing down the covariance matrix of the system, given this
transformation. First, we calculate the correlations between the quadratures of the
output light field,

𝑉 𝑣𝑣11 (Ω) = 𝑇1(Ω), (3.68a)

𝑉 𝑣𝑣12 (Ω) = 𝑇12(Ω) +Ω2
q 𝑇1(Ω)𝜒(−Ω), (3.68b)

𝑉 𝑣𝑣22 (Ω) = 𝑇2(Ω) +Ω4
q 𝑇1(Ω) |𝜒(Ω) |2 +Ω2

q [𝜒EN(Ω) + 𝑇12(Ω) (𝜒(Ω) + 𝜒(−Ω))] ,
(3.68c)
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where we have defined 𝑇1(Ω) = 𝐴(Ω)2 + 𝐵(Ω)2, 𝑇2(Ω) = 𝐶 (Ω)2 + 𝐷 (Ω)2, and
𝑇12(Ω) = 𝐴(Ω)𝐶 (Ω) + 𝐵(Ω)𝐷 (Ω). Next, the covariances of the quadratures of the
mechanical oscillator are given by

𝑉 𝑏𝑏11 (Ω) = 𝜔m𝜒F(Ω) + 𝜔mΩ
2
q |𝜒(Ω) |2𝑇1(Ω), (3.69)

and 𝑉 𝑏𝑏12 (Ω) = 𝑖Ω𝑉
𝑏𝑏
11 (Ω)/𝜔m, 𝑉

𝑏𝑏
22 (Ω) = Ω2𝑉 𝑏𝑏11 (Ω)/𝜔m. We see that the variance

associated with the force noise is unchanged compared to Eq. (3.8), and the variance
due to the optomechanical interaction is scaled by the frequency-dependent factor
of 𝑇1(Ω) in the frequency domain. Finally, we compute the cross-spectra of the
mechanical oscillator and the output light field:

𝑉 𝑏𝑣11 (Ω) = Ωq
√
𝜔m𝜒(Ω)𝑇1(Ω), (3.70a)

𝑉 𝑏𝑣12 (Ω) = Ωq
√
𝜔m𝑇12(Ω)𝜒(Ω) +Ωq

√
𝜔m𝜒F(Ω) +Ω3

q
√
𝜔m |𝜒(Ω) |2𝑇1(Ω) (3.70b)

and 𝑉 𝑏𝑣2𝑖 (Ω) = −𝑖Ω𝑉 𝑏𝑣1𝑖 (Ω)/𝜔m, 𝑖 = 1, 2. To continue with the formalism of Sec.
3.5, let us recall the general form of the entanglement criterion. From Eq. (3.13)
and (3.16a), we have:

det
[
V𝑏𝑏 + 𝑖K𝑏 − V𝑏𝑣

pt ·

(
𝚺 · D𝑀 · 𝚺† + 𝚫

)
· (V𝑏𝑣

pt )𝑇
]
< 0 ⇐⇒ entanglement.

(3.71)

where 𝚫, 𝚺, and D𝑀 are given as (see Eq. (3.16))

𝚫 =

[
𝑉 𝑣𝑣11 (𝜏)

−1 0
0 0

]
, (3.72a)

𝚺 =

[
𝑉 𝑣𝑣11 (𝜏)

−1 · 𝑉 𝑣𝑣12 (𝜏) + 𝑖𝑉
𝑣𝑣
11 (𝜏)

−1 0
−𝛿(𝜏) 0

]
, (3.72b)

D𝑀 =

[
𝑀−1(𝜏) 0

0 𝑀−1(𝜏)

]
. (3.72c)

and V𝑏𝑣
pt is defined in Eq. (3.11). To compute Eq. (3.71), we need to invert 𝑉 𝑣𝑣11

using the Wiener-Hopf method, therefore, we write it down in the Fourier domain
as a product of its causal and anti-causal poles and zeros,

𝑉 𝑣𝑣11 (Ω) = 𝑇1(Ω) = 𝑇1(Ω)+𝑇1(Ω)−, (3.73)

where 𝑇1(Ω)†+ = 𝑇1(Ω)−, and 𝑇1(Ω)+ (𝑇1(Ω)−) contains the causal (anti-causal)
poles and zeros of 𝑉 𝑣𝑣11 (Ω). In the absence of any squeezing in the input light field,
we had found a simplification in the entanglement criterion, which we referred to as
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vacuum cancellation in Sec. 3.5. This simplification canceled out some of the terms
in the entanglement criterion related to the mechanical oscillator; cf. Eq. (3.20).
Specifically, we observed that the remaining terms were the variances of 𝑏̂1 and 𝑏̂2

generated due to the force noise only. Here, in the presence of frequency-dependent
squeezing, we observe that the vacuum cancellation persists. To see this, we operate
on V𝑏𝑣

pt with 𝚫 from the right,

(V𝑏𝑣
pt · 𝚫) (Ω) =

[
𝑉 𝑏𝑣11 · (𝑉 𝑣𝑣11 )

−1 0

−𝑉 𝑏𝑣21 · (𝑉 𝑣𝑣11 )
−1 0

]
. (3.74)

Using Eq. (3.70) and Eq. (3.73), we can simplify this expression to obtain

√
𝜔mΩq

𝑇1(Ω)+

[
𝑇1(Ω)+𝑇1(Ω)−𝜒(Ω)

𝑇1(Ω)−

]
+

[
1 0

− 𝑖Ω
𝜔m

0

]
=
√
𝜔mΩq 𝜒(Ω)

[
1 0

− 𝑖Ω
𝜔m

0

]
(3.75)

Then, in the frequency domain, we have

(
V𝑏𝑣

pt · 𝚫 · (V𝑏𝑣
pt )𝑇

)
= 𝜔mΩ

2
q |𝜒(Ω) |2𝑇1(Ω)


1 𝑖Ω

𝜔m

− 𝑖Ω
𝜔m

Ω2

𝜔2
m

 (3.76)

This term is equal (in the frequency domain) to the variances of the quadratures
of the mechanical oscillator arising from the optomechanical interaction, cf. the
second term in Eq. (3.69). Therefore, we see that the vacuum cancellation is
realized, and we can use Eq. (3.20) to test for entanglement, given that 𝚺 and D𝑀

are calculated accordingly.

Continuing with the calculation, we want to compute V𝑏𝑣
pt ·𝚺 ·D𝑀 ·𝚺† · (V𝑏𝑣

pt )𝑇 . For
this purpose, we operate on V𝑏𝑣

pt from the right with 𝚺. Using Eq. (3.11) and Eq.
(3.72b), we obtain[

𝑉 𝑏𝑣11 (𝑡) · (𝑉
𝑣𝑣
11 )

−1 · (𝑖𝛿(𝜏) +𝑉 𝑣𝑣12 (𝜏)) −𝑉
𝑏𝑣
12 (𝑡) 0

−𝑉 𝑏𝑣21 (𝑡) · (𝑉
𝑣𝑣
11 )

−1 · (𝑖𝛿(𝜏) +𝑉 𝑣𝑣12 (𝜏)) +𝑉
𝑏𝑣
22 (𝑡) 0

]
. (3.77)

We can simplify this expression by plugging in what we have found for 𝑉 𝑏𝑣
𝑖1 (𝑡) ·

(𝑉 𝑣𝑣11 )
−1, 𝑖 = 1, 2, from Eq. (3.75), which results in

√
𝜔mΩq𝜒(𝑡) · (𝑖𝛿(𝜏) +𝑉 𝑣𝑣12 (𝜏)) −𝑉

𝑏𝑣
12 (𝑡) 0

− Ωq√
𝜔m

¤𝜒(𝑡) · (𝑖𝛿(𝜏) +𝑉 𝑣𝑣12 (𝜏)) +𝑉
𝑏𝑣
22 (𝑡) 0

 . (3.78)
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To further simplify this expression, we want to compute 𝜒(𝑡) ·𝑉 𝑣𝑣12 (𝜏). Then, in the
frequency domain, we have

Ωq
√
𝜔m F

{∫ ∞

0
𝑑𝑡′𝑉 𝑣𝑣12 (𝑡 − 𝑡

′)𝜒(𝑡′)
}
= Ωq

√
𝜔m F

{∫ ∞

−∞
𝑑𝑡′𝑉 𝑣𝑣12 (𝑡 − 𝑡

′)𝜒(𝑡′)
}

= Ωq
√
𝜔m(𝑇12(Ω)𝜒(Ω) +Ω2

q |𝜒(Ω) |2𝑇1(Ω))
= 𝑉 𝑏𝑣12 |𝜒F=0 (3.79)

where 𝑉 𝑏𝑣12 is given in Eq. (3.70b). Similarly,

Ωq√
𝜔m

F
{∫ ∞

0
𝑑𝑡′𝑉 𝑣𝑣12 (𝑡 − 𝑡

′) ¤𝜒(𝑡′)
}
= 𝑉 𝑏𝑣22 |𝜒F=0. (3.80)

Then, similar to the case in Sec. 3.5, the terms related to the optomechanical
interaction in 𝑉 𝑏𝑣12 and 𝑉 𝑏𝑣22 cancel out of Eq. (3.78).

We realize that thanks to these simplifications, the entanglement criterion in Eq.
(3.71) is equivalent to the entanglement indicator defined in Eq. (3.29). However,
while using Eq. (3.29), the operator 𝑀 needs to be recomputed using Eq. (3.17).
The expressions for the rest of the terms in Eq. (3.29), meaning Ṽ𝑏𝑏, Ṽ𝑏𝑣

pt , and V𝑀

are unchanged compared to the case where the input field is the vacuum state.

Now, let us calculate𝑀 (𝑡, 𝑡′), whose definition is given in Eq. (3.17). Different from
Sec. 3.5, this operator has two time indices in the presence of arbitrary frequency-
dependent squeezing. From the Wiener-Hopf method, we can first compute the
columns of the matrix 𝑉 𝑣𝑣11 (𝑡, 𝑡

′)−1 ·
[
𝑖𝛿(𝑡, 𝑡′) +𝑉 𝑣𝑣12 (𝑡, 𝑡

′)
]
. These columns will be

functions of 𝑡 > 0. Let us refer to them as {𝑐𝑡′ (𝑡)}, where 𝑡′ > 0 represents the
column index, and 𝑡 represents the row index, respectively. From Eqs. 3.68a and
3.68b, we have in the frequency domain

𝑐𝑡′ (Ω) =
1

𝑇1(Ω)+

[
F {𝑖𝛿(𝑡) +𝑉 𝑣𝑣12 (−𝑡)}

𝑒𝑖Ω𝑡
′

𝑇1(Ω)−

]
+

=
1

𝑇1(Ω)+

[
𝑒𝑖Ω𝑡

′

𝑇1(Ω)−
(𝑖 + 𝑇12(Ω))

]
+

+Ω2
q 𝑒

𝑖Ω𝑡′ 𝜒(Ω). (3.81)

Then, the elements of the matrix[
−𝑖𝛿(𝑡, 𝑡′) +𝑉 𝑣𝑣21 (𝑡, 𝑡

′)
]
· 𝑉 𝑣𝑣11 (𝑡, 𝑡

′)−1 ·
[
𝑖𝛿(𝑡, 𝑡′) +𝑉 𝑣𝑣12 (𝑡, 𝑡

′)
]

(3.82)
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are given by ∫ ∞

0
𝑑𝑥

(
−𝑖𝛿(𝑡 − 𝑥) +𝑉 𝑣𝑣21 (𝑥 − 𝑡)

)
𝑐𝑡′ (𝑥), (3.83a)

=

∫ ∞

−∞
𝑑𝑥

(
−𝑖𝛿(𝑡 − 𝑥) +𝑉 𝑣𝑣21 (𝑥 − 𝑡)

)
𝑐𝑡′ (𝑥), (3.83b)

=

∫ ∞

−∞

𝑑Ω

2𝜋
F {−𝑖𝛿(𝑡 − 𝑥) +𝑉 𝑣𝑣21 (𝑥 − 𝑡)}𝑐𝑡′ (Ω). (3.83c)

We were able to extend the lower integration limit to −∞ in Eq. (3.83b) since the
function 𝑐𝑡′ (𝑡) is causal. Then, we used the Plancherel theorem to go from the time
domain to the frequency domain in Eq. (3.83c). We can write Eq. (3.83c) explicitly
as ∫ ∞

−∞

𝑑Ω

2𝜋

{
−𝑖 + 𝑇12(Ω)
𝑇1(Ω)+

𝑒−𝑖Ω𝑡
[
𝑒𝑖Ω𝑡

′

𝑇1(Ω)−
(𝑖 + 𝑇12(Ω))

]
+

+Ω2
q 𝑇12(Ω)𝑒𝑖Ω(𝑡′−𝑡) (𝜒(Ω) + 𝜒(−Ω)) − 𝑖Ω2

q 𝑒
𝑖Ω(𝑡′−𝑡)

(𝜒(Ω) − 𝜒(−Ω)) +Ω4
q 𝑒

𝑖Ω(𝑡′−𝑡) |𝜒(Ω) |2𝑇1(Ω)
}
. (3.84)

This expression describes the elements of a matrix indexed by 𝑡, 𝑡′ > 0, where 𝑡 and
𝑡′ are the row and the column indices, respectively. We observe that this matrix is
Hermitian, but not necessarily Toeplitz. The Hermitian property is seen from the
fact that interchanging 𝑡 and 𝑡′ corresponds to the conjugation of this expression.
However, this matrix can be written as a sum of a Hermitian matrix and a Hermitian
Toeplitz matrix, where the Toeplitz part is the sum of the terms in Eq. (3.84) that
are a function of 𝑡 − 𝑡′ (i.e. the terms in 2nd and 3rd row).

Therefore, 𝑀 will also be the sum of a Hermitian matrix and a Hermitian Toeplitz
matrix. More specifically, using Eqs. (3.17), (3.68c), and (3.84), we find that 𝑀
can be written as

𝑀 (𝑡, 𝑡′) = 𝑀vac(𝑡 − 𝑡′) + Λ(𝑡, 𝑡′), (3.85)

where 𝑀vac(𝑡 − 𝑡′) is what we have found for 𝑀 when the input light field is
the vacuum state (given in Eq. (3.18c)), and Λ(𝑡, 𝑡′) is some Hermitian operator
independent of Ωq, whose entries depend on the squeezing in the input light field.
The full expression for Λ(𝑡, 𝑡′) is written as

Λ(𝑡, 𝑡′) = 𝑇2(𝑡, 𝑡′)−
∫ ∞

−∞

𝑑Ω

2𝜋

(
−𝑖 + 𝑇12(Ω)
𝑇1(Ω)+

)
𝑒−𝑖Ω𝑡 ·

[
𝑒𝑖Ω𝑡

′ (𝑖 + 𝑇12(Ω))
𝑇1(Ω)−

]
+
. (3.86)
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We observe that when the input light field is the vacuum state, 𝑇2(𝑡, 𝑡′) = 𝛿(𝑡 − 𝑡′),
𝑇12(Ω) = 0, and 𝑇1(Ω)± = 1. Then, using Eq. (3.86), we find that Λ = 0 for this
case, and 𝑀 (𝑡, 𝑡′) = 𝑀vac(𝑡 − 𝑡′).

We want to investigate whether optomechanical entanglement is achievable with
arbitrary, frequency-dependent squeezing in the input light field. For this purpose,
we first observe that when Ωq → ∞, 𝑀 → 𝑀vac, and the determinant condition in
Eq. (3.29) is equivalent to its form when the input light field is the vacuum state
for a given force and sensing noise. We refer to this configuration as the "vacuum
case".

Now, we want to show that if the system is entangled for some Ωq, it is bound to
be entangled for Ω′

q > Ωq. To show this, let us assume that the system is entangled
for some Ωq. We notice that the first two terms in Eq. (3.29) will be independent
of Ωq. The Ωq dependency comes from the third term, where Ṽ𝑏𝑣

pt ∝ Ωq, and
𝑀 (𝑡, 𝑡′) = 𝑀vac(𝑡 − 𝑡′) +Λ(𝑡, 𝑡′), 𝑀vac ∝ Ω2

q. Then, the third term can be written in
the form of

C ·


(

1
Ω2

q
Λ + 𝐷

)−1
0

0
(

1
Ω2

q
Λ + 𝐷

)−1

 · C†,

C =
1
Ωq

Ṽ𝑏𝑣
pt ·

[
−𝑖𝛿(𝜏) 0
𝛿(𝜏) 0

]
, 𝐷 =

1
Ω2

q
𝑀vac (3.87)

where C, 𝐷, and Λ are independent of Ωq. Furthermore, notice that 𝑀 is the Schur
complement of the block𝑉 𝑣𝑣11 of the matrix V𝑣𝑣 + 𝑖K𝑣. Since𝑉 𝑣𝑣11 is positive definite,
and V𝑣𝑣 + 𝑖K𝑣 is positive semi-definite (from the Heisenberg uncertainty principle),
𝑀 is positive semi-definite for all Ωq. Consequently, Λ and 𝑀vac are also positive
semi-definite, since 𝑀 = Λ when Ωq = 0, and 𝑀 → 𝑀vac in the limit of Ωq → ∞.
Also, recall that both 𝐷 and Λ are Hermitian. As a result, we can write for Ω′

q > Ωq

1
Ω′

q
2Λ ≤ 1

Ωq
2Λ,

1
Ω′

q
2Λ + 𝐷 ≤ 1

Ωq
2Λ + 𝐷,(

1
Ω′

q
2Λ + 𝐷

)−1

≥
(

1
Ωq

2Λ + 𝐷
)−1

. (3.88)

Therefore, if we refer to the matrix in the determinant condition in Eq. (3.29)
as Vdet(Ωq), we can write Vdet(Ω′

q) ≤ Vdet(Ωq) for Ω′
q > Ωq. Since the system
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is entangled for Ωq, the determinant of Vdet(Ωq) is negative. Furthermore, since
we are looking for the entanglement between one mode and the rest, Vdet(Ωq) can
have at most one negative eigenvalue (for this case, it has exactly one negative
eigenvalue). Then, Vdet(Ω′

q) will also have a negative eigenvalue, and the system
will be entangled. Hence, we proved that if optomechanical entanglement exists for
Ωq, it also exists for Ω′

q > Ωq.

Consequently, we can make the following statements about the nature of op-
tomechanical entanglement when the input light field is squeezed in a frequency-
dependent fashion. First, we observe that universality with respect to the interaction
strength, Ωq, does not hold, since the entanglement indicator in Eq. (3.29) depends
on Ωq. Hence, increasing Ωq may allow optomechanical entanglement to form.
However, the transition is still unique with respect to the amount of environmental
noise. Second, if there exists optomechanical entanglement for any frequency-
dependent squeezing configuration, it will also exist when the input light field is in
the vacuum state. Therefore, it is "easier" to achieve entanglement for a given force
and sensing noise without frequency-dependently squeezing the input light field. In
other words, the hyperspace of force and sensing noise spectra for which there exists
optomechanical entanglement for the vacuum case encapsulates the space when
the input light field is squeezed arbitrarily7. We observed numerically that after
optomechanical entanglement is achieved, the amount of entanglement, quantified
by the logarithmic negativity, can be greater or less than the case where the input
light field is the vacuum state, depending on the frequency-dependent squeezing
transformation.

In Fig. 3.3, we depict example configurations in which frequency-dependent squeez-
ing suppresses the quantum noise spectra as

𝑆(Ω) → 𝑒−2𝑟𝑆(Ω), (3.89)

where 𝑟 > 0 is the squeeze factor. This is achieved by first frequency-independently
squeezing the light by 𝑒𝑟 , and then, by filtering it with a detuned cavity [138] (see
Appendix A.4). We again assume white force and sensing noises, whose spectrum
at the phase quadrature of the output light field is plotted in Fig. 3.3a. Note
that the force noise spectrum scales as Ω−2 in amplitude after being transduced by
the mechanical oscillator. In Fig. 3.3b, we plot the boundary of the entangling-
disentangling transition as a function of the force and sensing noise parameters ΩF

7Note that the space is unchanged for frequency-independent squeezing.
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separable

entangled

Figure 3.3: Impact of frequency-dependent squeezing on the entangling-
disentangling transition. a) Amplitude spectra

√︁
𝑆(Ω) normalized by the inter-

action strength Ωq, as a function of different interaction strengths and squeezing
levels. Spectra of the force and the sensing noises are shown in dashed lines.
Although Markovian at the input, the force noise is transduced by the mechanical
oscillator, causing it to decrease as Ω2 in amplitude at the output. b) The entangling-
disentangling transition with respect to the force and the sensing noises in the system,
for different squeezing configurations. The optomechanical state is entangled for
the noise configurations below their respective curves. When the input light is in the
vacuum state (blue curve), the transition is independent of the interaction strength.
We observe that as Ωq increases, the transitions of the other configurations approach
that of the vacuum case, in terms of the parameters for which they occur.

and ΩS: as mentioned above, the transition occurs for ΩF = ΩS when the input
light field is the vacuum state. However, for frequency-dependent squeezing, the
transition is harder to achieve, e.g., it requires a lower sensing noise level (larger
ΩS) for a given force noise level ΩF.

3.7 Discussion for Frequency-Dependent Squeezing
In Sec. 3.6, it was proven that when the input light field is squeezed in a frequency-
dependent fashion, it is harder to achieve optomechanical entanglement compared
to the vacuum input case, i.e. there exists a region of the parameter space where op-
tomechanical entanglement is observed only for the latter configuration. Intuitively,
this result can be understood in the following way: when the ingoing light field is
the vacuum state, the modes corresponding to different frequencies (or arrival times
with respect to the surface of the oscillator) are not correlated. Conversely, when the
ingoing light field is frequency-dependently squeezed, there is non-zero correlation
between these modes. Then, when we consider the outgoing light field that has
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Figure 3.4: Logarithmic negativity for the case where the input light field is
frequency-dependently squeezed with 𝑟 = 1 (c.f. Eq. (3.89)), and for the vac-
uum input. We further consider the cases where we compute the entanglement
between the mechanical oscillator at time 𝑡 = 0 and the light field, where the field
is considered to be i) the outgoing field that has left the oscillator during 𝑡 < 0, ii)
the joint field combining the outgoing field that has left the oscillator during 𝑡 < 0,
and the ingoing field that has yet to interact with the oscillator, but will be reflected
from the oscillator during 𝑡 > 0. These cases (for a squeezed input) are plotted in
yellow and blue curves, respectively. For the vacuum input plotted in red, we only
consider case i). We observe that for a squeezed input, entanglement is harder to
achieve for case i), and the entangling transition is not universal with respect to the
interaction strength Ωq. However, for case ii), universality is restored.

reflected from the mechanical oscillator during time 𝑡 < 0, it will be entangled with
the ingoing light field that has yet to interact with the oscillator during this time
(note that this field will be reflected from the oscillator during time 𝑡 > 0). Hence,
while computing the entanglement between this field and the mechanical oscillator
at time 𝑡 = 0, the correlation will induce an additional noise to the system when the
ingoing light modes are traced out. Therefore, we can expect that it is harder to get
entangled for this case, as it will appear to be more noisy than the vacuum input
case.

This extra noise can be overcome by computing the entanglement between the
mechanical oscillator at time 𝑡 = 0, and the joint field combining the outgoing field
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that has left the oscillator during 𝑡 < 0, and the ingoing field that has yet to interact
with the oscillator. Since the joint field contains information about the light field
during time 𝑡 ∈ (−∞,∞), the frequency-dependent squeezing can be "reversed"8

by whitening the joint field. This would not be possible if we had only access to
the outgoing light field, as the whitening transformation will be non-causal in the
presence of frequency-dependent squeezing.

This situation is illustrated in Fig. 3.4. We fix the parameters of the mechanical
oscillator as𝜔m/(2𝜋) = 1 Hz, 𝛾m/(2𝜋) = 0.01 Hz, and assume white environmental
noise sources parametrized by ΩF/(2𝜋) = 10 Hz, and ΩS/(2𝜋) ∈ [1, 5000] Hz.
We first plot the logarithmic negativity for the vacuum input with red curves, for
interaction strengths of Ωq/(2𝜋) = 5 Hz and Ωq/(2𝜋) = 10 Hz, with dashed and
plain curves, respectively. We repeat this calculation for a frequency-dependently
squeezed ingoing field (plotted in yellow). The squeezing transformation is again
in the form of Eq. (3.89). For more details about the realization, see Appendix A.4.
We fix 𝑟 = 1, and observe that the entangling transition is not universal with respect
to the interaction strength Ωq in the presence of frequency-dependent squeezing, as
was shown in Sec. 3.6. Finally, we repeat the calculation for the same squeezed
input, but we compute the entanglement between the oscillator and the joint field
combining the outgoing and the ingoing light field during 𝑡 < 0 (plotted in blue).
We observe that the universality is restored, and the entangling transition occurs at
ΩF ≈ ΩS, as found in Sec. 3.5. Note that the amount of entanglement is the largest
for this case.

3.8 Conclusions
In this chapter, we proved the existence of an entangling-disentangling transition
in an optomechanical system consisting of a mechanical oscillator interacting with
a light field in a pure state. We assumed arbitrary, possibly non-Markovian, envi-
ronmental noise sources. Assuming Gaussian dynamics, we were able to compute
necessary and sufficient conditions for entanglement using the PPT criterion.

First, assuming that the input light field is the vacuum state, we showed that the
entangling-disentangling transition is independent of the interaction strength be-
tween the oscillator and the light field, hence, it is universal. Therefore, if the
environmental noises are such that the system is not in the regime where optome-
chanical entanglement can occur, one cannot achieve it by increasing the interaction

8The squeezing cannot be reversed perfectly due to the interaction with the mechanical oscillator.
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strength between the oscillator and the light field.

In the second part of the chapter, we assumed arbitrary Gaussian and causal unitary
transformations applied to the light field, including frequency-dependent squeez-
ing. We demonstrated that the entangling-disentangling transition is not affected by
frequency-independent squeezing and phase shifts – i.e. it is equivalent to the vac-
uum input case. However, when the light field is squeezed in a frequency-dependent
manner, we showed that entanglement is harder to achieve. More specifically, we
proved that if there is no optomechanical entanglement when the input light field
is the vacuum state, it is impossible to generate it by squeezing the input light field
arbitrarily.

With the techniques developed here, experimentalists could inquire whether the
joint stationary optomechanical state of their device is entangled—in theory. For
high frequency devices typically affected by Markovian noises, this topic has been
discussed theoretically for more than ten years [81, 175], and attempts to demonstrate
stationary optomechanical entanglement are ongoing [113, 191, 104]. Providing
a quantitative framework to make predictions in the presence of non-Markovian
noises is crucial for macroscopic devices operating at low frequencies, since they
are typically affected by non-Markovian environments [99].

Finally, let us consider the fact that before applying coarse graining, the system
that consists of the heat bath, the oscillator and the light field is in a pure state. With
knowledge from the bath, are we able to "reinstate" optomechanical entanglement?
This is possible in principle, at least in some cases. In our model, 𝑛̂S can be a classical
random process, while 𝑛̂F can be the superposition of a classical random process and
quantum noise that drives the zero-point fluctuations of the oscillator. In principle,
one can know the particular realizations of both classical random processes, and
hence reduce the environmental noises of the oscillator to its zero-point level—far
below the entangling-disentangling transition.
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C h a p t e r 4

MACROSCOPIC QUANTUM ENTANGLEMENT IN LIGO

4.1 Introduction
Entanglement is one of the hallmarks of the "quantumness" of physical systems1.
Ideally, it is possible for macroscopic objects, massive and/or containing a high
number of degrees of freedom, to be entangled with each other. Yet in practice,
such macroscopic entanglement can be very delicate in the presence of decoherence.
It is an intriguing challenge to create and verify macroscopic entanglement, which
is often viewed as expanding the limits of the quantum regime.

Optomechanical systems are promising candidates for experimental demonstration
of macroscopic entanglement, partly due to their theoretical robustness against
mechanical decoherence imposed by coupling to a possibly highly populated thermal
bath [81]. They can also be used to engineer the quantum state of the mechanical
system [114], where the entanglement is generated by the momentum exchange
between the light reflecting from the mechanical oscillator—a phenomenon known
as radiation pressure. It is theoretically well understood and broadly discussed in
the literature [82, 176, 177, 175, 59, 115]; see for example, Refs. [81, 11] for a
review.

Entanglement in optomechanical devices has been widely studied and there have
been several successful experimental realizations: stationary entanglement between
simultaneous light tones mediated by an optomechanical device [16, 46], genera-
tion of entanglement between spaced mechanical oscillators both in the micro and
macro regime via radiation pressure [219, 196, 147, 251], and optomechanical en-
tanglement between the light field and the mechanical oscillator in a pulsed scheme
[199] are examples of such demonstrations. There also exist many proposals in
the literature to further study macroscopic quantum phenomena in optomechanical
systems [223, 183, 233, 263, 206] and entanglement between coupled oscillators
in the presence of non-Markovian baths [163]. In this chapter, we again consider
stationary optomechanical entanglement, where the system parameters (e.g. the

1This chapter is adapted from: S. Direkci et al., "Macroscopic quantum entanglement between
an optomechanical cavity and a continuous field in presence of non-Markovian noise," Phys. Rev.
Research 6, 013175 (2024), DOI: 10.1103/PhysRevResearch.6.013175. Published by the American
Physical Society under a Creative Commons Attribution 4.0 International (CC BY 4.0) license.
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driving), and statistical behavior thereof, are not changing over time. Schemes to
verify stationary optomechanical entanglement were proposed in [175, 176, 103,
262, 201], whereas to the best of our knowledge an experimental demonstration has
not been performed yet.

Our system consists of a single mechanical mode interacting with an optical cavity
mode and the quadratures of the light field exiting the cavity. At any time 𝑡, we study
the bipartite entanglement that is present in the joint quantum state of the mechanical
mode, optical mode, and the light that has exited the system during 𝑡′ ≤ 𝑡. See Fig. 1
of Ref. [175], which includes a space-time diagram that illustrates the configuration.
In the regime where the dynamics are linear, the state is Gaussian, and the noise
processes are Markovian (white), the open-system optomechanical dynamics is
solvable analytically and the state of the system can be known exactly [82]. The
white-noise model describes well devices with high-frequency oscillators, where
only thermal excitations are expected, and in the limit of large bath temperature
where 𝑘𝐵𝑇 ≫ ℏ𝜔𝑚, 𝑇 is the temperature of the bath and 𝜔𝑚 is the resonance
frequency of the oscillator [85].

In this chapter, we extend the description to non-Markovian Gaussian noise pro-
cesses where analytical results are, to our knowledge, not available, thus requiring
numerical methods. This approach is applicable whenever non-white-noise pro-
cesses, such as structural damping [227, 189, 71, 99], are relevant. We extend
the methods developed in [175], incorporating a cavity, and, more importantly,
non-Markovian noise processes. The technique consists in computing the minimal
symplectic eigenvalue of the partially transposed covariance matrix of the system,
constructed with numerical methods, which provides a measure of appropriate bi-
partite entanglement.

We first investigate entanglement in a generalized setting, considering a heavy
suspended oscillator with a low mechanical resonance frequency. This corresponds
to the free-mass limit, where the mechanical resonance frequency is much smaller
than the other characteristic frequencies of the system. We work in this limit to
study the general behavior of heavy suspended oscillators affected by environmental
decoherence, however the algorithm does not require this assumption. Subsequently,
we stop working in the free-mass limit and focus our attention on the Advanced
Laser Interferometer Gravitational-Wave Observatory (aLIGO) [52], using it as a
case study. It has been recently shown that by injecting squeezed vacuum, the
detector’s quantum noise can in principle surpass the free-mass standard quantum
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Figure 4.1: Figurative representation of the two different partitions that are used
while testing for entanglement, which are defined by tracing over (top row) and
not tracing over (bottom row) the cavity. Note that the system configuration is not
changed, i.e. cavity is still present for both partitions.

limit (SQL) by 3 dB [278].

It is natural to ask whether this can already imply that aLIGO has built quantum
entanglement between the mirrors and the light field. The answer to this question
is non-trivial. First, from [278], we see that the level of classical noise is not
yet below the SQL2. Second, the strict definition of entanglement we use here re-
quires integrating over all frequencies: it remains uncertain whether having noise
below the SQL within a certain finite frequency band automatically leads to entan-
glement. Therefore, we parametrize aLIGO’s noise curves to investigate regimes
where entanglement, according to its strict definition, exists.

This chapter is organized as follows: In Sec. 4.2, we introduce the dynamics of the
system and its equations of motion. In Sec. 4.3, we state our entanglement criterion
and the covariance matrix of the system for two partitions of interest. To show the
usefulness of our technique for systems with low mechanical resonance frequencies,
we investigate entanglement in a generalized setting in Sec. 4.4. In Sec. 4.5, we
give details about aLIGO’s noise budget, and talk about how we model it in our
calculations. Finally, in Sec. 4.6, we investigate whether there is entanglement
between the mechanical oscillator and the light field at aLIGO for the partitions of
interest, given different parametrizations of the classical noise curves.

2The quantum noise’s beating of the SQL is only inferred by subtracting a classical noise floor
that was obtained through calibration.
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4.2 System Dynamics
Let us consider an optical cavity with a movable mirror, driven by a laser with
frequency𝜔0 close to one of the resonant frequencies of the cavity, 𝜔0+Δ [38]. The
quantity Δ is often referred to as the detuning frequency of the cavity. For such a
system, the linearized Hamiltonian in the interaction picture with the rotating-wave
approximation is given by [47]

𝐻/ℏ = 𝜔𝑚 𝐵̂
†𝐵̂ + ℏΔ𝐴̂† 𝐴̂ − ℏ𝐺𝑥( 𝐴̂† + 𝐴̂) +

∫ ∞

−∞

𝑑Ω

2𝜋
Ω𝑐†(𝜔0 +Ω)𝑐(𝜔0 +Ω)

+ 𝑖
√︁

2𝛾
∫ ∞

−∞

𝑑Ω

2𝜋
[
𝐴̂†𝑐(𝜔0 +Ω) − 𝐴̂𝑐†(𝜔0 +Ω)

]
, (4.1)

where 𝐵̂ and 𝐵̂† are the annihilation and creation operators of the mechanical mode
(center of mass motion of the mirror), 𝑥 is the position of the center of mass of the
mirror,𝜔𝑚 is the mechanical resonance frequency, 𝐴̂ and 𝐴̂† are the annihilation and
creation operators of the cavity mode, 𝑐(𝜔0+Ω) and 𝑐†(𝜔0+Ω) are the annihilation
and creation operators of the external vacuum light field at frequency𝜔0+Ω,𝐺 is the
linear optomechanical coupling constant, and 𝛾 is the decay rate of the cavity mode.
The position and momentum operators of the mirror are related to the creation and
annihilation operators of the mechanical mode by

𝑥 =

√︄
ℏ

𝑀𝜔𝑚

(
𝐵̂ + 𝐵̂†)
√

2
, 𝑝 =

√︁
ℏ𝑀𝜔𝑚

(
𝐵̂ − 𝐵̂†)
√

2𝑖
. (4.2)

Note that for the sake of convenience we chose a displaced frame where all operators
have zero mean. The mode operators satisfy the canonical commutation relations,

[ 𝐴̂, 𝐴̂†] = [𝐵̂, 𝐵̂†] = 1. (4.3)

aLIGO detectors are power- and signal-recycled Fabry-Perot Michelson interfer-
ometers, which contain a high number of degrees of freedom. However, the core
optomechanics can still be studied by the Hamiltonian given above; this reduction
manifests itself in the "scaling-law" relations governing aLIGO’s sensitivity as pa-
rameters of the signal-recycling cavity are modified [38]. From the scaling-law, the
coupling constant 𝐺 is related to the parameters of the interferometer by,

𝐺 =

√︂
2𝜔0𝑃𝑐

ℏ𝐿𝑐
, (4.4)

where 𝐿 is the arm length of the interferometer (i.e. the cavity length), 𝑃𝑐 is the
power circulating inside the cavity, and 𝑐 is the speed of light in vacuum.
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We can transform the Hamiltonian such that the cavity mode ( 𝐴̂, 𝐴̂†) couples with
the traveling wave at 𝑧 = 0 (where the point-wise cavity interface is located). To
do this, we notice that the symbol Ω in Eq. (4.1) is used to label a spatial mode
which has a reduced wavenumber of Ω/𝑐, and a free oscillation frequency of Ω.
More specifically, 𝜔0 +Ω is used to indicate a spatial mode whose wave number is
(𝜔0 +Ω)/𝑐, where 𝑐 is the speed of light. We can also write the same Hamiltonian
in the spatial domain. Following [47] and setting 𝑐 = 1, we define

𝑐(𝑧) =
∫ ∞

−∞

𝑑Ω

2𝜋
𝑐(𝜔0 +Ω)𝑒𝑖Ω𝑧 , (4.5)

which represents a spatial mode of the light field with wave numberΩ—or a temporal
mode of the free light field with frequency Ω, since we assume no dispersion. The
Hamiltonian can then be rewritten as

𝐻 = ℏ𝜔𝑚 𝐵̂
†𝐵̂ + ℏΔ𝐴̂† 𝐴̂ − ℏ𝐺𝑥( 𝐴̂† + 𝐴̂) − 𝑖ℏ

∫ ∞

−∞
𝑐†(𝑧)𝜕𝑧𝑐(𝑧) 𝑑𝑧

+ 𝑖ℏ
√︁

2𝛾 [ 𝐴̂†𝑐(𝑧 = 0) − 𝐴̂𝑐†(𝑧 = 0)] . (4.6)

The only non-zero commutators for the creation and annihilation operators, as well
as the spatial modes of the light field are

[𝑐(𝜔0 +Ω), 𝑐†(𝜔0 +Ω′)] = 2𝜋𝛿(Ω −Ω′) , (4.7a)

[𝑐(𝑧), 𝑐†(𝑧′)] = 𝛿(𝑧 − 𝑧′) , (4.7b)

where 𝛿 is the Dirac delta distribution. We then use 𝑢̂ := 𝑐(𝑧 = 0−) and 𝑣̂ :=
𝑐(𝑧 = 0+) to label the field right before entering and right after exiting the cavity,
respectively.

In this chapter, we restrict ourselves to Δ = 0. In this resonant case, the system
is unconditionally stable and it reaches a steady state, in which the Heisenberg
equations can be solved using Fourier transformation3. To write down and solve
the Heisenberg equations, instead of annihilation and creation operators we use the
Caves-Schumaker quadrature operators [43, 236]:

𝑢̂1(Ω) =
𝑢̂(𝜔0 +Ω) + 𝑢̂†(𝜔0 −Ω)

√
2

, (4.8a)

𝑢̂2(Ω) =
𝑢̂(𝜔0 +Ω) − 𝑢̂†(𝜔0 −Ω)

√
2𝑖

, (4.8b)

3We use the convention F { 𝑓 (𝑡)} =
∫ ∞
−∞ 𝑓 (𝑡)𝑒𝑖𝜔𝑡𝑑𝑡.



62

where 𝑢̂†
𝑗
(Ω) = 𝑢̂ 𝑗 (−Ω). Quadratures 𝑣̂1(Ω) and 𝑣̂2(Ω) are defined from 𝑣̂(𝜔0 +Ω)

and 𝑣̂(𝜔0 −Ω) in a similar fashion. Their commutation relations are [58]

[𝑢̂1(Ω), 𝑢̂2(Ω′)] = [𝑣̂1(Ω), 𝑣̂2(Ω′)] = 𝑖2𝜋𝛿(Ω +Ω′) , (4.9a)

[𝑢̂ 𝑗 (Ω), 𝑢̂ 𝑗 (Ω′)] = [𝑣̂ 𝑗 (Ω), 𝑣̂ 𝑗 (Ω′)] = 0 , (4.9b)

for 𝑗 = 1, 2. Then, in the time domain, we have

𝑢̂ 𝑗 (𝑡) =
∫ ∞

−∞

𝑑Ω

2𝜋
𝑢̂ 𝑗 (Ω)𝑒−𝑖Ω𝑡 , (4.10a)

[𝑢̂1(𝑡), 𝑢̂2(𝑡′)] = 𝑖𝛿(𝑡 − 𝑡′) , (4.10b)

[𝑢̂1(𝑡), 𝑢̂1(𝑡′)] = [𝑢̂2(𝑡), 𝑢̂2(𝑡′)] = 0 , (4.10c)

for 𝑗 = 1, 2. We similarly define quadrature operators 𝐴̂1,2 and 𝐵̂1,2, in the time
domain, with

𝐴̂1(𝑡) =
𝐴̂(𝑡) + 𝐴̂†(𝑡)

√
2

, 𝐴̂2(𝑡) =
𝐴̂(𝑡) − 𝐴̂†(𝑡)

√
2𝑖

, (4.11)

and similarly for 𝐵̂1,2. We also have

[ 𝐴̂1(𝑡), 𝐴̂1(𝑡)] = [ 𝐴̂2(𝑡), 𝐴̂2(𝑡)] = 0 , [ 𝐴̂1(𝑡), 𝐴̂2(𝑡)] = 𝑖 , (4.12)

and the same for 𝐵̂1,2. Note here that the commutators are for same-time operators.

We include two classes of "classical" noises [58] in our system: a force noise 𝑛̂𝐹 and
a sensing noise 𝑛̂𝑋 , originally arising from a quantum treatment of the interaction
of the system with its environment. We label them as "classical" noises because we
assume that the details – and possible quantum limit – of a microscopic model of
these noises are irrelevant (typically because they arise from thermal baths in the
high temperature limit) unlike the noise arising from vacuum fluctuations, 𝑢̂1(Ω) and
𝑢̂2(Ω). Force noise affects the center-of-mass motion of the mechanical oscillator
by introducing fluctuations in its momentum. We also introduce a velocity damping
of the oscillator, with a damping rate 𝛾𝑚. 𝛾𝑚 and 𝑛𝐹 are associated with the heat
bath(s) the mass is coupled to, with the value of 𝛾𝑚 and the spectrum of 𝑛𝐹 related
by the fluctuation-dissipation theorem [150]. Sensing noise affects how the position
is measured by the light field. In our model below it arises from fluctuations of the
reflecting surface that introduces noise in the cavity field.
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In the Heisenberg picture, the dynamics are given by the Langevin equations of
motion. In the Fourier domain they are written as

−𝑖Ω𝐴̂1 = −𝛾𝐴̂1 +
√︁

2𝛾𝑢̂1 , (4.13a)

−𝑖Ω𝐴̂2 = −𝛾𝐴̂2 +
√︁

2𝛾𝑢̂2 +
√

2𝐺 (𝑥 + 𝑛̂𝑋) , (4.13b)

−𝑖Ω𝑥 = 𝑝/𝑀 , (4.13c)

−𝑖Ω𝑝 = −𝛾𝑚𝑝 − 𝑀𝜔2
𝑚𝑥 +

√
2ℏ𝐺𝐴̂1 + 𝑛̂𝐹 , (4.13d)

𝑣̂1 = 𝑢̂1 −
√︁

2𝛾𝐴̂1 , (4.13e)

𝑣̂2 = 𝑢̂2 −
√︁

2𝛾𝐴̂2 . (4.13f)

We refer to Eqs. (4.13) as the Heisenberg equations for the rest of the chapter. It
is straightforward to solve them to obtain (𝑥, 𝑝, 𝐴̂1,2, 𝑣̂1,2) in terms of the input
fields, (𝑢̂1,2, 𝑛̂𝑋 , 𝑛̂𝐹), referred to as the input-output relations of the system. More
specifically, quantum fluctuations in the in-going quadratures 𝑢̂1,2(Ω) drive the
system’s quantum noise [138]. From Eq. (4.13e) and (4.13f), reading the outgoing
field quadratures are subject to noises in 𝑢̂1 and 𝑢̂2, giving rise to the shot noise (SN)
for that readout strategy [138]. On the other hand, from Eq. (4.13a), we see that 𝑢̂1

drives 𝐴̂1, which in Eq. (4.13d) drives the momentum of the test mass, which then
shows up in the position of the test mass via Eq. (4.13c), giving rise to quantum
radiation pressure noise (QRPN), also known as back action noise in the literature.
In general, the power spectrum of the SN is inversely proportional to circulating
power in the cavity, while that of the QRPN is proportional to circulating power.

4.3 Entanglement Criteria and Partitions
Here, we summarize the entanglement criteria (PPT criterion) that we initially
described in Sec. 3.4. The canonical commutation relations imply that V + 1

2K is
positive semi-definite, where V is the covariance matrix with V𝑖 𝑗 = ⟨{𝑋̂𝑖−⟨𝑋̂𝑖⟩, 𝑋̂ 𝑗 −
⟨𝑋̂ 𝑗 ⟩}⟩/2 and K𝑖 𝑗 = [𝑋̂𝑖, 𝑋̂ 𝑗 ] is the commutator matrix of the quadratures in the
system. This relation can be stated as

V + 1
2

K ≥ 0 . (4.14)

Here for an 𝑁-partite system containing 𝑁 harmonic oscillators, the matrices V and
K are 2𝑁-dimensional.

To test for bipartite entanglement in a multimode system, we use the PPT criterion,
which is necessary and sufficient to test for the separability of one of the modes
from the rest for Gaussian systems [202, 4, 268].
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To use the PPT criterion in this context, one obtains the partial-transposed covariance
matrix Vpt by reverting the momentum of that one mode (which puts a minus sign
on the column and the row that contains the momentum in question) [243]. The
PPT criterion for separability is expressed as

Vpt +
1
2

K ≥ 0 ⇔ Separability . (4.15)

The amount of entanglement is quantified by the logarithmic negativity, 𝐸N [261].
For a Gaussian state of N modes, it is defined as

𝐸N =

𝑁∑︁
𝑗=1

max{0,− ln
(
𝜈̃ 𝑗

)
} , (4.16)

where 𝜈̃ 𝑗 , 𝑗 = 1, . . . 𝑁 are the symplectic eigenvalues of the partially transposed
covariance matrix, Vpt, which are given by the absolute values of the eigenvalues of
K−1Vpt. For 1 vs. 𝑁 − 1 mode partitions, only one of the symplectic eigenvalues of
Vpt can have a magnitude smaller than 1 [238], therefore there can be at most one
negative eigenvalue of Vpt + 1

2K. We label the corresponding symplectic eigenvalue
as 𝜈̃𝑚𝑖𝑛.

Using the PPT criterion, we test for entanglement between the mechanical oscillator
and the optical field in two ways: first, we construct the covariance matrix V with
the mechanical mode and the modes of the light field, essentially tracing out the
cavity mode. Here, we perform the partial transpose operation with respect to the
mechanical oscillator. Second, we include the cavity mode in the covariance matrix
while still taking the partial transpose with respect to the mechanical oscillator,
which corresponds to measuring the entanglement between the oscillator and the
joint system of the cavity plus external light field. The two ways of partitioning are
depicted in Fig. 4.1. The elements of the covariance matrix V for both types of
partitions, as well as the discretization of V, can be found in Appendix B.1.

4.4 Entanglement in the Presence of Non-Markovian Noises
Due to the numerical nature of the algorithm, we can tackle any noise spectral
density associated with 𝑢̂1(Ω), 𝑢̂2(Ω), 𝑛̂𝐹 (Ω) and 𝑛̂𝑋 (Ω) using the PPT criterion
defined in Eq. (4.15) to determine whether entanglement is present for a given
partition. Conversely, this problem is analytically solvable only for some simplified
noise models to our knowledge, such as assuming all the noise sources to have a
white spectrum [175, 103].
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To show the usefulness of the method, we investigate entanglement in heavy sus-
pended oscillators with relatively low mechanical resonance frequencies. Examples
of such systems are aLIGO, KAGRA [247], and VIRGO [3], but also smaller devices
such as those in [54, 146]. For such systems, the mechanical resonance frequency,
𝜔𝑚, is much smaller than the other frequencies of the system, which is referred to
as the free-mass limit. In this setting, 𝜔𝑚 essentially does not affect the dynamics.
Furthermore, in this limit where Ω ≫ 𝜔𝑚, 𝛾𝑚, the trade-off between shot noise and
QRPN gives rise to the SQL [31], given by

𝑆 SQL(Ω) =
2ℏ
𝑀Ω2 . (4.17)

In the context of suspended oscillators, 𝑛̂𝐹 (Ω) is the force that gives rise to the
suspension thermal noise, whereas 𝑛̂𝑋 (Ω) is an effective displacement that gives
rise to coating thermal noise. When thermal noise is due to the internal friction of
the suspension or the oscillator, the noise spectrum of 𝑛̂𝐹 (Ω) and 𝑛̂𝑋 (Ω) decreases
as 1/Ω above internal resonances, which is referred to as structural damping [227,
88, 189]. Evidently, structural damping gives rise to non-Markovian noises, and
the position-referred noise spectral densities of 𝑛̂𝐹 (Ω) and 𝑛̂𝑋 (Ω) are given, in the
free-mass limit, by

𝑆𝐹 (Ω) =
2ℏ
𝑀

Ω3
𝐹

|Ω|5
, 𝑆𝑋 (Ω) =

2ℏ
𝑀

1
Ω𝑋 |Ω| , (4.18a)

where Ω𝐹 and Ω𝑋 are the frequencies where the respective noise curves cross the
SQL, given in Eq. (4.17). Accordingly, they encode the strength of the noise
processes 𝑛𝐹 and 𝑛𝑋 , relative to the SQL level. For 𝑛̂𝐹 (Ω), the position-referred
spectrum is related to the noise spectral density, labeled as 𝑆𝑛𝐹 (Ω), with 𝑆𝐹 (Ω) =
𝑆𝑛𝐹 (Ω)/𝑀2Ω4, whereas for 𝑛̂𝑋 (Ω), the position-referred spectrum 𝑆𝑋 (Ω) is also the
noise spectral density 𝑆𝑛𝑋 (Ω)4. The incoming field quadratures 𝑢̂ 𝑗 have uncorrelated
white spectra given by Eq. (B.8), since we assume the incoming field to be at vacuum
state.

In the limit of large cavity bandwidth, 𝛾 ≫ Ω the cavity can be eliminated adiabat-
4To find spectra of the form of Eqs. (4.18), one assumes the free-mass and high-𝑄 limits where

the mechanical susceptibility behaves as 1/Ω2; additionally, one must be in frequency ranges where
𝑆𝑛𝐹 and 𝑆𝑛𝑋 are constant beyond the polynomial roll-off – typical at frequencies above the resonance
of suspended oscillators.
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ically. Then, the equations of motion in (4.13) are modified as

𝑣̂1(Ω) = 𝑢̂1(Ω) , (4.19a)

𝑣̂2(Ω) = 𝑢̂2(Ω) + 𝛼(𝑥(Ω) + 𝑛̂𝑋 (Ω)) , (4.19b)

−𝑖Ω𝑝(Ω) = −𝛾𝑚𝑝(Ω) − 𝑀𝜔2
𝑚𝑥(Ω) + ℏ𝛼𝑢̂1(Ω) + 𝑛̂𝐹 (Ω) , (4.19c)

−𝑖Ω𝑥(Ω) = 𝑝(Ω)/𝑀 , (4.19d)

where 𝛼 = Ω𝑞

√︁
𝑀/ℏ and Ω𝑞 = 2𝐺

√︁
ℏ/𝑀𝛾 is the characteristic interaction fre-

quency. In the context of structural damping, there is no velocity damping, instead,
the damping arises from a complex spring constant associated with the mechanical
oscillator. Accordingly, Eq. (4.19b) is modified as

−𝑖Ω𝑝(Ω) = −𝑀𝜔2
𝑚 (1 + 𝑖 𝜙(Ω))𝑥(Ω) + ℏ𝛼𝑢̂1(Ω) + 𝑛̂𝐹 (Ω) , (4.20)

where 𝜙(Ω) is referred to as the loss angle. When structural damping is present,
𝜙(Ω) is constant for a large band of frequencies and goes to zero as Ω → 0,
however the dependence of 𝜙(Ω) to Ω depends on the properties of the material
[227]. Numerically, we choose to model this with 𝜙(Ω) = 𝜙 · Ω/(Ω + Ω𝑐), so that
𝜙(Ω) ≈ 𝜙 for Ω ≫ Ω𝑐 and 𝜙(0) = 0 for some cutoff frequency Ω𝑐. Then, Ω𝑐

determines the noise power of 𝑛̂𝐹 and 𝑛̂𝑋 at 0 Hz.

We fix 𝜔𝑚/(2𝜋) = 1 Hz, Ω𝐹/(2𝜋) = 100 Hz, Ω𝑐/(2𝜋) = 0.05 Hz, 𝜙 = 0.05,
and vary Ω𝑋 and Ω𝑞. Note that the aim of these choices is to ensure that Ω𝐹 ≫
𝜔𝑚, i.e. that the free-mass limit is justified. This choice also implies the large
bath temperature limit where 𝑘𝐵𝑇 ≫ ℏ𝜔𝑚, 𝑇 being the temperature of the bath.
Furthermore, Ω𝑞 ≫ 𝜔𝑚 ensures that the measurement of the system performed by
light is faster than the dynamics of the system. Lastly, we perform the simulations
by sampling the covariance matrix for 𝜏 = 0.1 s, from 𝑡 = −0.1 s to t=0 s, where
𝑡 indicates the time (for the sampling of the covariance matrix, see Appendix B.1).
Hence, we cannot resolve the very low frequency regime of Ω𝑐. Physically, this
corresponds to the finite detection frequency resolution that renders the behavior
of 𝜙 at the cutoff inaccessible. In this sense, one might expect Ω𝑐 to be irrelevant.
However, we see that it does affect the final characterisation of entanglement, due to
its contribution to the total variance of the quadratures of the mechanical oscillator.

After specifying the low-frequency behavior of 𝜙withΩ𝑐, the relevant parameters on
which the presence of entanglement depends are Ω𝑞, Ω𝐹 , and Ω𝑋 . Then, working
in the free-mass limit enables us to examine the general behavior of suspended
oscillators with low mechanical resonance frequencies, classified by their coating
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Figure 4.2: Logarithmic negativity between the mechanical oscillator and the out-
going light field in the free-mass limit as a function of Ω𝑋/Ω𝐹 for various Ω𝑞/Ω𝐹 .
We plot the results for Markovian and non-Markovian force and sensing noise with
dashed and plain lines, respectively. Note that entanglement does not exist for
Ω𝑋/Ω𝐹 ≲ 1 with Markovian and for Ω𝑋/Ω𝐹 ≲ 2.6 with non-Markovian noise
sources, for𝜔𝑚/(2𝜋) = 1 Hz, 𝛾𝑚/(2𝜋) = 0.01 Hz, 𝜙 = 0.05, and a cutoff frequency
of Ω𝑐/(2𝜋) = 0.05 Hz.

materials and suspension systems (i.e. the low-frequency behavior of 𝜙). Therefore,
we look for entanglement between the oscillator and the outgoing light field by
varying the ratio Ω𝑋/Ω𝐹 for various Ω𝑞 in Fig. 4.2, and we plot the results with
plain lines. We find that for Ω𝑐/(2𝜋) = 0.05 Hz, entanglement does not exist for
Ω𝑋/Ω𝐹 ≲ 2.6 for any value of Ω𝑞. For Ω𝑋/Ω𝐹 ≳ 2.6, the system is entangled
for any (finite) Ω𝑞, and the entanglement increases monotonically with increasing
Ω𝑋/Ω𝐹 . This is in line with the universality of entanglement, as we discussed in
Chapter 3. We also note that the threshold for Ω𝑋/Ω𝐹 above which the system
is entangled depends on the low-frequency cutoff Ω𝑐 chosen in our model for the
spectra of 𝑛̂𝐹 and 𝑛̂𝑋 . We saw that the threshold is inversely proportional to the
cutoff frequency.

In order to see the significance of non-Markovianity on the results, we repeat the
same procedure with a white force and sensing noise. The noise spectra are given by
𝑆𝑛𝐹 (Ω) = 2ℏ𝑀Ω2

𝐹
, 𝑆𝐹 (Ω) = 2ℏΩ2

𝐹
/𝑀Ω4, and 𝑆𝑛𝑋 (Ω) = 𝑆𝑋 (Ω) = 2ℏ/𝑀Ω2

𝑋
. The

results can again be found in Fig. 4.2, plotted with dashed lines, where the system is
not entangled for any Ω𝑞 when Ω𝑋/Ω𝐹 ≲ 1, whereas for Ω𝑋/Ω𝐹 ≳ 1, entanglement
exists for all Ω𝑞 and the amount of entanglement increases with increasing Ω𝑞.
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Figure 4.3: aLIGO noise budget obtained from pygwinc. Only the dominant
classical noise sources are plotted, along with the quantum noise. The total force
noise in the system is the sum of the seismic noise and the suspension thermal noise,
which is effective at low frequencies. The coating Brownian thermal noise is taken
as the main constituent of the sensing noise. As can be seen from the figure, quantum
noise dominates over the sensing noise by a large margin at high frequencies.

4.5 Noise Model of aLIGO
The primary noise sources in aLIGO, other than the quantum noise, are the following
[52]: seismic noise and suspension thermal noise are the main constituents of the
force noise, and mirror coating thermal noise constitutes the sensing noise. The
noise spectrum is dominated by seismic and thermal noise at low frequencies (up to
100 Hz), and quantum noise at high frequencies, cf. Fig. 4.3. The interferometer
noise is stationary and Gaussian to very good approximation in the absence of
glitches (i.e. transient noise artifacts) [1].

Seismic noise occurs because of the ground motion at the interferometer sites. This
motion is ∼ 10−9m/

√
Hz at 10 Hz [171]. To provide isolation from this motion, the

mirrors are suspended from quadruple pendulums [12]. The primary components of
thermal noise are suspension thermal noise and coating Brownian noise. Suspension
thermal noise occurs due to loss in the fused silica fibers used in the final suspension
stage [52], whereas the coating Brownian noise (which is classified as a sensing
noise) occurs due to the mechanical dissipation in the coatings [161]. Other types of
sensing noise comprise many noise sources that are dominant at high frequencies,
such as thermal fluctuations of the mirror’s shape, optical losses, or photodetection
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inefficiency [184]. The noise budget of aLIGO can be found in Figure 4.3.

Due to the classification above, we represent the sum of the seismic and the suspen-
sion thermal noise with 𝑛̂𝐹 (Ω), and the coating thermal noise with 𝑛̂𝑋 (Ω). We use
the aLIGO noise budgets as given by the Python Gravitational Wave Interferometer
Noise Calculator library (pygwinc) [222] and we model them with rational functions
of Ω2. The noise spectra are modeled by

𝑆𝐿𝐼𝐺𝑂𝐹 (Ω) =
𝜏𝐹𝛼𝐹1(

Ω
𝜔𝐹
𝛼𝐹2

)14
+ 1

, (4.21a)

𝑆𝐿𝐼𝐺𝑂𝑋 (Ω) = 𝜏𝑋1

(
Ω

𝜔𝑋

)2
𝛼𝑋1 + 𝜏𝑋2𝛼𝑋2 , (4.21b)

where 𝑆𝐿𝐼𝐺𝑂
𝐹

(Ω) is the spectrum of the force noise, and 𝑆𝐿𝐼𝐺𝑂
𝑋

(Ω) is the spectrum
of the sensing noise. We model 𝑆𝐿𝐼𝐺𝑂

𝐹
(Ω) to decay as Ω−14 instead of Ω−16 (which

is the expected behavior for quadruple suspension systems) since it performs better
at approximating the global behavior. The power spectral densities are characterized
by the time constants 𝜏𝐹 , 𝜏𝑋1 , 𝜏𝑋2 and cutoff frequencies 𝜔𝐹 , 𝜔𝑋 . The values of
these parameters can be found in Appendix B.2, Table B.1. 𝛼𝐹1 , 𝛼𝐹2 , 𝛼𝑋1 , and 𝛼𝑋2

are dimensionless constants that will be used to change the noise curves in Section
4.6. Their effect on the noise curves can be seen in Fig. 4.4. If we set all of them to
be unity, we get our model of aLIGO noise curves.

Even though the parameters of aLIGO are well-known, they need to be recomputed
since we are reducing the antisymmetric mode of the interferometer to a single
cavity. The relation between the parameters of the antisymmetric mode and the
parameters of the reduced cavity has already been computed [38], however, we
choose to work numerically and find the parameters of the reduced cavity 𝐺, 𝛾,
𝑀 , 𝛾𝑚, 𝜔𝑚, and 𝐿 by fitting aLIGO’s quantum noise spectrum found in pygwinc.
The parameters for the modeled classical and quantum noise curves can be found in
Appendix B.2, Table B.2.

4.6 Entanglement in aLIGO
In aLIGO, the spectrum is dominated by force noise for low frequencies and quantum
noise for high frequencies, therefore we expect the sensing noise not to affect the
entanglement significantly, which we observed with our numerics. Then, we focus
on the effect of the force noise on the entanglement and use the parameters 𝛼𝐹1 and
𝛼𝐹2 to modify the force noise spectrum, and set 𝛼𝑋1 = 𝛼𝑋2 = 1 throughout all of the
following subsections. We also introduce resonant modes to investigate the system
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Figure 4.4: Force (top row) and sensing noise (bottom row) spectra parametrized
by 𝛼𝐹1 , 𝛼𝐹2 , 𝛼𝑋1 , and 𝛼𝑋2 . The effect of 𝛼𝐹1 is to raise and lower the nominal noise
strength below the cutoff frequency and 𝛼𝐹2 shifts the cutoff frequency. Similarly,
𝛼𝑋1 shifts the cutoff frequency where the sensing noise starts increasing as Ω2,
whereas 𝛼𝑋2 shifts the nominal noise level.
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Figure 4.5: The effect of the force noise spectrum on the logarithmic negativity
when we do not trace over the cavity. Note that the force noise levels increase
toward the bottom-right of the figure and our fit of aLIGO’s operation regime is for
𝛼𝐹1 = 𝛼𝐹2 = 1.

as accurately as possible. Intuitively, we expect the entanglement to be destroyed in
the presence of high classical noise levels.

Effect of Force Noise
First, we investigate the effect of the force noise spectrum on entanglement and we
calculate the logarithmic negativity 𝐸N as a function of 𝛼𝐹1 and 𝛼𝐹2 , for both of
the partitions described in Sec. 4.3. For all pairs 𝛼𝐹1 and 𝛼𝐹2 here, we find larger
logarithmic negativity values when we do not trace over the cavity. The results for
the partition where we do not trace over the cavity can be found in Fig. 4.5. The
amount of entanglement in the system diminishes when the force noise increases:
that is, towards the bottom-right of the plot where 𝛼𝐹1 increases (proportional to the
DC noise power) and 𝛼𝐹2 decreases (inversely proportional to the noise bandwidth),
cf. Sec. 4.5 and Fig. 4.4. Our fit of aLIGO’s force noise level is for 𝛼𝐹1 = 𝛼𝐹2 = 1,
hence this plot is for a comparatively low level of force noise. Further to the bottom-
right, the numerics become unstable and do not converge due to the wide range of
orders of magnitude entering the calculation; see Appendix B.2 for a discussion of
the numerical implementation. Therefore, we cannot give a definite answer about
optomechanical entanglement in aLIGO with our model yet.

Next, we look for entanglement in the absence of the seismic noise, since it is the
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dominating contribution to the force noise of the system. Not being subjected to
seismic noise is a realistic scenario for space-based gravitational-wave interferom-
eters, such as the Laser Interferometer Space Antenna [265]. For aLIGO, in the
absence of seismic noise, suspension thermal noise dominates the spectrum for low
frequencies, which is modeled as

𝑆𝑆𝑇 (Ω) =
𝜏𝑆𝑇

(Ω/𝜔𝑆𝑇 )8 + 1
, (4.22)

similar to how the total force noise was modeled in Sec. 4.5. The parameters 𝜏𝑆𝑇
and 𝜔𝑆𝑇 can be found in Table B.1. Without changing the other parameters in the
system, we find that we can achieve negativities of 1.52 and 1.72 for the partitions
where we do and do not trace over the cavity, respectively. This means that, in the
absence of seismic noise, aLIGO has stationary optomechanical entanglement in its
current operating regime.

Effect of Low-Frequency Resonances
Both the classical and the quantum noise curves contain many resonances, as can
be seen from Fig. 4.3. The resonances in the seismic and suspension thermal noise
arise from the displacement noises of the rigid-body resonant modes of the 4-stage
suspension system [12]. These modes can be modeled with a sum of Lorentzians
multiplying the force noise spectrum defined in Eq. (4.21). Then, the new formula
defining the spectrum of the force noise is given as

𝑆𝑅𝐹 (Ω) =
𝜏𝐹𝛼𝐹1(

Ω
𝜔𝐹
𝛼𝐹2

)14
+ 1

(
1
∑︁
𝑖

𝐴2
𝑣𝑖

(Ω −Ω𝑣𝑖 )2 + ( 1
2Γ𝑣𝑖 )2

)
with Ω > 0 , (4.23a)

𝑆𝑅𝐹 (Ω) = 𝑆𝑅𝐹 (−Ω) , (4.23b)

where the sum is over the resonant modes. The parameters Ω𝑣𝑖 , Γ𝑣𝑖 , and 𝐴𝑣𝑖 are
the mode frequencies, full widths at half maximum (FWHM), and the amplitudes
of the Lorentzians, respectively, and they are listed in Appendix B.2, Table B.3 for
the modes with the biggest relative amplitudes.

We investigate the effect of the resonant modes on the entanglement. In Fig. 4.6,
with low force noise guaranteeing well-behaved numerics and setting 𝛼𝐹2 = 1, we
plot 𝐸N for noise curves with and without these modes (orange and gray, resp.)
and for both partitions (circles when the cavity is traced out). We see explicitly
here that there is more entanglement in the partition where we do not trace over
the cavity. For low noise (low 𝛼𝐹1), the negativity remains unchanged, hence the
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Figure 4.6: The effect of resonant modes on the logarithmic negativity, 𝐸N , for
both partitions. We see that the negativity reduces with increasing 𝛼𝐹1 or with the
introduction of resonant modes. Note that 𝛼𝐹2 = 1.

resonant modes do not affect the entanglement significantly in this regime. As the
level of noise increases, resonant modes cause the logarithmic negativity to decrease
faster than the negativities calculated without the resonant modes for both partitions.
The system becomes separable when resonant modes are included for 𝛼𝐹1 ≈ 10−15

and 𝛼𝐹1 ≈ 10−12 when we do and do not trace over the cavity, respectively. It seems
reasonable to expect that entanglement will not emerge when force noise becomes
stronger. Hence, extrapolating 𝛼𝐹1 → 1, this is evidence (but not a rigorous proof)
that aLIGO in its current operation regime (but without squeezed input) probably
contains no optomechanical entanglement.

4.7 Discussion and Conclusions
In this chapter, we developed a framework to determine and quantify bipartite
entanglement in an optomechanical system in the non-sideband-resolved regime, in
the presence of non-Markovian Gaussian noises. The main novelty of our work is to
enable the study of non-Markovian noise drives, which are common in devices with
low mechanical frequencies, typically associated with large/macroscopic masses.
Hence, we focused on macroscopic entanglement and used a free mass with structural
damping and coating Brownian noise as an initial example, and then aLIGO as
a more detailed case study. However, non-Markovian noise can also be found
in optomechanical systems with higher frequencies [71, 99, 100, 173], and our
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framework can be applied to them in the same way. Besides improving the quality
and accuracy of predictions, modeling non-Markovian dynamics is rich in interesting
physics and possibly useful phenomena: for example, in Ref. [173], they find that
squashing/squeezing the mechanical state is less demanding in the presence of
structural damping compared to Markovian viscous damping.

We tested for bipartite entanglement by looking at the separability between the
mechanical oscillator and (i) the outgoing light field, and (ii) the joint system of the
cavity and the outgoing light field. For low levels of classical noise, we saw that the
latter partition is more entangled compared to the former. However, for high levels
of classical noise, we did not see a significant advantage in using one partition over
the other.

In the low mechanical frequency regime, where the free-mass limit approximation
holds, we found that the presence of entanglement is independent of the coherent
optomechanical interaction strength and depends only on the relative strength of
force and sensing noise. This result is similar to that already found in [176] for
white noise drive. Beyond the free-mass limit approximation, by parametrizing
the noise curves of aLIGO, we were able to find a region of noise curves where
entanglement exists, and we showed that there is a trade-off between the overall noise
level and the cutoff frequency. Due to the high level of the current classical noise in
aLIGO, we were not able to reach a definite conclusion in terms of the existence of
entanglement in the system, even though it is unlikely to have a significant amount of
entanglement based on our simulations. However, we saw that entanglement exists
if we assume a system without seismic noise, even when the suspension thermal
noise is still present. This is an important result since it shows that classical noises,
even at very low frequencies, are able to demolish entanglement.

We also looked at how resonances in the noise curves of the system affect the
amount of entanglement, and we saw that entanglement is more resistant (i.e. it
disappears for higher levels of classical noise) for the partition where we test for
the separability between the mechanical oscillator and the joint system of the cavity
and the outgoing light field. For future work, we plan to develop better sampling
strategies to overcome numerical instabilities.
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C h a p t e r 5

BAYESIAN PHASE ESTIMATION WITH BLOCKS OF GHZ
STATES

5.1 Introduction
Quantum metrology studies fundamental precision limits in physical measurements
imposed by quantum physics1. Recent advances in this field have led to novel
protocols and improved precision for a variety of sensing devices: magnetometers
[32, 18], atomic clocks [27, 224, 131, 169, 221, 68, 73, 41], nano-NMR [232, 28, 6,
231, 51], and atom interferometers [226, 195] to name a few. Many of these sensing
applications can effectively be described as a single-shot phase estimation with an
ensemble of 𝑁 qubits, where an unknown phase 𝜙, due to e.g. an electromagnetic
field is imprinted on the qubits and is estimated after performing a measurement on
the system.

A conventional phase estimation protocol is Ramsey interferometry, where the qubits
are set to an initial state that is a superposition of the eigenstates of the computational
basis, and are subjected to a projective measurement in the same basis after sensing
𝜙. The precision limits of this scheme are well established: the estimated phase
standard deviation (STD) scales as 1/

√
𝑁 when uncorrelated qubits are used as the

initial state, also known as the standard quantum limit (SQL) [204]. Employing
a suitable entangled state as the initial state, it is possible to achieve an improved
estimation uncertainty that scales as 1/𝑁 , referred to as the Heisenberg limit (HL)
or Heisenberg scaling (HS) in the literature [84]. The initial state that achieves the
minimum possible estimation uncertainty is referred to as the optimal initial state.

The two approaches to the phase estimation problem in the literature are (i) the
frequentist approach, where the unknown phase 𝜙 is assumed to be a deterministic
parameter and it can be measured many times. (ii) The Bayesian approach, where 𝜙
is assumed to be a stochastic variable and a single-shot phase estimation is performed
[145]. In the Bayesian approach, the prior information about 𝜙 is encoded in a prior
distribution P𝛿𝜙 (𝜙), with a standard deviation of 𝛿𝜙, also referred to as the prior

1This chapter is adapted from: S. Direkci et al., "Heisenberg-limited Bayesian phase esti-
mation with low-depth digital quantum circuits," npj Quantum Information 12, 1 (2026), DOI:
10.1038/s41534-025-01177-9. Published by Springer Nature under a Creative Commons Attribu-
tion 4.0 International (CC BY 4.0) license.
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Figure 5.1: Summary of contributions. We propose a scheme that, given the prior
width 𝛿𝜙 and the total number of qubits 𝑁 , computes the optimal partition over
blocks of GHZ states, as well as optimal local, adaptive measurements. Partitions
of blocks of GHZ states can be used to approximate the optimal initial states for
phase estimation. If optimal measurements are available, blocks of GHZ states
approximately reach the benchmark sensitivity for all prior widths. If local, adaptive
measurements are used instead, we obtain Heisenberg scaling up to a constant
overhead. Furthermore, optimal partitions can be rescaled to include slow atoms
(atoms that accumulate phases of 𝜙/2, 𝜙/4, . . . ), which enable an extended dynamic
range beyond 𝛿𝜙 ≫ 𝜋. We show that the proposed scheme surpasses other phase
unwinding protocols in the literature that extend the dynamic range.

width. In this chapter, we consider the Bayesian approach, which is relevant to
various applications, e.g. atomic clocks [131].

For the frequentist approach, it is well known that the optimal initial state is the
Greenberger-Horne-Zeilinger (GHZ) state. Such states were analyzed in the liter-
ature extensively, in the context of Ramsey spectroscopy [25, 119, 174], quantum
interferometry [120, 187], quantum lithography [57] and imaging [188, 122]. Con-
versely, for the Bayesian approach, the optimal initial state depends on the shape
of the prior distribution: specifically, the prior width 𝛿𝜙. For a small prior width
(𝛿𝜙 < 1/𝑁 , where 𝑁 is the number of qubits), the GHZ state, combined with local
readout, keeps on performing optimally [167]. However, for prior widths larger than
the dynamical range of the GHZ states (𝛿𝜙 > 1/𝑁), they become sub-optimal. In
this regime of wide prior phase distribution, the optimal initial state is the so-called
sine state, a spin-squeezed state [141] that can be generated by the two-axis counter-
twisting Hamiltonian [129]. Furthermore, the optimal measurement involves a
Quantum Fourier Transform (QFT) followed by a projective measurement on the
computational basis [37, 20, 249, 167]. Lastly, the ultimate estimation precision in
this limit is given by the 𝜋-corrected HL, Δ𝜙 ≈ 𝜋/𝑁 [125, 91].

There is an ongoing experimental effort to achieve below SQL precision levels [118]



77

and to reach the optimal limit in the wide prior regime [131]. A recent experiment
achieved nearly optimal precision levels with trapped ions by optimizing over global
squeezing operations [169]. However, such operations are not available (or scalable)
in many quantum information platforms, e.g. atoms in tweezer arrays [73, 132],
superconducting qubits [14, 207, 260], and more generally quantum computing
devices that rely on circuits of few-qubit gates [192]. That is because generating a
sine state and implementing the QFT measurement both require polynomial depth
circuits [15, 48].

This raises the question: is it possible to saturate the fundamental precision limits,
for any prior width, with constant to logarithmic depth digital quantum circuits?
One particularly practical motivation behind this question is tweezer optical clocks
[194, 168]. This technology emerges as a promising platform for quantum enhanced
clocks, thanks to high fidelity quantum control and readout [73, 41]. However, since
the quantum control in these clocks is limited to digital circuits, it is unknown
whether the optimal precision can be obtained with state-of-the-art capabilities.
Another motivation for this question is quantum phase estimation algorithms, which
are performed using digital quantum devices. It is highly desirable to understand the
fundamental precision limits of these algorithms when implemented with low-depth
circuits [190, 158, 246].

One set of initial states that can be prepared efficiently by digital circuits is an
ensemble of GHZ states with varying numbers of qubits. Such a state contains 𝑚𝑖
copies of GHZ states with 2𝑘𝑖 qubits, where 𝑘𝑖, 𝑚𝑖 ∈ N. We also refer to such states
as blocks of GHZ states, and 𝑚𝑖 as the block size. Several protocols using such
initial states have been proposed in the literature [21, 128, 134, 110]. However, to
our knowledge, the performance of these schemes in the Bayesian setting has not
been investigated (i.e. different prior distributions or prior widths have not been
considered).

Here, we analyze how such initial states perform and compare various measurement
schemes with an increasing level of control. Specifically, we consider a scheme
with a fixed block size adopted from Ref. [134] that employs non-adaptive, qubit-
resolved (local) measurements, as well as a scheme with a varying block size [110]
which further employs single-qubit rotations before measurement. We show that the
scheme with a varying block size surpasses the scheme with a fixed block size and
achieves HS up to a constant overhead, in the large prior width within the dynamic
range regime (𝛿𝜙 = 0.7 rad).
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However, both schemes have several drawbacks. First, they offer exact solutions
only for specific values of the number of qubits. For example, the scheme with a
varying block size offers a solution only for qubit numbers 𝑁 = 2, 9, 26, 63, 140, . . .
Extending these schemes to any number of qubits is highly desirable for near-term
quantum devices that operate with a small number of qubits. Second, they consider
a uniform prior phase distribution in the interval [−𝜋, 𝜋], which is not realistic for
devices such as atomic clocks. This motivates extension to an arbitrary prior width,
and Gaussian prior distributions, which are more relevant for atomic clocks.

We thus propose and analyze the following protocol: we numerically optimize
over all possible partitions of a total number of 𝑁 qubits into blocks of GHZ
states with varying numbers of qubits, assuming a Gaussian prior distribution with
an arbitrary prior width 𝛿𝜙. As for the measurement strategy, we utilize local,
adaptive measurements, instead of local, non-adaptive measurements used in Refs.
[134, 110]. These measurements were introduced in [21], but the performance for
Bayesian phase estimation was not studied. Given the initial state, we optimize over
the local, adaptive measurements and show that this protocol achieves HS for any
given prior width, and surpasses the previously suggested protocols.

To answer our initial question, we show that it is possible to approximately saturate
fundamental precision limits for any prior width, with constant to logarithmic depth
digital quantum circuits. We observe that the initial states used in the proposed
scheme perform almost optimally and reach the fundamental limit of sensitivity
for Bayesian phase estimation for all prior widths, if arbitrary level of control in
measurement schemes is allowed.

Lastly, we discuss the application of these schemes in the context of atomic clocks,
and propose a method to reach the ultimate limit of sensitivity. We do so by
increasing the dynamic range of the proposed scheme, i.e. the interval for which the
phase 𝜙 can be unambiguously estimated, by introducing slow atoms that accumulate
fractional phases. We present a method to allocate the atoms into slow atoms and
GHZ states efficiently, in order to extend the dynamic range with a negligible amount
of additional atoms. We show that our method outperforms existing schemes that
utilize slow atoms by comparing the number of atoms needed to obtain the same
level of sensitivity.



79

5.2 Results
Formulation
We consider a Ramsey interferometry experiment where 𝑁 qubits are initialized in
the state |𝜓𝑖⟩, and undergo a unitary 𝜙-encoding transformation𝑈 (𝜙) such that

𝑈 (𝜙) = 𝑒−𝑖𝜙𝐽𝑧

𝐽𝑧 =
1
2

∑︁
𝑖

𝜎𝑖𝑧, 𝑖 = 1, 2, . . . 𝑁, (5.1)

where𝜎𝑖𝑧 is the Pauli 𝑍 operator for the 𝑖th qubit, we set ℏ = 1, and 𝜙 ∈ R is unknown.
Let us denote the state after the encoding as |𝜓 𝑓 ⟩, with |𝜓 𝑓 ⟩ = 𝑈 (𝜙) |𝜓𝑖⟩. Information
about 𝜙 is obtained through performing positive operator valued measures (POVMs)
on |𝜓 𝑓 ⟩, i.e. a set of positive Hermitian operators {Π𝑥}𝑥 such that

∑
𝑥 Π𝑥 = 1, where

1 is the identity operator. The probabilities of the measurement outcomes are given
by the distribution {𝑝(𝑥 |𝜙)}𝑥 , with 𝑝(𝑥 |𝜙) =

〈
𝜓 𝑓

��Π𝑥 ��𝜓 𝑓 〉. Given a measurement
result, the phase is estimated by an estimator 𝜙𝑒𝑠𝑡 (𝑥), and the accuracy of the phase
estimation for any 𝜙 is defined by the mean-squared error (MSE),

(Δ𝜙)2 =
∑︁
𝑥

𝑝(𝑥 |𝜙) (𝜙 − 𝜙𝑒𝑠𝑡 (𝑥))2 . (5.2)

Given the MSE as a function of 𝜙, we seek to minimize a cost function that quantifies
the overall performance of the phase estimation, for all 𝜙. For this purpose, we
choose to utilize the Bayesian mean squared error (BMSE). Given a prior distribution
of 𝜙, P𝛿𝜙 (𝜙), the BMSE is defined as

(Δ𝜙)2 =

∫
(Δ𝜙)2P𝛿𝜙 (𝜙)𝑑𝜙 . (5.3)

We refer to the square-root of the BMSE, Δ𝜙, as root Bayesian mean squared error
(RBMSE), or the posterior width. We assume a Gaussian prior distribution with a
standard deviation of 𝛿𝜙, defined as

P𝛿𝜙 (𝜙) =
1√︁

2𝜋(𝛿𝜙)2
exp

[
− 𝜙2

2(𝛿𝜙)2

]
. (5.4)

𝛿𝜙 is also referred to as the prior width. Then, given a prior width, the problem
of minimizing the BMSE reduces to optimizing over |𝜓𝑖⟩, {Π𝑥}, and {𝜙𝑒𝑠𝑡 (𝑥)}.
An efficient numerical algorithm for this task was given in [167]. This algorithm
provides the minimal BMSE along with the optimal initial state, the POVM, and the
optimal estimators that saturate it. We refer to this minimal BMSE as the optimal
quantum interferometer (OQI). The OQI constitutes a benchmark for the maximum
attainable sensitivity in Bayesian phase estimation.
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5.3 Phase estimation for atomic clocks
An important application of phase estimation is in the context of optical atomic
clocks [162], where a local oscillator (LO) with a frequency 𝜔𝐿 (𝑡), specifically
a clock laser, is locked to an atomic transition with a frequency 𝜔𝐴. Due to the
fluctuations in the laser frequency, 𝜔𝐿 (𝑡) deviates from 𝜔𝐴, and a phase 𝜙 :=∫ 𝑇

0 (𝜔𝐴 − 𝜔𝐿 (𝑡)) 𝑑𝑡 is accumulated. Here, 𝑇 is the Ramsey time, and it will also
be referred to as the interrogation time. Due to the fluctuating laser frequency,
the accumulated phase 𝜙 is a stochastic variable, distributed according to a prior
distribution with a prior width 𝛿𝜙. For example, 𝛿𝜙 grows with the Ramsey time
as 𝛿𝜙 ∝ 𝑇 for a laser frequency noise spectrum in the form of 𝑆𝜔 ( 𝑓 ) ∝ 1/ 𝑓
[154]. At the end of the interrogation, the accumulated phase 𝜙 is estimated from a
population measurement of the atoms. This estimate is consequently used to correct
the deviations in the laser frequency. After the measurement, the uncertainty on
𝜙 is reduced from 𝛿𝜙 to Δ𝜙, the posterior width, given in Eq. (5.3). Finally, the
atoms are reinitialized to perform a new interrogation. This process is described
in Fig. 5.2a. During the detection and initialization time, the laser frequency
is not interrogated, and this interval is referred to as dead time. Phase diffusion
during the dead time of atomic clocks gives rise to the Dick effect [63]. This effect
however can be circumvented by introducing an additional ensemble of atoms that
enables implementation of a zero-dead time clock [22]. We ignore this effect in the
following discussion. The clock stability is characterized by the Allan deviation of
the frequency, 𝜎𝑦 (𝜏). For a clock operation with 𝑁𝑇 interrogations, each having a
Ramsey time 𝑇 , the Allan deviation ideally follows [134]

𝜎𝑦 (𝜏) =
Δ𝜙

𝜔𝐴
√
𝜏𝑇

(5.5)

where 𝜔𝐴 is the frequency of the atomic transition as mentioned above, 𝜏 = 𝑁𝑇 · 𝑇
is the total duration of the clock operation, or the total interrogation time, and Δ𝜙 is
the posterior width. Note that here, we assume that Δ𝜙 ≪ 𝛿𝜙. If this assumption
fails, the effective uncertainty defined in Eq. (C.4) in Appendix C.1 should be
used instead of the posterior width as the numerator of Eq. (5.5). Stable optical
clocks are obtained through the minimization of 𝜎𝑦 (𝜏), therefore it is desirable
to have long interrogation times 𝑇 , and small posterior widths Δ𝜙. The posterior
width Δ𝜙 depends on the initial state of the atoms, and the measurement strategy.
For example, a coherent spin state (CSS), i.e. uncorrelated atoms, can be used

as the initial state: an 𝑁-qubit CSS is defined as |𝜓CSS⟩ =

[
( |0⟩ + |1⟩)/

√
2
]⊗𝑁

.
Phase estimation with a CSS results in the SQL, where the posterior width scales
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as Δ𝜙 ∝ 1/
√
𝑁 . Using entanglement, it is possible to achieve a better scaling with

𝑁 . For example, a GHZ state can be used as an initial state, where an 𝑁-qubit
GHZ state reads |𝜓GHZ⟩ = (|0⟩⊗𝑁 + |1⟩⊗𝑁 )/

√
2. An N-qubit GHZ state achieves a

posterior width of Δ𝜙 ∝ 1/𝑁 , for 𝛿𝜙 ≈ 𝜋/𝑁 or smaller.

As for the interrogation time 𝑇 , it is typically limited by the LO noise, i.e. by
𝛾LO, the linewidth of the free-running laser. For 𝑇 longer than 𝛾−1

LO, 𝛿𝜙 ≈ 𝜋,
leading to phase slip errors, i.e. phase estimation error arising from 𝜙 being outside
of the interval [−𝜋, 𝜋]. Since 𝜙 can be estimated up to modulo 2𝜋, the phase
estimation results in a 2𝜋𝑘 error, 𝑘 ≥ 1, 𝑘 ∈ Z. These errors degrade the accuracy
in phase estimation and consequently the Allan deviation. Therefore, for a naive
clock operation using uncorrelated atoms, the maximum allowable Ramsey time is
𝑇 ≈ 𝛾−1

LO. Consequently, we see two scalings of the Allan deviation emerge as a
function of 𝜏: for 𝜏 < 𝛾−1

LO, one can set 𝑇 = 𝜏, such that 𝜎𝑦 (𝜏) ∝ 𝜏−1. For 𝜏 > 𝛾−1
LO,

the Ramsey time is fixed to its maximum value, and 𝜎𝑦 (𝜏) ∝ 𝜏−1/2 due to averaging
over the many independent interrogations.

In a practical setting, optical atomic clocks are operated in the regime of 𝜏 > 𝛾−1
LO.

Since GHZ states perform optimally for 𝛿𝜙 < 𝜋/𝑁 , their maximum allowable
Ramsey time is 𝑇 ≈ (𝛾LO𝑁)−1, which is a factor of 𝑁 shorter compared to the
case of an 𝑁-qubit CSS. Then, the clock that uses an 𝑁-qubit GHZ state achieves a
similar stability as the clock that uses an 𝑁-qubit CSS2, providing no metrological
gain. Therefore, optimal metrology seeks (i) protocols that extend the Ramsey time
𝑇 beyond the LO noise limit, 𝛾−1

LO, (ii) protocols that show Heisenberg-scaling with
respect to the number of atoms 𝑁 , given a wide prior width, to achieve metrological
advantage.

The first objective can be accomplished by introducing additional classical interro-
gations with uncorrelated atoms and performing phase unwinding [224, 26]. Phase
unwinding is achieved by using ensembles of atoms that acquire smaller phases
(which can be achieved by e.g. mid-circuit measurement and reset). These en-
sembles provide the ability to correct for phase slip errors, and thus, to extend the
interrogation time such that 𝑇 = 𝜏. We refer to the classical scheme that extends the
Ramsey time in this way as the best classical scheme, and the clock that uses this
scheme as the best classical clock.

Furthermore, the second objective can be achieved with the OQI. The OQI achieves
the minimum possible posterior variance given any interrogation time. We refer to

2GHZ states achieve slightly smaller posterior variances, see Ref. [131] or Fig. 5.2b
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Figure 5.2: Operation of an optical atomic clock in the Bayesian context. (a) The
fluctuating laser frequency 𝜔𝐿 (𝑡) causes the atoms to accumulate a phase 𝜙. The
phase is measured at the end of the interrogation cycle, and is used to estimate
the laser frequency. (b) Allan deviation 𝜎𝑦 (𝜏), normalized by 𝛾LO/𝜔𝐴𝑁1/2, as a
function of the total interrogation time 𝜏, for various interrogation schemes, and
𝑁 = 200 atoms. The vertical dashed line represents the coherence time limit due
to local oscillator noise [235], which determines the maximum Ramsey time 𝑇 .
The Allan deviation decreases as 𝜏1/2 after this point for the uncorrelated and GHZ
interrogation. If phase slip errors are suppressed, it is possible for the stability to
scale as 𝜏−1, as seen from the stabilities of the best classical scheme and the optimal
quantum clock (OQC). The fundamental limit of sensitivity is set by the individual
particle decoherence (Eq. (5.6)), which is plotted with a gray, dashed line. (c) Allan
deviation 𝜎𝑦 (𝜏), normalized by 𝛾LO/𝜔𝐴𝑁1/2, as a function of the total number of
atoms 𝑁 , for 𝜏 = 10−3𝛾−1

LO (top) and 𝜏 = 10 𝛾−1
LO (bottom). Note that the legend

for the plots is shown in b. For 𝜏 𝛾LO < 1, the stabilities of all the clocks scale as
𝑁1/2. Protocols that show HS can increase the clock stability by an additional factor
of 𝑁1/2. For 𝜏 𝛾LO > 1, 𝑇 takes its largest value of 𝑇 ≈ 𝛾−1

LO for the uncorrelated
interrogation, causing the stability to scale as 𝜏1/2. Extending the Ramsey time with
the best classical scheme enables to obtain a stability that scales as 𝜏, and using
protocols that show HS, such as the OQC, can further boost the stability by a factor
of 𝑁1/2.
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the clock that combines the OQI with phase unwinding techniques beyond the LO
noise limit as the optimal quantum clock (OQC): the OQC achieves the maximum
possible clock stability given 𝑁 qubits, for any interrogation time.

Ultimately, the clock stability is limited by the individual particle decoherence
arising from amplitude damping (comprised of scattering from trapping light and
radiative decay), which restricts the linewidth of the atomic clock transition. The
fundamental limit to phase sensitivity is given by [69, 61]

𝜎𝑦,min(𝜏) ≈
1
𝜔𝐴

√︂
2𝛾ind

𝜏𝑁
(5.6)

where 𝛾ind is the rate of amplitude damping. Note that the fundamental limit scales
as 𝑁−1/2, where neither entanglement nor any classical protocol can retrieve the
Heisenberg scaling [69, 61].

We illustrate the different regimes and the possible gain from quantum metrology
in Fig. 5.2. For a fixed 𝛾LO/𝛾ind = 104, we plot in Fig. 5.2b the Allan deviation
𝜎𝑦 (𝜏), with respect to the total interrogation time 𝜏, for different protocols (see
Appendix C.1 for more details). From the Figure, the stability of all of the protocols
scales as 𝜏−1 for small total interrogation times 𝜏. However, the Allan deviation
scales as 𝜏−1/2 for 𝜏 > 𝛾−1

LO, for uncorrelated atoms and the GHZ state. This leads
to a factor of 𝛾1/2

LO /(2𝛾ind)1/2 gap from the fundamental sensitivity limit given in
Eq. (5.6), and plotted with gray dashed lines in Fig. 5.2b. The stability of the
best classical clock, and the OQC, continue to scale as 𝜏−1 for times shorter than
the single-qubit decoherence limit (𝜏 < 𝛾−1

ind), as they assume the use of phase
unwinding. Furthermore, the OQC surpasses the best classical clock since it shows
HS in this time scale. The area below the OQC is marked as inaccessible, since it
sets the benchmark for optimal sensitivity. Note that we assumed 𝛾ind = 0 when
computing the performance of the OQC to simplify the calculations. As the total
interrogation time 𝜏 approaches 𝛾−1

ind, the Allan deviation for all of the schemes start
scaling as 𝜏−1/2 due to the single-qubit noise.

In Fig. 5.2c, we plot the Allan deviation 𝜎𝑦 (𝜏), normalized by 𝛾LO/𝜔𝐴𝑁1/2, with
respect to the total number of atoms 𝑁 , for 𝜏 = 10−3𝛾−1

LO (top) and 𝜏 = 10 𝛾−1
LO

(bottom). For 𝜏 < 𝛾−1
LO, the uncorrelated interrogation has the same stability as the

best classical scheme. Since the OQC shows HS, the stability increases faster by
a factor of 𝑁1/2 compared to the other schemes and gets closer to the fundamental
limit of sensitivity. For 𝜏 > 𝛾−1

LO, the best classical clock performs better than the
clock using uncorrelated interrogations by a factor of (𝜏𝛾LO)1/2 due to its extended
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Ramsey time. On top of this, the OQC surpasses the best classical clock by a factor of
𝑁1/2, due to its extended Ramsey time, and its HS. In summary, the maximum gain
in sensitivity obtained by the OQC with respect to the sensitivity of the uncorrelated
interrogation is

√
𝑁 in the regime where 𝜏𝛾LO < 1, and

√
𝑁
√
𝜏𝛾LO in the regime

where 𝜏𝛾LO > 1, respectively.

Blocks of GHZ States for Phase Estimation
It is desirable to use GHZ states as building blocks to construct initial states for
phase estimation, as they are relatively easy to prepare. 𝑁-qubit GHZ states can be
prepared using various short depth circuits: (i) a circuit depth of𝑂 (log 𝑁) assuming
full-connectivity [182], (ii) constant depth if measurement and feedback strategies
[250] or multi-qubit gates [41] are used, (iii) linear depth if only nearest-neighbor
interactions are allowed [73]. GHZ states are optimal initial states for Bayesian phase
estimation given a vanishing prior phase width and for the frequentist case. To show
this, let us first define the 𝐽𝑥 , 𝐽𝑦 operators: 𝐽𝑥 = 1/2

∑𝑁
𝑖=1 𝜎

𝑖
𝑥 , 𝐽𝑦 = 1/2

∑𝑁
𝑖=1 𝜎

𝑖
𝑦,

where 𝜎𝑖𝑥 , 𝜎𝑖𝑦 are the 𝑋, 𝑌 Pauli operators on the 𝑖th qubit, respectively. Consider
a 𝐽𝑦 measurement on the 𝑁-qubit GHZ state. The first and second moments of
the parity operator, defined as Π = (−1)𝐽𝑦+𝑁/2, are given by ⟨Π⟩ = sin (𝑁𝜙),
⟨Π2⟩ = cos (𝑁𝜙)2. Given 𝑀 repetitions of the measurement, the MSE is

(Δ𝜙)2 =
(ΔΠ)2

𝑀 (𝜕𝜙⟨Π⟩)2 ≈ 1
𝑀𝑁2 for 𝜙 ≪ 1 , (5.7)

where (ΔΠ)2 = ⟨Π2⟩ − ⟨Π⟩2. Thus, GHZ states attain the HL in the frequentist
approach. However, this limit is unachievable in Bayesian quantum metrology,
where only a single measurement is allowed (𝑀 = 1), and 𝜙 has a prior distribution
with a non-zero width. Bayesian phase estimation resembles the frequentist phase
estimation in the limit of small prior width, where 𝛿𝜙 ≪ 𝜋/𝑁 , for which bimodal
states close to GHZ states are the optimal initial states [167].

For 𝛿𝜙 > 𝜋/𝑁 , GHZ states cannot attain the HL due to their limited dynamic range.
Measurement outcomes repeat themselves after a period of 2𝜋/𝑁 , causing phase
wrap errors to appear outside of this period, and leading to a poor performance. In
order to have both a high precision in estimation, and a large dynamic range, we
look for ways to approximate the optimal initial states using a combination of GHZ
states with varying numbers of qubits, i.e. blocks of GHZ states. Such a state reads

|𝜓⟩ = 1
2
∑
𝑖 𝑚𝑖/2

∏
𝑖

(
|0⟩⊗2𝑘𝑖 + |1⟩⊗2𝑘𝑖

)⊗𝑚𝑖
, (5.8)
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where |0⟩ , |1⟩ are the eigenstates of 𝜎𝑧 with a negative and positive eigenvalue,
respectively,𝑚𝑖 is the size of the block that contains 2𝑘𝑖 -qubit GHZ states, 𝑘𝑖, 𝑚𝑖 ∈ N,
and the total number of qubits is given by 𝑁 =

∑
𝑖 𝑚𝑖2𝑘𝑖 . We want to find optimal

partitions, i.e. {𝑘𝑖},{𝑚𝑖}, for every 𝑁 and optimal readout schemes and estimators.
In Refs. [21, 128], it was shown that blocks of GHZ states can attain the HL up
to a constant overhead given a flat prior in [−𝜋, 𝜋]. This was achieved by setting
𝑚𝑖 ≥ 3∀ 𝑖, and performing optimal measurements. Before outlining our protocol,
let us first review existing schemes that utilized blocks of GHZ states.

Review of existing schemes
Protocols using blocks of GHZ states with different partitions (i.e. different sets of
{𝑘𝑖},{𝑚𝑖} in Eq. (5.8)) have been studied in the literature [21, 110, 134]. We review
and further analyze the performance of these schemes, focusing on the scheme in
Ref. [134] to which we refer as the scheme with a fixed block size (𝑚𝑖 = 𝑀), and
the scheme in Ref. [110] to which we refer as the scheme with a varying block size.

In the scheme with a fixed block size, all of the GHZ states (with
{
2𝑘𝑖

}𝑘max
𝑘𝑖=0 qubits)

are repeated by a constant𝑚𝑖 = 𝑀 . This constant is found from the implicit equation
𝑀 = 16

𝜋2 log(𝑁), where 𝑁 is the total number of qubits. For example, for a state
with 1, 2, and 4-qubit GHZ states, 𝑀 = 6. For each block of 2𝑘 -atoms GHZ states,
𝑀/2 of the GHZ states are measured in the local Pauli 𝜎𝑥 and the other 𝑀/2 in
the 𝜎𝑦 basis, i.e. a dual quadrature readout is performed to increase the dynamic
range. Ref. [134] assumes a uniform phase prior, which leads to an RBMSE
of Δ𝜙 = 8

𝜋

√︁
log(𝑁)/𝑁 , i.e. HS up to a logarithmic correction. We numerically

calculate the RBMSE with two different estimation strategies: a bit-by-bit estimation
strategy that was developed in [134] and the optimal Bayesian estimation. In the bit-
by-bit estimation, we write 𝜙 (mod 2𝜋) as 𝜙 = 2𝜋(0.𝑍1𝑍2𝑍3 . . . ),where 𝑍 𝑗 ∈ {0, 1}
are the binary digits. By combining the results of the parity measurements of the
GHZ states we estimate the binary digits 𝑍 𝑗 of the phase 𝜙. We find that while the
Bayesian estimation achieves a sub-SQL BMSE, the bit-by-bit estimation does not
achieve the expected precision.

In the scheme with a varying block size, the state consists of GHZ states with sizes
of 2𝑘𝑖 , where 𝑘𝑖 = 0, 1, . . . , 𝑘max, and 𝑚𝑖 = 𝑚𝑘max + 𝜇 (𝑘max − 𝑘𝑖), 𝑚𝑘max , 𝜇 ∈ N+.
Then, the largest GHZ state has 2𝑘max qubits, and is repeated 𝑚𝑘max times. Similarly,
2𝑘max−1-qubit GHZ states are repeated 𝑚𝑘max + 𝜇 times, etc. Before a measurement,
the 𝑚𝑖 copies of GHZ states are subjected to a set of single-qubit rotations 𝜃 𝑗 , with
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Figure 5.3: Summary of the introduced protocol for 𝑁 = 4 qubits, and a prior width
of 𝛿𝜙 = 𝜋/3 ≈ 1.05 rad. (a) The possible partitions of the blocks of GHZ states for
𝑁 = 4 qubits are given in the Table, and the MSE as a function of 𝜙 is plotted. For
this prior width, the best-performing partition is plotted in yellow, highlighted in
the Table. (b) Optimization over local, adaptive measurements. The measurement
consists of successive 𝑍̂ (Φ𝑖) operations and projective measurements. The 𝑍̂ (Φ𝑖)
operation corresponds to a rotation around the 𝑧-axis by Φ𝑖 in the Bloch sphere
picture, such that 𝜙 − Φ𝑖 is measured. Based on the measurement outcome, the
next rotation angle is determined. During the optimization, 𝑚 phases are sampled
uniformly from the interval [−6𝛿𝜙, 6𝛿𝜙], which are then used to compute the BMSE
analytically. Gradient descent is used to tune the single-qubit rotations Φ𝑖 in the
adaptive measurement. This process is iterated until the BMSE converges to a
minimum. (c) Numerical values (in units of radians) of the single-qubit rotations
Φ𝑖 at the end of the optimization.

𝜃 𝑗 = 𝜋
𝑗

𝑚𝑖
, 𝑗 = 0, 1, . . . , 𝑚𝑖 − 1. Finally, they undergo parity measurements. Ref.

[110] observed numerically that the maximum sensitivity is obtained for 𝑚𝑘max = 2,
and 𝜇 = 3. For example, to prepare an initial state with 2-qubit and 1-qubit GHZ
states, this protocol employs two copies of 2-qubit GHZ states, and five copies of
1-qubit GHZ states. Furthermore, the 2-qubit (1-qubit) GHZ states are subjected
to single-qubit rotations of 0, 𝜋/2 (0, 𝜋/5, . . . , 4𝜋/5). Ref. [110] showed that this
scheme achieves HL up to a constant overhead of 2.033. We implemented this
scheme numerically with Gaussian prior distributions and observed that it achieves
the sensitivity of the OQI up to a constant overhead that depends on the prior width.
For example, for a prior width of 𝛿𝜙 = 0.7 rad, the overhead is calculated to be 1.66.

The schemes mentioned above raise several issues: First, they are not immediately
3Note that the cost function quantifying the performance of phase estimation in Ref. [110] is the

Holevo variance, defined as (Δ𝜙)2 =
∫ 2𝜋

0 4 sin2
(
𝜙− 𝜙̄

2

)
𝑑𝜙, where 𝜙 is the estimator of 𝜙.
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applicable to atomic clocks since they assume a uniform prior distribution on the
phase. To our knowledge, they have not been analyzed for Gaussian prior distribu-
tions, which are the relevant phase distributions for the regime where current atomic
clocks operate.

Second, they correspond to very specific values of 𝑁, e.g. for the scheme with a
varying block size, the considered states have a total number of 𝑁 = 2, 9, 26 qubits
for 𝑘max = 0, 1, 2. For intermediate numbers of qubits, it is necessary to modify
these states by removing or adding GHZ states, which leads to sub-optimal states.
Furthermore, the density of the qubit numbers suitable to these schemes decreases
with increasing 𝑁 , further complicating the use of them for large 𝑁 . We therefore
want to devise a scheme that will achieve optimal precision for every 𝑁 .

These issues motivate us to find better schemes for Bayesian phase estimation that
are applicable to all qubit numbers, 𝑁 , and to Gaussian prior distributions. To this
end, we use an adaptive protocol, inspired by Ref. [21]. We extend this protocol to
Bayesian phase estimation and generalize it to all phase prior widths and all qubit
numbers, 𝑁.

Proposed Adaptive Scheme
We now turn to outline our protocol. We design the protocol assuming a relatively
small phase slip probability, i.e. 𝛿𝜙 < 𝜋, where 𝛿𝜙 is the prior width. In the context
of atomic clocks, this regime corresponds to a Ramsey time smaller than the local
oscillator (LO) coherence time. In other words, 𝑇𝛾LO < 1, where 𝑇 is the Ramsey
time and 𝛾LO is the linewidth of the laser (see Sec. 5.3). We extend the proposed
scheme in the regime where 𝑇𝛾LO > 1 through the introduction of phase unwinding.

Our goal is to get as close as possible to the performance of the OQI with low-depth
circuits. The initial states and the POVMs of the OQI can be efficiently calculated,
but they are difficult to implement: for a large prior width within the dynamic
range (𝛿𝜙 ≈ 1 rad), the optimal state resembles a sine state [20], and the optimal
measurements have high complexity [167] (for a derivation of the optimality of
the sine state, see Appendix C.2 and Ref. [74]). Furthermore, optimizing over all
possible digital circuits is quite formidable. Hence, we pursue a two-step approach.
First, for a given atom number and prior width, we "mimic" the optimal initial state
using simpler states, i.e. blocks of GHZ states. Then, given this approximated state,
we optimize over the local measurements to minimize the BMSE.

A summary and illustration of the proposed adaptive scheme is given in Fig. 5.3
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Figure 5.4: Performance of the proposed scheme for 𝑁 = 21 qubits. (a) RBMSE
Δ𝜙 as a function of the prior width, 𝛿𝜙, for 𝑁 = 21. The performance of the phase
estimation with a 21-qubit GHZ state, 21-qubit CSS, the OQI, and the proposed
scheme is plotted in blue, yellow, gray, and red, respectively. The different shapes
of the red markers correspond to different ways of partitioning the qubits into blocks
of GHZ states. (b) Optimal partitions of 21 qubits into blocks of GHZ states for
different prior widths. For a small prior width the optimal strategy is to use the
GHZ state with the maximum number of atoms possible. The remaining atoms
are distributed to smaller GHZ states. In contrast, for a large prior width, it is
more advantageous to use GHZ states with smaller numbers of atoms and distribute
them equally. (c) The amplitudes of states with 𝑛up excitations, 0 ≤ 𝑛up ≤ 21,
for the optimal initial states of the OQI and the initial states obtained with blocks
of GHZ states, for different prior widths. 𝑛up = 0 (𝑛up = 21) corresponds to the
state |0⟩⊗𝑁 (|1⟩⊗𝑁 ). We see that for 𝛿𝜙 ≈ 1 rad, the optimal initial state of the OQI
resembles a sine state. (d) MSE of the OQI, CSS, and the proposed scheme for
𝑁 = 21 and 𝛿𝜙 = 0.7 rad, plotted in purple, yellow, and red, respectively. The
proposed scheme achieves a metrological gain of 𝑔 = 2.29 (3.59 dB).

for 𝑁 = 4 qubits, and a prior width 𝛿𝜙 = 𝜋/3 ≈ 1.05 rad (such that phase slips are
three-sigma events). We list all the possible partitions of 𝑁 = 4 qubits into blocks of
GHZ states, and plot the MSE as a function of 𝜙 of all such partitions in Fig. 5.3a.
We remark that their MSE depends on the prior width through the measurement
optimization that is based on it. The MSE of the OQI as a function of 𝜙 is given by
the black, dashed line in Fig. 5.3a. The smallest BMSE with our scheme is obtained
by the partition whose MSE is closest to the OQI, which corresponds here to the
yellow line.
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In Fig. 5.3b, local, adaptive measurements are depicted: a single-qubit rotation
of Φ𝑖 around the 𝑧-axis is applied before each measurement, such that 𝜙 − Φ𝑖 is
measured. Depending on the measurement result, the single-qubit rotation that
will be applied to the next GHZ state is chosen. This process is initiated with the
largest GHZ state in the partition in terms of the number of qubits, and ends with
the smallest GHZ state (see Fig. 5.3b, where an example of a measurement result
is highlighted in orange). To find the optimal set of single-qubit rotations {Φ}, 𝑚
phases 𝜙 are uniformly sampled from the interval [−6 𝛿𝜙, 6 𝛿𝜙], and the BMSE is
calculated analytically, which is used to tune {Φ}. This process is iterated until the
BMSE converges to a minimum. In Fig. 5.3c, we list the numerical values of the
single-qubit rotations obtained after performing the optimization for this case.

The proposed scheme can be realized experimentally with current quantum pro-
cessors, where computing and sensing can be interleaved. State preparation and
sequential feed-forward measurements can be implemented using e.g. Yb-171 nu-
clear spin qubits, where midcircuit measurements without entanglement were shown
[193, 159]. We lay out an experimental procedure in the subsection "Experimental
Realization".

Performance of the schemes
First, for a fixed qubit number, we analyze how the proposed scheme performs as
we change the prior width, 𝛿𝜙. Then, we assume a fixed prior width and observe
the performance of all of the schemes as a function of the number of qubits, 𝑁 .
To quantify the increase in the sensitivity of phase estimation when the proposed
scheme is used, we define the metrological gain 𝑔 = (Δ𝜙CSS)2/(Δ𝜙)2 as our figure of
merit, where (Δ𝜙CSS)2 and (Δ𝜙)2 are the BMSE of the phase estimation performed
using an 𝑁-qubit coherent spin state (CSS) and the proposed scheme, respectively.
Note that the prior width and the number of qubits are the same for both schemes
when calculating the gain, and we assume a single-quadrature readout for the CSS.

We study how the performance of our scheme, as well as the optimal initial state
and partition depends on the prior width. The results for 𝑁 = 21 qubits can be
found in Fig. 5.4a. The performance of the OQI is indicated in gray, and the gray
filling below this line is used to emphasize the fact that it is not possible to perform
better than the OQI, i.e., this part of the parameter space is inaccessible. We also
plot the performance of a GHZ state and a CSS for 𝑁 = 21. We see that the GHZ
state performs optimally for a small prior width, however, the performance quickly
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deteriorates as the prior width grows. We plot the performance of the proposed
scheme with red points, and see that the proposed scheme surpasses the performance
of the CSS with 21 qubits for any prior width. The optimal performance, i.e. the
minimum value of Δ𝜙/𝛿𝜙 for the proposed scheme occurs at 𝛿𝜙 ≈ 0.7 rad. For each
of the points of the proposed scheme, we (i) find the best partition for the given prior
width, (ii) optimize over the local, adaptive measurements. The changing shapes of
the red points indicate the different partitions of the 21 atoms into blocks of GHZ
states: for example, the stars correspond to the partition with three 4-qubit, 2-qubit,
and 1-qubit GHZ states, whereas the circles correspond to one 16-qubit, 4-qubit,
and 1-qubit GHZ state. The full list of partitions corresponding to each shape can
be found in Fig. 5.4b. We also plot the initial states of the proposed scheme and the
initial states of the OQI for some of these shapes in Fig. 5.4c.

We then compare the MSE obtained with the proposed scheme, as a function of
𝜙, to the performance of the OQI and the CSS for 𝛿𝜙 = 0.7 rad in Fig. 5.4d.
As can be seen from the Figure, the OQI surpasses the CSS for all 𝜙, performing
optimally over almost the entire [−𝜋, 𝜋] range. We see that the proposed scheme
also surpasses the CSS for almost all 𝜙 except a very small region around 𝜙 = ±3𝜋/8
rad, where the CSS performs slightly better. However, the proposed scheme has a
much larger bandwidth and a better performance around 𝜙 = 0 rad. We calculate
the metrological gain at 𝛿𝜙 = 0.7 rad as 𝑔 = 2.29 (3.59 dB).

To see how the performance of the different schemes scales with the qubit number 𝑁 ,
we fix 𝛿𝜙 = 0.7 rad, from the observation that the proposed scheme works optimally
around that point in Fig. 5.44. In Fig. 5.5, we plot the performance of these
schemes, as well as the sensitivities of the OQI and the CSS for 10 ≤ 𝑁 ≤ 350. We
note that for our numerical simulations, we employed optimal Bayesian estimators.
The blue, green, and red points in Fig. 5.5 correspond to the scheme with a
fixed block size, the scheme with a varying block size, and the proposed scheme
respectively. The implementation complexity of the proposed measurements also
increases in this order: the scheme with a fixed block size requires a double-
quadrature readout and local measurements only, whereas the other schemes require
single-qubit rotations. Moreover, for the proposed scheme, the single-qubit rotations
are determined adaptively, which thus requires mid-circuit measurements.

However, there is a significant difference in the discontinuous nature of the scheme
4Ref [131] observed that this point depends on the qubit number, 𝑁 . However, 𝛿𝜙 = 0.7 rad is

still close to the optimal point, hence relevant for qubit numbers that we work with.
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Figure 5.5: RBMSE as a function of number of qubits 𝑁 , normalized by the prior
width, for 𝛿𝜙 = 0.7 rad. We see that the CSS and the OQI constitute the SQL
and HL, respectively. For larger qubit numbers, the BMSE of all of the schemes
converges to a constant independent of 𝑁 . We also plot the 𝜋-corrected HL in the
absence of phase slip errors, which touches the OQI curve at 𝑁 ≈ 70. We observe
that all of the schemes that use blocks of GHZ states show sub-SQL sensitivity.
Furthermore, the scheme with a varying block size and the proposed scheme obtain
HS. For all 𝑁 , the proposed scheme obtains the maximal sensitivity, among existing
schemes. Inset. We plot the RBMSE of the OQI, CSS, and the proposed scheme in
the range 40 ≤ 𝑁 ≤ 100, with gray, yellow, and red, respectively. We see that the
proposed scheme shows HS with an overhead of ≈ 1.56, shown with the light green
line.

with a fixed block size and the scheme with a varying block size, compared to the
scheme of this chapter. For these schemes, the optimization over the blocks of
GHZ states (Eq. (5.8)) is performed with respect to block sizes {𝑚𝑖}, instead of 𝑁 .
Therefore, such schemes perform optimally only at certain 𝑁 where 𝑁 =

∑
𝑖 𝑚𝑖2𝑘𝑖

holds, which are the points that were used to show their performance in Fig. 5.5. For
a general qubit number, such schemes must be modified by reducing or increasing
the number of repetitions of certain blocks in order to fit the constraint of a fixed
qubit number, which causes them to behave sub-optimally. In contrast, since we
perform our optimization by fixing the number of qubits, the proposed scheme
performs optimally for each 𝑁 .

We observe from Fig. 5.5 that as the implementation complexity of the measurement
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proposed by a protocol increases, so does its sensitivity. Accordingly, the proposed
scheme and the scheme with a varying block size scale as the OQI, surpassing the
scheme with a fixed block size for every 𝑁 . These schemes are Heisenberg-limited,
and their overheads are calculated to be 1.56 and 1.66, respectively. The smaller
overhead belongs to the proposed scheme, and the fit is shown in the inset of Fig.
5.5. For example, the proposed scheme obtains a smaller posterior variance than that
of the scheme with a varying block size by a factor of 1.22 (0.85 dB) for 𝑁 = 63. We
also compare these schemes for a smaller prior width (𝛿𝜙 = 0.2 rad), and observe
that the schemes continue to show HS. Furthermore, we observe that the proposed
scheme surpasses the scheme with a varying block size by a larger margin. For
example, for 𝑁 = 63, the gain (in variance) obtained by the former over the latter is
calculated to be 1.57 (1.97 dB).

Fundamental limits due to phase slip errors
Our analysis so far focused on achieving quantum-enhanced precision with low-
depth circuits. However, another crucial limitation is phase slip errors, which
arguably received less attention in the literature. Here, we first derive fundamental
limits in precision due to phase slip errors. Then, we describe how to overcome such
errors in the context of atomic clocks by proposing an efficient phase unwinding
scheme.

Without phase slip errors, i.e. for any prior distribution with a negligible probability
outside of the range of [−𝜋, 𝜋], it is well established that the minimal achievable
RBMSE in the limit of large 𝑁 is Δ𝜙 ≈ 𝜋/𝑁 [125, 91], where 𝑁 is the number of
qubits. This is the relevant, 𝜋-corrected HL. Furthermore, the RBMSE achieved
with 𝑁 uncorrelated qubits is given by Δ𝜙 ≈ 1/

√
𝑁 , which is the SQL. In the limit

of an infinite qubit number 𝑁 , both the HL and the SQL approach zero.

However, any prior distribution with a support outside of the range [−𝜋, 𝜋] will give
rise to an imperfect estimation, even in the limit of 𝑁 → ∞, since the phase can be
estimated only up to modulo 2𝜋. This means that if a phase 𝜙 is outside of this range,
its estimation error is given by 2𝜋𝑘 in the limit of a large qubit number 𝑁 ≫ 1,
where 𝑘 = ⌊(|𝜙| + 𝜋)/2𝜋⌋. The effect of these errors is shown in Fig. 5.4a, where
the RBMSE increases with increasing prior width 𝛿𝜙 due to phase slip errors, in the
regime where 𝛿𝜙 > 1 rad. For 𝛿𝜙 ≫ 1, the RBMSE becomes approximately equal
to 𝛿𝜙, signifying that the phase estimation scheme does not provide any information
about 𝜙. Furthermore, in the presence of these errors, the RBMSE does not vanish
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in the limit of 𝑁 → ∞. This is shown in Fig. 5.5: the RBMSE converges to a finite
value in the limit of 𝑁 → ∞, which is determined by the statistics of these errors.

We now explicitly find this limit, i.e. we find the OQI BMSE and the CSS BMSE
with a single quadrature readout in the limit of 𝑁 → ∞. These bounds are given
in the following claim, in which we use the following expression of the BMSE
(equivalent to Eq. (5.3)):

(Δ𝜙)2 = (𝛿𝜙)2 −
∑︁
𝑥

(∫
𝜙 𝑝(𝑥 |𝜙)P𝛿𝜙 (𝜙)𝑑𝜙

)2∫
𝑝(𝑥 |𝜙)P𝛿𝜙 (𝜙)𝑑𝜙

= (𝛿𝜙)2 −
∑︁
𝑥

𝜙est (𝑥)2 𝑝 (𝑥) . (5.9)

Claim I. The OQI BMSE in the limit of 𝑁 → ∞ for any prior distribution P𝛿𝜙 (𝜙) is

(Δ𝜙)2
OQI = (𝛿𝜙)2 −

𝜋∫
−𝜋

(∑
𝑘

𝜙𝑘P𝛿𝜙 (𝜙𝑘 )
)2

∑
𝑘

P𝛿𝜙 (𝜙𝑘 )
𝑑𝜙, (5.10)

where 𝜙𝑘 = 𝜙 + 2𝜋𝑘, 𝑘 ∈ Z.

Assuming a 𝐽𝜃 := cos (𝜃) 𝐽𝑥 − sin (𝜃) 𝐽𝑦 single quadrature readout, the CSS BMSE
in the limit of 𝑁 → ∞ for any prior distribution P𝛿𝜙 (𝜙) is

(Δ𝜙)2
SQL = (𝛿𝜙)2 −

𝜋∫
−𝜋

𝑑𝜙

(∑
𝑘

(𝜙𝑘 − 𝜃) P𝛿𝜙 (𝜙𝑘 − 𝜃) − (𝜙𝑘 + 𝜃) P𝛿𝜙 (−𝜙𝑘 − 𝜃)
)2

∑
𝑘

P𝛿𝜙 (𝜙𝑘 − 𝜃) + P𝛿𝜙 (−𝜙𝑘 − 𝜃)

(5.11)

We defer the detailed proof to Appendix C.5, and provide here a sketch of the proof.
To demonstrate that Eq. (5.10) is the OQI BMSE in the limit of 𝑁 → ∞, we first
show that it is a lower bound of the BMSE for any possible scheme. Then, we show
that there exists a scheme that saturates it. The following minimization problem
lower-bounds the OQI for any 𝑁:

min
𝜙est (𝜙)

∫ 𝜋

−𝜋

∑︁
𝑘

(𝜙est (𝜙) − (𝜙 + 2𝜋𝑘))2 𝑝𝛿𝜙 (𝜙 + 2𝜋𝑘) 𝑑𝜙, (5.12)

where 𝜙est (𝜙) : [−𝜋, 𝜋] → R. The BMSE given in Eq. (5.10) is a solution of
this minimization problem. For attainability, we show in Appendix C.5 that a CSS
interrogation with dual quadrature readout saturates this lower bound in the limit of
𝑁 → ∞.
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Figure 5.6: RBMSE Δ𝜙, normalized by 2𝜋, as a function of the total qubit number
𝑁 , for different prior widths. For small enough prior widths (𝛿𝜙 = 0.7 rad), no
slow atoms are needed. The RBMSE of the proposed scheme in this regime is
plotted in gray. For larger prior widths, the number of atoms needed to extend the
dynamic range depends on the phase unwinding protocol. We define non-adaptive
and adaptive phase unwinding, also propose a more efficient phase unwinding
protocol that extends the proposed scheme to large prior widths. Furthermore for
the proposed scheme, in the limit of 𝑁 ≫ 1, the RBMSE for different prior widths
converges to the RBMSE for 𝛿𝜙 = 0.7 rad. Therefore, in this limit, we can obtain a
clock stability that scales as the total interrogation time 𝜏 even in the regime where
𝜏𝛾LO > 1. Inset. MSE for the proposed phase unwinding scheme for 𝑁 = 16 atoms
and a prior width of 𝛿𝜙 = 2.8 rad. We see that the MSE is close to that of the OQI,
and that the proposed scheme has a dynamic range of ≈ 8𝜋.

For the bound assuming a CSS 𝐽𝜃 quadrature readout, Eq. (5.11), we find the mea-
surement probabilities 𝑝 (𝑥𝜃 |𝜙) , where 𝑥𝜃 is the outcome of 2𝐽𝜃/𝑁 measurement,
i.e. a measurement outcome of 𝐽𝜃 normalized with respect to 𝑁/2. In the limit of
𝑁 → ∞, 𝑝 (𝑥𝜃 |𝜙) → 𝛿 (𝑥𝜃 − cos (𝜙 + 𝜃)). Inserting this into Eq. (5.9) leads to Eq.
(5.11).

These bounds are the "plateaus" of the BMSE observed in Fig. 5.5: this is the
remaining uncertainty that cannot be suppressed by increasing 𝑁 . They increase
as the prior width, 𝛿𝜙, increases. We remark that the CSS bound shown in Fig.
5.5 corresponds to a 𝐽𝑦 measurement. The difference between the bounds in Eqs.
(5.10), (5.11) corresponds to the gap between the uncertainty of the OQI and the
CSS in the limit of 𝑁 ≫ 1, as observed in Fig. 5.5.

Overcoming phase slip errors: phase unwinding schemes
For a wide phase prior distribution, phase slip errors are the main factor limiting
the precision, preventing HS or even SQL for large 𝑁. In the context of atomic
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clocks, this regime of a wide prior corresponds to a Ramsey time longer than the
LO coherence time. In other words, 𝑇𝛾LO > 1, where 𝑇 is the Ramsey time, or the
total interrogation time, and 𝛾LO is the linewidth of the laser (see Sec. 5.3). In this
regime, phase slip errors dominate, and further Ramsey interrogations do not lead
to any improvement in phase sensitivity. To suppress these phase slip errors, and to
extend the Ramsey time beyond the LO noise limit, some techniques were devised in
Refs. [224, 26]. These schemes introduce additional CSS interrogations with slow
atoms, i.e. atoms that accumulate phases 𝜙/2, 𝜙/4 . . . during the interrogation time,
instead of accumulating a phase 𝜙. We refer to such schemes as phase unwinding
schemes.

These slow atoms that accumulate only a fractional phase can be obtained in several
different ways, depending on the platform and the relevant phase noise. In the
simplified case, where the laser frequency 𝜔𝐿 (𝑡) is almost constant throughout the
Ramsey time, they can be obtained through evolving the qubits for the relevant
fraction of the Ramsey time 𝑇. In this case, a single qubit can accumulate a phase
of 𝜙/2𝑙 for 2𝑙 times. In other words, a single atom can be re-used as 2𝑙 slow atoms
with a phase of 𝜙/2𝑙 . More generally, given an arbitrary stochastic process of the
frequency, different methods should be employed and re-using of the qubits may
not be possible. A reduced evolution rate in the presence of a general noise can
be achieved using dynamical decoupling, as was shown in Refs. [224, 241]. The
idea is to divide the Ramsey time into short time intervals of 𝜏′, where 𝜏′ is shorter
than the correlation time of the frequency noise. In each 𝜏′ interval we can apply a
𝜋-pulse after a period of 𝜏′

(
1/2 + 1/2𝑙+1) , this would lead to an accumulated phase

of 𝜙/2𝑙 . Alternatively, midcircuit measurement and reset can be used [224]. With
this method, each qubit corresponds to a single slow atom, and re-using of the atoms
is not possible. An alternative method requires memory qubits, but allows re-using
of sensing qubits: each memory qubit encodes a different slow atom, such that the
sensing qubit will be entangled to different memory qubits at different periods of
the 𝜏′ interval. This method requires multiple memory qubits and fast entangling
gates between the sensors and memory qubits, but it allows more efficient use of the
sensing qubits.

Let us first analyze and extend some existing phase unwinding methods that use slow
atoms. The phase unwinding protocol in Ref. [224] defines 𝜙 = 2𝜋𝑃 + 𝜃, where
𝑃 ∈ Z, and 𝜃 = 𝜙 mod 2𝜋. Assuming that 𝑚 copies of slow atoms that accumulate
phases of 𝜙/2𝑙 , 𝑙 = 0, 1, . . . , 𝑙max are available, it estimates 𝑃 iteratively from the
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following equation

𝑃 𝑗−1 = 2𝑃 𝑗 +
2𝛽 𝑗 − 𝛽 𝑗−1

2𝜋
(5.13)

where 𝑗 = 0, 1, . . . , 𝑙, 𝑃 = 𝑃0, 𝑃𝑙max = 0, and 𝛽 𝑗 is the estimate of 𝜙 after performing
dual quadrature readout on the 𝑗 th block of slow atoms. After estimating 𝑃, the
posterior distribution on the phase resembles a uniform distribution in [−𝜋, 𝜋], in
the limit of a large initial prior width 𝛿𝜙. The protocol in Ref. [224] concludes by
estimating 𝜃 from the slow atoms that accumulate a phase 𝜙.

Alternatively, phase unwinding protocols can be combined with phase estimation
using entangled atoms to obtain a higher precision. We can use the schemes in
Refs. [134, 110], or the proposed scheme, for this purpose. We illustrate two
possible ways, which we refer to as adaptive and non-adaptive phase unwinding.
For non-adaptive phase unwinding, one can estimate 𝑃 from the protocol in Ref.
[224], and estimate 𝜃 with schemes that use GHZ blocks. Here, we assume that
one can further constrain the posterior distribution on 𝜙 mod 2𝜋 after estimating 𝑃
to be approximately a uniform distribution in the interval [−𝜋/2, 𝜋/2] instead of
the interval [−𝜋, 𝜋], by including 2-qubit GHZ states in the protocol in Ref. [224].
We choose to do so since for a uniform prior distribution in [−𝜋, 𝜋], the BMSE is
large due to the fact that small errors for phases close to −𝜋, 𝜋 lead to large errors
in estimating 𝜙. In other words, the phase estimation error jumps to 2𝜋 for |𝜙| close
to 𝜋, which is not suppressed when a uniform prior distribution in [−𝜋, 𝜋] is used.

In Fig. 5.6, we plot the RBMSE obtained by combining non-adaptive phase unwind-
ing with the scheme with a varying block size (Ref. [110]). We analyze two prior
widths, 𝛿𝜙 = 1.4 rad (plotted in brown), and 𝛿𝜙 = 2.8 rad (plotted in purple), where
we plot the sensitivity as a function of the total number of qubits 𝑁 . 𝑁 includes both
the atoms in the GHZ states, and the atoms used to extend the Ramsey time by the
protocol in Ref. [224]. HS is not observed for the regime plotted in Fig. 5.6, due to
the large overhead of additional atoms needed for this type of phase unwinding.

For adaptive phase unwinding, one can estimate both 𝑃 and 𝜃, thus estimate 𝜙, writ-
ten as 𝜙est. After the estimation, the posterior distribution of 𝜙will approximately be
a Gaussian distribution centered at 𝜙est, with a width of Δ𝜙, i.e. the RBMSE. Then,
one can apply a global phase shift −𝜙est, and estimate 𝜙− 𝜙est with schemes that use
GHZ blocks, assuming an effective prior width of Δ𝜙. We also plot the RBMSE
obtained by adaptive phase unwinding in Fig. 5.6 for 𝛿𝜙 = 1.4, 2.8 rad in green and
light blue, respectively. We observe that adaptive phase unwinding is more efficient
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than non-adaptive phase unwinding, meaning that adaptive phase unwinding obtains
the same sensitivity with a smaller number of atoms. We can explain this increase in
performance by noticing that adaptive unwinding makes use of both 𝑃 and 𝜃 before
estimating 𝜙 with schemes that use GHZ blocks. Conversely, non-adaptive phase
unwinding only computes 𝑃. Therefore, the posterior distribution on 𝜙 before doing
the phase estimation with GHZ blocks is more localized in the former phase un-
winding protocol, giving rise to a better sensitivity. In our simulations, we observed
that when adaptive phase unwinding was optimized with respect to the number of
slow atoms, the posterior width was in the vicinity of Δ𝜙 ≈ 0.5 rad.

We now outline a more efficient phase unwinding protocol that optimizes over
all partitions of blocks of slow atoms and GHZ states. Assuming a large 𝛿𝜙

such that phase slip errors dominate, we first choose an integer 𝑙max such that
𝛿𝜙/2𝑙max is small enough. We now introduce slow atoms that accumulate phases
𝜙/2𝑙max , 𝜙/2𝑙max−1, ..., 𝜙/2. For a given partition into blocks of slow atoms and GHZ
states, we can write the relevant quantum state as:

|𝜓⟩ ∝
𝑙max
Π
𝑙=1

(
|0⟩ + |1⟩𝑒𝑖𝜙 2−𝑙

)⊗𝑚−𝑙
⊗
𝑘max
Π
𝑘=0

(
|0⟩⊗2𝑘 + |1⟩⊗2𝑘𝑒𝑖𝜙 2𝑘

)⊗𝑚𝑘
. (5.14)

The first term of the product is the slow or classical part, while the second term is the
fast rotating part that contains GHZ states. The relation between 𝑁 and the number
of atoms in the different blocks requires special attention. Assuming that the same
qubit can be used as a slow atom several times, e.g. a single qubit can accumulate a
phase of 𝜙/2𝑙 for 2𝑙 times, then the constraint on 𝑁 is given by: 𝑁 = ⌈∑𝑘max

𝑙=−𝑙max
2𝑙𝑚𝑙⌉ .

If we cannot re-use qubits, then each slow atom corresponds to a single qubit, and
the constraint on 𝑁 is given by: 𝑁 =

∑−1
𝑙=−𝑙max

𝑚𝑙 +
∑𝑘max
𝑘=0 2𝑘𝑚𝑘 .

Given a total number of qubits 𝑁, we want to find an optimal partition of these 𝑁
qubits into slow atoms and GHZ states. To do this we use a rescaling transformation
that reverts the problem back to partitions of GHZ states only. We define 𝜙′ =

𝜙/2𝑙max , and we use the following equality:

∑︁
®𝑛

∞∫
−∞

(𝜙 − 𝜙𝑒)2 𝑝 (®𝑛|𝜙) P𝛿𝜙 (𝜙) 𝑑𝜙 =

22𝑙max
∑︁
®𝑛

∞∫
−∞

(
𝜙′ − 𝜙′𝑒

)2
𝑝 (®𝑛|𝜙′) P𝛿𝜙/2𝑙max (𝜙′) 𝑑𝜙′,

(5.15)



98

which is obtained by changing the integration variable to 𝜙′ = 𝜙/2𝑙max . This equality
can be written as:

(Δ𝜙)2
|𝜓⟩,𝛿𝜙 = 22𝑙max (Δ𝜙′)2

|𝜓′⟩,𝛿𝜙/2𝑙max , (5.16)

where the l.h.s is our usual figure of merit: the BMSE in estimating 𝜙 with the
original state, |𝜓⟩, and the original prior width 𝛿𝜙. The r.h.s corresponds to the
rescaled frame: it is 22𝑙max times the BMSE in estimating 𝜙′ = 𝜙/2𝑙max with a prior
width of 𝛿𝜙/2𝑙max and a rescaled state |𝜓′⟩. The rescaled state is:

|𝜓′⟩ ∝
𝑙max+𝑘max

Π
𝑘=0

(
|0⟩⊗2𝑘 + |1⟩⊗2𝑘𝑒𝑖𝜙

′2𝑘
)⊗𝑚𝑘−𝑙max

. (5.17)

Hence based on Eq. (5.15), we can optimize the BMSE of 𝜙′ in the rescaled frame
using the techniques developed here, in which |𝜓′⟩ contains no slow atoms and the
prior width is shrunk to 𝛿𝜙/2𝑙max .

The rescaling transformation maps 𝜙, 𝛿𝜙, |𝜓⟩ into 𝜙′, 𝛿𝜙/2𝑙max , |𝜓′⟩. Since the num-
ber of qubits in |𝜓′⟩ is not equal to the number of qubits in |𝜓⟩, 𝑁 is also trans-
formed into 𝑁′, given by 𝑁′ = 2𝑙max

∑𝑘max
𝑙=−𝑙max

2𝑙𝑚𝑙 . The transformation of 𝑁 depends
on whether qubits can be re-used as several slow atoms or not. Assuming that
re-using is possible, we see that 𝑁′ ≈ 2𝑙max𝑁. However if re-using is not possible,
𝑁′ = 2𝑙max𝑁 − ∑𝑙max

𝑙=0 (2
𝑙max − 2𝑙)𝑚𝑙−𝑙max . Here, we similarly optimize the BMSE in

the 𝜙′ frame for the relevant values of 𝑁′, and transform back to the BMSE in the 𝜙
frame using Eq. (5.16).

For example, we have calculated the optimal partition for 𝑁′ = 159, 𝛿𝜙/2𝑙max = 0.7
rad as 𝑚𝑘−𝑙max = 3, 2, 4, 3, 3, 2, 𝑘 = 0, 1, . . . , 5. We can rescale this partition by
setting 𝑙max = 3, which corresponds to a prior width of 𝛿𝜙 = 5.6 rad in the rescaled
frame. In this frame, the largest GHZ state is a 4-qubit GHZ state. Furthermore,
assuming that re-using qubits is not possible, the rescaled frame contains 𝑁 =

12 + 2 · 3 + 4 · 2 = 26 atoms. In summary, we were able to map the problem of
finding the optimal partition of slow atoms and GHZ states into finding the optimal
partition in presence of GHZ states only, which was already addressed and solved.
In this way, we incorporated the slow atoms into the proposed scheme. The BMSE
in presence of slow atoms can therefore be found using Eq. (5.16).

Finally, we plot the RBMSE obtained by the proposed phase unwinding scheme for
𝛿𝜙 = 1.4, 2.8 rad with blue and yellow, respectively, assuming that a qubit cannot
be re-used as several slow atoms. We also plot the RBMSE of the proposed scheme
for 𝛿𝜙 = 0.7 rad in gray as a reference since no slow atoms are used to extend the
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dynamic range for this prior width. We observe that the proposed phase unwinding
achieves the same precision as adaptive and non-adaptive phase unwinding with a
much smaller number of slow atoms. Furthermore for large 𝑁 , the RBMSE of the
proposed scheme for 𝛿𝜙 = 1.4, 2.8 rad starts converging to the reference RBMSE
(𝛿𝜙 = 0.7), meaning that the number of slow atoms becomes negligible compared
to the number of atoms of the GHZ blocks.

Then, in this limit, the interrogation time can be extended by the addition of a
negligible number of atoms, resulting in the Allan deviation to scale as 𝜎𝑦 (𝜏) ∝ 𝜏−1,
where 𝜏 is the total interrogation time (see Sec. 5.3). Furthermore, the proposed
phase unwinding protocol reduces the number of slow atoms needed to extend the
interrogation time significantly compared to other phase unwinding protocols, as
seen from Figure 5.6.

While the slow atoms methods presented above mitigate phase slip errors, they still
do not recover the noiseless limit. Since the noiseless ultimate precision limit is
the 𝜋-corrected HL5, the relevant question is whether there exists a method that
achieves this limit for arbitrarily large prior widths and arbitrary N. The following
claim provides an indication that the answer is positive: assuming ancillas and
coherent control, we can construct slow replicas of optimal states that achieve HS.

Claim II. For every phase prior distribution P𝛿𝜙 (𝜙), and for every number of probes,
𝑁, there exists a protocol that achieves a BMSE, (Δ𝜙)2

P𝛿𝜙 (𝜙), 𝑁 , with

(Δ𝜙)2
P𝛿𝜙 (𝜙), 𝑁 = 𝑙2(Δ𝜙)2

OQI,P𝛿𝜙/𝑙 (𝜙), 𝑙𝑁 , (5.18)

where (Δ𝜙)2
OQI,P𝛿𝜙/𝑙 (𝜙), 𝑙𝑁 is the OQI BMSE with a rescaled prior distribution

P𝛿𝜙/𝑙 (𝜙) and with 𝑙𝑁 probes, where 𝑙 ∈ N+. This protocol assumes the use of
ancillas and time dependent control.

Before proving the claim, let us first elaborate on its meaning. This protocol should
allow us to achieve the 𝜋-corrected HL, 𝜋2/𝑁2, with arbitrarily large prior width. If
we can find small enough 𝛿𝜙′ = 𝛿𝜙/𝑙 such that (Δ𝜙)2

OQI,P𝛿𝜙/𝑙 (𝜙), 𝑙𝑁 = 𝜋2/(𝑁𝑙)2, then
this claim implies that the same scaling is achievable for 𝛿𝜙 : (Δ𝜙)2

P𝛿𝜙 (𝜙), 𝑁 = 𝜋2/𝑁2.

Proof. We denote the OQI with P𝛿𝜙/𝑙 (𝜙) and 𝑁𝑙 probes as (Δ𝜙)2
OQI,P𝛿𝜙/𝑙 (𝜙), 𝑙𝑁 .

The optimal state that achieves it is denoted as |𝜓⟩ = ∑𝑁𝑙
𝑗=0 𝑐 𝑗 | 𝑗⟩ . After the phase

encoding, this state is given by |𝜓𝜙⟩ =
∑𝑁𝑙
𝑗=0 𝑐 𝑗𝑒

−𝑖 𝑗𝜙 | 𝑗⟩. We have shown in Eq.
5The 𝜋-corrected HL is relevant when 𝛿𝜙𝑁 > 1. If 𝛿𝜙𝑁 ≪ 1, the conventional HL, 1/𝑁 , can

be attained asymptotically [91].
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(5.15) that the following rescaling transformation

𝜙 ↦→ 𝜙/𝑙, P𝛿𝜙/𝑙 (𝜙) ↦→ P𝛿𝜙 (𝜙) , (5.19a)

|𝜓𝜙⟩ ↦→ |𝜓𝜙/𝑙⟩ =
𝑁𝑙∑︁
𝑗=0

𝑐 𝑗𝑒
−𝑖 𝑗𝜙/𝑙 | 𝑗⟩. (5.19b)

transforms the BMSE, (Δ𝜙)2
P𝛿𝜙 (𝜙),𝑁 , as given in Eq. (5.18). This is the BMSE we

want attain with 𝑁 qubits, hence the only thing that is needed to show is that we can
construct the following state (and phase encoding) |𝜓𝜙/𝑙⟩ =

∑𝑁𝑙
𝑗=0 𝑐 𝑗𝑒

−𝑖 𝑗𝜙/𝑙 | 𝑗⟩, and
perform the optimal measurements using 𝑁 qubits.

We provide a construction that uses ancillas and pulses that depend on the state of the
ancillas. We first construct the state |𝜓⟩ = ∑𝑁𝑙

𝑗=0 𝑐 𝑗 | 𝑗⟩ on the ancillas. In principle,
log (𝑁𝑙 + 1) ancillas are sufficient to generate this state. It can also be generated
by using a symmetric or a unary encoding, but this requires 𝑁𝑙 ancillas. The 𝑁
probes are initialized to the state |𝑁⟩ , such that the initial state is |𝑁⟩

(∑𝑁𝑙
𝑗=0 𝑐 𝑗 | 𝑗⟩

)
.

For every | 𝑗⟩, we want to obtain the following phase accumulation: |𝑁⟩| 𝑗⟩ ↦→
𝑒−𝑖 𝑗𝜙/𝑙 |𝑁⟩| 𝑗⟩ . This can be achieved with | 𝑗⟩-dependent pulses that slow down the
evolution, e.g. by adding a control Hamiltonian of 𝐻𝑐 =

∑𝑁𝑙
𝑗=0 𝑓 𝑗 (𝑡) 𝐽𝑥 ⊗ | 𝑗⟩⟨ 𝑗 |,

with 𝑓 𝑗 (𝑡) = 𝜋𝛿

(
𝑡 − 𝑇 𝑁𝑙+ 𝑗

2𝑁𝑙

)
, where 𝑇 is the Ramsey time (𝜔𝑇 = 𝜙6). These

ancilla-dependent pulses lead to the effective Hamiltonian of (after moving to the
interaction picture with respect to 𝐻𝑐) 𝐻 =

∑𝑁𝑙
𝑗=0

𝑗

𝑁𝑙
𝜔𝐽𝑧 ⊗ | 𝑗⟩⟨ 𝑗 |, and thus to the

final state of |𝑁⟩(∑𝑁𝑙
𝑗=0 𝑐 𝑗𝑒

−𝑖 𝑗𝜙/𝑙 | 𝑗⟩). The state of the ancillas is now |𝜓𝜙/𝑙⟩, hence
by implementing the optimal measurement on the ancillas the desired BMSE is
obtained.

Experimental Realization
Here, we provide a roadmap for the experimental implementation of the proposed
scheme in existing quantum platforms. Specifically, neutral atom arrays have re-
cently emerged as a promising platform for high fidelity control of qubits, where
entanglement is mediated through Rydberg interactions [156, 157, 70, 159, 241, 73,
41].

6We assumed in the proof the simplest case of a fixed 𝜔 during the time evolution, i.e. 𝐻 = 𝜔𝐽𝑧 .

In most realistic cases, 𝜔(𝑡) fluctuates with time. In these cases, to obtain an effective Hamiltonian
of 𝐻 =

∑𝑁𝑙
𝑗=0

𝑗

𝑁𝑙
𝜔 (𝑡) 𝐽𝑧 ⊗ | 𝑗⟩⟨ 𝑗 |, we need to apply 𝜋-pulses during time periods shorter than the

correlation time of 𝜔(𝑡). Denoting such time intervals as 𝜏, the ancilla-dependent control function
𝑓 𝑗 (𝑡) is then given by 𝑓 𝑗 (𝑡) =

∑𝑇/𝜏−1
𝑘=0 𝜋

(
𝛿

(
𝑡 − 𝜏

(
𝑘 + 𝑁𝑙+ 𝑗

2𝑁𝑙

))
+ 𝛿 (𝑡 − (𝑘 + 1) 𝜏)

)
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To implement the proposed scheme, the following experimental stages need to
be carried out: (1) State preparation: high fidelity preparation of GHZ states of
optical clock qubits. (2) Evolution period: LO phase is imprinted on the qubits.
The evolution time should be shorter than the qubit coherence time (determined
by amplitude damping or dephasing noise when slow atoms are used to extend
the dynamic range). (3) Measurement: sequential local measurements should be
performed, combined with adaptive single-qubit rotations. As the measurement is
sequential and adaptive, it is crucial that when a qubit is measured, the remaining
qubits to-be-measured are "frozen", i.e. decoupled from the LO phase and remain
coherent during the measurement period, in order to achieve high sensitivity.

Due to the constraints above, we propose an implementation that would make use
of interleaving sensing and computing with optical clock qubits and non-optical
qubits with long coherence times, respectively. For the computing qubits, we can
use nuclear spins in a metastable state (e.g. Yb-171). This system allows for long
coherence times, high fidelity gates and protection from imaging light [126]. Or, we
can use a hyperfine alkali qubit in a dual-species architecture. Let us explain what
these implementations entail for state preparation and readout in the following.

In order to prepare the blocks of GHZ states in neutral atom array platforms, one can
use high-fidelity entangling gates obtained through e.g. phase-modulated Rydberg
pulses. Such gates have recently been implemented for optical [73, 41], as well as
hyperfine and nuclear qubits [70, 164].

For fast and high-fidelity preparation of GHZ states, we can use nuclear qubits in
a metastable state [165, 126]. For the clock operation, these qubits need to be
mapped to optical clock qubits, which can be realized via a global 𝜋-pulse. This
implementation allows for a faster state preparation that is robust to the clock laser
noise. Another possible implementation is via a dual-species architecture, where
state preparation is realized with e.g. the hyperfine states in rubidium [244]. In order
to map these qubits to optical clock qubits, an interspecies SWAP gate is needed.
Lastly, if state preparation is realized using optical clock qubits, a high-coherence
laser (e.g. the clock laser systems of Refs. [29, 277]) can be used to achieve a high
fidelity [73, 41].

Experimentally, the circuit to prepare an 𝑁-qubit GHZ state can be implemented
through combining single-qubit rotations with controlled-Z (CZ) gates, which can
be realized with two-qubit [73] or multi-qubit gates [157, 96, 41]. High-fidelity
CZ gates allow for the construction of high-fidelity GHZ states. The state-of-the-
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art fidelities are cited as 99.72(3)% for two-qubit CZ gates, and 99.963(2)% for
single-qubit rotations, for systems that use Yb-171 nuclear spin qubits [185].

The proposed scheme requires the implementation of single-qubit rotations and
sequential midcircuit measurements with feed-forward. As the initial states of
the proposed scheme contain multiple copies of GHZ states with different sizes, the
remaining states should be protected from the imaging light during the measurement
of a GHZ state. This can be achieved by, for example, transporting the qubits to a
separate readout zone before a measurement [24], or, by shelving the other qubits
such that they are dark to the imaging light [159, 95, 164].

Let us describe how nuclear qubits can be used to achieve adaptive readout. After
the accumulation of the LO phase, optical qubits can be mapped back to metastable
nuclear qubits via another global 𝜋-pulse, so that they are decoupled from the LO
and additional decoherence effects, as well as from the imaging light for the readout.
Finally, a local 𝜋-pulse can be used to map one-by-one the GHZ states of nuclear
qubits into GHZ states of optical or ground state qubits for sequential, local readout.

Finally, any experimental realization would suffer from decoherence, due to e.g.
amplitude damping, state preparation errors and detection noise. We study the effect
of these noises on the proposed scheme in Appendix C.6. Specifically, we analyze
the effect of amplitude damping on blocks of GHZ states, and state preparation and
measurement errors.

5.4 Methods
Approximating optimal initial states
First, we explain how the optimally performing partition is computed for a given
qubit number 𝑁 , and prior width 𝛿𝜙. For this purpose, we fix 𝑁 and write down
all possible partitions into {𝑘𝑖},{𝑚𝑖}, given the constraint 𝑁 =

∑
𝑖 𝑚𝑖2𝑘𝑖 . For

all the partitions, we numerically calculate the minimum possible BMSE using
the algorithm outlined in Ref. [167], assuming that optimal measurements (for
example, the QFT operation followed by projective measurements) are available.
The partition that achieves this minimum possible BMSE, for a given qubit number
𝑁 and prior width 𝛿𝜙, is referred to as the optimal partition. The optimal partition
depends on the prior width: for a narrow prior distribution, it is desirable to use
most of the qubits to construct a GHZ state with a high number of qubits, whereas
for a wider prior distribution, we expect the optimal partition to include more blocks
of GHZ states with smaller numbers of qubits.
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-corrected HL

Figure 5.7: RBMSE normalized by 2𝜋, as a function of the number of qubits 𝑁 , for
the optimal partition of the blocks of GHZ states, and the OQI. The OQI constitutes
a benchmark for Bayesian phase estimation, and we assume that arbitrarily complex
optimal measurements are available for the optimal partitions. The comparison to
the OQI shows that the BMSE of the optimal partitions performs almost optimally
for all prior widths. We also plot the 𝜋-corrected HL, defined as Δ𝜙 = 𝜋/𝑁 in the
limit of 𝑁 ≫ 1 [125], with a gray line. The BMSE of the OQI (as well as the
optimal partition) converges to the HL for all prior widths except 𝛿𝜙 ≈ 1.05 rad,
due to phase slip errors.

It is interesting to study how well these optimal partitions of blocks of GHZ states
perform given that optimal measurements are applied, and how close their minimal
BMSE is to the BMSE of the OQI. This analysis is shown in Fig. 5.7, where we
compare the BMSE obtained by the optimal partitions with their optimal measure-
ments to the BMSE of the OQI for different prior widths (𝛿𝜙 = 𝜋/12 ≈ 0.26 rad,
𝜋/6 ≈ 0.53 rad, 𝜋/3 ≈ 1.05 rad). We observe that optimal partitions achieve
the performance of the OQI almost exactly for all qubit numbers. Therefore, given
optimal measurements, approximating the optimal initial state with blocks of GHZ
states causes almost no loss of sensitivity.

To get a better analytical understanding of how close the sensitivity obtained with
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blocks of GHZ states can get to the OQI, we calculate the estimation error obtained
by the state containing 𝑀 = 3 copies of GHZ states with sizes 𝑘 = 0, 1, . . . 2𝑘max .
Such a state can be written as

|𝜓⟩ = 1
23(𝑘max+1)/2

𝑁∑︁
𝑛=0

√︁
𝑓 (𝑛) |𝑛⟩ , (5.20)

where |𝑛⟩ denotes the state with 𝑛 excited qubits, i.e. 𝑛 |1⟩’s, that is symmetric
under qubit-exchange operations. For this state, 𝑓 (𝑛) is the coefficient multiplying
𝑥𝑛 in the polynomial

∏𝑘max
𝑖=0 (1+ 𝑥2𝑖 )3. To simplify the analytical calculation we take

a uniform prior distribution in [−𝜋, 𝜋] and a cost function of 4 sin2 ((𝜙 − 𝜙est)/2).
This cost function is commonly used for this prior distribution, due to the 𝜙 = 𝜙+2𝜋
symmetry, and it is equivalent to the standard (𝜙 − 𝜙est)2 for small 𝜙 − 𝜙est. In Ref.
[128], it was shown that the estimation error in this case can be written as

(Δ𝜙)2 = 2

[
1 − 1

23(𝑘max+1)

𝑁−1∑︁
𝑛=0

√︁
𝑓 (𝑛) 𝑓 (𝑛 + 1)

]
. (5.21)

Using this expression, we explicitly calculate (Δ𝜙)2 and find that it reduces to

(Δ𝜙)2 =
9
√

3 ln (2 +
√

3)
2𝑁2 +𝑂 (𝑁−3) ≈ 10.26

𝑁2 . (5.22)

The detailed calculation can be found in Appendix C.3. Comparing this expression
to the OQI with this prior and cost function, 𝜋2/𝑁2 [20, 90], we get a very small
overhead of ≈ 1.04. Then, in accordance with the numerical results in Fig. 5.7,
we observe that blocks of GHZ states can approach the optimal sensitivity limits
significantly, if optimal measurements are available.

We note that the optimal partitions differ from the ones used by previous schemes.
The latter are tailored for non-adaptive, local measurements, whereas the partitions
of this work assume optimal measurements. We observed numerically that in
general these optimal measurements cannot be replicated with non-adaptive, local
measurement protocols.

Optimizing over local, adaptive measurements
Given the optimal partition, the optimal measurement strategy might be complex.
For example, the optimal measurement includes performing a QFT in the limit of
a large prior width within the dynamic range [74]. We therefore look for ways
to perform a measurement that approximates the optimal measurement as much
as possible. It has been shown that the QFT operation, followed by projective
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measurements, can be approximated by performing adaptive measurements [20],
where one starts measuring from the GHZ state with the highest 𝑘𝑖 in Eq. (5.8),
and performs single-qubit rotations to the rest of the states adaptively before their
respective measurements.

Taking the optimal partitions of the previous section as our initial states, the adap-
tive measurement can be optimized with respect to the initial state and the prior
width to minimize the BMSE in Eq. (5.3). First, defining 𝑀 =

∑
𝑖 𝑚𝑖, note

that one needs to perform 𝑀 measurements in total. For a parity measurement
performed on a 𝑘-qubit GHZ state, preceded by a single-qubit rotation of Φ, the
probabilities of obtaining an even or odd parity (denoted by +,− respectively) are
𝑃(±) = (1 ± cos (𝑘 (𝜙 −Φ)))/2. Furthermore, since there are 𝑀 measurements,
the number of possible outcomes is 2𝑀 . Denoting the probability of each outcome
by 𝑝(®𝑛, ®Φ|𝜙), we write the total BMSE as

(Δ𝜙)2 =

∫
𝑑𝜙P𝛿𝜙 (𝜙)

∑︁
®𝑛
𝑝(®𝑛, ®Φ|𝜙) (𝜙 − 𝜙𝑒𝑠𝑡 (®𝑛))2 (5.23)

where the sum is over all outcomes, or branches ®𝑛. Note that the single-qubit
rotations before measurements, ®Φ, and the estimators, 𝜙𝑒𝑠𝑡 (®𝑛), are functions of the
branches. We use the optimal Bayesian estimators, defined as

𝜙𝑒𝑠𝑡 (®𝑛) =
∫
𝑑𝜙 𝜙 𝑝(®𝑛, ®Φ|𝜙) P𝛿𝜙 (𝜙)∫
𝑑𝜙 𝑝(®𝑛, ®Φ|𝜙) P𝛿𝜙 (𝜙)

(5.24)

We employ gradient descent techniques to find the optimal single-qubit rotations ®Φ
for a given initial state and prior width (see Appendix C.4 for more details about the
optimization procedure).

5.5 Discussion
In this chapter, we analyzed phase estimation schemes that utilize state preparation
with low-depth circuits in the Bayesian framework. Specifically, we focused on
protocols that employ blocks of GHZ states with varying numbers of qubits, such
as the protocols in Refs. [134, 110]. Inspired by these protocols, we proposed a
scheme that combines such initial states with local, adaptive measurements, where
we approximate optimal initial states for any prior width using such blocks of GHZ
states. Constraining our optimization by fixing the number of qubits, 𝑁 , we were
able to achieve a good approximation for all 𝑁 , which is one of the distinguishing
features of the proposed scheme compared to other protocols that we have analyzed.
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After obtaining the approximated optimal initial state, we optimized over local,
adaptive measurements. These are implemented by applying single-qubit rotations
(selected adaptively based on the previous measurement result) before a projective
measurement. We analyzed the performance of the proposed scheme using Gaussian
prior distributions. However, our optimization algorithm is completely general and
can be applied to any prior distribution function.

Working with a large prior width within the dynamic range, we showed that it
is possible to obtain Heisenberg scaling by using the protocol of Ref. [110] that
combines non-adaptive measurements and single-qubit rotations with blocks of GHZ
states. Moreover, we showed that the proposed protocol also exhibits Heisenberg
scaling with a constant overhead of 1.56 for a prior width of 𝛿𝜙 = 0.7 rad, and
outperforms the scheme of Ref. [110]. Since these schemes require logarithmic
depth circuits, they may pave the way to a large-scale Heisenberg-limited atomic
clock. A non-trivial challenge, however, is the adaptive local measurements, which
require fast and non-destructive detection. This raises a question about how much
we lose in sensitivity by restricting ourselves to non-adaptive measurements, for a
general qubit number. We leave this question to future investigation.

Lastly, we proposed an efficient method to extend the dynamic range of the proposed
scheme in order to obtain an enhanced precision. We showed that the optimal initial
states of our scheme can be rescaled in order to obtain partitions that include
slow atoms that accumulate fractional phases, as well as GHZ states. Compared
to existing phase unwinding schemes, we showed that our method uses a smaller
number of slow atoms.

Further future directions include a more detailed study of the effects of noise and
decoherence. Our study of these effects can be improved by a closer examination
of the optimal initial states and measurements given relevant noise processes. Such
optimal measurements may involve error detection that mitigates the effect of noise,
as in Ref. [135]. Lastly, inquiring whether modifying the partitioning into GHZ
states adaptively can improve the performance is also an intriguing future direction.
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C h a p t e r 6

EXTENDING THE DYNAMIC RANGE IN QUANTUM
FREQUENCY ESTIMATION WITH SEQUENTIAL WEAK

MEASUREMENTS

6.1 Introduction
In quantum frequency estimation, we seek to estimate an unknown frequency 𝜔,
given a dynamic range of [𝜔0, 𝜔0 + 𝛿𝜔], with an optimal precision1. Maintaining
a high precision given an arbitrarily large frequency bandwidth, 𝛿𝜔, is one of the
fundamental challenges in quantum metrology, and it is typically referred to as the
precision-bandwidth trade-off [224, 131, 169, 66, 160]. The standard estimation
schemes rely on a Ramsey-type experiment: 𝑁 qubits are initialized to an input
state, rotate at the frequency 𝜔 for time 𝑇 , and are subsequently measured. For
an infinitesimally small bandwidth, longer evolution times enhance the precision,
leading to estimation uncertainty that scales as 1/𝑇 , known as Heisenberg scaling
(HS) with respect to time [84]. However, a finite bandwidth restricts this improve-
ment: an evolution time that is longer than 𝜋/𝛿𝜔 leads to phase slip errors that
considerably degrade the precision. Consequently, the evolution time in systems
such as optical atomic clocks [23, 162, 197, 194, 168, 221] is typically constrained
by the inverse of the frequency bandwidth [154]. This phenomenon is prominent for
the Greenberger-Horne-Zeilinger (GHZ) state, as it provides optimal sensitivity but
suffers from a poor dynamic range, limiting its usefulness when 𝛿𝜔𝑇 is large [21,
167, 125, 131]. It is therefore highly desirable to develop schemes that suppress
phase slip errors and achieve nearly optimal precision for a large bandwidth.

Several schemes successfully combine entanglement enhanced sensing with a rela-
tively large dynamic range, i.e. 𝛿𝜔 ≈ 𝜋/𝑇 [21, 167, 131, 66, 134, 203]. However,
in most practical applications it is important to extend the dynamic range even
further: for example, in atomic clocks, larger dynamic range would improve the tol-
erance to laser noise and the clock stability. The fundamental question is, therefore,
how to extend the dynamic range beyond this limit. Several methods have been

1This chapter is adapted from: S. Direkci et al., "Extending the dynamic range in quantum
frequency estimation with sequential weak measurements," Phys. Rev. Research 8, L022046 (2026),
DOI: 10.1103/2hyn-cqlq. Published by the American Physical Society under a Creative Commons
Attribution 4.0 International (CC BY 4.0) license.
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Figure 6.1: Dynamic range problem in frequency estimation: a) Circuit represen-
tation of the standard Ramsey experiment, where a strong measurement is applied
after a phase accumulation time 𝑇. b) We consider a uniform prior distribution of
the unknown frequency P𝛿𝜔 (𝜔) in the interval [0, 𝛿𝜔]. c) The square-root of the
Bayesian mean squared error (BMSE) Δ𝜔, normalized by the prior width 𝛿𝜔 and
the number of qubits 𝑁 = 64. The solid, red line corresponds to the measurement-
optimized BMSE, which suffers from phase slips beyond 𝛿𝜔𝑇 = 𝜋, as shown in the
Bloch sphere picture. The dashed-blue line corresponds to the quantum Fisher in-
formation bound of (Δ𝜔)−2 = 𝐼𝑄 = 4𝑁𝑇2. d) Circuit representation of the approach
studied here: Ramsey experiment with sequential weak measurements.

proposed for this purpose, including cascaded protocols [224, 134, 66], quantum
deamplification [160], and sequential weak measurements [242, 27]. However, it
is unknown whether these schemes saturate the relevant precision bounds, and it is
highly desirable to find schemes that are both optimal and easy to implement with
state-of-the-art platforms.

We focus in this chapter on the weak measurement approach. While sequential
weak measurements were proposed in the context of cavity-based atomic clocks
[242, 27], there has been no systematic study of their precision limits in the context
of Bayesian frequency estimation. In particular, it is unknown whether such schemes
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achieve HS or saturate the precision bounds for a large bandwidth, especially for a
limited number of atoms. Lastly, prior works assumed a large ensemble of atoms
measured collectively [242, 27]; devising an optimal weak measurement protocol
for circuit-based sensors [241, 73, 41] and for a small number of atoms remains an
open challenge. We address these questions by designing a tunable sequential weak
measurement protocol and analyze its performance for different configurations. We
focus on the simplest case where the input state is a coherent spin state (CSS), and
propose a protocol that asymptotically saturates the ultimate precision bounds for
CSS for an arbitrarily large bandwidth. This protocol is thus an optimal "classical"
protocol for frequency estimation.

6.2 Formulation
We consider a Ramsey type experiment: 𝑁 qubits evolve according to the Hamil-
tonian H = 𝜔

∑𝑁
𝑗=1𝜎

𝑗
𝑧 , where 𝜎 𝑗

𝑧 is the Pauli 𝑧 operator acting on the 𝑗 th qubit,
and 𝜔 is the unknown frequency to be estimated. We consider the Bayesian setting
where 𝜔 has a uniform prior distribution P𝛿𝜔 (𝜔) = 1

𝛿𝜔
𝜒[0,𝛿𝜔] (𝜔) in [0, 𝛿𝜔] (𝜒

is the indicator function). Note that any uniform prior distribution in the form of
[𝜔0, 𝜔0 + 𝛿𝜔] is equivalent to this distribution: we can retrieve the original prior by
applying a unitary of 𝑒𝑖𝜔0𝑇

∑
𝑗 𝜎

𝑗
𝑧 before the measurement. The error in the estimation

is quantified by the Bayesian mean squared error (BMSE), which is defined as the
mean squared error (MSE) weighted by the prior distribution:

(Δ𝜔)2 =

∫
(Δ𝜔)2P𝛿𝜔 (𝜔)𝑑𝜔 (6.1)

where (Δ𝜔)2 :=
∑
𝑥 𝑝(𝑥 |𝜔) (𝜔 − 𝜔est(𝑥))2 is the MSE, (Δ𝜔)2 is the BMSE,

{𝑝(𝑥 |𝜔)}𝑥 are the probabilities of the measurement results, and {𝜔est(𝑥)} is the
estimator function.

The standard Ramsey experiment is illustrated in Fig. 6.1a. The probes are ini-
tialized to a CSS, |+⟩⊗𝑁 = (|0⟩ + |1⟩)⊗𝑁/2𝑁/2, where |+⟩ is an eigenstate of the
Pauli 𝑥 operator. They are subjected to a free evolution for a duration of 𝑇 , and
are finally measured. The BMSE of this protocol, when optimized over all possible
measurements, is referred to as the optimal classical interferometer (OCI) [167] and
is plotted in Fig. 6.1c. We observe that for interrogation times where 𝛿𝜔𝑇 > 𝜋, the
OCI BMSE increases rapidly, and converges to the prior width, Δ𝜔 ≈ 𝛿𝜔, signifying
that no information is gained from the estimation. The behavior is caused by phase
slips: the unitary transformation describing the free evolution is periodic in 𝜔𝑇 .



110

Therefore, the maximum interrogation time using this protocol is limited to 𝜋/𝛿𝜔,
since longer times will give rise to phase slip errors.

To resolve this issue, we propose to perform sequential weak measurements during
the free evolution. Weak measurements provide frequent monitoring of the state
and allow us to track the oscillations, preventing phase slip errors [80, 55, 205, 50,
254]. They therefore can potentially extend the dynamic range beyond 𝜋/𝑇.

Our scheme consists of applying a sequence of weak 𝜎𝑥 measurements in time
intervals of 𝜏. They are described by the Kraus operators

𝐾± =
1
√

2
[cos (𝑔)𝐼 ± sin (𝑔)𝜎𝑥] =

1
√

2

[
cos (𝑔) ± sin (𝑔)
± sin (𝑔) cos (𝑔)

]
, (6.2)

where 𝑔 is a tunable parameter that represents the measurement strength (𝑔 =

𝜋/4 corresponds to a projective measurement). They can be realized by weakly
entangling each probe to an ancillary qubit and measuring the ancilla. Each step
of the protocol involves the rotation 𝑉𝜔 = cos (𝜔𝜏) 𝐼 − 𝑖 sin (𝜔𝜏) 𝜎𝑧, followed by a
weak measurement that transforms the state of the sensing qubit 𝜌 as

𝜌 → 𝐾± 𝜌 𝐾
†
±

Tr[𝐾± 𝜌 𝐾
†
±]
, (6.3)

depending on the measurement outcome. Therefore, the sensing qubits evolve in
stochastic quantum trajectories [121]. Given a total interrogation time 𝑇 and a
measurement period 𝜏, this stochastic step is repeated for 𝑚 = ⌊𝑇/𝜏⌋ times2. Note
that, to prevent phase slips, the measurement period must satisfy 𝜏 < 𝜋

2𝛿𝜔 .

6.3 Ramsey Interferometry with Weak Measurements
To understand Ramsey interferometry with weak measurements evolution better, let
us study the average dynamics described by the channel Λ𝑇/𝜏𝜔 (𝜌 (0)) , where

Λ𝜔 (𝜌) = 𝐾 (𝜔)
+ 𝜌𝐾

(𝜔)†
+ + 𝐾 (𝜔)

− 𝜌𝐾 (𝜔)†
− , (6.4)

and where 𝐾 (𝜔)
± = 𝐾±𝑉𝜔. Similar to the previous Section, this channel represents

averaging over all possible ancilla measurements during time 0 < 𝑡 < 𝑇 . Expanding
𝜌 (0) = 1/2 (𝐼 + ®𝑟 · ®𝜎) , we obtain

©­­«
𝑟𝑥 (𝜏)
𝑟𝑦 (𝜏)
𝑟𝑧 (𝜏)

ª®®¬ =
©­­«

cos (2𝜔𝜏) sin (2𝜔𝜏) 0
− cos (2𝑔) sin (2𝜔𝜏) cos (2𝑔) cos (2𝜔𝜏) 0

0 0 cos (2𝑔)

ª®®¬
©­­«
𝑟𝑥

𝑟𝑦

𝑟𝑧

ª®®¬ .
(6.5)

2Note that if we set 𝜏 = 𝑇 , 𝑔 = 𝜋/4, this protocol reduces to the standard Ramsey experiment.
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The dynamics of 𝑟𝑧 is decoupled from that of 𝑟𝑥 , 𝑟𝑦, and since 𝑟𝑧 (0) = 0, it remains
0. Restricting ourselves to the block matrix of 𝑟𝑥 , 𝑟𝑦, its eigenvalues are

cos (2𝑔)1/2 𝑒±𝑖𝛼 with 𝛼 = arccos

(
cos (𝑔)2 cos (2𝜔𝜏)√︁

cos (2𝑔)

)
. (6.6)

This implies that 𝑟𝑥 , 𝑟𝑦 decay with a rate of 𝛾 = − 1
2𝜏 log (cos (2𝑔)) and oscillate

with a frequency of 𝛼/𝜏. Let us denote the probability of ancilla measurements at
time 𝑡 = 𝑘𝜏, 𝑘 ∈ N+ as 𝑝(𝑥𝑘 |𝜔), where 𝑥𝑘 = 0, 1 correspond to the Kraus operators
𝐾

(𝜔)
+ and 𝐾 (𝜔)

− , respectively. The full solution of 𝑟𝑥 (𝑘𝜏) and 𝑝(𝑥𝑘 = 0|𝜔) is then
given by

𝑟𝑥 (𝑘𝜏) = cos (2𝑔)𝑘/2 𝐴 cos (𝛼𝑘 + 𝜙) ,

𝑝(𝑥𝑘 = 0|𝜔) = 1
2
(1 + sin (2𝑔) 𝑟𝑥 (𝑘𝜏))

=
1
2

[
1 + sin (2𝑔) cos (2𝑔)𝑘/2 𝐴 cos (𝛼𝑘 + 𝜙)

]
where

𝐴 =

√︄
cos (2𝑔) sin (2𝜔𝜏)2

cos (2𝑔) − cos (𝑔)4 cos (2𝜔𝜏)2 ,

𝜙 = arcsin
©­­«
− sin (𝑔)2 cos (2𝜔𝜏)√︃

cos (2𝑔) sin (2𝜔𝜏)2

ª®®¬ . (6.7)

Here, 𝑘 denotes the number of the measurement, and 𝛼 is given in Eq. (6.6). For
𝑔2𝑇/𝜏 ≪ 1, the parameters 𝛼, 𝐴, 𝜙 can be approximated as 𝛼 = 2𝜔𝜏+𝑂 (𝑔4), 𝐴 =

1 +𝑂 (𝑔4), and 𝜙 = 𝑂 (𝑔2). Then,

𝑝(𝑥𝑘 = 0|𝜔) ≈ 1
2
[1 + sin (2𝑔) cos (2𝑔)𝑘/2 cos (2𝜔𝑘𝜏)] (6.8)

Let us now study the stochastic qubit trajectories defined by a string of measurement
results. Contrary to the average dynamics, we keep track of the ancilla measure-
ments, which indicate the trajectory of the sensing qubit. For this case, we can
show that the state of the qubit and the measurement probabilities can be calculated
iteratively. We first prove the following simple claim: The stochastic process of𝐾 (𝜔)

±
preserves the state in the 𝜎𝑥-𝜎𝑦 plane; i.e. if the initial state is in this plane, it will
remain there at all time (ignoring decoherence effects, e.g. amplitude damping).

To show this we use the update rule of Eq. (6.3), which in this case reads 𝜌 ↦→
𝐾

(𝜔)
± 𝜌𝐾

(𝜔)†
± /Tr(𝐾 (𝜔)

± 𝜌𝐾
(𝜔)†
± ). Hence, it suffices to show that the (unnormalized)
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operation 𝐾 (𝜔)
± 𝜌𝐾

(𝜔)†
± does not take the state out of the 𝜎𝑥-𝜎𝑦 plane. Assuming the

qubit to be in the state 𝜌 = 1/2 (𝐼 + ®𝑟 · ®𝜎) , where ®𝑟 = (𝑟𝑥 , 𝑟𝑦, 𝑟𝑧), and |®𝑟 | ≤ 1, this
operation induces the following mapping of ®𝑟:

𝑟𝑥 ↦→ cos (2𝜔𝜏) 𝑟𝑥 + sin (2𝜔𝜏) 𝑟𝑦 ± sin (2𝑔) (6.9a)

𝑟𝑦 ↦→ − cos (2𝑔) sin (2𝜔𝜏) 𝑟𝑥 + cos (2𝑔) cos (2𝜔𝜏) 𝑟𝑦 (6.9b)

𝑟𝑧 ↦→ cos (2𝑔) 𝑟𝑧 (6.9c)

since 𝑟𝑧 ↦→ 𝑟𝑧 cos (2𝑔), a state initialized in the 𝜎𝑥 − 𝜎𝑦 plane (𝑟𝑧 = 0) will remain
there. Hence, given an initial state of |+⟩, the state of the qubit remains in the
𝜎𝑥-𝜎𝑦 plane for all possible measurement results, at all time. Since the state also
remains pure, it is therefore fully characterized by its angle in the plane, 𝜃, and it
can be written as 𝜌 = 1

2
(
𝐼 + cos (𝜃) 𝜎𝑥 + sin (𝜃) 𝜎𝑦

)
. For a given trajectory, let us

denote as 𝜌𝑘 and 𝜃𝑘 the state and the angle before the 𝑘-th measurement. The weak
measurement probabilities at the 𝑘-th stage are then given by

𝑝(𝑥𝑘 |𝜔) := Tr
(
𝐾(−1)𝑥𝑘 𝜌𝑘𝐾

†
(−1)𝑥𝑘

)
=

1
2
[1 + (−1)𝑥𝑘 sin (2𝑔) cos (𝜃𝑘 )] (6.10)

where 𝑥𝑘 = 0, 1, 𝑘 ∈ N+. Given that the 𝑘-th measurement outcome is 𝑥𝑘 , the state
is updated as follows:

𝜌𝑘+1 =
1

𝑝 (𝑥𝑘 |𝜔)
𝑉𝜔𝐾(−1)𝑥𝑘 𝜌𝑘𝐾

†
(−1)𝑥𝑘𝑉

†
𝜔. (6.11)

Inserting 𝜌𝑘 = 1
2
(
𝐼 + cos (𝜃𝑘 ) 𝜎𝑥 + sin (𝜃𝑘 ) 𝜎𝑦

)
, we obtain the following recursive

relation for 𝜃𝑘 :

𝜃𝑘+1 = arg (cos (𝜃𝑘 ) + (−1)𝑥𝑘 sin (2𝑔) + 𝑖 cos (2𝑔) sin (𝜃𝑘 )) − 2𝜔𝜏. (6.12)

Note that in the limit of 𝑔 ≪ 1, this relation reduces to 𝜃𝑘+1 = 𝜃𝑘−(−1)𝑥𝑘2𝑔 sin (𝜃𝑘 )−
2𝜔𝜏 + 𝑂

(
𝑔2) , hence 𝜃𝑘 undergoes a scaled random walk, with a step size of

2𝑔 sin (𝜃𝑘 ). The angle and measurement probabilities can be thus calculated itera-
tively using Eq. (6.12).

We study two different protocols, illustrated in Fig. 6.1d: the weak-only protocol,
in which only sequential weak measurements are performed, and the weak-with-
strong protocol, in which the final weak measurement is replaced by a projective
measurement on the sensing qubits.



113

6.4 Cramér-Rao bounds
We are now poised to study the precision limits of this scheme and compare them
to the fundamental bounds. The ultimate precision limit is given by the Bayesian
Cramér-Rao bound (or the van Trees inequality) [53, 215, 259]

(Δ𝜔)2 ≥ [𝐼𝐶 + 𝐼P]−1, (6.13)

where 𝐼𝐶 :=
∫
𝑑𝜔P(𝜔)𝐼𝐶 (𝜔), 𝐼𝐶 =

∫
𝑑𝑥 𝑝(𝑥 |𝜔) [𝜕𝜔 log 𝑝(𝑥 |𝜔)]2 is the classical

Fisher information (CFI), and 𝐼P =
∫
𝑑𝜔P(𝜔) [𝜕𝜔 log P(𝜔)]2 denotes the infor-

mation from the prior distribution. Since we are interested in the large bandwidth
limit, i.e. 𝛿𝜔𝑇 ≫ 1, we have that 𝐼𝐶 ≫ 𝐼P , and Eq. (6.13) reduces to the Cramér-
Rao bound (CRB): (Δ𝜔)2 ⪆ 𝐼−1

𝐶
. Furthermore, from the quantum Cramér-Rao

bound [33], the CFI is upper bounded by the quantum Fisher information (QFI), i.e.
𝐼𝐶 ≤ 𝐼𝑄 . Then, the QFI is the ultimate limit of precision given an input state, and
the benchmark for our parameter estimation.

For pure states, the QFI about the parameter 𝜔 encoded in |𝜓(𝜔)⟩ reduces to
𝐼𝑄 = 4

(
⟨𝜕𝜔𝜓(𝜔) |𝜕𝜔𝜓(𝜔)⟩ − |⟨𝜓(𝜔) |𝜕𝜔𝜓(𝜔)⟩|2

)
. In the special case of |𝜓 (𝜔)⟩ =

exp (−𝑖H(𝜔)𝑇) |𝜓⟩, which corresponds to a qubit in a pure state evolving under
some Hamiltonian H(𝜔) parametrized by𝜔 for time𝑇 , the QFI is further simplified
to 4𝑇2var|𝜓⟩ (𝜕𝜔H) . In our case,H is the free evolution Hamiltonian, i.e. H = 𝜔𝜎𝑧.
Hence, the optimal QFI is

𝐼𝑄 = 4𝑇2 max
|𝜓⟩

var|𝜓⟩ (𝜎𝑧) = 4𝑇2. (6.14)

It can be shown that this is the optimal QFI when optimized over all possible control
strategies and initial states [200, 279], hence the fundamental precision limit for
this problem is Δ𝜔 ≥ 1

2𝑇 . For an 𝑁 atom CSS, assuming separable control, the
limit is given by 𝐼𝑄 = 4𝑁𝑇2, hence Δ𝜔 ≥ 1

2
√
𝑁𝑇
. We refer to this bound as the QFI

limit throughout the chapter. Furthermore, this scaling of the QFI is referred to
as the Heisenberg limit (HL) with respect to the interrogation time 𝑇 . In contrast,
the CFI achieved by repeating a Ramsey protocol for 𝑀 = 𝑇/𝜏 times is found as
4𝑁𝜏2 · 𝑀 = 4𝑁𝑇𝜏, which fails to achieve the HL.

We now turn to quantifying the performance of the proposed protocols. We first
compute the CFI of this weak measurement scheme. Even though this is a local
quantity, it provides a bound on the BMSE through the Bayesian Cramér-Rao bound
(Eq. (6.13)) and can be calculated analytically. Therefore, we first show that the
CFI can approach the QFI. We then demonstrate numerically the saturation of the
CFI in the relevant Bayesian setting.
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For this purpose, it is useful to define the parameter 𝜂 = 𝑔2𝑇/𝜏, which quantifies
the amount of back action on the sensing qubits due to the weak measurements: the
back action decay time was found as 𝛾−1 ≈ 𝜏/𝑔2, therefore, 𝜂 = 𝑇/𝛾−1 describes
how the total interrogation time compares to the decay time.

Expressions for the CFI
We first study the behavior of the CFI in the weak back action regime, i.e. 𝜂 ≪ 1.
In this regime, the back action due to weak measurements is negligible. There-
fore, measurement results for different times will approximately be independent
of each other, and the total CFI can be written as a sum over the CFI obtained
only from the 𝑘 th measurement, in the form of 𝐼𝐶 =

∑
𝑘 𝐼𝐶 [𝑘]. Furthermore, in

this limit, 𝑝(𝑥𝑘 |𝜔) for a weak measurement can simply be written as 𝑝(𝑥𝑘 |𝜔) =

[1 + (−1)𝑥𝑘 sin (2𝑔) cos (2𝑘𝜔𝜏)] /2, 𝑥𝑘 = 0, 1. Therefore, the CFI for the 𝑘 th weak
measurement is calculated as

𝐼𝐶 [𝑘] =
4 sin (2𝑔)2𝑘2𝜏2 sin (2𝜔𝑘𝜏)2

1 − sin (2𝑔)2 cos (2𝜔𝑘𝜏)2 ≈ 4 sin (2𝑔)2𝑘2𝜏2 sin (2𝜔𝑘𝜏)2 (6.15)

Thus, the total CFI of the weak-only protocol for a single qubit is given by

𝐼w𝐶 =
∑︁
𝑘

𝐼𝐶 [𝑘] ≈ 2 sin (2𝑔)2𝑇3/3𝜏 ≈ 8𝑔2𝑇3/3𝜏, (6.16)

for 𝑇/𝜏 ≫ 1. For 𝑁 qubits, the total CFI is given by

𝐼w𝐶 ≈ 8𝑔2𝑁𝑇3

3𝜏
(6.17)

This𝑇3 scaling of the CFI is typical for frequency estimation of classical signal [220,
248, 143, 232, 231, 77]. Here, even though the scaling with 𝑇 is more favorable
than HS, the absolute performance relative to the HL is poor since 𝜂 ≪ 1.

Now, let us find the CFI of the weak-with-strong protocol. In the regime where
𝜂 ≪ 1, the probability for the measurement outcomes of the projective measurement
at the end of the interrogation is approximately given by

𝑝𝑠 (𝑥𝑇/𝜏 |𝜔) =
1
2
[1 + (−1)𝑥𝑇/𝜏 (cos (2𝜔𝑇) + 2𝑔 sin (2𝜔𝑇)𝑠(®𝑥, 𝜔𝜏))] (6.18)

where 𝑠(®𝑥, 𝜔𝜏) :=
∑𝑇/𝜏−1
𝑘=1 (−1)𝑥𝑘 sin (2𝜔𝑘𝜏), and ®𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑇/𝜏−1) are the

measurement results of the weak measurements, and there is some back action on
the qubit, to first order in 𝑔. Then, the CFI of this protocol for a single qubit can be
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Figure 6.2: Average classical Fisher information (CFI) 𝐼𝐶 , normalized by the QFI,
𝐼𝑄 = 4𝑁𝑇2, for the weak-only protocol (plotted in yellow), and weak-with-strong
protocol (plotted in green). We fix the measurement strength as 𝑔 = 0.1, measure-
ment period as 𝜏 = 0.1 s, and vary the interrogation time 𝑇 ∈ [1, 100] s. In the
weak back action regime, i.e. 𝑔2𝑇/𝜏 ≪ 1, the CFI for the weak-with-strong protocol
saturates 𝐼𝑄 . The CFI for the weak-only protocols is much smaller, yet it increases
rapidly as 𝑇3. Eventually, in the strong back action regime, 𝑔2𝑇/𝜏 ≫ 1, the two
protocols obtain the same CFI of 4𝑁𝑇𝜏/𝑔2.

written as

𝐼ws
𝐶 =

4𝑇2 sin2 (2𝜔𝑇)
2𝑇/𝜏

∑︁
®𝑥

[
1 − 2𝑔

(
cot (2𝜔𝑇)𝑠(®𝑥, 𝜔𝜏) + 1

2𝑇
𝜕𝑠(®𝑥,𝜔𝜏)
𝜕𝜔

)]2

1 + (−1)𝑥𝑇/𝜏 sin (2𝜔𝑇) (cot (2𝜔𝑇) + 2𝑔𝑠(®𝑥, 𝜔𝜏))

≈ 4𝑇2 +𝑂 (𝑔2) (6.19)

We note that this protocol saturates the ultimate sensitivity limit with respect to the
total interrogation time 𝑇 for a small measurement strength 𝑔, given by the QFI in
Eq. (6.14). If we have 𝑁 qubits, we will similarly have that 𝐼ws

𝐶
≈ 4𝑁𝑇2 +𝑂 (𝑔2).

In the strong back action regime, 𝜂 ≫ 1, the CFI of both protocols scales as 𝑇 .
This linear scaling of the CFI is ubiquitous in sequential measurement schemes [75,
80, 275] and it is attributed to the state memory loss induced by the sequential
measurements, i.e. the phase becomes uncorrelated with its initial value. We can
interpret the overall behavior of the CFI as follows: in the weak back action regime
not enough information is extracted from the state, while in the strong back action
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regime the decoherence induced by the measurements degrades the CFI and prevents
achieving HS with respect to time. The optimal 𝑔 is thus at the crossover between
the two regimes, where the trade-off between extracted information and dissipation
is optimal, and HS can be achieved. For a given 𝑇, we find that the optimal 𝑔
corresponds to 𝑔2𝑇/𝜏 ≈

√︁
3/2. The resulting CFI is then 𝐼w

𝐶
≈ 1.11𝑁𝑇2. Hence, we

can obtain HS with time using this weak-only scheme with an optimal 𝑔, where the
CFI loses a factor of ≈ 3.60 compared to the QFI limit.

In the strong back action regime, we consider the following: a general upper bound
to the CFI with sequential measurements of a probe was given in Ref. [75]. This is
done by considering the map:

Λ (𝜔1, 𝜔2) (𝜌) := 𝐾 (𝜔1)
+ 𝜌𝐾

(𝜔2)†
+ + 𝐾 (𝜔1)

− 𝜌𝐾 (𝜔2)†
− . (6.20)

Note that this is not a quantum channel, as it is not trace preserving (due to the
different frequencies in 𝐾 (𝜔𝑖)

± ). The bound for a time 𝑇 , i.e. after 𝑇/𝜏 applications
of Λ, is given by

𝐼 ≤ 4 𝜕𝜔1𝜕𝜔2 log (tr (𝜌 (𝜔1, 𝜔2))) |𝜔1=𝜔2=𝜔, (6.21)

where 𝜌 (𝜔1, 𝜔2) = Λ (𝜔1, 𝜔2)𝑇/𝜏 (𝜌) . It can be shown that this bound is simplified
to

𝐼 ≤ 4𝑇𝜕𝜔1𝜕𝜔2𝜂 |𝜔1=𝜔2=𝜔 (6.22)

where 𝜂 is the largest eigenvalue of Λ (𝜔1, 𝜔2) . Using Eqs. (6.21)-(6.22) for our
case, we find 𝜕𝜔1𝜕𝜔2𝜂 |𝜔1=𝜔2=𝜔= 𝜏 cot (𝑔)2 . This upper bound thus reads

𝐼 ≤ 4𝑇𝜏 cot (𝑔)2 . (6.23)

Note that in general, 𝜏 cot (𝑔)2 ≥ 𝛾−1 =

(
− 1

2𝜏 log (cos (2𝑔))
)−1

, but in the limit of

𝑔 ≪ 1 we have that 𝛾−1 ≈ 𝜏 cot (𝑔)2 ≈ 𝜏

𝑔2 . Hence, in this limit,

𝐼 ≤ 4𝑇𝛾−1 ≈ 4
𝜏

𝑔2𝑇. (6.24)

While this bound holds for every 𝑇, it is tight only in the strong back action regime,
i.e. 𝜂 ≫ 1. The intuition for this strong back action limit of the CFI is the following:
For times shorter than 1/𝛾, the frequency is sensed with Heisenberg scaling (HS),
such that the CFI reaches 4/𝛾2. The measurements after 𝑡 = 1/𝛾 are uncorrelated
with the measurements during time 𝑡 < 1/𝛾. Thus, the CFI will be equivalent to
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the case where the measurement during 𝑡 < 1/𝛾 is repeated 𝑇𝛾 times, which is
calculated as 4𝑇/𝛾. Note that the analysis for this upper bound of the CFI is not
modified when we perform a strong measurement at the end of the interrogation.
This is because in this regime, the final projective measurement does not add any
new information, since at the end of the interrogation the probes have already lost
their phase coherence due to the weak measurements. Thus, we obtain the same
linear CFI scaling 𝐼ws

𝐶
≈ 4𝑁𝑇𝜏/𝑔2, as we had for 𝐼w

𝐶
. Weak measurements only

reduce 𝐼ws
𝐶

, but as we will show in the following, they are needed to saturate the CFI
given a large dynamic range.

Numerically, we compute the CFI for a general protocol using a Monte Carlo
sampling, i.e. by sampling 𝐾 trajectories of measurement outcomes for 𝑁 qubits.
For large enough 𝐾 , the CFI is approximately given by

𝐼𝐶 ≈ 1
𝐾

∑︁
®𝑥

(
𝜕 ln 𝑝(®𝑥 |𝜔)

𝜕𝜔

)2
(6.25)

where the sum is over the sampled trajectories ®𝑥, and 𝑝(®𝑥 |𝜔) is the probability of
obtaining a trajectory ®𝑥 given 𝜔. We also numerically compute the derivative by
calculating 𝑝(®𝑥 |𝜔 + 𝑑𝜔), 𝑑𝜔 ≪ 1, for all ®𝑥.

6.5 Saturability of the CRB and the threshold effect
So far we have shown that the CFIs of both of the weak measurement protocols,
𝐼w
𝐶
, 𝐼ws
𝐶

, yield HS with appropriate values of 𝑔, 𝜏, 𝑇 . However, these quantities
correspond to local estimation of 𝜔, and they are not necessarily saturable in the
relevant large bandwidth limit, 𝛿𝜔𝑇 ≫ 1. Hence, we study the minimal 𝜂, 𝑁
for which 𝐼w

𝐶
, 𝐼ws
𝐶

are saturated, given a uniform prior distribution in [0, 𝛿𝜔]. In
particular, we focus on whether they can be saturated for small enough 𝜂 such that HS
is achieved. Note that the prior distribution implicitly determines the measurement
period for the weak measurement protocols, with 𝜏 = 𝜋/2𝛿𝜔.

A similar problem was studied extensively in classical sensing, where a signal
𝑠(𝑡𝑛) = 𝐴 cos(2𝜔𝑡𝑛) + 𝜈𝑛 is sampled at times {𝑡𝑛 = 𝑛𝜏}𝑀

𝑛=1 [220, 248]. Here, 𝐴
is the amplitude of the signal and {𝜈𝑛}𝑀𝑛=1 are i.i.d. Gaussian random variables,
𝜈𝑛 ∼ 𝑁

(
0, 𝜎2) . It was shown that this classical frequency estimation problem is

plagued by a threshold effect with respect to the signal to noise ratio (SNR), defined
as 𝐴2

𝜎2
𝑇
𝜏
. For low SNR, the posterior distribution is very close to the prior distribution,

and the MSE is thus very close to the prior variance. Above a certain threshold of
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the SNR, there is a sharp drop in the MSE, and it converges to the CRB. This is a
well-known effect in signal estimation, studied in e.g. Refs. [220, 248, 143].

In our case we also sample a stochastic, time-dependent signal, through the weak
measurements. The weak back action regime in our setting is equivalent to sampling
a classical signal due to the negligible back action. We thus expect a similar threshold
behavior, where the SNR in the limit of 𝑔 ≪ 1 can be defined as 𝑁𝑔2𝑇/𝜏 = 𝑁𝜂.

Let us derive this effect in the next subsection.

Threshold Derivation: Analytical Model for the Maximum Likelihood Esti-
mator
Here, we derive the variance of the maximum likelihood estimator (MLE) in the
regime where the number of qubits is large (𝑁 ≫ 1), the measurement strength
is small (𝑔2 < 𝜏/𝑇), and the number of measurements is large 𝑇/𝜏 ≫ 1. In this
regime, the back action due to weak measurements is negligible; hence, subsequent
measurements can be treated as approximately independent events. Let us denote
the measurement results in the computational basis {|0⟩ , |1⟩} for a time 𝑡 = 𝑛𝜏 as
𝑦𝑛 = 0, 1, and 𝑥+(𝑛) stands for the number of the 𝑦𝑛 = 0 outcomes normalized by
the number of qubits, 𝑁 . Denoting the probability of 𝑦𝑛 = 0 as 𝑝(𝑦𝑛 = 0|𝜔), then
in the limit of 𝑁 ≫ 1, 𝑁𝑝(𝑦𝑛 = 0|𝜔), 𝑁 𝑝(𝑦𝑛 = 1|𝜔) ≫ 1, we can use the central
limit theorem and approximate the probability density function of 𝑥+(𝑛) as

𝑃 (𝑥+(𝑛) |𝜔) ∼

√
𝑁exp

(
− 𝑁 (𝑥+ (𝑛)−𝑝(𝑦𝑛=0|𝜔))2

2𝑝(𝑦𝑛=0|𝜔) (1−𝑝(𝑦𝑛=0|𝜔))

)
√︁

2𝜋𝑝(𝑦𝑛 = 0|𝜔) (1 − 𝑝(𝑦𝑛 = 0|𝜔))
(6.26)

Here, we used the normal approximation to the binomial distribution, such that 𝑥+(𝑛)
is a Gaussian random variable with 𝐸 [𝑥+(𝑛)] = 𝑝(𝑦𝑛 = 0|𝜔), and var(𝑥+(𝑛)) =

1
𝑁
𝑝(𝑦𝑛 = 0|𝜔) (1−𝑝(𝑦𝑛 = 0|𝜔)). Note that in this weak back action regime 𝑝(𝑦𝑛 |𝜔)

is given by 𝑝(𝑦𝑛 |𝜔) = 1
2 [1 + (−1)𝑦𝑛 sin (2𝑔) cos (2𝜔𝑛𝜏)]. Then, 𝐸 [𝑥+(𝑛)] =

1
2 [1 + sin (2𝑔) cos (2𝜔𝑛𝜏)] ≈ 1/2 + 𝑔 cos (2𝜔𝑛𝜏), and var(𝑥+(𝑛)) ≈ 1/4𝑁 . In this
limit the problem is thus equivalent to the problem of classical signal estimation
[220]: we sample a classical signal 𝑠(𝑡𝑛) = 1

2 (1 + sin (2𝑔) cos (2𝜔𝑡𝑛)) + 𝜈𝑛 where
{𝜈𝑛}𝑇/𝜏𝑛=1 are i.i.d Gaussian random variables 𝜈𝑛 ∼ 𝑁

(
0, 1

4𝑁

)
and 𝑡𝑛 = 𝑛𝜏 .

The MLE is therefore given by argmax𝜔
[
log

∏𝑇/𝜏
𝑛=1 𝑃(𝑥+(𝑛) |𝜔)

]
. Using the prob-

ability distribution for 𝑥+(𝑛) given in Eq. (6.26), we can write this expression
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as

𝜔MLE := argmin
𝜔

𝑇/𝜏∑︁
𝑛=1

(𝑥+ (𝑛) − 𝑝(𝑦𝑛 = 0|𝜔))2

= argmin
𝜔

𝑇/𝜏∑︁
𝑛=1

(
𝑥+ (𝑛) − 1

2
(1 + sin (2𝑔) cos (2𝜔𝑛𝜏))

)2
. (6.27)

For brevity, hereafter we will replace 𝑥+ (𝑛) with the more compact notation 𝑥𝑛.
We expand the expression of Eq. (6.27) and discard the 𝑥2

𝑛 terms. In the limit that
𝑔 ≪ 1, the minimization above can be approximated as

𝜔MLE ≈ argmax
𝜔

𝑇/𝜏∑︁
𝑛=1

𝑥𝑛 cos (2𝜔𝑛𝜏) (6.28)

The expression inside the maximization is the definition of the real part of a discrete
time Fourier transform (DTFT), which is a continuous function of frequency. Since
we work in the limit that 𝑇 ≫ 𝜏, the DTFT is closely linked to the discrete Fourier
transform (DFT), i.e. we do not lose significant information by working with the
discrete frequency bins instead of maximizing a continuous function. We can define
the DFT operation as (matching the convention of the previous equations)

𝐴𝑘 =
𝜏

𝑇

𝑇/𝜏∑︁
𝑛=1

𝑥𝑛 exp
(
𝑖
2𝜋𝑘𝑛𝜏
𝑇

)
, 𝑘 = 1, 2, . . . , 𝑇/𝜏, (6.29a)

𝑥𝑛 =

𝑇/𝜏∑︁
𝑘=1

𝐴𝑘 exp
(
−𝑖2𝜋𝑘𝑛𝜏

𝑇

)
, 𝑛 = 1, 2, . . . , 𝑇/𝜏 (6.29b)

Then, we see that 𝜔MLE ≈ 𝜋/𝑇 argmax𝑘 Re(𝐴𝑘 ) = 𝜋/𝑇 argmax𝑘 𝐵𝑘 , where we
denoted the real part of 𝐴𝑘 as 𝐵𝑘 . Note that while the DFT frequencies are{
𝜔𝑘 |𝜔𝑘 = 𝜋

𝑇
𝑘
}𝑇/𝜏
𝑘=1 , in our case, because of the symmetry of the cosine function

in Eq. (6.28), we cannot distinguish between 𝜔𝑘 = 𝜋
𝑇
𝑘 and 𝜔𝑚−𝑘 = 𝜋

𝑇
(𝑚 − 𝑘).

The likelihood function thus has this symmetry which means that there will be two
identical global maxima: 𝜔𝑘 and 𝜔𝑚−𝑘 . This is however not an issue for us since the
prior frequency distribution corresponds to

[
0, 𝜋𝑚2𝑇

]
(where 𝑚 is the total number of

measurements 𝑚 = ⌊𝑇/𝜏⌋), therefore the maximization with respect to 𝜔 is only
over the range

[
0, 𝜋𝑚2𝑇

]
, which does not suffer from this symmetry. For simplicity, in

what follows we will consider maximization over all of
{
𝜔𝑘 |𝜔𝑘 = 𝜋

𝑇
𝑘
}𝑇/𝜏
𝑘=1 , where

we understand that the maximum corresponds to a pair of frequencies from which
the estimator is the frequency in the range of

[
0, 𝜋𝑚2𝑇

]
.
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We observe from numerics that the variance of the MLE has a strong dependence
on the signal-to-noise-ratio (SNR). Here, as the amplitude of the signal is given by
sin (2𝑔) ≈ 𝑂 (𝑔), SNR ≈ 𝑂 (𝑔2𝑁𝑇/𝜏). For large enough SNR the MSE converges
to the CRB, i.e. (Δ𝜔MLE)2 ≈ 𝐼−1

𝐶
. Conversely, for small SNR, the likelihood is very

close to a uniform distribution over [0, 𝜋/2𝜏]. Therefore, the variance of the MLE
will approximately be 𝜋2/48𝜏2. This idea can be summarized in the form of

(Δ𝜔MLE)2 ≈ Prob(no outlier) 1
𝐼𝐶

+ Prob(outlier) 𝜋2

48𝜏2 (6.30)

where the probability of having no outliers corresponds to the large SNR case
mentioned above. Let us denote it as 1 − 𝑞. We can write down this probability as

1 − 𝑞 = Prob(𝐵𝑘 < 𝐵𝑘∗ ∀ 𝑘 ≠ 𝑘∗) (6.31)

where 𝑘∗ is the frequency bin that is associated with the true value of the frequency,
and 𝐵𝑘 , 𝑘 ≠ 𝑘∗ are the rest of the frequency bins. Therefore, an outlier occurs if the
noise in one of these frequency bins exceeds the signal in the bin 𝑘∗. Without loss
of generality, we can assume that 𝜔∗ = 𝜋/4𝜏 is the frequency that we are trying to
estimate, which is approximately the mean value of all possible true frequencies.
Then, the respective frequency bin is 𝑘∗ = ⌊𝑇/4𝜏⌉, or 𝑘∗ = ⌊3𝑇/4𝜏⌉, where we
define ⌊𝑥⌉ as the nearest integer to the real number 𝑥. For simplicity, let us assume
that mod(𝑇, 4𝜏) = 0, so that 𝑇/4𝜏 is an integer. The fact that there can be two
correct frequency bins is due to the symmetry of the cosine in the definition of
the MLE, also mentioned above. Then, 𝑥𝑛 is a Gaussian random variable with
𝐸 [𝑥𝑛] ≈ 1/2 + 𝑔 cos (𝜋𝑛/2), and var(𝑥𝑛) ≈ 1/4𝑁 . From the definition of 𝐵𝑘 ,

𝐵𝑘 =
𝜏

𝑇

𝑇/𝜏∑︁
𝑛=1

𝑥𝑛 cos (2𝜋𝑘𝑛𝜏/𝑇) (6.32a)

=
𝜏

𝑇

(
𝑔

𝑇/𝜏∑︁
𝑛=1

cos (𝜋𝑛/2) cos (2𝜋𝑘𝑛𝜏/𝑇) +
𝑇/𝜏∑︁
𝑛=1

𝜈𝑛 cos (2𝜋𝑘𝑛𝜏/𝑇)
)

(6.32b)

where {𝜈𝑛}, 𝑛 = 1, 2, . . . , 𝑇/𝜏 are independent zero-mean Gaussian random vari-
ables with a variance of 1/4𝑁 . Since we assumed that 𝑇/4𝜏 is an integer, the first
term in this expression simplifies to

𝑇/𝜏∑︁
𝑛=1

cos (𝜋𝑛/2) cos (2𝜋𝑘𝑛𝜏/𝑇) =


0, if 𝑘 ∈ {1, 2, . . . 𝑇/𝜏}\{ 𝑇4𝜏 ,
3𝑇
4𝜏 }

𝑇
2𝜏 , if 𝑘 ∈ { 𝑇4𝜏 ,

3𝑇
4𝜏 }

(6.33)
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We then see that

𝐵𝑘 ∼

N(0, 𝜏/8𝑁𝑇) if 𝑘 ≠ 𝑇

4𝜏 ,
3𝑇
4𝜏

N(𝑔/2, 𝜏/8𝑁𝑇) otherwise.
(6.34)

In order to calculate the outlier probability of Eq. (6.31), we also need to inquire
whether there is a dependency between the variables 𝐵𝑘 . Using the definition of 𝐵𝑘
in Eq. (6.32), we can write down the normalized cross-correlation between 𝐵𝑘1 and
𝐵𝑘2 , 𝑘1, 𝑘2 = 1, 2, . . . , 𝑇/𝜏,

𝜌𝐵𝑘1𝐵𝑘2
=
𝐸 [(𝐵𝑘1 − 𝐸 [𝐵𝑘1]) (𝐵𝑘2 − 𝐸 [𝐵𝑘2])]

𝜎𝐵𝑘1
𝜎𝐵𝑘2

=


0 if 𝑘1 ≠ 𝑘2, 𝑘1 ≠ 𝑇

𝜏
− 𝑘2

1 otherwise.

(6.35)

where 𝜎𝐵𝑘1 =
√︁
𝜏/8𝑁𝑇 is the standard deviation of 𝐵𝑘1 . Therefore, the total number

of statistically uncorrelated frequency bins is 𝑇/2𝜏. By using these independent
frequency bins, we can redefine the probability of no outliers occurring in the MLE
(in Eq. (6.31)) as

1 − 𝑞 = Prob(𝐵𝑘 < 𝐵𝑇/4𝜏 ∀ 𝑘 ∈ {1, 2, . . . , 𝑇/2𝜏}\{𝑇/4𝜏}) (6.36)

Since 𝐵𝑘 for 𝑘 ≠ 𝑇/4𝜏 are identically distributed, we can write this expression as

1 − 𝑞 =

∫
𝑑𝑥 Prob(𝐵1 < 𝑥)𝑇/2𝜏−1 Prob(𝐵𝑇/4𝜏 = 𝑥) (6.37a)

=
1√︁

2
𝑇
𝜏
−1𝜋𝜎2

∫ ∞

0
𝑑𝑥

[(
1 + erf

(
𝑥

√
2𝜎

)) 𝑇
2𝜏−1

𝑒
− (𝑥−𝜇)2

2𝜎2

+
(
1 − erf

(
𝑥

√
2𝜎

)) 𝑇
2𝜏−1

𝑒
− (𝑥+𝜇)2

2𝜎2

]
(6.37b)

where 𝜇 = 𝑔/2, and 𝜎2 = 𝜏/8𝑁𝑇 , and erf(𝑥) is the error function defined with
erf(𝑥) = 2√

𝜋

∫ 𝑧

0 𝑑𝑡 𝑒−𝑡
2 . Let us assume that 𝑔2𝑁𝑇/𝜏 ≫ 1, i.e. 𝜇/𝜎 ≫ 1. In this

limit, we expect the outlier probability to be small, as the SNR is large. Furthermore,
the largest contribution to the integral will be around 𝑥 ≈ 𝜇, due to the exponential
factor in the first term. The second term will peak at 𝑥 ≈ −𝜇, which is not within
the integration limits. Therefore, we expect this term to decrease monotonically as
the integration variable 𝑥, increases, and we can ignore this term as it will be very
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small compared to the first term. Therefore, we have

1 − 𝑞 ≈ 1
√

2𝜋𝜎2

∫ ∞

0
𝑑𝑥

(
1 − 1

2
erfc

(
𝑥

√
2𝜎

)) 𝑇
2𝜏−1

𝑒
− (𝑥−𝜇)2

2𝜎2 (6.38a)

≈ 1
√

2𝜋𝜎2

∫ ∞

0
𝑑𝑥

(
1 − 𝑇

4𝜏
erfc

(
𝑥

√
2𝜎

))
𝑒
− (𝑥−𝜇)2

2𝜎2 (6.38b)

≈ 1 − 1
√

2𝜋𝜎2

𝑇

4𝜏

∫ ∞

0
𝑑𝑥 erfc

(
𝑥

√
2𝜎

)
𝑒
− (𝑥−𝜇)2

2𝜎2 (6.38c)

where erfc(𝑥) = 1 − erf(𝑥) is the complementary error function. The approxima-
tion in Eq. (6.38b) holds when erfc

(
𝑥/
√

2𝜎
)
𝑇/𝜏 ≪ 1 for 𝑥 near 𝜇. Since we

assumed that 𝜇/𝜎 ≫ 1, we can approximate the error function as erfc
(
𝑥/
√

2𝜎
)
≈

𝑒−𝑥
2/2𝜎2√2𝜎/

√
𝜋𝑥(1 +𝑂 (𝑥−2)). Then, Eq. (6.38b) holds when

erfc
(
𝜇

√
2𝜎

)
𝑇

𝜏
≈ 𝑒−𝑔2𝑁𝑇/𝜏

√︄
𝑇

𝑔2𝜋𝑁𝜏
≪ 1, (6.39)

or, when 𝑔2𝑁𝑇/𝜏 ≫ log (𝑇/𝜏). Since 𝑇/𝜏 ≫ 1, 𝑇/𝜏 ≫ log (𝑇/𝜏), therefore this
approximation holds when 𝑔2 ≈ 𝑂 (1/𝑁) or larger. Furthermore, in Eq. (6.38c), we
integrated over the constant term by extending the lower integration limit to −∞,
which is a good approximation when 𝜇/𝜎 ≫ 1. We can finally use the approximated
complementary error function to compute 1 − 𝑞:

1 − 𝑞 ≈ 1 − 𝑇

4𝜋𝜏
𝑒
− 𝜇2

4𝜎2

∫ ∞

𝜖

𝑑𝑥
1
𝑥
𝑒
− (𝑥−𝜇/2)2

𝜎2 (6.40)

where 𝜖 is a small number close to zero to make sure that the integral converges. We
employ Laplace’s method to compute this expression for 𝜇/𝜎 ≫ 1. The integrand
will peak near 𝑥 ≈ 𝜇/2, therefore we write

1 − 𝑞 ≈ 1 − 𝑇

4𝜋𝜏
𝑒
− 𝜇2

4𝜎2
2
𝜇

∫ ∞

0
𝑑𝑥 𝑒

− (𝑥−𝜇/2)2
𝜎2 ≈ 1 − 𝑇

2
√
𝜋𝜏

𝜎

𝜇
𝑒
− 𝜇2

4𝜎2 (6.41)

Plugging in 𝜇 and 𝜎, we obtain for the probability of having no outliers

1 − 𝑞 = 1 −
√︄

𝑇

8𝜋𝑁𝜏𝑔2 𝑒
−𝑔2𝑁𝑇/2𝜏 (6.42)

Therefore, given this probability, and the CFI of the weak-only protocol in Eq.
(6.17), the variance of the MLE given in Eq. (6.30) can be computed as

(Δ𝜔MLE)2 ≈
(
1 −

√︄
𝑇

8𝜋𝑁𝜏𝑔2 𝑒
−𝑔2𝑁𝑇/2𝜏

)
3𝜏

8𝑔2𝑁𝑇3 +
√︄

𝑇

8𝜋𝑁𝜏𝑔2 𝑒
−𝑔2𝑁𝑇/2𝜏 𝜋2

48𝜏2

(6.43)



123

We want to find the region of the parameter space where the information obtained
from the MLE is very close to the CFI. We can express this with the parameter 𝜖 ,
and write 𝐼MLE = (1 − 𝜖) 𝐼w

𝐶
, where 𝜖 ≪ 1, and 𝐼MLE = 1/var(MLE). From Eq.

(6.43), 1 − 𝜖 is given by

1 − 𝜖 =
[
1 − 𝑞 + 𝑞 𝜋

2𝑔2𝑁

18

(
𝑇

𝜏

)3
]−1

≈ 1 − 𝑞 𝜋
2𝑔2𝑁

18

(
𝑇

𝜏

)3
(6.44a)

= 1 − 𝜋3/2

36

√︂
𝑔2𝑁𝑇

2𝜏

(
𝑇

𝜏

)3
𝑒−𝑔

2𝑁𝑇/2𝜏 (6.44b)

where 1−𝑞 is the probability of having no outliers in Eq. (6.42). The approximation
holds when 𝑔2𝑁 (𝑇/𝜏)3 ≫ 1. Since we already assumed that 𝑔2𝑁𝑇/𝜏 ≫ 1 while
deriving the probability of having no outliers, and since 𝑇/𝜏 ≫ 1, this is a valid
approximation. Rearranging this equation, we obtain

𝑒𝑥 ≈
√
𝑥

𝜖

𝜋3/2

36

(
𝑇

𝜏

)3
(6.45)

where we defined 𝑥 = 𝑔2𝑁𝑇/2𝜏. This is a transcendental equation, therefore we
will find an approximate solution. Since 𝑥 ≫ 1, 𝑥 ≫ ln 𝑥, and we have

𝑥 ≈ ln

(
𝜋3/2

36𝜖

(
𝑇

𝜏

)3
)
+ 1

2
ln (𝑥) ≈ ln

(
𝜋3/2

36𝜖

)
+ 3 ln

(
𝑇

𝜏

)
(6.46)

To find the first order correction, let us write 𝑥 = 𝑥∗ + Δ𝑥, where 𝑥∗ is given in Eq.
(6.46), and assume that Δ𝑥 ≪ 𝑥∗. Plugging this into Eq. (6.45), and taking the
logarithm of both sides, we find

Δ𝑥 =
1
2

ln (𝑥∗ + Δ𝑥) ≈ 1
2

ln (𝑥∗) if 𝑥∗ ≫ Δ𝑥 (6.47)

Therefore, the second order approximation to Eq. (6.45) is given by (we also plug
in the definition of 𝑥):

𝑔2𝑁𝑇

2𝜏
≈ ln

(
𝜋3/2

36𝜖

)
+ 3 ln

(
𝑇

𝜏

)
+ 1

2
ln

[
ln

(
𝜋3/2

36𝜖

)
+ 3 ln

(
𝑇

𝜏

)]
(6.48)

Given the value for 𝜖 , and some of the system parameters, this solution defines
the point at which the ratio between the information obtained from the MLE and
the maximum obtainable information is 1 − 𝜖 ≈ 1, as a function of a free system
parameter. For example, we can fix the total interrogation time 𝑇 , measurement
period 𝜏, and the number of qubits 𝑁 , and find the minimum measurement strength
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𝑔 necessary to surpass this threshold (and obtain a larger information from the
MLE). Or, we can fix the parameters 𝑔, 𝑇 , and 𝜏 to find the necessary number of
qubits to reach this threshold. In order to operate in the favorable region where the
CFI is maximized with respect to the measurement strength, 𝑔, we need to have
𝑔2𝑇/𝜏 ≈

√︁
3/2 ∼ 𝑂 (1) for the weak-only protocol (see Fig. 6.2). Then, from

Eq. (6.48), we have that the number of qubits to reach this threshold scales as
𝑁 ∼ 𝑂 (3 ln (𝑇/𝜏)).

Up to this point, we have only performed weak measurements on the qubits in order
to estimate the frequency 𝜔. Now, let us perform a strong projective measurement
at the end of the interrogation, in addition to the weak measurements (i.e. apply
the weak-with-strong protocol). For this case, the total CFI will be the sum of
the CFI due to the weak and the strong measurement, which were computed to be
8𝑁𝑔2𝑇3/3𝜏, and 4𝑁𝑇2, respectively. Note that the total achievable CFI for this case
is larger than the QFI, 4𝑁𝑇2, as we have neglected the back action due to the weak
measurements.

Furthermore, we can still define the variance of the MLE with Eq. (6.30). Then, we
need to find again the probability of having no outliers, 1 − 𝑞. For this purpose, let
us redefine the MLE:

𝜔MLE := argmin
𝜔

𝑇/𝜏−1∑︁
𝑛=1

(
𝑥𝑛 −

1
2
(1 + sin (2𝑔) cos (2𝜔𝑛𝜏))

)2

+
(
𝑥𝑇/𝜏 −

1
2
(1 + cos (2𝜔𝑇))

)2
(6.49a)

≈ argmax
𝜔

𝑇/𝜏−1∑︁
𝑛=1

(2𝑔 𝑥𝑛 cos (2𝜔𝑛𝜏)) + 𝑥𝑇/𝜏 cos (2𝜔𝑇) − cos (𝜔𝑇)4 (6.49b)

where we ignored the term proportional to 𝑔2𝑇/𝜏 as 𝑔 ≪ 1, and the remaining terms
are 𝑂 (𝑔𝑇/𝜏) and 𝑂 (1), respectively. We can again define

𝐵′𝑘 =
𝜏

𝑇

(
𝑇/𝜏−1∑︁
𝑛=1

𝑥𝑛 cos
(
2𝜋𝑘𝑛

𝜏

𝑇

)
+ 1

2𝑔
𝑥𝑇/𝜏 cos

(
2𝜋𝑘

𝑇

𝜏

))
(6.50)

where we have defined 𝐵𝑘 as the real part of 𝐴𝑘 in Eq. (6.29), and 𝑘 = 1, 2, . . . , 𝑇/𝜏.
Then, in the limit that 𝑇/𝜏 ≫ 1, the optimization of the MLE reduces to the
following: 𝜔MLE ≈ argmax𝑘 2𝑔𝐵 ′

𝑘
− cos (𝜋𝑘𝑇/𝜏)4𝜏/𝑇 . As before, let us assume

that the true value of the frequency𝜔 is𝜔∗ = 𝜋/4𝜏, approximately the mean value of
possible (detectable) frequencies. Furthermore, let us assume that mod(𝑇, 4𝜏) = 0,
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such that the true value of the frequency corresponds to an integer value of 𝑘 . Then,
the MLE problem is modified as

𝜔MLE = argmax
𝑘

2𝑔𝐵 ′
𝑘 − 𝜏/𝑇 = max

𝑘

𝑇/𝜏−1∑︁
𝑛=1

𝑥𝑛 cos
(
2𝜋𝑘𝑛

𝜏

𝑇

)
(6.51)

as cos (𝜋𝑘𝑇/𝜏) = cos (2𝜋𝑘𝑇/𝜏) = 1 for 𝑘 ∈ N. Then, we realize that the MLE
is almost exactly the same as the case where we only had weak measurements,
with the difference being that the summation in that case also included the 𝑇/𝜏th

sample, measured with strength 𝑔 instead of 1. However, in the limit that 𝑇/𝜏 ≫ 1,
this difference is negligible. Therefore, we can employ the same expression for
the probability of having no outliers as done for the case where we had weak
measurements only (Eq. (6.42)).

Thus, the variance of the MLE can be written as

var(MLE) ≈
1 −

√︃
𝑇

8𝜋𝑁𝜏𝑔2 𝑒
−𝑔2𝑁𝑇/2𝜏

8𝑁𝑔2𝑇3

3𝜏 + 4𝑁𝑇2
+

√︄
𝑇

8𝜋𝑁𝜏𝑔2 𝑒
−𝑔2𝑁𝑇/2𝜏 𝜋2

48𝜏2 (6.52)

We can similarly define a parameter 𝜖 with 𝐼MLE = (1 − 𝜖) 𝐼𝐶 , 𝜖 ≪ 1, 𝐼𝐶 =

8𝑔2𝑁𝑇3/3𝜏 + 4𝑁𝑇2, and 𝐼MLE = 1/var(MLE). Then, 𝜖 is

𝜖 = 1 −
[
1 − 𝑞 + 𝑞 𝜋

2𝑁

12

(
𝑇

𝜏

)2 (
1 + 2𝑔2𝑇

3𝜏

)]−1

(6.53a)

≈ 𝑞 𝜋
2𝑁

12

(
𝑇

𝜏

)2 (
1 + 2𝑔2𝑇

3𝜏

)
(6.53b)

=
𝜋3/2

48
𝑁

(
𝑇

𝜏

)3
√︄

2𝜏
𝑔2𝑁𝑇

(
1 + 2𝑔2𝑇

3𝜏

)
𝑒−𝑔

2𝑁𝑇/2𝜏 (6.53c)

where 1 − 𝑞 is the probability of having no outliers in Eq. (6.42). Defining
𝑥 = 𝑔2𝑁𝑇/2𝜏, we obtain the following transcendental equation:

𝑒𝑥 ≈ 𝜋3/2

48𝜖
1
√
𝑥

(
𝑇

𝜏

)3 (
𝑁 + 4𝑥

3

)
(6.54)

Taking the logarithm on both sides, we obtain on the first order

𝑥∗ ≈ ln

(
𝜋3/2

48𝜖
𝑁

(
𝑇

𝜏

)3
)
+ 4𝑥∗

3𝑁
(6.55a)

𝑥∗ ≈
[
1 − 4

3𝑁

]−1
ln

(
𝜋3/2

48𝜖
𝑁

(
𝑇

𝜏

)3
)

(6.55b)
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Here, we assume that 4𝑥∗/3𝑁 < 1, i.e. 𝑔2𝑇/𝜏 < 3/2, in order to write ln (𝑁 + 4𝑥/3) ≈
ln (𝑁) + 4𝑥/3𝑁 . In order to find the second order approximation to the solution, let
us write 𝑥 = 𝑥∗ + Δ𝑥. We obtain:

𝑥∗ + Δ𝑥 ≈ ln

(
𝜋3/2

48𝜖
𝑁

(
𝑇

𝜏

)3
)
− 1

2
ln (𝑥∗ + Δ𝑥) + 4

3𝑁
(𝑥∗ + Δ𝑥) (6.56)

Plugging in the definition of 𝑥∗ in Eq. (6.55b), we finally write that Δ𝑥 ≈
− [1 − 4/3𝑁]−1 ln (𝑥∗)/2. Combining the first and second order terms, we find
that the second order approximation to the solution to Eq. (6.54) is

𝑔2𝑁𝑇

2𝜏
≈

[
1 − 4

3𝑁

]−1
[
ln

(
𝜋3/2

48𝜖
𝑁

(
𝑇

𝜏

)3
)
− 1

2
ln

(
ln

(
𝜋3/2

48𝜖
𝑁

(
𝑇

𝜏

)3
))

+ 1
2

ln
(
1 − 4

3𝑁

)]
(6.57a)

≈ ln

(
𝜋3/2

48𝜖
𝑁

(
𝑇

𝜏

)3
)
− 1

2
ln

(
ln

(
𝜋3/2

48𝜖
𝑁

(
𝑇

𝜏

)3
))

(6.57b)

where in the second line, 1−4/3𝑁 ≈ 1 as 𝑁 ≫ 1. Different from the previous case,
in order to maximize the information gained from the measurement with respect
to the measurement strength, 𝑔, we need to operate with the smallest possible 𝑔.
Assuming that we fix 𝑔2𝑇/𝜏 in Eq. (6.57), we see that the necessary number of qubits
to surpass the threshold and get close to the CFI scales again as 𝑁 ∼ 𝑂 (3 ln (𝑇/𝜏)).

Numerical Simulation of the Performance
The threshold effect is illustrated in Fig. 6.3 and Fig. 6.4a. In Fig. 6.3, we plot the
sensitivity obtained by the weak measurement protocols, quantified by the inverse
of the BMSE (Δ𝜔)2, scaled by the QFI 𝐼𝑄 . We use the MLE to compute the BMSE.
(Δ𝜔)−2 is compared to the CFI as a benchmark, plotted with gray lines. As the
SNR is increased, e.g. by increasing 𝑔, the inverse of the BMSE starts to rapidly
increase and saturates the CRB. Then, we can find where the sensitivity reaches the
CFI in this regime when 𝑔2𝑁𝑇/𝜏 ≫ 1, for 𝑁 > 20 using Eqs. (6.48) and (6.57). In
Fig. 6.4a, we plot the BMSE obtained with the MLE as a function of 𝑇 for varying
numbers of qubits 𝑁 . We again observe that the sensitivity approaches the CFI 𝐼w

𝐶
,

𝐼ws
𝐶

in the weak back action regime 𝑔2𝑇/𝜏 < 1 for 𝑁 > 20.

In order to approach 𝐼𝑄 and achieve HS with time, the CRB needs to be saturated
in the regime where 𝐼ws

𝐶
≈ 𝐼𝑄 . Therefore, reaching this limit requires (i) weak

measurement back action, 𝜂 < 1, and (ii) large enough SNR, 𝑁𝜂 > 1. As shown
in Fig. 6.4a, these two conditions are incompatible for small 𝑁: the saturability
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Figure 6.3: Performance of the weak-only protocol (left) and weak-with-strong
protocol (right) with respect to the interrogation time 𝑇 . We plot the inverse of
the MSE scaled by the QFI 𝐼𝑄 , which quantifies the amount of information gained
from the estimation. We fix the measurement strength as 𝑔 = 0.1, and sample the
unknown frequency from the uniform prior distribution in [0, 𝛿𝜔], where 𝛿𝜔 = 5𝜋,
such that the measurement period is chosen as 𝜏 = 𝜋/2𝛿𝜔 = 0.1 s. Finally, we plot
the CFI of both protocols, 𝐼w

𝐶
and 𝐼ws

𝐶
, normalized by the QFI, as the benchmark.

The CFIs are about 𝜔 = 5 rad/s. The information gained from the estimation does
not saturate the CFI for small SNR (i.e. small 𝑇) due to the threshold effect. As
the SNR is proportional to the number of qubits 𝑁 , we can saturate to the CFI
faster (for smaller 𝑇) with a larger number of qubits. In order to obtain HS, this
saturation needs to occur in the weak back action regime: the transition between the
two regimes is marked by a green dashed line in the plot on the left.

occurs only in the strong back action regime. However, there exists a minimal 𝑁
after which these two conditions are satisfied and HS can be achieved. In particular,
we observe that as 𝑁 increases, the saturability occurs at smaller 𝜂.

Let us analytically find the minimal 𝑁 for which the CRB can be saturated. We aim
to compute the parameters of the weak-with-strong protocol for which the BMSE is
close to the CFI, i.e. (Δ𝜔)−2

= (1 − 𝜖) 𝐼𝐶 , 𝜖 ≪ 1. In the limit of 𝜂 ≪ 1 and a large
number of probes, 𝑁 ≫ 1, we can use Eq. (6.57) to find that (Δ𝜔)−2

= (1 − 𝜖) 𝐼𝐶
is attained for

𝑁𝜂 ≈ 2 ln
(
𝜋3/2

48𝜖

)
+ 6 ln

(
𝑇

𝜏

)
. (6.58)

For any system parameters 𝑔, 𝑇, 𝜏, this expression provides the minimal number of
probes 𝑁 for which we are 𝜖-close to the CFI. Since we can always tune 𝑔 such that
𝜂 remains constant, then the minimal 𝑁 , for any given 𝜖 , grows as 6 ln [(2𝛿𝜔𝑇) /𝜋].
Hence it grows logarithmically with the number of phase wraps. While this loga-
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Figure 6.4: Performance of the proposed protocol with respect to the interrogation
time 𝑇 and the threshold effect. The frequency 𝜔 is sampled from a uniform
distribution in [0, 𝛿𝜔], which determines the measurement period as 𝜏 = 𝜋/2𝛿𝜔.
a) We fix 𝛿𝜔 = 5𝜋 (i.e. 𝜏 = 0.1), 𝑇 = 10, and plot the inverse of BMSE (Δ𝜔)2

scaled by the QFI 𝐼𝑄 for the two weak measurement protocols. (Δ𝜔)2 · 𝐼𝑄 = 1
signifies saturating the QFI, and 𝐼𝐶/𝐼𝑄 is plotted with gray, plain lines. We observe
a threshold effect such that the attainability of the CFI 𝐼w

𝐶
, 𝐼ws
𝐶

requires large enough
SNR. The green, dashed, vertical line corresponds to 𝑇 =

√︁
3/2𝜏/𝑔2, which is a

transition point between the weak and strong back action regimes. Achieving HS
requires the threshold to occur before this line (which requires 𝑁 > 20 qubits for
this case). b) We fix 𝑁 = 64, 𝛿𝜔 = 𝜋 (𝜏 = 0.5 s) and plot the square-root of
the BMSE Δ𝜔 normalized by the prior width 𝛿𝜔, and scaled by the square-root
of the number of qubits 𝑁 . The vertical green line corresponds to 𝛿𝜔𝑇 = 𝜋: for
larger interrogation times, phase slips degrade the sensitivity of standard protocols.
We compare the performance of: the OCI [167], the proposed weak-with-strong
protocol, and the cascaded protocol [224]. The latter two demonstrate an extended
dynamic range, however the proposed protocol outperforms the cascaded protocol
and achieves HS, with an overhead of 1.18 in Δ𝜔. The measurement strength 𝑔 is
optimized for each 𝑇 for the proposed protocol.

rithmic dependence is in line with the scaling of 𝑁 in previous schemes [134], we
obtain a smaller overhead.

Finally, we want to explicitly show that this protocol achieves an almost optimal
BMSE for long times, i.e. 𝛿𝜔𝑇 ≫ 1, and that it outperforms existing methods.
To this end, we plot in Fig. 6.4b the square-root of the BMSE Δ𝜔, as a function
of interrogation time for different sensing schemes for 𝑁 = 64. We use the MLE
in the extended bandwidth regime of 𝛿𝜔𝑇 ≫ 13. Our weak-with-strong protocol
is compared to the QFI bound, to the OCI, and to a more conventional dynamic
range extension scheme: the cascaded protocol [224, 134, 241, 66]. The cascaded

3We use the optimal Bayesian estimator [131, 66] for 𝛿𝜔𝑇 < 𝜋, since the prior information is
significant in this regime.
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protocol employs groups of atoms with shorter interrogation times 𝑇/2𝑖, 𝑖 > 0,
which are used to prevent phase slips.

We first observe that our weak-with-strong protocol performs very close to the
QFI bound for the entire range of interrogation times, with a maximal overhead of
1.18 in Δ𝜔. We thus obtain an almost optimal HS that is immune to phase slip
errors and persists in the limit of large 𝛿𝜔𝑇. This is in sharp contrast to the OCI
that suffers from phase slip errors and becomes inefficient for 𝛿𝜔𝑇 > 𝜋. We also
observe that our protocol considerably outperforms the cascaded protocol. The
intuitive reason behind this metrological gain is that, while the cascaded protocol
allows optimization over only a finite set of partitions into blocks, the proposed
weak measurement scheme offers greater tunability, as the optimization is over the
continuous weak measurement strength 𝑔4.

6.6 Conclusions and outlook
In this chapter, we developed and analyzed a weak measurement Ramsey protocol
that achieves optimal precision over an extended dynamic range asymptotically. By
optimizing over the weak measurement strength, we were able to achieve a nearly
optimal sensitivity and HS in the large bandwidth limit, 𝛿𝜔𝑇 ≫ 1, given a large
enough number of probes. We identified two separate conditions for obtaining a
high sensitivity and a large bandwidth, and demonstrated that they can be satisfied
simultaneously.

Some open questions and directions that can potentially improve the proposed
protocol are as follows: first, we can reduce the number of ancillas by coupling only
a subset of sensors to ancillas or coupling several sensors to the same ancilla. We can
also improve the BMSE in the low SNR limit by adding more ancillas as memory
qubits and performing a collective measurement on them [273, 10, 77]. This may
allow achieving HS for smaller 𝑁. Finally, we can mitigate the effect of imperfect
measurements by using error correction [153, 280, 42, 198]. Weak measurements
could also be combined with entangled states [27] to achieve HS both with time,
and the number of qubits, for an extended bandwidth.

4Note that if we plot Δ𝜔̃ for larger 𝑇 , the optimal 𝑔 will fall into the strong back action regime,
causing the transition from HS to a 𝑇 scaling in the obtained precision.
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C h a p t e r 7

DISSIPATIVELY STABILIZED 0-N FOCK QUBITS FOR
NOISE-BIASED QUANTUM COMPUTING

7.1 Introduction
Noise-biased physical qubits provide a promising route toward hardware-efficient
fault-tolerant quantum computing [9, 257, 258, 101] 1. When one error channel is
strongly suppressed relative to another, this asymmetry can be exploited to achieve
improved thresholds and reduced overhead compared to unbiased architectures [212,
266]. Among noise-biased qubits, bosonic encodings have emerged as a platform
in which such bias can be engineered at the hardware level [181, 178]. In particu-
lar, dissipatively stabilized cat qubits—logical states encoded in superpositions of
coherent states [49] and protected by engineered dissipation—have demonstrated
exponential suppression of bit-flip errors with increasing mean photon number,
|𝛼 |2 [155, 214, 19, 217]. Related noise-biased bosonic encodings include Kerr-cat
qubits [211, 98], squeezed-cat qubits [270, 228, 111], and pair-cat codes [8].

A central requirement in noise-biased architectures is that gates preserve the bias [212].
In particular, syndrome extraction in error correcting codes requires entangling gates
between data and ancilla qubits, during which errors on the ancilla can propagate
to the data qubit [9, 212]. If the ancilla is not itself noise-biased, these back-action
errors can introduce bit flips on the data qubit and compromise the bias that the
encoding was designed to provide. The two potential pathways to address this are i)
using cat codes for ancillary qubits, then correcting propagating ancilla errors with
an outer error correcting code, and ii) implementing hybrid protocols, where e.g.
transmons are used as ancillary qubits [106]. For the former approach, although
significant progress has been made for efficient implementations of bias-preserving
gates between cat qubits [212, 271, 79, 78], the associated Hamiltonian engineer-
ing and coherence requirements remain nontrivial. In contrast, the latter approach
benefits from less stringent experimental requirements. However, transmons can
introduce additional decay and dephasing to the data qubits and thereby limit the
achievable bias [64, 245]. These considerations motivate alternative noise-biased

1This chapter is adapted from: S. Direkci et al., "Dissipatively Stabilized 0-n Fock
Qubits for Noise-Biased Quantum Computing," arXiv preprint arXiv:2608.25959 (2026), DOI:
10.48550/arXiv.2608.25959.
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qubit realizations whose protection mechanism is compatible with simpler couplings
and modular device integration.

To this end, we propose a new type of noise-biased qubit, which we refer to as the
0-n Fock qubit. Here, logical states are encoded in the Fock states |0⟩ and |𝑛⟩ of an
anharmonic oscillator, such as a single transmon operated at a suitably large 𝐸𝐽/𝐸𝐶
ratio, or a Kerr nonlinear oscillator. The key feature of this encoding is protection
against single-photon loss: a photon-loss event takes |𝑛⟩ to |𝑛 − 1⟩, outside of the
logical subspace, rather than directly inducing a logical bit flip. At least ⌈𝑛/2⌉ such
events must occur to produce a bit-flip |1𝐿⟩ ↔ |0𝐿⟩, which can be suppressed with
increasing number of levels in the qubit, analogous to the suppression of bit-flips
with increasing |𝛼 |2 in cat codes [155]. By engineering dissipation that selectively
removes population from unwanted intermediate Fock levels while leaving the states
{|0⟩ , |𝑛⟩} invariant, the system can be stabilized within the code manifold. This
approach builds on established concepts in bosonic error correction and reservoir
engineering, where tailored dissipation is used to confine dynamics to protected
subspaces [209, 83, 270, 9, 152, 253].

Level-dependent dissipation is necessary to achieve the target qubit structure, which
in turn requires nonlinearity to address each transition individually. Frequency-
selective dissipation can be implemented by coupling the qubit capacitively to a
linear chain of LC resonators that are themselves coupled to a bath mode. The
effective spectral density of the bath viewed by the qubit can be shaped by engi-
neering the inter-couplings of the resonators. Similar techniques have been used
in the literature for various purposes, and are referred to as bath engineering [209,
186, 136]. Multi-mode on-chip filters and metamaterial resonators have recently
been demonstrated as practical tools for bath engineering and leakage suppression
in superconducting circuits [35, 180, 214, 252, 137]. In our setting, we observe
that a small number (< 10) of filter modes are sufficient to achieve strong spectral
selectivity while maintaining realistic device parameters.

To demonstrate the performance of the 0-n Fock qubit, we consider controlled-X
(CX) gates with 0-n Fock qubits as control and stabilized cat qubits as target, enabling
syndrome extraction for the repetition code with the Fock qubits as ancillas. These
gates can be realized with only the simple, native dispersive coupling between the
Fock qubit and the cat qubits (without additional Hamiltonian engineering). We
find that bit-flip probabilities below 10−8 are achievable with realistic experimental
considerations for 𝑛 = 9 [264]. Furthermore, employing a repetition code with the
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Fock ancilla, we find logical error rates reaching the megaquop regime (𝑝∗
𝐿
= 10−6)

at a code distance of 𝑑 = 9, in an experimentally realistic parameter regime. These
results demonstrate that frequency-selectively stabilized Fock encodings provide a
viable and compact route to realizing and scaling-up bias-preserving architectures,
and suggest new directions for integrating bosonic qubits with engineered dissipation
in scalable superconducting architectures.

This chapter is organized as follows. We first introduce the 0-n Fock qubit in Sec. 7.2,
and show that it exhibits noise bias, with bit-flip times that scale exponentially with
𝑛. We then discuss the implementation of the 0-n qubit using the multimode bosonic
filter in Sec. 7.3. Finally, in Sec. 7.4, we analyze its use as an ancilla for cat-qubit
syndrome measurements for realistic experimental parameters.

7.2 Properties of the 0-n qubit
We define the 0-n Fock qubit using the lowest 𝑁 = 𝑛+1 Fock levels of an anharmonic
oscillator. The logical states correspond to the lowest and the highest of these levels,
with |0𝐿⟩ = |0⟩, |1𝐿⟩ = |𝑛⟩. A schematic of the qubit can be found in Fig. 7.1a. For
the stabilization of the qubit in the {|0⟩ , |𝑛⟩} manifold, we assume engineered gain
(decay) between levels 𝑚 and 𝑚 + 1 for ⌈𝑛2⌉ ≤ 𝑚 ≤ 𝑛− 1 (0 ≤ 𝑚 ≤ ⌊ 𝑛2⌋ − 1), 𝑚 ∈ N.
Let us define the engineered dissipation rate as 𝜅𝑠. If 𝑛 is even, the Fock level |𝑛/2⟩
experiences both engineered gain and decay, which may hinder the stabilization.
For this purpose, we assume that 𝑛 is odd for the rest of the Sections.

In addition to the engineered dissipation 𝜅𝑠 in the designated levels mentioned above,
the 0-n qubit is also subject to intrinsic single-photon events: decay (𝜅↓

𝑖
) and heating

(𝜅↑
𝑖
). The corresponding Lindblad dissipators are 𝜅↓

𝑖
D[𝑎̂] and 𝜅

↑
𝑖
D[𝑎̂†], where

D[ 𝐴̂] := 𝐴̂𝜌̂ 𝐴̂† − 1
2 { 𝐴̂

† 𝐴̂, 𝜌̂}, and 𝑎̂ is the annihilation operator associated with the
Fock qubit. We consider the regime

𝜅
↑,↓
𝑖

≪ 𝜅𝑠, (7.1)

that is, the engineered dissipation rate greatly exceeds the intrinsic decay and heating
rates.

To analyze the dynamics of this system, we consider an 𝑁 = 𝑛+ 1 level system with
levels 𝑚 = 0, 1, . . . , 𝑛, and dissipation between adjacent levels, we examine how the
system evolves under two sets of Lindblad operators describing the decay and gain
between the levels respectively, {(𝜅d

𝑗
)1/2 | 𝑗⟩ ⟨ 𝑗 + 1|} and {(𝜅h

𝑗
)1/2 | 𝑗 + 1⟩ ⟨ 𝑗 |}. The

transition rates are then given by 𝜅d,h
𝑗

, and we assume that 𝜅d,h
𝑗

≥ 0, 𝜅d,h
−1 = 𝜅

d,h
𝑛 = 0.
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Figure 7.1: a) Schematic of the 0-n Fock qubit. We encode the logical states
{|0𝐿⟩ , |1𝐿⟩} into the ground state |0⟩ and the n-th excited state |𝑛⟩ of a Fock qubit.
b) Smallest non-zero eigenvalue (in absolute magnitude) 𝜆min of the Lindbladian
describing the evolution of the 0-n Fock qubit. We define 𝑟↑,↓ := 𝜅

↑,↓
𝑖
/𝜅𝑠 ≪ 1 as

the ratio of the rates between the intrinsic processes and the engineered dissipation.
The numerical values are plotted with the markers, whereas the analytical fit given
by Eq. (7.9) is plotted with the dashed lines.

The evolution of the density matrix 𝜌̂(𝑡) can be described with [34]

𝑑𝜌̂

𝑑𝑡
= L( 𝜌̂) =

𝑛∑︁
𝑗=0

| 𝑗⟩ ⟨ 𝑗 |
(
𝜅d
𝑗 𝜌 𝑗+1, 𝑗+1 + 𝜅h

𝑗−1𝜌 𝑗−1, 𝑗−1

)
− 1

2
{| 𝑗⟩ ⟨ 𝑗 | ,

(
𝜅h
𝑗 + 𝜅d

𝑗−1

)
𝜌̂}

(7.2)

where 𝜌 𝑗 , 𝑗 := ⟨ 𝑗 | 𝜌̂ | 𝑗⟩. Note that by construction, jump operators of the engineered
dissipation annihilate both |0⟩ and |𝑛⟩, so any logical state 𝑐0 |0⟩ + 𝑐1 |𝑛⟩ is a dark
state of the engineered dissipation.

In Eq. (7.2), if the initial state is diagonal in the Fock eigenbasis, i.e. ⟨𝑚 | 𝜌̂(0) |𝑛⟩ = 0
for all 𝑚 ≠ 𝑛, then the evolved state 𝜌̂(𝑡) remains diagonal for all 𝑡 ≥ 0. Therefore,
the evolution for this case reduces to a classical rate equation for the level populations,
which can be described in the form of a continuous-time Markov chain (CTMC).
In contrast, for an initial coherence 𝜌̂(0) = |𝑚⟩ ⟨𝑛|, 𝑚 ≠ 𝑛, the state decays with
𝜌̂(𝑡) = exp

(
−1

2 (𝜅
𝑡
𝑚 + 𝜅𝑡𝑛)𝑡

)
𝜌̂(0), 𝜅𝑡𝑛 = 𝜅d

𝑛−1 + 𝜅
h
𝑛 is the total rate of dissipation out

of level 𝑛. Then, the Lindbladian yields the diagonalization L = diag[𝑄,Lcoh],
where 𝑄 is a transition matrix describing how the diagonal elements evolve, and
Lcoh encodes the decay of the non-diagonal elements. Lcoh does not admit steady-
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state eigenoperators, whereas 𝑄 hosts a steady-state solution, characterized by a
zero eigenvalue. We will elaborate more on the dynamics of the diagonal and the
non-diagonal blocks in the following subsections.

For the 0-n Fock qubit, the transition rates of Eq. (7.2) are given by, for 0 ≤ 𝑗 < 𝑛,

𝜅d
𝑗

𝑗 + 1
=


𝜅𝑠 + 𝜅↓𝑖 if 𝑗 < ⌊𝑛/2⌋

𝜅
↓
𝑖

otherwise
(7.3a)

𝜅h
𝑗

𝑗 + 1
=


𝜅𝑠 + 𝜅↑𝑖 if 𝑗 ≥ ⌈𝑛/2⌉

𝜅
↑
𝑖

otherwise
(7.3b)

Note that the transition rates are multiplied by the bosonic enhancement factor for
levels higher than the ground state.

In the following two subsections, we show that the 0-n Fock qubit exhibits a noise
bias: bit-flip rates, governed by block 𝑄 of the Lindbladian, are suppressed ex-
ponentially with 𝑛; while phase-flip rates, governed by block Lcoh, are enhanced
linearly with 𝑛.

Evolution of diagonal elements and noise bias
Let us elaborate on the evolution of the diagonal elements of the density matrix. In
the CTMC formalism, 𝜋(𝑡) denotes the population row vector over the 𝑁 = 𝑛 + 1
levels, where 𝜋 𝑗 (𝑡) = 𝜌 𝑗 , 𝑗 (𝑡) encodes the population at the 𝑗 th level. Its evolution is
governed by

𝜋(𝑡) = 𝜋(0)𝑒𝑄𝑡 , (7.4)

Since only the neighboring Fock levels are connected by single-photon processes,𝑄
has a birth-death (tridiagonal) structure. The steady state of the full chain is found
from 𝜋ss𝑄 = 0, where 0 is the null row vector. It can be written as

(𝜋ss) 𝑗
(𝜋ss) 𝑗+1

=
𝜅
↓
𝑖

𝜅𝑠 + 𝜅↑𝑖
≈ 𝑟↓,

𝑛 + 1
2

≤ 𝑗 < 𝑛

(𝜋ss) 𝑗+1

(𝜋ss) 𝑗
=

𝜅
↑
𝑖

𝜅𝑠 + 𝜅↓𝑖
≈ 𝑟↑, 0 ≤ 𝑗 <

𝑛 − 1
2

,

(𝜋ss)(𝑛+1)/2

(𝜋ss)(𝑛−1)/2
=
𝜅
↑
𝑖

𝜅
↓
𝑖

. (7.5)
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where we define 𝑟↑,↓ := 𝜅
↑,↓
𝑖
/𝜅𝑠 ≪ 1. This state satisfies the detailed balance

equations (i.e. the rate of the ingoing excitations is equal to the rate of the outgoing
excitations for each level) [130], and the relative magnitudes of 𝜅↓

𝑖
and 𝜅↑

𝑖
determine

whether most of the population is concentrated in the upper or lower levels of the
qubit. Therefore, due to the intrinsic losses, the qubit cannot be stabilized perfectly
to the code manifold. If it is initialized in the highest excited level, |𝑛⟩ ⟨𝑛|, it will
eventually decay to all of the lower levels, giving rise to a finite bit-flip probability.
However, we can inquire how the timescale for the stabilization to the steady state
scales as a function of 𝑛, in order to examine whether the increased number of levels
provides a protection from bit-flips.

To analyze this, note that for odd 𝑛, the total number of levels 𝑁 is even, and the
Hilbert space separates into two halves connected only by weak intrinsic decay and
heating processes. On short timescales, 𝑡 ≪ 1/𝜅↑,↓

𝑖
, the system rapidly relaxes

within each half-space to a metastable distribution governed by the ratio of the
intrinsic decay or heating rate to the engineered dissipation rate. Initializing the
state in 𝜌̂ = |𝑛⟩ ⟨𝑛|, the corresponding metastable state (for upper levels) will be
given by

𝜋
↑
ms ≈

1∑ 𝑛−1
2
𝑗=0

(
𝑟↓

) 𝑗 [
0, . . . , 0,

(
𝑟↓

) 𝑛−1
2 , . . . , 𝑟↓, 1

]
, (7.6)

obtained from detailed balance between neighboring levels. We can also define
the metastable state associated with the lower levels as 𝜋↓ms, where the ratio of
populations between two levels is similarly given by 𝑟↑, in the lower half of the
qubit.

We define a bit-flip as the transfer of population from the upper half (𝑛+1
2 ≤ 𝑚 ≤ 𝑛)

to the lower half (0 ≤ 𝑚 ≤ 𝑛−1
2 ) of the qubit. The leakage rate out of this metastable

state is, due to intrinsic decay, given by 𝑛+1
2 𝜅

↓
𝑖
, where 𝑛+1

2 is the bosonic enhancement
factor. We can similarly write the metastable state corresponding to the lower half
of the qubit, where the leakage rate to the upper half would be given by 𝑛+1

2 𝜅
↑
𝑖
.

When population leaks to the opposite half-space, the system quickly relaxes to the
corresponding metastable state in time 𝑡 ∼ 𝑂 (1/𝜅𝑠). Then, the population vector
at some time 𝑡 can be approximated as 𝜋(𝑡) ≈ (1 − 𝑥)𝜋↑ms + 𝑥𝜋↓ms. The bit-flip
probability at this time is therefore 𝑝bf =

∑(𝑛−1)/2
𝑗=0 𝜋 𝑗 (𝑡) ≈ 𝑥. The evolution of 𝜋(𝑡)

is given by 𝑑
𝑑𝑡
𝜋(𝑡) = 𝜋(𝑡)𝑄. Using this expression and the explicit structure of 𝑄,
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the rate-of-change of the bit-flip probability is found as

𝑑𝑝bf

𝑑𝑡
≈ (1 − 𝑝bf)

𝑛−1
2∑︁
𝑗=0

(𝜋↑ms𝑄) 𝑗 + 𝑝bf

𝑛−1
2∑︁
𝑗=0

(𝜋↓ms𝑄) 𝑗

=
(𝑛 + 1)𝜅𝑠

2

[
(1 − 𝑝bf) (𝑟↓)

𝑛+1
2 − 𝑝bf (𝑟↑)

𝑛+1
2

]
. (7.7)

Together with the initial condition 𝑝bf(0) = 0, the bit-flip probability is therefore

𝑝bf (𝑡) ≈
1 − exp

(
−𝜅𝑠𝑡 𝑛+1

2

[ (
𝑟↓

) 𝑛+1
2 +

(
𝑟↑

) 𝑛+1
2

] )
1 +

(
𝑟↑/𝑟↓

) 𝑛+1
2

. (7.8)

In the limit of a small exponent, 𝑝bf (𝑡) ≈ 𝜅𝑠𝑡 𝑛+1
2

(
𝑟↓

) 𝑛+1
2 . Then, the effective bit-flip

rate

𝜆bf = 𝜅𝑠
𝑛 + 1

2

[ (
𝑟↓

) 𝑛+1
2 +

(
𝑟↑

) 𝑛+1
2

]
(7.9)

decreases exponentially with 𝑛+1
2 , up to a linear factor in 𝑛. This establishes a

hardware-level noise bias: logical bit flips require 𝑂 (⌈𝑛/2⌉) sequential intrinsic
decay events and are exponentially suppressed with increasing 𝑛. The 0-n Fock qubit
therefore exhibits a noise bias arising from the separation between fast engineered
stabilization and weak intrinsic excitation or decay.

The effective bit-flip rate can also be found from the smallest (in magnitude) non-
zero eigenvalue of the generator matrix 𝑄, i.e. the spectral gap. Physically, the
spectral gap corresponds to the slowest relaxation mode of the CTMC. For the case
outlined here, this is the transfer of population between the upper and lower halves of
the levels, which corresponds to a bit-flip. All faster modes, with rates∼ 𝜅𝑠, describe
relaxation within each half-space to the respective metastable distributions.

We plot the spectral gap for different values of 𝑟↓,↑, as a function of the number of
levels 𝑁 of the 0-n qubit, in Fig. 7.1b. The numerical samples are plotted with the
data points, whereas the analytical rate 𝜆bf ( Eq. (7.9)) is plotted with the dashed
lines in the corresponding colors. From the Figure, we observe that the analytical
prediction is a very good fit to the numerics.

Evolution of non-diagonal elements and phase coherence
Following a similar analysis to the previous subsection, we derive the phase-flip
rate of the 0-n Fock qubit, given engineered dissipation 𝜅𝑠, intrinsic heating 𝜅↑

𝑖
, and

intrinsic decay 𝜅↓
𝑖
. For this purpose, we define |±0𝑛⟩ = 1√

2
( |0⟩ ± |𝑛⟩), and initialize
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the qubit in |+0𝑛⟩. Given the system state 𝜌̂(𝑡) at some time, we assume an encoding
that maps population in the upper and lower half-spaces to |𝑛⟩ and |0⟩, respectively.
Given the encoding, the phase-flip probability is given by 𝑝pf(𝑡) := 1−⟨+0𝑛 | 𝜌̂ |+0𝑛⟩.

From Eq. (7.2), we observe that off-diagonal terms |0⟩ ⟨𝑛| and |𝑛⟩ ⟨0| will decay
with rate 1

2 (𝑛𝜅
↓
𝑖
+ 𝜅↑

𝑖
). Thus, the phase flip probability is found as

𝑝pf(𝑡) =
1
2

(
1 − exp

(
− 𝑡

2
[𝑛𝜅↓

𝑖
+ 𝜅↑

𝑖
]
))
. (7.10)

𝑝pf(𝑡) ≈ 𝑛𝜅
↓
𝑖
𝑡

4 for 𝑡
2 [𝑛𝜅

↓
𝑖
+ 𝜅↑

𝑖
] ≪ 1, 𝜅↑

𝑖
∼ 𝜅

↓
𝑖
, and 𝑛 ≫ 1. This probability grows

linearly with 𝑛. Furthermore, since phase coherence is only affected by heating
to levels above |0⟩, or decay to levels below |𝑛⟩, it is not affected by engineered
dissipation. This is also demonstrated by the independence of this expression from
the engineered dissipation rate, 𝜅𝑠.

In contrast with the exponential suppression of bit-flips, phase-flips are enhanced
linearly with the number of levels in the 0-n Fock qubit. This scaling is directly
analogous to stabilized cat qubits, which exhibit exponentially suppressed bit flips
and linearly enhanced phase flips as the size of the bosonic encoding increases [181,
211, 155, 98]. However, different from cat qubits, where the suppression rate of bit-
flips is independent of the engineered dissipation rate 𝜅2 or the intrinsic dephasing
rate 𝜅𝜙, the suppression rate in the Fock qubit improves as the ratio between the
engineered dissipation rate and the intrinsic error rate increases.

7.3 Proposed Experimental Implementation
In the previous Section, we have described how the 0-n Fock qubit is noise-biased,
assuming that we can engineer the required dissipation structure. In this section,
we describe how this dissipation can be realized. The 0-n Fock qubit requires that,
in addition to the engineered decay on transitions in the lower half of the level
ladder, and engineered gain on transitions in the upper half, each type of engineered
dissipation must act only on its designated transitions: unwanted gain on lower
levels or decay on upper levels would compromise the stabilization.

To enable this dissipation structure, an anharmonic oscillator such as a Kerr oscillator
or a transmon is necessary. In these nonlinear oscillators, each transition |𝑖⟩ ↔
|𝑖 + 1⟩ occurs at a distinct frequency, with neighboring transitions separated by the
anharmonicity 𝜂. This converts the problem of level-selective dissipation into one
of frequency-selective dissipation: if we can engineer a bath whose spectral density
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has a sharp passband, we can address each transition independently based on its
frequency.

To realize such a bath, we couple the qubit to a linear chain of LC resonators
terminated by a lossy mode (see Fig. 7.2a). This chain acts as a bandpass filter,
where excitations at frequencies in the passband propagate through the chain and
are dissipated, while those outside the passband are reflected. As described in detail
below, engineered decay and gain can be obtained from two different couplings to the
first filter mode: a beam splitter interaction, and a two-mode squeezing interaction,
respectively. By choosing the drive frequencies of these interactions, the transitions
in the lower half of the qubit can be placed within the decay passband while the
upper-half transitions lie outside it (and vice versa for gain). In this way, the single
multimode filter simultaneously provides both the frequency-selective decay and the
frequency-selective gain required to stabilize the {|0⟩ , |𝑛⟩} manifold.

Multimode filter implementation
Let us first consider engineering decay or gain on a single harmonic oscillator mode
𝑑, with frequency 𝜔𝑑 , before extending to the case of the multi-level anharmonic
oscillator. This mode is connected to a linear chain of identical harmonic oscillators
𝑓1, 𝑓2, . . . , 𝑓𝑀 , with frequency 𝜔 𝑓 . The qubit is connected to the first filter mode
with (i) a beam splitter interaction, and (ii) a two-mode squeezing interaction. The
Hamiltonian in the interaction picture with respect to the bare Hamiltonians of the
modes, within the rotating-wave approximation (RWA) can be written as

𝐻̂ = 𝑔bs 𝑑 𝑓
†
1 𝑒

𝑖Δbs𝑡 + 𝑔tm 𝑑
† 𝑓 †1 𝑒

𝑖Δtm𝑡 +
𝑀−1∑︁
𝑖=1

𝐽𝑖,𝑖+1 𝑓𝑖 𝑓
†
𝑖+1 + h.c. (7.11)

where the first term denotes the beam splitter interaction, second term denotes the
two-mode squeezing interaction, and the third term denotes the coupling between
adjacent filter modes. Furthermore, we assume dissipation on the final filter mode,
with a dissipator 𝜅 𝑓D[ 𝑓𝑀]. The schematic of this system is plotted in Fig. 7.2a.

Such filters have been used extensively in the literature [252, 44, 213, 137] to shape
the effective bath seen by the computational qubits, in order to prevent leakage and
increase coherence. We describe the resulting dynamics in the following subsection.

Effective dissipation
In the weak-coupling limit 𝑔bs, 𝑔tm ≪ 𝐽𝑖, 𝜅 𝑓 ∀ 𝑖, the eigenmodes of the coupled
system can be obtained perturbatively. For the eigenmode associated with the bare
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Figure 7.2: a) Schematic of the implementation for the 0-n Fock qubit. The qubit
(system, drawn in purple) is connected to a multimode filter with coupling rates 𝑔bs
and 𝑔tm for the beam splitter and the two-mode squeezing interaction, respectively.
The excitations travel along the filter and are dissipated to a bath, with a rate 𝜅 𝑓 . b)
Effective rates 𝜅eff of engineered processes between adjacent levels of a 0-n Fock
qubit, with 𝑛 = 5. Decay and gain are engineered via the beam splitter and two-mode
squeezing coupling with the filter. The rates are plotted as a function of the detuning
Δ, normalized with the filter bandwidth 𝐵. We observe that 𝜅eff

𝑔2/𝐵 ≈ 2𝜋, where 𝑔 is
the coupling rate for the corresponding interaction. For an implementation of the
Fock qubit with the Kerr Hamiltonian, the difference in detuning between adjacent
transitions corresponds to the anharmonicity 𝜂.

system mode, i.e. 𝑑, it can be shown that a two-mode squeezing interaction induces
gain while a beam splitter interaction induces decay in the form of 𝑑 (𝑡) = 𝑑 (0)𝑒−𝜅eff𝑡 ,
where we refer to 𝜅eff as the effective gain or decay rate. Then, by coupling the
system mode to a chain of oscillators, we can engineer dissipation that can either
inject or extract excitations from the mode. Moreover, the dissipation profile can be
shaped by optimizing over the parameters {𝐽𝑖} and 𝜅 𝑓 .

Since the dissipation is observed in the eigenmodes of the joint system, i.e. the
dressed modes that include the system mode and the filter modes, there are some
subtleties with how the joint system evolves. We can use adiabatic ramping of the
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interaction rate 𝑔bs, tm to achieve a smooth transition from the bare eigenmodes to
the dressed eigenmodes. If the ramping is slow enough, it can be shown that the
effective dynamics on a given mode 𝑣̂ look like:

𝑣̂(𝑡) =
∑︁
𝑖

𝑐𝑖 (0) exp
(∫ 𝑡

0
𝑑𝑠𝜆𝑖 (𝑠)

)
𝑢̂𝑖 (𝑡) (7.12)

where {𝑐𝑖} are the coefficients determining the decomposition over the eigenmodes
{𝑢̂𝑖} at time 𝑡 = 0, {𝜆𝑖} are the corresponding eigenvalues, and 𝑣̂(𝑡) is the Heisenberg
operator of 𝑣̂. Ramping the interaction rate from zero at 𝑡 = 0 up to 𝑔bs, tm and then
down to zero at 𝑡 = 𝑇 , where 𝑇 is the total simulation time, results in 𝑐𝑖 (0) = 1
for 𝑖 = 𝑖∗, 𝑐𝑖 (0) = 0 otherwise, where 𝑢̂𝑖∗ = 𝑢̂𝑖∗ (𝑇) = 𝑑. Then, the effective
dynamics look like 𝑑 (𝑡) = exp(

∫ 𝑡

0 𝑑𝑠𝜆𝑖∗ (𝑠))𝑑 (0). This results in an effective gain or
decay on the system mode 𝑑, depending on the sign of the corresponding eigenvalue
integrated in time.

Numerically, we observed that filter optimization results in a bandpass filter with
a bandwidth 𝐵, where the dissipation rate is 𝜅eff ≈ 0 for |Δbs, tm | > 𝐵

2 , and 𝜅eff ≈
2𝜋𝑔2

bs, tm/𝐵 otherwise. More details about the filter optimization can be found in
Appendix E.1.

For the multi-level anharmonic oscillator case, we aim to simultaneously engineer
gain or decay on multiple transitions with differing frequencies. For this purpose,
we consider the analogous model of multiple Gaussian modes with frequencies
𝜔𝑑,1, 𝜔𝑑,2, . . . . We show in Appendix E.2 that if these modes are far detuned
enough, i.e. |𝜔𝑑,𝑖 −𝜔𝑑, 𝑗 | ≫ 𝑔2

bs, tm/𝐵, the dissipation is independent for each mode.
In other words, gain or decay is achieved for each mode independently using the
same filter, with Lindblad dissipators 𝜅eff,iD[𝑑𝑖] (𝜅eff,iD[𝑑†

𝑖
]) for the decaying (gain-

experiencing) modes, where 𝜅eff,i is the effective dissipation rate stated above. This
independence is what allows a single filter to realize the level-resolved dissipation
structure assumed in Sec. 7.2.

Implementation with the Kerr Hamiltonian
Building on the results from the previous subsection, showing how we can simul-
taneously engineer loss or gain on multiple modes with distinct frequencies, we
now show how to implement the required dissipation for the 0-n Fock qubit. To
implement frequency-selective dissipation, we consider a realization based on the
Kerr nonlinearity. The qubit Hamiltonian is [144]

𝐻̂ = 𝜔𝑑 𝑎̂
†𝑎̂ − 𝐾 (𝑎̂†)2𝑎̂2 (7.13)
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where 𝐾 is the self-Kerr nonlinearity. The energies of Fock levels are given by
𝐸𝑛 = 𝜔𝑑 𝑛−𝐾𝑛(𝑛−1) for 𝑛 ≥ 0. Defining the transition frequency between adjacent
levels as 𝑓𝑖(𝑖+1) := 𝐸𝑖+1 − 𝐸𝑖, we find 𝑓𝑖(𝑖+1) = 𝜔𝑑 − 2𝐾𝑖 for 𝑖 ≥ 0. The fundamental
transition frequency is 𝑓01 = 𝜔𝑑 , and the anharmonicity is 𝜂 := 𝑓12 − 𝑓01 = −2𝐾 .
To connect with transmon parameters in the regime 𝐸𝐽/𝐸𝐶 ≫ 1, we identify
𝜔𝑑 =

√
8𝐸𝐽𝐸𝐶 − 𝐸𝐶 and 𝐾 = 𝐸𝐶/2. With this parametrization, adjacent transitions

are separated in frequency by | 𝑓𝑖(𝑖+1) − 𝑓(𝑖+1) (𝑖+2) | = 2𝐾 = 𝐸𝐶 .

The key observation is that each transition |𝑖⟩ ↔ |𝑖 + 1⟩ occurs at a distinct fre-
quency due to the anharmonicity. This allows individual transitions to be addressed
independently, provided the frequency separation exceeds the effective linewidth of
the engineered dissipation. Specifically, if 𝐸𝐶 ≫ 𝑔2

bs, tm/𝐵, each transition can be
treated as a separate mode coupled to the filter.

The detunings in Eq. (7.11) for the transition between levels |𝑖⟩ and |𝑖 + 1⟩ are:

Δbs,𝑖 = 𝜔 𝑓 + 𝜔bs − 𝜔𝑑 + 2𝐾𝑖, (7.14a)

Δtm,𝑖 = 𝜔 𝑓 + 𝜔tm + 𝜔𝑑 − 2𝐾𝑖. (7.14b)

The detuning for the beam splitter coupling increases with Fock level index, while it
decreases for the two-mode squeezing coupling. By choosing the drive frequencies
𝜔bs and 𝜔tm appropriately, we can place the transitions in the lower half of the qubit
inside the filter passband (enabling engineered decay) while keeping the upper-
half transitions outside the passband (and vice versa for gain). The placement of
transitions relative to the filter passband is illustrated in Fig. 7.2b, where engineered
decay is shown in red and gain in blue.

Parameter scaling and constraints
We now analyze the constraints on system parameters and how they scale with the
number of levels 𝑁 .

Transmon well depth. Implementing the 0-n Fock qubit with a transmon requires
a sufficiently deep cosine potential to confine 𝑁 levels. The number of confined
levels scales as 𝑁levels ∼

√︁
𝐸𝐽/(2𝐸𝐶) for 𝐸𝐽/𝐸𝐶 ≫ 1 [264]. Fixing the fundamental

transition frequency at 𝑓01 = 5 GHz together with the level-confinement requirement
𝐸𝐽/(2𝐸𝐶) ≈ 𝑁2 uniquely determines 𝐸𝐽 and 𝐸𝐶 as functions of 𝑁 .

Scaling with 𝑁 . For 𝑁 ≫ 1, we have 𝑓01 ≈ 4𝑁𝐸𝐶 , which implies 𝐸𝐶 ∝ 1/𝑁 .
Since the bandwidth scales as 𝐵 ∝ 𝐸𝐶𝑁 , it approaches a constant value for large
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𝑁 . The independent dissipation assumption requires 𝐸𝐶 ≫ 𝑔2/𝐵, or 𝑔2 ≪ 𝐸𝐶𝐵 ∼
𝐸2
𝐶
𝑁 . Setting 𝑔2 ∼ 𝐸2

𝐶
𝑁 (with appropriate prefactors ensuring 𝑔2/𝐸2

𝐶
≪ 𝑁), the

coupling strength decreases as 𝑔2 ∝ 1/𝑁 . Consequently, the effective engineered
dissipation rate scales as

𝜅eff ∼ 𝑔2

𝐵
∝ 1
𝑁
. (7.15)

Therefore, the stabilization time, i.e. the timescale ∼ 1/𝜅eff over which the engi-
neered dissipation returns population from unwanted intermediate levels to the code
manifold {|0⟩ , |𝑛⟩}, increases linearly with 𝑁 . This timescale is relevant because
it contributes to the duration of each syndrome-extraction cycle when the 0-n Fock
qubit is used for error correction (see Sec. 7.4).

In the regime dominated by intrinsic loss (compared to heating), plugging 𝜅↓
𝑖
/𝜅𝑠 =

𝛽𝑁 into Eq. (7.9) and minimizing over 𝑁 , the minimal bit-flip rate is achieved for
𝑁∗ ≈ 1/(𝑒𝛽). Beyond this value, increasing the number of levels 𝑁 is not beneficial
for the suppression of bit-flips. Since our regime of interest is 𝛽𝑁 ≪ 1, we operate
well below this critical value. We also note that this scaling follows from fixing 𝑓01,
which forces 𝐸𝐶 ∝ 1/𝑁 . If instead 𝐸𝐶 is held fixed while 𝐸𝐽 is increased with 𝑁
(as in Sec. 7.4, where this suppresses charge-noise dephasing), the bandwidth 𝐵 is
fixed and 𝑔2/𝐵 need not decrease, so 𝜅eff can be kept approximately constant.

Filter roll-off and out-of-band suppression. Outside the filter bandwidth, resid-
ual engineered dissipation persists due to the finite roll-off of the filter response, as
visible for |Δ| > 𝐵/2 in Fig. 7.2b. The roll-off can be steepened by increasing the
number of filter modes 𝑀 or by optimizing the couplings {𝐽𝑖} and bath dissipation
𝜅 𝑓 (see Appendix E.1). For the parameters considered here, 𝑀 ∼ 7 modes suffice
to suppress unwanted transitions below the intrinsic loss rates. We elaborate on this
in Sec. 7.4.

Protection against excitation above |𝑛⟩. The 0-n Fock qubit is susceptible to
intrinsic heating, which can excite population to levels above |𝑛⟩. While our design
does not actively protect against such processes, intrinsic relaxation from these
higher levels back to |𝑛⟩ provides natural suppression. However, it is crucial that
engineered gain to levels above |𝑛⟩ remains below the intrinsic decay rates. This
is demonstrated in Fig. 7.2b for the |5⟩ → |6⟩ transition. Achieving sufficient
suppression requires 𝑀 ∼ 7 filter modes for the parameters that we consider.
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7.4 0-n qubit as an ancilla
Having established that the 0-n Fock qubit exhibits noise bias and can be realized
with current experimental tools, we now consider its use as an ancilla for cat qubit
architectures in order to obtain noise-biased gates. In such architectures, the ancilla
mediates syndrome extraction by coupling to the data qubits through entangling
gates. Repetition codes are a natural choice for biased-noise qubits, as when bit-flip
errors are exponentially suppressed, the dominant remaining errors are phase flips,
which can be corrected using these codes [102, 94, 151]. In such implementations,
logical errors are corrected by measuring 𝑋 stabilizers, which require controlled-𝑋
(CX) gates applied to data qubits, controlled by the ancilla.

𝑋 errors on the ancilla during syndrome extraction using CX gates can propagate
to the cat qubit, limiting the achievable noise bias [9, 212]. The 0-n Fock qubit, as
it is inherently noise biased, can surpass this limitation compared to architectures
where the ancilla is a standard transmon qubit (without any engineered dissipation)
[106]. Moreover, the simple, native dispersive coupling between the Fock qubit and
the cat data qubits suffices to implement the CX gate.

In light of this, we examine the performance of a CX gate conditioned on the 0-n
Fock qubit, where we define a bit-flip in the following manner. Starting from the
logical state |0𝐿⟩ of two cat qubit resonators, and the |+0𝑛⟩ = 1√

2
( |0⟩ + |𝑛⟩) state

of the ancilla, two CX gates are implemented to measure the 𝑋𝑋 stabilizer of the
resonators in the repetition code. The cat qubits are then stabilized to the code space
via a two-photon dissipation process. A bit-flip occurs if the resulting state of the
cat (code) qubits has odd parity, i.e. if they are in the |0𝐿⟩ ⊗ |1𝐿⟩, or |1𝐿⟩ ⊗ |0𝐿⟩
state.

Physically, the bit-flip probability arises because intermediate Fock populations
(0 < 𝑘 < 𝑛) contribute partial phase-space rotations to the cat qubit that do not map
|0𝐿⟩ cleanly onto itself or |1𝐿⟩, leaving residual overlap with the wrong logical state
after its stabilization. The role of the engineered dissipation is therefore to suppress
these intermediate populations, concentrating the ancilla in the {|0⟩ , |𝑛⟩} manifold,
where the CX gate acts as either the identity or a full bit-flip.

The use of the 0-n Fock qubit as an ancilla is demonstrated in Fig. 7.3a. First, the
superposition state |+0𝑛⟩ is prepared using 𝑋-pulses between adjacent levels. The
qubit is then stabilized dissipatively, and coupled to stabilized cat qubits. CX gates
conditioned on the ancilla state are implemented sequentially, after which the cat
qubits are stabilized, and the ancilla is measured in the 𝑋 basis.
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Figure 7.3: Use of the 0-n Fock qubit as an ancilla for noise-biased CX gates
on stabilized cat qubits. a) Schematic of the protocol. The ancilla is prepared
in the |+0𝑛⟩ = 1√

2
( |0⟩ + |𝑛⟩) state using 𝑋 pulses, then dissipatively stabilized

(indicated by Sfock) using the implementation in Sec. 7.3. Two CX gates are
applied sequentially to two stabilized cat qubits (the stabilization is indicated by
Scat) coupled dispersively to the ancilla, after which the cat qubits are restabilized
and the ancilla is measured in the X basis. b) Logical bit-flip probability 𝑝bf of the
CX gate as a function of the stabilization time 𝑡𝑠, for 𝑛 = 7, |𝛼 |2 = 10, and a filter
with 𝑁 𝑓 = 7 filter modes. We assume perfect CX gates and consider two intrinsic
noise configurations (𝜏↓

𝑖
= 50 𝜇s, 𝜏↑

𝑖
= 5 ms, and 𝜏↓

𝑖
= 250 𝜇s, 𝜏↑

𝑖
= 250 ms) and

pulse error probabilities (𝑝𝑒 = 10−4, 𝑝𝑒 = 10−3). 𝑝bf decays exponentially with
stabilization time before converging to the bit-flip floor. Inset: dependence of 𝑝bf
on 𝑁 𝑓 , showing that ∼ 7 modes suffice to suppress spurious engineered dissipation.
c) 𝑝bf and ancilla phase-flip probability 𝑝pf as a function of the number of levels
𝑁 = 𝑛 + 1 in the Fock qubit. We consider the intrinsic single-photon transitions
during the CX gates. The gate time is assumed as 𝑡𝑔 = 200 ns, 𝑝𝑒 = 10−3, and
|𝛼 |2 = 10. The dashed lines correspond to analytic predictions. Bit-flip probabilities
below 10−8 can be obtained with 𝑁 ≥ 10 levels.

Note that one can also consider a fully Fock-qubit architecture where both data
qubits and ancilla are implemented accordingly. However, this approach would
require bias-preserving gates between Fock qubits, including the logical X opera-
tion connecting |0⟩ to |𝑛⟩. Such an operation is not straightforward to implement
experimentally, thus, we focus here on only a Fock qubit ancilla.
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Bit-flip probability for the Fock-cat implementation
Let us assume capacitive coupling between the 0-n Fock qubit and the cat qubit.
If the coupling strength is weak relative to their detuning, i.e. 𝑔 ≪ Δ, they can
exhibit dispersive coupling in the form of 𝐻̂ = 𝜒0(𝑎̂†𝑎̂) ⊗ (𝑑†𝑑) (we set ℏ = 1),
where 𝑎̂ and 𝑑 are the annihilation operators of the Fock and cat qubit, respectively.
The coupling strength is of order 𝜒0 ∼ 𝐾𝑔2/Δ2 [144]. The evolution under this
interaction will result in a rotation of the cat qubit in the phase space, proportional
to the level number of the Fock qubit, in the form of:

𝑒−𝑖𝜒0𝑡 (𝑎̂†𝑎̂)⊗(𝑑†𝑑) |𝑚⟩ ⊗ |𝛼⟩ = |𝑚⟩ ⊗
��𝛼𝑒−𝑖𝜒0𝑚𝑡

〉
. (7.16)

For 𝑚 = 0, the cat qubit is unaffected, so the gate acts as the identity. In contrast,
if 𝑚𝜒0𝑡 = 𝜋, |𝛼⟩ ↔ |−𝛼⟩, hence |0𝐿⟩ ↔ |1𝐿⟩ and this operation implements the 𝑋
operator. Conditioning the cat rotation on the Fock-qubit level in this way realizes
a CX gate controlled by the Fock qubit.

We define the logical bit-flip probability 𝑝bf(𝜃) as a function of the rotation angle
0 ≤ 𝜃 ≤ 𝜋:

𝑝bf(𝜃) =
1
2

[
1 − (1 − 𝑀𝛼 (𝜃))2] , (7.17a)

𝑀𝛼 (𝜃) :=
2|𝛼 |2

sinh (2|𝛼 |2)

∫ 𝜃

0
𝑑𝜙 sin (𝜙)𝐼0

(
2|𝛼 |2 sin (𝜙)

)
(7.17b)

For more details, see Appendix E.3. Furthermore, for a superposition over different
Fock states of the control qubit, the total bit-flip probability is a linear function
of the bit-flip probability for each Fock state, as coherence terms in the form of
|𝑚⟩ ⟨𝑛| , 𝑚 ≠ 𝑛, will not contribute when the control qubit is traced out. Since the
rotation angle in phase space is proportional to 𝑚 for the 𝑚th Fock level, if we set
the rotation angle to be 𝜃 = 𝜋 for the highest level |𝑛⟩, the total bit-flip probability
𝑝bf is found as

𝑝bf =

𝑛∑︁
𝑘=0

𝑝bf

(
𝜋𝑘

𝑛

)
𝑃(𝑘) (7.18)

where 𝑃(𝑘) := ⟨𝑘 | 𝜌̂ |𝑘⟩ is the population at the 𝑘 th level. We show in the following
subsections that without stabilization, increasing n populates more intermediate
levels through pulse errors, each of which contributes a partial rotation that degrades
the cat qubit. Engineered dissipation, as described in Sec. 7.3, resolves this by
pumping intermediate populations back to |0⟩ and |𝑛⟩ before the CX gate is applied.
Accordingly, we first examine the bit-flip probability of the 0-n Fock qubit in the
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absence of engineered dissipation. Then, we present the numerical results with
stabilization.

Bit-flip probability without stabilization

Our aim is to prepare the superposition state (|0⟩ + |𝑛⟩)/
√

2 with imperfect pulses.
Let us define |±𝑎𝑏⟩ := (|𝑎⟩ ± |𝑏⟩)/

√
2. We first prepare the superposition state |±01⟩

from the ground state |0⟩ by performing an imperfect 𝜋/2 pulse. We assume the
following Kraus operators during this operation:

𝐾̂0 =
√︁

1 − 𝑝𝑒 (1l − 1l01 + |+01⟩ ⟨0| + |−01⟩ ⟨1|) (7.19a)

𝐾̂1 =
√
𝑝𝑒 1l (7.19b)

where 1l :=
∑
𝑚 |𝑚⟩ ⟨𝑚 | is the identity operator across all levels, and 1l01 = |0⟩ ⟨0| +

|1⟩ ⟨1| is the identity operator for the {|0⟩ , |1⟩} subspace. Then, starting from the
initial state |0⟩ ⟨0|, the resulting qubit state will be (1 − 𝑝𝑒) |+01⟩ ⟨+01 | + 𝑝𝑒 |0⟩ ⟨0|.
The remaining pulses will be 𝜋 pulses performed between levels |𝑚⟩ and |𝑚 + 1⟩,
for 1 ≤ 𝑚 < 𝑛. We assume the following Kraus operators:

𝐾̂𝑚0 =
√︁

1 − 𝑝𝑒 (1l − 2
��−𝑚(𝑚+1)

〉 〈
−𝑚(𝑚+1)

��), (7.20a)

𝐾̂𝑚1 =
√
𝑝𝑒 1l (7.20b)

After the 𝜋 pulses, the state of the control qubit can be written as

𝜌̂𝑛 = (1 − 𝑝𝑒)𝑛 |+0𝑛⟩ ⟨+0𝑛 | + 𝑝𝑒 |0⟩ ⟨0| + 𝑝𝑒
𝑛−1∑︁
𝑖=1

(1 − 𝑝𝑒)𝑖 |+0𝑖⟩ ⟨+0𝑖 | (7.21)

Using this state as the control, we can perform CX gates on two resonators encoded
in the form of cat qubits. After this gate, the total bit-flip probability is found as

𝑝bf ≈
𝑝𝑒𝑛√

2𝜋3 |𝛼 |
(7.22)

for |𝛼 |, 𝑛 ≫ 1. Then, the bit-flip probability of the CX gate grows linearly with 𝑛
and 𝑝𝑒 up to first order in 𝑝𝑒: this scaling demonstrates the need for stabilization on
the 0-n Fock qubit in order to obtain suppression of bit-flip probabilities with larger
𝑛.

Bit-flip probability with stabilization

Engineered dissipation ensures the stabilization of the 0-n Fock qubit to minimize
the bit-flip probability. First, notice that since the bit-flip probability is independent
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of the coherences of the 0-n Fock qubit, we can work with the CTMC description
to compute the steady state of the qubit in the idealized case (cf. Sec. 7.2). For
short timescales 𝑡 ∼ 1/𝜅𝑠, the spectral gap is negligible if 𝜅↓

𝑖
, 𝜅

↑
𝑖
≪ 𝜅𝑠, and the qubit

converges to the metastable states for the upper and lower sections independently.
Then, the bit-flip probability also converges to a fixed value determined by the
population distribution across the qubit: we refer to this value as the bit-flip floor.
In this analysis, we disregard the heating to levels above |𝑛⟩, which is negligible for
sufficiently short stabilization times.

The bit-flip floor depends on the highest level number 𝑛, mean photon number of the
cat qubits |𝛼 |2, and the relative strength of intrinsic loss processes 𝜅↓

𝑖
/𝜅𝑠, 𝜅↑𝑖 /𝜅𝑠. We

observe that this floor decays exponentially with 𝑛 for relatively small 𝑛, whereas
the scaling is modified to 1/𝑛2 in the limit of 𝑛 ≫ 1. For a fixed 𝑛, the bit-flip
probability decays exponentially with stabilization time 𝑡 before converging to the
bit-flip floor. For an extended discussion on the bit-flip floor, see Appendix E.4.

We analyze the convergence to the bit-flip floor numerically in Fig. 7.3b. We fix
𝑛 = 7, |𝛼 |2 = 10, and examine the logical bit-flip probability 𝑝bf as a function
of the stabilization time, 𝑡𝑠, for two noise configurations. These configurations
display distinct intrinsic decay and heating times 𝜏↓,↑

𝑖
= 1/𝜅↓,↑

𝑖
. For the first one,

we assume 𝜏↓
𝑖
= 50 𝜇s and 𝜏↑

𝑖
= 5 ms, whereas for the second one, 𝜏↓

𝑖
= 250 𝜇s

and 𝜏↑
𝑖
= 250 ms. Furthermore, we consider pulse error probabilities of 𝑝𝑒 = 10−3

and 𝑝𝑒 = 10−4. Lastly, we use a filter with 𝑁 𝑓 = 7 modes. For long stabilization
times where the bit-flip probability approaches the bit-flip floor (e.g. 𝑡𝑠 = 1 𝜇s), we
observe that this number is sufficient to suppress spurious engineered dissipation
between levels, as can be seen in the inset of this Figure. For these times, bit-flip
probabilities are independent of the pulse error probability 𝑝𝑒, in contrast to the
case at the initialization (i.e. 𝑡𝑠 ≪ 1 𝜇s). For longer stabilization times, the bit-flip
probabilities start increasing due to spurious heating to levels above |𝑛⟩, which are
not inhibited via the engineered dissipation. We note that this Figure assumes a
perfect CX gate with no intrinsic decay or heating events.

In Fig. 7.3c, we plot the logical bit-flip probability 𝑝bf, as well as the ancilla phase-
flip probability 𝑝pf, as a function of the number of levels 𝑁 in the Fock qubit. For
the latter, the cat qubits are initialized in state |+𝐿⟩ = ( |0𝐿⟩ + |1𝐿⟩)/

√
2, and the

Fock qubit is initialized as |+0𝑛⟩. After subsequent CX gates conditioned on it, the
Fock qubit is measured in the 𝑋 basis, and the phase-flip probability is defined as
𝑝pf = 1− ⟨+0𝑛 | 𝜌̂ |+0𝑛⟩, where 𝜌̂ is the final state of the qubit. In Eq. (7.10), we have
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derived that for the idealized case of single-photon transitions between adjacent
levels due to loss or engineered dissipation, the phase-flip probability grows linearly
with 𝑛 for 𝜅𝑡 ≪ 1, where 𝜅 = 𝑛𝜅↓

𝑖
+𝜅↑

𝑖
≈ 𝑛𝜅↓

𝑖
is the total depopulation rate of level |𝑛⟩

(assuming 𝜅↑
𝑖
∼ 𝜅↓

𝑖
and 𝑛 ≫ 1), and 𝑡 is the total time dedicated to stabilization and

the CX gates. This property is in line with other noise biased qubits, where bit-flips
are suppressed exponentially with 𝑛, whereas phase-flips are enhanced linearly with
𝑛.

We now quantify how the bit-flip and phase-flip probabilities scale with the number
of levels 𝑁 when intrinsic single-photon events during the CX gate are included
(referred to as the imperfect CX gate), showing that bit-flips remain exponentially
suppressed, approaching 10−8 for 𝑁 ≥ 10, while phase-flips grow only linearly.
We set the per-pulse error as 𝑝𝑒 = 10−3, mean photon number of cat qubits as
|𝛼 |2 = 10, the Fock qubit stabilization time as 𝑡𝑠 = 1 𝜇s, and consider the same
noise configurations as above. The two configurations are indicated with yellow
square markers and blue circular markers, for high and low noise, respectively. We
assume a CX gate time of 𝑡𝑔 = 200 ns, which is experimentally feasible [212, 106,
213]. For both the logical bit-flips and the ancilla phase-flips, we plot the analytically
calculated probabilities with dashed lines of the respective color. For this purpose,
we use the approximate engineered dissipation rates obtained perturbatively (cf.
Appendix E.1), and use the CTMC description of the evolution of the diagonal
elements of the Fock qubit. We show in Appendix E.5 that the coherences of this
qubit do not affect the bit-flip probability when the evolution can be described with
the single-photon jump operators, as in Eq. (7.2). For this setting, we propose a
solution for the evolution of the bit-flip probability which also takes into account
single-photon events during the gate. We observe that the analytical prediction
matches the numerical results for all cases. Thus, the assumptions of (i) independent
dissipators for each transition within the Fock qubit, and (ii) adiabatic evolution of
the bare system mode hold in this regime.

In summary, taking into consideration all intrinsic single-photon events during
the ancilla stabilization and the CX gate, bit-flip probabilities below 10−8 can be
achieved with a Fock qubit with 𝑁 ≥ 10 levels. The bit-flip probability is ap-
proximately exponentially suppressed with 𝑁 , mirroring the scaling of cat qubits
with mean photon number |𝛼 |2, achieved through a complementary mechanism: the
separation between levels |0⟩ and |𝑛⟩ in a multi-level, anharmonic oscillator, rather
than the separation of coherent states in phase space. These results indicate that the
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Figure 7.4: Average logical error per round 𝑝∗
𝐿

when the 0-n Fock qubit is used
as an ancilla in the repetition code, paired with cat data qubits. The contours for
𝑝∗
𝐿
∈ {10−4, 10−5, 10−6} are shown as a function of 𝜅1𝑇cycle and the code distance

𝑑, where 𝜅1 is the single-photon loss rate of the cat qubits, and 𝑇cycle is the cycle
time for a single round of error correction. We work with a phenomenological noise
model, where 𝑍 errors are applied on the ancilla and the data qubits at the start of
each error correction round. The ancilla 𝑍 errors occur only due to single-photon
events (𝜏↓

𝑖
= 250 𝜇s, 𝜏↑

𝑖
= 250 ms) during the stabilization (𝑡𝑠 = 500 ns), or the

CX gates (𝑡𝑔 = 200 ns): we assume large enough 𝐸𝐽/𝐸𝐶 such that dephasing due
to charge noise is sufficiently suppressed. Lastly, the cat qubits have a mean photon
number of |𝛼 |2 = 10.

0-n Fock qubit ancilla can provide exponential bit-flip suppression comparable to
cat-cat architectures, while only requiring engineered beam splitter and two-mode
squeezing couplings for engineered dissipation. Moreover, simple, native dispersive
couplings suffice to implement CX gates between Fock and cat qubits that preserve
both qubits’ exponential noise bias. This approach thus substantially simplifies the
experimental requirements relative to bias-preserving cat-cat gates.

Logical error rates with the repetition code
We now examine the logical error rates achievable when the 0-n Fock ancilla is used
for syndrome extraction in a repetition code. Here, as in the previous subsection,
syndrome measurements are performed using two CX gates conditioned on the
ancilla applied to the neighboring data qubits, followed by measurement of the



150

ancilla in the X basis.

We simulate the performance of a distance-𝑑 repetition code [44, 213] under a
phenomenological noise model in which both ancilla and data qubits undergo 𝑍
errors at the start of each round, prior to the CX gates [62]. For the cat data qubits, the
dominant mechanism is single-photon loss, which induces 𝑍 errors with probability
𝑝data
𝑍

= (1 − 𝑒−2|𝛼 |2𝜅1𝑇cycle)/2 ≈ |𝛼 |2𝜅1𝑇cycle in the regime |𝛼 |2𝜅1𝑇cycle ≪ 1, where 𝜅1

is the loss rate, and𝑇cycle is the duration of one syndrome extraction round. Similarly,
𝑍 errors on ancilla qubits can occur due to single-photon loss and heating events,
or dephasing. The latter can be mitigated by operating in the large 𝐸𝐽/𝐸𝐶 regime,
where 𝐸𝐽 is increased and 𝑓01 is adjusted so that 𝐸𝐶 remains fixed, exponentially
suppressing charge-noise-induced dephasing [264]. Therefore, we ignore dephasing
effects and consider only intrinsic single-photon events. A more pessimistic noise
budget that includes dephasing is presented in Appendix E.6.

In order to combat the effect of single-photon events as much as possible, we shorten
the stabilization time to 𝑡𝑠 = 500 ns, which is sufficient to approach the bit-flip floor
(see Fig. 7.3b). The gate time is set to 𝑡𝑔 = 200 ns, as in the previous subsection.
With the stabilization and gate times fixed, the ancilla 𝑍 error probability per round
is set entirely by 𝑡𝑠 and 𝑡𝑔, and does not vary with 𝑇cycle: only the data-qubit
error probability 𝑝data

𝑍
scales with 𝑇cycle. Furthermore, syndrome measurements are

assumed to be subject to a readout error with probability 𝑝meas = 0.01, and we
consider the lower intrinsic noise configuration from the previous subsection, with
𝜏
↓
𝑖
= 250 𝜇s and 𝜏↑

𝑖
= 250 ms. Lastly, the mean photon number of a cat qubit is

taken as |𝛼 |2 = 10.

Given these parameters, we simulate 𝑑 rounds of a distance-𝑑 repetition code, and
find the logical error rate per round occurring due to phase-flip events. We then
compute the overall logical error rate 𝑝∗

𝐿
by adding the residual bit-flip contribution

per round, which is found assuming imperfect CX gates with intrinsic single-photon
events. The bit-flip contribution is found by taking the per-stabilizer bit-flip prob-
ability, as found in Fig. 7.3c in the previous subsection, and multiplying it by the
number of stabilizer measurements per round, 𝑑 − 1. In Figure 7.4, we plot the
contours along which the overall logical error rate reaches 10−4, 10−5 and 10−6 as
a function of 𝜅1𝑇cycle and the code distance 𝑑, for 𝑁 ∈ {4, 6, 8, 10}. The various
logical error rate contours are shown with dotted, dashed, and plain lines, whereas
the various 𝑁 are plotted with different colors. From the Figure, we observe that for
a given logical error rate, the contours for different 𝑁 overlap significantly, which
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signifies that data phase-flips are the dominant source of error in this regime, rather
than ancilla phase-flips.

Thus, thanks to the exponential suppression of bit-flips achieved by the 0-n Fock
ancilla, we can achieve error rates as small as 10−6. Note that this target is achieved
for 𝑁 ≥ 8 due to the bit-flip contribution to the logical error surpassing the target
value for smaller 𝑁 . In contrast, we are able to reach higher logical error rates with
these 𝑁 , for example, 𝑝∗

𝐿
= 10−4. For comparison, achieving 𝑝∗

𝐿
= 10−6 with a

standard transmon ancilla, which lacks exponential noise bias, would require the
ability to correct ancilla-transmon-induced bit flips with a more hardware-intensive
code, like the surface code.

The 𝑝∗
𝐿
= 10−6 logical error rate (i.e. the megaquop regime [210]) is achieved in the

experimentally realistic regime of 𝜅1𝑇cycle ∼ 10−3, corresponding to a storage-mode
lifetime of 1/𝜅1 ∼2 ms for the 𝑇cycle ∼ 2 𝜇s cycle times considered here. Single-
photon lifetimes exceeding 10 ms have been demonstrated in bare superconducting
cavities [216, 179], and current cat-qubit experiments operate within an order of
magnitude of this target [213]. Furthermore, if one allows for a larger code distance
of 𝑑 ∼ 17, this target can be achieved with 𝜅1𝑇cycle ∼ 4 · 10−3, corresponding to a
lifetime of 1/𝜅1 ∼ 500 𝜇s.

The cycle time can in principle be reduced significantly further by pipelining the
ancilla operations across consecutive rounds. While one ancilla is engaged in the
CX gates and subsequent syndrome extraction, the next ancilla can be prepared and
stabilized in parallel, so that ancilla preparation no longer contributes to the cycle
time. Moreover, because each ancilla is decoupled from the filter once its stabi-
lization is complete, the same multimode filter can be shared between consecutive
ancillas rather than requiring a dedicated filter per ancilla. This pipelining could
halve the effective cycle time to ∼ 1 𝜇s without modifications to the underlying
hardware, bringing the operating regime to 𝜅1𝑇cycle ∼ 10−3 for 1/𝜅1 ∼ 1 ms. These
results demonstrate that the 0-n Fock ancilla preserves the noise bias of the cat data
qubits well enough that ancilla-induced bit flips no longer dominate the logical error
budget for moderate 𝑁 . The hybrid cat-Fock architecture therefore provides a viable
route to experimental realization of low logical error rates.

7.5 Conclusions
We have introduced the 0-n Fock qubit, a noise-biased bosonic encoding in which the
logical states are defined by the Fock levels |0⟩ , |𝑛⟩. The protection mechanism relies
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on the fact that single-photon loss events map the logical manifold to intermediate
states rather than directly inducing bit flips. As a consequence, logical bit-flip errors
require ⌈𝑛/2⌉ sequential loss events and are therefore exponentially suppressed
with increasing 𝑛, establishing a hardware-level noise bias analogous to the bit-flip
suppression in cat qubits. However, distinct from cat qubits, the Fock qubit can be
implemented with multi-level anharmonic oscillators, such as a transmon, or a Kerr
nonlinear oscillator.

We have shown that this qubit can be stabilized using frequency-selective dissipa-
tion. By coupling the oscillator to a short chain of LC resonators, the effective bath
spectral density can be shaped such that unwanted intermediate Fock states are se-
lectively depopulated while the logical manifold remains invariant. Importantly, this
stabilization can be realized with a small number (< 10) of filter modes and realistic
circuit parameters, indicating that the required bath engineering is compatible with
current superconducting circuit technology.

Beyond its intrinsic protection properties, the 0-n qubit is particularly well suited
for hybrid architectures with cat qubits. In dissipatively stabilized cat qubits, oper-
ations associated with the logical 𝑋 degree of freedom are naturally implemented
through phase-space rotations, whereas the logical 𝑍 operator requires distinguish-
ing |±𝛼⟩, which is experimentally more demanding. In contrast, for the Fock qubit,
the 𝑍 operator can be implemented straightforwardly via dispersive coupling to a
resonator, while direct access to the logical 𝑋 degree of freedom is more difficult.
Thus, a hybrid architecture combining cat data qubits with 0-n ancilla qubits enables
efficient and bias-preserving CX gates, which are central to syndrome extraction in
fault-tolerant protocols.

Accordingly, we studied the use of the 0-n qubit in CX gates for syndrome measure-
ments on cat qubits, and found that bit-flip probabilities below 10−8 are achievable
with a Fock qubit with 𝑁 = 10 levels under experimentally realistic conditions.
This demonstrates that the 0-n Fock qubit can serve as a bias-preserving ancillary
resource without requiring the same degree of Hamiltonian engineering as fully
bosonic cat-cat interactions, while avoiding the bias limitations associated with
transmon-based hybrid architectures.
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C h a p t e r 8

CONCLUSIONS

This thesis examined probing and harnessing entanglement, noise, and dissipation
across various case studies in the fields of quantum metrology and computing. Here,
we summarize the main findings.

In Chapters 3 and 4, we focused on a system where a mechanical oscillator is driven
by a light field, and we investigated the entanglement between these two parties.
Assuming Gaussian dynamics and arbitrary, possibly non-Markovian environmental
noise, we derived necessary and sufficient conditions for entanglement through the
PPT criterion. Chapter 3 established that for a vacuum input, the entangling-
disentangling transition is independent of the optomechanical coupling strength,
such that a system outside the entangling regime cannot be brought into it by
strengthening the interaction between the mechanical oscillator and the light field.
Furthermore, entanglement cannot be created by frequency-dependent squeezing of
the input field if the vacuum-driven system is separable. Applying this framework
to aLIGO with a numerical treatment of its non-Markovian noise in Chapter 4, we
found that the present level of classical noise makes a definitive verdict difficult and
renders significant entanglement unlikely. We observed that the main limiting factor
is the large seismic noise at low frequencies: in the absence of this noise, stationary
optomechanical entanglement is achievable in the current operating regime of the
interferometer, which includes its suspension thermal noise. This chapter shows
that classical noise, even at very low frequencies, suffices to destroy stationary
macroscopic entanglement.

In Chapters 5 and 6, we tackled quantum phase and frequency estimation. In
Chapter 5, we proposed a strategy that achieves Heisenberg scaling up to a constant
overhead, using probe states implementable with logarithmic-depth circuits. These
states are constructed using blocks of GHZ states, and the phase is estimated from a
local, adaptive readout. The scheme can also be used in the extended dynamic range
regime where the phase imprinted on the qubits extends beyond a 2𝜋 interval with
the addition of slow atoms. In Chapter 6, we exclusively focused on the dynamic
range problem using a weak-measurement Ramsey protocol that asymptotically
attains the classical precision limit over an extended dynamic range. Optimizing
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the measurement strength due to the trade-off between the frequency information
gained from the weak measurements and the resulting measurement back action,
and combining the protocol with a final projective measurement, we showed that
high sensitivity and large bandwidth can be achieved simultaneously.

Finally, in Chapter 7, we introduced the 0-𝑛 Fock qubit, a noise-biased bosonic
encoding whose logical states are the Fock levels |0⟩ and |𝑛⟩. Because single-photon
loss maps these states to intermediate Fock levels which are not in the logical code
space, a logical bit flip requires ⌈𝑛/2⌉ loss events and is exponentially suppressed in
𝑛, yielding a hardware-level noise bias comparable to that of cat qubits but realizable
in multilevel anharmonic oscillators, such as a transmon or a Kerr oscillator. We
showed that the qubit can be stabilized with frequency-selective dissipation using
fewer than ten filter modes with realistic circuit parameters. We used this qubit as
a bias-preserving ancilla for cat-qubit architectures and showed that it enables CX
gates with bit-flip probabilities below 10−8 for 𝑛 = 9, supporting logical error rates
as low as 10−6 under experimentally realistic conditions.

These results span three different settings, but share common concepts: the role of
entanglement, noise, and dissipation in quantum systems. In the optomechanical
setting, noise is the factor that limits how much entanglement the system can harbor,
in metrology, measurement back action sets the optimal measurement strength,
and in the computing setting, the same dissipative dynamics that would otherwise
destroy quantum information is instead engineered to protect it. This is the two-
facet picture of quantum systems laid out in the introduction: the same object can
be probed or harnessed, in order to achieve non-classical behavior or (metrological
or computational) quantum advantage.
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A p p e n d i x A

SUPPLEMENTARY INFORMATION FOR CHAPTER III

A.1 The Wiener-Hopf method
Here, we first re-state the conventions used in dot products between operators and
functions. Assume real functions of 𝑡, 𝑓 (𝑡), 𝑔(𝑡), and a real operator 𝐴(𝑡 − 𝑡′),
for 𝑡, 𝑡′ > 0. First, let us write down the inner product between the functions 𝑓 , 𝑔:
assuming that the functions are column vectors, we have

𝑓 𝑇 · 𝑔 :=
∫ ∞

0
𝑓 (𝑡) 𝑔(𝑡) 𝑑𝑡

=

∫ ∞

−∞
𝑓 (𝑡) 𝑔(𝑡) 𝑑𝑡 if 𝑓 (𝑡) or 𝑔(𝑡) is causal.

=

∫ ∞

−∞
𝑓 (Ω)†𝑔(Ω) 𝑑Ω

2𝜋
(A.1)

where 𝑇 denotes the transpose operation such that 𝑓 𝑇 is a row vector, † denotes
the complex conjugate operation, and 𝑓 (Ω) is the Fourier transform of 𝑓 (𝑡). Note
that we used the Plancherel theorem in the last line. We use the following Fourier
transform convention:

𝑓 (Ω) = F { 𝑓 (𝑡)} =
∫ ∞

−∞
𝑑𝑡 𝑓 (𝑡)𝑒𝑖Ω𝑡

𝑓 (𝑡) = F −1{ 𝑓 (Ω)} =
∫ ∞

−∞

𝑑Ω

2𝜋
𝑓 (Ω)𝑒−𝑖Ω𝑡 (A.2)

such that, for example,

𝑓 (Ω) = 1
𝑏 + 𝑖(𝑎 −Ω) , 𝑎 > 0, 𝑏 > 0 =⇒ 𝑓 (𝑡) = 𝑒−(𝑖𝑎+𝑏)𝑡𝐻 (𝑡), (A.3)

where𝐻 (𝑡) is the Heaviside step function. Then, we see that the spectrum of a causal
(anti-causal) function has poles located on the lower (upper)-half of the complex
plane.

The dot product between the operator 𝐴 and the function 𝑓 is given as

𝐴 · 𝑓 = ℎ(𝑡) :=
∫ ∞

0
𝐴(𝑡′ − 𝑡) 𝑓 (𝑡′) 𝑑𝑡′, 𝑡 > 0

𝑓 𝑇 · 𝐴 = (𝐴𝑇 · 𝑓 )𝑇 = 𝑙 (𝑡) :=
∫ ∞

0
𝐴(𝑡 − 𝑡′) 𝑓 (𝑡′) 𝑑𝑡′, 𝑡 > 0 (A.4)
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where ℎ(𝑡) and 𝑙 (𝑡) are column and row vectors, respectively. Then, we see that the
transpose operation corresponds to a time inversion for operators. Furthermore, if
𝑓 (𝑡) is a causal function of 𝑡 (i.e. 𝑓 (𝑡) = 0 for 𝑡 < 0), we can change the integration
to be between −∞, ∞, and can write ℎ(Ω) = 𝐴(−Ω) 𝑓 (Ω) = 𝐴(Ω)† 𝑓 (Ω), and
𝑙 (Ω) = 𝐴(Ω) 𝑓 (Ω). Note that 𝐴(−Ω) = 𝐴(Ω)† since 𝐴 is a real operator.

Now, assume an operator 𝑀 , and functions ℎ, 𝑔, which are related to each other with∫ ∞

0
𝑀 (𝑡 − 𝑡′)ℎ(𝑡′)𝑑𝑡′ = 𝑔(𝑡), 𝑡 > 0 (A.5)

Eq. (A.5) implies that ℎ = 𝑀−1𝑔. In Chapter 3, we want to find ℎ given 𝑀 and 𝑔, in
order evaluate the characteristic polynomial (Eq. (3.13)). For this purpose, we use
the Wiener-Hopf method (See Ref. [140] for a review). First, let us define 𝑀 (Ω),
𝑔(Ω) as the spectrum of 𝑀 and 𝑔, respectively, and assume that they are rational
functions of Ω. Notice that Eq. (A.5) can be rewritten as∫ ∞

−∞
𝑑𝑡′𝑀 (𝑡 − 𝑡′)ℎ(𝑡′)+𝑑𝑡′ = 𝑔(𝑡), 𝑡 > 0, (A.6)

where

𝑓 (𝑡)+ = [ 𝑓 (𝑡)]+ =


𝑓 (𝑡) if 𝑡 > 0

0 otherwise.
(A.7)

which implies that[∫ ∞

−∞
𝑑𝑡′ [𝑀 (𝑡 − 𝑡′)ℎ(𝑡′)+ − 𝑔(𝑡)]

]
+
= [𝑠(𝑡)]+ = 0,

𝑠(𝑡) :=
∫ ∞

−∞
𝑑𝑡′ [𝑀 (𝑡 − 𝑡′)ℎ(𝑡′)+ − 𝑔(𝑡)] (A.8)

i.e. 𝑠(𝑡) is an anti-causal function of time. In the frequency domain, we have that

𝑠(Ω) =
∑︁
𝑘

𝑟 (Ω𝑘 , 𝜎𝑘 )
(Ω −Ω𝑘 )𝜎𝑘

= 𝑠(Ω)+ + 𝑠(Ω)−, (A.9)

for any rational function 𝑠(Ω), where the sum is the partial fraction decomposition
of the spectrum, and it is over the poles Ω𝑘 of 𝑠(Ω), with multiplicity 𝜎𝑘 . 𝑟 (Ω𝑘 , 𝜎𝑘 )
is the residue at Ω = Ω𝑘 . Furthermore, 𝑠(Ω)+ is given by

𝑠(Ω)+ = F {𝑠(𝑡)+} =
∑︁
𝑘

𝑟 (Ω𝑘 , 𝜎𝑘 )
(Ω −Ω𝑘 )𝜎𝑘

with Im(Ω𝑘 ) < 0 (A.10)

where Im(Ω𝑘 ) is the imaginary part of Ω𝑘 . From Eq. (A.8), we know that

𝑠(Ω) = 𝑀 (Ω)ℎ(Ω)+ − 𝑔(Ω)
=⇒ 𝑠(Ω)+ = [𝑀 (Ω)ℎ(Ω)+ − 𝑔(Ω)]+ = 0. (A.11)
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Since 𝑀 (Ω) is a rational function, we can write it as 𝑀 (Ω) = 𝑀 (Ω)+𝑀 (Ω)−,
where 𝑀 (Ω)+ (𝑀 (Ω)−) contains the causal (anti-causal) zeros and poles of 𝑀 (Ω).
Furthermore, 𝑀 (Ω)− = 𝑀 (Ω)†+ since 𝑀 (−𝑡) = 𝑀 (𝑡)† in the Chapter 3. We have

[𝑀 (Ω)+𝑀 (Ω)−ℎ(Ω)+ − 𝑔(Ω)]+

=

[
𝑀 (Ω)+ℎ(Ω)+ − 𝑔(Ω)

𝑀 (Ω)−

]
+
= 0 (A.12)

where the second equality comes from the fact that multiplying the spectrum of an
anti-causal function with a rational function with anti-causal roots and poles does
not change the causality of the function. Therefore, we find

ℎ(Ω)+ =
1

𝑀 (Ω)+

[
𝑔(Ω)
𝑀 (Ω)−

]
+
,

ℎ(𝑡) = F −1
{

1
𝑀 (Ω)+

[
𝑔(Ω)
𝑀 (Ω)−

]
+

}
, 𝑡 > 0. (A.13)

A.2 Universal entanglement in the presence of frequency-independent squeez-
ing

We consider two classes of symplectic transformations on the input light field,
(i) phase shifts, and (ii) squeezing the amplitude and phase quadratures with a
constant squeezing factor. We show that both of these transformations result in the
same determinant condition for optomechanical entanglement computed for the case
when the input light field consists of vacuum fluctuations, given in Eq. (3.29). First,
let us consider phase shift operations. Such a transformation can be represented by[

𝑢̂1(Ω)
𝑢̂2(Ω)

]
→ 𝑒𝑖𝜙(Ω)

[
cos 𝜃 (Ω) − sin 𝜃 (Ω)
sin 𝜃 (Ω) cos 𝜃 (Ω)

]
·
[
𝑢̂1(Ω)
𝑢̂2(Ω)

]
(A.14)

where 𝜃 (Ω) is a real function of Ω, and the phase factor 𝑒𝑖𝜙(Ω) ensures the causality
of the transformation. We compute the light field sector of the covariance matrix in
the frequency domain as

𝑉 𝑣𝑣11 (Ω) = cos2 𝜃 (Ω) + sin2 𝜃 (Ω) = 1,

𝑉 𝑣𝑣12 (Ω) = cos2 𝜃 (Ω)Ω2
q𝜒(−Ω) − cos 𝜃 (Ω) sin 𝜃 (Ω)

+ cos 𝜃 (Ω) sin 𝜃 (Ω) + sin2 𝜃 (Ω)Ω2
q𝜒(−Ω)

= Ω2
q𝜒(−Ω),

𝑉 𝑣𝑣22 (Ω) = | cos (𝜃 (Ω))Ω2
q𝜒(Ω) − sin (𝜃 (Ω)) |2

+ | sin (𝜃 (Ω))Ω2
q𝜒(Ω) + cos (𝜃 (Ω)) |2 +Ω2

q𝜒EN(Ω)
= 1 +Ω2

q𝜒EN(Ω) +Ω4
q |𝜒(Ω) |2 (A.15)
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Then, we see that the light-field sector of the covariance matrix is unchanged with
respect to the case where the input light field is the vacuum state. Similarly, we find
that all of the elements of the covariance matrix are unchanged. Hence, the condition
for the force and the sensing noise spectra for which the entangling-disentangling
transition occurs is unaltered.

Now, we consider squeezing the quadratures of the light field with a constant
squeezing factor. Such a transformation looks like the following[

𝑢̂1(Ω)
𝑢̂2(Ω)

]
→

[
𝑒𝑟 0
0 𝑒−𝑟

]
·
[
𝑢̂1(Ω)
𝑢̂2(Ω)

]
(A.16)

where 𝑟 is a real number. In order to utilize the formalism of Chapter 3, we
can perform a symplectic transformation that simply rescales 𝑣̂1(𝑡) and 𝑣̂2(𝑡) as
𝑣̂1(𝑡) → 𝑒−𝑟 𝑣̂1(𝑡), 𝑣̂2(𝑡) → 𝑒𝑟 𝑣̂2(𝑡). Then, the light field sector of the covariance
matrix is computed after the symplectic transformation as

𝑉 𝑣𝑣11 (Ω) = 1, 𝑉 𝑣𝑣12 (Ω) = 𝑒
2𝑟Ω2

q𝜒(−Ω),
𝑉 𝑣𝑣22 (Ω) = 1 + 𝑒2𝑟Ω2

q𝜒EN(Ω) + 𝑒4𝑟Ω4
q |𝜒(Ω) |2 (A.17)

The covariances of the quadratures of the mechanical oscillator are

𝑉 𝑏𝑏11 (Ω) = 𝜔m𝜒F(Ω) + 𝜔mΩ
2
q |𝜒(Ω) |2𝑒𝑟 ,

𝑉 𝑏𝑏22 (Ω) =
Ω2

𝜔2
m
𝑉 𝑏𝑏11 (Ω), (A.18)

and 𝑉 𝑏𝑏12 (0) = 𝑉 𝑏𝑏21 (0) = 0 due to symmetry. Lastly, the correlations between the
quadratures of the mechanical oscillator and the light field are computed as

𝑉 𝑏𝑣11 (Ω) =
√
𝜔m𝑒

𝑟Ωq𝜒(Ω),
𝑉 𝑏𝑣12 (Ω) =

√
𝜔m𝑒

𝑟Ωq 𝜒F(Ω) +
√
𝜔m𝑒

3𝑟Ω3
q |𝜒(Ω) |2, (A.19)

and 𝑉 𝑏𝑣21 (Ω) = − 𝑖Ω
𝜔m
𝑉 𝑏𝑣11 (Ω), 𝑉

𝑏𝑣
22 (Ω) = − 𝑖Ω

𝜔m
𝑉 𝑏𝑣12 (Ω). From Eqs. (A.17-A.19),

we notice that the effect of the frequency independent squeezing is such that the
interaction strength Ωq is rescaled to 𝑒𝑟Ωq. Since we have proved the universality of
the entangling-disentangling transition with respect to the interaction strength (see
Section 3.5), rescaling it will not affect the transition. Therefore, we conclude that
the condition for the force and the sensing noise spectra for which the entangling-
disentangling transition occurs is unaltered if the input light field is squeezed by a
constant squeezing factor.



182

A.3 General symplectic transformations on the light field
We want to write down an expression for a general, causal symplectic transformation
applied to the light field. Such a transformation can be written down as a 2-by-2
matrix of operators S, with[

𝑢̂1(𝑡)
𝑢̂2(𝑡)

]
→ S

[
𝑢̂1(𝑡)
𝑢̂2(𝑡)

]
, S =

[
𝑆11(𝜏) 𝑆12(𝜏)
𝑆21(𝜏) 𝑆22(𝜏)

]
(A.20)

where 𝑆𝑖 𝑗 (𝑡) are causal functions of time, 𝑖, 𝑗 = 1, 2. In order to be a valid symplectic
transformation, S must satisfy [5]

S𝑇KS = K, K =

[
0 𝛿(𝜏)

−𝛿(𝜏) 0

]
(A.21)

where K is the commutator matrix. Writing S𝑇KS = K explicitly,∫ ∞

0
𝑑𝑡′

[
𝑆11(𝜏1)𝑆21(𝜏2) − 𝑆21(𝜏1)𝑆11(𝜏2) 𝑆11(𝜏1)𝑆22(𝜏2) − 𝑆21(𝜏1)𝑆12(𝜏2)
𝑆12(𝜏1)𝑆21(𝜏2) − 𝑆22(𝜏1)𝑆11(𝜏2) 𝑆12(𝜏1)𝑆22(𝜏2) − 𝑆22(𝜏1)𝑆12(𝜏2)

]
=

[
0 𝛿(𝑡 − 𝑡”)

−𝛿(𝑡 − 𝑡”) 0

]
, (A.22)

with 𝜏1 := 𝑡′ − 𝑡, 𝜏2 := 𝑡” − 𝑡′. We can extend the lower limit of this integral to
−∞ due to the causality of 𝑆𝑖 𝑗 (𝑡), 𝑖, 𝑗 = 1, 2. Thus, we can express these constraints
in the frequency domain, by defining 𝑆𝑖 𝑗 (Ω) =

∫ ∞
−∞ 𝑑𝜏 𝑆𝑖 𝑗 (𝜏) 𝑒

𝑖Ω𝜏, 𝑖, 𝑗 = 1, 2. We
have:

𝑆
†
11(Ω)𝑆21(Ω), 𝑆†12(Ω)𝑆22(Ω) ∈ R ∀ Ω ∈ R (A.23a)

𝑆
†
11(Ω)𝑆22(Ω) − 𝑆†12(Ω)𝑆21(Ω) = 1 ∀ Ω ∈ R (A.23b)

We realize that we can write down a symplectic transformation satisfying these
constraints in the following manner,

S(Ω) = 𝑒𝑖𝜙(Ω)
[
𝐴(Ω) 𝐵(Ω)
𝐶 (Ω) 𝐷 (Ω)

]
,

𝐴(Ω), 𝐵(Ω), 𝐶 (Ω), 𝐷 (Ω), 𝜙(Ω) ∈ R ∀ Ω,

𝐴(Ω)𝐷 (Ω) − 𝐵(Ω)𝐶 (Ω) = 1 ∀ Ω (A.24)

where the "phase" 𝜙(Ω) ensures causality by canceling out the anti-causal poles of
𝐴(Ω), 𝐵(Ω), 𝐶 (Ω) and 𝐷 (Ω). Furthermore, we can replace 𝐴(Ω), 𝐵(Ω), 𝐶 (Ω) and
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𝐷 (Ω) with other real functions of Ω such that

𝐴(Ω) = cos 𝜃 (Ω) cosh 𝑟 (Ω) + cos 𝜌(Ω) sinh 𝑟 (Ω) (A.25a)

𝐵(Ω) = − sin 𝜃 (Ω) cosh 𝑟 (Ω) + sin 𝜌(Ω) sinh 𝑟 (Ω) (A.25b)

𝐶 (Ω) = sin 𝜃 (Ω) cosh 𝑟 (Ω) + sin 𝜌(Ω) sinh 𝑟 (Ω) (A.25c)

𝐷 (Ω) = cos 𝜃 (Ω) cosh 𝑟 (Ω) − cos 𝜌(Ω) sinh 𝑟 (Ω) (A.25d)

where 𝑟 (Ω), 𝜃 (Ω), 𝜌(Ω) ∈ R∀Ω. It is straightforward to check that this form
satisfies the constraints in Eq. (A.23).

A.4 Realization of frequency-dependent squeezing
We aim to find the parameters of a filter that squeezes the input light field such
that the spectrum of the quantum noise in the output is squeezed by the same
amount at every frequency, i.e. the shot noise and the quantum radiation pressure
noise (QRPN) is squeezed simultaneously [138, 172]. First, we write down the
input/output relations for the light field only,[

𝑣̂1(Ω)
𝑣̂2(Ω)

]
=

[
1 0

Ω2
q 𝜒(Ω) 1

] [
𝑢̂1(Ω)
𝑢̂2(Ω)

]
(A.26)

Assuming that the input light field is in the vacuum state, the spectrum of the
quantum noise 𝑆(Ω) in the phase quadrature 𝑣̂2 is given by

𝑆(Ω) = 1 +Ω4
q |𝜒(Ω) |2 (A.27)

We observe that the first term contributes as a shot noise, whereas the second term
is the QRPN since it is transduced by the mechanical oscillator. In order to realize
frequency-dependent squeezing, we first squeeze the input light field in a frequency-
independent manner (for example, with propagation through a bulk crystal), and
filter it through a detuned Fabry-Perot cavity. Such an operation will have the
following transfer function in the frequency domain

1
𝐶

[
Ω2 + 𝛾2 − Δ2 −2𝛾Δ

2𝛾Δ Ω2 + 𝛾2 − Δ2

]
·

[
𝑒𝑟 0
0 𝑒−𝑟

]
(A.28)

where𝐶 = Δ2−(Ω+𝑖𝛾)2. 𝛾 andΔ are the cavity linewidth and detuning, respectively,
and 𝑟 is the squeezing factor, with 𝑟, 𝛾,Δ ∈ R, 𝑟, 𝛾 > 0. Plugging this in Eq. (A.26),
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assuming a high-Q oscillator (i.e. 𝜔m ≫ 𝛾m), 𝑣̂2 will be in the form of

𝑣̂2 =
𝑒𝑟

𝐶

(
−2𝛾Δ +

Ω2
q (𝛾2 +Ω2 − Δ2)

Ω2 − 𝜔2
m

)
𝑢̂1

+ 𝑒−𝑟

𝐶

(
Δ2 − 𝛾2 −Ω2 −

Ω2
q 2𝛾Δ

Ω2 − 𝜔2
m

)
𝑢̂2 (A.29)

where 𝑢̂1, 𝑢̂2 are the vacuum fluctuations. We notice that the coefficient multiplying
the amplitude quadrature in Eq. (A.29) can be set to zero with an appropriate choice
of 𝛾,Δ. More specifically, if we set

𝛾 =

√√√
−𝜔2

m +
√︃
𝜔4

m +Ω4
q

2
, Δ =

Ω2
q

2𝛾
, (A.30)

we obtain that the spectrum of the quantum noise is modified as

𝑆(Ω) → 𝑒−2𝑟𝑆(Ω) (A.31)

Therefore, the spectrum is squeezed with a fixed factor of 𝑒−2𝑟 .

A.5 Passive losses
Here, we consider passive (detection) losses, affecting the readout of the output light
field. Such losses occur due to processes such as the finite quantum efficiency of
the photodetector. They can be modeled as [58]

𝑣̂′𝑖 (𝑡) =
√
𝜂 𝑣̂𝑖 (𝑡) +

√︁
1 − 𝜂 𝑒𝑖 (𝑡), 𝑖 = 1, 2, (A.32)

where 𝑣̂′
𝑖
(𝑡) is the measured quadrature of the output light field, 𝑒𝑖 (𝑡) is an additional

quantum noise that is assumed to be in the vacuum state, and 0 < 𝜂 < 1 is the
efficiency of the photodetector. Then, 𝑆𝑒𝑖𝑒𝑖 = 1, 𝑖 = 1, 2, and 𝑆𝑒1𝑒2 = 0. We can
rewrite the equations of motion in Eqs. (3.1) in terms of 𝑣̂′1,2(𝑡) as

𝑣̂′1(𝑡) =
√
𝜂 𝑢̂1(𝑡) +

√︁
1 − 𝜂 𝑒1(𝑡), (A.33a)

𝑣̂′2(𝑡) =
√
𝜂

[
𝑢̂2(𝑡) +

Ωq√
𝜔m

(𝑏̂1(𝑡) + 𝑛̂S(𝑡))
]

+
√︁

1 − 𝜂 𝑒2(𝑡) , (A.33b)

¤̂
𝑏2(𝑡) = −𝛾m𝑏̂2(𝑡) − 𝜔m𝑏̂1(𝑡) +

Ωq√
𝜔m

𝑢̂1(𝑡) + 𝑛̂F(𝑡), (A.33c)

¤̂
𝑏1(𝑡) = 𝜔m𝑏̂2(𝑡), (A.33d)
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If the ingoing light field is not frequency-dependently squeezed, such that 𝑢̂1,2(𝑡)
denote vacuum fluctuations, we can combine the operators 𝑢̂1,2(𝑡) and 𝑒1,2(𝑡) in the
form a white noise. In this way, Eqs. (A.33) will resemble the initial equations of
motion in the absence of passive losses (Eqs. (3.1)). Defining 𝑢̂′1,2(𝑡) =

√
𝜂 𝑢̂1,2(𝑡) +√︁

1 − 𝜂 𝑒1,2(𝑡), we observe that 𝑢̂′1,2 is a white noise with 𝑆𝑢′
𝑖
𝑢′
𝑖
= 1, 𝑖 = 1, 2, and

𝑆𝑢′1𝑢
′
2
= 0, since 𝑢̂1,2 and 𝑒1,2 are independent noise sources. Making sure to preserve

the dynamics of the oscillator in terms of the amount of driving noise, we will obtain

𝑣̂′1(𝑡) = 𝑢̂
′
1(𝑡), (A.34a)

𝑣̂′2(𝑡) = 𝑢̂
′
2(𝑡) +

Ωq
√
𝜂

√
𝜔m

(𝑏̂1(𝑡) + 𝑛̂S(𝑡)) , (A.34b)

¤̂
𝑏2(𝑡) = −𝛾m𝑏̂2(𝑡) − 𝜔m𝑏̂1(𝑡) +

Ωq
√
𝜂

√
𝜔m

𝑢̂′1(𝑡)

+ 𝑛̂F(𝑡) +
Ωq

√︁
1 − 𝜂

√
𝜔m

𝜉 (𝑡), (A.34c)

¤̂
𝑏1(𝑡) = 𝜔m𝑏̂2(𝑡), (A.34d)

where 𝜉 is an additional noise in the form of vacuum fluctuations. We notice that
Ωq is scaled by √

𝜂, and there appears to be an additional white force noise on
the mechanical oscillator with a constant spectrum of Ω2

q(1 − 𝜂)/𝜔m, due to the
rescaling of Ωq by 𝜂. Note that the total force noise on the oscillator is, as expected,
unchanged. Due to the dependency of this additional force noise to the coherent
coupling Ωq, the entangling-disentangling transition is no longer universal with
respect to Ωq.

Then, we encounter two distinct limits: if 𝑆𝑛̂F (Ω) ≫ Ω2
q(1−𝜂)/𝜔m, the entangling-

disentangling transition is approximately unaffected. However, we expect the
amount of entanglement in the system—if there exists any—to reduce because
of the rescaling of Ωq by 𝜂. On the other hand, if 𝑆𝑛̂F (Ω) ≪ Ω2

q(1 − 𝜂)/𝜔m, it is
more advantageous to have a small coupling Ωq in order to achieve entanglement,
as the additional force noise in the system is approximately proportional to Ωq.
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A p p e n d i x B

SUPPLEMENTARY INFORMATION FOR CHAPTER IV

B.1 Structure of the Covariance Matrix
The mirror and the cavity, at 𝑡 = 0, constitute two modes, whereas there are an infinite
number of modes in the outgoing light field given by the quadratures 𝑣̂1(𝑡), 𝑣̂2(𝑡),
𝑡 ∈ (−∞, 0). In continuum coordinates, we can first write down the commutator
matrix,

K =


K𝐵

K𝐴

K𝑣

 , (B.1)

with

K𝐴 = K𝐵 =

[
0 𝑖

−𝑖 0

]
, K𝑣 =

[
0 𝑖𝛿(𝑡 − 𝑡′)

−𝑖𝛿(𝑡 − 𝑡′) 0

]
. (B.2)

Note that K𝑣 is a 2 × 2 block matrix, but each block is infinite dimensional, with
columns and rows indexed by 𝑡 and 𝑡′, respectively. The indices 𝑡 and 𝑡′ each run
through all negative real numbers, (−∞, 0]. In order to represent these covariance
matrices in a less ambiguous and more operational way, we shall adopt an index
notation, in which 𝑗 , 𝑘, 𝑙, 𝑚 are discrete and run through 1 and 2, while 𝑡 and 𝑡′ are
continuous and run through negative real numbers. We can then write

𝐾𝐴
𝑗 𝑘 = 𝑖𝜖 𝑗 𝑘 , 𝐾

𝐵
𝑙𝑚 = 𝑖𝜖𝑙𝑚 , 𝐾

𝑣
𝑙𝑡,𝑚𝑡′ = 𝑖𝜖𝑙𝑚𝛿(𝑡 − 𝑡

′) . (B.3)

Note that for K𝑣 we have a two-dimensional row index (𝑙, 𝑡), as well as a two-
dimensional column index (𝑚, 𝑡′), to label quadrature and arrival time.

The covariance matrix V of the system contains the steady state correlations between
the mechanical mode at 𝑡 = 0, the cavity mode at 𝑡 = 0, and the outgoing light field
modes for 𝑡 < 0. It can be written as

V =


𝑉𝐵𝐵 𝑉𝐵𝐴 𝑉𝐵𝑣

𝑉 𝐴𝐵 𝑉 𝐴𝐴 𝑉 𝐴𝑣

𝑉 𝑣𝐵 𝑉 𝑣𝐴 𝑉 𝑣𝑣

 ≡
[
𝑉𝑄𝑄 𝑉𝑄𝑣

𝑉 𝑣𝑄 𝑉 𝑣𝑣

]
. (B.4)

Here each of 𝐴 and 𝐵 represent two dimensions, while 𝑣 represents an infinite
number of dimensions. For computational purposes we can group 𝐴 and 𝐵 together
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as 𝑄, or
𝑄̂𝐽 = 𝑄̂ (1,2,3,4) = (𝐵̂1, 𝐵̂2, 𝐴̂1, 𝐴̂2) . (B.5)

Here we shall use upper-case Latin indices to run from 1 to 4, to label quadratures
in the mechanical and cavity modes. We can write

𝑉
𝑄𝑄

𝐽𝐾
=

1
2
⟨𝑄̂𝐽𝑄̂𝐾 + 𝑄̂𝐾𝑄̂𝐽⟩ =

∫ ∞

0

𝑑Ω

2𝜋
𝑆𝑄𝐽𝑄𝐾 (Ω) , (B.6)

where the (one-sided) cross spectrum is defined via

𝑆𝑋𝑌 (Ω)𝛿(Ω −Ω′) = 2𝜋⟨𝑋̂ (Ω)𝑌†(Ω′) + 𝑌†(Ω′) 𝑋̂ (Ω)⟩ , (B.7)

and they can be obtained from solutions to the Heisenberg Equations, as well as the
spectra

𝑆𝑢𝑖𝑢 𝑗 (Ω) = 𝛿𝑖 𝑗 , (B.8)

and the prescriptions we use for the spectra of 𝑆𝑛𝑋 (Ω) and 𝑆𝑛𝐹 (Ω). The uncorrelated
white spectra between 𝑢̂1 and 𝑢̂2 in Eq. (B.8) result from the ingoing light field being
in its vacuum state. We shall discuss the magnitude and frequency dependence of
𝑆𝑛𝑋 (Ω) and 𝑆𝑛𝐹 (Ω) in depth in the next appendix.

For elements that involve 𝑣, we shall still use 𝑙𝑡 for column indices and 𝑚𝑡′ for row
indices. We then have

𝑉
𝑄𝑣

𝐽,𝑚𝑡′ =
1
2
⟨𝑄̂𝐽 𝑣̂𝑚 (𝑡′) + 𝑣̂𝑚 (𝑡′)𝑄̂𝐽⟩ =

1
2

+∞∫
−∞

𝑑Ω

2𝜋
𝑆𝑄𝐽𝑣𝑚 (Ω)𝑒𝑖Ω𝑡

′
, (B.9)

and

𝑉 𝑣𝑣𝑙𝑡,𝑚𝑡′ =
1
2
⟨𝑣̂𝑙 (𝑡)𝑣̂𝑚 (𝑡′) + 𝑣̂𝑚 (𝑡)𝑣̂𝑙 (𝑡′)⟩ =

1
2

+∞∫
−∞

𝑑Ω

2𝜋
𝑆𝑣𝑙𝑣𝑚 (Ω)𝑒−𝑖Ω(𝑡−𝑡′) . (B.10)

Note that 𝑉𝑄𝑣
𝐽,𝑚𝑡′ = 𝑉

𝑣𝑄

𝑚𝑡′,𝐽 .

In numerical computations, we will have to convert the continuum of 𝑡, 𝑡′ ≤ 0
into a finite grid. This means we will sample a finite duration 𝑇 with a step size
of Δ𝑡. We shall still use lower-case Latin indices to run from 1 to 2, and upper
case Latin indices to run from 1 to 4, while we use Greek indices, for example,
𝛼 = 0, 1, 2, . . . , 𝑇/Δ𝑡 ≡ N − 1, to replace 𝑡. We shall write

𝐾𝑣𝑙𝑡,𝑚𝑡′ → 𝐾𝑣𝑙𝛼,𝑚𝛼′ = 𝑖𝜖𝑙𝑚𝛿𝛼𝛼′ . (B.11)
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Note that a Kronecker delta now replaces the Dirac delta. For the covariance matrix,
we replace

𝑉
𝑄𝑣

𝐽,𝑚𝑡′ → 𝑉
𝑄𝑣

𝐽,𝑚𝛼′ =

√
Δ𝑡

2
⟨𝑄̂𝐽 𝑣̂𝑚 (𝑡𝛼′) + 𝑣̂𝑚 (𝑡𝛼′)𝑄̂𝐽⟩ , (B.12)

which are 4 × 2N and 2N × 4 dimensional matrices (with 𝑉 𝑣𝑄
𝐽,𝑚𝑡′), and

𝑉 𝑣𝑣𝑙𝑡,𝑚𝑡′ → 𝑉 𝑣𝑣𝑙𝛼,𝑚𝛼′ =
Δ𝑡

2
⟨𝑣̂𝑙 (𝑡𝛼)𝑣̂𝑚 (𝑡𝛼′) + 𝑣̂𝑚 (𝑡𝛼)𝑣̂𝑙 (𝑡𝛼′)⟩ , (B.13)

which is a 2N × 2N -dimensional matrix. For the discrete sampling times we have
defined 𝑡𝛼 = −

(
𝛼 + 1

2

)
Δ𝑡, where the additional 1

2Δ𝑡 provides a faster convergence
in numerics. The entire covariance matrix is then (2N+4)× (2N+4) - dimensional.

Our particular convention of insertingΔ𝑡 at various places of the matrix is associated
with our convention of discretizing vectors. For a generic variable, in the continuum
form, we can always express it as

𝑋 = 𝛼 𝑗 𝐴̂ 𝑗 + 𝛽 𝑗 𝐵̂ 𝑗 +
∫ 0

−∞
𝜉 𝑗 (𝑡)𝑣̂ 𝑗 (𝑡)𝑑𝑡 = 𝛾𝐽𝑄̂𝐽 +

∫ 0

−∞
𝜉 𝑗 (𝑡)𝑣̂ 𝑗 (𝑡)𝑑𝑡 , (B.14)

where we have used upper indices for vector components, and we have grouped 𝛼 𝑗

and 𝛽 𝑗 into 𝛾𝐽 . The variance of 𝑋 , which is formally written as X†VX, will then be

X†VX =
1
2
𝛾𝐽 ⟨𝑄̂𝐽𝑄̂𝐾 + 𝑄̂𝐾𝑄̂𝐽⟩𝛾𝐾 +

∫ 0

−∞
𝛾𝐽 ⟨𝑄̂𝐽 𝑣̂𝑚 (𝑡′) + 𝑣̂𝑚 (𝑡′)𝑄̂𝐽⟩𝜉𝑚 (𝑡′)𝑑𝑡′

+ 1
2

∬ 0

−∞
𝜉 𝑙 (𝑡)⟨𝑣̂𝑙 (𝑡)𝑣̂𝑚 (𝑡′) + 𝑣̂𝑚 (𝑡)𝑣̂𝑙 (𝑡′)⟩𝜉𝑚 (𝑡′)𝑑𝑡𝑑𝑡′ . (B.15)

As we convert the integrals in Eq. (B.15) into summations,
∫

will become Σ,
while 𝑑𝑡 will become Δ𝑡. We shall take 𝜉𝑚𝛼 = 𝜉𝑚 (𝑡𝛼)

√
Δ𝑡. Together with Eq.

(B.12)–(B.13), the fully discretized version of Eq. (B.15) will then be

X†VX = 𝛾𝐽𝑉
𝑄𝑄

𝐽𝐾
𝛾𝐾 + 𝛾𝐽𝑉𝑄𝑣

𝐽,𝑚𝛼
𝜉𝑚𝛼 + 𝜉 𝑙𝛽𝑉 𝑣𝑄

𝑙𝛽,𝐾
𝛾𝐾 + 𝜉 𝑙𝛼𝑉 𝑣𝑣𝑙𝛼,𝑚𝛽𝜉

𝑚𝛽. (B.16)

In this convention, the usual vector norm for the discretized version of a function
of time coincides with the 𝐿2-norm of that function. It can also be checked that
discretized matrices in Eqs. (B.11)–(B.13), when contracted with vectors in this
convention, lead to the appropriate integrals. Note that if a 𝛿(𝑡𝛼 − 𝑡′𝛼) shows up in
Eq. (B.13), we will take Δ𝑡𝛿(𝑡𝛼 − 𝑡′𝛼) → 𝛿𝛼𝛼′ , as in Eq. (B.11).



189

Table B.1: Classical Noise Model Parameters

Parameter Symbol Value Units

Force Noise Time Constant 𝜏𝐹 1.6 · 10−20 s
Force Noise Cutoff Frequency 𝜔𝐹 2𝜋 · 0.25 rad/s
Sensing Noise Time Constant 1 𝜏𝑋1 10−50 s
Sensing Noise Time Constant 2 𝜏𝑋2 10−48 s
Sensing Noise Cutoff Frequency 𝜔𝑋 2𝜋 · 104 rad/s
Suspension Thermal Noise Time Constant 𝜏𝑆𝑇 3.1 · 10−35 s
Suspension Thermal Noise Cutoff Frequency 𝜔𝑆𝑇 2𝜋 · 1.9 · 103 rad/s

Table B.2: aLIGO Parameters

Parameter Symbol Value Units

Mechanical Resonant Frequency 𝜔𝑚 2𝜋· 0.9991 rad/s
Mirror Mass 𝑀 9.446 kg
Cavity Decay Rate 𝛾 2𝜋· 424.6 rad/s
Arm Length 𝐿 3.995 km
Circulating Power 𝑃𝑐 322.7 kW
Laser Wavelength 𝜆 1064 nm
Mechanical Damping 𝛾𝑚 2𝜋 · 10−3 rad/s

Corresponding to the discussion at the end of Sec. 4.3 (also shown in Fig. 4.1),
here we consider entanglement between: (i) mass at 𝑡 = 0 and the outgoing light
field that had emerged during 𝑡 ≤ 0 and (ii) mass and the joint system of the cavity
mode as well as light that had emerged during 𝑡 ≤ 0. In case (i), we simply throw
away elements involving 𝐴 in both K and V, while in case (ii) we consider the
full matrices. In both cases, Vpt is obtained by adding a minus sign to the column
involving 𝐵̂2 and the row involving 𝐵̂2–but not the diagonal element at which they
intersect.

B.2 Numerical Implementation for aLIGO’s Noise
The parameters used in modeling the classical and quantum noise curves, including
the resonant modes, were calculated by minimizing the mean-squared error between
the actual noise curves of aLIGO taken from pygwinc and the theoretical models,
characterized by the parameters of interest, sampled logarithmically in frequency.
Table B.1 contains the parameters for the classical force and sensing noise in aLIGO
defined in Eqs. (4.21), Table B.2 contains the parameters of aLIGO introduced
in the optomechanical Hamiltonian of Sec. 4.2, and lastly, Table B.3 contains the
parameters of the resonant modes present in aLIGO’s noise curves, modeled with
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Table B.3: Resonant Mode Parameters

Parameter Symbol Value Units

Mode Frequency

Ω𝑣1 2𝜋 · 0.441 rad/s
Ω𝑣2 2𝜋 · 0.995 rad/s
Ω𝑣3 2𝜋 · 1.98 rad/s
Ω𝑣4 2𝜋 · 2.37 rad/s
Ω𝑣5 2𝜋 · 3.38 rad/s
Ω𝑣6 2𝜋 · 3.81 rad/s
Ω𝑣7 2𝜋 · 9.73 rad/s

Full Width at Half Maximum

Γ𝑣1 2𝜋 · 1.92 · 10−3 rad/s
Γ𝑣2 2𝜋 · 5.63 · 10−5 rad/s
Γ𝑣3 2𝜋 · 2.11 · 10−5 rad/s
Γ𝑣4 2𝜋 · 1.44 · 10−1 rad/s
Γ𝑣5 2𝜋 · 1.45 · 10−4 rad/s
Γ𝑣6 2𝜋 · 1.65 · 10−3 rad/s
Γ𝑣7 2𝜋 · 1.03 · 10−3 rad/s

Amplitude

𝐴𝑣1 159 rad/s
𝐴𝑣2 93.8 rad/s
𝐴𝑣3 538 rad/s
𝐴𝑣4 235 rad/s
𝐴𝑣5 353 rad/s
𝐴𝑣6 27.4 rad/s
𝐴𝑣7 78.0 rad/s

Eq. (4.23).

In our simulations, we use 𝑑𝑡 = 0.25 ms and 𝑇 = 0.1 s, which corresponds to
sampling the light field at 4000 Hz and working with the outgoing field emitted
from the cavity between 𝑡 = −0.1 s and 𝑡 = 0 s. We achieve numerical convergence
with these parameters. To quantify the amount of entanglement in the system, we
use the logarithmic negativity defined in Eq. (4.16). However, this is possible
only for low levels of classical noise. For high levels of classical noise, classical
correlations dominate over quantum correlations, which causes the cross-correlation
values in the system to cover a wide-range of orders of magnitude, mostly due to
the 14th power of Ω in our force noise model Eq. (4.21). For aLIGO parameters,
the entries of the covariance matrix span about 20 orders of magnitudes, while we
attempt to find a symplectic eigenvalue of order 1–this is numerically an extremely
challenging problem.

Numerical errors also arise because of time-binning with an insufficient resolution.
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Thus, we lose precision on the numerically determined covariance matrices. This
affects the smallest symplectic eigenvalue 𝜈̃𝑚𝑖𝑛 to the point that it cannot be used
to measure entanglement with the logarithmic negativity. Numerical imprecision
can lead to covariance matrices that do not satisfy Heisenberg uncertainty bound
Eq. (4.14), they thus do not correspond to a bona fide state and we call them non-
physical. One way to get around this loss of precision is to use the PPT criterion
as a yes/no test only, renouncing the magnitude information of 𝜈̃𝑚𝑖𝑛. The sampling
frequency during time binning should be higher than the Nyquist rate of the system
(i.e. twice the largest frequency in the system), since the entries of the covariance
matrix contain correlations from all frequencies. In our system, the largest frequency
is the cavity decay rate 𝛾 = 424 Hz. Therefore, we choose 𝑑𝑡 < 1/(2·424) ≈ 1.2 ms.
However, as we decrease 𝑑𝑡, we are limited by computational resources, such as the
RAM size, or time. The parameter 𝑑𝑡 is limited to an optimal range determined by
this trade-off. We thus develop the following strategy: we first quantify the amount
of numerical errors in the system by computing the most negative eigenvalue (if it
exists) of V+ 1

2K before and after the partial transpose operation, denoted as 𝜆B and
𝜆N , respectively. Then, we decide that entanglement exists if 𝜆B > 0 and 𝜆N < 0,
or if 𝜆B < 0 and |𝜆N | ≫ |𝜆B |. Furthermore, we decide that the system is separable
if 𝜆B > 0 and 𝜆N > 0.

Two case studies about this strategy can be found in Fig. B.1 where we fix 𝑇 = 0.1 s,
change 𝑑𝑡, and examine how 𝜆N and 𝜆B change by plotting 𝜆N and 𝜆B . We decide
on entanglement if 𝜆B ≥ 0 and 𝜆N < 0, or 𝜆B < 0, 𝜆N < 0, and |𝜆N | ≥ 100|𝜆B |.
Our criteria for convergence is a relative change smaller than 5% for both 𝜆N and 𝜆B
as we change 𝑑𝑡. In Fig. B.1a, we work with a low level of classical force noise and
set 𝛼𝐹1 = 10−15, 𝛼𝐹2 = 15 in Eq. (4.21). We see that 𝜆N and 𝜆B converge with 𝜆N
changing by 0.053%, 0.068%, and 𝜆B changing by 4.9%, 0.77% before and after
tracing over the cavity, respectively, for 𝑑𝑡 = 0.1 ms. The system is entangled for
both partitions since 𝜆B ≥ 0 and 𝜆N < 0. Furthermore, 𝜆B becomes positive and
converges after 𝑑𝑡 ∼ 1 ms, or a sampling frequency of 1000 Hz; consistent with the
discussion above relating physicality to Nyquist rate of ∼ 850 Hz. We also see that
𝜆N converges for similar values of 𝑑𝑡 from Fig. B.1a.

In Fig. B.2, we plot the light-field section of the eigenvector associated with the
(converged) minimal eigenvalue of Vpt + 1

2K, for the partition where we do not
trace over the cavity and with 𝛼𝐹1 = 10−15, 𝛼𝐹2 = 15. It corresponds to a temporal
mode of the free electromagnetic field outside the cavity. It is that particular mode
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Figure B.1: 𝜆B and 𝜆N for 𝛼𝐹1 = 10−15 and 𝛼𝐹2 = 15 [top row, (a)]; 𝛼𝐹1 = 10−8,
𝛼𝐹2 = 10, and 𝛼𝑋2 = 103 [bottom row, (b)]. We set 𝑇 = 0.1 s, and 𝑑𝑡 ∈ [0.1, 10]
ms. Note that 𝑑𝑡 decreases to the right of the plots. In Figure a, entanglement
exists for both partitions, and 𝜆B(𝜆N ) is re-plotted in the inset on the left(right) for
𝑑𝑡 ∈ [0.1, 0.5] ms. In Figure b, the state is separable for both partitions, and 𝜆B and
𝜆N are re-plotted in the inset for 𝑑𝑡 ∈ [0.1, 0.5] ms.
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Figure B.2: The real and imaginary parts of the eigenvector for the negative eigen-
value of Vpt + 1

2K for 𝛼𝐹1 = 10−15, 𝛼𝐹2 = 15, denoted by 𝑒1 and 𝑒2, which
correspond to the first and second halves of the entire eigenvector, respectively. The
reason behind this slicing is the block-matrix structure of the light-field sector of the
covariance matrix. Furthermore, since the light field modes are continuous in time,
𝑒1 and 𝑒2 are also functions of time.

associated with the (sole) negative eigenvalue that is entangled with the joint system
mechanics plus cavity. The four curves correspond to the real and imaginary parts
of 𝑣̂1(𝑡) and 𝑣̂2(𝑡). They have the form of smooth decaying oscillations with the
same frequency and decay rate, but differing by a phase. This form of the mode
functions was predicted for a white force noise in [175]; which gives us confidence
in the correctness of our study. Also, exponentially decaying demodulation pulses
were used to demonstrate optomechanical entanglement [199, 115] and proposed
for a demonstration in the stationary regime [103]. We fit functions in the form of
𝑒−𝛾∗𝑡 sin (𝜔∗𝑡 + 𝜃) to each curve, which results in 𝜔∗/(2𝜋) ≈ 40 Hz, and 𝛾∗/(2𝜋) ≈
25 Hz. In the frequency domain, exponentially decaying harmonic oscillations are
Lorentzians, centered at ±𝜔∗ and with a bandwidth (FWHM) 2𝛾∗. In aLIGO’s noise
budget (Fig. 4.3), these Lorentzians are on the low frequency side of the low-noise
band and their halfwidth at half-maximum to the left crosses the quantum noise,
where it is not yet dominated by suspension thermal and seismic noises—although
we saw in Sec. 4.6 that the latter is probably the main mechanism preventing
optomechanical entanglement. We add that Lorentzians are heavy-tail distributions,
being a possible reason why even lower frequency components matter.

In Fig. B.1b, we set 𝛼𝐹1 = 10−8, 𝛼𝐹2 = 10, and 𝛼𝑋2 = 103, causing the sensing noise
to dominate over quantum noise for frequencies in the 30−2000 Hz band. We again
see that 𝜆N and 𝜆B converge with 𝜆N changing by 1.3%, 1.2%, and 𝜆B changing
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Figure B.3: Contour plot depicting the effect of the force noise spectrum on our
numerical precision for both partitions. The force noise levels increase toward the
bottom-right of the figure. The black and the red dashed lines separate the regions
where numerics converge from the regions where numerics fail for the partition
where we do and do not trace over the cavity, respectively. The region where
numerics converge for both partitions is marked in gray, whereas numerics fail for
both partitions toward the bottom right of the figure, past the red dashed line, in the
yellow region.

Figure B.4: Examples of force noise spectra along the boundary where we lose
numerical precision (defined with |𝜆N | = 100|𝜆B |) for the partition where we do
not trace over the cavity, plotted in black. aLIGO noise curves are also plotted for
comparison. The black curves are parametrized with (from left to right) 𝛼𝐹1 = 1 and
𝛼𝐹2 = 200, 𝛼𝐹1 = 10−3 and 𝛼𝐹2 = 14, 𝛼𝐹1 = 10−10 and 𝛼𝐹2 = 1, and 𝛼𝐹1 = 10−15

and 𝛼𝐹2 = 0.029.
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by 1.2%, 1.1% before and after tracing over the cavity, respectively, for 𝑑𝑡 = 0.1
ms. Since 𝜆B and 𝜆N are positive for both partitions, we conclude that there is no
entanglement in the system for either partition. When we increase the classical noise
level we see that convergence is much harder to achieve. Furthermore, 𝜆B and 𝜆N
are negative, and 𝜆B ∼ 𝜆N for every value of 𝑑𝑡 regardless of when we do or do not
trace over the cavity. Therefore, we cannot conclude that there is entanglement for
either of the partitions. These case studies show that we can use 𝜆B as an indicator
of the "non-physicality" of the covariance matrix V introduced by finite-sampling
and high levels of classical noise in the system, and that the negativity of 𝜆N is not
enough to decide on entanglement when we consider the numerics.

For our model of aLIGO’s non-Markovian noises, Eqs. (4.21), we study the nu-
merical stability of broad noise regimes, parametrized by the pair 𝛼𝐹𝑗 , 𝑗 = 1, 2.
We set 𝛼𝑋 𝑗 = 1, 𝑗 = 1, 2, since we saw that force noise had a greater impact on
numerical stability than sensing noise in our simulations for aLIGO’s noise. In Fig.
B.3, we plot the boundary between noise regimes where the numerics converge and
the computed covariance matrices are physical (in gray) and those regimes where
the numerics fail (either at converging or at generating physical covariance matrices
or both) with the available computing resources (in yellow). As a matter of fact, in
all the operation regimes in the gray region where the numerics work, the system
is entangled. This means that our model predicts optomechanical entanglement in
aLIGO, if its classical noise is in this gray region. Recall that the current status
of aLIGO corresponds to 𝛼𝐹𝑗 = 𝛼𝑋 𝑗 = 1, 𝑗 = 1, 2, far to the bottom-right in the
undecidable yellow region.

If we follow the red dashed line in Fig. B.3, we continuously sample the force
noise spectrum over the boundary where our numerics converge, and the system is
entangled, for the partition where we do not trace over the cavity. This boundary
corresponds to a lower limit of the maximum amount of classical noise allowed in
the system in order to have entanglement. We plot some of these noise curves in
Fig. B.4. Note that if we set 𝛼𝐹1 or 𝛼𝐹2 to be unity, the corresponding pairs of 𝛼𝐹1 ,
𝛼𝐹2 situated on this boundary would be 𝛼𝐹1 = 1 and 𝛼𝐹2 ≥ 200, or for 𝛼𝐹2 = 1 and
𝛼𝐹1 ≤ 10−10. The corresponding noise curves are also plotted in Fig. B.4.
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A p p e n d i x C

SUPPLEMENTARY INFORMATION FOR CHAPTER V

C.1 Allan deviation for various clocks
To calculate the clock stability for a given protocol, we need to find the optimal
interrogation time𝑇 to operate with. This optimal interrogation time is a function of
the total interrogation time 𝜏. For an uncorrelated interrogation, 𝑇 = 𝜏 for 𝜏 < 𝛾−1

LO,
and 𝑇 ≈ 𝛾−1

LO for 𝜏 > 𝛾−1
LO. Here, we calculate the exact value of 𝑇 numerically.

The unknown phase 𝜙 of the LO is a stochastic variable, sampled from a prior
distribution with a variance of (𝛿𝜙)2. The variance grows with the interrogation
time 𝑇 , in the form of 𝛿𝜙 = 𝛾LO𝑇 , for a 1/ 𝑓 laser noise frequency spectrum.
Therefore, the probability of a phase slip occurring increases with 𝑇 . However, the
clock stability 𝜎𝑦 (𝜏) also increases with 𝑇 , which results in an optimal 𝑇 to balance
this trade-off.

We assume a posterior variance (Δ𝜙)2 for a clock protocol, in absence of phase slips.
The broadening of the posterior variance due to phase slips can be represented by

(Δ𝜙)2
slip ≈ 2

∞∑︁
𝑖=1

(2𝑘𝜋)2
∫ (2𝑘+1)𝜋

(2𝑘−1)𝜋
𝑑𝜙

1√︁
2𝜋(𝛿𝜙)2

𝑒
− 𝜙2

2(𝛿𝜙)2

=

∞∑︁
𝑘=1

(2𝑘𝜋)2

[
erf

(
(2𝑘 + 1)𝜋
√

2𝛿𝜙

)
− erf

(
(2𝑘 − 1)𝜋
√

2𝛿𝜙

)]
(C.1)

for (Δ𝜙)2 ≪ 1, or 𝑁 ≫ 1. Then, assuming that this effect is independent for each
clock cycle, 𝜎𝑦 (𝜏) is calculated as

𝜎𝑦 (𝜏) =
1

𝜔𝐴
√
𝜏𝑇

[
(Δ𝜙)2 + 𝜏

𝑇
(Δ𝜙)2

slip

]1/2
(C.2)

Then, the optimal interrogation time𝑇 is found from minimizing Eq. (C.2), resulting
in the minimum Allan deviation

𝜎∗
𝑦 (𝜏) = min

𝑇
𝜎𝑦 (𝜏) (C.3)

To obtain the Allan deviation curve in Fig. 5.2b and Fig. 5.2c for uncorrelated
atoms, we plot Eq. (C.3) for 𝑁 = 200. We find numerically that the Allan deviation,
normalized by 𝑁1/2 is approximately independent of 𝑁 .
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For a clock interrogation using an 𝑁-atom GHZ state, we take a different approach.
First, we redefine Eq. (5.5) in Sec. 5.3 for short interrogation times, where the
posterior variance is close to the prior width, i.e., Δ𝜙 ≈ 𝛿𝜙. In this limit, the
assumption that we made in Sec. 5.3 (Δ𝜙 ≪ 𝛿𝜙) breaks down, and the uncertainty
of a stable clock is given by Δ𝜙eff, with

(Δ𝜙eff)2 =
[
(Δ𝜙)−2 − (𝛿𝜙)−2]−1 (C.4)

which we refer to as the effective uncertainty. The numerator in Eq. (5.5) in Sec.
5.3 is therefore given by this Δ𝜙eff. Now, assume a parity measurement on the
𝑁-atom GHZ state: the measurement has two outcomes, even or odd parity. The
probabilities of obtaining these results are given by 𝑃(±) = (1±cos (𝑁𝜙))/2. Then,
using optimal estimators, the BMSE is calculated as

(Δ𝜙)2 = (𝛿𝜙)2 − 2

(
1/2

∞∫
−∞
𝜙 sin (𝑁𝜙) P𝛿𝜙 (𝜙) d𝜙

)2

1/2
= (𝛿𝜙)2 − 𝑁2(𝛿𝜙)4𝑒−𝑁

2 (𝛿𝜙)2

(C.5)

Plugging in 𝛿𝜙 = 𝛾LO𝑇 , the effective uncertainty is given by

Δ𝜙eff =

(
𝑒𝑁

2 (𝛾LO𝑇)2 − 𝑁2(𝛾LO𝑇)2
)1/2

𝑁
(C.6)

Then, the optimal Allan deviation for a GHZ interrogation can be obtained from
minimizing 𝜎𝑦 (𝜏) with respect to the interrogation time 𝑇 , given the effective
uncertainty in Eq. (C.6). In Fig. 5.2b, we plot the Allan deviation, normalized up
to some prefactors, for an 𝑁 = 200 atom GHZ state.

When slow atoms are introduced to a given clock protocol, we can extend the
interrogation time 𝑇 beyond the LO noise limit, i.e. 𝑇 = 𝜏 even in the regime where
𝜏 > 𝛾−1

LO. Here, we assume that enough slow atoms are introduced such that the phase
slip probability is small, and that the number of slow atoms is negligible compared
to the initial number of atoms 𝑁 . Therefore, in this regime, the Allan deviations
of the best classical clock and the OQC are given by 1/𝜔𝐴

√
𝑁𝜏, and by 𝜋/𝜔𝐴𝑁𝜏,

respectively. The stabilities of these clocks eventually reach the fundamental limit
of sensitivity (up to a possible constant factor of order one, see Ref. [69]), given in
Eq. (5.6) in Sec. 5.3.

C.2 Optimality of the sine state
Here, we show that the phase estimation protocol where the initial state is an 𝑁-qubit
sine state, and the measurement is a QFT followed by a projective measurement on



198

the basis states, attains the HL in the limit of large qubit number, 𝑁 ≫ 1. This
regime is equivalent to having a large prior width within the dynamic range [167].
The 𝑁-qubit sine state is given by

|𝜓sine⟩ =
√︂

2
𝑁 + 2

𝑁∑︁
𝑚=0

sin
(
𝜋(𝑚 + 1)
𝑁 + 2

)
|𝑚⟩ (C.7)

where the states {|𝑚⟩} are the symmetric-under-permutations eigenvectors of the
angular momentum operator in the z-direction 𝐽𝑧, with 𝐽𝑧 = 1

2
∑
𝑖

𝜎𝑖𝑧, 𝑖 = 1, 2, . . . 𝑁 ,

and 𝜎𝑖𝑧 is the Pauli 𝑍 operator for the 𝑖th qubit. After undergoing a unitary evolution
𝑈 (𝜙) = 𝑒−𝑖𝜙𝐽𝑧 , the sine state transforms into

|𝜓⟩ =
√︂

2
𝑁 + 2

𝑁∑︁
𝑚=0

𝑒−𝑖𝑚𝜙 sin
(
𝜋(𝑚 + 1)
𝑁 + 2

)
|𝑚⟩ (C.8)

up to a phase factor. Performing a QFT, followed by a projective measurement on
the basis {|𝑚⟩} can be represented with a POVM 𝐸𝑘 = |𝑒𝑘⟩ ⟨𝑒𝑘 |, 𝑘 = 0, 1, . . . 𝑁 ,
where

|𝑒𝑘⟩ =
√︂

1
𝑁 + 1

𝑁∑︁
𝑚=0

𝑒−𝑖𝑚
2𝜋𝑘
𝑁+1 |𝑚⟩ (C.9)

And the probability of obtaining an outcome 𝑘 after the measurement is given by
𝑝(𝑘) = | ⟨𝜓 | 𝐸𝑘 |𝜓⟩ |2,

𝑝(𝑘) = 2
(𝑁 + 1) (𝑁 + 2)

����� 𝑁∑︁
𝑚=0

𝑒𝑖𝑚( 2𝜋𝑘
𝑁+1−𝜙) sin

(
𝜋(𝑚 + 1)
𝑁 + 2

)�����2
≈ 2

∫ 1

0

∫ 1

0
𝑑𝑥 𝑑𝑦 𝑒𝑖(𝑥−𝑦) (2𝜋𝑘−𝑁𝜙) sin (𝜋𝑥) sin (𝜋𝑦)

=
8𝜋2 cos2 (𝑁𝜙/2)[
𝜋2 − (2𝜋𝑘 − 𝑁𝜙)2

]2 (C.10)

for𝑁 ≫ 1 and 𝑘 = 0, 1, . . . 𝑁 . Note that we assume no phase slips, 𝜙 ∈ [0, 2𝜋], such
that 𝑝(𝑘) is non-zero only in this interval. Given the probabilities of measurement
outcomes 𝑝(𝑘), we can derive the statistics of the measurement results.

Let us denote the random variable that corresponds to the measurement outcomes
as 𝑂QFT. 𝑂QFT therefore takes the values {𝑘}𝑁/2

−𝑁/2 with probabilities 𝑝(𝑘). The first
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and second moments of 𝑂QFT are given by〈
𝑂QFT

〉
=

𝑁/2∑︁
𝑚=−𝑁/2

8𝜋2 cos2 (𝑁𝜙/2) 𝑚[
𝜋2 − (2𝜋𝑚 − 𝑁𝜙)2

]2〈
𝑂2

QFT

〉
=

𝑁/2∑︁
𝑚=−𝑁/2

8𝜋2 cos2 (𝑁𝜙/2) 𝑚2[
𝜋2 − (2𝜋𝑚 − 𝑁𝜙)2

]2 (C.11)

where we define 𝑘̄ = ⌊𝑁𝜙/(2𝜋)⌋ ≈ 𝑁𝜙/(2𝜋). In the limit of 𝑁 ≫ 1, these
expressions are approximately〈

𝑂QFT
〉
≈

∞∑︁
𝑚=−∞

8𝜋2 cos2 (𝑁𝜙/2) 𝑚[
𝜋2 − (2𝜋𝑚 − 𝑁𝜙)2

]2 =
𝑁𝜙

2𝜋〈
𝑂2

QFT

〉
≈

∞∑︁
𝑚=−∞

8𝜋2 cos2 (𝑁𝜙/2) 𝑚2[
𝜋2 − (2𝜋𝑚 − 𝑁𝜙)2

]2 =

(
𝑁𝜙

2𝜋

)2
+ 1

4

(Δ𝑂QFT)2 =

〈
𝑂2

QFT

〉
−

〈
𝑂QFT

〉2
=

1
4

(C.12)

where (Δ𝑂QFT)2 is the variance of𝑂QFT. We can thus take the estimator of 𝜙 in the
limit of 𝑁 ≫ 1 to be 2𝜋

𝑁
𝑂QFT. The MSE of this estimator is then

(Δ𝜙)2 =
(2𝜋)2

𝑁2

(
Δ𝑂QFT

)2
=
𝜋2

𝑁2 . (C.13)

We thus attain the 𝜋-corrected HL for the entire interval 𝜙 ∈ [0, 2𝜋], for 𝑁 ≫ 1.
Note that this result is independent of the basis states {|𝑚⟩}.

C.3 Overhead for three blocks with optimal measurements
Here, we calculate the phase estimation error for the scheme where the initial state
consists of GHZ states with sizes of 2𝑘𝑖 , where 𝑘𝑖 = 0, 1, . . . , 𝑘max, and each state
has 𝑀 = 3 copies. For the readout, we assume optimal measurements are available.
The total number of qubits is given by 𝑁 = 3(2𝑘max+1 −1). As mentioned in Chapter
5, such a state can be written as

|𝜓⟩ = 1
(𝑁/3 + 1)3/2

𝑁∑︁
𝑛=0

√︁
𝑓 (𝑛) |𝑛⟩ . (C.14)

We can explicitly calculate the coefficients 𝑓 (𝑛), with

𝑓 (𝑛) =


(𝑛 + 1)

(
𝑛
2 + 1

) 1
3 >

𝑛
𝑁
≥ 0

(𝑁+3)2

12 +
(
𝑛 − 𝑁−1

2

) (
𝑛 − 𝑁−3

2

)
2
3 ≥ 𝑛

𝑁
≥ 1

3

(𝑁 − 𝑛 + 1)
(
𝑁−𝑛

2 + 1
)

1 ≥ 𝑛
𝑁
> 2

3

. (C.15)
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We assume a uniform prior in [−𝜋, 𝜋], and choose the commonly used cost function
of 4 sin2 ((𝜙 − 𝜙est)/2) ≈ (𝜙 − 𝜙est)2. It was shown in Ref. [128], that in this case,
given the state in Eq. (C.14) and the optimal measurements, (Δ𝜙)2 is given by

(Δ𝜙)2 = 2
[
1 −

𝑆 𝑓

(𝑁/3 + 1)3

]
, 𝑆 𝑓 =

𝑁−1∑︁
𝑛=0

√︁
𝑓 (𝑛) 𝑓 (𝑛 + 1). (C.16)

Let us use the analytical expression for 𝑓 (𝑛) in Eq. (C.15) to explicitly calculate the
(Δ𝜙)2 for large 𝑁 . First, we can write 𝑆 𝑓 as

𝑆 𝑓 =

𝑁
3 −1∑︁
𝑛=0

(𝑛 + 2)
√︁
(𝑛 + 1) (𝑛 + 3) − (𝑁 + 3)2

12
+

𝑁−3
6∑︁
𝑛=0

√︄(
(𝑁 + 3)2

12
− 𝑛2

)2
− 𝑛2

(C.17)

The sum 𝑆 𝑓 can be expanded using the Euler-Maclaurin formula,

𝑛∑︁
𝑚

𝑔(𝑖) =
∫ 𝑛

𝑚

𝑔(𝑥)𝑑𝑥 +
𝑝∑︁
𝑘=1

𝐵𝑘

𝑘!

(
𝑔(𝑘−1) (𝑛) − 𝑔(𝑘−1) (𝑚)

)
+ 𝑅𝑝, (C.18)

where 𝐵𝑘 are the Bernoulli numbers, 𝑅𝑝 is an error term that depends on the order
of the expansion, and 𝑔(𝑘) (𝑥) denotes the 𝑘th derivative of the function 𝑔 evaluated
at 𝑥. The BMSE can be written as 𝛼/𝑁 + 𝛽/𝑁2 + 𝑂 (1/𝑁3), where we want to
calculate 𝛼 and 𝛽. Since the sum 𝑆 𝑓 is multiplied by a factor ≈ 𝑁−3, the terms that
will contribute to 𝛼 and 𝛽 in 𝑆 𝑓 will scale as 𝑁2 and 𝑁 , respectively. Then, we do
not need to find the constant terms in 𝑆 𝑓 , which reduces the number of terms that
we need to calculate in the expansion significantly. Accordingly, we find

𝑁
3 −1∑︁
𝑛=0

(𝑛 + 2)
√︁
(𝑛 + 1) (𝑛 + 3) = 𝑁3

81
+ 𝑁2

6
+ 5𝑁

9
+𝑂 (1) (C.19)

and
𝑁−3

6∑︁
𝑛=0

√︄(
(𝑁 + 3)2

12
− 𝑛2

)2
− 𝑛2 =

2𝑁3

81
+ 𝑁2

4
+

(17 − 3
√

3
2 ln(2 +

√
3))𝑁

18
+𝑂 (1)

(C.20)

Plugging these sums into 𝑆 𝑓 , we find that

(Δ𝜙)2 =
9
√

3 ln (2 +
√

3)
2

1
𝑁2 +𝑂 (𝑁−3). (C.21)
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C.4 Optimization of the adaptive measurement
Here, we show the optimization over the single-qubit rotations in the adaptive
measurement. The BMSE can be rewritten as

(Δ𝜙)2 =

∫ ∑︁
®𝑛
𝑝(®𝑛, ®Φ|𝜙) (𝜙 − 𝜙𝑒𝑠𝑡 (®𝑛))2P𝛿𝜙 (𝜙) 𝑑𝜙 (C.22)

where the optimal Bayesian estimator for each branch, 𝜙∗𝑒𝑠𝑡 (®𝑛), is given by

𝜙∗𝑒𝑠𝑡 (®𝑛) =
∫
𝜙 𝑝(®𝑛, ®Φ|𝜙)P𝛿𝜙 (𝜙)𝑑𝜙∫
𝑝(®𝑛, ®Φ|𝜙)P𝛿𝜙 (𝜙)𝑑𝜙

(C.23)

which can be thought of as the expected value of 𝜙 given that the branch ®𝑛 has been
sampled. Eq. (C.22) and (C.23) result in the minimum possible BMSE, given by

(Δ𝜙∗)2 = (𝛿𝜙)2 −
∑︁
®𝑛

(∫
𝜙 𝑝(®𝑛, ®Φ|𝜙)P𝛿𝜙 (𝜙)𝑑𝜙

)2∫
𝑝(®𝑛, ®Φ|𝜙)P𝛿𝜙 (𝜙)𝑑𝜙

(C.24)

𝑝(®𝑛, ®Φ|𝜙) contains the rotations angles (system phases) ®Φ that will be performed
after each measurement along the branch ®𝑛. For example, if the initial state contains
one block of a 2-atom GHZ state and two blocks of 1-atom GHZ states, there
are 23 = 8 possible branches depending on measurement results, occurring with
probabilities

𝑝( [𝑖, 𝑗 , 𝑘] , ®Φ|𝜙) =𝜃𝑖
(
2(𝜙 −Φ1)

2

)
𝜃 𝑗

(
𝜙 −Φ2+𝑖

2

)
𝜃𝑘

(
𝜙 −Φ4+2𝑖+ 𝑗

2

)
,

𝜃𝑖 (𝑥) =


cos2 (𝑥), if 𝑖 = 0

sin2 (𝑥), if 𝑖 = 1
(C.25)

for 𝑖, 𝑗 , 𝑘 ∈ {0, 1}. The branch vector [𝑖, 𝑗 , 𝑘] indicates the measurement result of
a parity measurement on a GHZ block with 𝑚 atoms: 0 (1) represents even (odd)
parity.

We now want to minimize Δ𝜙∗ with respect to the rotation angles ®Φ. For this
purpose, one needs to obtain 𝜕Δ𝜙∗/𝜕Φ𝑖 = 0 for every 𝑖. 𝜕Δ𝜙∗/𝜕Φ𝑖 is found as

𝜕Δ𝜙∗

𝜕Φ𝑖

=
∑︁
®𝑛
𝜙∗𝑒𝑠𝑡 (®𝑛)2

∫
𝜕Φ𝑖 𝑝(®𝑛, ®Φ|𝜙)P𝛿𝜙 (𝜙)𝑑𝜙

−2𝜙∗𝑒𝑠𝑡 (®𝑛)
∫

𝜙 𝜕Φ𝑖 𝑝(®𝑛, ®Φ|𝜙)P𝛿𝜙 (𝜙)𝑑𝜙 (C.26)
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Note that 𝜕Φ𝑖 𝑝(®𝑛, ®Φ|𝜙) = 0 if the branch ®𝑛 does not contain Φ𝑖. Assuming that Φ𝑖

is contained in the branch ®𝑛, and that it is the 𝑙th measurement, performed on a GHZ
state with m atoms, from Eq. (C.25), we see that 𝜕Φ𝑖 𝑝(®𝑛, ®Φ|𝜙) has two possible
forms:

𝜕Φ𝑖 𝑝(®𝑛, ®Φ|𝜙) =

𝑚 𝑝(®𝑛, ®Φ|𝜙) tan

(
𝑚(𝜙−Φ𝑖)

2

)
, if 𝑛𝑙 = 0

−𝑚 𝑝(®𝑛, ®Φ|𝜙) cot
(
𝑚(𝜙−Φ𝑖)

2

)
, if 𝑛𝑙 = 1

(C.27)

Plugging the expression for the derivative in Eq. (C.27) into Eq. (C.26), we obtain

𝜕Δ𝜙∗

𝜕Φ𝑖

=
∑︁

®𝑛,Φ𝑖 in ®𝑛
𝜙∗𝑒𝑠𝑡 (®𝑛)2

∫
𝑓 (𝑛𝑙 ,Φ𝑖 |𝜙)𝑝(®𝑛, ®Φ|𝜙)P𝛿𝜙 (𝜙) 𝑑𝜙

− 2𝜙∗𝑒𝑠𝑡 (®𝑛)
∫

𝜙 𝑓 (𝑛𝑙 ,Φ𝑖 |𝜙)𝑝(®𝑛, ®Φ|𝜙)P𝛿𝜙 (𝜙) 𝑑𝜙 (C.28)

with

𝑓 (𝑛𝑙 ,Φ𝑖 |𝜙) =

𝑚 tan

(
𝑚(𝜙−Φ𝑖)

2

)
, if 𝑛𝑙 = 0

−𝑚 cot
(
𝑚(𝜙−Φ𝑖)

2

)
, if 𝑛𝑙 = 1

(C.29)

and 𝑚 is the number of atoms contained in the GHZ block such that the feedback
Φ𝑖 is applied after its measurement.

To find the system phases that minimize the BMSE, we perform a gradient descent,
where the system phases are updated according to Φ𝑖 → Φ𝑖 − 𝛼 𝜕Δ𝜙∗𝜕Φ𝑖

, where 𝛼 is
the step size and the derivative is given in Eq. (C.28). We implement the Adam
optimizer [139] to perform the gradient descent.

C.5 Proof of claim I (OQI and CSS Plateaus)
We provide here a detailed proof for the BMSE expressions in the limit of 𝑁 → ∞
given in Chapter 5. For completeness, the statement of the claim is:

Claim. The OQI BMSE in the limit of 𝑁 → ∞ for any prior distribution P𝛿𝜙 (𝜙) is

(Δ𝜙)2
OQI = (𝛿𝜙)2 −

𝜋∫
−𝜋

(∑
𝑘

𝜙𝑘P𝛿𝜙 (𝜙𝑘 )
)2

∑
𝑘

P𝛿𝜙 (𝜙𝑘 )
𝑑𝜙, (C.30)

where 𝜙𝑘 = 𝜙 + 2𝜋𝑘, 𝑘 ∈ Z.

Assuming a 𝐽𝜃 := cos (𝜃) 𝐽𝑥 − sin (𝜃) 𝐽𝑦 single quadrature readout, the CSS BMSE
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in the limit of 𝑁 → ∞ for any prior distribution P𝛿𝜙 (𝜙) is

(Δ𝜙)2
SQL = (𝛿𝜙)2 −

𝜋∫
−𝜋

𝑑𝜙

(∑
𝑘

(𝜙𝑘 − 𝜃) P𝛿𝜙 (𝜙𝑘 − 𝜃) − (𝜙𝑘 + 𝜃) P𝛿𝜙 (−𝜙𝑘 − 𝜃)
)2

∑
𝑘

P𝛿𝜙 (𝜙𝑘 − 𝜃) + P𝛿𝜙 (−𝜙𝑘 − 𝜃)

(C.31)

Proof. We first prove the OQI BMSE, given in Eq. (C.30). To this end, we first
prove that it is a lower bound to the BMSE for any possible scheme. Then, we show
that there exists a scheme that saturates it. Observe that a solution to the following
minimization problem provides a lower bound for any scheme:

min
𝜙est (𝑥)

min
𝑝(𝑥 |𝜙)

∑︁
𝑥

∫ ∞

−∞
(𝜙est (𝑥) − 𝜙)2 𝑝 (𝑥 |𝜙) P𝛿𝜙 (𝜙) 𝑑𝜙

subject to:
∑︁
𝑥

𝑝 (𝑥 |𝜙) = 1, 𝑝 (𝑥 |𝜙) = 𝑝 (𝑥 |𝜙 + 2𝜋) . (C.32)

The first step is to show that we can map this into an equivalent minimization
problem that involves 𝜙est only:

min
𝜙est (𝜙)

∫ 𝜋

−𝜋

∑︁
𝑘

(𝜙est (𝜙) − (𝜙 + 2𝜋𝑘))2 P𝛿𝜙 (𝜙 + 2𝜋𝑘) 𝑑𝜙. (C.33)

To see this, observe first that due to the constraint 𝑝 (𝑥 |𝜙) = 𝑝 (𝑥 |𝜙 + 2𝜋), we can
write the BMSE as:∫ 𝜋

−𝜋

∑︁
𝑘

∑︁
𝑥

(𝜙est (𝑥) − 𝜙𝑘 )2 𝑝 (𝑥 |𝜙) P𝛿𝜙 (𝜙𝑘 ) 𝑑𝜙 (C.34)

where 𝜙𝑘 = 𝜙 + 2𝜋𝑘, 𝑘 ∈ Z. For each 𝜙, there exists an 𝑥min,𝜙 for which∑
𝑘

(
𝜙est

(
𝑥min,𝜙

)
− 𝜙𝑘

)2 P𝛿𝜙 (𝜙𝑘 ) is minimal. Therefore, the optimal 𝑝 (𝑥 |𝜙) is
𝑝 (𝑥 |𝜙) = 𝛿

(
𝑥 − 𝑥min,𝜙

)
. Denoting 𝜙est

(
𝑥min,𝜙

)
as 𝜙est (𝜙) , we thus want to mini-

mize
∑
𝑘 (𝜙est (𝜙) − 𝜙𝑘 )2 P𝛿𝜙 (𝜙𝑘 ) over 𝜙est (𝜙) for each 𝜙. This is a convex mini-

mization problem with respect to 𝜙est (𝜙), and the optimal 𝜙est (𝜙) is given by:

𝜙est (𝜙) =
∑︁
𝑘

𝜙𝑘P𝛿𝜙 (𝜙𝑘 )∑
𝑗 P𝛿𝜙

(
𝜙 𝑗

) . (C.35)

To get the expression of Eq. (C.30), we use BMSE expression of Eq. (5.9). For this
lower bound, the set of outcomes is the continuous range [−𝜋, 𝜋], hence:

(Δ𝜙)2 = (𝛿𝜙)2 −
𝜋∫
−𝜋

𝜙est (𝜙)2 𝑝(𝜙) 𝑑𝜙 = (𝛿𝜙)2 −
𝜋∫
−𝜋

(∑
𝑘

𝜙𝑘P𝛿𝜙 (𝜙𝑘 )
)2

∑
𝑘

P𝛿𝜙 (𝜙𝑘 )
𝑑𝜙, (C.36)
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which is the desired lower bound.

For tightness, we show that a CSS interrogation with a dual quadrature readout
attains this bound in the limit of 𝑁 → ∞. Let us first define a dual quadrature
measurement: given a 2𝑁-qubits CSS, we split it into a product of two identical
𝑁-qubits CSS: |𝜓𝜙,2𝑁⟩ = |𝜓𝜙,𝑁⟩|𝜓𝜙,𝑁⟩. We measure the 𝐽𝑥 = 1

2
∑𝑁
𝑖=1 𝜎

𝑖
𝑥 operator

of the first |𝜓𝜙,𝑁⟩ and the 𝐽𝑦 = 1
2
∑2𝑁
𝑖=𝑁+1 𝜎

𝑖
𝑦 operator of the second |𝜓𝜙,𝑁⟩ . Let us

denote 𝑥𝑥 = 2𝑁𝑥
𝑁
, 𝑥𝑦 =

2𝑁𝑦
𝑁
, where 𝑁𝜃 ∈ {−𝑁/2, ..., 𝑁/2 − 1, 𝑁/2} is the outcome

of 𝐽𝜃 measurement. 𝑥𝑥 , 𝑥𝑦 have independent shifted binomial distributions. In the
limit of large 𝑁 , the joint distribution

(
𝑥𝑥 , 𝑥𝑦

)
converges to the multivariate Gaussian

distribution 𝑝
(
𝑥𝑥 , 𝑥𝑦 |𝜙

)
→ 𝑁

(
[cos (𝜙) , sin (𝜙)]𝑇 , Σ = diag

(
𝑠2
𝑥 , 𝑠

2
𝑦

))
, where 𝑠2

𝑥 =

sin (𝜙)2 /𝑁, 𝑠2
𝑦 = cos (𝜙)2 /𝑁. Therefore, in the limit of 𝑁 → ∞ we obtain

𝑝
(
𝑥𝑥 , 𝑥𝑦 |𝜙

)
→ 𝛿 (𝑥𝑥 − cos (𝜙)) 𝛿

(
𝑥𝑦 − sin (𝜙)

)
⇒ 𝑝 (𝑟, 𝜑|𝜙) = 𝛿 (𝑟 − 1)

(∑︁
𝑘∈Z

𝛿 (𝜑 − 𝜙 − 2𝜋𝑘)
)
, (C.37)

where 𝑟 =

√︃
𝑥2
𝑥 + 𝑥2

𝑦, 𝜑 = arg
(
𝑥𝑥 + 𝑖𝑥𝑦

)
. This 𝑝 (𝜑|𝜙), yields the optimal 𝜙est of

Eq. (C.35), hence the bound is saturated. This proves the first part of the claim, the
OQI BMSE.

Let us now compute the bound for a CSS interrogation with a 𝐽𝜃 single quadrature
readout. Similar to above, we denote 𝑥𝜃 = 2𝑁𝜃

𝑁
. 𝑥𝜃 has a shifted binomial distribution

with an average of cos (𝜙 + 𝜃) and a variance of sin (𝜙 + 𝜃)2 /𝑁 . Therefore, in the
limit of 𝑁 → ∞, 𝑝 (𝑥𝜃 |𝜙) converges to

𝛿 (𝑥𝜃 − cos (𝜙 + 𝜃)) =
∑︁
𝑘∈Z
𝛿 (𝜙𝑘 − arccos (𝑥𝜃) + 𝜃) + 𝛿 (𝜙𝑘 + arccos (𝑥𝜃) + 𝜃)

(C.38)

Inserting this into Eq. (5.9) results in Eq. (C.31).

C.6 Impact of noise on the proposed scheme
In atomic clocks, beyond local oscillator noise, we consider the impact of amplitude
damping [272, 39, 156, 109, 13], imperfect state preparation due to finite gate
fidelities, and measurement errors. To estimate the effect of such noise processes on
the phase estimation, we again define the metrological gain 𝑔D = (Δ𝜙CSS)2/(Δ𝜙)2

as our figure of merit, where (Δ𝜙CSS)2 and (Δ𝜙)2 are the BMSE of the phase
estimation performed using a noiseless CSS, and the BMSE of the proposed scheme
in the presence of the given noise process, respectively.
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Amplitude damping
Let us analyze the effect of amplitude damping noise on GHZ states and on the re-
sulting probabilities. A 𝑘-qubit GHZ state, |𝜓⟩ = 1√

2

(
|0⟩⊗𝑘 + 𝑒𝑖𝑘𝜙 |1⟩⊗𝑘

)
, undergoes

a 𝑘-qubit amplitude damping channel:

𝜌 → 𝜀⊗𝑘 (𝜌) , 𝜀 (𝜌) = 𝑝𝑎 𝜎−𝜌𝜎+ +
√︁

1 − 𝑝𝑎 𝜎+𝜎−𝜌
√︁

1 − 𝑝𝑎 𝜎+𝜎− ,

𝜎+ =

[
0 1
0 0

]
, 𝜎− =

[
0 0
1 0

]
, 1 =

[
1 0
0 1

]
. (C.39)

where 𝑝𝑎 > 0 is the amplitude damping probability. The GHZ state is thus trans-
formed to an ensemble

∑
®𝑣 𝑐(®𝑣)𝜌®𝑣, where ®𝑣 ∈ {0, 1}𝑁 , such that 𝑣𝑖 = 0 (1) indicates

loss (no loss) in the 𝑖𝑡ℎ qubit, and 𝜌®𝑣 = |®𝑣⟩⟨®𝑣 |. 𝑐(®𝑣) are given by

𝑐(®0) = 1
2

(
1 + (1 − 𝑝𝑎)𝑘

)
,

𝑐(®𝑣) = 1
2
(1 − 𝑝𝑎)

∑
𝑖

𝑣𝑖
𝑝

1−∑
𝑖

𝑣𝑖

𝑎 , for ®𝑣 ≠ ®0. (C.40)

The phase information is now encoded only in |®0⟩ which equals to

|®0⟩ = 1√︃
2𝑐(®0)

(
|0⟩⊗𝑘 + (1 − 𝑝𝑎)𝑘/2 𝑒𝑖𝑘𝜙 |1⟩⊗𝑘

)
. (C.41)

Let us derive the probabilities obtained from performing local Pauli 𝑋 measure-
ments on the state. We denote the ±1 eigenstates of Pauli 𝑋 as |±⟩ respectively
and the probability of obtaining 𝑚 times |−⟩ as 𝑝 (𝑚) . The probability for an
even parity is the probability of obtaining an even 𝑚 and is therefore equal to:
𝑝 (even) =

∑
𝑚 even

𝑝 (𝑚) . Note that 𝑝(even) =
∑

®𝑣 𝑐(®𝑣) 𝑝 (even|®𝑣). For any ®𝑣 ≠ ®0,

𝑝 (odd|®𝑣) = 𝑝 (even|®𝑣) = 1
2 . Let us denote the contribution from

∑
®𝑣≠®0 𝜌®𝑣 as

𝑝®𝑣≠®0 (even), 𝑝®𝑣≠®0 (odd). We have∑︁
®𝑣≠®0

𝑝®𝑣≠®0 (even) =
∑︁
®𝑣≠®0

𝑝®𝑣≠®0 (odd) =
∑︁
®𝑣≠®0

𝑐(®𝑣) 𝑝 (even|®𝑣)

=
∑︁
®𝑣≠®0

(1 − 𝑝𝑎)
∑
𝑖

𝑣𝑖
𝑝

1−∑
𝑖

𝑣𝑖

𝑎

1
4
=

1
4

(
1 − (1 − 𝑝𝑎)𝑘

)
. (C.42)

Now, let us calculate the contribution from ®𝑣 = ®0, denoted as 𝑝®0 (even) , 𝑝®0 (odd).
For any state 𝛼 |0⟩⊗𝑘 + 𝛽 |1⟩⊗𝑘 , we have:

𝛼 |0⟩⊗𝑘 + 𝛽 |1⟩⊗𝑘 =
(

1
√

2

) 𝑘 (
𝛼 ( |+⟩ + |−⟩)𝑘 + 𝛽 ( |+⟩ − |−⟩)𝑘

)
. (C.43)
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Figure C.1: RBMSE Δ𝜙 as a function of the prior width 𝛿𝜙, normalized by 𝛿𝜙, for
𝑁 = 12 and in the presence of amplitude damping with a probability of 𝑝𝑎 = 10−2.
The benchmark is the noiseless OQI, plotted in purple. The 12-qubit CSS for
𝑝𝑎 = 10−2 is also shown in the plot in blue. The minimum RBMSE obtained from
optimal partitioning into blocks of GHZ states—i.e., the optimal initial state (OIS)
for blocks of GHZ states—for 𝑝𝑎 = 10−2, assuming that optimal measurements are
available, is plotted in green. We notice that this curve is very close to the noiseless
OQI. Finally, the RBMSE given optimal partitioning into blocks of GHZ states
and local, adaptive measurements is plotted with yellow rectangles. We see that
in the presence of amplitude damping, even though the optimal partitions perform
very close to the OQI when optimal measurements are available, there is a large
gap between the minimum achievable sensitivity and the sensitivity achieved when
local, adaptive measurements are used.

Therefore, the probability of measuring 𝑚 times |−⟩ given this state is 𝑝 (𝑚) =(
1
2

) 𝑘 ( 𝑘
𝑚

)
|𝛼 + (−1)𝑚 𝛽 |2, and thus the probability for odd/even 𝑚 is given by: 𝑝± =

1
2 |𝛼 ± 𝛽 |2. Applying this to our case, i.e. |®0⟩), then 𝛼 = 1√

2𝑐(®0)
, 𝛽 =

(1−𝑝)𝑘/2𝑒𝑖𝑘𝜙√
2𝑐(®0)

, and

thus

𝑝®0 (even) = 1
4

(
1 + (1 − 𝑝𝑎)𝑘 + 2 (1 − 𝑝𝑎)𝑘/2 cos (𝑘𝜙)

)
,

𝑝®0 (odd) = 1
4

(
1 + (1 − 𝑝𝑎)𝑘 − 2 (1 − 𝑝𝑎)𝑘/2 cos (𝑘𝜙)

)
.

(C.44)

Summing up the contributions from all ®𝑣 we obtain that 𝑝 (even) , 𝑝 (odd) are:

𝑝 (even) = 1
2

(
1 + (1 − 𝑝𝑎)𝑘/2 cos (𝑘𝜙)

)
, (C.45)

𝑝 (odd) = 1
2

(
1 − (1 − 𝑝𝑎)𝑘/2 cos (𝑘𝜙)

)
. (C.46)
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We considered Pauli 𝑋 measurement, however any other Pauli operator in the 𝑋 −𝑌
plane would give equivalent results: For a measurement of cos (𝜙0) 𝑋 + sin (𝜙0)𝑌
the probabilities will take the same form and 𝜙 will be changed to: 𝜙 → 𝜙 − 𝜙0.

Note that given an initial GHZ state, amplitude damping noise commutes with the
unitary phase encoding, 𝑈 (𝜙). We can therefore assume that amplitude damping
acts first, followed by the phase encoding. This can be easily verified: given
𝜌 = |𝜓⟩⟨𝜓 | of a 𝑘-qubit GHZ state, we have

𝜖⊗𝑘
(
𝑈 (𝜙) 𝜌𝑈 (𝜙)†

)
= 𝑈 (𝜙)

(
𝜖⊗𝑘 (𝜌)

)
𝑈 (𝜙)† = |𝜓′

𝜙⟩⟨𝜓′
𝜙 | +

∑︁
®𝑣≠®0

𝜌®𝑣, (C.47)

where |𝜓′
𝜙
⟩ = 1√

2

(
|0⟩⊗𝑘 + (1 − 𝑝𝑎)𝑘/2 𝑒−𝑖𝑘𝜙 |1⟩⊗𝑘

)
.

Now, let us examine how amplitude damping affects the proposed scheme with and
without optimal measurements. A case study is shown in Fig. C.1. Here, we work
with 12 qubits and assume an amplitude damping probability of 𝑝𝑎 = 10−2. The
purple line represents the RBMSE of the noiseless OQI, i.e. without any ampli-
tude damping effects. The green line is the RBMSE obtainable by using optimal
partitions of GHZ states if optimal measurements are available. We see that the
RBMSE of the optimal partitions, even in the presence of amplitude damping, can
get very close to the RBMSE of the OQI. However, local, adaptive measurements
are not enough to achieve this precision: we show the performance of the proposed
scheme when such measurements are used with yellow rectangles, and see that
there is a gap between that and the RBMSE achievable with optimal measurements.
Intuitively, this gap can be explained by the following reasoning: since for the adap-
tive measurement, the single-qubit rotation applied to a given qubit relies so much
on the previous measurement results, any error during the previous measurements
changes the trajectory of the future measurements, resulting in a large error in phase
estimation. We conjecture that this issue can be mitigated by using error detection
scheme that checks whether the state remained in the GHZ code space. Note that for
every GHZ state with 𝑘 ≥ 2 atoms, decay errors can be detected by measuring if the
GHZ state remains in the code space of |0⟩⊗𝑘 , |1⟩⊗𝑘 , which can be achieved by e.g.,
measuring the stabilizers of this repetition code space. We therefore detect a decay
by measuring if the state is outside of this code space. Given a decay detection,
the state has no phase information, and therefore we can ignore its measurement
result. Otherwise, we can proceed with the same, adaptive, local measurements.
This scheme converts amplitude damping noise into an erasure noise [149, 234]
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and involves only error detection and not error correction. This idea was recently
proposed and analyzed also in Ref. [135].

Let us illustrate the advantage in using such error detection scheme in the frequen-
tist case. Given a 𝑘-qubit GHZ state, the probabilities of even/odd parities are
1
2

(
1 ± (1 − 𝑝𝑎)𝑘/2 cos (𝑘𝜙)

)
, while with error detection the relevant probabilities

are given by 𝑝®0 (even) , 𝑝®0 (odd) . By direct calculation of the Cramer-Rao Bound
(CRB), it can be observed that in the limit of (1 − 𝑝𝑎)𝑘 ≪ 1, the MSE given by the
latter case is smaller by a factor of two than the former case. Hence, error detection
leads to a factor of two improvement.

For simplicity, we choose to work with channels with small decay probabilities
𝑝𝑎, such that the optimal partition is unchanged (i.e. the BMSE obtained by this
partition is relatively close to the BMSE obtainable by the optimal initial state
of the noiseless case). In the context of atomic clocks, the decay probability is
given by 𝑝𝑎 = 1 − exp(−2𝛾ind𝜏) [192], where 𝛾ind is the individual, uncorrelated,
decay rate out of the clock state, due to radiative decay or scattering from trapping
light. 𝜏 is the total interrogation time. Then, working with small decay probabilities
corresponds to operating with a short total interrogation time, such that 𝑝𝑎 ≈ 2𝛾ind𝜏,
𝜏 ≪ 𝛾−1

ind. This is the relevant regime where protocols using entanglement can
provide considerably better atomic clock stability [119].

We simulate the performance of the proposed scheme for the amplitude damping
probabilities 𝑝𝑎 = 10−3 and 𝑝𝑎 = 10−2 with 𝑁 = 21 qubits in Fig. C.2. We
compare the RBMSE obtained with the proposed scheme to the RBMSE obtained
with a 21-qubit CSS and the noiseless OQI as a function of the prior width, 𝛿𝜙. We
see that for small 𝑝𝑎, the proposed scheme continues surpassing the performance
of the 21-qubit CSS, and achieves a metrological gain of 𝑔𝐷 = 1.85 (2.67 dB) for
𝑝𝑎 = 10−3, and 𝑔𝐷 = 1.51 (1.78 dB) for 𝑝𝑎 = 10−2, at 𝛿𝜙 = 0.7 rad.

Regarding the adaptive protocol, amplitude damping renders the optimization over
the single-qubit rotations used during the adaptive measurement scheme challenging
since it flattens the hypersurface over which the gradient descent is being performed.
Furthermore, due to the sequential nature of the measurement, errors performed
during the beginning of the measurement sequence can alter the resulting estimate
of the phase significantly, resulting in errors increasing with the probability of decay,
𝑝𝑎. This can be seen from Fig. C.2, where the performance of the scheme degrades
when 𝑝𝑎 is increased from 10−3 to 10−2. As mentioned above, this issue can be
mitigated by using error detection measurements, instead of local measurements,
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Figure C.2: Impact of noise on the proposed scheme. (a) RBMSE Δ𝜙, as a function
of the prior width, 𝛿𝜙, for 𝑁 = 21 and various probabilities of decay 𝑝𝑎. As before,
the RBMSE is normalized by the prior width. We plot the RBMSE of the 21-qubit
CSS and the proposed scheme (PS on the Figure) for 𝑝𝑎 = 10−3 and 𝑝𝑎 = 10−2.
Our benchmark is the noiseless OQI, plotted in gray. Increase in the RBMSE due
to amplitude damping is most prominent around the prior width of 𝛿𝜙 = 0.7 rad.
(b) The metrological gain as a function of the effective fidelity per qubit 𝐹0, or
the bit-flip measurement error probability 𝑝𝑒. We plot the performances of the
optimal partitions for qubit numbers of 𝑁 = 9, 15, 18, 21. The partitions are shown
in the plot in the form of (𝑥, 𝑦, 𝑧), where 𝑥, 𝑦, and 𝑧 are the number of 4-qubit, 2-
qubit, and 1-qubit GHZ states, respectively. We fit lines with different slopes to the
performances of the scheme for different 𝑁 , signifying an exponential decay in the
metrological gain with decreasing 𝐹0, or increasing 𝑝𝑒. We observe a correlation
between the decay rate and the number of copies of the 4-qubit GHZ state: the
partitions with 𝑁 = 21 and 𝑁 = 18 both have three 4-qubit GHZ states, and they
have similar decay rates.

for each GHZ state.

GHZ state preparation and single-qubit measurement errors
State preparation and measurement errors result in a parity signal with a limited
contrast, 𝐶 < 1, where the outcomes of a parity measurement performed on an 𝑁-
qubit GHZ state with contrast𝐶 (𝑁) are written as 𝑃(±) = [1 ± 𝐶 (𝑁) cos (𝑁𝜙)] /2,
where {+,−} denote even, odd parity. Let us show this for measurement errors:
assuming the noisy measurement is given by a symmetric bit-flip channel that
precedes a perfect projective measurement in the |+⟩ , |−⟩ basis, the measurement
operators of each qubit are given by 𝑀± = (1 − 𝑝𝑒) |±⟩⟨±| + 𝑝𝑒 |∓⟩⟨∓| with |±⟩ =
( |0⟩ ± |1⟩)/

√
2, and 𝑝𝑒 being the bit-flip probability. The probabilities of even/odd

parities are then: 𝑃(±) = 𝑃(±) 𝑝even + 𝑃(∓) 𝑝odd, where 𝑝even is the probability of
an even number of bit-flip errors occurring, given by 𝑝even =

∑⌊ 𝑁2 ⌋
𝑖=0

(𝑁
𝑖

)
𝑝2𝑖
𝑒 (1 −



210

𝑝𝑒)𝑁−2𝑖, and 𝑝odd = 1 − 𝑝even. These errors therefore result in a contrast of
𝐶 (𝑁) = 𝑝even − 𝑝odd = (1 − 2𝑝𝑒)𝑁 .

A bit-flip measurement error is equivalent to a phase-flip error just before the readout
pulse. Since phase-flip errors commute with the 𝜙-encoding unitary 𝑈 (𝜙), this is
equivalent to a phase flip error occurring during state preparation. Hence, such
preparation errors are completely equivalent to bit-flip measurement errors, and
would lead to the same reduced parity. For imperfect state preparation, we therefore
assume a model where the contrast scales with the qubit number as 𝐶 (𝑁) = 𝐹𝑁0 ,
where 𝐹0 denotes the effective fidelity per qubit.

The metrological gain 𝑔𝐷 in dB for various qubit numbers 𝑁 , as a function of the
effective fidelity per qubit 𝐹0, or the bit-flip probability 𝑝𝑒 can be found in Figure
C.2. Note that a metrological gain above 0 dB signifies that the proposed scheme
surpasses the noiseless CSS interrogation for the respective qubit number. The
partitions used for the proposed scheme are plotted in the Figure in the form of
(𝑥, 𝑦, 𝑧), where 𝑥, 𝑦, and 𝑧 denote the number of repetitions of the 4-qubit, 2-qubit,
and 1-qubit GHZ state. Since we aim to understand how the gain scales with the
fidelity or the error probability as a function of the particular partitions, we choose
to examine the case of (i) 𝑁 = 9, which does not contain any 4-qubit GHZ states,
(ii) 𝑁 = 15, which contains two 4-qubit GHZ states, (iii) 𝑁 = 18 and 𝑁 = 21,
which both contain three 4-qubit GHZ states. We fit functions in the form of
𝑔𝐷 = 𝐴 · exp(−𝐵(1 − 𝐹0)) = 𝐴 · exp(−2𝐵𝑝𝑒) to the metrological gains of different
𝑁 , plotted with dashed lines. The decay rate 𝐵 for 𝑁 = 9, 15, 18 and 21 is calculated
to be 6.78, 13.9, 19.3, and 18.9, respectively. Interestingly, the gain appears to be
mainly a function of the number of repetitions of the largest GHZ state, the larger this
number is, the quicker the gain decays with decreasing fidelity, or increasing bit-flip
error probability. It is approximately independent of the number of repetitions of
the smaller blocks of GHZ states (the 2-qubit and 1-qubit GHZ states in this case).

More sophisticated measurement schemes might be employed to overcome the decay
in the metrological gain due to measurement errors. It has been shown that in the
presence of noisy measurements (assuming no other noise source), attaining HS
depends on the available control operations. For example, HS is attainable in
this regime when global control operations and post-processing methods are used,
however it is elusive when local control operations are available only [153, 280].
We defer studying the effect of using more sophisticated measurement schemes on
the proposed scheme to future work.
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A p p e n d i x D

SUPPLEMENTARY INFORMATION FOR CHAPTER VI

D.1 Imperfect Weak Measurements
Let us consider the following noisy ancilla measurement, in which the ancilla is
measured through the following positive operator-valued measure (POVM):

𝑀0 = (1 − 𝑝𝑒) |0⟩⟨0| + 𝑝𝑒 |1⟩⟨1|, 𝑀1 = (1 − 𝑝𝑒) |1⟩⟨1| + 𝑝𝑒 |0⟩⟨0|, (D.1)

instead of the perfect projective measurement POVM of {Π0 = |0⟩⟨0|,Π1 = |1⟩⟨1|}.
This noisy measurement can be due to a symmetric bit-flip noise inflicted on the
ancilla followed by a perfect projective measurement, or due to an error in the
detection process itself. The probability of a bit-flip is parametrized through 𝑝𝑒.
The sensor and ancilla density matrix following this bit-flip noise is given by:

Λ(𝜌𝑠 ⊗ 𝜌𝑎) =
(
(1 − 𝑝𝑒)𝐾+𝜌𝐾

†
+ + 𝑝𝑒𝐾−𝜌𝐾

†
−

)
⊗ |1⟩⟨1|

+
(
(1 − 𝑝𝑒)𝐾−𝜌𝐾

†
− + 𝑝𝑒𝐾+𝜌𝐾

†
+

)
⊗ |0⟩⟨0| (D.2)

where 𝐾± are the weak measurement Kraus operators given in Eq. (6.2). Hence,
the state of the sensor after this measurement is updated as follows:

𝜌 → 1
𝑝 (𝑥 |𝜔)

[
(1 − 𝑝𝑒) 𝐾(−1)𝑥 𝜌𝐾

†
(−1)𝑥 + 𝑝𝑒𝐾(−1)𝑥+1𝜌𝐾

†
(−1)𝑥+1

]
. (D.3)

𝑝(𝑥 |𝜔) correspond to the probabilities of the measurement results, and 𝑥 = 0, 1.
In order to further understand the effect of such a channel on the sensing qubit, let
us denote 𝜌 = 1/2 (𝐼 + ®𝑟 · ®𝜎), where ®𝑟 = (𝑟𝑥 , 𝑟𝑦, 𝑟𝑧). Furthermore, let us define
𝜙 = tan−1 (𝑟𝑦/𝑟𝑥). The measurement probabilities after the ancilla readout will be
given by

𝑝(𝑥 |𝜔) = 1
2

[
1 + (−1)𝑥 (1 − 2𝑝𝑒) sin (2𝑔)

(
𝑟𝑥 cos (2𝜔𝜏) + 𝑟𝑦 sin (2𝜔𝜏)

) ]
=

1
2
[1 + (−1)𝑥 (1 − 2𝑝𝑒) sin (2𝑔)𝑟 cos (2𝜔𝜏 − 𝜙)] , (D.4)

where we defined 𝑟 = |®𝑟 |. The update on the parameters 𝑟, 𝜙 after the measurement
are calculated as

𝑟2 →
𝑟2(1 − sin (2𝑔)2 sin (𝜙′)2) + (−1)𝑥2𝑝𝑐 sin (2𝑔) 𝑟′𝑥 + 𝑝2

𝑐 sin (2𝑔)2

(1 + (−1)𝑥 sin (2𝑔)𝑝𝑐𝑟′𝑥)2 , (D.5a)

𝜙 → arg
(
𝑟′𝑥 + (−1)𝑥 𝑝𝑐 sin (2𝑔) + 𝑖𝑟 cos (2𝑔) sin (𝜙′)

)
, (D.5b)
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Figure D.1: Effect of imperfect weak measurements on the CFI, with respect to
the measurement strength 𝑔. We plot the CFI 𝐼𝐶 normalized by the QFI 𝐼𝑄 as a
function of 𝑔 and for different error probabilities 𝑝𝑒. The left plot corresponds to the
weak-only protocol, and the right one to the weak-with-strong protocol. We fix the
interrogation time, the measurement period, and the frequency-to-be-estimated as
𝑇 = 10 s, 𝜏 = 0.1 s, and 𝜔 = 5 rad, respectively. Note that in the weak-with-strong
protocol (plotted on the right) we assume that the strong projective measurement is
noiseless.

where 𝜙′ = 𝜙 − 2𝜔𝜏, 𝑝𝑐 = 1 − 2𝑝𝑒, 𝑟′𝑥 = 𝑟 cos (𝜙′), and 𝜙 are initialized at
the beginning of interrogation to 𝑟 = 1, 𝜙 = 0, as the sensing qubit is in the state
|+⟩ = (|0⟩+ |1⟩)/

√
2. For a perfect measurement, 𝑝𝑒 = 0, 𝑟 is unchanged throughout

the interrogation, as the sensing qubit remains in a pure state. However, for 𝑝𝑒 ≠ 0,
the sensing qubit becomes a mixed state due to imperfect measurements, and 𝑟
undergoes a stochastic process (in addition to 𝜙).

In what follows we derive the noisy CFI in the weak back action regime. An
analytical derivation of the CFI in the strong back action regime is left for future
work. In the weak back action limit, Eqs. (D.5) can be approximated as

𝑟 → 𝑟 + (−1)𝑥2𝑔 (1 − 2𝑝𝑒) 𝑟
(
1 − 𝑟2

)
cos (𝜙 − 2𝜔𝜏) , (D.6a)

𝜙 → 𝜙 − 2𝜔𝜏 − (−1)𝑥2𝑔(1 − 2𝑝𝑒) sin (𝜙 − 2𝜔𝜏). (D.6b)

Then, we observe that up to first order in 𝑔, an initial 𝑟 = 1 (pure state) will remain
equal to 1 throughout the interrogation. Combined with the expression for the
measurement probabilities in Eq. (D.4), it can be seen that in this limit, the imperfect
measurement effectively rescales the measurement strength 𝑔 as 𝑔 → 𝑔 (1 − 2𝑝𝑒).
Therefore, the CFI of the weak-only protocol in this limit is 8𝑁𝑔2(1 − 2𝑝𝑒)2𝑇3/3𝜏.
Regarding the CFI with the weak-with-strong protocol in this regime, it can be seen
that CFI remains 4𝑁𝑇2 − 𝑂 (𝑔2) and the sensitivity gap compared to the noiseless
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case is negligible. In the strong back action regime however the effect of 𝑝𝑒 is
different: the gap from the noiseless CFI becomes larger and we observe that the
scaling with time is no longer 𝑇 but modified to 𝑇𝛼 with 𝛼 < 1. In the strong back
action regime, the CFI of both weak measurement protocols converge.

We plot the effect of imperfect measurements on the CFI in Figs. D.1 and D.2. In
Fig. D.1, we plot the CFI as a function of 𝑔 for different measurement error values,
𝑝𝑒, for both protocols. As we found analytically, in the weak back action regime, the
CFI with imperfect measurements is 𝐼w

𝐶
≈ 8𝑁𝑔2(1 − 2𝑝𝑒)2𝑇3/3𝜏 for the weak-only

protocol. Hence, the gap from the noiseless CFI in this limit is (1 − 2𝑝𝑒)2 , and it
is observed on Fig. D.1a. Furthermore, we observe that the CFI of the weak-with
strong protocol is 𝐼ws

𝐶
≈ 4𝑁𝑇2 in the limit of small measurement strength 𝑔 ≪ 1.

In Fig. D.2, we plot the CFI as a function of the interrogation time 𝑇 and different
values of 𝑝𝑒 . We notice that the CFI of both protocols converge to the same value in
the strong back action regime, where the scaling with 𝑇 is modified due to imperfect
measurements.

We can compute the threshold for which the information obtained from the MLE
gets close to the CFI. For this purpose, we again work in the weak back action regime
𝑔2𝑇/𝜏 ≪ 1, and assume a large number of qubits and measurements (𝑁,𝑇/𝜏 ≫ 1).
From the discussion above, we can compute the thresholds given in Eq. (6.48) and
Eq. (6.57) in this limit by rescaling 𝑔 → 𝑔 (1 − 2𝑝𝑒).

To correct a finite number of bit-flip errors, we can prepare the ancilla qubits in an
𝑛-qubit GHZ state, i.e. in the state |𝜓GHZ⟩ (|1𝑛⟩ + 𝑖 |0𝑛⟩)/

√
2. Furthermore, one can

engineer the following unitary interaction between the sensing qubit and the ancilla
state: 𝑈 = exp

(
−𝑖𝑔 𝜎𝑥 ⊗

∑
𝑖 𝜎

𝑖
𝑥

)
, where the summation of the Pauli 𝑥 operators is

over the ancilla qubits. After the free evolution and this unitary, the joint state of
the sensing qubit and the ancillae 𝜌𝑠 ⊗ 𝜌𝑎 will be the following:

Λ(𝜌𝑠 ⊗ 𝜌𝑎) = 𝐾+𝜌𝑠𝐾
†
+ ⊗ |1⟩⊗𝑛 ⟨1|⊗𝑛 + 𝑖𝐾−𝜌𝑠𝐾

†
+ ⊗ |0⟩⊗𝑛 ⟨1|⊗𝑛

− 𝑖𝐾+𝜌𝑠𝐾
†
− ⊗ |1⟩⊗𝑛 ⟨0|⊗𝑛 + 𝐾−𝜌𝑠𝐾

†
− ⊗ |0⟩⊗𝑛 ⟨0|⊗𝑛 , (D.7)

where 𝐾± are the weak measurement Kraus operators given in Eq. (6.2), and 𝜌𝑠 is
the state of the sensing qubit. A noisy measurement on the ancilla qubits will be
described by the POVM in Eq. (D.1). Let us act on this state with the POVM element
𝑀𝑚

0 𝑀
𝑛−𝑚
1 . The probability of obtaining this element will be given by Tr[Λ(𝜌𝑠 ⊗

𝜌𝑎)𝐼 ⊗ 𝑀𝑚
0 𝑀

𝑛−𝑚
1 ] = 𝑝𝑚𝑒 (1 − 𝑝𝑒)𝑛−𝑚Tr[𝐾+𝜌𝑠𝐾

†
+] + (1 − 𝑝𝑒)𝑚𝑝𝑛−𝑚𝑒 Tr[𝐾−𝜌𝑠𝐾†

−].
Furthermore, after tracing out the ancilla qubits, the sensing qubit will be in the
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Figure D.2: Effect of imperfect weak measurements on the CFI, with respect to
the interrogation time 𝑇 . We plot the CFI 𝐼𝐶 normalized by the number of qubits
𝑁 for the weak-only protocol and the weak-with-strong protocol with yellow and
purple lines, respectively. We fix the measurement strength and period as 𝑔 = 0.1
and 𝜏 = 0.1 s. Furthermore, we fix the frequency to be estimated as 𝜔 = 5 rad/s.
We observe that in the weak back action limit where 𝑔2𝑇/𝜏 ≪ 1, the imperfect
measurement effectively scales the measurement strength as 𝑔 → 𝑔(1 − 2𝑝𝑒), but
the scaling with respect to𝑇 is approximately unaffected such that the yellow dashed
and plain curves are parallel to each other. In the strong back action limit, the CFI for
the protocols with imperfect measurements (plain lines) converge to the classical 𝑇
scaling faster compared to the protocols with perfect measurements (dashed lines).
We observed numerically that for larger 𝑝𝑒, the𝑇 scaling gets modified to𝑇𝛼, 𝛼 < 1.

state of

𝜌𝑠 →
𝑝𝑚𝑒 (1 − 𝑝𝑒)𝑛−𝑚𝐾+𝜌𝑠𝐾

†
+ + (1 − 𝑝𝑒)𝑚𝑝𝑛−𝑚𝑒 𝐾−𝜌𝑠𝐾†

−

𝑝𝑚𝑒 (1 − 𝑝𝑒)𝑛−𝑚Tr[𝐾+𝜌𝑠𝐾
†
+] + (1 − 𝑝𝑒)𝑚𝑝𝑛−𝑚𝑒 Tr[𝐾−𝜌𝑠𝐾

†
−]

(D.8)

For a very weak measurement, Tr[𝐾−𝜌𝑠𝐾†
−] ≈ Tr[𝐾+𝜌𝑠𝐾

†
+]. Let us also assume

without loss of generality that 𝑚 ≪ 𝑛, 𝑛 ≫ 1. Then, the probability of the state of
the sensing qubit being 𝐾−𝜌𝑠𝐾†

− after obtaining the POVM element 𝑀𝑚
0 𝑀

𝑛−𝑚
1 is on

the order of

𝑝𝑛−2𝑚
𝑒

𝑝𝑛−2𝑚
𝑒 + (1 − 𝑝𝑒)𝑛−2𝑚

≈
(

𝑝𝑒

1 − 𝑝𝑒

)𝑛−2𝑚
(D.9)

Therefore, the conditional error probability is suppressed with (𝑝𝑒/(1 − 𝑝𝑒))𝑛.
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D.2 Weak Measurements with Light
Here, we consider a related but separate system, where the atoms are stored in a
cavity. In this system, weak measurements can be performed by coupling a cavity
mode dispersively to the atomic spin [30, 27]. Such a coupling results in the
interaction Hamiltonian Hint = 𝜒𝐽𝑥 𝑋̂ , where 𝑋̂ is the position operator of the light,
field, 𝐽𝑥 is the 𝑥 component of the total angular momentum operator Ĵ of the atoms,
and 𝜒 is some interaction strength. 𝜒 is related to the measurement strength 𝑔 in
the proposed protocol. After the interaction, homodyne measurement is performed
on the momentum operator 𝑃̂ of light field to probe the atomic spin. Let us assume

that the atoms are initialized in a coherent state |+⟩ =
[
( |0⟩ + |1⟩)/

√
2
]⊗𝑁

, where 𝑁
is the number of atoms. Therefore, we initially have: ⟨𝐽𝑦⟩ = ⟨𝐽𝑧⟩ = 0, ⟨𝐽𝑥⟩ = 𝑁/2,
⟨𝐽2
𝑦 ⟩ = ⟨𝐽2

𝑧 ⟩ = 𝑁/4, and ⟨𝐽2
𝑥 ⟩ = 𝑁2/4, such that Δ𝐽𝑦 = Δ𝐽𝑧 =

√︁
𝑁/4, and Δ𝐽𝑥 = 0.

The free evolution can be described by a rotation of the total angular momentum
vector on the collective Bloch sphere, quantified by a rotation matrix U(𝜔𝜏), where
𝜔 is the frequency to be estimated and 𝜏 is the free evolution time. A weak
measurement is performed immediately after the free evolution, where the outgoing
momentum operator of the light field is given by

𝑃̂out = 𝑃̂in − 𝜒𝑡′ 𝐽𝑥 . (D.10)

where 𝑡′ is the weak measurement time. We assume that the probing light has
vacuum statistics at any time, such that ⟨𝑋̂in⟩ = ⟨𝑃̂in⟩ = ⟨𝑋̂in𝑃in⟩ = 0, and ⟨𝑋̂2

in⟩ =
⟨𝑃̂2

in⟩ = 1/2. The weak measurement will cause a back action on the collective
angular momentum of the atoms, which also can be described by a rotation on the
Bloch sphere, quantified by a rotation matrix M(Π̂), with Π̂ = 𝜒𝑡′𝑋̂ . We describe
the collective dynamics of the atoms using the Heisenberg picture of the angular
momentum operators Ĵ(𝑡), 𝑡 > 0. The effect of one cycle of free evolution and weak
measurement can be written as

Ĵ(𝑡 + 𝜏) = M(Π̂)U(𝜔𝜏)Ĵ(𝜏), (D.11a)

U(𝜔𝜏) =

cos (2𝜔𝜏) − sin (2𝜔𝜏) 0
sin (2𝜔𝜏) cos (2𝜔𝜏) 0

0 0 1

 , (D.11b)

M(Π̂) =

1 0 0
0 cos (Π̂) − sin (Π̂)
0 sin (Π̂) cos (Π̂)

 (D.11c)
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In order to find the sensitivity with respect to 𝜔 at any given time 𝑡, we can calculate

(Δ𝜔)2 ≈ (Δ𝐽𝑥 (𝑡))2

(𝜕⟨𝐽𝑥 (𝑡)⟩/𝜕𝜔)2
(D.12)

Therefore, we want to find 𝐽𝑥 (𝑇) at the end of the interrogation, where 𝑇 is the
interrogation time. In order to compare a protocol that uses the light field to perform
weak measurements to our protocol, we assume that weak measurements with light
are performed periodically (with a period of 𝜏), and a projective measurement on
the atomic ensemble is performed at the end of the interrogation. Furthermore, we
aim to take the limit of infinitesimally weak measurements 𝜒𝑡′ → 0, in order to
observe if this protocol also reaches the QFI limit of 4𝑁𝑇2.

First, to calculate the first order moment of 𝐽𝑥 , we can write from Eq. (D.11)

⟨Ĵ(𝑛𝜏)⟩ =
𝑛∏
𝑖=1

⟨M𝑖 (Π̂)⟩U(𝜔𝜏)⟨Ĵ(0)⟩ (D.13)

where M𝑖 (Π̂) is the back action matrix from the 𝑖th weak measurement. In order
to find ⟨M𝑖 (Π̂)⟩, we observe that for linear operators on Gaussian states, we have:
⟨𝑒 𝐴̂⟩ = 𝑒⟨𝐴̂⟩𝑒(Δ𝐴̂)2/2. Then, ⟨cos (Π̂)⟩ = cos ((𝜒𝑡′/2)2), ⟨sin (Π̂)⟩ = sin ((𝜒𝑡′/2)2).
To make the analysis simpler, we can add another rotation matrix after each weak
measurement to cancel this average rotation. Then, we will have at the end of the last
measurement: ⟨𝐽𝑥 (𝑇)⟩ = cos (2𝜔𝑇)⟨𝐽𝑥 (0)⟩ − sin (2𝜔𝑇)⟨𝐽𝑦 (0)⟩ = cos (2𝜔𝑇)𝑁/2.
To find the second moments, we can do a similar analysis where we evolve the
Heisenberg operators of {𝐽𝑥,𝑦,𝑧, 𝐽𝑥,𝑦,𝑧}. We find in the limit that 𝑇/𝜏 ≫ 1, 𝑁 ≫ 1

(Δ𝐽𝑥 (𝑇))2 =
𝑁

4
sin (2𝜔𝑇)2 − (𝜒𝑡′)2

64
𝑁
𝑇

𝜏
cot (𝜔𝜏) sin (4𝜔𝑇) (D.14)

Therefore, from Eq. (D.13), we find that

(Δ𝐽𝑥 (𝑇))2

(𝑑⟨𝐽𝑥 (𝑇)⟩/𝑑𝜔)2
≈ 1

4𝑁𝑇2 (D.15)

in the limit that 𝜒𝑡′ → 0. Therefore, we observe that (Δ𝜔)2 ≈ 𝐼𝑄 with this protocol.
Then, the protocol that employs light to perform periodic weak measurements on
the total angular momentum of an atomic ensemble, with a projective measurement
at the end of the interrogation, reaches the ultimate sensitivity limit for coherent
states in the limit of infinitesimally weak measurements. Note that the QFI, 𝐼𝑄 , is
saturated asymptotically, i.e. in the limit of 𝑁 → ∞.
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For non-zero measurement strengths 𝜒𝑡′, the analysis gets significantly more com-
plex, since weak measurements can squeeze the total angular momentum of the
atomic ensemble, giving rise to non-classical scaling with respect to the number of
atoms 𝑁 [225]. This behavior can be recreated in our protocol by coupling a single
ancilla to multiple qubits (compare with the current protocol where a single qubit
interacts with a single ancilla). We leave the details of such a protocol to future
work.
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A p p e n d i x E

SUPPLEMENTARY INFORMATION FOR CHAPTER VII

E.1 Filter optimization
From the Gaussian approximation, the effective decay or gain rate on the dressed
mode that corresponds to the bare system mode is found perturbatively as

𝜅eff(Δ) ≈ 2𝑔2

�������������
Im

©­­­­­­­­«
Δ −

𝐽2
1,2

Δ − 𝐽2
2,3

. . .
Δ−𝑖

𝜅 𝑓

2

ª®®®®®®®®¬

−1�������������
(E.1)

given that 𝑔 ≪ 𝐽𝑖,𝑖+1 ∀ 𝑖. Here, 𝑔 is the interaction rate with the filter (𝑔bs,tm in
Chapter 7), and Δ is the detuning (Δbs,tm in Chapter 7). For multiple modes, we can
also show that the rates can be found this way using the respective interaction rates
and detunings if the detuning of two modes Δ𝑖 and Δ 𝑗 satisfy |Δ𝑖 − Δ 𝑗 | ≫ 𝑔2

𝐵
. To

optimize over the effective rate given {𝐽𝑖,𝑖+1} and 𝜅 𝑓 , we define the following filter
cost function:

C(𝑟) =
∫ 1/2

−1/2
𝑑

(
Δ

𝐵

) (
𝜅eff(Δ/𝐵)
𝜅eff(0)

− 1
)2

+ 2𝑟
∫ ∞

1/2
𝑑

(
Δ

𝐵

) (
𝜅eff(Δ/𝐵)
𝜅eff(0)

)2
. (E.2)

This cost function is parametrized by 𝑟, which represents the ratio of importance
of out-of-passband errors to in-passband errors. The roll-off speed of the filter
increases with larger 𝑟, however, we observe larger-amplitude oscillations in 𝜅eff in
the passband. Then, 𝑟 can be tuned to change the "flatness" of the filter. In Chapter
7, we set 𝑟 ∈ [102, 103] while optimizing over the filter, for which we observed a
satisfactory roll-off speed.

E.2 Independence of dissipators
In this Appendix, we show that the engineered dissipation induced by the multi-
mode filter can be decomposed into independent Lindblad dissipators acting on
each transition |𝑘⟩ ↔ |𝑘 − 1⟩ of the system mode, provided that the transition
frequencies are sufficiently separated. We present two complementary derivations.
In Appendix E.2, we treat the adjacent transitions as independent Gaussian modes
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coupled to the filter, and derive the independence condition |Δ𝑖 − Δ 𝑗 | ≫ 𝑔2/𝐵 via
Heisenberg-picture perturbation theory. In Appendix E.2, we work directly with
the anharmonic system Hamiltonian and adiabatically eliminate the filter modes
using the effective operator formalism of Refs. [218, 44]. Both approaches yield
the same independence condition and the same leading-order form for the effective
dissipation rates.

With the Gaussian approximation
In order to simplify the dynamics analytically, we can approximate the transitions
within the multilevel qubit as independent Gaussian modes with annihilation oper-
ators 𝑑𝑖, 𝑖 = 1, 2, . . . . We refer to these modes as the system modes. Similar to
Eq. (7.11), the interaction Hamiltonian with respect to the bare Hamiltonian of the
system modes, within the RWA, can be written as

𝐻̂ = 𝑔 𝑓
†
1
©­«
∑︁
𝑗∈𝑠𝑑

𝑑 𝑗 𝑒
𝑖Δ 𝑗 𝑡 +

∑︁
𝑗∈𝑠𝑔

𝑑
†
𝑗
𝑒𝑖Δ 𝑗 𝑡

ª®¬ +
𝑀−1∑︁
𝑖=1

𝐽𝑖,𝑖+1 𝑓𝑖 𝑓
†
𝑖+1 + h.c. (E.3)

where we assumed the same interaction rate 𝑔 for both the beam splitter and the
two-mode squeezing interaction, { 𝑓𝑖} are the filter annihilation operators, and 𝑠𝑑 , 𝑠𝑔
denote the sets for which the respective modes experience engineered decay or
gain, respectively. We also engineer dissipation on the final filter mode, with a
dissipator 𝜅 𝑓D[ 𝑓𝑀]. The evolution of the annihilation or creation operators under
this Hamiltonian can be described within the Heisenberg picture:

𝑑

𝑑𝑡

[
ŝ(𝑡)
f̂ (𝑡)

]
=

(
M(0) + 𝑔M(1)

)
·
[
ŝ(𝑡)
f̂ (𝑡)

]
= 𝐵

([
S

F

]
+ 𝑔̃

[
0 C1

C2 0

])
·
[
ŝ(𝑡)
f̂ (𝑡)

]
. (E.4)

Here, f̂ := ( 𝑓1, 𝑓2, . . . , 𝑓𝑀−1)𝑇 is the vector containing the annihilation operators
of the filter modes, whereas ŝ is the vector containing the annihilation (creation)
operators of the system modes in 𝑠𝑑 (𝑠𝑔). With this convention, we can represent
both dynamics in a single equation. Lastly, 𝐵 > 0 is the bandwidth of the filter, with
𝑔 ≪ 𝐵, 𝑔 ≪ 𝐽𝑖 ∀ 𝑖, and 𝑔 ≪ 𝜅 𝑓 . We use the bandwidth to define 𝑔̃ := 𝑔/𝐵 as a
small, dimensionless perturbation.

We can choose a rotating frame such that S is a diagonal matrix containing the
elements of {Δ 𝑗 }. C1 and C2 are the (𝑆, 𝑀) dimensional coupling matrices with
𝑆 = |𝑠𝑑 | + |𝑠𝑔 |. For example, if all of the modes are coupled with the beam splitter
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(two-mode squeezing) interaction, C1 = C𝑇
2 (C1 = −C𝑇

2 ). Since the modes only
couple to the first filter mode, only the first column of C1 and row of C2 is nonzero.
The type of interaction determines the sign of the elements of the first column of
C1, whereas the elements in the first row of C2 are always given by −𝑔̃. Lastly, due
to the symmetry of S and F, M is symmetric. However, F is a complex matrix if
𝜅 𝑓 > 0: thus, the eigenvalues of F are complex in general.

We aim to quantify the effect of the coupling with the filter on the system modes.
Notice that if all of the detunings Δ 𝑗 are distinct, the eigenvector matrix of S is the
identity matrix, and the respective eigenvalues are Δ 𝑗/𝐵. Let us write the perturbed,
diagonal eigenvalue matrix as𝚲(0)+𝑔̃𝚲(1)+𝑔̃2𝚲(2) , and the corresponding perturbed
eigenvector matrix as V(0) + 𝑔̃V(1) + 𝑔̃2V(2) . We assume that eigenvectors are the
column vectors. We also define submatrices in the form of

𝚲(𝑖) :=

[
𝚲(𝑖)
𝑆

𝚲(𝑖)
𝐹

]
, V(𝑖) :=

[
V(𝑖)
𝑆𝑆

V(𝑖)
𝑆𝐹

V(𝑖)
𝐹𝑆

V(𝑖)
𝐹𝐹

]
. (E.5)

Note that V(0)
𝑆𝐹

= V(0)
𝐹𝑆

= 0. From grouping the terms on the same order in the
eigenvalue equation, we first write

M(0)V(1) + M(1)V(0) = V(0)𝚲(1) + V(1)𝚲(0) (E.6)

Multiplying from the left by (V(0))𝑇 , we obtain

𝚲(1) = diag((V(0))𝑇M(1)V(0)) = 0, (E.7)

and

M(0)V(1) − V(1)𝚲(0) = −M(1)V(0) . (E.8)

Then, we notice that on the first order, the eigenvalues are not modified due to the
connection with the filter modes. For the first order perturbation in the eigenvectors,
we find

SV(1)
𝑆𝑆

− V(1)
𝑆𝑆
𝚲(0)
𝑆

= 0 (E.9a)

FV(1)
𝐹𝐹

− V(1)
𝐹𝐹

𝚲(0)
𝐹

= 0 (E.9b)

FV(1)
𝐹𝑆

− V(1)
𝐹𝑆
𝚲(0)
𝑆

= −C2V(0)
𝑆𝑆

(E.9c)

SV(1)
𝑆𝐹

− V(1)
𝑆𝐹
𝚲(0)
𝐹

= −C1V(0)
𝐹𝐹

(E.9d)

From the first two subequations, we observe that the diagonal blocks of the first
order perturbation is parallel to the unperturbed eigenvectors themselves. This per-
turbation can then be eliminated (or ignored) via a renormalization of the perturbed
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eigenvalue matrix. In contrast, the non-diagonal blocks require solving a Sylvester
equation. In order to simplify the next order perturbation, we choose to work in the
gauge where V(1)

𝑆𝑆
= V(1)

𝐹𝐹
= 0. For the second order perturbation of 𝚲(2) , we find:

M(0)V(2) + M(1)V(1) = V(0)𝚲(2) + V(1)𝚲(1) + V(2)𝚲(0) (E.10)

Multiplying with (V(0))𝑇 from the left and substituting 𝚲(1) = 0, we obtain

𝚲(2) = diag
(
(V(0))𝑇M(1)V(1)

)
= diag

([
(V(0)

𝑆𝑆
)𝑇C1V(1)

𝐹𝑆

(V(0)
𝐹𝐹

)𝑇C2V(1)
𝑆𝐹

])
(E.11)

Finally, the second order eigenvector perturbation results in

SV(2)
𝑆𝑆

− V(2)
𝑆𝑆
𝚲(0)
𝑆

= V(0)
𝑆𝑆
𝚲(2)
𝑆

− C1V(1)
𝐹𝑆

(E.12a)

FV(2)
𝐹𝐹

− V(2)
𝐹𝐹

𝚲(0)
𝐹

= V(0)
𝐹𝐹

𝚲(2)
𝐹

− C2V(1)
𝑆𝐹

(E.12b)

FV(2)
𝐹𝑆

− V(2)
𝐹𝑆
𝚲(0)
𝑆

= 0 (E.12c)

SV(2)
𝑆𝐹

− V(2)
𝑆𝐹
𝚲(0)
𝐹

= 0 (E.12d)

Here, since the spectra of S and F are guaranteed to be different (the spectra of F
is complex when 𝜅 𝑓 > 0 whereas the spectra of S is real), the unique solution of
the last two subequations are V(2)

𝑆𝐹
= V(2)

𝐹𝑆
= 0. The magnitude of the second order

perturbations in the system eigenvalues are thus given by the first row of V(1)
𝐹𝑆

, up
to a shift in the sign depending on the type of interaction with the filter. From Eq.
(E.9), we find V(1)

𝐹𝑆
as (substituting V(0)

𝑆𝑆
= I):

(V(1)
𝐹𝑆
)𝑘𝑖 =

∑︁
𝑗

(V(0)
𝐹𝐹

)𝑘 𝑗
((V(0)

𝐹𝐹
)𝑇C2) 𝑗𝑖

𝑠𝑖 − 𝑓 𝑗
(E.13)

where 𝑠𝑖, 𝑓𝑖 are the eigenvalues of S, F, respectively. V(1)
𝑆𝐹

can also be written
similarly,

(V(1)
𝑆𝐹
)𝑘𝑖 =

(C1V(0)
𝐹𝐹

)𝑘𝑖
𝑓𝑖 − 𝑠𝑘

(E.14)

Then, for the eigenvector perturbation to hold, we need to have

|𝑠𝑖 − 𝑓 𝑗 | ≫ 𝑔̃ ∀ 𝑖, 𝑗 . (E.15)

Because the filter is designed for a flat response of bandwidth 𝐵, its 𝑀 modes have
comparable linewidths, with no anomalously narrow mode. Hence, min 𝑗 |Im[ 𝑓 𝑗 ] | ∼
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𝑂 (1/𝑀2), and |𝑠𝑖 − 𝑓 𝑗 | ≥ |Im[ 𝑓 𝑗 ] | ≳ 1/𝑀2, and we need to have 𝑔̃ ≪ 1/𝑀2.
Furthermore, for the second order perturbation analysis in the eigenvalues to hold,
the perturbations need to be smaller than the spacing between the unperturbed
eigenvalues, i.e.

|Δ𝑖 − Δ 𝑗 | ≫ 𝑔2/𝐵, | 𝑓𝑖 − 𝑓 𝑗 | ≫ 𝑔2/𝐵,∀ 𝑖, 𝑗 . (E.16)

If this condition is satisfied, the perturbative approach holds. The nonzero V(2)
𝑆𝑆

signifies that the different Gaussian modes hybridize when connected to the filter,
which gives rise to a dressed eigenbasis. However, this is a second order effect.
Each mode in the dressed eigenbasis experiences an effective dissipation, where the
dissipation rate is 𝑂 (𝑔2/𝐵), as seen from the second order correction in the eigen-
values. In contrast, if there is a subspace of system modes with identical detunings,
one needs to apply degenerate perturbation theory, where the correct eigenvector
matrix corresponds to linear superpositions of the corresponding degenerate system
modes.

Without the Gaussian approximation
Here, let us forego the Gaussian approximation on the adjacent transitions in the
system mode, and consider the anharmonic oscillator with the Hamiltonian 𝐻̂0 =

−𝐾𝑑†𝑑†𝑑𝑑 + 𝜔𝑑𝑑†𝑑. In order to approximate the effective dynamics, we will
adiabatically eliminate the filter modes. For this purpose, we follow the formalism
of Refs. [218, 44]. First, we define a ground subspace with Hamiltonian 𝐻̂𝑔,
and an excited subspace with Hamiltonian 𝐻̂𝑒. The ground subspace describes the
stable, non-decaying modes, whereas the excited subspace describes the excitations
decaying back to the ground subspace.

For our filter system, given the small coupling rate 𝑔 ≪ 𝐽𝑖,𝑖+1, 𝑔 ≪ 𝜅 𝑓 , excitations
in the filter modes will decay rapidly to the bath. Then, we can identify the ground
subspace as the subspace where the filter is in its vacuum state

��0 𝑓 〉. Similarly, the
excited subspace can be identified as the subspace where the filter has an excitation.
In both subspaces, the system mode can be in any state. To simplify the dynamics,
let us go into an interaction frame with respect to the 𝐻̂0 of the system mode, and the
bare Hamiltonian of the filter modes,

∑𝑀−1
𝑖=1 𝜔 𝑓 𝑓

†
𝑖
𝑓𝑖. In this frame, we rewrite the

Hamiltonian with the projection operators 𝑃̂𝑔 :=
��0 𝑓 〉 〈

0 𝑓
�� and 𝑃̂𝑒 := 𝐼 𝑓 −

��0 𝑓 〉 〈
0 𝑓

�� ≈



223∑𝑀
𝑘=1 |𝑒𝑘⟩ ⟨𝑒𝑘 | with |𝑒𝑘⟩ := 𝑓

†
𝑘

��0 𝑓 〉 as

𝐻̂ =

[
𝑃̂𝑔 𝑃̂𝑒

] [
𝐻̂𝑔 𝑉̂+

𝑉̂− 𝐻̂𝑒

] [
𝑃̂𝑔

𝑃̂𝑒

]
= 𝑔 𝑓

†
1

(
𝑑 (𝑡) 𝑒𝑖(𝜔 𝑓+𝜔bs)𝑡 + 𝑑†(𝑡) 𝑒𝑖(𝜔 𝑓+𝜔tm)𝑡

)
+
𝑀−1∑︁
𝑖=1

𝐽𝑖,𝑖+1 𝑓𝑖 𝑓
†
𝑖+1 + h.c., (E.17)

where 𝐼 𝑓 is the identity operator on the filter modes, and

𝑑 (𝑡) =
∑︁
𝑘≥1

√
𝑘 |𝑘 − 1⟩ ⟨𝑘 | 𝑒−𝑖(𝜔𝑑−2𝐾 (𝑘−1))𝑡 (E.18)

is the system mode in the interaction frame. Then, we can define the level-dependent
detunings as in Eq. (7.14). Doing so, we find

𝐻̂𝑔 = 0 (E.19a)

𝐻̂𝑒 = 𝐼𝑠 ⊗
(
𝑀−1∑︁
𝑖=1

𝐽𝑖,𝑖+1 |𝑒𝑖⟩ ⟨𝑒𝑖+1 | + h.c.

)
(E.19b)

𝑉̂+ = 𝑔
∑︁
𝑘≥1

√
𝑘

(
|𝑘 − 1⟩ ⟨𝑘 | 𝑒𝑖Δbs,𝑘 𝑡 + |𝑘⟩ ⟨𝑘 − 1| 𝑒𝑖Δtm,𝑘 𝑡

)
⊗ |𝑒1⟩

〈
0 𝑓

�� (E.19c)

𝑉̂− = 𝑉̂
†
+, and |𝑒1⟩ = 𝑓

†
1

��0 𝑓 〉 is a single excitation on the first filter mode. The oper-
ator 𝑉̂+ describes the transition from the ground subspace to the excited subspace.
Let us denote the separate time-dependent terms as

𝑉̂+ =
∑︁
𝑥∈𝑇

∑︁
𝑘≥1

𝑉̂𝑥+,𝑘𝑒
𝑖Δ𝑥,𝑘 𝑡 (E.20)

with 𝑇 = {bs, tm}, 𝑉̂bs
+,𝑘 = 𝑔

√
𝑘 |𝑘 − 1⟩ ⟨𝑘 | ⊗ |𝑒1⟩

〈
0 𝑓

��, 𝑉̂ tm
+,𝑘 = 𝑔

√
𝑘 |𝑘⟩ ⟨𝑘 − 1| ⊗

|𝑒1⟩
〈
0 𝑓

��, and 𝑉̂𝑥−,𝑘 = (𝑉̂𝑥+,𝑘 )
†. We similarly write the Lindblad operator D[√𝜅 𝑓 𝑓𝑀]

as 𝐿̂ =
√
𝜅 𝑓

��0 𝑓 〉 ⟨𝑒𝑀 |. Then, the unitary evolution in the excited subspace described
by 𝐻̂𝑒 is combined with the Lindblad operator to form a non-Hermitian operator
that describes the full dynamics in this subspace,

𝐻̂NH = 𝐻̂𝑒 −
𝑖

2
𝐿̂† 𝐿̂

= 𝐼𝑠 ⊗
(
𝑀−1∑︁
𝑖=1

𝐽𝑖,𝑖+1 |𝑒𝑖⟩ ⟨𝑒𝑖+1 | + h.c.

)
− 𝐼𝑠 ⊗

𝑖𝜅 𝑓

2
|𝑒𝑀⟩ ⟨𝑒𝑀 | (E.21)

Given this operator, the effective Hamiltonian in the ground subspace is found as

𝐻̂eff = −1
2

∑︁
𝑥,𝑦∈𝑇

∑︁
𝑘,𝑛≥1

𝑉̂𝑥−,𝑘
[
𝐹̂𝑥,𝑘 + 𝐹̂†

𝑦,𝑛

]
𝑉̂
𝑦
+,𝑛𝑒

𝑖(Δ𝑦,𝑛−Δ𝑥,𝑘)𝑡 (E.22)
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with 𝐹̂𝑥,𝑘 := (𝐻̂NH −Δ𝑥,𝑘 )−1. The sum over the bs-bs and tm-tm terms in 𝑉̂+ and 𝑉̂−
will give rise to time-independent contributions, whereas the bs-tm cross terms will
oscillate with frequencies |Δbs,𝑘 − Δtm,𝑘−1 |, 𝑘 ≥ 2. The time-dependent terms can
be dropped with the RWA since |Δbs,𝑖 −Δtm,𝑘 | ∼ 2𝜔𝑑 ≫ 𝑔2/𝜅 𝑓 . This approximation
will result in

𝐻̂eff ≈ −𝑔
2

2

∑︁
𝑘≥1

𝑘

[
⟨𝑒1 | 𝐹̂bs,𝑘 + 𝐹̂†

bs,𝑘 |𝑒1⟩ |𝑘⟩ ⟨𝑘 | +

⟨𝑒1 | 𝐹̂tm,𝑘 + 𝐹̂†
tm,𝑘 |𝑒1⟩ |𝑘 − 1⟩ ⟨𝑘 − 1|

]
⊗

��0 𝑓 〉 〈
0 𝑓

�� (E.23)

Thus, the interaction with the excited subspace results in an 𝑂 (𝑔2) perturbation in
the energy levels of the system in the ground subspace, and leaves the eigenbasis
unchanged as cross terms within the same channel (bs-bs or tm-tm with 𝑘 ≠ 𝑙)
vanish identically by the orthogonality of the projectors |𝑘⟩ ⟨𝑘 − 1| for different 𝑘 .
Similarly, we can write the effective Lindblad operator in this space as

𝐿̂eff(𝑡) = 𝐿̂
∑︁
𝑥∈𝑇

∑︁
𝑘≥1

𝐹̂𝑥,𝑘𝑉̂
𝑥
+,𝑘𝑒

𝑖Δ𝑥,𝑘 𝑡

=
∑︁
𝑘≥1

(
𝑟bs
𝑘 𝐿̂𝑘 𝑒

𝑖Δbs,𝑘 𝑡 + 𝑟 tm
𝑘 𝐿̂

†
𝑘
𝑒𝑖Δtm,𝑘 𝑡

)
, (E.24a)

𝐿̂𝑘 := 𝑔√𝜅 𝑓
√
𝑘 |𝑘 − 1⟩ ⟨𝑘 | , (E.24b)

where 𝑟𝑥
𝑘

:= ⟨𝑒𝑀 | 𝐹̂𝑥,𝑘 |𝑒1⟩ . Then, we observe that in the ground subspace, inter-
acting with the filter with the beam splitter (two-mode squeezing) interaction will
cause an effective Lindblad operator ∝ 𝑑 (∝ 𝑑†), resulting in engineered decay
(gain). The engineered dissipation rates are proportional to 𝑔2, the filter interaction
rate to the second power. Finally, let us show the approximate independence of the
engineered dissipation on each transition |𝑘⟩ ↔ |𝑘 + 1⟩. The effective Lindblad
master equation in the ground subspace can be written as

¤̂𝜌 = −𝑖[𝐻̂eff, 𝜌̂] + 𝐿̂eff 𝜌̂ 𝐿̂
†
eff − 1

2
{𝐿̂†eff 𝐿̂eff, 𝜌̂} (E.25)

Here, the terms oscillating at different frequencies in 𝐿̂eff(𝑡) will give rise again to
oscillating terms. However, now, there will be bs-bs and tm-tm cross terms as well.
The RWA can be applied if, for all 𝑘, 𝑛,

|Δx,𝑘 − Δx,𝑛 | ≫ 𝑔2𝜅 𝑓
√
𝑘𝑛|𝑟𝑥𝑘𝑟

𝑥
𝑛 |, (E.26)

for 𝑥 ∈ 𝑇 . From the tridiagonal structure of 𝐻̂NH, |𝑟𝑥𝑛 | is found exactly as

|𝑟𝑥𝑛 | =
∏𝑀
𝑖=1 𝐽𝑖

|det(𝐻̂NH − Δ𝑥,𝑛) |
(E.27)
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assuming that 𝐽𝑖 > 0 ∀ 𝑖. For an upper bound on the required separation of the
detunings, we want to estimate an upper bound on the r.h.s. of this inequality, i.e.
an upper bound on the obtainable effective decay rate obtained with the filter. For
this purpose, assuming that {𝐽𝑖}, 𝜅 𝑓 is such that the filter response is almost flat, we
can set Δ𝑥,𝑘 = 0 (i.e. the transition is in the middle of the filter). Then, |𝑟𝑥𝑛 | is given
by

|𝑟𝑥𝑛 | =


∏𝑀
𝑖=1 𝐽𝑖∏(𝑀−2)/2

𝑖=0 𝐽2
2𝑖+1

if M is even

2
∏𝑀
𝑖=1 𝐽𝑖

𝜅 𝑓
∏(𝑀−3)/2
𝑖=0 𝐽2

2𝑖+1
if M is odd

(E.28)

For a bandpass filter, we will have that 𝐽𝑖 ∼ 𝜅 𝑓 ∼ 𝑂 (𝐵): thus, |𝑟𝑥𝑛 | ∼ 𝑂 (1/𝐵), and
the condition in Eq. (E.26) reduces to

|Δx,𝑘 − Δx,𝑛 | ≫
𝑔2√𝑘𝑛
𝐵

(E.29)

If this condition is satisfied for 𝑥 ∈ 𝑇 , we can rewrite Eq. (E.25) as

¤̂𝜌 = −𝑖[𝐻̂eff, 𝜌̂] +
∑︁
𝑘≥1

(
|𝑟bs
𝑘 |

2D[𝐿̂𝑘 ] 𝜌̂ + |𝑟 tm
𝑘 |2D[𝐿̂†

𝑘
] 𝜌̂

)
(E.30)

The coherent off-diagonal terms dropped by the RWA in this equation correspond to
the non-zero V(2)

𝑆𝑆
perturbation retained in the Gaussian approximation of Appendix

E.2. Both are controlled by the same small parameter 𝑔2/(𝐵|Δ𝑖 − Δ 𝑗 |), and do not
affect the leading-order engineered dissipation rates. Thus, the effective dynamics
can be approximated with independent jump operators 𝑔2𝜅 𝑓 𝑘 |𝑟bs

𝑘
|2D[|𝑘 − 1⟩ ⟨𝑘 |]

describing engineered decay, and 𝑔2𝜅 𝑓 𝑘 |𝑟 tm
𝑘
|2D[|𝑘⟩ ⟨𝑘 − 1|] describing engineered

gain, 𝑘 ≥ 1. Lastly, the engineered dissipation rates can be suppressed with a
far-detuned interaction (i.e. large Δ𝑥,𝑘 ), since |𝑟𝑥

𝑘
| ≪ 1 if Δ𝑥,𝑘 ≫ 𝐽𝑖,𝑖+1, Δ𝑥,𝑘 ≫ 𝜅 𝑓 .

E.3 CX bit-flip probability
Here, the logical states of the data qubits are defined from |±⟩ = N±( |𝛼⟩ ± |−𝛼⟩),
where N± = (2 ± 2𝑒−2|𝛼 |2)−1/2. These states are perfectly orthogonal to each other,
⟨+|−⟩ = 0. The logical states are

|0𝐿⟩ =
|+⟩ + |−⟩

√
2

, |1𝐿⟩ =
|+⟩ − |−⟩

√
2

(E.31)

Writing the logical states in the coherent state basis, we obtain

|𝑘𝐿⟩ = |𝛼⟩ (N+ + (−1)𝑘N−)√
2

+ |−𝛼⟩ (N+ − (−1)𝑘N−)√
2

(E.32)
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with 𝑘 = 0, 1. For 𝛼 ≫ 1, |0𝐿⟩ ≈ |𝛼⟩, and |1𝐿⟩ ≈ |−𝛼⟩.

Let us assume a control qubit is prepared in |𝜓⟩ = |𝑚⟩ in the Fock basis. We
apply the dispersive coupling Hamiltonian 𝐻 = 𝜒0(𝑎̂†𝑎̂) ⊗ (𝑑†𝑑), where 𝑎̂ (𝑑) is the
annihilation operator of the control (data) qubit. Initializing the data qubit in |0𝐿⟩,
we apply this Hamiltonian on the state |𝑚⟩ ⊗ |0𝐿⟩ for a time 𝑡. Given that we have

𝑒−𝑖𝜒0𝑡 (𝑎̂†𝑎̂)⊗(𝑑†𝑑) |𝑚⟩ ⊗ |𝛼⟩ = |𝑚⟩ ⊗
��𝛼𝑒−𝑖𝜒0𝑚𝑡

〉
, (E.33)

this interaction will result in the following state:

|𝑚⟩ ⊗
(
|𝛼̃⟩ (N+ + N−)√

2
+ |−𝛼̃⟩ (N+ − N−)√

2

)
(E.34)

Here, 𝛼̃ = 𝛼𝑒−𝑖𝜃 , and 𝜃 := 𝜒0𝑚𝑡 is the rotation angle. We then trace the control qubit
out and dissipatively stabilize the data qubit such that it is contained in the logical
manifold {|0𝐿⟩ , |1𝐿⟩}. The stabilization is performed with a two-photon process.
The initial state can be written as

𝜌̂𝑖 (𝜃) = 𝑎2
+ |𝛼̃⟩ ⟨𝛼̃ | + 𝑎2

− |−𝛼̃⟩ ⟨−𝛼̃ | + 𝑎+𝑎−( |𝛼̃⟩ ⟨−𝛼̃ | + |−𝛼̃⟩ ⟨𝛼̃ |) (E.35)

where 𝑎± =
(N+±N−)√

2
. The evolution of the dissipatively stabilized data qubit will

obey

𝜌̂(𝑡) = 𝜅2D[𝑑2 − 𝛼2] 𝜌̂(𝑡) (E.36)

where 𝜅2 is the engineered dissipation rate, and D[ 𝐴̂] := 𝐴̂𝜌̂ 𝐴̂† − 1
2 { 𝐴̂

† 𝐴̂, 𝜌̂}. The
asymptotic steady state at the end of the stabilization is in the form of

𝜌̂∞ = 𝑐++ |+⟩⟨+| + (1 − 𝑐++) |−⟩⟨−|
+ 𝑐+− |+⟩⟨−| + 𝑐∗+− |−⟩⟨+| . (E.37)

We can write [181]

𝑐++ = 2N2
+

1 + 𝑒−2|𝛼 |2

2
=

1
2
, (E.38)

𝑐+− =
2𝑖N+N− |𝛼 |2√︁
𝑒4|𝛼 |2 − 1

𝐹𝛼 (𝜃) =
𝑖 |𝛼 |2𝑒−2|𝛼 |2

1 − 𝑒−4|𝛼 |2
𝐹𝛼 (𝜃) (E.39)

where we have defined

𝐹𝛼 (𝜃) :=
∫ 𝜋

0
𝑑𝜙 𝑒−𝑖(𝜙−𝜃) 𝐼0(2|𝛼 |2 sin (𝜙 − 𝜃)) (E.40)
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Here, 𝐼0 is the modified Bessel function of the first kind. 𝑐++, 𝑐+− characterize the
final state exactly. Let us now derive the bit-flip probability if a CX gate is applied
to two data qubits, conditioned on the Fock state |𝑚⟩. We refer to this probability as
𝑝bf(𝜃). First, defining the joint state of the control and the data qubit after a rotation,
given in Eq. (E.34), as |𝑚⟩ ⊗ |𝜉⟩, we will now have a state |𝑚⟩ ⊗ |𝜉⟩ ⊗ |𝜉⟩. Tracing
out the control qubit, the data qubits will be in the form of 𝜌̂∞ ⊗ 𝜌̂∞, where 𝜌̂∞ is
characterized in Eqs. (E.37), (E.38). The bit-flip probability can then be written as

𝑝bf(𝜃) = 1 − (⟨0𝐿 | 𝜌̂∞ |0𝐿⟩)2 − (⟨1𝐿 | 𝜌̂∞ |1𝐿⟩)2

=
1
2
− 2Re[𝑐+−]2

=
1
2

[
1 −

(
|𝛼 |2

sinh (2|𝛼 |2)
Re[𝐹𝛼 (𝜃)]

)2]
(E.41)

From the definition of the Bessel function, |𝛼 |2
sinh (2|𝛼 |2)Re[𝐹𝛼 (𝜃)] can be rewritten as

the following for 0 ≤ 𝜃 ≤ 𝜋:

|𝛼 |2
sinh (2|𝛼 |2)

∞∑︁
𝑚=0

|𝛼 |4𝑚
(𝑚!)2

∫ 𝜋

0
𝑑𝜙 sin2𝑚+1 (𝜙 − 𝜃)

= 1 − 2|𝛼 |2
sinh (2|𝛼 |2)

∞∑︁
𝑚=0

|𝛼 |4𝑚
(𝑚!)2

∫ 𝜃

0
𝑑𝜙 sin2𝑚+1 (𝜙)

= 1 − 2|𝛼 |2
sinh (2|𝛼 |2)

∫ 𝜃

0
𝑑𝜙 sin (𝜙)𝐼0

(
2|𝛼 |2 sin (𝜙)

)
:= 1 − 𝑀𝛼 (𝜃) (E.42)

which gives the expression in Eq. (7.17) in Chapter 7.

Given a control qubit in the state of Eq. (7.21) in Chapter 7, let us compute the
total bit-flip probability from the CX gate on two data qubits. We again assume
dispersive coupling between the control and the data qubit. Notice that the terms
that are non-diagonal in the Fock basis in Eq. (7.21) will lead to zero contribution
in the final state of the data qubits, when the control qubit is traced out. Then, the
initial state of the data qubits before the stabilization is written as

1 + 𝑝
2

𝜌̂𝑖 (0) ⊗ 𝜌̂𝑖 (0) +
(1 − 𝑝)𝑛

2
𝜌̂𝑖 (𝑛𝜃) ⊗ 𝜌̂𝑖 (𝑛𝜃) +

𝑝

2

𝑛−1∑︁
𝑗=1

(1 − 𝑝) 𝑗 𝜌̂𝑖 ( 𝑗𝜃) ⊗ 𝜌̂𝑖 ( 𝑗𝜃)

(E.43)

where 𝜃 is the rotation angle. We set 𝑛𝜃 = 𝜋, such that the data qubits undergo a
𝜋-pulse |0𝐿⟩ → |1𝐿⟩ if the control qubit is in state |𝑛⟩. The first two terms do not
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contribute to the bit-flip probability after the stabilization (since 𝑝bf(0) = 𝑝bf(𝜋) =
0). Then, Eq. (7.18) in Chapter 7 is found to be

𝑝bf =
𝑝

2

𝑛−1∑︁
𝑘=1

(1 − 𝑝)𝑘 𝑝bf

(
𝜃 =

𝜋𝑘

𝑛

)
(E.44)

Linearizing for 𝑝 ≪ 1, we find that 𝑝bf ≈ 𝑝

2
∑𝑛
𝑘=0 𝑝bf

(
𝜃 = 𝜋𝑘

𝑛

)
. Here, note that we

extended the summation limits to include 𝑘 = 0 and 𝑘 = 𝑛, as their contribution
to the sum is zero. Using the definition for 𝑝bf(𝜃) in Eq. (7.17) of Chapter 7, we
expand this expression as

𝑝bf ≈
𝑝

2

𝑛∑︁
𝑘=0

[
𝑀𝛼

(
𝜋𝑘

𝑛

)
− 1

2
𝑀2
𝛼

(
𝜋𝑘

𝑛

)]
≈ 𝑝𝑛

2

∫ 1

0
𝑑𝑧

[
𝑀𝛼 (𝜋𝑧) −

1
2
𝑀2
𝛼 (𝜋𝑧)

]
(E.45)

where we converted the summation over the Fock levels to an integral in the limit
that 𝑛 ≫ 1. From the symmetry of 𝑀 (𝜋𝑧), we have that 𝑀𝛼 (𝜋𝑧) = 2−𝑀𝛼 (𝜋(1−𝑧))
for 𝑧 ∈ [ 1

2 , 1]. Then, we find:∫ 1

0
𝑑𝑧 𝑀𝛼 (𝜋𝑧) =

∫ 1
2

0
𝑑𝑧 𝑀𝛼 (𝜋𝑧) +

∫ 1

1
2

𝑑𝑧 [2 − 𝑀𝛼 (𝜋(1 − 𝑧))] = 1 (E.46)

We can similarly rewrite the second term in Eq. (E.45) as∫ 1

0
𝑑𝑧 𝑀2

𝛼 (𝜋𝑧) =
∫ 1

2

0
𝑑𝑧 𝑀2

𝛼 (𝜋𝑧) +
∫ 1

1
2

𝑑𝑧 [2 − 𝑀𝛼 (𝜋(1 − 𝑧))]2

= 2 − 4
∫ 1

2

0
𝑑𝑧 𝑀𝛼 (𝜋𝑧) + 2

∫ 1
2

0
𝑑𝑧 𝑀2

𝛼 (𝜋𝑧) (E.47)

In order to approximate this expression, we notice that the integrand in the definition
of 𝑀𝛼 (𝜃) in Eq. (E.42) is sharply peaked around 𝜋/2. In the vicinity of 𝜋/2, we
can approximate 𝐼0(2|𝛼 |2 sin 𝜙) ≈ exp

(
2|𝛼 |2 sin 𝜙

)
/
√︁

4𝜋 |𝛼 |2 sin 𝜙, and sin (𝜙) ≈
1 − ( 𝜋2 −𝜙)

2

2 . Then, using the Laplace method, we rewrite 𝑀𝛼 (𝜃) as

𝑀𝛼 (𝜃) ≈
|𝛼 |/

√
𝜋

sinh (2|𝛼 |2)

∫ 𝜃−𝜋/2

−𝜋/2
𝑑𝜙 𝑒2|𝛼 |2 (1− 𝑢2

2 )

≈ |𝛼 |/
√
𝜋

sinh (2|𝛼 |2)

∫ 𝜃−𝜋/2

−∞
𝑑𝜙 𝑒2|𝛼 |2 (1− 𝑢2

2 ) (E.48)

For 0 ≤ 𝜃 ≤ 𝜋/2, we can further write

𝑀𝛼 (𝜃) ≈ 1 − erf
(
|𝛼 |

(𝜋
2
− 𝜃

))
, (E.49)
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where erf(𝑧) is the erf function. Finally, plugging this into Eq. (E.47), we obtain∫ 1

0
𝑑𝑧 𝑀2

𝛼 (𝜋𝑧) ≈ 1 + 2
∫ 1

2

0
𝑑𝑧 erf2 ( |𝛼 |𝜋𝑧) ≈ 2 −

(
2
𝜋

)3/2 1
|𝛼 | (E.50)

for |𝛼 | ≫ 1. Thus, Eq. (E.45) can finally be approximated as 𝑝bf ≈ 𝑝𝑛√
2𝜋3 |𝛼 |

for
|𝛼 |, 𝑛 ≫ 1.

E.4 Bit-flip floor
We now derive the bit-flip floor analytically. We assume the ideal setting of the 0-n
Fock qubit where we engineer dissipation with rate 𝜅𝑠 between adjacent levels in the
lower and upper half spaces. The transition rates are summarized in Eq. (7.3), and
we also assume that intrinsic loss processes are much weaker than the engineered
dissipation 𝜅↑,↓

𝑖
≪ 𝜅𝑠.

In this setting, we observed that the system stabilizes to a metastable state in short
time-scales 𝑡 ∼ 1/𝜅𝑠. As the populations in each level converge to their steady state
values, the CX bit-flip probability when the qubit is used as the control qubit also
converges to a fixed value. We refer to this probability as the bit-flip floor. Let us
analyze how the bit-flip floor varies as a function of the number of levels in the qubit
𝑁 , and the mean photon number in the cat qubit 𝛼. Furthermore, let us examine the
speed of convergence to the bit-flip floor.

Fixing |𝛼 |2 = 10, 𝜅↓
𝑖
= 10−3𝜅𝑠, and 𝜅↑

𝑖
= 10−5𝜅𝑠, we plot the total bit-flip probability

as a function of the stabilization time 𝑡 for various 𝑛 in Fig E.1a. From the Figure, we
observe that the bit-flip probability decays exponentially with time before converging
to the bit-flip floor.

Then, we plot the scaling of the bit-flip floor with respect to the number of levels 𝑁
for various |𝛼 | in Fig E.1b. We fix 𝜅↑

𝑖
= 10−2𝜅

↓
𝑖
, and define 𝑟↓ = 𝜅

↓
𝑖
/𝜅𝑠 ≪ 1. We plot

the case where 𝑟↓ = 1−3 with the circles, and 𝑟↓ = 1−4 with the stars. For relatively
small 𝑁 , the bit-flip floor decays exponentially with 𝑁 , where we observe that the
decay rate is proportional to |𝛼 |2. As 𝑁 ≫ 1, the scaling is modified into a power
law. Let us derive this scaling analytically, assuming that the limiting loss process
for the bit-flip floor is intrinsic decay, i.e. 𝜅↓

𝑖
≫ 𝜅

↑
𝑖
.

First, notice that given the initial state before the stabilization in Eq. (7.21), we have
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Figure E.1: Bit-flip probability 𝑝bf of the CX gate on cat qubits with mean photon
number |𝛼 |2, when the 0-n Fock qubit is used as the control qubit. a) On relatively
short timescales 𝑡 ∼ 1/𝜅𝑠, the 0-n Fock qubit stabilizes and 𝑝bf converges to to a
fixed value referred to as the bit-flip floor, inversely proportional to 𝑛. b) Bit-flip
floor as a function of the number of levels 𝑁 = 𝑛 + 1 of the Fock qubit. The floor
decays exponentially with 𝑛 for small 𝑛, however the scaling is modified to 1/𝑛2 for

𝑛 ≫ 1 (see Eq. (E.56)). We set 𝑟↓ =
𝜅
↓
𝑖

𝜅𝑠
to 10−3 (plotted with circles) and 10−4

(plotted with stars), for |𝛼 |2 = 5 (plotted in blue) and |𝛼 |2 = 10 (plotted in yellow).
The analytical fit for large 𝑛 is plotted with the respective colors, with plain and
dashed lines for 𝑟↓ = 10−3 and 𝑟↓ = 10−4, respectively.



231

that

𝑃(0) = 1
2
(𝑝 + (1 − 𝑝)𝑛) , (E.51a)

𝑃( 𝑗) = 𝑝

2
(1 − 𝑝) 𝑗 , 1 ≤ 𝑗 ≤ 𝑛 − 1, (E.51b)

𝑃(𝑛) = 1
2
(1 − 𝑝)𝑛 . (E.51c)

Since 𝜅↓
𝑖
≫ 𝜅

↑
𝑖
, the bit-flip errors will arise from intrinsic loss to lower levels in

the upper half of the 0-n Fock qubit. The total population in these levels is initially∑𝑛
𝑗=(𝑛+1)/2 𝑃( 𝑗) =

1
2 (1 − 𝑝) (𝑛+1)/2. On the timescale 𝑡 ∼ 1/𝜅𝑠, the populations in

the upper half will converge to the metastable state given in Eq. (7.6) of Chapter 7.
Then, the populations in this section can be written as

𝑃( 𝑗) ≈ (1 − 𝑝) 𝑛+1
2

2

(
𝜅
↓
𝑖

𝜅𝑠 + 𝜅↑𝑖

)𝑛− 𝑗
≈ (1 − 𝑝) 𝑛+1

2

2

(
𝜅
↓
𝑖

𝜅𝑠

)𝑛− 𝑗
(E.52)

for 𝑛+1
2 ≤ 𝑗 ≤ 𝑛. The level populations decay exponentially as we go to lower levels

from 𝑛. In contrast, the bit-flip probability of a level increases. However, for large
enough 𝑛, the decay in populations will be faster than the increase in the bit flip
probability. Then, the highest contribution to the total bit-flip probability will be
due to level 𝑛 − 1. The bit-flip probability can therefore be approximated as

𝑝bf ≈
(1 − 𝑝) 𝑛+1

2

2

(
𝜅
↓
𝑖

𝜅𝑠

)
𝑝bf

(
𝜋 − 𝜋

𝑛

)
(E.53)

where

𝑝bf

(
𝜋 − 𝜋

𝑛

)
=

1
2

[
1 −

(
1 − 𝑀𝛼

(
𝜋 − 𝜋

𝑛

))2
]
= 𝑀𝛼

(𝜋
𝑛

)
− 1

2
𝑀2
𝛼

(𝜋
𝑛

)
(E.54)

as 𝑀 (𝜋 − 𝜋
𝑛
) = 2−𝑀 ( 𝜋

𝑛
). Let us approximate 𝑀 ( 𝜋

𝑛
) for 𝑛 ≫ 1. Defining 𝑥 := 𝜋/𝑛,

𝑥 ≪ 1, we have:

𝑀 (𝑥) = 2|𝛼 |2
sinh (2|𝛼 |2)

∫ 𝑥

0
𝑑𝜙 sin (𝜙)𝐼0

(
2|𝛼 |2 sin (𝜙)

)
≈ |𝛼 |2𝑥2

sinh (2|𝛼 |2)
, for 𝑥 ≪ 1 (E.55)

Then, for large enough 𝑛 such that 𝑀 ( 𝜋
𝑛
) ≪ 1, we find

𝑝bf ≈
𝜋2 |𝛼 |2(1 − 𝑝) 𝑛+1

2

2𝑛2 sinh (2|𝛼 |2)

(
𝜅
↓
𝑖

𝜅𝑠

)
. (E.56)
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We thus observe that the bit-flip floor decays as 1/𝑛2 in the limit of 𝑛 → ∞. This
analytical expression is plotted with plain lines for 𝑟↓ = 10−3, and dashed lines for
𝑟↓ = 10−4 in Fig. E.1b. For both cases, blue curves represent |𝛼 |2 = 5, whereas
yellow curves represent |𝛼 |2 = 10. We observe that this function is a good fit in the
limit of 𝑁 ≫ 1.

E.5 Analytical solution to bit-flip probability after CX gates with decay
For a large number of filter modes, performing the full simulation of the stabilization
of the 0-n Fock qubit, as well as the noisy CX gates conditioned on it can be compu-
tationally challenging. Because of this, it is valuable to approximately quantify the
bit-flip probabilities with an analytical method. We show that such a method can be
obtained here.

First, we have shown in Section 7.2 that the evolution of the 0-n Fock qubit during
an ideal stabilization can be separated into two components: the evolution of the
diagonal elements, |𝑖⟩ ⟨𝑖 |, and the coherences, |𝑖⟩ ⟨ 𝑗 |, 𝑖 ≠ 𝑗 . The former can be
computed with a CTMC, whereas the latter only shrinks in amplitude, where the
rate can be computed given the decay and heating rates 𝜅𝑑

𝑖
, 𝜅ℎ

𝑖
between levels | 𝑗⟩

and | 𝑗 + 1⟩. These rates are obtained analytically in a perturbative fashion (cf. Eq.
(E.1)).

After the stabilization, the 0-n Fock qubit is used to perform the CX gates on the
cat qubits. The interaction Hamiltonian between the Fock qubit and a cat qubit is in
the form of 𝐻 = 𝜒𝑛̂𝑎𝑛̂𝑑 , where 𝑛̂𝑥 = 𝑥†𝑥, and 𝑎̂ (𝑑) is the annihilation operator on
the Fock (cat) qubit. Furthermore, the CX gate is subject to intrinsic single-photon
events. For the CX gate on 𝑀 cat qubits, their final state can be written as

Ψ̂ 𝑓 = Φ𝑀 (TrF(Λ𝑀 ( 𝜌̂ ⊗ Ψ̂𝑖))) (E.57)

where Ψ̂𝑖 := |0𝐿⟩ ⟨0𝐿 |⊗𝑀 , Λ𝑀 (·) := Λ𝑀 ◦ · · · ◦ Λ1, Φ𝑀 (·) := Φ𝑀 ◦ · · · ◦ Φ1 ,
Φ𝑖 (·) := 𝐼⊗𝑀−𝑖 ⊗ Φ(·) ⊗ 𝐼𝑖−1, and the trace is over the Fock qubit. Furthermore, we
define Λ𝑖 to be the channel Λ applied to the control qubit and the 𝑖th qubit, with the
identity acting on all remaining subsystems. Here, Λ is the CX gate, and Φ is the
stabilization of the cat qubit via two-photon dissipation. Given this final state, the
bit-flip probability is

1 − (⟨0𝐿 |⊗𝑀 Ψ̂ 𝑓 |0𝐿⟩⊗𝑀 + ⟨1𝐿 |⊗𝑀 Ψ̂ 𝑓 |1𝐿⟩⊗𝑀). (E.58)

We observe that the CX interaction satisfies

Λ( |𝑖⟩ ⟨ 𝑗 | ⊗ 𝜌̂) ∝ |𝑖⟩ ⟨ 𝑗 | ⊗ 𝜎̂ for 𝑖 ≠ 𝑗 , (E.59)
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i.e. the coherence terms of the Fock qubit are unaffected up to an amplitude rescaling
due to decoherence, and the cat qubit is transformed from 𝜌̂ into 𝜎̂. Due to the
tracing out of the Fock qubit, these terms will not contribute to Ψ̂ 𝑓 . Furthermore,
there is no cross-talk between them and the diagonal terms |𝑖⟩ ⟨𝑖 | of the Fock qubit.
Then, we can ignore the coherences of the initial state of the Fock qubit while
calculating the bit-flip probability. Because of this, we work with the initial Fock
qubit state in the form of 𝜌̂ =

∑
𝑗 | 𝑗⟩ ⟨ 𝑗 |.

We can then compute the effect of Λ using the Lindbladian in Eq. (7.2) with the CX
Hamiltonian 𝐻 = 𝜒𝑛̂𝑎𝑛̂𝑑 . For coherent states |𝛼⟩ , |𝛽⟩, the Hamiltonian satisfies

[𝐻, | 𝑗⟩ ⟨ 𝑗 | ⊗ |𝛼⟩ ⟨𝛽 |] = 𝜒 𝑗 | 𝑗⟩ ⟨ 𝑗 | ⊗ [𝑛̂𝑑 , |𝛼⟩ ⟨𝛽 |] (E.60)

This term acts on the initial coherent state superposition to rotate them in the phase
space over time, and the Fock qubit is unaffected. Conversely, the Lindbladian L( 𝜌̂)
in Eq. (7.2) causes single photon decay and heating events, causing transitions
between adjacent Fock levels, and leaves the coherent states unchanged. Therefore,
we propose the following ansatz for the evolution of the joint state of the Fock qubit∑
𝑗 𝑝 𝑗 | 𝑗⟩ ⟨ 𝑗 | and the dyad |𝛼⟩ ⟨𝛽 |:

𝜎̂ =
∑︁
𝑗

∫
𝑑𝜃 𝑃 𝑗 (𝑡, 𝜃) | 𝑗⟩ ⟨ 𝑗 | ⊗

��𝛼𝑒−𝑖𝜃〉 〈
𝛽𝑒−𝑖𝜃

�� (E.61)

where 𝑃 𝑗 (0, 𝜃) = 𝑝 𝑗𝛿(𝜃) ∀ 𝑗 , 𝛿(𝑥) is the Dirac delta function, and
∑
𝑗 𝑝 𝑗 = 1. For

easier notation, let us define 𝛼𝑒−𝑖𝜃 = 𝛼𝜃 , 𝛽𝑒−𝑖𝜃 = 𝛽𝜃 . Then,

𝑑𝜎̂

𝑑𝑡
=

∑︁
𝑗

∫
𝑑𝜃 𝜕𝑡𝑃 𝑗 (𝑡, 𝜃) | 𝑗⟩ ⟨ 𝑗 | ⊗ |𝛼𝜃⟩ ⟨𝛽𝜃 | (E.62)

Also, notice that

𝑑 |𝛼𝜃⟩
𝑑𝜃

= 𝑒−|𝛼 |
2/2

∑︁
𝑛

(−𝑖𝑛) (𝛼 𝑒
−𝑖𝜃)𝑛

√
𝑛!

|𝑛⟩

= −𝑖𝑛̂
��𝛼𝑒−𝑖𝜃〉 (E.63)

Then, [𝑛̂, |𝛼𝜃⟩ ⟨𝛽𝜃 |] = 𝑖 𝑑𝑑𝜃 ( |𝛼𝜃⟩ ⟨𝛽𝜃 |). Using this identity, −𝑖[𝐻, 𝜎̂] can be written
as (up to the constant factor 𝜒):∑︁

𝑗

∫
𝑑𝜃 𝑗𝑃 𝑗 (𝑡, 𝜃) | 𝑗⟩ ⟨ 𝑗 | ⊗

𝑑

𝑑𝜃
( |𝛼𝜃⟩ ⟨𝛽𝜃 |)

= −
∑︁
𝑗

∫
𝑑𝜃 𝜕𝜃 𝑗𝑃 𝑗 (𝑡, 𝜃) | 𝑗⟩ ⟨ 𝑗 | ⊗ |𝛼𝜃⟩ ⟨𝛽𝜃 | (E.64)
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Let us also denote L(𝜎̂) with∑︁
𝑗 ,𝑙

∫
𝑑𝜃 𝑀 𝑗 (𝑙)𝑃 𝑗 (𝑡, 𝜃) | 𝑗⟩ ⟨ 𝑗 | ⊗ |𝛼𝜃⟩ ⟨𝛽𝜃 | (E.65)

The evolution of 𝜎̂ is found from
𝑑𝜎̂

𝑑𝑡
= −𝑖[𝐻, 𝜎̂] + L(𝜎̂). (E.66)

From Eqs. (E.64) and (E.65), we observe this equation can be rewritten in terms of
𝑃 𝑗 (𝑡, 𝜃) only. Doing so, we obtain the following partial differential equation

𝜕𝑡𝑃 𝑗 (𝑡, 𝜃) = −𝜒 𝑗𝜕𝜃𝑃 𝑗 (𝑡, 𝜃) +
∑︁
𝑙

𝑀 𝑗 (𝑙)𝑃 𝑗 (𝑡, 𝜃). (E.67)

This equation can be solved by going into the Fourier domain, where 𝑃̃ 𝑗 (𝑡, 𝑘) =∫
𝑑𝜃𝑒−𝑖𝑘𝜃𝑃 𝑗 (𝑡, 𝜃).

𝜕𝑡 𝑃̃ 𝑗 (𝑡, 𝑘) = −𝑖𝜒 𝑗 𝑘 𝑃̃ 𝑗 (𝑡, 𝑘) +
∑︁
𝑙

𝑀 𝑗 (𝑙)𝑃̃ 𝑗 (𝑡, 𝑘)

=
∑︁
𝑙

𝑀′
𝑗 (𝑙)𝑃̃ 𝑗 (𝑡, 𝑘) (E.68)

Solving this for each 𝑗 results in obtaining the evolution of 𝜎̂. Let us refer to the
solution at the end of the CX interaction as 𝑃 𝑗 (𝑇, 𝜃). We notice that this solution
is independent of the coherent state amplitudes 𝛼, 𝛽. Using this property, and given
the initial state of the cat qubit before the interaction is in the form of

|0𝐿⟩ ⟨0𝐿 | = 𝑎++ |𝛼⟩ ⟨𝛼 | + 𝑎−− |−𝛼⟩ ⟨−𝛼 | + 𝑎+−( |𝛼⟩ ⟨−𝛼 | + |−𝛼⟩ ⟨𝛼 |), (E.69)

The final state will therefore result in

𝜎̂ 𝑓 =
∑︁
𝑗

∫
𝑑𝜃 𝑃 𝑗 (𝑇, 𝜃) | 𝑗⟩ ⟨ 𝑗 | ⊗ (𝑎−− |−𝛼𝜃⟩ ⟨−𝛼𝜃 |

+ 𝑎++ |𝛼𝜃⟩ ⟨𝛼𝜃 | + 𝑎+−( |𝛼𝜃⟩ ⟨−𝛼𝜃 | + |−𝛼𝜃⟩ ⟨𝛼𝜃 |)) (E.70)

For the two-resonator cost function considered in Chapter 7, we need to apply the
same CX interaction to a secondary cat qubit resonator initialized in |0𝐿⟩ ⟨0𝐿 |. For
an easier computation, we can commute the stabilization of the first qubit in Eq.
(E.57), as well as the projection into the logical subspace {|0𝐿⟩ , |1𝐿⟩}, with this
interaction. Thus, we obtain two possible initial Fock qubit states depending on
the result of this projection. For both of these states, one can resolve the evolution
for 𝑃 𝑗 (𝑡, 𝜃) for the second resonator, which is then stabilized and projected into the
logical subspace. Finally, the bit-probability can be computed from Eq. (E.58) with
𝑀 = 2.
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Figure E.2: Average logical error per round 𝑝∗
𝐿

when the 0-n Fock qubit is used
as an ancilla in the repetition code, paired with cat data qubits, with a dephasing
budget on the Fock qubit. The contours for 𝑝∗

𝐿
are shown as a function of 𝜅1𝑇cycle

and the code distance 𝑑, where 𝜅1 is the single-photon loss rate of the cat qubits, and
𝑇cycle is the cycle time for a single round of error correction. 𝑍 errors are applied
on the ancilla and the data qubits at the start of each error correction round. We
assume single-photon events on the ancilla with 𝜏↓

𝑖
= 250 𝜇s, 𝜏↑

𝑖
= 250 ms, and

dephasing such that the overall 𝑍 error probability 𝑝ancilla
𝑍

is doubled. Lastly, we
assume a stabilization time 𝑡𝑠 = 500 ns, CX gate time 𝑡𝑔 = 200 ns, and cat mean
photon number |𝛼 |2 = 10.

E.6 Logical error rates with a dephasing budget
Here, we recompute the average logical error per round, given the 0-n Fock qubit as
the ancilla and cat data qubits, for the repetition code. In Sec. 7.4, we have ignored
the dephasing effects as we assumed that 𝐸𝐽 can be sufficiently increased such that
dephasing due to charge noise is suppressed exponentially in 𝐸𝐽/𝐸𝐶 . Here, we relax
this assumption and work in a regime where dephasing results in a loss of coherence
equal to that of the intrinsic single-photon events. In Sec. 7.2, we have computed
that single-photon events result in a decay of coherence terms as 𝜌̂(𝑡) = 𝑒− 1

2 𝜅𝑐𝑡 𝜌̂(0),
where 𝜌̂(0) = |𝑚⟩ ⟨𝑛|, 𝜅𝑐 = 𝜅𝑡𝑚 + 𝜅𝑡𝑛, and 𝜅𝑡𝑛 = 𝜅d

𝑛−1 + 𝜅h
𝑛 is the total rate of the

outgoing excitations from level 𝑛. Then, the coherence |0⟩ ⟨𝑛| decays with a total
rate 𝜅𝑐 = 𝑛𝜅

↓
𝑖
+ (𝑛 + 2)𝜅↑

𝑖
≈ 𝑛𝜅

↓
𝑖
. Similarly, dephasing with a Lindblad operator

𝐿̂𝜙 =
√
𝜅𝜙 𝑎̂

†𝑎̂ results in a loss of coherence with rate 𝜅𝑐 = 𝜅𝜙 (𝑚 − 𝑛)2. Thus, we
set 𝜅𝜙 = 𝜅

↓
𝑖
/𝑛 for the 0-n Fock qubit, so that the decay due to dephasing is equal to
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that due to the single-photon loss.

The recomputed average logical error rates (including the bit-flip contribution) can
be found in Fig. E.2. We plot the contours 𝑝∗

𝐿
∈ {10−4, 10−5, 10−6} with dotted,

dashed, and plain lines, respectively. We work with 𝑁 ∈ {4, 6, 8, 10}, which are
represented with the different colors. We set the Fock qubit stabilization time as
𝑡𝑠 = 500 ns, and the CX gate time as 𝑡𝑔 = 200 ns: thus, the total 𝑍 and 𝑋 errors on the
ancilla are fixed and are independent of the cycle time 𝑇cycle. 𝑇cycle determines the
amount of dephasing on the data qubits, with 𝑝data

𝑍
≈ |𝛼 |2𝜅1𝑇cycle, |𝛼 |2𝜅1𝑇cycle ≪ 1,

as in Sec. 7.4. Here, 𝜅1 is the single-photon loss rate of the cat qubits. Finally, we
set the mean photon number as |𝛼 |2 = 10.

Comparing Fig. E.2 with Fig. 7.4 in Sec. 7.4, we observe that a given logical error
rate for a code distance 𝑑 is achieved for smaller 𝜅1𝑇cycle, i.e. for a smaller dephasing
rate of the cat qubit. This is expected, as the additional dephasing budget causes an
increased ancilla phase-flip probability, which deteriorates the performance of the
repetition code. However, this performance change does not require an order-of-
magnitude change in 𝜅1𝑇cycle.
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