Probing and Harnessing Entanglement, Noise, and
Dissipation across Quantum Metrology and Computing

Thesis by
Su Direkci

In Partial Fulfillment of the Requirements for the
Degree of
Doctor of Philosophy

Caltech

CALIFORNIA INSTITUTE OF TECHNOLOGY

Pasadena, California

2027
Defended September 1, 2026



© 2027

Su Direkci
ORCID: 0009-0002-3867-4337

All rights reserved

11



Ayaklarryla ezip fictya mi bastilar seni
Nefti kasnakli bir ficiya,
Aldirma, kara iiziim!

Sen, o Kirmizi sarabina dogru
Icten ice
Harul haril

Calismana bak, iki goziim!

Can Yiicel



iv

ACKNOWLEDGEMENTS

I want to thank my wonderful advisor, Yanbei Chen. When I first came to Caltech,
I was having a difficult time finding an advisor due to my background in electrical
engineering. Yanbei took me into his group with no hesitation. I still remember
what he told me when I shared my anxious thoughts about research in theoretical
physics with him: "It’s just math, you’ll figure it out". Throughout our five-year
journey of me figuring it out, he never underestimated any of my potentially naive
ideas. He attacked every problem with the same excitement and endless love for
physics. His group has also been remarkable in terms of gender equality, which is
a commendable feat in theoretical physics. Outside of academia, he has made my
PhD experience incredibly joyful through his great sense of humor and his endless
positivity. He’s been more than a mentor to me, and I will always be incredibly

grateful to him for everything.

During my junior years, there weren’t so many people working on quantum metrol-
ogy at Caltech. I still remember the first time that Yanbei mentioned that there was
a postdoc in John Preskill’s group, Tuvia Gefen, with whom we could collaborate.
We have indeed been collaborating ever since. Tuvia has been an amazing mentor
and a dear friend for all of these years. He single-handedly introduced me to the
field of quantum metrology, and to the concepts that helped me get my PhD today.
With his warmth, kindness, and patience, he made our meetings special. Outside of
work, he was a steady source of support during a formative period of my life, during
which I was probably a bit dramatic sometimes. I want to thank him for memories

that I remember with a smile on my face.

I got to collaborate with some of the brightest minds in their field here, some of
whom were my committee members: [ want to thank Manuel Endres, Lee McCuller,
and John Preskill for all of their guidance during my thesis journey. I’d like to thank
Manuel especially for our collaboration over the years, during which his ideas gave
rise to so many interesting discussions. I also want to express my appreciation
for our discussions with Lee, as I always left them with a new understanding of
concepts related to the field, and a great number of remarkable paper references.
Finally, I want to thank John for having very inclusive meetings that foster great
collaborations. Other bright minds that I got to collaborate with were: Markus
Aspelmeyer, Rana Adhikari, Nelson Darkwah Oppong, Soonwon Choi, Klemens

Hammerer, and Vivishek Sudhir. I want to thank Markus for hosting me in Vienna,



v

and all of these people for our discussions, which were extremely thought-provoking.

I did an internship at the AWS Center for Quantum Computing during the last year
of my PhD, where I got to do research in a whole new field with a lot of interesting
problems to tackle. I want to thank Simon Lieu, Kyungjoo Noh, and Connor Hann

for our great discussions and their guidance during this time.

During the initial years of my PhD, I had the chance to collaborate with and especially
learn from my amazing peers Klemens Winkler and Corentin Gut. I want to thank
them for their patience while I was learning the basics of academia and also for
hosting me in Vienna, where I had a great time. I also want to thank James
Gardner, who is technically my academic little brother, but has provided me with
guidance and company for several years while we were trying to find our place in
the field of quantum metrology. During this time, he probably said "quantum Fisher
information" a thousand times. Finally, during my last year, I got to collaborate with
Zachary Mann and Shruti Maliakal: I want to express my appreciation for all of our

discussions that gave me a new perspective on displacement sensing.

I want to thank all of my friends in Turkey who had to give up their Saturday evenings
to talk with me. They welcomed me with open arms every summer when I visited
Turkey, and never held a grudge because of me leaving and missing a large part of
their lives: Sila, Beste, Elif, Zeren, Oykii, and many more. Also, I want to express
my gratitude for my extended family and family friends who would always host me

with the worry that [ hadn’t eaten any good food in the United States.

Caltech would only be a collection of buildings for me if it weren’t for the amazing
people that I met here. I’ve grown with some of these people: we’ve seen each other
at our best and worst, laughed, cried, and got drunk too many times. I’m happy to
know that I have someone that I call a friend in most corners of the world now. I
want to thank all of them for something that I appreciate about them: Cat for always
seeing the good in everyone, Elina for being the free-spirited extrovert that she is,
Eyyiip for understanding all of my chronically online jokes and being ready to dance
at all times, Alkim for teaching me how to play tennis and his creative cursing skills,
Volkan for being an incredible sport against my offensive jokes, Bilge for taking me
to amazing concerts, Kemal for his maturity beyond his years and expertise at the
gym, Damla for her photography skills, Andrew for his love of cats and solidarity,
Brian for his authenticity, Colin for being a nihilist who is good at impressions, and

Kadircan for his refined tastes in life.



vi
I also want to acknowledge the people who made this place into a community
for me. I had very fun conversations with them, which were like medicine after
endless calculations and failed simulations. Here’s a list with some of them: Utku,
Mert, Arda D., Elvira, Hannah, Gyohei, Honami, Richard, Nadine, Solene, Théo,
Fatma, Maryam, Ecem, Rahaf, Dylan, Huma, Madison, Taylor, Steven, Jeff, Yufeng,

Annika, and Ian.

I want to thank my parents for always doing the best that they could. Growing up
in less favorable conditions than the ones I got to enjoy, they sometimes had to put
their aspirations aside for the benefit of their children, which I’'m always grateful for.
Thanks to their sacrifices, I was able to take the risk of moving abroad, and build a
life that they once dreamed of for themselves. I also want to shout out my sister Duru
for tolerating, even as a teenager, my despotic regime in the house whenever I visit.
I’'m in general grateful to my family for always being supportive, even when I’'m

hours deep in a derivation (during which I can be grumpy apparently—-who knew?).

Finally, I want to thank my partner Elie. With his infinite patience, love and wisdom,
he’s been an incredible support for me during this time. With him and our cat Solis,
we were able to build a home away from both of our homes. I'm grateful to all of

the small coincidences of life that led us to this version.



Vil

ABSTRACT

Modern quantum systems have two facets: they are resources we would like to
harness, and they contain physics we would like to probe. This thesis studies both
through several case studies in quantum metrology and computing, unified by the
interplay between entanglement, noise, and dissipation. We first probe entangle-
ment in an optomechanical setting, where a mechanical oscillator is continuously
driven and monitored by a light field. Assuming Gaussian dynamics and arbitrary,
possibly non-Markovian noise, we derive necessary and sufficient conditions for
entanglement. For a vacuum input, the entangling-disentangling transition is set by
the environmental noise alone and is independent of the optomechanical coupling
strength. Furthermore, frequency-dependent squeezing cannot entangle a system
that is separable when driven by vacuum. In the Advanced Laser Interferometer
Gravitational-Wave Observatory (aLIGO), we find that the present level of classi-
cal noise, dominated by low-frequency seismic noise, makes significant stationary
entanglement unlikely. We then turn to quantum frequency estimation and present
two schemes. The first scheme harnesses entanglement as a metrological resource,
approaching Heisenberg-limited precision up to a constant factor using blocks of
Greenberger-Horne-Zeilinger (GHZ) states prepared with logarithmic-depth circuits
and read out with local, adaptive measurements. The second scheme addresses the
precision-bandwidth trade-off through a weak-measurement Ramsey protocol that
recovers the classical precision limit over an extended dynamic range. Finally, we
harness dissipation by introducing the 0-n Fock qubit, a noise-biased bosonic encod-
ing stabilized by frequency-selective dissipation, with bit-flip errors exponentially
suppressed in n (the highest Fock level). Used as a bias-preserving ancilla for cat-
qubit architectures, it enables noise-biased controlled-X gates and low logical error
rates with experimentally realistic parameters. Together, these results explore the
regimes where entanglement and quantum advantage can survive noise, and show

how measurement and dissipation can be engineered to protect them.
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2.1

3.1

LIST OF ILLUSTRATIONS

The two pictures of parameter estimation: the prepare-and-measure
picture (left), where the parameter is imprinted on the probe and
is measured directly, vs the continuous monitoring picture, where a
meter interacts with the probe and is measured, causing back action
ontheprobe. . . . . . . ... ...
Schematic of the optomechanical system. The mechanical mode b
interacts with a light field and reaches a steady state. We refer to
the modes of the input light field as #, and the reflected (output)
light field as ¥, respectively. The schematic shows the equivalence
between the spatial and the temporal modes of the light field: for
example, the temporal modes of the input field located at the light-
mechanics interface for # > 0 can be thought of as the spatial modes at
t = 0 that have yet to interact with the mirror. Similarly, the temporal
modes of the output field for # < 0 can be thought of as the spatial
modes at t = 0 that have already reflected off the mirror. We label
the duration of the temporal modes as dt in the schematic, however,
we are interested in the continuum limit, where dt — 0. Lastly, the
mechanical mode is subjected to a force noise 7ip, and the output field

is subjected to a sensing NOISE 725. . . . . « v v v v w e
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Page
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3.2 Logarithmic negativity for the case where the input light field is
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the vacuum state, for a photodetector efficiency of n = 0.9 (plotted
in yellow), and n = 1 (plotted in blue), and white environmental
noise sources. We fix the force noise level with Qg/(27) = 10
Hz, and vary the sensing noise level in the range of Qg/(27) €
[1, 5000] Hz. The parameters of the mechanical oscillator are chosen
as wy/(27) = 1 Hz and y,,/(27) = 0.01 Hz. We observe that for
a unity photodetector efficiency (7 = 1), the entangling transition is
characterized by Qp ~ Qg, as observed numerically in Ref. [65]. For
anon-unity photodetector efficiency (n < 1), the entangling transition

is not universal with respect to the interaction strength €. For this

case, the transition is characterized by \/912: + (1 - 77)9(2l /2 ~ Qg,

drawn by the red vertical lines in the inset. . . . . . ... ... ...

Xii

44

Impact of frequency-dependent squeezing on the entangling-disentangling

transition. a) Amplitude spectra \/m normalized by the interac-
tion strength €24, as a function of different interaction strengths and
squeezing levels. Spectra of the force and the sensing noises are
shown in dashed lines. Although Markovian at the input, the force
noise is transduced by the mechanical oscillator, causing it to decrease
as Q7 in amplitude at the output. b) The entangling-disentangling
transition with respect to the force and the sensing noises in the
system, for different squeezing configurations. The optomechanical
state is entangled for the noise configurations below their respective
curves. When the input light is in the vacuum state (blue curve), the
transition is independent of the interaction strength. We observe that
as Qg increases, the transitions of the other configurations approach

that of the vacuum case, in terms of the parameters for which they
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4.1

4.2

4.3

Logarithmic negativity for the case where the input light field is
frequency-dependently squeezed with r = 1 (c.f. Eq. (3.89)), and for
the vacuum input. We further consider the cases where we compute
the entanglement between the mechanical oscillator at time 7 = 0 and
the light field, where the field is considered to be 1) the outgoing field
that has left the oscillator during ¢ < 0, ii) the joint field combining the
outgoing field that has left the oscillator during ¢ < 0, and the ingoing
field that has yet to interact with the oscillator, but will be reflected
from the oscillator during ¢ > 0. These cases (for a squeezed input)
are plotted in yellow and blue curves, respectively. For the vacuum
input plotted in red, we only consider case 1). We observe that for a
squeezed input, entanglement is harder to achieve for case i), and the

entangling transition is not universal with respect to the interaction

strength €,. However, for case ii), universality is restored. . . . . . .

Figurative representation of the two different partitions that are used
while testing for entanglement, which are defined by tracing over
(top row) and not tracing over (bottom row) the cavity. Note that the

system configuration is not changed, i.e. cavity is still present for

both partitions. . . . . . . . . . . . ... e

Logarithmic negativity between the mechanical oscillator and the
outgoing light field in the free-mass limit as a function of Qx/Qp
for various Q,/Qr. We plot the results for Markovian and non-
Markovian force and sensing noise with dashed and plain lines, re-
spectively. Note that entanglement does not exist for Qx/Qr < 1
with Markovian and for Qx/Qr < 2.6 with non-Markovian noise
sources, for w,,/(27) = 1 Hz, y,,/(2n) = 0.01 Hz, ¢ = 0.05, and a

cutoff frequency of Q./(27r) =0.05Hz. . . . . .. ... ... ....

aLLIGO noise budget obtained from pygwinc. Only the dominant
classical noise sources are plotted, along with the quantum noise.
The total force noise in the system is the sum of the seismic noise and
the suspension thermal noise, which is effective at low frequencies.
The coating Brownian thermal noise is taken as the main constituent
of the sensing noise. As can be seen from the figure, quantum

noise dominates over the sensing noise by a large margin at high

frequencies. . . . . . ... e

xiil
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4.4

4.5

4.6

5.1

Force (top row) and sensing noise (bottom row) spectra parametrized
by ar,, ar,, ax,, and ax,. The effect of aF, is to raise and lower the
nominal noise strength below the cutoff frequency and aF, shifts the
cutoff frequency. Similarly, ay, shifts the cutoff frequency where the

sensing noise starts increasing as Q2 whereas ay, shifts the nominal

noise level. . . . . . ..

The effect of the force noise spectrum on the logarithmic negativity
when we do not trace over the cavity. Note that the force noise levels

increase toward the bottom-right of the figure and our fit of aLIGO’s

operationregime is forap, =ap, =1. . . . . . .. ..o,

The effect of resonant modes on the logarithmic negativity, E, for
both partitions. We see that the negativity reduces with increasing
aF, or with the introduction of resonant modes. Note that ap, = 1.

Summary of contributions. We propose a scheme that, given the prior
width 6¢ and the total number of qubits N, computes the optimal
partition over blocks of GHZ states, as well as optimal local, adaptive
measurements. Partitions of blocks of GHZ states can be used to
approximate the optimal initial states for phase estimation. If optimal
measurements are available, blocks of GHZ states approximately
reach the benchmark sensitivity for all prior widths. If local, adaptive
measurements are used instead, we obtain Heisenberg scaling up to a
constant overhead. Furthermore, optimal partitions can be rescaled to
include slow atoms (atoms that accumulate phases of ¢/2, ¢/4,...),
which enable an extended dynamic range beyond 6¢ > n. We show

that the proposed scheme surpasses other phase unwinding protocols

in the literature that extend the dynamic range. . . . . ... ... ..

Xiv

73



XV

5.2 Operation of an optical atomic clock in the Bayesian context. (a) The
fluctuating laser frequency wy () causes the atoms to accumulate a
phase ¢. The phase is measured at the end of the interrogation cycle,
and is used to estimate the laser frequency. (b) Allan deviation o (7),
normalized by y1.0/waN'/?, as a function of the total interrogation
time 7, for various interrogation schemes, and N = 200 atoms. The
vertical dashed line represents the coherence time limit due to local
oscillator noise [235], which determines the maximum Ramsey time

1/2

T. The Allan deviation decreases as 7'/~ after this point for the uncor-

related and GHZ interrogation. If phase slip errors are suppressed,

I as seen from the sta-

it is possible for the stability to scale as 7~
bilities of the best classical scheme and the optimal quantum clock
(0OQC). The fundamental limit of sensitivity is set by the individual
particle decoherence (Eq. (5.6)), which is plotted with a gray, dashed
line. (c) Allan deviation o (7), normalized by yro/waN 12 as a
function of the total number of atoms N, for 7 = 10‘3)/1:(1) (top) and
7=10 y]:(l) (bottom). Note that the legend for the plots is shown in b.
For 7y o < 1, the stabilities of all the clocks scale as N 12 Protocols
that show HS can increase the clock stability by an additional factor
of N'/2. For tyL0 > 1, T takes its largest value of T ~ 7]:(1) for
the uncorrelated interrogation, causing the stability to scale as 7!/2.
Extending the Ramsey time with the best classical scheme enables to
obtain a stability that scales as 7, and using protocols that show HS,

such as the OQC, can further boost the stability by a factor of N'/2. . 82
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Summary of the introduced protocol for N = 4 qubits, and a prior
width of ¢ = /3 ~ 1.05 rad. (a) The possible partitions of
the blocks of GHZ states for N = 4 qubits are given in the Table,
and the MSE as a function of ¢ is plotted. For this prior width,
the best-performing partition is plotted in yellow, highlighted in the
Table. (b) Optimization over local, adaptive measurements. The
measurement consists of successive Z(®;) operations and projective
measurements. The Z(®;) operation corresponds to a rotation around
the z-axis by ®; in the Bloch sphere picture, such that ¢ — ®; is
measured. Based on the measurement outcome, the next rotation
angle is determined. During the optimization, m phases are sampled
uniformly from the interval [-66¢, 60¢], which are then used to
compute the BMSE analytically. Gradient descent is used to tune the
single-qubit rotations ®; in the adaptive measurement. This process
is iterated until the BMSE converges to a minimum. (c) Numerical

values (in units of radians) of the single-qubit rotations ®; at the end

of the optimization. . . . . . ... ... . ... ... ... ... .

XVi



5.4 Performance of the proposed scheme for N = 21 qubits. (a) RBMSE

5.5

A¢ as a function of the prior width, §¢, for N = 21. The performance
of the phase estimation with a 21-qubit GHZ state, 21-qubit CSS, the
OQY, and the proposed scheme is plotted in blue, yellow, gray, and red,
respectively. The different shapes of the red markers correspond to
different ways of partitioning the qubits into blocks of GHZ states. (b)
Optimal partitions of 21 qubits into blocks of GHZ states for different
prior widths. For a small prior width the optimal strategy is to use
the GHZ state with the maximum number of atoms possible. The
remaining atoms are distributed to smaller GHZ states. In contrast,
for a large prior width, it is more advantageous to use GHZ states
with smaller numbers of atoms and distribute them equally. (c) The
amplitudes of states with ny, excitations, 0 < ny, < 21, for the
optimal initial states of the OQI and the initial states obtained with
blocks of GHZ states, for different prior widths. ny, = 0 (nyp, = 21)
corresponds to the state [0Y®V(|1)®Y). We see that for §¢ ~ 1 rad,
the optimal initial state of the OQI resembles a sine state. (d) MSE
of the OQI, CSS, and the proposed scheme for N = 21 and 6¢ = 0.7
rad, plotted in purple, yellow, and red, respectively. The proposed
scheme achieves a metrological gain of g = 2.29 (3.59dB). . . ..
RBMSE as a function of number of qubits N, normalized by the
prior width, for 6¢ = 0.7 rad. We see that the CSS and the OQI
constitute the SQL and HL, respectively. For larger qubit numbers,
the BMSE of all of the schemes converges to a constant independent
of N. We also plot the n-corrected HL in the absence of phase
slip errors, which touches the OQI curve at N =~ 70. We observe
that all of the schemes that use blocks of GHZ states show sub-SQL
sensitivity. Furthermore, the scheme with a varying block size and
the proposed scheme obtain HS. For all N, the proposed scheme
obtains the maximal sensitivity, among existing schemes. Inset. We
plot the RBMSE of the OQI, CSS, and the proposed scheme in the
range 40 < N < 100, with gray, yellow, and red, respectively. We
see that the proposed scheme shows HS with an overhead of ~ 1.56,

shown with the light greenline. . . . ... ... ... .......

XVvii



5.6 RBMSE A¢, normalized by 27, as a function of the total qubit number

5.7

N, for different prior widths. For small enough prior widths (6¢ = 0.7
rad), no slow atoms are needed. The RBMSE of the proposed scheme
in this regime is plotted in gray. For larger prior widths, the number
of atoms needed to extend the dynamic range depends on the phase
unwinding protocol. We define non-adaptive and adaptive phase
unwinding, also propose a more efficient phase unwinding protocol
that extends the proposed scheme to large prior widths. Furthermore
for the proposed scheme, in the limit of N > 1, the RBMSE for
different prior widths converges to the RBMSE for 6¢ = 0.7 rad.
Therefore, in this limit, we can obtain a clock stability that scales as
the total interrogation time 7 even in the regime where 7y o > 1.
Inset. MSE for the proposed phase unwinding scheme for N = 16
atoms and a prior width of 6¢ = 2.8 rad. We see that the MSE is
close to that of the OQI, and that the proposed scheme has a dynamic
rangeof ~ 8m. . . . ...
RBMSE normalized by 27, as a function of the number of qubits N,
for the optimal partition of the blocks of GHZ states, and the OQI. The
OQI constitutes a benchmark for Bayesian phase estimation, and we
assume that arbitrarily complex optimal measurements are available
for the optimal partitions. The comparison to the OQI shows that
the BMSE of the optimal partitions performs almost optimally for all
prior widths. We also plot the -corrected HL, defined as A¢ = /N
in the limit of N > 1 [125], with a gray line. The BMSE of the OQI
(as well as the optimal partition) converges to the HL for all prior

widths except 6¢ ~ 1.05 rad, due to phase sliperrors. . . . . . . ..
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6.1

6.2

Dynamic range problem in frequency estimation: a) Circuit represen-
tation of the standard Ramsey experiment, where a strong measure-
ment is applied after a phase accumulation time 7. b) We consider a
uniform prior distribution of the unknown frequency Ps,(w) in the
interval [0, dw]. ¢) The square-root of the Bayesian mean squared er-
ror (BMSE) Aw, normalized by the prior width 6w and the number of
qubits N = 64. The solid, red line corresponds to the measurement-
optimized BMSE, which suffers from phase slips beyond 6w T = , as
shown in the Bloch sphere picture. The dashed-blue line corresponds
to the quantum Fisher information bound of (Aw)™2 = Iy = 4NT2.

d) Circuit representation of the approach studied here: Ramsey ex-

periment with sequential weak measurements. . . . . ... ... ..

Average classical Fisher information (CFI) /¢, normalized by the QFI,
Ip = 4N T2, for the weak-only protocol (plotted in yellow), and weak-
with-strong protocol (plotted in green). We fix the measurement
strength as g = 0.1, measurement period as 7 = 0.1 s, and vary the
interrogation time 7 € [1, 100] s. In the weak back action regime,
i.e. g°T/t < 1, the CFI for the weak-with-strong protocol saturates
Ip. The CFI for the weak-only protocols is much smaller, yet it

increases rapidly as 7°. Eventually, in the strong back action regime,

g’T /T > 1, the two protocols obtain the same CFI of 4NT7/g>. . . .

Xix
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6.3 Performance of the weak-only protocol (left) and weak-with-strong

protocol (right) with respect to the interrogation time 7. We plot the
inverse of the MSE scaled by the QFI /o, which quantifies the amount
of information gained from the estimation. We fix the measurement
strength as g = 0.1, and sample the unknown frequency from the
uniform prior distribution in [0, dw], where dw = 5x, such that the
measurement period is chosen as 7 = 7/26w = 0.1 s. Finally, we
plot the CFI of both protocols, /7 and I**, normalized by the QFI,
as the benchmark. The CFlIs are about w = 5 rad/s. The information
gained from the estimation does not saturate the CFI for small SNR
(i.e. small 7') due to the threshold effect. As the SNR is proportional
to the number of qubits N, we can saturate to the CFI faster (for
smaller T') with a larger number of qubits. In order to obtain HS,
this saturation needs to occur in the weak back action regime: the

transition between the two regimes is marked by a green dashed line

intheplotontheleft. . . ... ... ... ... ... ... .....
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6.4 Performance of the proposed protocol with respect to the interroga-

7.1

tion time 7" and the threshold effect. The frequency w is sampled from
a uniform distribution in [0, dw], which determines the measurement
period as 7 = 7/20w. a) We fix dw = 5x (i.e. 7 =0.1), T = 10,
and plot the inverse of BMSE (A®@)? scaled by the QFI Ip for the
two weak measurement protocols. (A@)?- Iy = 1 signifies saturating
the QFI, and I /Iy is plotted with gray, plain lines. We observe a
threshold effect such that the attainability of the CFI 1%, I_gs requires
large enough SNR. The green, dashed, vertical line corresponds to
T = MT/ g%, which is a transition point between the weak and
strong back action regimes. Achieving HS requires the threshold to
occur before this line (which requires N > 20 qubits for this case).
b) We fix N = 64, 6w = n (t = 0.5 s) and plot the square-root
of the BMSE Aw normalized by the prior width dw, and scaled by
the square-root of the number of qubits N. The vertical green line
corresponds to owT = m: for larger interrogation times, phase slips
degrade the sensitivity of standard protocols. We compare the perfor-
mance of: the OCI [167], the proposed weak-with-strong protocol,
and the cascaded protocol [224]. The latter two demonstrate an ex-
tended dynamic range, however the proposed protocol outperforms
the cascaded protocol and achieves HS, with an overhead of 1.18 in

Aw. The measurement strength g is optimized for each T for the

proposed protocol. . . . . . ...

a) Schematic of the 0-n Fock qubit. We encode the logical states
{|0z), |[11)} into the ground state |0) and the n-th excited state |n) of a
Fock qubit. b) Smallest non-zero eigenvalue (in absolute magnitude)
Amin of the Lindbladian describing the evolution of the 0-n Fock qubit.
We define rp | = /<1.T’l /ks << 1 as the ratio of the rates between the
intrinsic processes and the engineered dissipation. The numerical

values are plotted with the markers, whereas the analytical fit given

by Eq. (7.9) is plotted with the dashed lines. . . . . ... ... ...
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7.2 a) Schematic of the implementation for the 0-n Fock qubit. The qubit

7.3

(system, drawn in purple) is connected to a multimode filter with
coupling rates gps and gy, for the beam splitter and the two-mode
squeezing interaction, respectively. The excitations travel along the
filter and are dissipated to a bath, with a rate s. b) Effective rates ke
of engineered processes between adjacent levels of a 0-n Fock qubit,
with n = 5. Decay and gain are engineered via the beam splitter and
two-mode squeezing coupling with the filter. The rates are plotted
as a function of the detuning A, normalized with the filter bandwidth
B. We observe that g’;e/ffB ~ 2m, where g is the coupling rate for
the corresponding interaction. For an implementation of the Fock

qubit with the Kerr Hamiltonian, the difference in detuning between
adjacent transitions corresponds to the anharmonicity . . . . . . . .
Use of the 0-n Fock qubit as an ancilla for noise-biased CX gates
on stabilized cat qubits. a) Schematic of the protocol. The ancilla
is prepared in the |+¢,) = %(lO) + |n)) state using X pulses, then
dissipatively stabilized (indicated by Siock) using the implementation
in Sec. 7.3. Two CX gates are applied sequentially to two stabilized
cat qubits (the stabilization is indicated by S¢a() coupled dispersively
to the ancilla, after which the cat qubits are restabilized and the ancilla
is measured in the X basis. b) Logical bit-flip probability pyr of the
CX gate as a function of the stabilization time z,, forn = 7, la|? = 10,
and a filter with Ny = 7 filter modes. We assume perfect CX gates
and consider two intrinsic noise configurations (‘ril = 50 us, TI.T =5
ms, and Tl.l = 250 us, TZ.T = 250 ms) and pulse error probabilities
(pe = 1074, p, = 1073). pys decays exponentially with stabilization
time before converging to the bit-flip floor. Inset: dependence of
pot on Ny, showing that ~ 7 modes suffice to suppress spurious
engineered dissipation. ¢) ppr and ancilla phase-flip probability p¢
as a function of the number of levels N = n + 1 in the Fock qubit.
We consider the intrinsic single-photon transitions during the CX
gates. The gate time is assumed as t, = 200 ns, p, = 1073, and
|a|? = 10. The dashed lines correspond to analytic predictions. Bit-
flip probabilities below 10~8 can be obtained with N > 10 levels.
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7.4

B.1

B.2

B.3

Average logical error per round p; when the 0-n Fock qubit is used
as an ancilla in the repetition code, paired with cat data qubits. The
contours for p; € {107,107, 107%} are shown as a function of
k1Teycle and the code distance d, where « is the single-photon loss
rate of the cat qubits, and Tty is the cycle time for a single round
of error correction. We work with a phenomenological noise model,
where Z errors are applied on the ancilla and the data qubits at the
start of each error correction round. The ancilla Z errors occur only
due to single-photon events (Tl.l = 250 us, TiT = 250 ms) during
the stabilization (r, = 500 ns), or the CX gates (z, = 200 ns): we
assume large enough E;/E¢ such that dephasing due to charge noise
is sufficiently suppressed. Lastly, the cat qubits have a mean photon
number of > = 10. . . . . .. ...
Ag and Ay for af, = 1071 and ap, = 15 [top row, (3)]; aF, = 1078,
ar, = 10, and ay, = 103 [bottom row, (b)]. We set T = 0.1 s, and
dt € [0.1,10] ms. Note that dr decreases to the right of the plots.
In Figure a, entanglement exists for both partitions, and Ag(Ax) is
re-plotted in the inset on the left(right) for dt € [0.1,0.5] ms. In
Figure b, the state is separable for both partitions, and Ag and A are
re-plotted in the inset for dt € [0.1,0.5] ms.. . . . . ... .. ...
The real and imaginary parts of the eigenvector for the negative
eigenvalue of Vi + %K for ap, = 1071, af, = 15, denoted by e
and e;, which correspond to the first and second halves of the entire
eigenvector, respectively. The reason behind this slicing is the block-
matrix structure of the light-field sector of the covariance matrix.
Furthermore, since the light field modes are continuous in time, e
and e; are also functions of time. . . . . . ... .. ... ... ..
Contour plot depicting the effect of the force noise spectrum on
our numerical precision for both partitions. The force noise levels
increase toward the bottom-right of the figure. The black and the
red dashed lines separate the regions where numerics converge from
the regions where numerics fail for the partition where we do and do
not trace over the cavity, respectively. The region where numerics
converge for both partitions is marked in gray, whereas numerics fail
for both partitions toward the bottom right of the figure, past the red

dashed line, in the yellow region. . . . . ... .. ... ... ...
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B.4 Examples of force noise spectra along the boundary where we lose

C.1

numerical precision (defined with |[Ax| = 100]|Ag]) for the partition
where we do not trace over the cavity, plotted in black. al.IGO
noise curves are also plotted for comparison. The black curves are
parametrized with (from left to right) @p, = 1 and g, = 200, af, =
1073 and ap, = 14, ar, = 107'% and af, = 1, and aF, = 10715 and
ar, =0.029. . ..
RBMSE A¢ as a function of the prior width §¢, normalized by 5¢, for
N = 12 and in the presence of amplitude damping with a probability
of p, = 1072. The benchmark is the noiseless OQI, plotted in purple.
The 12-qubit CSS for p, = 1072 is also shown in the plot in blue. The
minimum RBMSE obtained from optimal partitioning into blocks of
GHZ states—i.e., the optimal initial state (OIS) for blocks of GHZ
states—for p, = 1072, assuming that optimal measurements are
available, is plotted in green. We notice that this curve is very close
to the noiseless OQI. Finally, the RBMSE given optimal partitioning
into blocks of GHZ states and local, adaptive measurements is plotted
with yellow rectangles. We see that in the presence of amplitude
damping, even though the optimal partitions perform very close to
the OQI when optimal measurements are available, there is a large
gap between the minimum achievable sensitivity and the sensitivity

achieved when local, adaptive measurements are used. . . . . . . .
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C.2 Impact of noise on the proposed scheme. (a) RBMSE A¢, as a

D.1

function of the prior width, d¢, for N = 21 and various probabilities
of decay p,. As before, the RBMSE is normalized by the prior width.
We plot the RBMSE of the 21-qubit CSS and the proposed scheme
(PS on the Figure) for p, = 1072 and p, = 1072, Our benchmark
is the noiseless OQI, plotted in gray. Increase in the RBMSE due
to amplitude damping is most prominent around the prior width of
6¢ = 0.7 rad. (b) The metrological gain as a function of the effective
fidelity per qubit Fy, or the bit-flip measurement error probability p,.
We plot the performances of the optimal partitions for qubit numbers
of N =9, 15, 18, 21. The partitions are shown in the plot in the form
of (x,y,z), where x, y, and z are the number of 4-qubit, 2-qubit, and
1-qubit GHZ states, respectively. We fit lines with different slopes
to the performances of the scheme for different N, signifying an
exponential decay in the metrological gain with decreasing Fy, or
increasing p.. We observe a correlation between the decay rate and
the number of copies of the 4-qubit GHZ state: the partitions with
N =21 and N = 18 both have three 4-qubit GHZ states, and they
have similardecayrates. . . . . . . . . ... ... ... ... ...,
Effect of imperfect weak measurements on the CFI, with respect to
the measurement strength g. We plot the CFI /¢ normalized by the
QFI I as a function of g and for different error probabilities p.. The
left plot corresponds to the weak-only protocol, and the right one
to the weak-with-strong protocol. We fix the interrogation time, the
measurement period, and the frequency-to-be-estimated as 7 = 10
s, 7 = 0.1 s, and w = 5 rad, respectively. Note that in the weak-
with-strong protocol (plotted on the right) we assume that the strong

projective measurement is noiseless. . . . . . .. ... oL oL L.
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D.2 Effect of imperfect weak measurements on the CFI, with respect to

E.1

the interrogation time 7. We plot the CFI /- normalized by the
number of qubits N for the weak-only protocol and the weak-with-
strong protocol with yellow and purple lines, respectively. We fix
the measurement strength and period as g = 0.1 and 7 = 0.1 s.
Furthermore, we fix the frequency to be estimated as w = 5 rad/s.
We observe that in the weak back action limit where g7 /7 < 1, the
imperfect measurement effectively scales the measurement strength
as g — g(1-2p,), but the scaling with respect to 7" is approximately
unaffected such that the yellow dashed and plain curves are parallel to
each other. In the strong back action limit, the CFI for the protocols
with imperfect measurements (plain lines) converge to the classical T
scaling faster compared to the protocols with perfect measurements
(dashed lines). We observed numerically that for larger p., the T
scaling gets modifiedto 7%, a < 1.. . . . . . .. ... ... ....
Bit-flip probability ppr of the CX gate on cat qubits with mean photon
number |@|?, when the 0-n Fock qubit is used as the control qubit. a)
On relatively short timescales ¢ ~ 1/, the 0-n Fock qubit stabilizes
and pyr converges to to a fixed value referred to as the bit-flip floor,
inversely proportional to n. b) Bit-flip floor as a function of the
number of levels N = n + 1 of the Fock qubit. The floor decays
exponentially with n for small n, however the scaling is modified to
l/n2 for n > 1 (see Eq. (E.56)). We setr| = % to 1073 (plotted
with circles) and 107 (plotted with stars), for |a|?> = 5 (plotted in
blue) and |a|? = 10 (plotted in yellow). The analytical fit for large n
is plotted with the respective colors, with plain and dashed lines for

ry = 1073 and r L= 1074, respectively. . . . ... ... ......
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E.2  Average logical error per round p; when the 0-n Fock qubit is used
as an ancilla in the repetition code, paired with cat data qubits, with a
dephasing budget on the Fock qubit. The contours for p; are shown as
a function of «7¢ycle and the code distance d, where «| is the single-
photon loss rate of the cat qubits, and Tty is the cycle time for a single
round of error correction. Z errors are applied on the ancilla and the
data qubits at the start of each error correction round. We assume
single-photon events on the ancilla with Tl.l = 250 us, Tl.T = 250
ms, and dephasing such that the overall Z error probability p%“cma is
doubled. Lastly, we assume a stabilization time 7, = 500 ns, CX gate

time 7, = 200 ns, and cat mean photon number la)>=10. ... ... 235
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Chapter 1

INTRODUCTION

Modern quantum systems operate in a regime of two facets: first, they constitute
resources that we’d like to harness, and second, they contain underlying physics that
we’d like to probe. For the first facet, concepts like squeezing and entanglement al-
low us to build instruments that achieve unprecedented precision and computational
power. Examples of these instruments are atomic clocks, gravitational-wave detec-
tors, and ultimately, quantum computers. However, being able to fundamentally
describe the mechanics of these devices requires probing the underlying physics,
which constitutes the second facet. Here, we aim to probe the same quantum prop-
erties of these devices that we’d like to harness: for example, the ability to become
entangled. This thesis examines some case studies related to both facets of quantum

mechanics across various settings in quantum metrology and computing.

Entanglement is the most fundamental property of a system that we’d like to probe,
as it decides whether the system is quantum or classical. For example, whether a
massive, macroscopic object can become entangled with the field that drives it is
directly related to the question of whether quantum mechanics governs macroscopic
degrees of freedom. Furthermore, entanglement is a metrological resource that
allows an ensemble of probes to estimate a parameter with a precision that improves
with the probe number more rapidly than any classical strategy permits, which

establishes the Heisenberg limit.

The quantum properties of the system are highly fragile against noise. Environ-
mental noise destroys the correlations required for macroscopic entanglement, re-
duces quantum-enhanced sensitivity toward its classical value, and corrupts the
states on which computation depends. However, related irreversible processes can
be engineered to become resources: for example, dissipation can be exploited to
manipulate the system’s internal dynamics to create useful states for quantum com-
putation. The interplay between entanglement, noise, and dissipation constitutes the
unifying theme of this thesis: we probe entanglement where it serves as a signature
of quantum behavior, and harness entanglement and dissipation where they serve
as resources for sensing and computation. The theoretical framework common to

these problems, which comprises quantum estimation theory, noisy and dissipative
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dynamics, Gaussian systems, cavity optomechanics, and basic elements of quantum

error correction, is reviewed in Chapter 2.

The rest of this thesis is structured as follows. In Chapters 3 and 4, we investigate
the conditions under which a mechanical oscillator becomes entangled with the light
field that continuously monitors and drives it. We first establish in Chapter 3 that
the boundary between entangled and unentangled configurations is determined by
the environmental noise alone, and is independent of the coupling strength between
the oscillator and the light field. Entanglement also cannot be induced by squeezing
the input field in a frequency-dependent manner when the vacuum-driven system
is not entangled. Then, in Chapter 4, we take the Advanced Laser Interferometer
Gravitational-Wave Observatory (aLIGO) as a case study, and develop a numerical
framework that tackles the non-Markovian noise of heavy, low-frequency oscillators

to investigate the existence of entanglement in these systems.

The next two chapters concern Bayesian quantum frequency estimation. Chapter 5
describes a scheme that uses entanglement as a metrological resource to approxi-
mate optimal probe states with blocks of Greenberger-Horne-Zeilinger (GHZ) states.
Combined with local, adaptive measurements, this strategy allows for approaching
Heisenberg-limited precision, up to a constant factor. Chapter 6 approaches this
problem from a different angle and tackles the precision-bandwidth problem, with-
out being concerned with Heisenberg-limited precision. We propose a scheme to
recover the classical precision limit for an extended bandwidth using sequential
weak measurements, each of which extracts partial information about the phase

while disturbing the system through measurement back action.

The final chapter concerns the use of dissipation as a resource. Chapter 7 introduces
the 0-n Fock qubit, a noise-biased bosonic encoding that is constructed with a
multilevel anharmonic oscillator. We propose an experimental implementation of
this qubit through dissipative stabilization realizable with a multimode filter. The
resulting noise bias makes the qubit an effective ancilla for bias-preserving error
correction with cat qubits, achieving low logical error rates under experimentally
realistic conditions. Finally, we summarize the principal results of all of these

chapters and outline directions for future work in Chapter 8.



Chapter 2

THEORETICAL BACKGROUND

2.1 Quantum parameter estimation

In this Section, we review the fundamental limits of single-parameter estimation.
The parameter to-be-measured is encoded in an input state p that undergoes a
completely positive and trace-preserving channel Ay(-), parametrized by 6. The
output gy = Ag(p) is then subjected to some positive operator-valued measure
(POVM) {E,} in order to infer the unknown parameter 6. Let us denote the
measurement results with {(x, p(x|6))}, where p(x|6) = Tr[pgE,].

Given the measurement results x1, x2, . .., estimating € is a classical problem, for
which the sensitivity is given by the classical Fisher information (CFI). However,
one can also optimize over the measurement strategy to obtain the ultimate precision
for an input state p, which is the quantum Fisher information (QFI). We derive these

quantities in the next sections below.

Classical estimation and the Cramér-Rao bound

Let us set up the classical problem of estimating a parameter 6 from measuring x.
We can define a probability distribution p(x|6) that describes how the outcome of
x depends on the unknown parameter §. We also define an estimator 8(x) of this

unknown parameter. We assume that the estimator is unbiased, with
E[6(x)-6] =0. 2.1)

Or, equivalently, f (x) p(x|0) dx = 6. Differentiating this identity with respect to

6, we obtain

/ i) 2P (g;;w) dx = E [é(x)W] -1 2.2)

where we used dgp = p dgIn p. Also, notice that / % dx = E[W] = 0.
Then, we can rewrite Eq. (2.2) as

9 In(p(x]6))

E
06

(O(x) - 9)] =1 (2.3)
Applying the Cauchy-Schwarz inequality, we obtain

1= E[9Inp(x|6) (9x) - 6)]” < E[(O(x) - 0)*] E[(@Inp(x]6))*].  (2.4)



which yields the classical Cramér—Rao bound (CRB) [53, 215, 133]

var(6) > Fc(0) = E[(sInp(x]6))?] = - E[d; Inp(x]0)], (2.5)

1
v Fc(6)
where the factor v accounts for v independent repetitions of the measurement, and

Fc(60) is the Fisher information. The bound is saturated asymptotically by the

maximum-likelihood estimator.

Quantum Fisher information and the quantum Cramér—Rao bound

In the quantum case the parameter is encoded in a state Py, and a measurement is
a POVM {E,} with p(x|0) = Tr[pgE,]. Maximizing the Fisher information (2.5)
over all POVMs results in the quantum Fisher information (QFI). We can derive this

quantity by first defining the symmetric logarithmic derivative (SLD) Ly through
8opo = %(Lopo + PoLo). (2.6)

Then, similar to the classical case, let us define a Hermitian observable X, with
Tr[Xpg] = 6. We can write 9 Tr[Xpg] = 1, and Tr[dppg] = 0, which result in

Tr[(X — 61)dgpe] = 1. .7)
Using the definition of the SLD, we write
1 N . .
5Tr [(X —61) (Lopo + poLa)] = 1 (2.8)

where 1 is the identity operator. Since gy is Hermitian and positive semi-definite,

we can find a square root +/p, and rewrite this equation as

Re[Tr[vpe(X — 61 Lor/pe]] = 1. (2.9)

Then, we can again apply the Cauchy-Schwarz inequality to find

1 < |Te[po(X = 0D Lon/pel|> < Tr[(X — 01)2pg] Tr[£2 5] (2.10)

Then, the quantum Cramér—Rao bound (QCRB) reads [33]

N 1 1
var(X) > > —, (2.11)
vFc(0) — vFo(pe)
with Fp(pg) = Tr[L2ps], var(X) := Tr[X?pg] — 67, and v is the number of inde-

pendent repetitions of the experiment. The optimal measurement strategy is thus to
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project the state g into the eigenbasis of Lg. However, this POVM is often hard to

implement experimentally.

For a pure state subject to unitary encoding |yg) = e‘i‘géltpo) with a Hermitian
generator G, the QFI simplifies as follows. First, for pg = |yg) (¥gl, notice that
8ppo = —i[ G, pgl. Then, since p2 = py, the SLD is Ly = —2i[G, py]., and the QFI
is found as

Fp =4 ((6;2) - <G>2) = 4var(G), 2.12)

with the expectation values taken with respect to the initial state, i.e. (X) =
(| X |¢). Given this observation, it is straightforward to maximize the QFI with
respect to the input state |y): The result is given by

FJ™ = (Amax = Amin)”, (2.13)

with Amax min being the largest and smallest eigenvalues of the generator G, respec-
tively. Thus, the ultimate sensitivity is bounded by the spread of the spectra of the

generator.

Equation (2.12) displays quantum advantage in sensing: consider N probes with
collective generator G = ZN 1 &i. If the initial state is a product state, var(G) =
N var(g), and we obtain the standard-quantum-limit scaling A@ > 1/VvN , where A@
is the standard deviation in estimating 6. In contrast, if the initial state is maximally
entangled (e.g. a Greenberger-Horne-Zeilinger state), the generator eigenvalues can
span a range o N, so that var(G) o« N2 and the Heisenberg scaling A6 > 1/(1/y N)
is reached [84]. Saturating these bounds in the presence of noise is generally not

possible, and a range of tighter limits has been developed [69, 61, 145, 90].

For a mixed input state g, the QFI can be found through the spectral decomposition

Do = 2 i |¢i) (dil:

| (@il Do |;) I
Fo(pe) =2 /1-0+0/1|- i) (2.14)
ij L

where the sum excludes any pair 4;, A; such that 4; + 4; = 0. Similarly, the SLD Lo
is found as

(il b
Ly _22 Agf‘;' 160y (@] (2.15)
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Finally, if the parameter encoding is through the Hermitian operator G for the mixed

input state case, the QFI takes a special form
(A =4 )2 A 2
Fo(pg) =2 ) ———— G . 2.16
0(po) ; T @G len] (2.16)
Again, the sum excludes Ay + 4; = 0. The QFI has a convexity property, where

Fo(pp1+ (1= p)p2) < pFo(p1) + (1 = p)Fo(pa). (2.17)

The convexity implies that the QFI is maximized by a pure input state, i.e.

Fo

Z AiNg(|¢i) <¢i|)) < Z AiFo(Ao(1¢i) (¢il)) (2.18)

Bayesian estimation

The CRB is used in the context of frequentist estimation, where the unknown
parameter is assumed as fixed. Another approach is the Bayesian estimation, where
the unknown parameter 6 is assumed to be distributed according to P(6). Since
the CRB is saturable only asymptotically, or in the limit of many independent
experiments, the Bayesian treatment is useful when few measurements are available,
or when prior knowledge is significant. In this context, assuming a parameter
encoding pg = Ag(p), the figure of merit is the Bayesian mean-squared error
(BMSE) [167]

(Aé)zz/dH/de(Q)Tr(ﬁgﬂx) (éx—e)z, (2.19)

where 6, is the estimator of 8 given an outcome x, and Il is the corresponding
measurement operator, which can be restricted to be a projective measurement in

the form of I, = |x) (x|. The optimization over these operators results in
712 2 Ty B
(A0)7 = (66)" - Tr[pL7],  S{L,p}=7p", (2.20)

where L is the Bayesian SLD, p := f dOP(0)pg, p’ = f dd 6P (0)py, and (56)? is
the variance of the prior distribution P(6). (Af)? quantifies the minimum achievable
variance in estimating 6 with the input probe state 6. This equation signifies that
the decrease in the variance after a measurement is Tr[pL?]. In the case where the
measurement does not provide any information, the posterior variance (Af)? equals

to the prior variance (56)2.

Similar to the frequentist case, it is valuable to find the minimum possible BMSE,

which would result in the ultimate limit of sensitivity for the Bayesian case. This
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optimization is in general not convex, however, efficient algorithms have been sug-
gested. We outline the algorithm of Ref. [167], where the optimization is performed
iteratively. For a given initial state p, one first finds the optimal L (i.e. the mea-
surement strategy) from {L, p} = 2p’. For any L, the optimal probe state p is the
eigenstate of AZ (/ d6 P(6) (L* - 26L)) with the maximal eigenvalue. Therefore,
starting from a random initial state, BMSE can be achieved by iteratively calculating
(i) the optimal L given p, (ii) the optimal / given L. The iteration stops after the
desired precision and convergence is achieved. It can be proved that this algorithm

converges to the global maximum when, for each iteration, p and L are unique.

Lastly, a Bayesian analogue of (2.5), the van Trees inequality, bounds the BMSE
(AG)? below by 1/(Fc + Fprior), Where Fprior = f d6 P(60)[dg In P(6)]? is the prior
information, and F¢(6) = / dOP(0)Fc(0) is the CFI averaged over the prior distri-
bution [259, 116, 167, 77].

2.2 Open quantum systems and non-Markovian noise

System—bath dynamics and the quantum Langevin equation

A ubiquitous number of physical scenarios can be modeled as a system mode coupled
to a heat bath, which is an assembly of harmonic oscillators. The total Hamiltonian

is in the form of H = Hg + Hp + Hiy, where Hy is the system Hamiltonian,

Hp =3, zﬁnf’n + k”zq?‘ is the bath Hamiltonian (with §,, p,, being the position and
momentum operators of the n'™ mode), and H, is the interaction Hamiltonian. The
system mode is coupled linearly to the bath. The bath modes can be eliminated by
means of solving the equations of motion in terms of the system mode variables and

substitution.

For the case where the system mode is also a harmonic oscillator of mass m and

frequency w,,, we obtain the generalized quantum Langevin equation

mi (1) + m / t y(t =) 3() dt’ + mw?, £(1) = Fi(1) + Fex (1), (2.21)
—o0
where y(t) is a memory function, Fy, is the thermal force arising from the coupling
to the bath, and F is any other external force acting on the system. For example,
this may be the force causing the test masses in gravitational wave detectors to
displace. The Markovian limit corresponds to a memoryless kernel y(¢) = 2y 6(¢),
where 6(¢) is the Dirac delta function. In contrast, any other memory function
with non-zero temporal correlations for ¢ > 0 that satisfies tlgg v(t) = 0 describes

non-Markovian dynamics with finite memory [34, 267, 76].



Linear response theory

Let us perturb a system in equilibrium with Hamiltonian A, with a classical,
time-dependent force f(¢), and examine its first-order response to this pertur-
bation. For this purpose, let us define interaction picture operators Ain(7) :=

eitot/ hA(t) e~iHot/h, Then, the Hamiltonian in this picture can be written as

Hin (1) = = f (1) Rin (1) (2.22)

where Xy is the position operator of the system. The density matrix in this picture

evolves as

4 dgim = [Hin (1), pin(0)] = =f (1) [£int (1), pina (1] (2.23)

The solution of this evolution is given by

pin() = p(0) = 55 [ def (O Lin(0). pin(r)]

<pO) - [ e Lm0 5O .24

This approximation holds up to first order in f(#) and is used assuming that the
perturbation is weak. Let us use it to find the expectation value of the position of
the system as a function of time. This value is frame independent, and is defined as
(X)(¢) = Tr(Rine(¢) Pinc(2)). Let us also define the expectation value of any operator
A(t) with respect to the initial state 5(0) as (A(r))o := Tr(A(t)p(0)). Using Eq.
(2.24), we find:

@0 = Teim®pO) - 5 [ drfO Tl 5O 229

The first term is the expectation value of this operator when no perturbation is
applied: since the system starts from equilibrium, p(0) commutes with Hy, and
Tr(£inc(1)9(0)) = Tr(elfot/Mze=iFot/h5(0)) = Tr(£6(0)). We refer to this term
as (%)o. In contrast, the second term arises from the response of the system
to the perturbation. Using the cyclic property of the trace, we can simplify the
trace inside the integral as Tr(Xi () [£ine(7), 0(0)]) = Tr(6(0) [Xine(?), Xine(7)]) =
([Zint(2), Xint(T)])o. Lastly, we define 6(%(¢)) = (£(¢)) — (X)¢ to capture the change
in the expectation value of this operator due to the perturbation. From Eq. (2.25),

we have

56w =3 [ s @m0 5o 2.26)



Then, we can see that the response function to the perturbation is

x(1) = 266 [0, 21 @.27)

where 6(¢) is the Heaviside theta, and the response can be written in the form of
0{x(1)) = / dr f(t)x(t - 71). (2.28)

Fluctuation—dissipation theorem and noise spectra

The fluctuation-dissipation theorem (FDT) [40, 150] relates the thermal noise expe-
rienced by the system in thermal equilibrium to the temperature of the bath, as well
as the dissipation experienced by the system. We provide a proof for this theorem

below.

We first define a symmetrized power spectral density (PSD) of operators d, b as

Sap(w) = %/dt e ({a(1), b(0)}). We also define the Fourier transform of a
function f(7) as f(w) = /_ o; dtf(t) e'“. First, from taking the Fourier transform
of Eq. (2.27),

m[P@)] = 37 [ G050 - 2Om(ONedr. (229)

To find the expectation value of the commutator, let us define the functions

& (w) = / dt € i (D2(0))0,  C= () = / dt & GO) e (2.30)

Since the system starts out in thermal equilibrium, the initial state will be given
by p(0) = ePH/Z, where Z = Tr(ePH0) is the partition function, and g =
(kgT)~'. Plugging this into the expectation value, we first find that (£(0)%in(¢))o =
%Tr(e‘ﬁﬁ")?(O)ﬁim(t)). Plugging in the definition of £i(7) and using the cyclicity of
the trace, this expression simplifies into %Tr(e‘ﬁﬁoe’ﬁ()("mﬁ)/ 1%(0)e~HoU=MB) M3 (()) =
(Xint(t —ihB)%(0) )9, where we grouped the S-dependent term into an imaginary time

evolution. Plugging this expression into Eq. (2.30) and integrating over ¢, we find
C(w) = e PC> (w) (2.31)

Thus, the imaginary part of the Fourier transform of the response function can be

expressed as

Im [§(w)] = % (€ (w) - C%(w)) = CZ—;“’) (1 - e—ﬁhw) (2.32)
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Similarly, the symmetrized PSD of the position operator can be written as
- | ~
Sue(w) = 5 (€7 (@) + C<()
h
— hcoth (%) Im [ ()] (2.33)

This is the statement of the FDT: equilibrium fluctuations and dissipation are linked

by the above equation.

As an example, we can consider the harmonic oscillator coupled to a thermal bath,
described by the quantum Langevin equation in Eq. (2.21). The response function

of this system can be obtained from the response to an external force, in the form of
Hw) = ¥ (0) Fex (). (2.34)

For the case of Eq. (2.21), we find the response function (also referred to as the

mechanical susceptibility) as

- _ 1
X(w) =~ Ol — ) —iom@) (2.35)
Then, Eq. (2.33) gives
Y hw Re[7(w)] hw
XX = h 2.
Sxx(w) " [(w’%1 — w? + wIm[§(w)])? +w2Re[)7(w)]2] cot (2kBT) (2.36)

The frequency dependence of the damping y(w) encodes the noise model. Viscous
(Markovian) damping has y(w) = v,, constant, giving a white force-noise spectrum
(in the limit of kgT > hw). By contrast, structural damping—dominant in the
suspensions and coatings of gravitational-wave-scale oscillators—is described by a
constant loss angle ¢, ¥~ (w) = m[w?2, (1 +i¢) — w?], producing a force noise that

scales as 1/w and is intrinsically non-Markovian [227, 87, 108].

Standard quantum limit and the Heisenberg limit

The FDT is intimately tied to the sensitivity achievable in the quantum regime.
When a probe is coupled to a system, the same coupling that lets the probe extract
information also subjects the system to the probe’s fluctuations and imposes dissi-
pation. The FDT states that the fluctuations and the dissipation are related closely,
and one cannot be eliminated without the other. Hence, the sensitivity in probing a
system is limited on a fundamental level. To see this better, consider the following:
let us probe a system that is a harmonic oscillator with mass m and resonance fre-

quency wy,, as in the previous subsections. We refer to the output observable with
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units of position as 6(z). The fluctuations in 6 will result from (i) the fluctuations in
the system itself, and (ii) measurement imprecision due to the probe. For example,
in gravitational wave interferometers, the second effect arises due to the shot noise

(or statistical uncertainty) of the photons. We can formally write this as
o(t) = Oimp(t) + £(1) (2.37)

where dimp(?) is the added measurement imprecision, and £(¢) is the position of the
sensing device. Furthermore, we have derived from the linear response theory that
the fluctuations in £ will depend on the spectra of the external force probing the
system, in the form of X(w) = f(w) f (w). We can then write the total spectrum of

the output variable as

SO() = _xx(w) + SOimp()imp ((L)) + 2Re[§01mpx(w)]
= X (@) S 11 (@) + Sopmpom (@) + 2Re[F(w) o r(w)] (2.38)

We refer to § 7f(w) as the back action force spectrum. The imprecision noise and
the back action, as they arise from the same measurement, satisfy the Heisenberg

uncertainty principle. This principle can be stated as

2

SoimpUimp(w)Sff(w) - |S0impf(w)|2 Z Z (2.39)

If these noise sources are uncorrelated, |§0imp f(w)|2 = 0. Furthermore, for an
ideal detector that saturates the bound, S, ., (W)Syr(w) = h?/4. Then, the
total spectrum of the output variable is S,, = |F(w)[2Srr(w) + %, which is
minimized for Sys(w) = h/(2|¥(w)|). Then, the minimal spectra at the output

(ignoring thermal fluctuations, i.e. setting y,, = 0) is found as

Soo = hl/?(‘”)'
h
= 2.40
mlwy, = o?| 240
This results in the standard quantum limit (SQL) S, = 7/(mw?), in the limit

SQL
w > wy,. One can get around the SQL by noticing that the measurement imprecision

and the back action can be correlated, i.e. by having |S_0imp #(w)|*> # 0 in Eq.
(2.38) and (2.39). In particular, we notice that S,, can be decreased by tuning
the phases of the response function y(w) and the cross spectra S,,imp f(w). Doing
so, one can achieve unlimited precision for a given frequency in theory—however,

experimentally, one is usually constrained by the amount of power in the optical
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cavities, i.e. the number of photons. After the constrained optimization, we recover
the Heisenberg limit (HL).

In an undetuned Michelson interferometer like LIGO, the measurement process can
be understood more clearly from the input-output relations [47]
P1(w) = 2Ph,(w) (2.41a)
1/2
xG(w) (2.41b)

Do (w) = P (lr(w) — Kii (w)) + P |—
SsaL

where 71, are the quadratures of the outgoing light field at the dark port (cor-

responding to the antisymmetric mode), i;, are the quadratures of the ingoing

vacuum, and x¢g (w) is the displacement due to the signal, which we try to estimate.

The other parameters are dependent on the physical parameters of the interferometer,
with

AP g 4Gy (2.42)

W +1y m(w* = wp)(W* +y?)
v is the linewidth of the effective cavity corresponding to the antisymmetric mode,
and G = \/W/(Lc) where [, is the circulating power in the common mode,

wo 1s the optical pumping frequency, L is the length of the interferometer arms,

and c is the speed of light. Then, the output observable sensed can be defined as

R ~1/2
o(w) = ‘

P> (w), in units of displacement. As the ingoing light field is

S )S(QL

_ ; _ _ S¥
the vacuum, Sy, = Sup, = 1/2, Sy, = 0, and Syp = = (K + 1/K) > SSoL-

Thus, the sensitivity is limited by the SQL. However, if the ingoing light field is

squeezed in a frequency-dependent way, a sensitivity of S,, = %(7( +1/K)e 2R
can be achieved. Here, R is the squeezing factor, and we describe in Appendix A.4

a strategy to achieve this type of squeezing.

Markovian master equations and decoherence
When the correlation time with the bath is short compared with all system timescales,
the reduced dynamics of the system are Markovian, and are governed by the following

Lindblad master equation
s Lo o PRt 1gFTF A
p=—2l0.51+ ) (LepLi - HL|Le. p}), (243)
%

with jump operators L. Through these operators, the system—environment coupling
drives decoherence and the emergence of classical behaviour [230, 282, 127], which
is what makes the persistence of entanglement in a macroscopic, noisy system a

nontrivial question.
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Engineered dissipation and dissipative stabilization
The Lindblad master equation describes the interaction of the system with its en-
vironment. This interaction can be unintentional, resulting in decoherence, or
engineered, resulting in the relaxation of the input state to a target state. The
latter is referred to as dissipative stabilization. Writing (2.43) with the dissipator
D[L1p = LpL" - 3{L'L, p},

p=L(p)=-2[A.p1+ ) ki DILip. 2:44)

k

The Liouvillian £ generates a CPTP semigroup, so its eigenvalues obey Re 4; < 0.
Every eigenoperator of the Liouvillian with a non-zero eigenvalue is traceless. This

can straightforwardly be shown from taking the trace of Eq. (2.44). Using the
cyclicity of the trace, we obtain

Tr[L(X)] = ATr[X] =0 (2.45)

Then, Tr[X] = 0if A # 0. Letus assume that the Liouvillian is diagonalizable. Then,
the time evolution of any density matrix 4 (¢) can be decomposed into the eigenbasis
of the Liouvillian as (1) = X ¢ jeﬂf’f( j» where {4} are the eigenvalues, and (X i}
are the corresponding eigenoperators. In the limit of 1 — oo, the density matrix
admits a steady state [34] L(pss) = 0 in the linear subspace of the eigenoperators X g
for which A4; = 0. Reservoir engineering chooses H,{L;} so that p is the desired

(ideally unique) state. A sufficient construction is a dark state: if
Lily)=0 Vk,  Hly)=E ), (2.46)

then |) (Y| is an eigenoperator of £ with a zero eigenvalue. A shared dark subspace

of the Ly is then a protected code space.

A prominent example of dissipative stabilization is the two-photon dissipation,
where cat qubits [49, 155] are stabilized in the {|+@)} manifold [181, 152],

L = VK3 (4% - a?), a% |xa) = o? |xa) . (2.47)

Here, |a@) is the coherent state with a mean photon number of |@|?>. Relaxation
toward pgss occurs at the Liouvillian gap A = miny,x |[Re A;|: fast modes decay at
the engineered rate ~ k,, while residual processes competing with the engineered
dissipation set a small gap governing slow leakage. Such stabilization has been

realized in trapped ions and superconducting circuits [209, 186, 136, 83].



14

2.3 Gaussian states and continuous-variable entanglement

Commutation relations and symplectic operators

In this section, we present a short review of Gaussian states and Gaussian entangle-
ment. Let us assume an N-mode system with canonical quadrature operators X;, p;,
i=1,2,...,N, where %; (p;) is the position (momentum) operator of the i™ mode.
Furthermore, [%;, p J-] = id;j, where 6;; is the Kronecker delta (we set 7i = 1). The

commutation relations can be summarized in the form of

N
1
[&,#] = iQ, Q= (2.48)
D
where we defined = (%1, p1,...,Xn, P N)T. Q isreferred to as the symplectic form.
It is a 2N X 2N antisymmetric matrix, with Q2 = —I,y, where Ly is the identity

matrix. We also define the symplectic matrix S, which is a real valued matrix that

preserves the symplectic form when acting by congruence, i.e.
sQsT = Q. (2.49)
The group of matrices S is referred to as the symplectic group, Sp(2N, R).

Moments of a Gaussian state

The first and second order moments of a Gaussian state, ¥, and o, can be written as

=

=(F), o ={&t'}) -2 G (2.50)

The Robertson-Schrodinger uncertainty relation dictates that for o~ to be the covari-
ance matrix of a physical quantum state, it needs to satisfy o +iQ > 0 (where A > 0
denotes that A is a positive semi-definite matrix). For any covariance matrix o,

Williamson’s theorem states that there is a decomposition

N
o=S|PviL|s", (2.51)

j=1
where v;, j = 1,2,..., N are the symplectic eigenvalues of o, S is a symplectic

matrix, and [ is the 2X2 identity matrix. From the uncertainty principle, we have
that v i 1Vj.

Gaussian Hamiltonians
A generic Gaussian Hamiltonian will be of quadratic order in terms of the system

quadratures . Therefore, it can be written in the form of

N
H = Ef‘THf' +t'd (2.52)
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where H is the Hamiltonian matrix. Note that here, H is a symmetric 2N X 2N
matrix. The action of A on the quadratures # can be found from the Heisenberg

equations of motion, with [239]
f=Q(HF +d) (2.53)

For a strictly quadratic Hamiltonian, d = 0, and this unitary action transforms the

statistical moments of the state as ¥ — St, and o0 — So-ST, where § = ¢®H" is a

symplectic transformation, as it preserves the symplectic form.

In general, a completely positive, deterministic Gaussian map can be described

through its effect on the statistical moments as

F— Xt (2.54a)
oc— XoX' +Y (2.54b)

with the constraint that Y + iQ — i XQX? > 0, with real matrices X and Y. Here, Y
represents additive noise that makes sure that the final state satisfies the uncertainty
relations. If Y = 0, the inequality iQ — iXQXT > 0 forces X to be a symplectic
matrix, which reduces to the dynamics under a quadratic Hamiltonian described
above. Such a map entails coupling to an environment (or an ancillary system)
through a quadratic Gaussian Hamiltonian, which is traced out at the end. It does
not describe any measurement operation on the system itself. For example, X = 0,
Y > O represents classical mixing. Any Gaussian state can be written as classical

mixing applied to a pure Gaussian state [239].

Some examples of unitary Gaussian symplectic transformations are single-mode
phase shifts R(¢), single-mode squeezing S(r), and two-mode squeezing S, (r).
These operations can be implemented with the following unitary transformations
respectively: R(¢) = exp(iga’a), S(r) = exp(%((a%)?+a?), and S»(r) =
exp(r(éﬁf)T - &IS)), when implemented on modes d and b. These are the anni-
hilation operators that act in the Fock basis {|m)} as d |m) = \/m |m — 1), 4T |m) =

Vm + 1|m + 1). The corresponding symplectic matrices that act on the first and
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second moments of the state are

cos (¢) —sin (¢)]
sin (¢)  cos (9) |
[cosh () sinh () |

S(r) = | sinh (r) cosh () ’ (2.350)

R(¢) :

) (2.55a)

S5(r) cosh(r)I, sinh(r) o,

(2.55¢)

sinh (r) o, cosh(r) ],
. 1 : .
with o, = [ J as the Pauli Z matrix.

Gaussian states

Until this part, we have discussed the properties of the moments of the Gaussian
states. Let us now connect these moments to the density matrix of the state. First,
any Gaussian state can be defined by a Hermitian operator A as defined in Eq. (2.52)
and B € R* as

e‘ﬁﬁ

. 2.56
Tr[e PH] (2:30)

pc =
The limit of f§ — oo describes pure states. Given the Hamiltonian in Eq. (2.52),
let us write this explicitly. First, up to an irrelevant constant, we can write this
operator as H = %(f‘ +d)TH(# + d’), with d’ := A~'d. Then, we define the unitary
displacement operator D(d) = eidTQf', which has the following action on the vector
of first moments: D(d)#D(d) = #+d. Then, given this unitary, we can rewrite the
Hamiltonian as H = D(d’) (%f‘TH #) DT (d’). Next, we can use Williamson’s theorem
to decompose the Hamiltonian matrix as H = ST(GBZ lwil[z)S , where I, is the 2x2
identity matrix, and S is a symplectic matrix. Furthermore, for every symplectic
S, there exists a unitary transformation S, such that St = S£S7 [239]. Using this

property, we can write the Hamiltonian in terms of its normal modes, in the form of

A = D(@)’sT (@fi 1%1[2) SiD(d)
N w:
=mw%25w%ﬁ>

i=1

STDT(d") (2.57)

N
i=1 2

ﬁl.z). Due to the unitarity of the operators S, D(d), plugging this expression into

Let us refer to the normal mode decomposition Hamiltonian as Hy = 3 ()Gl.z +
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Eq. (2.56) results in

A e‘ﬁﬂN ar AT
o6 =D(d)S———S"D'(d'). (2.58)
Tr[e BHN]
This expression can be understood as the following: any N-mode Gaussian state
can be obtained from decoupled, free harmonic oscillators, after the application of
a symplectic operation, and displacing all of the modes. Finally, let us express the

density matrix of the free harmonic oscillators in the Fock basis:

n(l )

Entanglement properties

—,BH N

( 4 D€ m); (ml; (259

—H
,31\/ ~=

In order to quantify the amount of entanglement in an N-mode system, we define the
logarithmic negativity Ex/, which is an entanglement monotone that takes a simple
form for the Gaussian case [261, 208]:

Ey = ) max{0,-log7;}. (2.60)

J
Here v;, j = 1,2,..., N are the symplectic eigenvalues of the partially transposed
covariance matrix, &, and Ex > 0 indicates entanglement. For a bipartite system,
partial transposition with respect to one of the modes amounts to performing the
transformation p; — —p; on the corresponding mode. If & + iQ > 0, the positivity
of the partial transpose (PPT) criterion states that the state is separable [202, 243],

which is a necessary and sufficient condition for this case.

For bipartite states of two-modes, the covariance matrix can be decomposed in the

form of o = SAST, with a local symplectic matrix S = S; @ S, [67]:

S1

T
5 ] (2.61)

where a,b > 1, and we can choose c; > c_ without loss of generality. Here, A
is referred to as the standard form. Any state whose standard form fulfills a = b
is said to be symmetric. Furthermore, for a pure, symmetric, two-mode squeezed
state, a = b = cosh (2r), and ¢, = —c_ = sinh (2r), r > 0.
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The symplectic eigenvalues of the partial transpose of the covariance matrix given

in Eq. (2.61) can be written as

2 _ A + /A2 — 4Det(0)

* 2

(2.62)

where A := a?>+b>~2c,c_,and Det(c) = (ab—c2)(ab—c?). Then, the logarithmic
negativity is found as Exn = max{0, —log v_}. For the pure, symmetric, two-mode
squeezed state with @ = cosh (2r), the symplectic eigenvalues of the partially
transposed matrix are calculated as 7. = e*? [4]. Therefore, the logarithmic
negativity is Ex = 2r > 0. For a review on Gaussian continuous variables, see

Refs. [239, 5, 72].

2.4 Encoding qubits in bosonic modes

The Gaussian states of Section 2.3 are efficiently simulable classically and can-
not support quantum error correction; fault-tolerant bosonic computation requires
non-Gaussian encodings. A bosonic code stores one logical qubit in a single os-

cillator. The logical states of the qubit, |0z) and |1;) are encoded in the infinite

(o]
n=0’

an advantage for error correction: some of the prominent examples are cat codes
[49, 181, 155], Kerr-cat codes [211, 98], binomial codes [178], and Gottesman-
Kitaev-Preskill (GKP) codes [93]. In these codes, the dominant error is usually

dimensional space span{|n)} with (0z|1.) = 0. This redundancy may provide

the single-photon loss, @, since they are implemented optically. Combined with the
engineered dissipation of Sec. 2.2, cat codes exhibit an error asymmetry: bit flips
suppressed exponentially in the mean photon number |«|?, whereas phase flips are
enhanced only linearly. This provides a hardware-level noise bias best exploited by

the bias-tailored codes.

An error set {E,} is correctable if and only if it satisfies the Knill-Laflamme
conditions [142]
(Ll ESEp |jL) = cab b, (2.63)

with ¢, independent of 7, j: no correctable error distinguishes the logical states,

and distinct errors map to orthogonal syndrome spaces.

2.5 Cavity optomechanics and input—-output relations
The optomechanical Hamiltonian and its linearization
Cavity optomechanics describes the interaction between a light field in an optical

cavity, and a mechanical mode whose motion creates a moving boundary for the
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light field. Modern interferometric gravitational-wave detectors such as LIGO
can be understood within this framework. Specifically, in LIGO, the mechanical
coordinate of the differential motion of the Fabry-Perot arm cavities produced by
the motion of the mechanical test masses under the effect of gravitational waves
is sensed by the circulating laser field. The radiation pressure due to the photons
bouncing off the mechanical mode, hence transferring momentum, creates phase
modulation on the output light, as evidenced by Eq. (2.41). Let us present a brief

review of cavity optomechanics.

We define a driven optical cavity mode @ with resonance frequency w,, coupled to a
mechanical mode b with frequency w,,. In the frame rotating at the drive frequency

wp, the optomechanical Hamiltonian can be written as
H=-hAG"4 + liw, bTh —TliggaTa (b + b"), (2.64)

where A = wy — w, is the detuning, and g the vacuum optomechanical coupling
strength [11, 81, 47]. One can linearize this Hamiltonian by considering the cavity
field as @ = a + 6d, where a = (@) is the average coherent amplitude of the field,
and 64 are the small fluctuations around this value. Then, |a|> = n. is the intracavity

photon number. The linearization results in
ata(b+b") ~ (laf* +a*sa +asa®) (b +b"). (2.65)

The constant term (proportional to |e|?) shifts the mechanical equilibrium, and we
neglected the term quadratic in 64 as |0d| < |a|. Without loss of generality, we can
choose a to be real valued, which gives an interaction term —7ig (64 + 6a") (b + b"),

where g = go || = go+/n. is the optomechanical coupling strength.

The interaction term gives rise to two separate dynamics,

—hg(6a + a4 (b +b") = -ng(sa b’ +64h) -nhg(sab+6a'h"),  (2.66)

beam splitter two-mode squeezing

The beam-splitter interaction is resonant for a red-detuned drive (A = —w,, ), whereas
the two-mode-squeezing interaction is resonant for a blue-detuned drive (A = w,,).
In contrast, in the resonant case of A = 0, the radiation pressure is independent of
the mechanical motion up to first order, which is ideal for position measurements as

the mechanical dynamics are not affected by the optical field.
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Langevin equations and input—output relations

The optomechanical cavity will inevitably be connected to some external field: this
external field is the drive, which keeps the field circulating inside the cavity at a
steady level. Let us refer to the fluctuations in this external field as dj,, and the
coupling rate as kex;. Similarly, the mechanical object is coupled to some thermal
bath at rate y,,, and will be driven by external fluctuations bi,. The linearized

quantum Langevin equations read

60 = (it = §)6a +ig(h + b') — Veex din (2.67)
b= (- iwn - %2)b+ig(6a + 50" =\ bin, (2.68)

The intracavity field is connected to the propagating output field by the input—output
relation [76, 269]

dout(t) = &in(l) + \/;6&(2‘) (2.69)
The linearized equations can be solved in the frequency domain by taking a Fourier

transform. Note that this field obeys the continuum commutation relations
[dou (1), gy, ()] = 8(1 = 1'). (2.70)

A canonical description is recovered by projecting the field onto a normalised

temporal envelope f(¢), with / dt | f(1)|? = 1, defining the temporal mode
Ay ::/dtf*(z)dom(t). (2.71)

From Eq. (2.70), [Af, A;] = / dt|f(t)]> =1, so A_f is a canonical bosonic mode.
Choosing an orthonormal family { f; (¢) } with / dt f; () fi(t) = 6 jx decomposes the
entire output field into a countable set of independent modes A obeying [A s AZ] =

Sk

Continuous measurement

Homodyne detection of the output field (2.69) realizes a continuous measurement.
With balanced homodyne detection, we can measure a given quadrature of a temporal
mode. This is done by interfering the output field on a balanced beam splitter with
a strong coherent local oscillator (LO) of phase ¢ and normalised envelope L(¢),
f dt |L(1)|* = 1. Reading out the photocurrent 7(¢) that is the difference of the beam

splitter outputs results in

A o (L) o(L)
/dtl(t)ocX¢ , X¢

Apeit + AT ¢t

, 2.72
N (2.72)
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where A; = f dt L*(t) dou (1) is the temporal mode selected by the LO. The quadra-
ture at the readout can be modified by changing the LO phase.

2.6 Probe preparation versus continuous monitoring

The estimation theory of Section 2.1 (prepare-and-measure picture) and the contin-
uous measurement picture of Section 2.5 describe two operationally distinct ways of
learning an unknown parameter 8. The essential difference is what the experimenter

is free to prepare.

In the first, prepare-and-measure picture, one prepares the probe. The parameter is
imprinted on a freshly prepared input state p through the encoding channel Ay, and
the figure of merit, i.e. the QFI of Eq. (2.12), is maximized over that input state. The
sensitivity gain obtainable from preparing an entangled state, in the absence of any
losses during encoding, arises from the spread of the generator spectrum. As the
probe is destructively measured at the end of the interaction, one aims to maximize

the sensitivity for each interrogation by preparing a new state.

In contrast, in the second, continuous-monitoring picture, the probe (the system
that interacts with the parameter) is not directly accessible. We define a meter, an
auxiliary system that interacts with the probe to measure the imprinted parameter.
While doing so, it inevitably disturbs the probe system, a phenomenon that we had
referred to as back action in the previous sections. Then, the meter also drives the
probe through this effect: once the meter is measured at the output, the conditional
state of the probe is altered. In LIGO, the interaction coupling the meter and
the probe is the radiation pressure. In this picture, there arises a trade-off for the
interaction strength between the meter and the probe: a larger interaction strength
results in more information extracted, however also a larger disturbance that makes
it harder to extract the same information in the later rounds. This trade-off brings
about the SQL. Obtaining an enhanced sensitivity thus requires back action evasion

through meter preparation, as we cannot initialize a probe state directly.

These settings are not opposed but mark the two endpoints relevant to this thesis: the
metrology chapters work in the prepare-and-measure setting, where the resource is
an engineered probe state, while the optomechanics chapters work in the continuous
setting, where the resource is a sustained interaction with a system one can monitor
but not prepare. However, the common point of these settings is that the sensitivity
is maximized for some fixed resource. In the first picture, this resource is the number

of probes N, where the sensitivity grows as N for an optimal preparation. Whereas
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a) Prepare and measure b) Continuous monitoring

0 Meter consumed after
T ¢ measurement, re-prepare
ﬁ Encode Po )
prelz)rz?rg(teion A Measure ) Meter
[} (prepared) measured
T | back action, {
Probe consumed after 2

measurement, re-prepare

Figure 2.1: The two pictures of parameter estimation: the prepare-and-measure
picture (left), where the parameter is imprinted on the probe and is measured
directly, vs the continuous monitoring picture, where a meter interacts with the
probe and is measured, causing back action on the probe.

in the second case, if one wants to maximize the sensitivity for a given frequency,
the limited resources are the interaction strength and the energy of the meter state.
The interaction strength determines the baseline of sensitivity for a classical input
meter state (i.e. the vacuum state). For example for LIGO, the interaction strength is
limited by the optical power at the bright port. Then, quantum advantage is obtained
by using the limited meter energy to prepare a back action evading state: for LIGO,
this is a frequency-dependently squeezed state, where the energy of the meter is set

by the maximum squeezing level R (in the absence of optical losses).

Both pictures admit a further resource: control, the freedom to interleave the encod-
ing with arbitrary operations on the probe or meter and on ancillary systems. With
such control the relevant bound is no longer the state QFI maximized over inputs
but the channel QFI maximized over the full adaptive strategy [61]. For a noise-
less, unitary encoding, the two coincide and one cannot benefit from an increased
sensitivity while doing local estimation (i.e. when the relevant metric is the QFI).
However, for global estimation, where the relevant metric is the BMSE, control can
enhance the precision even for the noiseless case. Perhaps the most well-known

example of this is the dynamic range enhancement in atomic clocks [134].

In the presence of noise, ancilla-assisted error correction can restore Heisenberg
scaling whenever the generator lies outside the span of the noise operators of
Eq. (2.43), and cannot otherwise [281, 237, 60]. In the continuous picture the
same control extends to the interaction itself: ancillary modes can synthesize an ef-
fective quantum-non-demolition or back-action-evading coupling [256] that breaks
the imprecision-back-action trade off (2.39) without squeezing the meter. However,

if the meter is lossy, it limits the sensitivity enhancement obtainable from control.
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Chapter 3

UNIVERSALITY OF STATIONARY OPTOMECHANICAL
ENTANGLEMENT

3.1 Introduction

The transition from quantum to classical behavior has been an intriguing question in
the past decades'. Quantum systems interact with the environment and develop cor-
relations with environmental degrees of freedom, which in turn prohibit observing
the quantum nature of the system when viewed by an independent external observer,
a phenomenon that is referred to as decoherence [282, 229]. Above some rate of

decoherence, it is expected that a system starts displaying classical behavior [7].

Optomechanical systems are examples of quantum systems, where a mechanical
oscillator interacts with an optical field in the simplest case. Due to the high
quality factor of the mechanical oscillator, these devices ensure strong isolation
from the environment and maintain quantum coherence [11]. Furthermore, the
momentum exchange between the mechanical and electromagnetic degrees of free-
dom, a phenomenon that is referred to as radiation pressure [81, 11], gives rise to
the entanglement between these two components. Optomechanical entanglement
has applications in quantum sensing [166], quantum control [114, 86, 45], testing
fundamental physics [177, 274, 263], and new quantum technologies [17, 240].
Stationary entanglement, which arises when the object is measured continuously
by a continuum of light modes coupled to the mechanical object, has been studied
theoretically and proposed for experimental demonstration [81, 175, 177, 103, 65,
201, 262].

Optomechanical systems suffer from decoherence due to environmental noise sources,
which can destroy or diminish the amount of generated optomechanical entangle-
ment [175, 2, 65]. Examples of such noises are Brownian thermal noise [117, 148],
suspension thermal noise [105, 107], and other technical noises. In this chapter,

we classify environmental noise sources based on their effect on the mechanical

I'This chapter is adapted from: S. Direkci et al., "Universality of Stationary Entanglement in an
Optomechanical System Driven by Non-Markovian Noise and Squeezed Light," Phys. Rev. Lett.
135, 153601 (2025), DOI: 10.1103/vzhk-cdc3; and S. Direkci et al., "Characterizing stationary
optomechanical entanglement in the presence of non-Markovian noise," Phys. Rev. A 112, 043512
(2025), DOI: 10.1103/gysx-m9p2. Both articles are published by the American Physical Society
under a Creative Commons Attribution 4.0 International (CC BY 4.0) license.
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oscillator: we refer to noise sources that get transduced by the mechanical oscillator
before being read out by the probe (i.e. the light field) as force noise, and noise

sources affecting the probe only as sensing noise.

In [65], the behavior of optomechanical entanglement was studied assuming a lin-
earized interaction and Gaussian dynamics between an oscillator and the vacuum
fluctuations in the input light field [11]. Given this system, it has been observed
numerically that optomechanical entanglement vanishes above a certain threshold
concerning the environmental noise sources only, and cannot be recovered by in-
creasing the interaction strength between the oscillator and the input light field. In
other words, the entangling-disentangling transition is universal with respect to the
interaction strength. Furthermore, this phenomenon has been observed for envi-
ronmental noises that are not necessarily Markovian, due to the presence of, for

example, structural damping [227].

Given this observation, in this chapter, we answer a general question about op-
tomechanical entanglement: what determines the presence of stationary light-mass
entanglement? Is it (i) the quality of isolation from the environment, (ii) the optome-
chanical interaction strength, and/or (iii) the state of the incoming light field? These
factors are intimately tied to the sensitivity of the optomechanical system to weak
forces acting on the mass: (i) determines the environmental noise of the device,
while (ii) and (iii) determine its quantum noise, i.e. the unavoidable, fundamental
measurement noise of the light measuring the position of the mass. In fact, our
work has been directly motivated by the achievement of quantum noise below the
standard quantum limit [58, 47] by the Laser Interferometer Gravitational-Wave
Observatory [52], via the injection of optical squeezed states [278, 172]. Our short
answer is that factor (i) plays a decisive role, while (i1) and (iii), as important as they
are for sensing weak forces, cannot be used to bring optomechanical entanglement
into existence. However, once (i) allows for entanglement, (ii) and (iii) can be used

to tune the level of entanglement.

While answering these questions, we analytically prove the universality of optome-
chanical entanglement in the presence of general, not necessarily Markovian, envi-
ronmental noise sources, when the input field is the vacuum state (or is frequency-
independently squeezed). Furthermore, we show that if the system is separable when
the input field is the vacuum state, entanglement cannot be achieved with arbitrary
frequency-dependent squeezing in the input light field. The universality of the op-

tomechanical entanglement can be interpreted as a quantum-to-classical transition,



25

where the system appears to be "classical" due to the environment, i.e. it cannot get
entangled with the light field since it is strongly correlated with the environment.
Calculating the corresponding threshold for environmental noise sources is crucial
for upcoming quantum technologies with optomechanical devices, and observing

quantum behavior in the macroscopic regime.

This chapter is organized as follows. We state the system dynamics, the covariance
matrix, and the entanglement criterion in Sec. 3.2. Then, we demonstrate the
universality of the entangling-disentangling transition for arbitrary environmental
noise sources in Sec. 3.5, assuming that the input light field is in the vacuum state.
We relax this assumption and consider arbitrary frequency-dependent squeezing in
the input light field in Sec. 3.6.

3.2 System Dynamics

The system consists of a mechanical oscillator driven by a coherent, input optical
field. For a schematic, see Fig. 3.1. We work in a suitably displaced frame where
the first moments of the dynamical variables are zero. We denote the position
fluctuations of the center of mass of the mechanical oscillator with 131 , its associated
momentum fluctuations with b,, the quantum fluctuations in the amplitude (phase)
quadratures of the input (output) optical fields with i (z), @>(¢) (V1(¢), V2(2)),
respectively. The dimensionless, linearized equations of motion in the Heisenberg

picture are [183]

\71(1‘) = ﬁl(t) s (3.1&)
Q R

D2(1) = fa (1) + VTq_mwl(r) +is (7)) , (3.1b)

X n n Q

by (t) = ~ymba (1) — wmb1 (1) + \/wimmm + Ag(1), (3.1¢)

bi(1) = wmbs(t) (3.1d)

where € is the characteristic light-mechanics interaction strength, or the coherent
coupling?, wp, is the mechanical resonance frequency, vy, is the damping rate of the
oscillator, and 7ip(t) and 7ig(t) are the force and sensing noises, respectively. These

linearized equations are valid when the input light is highly excited (e.g. for a high

1 w . .
?In terms of system parameters, Qq = / %, where Iprobe and wprobe are the intensity and

carrier frequency of the light probing the mechanics, c is the speed of light in vacuum, and m is the
mass of the oscillator.
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~ _ input light field

S

,é output light field

Figure 3.1: Schematic of the optomechanical system. The mechanical mode b
interacts with a light field and reaches a steady state. We refer to the modes of
the input light field as 7, and the reflected (output) light field as ¥, respectively.
The schematic shows the equivalence between the spatial and the temporal modes
of the light field: for example, the temporal modes of the input field located at
the light-mechanics interface for + > 0 can be thought of as the spatial modes at
t = 0 that have yet to interact with the mirror. Similarly, the temporal modes of
the output field for # < 0 can be thought of as the spatial modes at # = 0 that have
already reflected off the mirror. We label the duration of the temporal modes as dt
in the schematic, however, we are interested in the continuum limit, where dt — 0.
Lastly, the mechanical mode is subjected to a force noise 7ig, and the output field is
subjected to a sensing noise 7g.

intensity laser |a@), with @ > 1), and the commutation relation for the same-time

quadrature operators are [b; (1), b2(1)] = 2i°.

Instead of considering a thermal bath, where the spectrum of 7ig or 7ig is given by the
fluctuation-dissipation theorem [ 150, 40], we consider phenomenologically general,
non-Markovian, and Gaussian stationary noises with a power spectral density in the

form of

S0 () = / " d (i (s(0) € = P(Q)/Q(Q) 3.2)

(o)

3We choose to normalize the quadratures of the mechanical oscillator such that the entries of the
commutator matrix, defined in Eq. (3.10), do not have a factor of 1/2.
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Force noise | Sensing noise

Quantum (measurement) noise i >

A A

Environmental noise AE g

Table 3.1: Classification of the noise sources affecting the dynamics, given in
Egs. (3.1). The noise sources fall under two orthogonal categories, demonstrated
by the x and y-axes of the Table. The first category (x-axis) arises due to the nature
of the noise: we refer to the fundamental noise that occurs due to the continuous
monitoring of the oscillator as quantum noise. Conversely, any noise arising due to
the environment (e.g. seismic noise, coating thermal noise, etc.) is referred to as
environmental noise. The second category (y-axis) describes how the noise source
affects the dynamics: a force noise introduces stochastic momentum kicks on the
oscillator, whereas a sensing noise is sensed with the position of the oscillator and
does not affect its dynamics.

with E € {S, F}, and P and Q are arbitrary polynomials in Q such that deg(Q) >
deg(P) due to stability requirements.

First, we assume that the driving light (in the displaced frame) is in the vacuum state,
with temporally uncorrelated fluctuations. This assumption will be relaxed at the
end of the chapter, where an arbitrarily frequency-dependent squeezed input light
field will be considered. The commutation relations for the quadratures of the input
light field are given as [ (t), d(¢')] = 2i6(t — '), [i#;(¢),4;(t')] =0,i = 1,2. The
same relations hold for the output light field.

The noise sources driving the mechanical oscillator, it 7, 7ig, fis, can be categorized
in two manners, summarized in Table 3.1. First, we refer to the fundamental
measurement noise occurring due to the continuous monitoring of the oscillator
position as quantum noise. This noise is sourced by 71> in Egs. (3.1). Conversely,
any additional noise in the system that can in principle be eliminated is referred
to as environmental noise. This noise is sourced by 7ir and 7ig in Egs. (3.1). An
orthogonal characterization of the noise sources can be obtained by considering
their effect on the system. We refer to the noise sources that produce stochastic
momentum kicks to the oscillator as force noise, sourced by #i; and 7ip. Lastly, the
noises that do not affect the dynamics of the oscillator, but are sensed simultaneously
with the mechanical position are referred to as sensing noise. They are sourced by

122, and ﬁs.

Examples of 7ip are seismic noise [255, 124], suspension thermal noise [87, 56],
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and structural damping [227, 189, 88] in systems with suspended oscillators such
as gravitational wave detectors. Further examples include thermal excitations of
a substrate in contact with the mechanical oscillator [36], and collision with gas
molecules or photon scattering in levitated nanoparticles [ 123, 92, 89]. Additionally,
examples to /g are, thermal coating noise for coated mirrors [108, 97], and additional
mechanical modes contributing to the outgoing light in membranes or levitated
systems [276]. Note that the sensing noise here couples to the detection channel
with a rate proportional to the interaction strength €24 (c.f. Egs. (3.1)). There can be
other types of sensing noises that do not couple with this rate, e.g. passive or photon
losses, and detector dark noise [112]. We only consider the former type of sensing
noise in 7ig, as in the presence of the latter, the universality of optomechanical

entanglement does not hold (see Sec. 3.5).

Egs. (3.1) describe a system where the mechanical oscillator is driven by the

input light field and a force noise, represented by the terms &ﬁl (7) and 7ip(t)

in Eq. (3.1c), respectively. The system is unconditionally s;/aﬁe and reaches a
steady state. Taking the Fourier transform* of Eqs. (3.1c) and (3.1d), the steady
state solution for the mechanical oscillator is written as b;(Q) = yx(Q)Fu(Q),
where Foy () = Qq\wmi1(Q) + wniip(L2) is the Fourier transform of the sum
of external forces driving the oscillator, and y(Q) = (-Q% — iynQ + w2)7 ! is
the mechanical susceptibility. We refer to the inverse Fourier transform of the

mechanical susceptibility as y(t), which is a real, causal function of time.

3.3 Structure of the Covariance Matrix

We are interested in the optomechanical entanglement between the traveling light
field and the oscillator’s motion. At any given time 7', as shown in Fig. 3.1, we have
three parties: the oscillator {Bl,z(T)}; the output light field {V »(¢) : t < T} that has
been reflected during ¢ < T (shown in blue); and input light field {i,(¢) : t > T}
that will be reflected during + > T (shown in orange). Stationary dynamics are

invariant under time translations, therefore we set 7 = 0.

The dynamics in Eqs. (3.1) are linear and stable. Since the driving noises are Gaus-
sian, the system reaches a Gaussian steady state completely characterized by the
covariance matrix of its quadratures. As we are interested in the bipartite entangle-

ment between the single mechanical mode b ;(0) and the output field {P12(7), 1 < 0},

4We use the convention F{f(¢)} = f_"; f(t)e'“ dr
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their covariance matrix V can be written in the following block matrix form

Vbb va
va A VAll

mn mn
Vl 1 Vl 2

mn mn
VZl V22

mn _

V = (3.3)

where m,n € {v,b}, V®? and V*” are the covariance matrices of the mechanical
mode and the light field respectively, and V?”, V'? contain the cross-correlations
between the mechanical mode and the modes of the optical field, with V¥? = (V?")T
(" denotes the transpose). V%’ is a 2 x 2 matrix of real numbers, as the mechanical
mode is only relevant at the instant of # = 0. On the other hand, we are interested
in the output light field for < 0, where the continuous index ¢ labels this infinite
set of modes. V"V is thus a 2-by-2 matrix of bounded operators on £2(0, o), the
Hilbert space of square-integrable real functions on the half real line. Similarly, the
elements of the 2-by-2 matrix Vb (VP7) are functions in .52(0, o). For example,
Vlbzv (1) is a function denoting the correlations between b1 (¢ = 0) and 7, (¢) for 7 < 0.
To compute the elements of V, we take the inverse Fourier transform of cross spectra

between quadratures, as

v = %({”hk(tl)’ A(12)})

+00 dQ . B
_ / S (Q)e™ ), (3.4)

where m,n € {v,b}, k,l € {1,2}, t;2) = 0if m(n) = b, t1(2) < 0 otherwise, and

Smn, 18 the double-sided cross spectrum between i1y and 71, given by
’ 1 A A ’ A I\ A
Smin (Q) 6(Q = Q) = (@A) (Q) + 7] (Qyhu(Q))  (3.5)

Note that since the input light field is the vacuum, Sy, = Su,u, = 1, and Sy, = 0.
Furthermore, we denote the spectra of 7ip(f) and 7is() with Sz.(Q) and Ssg (€2),

respectively.

First, let us compute V**. The operators in V" are indexed by 7 € (—co, 00), where
7 increases (decreases) with increasing columns (rows) of the matrix of the operator.

V" is given as

v | 6@ Q2 y(-7)

= , 3.6
Q2 (r) 5(1) + O yen(s) + Q2 O(7) G0

where O(Q) = |x(Q)|> and we define a "force noise susceptibility" yg(7), with
XF(Q) = wn|x(Q)%S4.(Q), and a "sensing noise susceptibility” ys(r), with
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Xs(Q) = Si(Q)/wm so that ygn(T) = xr(7) + xs(7) summarizes the suscep-
tibility of the environmental noises. The matrix representations of Vl.;.v, ij=1,2
are in the Toeplitz form, as their elements depend only on the difference between

their respective row and column indices.

Next, let us compute V2V, which will be a matrix of functions indexed by ¢, > 0.

It contains the correlations between the mechanical oscillator and the light field:

X xe() + Q200

2 , (3.7)
L) L) + 226()

VP = JomQq

where ¢ increases with increasing columns. Since b () = 1;1 (1) / wn from Eq. (3.1d),
the cross-correlations involving Ez(t) are derivatives of the cross-correlations in-
volving b (¢), normalized by wp. The terms containing ® in the second columns
correspond to the amplitude fluctuations of the input light, transduced twice by
the mechanical oscillator (recall that ® is |y|* in the frequency domain). These
fluctuations emerge as noise in the phase quadrature of the output light field. This

phenomenon is referred to as back action.

Lastly, let us compute V??, which is a matrix of real numbers:

Vb0
vees o (3.82)
0 Vi
Vi = om (xr(r = 0) + Q20(1 = 0) (3.8b)
-1 .
Vi = — (et =0) + 9} 6(1 = 0)) (3.80)
Wm

This matrix is diagonal due to vanishing cross-correlations between b (¢) and b (¢)

at equal times.

3.4 Entanglement Criterion

We are interested in the bipartite entanglement between the mechanical oscillator and
the continuum of temporal modes of the output light. Since we assume Gaussian
dynamics and noise sources, the state of the mechanical mode and the temporal
modes of the light are Gaussian. The mechanical oscillator represents a single
mode, while there are N — oo countable modes of the output field. In this 1 X N
configuration, the PPT criterion is necessary and sufficient for verifying the presence
of bipartite entanglement [202, 243, 67, 268]. For continuous variables, the criterion

asserts that a state is separable iff Vi + iIK > 0; V, denotes the partial transpose
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of V with respect to one of the parties [243, 4], and K is the commutator matrix,

defined as
Kb
K= )
[ o ] , (3.9)
with
Kb:[o 1],1@:[ 0 6“)]. (3.10)
-1 0 -6(t) O

In our configuration, the partial transpose operation amounts to reversing the sign of
the momentum of the mechanical mode: l;z(t) — —132(t), which also puts a minus
sign on the rows and columns of V associated with b, (¢). For example,

Vl”lv(t) Vl”; (1)

VRO VR

by _

ot = : (3.11)

In the 1 X N configuration, Vj + /K can have at most one negative eigenvalue
[239], and we have the following necessary and sufficient test of optomechanical
entanglement:

det (Vp + iK) <0 < entanglement. (3.12)

Standard matrix-determinant properties allow to express Eq. (3.12) as a product of
determinants, factoring out det (V" +iK"), which is positive for Qg > 0°. We can
then conclude that optomechanical entanglement exists if the following condition
holds:

det [V?” +iK" = VIV - (VY +iK") ™' - Vi?] < 0. (3.13)

Note that the dot product - is defined as, for an n-by-n matrix of operators A, an

n-by-m (m-by-n) matrix of functions f (g),
(8- A

:Z/ / dt dt’ gri(t)Ai;(t — 1) f(2). (3.14)
7 Jo 0

From Eq. (3.13), the existence of optomechanical entanglement depends on a

complex trade-off between the strength of the force noise, the sensing noise, and the

SWe disregard the trivial case where 4 = 0: the joint state will be separable, as there is no
optomechanical interaction.
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quantum noise due to vacuum fluctuations. We explore this relation in depth in the

following sections.

Lastly, entanglement is quantified with the logarithmic negativity, defined as [261,
208]

Ey = ) max{0,~In(1;)} (3.15)

J
where the sum is over the symplectic eigenvalues A; of the partially transposed
covariance matrix, and a non-zero logarithmic negativity indicates the presence of

optomechanical entanglement.

3.5 Universal Entanglement

In this Section, we first simplify the condition to observe entanglement in Eq. (3.13).
Subsequently, we demonstrate the universality of the entangling-disentangling tran-
sition. Lastly, we give an example of how this transition constrains the amount of

environmental noise allowable in order to observe optomechanical entanglement.

Entanglement Indicator
-1
To simplify Eq. (3.13), we first evaluate (Vgtv + iKV) . Using standard properties

of the 2-by-2 block-matrices, we write

(Vit +iK") ' = 2Dy - 7 + A, (3.16a)
[ vy -1
A= VH(()T) 8 ’ (3.16b)
. v o | v +is(r) o], G160
0 o(1) -6(1) 0
p, =M@ 0O 3.16d
YT oo0 M| G-16d)

with®
M(7) =V (7) = [<id(r) + V3V ()] - ViV () 7h - [is () + V) (7)] (3.17)

and M~!(7) is an operator calculated with the Wiener-Hopf method; see Appendix
A.1 for a summary. Plugging in Vl;” (1),i,j = 1,2 from Eq. (3.6), and using the dot

®Note that in general, the operator M is a function of two time indices, in the form of M(z,).
Here, assume M (1) = M(t —t’) for simplicity, which is true when the input light field is the vacuum
state.
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product convention in Eq. (3.14), we obtain

) 0
(Vi +iK) ' =2.Dy - 27 + (oT) 0], (3.18a)
Q% (- ' 0
Y= aX(=7) +io(r) , (3.18b)
-6(7) 0
M(7) =—iQ¢ (x (1) = x(-7)) + Q& xen (7). (3.18¢)

When the second operator in Eq. (3.18a) operates on Vgtv and V;i’ in Eq. (3.13), we

[Ca
0

00 [ 2 N
_ / e wWmx (1) )lf(l))((f) (3.19b)
0 —x(x (1) =X (1) ]

obtain

(3.19a)

Vlblv(t)z _Vlblv(l)vzblv(t) ]
Vi @virn - vre?

0 [ 2 _ . ]
_ / 01 9 wmx(.t) )l((t.))((zt) (3.19¢)
—co —x @O x () g-x()"
1 [ wmlx (Q)|? 0
i dQQ; . 3—2|X(Q)|2 (3.19d)
5 |@m®(0) 0
= Q} . -16(0) , (3.19%)

since /Ooo dt y (1) x (1) = —x(0)?/2 = 0. We were able to extend the lower integration
limit to —oco in Eq. (3.19¢) due to the causality of y(¢). Then, we used the Plancherel
theorem to go from the time domain to the frequency domain to calculate the diagonal
elements in Eq. (3.19d). Lastly, we expressed the diagonal elements as inverse
Fourier transforms at time # = 0 in Eq. (3.19¢). We notice that this expression
is contained in V?? [Eq. (3.8)], therefore it cancels out of the determinant in Eq.
(3.13), which becomes

det [V?7 4 iK? = Vi - x- Dy - XF - (V)| <0,
wmxr(0) 0

0 = ir(0)
bv\T

pt
cancellation, since the variances of the quadratures of the mechanical oscillator due

Vot .= (3.20)

where we rewrote VIVf as (V . We refer to this simplification as the vacuum

to the vacuum fluctuations factor out of the inequality in Eq. (3.13).
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To calculate Vgtv XDy - X7 (Vgtv T, we first operate with £ on Vgtv from the right,

iym v

VD) VI ()

5(0) ol (3.21)

Q2 y (1) +i6(7) o]

Here, we use the index ¢ > 0 to indicate functions, and 7 € (—co, 00) to indicate
operators. We use this convention throughout the rest of the chapter. Performing

the matrix product, we obtain

(3.22)

iV () + QO (1) - x (=7) = VI (1) o]
—inblV(t) - Qé Vzblv(t) cx(-7)+ Vzbzv(t) 0
where we used the fact that taking the dot product with the identity operator &(7)

does not modify the functions. Taking the dot product between Vlblv (t) and y(-7)

and going to the frequency domain, we have

(aesm 7| [t

= Qq\/wmf{/ dt’ xy(t' - t)X(t’)}
= Qq Vme(Q)TX(Q)
= QqVwmly Q) (3.23)
where we used the definition of Vlhlv given in Eq. (3.7), and we extended the
integration boundary using that y(¢) = 0 for # < 0. Then, we find that
VI (@) - x(=7) = VomQq 7 {Ix ()1}
= VwnQq0O(1) (3.24)

Similarly, we can also write Vzblv(t) cx(-1) = \/wqu(;)(t). Substituting these

expressions back in Eq. (3.22), we obtain

-va _ va 0
It 025)
—lel +V22 0
where we have defined
1/bv 1/bv 'Q‘q .
V12 (1) = VwquXF(t)’ V22 () = —xr(1) (3.26)

Vom

i.e. we redefine ‘7!.’;”(1‘), i = 1,2 such that they only contain the correlations due to

the force noise, and not the back action.
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bv\T

Similar calculations allow to re-express Vgtv XDy X' (th as
VO () Vit =1 =1) - (V5 (1)T (3.27)
with
_ vbv o yby Mt —im!
Vb= | 0 2 V= | e (3.28)
L 20 4 iM M

Therefore, we can rewrite Eq. (3.20) and define the following entanglement indicator
det VP2 +iKP = VBV - vy, - (VET| <0
<= optomechanical entanglement. (3.29)

This inequality is our starting point for the subsequent considerations.

Demonstrating Universality

Given the entanglement indicator in Eq. (3.29), we explore the existence of entan-
glement for different configurations of environmental noise sources. For example,
we first assume a very large sensing noise, i.e. the limit of Sy, — oco. In this limit,
Xxs(t) — oo, therefore M — oo, and consequently M -1 5 0. However, the elements
of Vgtv are finite, since they do not contain the correlations due to the sensing noise.
Then, the rightmost term in Eq. (3.29) goes to zero, and the entanglement indicator

is modified to

det [Vb b +iK? ] <0 <= entanglement. (3.30)

V%% contains the fluctuations in the quadratures of the mechanical oscillator due
to the force noise only. Therefore, this matrix can be thought of as the covariance
matrix of an oscillator in the absence of any optomechanical interaction, subjected
to force noise. Since this is a physical covariance matrix, Vb 4 iK? > 0 from the
Heisenberg uncertainty principle. Therefore, Eq. (3.30) cannot be realized for any
physical force noise spectrum, and there can be no optomechanical entanglement in
this limit.

Next, we investigate entanglement in the absence of sensing noise. Let us parametrize
the spectrum of the force noise in the system as agSj,, where af is a dimensionless
constant scaling the overall strength of the noise; and ar = 0 indicates that there is
no force noise. If the system is entangled for ap, it will also be entangled for af — €,

since the entanglement criterion gets modified as det(Vp + iK — €V’) < 0, where
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det(Vp +iK) < 0, and —€V’ is negative semi-definite. Then, the criterion will be
satisfied for ar — €. Therefore, we set Sy, () = O for the rest of the Subsection and
characterize the force noise as @Sy, assuming that ag > 1. Due to the discussion
above, if the system is entangled in this limit, it will be entangled for all force noise

spectra, regardless of the amplitude.

In this limit, from Eq. (3.18c),

M(Q) = Q¥ (Q)* (wmarSi; (Q) + 2ymQ)
= Mg(Q) + M;(Q) (3.31)

where

Mg(Q) = Q¥ (Q)PwmarSi: (Q) = Qxr(Q),
M (Q) =297 x (Q)PynQ = 2Q20(Q)ynQ (3.32)

Note that in the time domain, Mg(t) = Q?l)(p(t), M;(t) = ZiQSym(;)(t). Since
Mg (Q) is a real and even function of Q, Mg(¢) is a real and symmetric function
of time. Similarly, since M;(Q) is a real and odd function of Q, M;(¢) is a purely
imaginary and anti-symmetric function. Now, we want to express the inverse of
the operator M as a function of the operators Mz and M;, where Mp is real and
symmetric, and M; is imaginary and Hermitian (as M;(t) = —M;(—7)). In the limit

of ag > 1, we have
1 1 !
M= M (1 My )
~ Mg (1= My M)
=My - Mz' - My - My! (3.33)
where the approximation used that M§1 “M;ox1/ap < 1.

With this approximation of M~!, we evaluate Eq. (3.29). In order to calculate the
dot products with Mlgl using the Wiener-Hopf method, we write MI;1 as a product
of its causal and anti-causal parts. Note that we omit writing a for the rest of the

subsection. First, we express yr(€2) as a product of its causal and anti-causal parts:
XF(€2) = xr(Q)+xr(Q)-,
XF(Q): = Vomx (2)Si: (Q)4, (3.34)

and yp(Q)- = XF(Q-)I- Here, Si. = Sap ()54 (Q)-, where Sj;.(£2); contains
the causal roots and zeros of S;.(€). This decomposition is possible for any
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power noise spectrum Sj.(€Q) that is a rational function of Q. Then, we have:
Mp(L): = QqXF(Q)J_r-
bv\T

pt

define fxg = f-M~!.g for functions f and g. Using this notation, Vgtv V- (Vgtv T

We now want to calculate ng Ve (V in Eq. (3.29). For this purpose, we can

is given by (we drop the superscripts bv)
ViVl Vi * V)
Vo x VI Vo % V],
Vit * VD = Viox VI Vipx VI = Vi % VL

Vo x V[ =Vax V], Vo x V), =V %V,

v T v T
Via % V12 —Via % V22

-V * VIT2 Voo % Vsz

-1

(3.35)

We first calculate Eq. (3.35) by substituting M~ with M}' from Eq. (3.33). We
notice that

VI(Q) = VomQoxr(Q) s xr(Q)-,

—~ Q
b . q
V) (Q) = —iQ——— ,w—mXF(Q)+XF(Q)—- (3.36)
We proceed with the Wiener-Hopf method to calculate \71’9; . Mlgl. In the frequency

domain, we have

_ Vwm€ 1 Q Q)_ vV
(Vi3 + Mz)(Q) = ——— [XF( () ] =R (33)
Q7 xr()+ XR(Q)- . Qq
therefore, in the time domain,
VO Mg = 26(1)Vom/Qq (3.38)

for ¢t > 0. The factor of 2 arises from the causality of the delta function. Then, the

inner product \7{’; . Mlgl . (‘711’; )T is given by

~ ~ 2+/w o _ ~
Viy - Mg'- (Vi) = == / Vi3 (08(D)dt = wmyp(0) = (V)11 (3.39)
q 0
Similarly,
~ _ 26(1)
VL My = 3.40
22 R \/(U_mgq ( )
which implies that the second term in Eq. (3.35) is given by
/bv - b 17bv - /by
Viy s Mgt - (V)T =V - Mt (Vi)' | wmxr(0) 0 = Ybb
~ _ ~ ~ _ ~ - 1 . -
Ty T V@] 0 RO

(3.41)
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which cancels out with V2 in Eq. (3.29). Next, let us evaluate the third term in Eq.
(3.35). From Eq. (3.38) and Eq. (3.40), we have

VI MG VAT =T g (T

Vwmvb\/(o+) + Vlhlv O+)
Q, 2 VomQq

and the entries in the diagonals are zero, since Mg, is a real and symmetric operator.
Then, the third term in Eq. (3.35) will be

[o —21
(3.43)

=2y(0") =2 (3.42)

2t 0

Finally, we want to calculate the first term in Eq. (3.35). However, one cannot
directly take the dot products of Mlgl with Vlblv and Vzblv . indeed if the force noise
spectrum decays faster than 1/Q2, the expressions are not well-defined. However,
(quantum) physically, we expect that any (bosonic) continuous variable force noise
will remain finite; as we shall see at the end of this subsection. Then, we work in
the limit of Mg(t) = € + Q(zl xre(?), € < 1. Similar to above, we need to write Mz (t)
as a product of a causal and anticausal function in the Fourier domain. For this
purpose, notice that the spectrum of My is—up to some constant—the spectrum of
the force noise, S;, (€2), multiplied by the absolute value squared of the mechanical
susceptibility, | v (Q)|?, due to the response of the harmonic oscillator to the external
forces caused by the force noise. The force noise spectra can be written as a product
of rational functions of Q2 as it is a real and even function of Q. We assume that
Siap(Q) has z zeros and p poles, k = p — z > 0, k even. First, notice that we can

always write Sj; (€2) in the form of

AQ,AQ)- _ JAQ.F
BQ.B@Q)- ~ [BE@).P

Spn(Q) o (3.44)

since S;.(Q) is real. We set the coefficient multiplying Q2 to the largest power in

B(Q),B(Q)_ to unity, since any coeflicient can be absorbed into A(€).. Further-

more, we define D(Q); = Q% + iymQ — w2, = —1/x(Q), D(Q)_ = D(Q)!, which

contain the poles of the mechanical susceptibility. Combining the new definitions,

we write

N 1 A(Q)+A(Q)-
D(Q):D(Q)- B(Q)+B(Q)-

_eQYP 1+ A(Q)LA(Q)-

~ D(Q):D(Q)-B(Q).B(Q)-

MR(Q) =€

(3.45)
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where the approximation holds in the limit of € < 1. Now, in order to find the roots
of the numerator, notice that in the limit € — 0, the numerator goes to A(Q),+A(Q)_.
Then, we can write it as a product of A (). A (Q)- and the rest of the roots, of which

there are 4 + k. To find the remaining roots, notice that they will be solutions to
eQMP + LQI =0 (3.46)

where L is a real number. since the roots will be at large € in the limit of € — 0,
and only the term LQ® in A(Q);A(Q)- will be of importance. The roots of Eq.
(3.46) are Q, = Le /@ Rexp((i2nn + in) /(4 + k)),n =0, 1, ...,3 + k. Then,

A(Q)LAQ)- TIHE (VP Q — Leiitr &)

Mp(Q) =~
R(ED) D(), D(Q)_B(Q).BQ)-
A(Q), T2 (/440 Q & [eait Tt
MRg(Q)s ~ - [, ) (3.47)

D(Q):B(Q)+

While using the Wiener-Hopf method, one needs to calculate 1/Mg(L),.. We see
that thanks to the terms with €, the number of poles and zeros of 1/Mg(Q),, in the
limit of € — 0, are equal. Therefore, using Eq. (A.13), dot products with Mlgl are
guaranteed to be bounded.

We now return to the evaluation of the first term in Eq. (3.35). In taking the dot

products of Mlgl with Vlblv and Vzblv one encounters expressions such as

vb
va . M—l . va — / @Vll (Q)T
11 R 11 0T MR(Q)+

Since the number of poles and zeros of Mg(Q); in the limit of € — 0 are equal

Vi (Q)
Mz (Q)_

(3.48)

+

from the discussion, and Vlblv (€2) has two poles, we can write this as the dot product

of two bounded, causal functions of time. Or, in the frequency domain, as

[
2

Then, we only need the residues of 1/Mg(€Q)- at the poles of the mechanical

S
MR(Q)+

VI ()
Mr(Q)-

(3.49)

+

susceptibility to compute the dot products in the limit of € — 0. In the end, the first
term in Eq. (3.35) is

b -1 bv\T b -1 b\T
Vi Mg - (VY —Viy e Mg - (V)

_VbV . M—l . (va T va . M_l . (va T (3.50)
21 R 11 21 R 21
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Now that we have finished discussing the terms with M3!, we want to calculate
Vgtv <V - Vrvf (Eq. (3.35)) again, substituting M~ with Mlgl - M - Mlgl; cf.
Eq. (3.33). First, note that after this substitution, the first term in Eq. (3.35) will
be proportional to 1/ ax% < 1, therefore we can ignore this term. From Egs. (3.38),

(3.40), the second term will be given by

wmM(0)  M;(0) ]_ [0 —i]

-Mi(0) SEiO)] |i 0

1

(3.51)
2
Qq

since M;(0) = M;(0) = 0. In order to calculate the third term in Eq. (3.35), we
notice that

_ Vo N
VY - Mg' - Mp=6(1) - My qu = Ml(f)—gqm
1 M)

VO MR M= 6(r) - My (3.52)

VomQq  Vamy
for t > 0. Then, the third term in Eq. (3.35) will involve inner products with M (¢)
and M;(t). Since these products will have support only on the half real line (i.e. the
integration limits will be from 0 to +00), we can replace M;(t) and M;(t) with their

causal counterparts. Notice that

Mz(t)% = —iQqVamx (1) = —iVE (1) (3.53)
q

for ¢ > 0. Similarly, M;(t)/\JomQq = —inblv (¢) for t > 0. Therefore, the third term
in Eq. (3.35) can be written as
Vlblv ) MIEI : (Vlblv ! _Vlblv : Mlgl : (Vzblv !

VP M (VYT by st (v T (3.54)
21 R 11 21 R 21

Therefore, summing all of the matrices above, the condition to be entangled in the
absence of sensing noise is given by

| My
det + <0 (3.55)
-2i 0

using the Wiener-Hopf method and the expressions for Vlblv , Vzblv,

b -1 bN\T b -1 T
an'MR '(an) _Vllv'MR ‘(Vzlv)

b -1 b\T b -1 bNT
_Vzlv'MR '(an Vzlv'MR '(Vzlv

and Mg, where we

calculate the following elegant expression:

(Vlblv : MIEI : (Vlblv T)(Vzblv : MIEI : (Vlbzv T)

4)/2
— (Vo pmE oy o TTm 3.56
Wi M (0 = i a0 (330
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where Q. = —iyn/2 + Vwi, — y2,/4 is one of the poles of the mechanical suscepti-
bility. From Egs. (3.55) and (3.56), the condition for optomechanical entanglement

reduces to
1Si— (Q)|> > ym & entanglement. (3.57)

There exists a lower limit to |Sz.—(€.)| from the fluctuation-dissipation theorem
[40, 150], since Sj.(€2) includes the thermal-fluctuations that give rise to velocity
damping on the mechanical oscillator, with a damping rate yy,. Then, assuming
that there is no additional force noise in the system, S;.(€2) is connected to the
mechanical susceptibility with

2y hQ
Sie(Q) | (Q)* = w—|)((9)|200th (m) (3.58)
m

where T is the temperature of the bath, and kp is the Boltzmann constant. Elim-
inating the mechanical susceptibility from each side, and writing Sj. as S;.(2) =

S (Q)4 84, (Q)_, the minimum value of |S;._ (Q.)|? is given by
|- (I 2 2ym (3.59)

We therefore see that all physical force noise spectra ensure optomechanical entan-
glement, from Eq. (3.57). Therefore, the mechanical oscillator is entangled with

the output light field for any force noise spectrum in the absence of sensing noise.

We propose the following heuristic physical interpretation to explain this phe-
nomenon: entanglement is generated by the two-mode-squeezing interaction in-
cluded in the optomechanical coupling [11], and two parties—one in a pure Gaus-
sian state, the other in an arbitrary thermal state—become entangled after any
two-mode-squeezing interaction [170]. In the stationary regime, the force noise
(and its associated bath) essentially sets the state of the mechanical party (similar
to thermalization), while the probing light is in a pure Gaussian state. Therefore,
it can be expected that the joint optomechanical state after interaction is entangled
for any finite force noise. This heuristic argument disregards the possibilities of the

mechanical bath and the measuring light being non-Markovian.

Summarizing the two scenarios discussed above, for a given force noise spectrum,
the existence of entanglement depends on the amount of sensing noise present in the
system, signifying that there exists an entangling-disentangling transition at which
optomechanical entanglement emerges. Furthermore, this transition is unique for a

given force noise and sensing noise spectrum. To show this, let us assume a force
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and sensing noise spectrum apSj; (), BsSa, (), respectively, where ar and SBs are
real, positive constants. We want to show that given ar, the value of g for which the
entangling-disentangling transition occurs is unique. In other words, if the system
is not entangled for a pair (aF, Bs), entanglement cannot be achieved by increasing
Bs. Note that when we increase s, we introduce more sensing noise to the system,

however, we do not change the functional form of the spectrum (i.e. Sxg(£2)).

We write the covariance matrix as V, and add some additional sensing noise to the
system, modifying the covariance matrix in the form of V— V +rV’, where r € R,
and V’ is positive semi-definite as it is a covariance matrix. V' will be non-zero
only in the sector of the covariance matrix containing the variance of v, due to
the structure of the equations of motion, given in Eq. (3.1). This modification

corresponds to modifying Ss, such that S5 — Bs + r.

We recall from Sec. 3.4 that optomechanical entanglement exists when det(V, +
iK) < 0, where V| is the covariance matrix of the system. If the system is separable
for a given S, it will remain separable for Ss + r, r > 0. This is because the
entanglement criterion becomes det(V, +rV’ +iK) < 0, where Vp, +iK is positive
semi-definite, and V’ is positive semi-definite (since it is a covariance matrix).
Therefore, the criterion is not satisfied, and optomechanical entanglement does not
exist. Conversely, if optomechanical entanglement exists for Sg, it will also exist
for Bs —r, r > 0, since the criterion gets modified as V, +iK — rV’ < 0, where
V¢ +iK is negative definite, and —V’ is negative semi-definite. Then, the criterion
will be satisfied for Bg —r.

Therefore, if we introduce some sensing noise to an initially entangled system,
there exists a critical amount of additional sensing noise for which an entangling-
disentangling transition occurs, and the system becomes separable. Beyond this
point, the system cannot get entangled again as we continue introducing more sensing
noise. Conversely, before the entangling-disentangling transition (when the system
is entangled), we cannot induce separability by removing sensing noise from the
system. These statements prove our initial claim that the entangling-disentangling

transition is unique with respect to the amount of sensing noise present.

Lastly, from Egs. (3.18c), (3.26), (3.28), and (3.29), M (1) « Q¢, and ng o Q.
Therefore, the term Vgtv V- (Vgtv T'in Eq. (3.29) is independent of Q. We
also have that V% and K’ are already independent of €2q. Therefore, Qg factors
out of Eq. (3.29), making the entangling-disentangling transition independent of

the interaction strength between the mechanical oscillator, and the output light field.
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Therefore, this transition is universal with respect to the interaction strength. To
restate our definition of universality, we call a transition universal if it i) exists for
a finite level of sensing noise, ii) is unique with respect to the amount of sensing

noise, and iii) is independent of the coherent coupling €.

After the transition (i.e. for an entangled state), we saw numerically that the
negativity increases with Qg, which supports our intuition that the optomechanical
entanglement is strengthened with an increased interaction strength. However,
most interestingly, the universality implies that, for a noise configuration before
the transition (i.e. for a separable state), one cannot make the state entangled by

increasing the interaction strength.

Example Case

To derive a simple analytical bound on the maximum allowable environmental noise
in order to observe optomechanical entanglement, we assume white noise spectra
parametrized with Qp and Qg for the force and the sensing noise, respectively; cf
[47, 65]. More specifically, we assume that their spectra are in the form of

2

2Q 2w
Sie (@) = ==, S (@) = 5 (3.60)
m S

Consequently, yr(Q) = 2Q2|x(Q), and xs(Q) = 2/Q.

Furthermore, we assume the free-mass limit, i.e. the mechanical resonance fre-
quency wy, of the oscillator is much smaller than the other frequencies in the system.
In this limit, QF, Qg > wn, ym. Lastly, we assume the presence of passive losses
occurring due to e.g. a photodetector with non-unity efficiency, whose effect on the
dynamics are described in Appendix A.5. Even though these losses act effectively
as a sensing noise on the system, they do not couple to the detection channel with a
rate of €y, different from the sensing noise 7ig in Egs. (3.1). Hence, in the presence
of such losses, optomechanical entanglement is no longer universal with respect to

the coherent coupling €.

For a white force and sensing noise, and a photodetector efficiency of n < 1, the
spectrum of M is given by (Eq. (3.18c¢))

2

Q

m; 9

In order to apply the Wiener-Hopf method, we need to write M (€2) as a product
of its causal and anti-causal poles and zeros, i.e. M(Q) = M(Q),M(Q)_, where



44

0.8 /
0.6 /
0.4 /‘r'
2,
L/
L

/
0.2 /4

b
0.0 i

0.1 1 10 100 500

Negativity Ex

“" n= 09, Qq = QF
n=09,0, =20

- p=1,Q,=Q

0.9 1 11 125 | n=1,04=20

Qs/Q

Figure 3.2: Logarithmic negativity for the case where the input light field is the
vacuum state, for a photodetector efficiency of n = 0.9 (plotted in yellow), and
n = 1 (plotted in blue), and white environmental noise sources. We fix the force
noise level with Qg/(27) = 10 Hz, and vary the sensing noise level in the range of
Qgs/(27) € [1, 5000] Hz. The parameters of the mechanical oscillator are chosen as
wn/(27) = 1 Hzand y,/(27) = 0.01 Hz. We observe that for a unity photodetector
efficiency (7 = 1), the entangling transition is characterized by Qp =~ €g, as observed
numerically in Ref. [65]. For a non-unity photodetector efficiency (n < 1), the
entangling transition is not universal with respect to the interaction strength €2;. For

this case, the transition is characterized by \/ QL+ (1 -n)QZ%/2 ~ Qg, drawn by the
red vertical lines in the inset.

M(Q), = M(Q)T, and M(Q), (M(Q)_) contains the causal (anti-causal) poles and

zeros. In the free-mass limit, M (Q), is given up to first order in wp,, ym as

V20Qy (Q-Q..)(Q-Q.)

M(Q), ~ , 3.62
(). Qs Q2 + iy Q — ‘“1120 ( )
where
Q.. = ~ 1\/9 Q —+i §¥m (3.63)
+ = . .
o V2 SN 4QnN

with Qn = \/Q% + (1 -n)Q%/2. To evaluate the entanglement indicator in Eq.
(3.29), we need to obtain the expressions for V2 and ng . From Egs. (3.20) and
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(3.26), we calculate

2
Vob — Oy

YmWm

_ x (1) 2Q% 0(1)
. Vil (1) = Vomn Qq . (3.64)
’ Ly 20 e

10
0 1

where O(Q) = |¥(Q)|2. Proceeding with the Wiener-Hopf method, we obtain up to
the terms that contribute to constant order in wm, ¥m

g (B 2
3
va \V4 va T Vbb QS s 3.65
pt * M ( pt) ~ + 3 (3.65)
|+ 208 _ﬁ %
! Qs Wm Qs

Therefore, Eq. (3.29) reduces to the following condition in the limit of y,, — 0:
QN < Qs <= optomechanical entanglement. (3.66)

When n = 1, i.e. there are no passive losses, this relation gets modified as Qp <
Qs <= entanglement, which signifies that the presence of optomechanical
entanglement depends on a simple trade-off between the relative strengths of the
environmental noise sources. This bound has been observed numerically in [65].
For n < 1, Qn > Qp, therefore it becomes harder to achieve optomechanical
entanglement for non-unity photodetector efficiency, and it is more advantageous to

have a small coherent coupling € for this purpose.

We compute the logarithmic negativity numerically, assuming that the input light
field is the vacuum state, and the environmental noise sources are white, character-
ized by Qr and Qg in Eq. (3.60). The results are given in Fig. 3.2. In order to work in
the free-mass limit, we fix wy/(27) = 1 Hz, v, /(27) = 0.01 Hz, Qg/(27) = 10 Hz,
and vary Qg in the range of Qg/(27) € [1, 500] Hz, such that Qp, Qg > wm, Ym-
First, we assume a perfect photodetector with unity efficiency (7 = 1). This case is
plotted with dashed and plain lines in blue, where the interaction strength is taken to
be Qq/(27) = 10 Hz, and Q4/(27) = 20 Hz, respectively. The entangling threshold
occurs at Qp ~ Qg, as observed in Fig. 3.2. Then, we assume a photodetector
with non-unity efficiency (7 = 0.9), which introduces passive losses to the system.
We plot this case with dashed and plain lines in yellow, for €,/(27) = 10 Hz,
and Q4/(2m) = 20 Hz, respectively. From Eq. (3.66), we compute the entangling
threshold as Qs /Qr = 1.025 (Qs/Qr = 1.095) for Q4/(27) = 10Hz (Qq/(27) = 20
Hz), which is drawn to the inset of Fig. 3.2 with a red, vertical curve. As observed
analytically, passive losses impede achieving optomechanical entanglement. Fur-

thermore, it is more advantageous to have a small interaction strength to obtain
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entanglement (i.e. reach the entangling threshold). However, once the threshold is
reached, a larger interaction strength provides more entanglement, quantified by a

larger logarithmic negativity.

3.6 Generalization to arbitrary squeezing
Until this part of the chapter, we have assumed that the input light field consisted of
vacuum fluctuations. Now, let us assume that arbitrary squeezing operations have

been performed on the input field before interacting with the mechanical oscillator.

First, we show in Appendix A.2 that if the input field has been subjected to phase
shifts or squeezing by a constant factor, the determinant condition in Eq. (3.29) is
unchanged. Hence, such operations do not affect the entangling-disentangling tran-
sition. Therefore, we must apply a more general, potentially frequency-dependent
transformation to the input light field in order to act on the entangling-disentangling

transition.

A general, unitary transformation performed on the input field must be causal and
symplectic. The causality condition is because we have defined the input field to be
the temporal modes of the light during # > 0. Then, any non-causal transformation
mixes the input and the output temporal modes, which conflicts with the causality

of the dynamics.

The most general causal symplectic transformation can be written as (see Appendix
A3)

i1(Q)
i2(Q)

A(Q) B(Q)
C(Q) D(Q)

a1(Q)
()

= Q) (3.67)

where A(Q), B(Q), C(Q), and D(Q) are real functions of Q, and A(Q)D(Q) —
B(Q)C(Q) = 1V Q. The phase factor ¢’ ensures the causality of the transfor-

mation.

We proceed with writing down the covariance matrix of the system, given this
transformation. First, we calculate the correlations between the quadratures of the
output light field,

VI(Q) = Ti(Q), (3.68a)
Viy (Q) = T12(Q) + Q T1(Q)x (-9, (3.68b)

V33 (Q) = To(Q) + QT1 () Ly (Q)* + Q7 Lyen(Q) + Ti2(Q) (x (Q) + x (-)],
(3.68c¢)
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where we have defined 71(Q) = A(Q)? + B(Q)?, T»(Q) = C(Q)? + D(Q)?, and
T12(Q) = A(Q)C(Q) + B(Q)D(Q). Next, the covariances of the quadratures of the
mechanical oscillator are given by

VIP(Q) = wmxe(Q) + wnQ X (Q)PTi(Q), (3.69)

and Vlbzb (Q) = iQVf’lb (Q)/wn, Vzbzb (Q) = Qleblb (Q)/wm. We see that the variance
associated with the force noise is unchanged compared to Eq. (3.8), and the variance
due to the optomechanical interaction is scaled by the frequency-dependent factor
of T1(Q) in the frequency domain. Finally, we compute the cross-spectra of the

mechanical oscillator and the output light field:
VI (Q) = QqVomy (Ti(Q), (3.70a)
VI (Q) = QqVomT12(Q) x (Q) + QqVomxe(Q) + Qvwm|x (Q)*T1(Q) (3.70b)

and Vzbl.V(Q) = —iQ Vlbl.v (Q)/wm, i = 1,2. To continue with the formalism of Sec.
3.5, let us recall the general form of the entanglement criterion. From Eq. (3.13)
and (3.16a), we have:

det | V?? +iK” - V. (Z Dy -2+ A) - (VY T] <0 <= entanglement.

(3.71)
where A, X, and D, are given as (see Eq. (3.16))
i VY -1 0
A=| 1 (()T) X ] ’ (3.72a)
—Vvv -1, V444 Vv -1 0
y— |1 (7) ]_25((?)+l (0 0‘ , (3.72b)
M (1) 0
Dy = 0 M ()| (3.72¢)

and Vgtv is defined in Eq. (3.11). To compute Eq. (3.71), we need to invert V|
using the Wiener-Hopf method, therefore, we write it down in the Fourier domain

as a product of its causal and anti-causal poles and zeros,
VIT(Q) = Ti(Q) = T1(Q):T1(Q)-, (3.73)

where Tl(Q):rr = T1(Q)_, and T1(Q), (T1()_) contains the causal (anti-causal)
poles and zeros of V}/ (). In the absence of any squeezing in the input light field,

we had found a simplification in the entanglement criterion, which we referred to as
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vacuum cancellation in Sec. 3.5. This simplification canceled out some of the terms
in the entanglement criterion related to the mechanical oscillator; cf. Eq. (3.20).
Specifically, we observed that the remaining terms were the variances of b; and b»
generated due to the force noise only. Here, in the presence of frequency-dependent
squeezing, we observe that the vacuum cancellation persists. To see this, we operate
on V5 with A from the right,

(VO - A)(Q) = (3.74)

v v 0]
bv vvy—1 )
Vi (Vn 0

Using Eq. (3.70) and Eq. (3.73), we can simplify this expression to obtain

Q4 [T1(Q)1T1 (Q)_x(Q 10 10
%)E[ 1( )Tll(;))_)(( )L e 0} = VomQqx (@) | o 0} (3.75)

Then, in the frequency domain, we have

1 9
(V{Zt” -A-(VSF)T)=wmQ§ XQPT(Q)| ., o (3.76)
o e

This term is equal (in the frequency domain) to the variances of the quadratures
of the mechanical oscillator arising from the optomechanical interaction, cf. the
second term in Eq. (3.69). Therefore, we see that the vacuum cancellation is
realized, and we can use Eq. (3.20) to test for entanglement, given that X and Dy,

are calculated accordingly.

Continuing with the calculation, we want to compute Vgtv XDy -XF- (Vgtv T, For
this purpose, we operate on Vgtv from the right with £. Using Eq. (3.11) and Eq.
(3.72b), we obtain

Ve (1) - (Vi) Th - (i8(7) + VI (1) = Vi (1) O

. (3.77)
—VE(@) - (V)T (i6(0) + V() + VR (1) 0

We can simplify this expression by plugging in what we have found for Vl.liv(t) .
(VIVIV -1 i =1,2, from Eq. (3.75), which results in

VOmQax (1) - (i6(7) + V3 (1)) = V3 (1) 0

: 3.78
—\/QTim)'((t)-(i6(T)+V]"2V(T))+V2sz(t) 0 G79)
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To further simplify this expression, we want to compute y(¢) - V{7 (7). Then, in the

frequency domain, we have

o

Qq\/w_mT{/O ar'vyy (t - t'))((t')} = Qq\/w_mf{/_ dr'vyy(t —t')/\/(t')}

= Qu Vo (Ti2(Q) x (Q) + Q [y (Q)*T1 ()
= V| em0 (3.79)

where Vlbzv is given in Eq. (3.70b). Similarly,

Q, o
—_wm/f{/o dr'vyy (t t))((t)}_V22|XF=0. (3.80)

Then, similar to the case in Sec. 3.5, the terms related to the optomechanical

interaction in Vlbzv and Vzbzv cancel out of Eq. (3.78).

We realize that thanks to these simplifications, the entanglement criterion in Eq.
(3.71) is equivalent to the entanglement indicator defined in Eq. (3.29). However,
while using Eq. (3.29), the operator M needs to be recomputed using Eq. (3.17).
The expressions for the rest of the terms in Eq. (3.29), meaning Vo, Vgtv ,and Vy
are unchanged compared to the case where the input field is the vacuum state.

Now, let us calculate M (z, ¢"), whose definition is given in Eq. (3.17). Different from
Sec. 3.5, this operator has two time indices in the presence of arbitrary frequency-
dependent squeezing. From the Wiener-Hopf method, we can first compute the
columns of the matrix VY (z, )L [id (1) + V] (t, t’)]. These columns will be
functions of + > 0. Let us refer to them as {c, (¢)}, where ' > O represents the
column index, and ¢ represents the row index, respectively. From Egs. 3.68a and

3.68b, we have in the frequency domain

Q) = —— | Fise) + v e
cr(Q) = (), [ {io() + Vv, —f)}m .
1 eiQt’ ‘
- T [ 6+ )
+ Q% y (Q). (3.81)

Then, the elements of the matrix

[<is(t, 1) + V3V (t,0)] - Vi (e, 6) 7 e [i6 (8, 1) + VY (2,1)] (3.82)
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are given by

/00 dx (—i6(t —x) + V)| (x = 1)) cr(x), (3.83a)
0

= /00 dx (—i6(r —x) + V3 (x — 1)) cr (x), (3.83b)
= /oo Z—S:T{—id(t -x)+ V)V (x = 1) }er (Q). (3.83¢)

We were able to extend the lower integration limit to —oco in Eq. (3.83b) since the
function ¢ (¢) is causal. Then, we used the Plancherel theorem to go from the time
domain to the frequency domain in Eq. (3.83c). We can write Eq. (3.83c) explicitly

as

o 21| Ti(Q)s Ti(Q)-
+ Qi Ti2(Q)e ™ () (Q) + x(-Q)) — Qg 4™

00 . iQt
/ @{—‘”Tl"‘(me—mf £ <i+le(sz>)]

(X (Q) — x(-Q)) + Qf £ IX(Q)|2T1(Q)}- (3.84)

This expression describes the elements of a matrix indexed by ¢, ¢’ > 0, where t and
¢’ are the row and the column indices, respectively. We observe that this matrix is
Hermitian, but not necessarily Toeplitz. The Hermitian property is seen from the
fact that interchanging ¢ and ¢’ corresponds to the conjugation of this expression.
However, this matrix can be written as a sum of a Hermitian matrix and a Hermitian
Toeplitz matrix, where the Toeplitz part is the sum of the terms in Eq. (3.84) that
are a function of r — ¢’ (i.e. the terms in 2nd and 3rd row).

Therefore, M will also be the sum of a Hermitian matrix and a Hermitian Toeplitz
matrix. More specifically, using Eqgs. (3.17), (3.68c), and (3.84), we find that M

can be written as
M(t,1') = My (1 = 1) + A(2,1), (3.85)

where M,,.(t — t’) is what we have found for M when the input light field is
the vacuum state (given in Eq. (3.18c)), and A(z,t’) is some Hermitian operator
independent of €4, whose entries depend on the squeezing in the input light field.

The full expression for A(z,t") is written as

* ] Q1 (;
AL, 1) = Ta(t, t’)—/ ‘é_f (Lﬂ(g)) i | € i+ T1a())

T1(Q)_

. (3.86)

+

T (Q)+
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We observe that when the input light field is the vacuum state, T5(¢,¢") = 6(t — t'),
T12(Q) =0, and T1(Q). = 1. Then, using Eq. (3.86), we find that A = 0 for this
case, and M(t,1") = My, (t —t').

We want to investigate whether optomechanical entanglement is achievable with
arbitrary, frequency-dependent squeezing in the input light field. For this purpose,
we first observe that when Q4 — oo, M — My, and the determinant condition in
Eq. (3.29) is equivalent to its form when the input light field is the vacuum state
for a given force and sensing noise. We refer to this configuration as the "vacuum

case".

Now, we want to show that if the system is entangled for some €, it is bound to
be entangled for Qf > €4. To show this, let us assume that the system is entangled
for some €24. We notice that the first two terms in Eq. (3.29) will be independent
of Qq. The Qg dependency comes from the third term, where \7;’: o« Qq, and
M(t,t") = Myac(t —1') + A(t, 1), My, o< chl. Then, the third term can be written in

the form of

-1

IA+D 0

C (931 ) L 'CT,
1
0 (%A+D)

1~ |-is(r) 0 1
C=—V. , D=—M 3.87

Q, M [ s(t) 0 2 G-57)

where C, D, and A are independent of €. Furthermore, notice that M is the Schur
complement of the block V|| of the matrix V" +/K". Since V|’ is positive definite,
and V"V +7K" is positive semi-definite (from the Heisenberg uncertainty principle),
M is positive semi-definite for all €. Consequently, A and My, are also positive
semi-definite, since M = A when 4 = 0, and M — My, in the limit of £; — oo.

Also, recall that both D and A are Hermitian. As a result, we can write for Qa > Qg

Qq Qq
1
,2A+ D < —2A+D,
q q
. - -1
A+D >|—A+D (3.88)
Q’2 2
q q

Therefore, if we refer to the matrix in the determinant condition in Eq. (3.29)
as Vgert(Qq), we can write Vdet(Qa) < Ve (Lq) for Qa > Q. Since the system
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is entangled for Q, the determinant of Vg (£2q) is negative. Furthermore, since
we are looking for the entanglement between one mode and the rest, Ve (£2) can
have at most one negative eigenvalue (for this case, it has exactly one negative
eigenvalue). Then, Vger(€2;) will also have a negative eigenvalue, and the system
will be entangled. Hence, we proved that if optomechanical entanglement exists for

€2y, it also exists for Qa > Q.

Consequently, we can make the following statements about the nature of op-
tomechanical entanglement when the input light field is squeezed in a frequency-
dependent fashion. First, we observe that universality with respect to the interaction
strength, €24, does not hold, since the entanglement indicator in Eq. (3.29) depends
on Q4. Hence, increasing Q4 may allow optomechanical entanglement to form.
However, the transition is still unique with respect to the amount of environmental
noise. Second, if there exists optomechanical entanglement for any frequency-
dependent squeezing configuration, it will also exist when the input light field is in
the vacuum state. Therefore, it is "easier" to achieve entanglement for a given force
and sensing noise without frequency-dependently squeezing the input light field. In
other words, the hyperspace of force and sensing noise spectra for which there exists
optomechanical entanglement for the vacuum case encapsulates the space when
the input light field is squeezed arbitrarily’. We observed numerically that after
optomechanical entanglement is achieved, the amount of entanglement, quantified
by the logarithmic negativity, can be greater or less than the case where the input
light field is the vacuum state, depending on the frequency-dependent squeezing

transformation.

In Fig. 3.3, we depict example configurations in which frequency-dependent squeez-

ing suppresses the quantum noise spectra as
S(Q) = e 2S(Q), (3.89)

where r > 0 is the squeeze factor. This is achieved by first frequency-independently
squeezing the light by e”, and then, by filtering it with a detuned cavity [138] (see
Appendix A.4). We again assume white force and sensing noises, whose spectrum
at the phase quadrature of the output light field is plotted in Fig. 3.3a. Note
that the force noise spectrum scales as Q2 in amplitude after being transduced by
the mechanical oscillator. In Fig. 3.3b, we plot the boundary of the entangling-

disentangling transition as a function of the force and sensing noise parameters Qp

"Note that the space is unchanged for frequency-independent squeezing.
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Figure 3.3: Impact of frequency-dependent squeezing on the entangling-
disentangling transition. a) Amplitude spectra +/S(£2) normalized by the inter-
action strength Q,, as a function of different interaction strengths and squeezing
levels. Spectra of the force and the sensing noises are shown in dashed lines.
Although Markovian at the input, the force noise is transduced by the mechanical
oscillator, causing it to decrease as Q2 in amplitude at the output. b) The entangling-
disentangling transition with respect to the force and the sensing noises in the system,
for different squeezing configurations. The optomechanical state is entangled for
the noise configurations below their respective curves. When the input light is in the
vacuum state (blue curve), the transition is independent of the interaction strength.
We observe that as €2, increases, the transitions of the other configurations approach
that of the vacuum case, in terms of the parameters for which they occur.

and Qg: as mentioned above, the transition occurs for Qr = Qg when the input
light field is the vacuum state. However, for frequency-dependent squeezing, the
transition is harder to achieve, e.g., it requires a lower sensing noise level (larger

Qg) for a given force noise level Q.

3.7 Discussion for Frequency-Dependent Squeezing

In Sec. 3.6, it was proven that when the input light field is squeezed in a frequency-
dependent fashion, it is harder to achieve optomechanical entanglement compared
to the vacuum input case, i.e. there exists a region of the parameter space where op-
tomechanical entanglement is observed only for the latter configuration. Intuitively,
this result can be understood in the following way: when the ingoing light field is
the vacuum state, the modes corresponding to different frequencies (or arrival times
with respect to the surface of the oscillator) are not correlated. Conversely, when the
ingoing light field is frequency-dependently squeezed, there is non-zero correlation

between these modes. Then, when we consider the outgoing light field that has
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Figure 3.4: Logarithmic negativity for the case where the input light field is
frequency-dependently squeezed with r = 1 (c.f. Eq. (3.89)), and for the vac-
uum input. We further consider the cases where we compute the entanglement
between the mechanical oscillator at time # = 0 and the light field, where the field
is considered to be i) the outgoing field that has left the oscillator during ¢ < 0, ii)
the joint field combining the outgoing field that has left the oscillator during # < 0,
and the ingoing field that has yet to interact with the oscillator, but will be reflected
from the oscillator during ¢+ > 0. These cases (for a squeezed input) are plotted in
yellow and blue curves, respectively. For the vacuum input plotted in red, we only
consider case i). We observe that for a squeezed input, entanglement is harder to
achieve for case 1), and the entangling transition is not universal with respect to the
interaction strength €2,. However, for case ii), universality is restored.

reflected from the mechanical oscillator during time ¢ < 0, it will be entangled with
the ingoing light field that has yet to interact with the oscillator during this time
(note that this field will be reflected from the oscillator during time ¢ > 0). Hence,
while computing the entanglement between this field and the mechanical oscillator
at time ¢ = 0, the correlation will induce an additional noise to the system when the
ingoing light modes are traced out. Therefore, we can expect that it is harder to get
entangled for this case, as it will appear to be more noisy than the vacuum input

case.

This extra noise can be overcome by computing the entanglement between the

mechanical oscillator at time ¢ = 0, and the joint field combining the outgoing field
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that has left the oscillator during ¢ < 0, and the ingoing field that has yet to interact
with the oscillator. Since the joint field contains information about the light field
during time ¢ € (—oo, 00), the frequency-dependent squeezing can be "reversed"®
by whitening the joint field. This would not be possible if we had only access to
the outgoing light field, as the whitening transformation will be non-causal in the

presence of frequency-dependent squeezing.

This situation is illustrated in Fig. 3.4. We fix the parameters of the mechanical
oscillator as wy, /(27) = 1 Hz, yn/(27) = 0.01 Hz, and assume white environmental
noise sources parametrized by Qr/(27) = 10 Hz, and Qg/(27) € [1,5000] Hz.
We first plot the logarithmic negativity for the vacuum input with red curves, for
interaction strengths of Qq/(27) = 5 Hz and €,/(27) = 10 Hz, with dashed and
plain curves, respectively. We repeat this calculation for a frequency-dependently
squeezed ingoing field (plotted in yellow). The squeezing transformation is again
in the form of Eq. (3.89). For more details about the realization, see Appendix A.4.
We fix r = 1, and observe that the entangling transition is not universal with respect
to the interaction strength €, in the presence of frequency-dependent squeezing, as
was shown in Sec. 3.6. Finally, we repeat the calculation for the same squeezed
input, but we compute the entanglement between the oscillator and the joint field
combining the outgoing and the ingoing light field during # < O (plotted in blue).
We observe that the universality is restored, and the entangling transition occurs at
Qf = Qg, as found in Sec. 3.5. Note that the amount of entanglement is the largest

for this case.

3.8 Conclusions

In this chapter, we proved the existence of an entangling-disentangling transition
in an optomechanical system consisting of a mechanical oscillator interacting with
a light field in a pure state. We assumed arbitrary, possibly non-Markovian, envi-
ronmental noise sources. Assuming Gaussian dynamics, we were able to compute

necessary and sufficient conditions for entanglement using the PPT criterion.

First, assuming that the input light field is the vacuum state, we showed that the
entangling-disentangling transition is independent of the interaction strength be-
tween the oscillator and the light field, hence, it is universal. Therefore, if the
environmental noises are such that the system is not in the regime where optome-

chanical entanglement can occur, one cannot achieve it by increasing the interaction

8The squeezing cannot be reversed perfectly due to the interaction with the mechanical oscillator.
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strength between the oscillator and the light field.

In the second part of the chapter, we assumed arbitrary Gaussian and causal unitary
transformations applied to the light field, including frequency-dependent squeez-
ing. We demonstrated that the entangling-disentangling transition is not affected by
frequency-independent squeezing and phase shifts — i.e. it is equivalent to the vac-
uum input case. However, when the light field is squeezed in a frequency-dependent
manner, we showed that entanglement is harder to achieve. More specifically, we
proved that if there is no optomechanical entanglement when the input light field
is the vacuum state, it is impossible to generate it by squeezing the input light field

arbitrarily.

With the techniques developed here, experimentalists could inquire whether the
joint stationary optomechanical state of their device is entangled—in theory. For
high frequency devices typically affected by Markovian noises, this topic has been
discussed theoretically for more than ten years [81, 175], and attempts to demonstrate
stationary optomechanical entanglement are ongoing [113, 191, 104]. Providing
a quantitative framework to make predictions in the presence of non-Markovian
noises is crucial for macroscopic devices operating at low frequencies, since they

are typically affected by non-Markovian environments [99].

Finally, let us consider the fact that before applying coarse graining, the system
that consists of the heat bath, the oscillator and the light field is in a pure state. With
knowledge from the bath, are we able to "reinstate" optomechanical entanglement?
This is possible in principle, at least in some cases. In our model, 7ig can be a classical
random process, while 7ir can be the superposition of a classical random process and
quantum noise that drives the zero-point fluctuations of the oscillator. In principle,
one can know the particular realizations of both classical random processes, and
hence reduce the environmental noises of the oscillator to its zero-point level—far

below the entangling-disentangling transition.
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Chapter 4

MACROSCOPIC QUANTUM ENTANGLEMENT IN LIGO

4.1 Introduction

Entanglement is one of the hallmarks of the "quantumness" of physical systems'.
Ideally, it is possible for macroscopic objects, massive and/or containing a high
number of degrees of freedom, to be entangled with each other. Yet in practice,
such macroscopic entanglement can be very delicate in the presence of decoherence.
It is an intriguing challenge to create and verify macroscopic entanglement, which

is often viewed as expanding the limits of the quantum regime.

Optomechanical systems are promising candidates for experimental demonstration
of macroscopic entanglement, partly due to their theoretical robustness against
mechanical decoherence imposed by coupling to a possibly highly populated thermal
bath [81]. They can also be used to engineer the quantum state of the mechanical
system [114], where the entanglement is generated by the momentum exchange
between the light reflecting from the mechanical oscillator—a phenomenon known
as radiation pressure. It is theoretically well understood and broadly discussed in
the literature [82, 176, 177, 175, 59, 115]; see for example, Refs. [81, 11] for a

review.

Entanglement in optomechanical devices has been widely studied and there have
been several successful experimental realizations: stationary entanglement between
simultaneous light tones mediated by an optomechanical device [16, 46], genera-
tion of entanglement between spaced mechanical oscillators both in the micro and
macro regime via radiation pressure [219, 196, 147, 251], and optomechanical en-
tanglement between the light field and the mechanical oscillator in a pulsed scheme
[199] are examples of such demonstrations. There also exist many proposals in
the literature to further study macroscopic quantum phenomena in optomechanical
systems [223, 183, 233, 263, 206] and entanglement between coupled oscillators
in the presence of non-Markovian baths [163]. In this chapter, we again consider

stationary optomechanical entanglement, where the system parameters (e.g. the

IThis chapter is adapted from: S. Direkci et al., "Macroscopic quantum entanglement between
an optomechanical cavity and a continuous field in presence of non-Markovian noise," Phys. Rev.
Research 6, 013175 (2024), DOI: 10.1103/PhysRevResearch.6.013175. Published by the American
Physical Society under a Creative Commons Attribution 4.0 International (CC BY 4.0) license.
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driving), and statistical behavior thereof, are not changing over time. Schemes to
verify stationary optomechanical entanglement were proposed in [175, 176, 103,
262, 201], whereas to the best of our knowledge an experimental demonstration has

not been performed yet.

Our system consists of a single mechanical mode interacting with an optical cavity
mode and the quadratures of the light field exiting the cavity. At any time #, we study
the bipartite entanglement that is present in the joint quantum state of the mechanical
mode, optical mode, and the light that has exited the system during #' < 7. See Fig. 1
of Ref. [175], which includes a space-time diagram that illustrates the configuration.
In the regime where the dynamics are linear, the state is Gaussian, and the noise
processes are Markovian (white), the open-system optomechanical dynamics is
solvable analytically and the state of the system can be known exactly [82]. The
white-noise model describes well devices with high-frequency oscillators, where
only thermal excitations are expected, and in the limit of large bath temperature
where kT > hw,,, T is the temperature of the bath and w,, is the resonance

frequency of the oscillator [85].

In this chapter, we extend the description to non-Markovian Gaussian noise pro-
cesses where analytical results are, to our knowledge, not available, thus requiring
numerical methods. This approach is applicable whenever non-white-noise pro-
cesses, such as structural damping [227, 189, 71, 99], are relevant. We extend
the methods developed in [175], incorporating a cavity, and, more importantly,
non-Markovian noise processes. The technique consists in computing the minimal
symplectic eigenvalue of the partially transposed covariance matrix of the system,
constructed with numerical methods, which provides a measure of appropriate bi-

partite entanglement.

We first investigate entanglement in a generalized setting, considering a heavy
suspended oscillator with a low mechanical resonance frequency. This corresponds
to the free-mass limit, where the mechanical resonance frequency is much smaller
than the other characteristic frequencies of the system. We work in this limit to
study the general behavior of heavy suspended oscillators affected by environmental
decoherence, however the algorithm does not require this assumption. Subsequently,
we stop working in the free-mass limit and focus our attention on the Advanced
Laser Interferometer Gravitational-Wave Observatory (aLIGO) [52], using it as a
case study. It has been recently shown that by injecting squeezed vacuum, the

detector’s quantum noise can in principle surpass the free-mass standard quantum
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Figure 4.1: Figurative representation of the two different partitions that are used
while testing for entanglement, which are defined by tracing over (top row) and
not tracing over (bottom row) the cavity. Note that the system configuration is not
changed, i.e. cavity is still present for both partitions.

limit (SQL) by 3dB [278].

It is natural to ask whether this can already imply that alLIGO has built quantum
entanglement between the mirrors and the light field. The answer to this question
is non-trivial. First, from [278], we see that the level of classical noise is not
yet below the SQL?2. Second, the strict definition of entanglement we use here re-
quires integrating over all frequencies: it remains uncertain whether having noise
below the SQL within a certain finite frequency band automatically leads to entan-
glement. Therefore, we parametrize alLIGO’s noise curves to investigate regimes

where entanglement, according to its strict definition, exists.

This chapter is organized as follows: In Sec. 4.2, we introduce the dynamics of the
system and its equations of motion. In Sec. 4.3, we state our entanglement criterion
and the covariance matrix of the system for two partitions of interest. To show the
usefulness of our technique for systems with low mechanical resonance frequencies,
we investigate entanglement in a generalized setting in Sec. 4.4. In Sec. 4.5, we
give details about aLIGO’s noise budget, and talk about how we model it in our
calculations. Finally, in Sec. 4.6, we investigate whether there is entanglement
between the mechanical oscillator and the light field at alLIGO for the partitions of

interest, given different parametrizations of the classical noise curves.

2The quantum noise’s beating of the SQL is only inferred by subtracting a classical noise floor
that was obtained through calibration.
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4.2 System Dynamics

Let us consider an optical cavity with a movable mirror, driven by a laser with
frequency wy close to one of the resonant frequencies of the cavity, wg+ A [38]. The
quantity A is often referred to as the detuning frequency of the cavity. For such a
system, the linearized Hamiltonian in the interaction picture with the rotating-wave
approximation is given by [47]

Hl = w, BB + TAATA - HGR(AT + A) + /

—00

dQ
— Q¢ (wy + Q)é(wpo + Q)
2

©dQ . 4 .
+i\2y / ey [AT¢(wo + Q) — AéT(wo + Q)] , (4.1)

where B and BT are the annihilation and creation operators of the mechanical mode
(center of mass motion of the mirror), X is the position of the center of mass of the
mirror, w,, is the mechanical resonance frequency, A and A" are the annihilation and
creation operators of the cavity mode, ¢(wo+ Q) and ¢ (wg + Q) are the annihilation
and creation operators of the external vacuum light field at frequency wo+£2, G is the
linear optomechanical coupling constant, and vy is the decay rate of the cavity mode.
The position and momentum operators of the mirror are related to the creation and

annihilation operators of the mechanical mode by

=
Il

n (B+B") —
s, P = Wy ——
Mwy, 2 "\

Note that for the sake of convenience we chose a displaced frame where all operators

4.2)

have zero mean. The mode operators satisfy the canonical commutation relations,
[A,AT] = [B,BT] = 1. (4.3)

aLLIGO detectors are power- and signal-recycled Fabry-Perot Michelson interfer-
ometers, which contain a high number of degrees of freedom. However, the core
optomechanics can still be studied by the Hamiltonian given above; this reduction
manifests itself in the "scaling-law" relations governing al.LIGO’s sensitivity as pa-
rameters of the signal-recycling cavity are modified [38]. From the scaling-law, the

coupling constant G is related to the parameters of the interferometer by,

G_V hLc °

where L is the arm length of the interferometer (i.e. the cavity length), P, is the

power circulating inside the cavity, and c is the speed of light in vacuum.
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We can transform the Hamiltonian such that the cavity mode (A, AT) couples with
the traveling wave at z = 0 (where the point-wise cavity interface is located). To
do this, we notice that the symbol Q in Eq. (4.1) is used to label a spatial mode
which has a reduced wavenumber of Q/c, and a free oscillation frequency of Q.
More specifically, wg + €2 is used to indicate a spatial mode whose wave number is
(wo + Q)/c, where c is the speed of light. We can also write the same Hamiltonian

in the spatial domain. Following [47] and setting ¢ = 1, we define

® 40 :
é(z) = / Eé(wo+9)e’m, (4.5)

which represents a spatial mode of the light field with wave number Q2—or a temporal
mode of the free light field with frequency €2, since we assume no dispersion. The
Hamiltonian can then be rewritten as

H = liw,B B + hAATA — hG£(AT + A) — ik / ¢7(2)8.6(2) dz

—0o0

+im2y[ATe(z = 0) — AéT(z = 0)]. (4.6)

The only non-zero commutators for the creation and annihilation operators, as well

as the spatial modes of the light field are

[¢(wo + Q), ¢ (wy + Q)] =275(Q - Q), (4.7a)
[6(2),éT (N =6(z-7), (4.7b)

where 6 is the Dirac delta distribution. We then use @ := ¢(z = 07) and ¥ =
é(z = 0™) to label the field right before entering and right after exiting the cavity,

respectively.

In this chapter, we restrict ourselves to A = 0. In this resonant case, the system
is unconditionally stable and it reaches a steady state, in which the Heisenberg
equations can be solved using Fourier transformation®. To write down and solve
the Heisenberg equations, instead of annihilation and creation operators we use the

Caves-Schumaker quadrature operators [43, 236]:

h(wo + Q) + it (wy — Q)
\/E bl
fi(wo + Q) — it (wg — Q)

V2i

3We use the convention F{f (1)} = /_"; f(t)ei@ dr.

01(Q) = (4.82)

() =

(4.8b)
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where ﬁj (Q) = i1;(—€). Quadratures 71 (£2) and 7, (£2) are defined from ¥ (wq + Q)

and V(wp — Q) in a similar fashion. Their commutation relations are [58]

[@1(8), d2(Q)] = [01(Q), 92(Q)] = i276(Q + Q) (4.9a)
[ (), d; ()] = [0;(£2),0;(Q)] =0, (4.9b)

for j = 1,2. Then, in the time domain, we have

i;(t) = [: gﬁj(g)e—'ﬂ’, (4.10a)
[41(1), d2(¢")] =i6(t = 1), (4.10Db)
[d@1(2), @1 (¢)] = [d2(2), 42(t)] = 0, (4.10c)

for j = 1,2. We similarly define quadrature operators Al,z and 31,2, in the time

domain, with

. A +AT () A@r) - At (1)
Ay =222 Ay = 22 4.11
1(1) NG 2(2) NG 4.11)
and similarly for B 12. We also have
[A1(1), A1(D)] = [A2(1), A2(D)] = 0, [A1(r), Aa(1)] =1, (4.12)

and the same for B 12- Note here that the commutators are for same-time operators.

We include two classes of "classical" noises [58] in our system: a force noise 7if and
a sensing noise 71y, originally arising from a quantum treatment of the interaction
of the system with its environment. We label them as "classical" noises because we
assume that the details — and possible quantum limit — of a microscopic model of
these noises are irrelevant (typically because they arise from thermal baths in the
high temperature limit) unlike the noise arising from vacuum fluctuations, i () and
ii,(Q). Force noise affects the center-of-mass motion of the mechanical oscillator
by introducing fluctuations in its momentum. We also introduce a velocity damping
of the oscillator, with a damping rate y,,. v, and nr are associated with the heat
bath(s) the mass is coupled to, with the value of vy,, and the spectrum of ng related
by the fluctuation-dissipation theorem [150]. Sensing noise affects how the position
is measured by the light field. In our model below it arises from fluctuations of the

reflecting surface that introduces noise in the cavity field.
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In the Heisenberg picture, the dynamics are given by the Langevin equations of

motion. In the Fourier domain they are written as

—iQA| = —yA| +\2yi,, (4.13a)
—iQA; = —y Ay + 2y + V2G (% + Ay) (4.13b)
—iQf = p/M, (4.13¢)
—iQp = —ymp — Mw? % + 2hGA,| + fp, (4.13d)
D1 =01 —\2vA,, (4.13¢)

Dy =y — \2yA, . (4.13f)

We refer to Egs. (4.13) as the Heisenberg equations for the rest of the chapter. It
is straightforward to solve them to obtain (X, ﬁ,A 12,V12) in terms of the input
fields, (@ 2,7x, iF), referred to as the input-output relations of the system. More
specifically, quantum fluctuations in the in-going quadratures i ,(L2) drive the
system’s quantum noise [138]. From Eq. (4.13e) and (4.13f), reading the outgoing
field quadratures are subject to noises in i1 and i, giving rise to the shot noise (SN)
for that readout strategy [138]. On the other hand, from Eq. (4.13a), we see that i,
drives A, which in Eq. (4.13d) drives the momentum of the test mass, which then
shows up in the position of the test mass via Eq. (4.13c), giving rise to quantum
radiation pressure noise (QRPN), also known as back action noise in the literature.
In general, the power spectrum of the SN is inversely proportional to circulating

power in the cavity, while that of the QRPN is proportional to circulating power.

4.3 Entanglement Criteria and Partitions

Here, we summarize the entanglement criteria (PPT criterion) that we initially
described in Sec. 3.4. The canonical commutation relations imply that V + %K is
positive semi-definite, where V is the covariance matrix with V,;; = ({X; = (X;), X; —
(X )1)/2 and K;; = (X, X ;] is the commutator matrix of the quadratures in the

system. This relation can be stated as
1
V+§K20. (4.14)

Here for an N-partite system containing N harmonic oscillators, the matrices V and

K are 2N-dimensional.

To test for bipartite entanglement in a multimode system, we use the PPT criterion,
which is necessary and sufficient to test for the separability of one of the modes
from the rest for Gaussian systems [202, 4, 268].
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To use the PPT criterion in this context, one obtains the partial-transposed covariance
matrix Vy by reverting the momentum of that one mode (which puts a minus sign
on the column and the row that contains the momentum in question) [243]. The

PPT criterion for separability is expressed as

1
Voo + EK > 0 & Separability . (4.15)

The amount of entanglement is quantified by the logarithmic negativity, Ex [261].
For a Gaussian state of N modes, it is defined as

N
En = ) max{0,~In(v;)}, (4.16)

j=1
where v;, j = 1,... N are the symplectic eigenvalues of the partially transposed
covariance matrix, V., which are given by the absolute values of the eigenvalues of
K‘let. For 1 vs. N — 1 mode partitions, only one of the symplectic eigenvalues of
V)t can have a magnitude smaller than 1 [238], therefore there can be at most one
negative eigenvalue of Vp + %K We label the corresponding symplectic eigenvalue

as Vin.

Using the PPT criterion, we test for entanglement between the mechanical oscillator
and the optical field in two ways: first, we construct the covariance matrix V with
the mechanical mode and the modes of the light field, essentially tracing out the
cavity mode. Here, we perform the partial transpose operation with respect to the
mechanical oscillator. Second, we include the cavity mode in the covariance matrix
while still taking the partial transpose with respect to the mechanical oscillator,
which corresponds to measuring the entanglement between the oscillator and the
joint system of the cavity plus external light field. The two ways of partitioning are
depicted in Fig. 4.1. The elements of the covariance matrix V for both types of

partitions, as well as the discretization of V, can be found in Appendix B.1.

4.4 Entanglement in the Presence of Non-Markovian Noises

Due to the numerical nature of the algorithm, we can tackle any noise spectral
density associated with 1 (Q), 612(Q), fip(Q) and 7ix (L) using the PPT criterion
defined in Eq. (4.15) to determine whether entanglement is present for a given
partition. Conversely, this problem is analytically solvable only for some simplified
noise models to our knowledge, such as assuming all the noise sources to have a
white spectrum [175, 103].
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To show the usefulness of the method, we investigate entanglement in heavy sus-
pended oscillators with relatively low mechanical resonance frequencies. Examples
of such systems are alLIGO, KAGRA [247], and VIRGO [3], but also smaller devices
such as those in [54, 146]. For such systems, the mechanical resonance frequency,
wm, 1s much smaller than the other frequencies of the system, which is referred to
as the free-mass limit. In this setting, w,, essentially does not affect the dynamics.
Furthermore, in this limit where Q > w,,, v, the trade-off between shot noise and
QRPN gives rise to the SQL [31], given by

2h
MQ2

SsqL(R) = (4.17)
In the context of suspended oscillators, 7ix(€) is the force that gives rise to the
suspension thermal noise, whereas 7ix () is an effective displacement that gives
rise to coating thermal noise. When thermal noise is due to the internal friction of
the suspension or the oscillator, the noise spectrum of 7ig () and 7ix () decreases
as 1/Q above internal resonances, which is referred to as structural damping [227,
88, 189]. Evidently, structural damping gives rise to non-Markovian noises, and
the position-referred noise spectral densities of 7ix(Q) and 7ix(€2) are given, in the

free-mass limit, by

oh Q3 1
——, Sx(Q) == :
M |Q| M Qy|Q|

Sp(Q) = (4.182)

where QF and Qx are the frequencies where the respective noise curves cross the
SQL, given in Eq. (4.17). Accordingly, they encode the strength of the noise
processes np and ny, relative to the SQL level. For 7ig(€), the position-referred
spectrum is related to the noise spectral density, labeled as S, (€2), with Sp(2) =
S, (Q)/M*Q*, whereas for 7ix (Q), the position-referred spectrum Sx (Q) is also the
noise spectral density S,,, (Q)*. The incoming field quadratures # ; have uncorrelated
white spectra given by Eq. (B.8), since we assume the incoming field to be at vacuum

state.

In the limit of large cavity bandwidth, y > Q the cavity can be eliminated adiabat-

“To find spectra of the form of Eqs. (4.18), one assumes the free-mass and high-Q limits where
the mechanical susceptibility behaves as 1/Q?; additionally, one must be in frequency ranges where
Snr and S, are constant beyond the polynomial roll-off — typical at frequencies above the resonance
of suspended oscillators.
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ically. Then, the equations of motion in (4.13) are modified as

01(Q) = 11(Q), (4.19a)
72(Q) = 12(Q) + 2 (X(Q) + Ax(Q)), (4.19D)
—iQP(Q) = —yuP(Q) - Mw?£(Q) + haii| (Q) + ir(Q), (4.19¢)
—iQf(Q) = p(Q)/M, (4.19d)

where @ = Q /M /h and Q, = 2G+/h/My is the characteristic interaction fre-
quency. In the context of structural damping, there is no velocity damping, instead,
the damping arises from a complex spring constant associated with the mechanical

oscillator. Accordingly, Eq. (4.19b) is modified as
—iQp(Q) = ~Mw? (1 +i ¢p(Q)E(Q) + haii| (Q) + Ap(Q), (4.20)

where ¢(Q) is referred to as the loss angle. When structural damping is present,
¢(Q) is constant for a large band of frequencies and goes to zero as Q — 0,
however the dependence of ¢(Q) to Q depends on the properties of the material
[227]. Numerically, we choose to model this with ¢(Q) = ¢ - Q/(Q + Q,), so that
P(Q) = ¢ for Q > Q. and ¢(0) = 0 for some cutoff frequency Q.. Then, Q.

determines the noise power of 7/if and 7ix at O Hz.

We fix w,,/(2n) = 1 Hz, Qr/(27) = 100 Hz, Q./(27x) = 0.05 Hz, ¢ = 0.05,
and vary Qx and Q,. Note that the aim of these choices is to ensure that Qr >
Wm, 1.€. that the free-mass limit is justified. This choice also implies the large
bath temperature limit where kgT > hw,,, T being the temperature of the bath.
Furthermore, Q, > w,, ensures that the measurement of the system performed by
light is faster than the dynamics of the system. Lastly, we perform the simulations
by sampling the covariance matrix for 7 = 0.1 s, from ¢ = —0.1 s to t=0 s, where
t indicates the time (for the sampling of the covariance matrix, see Appendix B.1).
Hence, we cannot resolve the very low frequency regime of Q.. Physically, this
corresponds to the finite detection frequency resolution that renders the behavior
of ¢ at the cutoff inaccessible. In this sense, one might expect Q. to be irrelevant.
However, we see that it does affect the final characterisation of entanglement, due to

its contribution to the total variance of the quadratures of the mechanical oscillator.

After specifying the low-frequency behavior of ¢ with Q., the relevant parameters on
which the presence of entanglement depends are Q,, Qp, and Qx. Then, working
in the free-mass limit enables us to examine the general behavior of suspended

oscillators with low mechanical resonance frequencies, classified by their coating
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Figure 4.2: Logarithmic negativity between the mechanical oscillator and the out-
going light field in the free-mass limit as a function of Qx /Q for various Q,/QF.
We plot the results for Markovian and non-Markovian force and sensing noise with
dashed and plain lines, respectively. Note that entanglement does not exist for
Qx/Qr < 1 with Markovian and for Qx/Qr < 2.6 with non-Markovian noise
sources, for w,,/(2n) = 1 Hz, v,,/(27) = 0.01 Hz, ¢ = 0.05, and a cutoff frequency
of Q./(27) = 0.05 Hz.

materials and suspension systems (i.e. the low-frequency behavior of ¢). Therefore,
we look for entanglement between the oscillator and the outgoing light field by
varying the ratio Qx /Qp for various Q, in Fig. 4.2, and we plot the results with
plain lines. We find that for Q./(27) = 0.05 Hz, entanglement does not exist for
Qx/Qp < 2.6 for any value of Q,. For Qx/Qr > 2.6, the system is entangled
for any (finite) €2, and the entanglement increases monotonically with increasing
Qx/Qp. This is in line with the universality of entanglement, as we discussed in
Chapter 3. We also note that the threshold for Qx/Qp above which the system
is entangled depends on the low-frequency cutoff €. chosen in our model for the
spectra of 71y and 7ix. We saw that the threshold is inversely proportional to the

cutoff frequency.

In order to see the significance of non-Markovianity on the results, we repeat the
same procedure with a white force and sensing noise. The noise spectra are given by
Snp (Q) = 20MQ2, SF(Q) = 2rQ2%/MQ*, and S, (Q) = Sx(Q) = 27/ MQ%. The
results can again be found in Fig. 4.2, plotted with dashed lines, where the system is
not entangled for any , when Qx/Qr < 1, whereas for Qx/Qr > 1, entanglement

exists for all Q, and the amount of entanglement increases with increasing €.
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Figure 4.3:  aLIGO noise budget obtained from pygwinc. Only the dominant
classical noise sources are plotted, along with the quantum noise. The total force
noise in the system is the sum of the seismic noise and the suspension thermal noise,
which is effective at low frequencies. The coating Brownian thermal noise is taken
as the main constituent of the sensing noise. As can be seen from the figure, quantum
noise dominates over the sensing noise by a large margin at high frequencies.

4.5 Noise Model of aLIGO

The primary noise sources in alLIGO, other than the quantum noise, are the following
[52]: seismic noise and suspension thermal noise are the main constituents of the
force noise, and mirror coating thermal noise constitutes the sensing noise. The
noise spectrum is dominated by seismic and thermal noise at low frequencies (up to
100 Hz), and quantum noise at high frequencies, cf. Fig. 4.3. The interferometer
noise is stationary and Gaussian to very good approximation in the absence of

glitches (i.e. transient noise artifacts) [1].

Seismic noise occurs because of the ground motion at the interferometer sites. This
motion is ~ 10~°m/VHz at 10 Hz [171]. To provide isolation from this motion, the
mirrors are suspended from quadruple pendulums [12]. The primary components of
thermal noise are suspension thermal noise and coating Brownian noise. Suspension
thermal noise occurs due to loss in the fused silica fibers used in the final suspension
stage [52], whereas the coating Brownian noise (which is classified as a sensing
noise) occurs due to the mechanical dissipation in the coatings [161]. Other types of
sensing noise comprise many noise sources that are dominant at high frequencies,

such as thermal fluctuations of the mirror’s shape, optical losses, or photodetection
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inefficiency [184]. The noise budget of aLIGO can be found in Figure 4.3.

Due to the classification above, we represent the sum of the seismic and the suspen-
sion thermal noise with 71z (L), and the coating thermal noise with 7ix (). We use
the alLIGO noise budgets as given by the Python Gravitational Wave Interferometer
Noise Calculator library (pygwinc) [222] and we model them with rational functions
of Q2. The noise spectra are modeled by

TFQF,

SEG0(Q) = (4.21a)

14

Q

EQ/FZ) +1
Q 2

S§1G0(Q) = Ty, (w_x) ax, + Tx,ax, (4.21b)

where S£/99(Q) is the spectrum of the force noise, and S5/ (Q) is the spectrum
of the sensing noise. We model SILFI GO(Q) to decay as Q!* instead of Q~'® (which
is the expected behavior for quadruple suspension systems) since it performs better
at approximating the global behavior. The power spectral densities are characterized
by the time constants 7r, Tx,, Tx, and cutoff frequencies wr, wyx. The values of
these parameters can be found in Appendix B.2, Table B.1. af,, aF,, ayx,, and ay,
are dimensionless constants that will be used to change the noise curves in Section
4.6. Their effect on the noise curves can be seen in Fig. 4.4. If we set all of them to

be unity, we get our model of aLIGO noise curves.

Even though the parameters of alLIGO are well-known, they need to be recomputed
since we are reducing the antisymmetric mode of the interferometer to a single
cavity. The relation between the parameters of the antisymmetric mode and the
parameters of the reduced cavity has already been computed [38], however, we
choose to work numerically and find the parameters of the reduced cavity G, v,
M, v, wy, and L by fitting alLIGO’s quantum noise spectrum found in pygwinc.
The parameters for the modeled classical and quantum noise curves can be found in
Appendix B.2, Table B.2.

4.6 Entanglement in aLIGO

In aLLIGO, the spectrum is dominated by force noise for low frequencies and quantum
noise for high frequencies, therefore we expect the sensing noise not to affect the
entanglement significantly, which we observed with our numerics. Then, we focus
on the effect of the force noise on the entanglement and use the parameters ar, and
ar, to modify the force noise spectrum, and set ay, = @x, = 1 throughout all of the

following subsections. We also introduce resonant modes to investigate the system
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Figure 4.4: Force (top row) and sensing noise (bottom row) spectra parametrized
by ar,, @f,, @x,, and ax,. The effect of af, is to raise and lower the nominal noise
strength below the cutoff frequency and af, shifts the cutoff frequency. Similarly,
ax, shifts the cutoff frequency where the sensing noise starts increasing as Q2,
whereas ay, shifts the nominal noise level.
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Figure 4.5: The effect of the force noise spectrum on the logarithmic negativity
when we do not trace over the cavity. Note that the force noise levels increase
toward the bottom-right of the figure and our fit of aLIGO’s operation regime is for
ap = ap, = 1.

as accurately as possible. Intuitively, we expect the entanglement to be destroyed in

the presence of high classical noise levels.

Effect of Force Noise

First, we investigate the effect of the force noise spectrum on entanglement and we
calculate the logarithmic negativity Ex as a function of @, and af,, for both of
the partitions described in Sec. 4.3. For all pairs @, and af, here, we find larger
logarithmic negativity values when we do not trace over the cavity. The results for
the partition where we do not trace over the cavity can be found in Fig. 4.5. The
amount of entanglement in the system diminishes when the force noise increases:
that is, towards the bottom-right of the plot where ar, increases (proportional to the
DC noise power) and af, decreases (inversely proportional to the noise bandwidth),
cf. Sec. 4.5 and Fig. 4.4. Our fit of aLIGO’s force noise level is for ar, = af, = 1,
hence this plot is for a comparatively low level of force noise. Further to the bottom-
right, the numerics become unstable and do not converge due to the wide range of
orders of magnitude entering the calculation; see Appendix B.2 for a discussion of
the numerical implementation. Therefore, we cannot give a definite answer about

optomechanical entanglement in aLIGO with our model yet.

Next, we look for entanglement in the absence of the seismic noise, since it is the
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dominating contribution to the force noise of the system. Not being subjected to
seismic noise is a realistic scenario for space-based gravitational-wave interferom-
eters, such as the Laser Interferometer Space Antenna [265]. For alLIGO, in the
absence of seismic noise, suspension thermal noise dominates the spectrum for low

frequencies, which is modeled as

ST

Ss7(Q) = m

(4.22)

similar to how the total force noise was modeled in Sec. 4.5. The parameters 7sr
and wgr can be found in Table B.1. Without changing the other parameters in the
system, we find that we can achieve negativities of 1.52 and 1.72 for the partitions
where we do and do not trace over the cavity, respectively. This means that, in the
absence of seismic noise, aLIGO has stationary optomechanical entanglement in its

current operating regime.

Effect of Low-Frequency Resonances

Both the classical and the quantum noise curves contain many resonances, as can
be seen from Fig. 4.3. The resonances in the seismic and suspension thermal noise
arise from the displacement noises of the rigid-body resonant modes of the 4-stage
suspension system [12]. These modes can be modeled with a sum of Lorentzians
multiplying the force noise spectrum defined in Eq. (4.21). Then, the new formula

defining the spectrum of the force noise is given as

2
TraF Av» .
SfQ) = ———[1> ' withQ >0, (4,
' (gaF )14 F1\ FHQ-Q)+ (1) (423
wWF 2
SR(Q) = SR(-Q), (4.23b)

where the sum is over the resonant modes. The parameters €, , I',,, and A,, are
the mode frequencies, full widths at half maximum (FWHM), and the amplitudes
of the Lorentzians, respectively, and they are listed in Appendix B.2, Table B.3 for

the modes with the biggest relative amplitudes.

We investigate the effect of the resonant modes on the entanglement. In Fig. 4.6,
with low force noise guaranteeing well-behaved numerics and setting ar, = 1, we
plot Ex for noise curves with and without these modes (orange and gray, resp.)
and for both partitions (circles when the cavity is traced out). We see explicitly
here that there is more entanglement in the partition where we do not trace over

the cavity. For low noise (low af,), the negativity remains unchanged, hence the
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Figure 4.6: The effect of resonant modes on the logarithmic negativity, Exs, for
both partitions. We see that the negativity reduces with increasing @, or with the
introduction of resonant modes. Note that ap, = 1.

resonant modes do not affect the entanglement significantly in this regime. As the
level of noise increases, resonant modes cause the logarithmic negativity to decrease
faster than the negativities calculated without the resonant modes for both partitions.
The system becomes separable when resonant modes are included for ay, ~ 10713
and ar, ~ 10712 when we do and do not trace over the cavity, respectively. It seems
reasonable to expect that entanglement will not emerge when force noise becomes
stronger. Hence, extrapolating @y, — 1, this is evidence (but not a rigorous proof)
that aLIGO in its current operation regime (but without squeezed input) probably

contains no optomechanical entanglement.

4.7 Discussion and Conclusions

In this chapter, we developed a framework to determine and quantify bipartite
entanglement in an optomechanical system in the non-sideband-resolved regime, in
the presence of non-Markovian Gaussian noises. The main novelty of our work is to
enable the study of non-Markovian noise drives, which are common in devices with
low mechanical frequencies, typically associated with large/macroscopic masses.
Hence, we focused on macroscopic entanglement and used a free mass with structural
damping and coating Brownian noise as an initial example, and then aLIGO as
a more detailed case study. However, non-Markovian noise can also be found

in optomechanical systems with higher frequencies [71, 99, 100, 173], and our
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framework can be applied to them in the same way. Besides improving the quality
and accuracy of predictions, modeling non-Markovian dynamics is rich in interesting
physics and possibly useful phenomena: for example, in Ref. [173], they find that
squashing/squeezing the mechanical state is less demanding in the presence of

structural damping compared to Markovian viscous damping.

We tested for bipartite entanglement by looking at the separability between the
mechanical oscillator and (i) the outgoing light field, and (ii) the joint system of the
cavity and the outgoing light field. For low levels of classical noise, we saw that the
latter partition is more entangled compared to the former. However, for high levels
of classical noise, we did not see a significant advantage in using one partition over
the other.

In the low mechanical frequency regime, where the free-mass limit approximation
holds, we found that the presence of entanglement is independent of the coherent
optomechanical interaction strength and depends only on the relative strength of
force and sensing noise. This result is similar to that already found in [176] for
white noise drive. Beyond the free-mass limit approximation, by parametrizing
the noise curves of aLIGO, we were able to find a region of noise curves where
entanglement exists, and we showed that there is a trade-off between the overall noise
level and the cutoff frequency. Due to the high level of the current classical noise in
aLLIGO, we were not able to reach a definite conclusion in terms of the existence of
entanglement in the system, even though it is unlikely to have a significant amount of
entanglement based on our simulations. However, we saw that entanglement exists
if we assume a system without seismic noise, even when the suspension thermal
noise is still present. This is an important result since it shows that classical noises,

even at very low frequencies, are able to demolish entanglement.

We also looked at how resonances in the noise curves of the system affect the
amount of entanglement, and we saw that entanglement is more resistant (i.e. it
disappears for higher levels of classical noise) for the partition where we test for
the separability between the mechanical oscillator and the joint system of the cavity
and the outgoing light field. For future work, we plan to develop better sampling

strategies to overcome numerical instabilities.
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Chapter 5

BAYESIAN PHASE ESTIMATION WITH BLOCKS OF GHZ
STATES

5.1 Introduction

Quantum metrology studies fundamental precision limits in physical measurements
imposed by quantum physics'. Recent advances in this field have led to novel
protocols and improved precision for a variety of sensing devices: magnetometers
[32, 18], atomic clocks [27, 224, 131, 169, 221, 68, 73, 41], nano-NMR [232, 28, 6,
231, 51], and atom interferometers [226, 195] to name a few. Many of these sensing
applications can effectively be described as a single-shot phase estimation with an
ensemble of N qubits, where an unknown phase ¢, due to e.g. an electromagnetic
field is imprinted on the qubits and is estimated after performing a measurement on

the system.

A conventional phase estimation protocol is Ramsey interferometry, where the qubits
are set to an initial state that is a superposition of the eigenstates of the computational
basis, and are subjected to a projective measurement in the same basis after sensing
¢. The precision limits of this scheme are well established: the estimated phase
standard deviation (STD) scales as 1/ VN when uncorrelated qubits are used as the
initial state, also known as the standard quantum limit (SQL) [204]. Employing
a suitable entangled state as the initial state, it is possible to achieve an improved
estimation uncertainty that scales as 1/N, referred to as the Heisenberg limit (HL)
or Heisenberg scaling (HS) in the literature [84]. The initial state that achieves the

minimum possible estimation uncertainty is referred to as the optimal initial state.

The two approaches to the phase estimation problem in the literature are (i) the
frequentist approach, where the unknown phase ¢ is assumed to be a deterministic
parameter and it can be measured many times. (ii) The Bayesian approach, where ¢
is assumed to be a stochastic variable and a single-shot phase estimation is performed
[145]. In the Bayesian approach, the prior information about ¢ is encoded in a prior

distribution Ps4(¢), with a standard deviation of d¢, also referred to as the prior

This chapter is adapted from: S. Direkci et al., "Heisenberg-limited Bayesian phase esti-
mation with low-depth digital quantum circuits," npj Quantum Information 12, 1 (2026), DOI:
10.1038/s41534-025-01177-9. Published by Springer Nature under a Creative Commons Attribu-
tion 4.0 International (CC BY 4.0) license.
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Figure 5.1: Summary of contributions. We propose a scheme that, given the prior
width d¢ and the total number of qubits N, computes the optimal partition over
blocks of GHZ states, as well as optimal local, adaptive measurements. Partitions
of blocks of GHZ states can be used to approximate the optimal initial states for
phase estimation. If optimal measurements are available, blocks of GHZ states
approximately reach the benchmark sensitivity for all prior widths. If local, adaptive
measurements are used instead, we obtain Heisenberg scaling up to a constant
overhead. Furthermore, optimal partitions can be rescaled to include slow atoms
(atoms that accumulate phases of ¢/2, ¢/4, . ..), which enable an extended dynamic
range beyond 6¢ > m. We show that the proposed scheme surpasses other phase
unwinding protocols in the literature that extend the dynamic range.

width. In this chapter, we consider the Bayesian approach, which is relevant to

various applications, e.g. atomic clocks [131].

For the frequentist approach, it is well known that the optimal initial state is the
Greenberger-Horne-Zeilinger (GHZ) state. Such states were analyzed in the liter-
ature extensively, in the context of Ramsey spectroscopy [25, 119, 174], quantum
interferometry [120, 187], quantum lithography [57] and imaging [188, 122]. Con-
versely, for the Bayesian approach, the optimal initial state depends on the shape
of the prior distribution: specifically, the prior width é¢. For a small prior width
(6¢ < 1/N, where N is the number of qubits), the GHZ state, combined with local
readout, keeps on performing optimally [167]. However, for prior widths larger than
the dynamical range of the GHZ states (6¢ > 1/N), they become sub-optimal. In
this regime of wide prior phase distribution, the optimal initial state is the so-called
sine state, a spin-squeezed state [141] that can be generated by the two-axis counter-
twisting Hamiltonian [129]. Furthermore, the optimal measurement involves a
Quantum Fourier Transform (QFT) followed by a projective measurement on the
computational basis [37, 20, 249, 167]. Lastly, the ultimate estimation precision in
this limit is given by the m-corrected HL, A¢ ~ /N [125, 91].

There is an ongoing experimental effort to achieve below SQL precision levels [118]
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and to reach the optimal limit in the wide prior regime [131]. A recent experiment
achieved nearly optimal precision levels with trapped ions by optimizing over global
squeezing operations [169]. However, such operations are not available (or scalable)
in many quantum information platforms, e.g. atoms in tweezer arrays [73, 132],
superconducting qubits [14, 207, 260], and more generally quantum computing
devices that rely on circuits of few-qubit gates [192]. That is because generating a
sine state and implementing the QFT measurement both require polynomial depth
circuits [15, 48].

This raises the question: is it possible to saturate the fundamental precision limits,
for any prior width, with constant to logarithmic depth digital quantum circuits?
One particularly practical motivation behind this question is tweezer optical clocks
[194, 168]. This technology emerges as a promising platform for quantum enhanced
clocks, thanks to high fidelity quantum control and readout [73, 41]. However, since
the quantum control in these clocks is limited to digital circuits, it is unknown
whether the optimal precision can be obtained with state-of-the-art capabilities.
Another motivation for this question is quantum phase estimation algorithms, which
are performed using digital quantum devices. It is highly desirable to understand the
fundamental precision limits of these algorithms when implemented with low-depth
circuits [190, 158, 246].

One set of initial states that can be prepared efficiently by digital circuits is an
ensemble of GHZ states with varying numbers of qubits. Such a state contains m;
copies of GHZ states with ki qubits, where k;, m; € N. We also refer to such states
as blocks of GHZ states, and m; as the block size. Several protocols using such
initial states have been proposed in the literature [21, 128, 134, 110]. However, to
our knowledge, the performance of these schemes in the Bayesian setting has not
been investigated (i.e. different prior distributions or prior widths have not been

considered).

Here, we analyze how such initial states perform and compare various measurement
schemes with an increasing level of control. Specifically, we consider a scheme
with a fixed block size adopted from Ref. [134] that employs non-adaptive, qubit-
resolved (local) measurements, as well as a scheme with a varying block size [110]
which further employs single-qubit rotations before measurement. We show that the
scheme with a varying block size surpasses the scheme with a fixed block size and
achieves HS up to a constant overhead, in the large prior width within the dynamic

range regime (6¢ = 0.7 rad).
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However, both schemes have several drawbacks. First, they offer exact solutions
only for specific values of the number of qubits. For example, the scheme with a
varying block size offers a solution only for qubit numbers N = 2,9, 26, 63, 140, . ..
Extending these schemes to any number of qubits is highly desirable for near-term
quantum devices that operate with a small number of qubits. Second, they consider
a uniform prior phase distribution in the interval [—n, 7], which is not realistic for
devices such as atomic clocks. This motivates extension to an arbitrary prior width,

and Gaussian prior distributions, which are more relevant for atomic clocks.

We thus propose and analyze the following protocol: we numerically optimize
over all possible partitions of a total number of N qubits into blocks of GHZ
states with varying numbers of qubits, assuming a Gaussian prior distribution with
an arbitrary prior width 6¢. As for the measurement strategy, we utilize local,
adaptive measurements, instead of local, non-adaptive measurements used in Refs.
[134, 110]. These measurements were introduced in [21], but the performance for
Bayesian phase estimation was not studied. Given the initial state, we optimize over
the local, adaptive measurements and show that this protocol achieves HS for any

given prior width, and surpasses the previously suggested protocols.

To answer our initial question, we show that it is possible to approximately saturate
fundamental precision limits for any prior width, with constant to logarithmic depth
digital quantum circuits. We observe that the initial states used in the proposed
scheme perform almost optimally and reach the fundamental limit of sensitivity
for Bayesian phase estimation for all prior widths, if arbitrary level of control in

measurement schemes is allowed.

Lastly, we discuss the application of these schemes in the context of atomic clocks,
and propose a method to reach the ultimate limit of sensitivity. We do so by
increasing the dynamic range of the proposed scheme, i.e. the interval for which the
phase ¢ can be unambiguously estimated, by introducing slow atoms that accumulate
fractional phases. We present a method to allocate the atoms into slow atoms and
GHZ states efficiently, in order to extend the dynamic range with a negligible amount
of additional atoms. We show that our method outperforms existing schemes that
utilize slow atoms by comparing the number of atoms needed to obtain the same

level of sensitivity.
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5.2 Results

Formulation
We consider a Ramsey interferometry experiment where N qubits are initialized in

the state |y;), and undergo a unitary ¢-encoding transformation U(¢) such that
U(¢) = e

1o, .
JZZEZO'Z, i=12,...N, (5.1)

where 0';' is the Pauli Z operator for the jth qubit, we set/i = 1, and ¢ € R is unknown.
Let us denote the state after the encoding as |/ ¢), with [ r) = U(¢)|y;). Information
about ¢ is obtained through performing positive operator valued measures (POVMs)
on |y r),i.e. asetof positive Hermitian operators {Il, } such that 3, I, = 1, where
1 is the identity operator. The probabilities of the measurement outcomes are given
by the distribution {p(x|®)}y, with p(x|¢) = <w f| I1, |w f>. Given a measurement
result, the phase is estimated by an estimator ¢, (x), and the accuracy of the phase

estimation for any ¢ is defined by the mean-squared error (MSE),
(A9)% = D" p(x19) (¢ = pes (X)) (5.2)

Given the MSE as a function of ¢, we seek to minimize a cost function that quantifies
the overall performance of the phase estimation, for all ¢. For this purpose, we
choose to utilize the Bayesian mean squared error (BMSE). Given a prior distribution
of ¢, Psy(¢), the BMSE is defined as

(AG) = / (AG)Psg(6)d (5.3)

We refer to the square-root of the BMSE, A¢, as root Bayesian mean squared error
(RBMSE), or the posterior width. We assume a Gaussian prior distribution with a

standard deviation of 6¢, defined as

2
Psp (@) = ¢ ] - (5.4)

1
Noer s
0¢ is also referred to as the prior width. Then, given a prior width, the problem
of minimizing the BMSE reduces to optimizing over |;), {I1;}, and {¢d.s(x)}.
An efficient numerical algorithm for this task was given in [167]. This algorithm
provides the minimal BMSE along with the optimal initial state, the POVM, and the
optimal estimators that saturate it. We refer to this minimal BMSE as the optimal
quantum interferometer (OQI). The OQI constitutes a benchmark for the maximum

attainable sensitivity in Bayesian phase estimation.
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5.3 Phase estimation for atomic clocks
An important application of phase estimation is in the context of optical atomic
clocks [162], where a local oscillator (LO) with a frequency wy (), specifically
a clock laser, is locked to an atomic transition with a frequency w,4. Due to the
fluctuations in the laser frequency, wy(f) deviates from w4, and a phase ¢ :=
foT(a) 4 — wr (1)) dt is accumulated. Here, T is the Ramsey time, and it will also
be referred to as the interrogation time. Due to the fluctuating laser frequency,
the accumulated phase ¢ is a stochastic variable, distributed according to a prior
distribution with a prior width 6¢. For example, 6¢ grows with the Ramsey time
as d¢ o T for a laser frequency noise spectrum in the form of S,(f) o« 1/f
[154]. At the end of the interrogation, the accumulated phase ¢ is estimated from a
population measurement of the atoms. This estimate is consequently used to correct
the deviations in the laser frequency. After the measurement, the uncertainty on
¢ is reduced from 6¢ to A, the posterior width, given in Eq. (5.3). Finally, the
atoms are reinitialized to perform a new interrogation. This process is described
in Fig. 5.2a. During the detection and initialization time, the laser frequency
is not interrogated, and this interval is referred to as dead time. Phase diffusion
during the dead time of atomic clocks gives rise to the Dick effect [63]. This effect
however can be circumvented by introducing an additional ensemble of atoms that
enables implementation of a zero-dead time clock [22]. We ignore this effect in the
following discussion. The clock stability is characterized by the Allan deviation of
the frequency, o, (7). For a clock operation with N7 interrogations, each having a
Ramsey time 7, the Allan deviation ideally follows [134]

A
waNTT

where wy is the frequency of the atomic transition as mentioned above, 7 = Ny - T

oy(7) = (5.5)

is the total duration of the clock operation, or the total interrogation time, and A(ﬁ is
the posterior width. Note that here, we assume that A¢ < d¢. If this assumption
fails, the effective uncertainty defined in Eq. (C.4) in Appendix C.1 should be
used instead of the posterior width as the numerator of Eq. (5.5). Stable optical
clocks are obtained through the minimization of oy (1), therefore it is desirable
to have long interrogation times 7', and small posterior widths A¢. The posterior
width A¢ depends on the initial state of the atoms, and the measurement strategy.

For example, a coherent spin state (CSS), i.e. uncorrelated atoms, can be used

®N
as the initial state: an N-qubit CSS is defined as [¢css) = |(]0) + |l))/\/§] .
Phase estimation with a CSS results in the SQL, where the posterior width scales
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as Ag o 1/V/N. Using entanglement, it is possible to achieve a better scaling with
N. For example, a GHZ state can be used as an initial state, where an N-qubit
GHZ state reads |[¥guz) = (J0Y®Y + |1)®Y)/V2. An N-qubit GHZ state achieves a
posterior width of A¢ o< 1/N, for 6¢ ~ /N or smaller.

As for the interrogation time 7, it is typically limited by the LO noise, i.e. by
vLO, the linewidth of the free-running laser. For T longer than yi(l), 0 = m,
leading to phase slip errors, i.e. phase estimation error arising from ¢ being outside
of the interval [—m, 7]. Since ¢ can be estimated up to modulo 27, the phase
estimation results in a 27k error, k > 1, k € Z. These errors degrade the accuracy
in phase estimation and consequently the Allan deviation. Therefore, for a naive
clock operation using uncorrelated atoms, the maximum allowable Ramsey time is
T = 7ch1)' Consequently, we see two scalings of the Allan deviation emerge as a
function of 7: for 7 < y; /), one can set T = 7, such that oy (1) o 771, For 7 > 7,
the Ramsey time is fixed to its maximum value, and o, (7) o 77172 due to averaging

over the many independent interrogations.

In a practical setting, optical atomic clocks are operated in the regime of 7 > yi(').
Since GHZ states perform optimally for ¢ < x/N, their maximum allowable
Ramsey time is T ~ (yLoN)~!, which is a factor of N shorter compared to the
case of an N-qubit CSS. Then, the clock that uses an N-qubit GHZ state achieves a
similar stability as the clock that uses an N-qubit CSS?, providing no metrological
gain. Therefore, optimal metrology seeks (i) protocols that extend the Ramsey time
T beyond the LO noise limit, yi(lj, (i1) protocols that show Heisenberg-scaling with
respect to the number of atoms N, given a wide prior width, to achieve metrological

advantage.

The first objective can be accomplished by introducing additional classical interro-
gations with uncorrelated atoms and performing phase unwinding [224, 26]. Phase
unwinding is achieved by using ensembles of atoms that acquire smaller phases
(which can be achieved by e.g. mid-circuit measurement and reset). These en-
sembles provide the ability to correct for phase slip errors, and thus, to extend the
interrogation time such that 7 = 7. We refer to the classical scheme that extends the
Ramsey time in this way as the best classical scheme, and the clock that uses this

scheme as the best classical clock.

Furthermore, the second objective can be achieved with the OQI. The OQI achieves

the minimum possible posterior variance given any interrogation time. We refer to

2GHZ states achieve slightly smaller posterior variances, see Ref. [131] or Fig. 5.2b
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Figure 5.2: Operation of an optical atomic clock in the Bayesian context. (a) The
fluctuating laser frequency wy (f) causes the atoms to accumulate a phase ¢. The
phase is measured at the end of the interrogation cycle, and is used to estimate
the laser frequency. (b) Allan deviation o, (1), normalized by yro/waN 12 as a
function of the total interrogation time 7, for various interrogation schemes, and
N = 200 atoms. The vertical dashed line represents the coherence time limit due
to local oscillator noise [235], which determines the maximum Ramsey time 7.
The Allan deviation decreases as 7'/2 after this point for the uncorrelated and GHZ
interrogation. If phase slip errors are suppressed, it is possible for the stability to
scale as 7!, as seen from the stabilities of the best classical scheme and the optimal
quantum clock (OQC). The fundamental limit of sensitivity is set by the individual
particle decoherence (Eq. (5.6)), which is plotted with a gray, dashed line. (c) Allan
deviation o, (7), normalized by yLo/waN 172 " as a function of the total number of
atoms N, for 7 = 10_37£(I) (top) and 7 = 10 y]:(l) (bottom). Note that the legend
for the plots is shown in b. For 7y o < 1, the stabilities of all the clocks scale as
N'/2. Protocols that show HS can increase the clock stability by an additional factor
of N'2. For tyLo > 1, T takes its largest value of T ~ y;/, for the uncorrelated
interrogation, causing the stability to scale as 7'/, Extending the Ramsey time with
the best classical scheme enables to obtain a stability that scales as 7, and using
protoc/ols that show HS, such as the OQC, can further boost the stability by a factor
of N1/2,
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the clock that combines the OQI with phase unwinding techniques beyond the LO
noise limit as the optimal quantum clock (OQC): the OQC achieves the maximum

possible clock stability given N qubits, for any interrogation time.

Ultimately, the clock stability is limited by the individual particle decoherence
arising from amplitude damping (comprised of scattering from trapping light and
radiative decay), which restricts the linewidth of the atomic clock transition. The
fundamental limit to phase sensitivity is given by [69, 61]
1 [2¥ind

min(7) %
wnin(7) = = |

(5.6)
where yinq is the rate of amplitude damping. Note that the fundamental limit scales
as N™1/2, where neither entanglement nor any classical protocol can retrieve the

Heisenberg scaling [69, 61].

We illustrate the different regimes and the possible gain from quantum metrology
in Fig. 5.2. For a fixed y1.0/¥ind = 10%, we plot in Fig. 5.2b the Allan deviation
oy(7), with respect to the total interrogation time 7, for different protocols (see
Appendix C.1 for more details). From the Figure, the stability of all of the protocols
scales as 7~! for small total interrogation times 7. However, the Allan deviation

1/2

scales as 7'/~ for T > y]:(l), for uncorrelated atoms and the GHZ state. This leads

to a factor of 7]%)2 /(2¥ina) 1/

Eq. (5.6), and plotted with gray dashed lines in Fig. 5.2b. The stability of the

gap from the fundamental sensitivity limit given in

best classical clock, and the OQC, continue to scale as 77! for times shorter than
the single-qubit decoherence limit (7 < 71?1%1)’ as they assume the use of phase
unwinding. Furthermore, the OQC surpasses the best classical clock since it shows
HS in this time scale. The area below the OQC is marked as inaccessible, since it
sets the benchmark for optimal sensitivity. Note that we assumed yjpg = 0 when
computing the performance of the OQC to simplify the calculations. As the total
interrogation time 7 approaches yi‘né, the Allan deviation for all of the schemes start

-1/2

scaling as 7 due to the single-qubit noise.

In Fig. 5.2¢, we plot the Allan deviation o, (7), normalized by yro/waN 12 with
respect to the total number of atoms N, for T = 10_3){(1) (top) and 7 = 10 y]j(l)
(bottom). For 7 < yI:(l), the uncorrelated interrogation has the same stability as the
best classical scheme. Since the OQC shows HS, the stability increases faster by
a factor of N'/2 compared to the other schemes and gets closer to the fundamental

limit of sensitivity. For 7 > y7, the best classical clock performs better than the

-1
LO’
clock using uncorrelated interrogations by a factor of (7yL0)'/? due to its extended
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Ramsey time. On top of this, the OQC surpasses the best classical clock by a factor of
N1/2, due to its extended Ramsey time, and its HS. In summary, the maximum gain
in sensitivity obtained by the OQC with respect to the sensitivity of the uncorrelated
interrogation is VN in the regime where Ty o < 1, and VN \/TyLo in the regime

where 7y 0 > 1, respectively.

Blocks of GHZ States for Phase Estimation

It is desirable to use GHZ states as building blocks to construct initial states for
phase estimation, as they are relatively easy to prepare. N-qubit GHZ states can be
prepared using various short depth circuits: (i) a circuit depth of O (log N) assuming
full-connectivity [182], (ii) constant depth if measurement and feedback strategies
[250] or multi-qubit gates [41] are used, (iii) linear depth if only nearest-neighbor
interactions are allowed [73]. GHZ states are optimal initial states for Bayesian phase
estimation given a vanishing prior phase width and for the frequentist case. To show

this, let us first define the J,, Jy operators: J, = 1/23N i, J, = 1/23N o,

X
where o, o'; are the X, ¥ Pauli operators on the i qubit, respectively. Consider
a J, measurement on the N-qubit GHZ state. The first and second moments of
the parity operator, defined as I1 = (—1)">*" 12, are given by (IT) = sin(N¢),

(IT2) = cos (N¢)>. Given M repetitions of the measurement, the MSE is

(AID* 1
M (84(T1))2 ~ MN?

(Ag)? = for ¢ <1, (5.7)

where (AIT)? = (I1?) — (IT)2. Thus, GHZ states attain the HL in the frequentist
approach. However, this limit is unachievable in Bayesian quantum metrology,
where only a single measurement is allowed (M = 1), and ¢ has a prior distribution
with a non-zero width. Bayesian phase estimation resembles the frequentist phase
estimation in the limit of small prior width, where ¢ < /N, for which bimodal

states close to GHZ states are the optimal initial states [167].

For 8¢ > n/N, GHZ states cannot attain the HL due to their limited dynamic range.
Measurement outcomes repeat themselves after a period of 27 /N, causing phase
wrap errors to appear outside of this period, and leading to a poor performance. In
order to have both a high precision in estimation, and a large dynamic range, we
look for ways to approximate the optimal initial states using a combination of GHZ

states with varying numbers of qubits, i.e. blocks of GHZ states. Such a state reads

1

) = 55 | (1005 + o)™, (5.8)
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where |0), |1) are the eigenstates of o, with a negative and positive eigenvalue,
respectively, m; is the size of the block that contains ki -qubit GHZ states, k;, m; € N,
and the total number of qubits is given by N = ¥, m;2%. We want to find optimal
partitions, i.e. {k;},{m;}, for every N and optimal readout schemes and estimators.
In Refs. [21, 128], it was shown that blocks of GHZ states can attain the HL up
to a constant overhead given a flat prior in [—n, 7]. This was achieved by setting
m; > 3V1i, and performing optimal measurements. Before outlining our protocol,

let us first review existing schemes that utilized blocks of GHZ states.

Review of existing schemes

Protocols using blocks of GHZ states with different partitions (i.e. different sets of
{k;},{m;} in Eq. (5.8)) have been studied in the literature [21, 110, 134]. We review
and further analyze the performance of these schemes, focusing on the scheme in
Ref. [134] to which we refer as the scheme with a fixed block size (m; = M), and
the scheme in Ref. [110] to which we refer as the scheme with a varying block size.

In the scheme with a fixed block size, all of the GHZ states (with {2"" :Z";’XO qubits)
are repeated by a constant m; = M. This constant is found from the implicit equation
M = % log(N), where N is the total number of qubits. For example, for a state
with 1, 2, and 4-qubit GHZ states, M = 6. For each block of 2k_atoms GHZ states,
M /2 of the GHZ states are measured in the local Pauli o, and the other M/2 in
the o, basis, i.e. a dual quadrature readout is performed to increase the dynamic
range. Ref. [134] assumes a uniform phase prior, which leads to an RBMSE
of Ad = %m /N, i.e. HS up to a logarithmic correction. We numerically
calculate the RBMSE with two different estimation strategies: a bit-by-bit estimation
strategy that was developed in [134] and the optimal Bayesian estimation. In the bit-
by-bit estimation, we write ¢ (mod 2rr) as ¢ = 27(0.Z1Z»Z3 ...), where Z; € {0, 1}
are the binary digits. By combining the results of the parity measurements of the
GHZ states we estimate the binary digits Z; of the phase ¢. We find that while the
Bayesian estimation achieves a sub-SQL BMSE, the bit-by-bit estimation does not

achieve the expected precision.

In the scheme with a varying block size, the state consists of GHZ states with sizes
Of 2ki, Where ki = O’ 19 sy kmaX’ and m; = mkmax + M (kmax - ki)’ mkmax’ /'l € N+‘
Then, the largest GHZ state has 2%m qubits, and is repeated my,_ times. Similarly,

2kmax_1—qubit GHZ states are repeated my,__ + u times, etc. Before a measurement,

max

the m; copies of GHZ states are subjected to a set of single-qubit rotations 6, with
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Figure 5.3: Summary of the introduced protocol for N = 4 qubits, and a prior width
of 6¢ = m/3 = 1.05 rad. (a) The possible partitions of the blocks of GHZ states for
N = 4 qubits are given in the Table, and the MSE as a function of ¢ is plotted. For
this prior width, the best-performing partition is plotted in yellow, highlighted in
the Table. (b) Optimization over local, adaptive measurements. The measurement
consists of successive Z(®;) operations and projective measurements. The Z(®;)
operation corresponds to a rotation around the z-axis by ®; in the Bloch sphere
picture, such that ¢ — ®; is measured. Based on the measurement outcome, the
next rotation angle is determined. During the optimization, m phases are sampled
uniformly from the interval [-65¢, 60¢], which are then used to compute the BMSE
analytically. Gradient descent is used to tune the single-qubit rotations ®; in the
adaptive measurement. This process is iterated until the BMSE converges to a
minimum. (c) Numerical values (in units of radians) of the single-qubit rotations
®; at the end of the optimization.

0; = ﬂ'mL_, Jj =0,1,...,m; — 1. Finally, they undergo parity measurements. Ref.
=2,
and u = 3. For example, to prepare an initial state with 2-qubit and 1-qubit GHZ

[110] observed numerically that the maximum sensitivity is obtained for my__
states, this protocol employs two copies of 2-qubit GHZ states, and five copies of
1-qubit GHZ states. Furthermore, the 2-qubit (1-qubit) GHZ states are subjected
to single-qubit rotations of 0, 7/2 (0, /5, ...,4n/5). Ref. [110] showed that this
scheme achieves HL up to a constant overhead of 2.033. We implemented this
scheme numerically with Gaussian prior distributions and observed that it achieves
the sensitivity of the OQI up to a constant overhead that depends on the prior width.
For example, for a prior width of 6¢ = 0.7 rad, the overhead is calculated to be 1.66.

The schemes mentioned above raise several issues: First, they are not immediately

3Note that the cost function quantifying the performance of phase estimation in Ref. [110] is the
Holevo variance, defined as (A¢)? = f02" 4 sin? (@) d¢, where ¢ is the estimator of ¢.
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applicable to atomic clocks since they assume a uniform prior distribution on the
phase. To our knowledge, they have not been analyzed for Gaussian prior distribu-
tions, which are the relevant phase distributions for the regime where current atomic

clocks operate.

Second, they correspond to very specific values of N, e.g. for the scheme with a
varying block size, the considered states have a total number of N = 2,9, 26 qubits
for kmax = 0, 1, 2. For intermediate numbers of qubits, it is necessary to modify
these states by removing or adding GHZ states, which leads to sub-optimal states.
Furthermore, the density of the qubit numbers suitable to these schemes decreases
with increasing N, further complicating the use of them for large N. We therefore

want to devise a scheme that will achieve optimal precision for every N.

These issues motivate us to find better schemes for Bayesian phase estimation that
are applicable to all qubit numbers, N, and to Gaussian prior distributions. To this
end, we use an adaptive protocol, inspired by Ref. [21]. We extend this protocol to
Bayesian phase estimation and generalize it to all phase prior widths and all qubit

numbers, N.

Proposed Adaptive Scheme

We now turn to outline our protocol. We design the protocol assuming a relatively
small phase slip probability, i.e. ¢ < m, where d¢ is the prior width. In the context
of atomic clocks, this regime corresponds to a Ramsey time smaller than the local
oscillator (LO) coherence time. In other words, Ty o < 1, where T is the Ramsey
time and yy o is the linewidth of the laser (see Sec. 5.3). We extend the proposed

scheme in the regime where Ty o > 1 through the introduction of phase unwinding.

Our goal is to get as close as possible to the performance of the OQI with low-depth
circuits. The initial states and the POVMs of the OQI can be efficiently calculated,
but they are difficult to implement: for a large prior width within the dynamic
range (0¢ ~ 1 rad), the optimal state resembles a sine state [20], and the optimal
measurements have high complexity [167] (for a derivation of the optimality of
the sine state, see Appendix C.2 and Ref. [74]). Furthermore, optimizing over all
possible digital circuits is quite formidable. Hence, we pursue a two-step approach.
First, for a given atom number and prior width, we "mimic" the optimal initial state
using simpler states, i.e. blocks of GHZ states. Then, given this approximated state,

we optimize over the local measurements to minimize the BMSE.

A summary and illustration of the proposed adaptive scheme is given in Fig. 5.3
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Figure 5.4: Performance of the proposed scheme for N = 21 qubits. (a) RBMSE
A¢ as a function of the prior width, §¢, for N = 21. The performance of the phase
estimation with a 21-qubit GHZ state, 21-qubit CSS, the OQI, and the proposed
scheme is plotted in blue, yellow, gray, and red, respectively. The different shapes
of the red markers correspond to different ways of partitioning the qubits into blocks
of GHZ states. (b) Optimal partitions of 21 qubits into blocks of GHZ states for
different prior widths. For a small prior width the optimal strategy is to use the
GHZ state with the maximum number of atoms possible. The remaining atoms
are distributed to smaller GHZ states. In contrast, for a large prior width, it is
more advantageous to use GHZ states with smaller numbers of atoms and distribute
them equally. (c) The amplitudes of states with ny, excitations, 0 < ny < 21,
for the optimal initial states of the OQI and the initial states obtained with blocks
of GHZ states, for different prior widths. ny, = 0 (ny = 21) corresponds to the
state |0)®V(|1)®Y). We see that for 6¢ ~ 1 rad, the optimal initial state of the OQI
resembles a sine state. (d) MSE of the OQI, CSS, and the proposed scheme for
N = 21 and 6¢ = 0.7 rad, plotted in purple, yellow, and red, respectively. The
proposed scheme achieves a metrological gain of g = 2.29 (3.59 dB).

for N = 4 qubits, and a prior width 6¢ = 7/3 =~ 1.05 rad (such that phase slips are
three-sigma events). We list all the possible partitions of N = 4 qubits into blocks of
GHZ states, and plot the MSE as a function of ¢ of all such partitions in Fig. 5.3a.
We remark that their MSE depends on the prior width through the measurement
optimization that is based on it. The MSE of the OQI as a function of ¢ is given by
the black, dashed line in Fig. 5.3a. The smallest BMSE with our scheme is obtained
by the partition whose MSE is closest to the OQI, which corresponds here to the

yellow line.
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In Fig. 5.3b, local, adaptive measurements are depicted: a single-qubit rotation
of ®; around the z-axis is applied before each measurement, such that ¢ — ®; is
measured. Depending on the measurement result, the single-qubit rotation that
will be applied to the next GHZ state is chosen. This process is initiated with the
largest GHZ state in the partition in terms of the number of qubits, and ends with
the smallest GHZ state (see Fig. 5.3b, where an example of a measurement result
is highlighted in orange). To find the optimal set of single-qubit rotations {®}, m
phases ¢ are uniformly sampled from the interval [-6 ¢, 6 6¢], and the BMSE is
calculated analytically, which is used to tune {®}. This process is iterated until the
BMSE converges to a minimum. In Fig. 5.3c, we list the numerical values of the

single-qubit rotations obtained after performing the optimization for this case.

The proposed scheme can be realized experimentally with current quantum pro-
cessors, where computing and sensing can be interleaved. State preparation and
sequential feed-forward measurements can be implemented using e.g. Yb-171 nu-
clear spin qubits, where midcircuit measurements without entanglement were shown
[193, 159]. We lay out an experimental procedure in the subsection "Experimental

Realization".

Performance of the schemes

First, for a fixed qubit number, we analyze how the proposed scheme performs as
we change the prior width, 6¢. Then, we assume a fixed prior width and observe
the performance of all of the schemes as a function of the number of qubits, N.
To quantify the increase in the sensitivity of phase estimation when the proposed
scheme is used, we define the metrological gain g = (Adcss)?/(A$)? as our figure of
merit, where (A¢css)? and (Ag)? are the BMSE of the phase estimation performed
using an N-qubit coherent spin state (CSS) and the proposed scheme, respectively.
Note that the prior width and the number of qubits are the same for both schemes

when calculating the gain, and we assume a single-quadrature readout for the CSS.

We study how the performance of our scheme, as well as the optimal initial state
and partition depends on the prior width. The results for N = 21 qubits can be
found in Fig. 5.4a. The performance of the OQI is indicated in gray, and the gray
filling below this line is used to emphasize the fact that it is not possible to perform
better than the OQ], i.e., this part of the parameter space is inaccessible. We also
plot the performance of a GHZ state and a CSS for N = 21. We see that the GHZ
state performs optimally for a small prior width, however, the performance quickly
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deteriorates as the prior width grows. We plot the performance of the proposed
scheme with red points, and see that the proposed scheme surpasses the performance
of the CSS with 21 qubits for any prior width. The optimal performance, i.e. the
minimum value of Ag/J¢ for the proposed scheme occurs at 5¢ ~ 0.7 rad. For each
of the points of the proposed scheme, we (i) find the best partition for the given prior
width, (ii) optimize over the local, adaptive measurements. The changing shapes of
the red points indicate the different partitions of the 21 atoms into blocks of GHZ
states: for example, the stars correspond to the partition with three 4-qubit, 2-qubit,
and 1-qubit GHZ states, whereas the circles correspond to one 16-qubit, 4-qubit,
and 1-qubit GHZ state. The full list of partitions corresponding to each shape can
be found in Fig. 5.4b. We also plot the initial states of the proposed scheme and the
initial states of the OQI for some of these shapes in Fig. 5.4c.

We then compare the MSE obtained with the proposed scheme, as a function of
¢, to the performance of the OQI and the CSS for ¢ = 0.7 rad in Fig. 5.4d.
As can be seen from the Figure, the OQI surpasses the CSS for all ¢, performing
optimally over almost the entire [, 7] range. We see that the proposed scheme
also surpasses the CSS for almost all ¢ except a very small region around ¢ = +37/8
rad, where the CSS performs slightly better. However, the proposed scheme has a
much larger bandwidth and a better performance around ¢ = 0 rad. We calculate
the metrological gain at 6¢ = 0.7 rad as g = 2.29 (3.59 dB).

To see how the performance of the different schemes scales with the qubit number N,
we fix 6¢ = 0.7 rad, from the observation that the proposed scheme works optimally
around that point in Fig. 5.4*. 1In Fig. 5.5, we plot the performance of these
schemes, as well as the sensitivities of the OQI and the CSS for 10 < N < 350. We
note that for our numerical simulations, we employed optimal Bayesian estimators.
The blue, green, and red points in Fig. 5.5 correspond to the scheme with a
fixed block size, the scheme with a varying block size, and the proposed scheme
respectively. The implementation complexity of the proposed measurements also
increases in this order: the scheme with a fixed block size requires a double-
quadrature readout and local measurements only, whereas the other schemes require
single-qubit rotations. Moreover, for the proposed scheme, the single-qubit rotations

are determined adaptively, which thus requires mid-circuit measurements.

However, there is a significant difference in the discontinuous nature of the scheme

4Ref [131] observed that this point depends on the qubit number, N. However, 6¢ = 0.7 rad is
still close to the optimal point, hence relevant for qubit numbers that we work with.
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Figure 5.5: RBMSE as a function of number of qubits N, normalized by the prior
width, for ¢ = 0.7 rad. We see that the CSS and the OQI constitute the SQL
and HL, respectively. For larger qubit numbers, the BMSE of all of the schemes
converges to a constant independent of N. We also plot the m-corrected HL in the
absence of phase slip errors, which touches the OQI curve at N ~ 70. We observe
that all of the schemes that use blocks of GHZ states show sub-SQL sensitivity.
Furthermore, the scheme with a varying block size and the proposed scheme obtain
HS. For all N, the proposed scheme obtains the maximal sensitivity, among existing
schemes. Inset. We plot the RBMSE of the OQI, CSS, and the proposed scheme in
the range 40 < N < 100, with gray, yellow, and red, respectively. We see that the
proposed scheme shows HS with an overhead of ~ 1.56, shown with the light green
line.

with a fixed block size and the scheme with a varying block size, compared to the
scheme of this chapter. For these schemes, the optimization over the blocks of
GHZ states (Eq. (5.8)) is performed with respect to block sizes {m;}, instead of N.
Therefore, such schemes perform optimally only at certain N where N = 3, m; 2%
holds, which are the points that were used to show their performance in Fig. 5.5. For
a general qubit number, such schemes must be modified by reducing or increasing
the number of repetitions of certain blocks in order to fit the constraint of a fixed
qubit number, which causes them to behave sub-optimally. In contrast, since we
perform our optimization by fixing the number of qubits, the proposed scheme

performs optimally for each N.

We observe from Fig. 5.5 that as the implementation complexity of the measurement
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proposed by a protocol increases, so does its sensitivity. Accordingly, the proposed
scheme and the scheme with a varying block size scale as the OQI, surpassing the
scheme with a fixed block size for every N. These schemes are Heisenberg-limited,
and their overheads are calculated to be 1.56 and 1.66, respectively. The smaller
overhead belongs to the proposed scheme, and the fit is shown in the inset of Fig.
5.5. For example, the proposed scheme obtains a smaller posterior variance than that
of the scheme with a varying block size by a factor of 1.22 (0.85 dB) for N = 63. We
also compare these schemes for a smaller prior width (6¢ = 0.2 rad), and observe
that the schemes continue to show HS. Furthermore, we observe that the proposed
scheme surpasses the scheme with a varying block size by a larger margin. For
example, for N = 63, the gain (in variance) obtained by the former over the latter is
calculated to be 1.57 (1.97 dB).

Fundamental limits due to phase slip errors

Our analysis so far focused on achieving quantum-enhanced precision with low-
depth circuits. However, another crucial limitation is phase slip errors, which
arguably received less attention in the literature. Here, we first derive fundamental
limits in precision due to phase slip errors. Then, we describe how to overcome such
errors in the context of atomic clocks by proposing an efficient phase unwinding

scheme.

Without phase slip errors, i.e. for any prior distribution with a negligible probability
outside of the range of [—m, 7], it is well established that the minimal achievable
RBMSE in the limit of large N is A¢ ~ n/N [125, 91], where N is the number of
qubits. This is the relevant, w-corrected HL. Furthermore, the RBMSE achieved
with N uncorrelated qubits is given by A¢ ~ 1/VYN, which is the SQL. In the limit
of an infinite qubit number N, both the HL. and the SQL approach zero.

However, any prior distribution with a support outside of the range [—, 7] will give
rise to an imperfect estimation, even in the limit of N — oo, since the phase can be
estimated only up to modulo 2. This means that if a phase ¢ is outside of this range,
its estimation error is given by 27k in the limit of a large qubit number N > 1,
where k = | (|¢| + 7)/2x]. The effect of these errors is shown in Fig. 5.4a, where
the RBMSE increases with increasing prior width d¢ due to phase slip errors, in the
regime where 6¢ > 1 rad. For 6¢ > 1, the RBMSE becomes approximately equal
to 0¢, signifying that the phase estimation scheme does not provide any information

about ¢. Furthermore, in the presence of these errors, the RBMSE does not vanish
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in the limit of N — oco. This is shown in Fig. 5.5: the RBMSE converges to a finite

value in the limit of N — oo, which is determined by the statistics of these errors.

We now explicitly find this limit, i.e. we find the OQI BMSE and the CSS BMSE
with a single quadrature readout in the limit of N — co. These bounds are given
in the following claim, in which we use the following expression of the BMSE
(equivalent to Eq. (5.3)):

} ([ ¢ p(x|9)Pss($)dg)’
AB)? = (60)* -
(A0)" = (09) Z [ p(x|9)Psg(d)dep
= (60)7 = D e ()7 p (x). (5.9)

Claim I. The OQI BMSE in the limit of N — oo for any prior distribution Ps4(¢) is

P
) ” (%fﬁk%(ﬁ (¢k))
(A)oar = (96)° - / 2.Psp (¢k)

x

-

do, (5.10)

where ¢, = ¢ + 21k, k € Z.
Assuming a Jg = cos (6) J, — sin (6) J, single quadrature readout, the CSS BMSE
in the limit of N — oo for any prior distribution Ps4(¢) is

2
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Ve
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(5.11)

We defer the detailed proof to Appendix C.5, and provide here a sketch of the proof.
To demonstrate that Eq. (5.10) is the OQI BMSE in the limit of N — oo, we first
show that it is a lower bound of the BMSE for any possible scheme. Then, we show
that there exists a scheme that saturates it. The following minimization problem
lower-bounds the OQI for any N:

min / ﬂ ; (et (8) — (6 +27K)) ps (6 +27k) do,  (5.12)

where ¢et (¢) : [-m,7] — R. The BMSE given in Eq. (5.10) is a solution of
this minimization problem. For attainability, we show in Appendix C.5 that a CSS
interrogation with dual quadrature readout saturates this lower bound in the limit of

N — oo,
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Figure 5.6: RBMSE A¢, normalized by 27, as a function of the total qubit number
N, for different prior widths. For small enough prior widths (6¢ = 0.7 rad), no
slow atoms are needed. The RBMSE of the proposed scheme in this regime is
plotted in gray. For larger prior widths, the number of atoms needed to extend the
dynamic range depends on the phase unwinding protocol. We define non-adaptive
and adaptive phase unwinding, also propose a more efficient phase unwinding
protocol that extends the proposed scheme to large prior widths. Furthermore for
the proposed scheme, in the limit of N > 1, the RBMSE for different prior widths
converges to the RBMSE for 6¢ = 0.7 rad. Therefore, in this limit, we can obtain a
clock stability that scales as the total interrogation time 7 even in the regime where
7yLo > 1. Inset. MSE for the proposed phase unwinding scheme for N = 16 atoms
and a prior width of 6¢ = 2.8 rad. We see that the MSE is close to that of the OQI,
and that the proposed scheme has a dynamic range of ~ 8.

For the bound assuming a CSS Jy quadrature readout, Eq. (5.11), we find the mea-
surement probabilities p (xg|¢) , where xy is the outcome of 2Jy/N measurement,
i.e. a measurement outcome of Jy normalized with respect to N/2. In the limit of
N — o0, p (xg|¢p) — 6 (xg — cos (¢ + 0)). Inserting this into Eq. (5.9) leads to Eq.
(5.11).

These bounds are the "plateaus" of the BMSE observed in Fig. 5.5: this is the
remaining uncertainty that cannot be suppressed by increasing N. They increase
as the prior width, d¢, increases. We remark that the CSS bound shown in Fig.
5.5 corresponds to a J, measurement. The difference between the bounds in Eqgs.
(5.10), (5.11) corresponds to the gap between the uncertainty of the OQI and the
CSS in the limit of N > 1, as observed in Fig. 5.5.

Overcoming phase slip errors: phase unwinding schemes
For a wide phase prior distribution, phase slip errors are the main factor limiting

the precision, preventing HS or even SQL for large N. In the context of atomic
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clocks, this regime of a wide prior corresponds to a Ramsey time longer than the
LO coherence time. In other words, Tyr o > 1, where T is the Ramsey time, or the
total interrogation time, and vy o is the linewidth of the laser (see Sec. 5.3). In this
regime, phase slip errors dominate, and further Ramsey interrogations do not lead
to any improvement in phase sensitivity. To suppress these phase slip errors, and to
extend the Ramsey time beyond the LO noise limit, some techniques were devised in
Refs. [224, 26]. These schemes introduce additional CSS interrogations with slow
atoms, i.e. atoms that accumulate phases ¢/2, ¢/4 . .. during the interrogation time,
instead of accumulating a phase ¢. We refer to such schemes as phase unwinding

schemes.

These slow atoms that accumulate only a fractional phase can be obtained in several
different ways, depending on the platform and the relevant phase noise. In the
simplified case, where the laser frequency wy () is almost constant throughout the
Ramsey time, they can be obtained through evolving the qubits for the relevant
fraction of the Ramsey time 7. In this case, a single qubit can accumulate a phase
of ¢/2" for 2! times. In other words, a single atom can be re-used as 2/ slow atoms
with a phase of ¢/2/. More generally, given an arbitrary stochastic process of the
frequency, different methods should be employed and re-using of the qubits may
not be possible. A reduced evolution rate in the presence of a general noise can
be achieved using dynamical decoupling, as was shown in Refs. [224, 241]. The
idea is to divide the Ramsey time into short time intervals of 7/, where 7’ is shorter
than the correlation time of the frequency noise. In each 7’ interval we can apply a
n-pulse after a period of 7/ (1/2 + 1/ 2! *1), this would lead to an accumulated phase
of ¢/2!. Alternatively, midcircuit measurement and reset can be used [224]. With
this method, each qubit corresponds to a single slow atom, and re-using of the atoms
is not possible. An alternative method requires memory qubits, but allows re-using
of sensing qubits: each memory qubit encodes a different slow atom, such that the
sensing qubit will be entangled to different memory qubits at different periods of
the 7" interval. This method requires multiple memory qubits and fast entangling
gates between the sensors and memory qubits, but it allows more efficient use of the

sensing qubits.

Let us first analyze and extend some existing phase unwinding methods that use slow
atoms. The phase unwinding protocol in Ref. [224] defines ¢ = 27P + 6, where
P e€Z,and 8 = ¢ mod 2n. Assuming that m copies of slow atoms that accumulate

phases of ¢/ 201 =0,1,...,Ihx are available, it estimates P iteratively from the
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following equation

zﬁj - ,Bj—l
Pi :2Pj+T (5.13)
where j =0,1,...,1, P = Py, P;,, = 0, and ; is the estimate of ¢ after performing

dual quadrature readout on the j™ block of slow atoms. After estimating P, the
posterior distribution on the phase resembles a uniform distribution in [—7, 7], in
the limit of a large initial prior width 6¢. The protocol in Ref. [224] concludes by

estimating 6 from the slow atoms that accumulate a phase ¢.

Alternatively, phase unwinding protocols can be combined with phase estimation
using entangled atoms to obtain a higher precision. We can use the schemes in
Refs. [134, 110], or the proposed scheme, for this purpose. We illustrate two
possible ways, which we refer to as adaptive and non-adaptive phase unwinding.
For non-adaptive phase unwinding, one can estimate P from the protocol in Ref.
[224], and estimate 6§ with schemes that use GHZ blocks. Here, we assume that
one can further constrain the posterior distribution on ¢ mod 27 after estimating P
to be approximately a uniform distribution in the interval [-x/2, 7/2] instead of
the interval [—m, x|, by including 2-qubit GHZ states in the protocol in Ref. [224].
We choose to do so since for a uniform prior distribution in [—n, 7], the BMSE is
large due to the fact that small errors for phases close to —m, 7 lead to large errors
in estimating ¢. In other words, the phase estimation error jumps to 2x for |¢| close

to 7r, which is not suppressed when a uniform prior distribution in [—, 7] is used.

In Fig. 5.6, we plot the RBMSE obtained by combining non-adaptive phase unwind-
ing with the scheme with a varying block size (Ref. [110]). We analyze two prior
widths, 6¢ = 1.4 rad (plotted in brown), and 6¢ = 2.8 rad (plotted in purple), where
we plot the sensitivity as a function of the total number of qubits N. N includes both
the atoms in the GHZ states, and the atoms used to extend the Ramsey time by the
protocol in Ref. [224]. HS is not observed for the regime plotted in Fig. 5.6, due to
the large overhead of additional atoms needed for this type of phase unwinding.

For adaptive phase unwinding, one can estimate both P and 6, thus estimate ¢, writ-
ten as ¢eg. After the estimation, the posterior distribution of ¢ will approximately be
a Gaussian distribution centered at ¢y, with a width of A, i.e. the RBMSE. Then,
one can apply a global phase shift —@ey, and estimate ¢ — ¢est With schemes that use
GHZ blocks, assuming an effective prior width of A¢. We also plot the RBMSE
obtained by adaptive phase unwinding in Fig. 5.6 for 6¢ = 1.4,2.8 rad in green and

light blue, respectively. We observe that adaptive phase unwinding is more efficient
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than non-adaptive phase unwinding, meaning that adaptive phase unwinding obtains
the same sensitivity with a smaller number of atoms. We can explain this increase in
performance by noticing that adaptive unwinding makes use of both P and 6 before
estimating ¢ with schemes that use GHZ blocks. Conversely, non-adaptive phase
unwinding only computes P. Therefore, the posterior distribution on ¢ before doing
the phase estimation with GHZ blocks is more localized in the former phase un-
winding protocol, giving rise to a better sensitivity. In our simulations, we observed
that when adaptive phase unwinding was optimized with respect to the number of

slow atoms, the posterior width was in the vicinity of A¢ ~ 0.5 rad.

We now outline a more efficient phase unwinding protocol that optimizes over
all partitions of blocks of slow atoms and GHZ states. Assuming a large 6¢
such that phase slip errors dominate, we first choose an integer /.« such that
8¢ /2! is small enough. We now introduce slow atoms that accumulate phases
¢/ 2max g /2Ima=1 4 /2. For a given partition into blocks of slow atoms and GHZ

states, we can write the relevant quantum state as:

e B (100 + 10e977) ™" o B (1022 4 e )™ 59
The first term of the product is the slow or classical part, while the second term is the
fast rotating part that contains GHZ states. The relation between N and the number
of atoms in the different blocks requires special attention. Assuming that the same
qubit can be used as a slow atom several times, e.g. a single qubit can accumulate a
phase of ¢/2! for 2/ times, then the constraint on N is givenby: N = [ijﬁ‘lmax 2'my].
If we cannot re-use qubits, then each slow atom corresponds to a single qubit, and

the constraint on N is given by: N = Zl_:l—lmax my + Zi:g‘ 2k my.

Given a total number of qubits N, we want to find an optimal partition of these N
qubits into slow atoms and GHZ states. To do this we use a rescaling transformation
that reverts the problem back to partitions of GHZ states only. We define ¢’ =

¢ /2! and we use the following equality:

Y[ @6 pGl6) Pas (9) do -
e (5.15)

Pl ) / (&' = 82" P (i19") Pagjzmn (')
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which is obtained by changing the integration variable to ¢’ = ¢ /2. This equality

can be written as:

52 — 72lmax 77\2
(A¢)|¢/>,6¢ - 2 (A¢ )|¢//’>’5¢/2lmax’ (516)

where the 1.h.s is our usual figure of merit: the BMSE in estimating ¢ with the
original state, ), and the original prior width §¢. The r.h.s corresponds to the
rescaled frame: it is 2%m times the BMSE in estimating ¢’ = ¢/2'm with a prior
width of 8¢ /2 and a rescaled state |i’). The rescaled state is:

ax+k

, lm max k k t-rk
Wy« T UOW” +|1)82 i (5.17)

)®mklmax
Hence based on Eq. (5.15), we can optimize the BMSE of ¢’ in the rescaled frame
using the techniques developed here, in which |”) contains no slow atoms and the
prior width is shrunk to §¢ /2"

The rescaling transformation maps ¢, ¢, |) into ¢, 5¢/2/m=, [’). Since the num-
ber of qubits in |¢’) is not equal to the number of qubits in |), N is also trans-
formed into N, given by N’ = 2/max iji"lmax 2'm;. The transformation of N depends
on whether qubits can be re-used as several slow atoms or not. Assuming that
re-using is possible, we see that N’ ~ 2/mxN. However if re-using is not possible,
N’ = 2Mmax N — yrmss (2hmax — 2Dy
the ¢’ frame for the relevant values of N’, and transform back to the BMSE in the ¢

Here, we similarly optimize the BMSE in

frame using Eq. (5.16).

For example, we have calculated the optimal partition for N’ = 159, §¢ /2= = 0.7
=3,2,4,3,3,2, k = 0,1,...,5. We can rescale this partition by
setting Imax = 3, which corresponds to a prior width of ¢ = 5.6 rad in the rescaled

rad as my_y
frame. In this frame, the largest GHZ state is a 4-qubit GHZ state. Furthermore,
assuming that re-using qubits is not possible, the rescaled frame contains N =
12+2-3+4-2 =26 atoms. In summary, we were able to map the problem of
finding the optimal partition of slow atoms and GHZ states into finding the optimal
partition in presence of GHZ states only, which was already addressed and solved.
In this way, we incorporated the slow atoms into the proposed scheme. The BMSE

in presence of slow atoms can therefore be found using Eq. (5.16).

Finally, we plot the RBMSE obtained by the proposed phase unwinding scheme for
0¢ = 1.4,2.8 rad with blue and yellow, respectively, assuming that a qubit cannot
be re-used as several slow atoms. We also plot the RBMSE of the proposed scheme

for 6¢ = 0.7 rad in gray as a reference since no slow atoms are used to extend the
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dynamic range for this prior width. We observe that the proposed phase unwinding
achieves the same precision as adaptive and non-adaptive phase unwinding with a
much smaller number of slow atoms. Furthermore for large N, the RBMSE of the
proposed scheme for 6¢ = 1.4,2.8 rad starts converging to the reference RBMSE
(0¢ = 0.7), meaning that the number of slow atoms becomes negligible compared
to the number of atoms of the GHZ blocks.

Then, in this limit, the interrogation time can be extended by the addition of a
negligible number of atoms, resulting in the Allan deviation to scale as o7y (7) o 1,
where 7 is the total interrogation time (see Sec. 5.3). Furthermore, the proposed
phase unwinding protocol reduces the number of slow atoms needed to extend the
interrogation time significantly compared to other phase unwinding protocols, as

seen from Figure 5.6.

While the slow atoms methods presented above mitigate phase slip errors, they still
do not recover the noiseless limit. Since the noiseless ultimate precision limit is
the m-corrected HL, the relevant question is whether there exists a method that
achieves this limit for arbitrarily large prior widths and arbitrary N. The following
claim provides an indication that the answer is positive: assuming ancillas and

coherent control, we can construct slow replicas of optimal states that achieve HS.

Claim I1. For every phase prior distribution P54 (¢), and for every number of probes,

N, there exists a protocol that achieves a BMSE, (Agﬁ);w( HN with

N2 _ 72 N2
(AP)ps00.v = (APoQLp 4000, 10 (5.18)

where (A(;’;)(%QLPMN( ).IN is the OQI BMSE with a rescaled prior distribution
Psg/1 (¢) and with [N probes, where [ € N,. This protocol assumes the use of

ancillas and time dependent control.

Before proving the claim, let us first elaborate on its meaning. This protocol should

allow us to achieve the m-corrected HL, 72/ N?, with arbitrarily large prior width. If
’_ 72 _ 2 2

we can find small enough 6¢" = 6¢ /[ such that (A¢)OQI,7’5¢/1(¢)JN = n“/(NI)~, then

this claim implies that the same scaling is achievable for 6¢ : ( A(ﬁ);w BN n?/N>.

Proof. We denote the OQI with P54/, (¢) and NI probes as (Acﬁ)éQprﬂ (). IN"

The optimal state that achieves it is denoted as |¢) = 7 :10 cjlj) . After the phase
NI

i=0 cje"?|j). We have shown in Eq.

encoding, this state is given by [yg) = 2,

5The r-corrected HL is relevant when 0¢N > 1. If 6¢N < 1, the conventional HL,, 1/N, can
be attained asymptotically [91].
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(5.15) that the following rescaling transformation

¢ /1, Pspi (¢) = Psg (4), (5.19a)
NI

o) = W) = ) e ). (5.19b)
=0

transforms the BMSE, (A(ﬁ);(ww) v as given in Eq. (5.18). This is the BMSE we
want attain with N qubits, hence the only thing that is needed to show is that we can
construct the following state (and phase encoding) |4/;) = j}’:lo c je‘if /1| 7Y, and

perform the optimal measurements using N qubits.

We provide a construction that uses ancillas and pulses that depend on the state of the
ancillas. We first construct the state [¢) = 11\1 :lo c;j|j) on the ancillas. In principle,
log (NI + 1) ancillas are sufficient to generate this state. It can also be generated
by using a symmetric or a unary encoding, but this requires N/ ancillas. The N
probes are initialized to the state |[N) , such that the initial state is |N) (Zjv :lo cilj )) .
For every |j), we want to obtain the following phase accumulation: |N)|j) +—
e”?/l|NY|j) . This can be achieved with |j)-dependent pulses that slow down the
evolution, e.g. by adding a control Hamiltonian of H,. = Zj.v:lo fi () I ® 1),

with fj (1) = 7o (t - TNHJ') , where T is the Ramsey time (wT = ¢%). These

2N1
ancilla-dependent pulses lead to the effective Hamiltonian of (after moving to the

interaction picture with respect to H,) H = Zj.\':lo Nllez ® |7){Jj|, and thus to the
final state of |N)(Z§y:lo cje_ij"’/llj)). The state of the ancillas is now [4/;), hence
by implementing the optimal measurement on the ancillas the desired BMSE is

obtained.

Experimental Realization

Here, we provide a roadmap for the experimental implementation of the proposed
scheme in existing quantum platforms. Specifically, neutral atom arrays have re-
cently emerged as a promising platform for high fidelity control of qubits, where
entanglement is mediated through Rydberg interactions [156, 157, 70, 159, 241, 73,
41].

%We assumed in the proof the simplest case of a fixed w during the time evolution, i.e. H = wJ,.
In most realistic cases, w(t) fluctuates with time. In these cases, to obtain an effective Hamiltonian
of H = Zj.\]:lo 7w (1) J; ® |j){jl, we need to apply 7-pulses during time periods shorter than the

correlation time of w(t). Denoting such time intervals as 7, the ancilla-dependent control function
f;(2) is then given by f; (¢) = ZZS” b (6 (t -7 (k + ]\2]11\;'1’)) +6(t—(k+1) ‘r))
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To implement the proposed scheme, the following experimental stages need to
be carried out: (1) State preparation: high fidelity preparation of GHZ states of
optical clock qubits. (2) Evolution period: LO phase is imprinted on the qubits.
The evolution time should be shorter than the qubit coherence time (determined
by amplitude damping or dephasing noise when slow atoms are used to extend
the dynamic range). (3) Measurement: sequential local measurements should be
performed, combined with adaptive single-qubit rotations. As the measurement is
sequential and adaptive, it is crucial that when a qubit is measured, the remaining
qubits to-be-measured are "frozen", i.e. decoupled from the LO phase and remain

coherent during the measurement period, in order to achieve high sensitivity.

Due to the constraints above, we propose an implementation that would make use
of interleaving sensing and computing with optical clock qubits and non-optical
qubits with long coherence times, respectively. For the computing qubits, we can
use nuclear spins in a metastable state (e.g. Yb-171). This system allows for long
coherence times, high fidelity gates and protection from imaging light [126]. Or, we
can use a hyperfine alkali qubit in a dual-species architecture. Let us explain what

these implementations entail for state preparation and readout in the following.

In order to prepare the blocks of GHZ states in neutral atom array platforms, one can
use high-fidelity entangling gates obtained through e.g. phase-modulated Rydberg
pulses. Such gates have recently been implemented for optical [73, 41], as well as

hyperfine and nuclear qubits [70, 164].

For fast and high-fidelity preparation of GHZ states, we can use nuclear qubits in
a metastable state [165, 126]. For the clock operation, these qubits need to be
mapped to optical clock qubits, which can be realized via a global m-pulse. This
implementation allows for a faster state preparation that is robust to the clock laser
noise. Another possible implementation is via a dual-species architecture, where
state preparation is realized with e.g. the hyperfine states in rubidium [244]. In order
to map these qubits to optical clock qubits, an interspecies SWAP gate is needed.
Lastly, if state preparation is realized using optical clock qubits, a high-coherence
laser (e.g. the clock laser systems of Refs. [29, 277]) can be used to achieve a high
fidelity [73, 41].

Experimentally, the circuit to prepare an N-qubit GHZ state can be implemented
through combining single-qubit rotations with controlled-Z (CZ) gates, which can
be realized with two-qubit [73] or multi-qubit gates [157, 96, 41]. High-fidelity
CZ gates allow for the construction of high-fidelity GHZ states. The state-of-the-
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art fidelities are cited as 99.72(3)% for two-qubit CZ gates, and 99.963(2)% for
single-qubit rotations, for systems that use Yb-171 nuclear spin qubits [185].

The proposed scheme requires the implementation of single-qubit rotations and
sequential midcircuit measurements with feed-forward. As the initial states of
the proposed scheme contain multiple copies of GHZ states with different sizes, the
remaining states should be protected from the imaging light during the measurement
of a GHZ state. This can be achieved by, for example, transporting the qubits to a
separate readout zone before a measurement [24], or, by shelving the other qubits
such that they are dark to the imaging light [159, 95, 164].

Let us describe how nuclear qubits can be used to achieve adaptive readout. After
the accumulation of the LO phase, optical qubits can be mapped back to metastable
nuclear qubits via another global m-pulse, so that they are decoupled from the LO
and additional decoherence effects, as well as from the imaging light for the readout.
Finally, a local m-pulse can be used to map one-by-one the GHZ states of nuclear

qubits into GHZ states of optical or ground state qubits for sequential, local readout.

Finally, any experimental realization would suffer from decoherence, due to e.g.
amplitude damping, state preparation errors and detection noise. We study the effect
of these noises on the proposed scheme in Appendix C.6. Specifically, we analyze
the effect of amplitude damping on blocks of GHZ states, and state preparation and

measurement errors.

5.4 Methods

Approximating optimal initial states

First, we explain how the optimally performing partition is computed for a given
qubit number N, and prior width d¢. For this purpose, we fix N and write down
all possible partitions into {k;},{m;}, given the constraint N = Y, m;2%. For
all the partitions, we numerically calculate the minimum possible BMSE using
the algorithm outlined in Ref. [167], assuming that optimal measurements (for
example, the QFT operation followed by projective measurements) are available.
The partition that achieves this minimum possible BMSE, for a given qubit number
N and prior width 6¢, is referred to as the optimal partition. The optimal partition
depends on the prior width: for a narrow prior distribution, it is desirable to use
most of the qubits to construct a GHZ state with a high number of qubits, whereas
for a wider prior distribution, we expect the optimal partition to include more blocks

of GHZ states with smaller numbers of qubits.
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Optimal GHZ partitions & measurements
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Figure 5.7: RBMSE normalized by 27, as a function of the number of qubits N, for
the optimal partition of the blocks of GHZ states, and the OQI. The OQI constitutes
a benchmark for Bayesian phase estimation, and we assume that arbitrarily complex
optimal measurements are available for the optimal partitions. The comparison to
the OQI shows that the BMSE of the optimal partitions performs almost optimally
for all prior widths. We also plot the r-corrected HL, defined as A¢ = «/N in the
limit of N > 1 [125], with a gray line. The BMSE of the OQI (as well as the
optimal partition) converges to the HL for all prior widths except ¢ ~ 1.05 rad,
due to phase slip errors.

It is interesting to study how well these optimal partitions of blocks of GHZ states
perform given that optimal measurements are applied, and how close their minimal
BMSE is to the BMSE of the OQI. This analysis is shown in Fig. 5.7, where we
compare the BMSE obtained by the optimal partitions with their optimal measure-
ments to the BMSE of the OQI for different prior widths (6¢ = 7/12 =~ 0.26 rad,
n/6 ~ 0.53 rad, n/3 =~ 1.05 rad). We observe that optimal partitions achieve
the performance of the OQI almost exactly for all qubit numbers. Therefore, given
optimal measurements, approximating the optimal initial state with blocks of GHZ

states causes almost no loss of sensitivity.

To get a better analytical understanding of how close the sensitivity obtained with
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blocks of GHZ states can get to the OQI, we calculate the estimation error obtained
by the state containing M = 3 copies of GHZ states with sizes k = 0, 1, ... 2kmax,
Such a state can be written as

1 N
V) = S Zé Vi) Iny, (5.20)

where |n) denotes the state with n excited qubits, i.e. n |1)’s, that is symmetric
under qubit-exchange operations. For this state, f(n) is the coefficient multiplying
x" in the polynomial .75 (1 + xzi)3 . To simplify the analytical calculation we take
a uniform prior distribution in [—7, 7] and a cost function of 4 sin® ((¢ — des)/2).
This cost function is commonly used for this prior distribution, due to the ¢ = ¢ +27
symmetry, and it is equivalent to the standard (¢ — ¢es)> for small ¢ — @egi. In Ref.
[128], it was shown that the estimation error in this case can be written as

_ 1 N-1
(A9 =2 |1 = s D NF fn+ D (5.21)
n=0

Using this expression, we explicitly calculate (A¢)? and find that it reduces to

10.26
N2

(Ag)* = +O(N7%) ~

9v31n (2 + V3) (5.22)
2N?

The detailed calculation can be found in Appendix C.3. Comparing this expression
to the OQI with this prior and cost function, 72/N? [20, 90], we get a very small
overhead of ~ 1.04. Then, in accordance with the numerical results in Fig. 5.7,
we observe that blocks of GHZ states can approach the optimal sensitivity limits

significantly, if optimal measurements are available.

We note that the optimal partitions differ from the ones used by previous schemes.
The latter are tailored for non-adaptive, local measurements, whereas the partitions
of this work assume optimal measurements. We observed numerically that in
general these optimal measurements cannot be replicated with non-adaptive, local

measurement protocols.

Optimizing over local, adaptive measurements

Given the optimal partition, the optimal measurement strategy might be complex.
For example, the optimal measurement includes performing a QFT in the limit of
a large prior width within the dynamic range [74]. We therefore look for ways
to perform a measurement that approximates the optimal measurement as much

as possible. It has been shown that the QFT operation, followed by projective
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measurements, can be approximated by performing adaptive measurements [20],
where one starts measuring from the GHZ state with the highest k; in Eq. (5.8),
and performs single-qubit rotations to the rest of the states adaptively before their

respective measurements.

Taking the optimal partitions of the previous section as our initial states, the adap-
tive measurement can be optimized with respect to the initial state and the prior
width to minimize the BMSE in Eq. (5.3). First, defining M = }}; m;, note
that one needs to perform M measurements in total. For a parity measurement
performed on a k-qubit GHZ state, preceded by a single-qubit rotation of @, the
probabilities of obtaining an even or odd parity (denoted by +, — respectively) are
P(£) = (1 £cos (k(¢ —®)))/2. Furthermore, since there are M measurements,
the number of possible outcomes is 2. Denoting the probability of each outcome
by p(ii, ®|¢), we write the total BMSE as

(867 = [ 46Ps0() Y, p(3.810)(6 - 6.0’ (523)

where the sum is over all outcomes, or branches 7. Note that the single-qubit
rotations before measurements, C_IS, and the estimators, ¢, (71), are functions of the

branches. We use the optimal Bayesian estimators, defined as

[ de ¢ p(ii, ®|¢) Pss(9)
[ de p(ii, ®|¢) Pss(9)

Pest (1) = (5.24)
We employ gradient descent techniques to find the optimal single-qubit rotations 0
for a given initial state and prior width (see Appendix C.4 for more details about the

optimization procedure).

5.5 Discussion

In this chapter, we analyzed phase estimation schemes that utilize state preparation
with low-depth circuits in the Bayesian framework. Specifically, we focused on
protocols that employ blocks of GHZ states with varying numbers of qubits, such
as the protocols in Refs. [134, 110]. Inspired by these protocols, we proposed a
scheme that combines such initial states with local, adaptive measurements, where
we approximate optimal initial states for any prior width using such blocks of GHZ
states. Constraining our optimization by fixing the number of qubits, N, we were
able to achieve a good approximation for all N, which is one of the distinguishing

features of the proposed scheme compared to other protocols that we have analyzed.
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After obtaining the approximated optimal initial state, we optimized over local,
adaptive measurements. These are implemented by applying single-qubit rotations
(selected adaptively based on the previous measurement result) before a projective
measurement. We analyzed the performance of the proposed scheme using Gaussian
prior distributions. However, our optimization algorithm is completely general and

can be applied to any prior distribution function.

Working with a large prior width within the dynamic range, we showed that it
is possible to obtain Heisenberg scaling by using the protocol of Ref. [110] that
combines non-adaptive measurements and single-qubit rotations with blocks of GHZ
states. Moreover, we showed that the proposed protocol also exhibits Heisenberg
scaling with a constant overhead of 1.56 for a prior width of 6¢ = 0.7 rad, and
outperforms the scheme of Ref. [110]. Since these schemes require logarithmic
depth circuits, they may pave the way to a large-scale Heisenberg-limited atomic
clock. A non-trivial challenge, however, is the adaptive local measurements, which
require fast and non-destructive detection. This raises a question about how much
we lose in sensitivity by restricting ourselves to non-adaptive measurements, for a

general qubit number. We leave this question to future investigation.

Lastly, we proposed an efficient method to extend the dynamic range of the proposed
scheme in order to obtain an enhanced precision. We showed that the optimal initial
states of our scheme can be rescaled in order to obtain partitions that include
slow atoms that accumulate fractional phases, as well as GHZ states. Compared
to existing phase unwinding schemes, we showed that our method uses a smaller

number of slow atoms.

Further future directions include a more detailed study of the effects of noise and
decoherence. Our study of these effects can be improved by a closer examination
of the optimal initial states and measurements given relevant noise processes. Such
optimal measurements may involve error detection that mitigates the effect of noise,
as in Ref. [135]. Lastly, inquiring whether modifying the partitioning into GHZ

states adaptively can improve the performance is also an intriguing future direction.
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Chapter 6

EXTENDING THE DYNAMIC RANGE IN QUANTUM
FREQUENCY ESTIMATION WITH SEQUENTIAL WEAK
MEASUREMENTS

6.1 Introduction

In quantum frequency estimation, we seek to estimate an unknown frequency w,
given a dynamic range of [wy, wo + dw], with an optimal precision'. Maintaining
a high precision given an arbitrarily large frequency bandwidth, dw, is one of the
fundamental challenges in quantum metrology, and it is typically referred to as the
precision-bandwidth trade-oft [224, 131, 169, 66, 160]. The standard estimation
schemes rely on a Ramsey-type experiment: N qubits are initialized to an input
state, rotate at the frequency w for time 7, and are subsequently measured. For
an infinitesimally small bandwidth, longer evolution times enhance the precision,
leading to estimation uncertainty that scales as 1/7, known as Heisenberg scaling
(HS) with respect to time [84]. However, a finite bandwidth restricts this improve-
ment: an evolution time that is longer than 7/dw leads to phase slip errors that
considerably degrade the precision. Consequently, the evolution time in systems
such as optical atomic clocks [23, 162, 197, 194, 168, 221] is typically constrained
by the inverse of the frequency bandwidth [154]. This phenomenon is prominent for
the Greenberger-Horne-Zeilinger (GHZ) state, as it provides optimal sensitivity but
suffers from a poor dynamic range, limiting its usefulness when dwT is large [21,
167, 125, 131]. It is therefore highly desirable to develop schemes that suppress

phase slip errors and achieve nearly optimal precision for a large bandwidth.

Several schemes successfully combine entanglement enhanced sensing with a rela-
tively large dynamic range, i.e. dw ~ n/T [21, 167, 131, 66, 134, 203]. However,
in most practical applications it is important to extend the dynamic range even
further: for example, in atomic clocks, larger dynamic range would improve the tol-
erance to laser noise and the clock stability. The fundamental question is, therefore,

how to extend the dynamic range beyond this limit. Several methods have been

IThis chapter is adapted from: S. Direkci et al., "Extending the dynamic range in quantum
frequency estimation with sequential weak measurements," Phys. Rev. Research 8, .022046 (2026),
DOI: 10.1103/2hyn-cqlg. Published by the American Physical Society under a Creative Commons
Attribution 4.0 International (CC BY 4.0) license.
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Figure 6.1: Dynamic range problem in frequency estimation: a) Circuit represen-
tation of the standard Ramsey experiment, where a strong measurement is applied
after a phase accumulation time 7. b) We consider a uniform prior distribution of
the unknown frequency Ps,(w) in the interval [0, dw]. c¢) The square-root of the
Bayesian mean squared error (BMSE) Aw, normalized by the prior width dw and
the number of qubits N = 64. The solid, red line corresponds to the measurement-
optimized BMSE, which suffers from phase slips beyond 6w T = &, as shown in the
Bloch sphere picture. The dashed-blue line corresponds to the quantum Fisher in-
formation bound of (Aw)~2 = I, o = 4N T2. d) Circuit representation of the approach
studied here: Ramsey experiment with sequential weak measurements.

proposed for this purpose, including cascaded protocols [224, 134, 66], quantum
deamplification [160], and sequential weak measurements [242, 27]. However, it
is unknown whether these schemes saturate the relevant precision bounds, and it is
highly desirable to find schemes that are both optimal and easy to implement with
state-of-the-art platforms.

We focus in this chapter on the weak measurement approach. While sequential
weak measurements were proposed in the context of cavity-based atomic clocks
[242, 27], there has been no systematic study of their precision limits in the context

of Bayesian frequency estimation. In particular, it is unknown whether such schemes
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achieve HS or saturate the precision bounds for a large bandwidth, especially for a
limited number of atoms. Lastly, prior works assumed a large ensemble of atoms
measured collectively [242, 27]; devising an optimal weak measurement protocol
for circuit-based sensors [241, 73, 41] and for a small number of atoms remains an
open challenge. We address these questions by designing a tunable sequential weak
measurement protocol and analyze its performance for different configurations. We
focus on the simplest case where the input state is a coherent spin state (CSS), and
propose a protocol that asymptotically saturates the ultimate precision bounds for
CSS for an arbitrarily large bandwidth. This protocol is thus an optimal "classical"

protocol for frequency estimation.

6.2 Formulation

We consider a Ramsey type experiment: N qubits evolve according to the Hamil-
tonian H = wZ?’:]Uzj , where O'Zj is the Pauli z operator acting on the j" qubit,
and w is the unknown frequency to be estimated. We consider the Bayesian setting
where w has a uniform prior distribution Ps,, (w) = i X[0.60] (w) in [0, 0w] (¥
is the indicator function). Note that any uniform prior distribution in the form of
[wo, wo + dw] is equivalent to this distribution: we can retrieve the original prior by
applying a unitary of e’“07 2 ol before the measurement. The error in the estimation
is quantified by the Bayesian mean squared error (BMSE), which is defined as the
mean squared error (MSE) weighted by the prior distribution:

(AG)? = / (Aw)* P (w)dw (6.1)

where (Aw)? = Y, p(x|w)(w — weg(x))? is the MSE, (A@)? is the BMSE,
{p(x|w)}, are the probabilities of the measurement results, and {wes(x)} is the

estimator function.

The standard Ramsey experiment is illustrated in Fig. 6.1a. The probes are ini-
tialized to a CSS, [+)®Y = (]0) + [1))®V/2N/2 where |+) is an eigenstate of the
Pauli x operator. They are subjected to a free evolution for a duration of 7', and
are finally measured. The BMSE of this protocol, when optimized over all possible
measurements, is referred to as the optimal classical interferometer (OCI) [167] and
is plotted in Fig. 6.1c. We observe that for interrogation times where éw T > «, the
OCI BMSE increases rapidly, and converges to the prior width, Aw ~ Sw, signifying
that no information is gained from the estimation. The behavior is caused by phase

slips: the unitary transformation describing the free evolution is periodic in w 7.
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Therefore, the maximum interrogation time using this protocol is limited to 7/dw,

since longer times will give rise to phase slip errors.

To resolve this issue, we propose to perform sequential weak measurements during
the free evolution. Weak measurements provide frequent monitoring of the state
and allow us to track the oscillations, preventing phase slip errors [80, 55, 205, 50,

254]. They therefore can potentially extend the dynamic range beyond 7 /7.

Our scheme consists of applying a sequence of weak o, measurements in time

intervals of 7. They are described by the Kraus operators

K. = - [cos (g)1 % sin (g)or] = — | €5(8) =sin(8)

V2 V2 |+sin(g) cos(g)

where g is a tunable parameter that represents the measurement strength (g =

] , (6.2)

m/4 corresponds to a projective measurement). They can be realized by weakly
entangling each probe to an ancillary qubit and measuring the ancilla. Each step
of the protocol involves the rotation V,, = cos (wt) I — i sin (w7) o, followed by a

weak measurement that transforms the state of the sensing qubit p as

K:pK].
p—o —=Loe (6.3)
Tr[K:p K]
depending on the measurement outcome. Therefore, the sensing qubits evolve in
stochastic quantum trajectories [121]. Given a total interrogation time 7" and a

measurement period 7, this stochastic step is repeated for m = |T/7] times?. Note

/.

that, to prevent phase slips, the measurement period must satisfy 7 < 55—.

6.3 Ramsey Interferometry with Weak Measurements
To understand Ramsey interferometry with weak measurements evolution better, let

us study the average dynamics described by the channel AZ,/ " (p (0)), where
Ao (p) = K\ pK\T + K@ pK @), (6.4)

and where Kiw) = K.V,,. Similar to the previous Section, this channel represents
averaging over all possible ancilla measurements during time 0 < ¢t < 7. Expanding
p(0)=1/2(I +7-07), we obtain

ry (T) cos (2wT) sin (2wT) 0 Ty
ry (1) [=] —cos(2g)sin(2wt) cos(2g)cos (2wT) 0 ry
r. (1) 0 0 cos (2g) r,
(6.5)

ZNote that if we set 7 = T, g = 7r/4, this protocol reduces to the standard Ramsey experiment.
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The dynamics of r; is decoupled from that of 7, ry, and since r(0) = 0, it remains

0. Restricting ourselves to the block matrix of 7y, ry, its eigenvalues are

2
. 2
cos (2g)'/? e*'® with @ = arccos cos (8)" cos (2w) . (6.6)
\cos (2g)
This implies that r,, r, decay with a rate of y = —21—T log (cos (2g)) and oscillate

with a frequency of a/7. Let us denote the probability of ancilla measurements at
timet = k7, k € N* as p(xi|w), where x; = 0, 1 correspond to the Kraus operators

Kff’) and K@), respectively. The full solution of r,(k7) and p(x; = O|w) is then

given by
ry (kT) = cos (Zg)k/2 Acos (ak + @),
Pl = 0l) = 5 (1 +5in (28) . (k1)
= % [1 + sin (2g) cos (2g)k/2 Acos (ak + ¢)
where

\/ cos (2g) sin 2wt)?
A= ,
cos (2g) — cos (g)4 cos (2wt)?

—sin (g)? cos (2wT)

¢ = arcsin (6.7)

cos (2g) sin 2wt)?

Here, k denotes the number of the measurement, and « is given in Eq. (6.6). For
g’T/t < 1, the parameters a, A, ¢ can be approximated as @ = 2wt +0(g%), A =
1+0(g*), and ¢ = O(g?). Then,

p(xr = 0lw) ~ =[1 + sin (2g) cos (2g)*/? cos (2wkT)] (6.8)

| =

Let us now study the stochastic qubit trajectories defined by a string of measurement
results. Contrary to the average dynamics, we keep track of the ancilla measure-
ments, which indicate the trajectory of the sensing qubit. For this case, we can
show that the state of the qubit and the measurement probabilities can be calculated
iteratively. We first prove the following simple claim: The stochastic process of K i‘”)
preserves the state in the o-oy plane; i.e. if the initial state is in this plane, it will

remain there at all time (ignoring decoherence effects, e.g. amplitude damping).

To show this we use the update rule of Eq. (6.3), which in this case reads p +—
K9k e (K pk“)T). Hence, it suffices to show that the (unnormalized)
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operation Ki‘”) ,oKi‘”)T does not take the state out of the o-oy plane. Assuming the
qubit to be in the state p = 1/2 (I +7-7), where ¥ = (ry, 1y, r;), and |F| < 1, this

operation induces the following mapping of 7:

rx > €08 (2wT) ry + sin (2wt) 1y + sin (2g) (6.9a)
ry > —cos (2g) sin (2wt) ry + cos (2g) cos 2wT) 1y, (6.9b)
r, — cos (2g)r, (6.9¢)

since r; > r;cos (2g), a state initialized in the o, — o, plane (r; = 0) will remain
there. Hence, given an initial state of |+), the state of the qubit remains in the
ox-0y plane for all possible measurement results, at all time. Since the state also
remains pure, it is therefore fully characterized by its angle in the plane, 6, and it
can be written as p = % (1 + cos (0) o + sin (9) o) . For a given trajectory, let us
denote as py and 6y the state and the angle before the k-th measurement. The weak
measurement probabilities at the k-th stage are then given by

KA 1 .
pitlw) = Tr (KoK ) = 5 [1+ (=1)% sin (2g) cos (60)]  (6.10)

where x; = 0, 1, k € N*. Given that the k-th measurement outcome is x, the state
is updated as follows:

1 i

Pk+1 = meK(_l)xkpkK(_l)Xk Vi 6.11)

Inserting py = % (I + cos () oy + sin (0y) o'y) , we obtain the following recursive

relation for 0y:
Or+1 = arg (cos (0x) + (—1)"*sin (2g) + i cos (2g) sin (6;)) — 2wT. (6.12)

Note that in the limitof g < 1, thisrelationreduces to 8y, = 0;—(—1)**2g sin (6;)—
2wt + O (g?%), hence 6; undergoes a scaled random walk, with a step size of
2g sin (6;). The angle and measurement probabilities can be thus calculated itera-

tively using Eq. (6.12).

We study two different protocols, illustrated in Fig. 6.1d: the weak-only protocol,
in which only sequential weak measurements are performed, and the weak-with-
strong protocol, in which the final weak measurement is replaced by a projective

measurement on the sensing qubits.
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6.4 Cramér-Rao bounds

We are now poised to study the precision limits of this scheme and compare them
to the fundamental bounds. The ultimate precision limit is given by the Bayesian
Cramér-Rao bound (or the van Trees inequality) [53, 215, 259]

(AD)? > [Ic + Ip] 7!, (6.13)

where Ic = f dwP(w)lc(w), Ic = / dx p(x|w) [0, log p(x|w)]? is the classical
Fisher information (CFI), and Ip = / dw P (w) [0, 1og P(w)]? denotes the infor-
mation from the prior distribution. Since we are interested in the large bandwidth
limit, i.e. dwT > 1, we have that I¢ > Ip, and Eq. (6.13) reduces to the Cramér-
Rao bound (CRB): (Aw)? 2 I El. Furthermore, from the quantum Cramér-Rao
bound [33], the CFI is upper bounded by the quantum Fisher information (QFI), i.e.
Ic < Ip. Then, the QFI is the ultimate limit of precision given an input state, and

the benchmark for our parameter estimation.

For pure states, the QFI about the parameter w encoded in | (w)) reduces to
Ip = 4 ({0 (W) |0 (w)) — [ (w) | (w))]?) . In the special case of |y (w)) =
exp (—iH (w)T) |y¢), which corresponds to a qubit in a pure state evolving under
some Hamiltonian H (w) parametrized by w for time 7', the QFI is further simplified
to 4Tzvar|¢,> (0uH) . Inour case, H is the free evolution Hamiltonian, i.e. H = wo.

Hence, the optimal QFI is
Ip = 4T? rr|1a>x vary (07) = 472, (6.14)
v

It can be shown that this is the optimal QFI when optimized over all possible control
strategies and initial states [200, 279], hence the fundamental precision limit for
this problem is Aw > % For an N atom CSS, assuming separable control, the
limit is given by Ip = 4N T2, hence Aw > 2\/_% We refer to this bound as the QFI
limit throughout the chapter. Furthermore, this scaling of the QFI is referred to
as the Heisenberg limit (HL) with respect to the interrogation time 7. In contrast,
the CFI achieved by repeating a Ramsey protocol for M = T/t times is found as

ANT? - M = 4NTt, which fails to achieve the HL.

We now turn to quantifying the performance of the proposed protocols. We first
compute the CFI of this weak measurement scheme. Even though this is a local
quantity, it provides a bound on the BMSE through the Bayesian Cramér-Rao bound
(Eq. (6.13)) and can be calculated analytically. Therefore, we first show that the
CFI can approach the QFI. We then demonstrate numerically the saturation of the

CFI in the relevant Bayesian setting.
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For this purpose, it is useful to define the parameter n = g°T /7, which quantifies
the amount of back action on the sensing qubits due to the weak measurements: the
back action decay time was found as y~! ~ 7/g2, therefore, n = T/y~! describes

how the total interrogation time compares to the decay time.

Expressions for the CFI

We first study the behavior of the CFI in the weak back action regime, i.e. n < 1.
In this regime, the back action due to weak measurements is negligible. There-
fore, measurement results for different times will approximately be independent
of each other, and the total CFI can be written as a sum over the CFI obtained
only from the k™ measurement, in the form of I¢ = 3, Ic[k]. Furthermore, in
this limit, p(x;|w) for a weak measurement can simply be written as p(xi|w) =
[1+ (=1)**sin (2g) cos (2kwT)] /2, x; = 0, 1. Therefore, the CFI for the k™ weak

measurement is calculated as

_ 4sin (2g)* k72 sin (2wk7)?
1 — sin (2g)? cos (2wkt)?

Ic[k] ~ 4sin (2¢)%k*7? sin QwkT)?  (6.15)

Thus, the total CFI of the weak-only protocol for a single qubit is given by

I = Z Ic[k] ~ 2sin (2¢)2T3 /37 ~ 8¢2T3 /31, (6.16)
k

for T /T > 1. For N qubits, the total CFI is given by

oA 8g’NT3
¢ 3t

(6.17)

This 7° scaling of the CFl is typical for frequency estimation of classical signal [220,
248, 143, 232, 231, 77]. Here, even though the scaling with T is more favorable

than HS, the absolute performance relative to the HL is poor since < 1.

Now, let us find the CFI of the weak-with-strong protocol. In the regime where
n < 1, the probability for the measurement outcomes of the projective measurement

at the end of the interrogation is approximately given by

1
ps(xr/clw) = 5 [1+ (=1)7/7 (cos (2wT) + 2g sin 2wT)s(X, wT))] (6.18)
where s(X, wt) = ifl_l(—l)xk sin Qwkt), and X = (x1,x2,...,x7/,—1) are the

measurement results of the weak measurements, and there is some back action on

the qubit, to first order in g. Then, the CFI of this protocol for a single qubit can be
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2 Weak measurements only
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100 g == == With strong measurement
weak backaction strong backaction
5
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Interrogation time 7' [units of 7/g?]

Figure 6.2: Average classical Fisher information (CFI) /¢, normalized by the QFI,
Ip = 4N T2, for the weak-only protocol (plotted in yellow), and weak-with-strong
protocol (plotted in green). We fix the measurement strength as g = 0.1, measure-
ment period as 7 = 0.1 s, and vary the interrogation time 7" € [1,100] s. In the
weak back action regime, i.e. g2T /7 < 1, the CFI for the weak-with-strong protocol
saturates Ip. The CFI for the weak-only protocols is much smaller, yet it increases
rapidly as 7°. Eventually, in the strong back action regime, g7/t > 1, the two
protocols obtain the same CFI of 4NT'7/g>.

written as

- 1 0s(¥,wt) 2
[l —-2g (cot RwT)s(x, wt) + ﬁT)]

s _ 472 sin? (2wT) Z
¢ 2T/t B 1 + (=1)*7/7 sin (2wT) (cot QwT) + 2gs(X, wT))
~ 4T? + 0(g?) (6.19)

We note that this protocol saturates the ultimate sensitivity limit with respect to the
total interrogation time 7 for a small measurement strength g, given by the QFI in
Eq. (6.14). If we have N qubits, we will similarly have that I7* ~ 4N T? + 0(g?).

In the strong back action regime, n > 1, the CFI of both protocols scales as 7.
This linear scaling of the CFI is ubiquitous in sequential measurement schemes [75,
80, 275] and it is attributed to the state memory loss induced by the sequential
measurements, i.e. the phase becomes uncorrelated with its initial value. We can
interpret the overall behavior of the CFI as follows: in the weak back action regime

not enough information is extracted from the state, while in the strong back action
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regime the decoherence induced by the measurements degrades the CFI and prevents
achieving HS with respect to time. The optimal g is thus at the crossover between
the two regimes, where the trade-off between extracted information and dissipation
is optimal, and HS can be achieved. For a given T, we find that the optimal g
corresponds to g2T /1 ~ \/m The resulting CFI is then I_g ~ 1.11NT?. Hence, we
can obtain HS with time using this weak-only scheme with an optimal g, where the
CFI loses a factor of ~ 3.60 compared to the QFI limit.

In the strong back action regime, we consider the following: a general upper bound
to the CFI with sequential measurements of a probe was given in Ref. [75]. This is

done by considering the map:
A (w1, ) (p) := K pk @D 4 glon pg @)t (6.20)

Note that this is not a quantum channel, as it is not trace preserving (due to the
different frequencies in Kiwi)). The bound for a time T, i.e. after T/t applications

of A, is given by

I< 4aw18w2 10g (tr (,0 (wla (UZ))) |w1:w2:wa (6.21)

where p (w1, w2) = A (wy, wz)T/ " (p) . It can be shown that this bound is simplified
to

I S 4T5w13w277 |w1=w2=w (622)

where 7 is the largest eigenvalue of A (w;, w;) . Using Egs. (6.21)-(6.22) for our

case, we find Jy, 04,1 |w =w,=w= T COt (g)*. This upper bound thus reads

[ <4Ttcot(g)?. (6.23)

-1
Note that in general, 7 cot (g)> > y~! = (—% log (cos (2g))) , but in the limit of

¢ < 1 we have that y~! ~ 7 cot (g)? glz. Hence, in this limit,

1<4Ty ~ 45T, (6.24)
g

While this bound holds for every 7, it is tight only in the strong back action regime,
i.e. 7 > 1. The intuition for this strong back action limit of the CFI is the following:
For times shorter than 1/vy, the frequency is sensed with Heisenberg scaling (HS),
such that the CFI reaches 4/y2. The measurements after ¢ = 1/y are uncorrelated

with the measurements during time ¢ < 1/y. Thus, the CFI will be equivalent to
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the case where the measurement during ¢t < 1/y is repeated Ty times, which is
calculated as 47 /y. Note that the analysis for this upper bound of the CFI is not
modified when we perform a strong measurement at the end of the interrogation.
This is because in this regime, the final projective measurement does not add any
new information, since at the end of the interrogation the probes have already lost
their phase coherence due to the weak measurements. Thus, we obtain the same
linear CFI scaling I_gs ~ 4NTt/g?, as we had for I_g. Weak measurements only
reduce Igs, but as we will show in the following, they are needed to saturate the CFI

given a large dynamic range.

Numerically, we compute the CFI for a general protocol using a Monte Carlo
sampling, i.e. by sampling K trajectories of measurement outcomes for N qubits.

For large enough K, the CFI is approximately given by

1 81n p(Xlw) >
Ie~ Zx: ( e (6.25)

where the sum is over the sampled trajectories X, and p(X|w) is the probability of
obtaining a trajectory X given w. We also numerically compute the derivative by
calculating p(¥|w + dw), dw < 1, for all X.

6.5 Saturability of the CRB and the threshold effect

So far we have shown that the CFIs of both of the weak measurement protocols,
I_g,l_gs, yield HS with appropriate values of g,7,7. However, these quantities
correspond to local estimation of w, and they are not necessarily saturable in the
relevant large bandwidth limit, 6wT > 1. Hence, we study the minimal n, N
for which I_g, I_ZYS are saturated, given a uniform prior distribution in [0, dw]. In
particular, we focus on whether they can be saturated for small enough 77 such that HS
is achieved. Note that the prior distribution implicitly determines the measurement

period for the weak measurement protocols, with 7 = 7/26w.

A similar problem was studied extensively in classical sensing, where a signal
s(t,) = Acos(Qwty) + v, is sampled at times {t, = ”T},Z;/[:I [220, 248]. Here, A
is the amplitude of the signal and {vn}nM: , are i.i.d. Gaussian random variables,
vn ~ N (0,02). It was shown that this classical frequency estimation problem is
plagued by a threshold effect with respect to the signal to noise ratio (SNR), defined
as g—i % For low SNR, the posterior distribution is very close to the prior distribution,

and the MSE is thus very close to the prior variance. Above a certain threshold of
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the SNR, there is a sharp drop in the MSE, and it converges to the CRB. This is a
well-known effect in signal estimation, studied in e.g. Refs. [220, 248, 143].

In our case we also sample a stochastic, time-dependent signal, through the weak
measurements. The weak back action regime in our setting is equivalent to sampling
aclassical signal due to the negligible back action. We thus expect a similar threshold
behavior, where the SNR in the limit of g < 1 can be defined as Ng’T /T = N7.

Let us derive this effect in the next subsection.

Threshold Derivation: Analytical Model for the Maximum Likelihood Esti-
mator

Here, we derive the variance of the maximum likelihood estimator (MLE) in the
regime where the number of qubits is large (N > 1), the measurement strength
is small (g> < 7/T), and the number of measurements is large 7/7 > 1. In this
regime, the back action due to weak measurements is negligible; hence, subsequent
measurements can be treated as approximately independent events. Let us denote
the measurement results in the computational basis {|0),|1)} for a time t = nt as
yn = 0,1, and x, (n) stands for the number of the y, = 0 outcomes normalized by
the number of qubits, N. Denoting the probability of y, = 0 as p(y, = O|w), then
in the limit of N > 1, Np(y, = O|lw), Np(y, = 1|w) > 1, we can use the central
limit theorem and approximate the probability density function of x,(n) as
VNexp (g7t it pcseton)
V27p(yn = Olw) (1 = p(yn = Olw))

Here, we used the normal approximation to the binomial distribution, such that x ()

P (xi(n)|w) ~ (6.26)

is a Gaussian random variable with E[x,(n)] = p(y, = Olw), and var(x,(n)) =
%p(y,, = 0|lw)(1-p(y, = Olw)). Note that in this weak back action regime p(y,|w)
is given by p(y,|lw) = %[1 + (=1)’"sin (2g) cos (2wnt)]. Then, E[x4(n)] =
% [1+sin (2g) cos (2wnt)]| = 1/2 + g cos (2wnt), and var(x,(n)) ~ 1/4N. In this
limit the problem is thus equivalent to the problem of classical signal estimation

[220]: we sample a classical signal s(z,) = % (1 + sin (2g) cos (2wt,)) + v, where

T .. . .
{vn}nfl are 1.1.d Gaussian random variables v,, ~ N ((), ﬁ) and t,, = nt .
T/t
n=1

P(x+(n)|w)] . Using the prob-

ability distribution for x,(n) given in Eq. (6.26), we can write this expression

The MLE is therefore given by argmax,, [log Il
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as
T/t
wmLE = argmin Y (x; (1) = p(y, = 0jw))?
w n=1
T/t 1 2
= argmin Z (x+ (n) — = (1 +sin (2g) cos Qwnr))| . (6.27)
@ n=1 2

For brevity, hereafter we will replace x, (n) with the more compact notation x,,.
We expand the expression of Eq. (6.27) and discard the x2 terms. In the limit that

g < 1, the minimization above can be approximated as

T/t
WMLE & argmax Z Xy cos (2wnT) (6.28)

“ =l
The expression inside the maximization is the definition of the real part of a discrete
time Fourier transform (DTFT), which is a continuous function of frequency. Since
we work in the limit that 7 > 7, the DTFT is closely linked to the discrete Fourier
transform (DFT), i.e. we do not lose significant information by working with the
discrete frequency bins instead of maximizing a continuous function. We can define

the DFT operation as (matching the convention of the previous equations)

T A 2rknt
Ay = = . ] ,k=1,2,...,T/T, 2
k Tn;x exp (z T ) k /T (6.29a)
ks 2rknt
X, = E Ay exp (—i ), n=12,...,T/t (6.29b)
k=1

Then, we see that wvg ~ n1/T argmax, Re(Ay) = n/T argmax, By, where we
denoted the real part of A; as Bjy. Note that while the DFT frequencies are
{wklwk = %k}l Tl , in our case, because of the symmetry of the cosine function
in Eq. (6.28), we cannot distinguish between w; = Fk and w,—x = F(m — k).
The likelihood function thus has this symmetry which means that there will be two
identical global maxima: wy and w,,—k. This is however not an issue for us since the
prior frequency distribution corresponds to [0, %] (where m is the total number of
measurements m = |T/7]), therefore the maximization with respect to w is only
over the range [O, %] , which does not suffer from this symmetry. For simplicity, in
what follows we will consider maximization over all of {wk|wk = %k}z Tl , Where
we understand that the maximum corresponds to a pair of frequencies from which

. . . m
the estimator is the frequency in the range of [O, ﬁ] .
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We observe from numerics that the variance of the MLE has a strong dependence
on the signal-to-noise-ratio (SNR). Here, as the amplitude of the signal is given by
sin (2g) ~ O(g), SNR ~ O(g>NT /7). For large enough SNR the MSE converges
to the CRB, i.e. (AwMLE)2 x IEl. Conversely, for small SNR, the likelihood is very
close to a uniform distribution over [0, 7/27]. Therefore, the variance of the MLE

will approximately be 7% /4872. This idea can be summarized in the form of
2

48712

1
(AwmLg)? ~ Prob(no outlier) E + Prob(outlier) (6.30)

where the probability of having no outliers corresponds to the large SNR case

mentioned above. Let us denote it as 1 — g. We can write down this probability as
1 —q =Prob(By < By= VY k # k%) (6.31)

where k™ is the frequency bin that is associated with the true value of the frequency,
and By, k # k* are the rest of the frequency bins. Therefore, an outlier occurs if the
noise in one of these frequency bins exceeds the signal in the bin k*. Without loss
of generality, we can assume that w* = m /47 is the frequency that we are trying to
estimate, which is approximately the mean value of all possible true frequencies.
Then, the respective frequency bin is k* = |T/47], or k* = |3T/41], where we
define |x] as the nearest integer to the real number x. For simplicity, let us assume
that mod(7',47) = 0, so that T /47 is an integer. The fact that there can be two
correct frequency bins is due to the symmetry of the cosine in the definition of
the MLE, also mentioned above. Then, x, is a Gaussian random variable with
E[x,] = 1/2 + gcos(nn/2), and var(x,) ~ 1/4N. From the definition of By,

T/t
-
Bi= ;xn cos (2mknt/T) (6.322)
- T/t T/t
=78 Z cos (7n/2) cos (2mknt/T) + Z vpcos (2nknt/T)|  (6.32b)
n=1 n=1
where {v,}, n = 1,2,...,T/t are independent zero-mean Gaussian random vari-

ables with a variance of 1/4N. Since we assumed that T /4t is an integer, the first

term in this expression simplifies to

T/t
Z cos (mn/2) cos 2rknt[T) =

0,
T : T 3T
n=1 37 if ke {4—7_, I

if ke{l,2,...T/T)\{L,3L 633)
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We then see that

N(0,7/8NT ifk+L,3L
By ~ (0, 7/8NT) A ar (6.34)
N(g/2,7/8NT) otherwise.

In order to calculate the outlier probability of Eq. (6.31), we also need to inquire
whether there is a dependency between the variables By. Using the definition of By
in Eq. (6.32), we can write down the normalized cross-correlation between By, and
Bkz, kl,kz = 1,2,...,T/T,

; E[(Bi, - E[Bi,1)(Br, — E[Bi, )] |0 if ki # ko, ki # L —ka
B B = =
o OBy, U By, 1 otherwise.

(6.35)

where op, = /7/8NT is the standard deviation of By, . Therefore, the total number
of statistically uncorrelated frequency bins is 7/27. By using these independent

frequency bins, we can redefine the probability of no outliers occurring in the MLE
(in Eq. (6.31)) as

1 —q =Prob(By < Brjar Vk € {1,2,...,T/2t}\{T /47}) (6.36)

Since By for k # T /4t are identically distributed, we can write this expression as

l-g / dx Prob(B; < x)T/>"! Prob(Br 4 = x) (6.37a)

I
1 © 2t _(x— )2
T N P
Vo152 Jo V2o

X %_ _(X+u)2
+ |1 —erf \/_T e 202 (6.37b)
g

where y = g/2, and o> = 7/8NT, and erf(x) is the error function defined with

erf(x) = % /OZ dt e, Let us assume that g2NT /7 > 1, i.e. u/o > 1. In this
limit, we expect the outlier probability to be small, as the SNR is large. Furthermore,
the largest contribution to the integral will be around x ~ u, due to the exponential
factor in the first term. The second term will peak at x ~ —u, which is not within
the integration limits. Therefore, we expect this term to decrease monotonically as

the integration variable x, increases, and we can ignore this term as it will be very
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small compared to the first term. Therefore, we have

! v— (1 ! ( : )) = (6.382)
-q= — —erfc e 2o 38a
2 V2o
o
— —erfc e 200 .
2 \/_0'

1 ! T/ d f( ) -l (6.38¢)
~ — —_— X €ricC . C
2702 41

where erfc(x) = 1 — erf(x) is the complementary error function. The approxima-
tion in Eq. (6.38b) holds when erfc (x/ \/50') T/t < 1 for x near u. Since we

assumed that u/o > 1, we can approximate the error function as erfc (x / \/50') ~

e-x2/202\/§0./\/5x(1 + O(x72)). Then, Eq. (6.38b) holds when

T / T
erfc (%) — = e &NT/T pepn <1, (6.39)
g

or, when g>NT /1 > log (T /7). Since T/t > 1, T/t > log (T /7), therefore this
approximation holds when g2 ~ O(1/N) or larger. Furthermore, in Eq. (6.38¢), we
integrated over the constant term by extending the lower integration limit to —oo,
which is a good approximation when u /o > 1. We can finally use the approximated

complementary error function to compute 1 —
_x- u/z>2
1—q~1——e 40/ dx e o2 (6.40)

where € is a small number close to zero to make sure that the integral converges. We
employ Laplace’s method to compute this expression for /o > 1. The integrand
will peak near x ~ u/2, therefore we write
T _22 (% @ _Geowp? T _2
l—grle—e 4’22—/ dve of ~1- 7 i (6.41)
4nt H Jo 2\rT

Plugging in u and o, we obtain for the probability of having no outliers

gl |— pmeNT)r (6.42)
1 8nNtg? '

Therefore, given this probability, and the CFI of the weak-only protocol in Eq.
(6.17), the variance of the MLE given in Eq. (6.30) can be computed as

T 3 T 2
(Awmip)? ~ [1 = [z e €N/ 27' T+ ze_gzNT/ZT—ﬂ >
8tNtg 8g*NT 8tNTg 481

(6.43)
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We want to find the region of the parameter space where the information obtained
from the MLE is very close to the CFI. We can express this with the parameter ¢,
and write Iyjig = (1 — €) IV, where € < 1, and Iyt g = 1/var(MLE). From Eq.
(6.43), 1 — € is given by

2,2 3
N (T
1—ez[l—q+qﬂg (—)

~1-g (6.44a)

18 \r

7T2g2N T\?
18 T

36 2T

32 [2NT (T
-

—) e & N2 (6 .44b)
where 1 — ¢ is the probability of having no outliers in Eq. (6.42). The approximation
holds when g2>N(T/7)? > 1. Since we already assumed that g?NT /7 > 1 while
deriving the probability of having no outliers, and since 7/t > 1, this is a valid
approximation. Rearranging this equation, we obtain

L NP (T)3
e

~

T e 36

T

(6.45)

where we defined x = g>NT/2t. This is a transcendental equation, therefore we

will find an approximate solution. Since x > 1, x > Inx, and we have

2TV 1 m3/? T
~In|— |- —1 ~In|{—|+3In{— 6.46
* n(36e (T) +2n(x) n(36e)+ n(T) (6:46)

To find the first order correction, let us write x = x* + Ax, where x* is given in Eq.
(6.46), and assume that Ax < x*. Plugging this into Eq. (6.45), and taking the
logarithm of both sides, we find

1 1
Ax=2In (7 +Ax) &SI (@) ifa” > Ax (6.47)

Therefore, the second order approximation to Eq. (6.45) is given by (we also plug

/2 T

Given the value for €, and some of the system parameters, this solution defines

in the definition of x):

2 3/2
gNTzln il +3lnZ +11n
2T 36¢ T 2

the point at which the ratio between the information obtained from the MLE and
the maximum obtainable information is 1 — € ~ 1, as a function of a free system
parameter. For example, we can fix the total interrogation time 7', measurement

period 7, and the number of qubits N, and find the minimum measurement strength
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g necessary to surpass this threshold (and obtain a larger information from the
MLE). Or, we can fix the parameters g, 7', and 7 to find the necessary number of
qubits to reach this threshold. In order to operate in the favorable region where the
CFI is maximized with respect to the measurement strength, g, we need to have
g’ T/t =~ \/m ~ O(1) for the weak-only protocol (see Fig. 6.2). Then, from
Eq. (6.48), we have that the number of qubits to reach this threshold scales as
N~O0@BIn(T/1)).

Up to this point, we have only performed weak measurements on the qubits in order
to estimate the frequency w. Now, let us perform a strong projective measurement
at the end of the interrogation, in addition to the weak measurements (i.e. apply
the weak-with-strong protocol). For this case, the total CFI will be the sum of
the CFI due to the weak and the strong measurement, which were computed to be
8Ng2T3/3t, and 4NT?, respectively. Note that the total achievable CFI for this case
is larger than the QFI, 4NT?, as we have neglected the back action due to the weak

measurements.

Furthermore, we can still define the variance of the MLE with Eq. (6.30). Then, we
need to find again the probability of having no outliers, 1 — g. For this purpose, let
us redefine the MLE:

T/t-1 2
1
WMLE = argmin Z (xn ~3 (1 + sin (2g) cos (Zwm')))
w

n=1

2
1
+ (xT/T ~3 (1 +cos (2a)T))) (6.49a)
T/t-1
~ argmax Z (2g x,, cos (2wnt)) + x7/7 cOS (2wT) — cos (wT)* (6.49b)
w
n=1

where we ignored the term proportional to g?T /7 as g < 1, and the remaining terms

are O(gT/7) and O(1), respectively. We can again define

r (M T 1 T
B, = = ( ; X, COS (27rkn?) + ng/T cos (271](;)) (6.50)
where we have defined By, as the real part of Ay in Eq. (6.29),and k = 1,2,...,T/7.
Then, in the limit that 7/t > 1, the optimization of the MLE reduces to the
following: wmLg =~ argmax; 2gB’ — cos (nkT/ 7)*7/T. As before, let us assume
that the true value of the frequency w is w* = /47, approximately the mean value of

possible (detectable) frequencies. Furthermore, let us assume that mod(7’,47) = 0,
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such that the true value of the frequency corresponds to an integer value of k. Then,
the MLE problem is modified as
T/t-1

, T
wMLE = argmax 2¢gB — /T = max Z X, COS (27rkn—) (6.51)

k k o T
as cos (mkT /1) = cos 2nkT /1) = 1 for k € N. Then, we realize that the MLE
is almost exactly the same as the case where we only had weak measurements,
with the difference being that the summation in that case also included the T /7"
sample, measured with strength g instead of 1. However, in the limit that 7'/7 > 1,
this difference is negligible. Therefore, we can employ the same expression for
the probability of having no outliers as done for the case where we had weak

measurements only (Eq. (6.42)).

Thus, the variance of the MLE can be written as

1— T ze—gZNT/ZT T )
\ 82N
var(MLE) ~ T + N2 T (6 59)
8NG’T® | ANT2 8rN1g? 4872

3t

We can similarly define a parameter € with Iyfg = (1 —€)lc, € < 1, Ic =
8¢2NT?/37 + 4NT?, and Iy g = 1/var(MLE). Then, € is

N (T 20T\ |
e=1—[1—q+qF (;) ( ‘;‘;T ) (6.532)
N (T\? 28°T
~ g7 (;) (1+ gT ) (6.53b)
2 T\ | 2r 26°T\ _»
== _N|[= 1+ 282 | e 8 NT/2t 6.53
48 (T) gzNT( 37 )e ( ©)

where 1 — g is the probability of having no outliers in Eq. (6.42). Defining

x = g?NT /2, we obtain the following transcendental equation:

329 (1)} 4
n X
x ——|—| |IN+— 6.54
“~ewle) (v+5) 6
Taking the logarithm on both sides, we obtain on the first order
2 TV axr
*~In|—N|— 6.55
R T (T) T3N (6.552)

4 17! 32 T\?
a1l - — In|— — .55b
X [ 3N] n(486N( ) (6.55b)
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Here, we assume that4x* /3N < 1,i.e. g>T /7t < 3/2,inorderto write In (N + 4x/3) ~
In (N) +4x/3N. In order to find the second order approximation to the solution, let

us write x = x* + Ax. We obtain:

3/2 T
x4+ Ax~1n n (

3
LT 4
EN ;) ) — Eln (.X + A.X) + ﬁ(x + A.X) (6.56)

Plugging in the definition of x* in Eq. (6.55b), we finally write that Ax =
—[1-4/3N]""In (x*) /2. Combining the first and second order terms, we find

that the second order approximation to the solution to Eq. (6.54) is
2 -1 3/2 3 3/2 3
g°NT 4 n T 1 m T 1 4
~|1l-— In|[—N|—| |-zIn|ln{-—N|— +=-In|l-—
27 [ 3N] [n(48€ (T Pl el TP 3 Y

n3/? T\’ 1
~n|[Z—N (2] |-zm[1
n(48e (r) 2 "

where in the second line, 1 —4/3N =~ 1 as N > 1. Different from the previous case,

7T3/2N T 3
48€¢ T

) (6.57b)

in order to maximize the information gained from the measurement with respect
to the measurement strength, g, we need to operate with the smallest possible g.
Assuming that we fix g>T /7 in Eq. (6.57), we see that the necessary number of qubits
to surpass the threshold and get close to the CFI scales againas N ~ O(31n (T/7)).

Numerical Simulation of the Performance

The threshold effect is illustrated in Fig. 6.3 and Fig. 6.4a. In Fig. 6.3, we plot the
sensitivity obtained by the weak measurement protocols, quantified by the inverse
of the BMSE (A®@)?, scaled by the QFI Iy. We use the MLE to compute the BMSE.
(A@)~? is compared to the CFI as a benchmark, plotted with gray lines. As the
SNR is increased, e.g. by increasing g, the inverse of the BMSE starts to rapidly
increase and saturates the CRB. Then, we can find where the sensitivity reaches the
CFI in this regime when g?NT /7 > 1, for N > 20 using Eqgs. (6.48) and (6.57). In
Fig. 6.4a, we plot the BMSE obtained with the MLE as a function of T for varying
numbers of qubits N. We again observe that the sensitivity approaches the CFI 1'%,
I7® in the weak back action regime g’T/t < 1for N > 20.

In order to approach Iy and achieve HS with time, the CRB needs to be saturated
in the regime where I_gs ~ Ip. Therefore, reaching this limit requires (i) weak
measurement back action, < 1, and (ii) large enough SNR, Nn > 1. As shown

in Fig. 6.4a, these two conditions are incompatible for small N: the saturability
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Figure 6.3: Performance of the weak-only protocol (left) and weak-with-strong
protocol (right) with respect to the interrogation time 7. We plot the inverse of
the MSE scaled by the QFI Iy, which quantifies the amount of information gained
from the estimation. We fix the measurement strength as g = 0.1, and sample the
unknown frequency from the uniform prior distribution in [0, w], where dw = 5,
such that the measurement period is chosen as 7 = 7/26w = 0.1 s. Finally, we plot
the CFI of both protocols, Ig and Igs, normalized by the QFI, as the benchmark.
The CFlIs are about w = 5 rad/s. The information gained from the estimation does
not saturate the CFI for small SNR (i.e. small T') due to the threshold effect. As
the SNR is proportional to the number of qubits N, we can saturate to the CFI
faster (for smaller 7) with a larger number of qubits. In order to obtain HS, this
saturation needs to occur in the weak back action regime: the transition between the
two regimes is marked by a green dashed line in the plot on the left.

occurs only in the strong back action regime. However, there exists a minimal N
after which these two conditions are satisfied and HS can be achieved. In particular,

we observe that as N increases, the saturability occurs at smaller 7.

Let us analytically find the minimal N for which the CRB can be saturated. We aim
to compute the parameters of the weak-with-strong protocol for which the BMSE is
close to the CFL i.e. (A@) > = (1 —€) I, € < 1. In the limit of < 1 and a large
number of probes, N > 1, we can use Eq. (6.57) to find that (AD) 2= (1-€)lc

is attained for

3/2 T
Np~2In|Z—)+6mn(=] (6.58)
48¢ T

For any system parameters g, T, 7, this expression provides the minimal number of
probes N for which we are e-close to the CFI. Since we can always tune g such that
n remains constant, then the minimal N, for any given €, grows as 6 In [ (20wT) /x].

Hence it grows logarithmically with the number of phase wraps. While this loga-
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Figure 6.4: Performance of the proposed protocol with respect to the interrogation
time 7 and the threshold effect. The frequency w is sampled from a uniform
distribution in [0, dw], which determines the measurement period as 7 = 7/20w.
a) We fix 6w = 57 (i.e. 7 = 0.1), T = 10, and plot the inverse of BMSE (Aw)?
scaled by the QFI Iy for the two weak measurement protocols. (A@)? - Ip =1
signifies saturating the QFI, and I¢ /I is plotted with gray, plain lines. We observe
a threshold effect such that the attainability of the CFI I, I ¢’ requires large enough

SNR. The green, dashed, vertical line corresponds to 7' = MT/ g2, which is a
transition point between the weak and strong back action regimes. Achieving HS
requires the threshold to occur before this line (which requires N > 20 qubits for
this case). b) We fix N = 64, Sw = n (r = 0.5 s) and plot the square-root of
the BMSE Aw normalized by the prior width dw, and scaled by the square-root
of the number of qubits N. The vertical green line corresponds to dwT = m: for
larger interrogation times, phase slips degrade the sensitivity of standard protocols.
We compare the performance of: the OCI [167], the proposed weak-with-strong
protocol, and the cascaded protocol [224]. The latter two demonstrate an extended
dynamic range, however the proposed protocol outperforms the cascaded protocol
and achieves HS, with an overhead of 1.18 in Aw. The measurement strength g is
optimized for each T for the proposed protocol.

rithmic dependence is in line with the scaling of N in previous schemes [134], we

obtain a smaller overhead.

Finally, we want to explicitly show that this protocol achieves an almost optimal
BMSE for long times, i.e. dwT > 1, and that it outperforms existing methods.
To this end, we plot in Fig. 6.4b the square-root of the BMSE Aw, as a function
of interrogation time for different sensing schemes for N = 64. We use the MLE
in the extended bandwidth regime of wT > 13. Our weak-with-strong protocol
i1s compared to the QFI bound, to the OCI, and to a more conventional dynamic

range extension scheme: the cascaded protocol [224, 134, 241, 66]. The cascaded

3We use the optimal Bayesian estimator [131, 66] for wT < , since the prior information is
significant in this regime.
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protocol employs groups of atoms with shorter interrogation times 7/2°, i > 0,

which are used to prevent phase slips.

We first observe that our weak-with-strong protocol performs very close to the
QFI bound for the entire range of interrogation times, with a maximal overhead of
1.18 in Aw. We thus obtain an almost optimal HS that is immune to phase slip
errors and persists in the limit of large 6wT. This is in sharp contrast to the OCI
that suffers from phase slip errors and becomes inefficient for 6wT > 7. We also
observe that our protocol considerably outperforms the cascaded protocol. The
intuitive reason behind this metrological gain is that, while the cascaded protocol
allows optimization over only a finite set of partitions into blocks, the proposed
weak measurement scheme offers greater tunability, as the optimization is over the

continuous weak measurement strength g*.

6.6 Conclusions and outlook

In this chapter, we developed and analyzed a weak measurement Ramsey protocol
that achieves optimal precision over an extended dynamic range asymptotically. By
optimizing over the weak measurement strength, we were able to achieve a nearly
optimal sensitivity and HS in the large bandwidth limit, 6wT > 1, given a large
enough number of probes. We identified two separate conditions for obtaining a
high sensitivity and a large bandwidth, and demonstrated that they can be satisfied

simultaneously.

Some open questions and directions that can potentially improve the proposed
protocol are as follows: first, we can reduce the number of ancillas by coupling only
a subset of sensors to ancillas or coupling several sensors to the same ancilla. We can
also improve the BMSE in the low SNR limit by adding more ancillas as memory
qubits and performing a collective measurement on them [273, 10, 77]. This may
allow achieving HS for smaller N. Finally, we can mitigate the effect of imperfect
measurements by using error correction [153, 280, 42, 198]. Weak measurements
could also be combined with entangled states [27] to achieve HS both with time,

and the number of qubits, for an extended bandwidth.

“Note that if we plot A@ for larger T, the optimal g will fall into the strong back action regime,
causing the transition from HS to a T scaling in the obtained precision.
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Chapter 7

DISSIPATIVELY STABILIZED 0-N FOCK QUBITS FOR
NOISE-BIASED QUANTUM COMPUTING

7.1 Introduction

Noise-biased physical qubits provide a promising route toward hardware-efficient
fault-tolerant quantum computing [9, 257, 258, 101] I When one error channel is
strongly suppressed relative to another, this asymmetry can be exploited to achieve
improved thresholds and reduced overhead compared to unbiased architectures [212,
266]. Among noise-biased qubits, bosonic encodings have emerged as a platform
in which such bias can be engineered at the hardware level [181, 178]. In particu-
lar, dissipatively stabilized cat qubits—logical states encoded in superpositions of
coherent states [49] and protected by engineered dissipation—have demonstrated
exponential suppression of bit-flip errors with increasing mean photon number,
la|? [155, 214, 19, 217]. Related noise-biased bosonic encodings include Kerr-cat
qubits [211, 98], squeezed-cat qubits [270, 228, 111], and pair-cat codes [8].

A central requirement in noise-biased architectures is that gates preserve the bias [212].
In particular, syndrome extraction in error correcting codes requires entangling gates
between data and ancilla qubits, during which errors on the ancilla can propagate
to the data qubit [9, 212]. If the ancilla is not itself noise-biased, these back-action
errors can introduce bit flips on the data qubit and compromise the bias that the
encoding was designed to provide. The two potential pathways to address this are 1)
using cat codes for ancillary qubits, then correcting propagating ancilla errors with
an outer error correcting code, and ii) implementing hybrid protocols, where e.g.
transmons are used as ancillary qubits [106]. For the former approach, although
significant progress has been made for efficient implementations of bias-preserving
gates between cat qubits [212, 271, 79, 78], the associated Hamiltonian engineer-
ing and coherence requirements remain nontrivial. In contrast, the latter approach
benefits from less stringent experimental requirements. However, transmons can
introduce additional decay and dephasing to the data qubits and thereby limit the

achievable bias [64, 245]. These considerations motivate alternative noise-biased

IThis chapter is adapted from: S. Direkci et al., "Dissipatively Stabilized 0-n Fock
Qubits for Noise-Biased Quantum Computing," arXiv preprint arXiv:2608.25959 (2026), DOL:
10.48550/arXiv.2608.25959.
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qubit realizations whose protection mechanism is compatible with simpler couplings

and modular device integration.

To this end, we propose a new type of noise-biased qubit, which we refer to as the
0-n Fock qubit. Here, logical states are encoded in the Fock states |0) and |n) of an
anharmonic oscillator, such as a single transmon operated at a suitably large E;/E¢
ratio, or a Kerr nonlinear oscillator. The key feature of this encoding is protection
against single-photon loss: a photon-loss event takes |n) to [n — 1), outside of the
logical subspace, rather than directly inducing a logical bit flip. At least [n/2] such
events must occur to produce a bit-flip |1.) < |0.), which can be suppressed with
increasing number of levels in the qubit, analogous to the suppression of bit-flips
with increasing |a|? in cat codes [155]. By engineering dissipation that selectively
removes population from unwanted intermediate Fock levels while leaving the states
{|0), |n)} invariant, the system can be stabilized within the code manifold. This
approach builds on established concepts in bosonic error correction and reservoir
engineering, where tailored dissipation is used to confine dynamics to protected
subspaces [209, 83, 270, 9, 152, 253].

Level-dependent dissipation is necessary to achieve the target qubit structure, which
in turn requires nonlinearity to address each transition individually. Frequency-
selective dissipation can be implemented by coupling the qubit capacitively to a
linear chain of LC resonators that are themselves coupled to a bath mode. The
effective spectral density of the bath viewed by the qubit can be shaped by engi-
neering the inter-couplings of the resonators. Similar techniques have been used
in the literature for various purposes, and are referred to as bath engineering [209,
186, 136]. Multi-mode on-chip filters and metamaterial resonators have recently
been demonstrated as practical tools for bath engineering and leakage suppression
in superconducting circuits [35, 180, 214, 252, 137]. In our setting, we observe
that a small number (< 10) of filter modes are sufficient to achieve strong spectral

selectivity while maintaining realistic device parameters.

To demonstrate the performance of the 0-n Fock qubit, we consider controlled-X
(CX) gates with 0-n Fock qubits as control and stabilized cat qubits as target, enabling
syndrome extraction for the repetition code with the Fock qubits as ancillas. These
gates can be realized with only the simple, native dispersive coupling between the
Fock qubit and the cat qubits (without additional Hamiltonian engineering). We
find that bit-flip probabilities below 1078 are achievable with realistic experimental

considerations for n = 9 [264]. Furthermore, employing a repetition code with the
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Fock ancilla, we find logical error rates reaching the megaquop regime (p; = 107%)
at a code distance of d = 9, in an experimentally realistic parameter regime. These
results demonstrate that frequency-selectively stabilized Fock encodings provide a
viable and compact route to realizing and scaling-up bias-preserving architectures,
and suggest new directions for integrating bosonic qubits with engineered dissipation

in scalable superconducting architectures.

This chapter is organized as follows. We first introduce the 0-n Fock qubitin Sec. 7.2,
and show that it exhibits noise bias, with bit-flip times that scale exponentially with
n. We then discuss the implementation of the 0-n qubit using the multimode bosonic
filter in Sec. 7.3. Finally, in Sec. 7.4, we analyze its use as an ancilla for cat-qubit

syndrome measurements for realistic experimental parameters.

7.2 Properties of the 0-n qubit

We define the 0-n Fock qubit using the lowest N = n+1 Fock levels of an anharmonic
oscillator. The logical states correspond to the lowest and the highest of these levels,
with |0z) = |0), |1.) = |n). A schematic of the qubit can be found in Fig. 7.1a. For
the stabilization of the qubit in the {|0), |n)} manifold, we assume engineered gain
(decay) between levelsmandm + 1 for [3] <m <n-1(0<m<[7]-1),m e N.
Let us define the engineered dissipation rate as «y. If n is even, the Fock level |n/2)
experiences both engineered gain and decay, which may hinder the stabilization.

For this purpose, we assume that n is odd for the rest of the Sections.

In addition to the engineered dissipation «; in the designated levels mentioned above,
the 0-n qubit is also subject to intrinsic single-photon events: decay (Kl-l) and heating
(KZ.T). The corresponding Lindblad dissipators are Kl.l@ [a] and KITZ) [aT], where
DIA] = ApAT - %{A"’A, 0}, and d is the annihilation operator associated with the

Fock qubit. We consider the regime

K < ks, (7.1)
that is, the engineered dissipation rate greatly exceeds the intrinsic decay and heating

rates.

To analyze the dynamics of this system, we consider an N = n + 1 level system with
levelsm =0, 1,...,n, and dissipation between adjacent levels, we examine how the
system evolves under two sets of Lindblad operators describing the decay and gain
between the levels respectively, {(Kj!)l/2 |jY (j + 1|} and {(KI;)I/Z lj + 1) (j|}. The

transition rates are then given by K;i.’h, and we assume that Kj-’h >0, K‘i’il = Kﬂ’h =0.
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Figure 7.1: a) Schematic of the 0-n Fock qubit. We encode the logical states
{I0z), 1)} into the ground state |0) and the n-th excited state |n) of a Fock qubit.
b) Smallest non-zero eigenvalue (in absolute magnitude) Ani, of the Lindbladian
describing the evolution of the 0-n Fock qubit. We define ry| := K;.r’l Jks < 1 as
the ratio of the rates between the intrinsic processes and the engineered dissipation.
The numerical values are plotted with the markers, whereas the analytical fit given
by Eq. (7.9) is plotted with the dashed lines.

The evolution of the density matrix p(¢) can be described with [34]

dp N T | AR .
U =L@ =2 100l (kpjerio + K pjrmn ) = 300 G (k4 ) ) )
]:

(7.2)

where p; ; := (j| p|j). Note that by construction, jump operators of the engineered
dissipation annihilate both |0) and |n), so any logical state c|0) + c1|n) is a dark

state of the engineered dissipation.

In Eq. (7.2), if the initial state is diagonal in the Fock eigenbasis, i.e. (m|p5(0)|n) =0
for all m # n, then the evolved state p(¢) remains diagonal for all ¢ > 0. Therefore,
the evolution for this case reduces to a classical rate equation for the level populations,
which can be described in the form of a continuous-time Markov chain (CTMC).
In contrast, for an initial coherence 5(0) = |m) (n|, m # n, the state decays with
o) = exp(—%(Kfn - KZ)Z‘)ﬁ(O), K, = Kg_l + kI is the total rate of dissipation out
of level n. Then, the Lindbladian yields the diagonalization £ = diag[Q, Lcon],
where Q is a transition matrix describing how the diagonal elements evolve, and

L.on encodes the decay of the non-diagonal elements. L., does not admit steady-
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state eigenoperators, whereas Q hosts a steady-state solution, characterized by a
zero eigenvalue. We will elaborate more on the dynamics of the diagonal and the

non-diagonal blocks in the following subsections.

For the 0-n Fock qubit, the transition rates of Eq. (7.2) are given by, for 0 < j < n,

d L oep s

K5 kg + k7 ifj<|n/2

5 ; J <|n/2] (732)
J+1 P otherwise

1

h T e
K ks +k, ifj>1[n/2
i ;o ifj = [n/2] (73b)

J+1 /<l.T otherwise

Note that the transition rates are multiplied by the bosonic enhancement factor for
levels higher than the ground state.

In the following two subsections, we show that the 0-n Fock qubit exhibits a noise
bias: bit-flip rates, governed by block Q of the Lindbladian, are suppressed ex-
ponentially with n; while phase-flip rates, governed by block L., are enhanced

linearly with n.

Evolution of diagonal elements and noise bias

Let us elaborate on the evolution of the diagonal elements of the density matrix. In
the CTMC formalism, 7(¢) denotes the population row vector over the N = n + 1
levels, where ;(t) = p; ;(¢) encodes the population at the j th Jevel. Its evolution is

governed by
(1) = m(0)e?, (7.4)

Since only the neighboring Fock levels are connected by single-photon processes, O
has a birth-death (tridiagonal) structure. The steady state of the full chain is found

from QO = 0, where 0 is the null row vector. It can be written as

(ﬂ'ss)j K} n+1
_ ~ 7y,

= <j<n
(ﬂ'ss)j+1 K + KiT

(7Tss)j+1 _ Kl'

(mss)j ks + Kl.l

~ . 0§j<%,

(Tss) ey /2 K (7.5)

(ﬂ'ss)(n—l)/Z B Kl_l
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where we define ry| = Kl.T’l /ks < 1. This state satisfies the detailed balance
equations (i.e. the rate of the ingoing excitations is equal to the rate of the outgoing
excitations for each level) [130], and the relative magnitudes of K} and Kl.T determine
whether most of the population is concentrated in the upper or lower levels of the
qubit. Therefore, due to the intrinsic losses, the qubit cannot be stabilized perfectly
to the code manifold. If it is initialized in the highest excited level, |n) (n|, it will
eventually decay to all of the lower levels, giving rise to a finite bit-flip probability.
However, we can inquire how the timescale for the stabilization to the steady state
scales as a function of n, in order to examine whether the increased number of levels

provides a protection from bit-flips.

To analyze this, note that for odd n, the total number of levels N is even, and the
Hilbert space separates into two halves connected only by weak intrinsic decay and
heating processes. On short timescales, ¢ < I/Kl.T’l, the system rapidly relaxes
within each half-space to a metastable distribution governed by the ratio of the
intrinsic decay or heating rate to the engineered dissipation rate. Initializing the
state in p = |n) (n|, the corresponding metastable state (for upper levels) will be

given by

1 n-1
ﬂ;s%_]—[O,...,O,(rl)z s (7.6)
2% (ry)’
obtained from detailed balance between neighboring levels. We can also define
the metastable state associated with the lower levels as ﬂ'rlns, where the ratio of
populations between two levels is similarly given by rq, in the lower half of the

qubit.

We define a bit-flip as the transfer of population from the upper half (”—;1 <m<n)
to the lower half (0 < m < u) of the qubit. The leakage rate out of this metastable
state is, due to intrinsic decay, given by 5= ntl Kl where ”;1 is the bosonic enhancement
factor. We can similarly write the metastable state corresponding to the lower half
of the qubit, where the leakage rate to the upper half would be given by ”” T
When population leaks to the opposite half-space, the system quickly relaxes to the
corresponding metastable state in time ¢ ~ O(1/kg). Then, the population vector
at some time ¢ can be approximated as 7 (¢) = (1 — x)ﬂITns + Xﬂllns. The bit-flip
probability at this time is therefore pys = Z(" D2 o j(t) = x. The evolution of 7 (t)

is given by d[ﬂ(l‘) = n(t)Q. Using this expression and the explicit structure of Q,



136

the rate-of-change of the bit-flip probability is found as

J 2t o
% ~ (1 = pot) Z(FLSQ)J' + beZ(ﬂllnsQ)j
j=0 j=0
1 s n+l n+l
= U (1 pr) ' = por ()] a1

Together with the initial condition py¢(0) = 0, the bit-flip probability is therefore

1—exp (—kyr23t () T+ () T )

n+l
2

Pof(t) = (7.8)

L+ (ry/ry)

n+l
In the limit of a small exponent, pys(t) ~ kst"L (r;) 7 . Then, the effective bit-flip

rate

n+1 ntl nil
| i

(r1) = +(r) (7.9)

decreases exponentially with "—Jz'l, up to a linear factor in n. This establishes a
hardware-level noise bias: logical bit flips require O([n/2]) sequential intrinsic
decay events and are exponentially suppressed with increasing n. The 0-n Fock qubit
therefore exhibits a noise bias arising from the separation between fast engineered

stabilization and weak intrinsic excitation or decay.

The effective bit-flip rate can also be found from the smallest (in magnitude) non-
zero eigenvalue of the generator matrix Q, i.e. the spectral gap. Physically, the
spectral gap corresponds to the slowest relaxation mode of the CTMC. For the case
outlined here, this is the transfer of population between the upper and lower halves of
the levels, which corresponds to a bit-flip. All faster modes, with rates ~ s, describe

relaxation within each half-space to the respective metastable distributions.

We plot the spectral gap for different values of r| 1, as a function of the number of
levels N of the 0-n qubit, in Fig. 7.1b. The numerical samples are plotted with the
data points, whereas the analytical rate Apr ( Eq. (7.9)) is plotted with the dashed
lines in the corresponding colors. From the Figure, we observe that the analytical

prediction is a very good fit to the numerics.

Evolution of non-diagonal elements and phase coherence

Following a similar analysis to the previous subsection, we derive the phase-flip
7

rate of the 0-n Fock qubit, given engineered dissipation kg, intrinsic heating «;, and

l

intrinsic decay ;. For this purpose, we define |+¢,) = %UO) + |n)), and initialize
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the qubit in |+¢,). Given the system state ¢(¢) at some time, we assume an encoding
that maps population in the upper and lower half-spaces to |n) and |0), respectively.

Given the encoding, the phase-flip probability is given by pye(?) = 1= (+04| p [+0s)-

From Eq. (7.2), we observe that off-diagonal terms |0) (n| and |n) (0| will decay
with rate %(l’lkll + KI.T). Thus, the phase flip probability is found as

ppi(t) = % (1-exp (—% [kt + 1)) (7.10)

i1 Lo 0

ppi(t) ~ nT for 5[nk; + «; 1 !

] <1, k; ~ k7, and n > 1. This probability grows
linearly with n. Furthermore, since phase coherence is only affected by heating
to levels above |0), or decay to levels below |n), it is not affected by engineered
dissipation. This is also demonstrated by the independence of this expression from

the engineered dissipation rate, k.

In contrast with the exponential suppression of bit-flips, phase-flips are enhanced
linearly with the number of levels in the 0-n Fock qubit. This scaling is directly
analogous to stabilized cat qubits, which exhibit exponentially suppressed bit flips
and linearly enhanced phase flips as the size of the bosonic encoding increases [181,
211, 155, 98]. However, different from cat qubits, where the suppression rate of bit-
flips is independent of the engineered dissipation rate k, or the intrinsic dephasing
rate kg, the suppression rate in the Fock qubit improves as the ratio between the

engineered dissipation rate and the intrinsic error rate increases.

7.3 Proposed Experimental Implementation

In the previous Section, we have described how the 0-n Fock qubit is noise-biased,
assuming that we can engineer the required dissipation structure. In this section,
we describe how this dissipation can be realized. The 0-n Fock qubit requires that,
in addition to the engineered decay on transitions in the lower half of the level
ladder, and engineered gain on transitions in the upper half, each type of engineered
dissipation must act only on its designated transitions: unwanted gain on lower

levels or decay on upper levels would compromise the stabilization.

To enable this dissipation structure, an anharmonic oscillator such as a Kerr oscillator
or a transmon is necessary. In these nonlinear oscillators, each transition [i) <
li + 1) occurs at a distinct frequency, with neighboring transitions separated by the
anharmonicity n. This converts the problem of level-selective dissipation into one

of frequency-selective dissipation: if we can engineer a bath whose spectral density
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has a sharp passband, we can address each transition independently based on its

frequency.

To realize such a bath, we couple the qubit to a linear chain of LC resonators
terminated by a lossy mode (see Fig. 7.2a). This chain acts as a bandpass filter,
where excitations at frequencies in the passband propagate through the chain and
are dissipated, while those outside the passband are reflected. As described in detail
below, engineered decay and gain can be obtained from two different couplings to the
first filter mode: a beam splitter interaction, and a two-mode squeezing interaction,
respectively. By choosing the drive frequencies of these interactions, the transitions
in the lower half of the qubit can be placed within the decay passband while the
upper-half transitions lie outside it (and vice versa for gain). In this way, the single
multimode filter simultaneously provides both the frequency-selective decay and the

frequency-selective gain required to stabilize the {|0), |n)} manifold.

Multimode filter implementation
Let us first consider engineering decay or gain on a single harmonic oscillator mode
d, with frequency wy, before extending to the case of the multi-level anharmonic
oscillator. This mode is connected to a linear chain of identical harmonic oscillators
fl, fz, e fM, with frequency wy. The qubit is connected to the first filter mode
with (i) a beam splitter interaction, and (ii) a two-mode squeezing interaction. The
Hamiltonian in the interaction picture with respect to the bare Hamiltonians of the
modes, within the rotating-wave approximation (RWA) can be written as
M-1
A = gosdf] ™ + gumd' fi el + Z Jiis1 fifih, +he. (7.11)
i=1
where the first term denotes the beam splitter interaction, second term denotes the
two-mode squeezing interaction, and the third term denotes the coupling between
adjacent filter modes. Furthermore, we assume dissipation on the final filter mode,

with a dissipator x D[ fu]. The schematic of this system is plotted in Fig. 7.2a.

Such filters have been used extensively in the literature [252, 44, 213, 137] to shape
the effective bath seen by the computational qubits, in order to prevent leakage and

increase coherence. We describe the resulting dynamics in the following subsection.

Effective dissipation
In the weak-coupling limit gns, gm << Ji, kr V i, the eigenmodes of the coupled

system can be obtained perturbatively. For the eigenmode associated with the bare
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Figure 7.2: a) Schematic of the implementation for the 0-n Fock qubit. The qubit
(system, drawn in purple) is connected to a multimode filter with coupling rates gps
and gy, for the beam splitter and the two-mode squeezing interaction, respectively.
The excitations travel along the filter and are dissipated to a bath, with a rate k7. b)
Effective rates kg of engineered processes between adjacent levels of a 0-n Fock
qubit, with n = 5. Decay and gain are engineered via the beam splitter and two-mode
squeezing coupling with the filter. The rates are plotted as a function of the detuning
A, normalized with the filter bandwidth B. We observe that g’;e/f% ~ 2n, where g is
the coupling rate for the corresponding interaction. For an implementation of the
Fock qubit with the Kerr Hamiltonian, the difference in detuning between adjacent
transitions corresponds to the anharmonicity 7.

system mode, i.e. d, it can be shown that a two-mode squeezing interaction induces
gain while a beam splitter interaction induces decay in the form of d () = d(0)e i,
where we refer to ke as the effective gain or decay rate. Then, by coupling the
system mode to a chain of oscillators, we can engineer dissipation that can either
inject or extract excitations from the mode. Moreover, the dissipation profile can be

shaped by optimizing over the parameters {J;} and .

Since the dissipation is observed in the eigenmodes of the joint system, i.e. the
dressed modes that include the system mode and the filter modes, there are some

subtleties with how the joint system evolves. We can use adiabatic ramping of the
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interaction rate gps, im to achieve a smooth transition from the bare eigenmodes to
the dressed eigenmodes. If the ramping is slow enough, it can be shown that the
effective dynamics on a given mode ¥ look like:

(1) = Z ¢i(0) exp ( /0 a’S/li(s)) (1) (7.12)

i
where {c;} are the coeflicients determining the decomposition over the eigenmodes
{4i;} attime r = 0, {A;} are the corresponding eigenvalues, and v(¢) is the Heisenberg
operator of ¥. Ramping the interaction rate from zero at f = O up to gps, tm and then
down to zero at t+ = T, where T is the total simulation time, results in ¢;(0) = 1
for i = i*, ¢;(0) = 0 otherwise, where 4 = d4;(T) = d. Then, the effective
dynamics look like d(¢) = exp( /Ot ds;+(s))d(0). This results in an effective gain or
decay on the system mode d, depending on the sign of the corresponding eigenvalue

integrated in time.

Numerically, we observed that filter optimization results in a bandpass filter with
a bandwidth B, where the dissipation rate is ke & O for |Aps, im| > g, and ke =
anﬁs /B otherwise. More details about the filter optimization can be found in

Appendix E.1.

For the multi-level anharmonic oscillator case, we aim to simultaneously engineer
gain or decay on multiple transitions with differing frequencies. For this purpose,
we consider the analogous model of multiple Gaussian modes with frequencies
W4.1,Wd2, ... We show in Appendix E.2 that if these modes are far detuned
enough, i.e. |wg; —wq, ;| > g%s’ m/ B> the dissipation is independent for each mode.
In other words, gain or decay is achieved for each mode independently using the
same filter, with Lindblad dissipators ke ;D [cfi] (Keri D [d?]) for the decaying (gain-
experiencing) modes, where k. ; 1S the effective dissipation rate stated above. This
independence is what allows a single filter to realize the level-resolved dissipation

structure assumed in Sec. 7.2.

Implementation with the Kerr Hamiltonian

Building on the results from the previous subsection, showing how we can simul-
taneously engineer loss or gain on multiple modes with distinct frequencies, we
now show how to implement the required dissipation for the 0-n Fock qubit. To
implement frequency-selective dissipation, we consider a realization based on the

Kerr nonlinearity. The qubit Hamiltonian is [144]

A =wya’a-K(@a"h?*a* (7.13)
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where K is the self-Kerr nonlinearity. The energies of Fock levels are given by
E, = wgn—Kn(n—1) forn > 0. Defining the transition frequency between adjacent
levels as fii+1) = Eiy1 — E;, we find fi41) = wg — 2Ki for i > 0. The fundamental
transition frequency is fy; = wy, and the anharmonicity is n := fi» — for = —2K.
To connect with transmon parameters in the regime E;/Ec > 1, we identify
wyq = V8EJEc — Ec and K = E¢/2. With this parametrization, adjacent transitions
are separated in frequency by |fii+1) — fu+1)i+2)| = 2K = Ec.

The key observation is that each transition |{) < |i + 1) occurs at a distinct fre-
quency due to the anharmonicity. This allows individual transitions to be addressed
independently, provided the frequency separation exceeds the effective linewidth of
the engineered dissipation. Specifically, if E¢c > g%s’ .m/ B> €ach transition can be

treated as a separate mode coupled to the filter.

The detunings in Eq. (7.11) for the transition between levels |i) and |{ + 1) are:

Absi = Wy + Whs — Wg + 2K, (7.14a)
Ami = Wy + Wm + wg — 2Ki. (7.14b)

The detuning for the beam splitter coupling increases with Fock level index, while it
decreases for the two-mode squeezing coupling. By choosing the drive frequencies
wps and wyy appropriately, we can place the transitions in the lower half of the qubit
inside the filter passband (enabling engineered decay) while keeping the upper-
half transitions outside the passband (and vice versa for gain). The placement of
transitions relative to the filter passband is illustrated in Fig. 7.2b, where engineered

decay is shown in red and gain in blue.

Parameter scaling and constraints
We now analyze the constraints on system parameters and how they scale with the

number of levels N.

Transmon well depth. Implementing the 0-n Fock qubit with a transmon requires
a sufficiently deep cosine potential to confine N levels. The number of confined
levels scales as Nieyels ~ m for Ej/Ec > 1[264]. Fixing the fundamental
transition frequency at fo; = 5 GHz together with the level-confinement requirement

E;/(2Ec) ~ N? uniquely determines E; and Ec as functions of N.

Scaling with N. For N > 1, we have fy; ~ 4NEc, which implies E¢c oc 1/N.

Since the bandwidth scales as B « E¢N, it approaches a constant value for large
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N. The independent dissipation assumption requires Ec > g2/B, or g> < EcB ~
E%N . Setting g% ~ E%N (with appropriate prefactors ensuring g° /E% < N), the
coupling strength decreases as g oc 1/N. Consequently, the effective engineered
dissipation rate scales as

21

m~%mﬁ (7.15)

Therefore, the stabilization time, i.e. the timescale ~ 1/k.g over which the engi-
neered dissipation returns population from unwanted intermediate levels to the code
manifold {|0), |n)}, increases linearly with N. This timescale is relevant because
it contributes to the duration of each syndrome-extraction cycle when the 0-n Fock

qubit is used for error correction (see Sec. 7.4).

In the regime dominated by intrinsic loss (compared to heating), plugging Kl.l [Kks =
BN into Eq. (7.9) and minimizing over N, the minimal bit-flip rate is achieved for
N* =~ 1/(eB). Beyond this value, increasing the number of levels N is not beneficial
for the suppression of bit-flips. Since our regime of interest is SN < 1, we operate
well below this critical value. We also note that this scaling follows from fixing fo1,
which forces E¢c o< 1/N. If instead E¢ is held fixed while E; is increased with N
(as in Sec. 7.4, where this suppresses charge-noise dephasing), the bandwidth B is

fixed and g?/B need not decrease, so k.f can be kept approximately constant.

Filter roll-off and out-of-band suppression. Outside the filter bandwidth, resid-
ual engineered dissipation persists due to the finite roll-off of the filter response, as
visible for |A| > B/2 in Fig. 7.2b. The roll-off can be steepened by increasing the
number of filter modes M or by optimizing the couplings {J;} and bath dissipation
k¢ (see Appendix E.1). For the parameters considered here, M ~ 7 modes suffice
to suppress unwanted transitions below the intrinsic loss rates. We elaborate on this
in Sec. 7.4.

Protection against excitation above |[n). The 0-n Fock qubit is susceptible to
intrinsic heating, which can excite population to levels above |n). While our design
does not actively protect against such processes, intrinsic relaxation from these
higher levels back to |n) provides natural suppression. However, it is crucial that
engineered gain to levels above |n) remains below the intrinsic decay rates. This
is demonstrated in Fig. 7.2b for the |5) — |6) transition. Achieving sufficient

suppression requires M ~ 7 filter modes for the parameters that we consider.
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7.4 0-n qubit as an ancilla

Having established that the 0-n Fock qubit exhibits noise bias and can be realized
with current experimental tools, we now consider its use as an ancilla for cat qubit
architectures in order to obtain noise-biased gates. In such architectures, the ancilla
mediates syndrome extraction by coupling to the data qubits through entangling
gates. Repetition codes are a natural choice for biased-noise qubits, as when bit-flip
errors are exponentially suppressed, the dominant remaining errors are phase flips,
which can be corrected using these codes [102, 94, 151]. In such implementations,
logical errors are corrected by measuring X stabilizers, which require controlled-X

(CX) gates applied to data qubits, controlled by the ancilla.

X errors on the ancilla during syndrome extraction using CX gates can propagate
to the cat qubit, limiting the achievable noise bias [9, 212]. The 0-n Fock qubit, as
it is inherently noise biased, can surpass this limitation compared to architectures
where the ancilla is a standard transmon qubit (without any engineered dissipation)
[106]. Moreover, the simple, native dispersive coupling between the Fock qubit and

the cat data qubits suffices to implement the CX gate.

In light of this, we examine the performance of a CX gate conditioned on the 0-n
Fock qubit, where we define a bit-flip in the following manner. Starting from the
logical state |0z) of two cat qubit resonators, and the [+¢,) = %(lO) + |n)) state
of the ancilla, two CX gates are implemented to measure the XX stabilizer of the
resonators in the repetition code. The cat qubits are then stabilized to the code space
via a two-photon dissipation process. A bit-flip occurs if the resulting state of the
cat (code) qubits has odd parity, i.e. if they are in the |02) ® |1.), or |[1.) ® |0.)
state.

Physically, the bit-flip probability arises because intermediate Fock populations
(0 < k < n) contribute partial phase-space rotations to the cat qubit that do not map
|0) cleanly onto itself or |1, ), leaving residual overlap with the wrong logical state
after its stabilization. The role of the engineered dissipation is therefore to suppress
these intermediate populations, concentrating the ancilla in the {|0) , |n) } manifold,

where the CX gate acts as either the identity or a full bit-flip.

The use of the 0-n Fock qubit as an ancilla is demonstrated in Fig. 7.3a. First, the
superposition state |+¢,) is prepared using X-pulses between adjacent levels. The
qubit is then stabilized dissipatively, and coupled to stabilized cat qubits. CX gates
conditioned on the ancilla state are implemented sequentially, after which the cat

qubits are stabilized, and the ancilla is measured in the X basis.
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Figure 7.3: Use of the 0-n Fock qubit as an ancilla for noise-biased CX gates
on stabilized cat qubits. a) Schematic of the protocol. The ancilla is prepared
in the |+o,) = %(|O) + |n)) state using X pulses, then dissipatively stabilized
(indicated by Sgock) using the implementation in Sec. 7.3. Two CX gates are
applied sequentially to two stabilized cat qubits (the stabilization is indicated by
Scat) coupled dispersively to the ancilla, after which the cat qubits are restabilized
and the ancilla is measured in the X basis. b) Logical bit-flip probability py¢ of the
CX gate as a function of the stabilization time f,, for n = 7, |a|> = 10, and a filter
with Ny = 7 filter modes. We assume perfect CX gates and consider two intrinsic
noise configurations (7'1.l = 50 pus, Tl.T = 5 ms, and Tl.l = 250 us, TL.T = 250 ms) and
pulse error probabilities (p, = 107, p, = 1073). pyr decays exponentially with
stabilization time before converging to the bit-flip floor. Inset: dependence of py¢
on Ny, showing that ~ 7 modes suffice to suppress spurious engineered dissipation.
¢) por and ancilla phase-flip probability ppr as a function of the number of levels
N = n + 1 in the Fock qubit. We consider the intrinsic single-photon transitions
during the CX gates. The gate time is assumed as 7, = 200 ns, p, = 1073, and
||? = 10. The dashed lines correspond to analytic predictions. Bit-flip probabilities
below 1078 can be obtained with N > 10 levels.

Note that one can also consider a fully Fock-qubit architecture where both data
qubits and ancilla are implemented accordingly. However, this approach would
require bias-preserving gates between Fock qubits, including the logical X opera-
tion connecting |0) to |n). Such an operation is not straightforward to implement

experimentally, thus, we focus here on only a Fock qubit ancilla.
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Bit-flip probability for the Fock-cat implementation

Let us assume capacitive coupling between the 0-n Fock qubit and the cat qubit.
If the coupling strength is weak relative to their detuning, i.e. g < A, they can
exhibit dispersive coupling in the form of H = yo(a'a) ® (d'd) (we set i = 1),
where d and d are the annihilation operators of the Fock and cat qubit, respectively.
The coupling strength is of order yo ~ Kg?/A? [144]. The evolution under this
interaction will result in a rotation of the cat qubit in the phase space, proportional

to the level number of the Fock qubit, in the form of:
e ot (@ a)e(d'd) Im) ® |a) = |m) ® |ae™ ™) (7.16)

For m = 0, the cat qubit is unaffected, so the gate acts as the identity. In contrast,
if myot = m, @) & |-a), hence |0.) < |1,) and this operation implements the X
operator. Conditioning the cat rotation on the Fock-qubit level in this way realizes
a CX gate controlled by the Fock qubit.

We define the logical bit-flip probability ppe(6) as a function of the rotation angle
0<6<m

Por(0) = % [1-(1-M, ()], (7.17a)
_ 2]ef? 0 . 5 .
M, (6) = mfo de sin (#)1o (2|a/| sin (¢)) (7.17b)

For more details, see Appendix E.3. Furthermore, for a superposition over different
Fock states of the control qubit, the total bit-flip probability is a linear function
of the bit-flip probability for each Fock state, as coherence terms in the form of
|m) (n|,m # n, will not contribute when the control qubit is traced out. Since the
rotation angle in phase space is proportional to m for the m™ Fock level, if we set
the rotation angle to be 6 = & for the highest level |n), the total bit-flip probability

por 1s found as
N (rk
o= ) ot (—) P(k) (7.18)
k=0 n

where P(k) := (k| p |k) is the population at the k" level. We show in the following
subsections that without stabilization, increasing n populates more intermediate
levels through pulse errors, each of which contributes a partial rotation that degrades
the cat qubit. Engineered dissipation, as described in Sec. 7.3, resolves this by
pumping intermediate populations back to |0) and |n) before the CX gate is applied.
Accordingly, we first examine the bit-flip probability of the 0-n Fock qubit in the
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absence of engineered dissipation. Then, we present the numerical results with

stabilization.

Bit-flip probability without stabilization

Our aim is to prepare the superposition state (|0) + |n))/V2 with imperfect pulses.
Let us define |+4) := (|a) = |b))/V2. We first prepare the superposition state |+; )
from the ground state |0) by performing an imperfect 7/2 pulse. We assume the

following Kraus operators during this operation:

Ko = V1= pe (1=1To1 + [+01) €O + |—o1) (1]) (7.19a)
Ky =+pel (7.19b)

where 1 := }},, |m) (m| is the identity operator across all levels, and 1o; = |0) (O] +
|1) (1] is the identity operator for the {|0),|1)} subspace. Then, starting from the
initial state |0) (0|, the resulting qubit state will be (1 — p,) [+01) {+o1| + pe |0) {O].
The remaining pulses will be 7 pulses performed between levels |m) and |m + 1),

for 1 < m < n. We assume the following Kraus operators:

K = V1= pe(1=2]=me1)) {=mm+n))s (7.20a)
K" =p. 1 (7.20b)

After the 7 pulses, the state of the control qubit can be written as

n—1

P = (1= o) [+0a) Chonl + pe10) (O] + pe Y (1= po) [+o) (+ail - (7.21)

i=1
Using this state as the control, we can perform CX gates on two resonators encoded

in the form of cat qubits. After this gate, the total bit-flip probability is found as

Pof = bt
V213|a|

for |a|,n > 1. Then, the bit-flip probability of the CX gate grows linearly with n

(7.22)

and p, up to first order in p,: this scaling demonstrates the need for stabilization on
the 0-n Fock qubit in order to obtain suppression of bit-flip probabilities with larger

n.

Bit-flip probability with stabilization

Engineered dissipation ensures the stabilization of the 0-n Fock qubit to minimize

the bit-flip probability. First, notice that since the bit-flip probability is independent
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of the coherences of the 0-n Fock qubit, we can work with the CTMC description
to compute the steady state of the qubit in the idealized case (cf. Sec. 7.2). For
short timescales ¢ ~ 1/, the spectral gap is negligible if Kl.l , /<l.T < Kj, and the qubit
converges to the metastable states for the upper and lower sections independently.
Then, the bit-flip probability also converges to a fixed value determined by the
population distribution across the qubit: we refer to this value as the bit-flip floor.
In this analysis, we disregard the heating to levels above |n), which is negligible for

sufficiently short stabilization times.

The bit-flip floor depends on the highest level number n, mean photon number of the
cat qubits |@|?, and the relative strength of intrinsic loss processes Kl.l/ Ks, KlT /ks. We
observe that this floor decays exponentially with n for relatively small n, whereas
the scaling is modified to 1/n? in the limit of n > 1. For a fixed n, the bit-flip
probability decays exponentially with stabilization time ¢ before converging to the

bit-flip floor. For an extended discussion on the bit-flip floor, see Appendix E.4.

We analyze the convergence to the bit-flip floor numerically in Fig. 7.3b. We fix
n =17, |a|*> = 10, and examine the logical bit-flip probability pps as a function
of the stabilization time, #;, for two noise configurations. These configurations
display distinct intrinsic decay and heating times Tl.m =1/ Kl.l’T. For the first one,
we assume Tl.l = 50 us and Tl.T = 5 ms, whereas for the second one, Tl.l = 250 us
and Tl.T = 250 ms. Furthermore, we consider pulse error probabilities of p, = 1073
and p, = 107*. Lastly, we use a filter with N r =7 modes. For long stabilization
times where the bit-flip probability approaches the bit-flip floor (e.g. #; = 1 us), we
observe that this number is sufficient to suppress spurious engineered dissipation
between levels, as can be seen in the inset of this Figure. For these times, bit-flip
probabilities are independent of the pulse error probability p., in contrast to the
case at the initialization (i.e. f; << 1 us). For longer stabilization times, the bit-flip
probabilities start increasing due to spurious heating to levels above |n), which are
not inhibited via the engineered dissipation. We note that this Figure assumes a

perfect CX gate with no intrinsic decay or heating events.

In Fig. 7.3c, we plot the logical bit-flip probability pyr, as well as the ancilla phase-
flip probability p,f, as a function of the number of levels N in the Fock qubit. For
the latter, the cat qubits are initialized in state |+7) = (|0z) + |17))/V2, and the
Fock qubit is initialized as |+q,). After subsequent CX gates conditioned on it, the
Fock qubit is measured in the X basis, and the phase-flip probability is defined as
Ppf = 1= {+0u| P |+0n), Where p is the final state of the qubit. In Eq. (7.10), we have
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derived that for the idealized case of single-photon transitions between adjacent

levels due to loss or engineered dissipation, the phase-flip probability grows linearly

with n for £t < 1, where & = nKl.l + Kl.T = nK}

l

i

is the total depopulation rate of level |n)
(assuming KI.T ~ k7 and n > 1), and ¢ is the total time dedicated to stabilization and
the CX gates. This property is in line with other noise biased qubits, where bit-flips
are suppressed exponentially with n, whereas phase-flips are enhanced linearly with

n.

We now quantify how the bit-flip and phase-flip probabilities scale with the number
of levels N when intrinsic single-photon events during the CX gate are included
(referred to as the imperfect CX gate), showing that bit-flips remain exponentially
suppressed, approaching 10=8 for N > 10, while phase-flips grow only linearly.
We set the per-pulse error as p, = 107>, mean photon number of cat qubits as
la|?> = 10, the Fock qubit stabilization time as ¢, = 1 us, and consider the same
noise configurations as above. The two configurations are indicated with yellow
square markers and blue circular markers, for high and low noise, respectively. We
assume a CX gate time of #, = 200 ns, which is experimentally feasible [212, 106,
213]. For both the logical bit-flips and the ancilla phase-flips, we plot the analytically
calculated probabilities with dashed lines of the respective color. For this purpose,
we use the approximate engineered dissipation rates obtained perturbatively (cf.
Appendix E.1), and use the CTMC description of the evolution of the diagonal
elements of the Fock qubit. We show in Appendix E.5 that the coherences of this
qubit do not affect the bit-flip probability when the evolution can be described with
the single-photon jump operators, as in Eq. (7.2). For this setting, we propose a
solution for the evolution of the bit-flip probability which also takes into account
single-photon events during the gate. We observe that the analytical prediction
matches the numerical results for all cases. Thus, the assumptions of (i) independent
dissipators for each transition within the Fock qubit, and (ii) adiabatic evolution of

the bare system mode hold in this regime.

In summary, taking into consideration all intrinsic single-photon events during
the ancilla stabilization and the CX gate, bit-flip probabilities below 1073 can be
achieved with a Fock qubit with N > 10 levels. The bit-flip probability is ap-
proximately exponentially suppressed with N, mirroring the scaling of cat qubits
with mean photon number |@|?, achieved through a complementary mechanism: the
separation between levels |0) and |r) in a multi-level, anharmonic oscillator, rather

than the separation of coherent states in phase space. These results indicate that the
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Figure 7.4: Average logical error per round p; when the 0-n Fock qubit is used
as an ancilla in the repetition code, paired with cat data qubits. The contours for
p*L € {10_4, 1075, 10_6} are shown as a function of «7¢ycle and the code distance
d, where ki is the single-photon loss rate of the cat qubits, and Tcyce is the cycle
time for a single round of error correction. We work with a phenomenological noise
model, where Z errors are applied on the ancilla and the data qubits at the start of
each error correction round. The ancilla Z errors occur only due to single-photon
events (Tl.l = 250 us, Tl.T = 250 ms) during the stabilization (¢, = 500 ns), or the
CX gates (t; = 200 ns): we assume large enough E;/Ec such that dephasing due
to charge noise is sufficiently suppressed. Lastly, the cat qubits have a mean photon
number of |a|? = 10.

0-n Fock qubit ancilla can provide exponential bit-flip suppression comparable to
cat-cat architectures, while only requiring engineered beam splitter and two-mode
squeezing couplings for engineered dissipation. Moreover, simple, native dispersive
couplings suffice to implement CX gates between Fock and cat qubits that preserve
both qubits’ exponential noise bias. This approach thus substantially simplifies the

experimental requirements relative to bias-preserving cat-cat gates.

Logical error rates with the repetition code

We now examine the logical error rates achievable when the 0-n Fock ancilla is used
for syndrome extraction in a repetition code. Here, as in the previous subsection,
syndrome measurements are performed using two CX gates conditioned on the

ancilla applied to the neighboring data qubits, followed by measurement of the
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ancilla in the X basis.

We simulate the performance of a distance-d repetition code [44, 213] under a
phenomenological noise model in which both ancilla and data qubits undergo Z
errors at the start of each round, prior to the CX gates [62]. For the cat data qubits, the
dominant mechanism is single-photon loss, which induces Z errors with probability
dealta =(1- e‘2|“|2"1Tcycle)/2 ~ |a'|2K1Tcycle in the regime |a'|2K1Tcycle < 1, where
is the loss rate, and Ttycle 18 the duration of one syndrome extraction round. Similarly,
Z errors on ancilla qubits can occur due to single-photon loss and heating events,
or dephasing. The latter can be mitigated by operating in the large E;/E¢ regime,
where E; is increased and fp; is adjusted so that E¢ remains fixed, exponentially
suppressing charge-noise-induced dephasing [264]. Therefore, we ignore dephasing
effects and consider only intrinsic single-photon events. A more pessimistic noise

budget that includes dephasing is presented in Appendix E.6.

In order to combat the effect of single-photon events as much as possible, we shorten
the stabilization time to 7, = 500 ns, which is sufficient to approach the bit-flip floor
(see Fig. 7.3b). The gate time is set to t, = 200 ns, as in the previous subsection.
With the stabilization and gate times fixed, the ancilla Z error probability per round
is set entirely by 7, and 7, and does not vary with Teycle: only the data-qubit
error probability deata scales with T¢ycje. Furthermore, syndrome measurements are
assumed to be subject to a readout error with probability pmess = 0.01, and we
consider the lower intrinsic noise configuration from the previous subsection, with
Tl.l = 250 us and TZ.T = 250 ms. Lastly, the mean photon number of a cat qubit is
taken as |a|? = 10.

Given these parameters, we simulate d rounds of a distance-d repetition code, and
find the logical error rate per round occurring due to phase-flip events. We then
compute the overall logical error rate p; by adding the residual bit-flip contribution
per round, which is found assuming imperfect CX gates with intrinsic single-photon
events. The bit-flip contribution is found by taking the per-stabilizer bit-flip prob-
ability, as found in Fig. 7.3c in the previous subsection, and multiplying it by the
number of stabilizer measurements per round, d — 1. In Figure 7.4, we plot the
contours along which the overall logical error rate reaches 1074, 107 and 1079 as
a function of «T¢ycle and the code distance d, for N € {4,6,8,10}. The various
logical error rate contours are shown with dotted, dashed, and plain lines, whereas
the various N are plotted with different colors. From the Figure, we observe that for

a given logical error rate, the contours for different N overlap significantly, which
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signifies that data phase-flips are the dominant source of error in this regime, rather

than ancilla phase-flips.

Thus, thanks to the exponential suppression of bit-flips achieved by the 0-n Fock
ancilla, we can achieve error rates as small as 107%. Note that this target is achieved
for N > 8 due to the bit-flip contribution to the logical error surpassing the target
value for smaller N. In contrast, we are able to reach higher logical error rates with
these N, for example, p; = 10~*. For comparison, achieving p; = 1076 with a
standard transmon ancilla, which lacks exponential noise bias, would require the
ability to correct ancilla-transmon-induced bit flips with a more hardware-intensive

code, like the surface code.

The p; = 107 logical error rate (i.e. the megaquop regime [210]) is achieved in the
experimentally realistic regime of k;Tcycle ~ 1073, corresponding to a storage-mode
lifetime of 1/k; ~2 ms for the Teyele ~ 2 s cycle times considered here. Single-
photon lifetimes exceeding 10 ms have been demonstrated in bare superconducting
cavities [216, 179], and current cat-qubit experiments operate within an order of
magnitude of this target [213]. Furthermore, if one allows for a larger code distance
of d ~ 17, this target can be achieved with «T¢ycle ~ 4 - 1073, corresponding to a
lifetime of 1/ ~ 500 us.

The cycle time can in principle be reduced significantly further by pipelining the
ancilla operations across consecutive rounds. While one ancilla is engaged in the
CX gates and subsequent syndrome extraction, the next ancilla can be prepared and
stabilized in parallel, so that ancilla preparation no longer contributes to the cycle
time. Moreover, because each ancilla is decoupled from the filter once its stabi-
lization is complete, the same multimode filter can be shared between consecutive
ancillas rather than requiring a dedicated filter per ancilla. This pipelining could
halve the effective cycle time to ~ 1 us without modifications to the underlying
hardware, bringing the operating regime to k1 7cycle ~ 1073 for 1/k; ~ 1 ms. These
results demonstrate that the 0-n Fock ancilla preserves the noise bias of the cat data
qubits well enough that ancilla-induced bit flips no longer dominate the logical error
budget for moderate N. The hybrid cat-Fock architecture therefore provides a viable

route to experimental realization of low logical error rates.

7.5 Conclusions
We have introduced the 0-n Fock qubit, a noise-biased bosonic encoding in which the

logical states are defined by the Fock levels |0) , |n). The protection mechanism relies
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on the fact that single-photon loss events map the logical manifold to intermediate
states rather than directly inducing bit flips. As a consequence, logical bit-flip errors
require [n/2] sequential loss events and are therefore exponentially suppressed
with increasing n, establishing a hardware-level noise bias analogous to the bit-flip
suppression in cat qubits. However, distinct from cat qubits, the Fock qubit can be
implemented with multi-level anharmonic oscillators, such as a transmon, or a Kerr

nonlinear oscillator.

We have shown that this qubit can be stabilized using frequency-selective dissipa-
tion. By coupling the oscillator to a short chain of LC resonators, the effective bath
spectral density can be shaped such that unwanted intermediate Fock states are se-
lectively depopulated while the logical manifold remains invariant. Importantly, this
stabilization can be realized with a small number (< 10) of filter modes and realistic
circuit parameters, indicating that the required bath engineering is compatible with

current superconducting circuit technology.

Beyond its intrinsic protection properties, the 0-n qubit is particularly well suited
for hybrid architectures with cat qubits. In dissipatively stabilized cat qubits, oper-
ations associated with the logical X degree of freedom are naturally implemented
through phase-space rotations, whereas the logical Z operator requires distinguish-
ing |+a), which is experimentally more demanding. In contrast, for the Fock qubit,
the Z operator can be implemented straightforwardly via dispersive coupling to a
resonator, while direct access to the logical X degree of freedom is more difficult.
Thus, a hybrid architecture combining cat data qubits with 0-n ancilla qubits enables
efficient and bias-preserving CX gates, which are central to syndrome extraction in

fault-tolerant protocols.

Accordingly, we studied the use of the 0-n qubit in CX gates for syndrome measure-
ments on cat qubits, and found that bit-flip probabilities below 108 are achievable
with a Fock qubit with N = 10 levels under experimentally realistic conditions.
This demonstrates that the 0-n Fock qubit can serve as a bias-preserving ancillary
resource without requiring the same degree of Hamiltonian engineering as fully
bosonic cat-cat interactions, while avoiding the bias limitations associated with

transmon-based hybrid architectures.
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Chapter 8

CONCLUSIONS

This thesis examined probing and harnessing entanglement, noise, and dissipation
across various case studies in the fields of quantum metrology and computing. Here,

we summarize the main findings.

In Chapters 3 and 4, we focused on a system where a mechanical oscillator is driven
by a light field, and we investigated the entanglement between these two parties.
Assuming Gaussian dynamics and arbitrary, possibly non-Markovian environmental
noise, we derived necessary and sufficient conditions for entanglement through the
PPT criterion. Chapter 3 established that for a vacuum input, the entangling-
disentangling transition is independent of the optomechanical coupling strength,
such that a system outside the entangling regime cannot be brought into it by
strengthening the interaction between the mechanical oscillator and the light field.
Furthermore, entanglement cannot be created by frequency-dependent squeezing of
the input field if the vacuum-driven system is separable. Applying this framework
to aLIGO with a numerical treatment of its non-Markovian noise in Chapter 4, we
found that the present level of classical noise makes a definitive verdict difficult and
renders significant entanglement unlikely. We observed that the main limiting factor
is the large seismic noise at low frequencies: in the absence of this noise, stationary
optomechanical entanglement is achievable in the current operating regime of the
interferometer, which includes its suspension thermal noise. This chapter shows
that classical noise, even at very low frequencies, suffices to destroy stationary

macroscopic entanglement.

In Chapters 5 and 6, we tackled quantum phase and frequency estimation. In
Chapter 5, we proposed a strategy that achieves Heisenberg scaling up to a constant
overhead, using probe states implementable with logarithmic-depth circuits. These
states are constructed using blocks of GHZ states, and the phase is estimated from a
local, adaptive readout. The scheme can also be used in the extended dynamic range
regime where the phase imprinted on the qubits extends beyond a 27 interval with
the addition of slow atoms. In Chapter 6, we exclusively focused on the dynamic
range problem using a weak-measurement Ramsey protocol that asymptotically

attains the classical precision limit over an extended dynamic range. Optimizing



154

the measurement strength due to the trade-off between the frequency information
gained from the weak measurements and the resulting measurement back action,
and combining the protocol with a final projective measurement, we showed that

high sensitivity and large bandwidth can be achieved simultaneously.

Finally, in Chapter 7, we introduced the 0-n Fock qubit, a noise-biased bosonic
encoding whose logical states are the Fock levels |0) and |n). Because single-photon
loss maps these states to intermediate Fock levels which are not in the logical code
space, a logical bit flip requires [n/2] loss events and is exponentially suppressed in
n, yielding a hardware-level noise bias comparable to that of cat qubits but realizable
in multilevel anharmonic oscillators, such as a transmon or a Kerr oscillator. We
showed that the qubit can be stabilized with frequency-selective dissipation using
fewer than ten filter modes with realistic circuit parameters. We used this qubit as
a bias-preserving ancilla for cat-qubit architectures and showed that it enables CX
gates with bit-flip probabilities below 1078 for n = 9, supporting logical error rates

as low as 1076 under experimentally realistic conditions.

These results span three different settings, but share common concepts: the role of
entanglement, noise, and dissipation in quantum systems. In the optomechanical
setting, noise is the factor that limits how much entanglement the system can harbor,
in metrology, measurement back action sets the optimal measurement strength,
and in the computing setting, the same dissipative dynamics that would otherwise
destroy quantum information is instead engineered to protect it. This is the two-
facet picture of quantum systems laid out in the introduction: the same object can
be probed or harnessed, in order to achieve non-classical behavior or (metrological

or computational) quantum advantage.
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Appendix A

SUPPLEMENTARY INFORMATION FOR CHAPTER III

A.1 The Wiener-Hopf method

Here, we first re-state the conventions used in dot products between operators and
functions. Assume real functions of ¢, f(t), g(¢), and a real operator A(t — 1),
for t,¢ > 0. First, let us write down the inner product between the functions f, g:

assuming that the functions are column vectors, we have
og= [ s
= /00 f(t)g(t)dr if f(¢) or g(t) is causal.
- [ r@i@3; (A

where T denotes the transpose operation such that f7 is a row vector, T denotes
the complex conjugate operation, and f(Q) is the Fourier transform of f(7). Note
that we used the Plancherel theorem in the last line. We use the following Fourier

transform convention:

1@ =7 = [ apwe
=@y = [ Sr@e (A2
such that, for example,
£(Q) = m, a>0,b>0 = f(t) =e WDH(®), (A.3)

where H (t) is the Heaviside step function. Then, we see that the spectrum of a causal
(anti-causal) function has poles located on the lower (upper)-half of the complex

plane.

The dot product between the operator A and the function f is given as
A f=h() ::/ A —1t) f(i")di', t >0
0

ffleA=AT- N =1@1) = /OOA(t —1) f(t)dt', t>0 (A4)
0
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where A(t) and [(¢) are column and row vectors, respectively. Then, we see that the
transpose operation corresponds to a time inversion for operators. Furthermore, if
f(¢) is a causal function of ¢ (i.e. f(¢) = 0 fort < 0), we can change the integration
to be between —oo, oo, and can write h(Q) = A(-Q)f(Q) = A(Q)Tf(Q), and
1(Q) = A(Q) f(Q). Note that A(-Q) = A(Q)T since A is a real operator.

Now, assume an operator M, and functions 4, g, which are related to each other with
/ M(t-1)h(t)dt =g(t), t>0 (A.5)
0

Eq. (A.5) implies that 7 = M~!g. In Chapter 3, we want to find 4 given M and g, in
order evaluate the characteristic polynomial (Eq. (3.13)). For this purpose, we use
the Wiener-Hopf method (See Ref. [140] for a review). First, let us define M (Q),
g(Q) as the spectrum of M and g, respectively, and assume that they are rational

functions of Q. Notice that Eq. (A.5) can be rewritten as

/Oodt’M(t—t’)h(t')+dt':g(t), t>0, (A.6)
where
r) ifr>0
Fs =, =70 10 (A7)
0 otherwise.

which implies that

[/ dt’ [M(t =t )h(t)s —g]| =1[s()], =

)= [ =) - 5(0) (AS)
i.e. s(¢) is an anti-causal function of time. In the frequency domain, we have that
r(Qk, o)
5(Q) = Z O = @+ s@-, (A9)

for any rational function s(L), where the sum is the partial fraction decomposition
of the spectrum, and it is over the poles Q; of s(Q), with multiplicity o. r(Qy, o)
is the residue at Q = Q. Furthermore, s(€2); is given by

P _ r(Qp, o)
$(Q)s = F{s(1)) ; ooy

with Im(Q) <0 (A.10)
where Im(€Qy) is the imaginary part of Q. From Eq. (A.8), we know that

$(Q) = M(Qh(Q)+ - g(Q)
= 5(Q)s = [M(Qh(Q)+ - g(Q)], =0. (A.11)
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Since M(Q) is a rational function, we can write it as M(Q) = M(Q),M(Q)_,
where M (Q), (M (L)-) contains the causal (anti-causal) zeros and poles of M (Q).
Furthermore, M(Q)_ = M (Q)fr since M(—t) = M(t)" in the Chapter 3. We have

[M () M()-h(2)+ — g()],

g(Q) |
M(Q)-]+ =0

= [M(Q)+h(9)+ - (A.12)

where the second equality comes from the fact that multiplying the spectrum of an
anti-causal function with a rational function with anti-causal roots and poles does

not change the causality of the function. Therefore, we find

1 g(Q)
M= @), [M@_L’
e 1 g(R)
h(t) =F {M(Q)+ [M(Q)_L}, t>0. (A.13)

A.2 Universal entanglement in the presence of frequency-independent squeez-
ing

We consider two classes of symplectic transformations on the input light field,

(i) phase shifts, and (ii) squeezing the amplitude and phase quadratures with a

constant squeezing factor. We show that both of these transformations result in the

same determinant condition for optomechanical entanglement computed for the case

when the input light field consists of vacuum fluctuations, given in Eq. (3.29). First,

let us consider phase shift operations. Such a transformation can be represented by

i1 (Q)
2(L2)

cos0(Q) —sinf(Q)
sin (L) cos H(Q)

i1(Q)
i7(Q)

L, £i9@ :

(A.14)

where 6(Q) is a real function of ©, and the phase factor ¢*?) ensures the causality
of the transformation. We compute the light field sector of the covariance matrix in

the frequency domain as

VIV (Q) = cos® 8(Q) +sin” H(Q) = 1,
Vi (Q) = cos? 6(Q) QSX(—Q) —cos0(Q) sin H(Q)
+ cos 0(Q) sin 0(Q) + sin” H(Q) Q¥ (-Q)
= Qv (-Q),
V33 (Q) = | cos (6(RQ)) Qox(Q) — sin (0(Q))[?
+ | sin (6(Q)) Qo x (Q) + cos (0(Q))* + Q; xen(Q)
= 1+ Qlxen(Q) + QL x (Q) (A.15)
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Then, we see that the light-field sector of the covariance matrix is unchanged with
respect to the case where the input light field is the vacuum state. Similarly, we find
that all of the elements of the covariance matrix are unchanged. Hence, the condition
for the force and the sensing noise spectra for which the entangling-disentangling

transition occurs is unaltered.

Now, we consider squeezing the quadratures of the light field with a constant

squeezing factor. Such a transformation looks like the following

e 0
H .
0 e

where r is a real number. In order to utilize the formalism of Chapter 3, we

i1(Q)
12(Q)

n1(L2)

A.16
12 (Q) (A10)

can perform a symplectic transformation that simply rescales ¥1(¢) and ¥,(¢) as
P1(t) = e7"91(1), V2(t) — € Po(2). Then, the light field sector of the covariance

matrix is computed after the symplectic transformation as

VINQ) =1, V(Q) = e’ Qix(-9Q),
Vi (Q) = 1+ e Q2 xen(Q) + eV Qp (@) (A.17)

The covariances of the quadratures of the mechanical oscillator are

VIX(Q) = wmxF(Q) + wnQ | x (Q)]%e”,
QZ

Wiy

VI(Q) = Vi (@), (A.18)
and Vlbzb 0) = Vzblb (0) = 0 due to symmetry. Lastly, the correlations between the

quadratures of the mechanical oscillator and the light field are computed as

VI (Q) = Vome Qqx (Q),

VI(Q) = Vome' Qq xF(Q) + Vome” Oy (Q), (A.19)
and V2'(Q) = —%Vf;(g), VE(Q) = —%v{’;(g). From Egs. (A.17-A.19),
we notice that the effect of the frequency independent squeezing is such that the
interaction strength Q is rescaled to e" Q. Since we have proved the universality of
the entangling-disentangling transition with respect to the interaction strength (see
Section 3.5), rescaling it will not affect the transition. Therefore, we conclude that
the condition for the force and the sensing noise spectra for which the entangling-
disentangling transition occurs is unaltered if the input light field is squeezed by a

constant squeezing factor.
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A.3 General symplectic transformations on the light field
We want to write down an expression for a general, causal symplectic transformation
applied to the light field. Such a transformation can be written down as a 2-by-2

matrix of operators S, with

(1) oS () - S1(r)  Sia(r) (A.20)
(1) (1) S21(7)  S2(7)

where S;; (¢) are causal functions of time, 7, j = 1, 2. Inorder to be a valid symplectic

transformation, S must satisfy [5]

(A.21)

STKS = K, K:[ 0 5(7)]

-6(1) 0
where K is the commutator matrix. Writing STKS = K explicitly,

/‘X’dt, S11(11)821(12) = S21(7)S11(72)  S11(71)$22(72) = S21(71)S12(72)
0 S12(11)821(72) = S2(71)S11(72)  S12(71)822(72) — S22(71) S12(72)

_ 0 o(t—1") (A22)
—6(t—1") 0 ' '

with 7 ;= t' —t, 7 := 7 — . We can extend the lower limit of this integral to
—oo due to the causality of S;;(¢), i, j = 1,2. Thus, we can express these constraints
in the frequency domain, by defining S;;(Q) = /_0; dr S;;(1) e i j=1,2. We

have:

ST (Q)821(Q), ST,(Q)52»(Q) € RVQe R (A.23a)
ST (Q)850(Q) - S, (Q)$(Q) =1VQe R (A.23b)

We realize that we can write down a symplectic transformation satisfying these

constraints in the following manner,

A(Q) B(Q)
C(Q) D(Q)
A(Q),B(Q),C(Q),D(Q),p(Q) e RV Q,

A(Q)D(Q) - B(Q)C(Q) =1V Q (A.24)

S(Q) = £/

9

where the "phase" ¢ () ensures causality by canceling out the anti-causal poles of
A(Q), B(Q),C(Q) and D(L). Furthermore, we can replace A(Q), B(Q2), C (L) and
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D (Q) with other real functions of Q such that

A(Q) = cos 8(Q) coshr(Q) + cos p(Q) sinh r(Q) (A.252)
B(Q) = —sin 6(Q) cosh r(Q) + sin p(Q) sinh r(Q) (A.25b)
C(Q) = sin 8(Q) cosh r(Q) + sin p(Q) sinh r(Q) (A.25¢)
D(Q) = cos 8(Q) coshr(Q) — cos p(Q) sinh r(Q) (A.25d)

where r(Q), (Q), p(Q) € RVQ. Tt is straightforward to check that this form
satisfies the constraints in Eq. (A.23).

A.4 Realization of frequency-dependent squeezing

We aim to find the parameters of a filter that squeezes the input light field such
that the spectrum of the quantum noise in the output is squeezed by the same
amount at every frequency, i.e. the shot noise and the quantum radiation pressure
noise (QRPN) is squeezed simultaneously [138, 172]. First, we write down the
input/output relations for the light field only,

1 0
QI x(Q) 1

P1(Q)
P2(Q)

i1(Q)
12(Q)

(A.26)

Assuming that the input light field is in the vacuum state, the spectrum of the

quantum noise S(€2) in the phase quadrature v, is given by
S(Q) =1+Qf [x(Q) (A.27)

‘We observe that the first term contributes as a shot noise, whereas the second term
is the QRPN since it is transduced by the mechanical oscillator. In order to realize
frequency-dependent squeezing, we first squeeze the input light field in a frequency-
independent manner (for example, with propagation through a bulk crystal), and
filter it through a detuned Fabry-Perot cavity. Such an operation will have the

following transfer function in the frequency domain

1|Q%+y>-A2 —2yA
C 2yA Q2 +y2 - A?

0 e

e 0 ]
(A.28)

where C = A2— (Q+iy)?. y and A are the cavity linewidth and detuning, respectively,
and r is the squeezing factor, withr, y, A € R, r,y > 0. Plugging this in Eq. (A.26),
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assuming a high-Q oscillator (i.e. wy > yn), V2 will be in the form of

r QZ (,)/2 + QZ _ AZ)
172 = e: —2)/A + d > ) ﬁl
C Q° - Wiy
-r Q2 2yA
T o L it (A-29)
C Q2 — w2

where i, i are the vacuum fluctuations. We notice that the coefficient multiplying
the amplitude quadrature in Eq. (A.29) can be set to zero with an appropriate choice

of v, A. More specifically, if we set

—wh + \Jwn, + Q¢ oy
Y= A==

, = —, A.30
5 2y (A.30)
we obtain that the spectrum of the quantum noise is modified as

S(Q) = e 7S(Q) (A.31)

Therefore, the spectrum is squeezed with a fixed factor of e

A.5 Passive losses

Here, we consider passive (detection) losses, affecting the readout of the output light
field. Such losses occur due to processes such as the finite quantum efficiency of

the photodetector. They can be modeled as [58]

91(1) = V7 0u(0) + T =néi(r), i=1,2, (A.32)

where $7(¢) is the measured quadrature of the output light field, é;(¢) is an additional
quantum noise that is assumed to be in the vacuum state, and 0 < < 1 is the
efficiency of the photodetector. Then, S, = 1,i = 1,2, and S.,., = 0. We can
rewrite the equations of motion in Egs. (3.1) in terms of \31’2(t) as

V(1) = Vi (1) + 1 =né o), (A.33a)
Q .
05(0) = Vi |i2(t) + == (Ba (1) + s (1)
+VT—né(), (A.33b)
balt) = =yuba(t) = wnbi (0 + o) +ir(). (A3

bi(1) = wmba (1), (A.33d)
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If the ingoing light field is not frequency-dependently squeezed, such that 7 »(7)
denote vacuum fluctuations, we can combine the operators i »(¢) and é; »(¢) in the
form a white noise. In this way, Eqgs. (A.33) will resemble the initial equations of
motion in the absence of passive losses (Egs. (3.1)). Defining ﬁll,Z(t) = \nia(t)+
ﬂél,z(t), we observe that ﬁl],z is a white noise with Su;u; =1,i=1,2, and
Su’l W, = 0, since i1 » and € » are independent noise sources. Making sure to preserve

the dynamics of the oscillator in terms of the amount of driving noise, we will obtain

V(1) = @ (1), (A.34a)
QT -
(1) = (1) + ‘iu‘/ﬁ(bl(t) +7s(1)), (A.34b)
by (1) = —ymb2(1) — wmb1 (1) + Ci:/ﬁﬁl(l)
Q1-1,
+Ap(t) + qunf(t), (A34c)
b1(1) = wmbi (1), (A.34d)

where £ is an additional noise in the form of vacuum fluctuations. We notice that
€2 is scaled by /17, and there appears to be an additional white force noise on
the mechanical oscillator with a constant spectrum of Qé(l —1n)/wm, due to the
rescaling of €, by 17. Note that the total force noise on the oscillator is, as expected,
unchanged. Due to the dependency of this additional force noise to the coherent
coupling €, the entangling-disentangling transition is no longer universal with
respect to €.

Then, we encounter two distinct limits: if S, (Q) > Qé(l —1)/wn, the entangling-
disentangling transition is approximately unaffected. However, we expect the
amount of entanglement in the system—if there exists any—to reduce because
of the rescaling of 4 by 7. On the other hand, if §5.(Q) < Q(Zl(l - 1n)/wn, it is
more advantageous to have a small coupling €2, in order to achieve entanglement,

as the additional force noise in the system is approximately proportional to €2,.
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Appendix B
SUPPLEMENTARY INFORMATION FOR CHAPTER 1V

B.1 Structure of the Covariance Matrix
The mirror and the cavity, at¢ = 0, constitute two modes, whereas there are an infinite
number of modes in the outgoing light field given by the quadratures ¥ (¢), ¥2(?),
t € (—00,0). In continuum coordinates, we can first write down the commutator
matrix,
KB
K= K4 , (B.1)

with

KA - KB - 0 i K' = 0 io(t—1t") (B.2)
—i 0|’ —i6(t —1') 0 ' '

Note that K" is a 2 X 2 block matrix, but each block is infinite dimensional, with
columns and rows indexed by ¢ and ¢/, respectively. The indices 7 and ¢’ each run
through all negative real numbers, (—co, 0]. In order to represent these covariance
matrices in a less ambiguous and more operational way, we shall adopt an index
notation, in which j, k, [, m are discrete and run through 1 and 2, while ¢ and ¢’ are

continuous and run through negative real numbers. We can then write

Ky = i€k, K, = i€im, Klvt,mt’ =igno(t—-1). (B.3)

Note that for K¥ we have a two-dimensional row index (/,¢), as well as a two-

dimensional column index (m, t’), to label quadrature and arrival time.

The covariance matrix V of the system contains the steady state correlations between
the mechanical mode at t = 0, the cavity mode at ¢ = 0, and the outgoing light field

modes for ¢ < 0. It can be written as

VBB VBA VBv
V= VAB VAA VAV = VQQ VQV (B4)
VVQ Vv
VVB VvA ‘ Vv

Here each of A and B represent two dimensions, while v represents an infinite

number of dimensions. For computational purposes we can group A and B together
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as Q, or
07 =0234 = (B1, B2, A, Ay) . (B.5)

Here we shall use upper-case Latin indices to run from 1 to 4, to label quadratures

in the mechanical and cavity modes. We can write

1 ~ & A A © dQ
VJQKQ = §<QJQK +0k0y) = /o gSQJQK(Q), (B.6)

where the (one-sided) cross spectrum is defined via
Sxr(Q)8(Q - Q) = 2x(X(QY(Q) + ¥ (Q)X(Q), (B.7)

and they can be obtained from solutions to the Heisenberg Equations, as well as the
spectra
Suiuj(Q) = 6” s (B8)

and the prescriptions we use for the spectra of S,,, (€2) and S, (€2). The uncorrelated
white spectra between ii; and ii, in Eq. (B.8) result from the ingoing light field being
in its vacuum state. We shall discuss the magnitude and frequency dependence of
Sny () and S, () in depth in the next appendix.

For elements that involve v, we shall still use /¢ for column indices and mt’ for row
indices. We then have

+00

1% 1 A A ’ A "N A 1 dQ i ’
Vo = 500t (@) + 000 = 5 [ S0, @% . ®9)

—0o0

and

+00
1 A A / A A Vi 1 dQ _l' ¢
Vi = =000 () + 9m(OP() = 5 [ =Sy, (e ™) (B.10)
g 2 2 2

—00

Note that V¥ , = V"<

J,mt’ mt' J*

In numerical computations, we will have to convert the continuum of ¢,/ < 0

into a finite grid. This means we will sample a finite duration 7 with a step size

of Ar. We shall still use lower-case Latin indices to run from 1 to 2, and upper

case Latin indices to run from 1 to 4, while we use Greek indices, for example,
a=0,1,2,...,T/At = N — 1, to replace t. We shall write

K, ., —> K

lt,mt’ la,ma’

= i€mOga’ - (B.11)
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Note that a Kronecker delta now replaces the Dirac delta. For the covariance matrix,
we replace

VAL, A X .
Ve = V= S Osntar) + Pnlta) 0. (B.12)

which are 4 X 2N and 2N X 4 dimensional matrices (with VJV% )» and

At
ARSI VAdd = ?(91(ta)ﬁm(ta/) + D (to)Vi(tyr)), (B.13)

It,mt’ la,ma’

which is a 2N X 2/N-dimensional matrix. For the discrete sampling times we have
defined 7, = — (a + %) At, where the additional %At provides a faster convergence

in numerics. The entire covariance matrix is then (2N +4) X (2N +4) - dimensional.

Our particular convention of inserting At at various places of the matrix is associated
with our convention of discretizing vectors. For a generic variable, in the continuum

form, we can always express it as
. A . A 0 . A 0 .
X=a'A; +p'B; +/ E (1), (t)dt :ny,+/ E(v;(ndt, (B.14)

where we have used upper indices for vector components, and we have grouped a/

and 8/ into y’. The variance of X, which is formally written as X" VX, will then be

1 A A A 0 R R
X'VX = 577(0,0x + 0x 07" + / YOS (t) + 3m()ONE ()Y

—0o0

0
+ % ﬂoo é:l(t)<\”\'l(t)\’/\'m(t,) + 9m(t)9l(f,)>§m(t/)dtdt’ . (B]S)

As we convert the integrals in Eq. (B.15) into summations, / will become Z,
while dr will become Ar. We shall take &™* = £"(t,)VAr. Together with Eq.
(B.12)—(B.13), the fully discretized version of Eq. (B.15) will then be

gma/ + flﬁVVQ

X'VX = y/VE2yK 45V sk

J.ma

YR+ ey e (B.16)

In this convention, the usual vector norm for the discretized version of a function
of time coincides with the L?>-norm of that function. It can also be checked that
discretized matrices in Eqs. (B.11)-(B.13), when contracted with vectors in this
convention, lead to the appropriate integrals. Note that if a (¢, — #/,) shows up in
Eq. (B.13), we will take Atd(ty —t),) — Jqar, as in Eq. (B.11).
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Table B.1: Classical Noise Model Parameters

Parameter Symbol Value Units
Force Noise Time Constant TF 1.6-10720 s
Force Noise Cutoff Frequency WF 2r - 0.25 rad/s
Sensing Noise Time Constant 1 Tx, 1070 S
Sensing Noise Time Constant 2 TX, 10748 S
Sensing Noise Cutoff Frequency wx 2 - 104 rad/s
Suspension Thermal Noise Time Constant TST 3.1-107% S

Suspension Thermal Noise Cutoff Frequency wsT 27-1.9-10%  rad/s

Table B.2: alLIGO Parameters

Parameter Symbol Value Units

Mechanical Resonant Frequency Wm 2r-0.9991 rad/s

Mirror Mass M 9.446 kg
Cavity Decay Rate Y 2n-424.6  rad/s
Arm Length L 3.995 km
Circulating Power P, 322.7 kW
Laser Wavelength A 1064 nm
Mechanical Damping Ym 27 -1073  rad/s

Corresponding to the discussion at the end of Sec. 4.3 (also shown in Fig. 4.1),
here we consider entanglement between: (i) mass at ¢+ = 0 and the outgoing light
field that had emerged during ¢ < 0 and (ii) mass and the joint system of the cavity
mode as well as light that had emerged during ¢ < 0. In case (i), we simply throw
away elements involving A in both K and V, while in case (ii) we consider the
full matrices. In both cases, V, is obtained by adding a minus sign to the column
involving B, and the row involving B,—but not the diagonal element at which they

intersect.

B.2 Numerical Implementation for aLLIGO’s Noise

The parameters used in modeling the classical and quantum noise curves, including
the resonant modes, were calculated by minimizing the mean-squared error between
the actual noise curves of aLIGO taken from pygwinc and the theoretical models,
characterized by the parameters of interest, sampled logarithmically in frequency.
Table B.1 contains the parameters for the classical force and sensing noise in alLIGO
defined in Eqgs. (4.21), Table B.2 contains the parameters of aLIGO introduced
in the optomechanical Hamiltonian of Sec. 4.2, and lastly, Table B.3 contains the

parameters of the resonant modes present in alLIGO’s noise curves, modeled with
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Table B.3: Resonant Mode Parameters

Parameter Symbol Value Units
Q,, 2m-0.441 rad/s
Q,, 2m-0.995 rad/s
Q,, 2 - 1.98 rad/s
Mode Frequency Q,, 2r - 2.37 rad/s
Qg 2m-3.38 rad/s
Qy 2m - 3.81 rad/s
Q,, 2m-9.73 rad/s
L, 27-1.92-107 rad/s
I, 27-5.63-107 rad/s
I, 27-2.11-107>  rad/s
Full Width at Half Maximum T,  2x-1.44-107" rad/s
Iy, 27-145-107* rad/s
I, 27-1.65-107 rad/s
I, 27-1.03-107 rad/s
A, 159 rad/s
A, 93.8 rad/s
A, 538 rad/s
Amplitude Ay, 235 rad/s
A 353 rad/s
Ay 274 rad/s
A, 78.0 rad/s
Eq. (4.23).

In our simulations, we use dt = 0.25 ms and T = 0.1 s, which corresponds to
sampling the light field at 4000 Hz and working with the outgoing field emitted
from the cavity between ¢ = —0.1 s and r = 0 s. We achieve numerical convergence
with these parameters. To quantify the amount of entanglement in the system, we
use the logarithmic negativity defined in Eq. (4.16). However, this is possible
only for low levels of classical noise. For high levels of classical noise, classical
correlations dominate over quantum correlations, which causes the cross-correlation
values in the system to cover a wide-range of orders of magnitude, mostly due to
the 14th power of Q in our force noise model Eq. (4.21). For aLIGO parameters,
the entries of the covariance matrix span about 20 orders of magnitudes, while we
attempt to find a symplectic eigenvalue of order 1—this is numerically an extremely

challenging problem.

Numerical errors also arise because of time-binning with an insufficient resolution.



191

Thus, we lose precision on the numerically determined covariance matrices. This
affects the smallest symplectic eigenvalue v,,;, to the point that it cannot be used
to measure entanglement with the logarithmic negativity. Numerical imprecision
can lead to covariance matrices that do not satisfy Heisenberg uncertainty bound
Eq. (4.14), they thus do not correspond to a bona fide state and we call them non-
physical. One way to get around this loss of precision is to use the PPT criterion
as a yes/no test only, renouncing the magnitude information of v,,;,. The sampling
frequency during time binning should be higher than the Nyquist rate of the system
(i.e. twice the largest frequency in the system), since the entries of the covariance
matrix contain correlations from all frequencies. In our system, the largest frequency
is the cavity decay rate y = 424 Hz. Therefore, we choose dt < 1/(2-424) ~ 1.2 ms.
However, as we decrease dt, we are limited by computational resources, such as the
RAM size, or time. The parameter dt is limited to an optimal range determined by
this trade-off. We thus develop the following strategy: we first quantify the amount
of numerical errors in the system by computing the most negative eigenvalue (if it
exists) of V + %K before and after the partial transpose operation, denoted as Ag and
Ay, respectively. Then, we decide that entanglement exists if g > 0 and Ay < O,
orif Ag < 0 and |Ax| > |1g|. Furthermore, we decide that the system is separable
if Ag > 0and An > O.

Two case studies about this strategy can be found in Fig. B.1 where we fix T = 0.1 s,
change dt, and examine how A, and Ag change by plotting Ax and 1g. We decide
on entanglement if g > 0and Ay < 0,0r Ag <0, Ay <0, and |Ax]| = 100|Ag|.
Our criteria for convergence is a relative change smaller than 5% for both Ay and 1g
as we change dr. In Fig. B.1a, we work with a low level of classical force noise and
set ap, = 10715, ar, = 151n Eq. (4.21). We see that A and Ag converge with Ay
changing by 0.053%, 0.068%, and Ag changing by 4.9%, 0.77% before and after
tracing over the cavity, respectively, for dt = 0.1 ms. The system is entangled for
both partitions since Ag > 0 and Axy < 0. Furthermore, Ag becomes positive and
converges after dt ~ 1 ms, or a sampling frequency of 1000 Hz; consistent with the
discussion above relating physicality to Nyquist rate of ~ 850 Hz. We also see that

A converges for similar values of dr from Fig. B.la.

In Fig. B.2, we plot the light-field section of the eigenvector associated with the
(converged) minimal eigenvalue of V + %K, for the partition where we do not
trace over the cavity and with @z, = 1071, ap, = 15. It corresponds to a temporal

mode of the free electromagnetic field outside the cavity. It is that particular mode
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Figure B.1: Ag and Ay for af, = 10715 and ar, = 15 [top row, (a)]; afp, = 1078,
ar, = 10, and ay, = 103 [bottom row, (b)]. We set T = 0.1 s, and dr € [0.1,10]
ms. Note that dt decreases to the right of the plots. In Figure a, entanglement
exists for both partitions, and Ag(4dy) is re-plotted in the inset on the left(right) for
dt € [0.1,0.5] ms. In Figure b, the state is separable for both partitions, and Ag and
Ay are re-plotted in the inset for dt € [0.1,0.5] ms.
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Figure B.2: The real and imaginary parts of the eigenvector for the negative eigen-
value of Vp + %K for ap, = 1071, ar, = 15, denoted by e; and e, which
correspond to the first and second halves of the entire eigenvector, respectively. The
reason behind this slicing is the block-matrix structure of the light-field sector of the
covariance matrix. Furthermore, since the light field modes are continuous in time,
e and e, are also functions of time.

associated with the (sole) negative eigenvalue that is entangled with the joint system
mechanics plus cavity. The four curves correspond to the real and imaginary parts
of 1(¢) and ¥,(7). They have the form of smooth decaying oscillations with the
same frequency and decay rate, but differing by a phase. This form of the mode
functions was predicted for a white force noise in [175]; which gives us confidence
in the correctness of our study. Also, exponentially decaying demodulation pulses
were used to demonstrate optomechanical entanglement [199, 115] and proposed
for a demonstration in the stationary regime [103]. We fit functions in the form of
e V! sin (w4t + ) to each curve, which results in w./(27) ~ 40 Hz, and y./(27) ~
25 Hz. In the frequency domain, exponentially decaying harmonic oscillations are
Lorentzians, centered at +w, and with a bandwidth (FWHM) 2y... In aLIGO’s noise
budget (Fig. 4.3), these Lorentzians are on the low frequency side of the low-noise
band and their halfwidth at half-maximum to the left crosses the quantum noise,
where it is not yet dominated by suspension thermal and seismic noises—although
we saw in Sec. 4.6 that the latter is probably the main mechanism preventing
optomechanical entanglement. We add that Lorentzians are heavy-tail distributions,

being a possible reason why even lower frequency components matter.

In Fig. B.1b, we set af, = 1078, ar, = 10,and ayx, = 103, causing the sensing noise
to dominate over quantum noise for frequencies in the 30 — 2000 Hz band. We again

see that Ax and Ag converge with A5 changing by 1.3%, 1.2%, and Ag changing
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Figure B.3: Contour plot depicting the effect of the force noise spectrum on our
numerical precision for both partitions. The force noise levels increase toward the
bottom-right of the figure. The black and the red dashed lines separate the regions
where numerics converge from the regions where numerics fail for the partition
where we do and do not trace over the cavity, respectively. The region where
numerics converge for both partitions is marked in gray, whereas numerics fail for
both partitions toward the bottom right of the figure, past the red dashed line, in the
yellow region.
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3
3

10—24 L

103 1072 10”1 100 10! 102
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— Curves with Entanglement Suspension Thermal Noise

— Seismic Noise Coating Thermal Noise

Figure B.4: Examples of force noise spectra along the boundary where we lose
numerical precision (defined with |Ax| = 100|4g|) for the partition where we do
not trace over the cavity, plotted in black. alLIGO noise curves are also plotted for
comparison. The black curves are parametrized with (from left to right) @, = 1 and
ar, =200, ar, = 107 and ap, = 14, @, = 107'% and af, = 1, and af, = 1071
and af, = 0.029.
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by 1.2%, 1.1% before and after tracing over the cavity, respectively, for dr = 0.1
ms. Since Ag and A are positive for both partitions, we conclude that there is no
entanglement in the system for either partition. When we increase the classical noise
level we see that convergence is much harder to achieve. Furthermore, Ag and Ay
are negative, and 1g ~ A for every value of df regardless of when we do or do not
trace over the cavity. Therefore, we cannot conclude that there is entanglement for
either of the partitions. These case studies show that we can use Ag as an indicator
of the "non-physicality" of the covariance matrix V introduced by finite-sampling
and high levels of classical noise in the system, and that the negativity of A is not

enough to decide on entanglement when we consider the numerics.

For our model of aLIGO’s non-Markovian noises, Egs. (4.21), we study the nu-
merical stability of broad noise regimes, parametrized by the pair af,, j = 1,2.
We set ax; = 1, j = 1,2, since we saw that force noise had a greater impact on
numerical stability than sensing noise in our simulations for alLIGO’s noise. In Fig.
B.3, we plot the boundary between noise regimes where the numerics converge and
the computed covariance matrices are physical (in gray) and those regimes where
the numerics fail (either at converging or at generating physical covariance matrices
or both) with the available computing resources (in yellow). As a matter of fact, in
all the operation regimes in the gray region where the numerics work, the system
is entangled. This means that our model predicts optomechanical entanglement in
aLIGO, if its classical noise is in this gray region. Recall that the current status
of alLIGO corresponds to ap, = ax; = 1, j = 1,2, far to the bottom-right in the
undecidable yellow region.

If we follow the red dashed line in Fig. B.3, we continuously sample the force
noise spectrum over the boundary where our numerics converge, and the system is
entangled, for the partition where we do not trace over the cavity. This boundary
corresponds to a lower limit of the maximum amount of classical noise allowed in
the system in order to have entanglement. We plot some of these noise curves in
Fig. B.4. Note that if we set @, or af, to be unity, the corresponding pairs of af,,
aF, situated on this boundary would be ar, = 1 and af, > 200, or for ar, = 1 and

ar, < 10719, The corresponding noise curves are also plotted in Fig. B.4.
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Appendix C

SUPPLEMENTARY INFORMATION FOR CHAPTER V

C.1 Allan deviation for various clocks

To calculate the clock stability for a given protocol, we need to find the optimal
interrogation time 7" to operate with. This optimal interrogation time is a function of
the total interrogation time 7. For an uncorrelated interrogation, 7 = 7 for 7 < 71:(1)’

and T = y]:(l) for r > y]:(l). Here, we calculate the exact value of 7 numerically.

The unknown phase ¢ of the LO is a stochastic variable, sampled from a prior
distribution with a variance of (§¢). The variance grows with the interrogation
time 7, in the form of d¢ = y 0T, for a 1/f laser noise frequency spectrum.
Therefore, the probability of a phase slip occurring increases with 7. However, the
clock stability o, (1) also increases with 7', which results in an optimal 7" to balance
this trade-off.

We assume a posterior variance (A¢)? for a clock protocol, in absence of phase slips.

The broadening of the posterior variance due to phase slips can be represented by

) o0 , [Ck+Dn | g
(AP)5. ~2 > (2kn) / dp —————¢ 2607
Shp Z‘ Ck-r  27(59)2

= i(Zkﬂ)z [erf(%) - erf((zf/i;d;)ﬂ)] (C.1)

for (A¢3)2 < 1, or N > 1. Then, assuming that this effect is independent for each

clock cycle, o, (7) is calculated as

1
waNTT

Then, the optimal interrogation time 7" is found from minimizing Eq. (C.2), resulting

- /2
0y (1) = (802 + Za0)3, | (€2)

in the minimum Allan deviation
oy (1) = mTin oy(T) (C.3)

To obtain the Allan deviation curve in Fig. 5.2b and Fig. 5.2c for uncorrelated
atoms, we plot Eq. (C.3) for N = 200. We find numerically that the Allan deviation,

normalized by N'/? is approximately independent of N.
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For a clock interrogation using an N-atom GHZ state, we take a different approach.
First, we redefine Eq. (5.5) in Sec. 5.3 for short interrogation times, where the
posterior variance is close to the prior width, i.e., A¢ ~ 6¢. In this limit, the
assumption that we made in Sec. 5.3 (A¢ < §¢) breaks down, and the uncertainty

of a stable clock is given by Ageg, with

(Aden)* = [(A)2 = (50) 7] (C4)
which we refer to as the effective uncertainty. The numerator in Eq. (5.5) in Sec.
5.3 is therefore given by this Ad.;. Now, assume a parity measurement on the
N-atom GHZ state: the measurement has two outcomes, even or odd parity. The
probabilities of obtaining these results are given by P(+) = (1+cos (N¢))/2. Then,
using optimal estimators, the BMSE is calculated as

) 2
(1/2 [ ¢sin (N¢) Psg () d¢)

(A)? = (6¢)* -2 = (6¢)2 — N2(6¢)*e N (09)?

1/2
(C.5)
Plugging in 6¢ = y107, the effective uncertainty is given by
1/2
(e - N2 07y?)
Adetr = (C.6)

N
Then, the optimal Allan deviation for a GHZ interrogation can be obtained from

minimizing o, (7) with respect to the interrogation time 7', given the effective
uncertainty in Eq. (C.6). In Fig. 5.2b, we plot the Allan deviation, normalized up

to some prefactors, for an N = 200 atom GHZ state.

When slow atoms are introduced to a given clock protocol, we can extend the
interrogation time 7" beyond the LO noise limit, i.e. 7 = 7 even in the regime where
T> Vﬂcl)' Here, we assume that enough slow atoms are introduced such that the phase
slip probability is small, and that the number of slow atoms is negligible compared
to the initial number of atoms N. Therefore, in this regime, the Allan deviations
of the best classical clock and the OQC are given by 1/wa VN7, and by 7/wsNT,
respectively. The stabilities of these clocks eventually reach the fundamental limit
of sensitivity (up to a possible constant factor of order one, see Ref. [69]), given in
Eq. (5.6) in Sec. 5.3.

C.2 Optimality of the sine state
Here, we show that the phase estimation protocol where the initial state is an N-qubit

sine state, and the measurement is a QFT followed by a projective measurement on
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the basis states, attains the HL in the limit of large qubit number, N > 1. This
regime is equivalent to having a large prior width within the dynamic range [167].

The N-qubit sine state is given by

Wsine) = | 75 Z (”(’"“))lm )

where the states {|m)} are the symmetric—under—permutations eigenvectors of the

angular momentum operator in the z-direction J,, with J, = 3 Z i=1,2,...N,

and O'é is the Pauli Z operator for the i qubit. After undergomg a unitary evolution

U(¢) = e%/=, the sine state transforms into

) =/ +2Z e (HE'V" +21)) jm) (C.8)

up to a phase factor. Performing a QFT, followed by a projective measurement on
the basis {|m)} can be represented with a POVM Ej = |ey) (ex|, kK = 0,1,...N,

where
2nk
lex) = +1Z e |m) (C9)

And the probability of obtaining an outcome k after the measurement is given by

p(k) =W Ely) 1%

N 2

2 o c2nk o [rn(m+ 1)

k) = im( +1 ®) -
P = NI DN+2) ;‘)e " Sm( N+2 )

1 pl
~ 2 / / dx dy ¥V CT=NE) gin (7x) sin (7y)
0 Jo

2 2
_ _ 8r7cos” (N¢/2) (C.10)

72 - 27k - N¢)2|”

for N > landk =0, 1,...N. Note that we assume no phase slips, ¢ € [0, 2x], such
that p (k) is non-zero only in this interval. Given the probabilities of measurement

outcomes p(k), we can derive the statistics of the measurement results.

Let us denote the random variable that corresponds to the measurement outcomes
as Oqrr. Oqrr therefore takes the values {k}]_\]]<]2/2 with probabilities p (k). The first
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and second moments of OqFr are given by

N/2

872 cos? (N¢p/2) m
(Oqrr) =
m:—ZN/Z [7% - (27m - N¢)2]2
N2 82 cos? (N¢/2) m?

(%) = 2

m=—N/2 [7T2 - (27‘[1’]’1 - N¢)2]2

(C.11)

where we define k = [N¢/(2n)] ~ N¢/(2n). In the limit of N > 1, these

expressions are approximately
o 8712 cos? (N¢/2)m N¢

(Ogrr) ~ D' ==

=0 |72 = (2nm —Nqﬁ)z]2 2m
00 2 o2 2 2
<06FT> N Z 87°cos” (N¢/2)m” (@) +1

weho (72 = (27m — N¢)2]2 2 4
1
(80qin)* = (O%r) - (Oarr)” = 7 (C.12)

where (AOQFT)2 is the variance of Oqpr. We can thus take the estimator of ¢ in the
limit of N > 1 to be 2W”OQFT. The MSE of this estimator is then

(2n)? n?

(A9) = =3~ (A0qr)” = 5. (C.13)

We thus attain the w-corrected HL for the entire interval ¢ € [0, 2], for N > 1.
Note that this result is independent of the basis states {|m)}.

C.3 Overhead for three blocks with optimal measurements

Here, we calculate the phase estimation error for the scheme where the initial state
consists of GHZ states with sizes of 27, where k; = 0, 1, . . ., kmax, and each state
has M = 3 copies. For the readout, we assume optimal measurements are available.
The total number of qubits is given by N = 3(2kmx+1 — 1) As mentioned in Chapter
5, such a state can be written as

N
W) = ———— S VT Iny. (C.14)
n=0

(N/3+ 1)32

We can explicitly calculate the coefficients f(n), with

(n+1)(%+1) I>%£>0
)= U (- 20} (- 23) 2> L (C.15)
(N-n+1) (%2 +1) 1>24>2
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We assume a uniform prior in [—n, ], and choose the commonly used cost function
of 4 sin® ((¢ = dest)/2) = (¢ — pest)?. It was shown in Ref. [128], that in this case,
given the state in Eq. (C.14) and the optimal measurements, (A¢)? is given by

(A)? =2 Z Vi f+1).  (C16)

Sy
[ (N/3+ 1)3]

Let us use the analytical expression for f(n) in Eq. (C.15) to explicitly calculate the
(A¢)? for large N. First, we can write Sy as

N-3

~ 2 6 2 2
= :0<n+z)m_%+go (%_) 2

(C.17)

e

The sum Sy can be expanded using the Euler-Maclaurin formula,

n n P g
Yie= [ etoder Y 2 (¢4 - ¢S Vm) + R, (€19
m n k=1 "

where By are the Bernoulli numbers, R, is an error term that depends on the order
of the expansion, and g®)(x) denotes the kth derivative of the function g evaluated
at x. The BMSE can be written as &/N + 8/N? + O(1/N?), where we want to
calculate a and §. Since the sum S is multiplied by a factor ~ N =3, the terms that
will contribute to @ and g in S will scale as N? and N, respectively. Then, we do
not need to find the constant terms in Sy, which reduces the number of terms that

we need to calculate in the expansion significantly. Accordingly, we find

w|2

-1

3 2
Z (n+2)\(n+1)(n+3 —N— N—+5—N+0(1) (C.19)

n=0 9

and

Z ((N+3)2 nz)z_nz o' N2 (17 - 2B + VAN

= ——+ — o(1
81 "4 " 18 +o)
(C.20)
Plugging these sums into Sy, we find that
~ 9V3In(2++V3) 1
(AG)? = V3 n(2 +V3) 5 +O(N). (C21)
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C.4 Optimization of the adaptive measurement
Here, we show the optimization over the single-qubit rotations in the adaptive

measurement. The BMSE can be rewritten as

(002 = [ 3 pBIO)6 - dus ()10 (8) do (€22)

where the optimal Bayesian estimator for each branch, ¢, (7), is given by

[ ¢ p(#i, ®|¢)Psy(¢)dep
[ p(#, @|¢)Pss(¢)dep

bost (1) = (C.23)

which can be thought of as the expected value of ¢ given that the branch 7 has been

sampled. Eq. (C.22) and (C.23) result in the minimum possible BMSE, given by

> 2
) [ ¢ p(ii, ©1§)Psg (¢)dd
(A)? = (69)* - ) ( ) (C.24)

= [ p(ii, ®|¢)Psy(¢)de

p(n, i)|¢) contains the rotations angles (system phases) @ that will be performed
after each measurement along the branch 7. For example, if the initial state contains
one block of a 2-atom GHZ state and two blocks of 1-atom GHZ states, there
are 23 = 8 possible branches depending on measurement results, occurring with

probabilities

p(li,j, k], ®|¢) :01_(2(¢ - ‘Dl))ej("’ - c1>2+,-)9k(¢ - q>4+2,.+j)’

2 2 2

cos? (x), ifi=0
0i(x) = (C.25)
sin (x), ifi=1
for i, j, k € {0, 1}. The branch vector [i, j, k] indicates the measurement result of

a parity measurement on a GHZ block with m atoms: 0 (1) represents even (odd)
parity.
We now want to minimize A@* with respect to the rotation angles ®. For this

purpose, one needs to obtain dAG* /0D; = 0 for every i. IA$* /0D, is found as

A"
oo,

i@ [ 90,0 Blo)Pso(9)d0

247, () / 6 0o, p (7, D|0) P (9)dd (C.26)
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Note that do, p (7, ®|¢) = 0 if the branch 7 does not contain ®;. Assuming that ®;
is contained in the branch 7, and that it is the /™ measurement, performed on a GHZ
state with m atoms, from Eq. (C.25), we see that do, p (71, <f>|¢>) has two possible

forms:

mp(ﬁ,cflqﬁ) tan (@), ifn, =0

O, p (it, D|¢) = .
—m p(7i, ®|) cot (@) ity =1

(C.27)

Plugging the expression for the derivative in Eq. (C.27) into Eq. (C.26), we obtain

OND* . L =
o= 2, Yl [ 0n.0100pG B16)P10(6) do
—24%,(i) / 6 [(n. i) p (i, Bl Poos(#) dd  (C28)
with
m tan (@), ifn; =0
Fn, i) = ol (C.29)
—mcot(T’), ifn; =1

and m is the number of atoms contained in the GHZ block such that the feedback
@, is applied after its measurement.

To find the system phases that minimize the BMSE, we perform a gradient descent,
where the system phases are updated according to ®; — &; — aaaAf“fi*, where « is
the step size and the derivative is given in Eq. (C.28). We implement the Adam

optimizer [139] to perform the gradient descent.

C.5 Proof of claim I (OQI and CSS Plateaus)
We provide here a detailed proof for the BMSE expressions in the limit of N — oo

given in Chapter 5. For completeness, the statement of the claim is:

Claim. The OQI BMSE in the limit of N — oo for any prior distribution Ps4(¢) is

2
n (Z¢k7"5¢ (¢k))

(AD)oar = (967 _/ kZP&p (¢k)
=

de, (C.30)

where ¢, = ¢ + 21k, k € Z.
Assuming a Jg := cos (6) J, — sin (6) J single quadrature readout, the CSS BMSE
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in the limit of N — oo for any prior distribution Ps4(¢) is

2

) n (% (br — 0) Psg (px — 0) — (¢x + 6) Psyp (—¢r — 0)
_— B
(89 = 007~ [ ds SPi (0x = 0) + Pog (-0~ 0)

-

(C.31)

Proof. We first prove the OQI BMSE, given in Eq. (C.30). To this end, we first
prove that it is a lower bound to the BMSE for any possible scheme. Then, we show
that there exists a scheme that saturates it. Observe that a solution to the following
minimization problem provides a lower bound for any scheme:

i min 57 [ (0ue0) =07 p a10) P ) e

subject to: Zp(xld)) =1, p(x|$) = p (x|¢ +27). (C.32)

The first step is to show that we can map this into an equivalent minimization

problem that involves ¢y only:

min / ﬂ Zk] (Gest () = (6 +27K))> Psy (¢ + 27K) d. (C33)

To see this, observe first that due to the constraint p (x|¢) = p (x|¢ + 27), we can
write the BMSE as:

/ 2.2, Best (1) = 4107 p (x10) Pos (61) do (C.34)
ok ox

where ¢ = ¢ + 2xk, k € Z. For each ¢, there exists an xpin ¢ for which
Yk (Pest (*min,g) — ¢k)2¢’5¢ (¢1) is minimal. Therefore, the optimal p (x|@) is
p (x]$) = & (X = Xmin,g) . Denoting Pest (Xming) as Pest () , we thus want to mini-
mize Y (dest (¢) — d1)> Psg (1) over ges (¢) for each ¢. This is a convex mini-
mization problem with respect to @est (¢), and the optimal ¢ (¢) is given by:

O 9k Pog (P1)
Pest (9) ;—z]‘ PG

To get the expression of Eq. (C.30), we use BMSE expression of Eq. (5.9). For this

(C.35)

lower bound, the set of outcomes is the continuous range |-, 7], hence:

2

i 7 |\ Yk Pss (fl’k))
2 _ 2 _ 2 = 2 - (k

(Ag)” = (09) ‘_/7;¢est (9) p(¢)dp = (69) / %P&p (ék)

-

d¢, (C.36)
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which is the desired lower bound.

For tightness, we show that a CSS interrogation with a dual quadrature readout
attains this bound in the limit of N — co. Let us first define a dual quadrature
measurement: given a 2N-qubits CSS, we split it into a product of two identical
N-qubits CSS: [ygon) = [Wgn) e n). We measure the J, = %Z,I-L o operator
of the first |4 ) and the J, = % Z.ZNN o 0'; operator of the second |4 y) . Let us

l:
denote x, = %,xy = 2%, where Ny € {-N/2,...,N/2 —1,N/2} is the outcome
of Jy measurement. x,,x, have independent shifted binomial distributions. In the
limit of large N, the joint distribution (xx, xy) converges to the multivariate Gaussian
distribution p (xy, xy|¢) > N ([cos (¢),sin (¢)]7, = = diag (s)%, si)), where s2 =

sin (¢)% /N, s% = cos (¢)? /N. Therefore, in the limit of N — oo we obtain
P (X2, xy|¢p) — & (xx = cos (¢)) 6 (xy — sin (¢))

= p(r¢lg)=6(r—1) (Zé(so—d)—%k)), (C.37)

keZ

where r = \[x7 +x3, ¢ = arg (x, +ix,) . This p (¢|¢), yields the optimal @eg of
Eq. (C.35), hence the bound is saturated. This proves the first part of the claim, the

OQI BMSE.

Let us now compute the bound for a CSS interrogation with a Jy single quadrature
readout. Similar to above, we denote xg = % xg has a shifted binomial distribution
with an average of cos (¢ + 6) and a variance of sin (¢ + )% /N. Therefore, in the

limit of N — oo, p (x¢|¢) converges to

6 (xg—cos(¢p+0)) = Zé (¢ — arccos (xg) + 0) + 6 (¢ + arccos (xg) + 0)
keZ
(C.38)

Inserting this into Eq. (5.9) results in Eq. (C.31).

C.6 Impact of noise on the proposed scheme

In atomic clocks, beyond local oscillator noise, we consider the impact of amplitude
damping [272, 39, 156, 109, 13], imperfect state preparation due to finite gate
fidelities, and measurement errors. To estimate the effect of such noise processes on
the phase estimation, we again define the metrological gain gp = (Adcss)?/(Ad)?
as our figure of merit, where (A¢css)? and (A¢)? are the BMSE of the phase
estimation performed using a noiseless CSS, and the BMSE of the proposed scheme

in the presence of the given noise process, respectively.
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Amplitude damping

Let us analyze the effect of amplitude damping noise on GHZ states and on the re-
sulting probabilities. A k-qubit GHZ state, |/) = % (10)®* + ¢'k¢|1y®) undergoes
a k-qubit amplitude damping channel:

p— &% (p), &(p) =pao_pos +1-paoro_p\l-p,oio_,

[01] [0 0] [10]
o, = o= 1= . (C.39)
0 0 10 0 1

where p, > 0 is the amplitude damping probability. The GHZ state is thus trans-
formed to an ensemble 3 ¢(¥)py, where ¥ € {0, 1}, such that v; = 0 (1) indicates

loss (no loss) in the i qubit, and p; = [?)(¥|. c(¥) are given by

e(@ =5 (1+ (1 -pa)),
1 Svi 12w >
c(y) = 3 (1-pa)7 p, ", for v #0. (C.40)

The phase information is now encoded only in |6> which equals to

1

\2¢(0)

Let us derive the probabilities obtained from performing local Pauli X measure-

0) = (105 + (1= po)*/2 e 1)) (C41)

ments on the state. We denote the +1 eigenstates of Pauli X as |+) respectively
and the probability of obtaining m times |—) as p (m). The probability for an
even parity is the probability of obtaining an even m and is therefore equal to:

p (even) = Y p(m). Note that p(even) = Y ; c¢(V) p (even|v). For any v # 0,

m even
p (odd[y) = p (even|y) = % Let us denote the contribution from 3. 5oy as

Py, (even), p; 5 (odd). We have

pra (even) = pra (odd) = Z c(V) p (even|y)

%0 720 720
v 1m2vipo
=2 (=p)" pe T 7= (1= (1=p0)"). (C.42)
70

Now, let us calculate the contribution from ¥ = 0, denoted as p; (even), pg (odd).
For any state «|0)®* + 8]1)®*, we have:

k
amwk+ﬂuwk:($§)(a0+w+k»k+ﬁ0+»4—»ﬂ. (C43)
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Figure C.1: RBMSE A¢ as a function of the prior width §¢, normalized by §¢, for
N = 12 and in the presence of amplitude damping with a probability of p, = 1072,
The benchmark is the noiseless OQI, plotted in purple. The 12-qubit CSS for
pa = 1072 is also shown in the plot in blue. The minimum RBMSE obtained from
optimal partitioning into blocks of GHZ states—i.e., the optimal initial state (OIS)
for blocks of GHZ states—for p, = 1072, assuming that optimal measurements are
available, is plotted in green. We notice that this curve is very close to the noiseless
OQI. Finally, the RBMSE given optimal partitioning into blocks of GHZ states
and local, adaptive measurements is plotted with yellow rectangles. We see that
in the presence of amplitude damping, even though the optimal partitions perform
very close to the OQI when optimal measurements are available, there is a large
gap between the minimum achievable sensitivity and the sensitivity achieved when
local, adaptive measurements are used.

Therefore, the probability of measuring m times |—) given this state is p (m) =
k
(%) (,];) la + (=1)" B|?, and thus the probability for odd/even m is given by: p. =

1=p)k/2pike
1 :( p)iTe and

VZC((_j)’ﬁ V20(6) ’

%|a + B|*. Applying this to our case, i.e. |6)), then a =
thus

pi (even) = 7 (1+ (1= pa)¥ +2(1 = o) cos (k)

X (C.44)
Py (0dd) = 7 (1+ (1= p)* =2(1 = pa)**cos (kg)) .

Summing up the contributions from all v we obtain that p (even), p (odd) are:
1 N
p (even) = 5 1+ (1=py)'“cos(ko)]|, (C.45)

p (odd) = % (1 — (1= pa)? cos (k¢)) . (C.46)
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We considered Pauli X measurement, however any other Pauli operator in the X — Y
plane would give equivalent results: For a measurement of cos (¢g) X + sin (¢g) Y

the probabilities will take the same form and ¢ will be changed to: ¢ — ¢ — ¢y.

Note that given an initial GHZ state, amplitude damping noise commutes with the
unitary phase encoding, U (¢). We can therefore assume that amplitude damping
acts first, followed by the phase encoding. This can be easily verified: given
o = |Y)(¢| of a k-qubit GHZ state, we have

e (U@ pU @) =U @) (5 (0)) U@ =Wyl + Y ps  (€C4T)

v£0

where [y) = = (10)% + (1= p)*/2 70 1))

Now, let us examine how amplitude damping affects the proposed scheme with and
without optimal measurements. A case study is shown in Fig. C.1. Here, we work
with 12 qubits and assume an amplitude damping probability of p, = 1072, The
purple line represents the RBMSE of the noiseless OQI, i.e. without any ampli-
tude damping effects. The green line is the RBMSE obtainable by using optimal
partitions of GHZ states if optimal measurements are available. We see that the
RBMSE of the optimal partitions, even in the presence of amplitude damping, can
get very close to the RBMSE of the OQI. However, local, adaptive measurements
are not enough to achieve this precision: we show the performance of the proposed
scheme when such measurements are used with yellow rectangles, and see that
there is a gap between that and the RBMSE achievable with optimal measurements.
Intuitively, this gap can be explained by the following reasoning: since for the adap-
tive measurement, the single-qubit rotation applied to a given qubit relies so much
on the previous measurement results, any error during the previous measurements
changes the trajectory of the future measurements, resulting in a large error in phase
estimation. We conjecture that this issue can be mitigated by using error detection
scheme that checks whether the state remained in the GHZ code space. Note that for
every GHZ state with k > 2 atoms, decay errors can be detected by measuring if the
GHZ state remains in the code space of [0)®%, |1)®*, which can be achieved by e.g.,
measuring the stabilizers of this repetition code space. We therefore detect a decay
by measuring if the state is outside of this code space. Given a decay detection,
the state has no phase information, and therefore we can ignore its measurement
result. Otherwise, we can proceed with the same, adaptive, local measurements.

This scheme converts amplitude damping noise into an erasure noise [149, 234]
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and involves only error detection and not error correction. This idea was recently

proposed and analyzed also in Ref. [135].

Let us illustrate the advantage in using such error detection scheme in the frequen-
tist case. Given a k-qubit GHZ state, the probabilities of even/odd parities are
% (1 +(1- pa)k/ 2 cos (k¢)) , while with error detection the relevant probabilities
are given by pg (even) , p5 (odd) . By direct calculation of the Cramer-Rao Bound
(CRB), it can be observed that in the limit of (1 — pa)k < 1, the MSE given by the
latter case is smaller by a factor of two than the former case. Hence, error detection

leads to a factor of two improvement.

For simplicity, we choose to work with channels with small decay probabilities
Pa, such that the optimal partition is unchanged (i.e. the BMSE obtained by this
partition is relatively close to the BMSE obtainable by the optimal initial state
of the noiseless case). In the context of atomic clocks, the decay probability is
given by p, = 1 — exp(—2vinaT) [192], where 7yinq is the individual, uncorrelated,
decay rate out of the clock state, due to radiative decay or scattering from trapping
light. 7 is the total interrogation time. Then, working with small decay probabilities

corresponds to operating with a short total interrogation time, such that p, ~ 2yinq7,
-1
ind”

provide considerably better atomic clock stability [119].

T Ly This is the relevant regime where protocols using entanglement can

We simulate the performance of the proposed scheme for the amplitude damping
probabilities p, = 107 and p, = 1072 with N = 21 qubits in Fig. C.2. We
compare the RBMSE obtained with the proposed scheme to the RBMSE obtained
with a 21-qubit CSS and the noiseless OQI as a function of the prior width, 6¢. We
see that for small p,, the proposed scheme continues surpassing the performance
of the 21-qubit CSS, and achieves a metrological gain of gp = 1.85 (2.67 dB) for
pa =1073, and gp = 1.51 (1.78 dB) for p, = 1072, at ¢ = 0.7 rad.

Regarding the adaptive protocol, amplitude damping renders the optimization over
the single-qubit rotations used during the adaptive measurement scheme challenging
since it flattens the hypersurface over which the gradient descent is being performed.
Furthermore, due to the sequential nature of the measurement, errors performed
during the beginning of the measurement sequence can alter the resulting estimate
of the phase significantly, resulting in errors increasing with the probability of decay,
Pq- This can be seen from Fig. C.2, where the performance of the scheme degrades
when p, is increased from 1073 to 1072. As mentioned above, this issue can be

mitigated by using error detection measurements, instead of local measurements,
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Figure C.2: Impact of noise on the proposed scheme. (a) RBMSE Ag, as a function
of the prior width, ¢, for N = 21 and various probabilities of decay p,. As before,
the RBMSE is normalized by the prior width. We plot the RBMSE of the 21-qubit
CSS and the proposed scheme (PS on the Figure) for p, = 1073 and p, = 1072
Our benchmark is the noiseless OQI, plotted in gray. Increase in the RBMSE due
to amplitude damping is most prominent around the prior width of d¢ = 0.7 rad.
(b) The metrological gain as a function of the effective fidelity per qubit Fp, or
the bit-flip measurement error probability p.. We plot the performances of the
optimal partitions for qubit numbers of N = 9, 15, 18, 21. The partitions are shown
in the plot in the form of (x, y, z), where x, y, and z are the number of 4-qubit, 2-
qubit, and 1-qubit GHZ states, respectively. We fit lines with different slopes to the
performances of the scheme for different N, signifying an exponential decay in the
metrological gain with decreasing Fy, or increasing p.. We observe a correlation
between the decay rate and the number of copies of the 4-qubit GHZ state: the
partitions with N = 21 and N = 18 both have three 4-qubit GHZ states, and they
have similar decay rates.

for each GHZ state.

GHZ state preparation and single-qubit measurement errors

State preparation and measurement errors result in a parity signal with a limited
contrast, C < 1, where the outcomes of a parity measurement performed on an N-
qubit GHZ state with contrast C(N) are written as P(+) = [1 = C(N) cos (N¢)] /2,
where {+, —} denote even, odd parity. Let us show this for measurement errors:
assuming the noisy measurement is given by a symmetric bit-flip channel that
precedes a perfect projective measurement in the |+), |—) basis, the measurement
operators of each qubit are given by M. = (1 — p,) |£){(£]| + p.|F){(F| with |+) =
(|0) + [1))/V?2, and p, being the bit-flip probability. The probabilities of even/odd
parities are then: P(+) = P(%) peven + P(F) Podd> Where peven is the probability of

N .
an even number of bit-flip errors occurring, given by peven = Zl.LjOJ (’lv ) p¥( -
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pe)V ~2 and Podd = 1 — peven- These errors therefore result in a contrast of
C(N) = Peven — Podd = (1 - Zpe)N-

A bit-flip measurement error is equivalent to a phase-flip error just before the readout
pulse. Since phase-flip errors commute with the ¢-encoding unitary U(¢), this is
equivalent to a phase flip error occurring during state preparation. Hence, such
preparation errors are completely equivalent to bit-flip measurement errors, and
would lead to the same reduced parity. For imperfect state preparation, we therefore
assume a model where the contrast scales with the qubit number as C(N) = Fév ,

where F denotes the effective fidelity per qubit.

The metrological gain gp in dB for various qubit numbers N, as a function of the
effective fidelity per qubit Fp, or the bit-flip probability p, can be found in Figure
C.2. Note that a metrological gain above 0 dB signifies that the proposed scheme
surpasses the noiseless CSS interrogation for the respective qubit number. The
partitions used for the proposed scheme are plotted in the Figure in the form of
(x,y,2), where x, y, and z denote the number of repetitions of the 4-qubit, 2-qubit,
and 1-qubit GHZ state. Since we aim to understand how the gain scales with the
fidelity or the error probability as a function of the particular partitions, we choose
to examine the case of (i) N = 9, which does not contain any 4-qubit GHZ states,
@i1)) N = 15, which contains two 4-qubit GHZ states, (iii)) N = 18 and N = 21,
which both contain three 4-qubit GHZ states. We fit functions in the form of
gp = A-exp(—B(1 — Fy)) = A - exp(—2Bp.) to the metrological gains of different
N, plotted with dashed lines. The decay rate B for N = 9, 15, 18 and 21 is calculated
to be 6.78, 13.9, 19.3, and 18.9, respectively. Interestingly, the gain appears to be
mainly a function of the number of repetitions of the largest GHZ state, the larger this
number is, the quicker the gain decays with decreasing fidelity, or increasing bit-flip
error probability. It is approximately independent of the number of repetitions of
the smaller blocks of GHZ states (the 2-qubit and 1-qubit GHZ states in this case).

More sophisticated measurement schemes might be employed to overcome the decay
in the metrological gain due to measurement errors. It has been shown that in the
presence of noisy measurements (assuming no other noise source), attaining HS
depends on the available control operations. For example, HS is attainable in
this regime when global control operations and post-processing methods are used,
however it is elusive when local control operations are available only [153, 280].
We defer studying the effect of using more sophisticated measurement schemes on

the proposed scheme to future work.
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Appendix D
SUPPLEMENTARY INFORMATION FOR CHAPTER VI

D.1 Imperfect Weak Measurements
Let us consider the following noisy ancilla measurement, in which the ancilla is

measured through the following positive operator-valued measure (POVM):

Mo = (1 = pe) [0)€0] + pe[1)(1l, My = (1= pe) [1){1] + p|0){0], ~ (D.1)

instead of the perfect projective measurement POVM of {I1y = |0)(0|, [T} = |[1){1]}.
This noisy measurement can be due to a symmetric bit-flip noise inflicted on the
ancilla followed by a perfect projective measurement, or due to an error in the
detection process itself. The probability of a bit-flip is parametrized through p,.

The sensor and ancilla density matrix following this bit-flip noise is given by:
Alps ® pa) = ((1 = po)KepK] + pK-pK!) @ 1X1]
+ (1= pIK-pK! + p.K.pKL) @ 10X0) (D.2)

where K. are the weak measurement Kraus operators given in Eq. (6.2). Hence,

the state of the sensor after this measurement is updated as follows:

P [(1 — Pe) K(—I)XPK('_I)x + peK(—l)x“pK(T_l)xH] . (D.3)

p (x|w)
p(x|w) correspond to the probabilities of the measurement results, and x = 0, 1.
In order to further understand the effect of such a channel on the sensing qubit, let
us denote p = 1/2 (1 +7 - 7), where 7 = (ry,ry,r;). Furthermore, let us define
¢ = tan”! (ry/ry). The measurement probabilities after the ancilla readout will be

given by

1
p(x|w) = 3 [1+ (=1)*(1 - 2p.) sin (2g) (ry cos (2wT) + ry sin 2wr))]
1
=5 [1+ (-1)"(1-2p,)sin(2g)r cos Lwt — ¢)], (D.4)
where we defined r = |F|. The update on the parameters r, ¢ after the measurement
are calculated as
,  r2(1 —sin(2g)%sin (¢')%) + (=1)*2p, sin (2¢) r} + p2 sin (2g)*
r—
(1+ (=1)*sin (2g)per})?
¢ — arg (ri + (=1)"pe sin (2g) + ir cos (2g) sin (¢)) , (D.5b)

, (D.5a)
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Figure D.1: Effect of imperfect weak measurements on the CFI, with respect to
the measurement strength g. We plot the CFI I¢ normalized by the QFI Iy as a
function of g and for different error probabilities p,. The left plot corresponds to the
weak-only protocol, and the right one to the weak-with-strong protocol. We fix the
interrogation time, the measurement period, and the frequency-to-be-estimated as
T =10s,7=0.1s, and w = 5 rad, respectively. Note that in the weak-with-strong
protocol (plotted on the right) we assume that the strong projective measurement is
noiseless.

where ¢’ = ¢ — 2w, p. = 1 = 2p,, 1. = rcos(¢’), and ¢ are initialized at
the beginning of interrogation to r = 1, ¢ = 0, as the sensing qubit is in the state
|+) = (|0)+]1))/V2. For a perfect measurement, p, = 0, r is unchanged throughout
the interrogation, as the sensing qubit remains in a pure state. However, for p, # 0,
the sensing qubit becomes a mixed state due to imperfect measurements, and r

undergoes a stochastic process (in addition to ¢).

In what follows we derive the noisy CFI in the weak back action regime. An
analytical derivation of the CFI in the strong back action regime is left for future

work. In the weak back action limit, Egs. (D.5) can be approximated as
ror+(=1)2g(1 —2pe)r(1 —r2) cos (¢ — 2wT), (D.6a)
¢ — ¢—2wt—(=1)2g(1 =2p,) sin (¢ — 2wT). (D.6b)

Then, we observe that up to first order in g, an initial » = 1 (pure state) will remain
equal to 1 throughout the interrogation. Combined with the expression for the
measurement probabilities in Eq. (D.4), it can be seen that in this limit, the imperfect
measurement effectively rescales the measurement strength g as g — g (1 — 2p,).
Therefore, the CFI of the weak-only protocol in this limit is 8Ng2(1 — 2p.)>T> /3.
Regarding the CFI with the weak-with-strong protocol in this regime, it can be seen

that CFI remains 4NT? — O(g?) and the sensitivity gap compared to the noiseless
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case is negligible. In the strong back action regime however the effect of p, is
different: the gap from the noiseless CFI becomes larger and we observe that the
scaling with time is no longer T but modified to 7% with @ < 1. In the strong back

action regime, the CFI of both weak measurement protocols converge.

We plot the effect of imperfect measurements on the CFI in Figs. D.1 and D.2. In
Fig. D.1, we plot the CFI as a function of g for different measurement error values,
Pe, for both protocols. As we found analytically, in the weak back action regime, the
CFI with imperfect measurements is I ~ 8Ng*(1 —2p,)*T? /37 for the weak-only
protocol. Hence, the gap from the noiseless CFI in this limit is (1 — 2p.)?, and it
is observed on Fig. D.la. Furthermore, we observe that the CFI of the weak-with
strong protocol is I ~ 4N T? in the limit of small measurement strength g < 1.
In Fig. D.2, we plot the CFI as a function of the interrogation time 7" and different
values of p.. We notice that the CFI of both protocols converge to the same value in
the strong back action regime, where the scaling with 7" is modified due to imperfect

measurements.

We can compute the threshold for which the information obtained from the MLE
gets close to the CFI. For this purpose, we again work in the weak back action regime
g’T/t < 1, and assume a large number of qubits and measurements (N, T/t > 1).
From the discussion above, we can compute the thresholds given in Eq. (6.48) and

Eq. (6.57) in this limit by rescaling g — g (1 —2p,).

To correct a finite number of bit-flip errors, we can prepare the ancilla qubits in an
n-qubit GHZ state, i.e. in the state |yGrz) (1) +i |0"))/V2. Furthermore, one can
engineer the following unitary interaction between the sensing qubit and the ancilla
state: U = exp(—ig oy ® ; 0L), where the summation of the Pauli x operators is
over the ancilla qubits. After the free evolution and this unitary, the joint state of

the sensing qubit and the ancillae p; ® p, will be the following:

Aps ® pa) = Kop oKL ® [1)" (1" +iK_p,K{ ® 0)®" (1]
—iK.p;, KT ® |1)®" (01" + K_p,K' & |0)®" (0]*", (D.7)

where K. are the weak measurement Kraus operators given in Eq. (6.2), and py is
the state of the sensing qubit. A noisy measurement on the ancilla qubits will be
described by the POVM in Eq. (D.1). Letus act on this state with the POVM element
M{'M{™™". The probability of obtaining this element will be given by Tr[A(p; ®
p)I ® MIMI™] = p(1 — p)" " Tr[Kep K] + (1 — pe)" piTr[K_p,KT].

Furthermore, after tracing out the ancilla qubits, the sensing qubit will be in the
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Figure D.2: Effect of imperfect weak measurements on the CFI, with respect to
the interrogation time 7. We plot the CFI /¢ normalized by the number of qubits
N for the weak-only protocol and the weak-with-strong protocol with yellow and
purple lines, respectively. We fix the measurement strength and period as g = 0.1
and 7 = 0.1 s. Furthermore, we fix the frequency to be estimated as w = 5 rad/s.
We observe that in the weak back action limit where g7/t < 1, the imperfect
measurement effectively scales the measurement strength as g — g(1 — 2p,), but
the scaling with respect to 7 is approximately unaffected such that the yellow dashed
and plain curves are parallel to each other. In the strong back action limit, the CFI for
the protocols with imperfect measurements (plain lines) converge to the classical 7'
scaling faster compared to the protocols with perfect measurements (dashed lines).
We observed numerically that for larger p,, the T scaling gets modified to 7%, a < 1.

state of

PI(L = po) " KepsK + (1= po)"pi"K_p,K*
(1= p)"MTr[KpsK D] + (1= po)mpli~"Tr[K_psK.]

s — (D.8)
For a very weak measurement, Tr[K_p,K'] ~ Tr[K+pSKI]. Let us also assume
without loss of generality that m < n, n > 1. Then, the probability of the state of
the sensing qubit being K_p,K" after obtaining the POVM element My'M{™™ is on

the order of

n—2m n—-2m
Pe ~( Pe ) (D.9)

pr2m 4 (1= p)n=2m = \1-p,

Therefore, the conditional error probability is suppressed with (p./(1 — p.))".
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D.2 Weak Measurements with Light

Here, we consider a related but separate system, where the atoms are stored in a
cavity. In this system, weak measurements can be performed by coupling a cavity
mode dispersively to the atomic spin [30, 27]. Such a coupling results in the
interaction Hamiltonian i, = yJ, X, where X is the position operator of the light,
field, J, is the x component of the total angular momentum operator J of the atoms,
and y is some interaction strength. y is related to the measurement strength g in
the proposed protocol. After the interaction, homodyne measurement is performed
on the momentum operator P of light field to probe the atomic spin. Let us assume
that the atoms are initialized in a coherent state |+) = [(lO) + 1))/ \/E] ®N, where N
is the number of atoms. Therefore, we initially have: (fy) =(J,) =0, (J;) = N/2,

(J2) = (J2) = N/4, and (J2) = N?/4, such that AJ, = AJ, = /N /4, and AJ, = 0.

The free evolution can be described by a rotation of the total angular momentum
vector on the collective Bloch sphere, quantified by a rotation matrix U(w7), where
w is the frequency to be estimated and 7 is the free evolution time. A weak
measurement is performed immediately after the free evolution, where the outgoing

momentum operator of the light field is given by

Pout = Pin — xt' J.. (D.10)
where ¢’ is the weak measurement time. We assume that the probing light has
vacuum statistics at any time, such that (Xi,) = (Pjn) = (XinPin) = 0, and ()?51 ) =
(ﬁizn> = 1/2. The weak measurement will cause a back action on the collective
angular momentum of the atoms, which also can be described by a rotation on the
Bloch sphere, quantified by a rotation matrix M(IT), with [T = y#’X. We describe
the collective dynamics of the atoms using the Heisenberg picture of the angular
momentum operators J(z), r > 0. The effect of one cycle of free evolution and weak

measurement can be written as

J@ +1) =MIDU(w)J (1), (D.11a)
[cos Qwt)  —sin Qwt) 0
U(wt) = [sin Qwt)  cos Qwt) 0], (D.11b)
| 0 0 1
10 0
M(I1) = |0 cos(IT) —sin (1) (D.11c¢)
|0 sin (1T) cos (1)
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In order to find the sensitivity with respect to w at any given time ¢, we can calculate

(heoy? = AL

T 00 (1) Jow)? D.12)

Therefore, we want to find J,(7T') at the end of the interrogation, where T is the
interrogation time. In order to compare a protocol that uses the light field to perform
weak measurements to our protocol, we assume that weak measurements with light
are performed periodically (with a period of 7), and a projective measurement on
the atomic ensemble is performed at the end of the interrogation. Furthermore, we
aim to take the limit of infinitesimally weak measurements y#' — 0, in order to
observe if this protocol also reaches the QFI limit of 4NT2.

First, to calculate the first order moment of J,, we can write from Eq. (D.11)
n
J(n7)) = 1_[<Mf(H)>U(wT) (J(0)) (D.13)
i=1

where M;(IT) is the back action matrix from the i weak measurement. In order
to find (M;(IT)), we observe that for linear operators on Gaussian states, we have:
(eAY = e@ (A2 Then (cos () = cos ((x'/2)2), (sin (1)) = sin ((y#'/2)?).
To make the analysis simpler, we can add another rotation matrix after each weak
measurement to cancel this average rotation. Then, we will have at the end of the last
measurement: (J,(T)) = cos 2wT){(J,(0)) — sin (2a)T)(fy(0)) = cos (2wT)N/2.
To find the second moments, we can do a similar analysis where we evolve the
Heisenberg operators of {Jy  ;, Jyy..}. We find in the limit that T/7 > 1, N > 1
(x')?

(AT (T))?* = %sin (2wT)? - 6—4N§ cot (w7) sin (4wT) (D.14)

Therefore, from Eq. (D.13), we find that

(A(T)* 1
(d(J(T))/dw)? ~ 4NT?

(D.15)

in the limit that y#' — 0. Therefore, we observe that (Aw)? = Iy with this protocol.
Then, the protocol that employs light to perform periodic weak measurements on
the total angular momentum of an atomic ensemble, with a projective measurement
at the end of the interrogation, reaches the ultimate sensitivity limit for coherent
states in the limit of infinitesimally weak measurements. Note that the QFI, I, is

saturated asymptotically, i.e. in the limit of N — oo.
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For non-zero measurement strengths yt’, the analysis gets significantly more com-
plex, since weak measurements can squeeze the total angular momentum of the
atomic ensemble, giving rise to non-classical scaling with respect to the number of
atoms N [225]. This behavior can be recreated in our protocol by coupling a single
ancilla to multiple qubits (compare with the current protocol where a single qubit
interacts with a single ancilla). We leave the details of such a protocol to future
work.
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Appendix E

SUPPLEMENTARY INFORMATION FOR CHAPTER VII

E.1 Filter optimization
From the Gaussian approximation, the effective decay or gain rate on the dressed

mode that corresponds to the bare system mode is found perturbatively as

-1

Kett(A) ~ 2g°

e

m| A——2D12 (E.1)

given that g < J;;41 Vi. Here, g is the interaction rate with the filter (gpsm in
Chapter 7), and A is the detuning (Aps 1y in Chapter 7). For multiple modes, we can
also show that the rates can be found this way using the respective interaction rates
and detunings if the detuning of two modes A; and A; satisfy |A; — A;| > %. To
optimize over the effective rate given {J;;+1} and «r, we define the following filter

cost function:

C(r) = /l/zd (é) (M - 1)2 +2r /Oo d (é) (M)z. (E.2)
-2 \B Keff (0) 12 \B Keff (0)

This cost function is parametrized by r, which represents the ratio of importance

of out-of-passband errors to in-passband errors. The roll-off speed of the filter

increases with larger r, however, we observe larger-amplitude oscillations in kg in

the passband. Then, r can be tuned to change the "flatness" of the filter. In Chapter

7, wesetr € [102, 1()3] while optimizing over the filter, for which we observed a

satisfactory roll-off speed.

E.2 Independence of dissipators

In this Appendix, we show that the engineered dissipation induced by the multi-
mode filter can be decomposed into independent Lindblad dissipators acting on
each transition |k) < |k — 1) of the system mode, provided that the transition
frequencies are sufficiently separated. We present two complementary derivations.

In Appendix E.2, we treat the adjacent transitions as independent Gaussian modes
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coupled to the filter, and derive the independence condition |A; — A;| > g?/B via
Heisenberg-picture perturbation theory. In Appendix E.2, we work directly with
the anharmonic system Hamiltonian and adiabatically eliminate the filter modes
using the effective operator formalism of Refs. [218, 44]. Both approaches yield
the same independence condition and the same leading-order form for the effective

dissipation rates.

With the Gaussian approximation

In order to simplify the dynamics analytically, we can approximate the transitions
within the multilevel qubit as independent Gaussian modes with annihilation oper-
ators d;, i = 1,2,.... We refer to these modes as the system modes. Similar to
Eq. (7.11), the interaction Hamiltonian with respect to the bare Hamiltonian of the

system modes, within the RWA, can be written as

M-1
H = gﬁ Z dje™' + Z dAj. Nt + Z Jiitl f,f::] +h.c. (E.3)
j€sa JEsg i=1
where we assumed the same interaction rate g for both the beam splitter and the
two-mode squeezing interaction, { f,-} are the filter annihilation operators, and s4, s¢
denote the sets for which the respective modes experience engineered decay or
gain, respectively. We also engineer dissipation on the final filter mode, with a
dissipator k r D[ fu]. The evolution of the annihilation or creation operators under

this Hamiltonian can be described within the Heisenberg picture:

i ?(l‘) _ (M(()) +gM(l))- ?(I)
dt |£(1) (1)
S 0 C S(t
- + 3 AR (E.4)
F C 0 (1)
Here, f := (f1, . ..., fu—1)T is the vector containing the annihilation operators

of the filter modes, whereas § is the vector containing the annihilation (creation)
operators of the system modes in sy (sg). With this convention, we can represent
both dynamics in a single equation. Lastly, B > 0 is the bandwidth of the filter, with
g < B, g < J;Vi,and g < ky. We use the bandwidth to define § := g/B as a

small, dimensionless perturbation.

We can choose a rotating frame such that S is a diagonal matrix containing the
elements of {A;}. C; and C; are the (S, M) dimensional coupling matrices with

S = |sq| + |sg|. For example, if all of the modes are coupled with the beam splitter
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(two-mode squeezing) interaction, C; = Cg (Cy = —Cg). Since the modes only
couple to the first filter mode, only the first column of C; and row of C; is nonzero.
The type of interaction determines the sign of the elements of the first column of
C,, whereas the elements in the first row of C, are always given by —g. Lastly, due
to the symmetry of S and F, M is symmetric. However, F is a complex matrix if

k¢ > 0: thus, the eigenvalues of F are complex in general.

We aim to quantify the effect of the coupling with the filter on the system modes.
Notice that if all of the detunings A; are distinct, the eigenvector matrix of S is the
identity matrix, and the respective eigenvalues are A;/B. Let us write the perturbed,
diagonal eigenvalue matrix as A + AV +32A® | and the corresponding perturbed
eigenvector matrix as V(O + gV 4 52V We assume that eigenvectors are the

column vectors. We also define submatrices in the form of
@) (@)
VSS VSF
@) (@)
VFS Vir

(M) .

. (E.5)

Note that Vg? = V;Og = 0. From grouping the terms on the same order in the

eigenvalue equation, we first write
MOVD L MOy = yOAD 4 y(D)AWO (E.6)
Multiplying from the left by (V(?)7, we obtain
AW = diag(VOHTMDVO) = o, (E.7)
and
MOyD _ yDAO) — _pp(Dy O (E.8)

Then, we notice that on the first order, the eigenvalues are not modified due to the

connection with the filter modes. For the first order perturbation in the eigenvectors,

we find
sV - vIIAY =0 (E.92)
FVY) - VDAY =0 (E.9b)
FV) - VIDAD = ¢, v (E.9¢)
SV - VOIAY = —¢, v (E.9d)

From the first two subequations, we observe that the diagonal blocks of the first
order perturbation is parallel to the unperturbed eigenvectors themselves. This per-

turbation can then be eliminated (or ignored) via a renormalization of the perturbed
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eigenvalue matrix. In contrast, the non-diagonal blocks require solving a Sylvester
equation. In order to simplify the next order perturbation, we choose to work in the

gauge where Vgls) = val}w = 0. For the second order perturbation of A®, we find:
MOV L MDOYyD = yOAQR) L yvDAD L y(2) A0 (E.10)
Multiplying with (V)7 from the left and substituting A =0, we obtain

A® = diag ((V<°>)TM<1>V<1>)

(Vg )TC Vi
Finally, the second order eigenvector perturbation results in
SVE - VALY = vOALY — ¢ vl (E.12a)
ij,” VEAD = vOAD _ v (E.12b)
FV - VALY =0 (E.120)
SV - VEIAY =0 (E.12d)

Here, since the spectra of S and F are guaranteed to be different (the spectra of F
is complex when «y > 0 whereas the spectra of S is real), the unique solution of
the last two subequations are V(Z) Vfg = 0. The magnitude of the second order
perturbations in the system eigenvalues are thus given by the first row of Vgg, up
to a shift in the sign depending on the type of interaction with the filter. From Eq.

(E.9), we find V')) as (substituting V) = I):

(O)\T
((Vip) Co);
(1) (0) Ji
(Vi Viepkj— (E.13)
Dk Z( P
where s;, f; are the eigenvalues of S, F, respectively. VSF) can also be written
similarly,

C V(O)
(Vi = (Vi (E.14)

Cfi-s

Then, for the eigenvector perturbation to hold, we need to have
lsi = fil >g Vv i,j. (E.15)

Because the filter is designed for a flat response of bandwidth B, its M modes have

comparable linewidths, with no anomalously narrow mode. Hence, min;|[Im[ f;]| ~
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O(1/M?), and |s; — fil = Im[f]] 2 1/M?, and we need to have § < 1/M?>.

Furthermore, for the second order perturbation analysis in the eigenvalues to hold,
the perturbations need to be smaller than the spacing between the unperturbed

eigenvalues, i.e.
A= Ajl > &2[B, |fi= fil > & /BVi, ). (E.16)

If this condition is satisfied, the perturbative approach holds. The nonzero Vé?
signifies that the different Gaussian modes hybridize when connected to the filter,
which gives rise to a dressed eigenbasis. However, this is a second order effect.
Each mode in the dressed eigenbasis experiences an effective dissipation, where the
dissipation rate is O ( g?/B), as seen from the second order correction in the eigen-
values. In contrast, if there is a subspace of system modes with identical detunings,
one needs to apply degenerate perturbation theory, where the correct eigenvector
matrix corresponds to linear superpositions of the corresponding degenerate system

modes.

Without the Gaussian approximation

Here, let us forego the Gaussian approximation on the adjacent transitions in the
system mode, and consider the anharmonic oscillator with the Hamiltonian Hy =
~Kd'd'dd + wyd’d. In order to approximate the effective dynamics, we will
adiabatically eliminate the filter modes. For this purpose, we follow the formalism
of Refs. [218, 44]. First, we define a ground subspace with Hamiltonian H,,
and an excited subspace with Hamiltonian H,. The ground subspace describes the
stable, non-decaying modes, whereas the excited subspace describes the excitations

decaying back to the ground subspace.

For our filter system, given the small coupling rate g < J;;4+1, § < Ky, excitations
in the filter modes will decay rapidly to the bath. Then, we can identify the ground
subspace as the subspace where the filter is in its vacuum state |O f>. Similarly, the
excited subspace can be identified as the subspace where the filter has an excitation.
In both subspaces, the system mode can be in any state. To simplify the dynamics,
let us go into an interaction frame with respect to the Hy of the system mode, and the
bare Hamiltonian of the filter modes, ™" w/ f; fi. In this frame, we rewrite the

Hamiltonian with the projection operators f’g = |O f> <0 f| and P, := I - |0 f) <O f| ~
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S le) (exl with [ex) = £ |07 as

A

~ Ta ~1|H, Vi||P
H:[Pg Pe] IR B
V. AP,

M-1
_ gfl% (cf(t) elwrront 4 gt (4) ei(wfmtm)t) + Z Jiiv1 f,f;l +h.c., (E.17)
i=1

where I is the identity operator on the filter modes, and
d(t) = ) Vk|k = 1) (k| e (wam2K (k=D (E.18)
k>1
is the system mode in the interaction frame. Then, we can define the level-dependent

detunings as in Eq. (7.14). Doing so, we find

H,=0 (E.192)
M-1

I:Ie =I;Q® (Z Ji,i+1 |ei> <ei+1| + hC) (E19b)
i=1

Ve=gy vk (lk — 1) (k| €Mk (k) (K — 1] efAtmka) ®ler) (0f]  (E.19)
k>1
V.= VI, and |e]) = ﬁ |O f> is a single excitation on the first filter mode. The oper-
ator V, describes the transition from the ground subspace to the excited subspace.
Let us denote the separate time-dependent terms as

Vo= D0 ) V% et (E.20)

xeT k>1

with T = {bs,tm}, VP = gVk |k —1) (k| ® |e1) (0f], Vi™ = gVk |k) (k- 1] @
le1) (0 f|, and Vf’ P = (er" k)T. We similarly write the Lindblad operator D [/ky. ful
as L = VKf |0 f) (epr]. Then, the unitary evolution in the excited subspace described
by H, is combined with the Lindblad operator to form a non-Hermitian operator

that describes the full dynamics in this subspace,

~.

A

Hyp = H, -

YL
2
M-1 .

IKf
=L@ ) Jist le) (eonl +he| =L@ == lew) Gem|  (B21D)

i=1

Given this operator, the effective Hamiltonian in the ground subspace is found as

A 1 N . N
Heg = —5 Z Z Vf,k [Fx,k + FyT,n]

x,y€T k,n>1
VY el Bsn bt (E.22)
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with Fx,k = (I:INH - Ax’k)_l. The sum over the bs-bs and tm-tm terms in V.. and V_
will give rise to time-independent contributions, whereas the bs-tm cross terms will
oscillate with frequencies |Aps x — Aimk-1|, k = 2. The time-dependent terms can
be dropped with the RWA since |Aps; — A k| ~ 2wq > g%/ . This approximation

will result in
2

Ao~ =5 3" ke (o1l ok + B len) 1K) Gkl +
k>1
(er] Fani + ELler) [k = 1) (k - 1|] 10,) (0] (E.23)

Thus, the interaction with the excited subspace results in an O(g?) perturbation in
the energy levels of the system in the ground subspace, and leaves the eigenbasis
unchanged as cross terms within the same channel (bs-bs or tm-tm with k # [)
vanish identically by the orthogonality of the projectors |k) (k — 1| for different k.
Similarly, we can write the effective Lindblad operator in this space as

Z:eff(t) = Z\J Z Z Fx’ka7k6[Ax’kt

x€T k>1
= 3 (P Li et g pim L ottt (E.242)
k>1
Ly := gvr7 VK [k = 1) (k] (E.24b)

where ry 1= (eum| F. i |e1) . Then, we observe that in the ground subspace, inter-
acting with the filter with the beam splitter (two-mode squeezing) interaction will
cause an effective Lindblad operator oc d (o d'), resulting in engineered decay
(gain). The engineered dissipation rates are proportional to g2, the filter interaction
rate to the second power. Finally, let us show the approximate independence of the
engineered dissipation on each transition |k) < |k + 1). The effective Lindblad

master equation in the ground subspace can be written as

A A A L Af Loy o

p = ~ilHer. pl + LewpLiy — S {L{gLer. p} (E.25)
Here, the terms oscillating at different frequencies in Leg(7) will give rise again to

oscillating terms. However, now, there will be bs-bs and tm-tm cross terms as well.
The RWA can be applied if, for all k, n,

|Axk = Axnl > g2k pVhkn|rirs), (E.26)
for x € T. From the tridiagonal structure of Hnn, |r+| is found exactly as

M
i=1 Ji

|det(Hnp — Ax)|

(E.27)

|l =
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assuming that J; > 0 Vi. For an upper bound on the required separation of the
detunings, we want to estimate an upper bound on the r.h.s. of this inequality, i.e.
an upper bound on the obtainable effective decay rate obtained with the filter. For
this purpose, assuming that {J;}, ks is such that the filter response is almost flat, we
can set A, x = 0 (i.e. the transition is in the middle of the filter). Then, |r;}| is given
by

H?;Il Ji

—r if M is even
X| — Hi:O 12i+1
7l = 21T I (E.28)
s if M is odd

(M=3)/2 12
«r ;2o S3in

For a bandpass filter, we will have that J; ~ ky ~ O(B): thus, |r;| ~ O(1/B), and
the condition in Eq. (E.26) reduces to

g*Vkn

|Ax.k — Axn| > B (E.29)
If this condition is satisfied for x € T, we can rewrite Eq. (E.25) as
p =il p) + Y, (WP POILA + P PDILS)  (B30)

k>1

The coherent off-diagonal terms dropped by the RWA in this equation correspond to

(2)
sS

E.2. Both are controlled by the same small parameter g2/(B|A; — A 1), and do not

the non-zero V. perturbation retained in the Gaussian approximation of Appendix
affect the leading-order engineered dissipation rates. Thus, the effective dynamics
can be approximated with independent jump operators g’k fk|r25|22)[|k — 1) (k|]
describing engineered decay, and g2k fklr}(mlzf) [|k) (k — 1|] describing engineered
gain, k > 1. Lastly, the engineered dissipation rates can be suppressed with a

far-detuned interaction (i.e. large Ay x), since |r| < 1if Ay g > Jiiv1, Avk > Ky

E.3 CX bit-flip probability

Here, the logical states of the data qubits are defined from |+) = N.(|a) + |-a)),
where N. = (2 + 2e‘2|“|2)‘1/ 2. These states are perfectly orthogonal to each other,
(+]-) = 0. The logical states are

D+ ) E3)

V2 V2

Writing the logical states in the coherent state basis, we obtain

(Ny + (_l)kN—) + |-a) (N - (_1)kN_) (E.32)

V2 V2

0L) =

kL) = |a)
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withk =0,1. Fora > 1, |0.) ~ |a), and |1.) ~ |-a).

Let us assume a control qubit is prepared in |y) = |m) in the Fock basis. We
apply the dispersive coupling Hamiltonian H = yo(d'a) ® (d'd), where a (d) is the
annihilation operator of the control (data) qubit. Initializing the data qubit in |0, ),

we apply this Hamiltonian on the state |m) ® |0z ) for a time ¢. Given that we have
e—i)(ol‘(d%i)@(dﬁdA) |m> ® |CZ> — |m> Q |a,e—i)(0mt> , (E33)

this interaction will result in the following state:

Im) ® | |@)

(N: + N°) +|-&) (N, - N—)) (E.34)

V2 V2

% and @ := yomt is the rotation angle. We then trace the control qubit

Here, @ = ae™
out and dissipatively stabilize the data qubit such that it is contained in the logical
manifold {|0z),|1.)}. The stabilization is performed with a two-photon process.

The initial state can be written as

pi(6) = a3 |@) (@] + a2 |-a) (=a| + ara-(|@) (-a| +|-a) (@) (E.35)

(NL£EN2)
V2

where a. = . The evolution of the dissipatively stabilized data qubit will

obey
p(1) = keD[d* - a*]p(1) (E.36)

where k» is the engineered dissipation rate, and D[A] = ApAT — %{ATA, p}. The

asymptotic steady state at the end of the stabilization is in the form of

Poo = Cop [ X+ + (1 = c4y) [ =X

+Com [#X—| + o [=XH] (E.37)
We can write [181]
1 +e2lal®
Coy = 2/\/3T =3 (E.38)
2iNN_|al? ila|?e2let?

Fa(g) =

Cy_ T a0
Vedlal? _ 1 1 — ¢~4lal

where we have defined

F.(6) (E.39)

F,(0) = / " dp e [ (2)a)? sin (¢ — 0)) (E.40)
0
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Here, I is the modified Bessel function of the first kind. ¢4, c,_ characterize the
final state exactly. Let us now derive the bit-flip probability if a CX gate is applied
to two data qubits, conditioned on the Fock state |m). We refer to this probability as
poe(0). First, defining the joint state of the control and the data qubit after a rotation,
given in Eq. (E.34), as |m) ® |£), we will now have a state |m) ® |£) ® |£). Tracing
out the control qubit, the data qubits will be in the form of o ® P, Where P is
characterized in Eqgs. (E.37), (E.38). The bit-flip probability can then be written as

Poe(0) = 1= ((OL] peo 102)* = ({11] foo [11.))*
1

=5- 2Re[c,_]?
2
1 o
=— |1 —[——=—Re[F,(0 E.41
2[ (sinh(2|a|2) elFal )]) ] E4D
From the definition of the Bessel function, %Re[ﬂl(@)] can be rewritten as

the following for 0 < 6 < 7:
|| a7 2m+1
d¢ sin”"* -0
2ICYI2 |a|4m /9 . 2
d m+1
~ sinh (2lal?) £ Z (m!)2 0 ¢ sin ()

2|CY|2 . 2
—m/() d¢ sin (¢) 1y (2|a| sm((p))

=1 - M, (6) (E42)

which gives the expression in Eq. (7.17) in Chapter 7.

Given a control qubit in the state of Eq. (7.21) in Chapter 7, let us compute the
total bit-flip probability from the CX gate on two data qubits. We again assume
dispersive coupling between the control and the data qubit. Notice that the terms
that are non-diagonal in the Fock basis in Eq. (7.21) will lead to zero contribution
in the final state of the data qubits, when the control qubit is traced out. Then, the
initial state of the data qubits before the stabilization is written as

1 1= p)" n—1 .
20 8 pu(0) + S5 51 06) @ i) + 2(1= Vi) A0
(E43)

where 6 is the rotation angle. We set n6 = m, such that the data qubits undergo a

m-pulse |0z) — |1.) if the control qubit is in state |n). The first two terms do not
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contribute to the bit-flip probability after the stabilization (since ppe(0) = ppe() =
0). Then, Eq. (7.18) in Chapter 7 is found to be

-1
poi =5 Z (1= p)* e ( ) (E44)

Linearizing for p < 1, we find that pys ~ 5 EXR k=0 Pbf (9 = ) Here, note that we
extended the summation limits to include £k = 0 and k = n, as their contribution
to the sum is zero. Using the definition for pyps(68) in Eq. (7.17) of Chapter 7, we

expand this expression as

ress e ()22 ()

~ m/ dz [Ma (rz) - lMﬁ (HZ)] (E.45)
2/, 2

where we converted the summation over the Fock levels to an integral in the limit
thatn > 1. From the symmetry of M (nz), we have that M, (nz) = 2—M,(n(1-2))
forz € [%, 1]. Then, we find:

1 3 1
/ dz M, (nz) = / dz M, (nz) + / dz [2-M, (n(1-2))] =1 (E.46)
0 0 1

2

We can similarly rewrite the second term in Eq. (E.45) as

1 i 1
/OdzMg(nz)zfo dzMé(ﬂz)+/% dz [2 - My (n(1 - 2))12

0 0

In order to approximate this expression, we notice that the integrand in the definition
of M,(0) in Eq. (E.42) is sharply peaked around n/2. In the vicinity of 7/2, we

can approximate Io(2|e|*sing) ~ exp(2|e|?sin ¢)/y/4r|a|?sin ¢, and sin (¢) ~
(5-9)°
1= 4
2

. Then, using the Laplace method, we rewrite M, (6) as

QANE [P e

Mo (6) v — VT dep (1
O b 2laP) S Y€
~ |C¥|/\/_ /9 e dee 20aP(1-4% 5) (E.48)
sinh (2]a|?) '

For 0 < 6 < /2, we can further write

M, (0) ~ 1 —erf(lafl (%—9)) (E.49)
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where erf(z) is the erf function. Finally, plugging this into Eq. (E.47), we obtain

1 3 2% 1
/ dz M? (n7) z1+2/ dzerf? (|a|nz) ~ 2 — (—) — (E.50)
0 0 n) el
for |@| > 1. Thus, Eq. (E.45) can finally be approximated as pys ~ \/ﬂ for
273 ||

la|,n > 1.

E.4 Bit-flip floor

We now derive the bit-flip floor analytically. We assume the ideal setting of the 0-n
Fock qubit where we engineer dissipation with rate «; between adjacent levels in the
lower and upper half spaces. The transition rates are summarized in Eq. (7.3), and

we also assume that intrinsic loss processes are much weaker than the engineered
Tl

dissipation ;" < K.

In this setting, we observed that the system stabilizes to a metastable state in short
time-scales r ~ 1/k;. As the populations in each level converge to their steady state
values, the CX bit-flip probability when the qubit is used as the control qubit also
converges to a fixed value. We refer to this probability as the bit-flip floor. Let us
analyze how the bit-flip floor varies as a function of the number of levels in the qubit
N, and the mean photon number in the cat qubit a. Furthermore, let us examine the

speed of convergence to the bit-flip floor.

Fixing |a|? = 10, k" = 103k, and x| = 1075, we plot the total bit-flip probability
as a function of the stabilization time ¢ for various n in Fig E.1a. From the Figure, we
observe that the bit-flip probability decays exponentially with time before converging
to the bit-flip floor.

Then, we plot the scaling of the bit-flip floor with respect to the number of levels N
for various |a| in Fig E.1b. We fix /<l.T = IO_ZK}, and define r| = Kl.l/KS < 1. We plot
the case where r| = 173 with the circles, and r | = 1~* with the stars. For relatively
small N, the bit-flip floor decays exponentially with N, where we observe that the
decay rate is proportional to |a|>. As N > 1, the scaling is modified into a power
law. Let us derive this scaling analytically, assuming that the limiting loss process

for the bit-flip floor is intrinsic decay, i.e. Kl.l > K;.r.

First, notice that given the initial state before the stabilization in Eq. (7.21), we have
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Figure E.1: Bit-flip probability ppr of the CX gate on cat qubits with mean photon
number |@|?, when the 0-n Fock qubit is used as the control qubit. a) On relatively
short timescales t ~ 1/«;, the 0-n Fock qubit stabilizes and pys converges to to a
fixed value referred to as the bit-flip floor, inversely proportional to n. b) Bit-flip
floor as a function of the number of levels N = n + 1 of the Fock qubit. The floor
decays exponentially with n for small z, however the scaling is modified to 1/n? for

!
n > 1 (see Eq. (E.56)). We set r| = Z—: to 1073 (plotted with circles) and 10~*

(plotted with stars), for |a|?> = 5 (plotted in blue) and |e|*> = 10 (plotted in yellow).
The analytical fit for large n is plotted with the respective colors, with plain and
dashed lines for | = 107 and r| = 107, respectively.
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that
|
P(0) = 3 (p+(1=-p)"), (E.51a)
P(j):g(l—p)j,lstn—l, (E.51b)
1
P(n) = 5 (1-p)". (E.51¢)

Since Kl.l > KIT, the bit-flip errors will arise from intrinsic loss to lower levels in

the upper half of the 0-n Fock qubit. The total population in these levels is initially

7:(n+l)/2 P(j) = %(1 — p)"*D/2 - On the timescale ¢ ~ 1/«y, the populations in
the upper half will converge to the metastable state given in Eq. (7.6) of Chapter 7.
Then, the populations in this section can be written as

ntl Lo nt (NPT
P(J.)z(l—p)z( K; ) zw(ﬁ) (E.52)

2 Ks + KlT 2 Ks

for % < j < n. The level populations decay exponentially as we go to lower levels
from n. In contrast, the bit-flip probability of a level increases. However, for large
enough n, the decay in populations will be faster than the increase in the bit flip
probability. Then, the highest contribution to the total bit-flip probability will be
due to level n — 1. The bit-flip probability can therefore be approximated as

Pof ~ % (i—j) o (7 - %) (E.53)
where
pule=3) [ -2 () ) s

as M(r—7) =2-M(3). Letus approximate M () for n > 1. Defining x := n/n,

n
x < 1, we have:

2 X
M) = 20 [ do i@t (21of sin (0)

sinh (2|
|a,|2x2

~ Y rx <1 E.55
sinh 22’ (E.55)

Then, for large enough n such that M (%) < 1, we find

l
K;

n+l
a2l -p)" (
p

~ 2nZsinh (2|a?) ) ' (E.56)

Ks
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We thus observe that the bit-flip floor decays as 1/1? in the limit of n — co. This
analytical expression is plotted with plain lines for r| = 1073, and dashed lines for
ry = 10~* in Fig. E.1b. For both cases, blue curves represent ||> = 5, whereas
yellow curves represent || = 10. We observe that this function is a good fit in the

limit of N > 1.

E.5 Analytical solution to bit-flip probability after CX gates with decay

For a large number of filter modes, performing the full simulation of the stabilization
of the 0-n Fock qubit, as well as the noisy CX gates conditioned on it can be compu-
tationally challenging. Because of this, it is valuable to approximately quantify the
bit-flip probabilities with an analytical method. We show that such a method can be

obtained here.

First, we have shown in Section 7.2 that the evolution of the 0-n Fock qubit during
an ideal stabilization can be separated into two components: the evolution of the
diagonal elements, |i) (i|, and the coherences, i) (j|, i # j. The former can be

computed with a CTMC, whereas the latter only shrinks in amplitude, where the
d

rate can be computed given the decay and heating rates 7, Kl-h between levels |j)
and |j + 1). These rates are obtained analytically in a perturbative fashion (cf. Eq.

(E.1)).

After the stabilization, the 0-n Fock qubit is used to perform the CX gates on the
cat qubits. The interaction Hamiltonian between the Fock qubit and a cat qubit is in
the form of H = yi#i,n,, where 71, = £'%, and 4 (cf) is the annihilation operator on
the Fock (cat) qubit. Furthermore, the CX gate is subject to intrinsic single-photon

events. For the CX gate on M cat qubits, their final state can be written as
¥y = oM(Tre(AY (p ® #))) (E.57)

where W; = [0.) (0.|®M, AM () == Aygo---0 A, DM()) = Oyo--- 0D,
®;(-) == I®M-1 @ ®(-) ® I'"!, and the trace is over the Fock qubit. Furthermore, we
define A; to be the channel A applied to the control qubit and the i™ qubit, with the
identity acting on all remaining subsystems. Here, A is the CX gate, and @ is the
stabilization of the cat qubit via two-photon dissipation. Given this final state, the

bit-flip probability is
1= (LM P [0L)®M + (1, |%M Py 11,)2M). (E.58)
We observe that the CX interaction satisfies

A(li) (Gl ® p) o< [i) (jl® & for i # j, (E.59)
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1.e. the coherence terms of the Fock qubit are unaffected up to an amplitude rescaling
due to decoherence, and the cat qubit is transformed from p into 6. Due to the
tracing out of the Fock qubit, these terms will not contribute to ¥ r. Furthermore,
there is no cross-talk between them and the diagonal terms |7) (i| of the Fock qubit.
Then, we can ignore the coherences of the initial state of the Fock qubit while
calculating the bit-flip probability. Because of this, we work with the initial Fock
qubit state in the form of p = >}, |j) (Jl.

We can then compute the effect of A using the Lindbladian in Eq. (7.2) with the CX

Hamiltonian H = y#,#,. For coherent states |a) , |3), the Hamiltonian satisfies

[H. 1) @ la) Bl = xj 1)) (| ® [Aa, |@) (Bl] (E.60)

This term acts on the initial coherent state superposition to rotate them in the phase
space over time, and the Fock qubit is unaffected. Conversely, the Lindbladian £(p)
in Eq. (7.2) causes single photon decay and heating events, causing transitions
between adjacent Fock levels, and leaves the coherent states unchanged. Therefore,

we propose the following ansatz for the evolution of the joint state of the Fock qubit
2 pjlj) {jl and the dyad |@) (BI:

6 :Z/depj(z,e) 17) (il ® |ae™) (Be™™| (E.61)
J

where P;(0,0) = p;j6(0) V j, 6(x) is the Dirac delta function, and 3’; p; = 1. For

easier notation, let us define e = ay, Be™® = By. Then,

b= [ dooriwop el il (E62)
J
Also, notice that
d |a’g> _|a| /2 Z( (a/ g_le)n |n>

= —if |ae_i > (E.63)

Then, [7, |ag) (Bol] = i%(lcyg) (Bgl). Using this identity, —i[H, &°] can be written

as (up to the constant factor y):

Y, [ doipie.0)1 le Ll (oD
s

== / d0 99 P;(1,0) 1)) (j] ® law) (Bl (E.64)
J
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Let us also denote £ (67) with

>, [ dom;0p;e.0)17) Gl @ law) (ol (E65)
Jl
The evolution of & is found from
dé
d—ot- = —i[H,&0] + L(0). (E.66)

From Egs. (E.64) and (E.65), we observe this equation can be rewritten in terms of

P;(t,6) only. Doing so, we obtain the following partial differential equation

Py (t,0) = —xj0pP;(1,0) + > M;(1)P;(1,0). (E.67)
l

This equation can be solved by going into the Fourier domain, where P i(t k) =
[ doe %P (1, 0).

0Py (1, k) = =iy jkP;(t,k) + > M;(D)P;(t, k)
l
= Z M (D) P (t, k) (E.68)
l

Solving this for each j results in obtaining the evolution of . Let us refer to the
solution at the end of the CX interaction as P;(T,6). We notice that this solution
is independent of the coherent state amplitudes «, 8. Using this property, and given

the initial state of the cat qubit before the interaction is in the form of
0L) OL| = a+s @) {a| + a—|-a) (—a| + a.-(|@) (-a| + [-a) (e]), (E.69)
The final state will therefore result in

o7=) [ d0PT.0)19) 1 ® (a-- |-a) (a0
J

+ary o) (gl + as—(lag) (—aol + |-ao) (@) (E.70)

For the two-resonator cost function considered in Chapter 7, we need to apply the
same CX interaction to a secondary cat qubit resonator initialized in |0z) (O |. For
an easier computation, we can commute the stabilization of the first qubit in Eq.
(E.57), as well as the projection into the logical subspace {|0.),|1.)}, with this
interaction. Thus, we obtain two possible initial Fock qubit states depending on
the result of this projection. For both of these states, one can resolve the evolution
for P; (t, ) for the second resonator, which is then stabilized and projected into the
logical subspace. Finally, the bit-probability can be computed from Eq. (E.58) with
M =2.
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Figure E.2: Average logical error per round p; when the 0-n Fock qubit is used
as an ancilla in the repetition code, paired with cat data qubits, with a dephasing
budget on the Fock qubit. The contours for p; are shown as a function of kT¢ycle
and the code distance d, where «; is the single-photon loss rate of the cat qubits, and
Teyele 1s the cycle time for a single round of error correction. Z errors are applied
on the ancilla and the data qubits at the start of each error correction round. We
assume single-photon events on the ancilla with rh =250 us, Tl.T = 250 ms, and

1

dephasing such that the overall Z error probability p%ncma is doubled. Lastly, we

assume a stabilization time #; = 500 ns, CX gate time 7, = 200 ns, and cat mean
photon number |a|? = 10.

E.6 Logical error rates with a dephasing budget

Here, we recompute the average logical error per round, given the 0-n Fock qubit as
the ancilla and cat data qubits, for the repetition code. In Sec. 7.4, we have ignored
the dephasing effects as we assumed that E; can be sufficiently increased such that
dephasing due to charge noise is suppressed exponentially in E;/E¢. Here, we relax
this assumption and work in a regime where dephasing results in a loss of coherence
equal to that of the intrinsic single-photon events. In Sec. 7.2, we have computed
that single-photon events result in a decay of coherence terms as () = e 3ket 0(0),
where p(0) = |m) (n|, k. = &, + &/, and «/, = Kg_l + kI is the total rate of the
outgoing excitations from level n. Then, the coherence |0) (n| decays with a total
rate k. = n/<l.l + (n+ 2)/<t.T & nKl.l. Similarly, dephasing with a Lindblad operator
ﬁ¢, = K¢ a"a results in a loss of coherence with rate k. = Ky(m — n)%. Thus, we

set Ky = Kl.l /n for the 0-n Fock qubit, so that the decay due to dephasing is equal to
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that due to the single-photon loss.

The recomputed average logical error rates (including the bit-flip contribution) can
be found in Fig. E.2. We plot the contours p; € {10‘4, 107, 10‘6} with dotted,
dashed, and plain lines, respectively. We work with N € {4, 6,8, 10}, which are
represented with the different colors. We set the Fock qubit stabilization time as
ts = 500 ns, and the CX gate time as 7, = 200 ns: thus, the total Z and X errors on the
ancilla are fixed and are independent of the cycle time Teycle. Tcycle determines the
amount of dephasing on the data qubits, with pdzalta ~ |Q|2K1Tcycle, |cx|2/qTCycle < 1,
as in Sec. 7.4. Here, « is the single-photon loss rate of the cat qubits. Finally, we

set the mean photon number as || = 10.

Comparing Fig. E.2 with Fig. 7.4 in Sec. 7.4, we observe that a given logical error
rate for a code distance d is achieved for smaller | Tcycle, 1.€. for a smaller dephasing
rate of the cat qubit. This is expected, as the additional dephasing budget causes an
increased ancilla phase-flip probability, which deteriorates the performance of the
repetition code. However, this performance change does not require an order-of-

magnitude change in k1 Tcycle.



	Acknowledgements
	Abstract
	Published Content and Contributions
	Table of Contents
	List of Illustrations
	List of Tables
	Introduction
	Theoretical Background
	Quantum parameter estimation
	Open quantum systems and non-Markovian noise
	Gaussian states and continuous-variable entanglement
	Encoding qubits in bosonic modes
	Cavity optomechanics and input–output relations
	Probe preparation versus continuous monitoring

	Universality of Stationary Optomechanical Entanglement
	Introduction
	System Dynamics
	Structure of the Covariance Matrix
	Entanglement Criterion
	Universal Entanglement
	Generalization to arbitrary squeezing
	Discussion for Frequency-Dependent Squeezing
	Conclusions

	Macroscopic Quantum Entanglement in LIGO
	Introduction
	System Dynamics
	Entanglement Criteria and Partitions
	Entanglement in the Presence of Non-Markovian Noises
	Noise Model of aLIGO
	Entanglement in aLIGO
	Discussion and Conclusions

	Bayesian phase estimation with blocks of GHZ states
	Introduction
	Results
	Phase estimation for atomic clocks
	Methods
	Discussion

	Extending the dynamic range in quantum frequency estimation with sequential weak measurements
	Introduction
	Formulation
	Ramsey Interferometry with Weak Measurements
	Cramér-Rao bounds
	Saturability of the CRB and the threshold effect
	Conclusions and outlook

	Dissipatively Stabilized 0-n Fock Qubits for Noise-Biased Quantum Computing
	Introduction
	Properties of the 0-n qubit
	Proposed Experimental Implementation
	0-n qubit as an ancilla
	Conclusions

	Conclusions
	Bibliography
	Supplementary Information for Chapter III
	The Wiener-Hopf method
	Universal entanglement in the presence of frequency-independent squeezing
	General symplectic transformations on the light field
	Realization of frequency-dependent squeezing
	Passive losses

	Supplementary Information for Chapter IV
	Structure of the Covariance Matrix
	Numerical Implementation for aLIGO's Noise

	Supplementary Information for Chapter V
	Allan deviation for various clocks
	Optimality of the sine state
	Overhead for three blocks with optimal measurements
	Optimization of the adaptive measurement
	Proof of claim I (OQI and CSS Plateaus)
	Impact of noise on the proposed scheme

	Supplementary Information for Chapter VI
	Imperfect Weak Measurements
	Weak Measurements with Light

	Supplementary Information for Chapter VII
	Filter optimization
	Independence of dissipators
	CX bit-flip probability
	Bit-flip floor
	Analytical solution to bit-flip probability after CX gates with decay
	Logical error rates with a dephasing budget


