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Abstract

Measuringautomaticallytheshapeof physicalobjectsin orderto obtaincorrespondingligital modelshasbe-
comeauseful,oftenindispensablapolin designengineeringartconseration,computeigraphicsmedicine
andscience Machinevisionhasprovento bemoreappealinghancompetingechnologiesldeally, we would
like to beableto acquiredigital modelsof genericobjectsby simply walking aroundthe scenewhile Iming
with a handheldcamcorder Thus,oneof the main challengesn modernmachinevision is to developalgo-
rithmsthat: i) areinexpensve, fastandaccurateji) canhandleobjectswith arbitraryappearancproperties
andshapeandiii) needlittle or no userintervention.

In this thesis,we addresdothissues.In the rst part, we presenta novel 3D reconstructiortechnique
which makes useof minimal and inexpensve equipment. We call this technique’shadav carving”. We
explore the informationcontainedn the shadavs thatan objectcastsuponitself. An algorithmis provided
that makes useof this information. The algorithmiteratively recovers an estimateof the objectwhich i)
approximateghe object's shapemoreandmore closely; andii) is provably an upperboundto the objects
shape. Shadev carvingis the rst techniqueto incorporate’shadav” informationin a multi-view shape
recovery framavork. We have implementedour approachin a simple table-topsystemand validatedour
algorithmby recoveringthe shapeof real objects.

It is well known thatvision-base®D scanningsystemsandlespeculaior highly re ective surfacesonly
poorly. The causeof this de ciency is mostlikely notintrinsic, but ratherdueto our lack of understanding
of therelevantcues. In the secondpart of this thesis,we focuson how to promotemirror re ections from
"noise” to "signal”’. We rst presentigeometricabndalgebraiccharacterizationf how a patchof thescene
is mappednto animageby amirror surfaceof givenshape We thendevelopsolutionsto theinverseproblem
of deriving surfaceshapefrom mirror re ectionsin a singleimage. We validateour theoreticalresultswith
bothnumericalsimulationsandexperimentswith realsurfaces.

A third goalof this thesisis advancingour understandingf humanperceptiorof shaperom re ections.
Although the ideaof perceptionof shapefrom differentvisual cues(e.g., shading texture, etc.) hasbeen
extensiely discussedn the past, little is known to what extent highlights and specularre ections carry
useful information for shapeperception. We use psychophysicdo study this capability Our goalis to
provide a benchmarkaswell asinspirepossibletechnicalapproachedpr our computationaivork. We nd
that surprisingly humansarevery poor at judging the shapeof mirror surfaceswhenadditionalvisual cues
(i.e.,contour shading stereotexture)arenotvisible.



Contents

Acknowledgements

Abstract

Table of Contents

1

Intr oduction

1.1 TowardanldealVisualSystemto AcquireDigital Models . . . ... ... ... ......
1.2 Shadev Carving: CombiningLow Costwith RolustShapeRecavery . . . . .. .. .. ..
1.3 BeyondMatteSurfaces. . . . . . . . e

Shadow Carving
2.1 Introduction. . . . . . . . e
2.1.1 ChapteOrganization. . . . . . . . . . . . e
2.2 Background. . . . ... e
2.3 Shadov Carving. . . . . . . o o e e
2.3.1 TheShadev CarvingTheorem. . . . . . . . ... ... . . . . ...,
2.3.2 TheEpipolarSliceModel . . . ... ... . ... ...
2.3.3 Example . . . . .
2.3.4 TheShadevDecomposition. . . . . . .. . ... ... . . e
2.3.5 TheAtomicShadavCase . . . . . . . .. . ... . i
2.3.6 TheCompositeShadavCase . . . . . . . . . . . it
2.3.7 Effectof ErrorsintheShadev Estimate. . . . .. .. ... ... .. .. ......
2.4 A Systemfor 3D Reconstructiofirom SilhouetteandShadavs. . . . . . . . ... ... ..
2.4.1 BackgroundsShapdrom Silhouettes . . . . . . . ... ... Lo
2.4.2 FirstPhase- Shapgrom Silhouettes . . . . ... .. ... ... ... .......
2.4.3 CombiningApproaches.. . . . . . . . . . ... e
2.4.4 SecondPhase-ShadevCarving. . . . .. ... .. ... . .
2.5 Implementation. . . . . . . . .
2.5.1 HardwareSetup. . . . . . . . e
2.5.2 Software—Spacecarving. . . . . . ... e
2.5.3 Software—ShadevCarving . . . . . . .. . .. . . . e
2.5.4 Software—PostProcessing@ftheSurface. . . . . . ... ... .. ... ......
2.6 ExperimentaResults. . . . . . . . . .
2.6.1 Experimentswith SyntheticObjects. . . . . ... .. .. ... .. ... ... ...
2.6.2 Experimentswith RealObjects. . . . . . . . ... ... .. . ...
2.6.3 DISCUSSION . . . . . . o i
2.7 CONCIUSIONS. . . . . .



3 Computational Analysis for 3D Reconstructionof SpecularSurfaces

3.1

3.2

3.3

3.4

3.5

3.6

3.7

4.1

4.2
4.3
4.4
4.5

IntroductionandMotivation . . . .. ... L
3.1.1 ProposeddpproachandSummaryoftheResults . . . . . .. ... ... ... ...
3.1.2 PreviousWork andOur Contribution . . . . . ... ... ... ... . . ...
3.1.3 Chapterorganization. . . . . . . . . . ..
ProblemFormulation . . . . . . . . . . . e
3.2.1 NotationandBasicGeometryof SpeculaRe ections. . . . . . . ... ... .. ..
3.2.2 Reference&SystemandSurfacerepresentation . . . . . ... ...
3.2.3 DifferentialApproach . . . . . . . . . .
DirectProblem . . . . . . . . e
3.3.1 FirstOrderAnalysis . . . . . . . . . .
3.3.1.1 First-ordeDerivativeofr(t) .. ... .. ... ... ... ... .....
3.3.1.2 RelationshiBetweerr andgq . . . . . . ... ... .. ... ... ....
3.3.2 SecondrderAnalysis. . . . . . ..
3.3.2.1 Second-Ordeberivativeofr(t) .............. ... .....
3.3.2.2 RelationshiBetweernr,fandeg . ... ..................
3.3.2.3 RelationshiBetweernr,fand 9. ... ... ... ............
Propertieof theRe ectionMapping. . . . . . . . . . .
3.4.1 GeometricalCongurations . . . . . . .. . .. ...
3.4.1.1 SingularCongurations . . . . . . . .. ...
3.4.1.2 Degenerat&Congurations . . . . . .. .. .. e
3.4.2 TheRankTheorem. . . . . . . . . . . . e
3.4.3 TheGeneralizedRankTheorentor Arbitrary TangentDirections . . . . . ... ..
ThelnverseProblem . . . . . . . . e
3.5.1 InverseProblem . . . . ... ..
3.5.2 ParameteReduction. . . . . . . . . . ...
3.5.3 ImageMeasurementsCurveOrientations. . . . . ... ... ... ... ......
3.5.3.1 RecweringtheFirst-OrderParameters. . . .. ... .. ... ... ...
3.5.3.2 Reconstructiollgorithm . . . . . ... ... Lo o o
3.5.3.3 NumericalSimulationsandDiscussion. . . . . .. ... ... ... ...
3.5.3.4 Recweringthe Second-OrdeParametersthe Second-OrdeAmbiguity .
3.5.3.5 Recweringthe Second-OrdeParametersTwo SpecialCases. . . . . . .
3.5.3.6 Recweringthe Second-OrdeParametersGeneralCase. . . . . .. ...
3.5.3.7 RecweringtheThird-OrderParameters . . . . . . ... ... ... ...
3.5.4 ImageMeasurementOrientationst+ LocalScale . . . . . .. ... ... ... ...
3.5.4.1 RecweringtheFirst-andSecond-OrdeParameters. . . . . . ... ...
3.5.4.2 RecweringtheThird-OrderParameters . . . . .. ... ... ... ...
3.5.4.3 ReconstructiofProcedure. . . . .. ... o
3.5.4.4 ReconstructiofError . . . . .. Lo
3.5.4.5 Generalizedapping . . . . . . ...
Experiments. . . . . . . e
3.6.1 Resultswith Algorithm Al - Measuremendf Orientations. . . . . ... ... ...
3.6.2 Resultswith Measurementf OrientationsandScale . . . . . . ... ... .. ...
ConclusionandFutureWork . . . . . . . . .

Human Perception of Specularsurfaces

Introduction . . . . . . . . e e e
4.1.1 ChapterOrganization. . . . . . . . . . . . e e
Methods. . . . . . . e e
ResUlts. . . . . . e e e
ANalySIS . . . .
CoNCIUSIONS. . . . . . e e

5 Conclusions



Bibliography 129



Chapter 1

Intr oduction

1.1 Toward an ldeal Visual Systemto Acquire Digital Models

Forthelastthirty yearsthepossibilityof capturingdigital representationsf physicalobjectshasbeerrecev-
ing anenormouamountof attentionin informationtechnologyresearchContraryto physicalmodels digital
modelscanbe easilystored retrievedin databasesditedin computeraided-desigffCAD) basedsoftware,
transmittedandrecevedthroughdigital communicatiorsystemsusedastemplatedor reverseengineering,
displayedandanalyzedat differentresolutionandmore. As a result,digital modelsareusedin mary appli-
cations.Perhapshemostimportantonesarearchaeologyeducationmedicine entertainmentyirtual reality,
computergraphics designandprototypingof industrialcomponentse-commerceandrobotics.

Thereexist several differentways of capturingdigital models. Machinevision hasprovento be more
attractive than mary competingtechnologies.For instance acquiringmodelsfrom visual inputs (suchas
images)s, by far, morecornvenientandfasterthanmakinguseof touchprobes.Ideally, onewouldlike to be
ableto acquiredigital modelsby simply walking aroundthescenewhile Iming with ahandheldcamcorder

This possibility has boostedvision researchenormouslyand several techniqueshave beenproposed.
Thesetechniquesnainly differ in: i) thetypeof visual cuesbeingusedfor shapeecovery (texture,shading,
contourssystems)ii) thenumberof obseners(monocularsterear multi-view stereo)andiii) thepossibility
of projecting”active cues”suchasstructuredighting on the objectsurface(laserstripes,structuredighting
patternsshadaevs, etc).

However, muchwork still needsto be done. Eachof thosesolutionspresentdravbacks. For instance,
structuredighting techniquedendto be accurate put expensve. Also, they requirean additionalstepin
which all of the reconstructeghortionsof the surfaceneedto be stitchedtogether Reconstructiorschemes
that usemultiple camerasare hardto calibrate. Systemghatjust use”passie” cuessuchascontoursare

provento berobust(e.g.,multiple views areeasilystitchedtogether) put inaccurate As aresult,we arestill



Camera (point of obsewation) Second point of obsewation

Figurel.1: A simpleapproactto recoverthe shapeof anobject: shaperom contours(or silhouettes).The
silhouetteandthe point of obsenationfor eachview form a conecontainingthe object. The intersectiorof
multiple conesis an estimateof objectshape. Shapefrom contourtechniqueshowever, fail at recovering
objectconcaities.

far from having an”ideal” vision system. Ultimately, onewould like to be ableto recover digital models
quickly, accuratelyat low cost,and,with minimal humanintervention.
With thatspeci ¢ goalin mind, we developeda novel approacHor 3D reconstructiorof objects.We call

this approactishadav carving”.

1.2 Shadav Carving: Combining Low Cost with Robust Shape Re-
covery

Shadaev Carvingis the rst techniquethatincorporatesshadav” informationin a shape-from-contoure-
constructiorframevork.

Shapefrom contours(or silhouettes) hasbeenusedfor mary years. An early shapefrom contours
methodwas presentedy Martin and Aggarwal [47] in 1983 The approachrelies on the formation of a
coneby a point of obsenationandthe silhouettein animageobtainedfrom thatpoint, asshavnin Fig. 1.1.
All spaceoutsideof this conemust be outsideof the object. Thus, the conerepresentsan upperbound
consenative estimateof the objectshape By intersectinghe conesformedfrom mary differentviewpoints,

theestimateof objectshapecanbere ned. Differenttechniquedor computingtheintersectiorof coneshave



Figurel.2: Objectsconcaities mayberevealedby the presencef shadaevs thatthe objectcastsuponitself.

beenproposedand subsequentesearcthasimproved on the ef ciency of this approach.Becausehey are

robust and conserative, techniquessimilar to Martin and Aggrawal's original methodhave found success
in low-endcommercialscannersTheseapproachedhowever, arequite inaccuratevhenthe objectpresents
concaities, thereasorbeingthatconcaities cannotbe modelledusingcontours As aresult,severeartifacts

areoftengeneratedn the nal reconstructiorof the model.

Computingshapgrom shadevs— or shaperom darkness- hasalsobeenstudiedfor mary years.Shafer
andKanadg[63] establishedundamentatonstraintghatcanbe placedon the orientationof surfacespased
ontheobsenationof theshadavs onecastsonanother Sincethen,severalmethoddor estimatingshapegrom
shadaevs have beenpresentedAll of thesemethodshowever, rely onaccuratedetectionof the beginningand
endsof shadev regions. This is particularlyproblematicfor attachedgshadavs thatarethe endof a gradual
transitionof light to dark. Furthermoreexisting shape€rom shadev methodsssentiallyecoverterrainswith
somehole estimatestatherthancompletethreedimensionabbjects.

A majoradwvantagehowever, is thatshapdrom shadev methodsallow thereconstructiorof the shapan
concaities. Suchconcaities would notappeain ary silhouetteof the object(seeFig. 1.2).

It is evidentthatto producerobustscanningsystemst is usefulto combinemultiple shape-from-Xap-
proachesA systemis morerobustif a shapesstimatedrom shape-from-Ais consistentvith shape-from-B.
Shadaev carvingusesthis basicideain combiningshapefrom contourwith shapefrom shadevs. Shadav
carving exploresthe information containedn the shadevs that an objectcastsuponitself asit is lit from
differentdirections.The startingpointis anupperbound(conserative) estimateof the object's surface,i.e.,

asurfacethatcompletelycontainsthe object. This upperboundapproximations estimatedy measuringhe



Figurel.3: For speculaiobjects the brightnessneasurean the object's surfaceis notinvariantwith respect
to the viewer's position. Rather it dependsn the positionof bothviewer andlight source.Notice thatthe
relative positionbetweerthe highlight andthe black crosschangessthe viewer changegosition.

object's contours.Then,we usetheinformationprovidedby the object's shadevs within animage.We make
useof thesecuesto "carve” away piecesof the currentsurfaceestimate We obtaina new estimatewhichis
a closerapproximatiorof the actualsurfaceof the object. By addingimagestaken underdifferentlighting,
onemay iteratethis process.We provedthatthe algorithmgenerates sequencef consenative estimates,
andthattheinformationprovidedby eachnew imageis usedef ciently .

Coupling"shadavs” and"contours” informationallow to combinerobustnesswith low costand good
accurag. Theissueof low costis worked out in thatwe proposea systemthat usesa commoditydigital
camerandcontrollediighting systemg£omposeaf inexpensvelamps.Additionally, sinceourmethodrelies
onsubstantiavariationsin theintensitiesn acquiredmagesit avoidsrequiringtheuserto setparameterand
hence minimizesthe users intervention. Finally, sinceour techniqueprogressiely improvesconsenative
estimate®f surfaceshapeit avoidshaving anunstablamethodin which smallerrorsaccumulat@ndseverely
impactthe nal result.

We describeshadaev carvingin moredetailin Chapter2.

1.3 Beyond Matte Surfaces

Thusfar, we have neglectedanotheiimportantlimitation of traditionaltechniquegor digital modelling. Most
3D reconstructiorsystemsarebasedntheassumptiorthatthebrightnessneasuredntheobjectssurfaceis
invariantwith respecto the viewer's position. Matte surfacessatisfythis assumptiorup to a certaindegree;
speculasurfacesmostoftendonot. Ratherthebrightnessneasurednthesurfacedependsnthepositionof
bothviewer andlight source(seeFig. 1.3). Objectsfalling in this cateyory arerathercommon(seeFig. 1.4),
andrepresena stumblingblock for mary current3D reconstructiorsystemsLet us examinethe reasonsn

moredetail.
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Algorithms basedon feature-matchingstereo,structurefrom motion, voxel coloring) are basedon the
assumptiorthatsmall surfacefeaturescanbeidenti ed in imagestaken from differentpositions. Similarly,
photometricstereoand shapefrom shadingalgorithmsassumethat the pixel brightnessdependsonly on
the position of the light sourcerelative to the surface. Both hypothesesre not true for specularsurfaces.
In active lighting techniquesstripesor patternsof light are projectedon the objectsurfacefrom alaseror
LCD projector Unfortunately shiny surfacesre ect mostlight alongthe speculardirection,andtherefore
the signal obsened by the imaging device might be either very low or measuredn the wrong position.
Techniqueshasedon occludingcontoursrequire segmentingthe objectagainstthe background. This task
may becomevery hardasgrazing-anglae ections of the surroundingscenemake suchboundaries melt'
visually with thebackgroundShape-from-teturetechniquegxploit intrinsic featureqalbedo)of the diffuse
component®f there ectancefunction. In orderfor thesemethodgo work, it is necessaryo rule out texture
featuredueto re ections of the surroundingsceneandonly considerthosedueto the diffusecomponent.

Yet, theability to recoverthe shapeof highly speculaisurfaceds valuablein mary applicationssuchas:

Industrialmetrology:measurementsf mechanicapartsareneededor prototypingandquality control
of industrialobjects.Most objectsof interesthave highly re ective andpolishedsurfaceyseeFig. 1.4,

panelc).

Diagnosticand control of spacestructures:large spacestructuresare built of extremelylight-weight
componentandthus,are highly susceptibléo comple oscillations,aswell to damagerom debris.
Thesesurfacesareoftenmetallicandhighly re ective. On-linemeasuremerdf surfacedeformations
usefulfor stabilizationandcontrol. Diagnosisof impactdamages equallyuseful(seeFig. 1.4, panel

e).

Medicalimaging: digital modelsneedto be capturedanddisplayedfor diagnosisaswell for on-line
control of suigical procedures Moist anatomicabartslik e the corneaof the eye andtissueshatare

visible endoscopicallyarehighly re ective (seeFig. 1.4, panelf).

Remotesensingof the surfaceof water: geophysicaforcesactingon water(i.e., wind, currents)may

be studiedthroughmeasurementsf the shapeof the surface(seeFig. 1.4, panelg).

E-commercethe possibility of viewing 3D interactve modelsof productsover thewebis appealing

to customersMany consumeproductshave highly glossysurfaces(seeFig. 1.4, panela).

Digital archival of artandheritageobjects:artistic objectsoften containhighly speculasurfaces.Jef
Koon's Rabbit(Fig. 1.4, paneld), is madeof stainlesssteelandappearsasan almostperfectmirror

surface.Anotherexampleis the antiquegobletin Fig. 1.4, panelb.



Figure 1.4: Applications. Panel a: E-commerce.Panel b: digital archival of heritageobjects. Panel c:
industrialmetrology Paneld: digital archival of art. Jef Koons: Rabbit, 1986stainlesssteel41 x 19x 12
inches-courtesyof TheBroadArt Foundation.Panele: diagnosticandcontrolof spacestructuresHexapod
Structure- Tennesse&tateUniversity/ NASA Langley, courtesyof Dr. Gary A. Fleming. Panelf: medical
imaging.Panel g: Remotesensingof the surfaceof water

For shiry objects,oneadditionalcuemaybe preciselythere ection of theervironment.In fact,acurved
mirroredsurfaceproducedistortedimagesof the surroundingworld. For example,the imageof a straight
line re ected by a curved mirror is, in general,a curve. It is clearthat suchdistortionsare systematically
relatedto the shapeof the surface.ls it possibleto invert this mapandrecorer the shapeof the mirror from
theimagesit re ects? The problemis clearly highly underconstrainedBy opportunemanipulationof the
surroundingworld, we may producealmostary imagefrom ary curved mirror surface. This propertyis
well known by artists,asillustratedby theanamorphiémageshatwerepopularduringthe Renaissancésee
Fig. 1.5).

Researcherbave madethe problemof shapefrom re ections tractableby making assumptionsabout
the position and shapeof the object, and the structureof the surroundingworld. Someauthorsfocused
on highlights(i.e., bright re ections of light seenon shiry surfacessuchasthe onesin Fig. 1.3) andthe

informationthey carry aboutthe geometryof the surface. Thesestudiesrevealedthat even with a known



Figure 1.5: The problemof recoveringthe shapeof a mirror from its speculame ections is highly under
constrainedBy opportunemanipulationf the surroundingvorld we may producealmostary imagefrom
ary curvedmirror surface.Examplesaareanamorphiémagesasshovnin this gure. Anamorphicdmagesare
drawn by knowing therelationshipbetweerthe proportionsof areal objectto the proportionsof its re ected
imageon a mirror surfaceof known curvature.Onceananamorphiémageis drawvn, it canberestoredo its
correctedproportionsby re ecting it in the mirror surface. Typical surfacesusedfor anamorphiémagesare
conesandcylinders.

light source speculahighlightsdo not containenoughinformationto recover the shapeunivocally. Thus,
therelevanceandtheuseof additionalgeometricatonstraint§multiple camerasndmoving obsener) were
explored[36, 4, 84,49, 82] . Oftentheseeffortsledto techniquesequiringdedicatedcandexpensve hardware
equipment.

Otherresearchersiedto exploit thewayin whichaknown surroundingscends distortedwhenre ected
off amirror surface.Severaltechniquesn the spirit of classicshapefrom structuredightning methodswvere
proposedPioneeringvork by SandersoniNayaretal. [33] utilized anarrayof lights andthe corresponding
distribution of re ections. Amongothers particularlyinterestings the methodproposedy Halsead25] et
al. wherethe shapeof a specularsurfaceis recoveredby projectingcircular patternof lights. They applied
theiralgorithmto thereconstructiomf thecorneaof thehumaneye: averyimportantproblemin biomedicine.
All thesetechniqueshowever, assumehat a differentdegree of knowledgeon shapeand position of the

objectis available. Additionally, likewise commonstructuredighting techniqguesandmultiple imagesunder
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Figure1.6: Thetaskof recoseringthe shapeof a mirror from its speculatre ections may be very hardfor
thehumanvisualsystem.The gure in theleft panelshowns a speculasurfacewith a concaity in the center
It is quitedif cult to perceve the actualshapeof the concavity. Notice thatobjectcontoursgive very little
informationaboutthe shapeof the concaity. The gure in theright panel,shavs the samespecularsurface
seenfrom a differentside. The geometryof the concaity becomesow muchmoreclear In this case,
contoursseemto play animportantrole in the perceptionof the shape so we areinterestedn addressing
the question:to what extent canthe humanvisual systemusespeculare ections to perceve the shapeof
speculasurfaceswhenothervisual cues(suchasshadingtexture,contours)areabsent?

differentconditionof theilluminantarerequired.

We proposea novel approachwherethe local shapeof an unknavn smoothspecularsurface can be
recoveredby observingits deformingbehavior actingon the re ection of the scene. Our assumptionsre
that: i) the mirror surfaceis smooth;andii) the re ected scenehasknown structureand position. Under
theseassumptionsye rst describeageometricabndalgebraiccharacterizatioof how a patchof thescene
is mappednto animageby a mirror surface. Then,we investigatehe inverseproblemandgive necessary
and sufcient conditionsfor recovering the local shapeof the surface. Speci cally, we prove thatif the
ervironmentis composef a planarpatchof pointsor intersectingines, thenat ary point the local shape
canberecoveredupto thethird derivative.

Our techniquediffers and improves previous work in thatit allows local shapereconstructiorfrom a
singleimage;it doesnot requireprior assumptioron objectpositionor shape;it necessitateminimal and
inexpensvehardware(onecameraanda calibratedscenepatternonly); localshapecanberecoveredin closed
for solution;andthe analysids local anddifferentialratherthanglobalandalgebraic.

Thetechniquehasbeensuccessfullimplementedand several experimentameasuringeal specularsur

faceshave shawvn thatthereconstructions accurate More detailsarepresentedn Chapter3.
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1.4 Can We Seethe Shapeof a Mirr or?

Oneimportantconsequencef our computationalanalysisis that necessanand sufcient conditionsfor
recoveringthelocal shapeof mirror surfacesareprovided. In otherwords,thelocal shapeof amirror surface
re ecting ascenecanberecoveredonly if a certainamountof knowledgeaboutthatscends available. Our
computationastudytells us preciselywhatthis "amount”is.

Whathappensthen,if the surroundingworld is unknavn? The problemis underconstrainecandmary
solutionsarepossible Thisobsenationleadsnaturallyto thequestionhow dohumanscopewith theproblem
of perceptiorof the shapeof speculasurfacesgiventhatmostof time, we do nothave the exactgeometrical
informationabouttheworld? An answeilto this questionwould be of greatvalue. The studyof humanvision
canhelpus understandvhat cuesmay be usedandwhich algorithmsmay be feasible,andultimately guide
our analyticaleffortsin the mostproductve direction.

While the perceptionof shapefrom a numberof other visual cues(shading,texture, motion, stereo-
scopicdisparity) hasbeenextensiely discussedn the humanvision literature,surprisinglylittle is known
to what extent the re ection of the ervironmentoff a specularsurface may carry useful information for
shapeperception. The available knowledgeis limited to the work by Beck, Koenderinkand other re-
searcher$36, 1, 73, 48]. Blake [5] shavedthatthe humanvisual systemsuccessfullyestimateshapeand
quality of a shiny objectwhenthe highlightsareviewed stereoscopicallyRecently Flemingandcollabora-
tors[21] foundin their experimentghatthe shapeof mirror surfacess readily percevedby humansubjects.
They explain their ndings by noticing that speculamre ections exhibit a different patternof compression
thansurfacetexture. This featurewould allow the humanvisual systemto discriminatebetweenthesetwo
casesandthe patternof compressionvould represena cuefor shaperom specularities.

Through Chapter4 of this thesis,we study this problem psychophysicallyand addresghe following
guestionsi) to whatextentthe humanvisual systemcanusespeculare ectionsin isolation,namely when
other visual cues(suchas shading,texture, motion, stereoscopialisparity) are absents ii) what are the
underlyingcomputationattrateiesfor thistask?

Ourexperimentssurprisinglyshav thatour subjectsarevery pooratjudgingthe shapeof mirror surfaces
in absenceof othervisual cues. Figure 1.6 shavs an exampleof how hardthis task canbe. We found,
however, that for a considerablesubsetof the stimuli, subjectsare highly consistentin their (mostoften
wrong) perception.This obsenationleadsus to the hypothesighat our subjects ratherthan computing'a
perceptfrom eachimagebasedon geometricakonsiderationsmay be associatinga shapeto eachpattern
in a stereotypicalay, akin to pattern-matching.As mentionedearlier, this behaior is reasonableince

the informationavailablefrom speculare ections is ambiguousvhenthe surroundingworld is (partially)
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Chapter 2

Shadow Carving

2.1 Intr oduction

A numberof cues,suchas stereoscopidisparity texture gradient,contours,shadingand shadavs, have
beenshawn to carry valuableinformationon surfaceshape andhave beenusedin several methodsfor 3D
reconstructiorof objectsandscenesTechniquedasedn shadevs have the advantagehatthey do notrely
oncorrespondencesnamodelof thesurfacere ectancecharacteristicaandthey maybeimplementedising
inexpensvelighting and/orimagingequipmentPastmethodgo recover shapegrom shadavs, however, have
provento be sensitie to errorsin estimatingshadev boundaries Additionally, their aremostly restrictedto
objectshaving a bas-reliefstructure.

We proposea novel 3D reconstructiormethodfor using shadevs that overcomesprevious limitations.
We assumehat we have, as a startingpoint, a conserative estimateof objectshape;thatis, the volume
enclosedyy the surfaceestimatecompletelycontainsthe physicalobject. We analyzeimagesof the object
illuminatedwith known light sourcegaken from known cameraocations. We assumehat we areableto
obtaina consenrative estimationof the object's shadavs - thatis, we areableto identify imageareasthat
we arecertainto bein shadev region,anddo notattemptto nd exactshadev boundariesWe do not make
assumptionaboutthe surfacetopology(multi-partobjectsandocclusionsareallowed),althoughany tangent
planediscontinuitiesoverthe objectssurfacearesupposedo be detectedOur basicideais thatwe compare
obsenedshadaevsto thoseexpectedasif theconsenrative estimatenverecorrectandadjustthe currentshape
to resolhe contradictionsbetweenthe capturedmagesandthe currentshapeestimate. In this processwe
incrementallyremove (cane out) in a conserative way volumefrom the currentobjectestimatein orderto
reducetheinconsistenciesThus,acloserobjectsshapeestimatas computedat eachstep.We call this novel
procedureshadowcarving We provide a proofthatthe carvingprocesss alwaysconsenrative.

Shadev carvingimproves previous resultson shapefrom shadevs in two main aspects:i) it is more
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robustwith respecto the classi cationof shadaev regions;ii) it givesthe possibility of recareringobjectsin
theround(ratherthanjust bas-reliefs).

Our motivationfor pursuingthis work reliesin applicationsvherethe useroftenhasa very limited bud-
get,andis primarily concernedwith visually, ratherthanmetrically, accurateepresentations-urthermore,
because@isersareoftennottechnically-trainedthescanningandmodelingsystemsnustberobustandrequire
minimal userintervention.

We validateour theoreticalresultsby implementinga scanningsystembasedon shapefrom silhouettes
and shapefrom shadavs. First, the silhouettesare usedto recover an conserative estimateof the object
shape. Then, a seriesof imagesof the objectlit by an array of light sourcesare recordedwith a setup
shavn schematicallyin Fig. 2.1. Suchimagesare examinedandthe shadevs thatthe objectcastson itself
aredetected.The currentshapeestimateis thenre ned by the shadev carving procedure.Eventually the
improved estimateof shapecanbe furtherre ned by methodsthat work well locally, suchasphotometric
stered?29].

Our systemis designedo be inexpensve as otherrecentlyproposedschemeg53, 9]. It usesa com-
modity digital cameraand controlledlighting systemscomposedf inexpensie lamps. Additionally, since
our methodrelieson substantialariationsin theintensitiesin acquiredimages it doesnot requiresprecise
tuning,henceit minimizesthe userintervention.Finally, sinceour techniqueprogressiely improvesconser
vative estimatesf surfaceshapejt preventssmall errorsfrom accumulatingand severely deterioratingthe

nal results.

2.1.1 Chapter Organization

Therestof this chaptelis organizedasfollows: we begin by reviewing previouswork on shapgrom shadaevs
andidentifyingthestrengthandweaknessesf thesemethodsn Section2.2. We presenthegeometryof our
approaclanddemonstrat¢hatit alwaysproducesa conserative estimateof the objectshapen Section2.3.
We proposeour prototypesystemfor shaperecovery from silhouettesandshadaevs in Section2.4. We test
the performanceof the methodwith differentcon gurationsof lights and camerapositionsand assesshe
accurag of the reconstructiordue to error in the shadev estimatedn Section2.6.1. Finally, we present

resultswe have obtainedrom a smalltable-topimplementatiorof our systemin Section2.6.2.
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Figure2.1: Setupfor shapdrom self-shadwing: Using eachof severallightsin turn,anda cameran front,
allows multiple setsof shadev datato be obtainedfor eachobjectposition.

2.2 Background

Computingshapefrom shadevs — or shapefrom darkness- hasa long history Shaferand Kanade[63]
establishedundamentatonstraintghatcanbeplacedontheorientationof surfacespasedntheobsenation
of theshadaevsonecastonanotherHambricketal. [26] developedamethodfor labellingshadev boundaries
thatenablesnferencesaboutobjectshape.Sincethen,several methodsfor estimatingshapefrom shadaevs
have beenpresentedBecauseave aim at designinga 3D scannerwe focuson reconstructiorschemesvhere
thelight sourcepositionis known, ratherthanthe caseof unknown light sourcedirection(e.g.,[37]). Also,
we limit our analysisto methodsusing self-shadws (i.e., shadevs castby the object uponitself) rather
than shadavs castby externaldevicesasin [9]. Hatzitheodorowand Kender[27] presentedch methodfor
computinga surfacecontourformedby a slice throughan objectilluminated by a directionallight source
castingsharpshadaevs. Assumingthatthe contouris de ned by a smoothfunction— andthatthe beginning
andendof eachshadev region canbe foundreliably — eachpair of pointsboundinga shadav region yields
an estimateof the contourslopeat the startof the shadev region, andthe differencein heightbetweerthe
two pointsasshavn in Fig. 2.2. Theinformationfor shadevs from multiple light sourcepositionsis usedto
obtainaninterpolatingsplinethatis consistentvith all the obseneddatapoints.

Raviv et al. [51] developedan extendedshapefrom shadevs method. The objectis seton a known
referencesurfacewith a cameradirectly above. A seriesof imagesis capturedasa collimatedlight source

movesin an arc over the surface. For the 2D referencesurface, a volume of datais then obtainedwith
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light

f(x)
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Figure2.2: Shapefrom Shadaevs: For terrainsurfacesf (x) anda known light sourcedirection ;f 9(xp) =
tan , andf (xp) f(xe) = fAxp)(Xe Xp). Usingdatafor mary angles an estimateof the continuous
functionf (x) canbemade.

the third coordinatebeingthe angleof the light sourceto the referencesurface,andthe volumerecording
whetherthe referencesurfacewasin shadav for thatangle. A slice throughthis volumeis referredto asa
shadowgam Similar to HatzitheodorowandKender by identifying beginningandendingshadev pointsfor
eachlight position,the heightdifferencebetweerthe pointscanbe computed Also, by observinghechange
in shadev locationfor two light sourcepositions the heightbetweerthe startof the shadev at oneposition
relative to the othercanbe found by integration. As long asshadaev beginningsandendingscanreliably be
detectedthetop surfaceof the objectcanberecoveredasa height eld. Furthermoreby detectingsplitsin
theshadevgram(i.e., positionsthathasze morethanonechangerom shadevedto unshadwed),holesin the
surfacebelow thetop surfacecanbe partially recovered.

Langeret al. [39] extendthe methodof Raviv etal. for computingholesbeneaththe recoveredheight
eld descriptionof thetop surfacefor two dimensions.They begin with the recoveredheight eld, anNxN
discretizationof the two dimensionalkpace andthe capturedshadevgram. Cellsin this discretizationare
occupiedif they arein the currentsurfacedescription. Their algorithmstepsthroughthe cells andupdates
themto unoccupiedf alight ray would have to passthroughthe cell to producea lit areain the captured

shadevgram.

DaumandDudek[16] subsequentlgevelopeda methodfor recoveringthe surfacefor light trajectories
thatarenot a singlearc. The estimatecheight eld descriptionis in the form of anupperboundandlower
boundonthedepthof eachpoint. Theupperandlowerboundsareprogressiely updatedrom theinformation
obtainedfrom eachlight sourceposition.

All of thesemethodsely on accuratedetectionof the boundarie®f shadev regions. Thisis particularly

problematicfor attachedshadavs that arethe endof a gradualtransitionof light to dark. Height estimates
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that usegradientsderived from the estimateof the start of attachedshadevs are particularly proneto er-

ror. Yang[79] considershe problemof shapefrom shadevs with error. He presentsa modi ed form of

Hatzitheodorowand Kenderapproachjn which linear programmings usedto eliminateinconsistencien

the shadev datausedto estimatethe surface. While the consisteng checkdoesnot guaranteeary bounds
on the surfaceestimatejt doesguaranteghat the methodwill corverge. He shavs that the checkfor in-

consistences NP-complete While morerobustthanHatzitheodorowandKenders methodwhenappliedto

imperfectdata, Yang's techniqueis still restrictedto 2.5D terrains. Finally, Yu and Chang[80] give a new

graph-basedepresentatiofor shadev constraints.

Our methoddoesnot requirea restrictionto 2.5D terrains.Rather it allows a fully 3D reconstructiorof
the object. Additionally, we do not rely on knowing the boundarieof shadev regionsto computesurface
shape.Similar to Yangsapproachwe usethe ideaof consisteng to avoid misinterpretingdata. However,
ratherthancomparingmultiple shadav regionsfor consistenyg, we checkthatobseredshadev regionsare
consistentvith our currentsurfaceestimate.

Our proposedapproach shadav carving- is similar in spirit to the spacecarvingapproactof Kutulakos
andSeitz[38]. OurapproacHliffersfrom [38] in thatwe considerconsisteng betweera cameraandlight
views, ratherthanmultiple cameraviews. Consisteng canbetestedrobustly by detectingshadavs, without
requiringthe hypothesiof Lambertiansurface.We begin with a consenrative surfacede nition, ratherthan
adiscretizedsolume.Inconsistentegionscanbe carvedout by moving surfacepointsat theresolutionof the
capturedmagesratherthanbeinglimited to asetof x edresolutionvoxels. Mostimportantly we provide a
proof of correctnesshatwell de ned portionsof volumecanberemovedin a conserative mannerfrom the
currentobjectestimatejnsteadof iteratively removing singlevoxelsuntil all theinconsistenciearesolved.

This chaptergathersour own previouswork [61, 60] andpresentsan extendedexperimentalanalysisin
that: i) performanceof the methodwith differentcon gurationsof lights andcamergpositionsis tested;ii)
accurag of thereconstructiordueto errorsin the shadev estimatess assessedii) throughoutexperiments

with realobjectsareshaown.

2.3 Shadav Carving

We introducea formal de nition of shadev carvingand presenits main propertyof yielding conserative
objectestimatesn section2.3.1. Thenwe shav a simple exampleof shadaev carvingin the context of the
epipolarslice modeldescribedn sections 2.3.2and2.3.3. Finally, we prove that shadev carvingalways

yieldsconserative estimatesn section2.3.4,2.3.5,2.3.6and2.3.7.
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Figure2.3: Exampleof shadav carvingin 3D.

2.3.1 The Shadowv Carving Theorem

Consideranobjectin 3-D spaceandapointlight sourcel illuminatingit. SeeFig. 2.3. Oneor moreshadavs
arecastovertheobjectby partsof the objectitself. The scends obsenedby apin-holecameravhosecenter

is locatedin O¢. Let usintroducethefollowing de nitions:
De nition 2.3.1 A conserative objectestimates anyvolumeR that containsthe objectR.

De nition 2.3.2 Theshadav volumeV, is the setof lines throughthe centerof the camenr projectionO.

andall of thevisible pointsof the object's surfacethatare in shadow

De nition 2.3.3 Theinconsistenshadav is the portion of the surfaceof the conservativeobjectestimate

thatintersectsV, andis visiblefromthe camen andthelight source
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De nition 2.3.4 Thelight volume V_ is the setof lines throughthe light souice L and the points of the

inconsistenshadowWe denotethe dependencyf V. ontheparticular choiceof R by Vi (R).

De nition 2.3.5 ThecanablevolumeVc (R) isVo\ V. (R)\ R, wheeR is a conservativebjectestimate

Theorem2.3.1 If theobjectsurfaceis smooth R minusVc (R) is a conservativbjectestimate

Noticethatall thequantities(i.e., L, Oc, R andtheimagepointsof theobjects surfacethatarein shadav)
are available either from calibrationor from measurementm the imageplane. Thereforetheorem?2.3.1
suggestsa procedureto estimatethe objectincrementally:i) startfrom a consenrative objectestimate;ii)
measurén theimageplaneall of thevisible pointsof the object's surfacethatarein shadev andcomputethe
shadaev volume;iii) computethe correspondingnconsistenshadavs; iv) computethe correspondindight
volume;v) intersecthe consenative objectestimatethe shadev volumeandthelight volumeandcalculate
the canablevolume;vi) remove the canablevolumefrom the conserative objectestimateto obtainannew
objectestimate Theoren?2.3.1guaranteethatthe nen objectestimateas still aconservativebjectestimate.
The processcan be iteratedby consideringa new light sourceor by viewing the objectfrom a different
vantagepoint. This procedurewill bedevelopedin detailsin section2.4.

As we shall seein section2.3.4,the theoremstill holdsif thereareerrorsin detectingthe visible points
of the objects surfacethatarein shadev. Theseerrors,however, mustbe conserative; namely a pieceof

shadav canmislabeledasnon-shadw, but anon-shadw cannotbe mislabeledasa shadaov.

2.3.2 The Epipolar Slice Model

In orderto prove Theorem2.3.1we examinethe problemin an appropriatelychosen2-D slice of the 3-D
spacetheepipolarslice As we shalldiscussgn moredetailsin section2.3.6,theresultsthatwe prove for a
givenslice hold in generalanddo not dependon the speci ¢ choiceof the slice. Thus,the extensionto the
3-D caseis immediateby observinghatthe epipolarslice cansweepthe entireobject's volume.
Considerthe family of planes | passingthroughO. andL (seeFig. 2.4). Eachplane | 2 |,
intersectdheimageplane ; andtheobject.In otherwords,each | de nesanepipolarslice of 3-D space.
For eachslice,we have theimage line (i.e., theintersectiorof ; with | ), theimage shadowsegment(i.e.,
theintersectionof the estimatedmageshadev with | ), the objectcontourP (i.e., the intersectionof the
objects surfacewith | ) andthe conservativeobjectcontour P (i.e., the intersectionof the conserative
surfaceestimationwith | ). We canalsohave the objectareaAp (thatis, the areaboundby P) andthe

conservativebjectareaA s (thatis, theareaboundby P).
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Figure2.4: Top: An objectin 3-D spaceanda pointlight sourcel illuminating it. Thescenes obsenedby
a cameravhosecenteris locatedin O, andwhoseimageplaneis called ;. Bottom: Theplane | de nes
anepipolarslice of 3-D space.

2.3.3 Example

Fig. 2.5 shavs an exampleof shadaev carvingin the epipolarslice model. The shadaev s is castby the the
objectcontourP overitself. s is theimageof s. The shadowareaA, is the setof linesthroughO, andall
of the pointalongs. The portionof P thatis visible from the cameraandthe light, andintersectsA,, is the
inconsistenshadows. This shadav is calledinconsistenbecausét is visible from thelight sourcel . Thus,
the conserative estimateP hasto be re-adjustedn orderto explain this inconsisteng. The light area A,

is the setof linesthroughL andall of the pointson § thatarevisible from L. Finally, Ao\ A \ A, gives
the areaAc which we call the carvablearea (i.e., cross-hatchedreain the gure). Ac canberemoved

from P, generatinganimprovedconsenrative approximatiorof P. Noticethatthenew conserative estimate
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Before Carving After carving

Figure2.5: Exampleof shadev carving.

is consistentvith the obsened shadav s andwith the light sourceposition. Thus,no additionalcarvingis
required.Finally, noticethatAc canberemovedin oneshotratherthanby meansof aniterative processas
in [38].

Many questionsariseand we may wonderwhat happensf i) the topology of P is more complex; ii)
theshadav is occludedby otherobjectparts;iii) multiple shadevs areimagedby the camerajv) the object
surfacecontaindow-albedoregionsthatdo notallow a corrector completeestimateof the shadavs. Canwe
still de ne acanablearea?Canwe guarante¢hatthe canableareais alwaysoutsidethe object(i.e.,thenen
estimatds still conserative)?

In Section2.3.4,we addresghesequestionsye rst introducethede nition of atomicshadev andthen
describehow themeasureghadav canbe decomposethto atomiccomponentsGivensuchdecomposition,
we formally de ne the canableareaAc andprovethatAc is alwaysoutsidethe objectarea(section2.3.5

and?2.3.6).As we shallsee no hypothesison thetopologyof objectis made.However, anhypothesin the
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Figure2.6: Exampleof occludedandunoccludedshadaevs.

smoothnessf the objectsurfaceis requiredandis discussedt theendof Section2.3.4.

2.3.4 The Shadav Decomposition

Let us consideran epipolarslice of a 3-D object. In general,the object's contourP on the epipolarslice
might comprisemorethanoneseparateontourcomponentskor instancethe body of thebucketin Fig. 2.4
produceghe contourP; andthe handleproduceghe contourPs.

Givena point light sourcel, someportionsof the objectcontourwill be visible from the light source,

whereastherportionswill not.
De nition 2.3.6 A shadav is a portion of contourthatis notvisiblefromthelight source

Thus,dependingn the object's topologyandthelight sourceposition,therewill bea certainshadav distri-
bution.

In general,someportionsof a givenshadev might be occludedfrom the cameraview by otherpartsof
theobject. A portionof shadev whichis visible from the camera(i.e from the centerof projection)is called
unoccludedFig. 2.6 shavs examplesof unoccludedshadaevs: theunoccludedhadaevs areindicatedwith the
bold blacklines; the occludedportionsof shadev areindicatedwith bold pink lines. It is clearthatwhether
ashadov is occludedor not only dependsiponthe contourtopologyandthe camergposition.

Let us supposehat we have a techniqueto detectshadevs. It is a reasonabl@assumptiorthat sucha

shadaev detectiontechniqueis always conservative Thatis, a shadev may not be detected put whatever
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Figure2.7: Exampleof detectableshadavs.

is labeledasshadav is indeeda shadev. Seesection2.4.4for details. Thus,a portion of contouris called
undetectabléf, accordingto the shadaev detectiontechniquejt cannotbe classi ed eitherasa shadav or as
notashadaev. We de ne detectableasashadev whichdoesnotlie within anundetectablgortionof contour
Fig. 2.7 shavs examplesof detectableshadevs andundetectableegions:the hatchedareasareundetectable

contourregions;the detectableshadevs areindicatedin bold black.

De nition 2.3.7 A maximalconnectegortion of shadowwhich is bothunoccludedand detectablas called

atomic

An atomicshadov is indicatedwith the symbola andits correspondingperspectie projectioninto the
imageline is indicatedby a. We call a an atomicimageshadev. As aresult,ary shadev s; canbe de-
composednto its atomiccomponentsy; 1, &; 2 ... &k . SeeFig. 2.8 for an example: the atomicshadavs
(indicatedin bold black) within s; areas1, ai.2, a1.3 andas.4. The perspectie projectionof the atomic
shadevsinto theimageline yieldstheatomicimageshadavs as.1, a;.2, a1.3 anday. 4.

Weassum¢hattheshadev detectiortechniquegivesusanestimatiore, of theperspectieprojectioninto
theimageline of thecompletesetof unoccludedghadevsandanestimatiorey of the perspectie projectionof
thecompletesetof detectableegions. Theintersectiorof e, with e4 givestheestimatedshadev distribution
e alongtheimageplaneof bothunoccludednddetectableshadevs. Theestimatedhadev e canbedescribed
asthe union of maximalconnecteccomponentsvhich we call estimatedshadev componeng;. It is easy

to shav thatthereis no uniquecorrespondencbetweenestimatedshadev componentsand atomicimage
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Figure2.8: Exampleof atomicshadaevs.

shadaevs. For instance,seeFig. 2.8. The estimatedshadev componente; correspond$o atomicimage

shadevs ay.1 anda; 3.

Lemma 2.3.1 If theobjectcontour's r storder derivativeis continuouqi.e., theobject's contouris smooth)
andif the shadowdetectionis conservativei.e., a pieceof shadowcan be mislabeledas non-shadowbut a
non-shadowcannotbe mislabeledas a shadow),an estimatedshadowcomponents alwaysa lower bound

estimationof eitheran atomicimage shadowor the union of two or more atomicimage shadows.

Proof Thelemmajustfollowsfrom thede nitions.
An exampleis shown in Fig. 2.8: the estimatedshadaev e within theimageline canbe decomposeihto
its estimatedshadev components;, €, e3 andey. In particular e; is a lower boundestimationof a; 1.
es is alower boundestimationof the unionof a;.3 anday.;. Noticethate; appearsasa connectedshadaev
componentalthougha; .3 anday.; aretheimagesof atomicshadevs generateaver two differentcontours.
In the following we wantto show thatif the hypothesisof smoothnesss removed,LemmaZ2.3.1is no
longerveri ed. Let usconsiderthe exampledepictedin Fig. 2.9. The surfaceP caststwo shadevs over P

itself. a; anda, arethe correspondin@tomicshadavs. In particular a; is castby the point p. Hence,p
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Figure2.9: Contourwith singularpoint.

cannotbein shadav. Furthermorep is visible from O.. Thus,the correspondingtomicimageshadavs a;
anda, do not constitutea connecteccomponent.However, if the edgeis sharpenough the cameramight
not be ableto resole p, which will be estimatedasbeingin shadav. The shadev decompositiorfails; the
estimatedshadev components nolongeralower boundconsenrative estimateof a; anda,. In otherwords,
a; anda, areestimatedo beaunigueconnectedomponeninsteadof two disconnecteghadev components
e; ande;. As aresult,Lemma2.3.1doesnot necessariijhold whenthe contoursmoothnessiypothesiss
notveri ed.

We canremove thehypothesiof smoothness we supposehatwe have availableatechniqueo identify
pointswhose rst order derivative is not continuous. We call suchpoints singular and we label themas
undetectablel et usconsideragainthe exampleof Fig. 2.9. If p canbeidenti ed assingularandthereforeits
imagep labeledasundetectablea; anda, arenolongerestimatedsa uniqueshadev componentbut astwo
disconnectedstimatedhadevscomponentg; ande,. Theshadev decompositioris againconserativeand
Lemma2.3.1is veri ed. Fromnow on,we assumeitherto dealwith smoothcontoursor to have atechnique
to identify singularpointssothatwe canusethe propertystatedn Lemma2.3.1.

In the next sectionwe formally de ne the canableareaandprove thateachcanableareaattachedo a
genericg, doesnotbelongto theobjectarea(consenrativecarving).By meanof Lemma2.3.1wedecompose
the probleminto two cases:an estimatedshadev componentorresponds$o an atomicimageshadaev; an

estimatedshadev componentorrespond$o theunionof two or moreatomicimageshadavs.
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Figure2.10: Theatomicshadaev case.

2.3.5 The Atomic Shadav Case

Letusconsideanestimatecdhadev componene andlet usassumehateis exactly theatomicimageshadav
a (seeFig. 2.10). We call a the corresponding@tomic shadav over the objectcontour Let A, bethe area
de ned by thesetof linesthroughO. ande. A, is the 2D slice of the shadev volumeV, in de nition 2.3.2.

Thefollowing lemmaholds:

Lemma 2.3.2 Given an estimatedshadowcomponentie and the correspondingshadowarea A, all the
pointsbelongingto P andwithin A, eitherbelongto a or are notvisiblefrom Q. In particular, if thereis a

pointp 2 P and2 A, notvisiblefrom O, there mustexist at leastonepointg 2 a betweerp andOc.

Proof. Thelemmafollows from thede nition of atomicshadov andLemma2.3.1.
In the following, we introducethe geometricquantitiesnecessaryo formally de ne the canablearea.
Let P bethe currentconserative contourestimationandlet & (light grayline in Fig. 2.10)be the projective

transformatior(centeredn O.) of e ontotheconserative contourP closesto O.! SinceP is aconserative

1We de®nea sggments (e.g.,a portion of the consenrative estimateof objectcontour)to be closerthananotherseggments (e.g.,a
portionof objectcontour)with respecto apointQ, asfollows. Let p beapoint belongingto $. If theline throughQ andp intersects,
theintersectiorde®nesa pointp ons. If distance (Q; p) distance (Q; p) for ary p 2 §, then$ is de®nedto becloserto Q thens.
Finally, we de®nea segment$ to betheclosesto Q if § is closerto Q thanary othersggment(or point) s in theplane.
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estimationof thereal P, & is closerto O thena. Let ¢ (blackline in Fig. 2.10) be the portion of & whose
pointscanbe connectedy aline segmentto L withoutintersecting®. Thus,ary point2 ¢ mustbevisible
fromL. ¥ correspondso theinconsistenshadaev in de nition 2.3.3.Let A| betheareade ned by thefamily

of linespassinghroughL andary pointalong¥. A is the 2D slice of thevolumeV_ in de nition 2.3.4.

De nition 2.3.8 We de ne the canableareaAc asthe area obtainedby the intersectionof the estimated

objectarea(boundecby P), A; andA,.

Thecanableareacorrespondso thecross-hatchedreain Fig. 2.10andis the 2D sliceof thevolumeA ¢

in de nition 2.3.5.Thekey resultin this sectionis statedn thefollowing lemma:
Lemma 2.3.3 ThecarvableareaAc doesnotintersectthereal objectcontourP .

Proof. Supposeby contradiction,that thereis a portion q of the objectcontourP within Ac. Thereare
two possiblecasesq is fully includedwithin the atomicshadev a (casel); q is notfully includedwithin a
(case?). Let usstartwith casel. It is easyto concludethat,sinceAc is de ned by ¢ (whichis fully visible
from L), theremustexist at leastonepointp 2 q  a visible from L. The contradictionfollows from the
de nition of shadev 2.3.6. Considercase2: let g, be a portion of g notincludedin a. Sincea is atomic,
by Lemma2.3.2,q, musteventuallybe occludedby a portiona, of a. But sinceé is closerto O. thana
andsinceq, belongsto Ac, a, mustlie within Ac. Hencewe canapply casel to a, achieving againthe

contradiction.Thelemmais fully proved.

Lemma 2.3.4 ThecanableareaAc cannotcompletelylie within the object.

Proof. Thelemmaholdsbecauseby de nition, &is closerto O, thena.

Proposition2.3.1 Any pointwithin a carvableareacannotbelongto the actual objectarea.

Proof. The propositionfollowsfrom Lemma2.3.3and2.3.4.

2.3.6 The CompositeShadov Case

The compositeshadov caseariseswhen e is not necessarilyattachedto a single atomic shadav (e.g.,
Fig.2.11).Let usassumehate is actuallycomposedy theunionof J atomicimageshadevsas;ay;:::a;.
Thecorrespondingtomicshadavslying overtheobjectcontourarea; ; ap;::: ay, respectiely. TheareaA,

is de ned by e asin theatomiccase Lemma2.3.2canbemodi ed asfollows:
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Figure2.11: Thecompositeshadav case.

Lemma 2.3.5 Givenan estimatedshadowcomponene andthe correspondingA ,, all the pointsbelonging
to P andwithin A, either belongto one of the atomicshadowsa; ; ay; :::a; or they are not visible from
Oc. In particular, if thereis a pointp 2 P and2 A, notvisiblefrom O, there mustexist at leastonepoint

g2 faz;ap;:::a;gbetweerpandOc.

Proof. Thelemmadirectly follows from thede nitions of atomicshadavs, Lemma2.3.1andtheassumption
thate is aconnectedhadev component.

We cande ne & asin theatomiccase.Thedifferencehereis thaté maybedecomposeéhto K different
component®; : : : & locatedin differentpositionswithin A,, dependingon the topologyof P. For each
k, we cande ne ¥ asthe portion of & whosepoints can be connectedy a line sggmentto L without
intersecting® . Furthermorefor each¢, we de ne acorrespondingy;, asin theatomiccase.

Finally:

De nition 2.3.9 We de ne the setof canableareasAc,, Ac,;::: Ac, attachedto the estimatedshadow
componene as setof areasobtainedby the intersectionamongthe estimatecbbjectarea (boundedby P),

Ao andthesetA|,; Ay, ;A

Proposition 2.3.2 Anypointwithin thesetof carvableareasAc,, Ac,;::: Ac, cannotbelongtotheactual
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objectarea.

Proof. Thepropositionfollowsfrom Lemma2.3.5andby modifyingaccordinglemma2.3.3,Lemma?2.3.4
andthe correspondingjuantities.

Proposition2.3.1and Proposition2.3.2 guaranteghat pointstaken from arny of the canableareasare
always outsidethe real objectarea. The extensionto the 3-D caseis immediateby observingthat: i) the
epipolarslice cansweepthe entireobject's volume;ii) the interplayof light andgeometrythatallows usto
prove Proposition2.3.1 and Proposition2.3.2take placewithin eachslice andis independenof the other
slices.Thus,Theorem?.3.1is fully proven.

Notice that Theorem2.3.1 holds underthe hypothesisof Lemma?2.3.1: i) the actualobject's contour
is smooth(or a techniqueis availableto identify pointswhose rst orderderivative is not continuous- see
section2.3.4);ii) theshadaev detectiontechniques conservative thatis, a shadev may not be detectedbut

whateveris labeledasshadav is indeeda shadov.

2.3.7 Effect of Err orsin the Shadov Estimate

Whathappensvhenerrorsin theshadev estimatioroccur?We provedPropositior?2.3.1with theassumption
thatan estimatedshadev components equivalentto an atomicimageshadaev (or the union of two or more
atomicimage shadavs). In the presenceof a consenrative error in the shadev estimation,the estimated
shadev components alwaysincludedin the atomicimageshadaev. Thus,the correspondinganableareas
will be a subsetof thoseobtainedfrom the full atomic shadev. In the limit casewhereno shadaevs are
detectedno volumeis removed from the object. As aresult,we still performa conserative carving. This
propertymakes our approachrobust with respectto conserative errorsin identifying shadaevs. If a non-
consenative error in the shadav estimationoccurs,however, the estimatedshadev componentsnay not
necessaril\pe includedin the correspondin@tomicimageshadavs. As aresult,somecanableareasmay
be containedwithin the actualobject's boundariesThe shadev carvingprocedures nolongerconserative.
In section2.6, we will shav an exampleof non conserative carvingdueto non conserative errorsin the
shadaev estimate.

Asaconclusionanestimateadtanableareas alwaysguaranteetb beoutsidetheactualobjectboundaries
aslong aserrorsin the shadev estimationareconsenative andsingularpointsalongthe objectcontourare

detectable.
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2.4 A Systemfor 3D Reconstructionfrom Silhouettesand Shadaows.

In this section,we presenthe designof a systemfor recovering shapefrom shadev carving. The system
combinegechnique®f shapdrom silhouettesandshadaev carving.We rst brie y review techniquedased
on shapefrom silhouettesn Section2.4.1. Thenwe presenur implementatiorof shapefrom silhouettes.
We describea new hardware con guration that tacklethe dif cult problemof extractingthe objectimage
silhouettein Section2.4.2. The outcomeof shapefrom silhouettess aninitial conserative estimateof the
object. We review hybrid approache#n Section2.4.3andshow thatthe initial estimatecanbere ned by

shadev carvingin Section2.4.4.

2.4.1 Background: Shapefrom Silhouettes

Theapproachof shapdrom silhouettes or shapdrom contours hasbeenusedfor mary years.An early
shapdrom silhouettemethodwaspresentedby Martin andAggarwal [47] andhassubsequentlpeerre ned
by mary otherresearchersThe approachrelieson the following idea. The silhouetteof the objectin the
imageplaneandcamerdocationfor eachview formsa conecontainingthe object. SeeFig. 2.12. All space
outsideof this conemustbe outsideof the object, andthe conerepresentsa conserative estimateof the
objectshape By intersectinghe conesformedfrom mary differentviewpoints,the estimateof objectshape
canbere ned. Differenttechniquegor computingtheintersectiorof coneshave beenproposedMartin and
Aggannal considereda volume containingthe objectand uniformly divided suchvolumein sub-wolumes.
For eachview, eachsub-wolume orvoxel is examinedto seeif it is outsideof the solid formedby the
silhouetteandtheview point. If it is outside thevoxelis excludedfrom furtherestimate®f the objectshape.
Subsequentesearcthasimprovedon the ef ciency of this approachby alternatve datastructureq68] for
storingthe in/out statusof voxels. Standardsurfaceextraction methodssuchas Marching Cubes[43] can
be usedto computethe nal triangle meshsurface. It is alsopossibleto modelthe conesdirectly asspace
enclosedy polygonalsurfacesandintersecthe surfacesto re ne the objectestimate similar to the method
usedby ReedandAllen to memgerangeimageg52].

Laurentini[40] introducedheideaof visualhull, i.e.,theclosestapproximatiorto the objectsurfacethat
canbe estimatedrom n views. He alsoshavedthatthe accurag of a shapefrom silhouettesapproachs
limited. For instance someconcaities in the objectare never obsened from the silhouettes.Koenderink
[35] studiedthedifferentialpropertief occludingcontoursandtherelationshipbetweercontoursandlocal
shape Suchanalysisvasextendedby [23, 76]. In particular theideaof usinga seriesof silhouettebtained
from very small angularrotationsof the objectwasexplored. As illustratedby Cipolla andBlake [14] and

Zheng[83], the depthof a point on the silhouettecan be computedby analyzingthe changein silhouette
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Figure2.12: Shapdrom SilhouettesThesilhouetteandcamerdocationfor eachview formsaconecontain-
ing the object. Theintersectiorof multiple coness a conserative estimateof objectshape.

for asmallchangen orientation. The setof 3D pointsobtainedfrom mary views form a cloud thatcanbe
integratedinto a single surfacemesh.The methodpresentedy Zhenghasthe advantageof the unobsered
areaghathave unmeasuredoncaitiesbeingidenti ed automatically It hasthedisadwantagghatmary more
silhouettesarerequiredto estimateheobjectshape Themethodis alsonotasrobustasthe coneintersection
methods pecause&econstructiorerrorsinherentin meshingnoisy pointsmay resultin holesor gapsin the
surface.Alternative waysof exploiting silhouettesvereproposedy [41, 19, 10, 65].

Becausdhey arerobustandconsenrative, volume-basedpacecarvingtechniquesimilar to Martin and
Aggrawal's original methodhave found succes#n low-endcommerciakcannersThe shapeerrorcausedy
concaities not apparentn the silhouettess often successfullymasked by the useof color texture mapson
theestimatedyeometry

Although they are simple and relatively robust, shapefrom silhouettesapproachegail whenthey are
unableto accuratelysegmentthe objectfrom its background. Many systemsuse a backdropof a solid,
known color—i.e.,thebackdropsisedin chroma-ley systemdor video compositing.This approactcanfalil
whenthe objectitself hasthe samecolor asthe background More frequently it fails for objectswith some
specularitythatre ect the backdropinto the directionof the cameraview. Diffusewhite objectsmay also
re ect thecolor of thebackdroptowardsthe camerahroughmultiple self-interre ections. Thisre ection of
thebackdropcolor cancausehe segmentatiorto fail in two ways. The objectboundarymaybe estimatedas

entirelyinsidetheactualboundaryresultingin agenerakhrinkage Areasin themiddle of the objectmaybe
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Figure2.13: A novel setupfor shapefrom silhouettes:A cameraobsenesthe shadav castby a point light
sourceon atranslucenpanel.

classi ed asbackdrop.This resultsin the moreseriouserror of tunnelsin the object. A simpleapproacho

correcttunnellingerrorsis to have the userinspecttheimagesbeingseggmentedandpaintin areaghathave

beenmisclassi ed. Anotherapproachs to usea large, diffusely emittinglight sourceasthe backdrop.This

canoftenpreventareasn themiddle of the objectfrom beingmisclassi ed,but doesnotguarante¢hatareas
nearthe silhouetteedgethat scatteright forwardwill be properlyclassi ed. It alsopreventstextureimages
from beingacquiredsimultaneouslyvith the silhouettemages.

Recently Leibe et al. [42] developeda shapefrom silhouettesapproachthat avoids the segmentation
problemby usingcastshadavs. A ring of overheademitterscastshadavs of anobjectsitting onatranslucent
table.A camerdocatedunderthetablerecordshe shadev images.The emitterpositionsandshadavs form
the conesthat areintersectedo form a crudeobjectrepresentationBecauseonly one object posecanbe
used,the representatiocannotbe re ned. The cruderepresentatiolis adequatehowever, for the remote
collaborationapplicationbeingaddressedly Liebeetal..

To avoid thesggmentatiorprobleminherentin mary shapdrom silhouettesystemsye adoptanapproach
similarto thatof Leibeetal. [42]. We rearrangehe setup, however, to allow for multiple objectposesand

betterre nementof the objectshape.

2.4.2 First Phase- Shapefrom Silhouettes

Our proposechew setup for shapefrom silhouetteds shovn in Fig. 2.13. A point light sourceis placedin
front of theobjectto bemeasureditting onaturntable castingashadev onatranslucenpanel.A cameraon
theoppositesideof the panelrecordgheimageof the shadev castonthe panel. Thelocationsof the camera,

light source andpanelrelative to a coordinatesystemx edto theturnablearefoundby calibration.In order
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to be consideredh “point” light source the lamp simply needgo be anorderof magnitudeor moresmaller
thanthe objectto be measuredso that the shadev thatis castis sharp. The lamp needsto have an even
output,sothatit doesnot castpatternsof light anddarkthatcouldbe mistalenfor shadevs. Thetranslucent
panelis ary thin, diffusely transmittingmaterial. The panelis thin to eliminatesigni cant scatteringn the
planeof the panel(which would make the shadev fuzzy) and hasa forward scatteringdistribution that is
nearlyuniform for light incidenton the panel,sothatno imagesareformedon the cameraside of the panel
exceptfor the shadev. The positionsof the light sourceandcameraaredeterminedy makingsurethatthe
shadev of the objectfalls completelywithin the boundarieof the translucenpanelfor all objectpositions
astheturntablerevolves,andthatthe cameraviews the completetransliucenpanel.

By usinga translucenpanel,the cameraviews animagethatis easilyseparatede.g.,by performinga
k-meansclustering)into two regionsto determinethe boundaryintensity value betweenlit andunlit areas.
Becausehe cameraand panelpositionsare known, the shadev boundarycan be expressedn the world
coordinatesystem. The conethat fully containsthe objectis formed by the light sourcepositionandthe
shadaev boundary A volumecanbede ned thatis initially largerthantheobject.VVoxelscanbeclassi edas
in or out for eachturntableposition. This classi cationcanbe doneby projectingthe voxel verticesalonga
line startingat the point light sourceontothe planeof the panelanddeterminingwhetherthey arein or out
of theobsenedshadaev. Voxelsfor which theresultof thistestis mixedareclassi edasin.

A moreaccurateestimateof the surfacecanbe obtainedby computingthe actualcrossingpoint for each
in-outedge.

By usingthe projectedshadav, problemssuchasthe objecthaving regionsthe samecolor asthe back-
ground,or re ecting thebackgrouncolorinto the directionof the cameraareeliminated.The con guration
alsoallowsfor someotherinterestingvariations.Multiple light sourcesouldbeusedfor a singlecameraand
panelposition. Oneapproachwould be to usered, greenandblue sourcescastingdifferentcolor shadavs.
In oneimagecapture threeshadevs couldbe capturedat once.Anotherapproachwould beto adda camera
in front, anduseseverallight sourcesFor eachturntableposition,severalshadev imagescouldbe captured
in sequencéy the camerabehindthetranslucenpanel,andseveralimagesfor computinga detailedtexture
couldbecapturedby thecameran front. SeeFig. 2.14.

Eithercon gurationfor usingmultiple light sourcesvould give informationequialentto usingmultiple
cameraviews in a traditional shapefrom silhouettesset-up. The resultof this is a more completeobject
descriptionfrom eachfull rotationof the turntable,anda reductionin the numberof positionsof the object

requiredto obtainawell-de ned surface.
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Figure2.14: Alternative setupfor shapefrom silhouettesand shapefrom self-shadwing: Shadev images
onthetranslucenpanelareobtainedfor multiple pointlight sourcesn front of the objectandcapturecby a
camergplacedbehindthe translucenpanel. At the sametime a cameran front of the objectis usedto take
imagesof thefront of the objectandthe shadavsit castsontoitself from the samdight sources.

Turntable

2.4.3 Combining Approaches.

It hasbecomeevidentthatto producerobustscanningsystemst is usefulto combinemultiple shape-from-X
approachesA systemis morerobustif a shapesstimatedrom shape-from-Ais consistentvith shape-from-
B. An exampleis recentwork by Kampeland Sablatnig[31] where cuesfrom silhouettesand structured
light arecombined. An alternatve approachs photo-consisteng asintroducedby the work of Seitzand
Dyer [62], Kutulakos and Seitz [38] and numerousextensionsand/oralternative formulations[11, 2, 69,

6, 17, 24, 74]. The philosophicalimportancebehindthis work is summarizedy the ideathat a surface
descriptionis acceptabl@nly if it is consistentvith all theimagescapturedf the surface.We usethis basic
conceptin combiningshapefrom silhouettesvith shapefrom shadaevs. We re ne our initial shapeestimate
obtainedfrom shapeform silhouetteswith the conserative removal of materialto generateshapeghatare

consistentvith imagesof the objectthatexhibit self-shadwing.

2.4.4 SecondPhase- Shadowv Carving

As discussedn section2.4.1,shaperom silhouettesannotcapturethe shapeof someconcae areaswhich
never appeaiin objectsilhouettes.The new con guration describedn section2.4.2doesnot overcomethis
limitation. Objectconcaities, however, arerevealedfrom shadavs the objectcastsonitself. In our second
phaseof processingwe analyzethe objects self-shadwing and useshadev carvingto adjustour surface
estimatedn the rst phase.

Our implementatiorof shadev carvingis organizedin threeparts: shadev detection,checkfor contra-

diction,andadjustmento resole contradiction Firstof all, we needto obtainmultiple imageswith potential
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incident light

Figure2.15: Not all shadevs on an objectindicatea contradictionwith the currentobjectestimate.For the
mug, the shadev C castby the handleandthe attachedshadaev B are both explainedby the currentobject
estimate.

shadow
B

self-shadwing. We proposea hardwaresetup asshavn in Fig. 2.1. A camerain front of the objectis used
to take imagesof the objectandthe shadevsit castsontoitself from anarrayof light sourcesWe usethese
imagesto re ne the objectestimate.An alternatve hardwarecon gurationis shovn in Fig. 2.14. Shadev

imageson the translucenpanelare obtainedfor an arrayof light sourcedocatedin front of the objectand
capturedby a cameraplacedbehindthetranslucenpanel. At the same time a camerain front of the object
is usedto take imagesof theobjectandtheshadaevsit castsontoitself from the samdight sourcesWhile all

of thefront andbackimagesaretakenin the samerotationof the turntable the translucenpanelimagesare
processedst to obtaina rst surfaceestimatgshapefrom silhouettes) We usetheimagesobtainedby the
front cameran asecondphaseo re ne this estimatgshadev carving).

Detectingshadaevsis noteasy In objectsthathave signi cant self-interre ection and/orspatiallyvarying
surfacealbedo]it portionsof theobjectoftenhavelow intensities- sometimegvenlowerthanthoseattached
to portionsthatdo not have a directview of thelight source- but arelit by inter-re ection. A full solution
to theshadaev detectionproblemis notthe objective of thiswork. In fact,it is permissiblewith our approach
to avoid nding the exactshadaev boundaries we canmisclassifyshadev pixelsaslit without jeopardizing
the consenrative propertyof our estimate.Seesection 2.3.4. Our goalthenis to identify areaswe arevery
certainto bein shadaev region. At thatendwe make useof multiple light sourcegor eachobjectposition.We
combinetheimagescapturedwith thesedifferentlight positionsinto a uniquereferencémageby takingthe
maximumvaluefor eachpixel. Eachimageis thenanalyzedor areaghataredark, relative to thereference
image,andalsohave anintrinsic low valueof intensity We selecta thresholdvaluethat givesanestimation
safelywithin the darkregion for all of theimages.Therestof our methodis designedo make useof these
consenative shadav estimatego continueto re ne ourinitially conserative objectestimate.

In the next step,we testwhethertheshadev regionsthusidenti ed canbeexplainedby the currentobject

estimate(checkfor contradiction).Noticethatnot all shadavs obsenedon anobjectindicatethattheinitial
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surfaceestimates incorrect. Considerthe caseof a coffeemugshownn in Fig. 2.15. Two shadevs would be
obsened: the attachedshadev B andthe shadev castby the handleC. Ray-tracingwould shav thatboth
of theseshadavs areexplainedby the currentsurface.A ray to thelight sourcein theattachedareaB would
immediatelyenterthe objectitself, indicatingthelight sources notseen A ray from areaC would intersect
thehandlebeforereachingthesource.

Theproblemremainsof whatto doto resole unexplainedshadevs (adjustmento resole contradiction).
The surfaceestimateis conserative, sowe cannotadd materialto the objectto block the light source.We
canonly remove material. Remasing materialanywhereoutsideof the unexplainedshadev will notform a
block to the light source.The only optionis to remove materialfrom the unexplainedshadaev region. This
canbe doneto the extentthatthe surfacein thatregion is pushedbackto the point thatits view of the light
sources blockedasexplainedin theorem2.3.1.

As a nal remark,in orderfor shadav carvingto work, we assumehatthereareno featuressmallerthan
ourimagepixel size. SeeSection2.3.4for details. As notedin [51] and[26], this interpretatiorof shadavs

fails whentherearefeaturessharpetthantheimageresolution.

2.5 Implementation

We have built a table-topsystemto testour approach.Our modelingsoftware hastwo major components:
spacecarvingusingthe silhouetteimagesand shadev carvingusingthe imagesacquiredwith an array of

light sources.

2.5.1 Hardware Setup

Ourtable-topsetupis shavn in Fig. 2.16. The systemis composedf a KaidanMC-3turntable,aremovable
translucenplane,asingle150W halogerlight sourceonthe backof theobject.Behindthe movablepanel,a
rigid panelcontainsa Fuji FinePixS1Pro digital cameraanarrayof ve halogenlight sourcesurrounding
the cameraand a ShapeGabber M laserscannemwhich was usedto obtaina groundtruth. We capture
1536 2304 resolutionimagesand crop out the central1152 1728region from eachimage. Control
softwareallows usto automaticallycapturea seriesof N stepsof imagesin rotationalincrementof 360=N
degreesandturn thelight sourceson andoff whennecessaryThe single halogenlight sourceon the back
of the objectis usedto projectthe shadev on the translucenplane. The translucenplanecanbe removed
whennecessarylt is madeof frostedglassstandingon arigid support.A sheetof copierpapersandwiched

betweerpaneof glasscanbe usedaswell. For additionalinformationaboutthe setupandhow to obtainthe
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Figure2.16: Setupof our proposedsystem.The systemis composeaf a turntable,a removabletranslucent
plane,asingle150W halogeright sourceonthe backof the object.Behindthemovablepanel,arigid panel
containsa digital cameraanarrayof ve halogenlight sourcesurroundinghe cameraanda laserscanner
Noticethatthelaserscanneis only neededo acquirea ground-truthmodelof the objectandis notrequired
for ourreconstructioralgorithm.
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groundtruth see [18].

The camerais calibratedwith respectto a coordinatesystem x ed to the turntableusing a calibration
artifactattachedo the turntableanda Tsai cameracalibrationalgorithm[75]. Thelocationof laserscanner
is calculatedby scanninghe artifactusedto calibratethe camera.The locationof thetranslucenpaneland
the position of the backlight sourceare measuredisingthe laserscanner This is donefor corvenience-
alternatve calibrationalgorithmsmay be usedaswell. Sincethe panelsurroundingthe camerahasknown
geometrythelocationof thearrayof velight sourcess known aswell.

Becauseave useasinglecamerasystemwe needto take datain two full rotationsof theturntable.In the

rst rotation,thetranslucenpanelis in placeandthe silhouetteimagesareobtained.Thesedataareusedby
thespacecarvingalgorithm.In the secondotationof theturntable the panelis removedwithout moving the
object,andtheseriesof veimagesromthe vecamera-sidéight sourcesarecapturedThesedataareused
by theshadaev carvingalgorithm.?

Croppedimagesfrom the sampledataacquiredby our systemare shovn in Fig. 2.17. The left image
shavsthe shadev castby the objecton thetranslucenpanelwhenit is lit by thebacklight. Therightimage
shavs oneof the ve self-shadwing imagescapturedfor one objectposition. Evenif the original images
arecapturedn color, shadav carvingmethodonly requiresgray scale. Color imagescanbe usedif a nal

texture mappingstepis needed.

2A two camerasystem(onelocatedbehindthe translucenpaneland otheronelocated, for instance on the back- seeFig. 2.14)
is moreexpensve but presentsomeadantagesi) only onerotationis neededandthe useris not requiredto stepin andremaove the
panel;ii) it is possibleto acquiremary objectswith the samecalibrationdata.
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Figure2.17: Sampledatafrom table-topsystem:shadaev panelimageon theleft, andself-shadwa imageon
theright.

2.5.2 Software — Spacecarving

Our goalis to recover the shapeof the objectfrom the silhouettesof the shadavs castinto the translucent
panel. Thus,the rst stepis to extract suchshadev silhouettes. This taskis very simple. We begin by
doingk-meansanalysisontheimagesto determinethe pixel intensityvaluedividing thelit andunlit regions
for the imagesof the panel. The boundaryof eachshadaev is thencomputedwith sub-pixel accurag. The
estimationof the shadevsis slightly dilatedto accounffor errorsin the calibrationof thecamerge.g.,errors
in estimatingthe cameracenterandbacklight position).

After that the silhouettesare extracted,the spacecarvingalgorithmis organizedasfollows. A single
volumethatcompletelyenclosesheworking spaceof theacquisitionsysteris de ned. In orderto accelerate
thecomputationanoctreeschemes usedasproposedy Szeliski[68] andWong[78]. Theinitial volumeis
subdvidedin eightparts(voxels),eachonemarkedascontainingthe surfaceof the object(boundary label).
Eachboundary voxel is projectedinto every shadev image. If thereis at leastoneprojectionin which the
voxel lies completelyoutsidea shadev imagethanthe corresponding/oxel is marked asbeingoutsidethe
object(out label). If all the projectionsof a voxel lie completelyinsidethe correspondinghadav images
thenthevoxel is classi ed asbeinginsidethe object(labeledasin).

If someprojectionof avoxel partially overlaptheshadev edgesandsomearefully insideothershadavs,
thenthevoxel keepstheboundary label. After all thevoxelsareinspectedthoselabeledout arediscarded,
thoselabeledin arekeptbut processedho further, andeachboundary voxel is subdvided into eight nen
sub-woxels. All of thenew voxelsareprocesseasbeforeto improve the estimateof the objectvolume.

Whena suitablesubdvision level is reachedeachvertex of eachboundary voxel is projectedinto the

shadevimagesandclassi edasbeingin or out of theobject. Additionally, all of thevoxelsthatwerelabeled
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Algorithm ShadowCarving

1. for each cameraview
2. Thresholdshadev imagesusingreferencemage;
3. Renderepthbuffer usingcurrentsurface;
4 for each shadev image;
5 Castraysfrom eachshadav pixel
andmark contradictions;

6. Updatedepthdor pixelsin contradiction;
7. Updatevolumedatausingadjusteddepthmap;
8. Extractnew surfaceestimateor full object;

Figure2.18: Skeletonof the shadev carvingalgorithm.

Figure 2.19: At the startof a shadev carving step, the currentobject estimationis representedby both a
volumetric description(left), and a triangle mesh(right). The voxels of the volume are marked as inside
(green) boundary(red),andoutside(blue).

asin aresubdvidedto the nest level, andtheir verticesarelabeledasin. Finally, all of the boundary and

in voxelsaresavedto a le thatprovidesthevolumedescriptionusedfor the shadaev carvingalgorithm.

2.5.3 Software—Shadawv Carving

Our implementationof the shadev carving algorithm consistsof three steps: shadev detection,test for
contradiction,andsurfaceupdate. Thesethreeoperationsare performedfor eachcameragposition,with the
cumulative resultsfor all positionsk 1 carriedforwardto the processingf positionk. The pseudocodef
thealgorithmis in Fig. 2.18. At the endof the processindgor thek 1 position,the objectis represented
in two ways: asa voxel datastructure thatdescribests volume,andasa triangle mesh,that describests
surfaceandis extractedfrom the currentvolumeusingthe Marching Cubesalgorithm[43]. Thevoxel data

structuremaintainanformationfor classifyingvoxelsascompletelyinside,completelyoutside or containing



Figure 2.20: In the rst stepof shadev carving, shadevs areidenti ed in a setof four imagesall taken
from the sameviewpoint, but with differentlight positions(rst 4 imagesin the top row). Thereference
imageis obtainedby combiningthe imagescapturedwith differentlight positionsinto a new oneby taking
the maximumvaluefor eachpixel (right mostimage). The areasclassi ed asshadev aresuperimposeth
white overthe originalimages(bottomrow); the original intensityof theimagess modi ed to highlightthe
detectedshadavs.

thesurfaceof theobject(seeFig. 2.19). We haveimplementedhealgorithmin C++usingthe OpenGLlibrary
asrenderingengine.

Step1 - shadav detection. Because full solutionto the shadaev detectionproblemis not the objectof
this investigationwe usea simpleapproachn this implementation.We combinethe imagescapturedwith

ve differentlight positionsinto auniquereferencamageby takingthe maximumvaluefor eachpixel. Each

imageis thenanalyzedor areaghataredarkrelative to the referencamage,andalsohave anintrinsic low
valueof intensity We selecta thresholdvaluethatgive anestimationsafelywithin the darkregionfor all of
theimages:the goalis to guarantea consenative estimationof the shadevs. Becauseve acquiredobjects
with uniform albedo,we simply usethe samethresholdvaluesacrossall the imagesof the sameobject.
Examplesareshown in Fig. 2.20.

Step?2 - testfor contradiction. Thenext stepis to testfor whethermointsin obsenedshadev regionsare
in contradictionwith our initial surfaceor not. We begin by renderinga depthimageof our currentsurface
estimate. This is doneby simply readingbackthe depth-tuffer after renderingthe meshof trianglesthat

describeshe objectsurfaceusingOpenGL.Thedepthimagehasthe sameresolutionasour capturecshadeov
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images.An exampleof depthimageis presentedh Fig. 2.21. Highervaluesof intensitycorrespondo closer

partsof thesurface.

Figure2.21: Thesurfaceestimatdromthek 1 stepis renderedasa depthimagefrom the sameviewpoint
astheshadav imagesfrom thek step.Thebackgroundixels,in black,aresetto the furthestpossibledepth
value.

We thenprocessachimagefor eachview. For eachpixel in the detectedshadav region thathasa non-
backgroundiepth wetestif therayfrom thecorrespondingointonthesurfaceto thelight sourceis blocked
by the object. We call this testthe contradictiontest If theray is not blocked by the objectthanthe shadev
pixel is in contradictionandwe needto updateits depthvalue. Oncethatthe depthvalueof every pixel in

contradictionis updatedwe obtaina hew depthimagewhichis consistentvith the shadev image.

Algorithm Contradiction Test

1. Initialize the point p to bethe pointwhose
projectionin theimageplane
is thepixel in shadev we wanttest;
while theprojectionof p is insidetheshadav
Move p alongtheline thatconnect9 to thelight;
Projectp into theimage;
Save the coordinateof thelastprojection;
while p is not coincidentwith thelight
Move p alongtheline thatconnectg to thelight;
Projectp ontheimageandgetits depthd;
if d is greaterthanthe correspondingalue
of thedepthimage
10. return anon-contadiction ag;
11. return acontradiction ag;

©CoNO>OR~WDN

Figure2.22: Contradictiontestalgorithm.

The algorithmthat implementsthe contradictiontestis describedn Fig. 2.22. The algorithmtakesas
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input the currentdepthmap, the shadev imageaswell asthe coordinateof the pixel in shadev we want
to test. Call p the point on the surfacewhoseprojectioninto the imageplanegivesthe pixel in shadev we
wantto test. The point p is movedtoward the light and projectedinto imageplane( rst while loop). This
loop is repeateduntil the projectionof p into the image planefalls outsidethe shadaev region. Thenthe
pixel correspondingo this projectionis saved,andthealgorithmkeepson moving p towardthelight (second
while loop). If p reacheghe light without intersectingthe object- i.e., the depthvalue of the projection
of p is alwayssmallerthanthe correspondingalueof the depthmap- thenthereis a contradiction®. The
algorithmreturnsthe saved valueof the last pixel in shadev anda ag valueindicatingthat the depthmap
canbeupdatedlf p intersectghe objectthenthereis no contradictionandno needto updatethe depthmap

for theinvestigatedixel.

Shado ws

Cur rent surf ace
estima te

New surf ace
position

une xplaine d
shado w pix el

Ima ge pla ne
Light \
sour ce

Camer a

Figure2.23: Adjustmentof the positionof a surfacepointwhenacontradictions detected.

Step3 - surfaceupdate. To resole apixel in contradictionfor agivenshadaev region, the pixel's height
in the depthmapis adjustedaccordingo thefollowing algorithm. Considerthe 2D slice shavn in Fig. 2.23.
Call r stunexplainedpixelthelastpixelin shadev returnecby thecontradictiortest. Call qits projectioninto
thesurface. Thedepthof eachpixel in contradictionis thenadjustedalongthe line of sightfrom the current
cameraview pointandincreasedo the pointit reachesheray from thelight sourcethroughg. This stepcan

be repeatedor eachpixel in contradictionfor a givenshadaev region. A newv depthmapis thusproduced.

SAlternatively, for the contradictiontestwe could rendera shadev map(i.e., a scenerenderedrom thelight asif it wasa camera)
andsave thedepthmap.Oncethepointin shade is projectednto theshadav map,the checkwould beif thepointis furtheraway than
theclosestvaluein the shadev map. Thevalueof thelastpixel in shadev hasto be computedasin the previouscase
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The differencebetweenthe new andthe old depthmap correspondgin the 2D slice) to the canableareas
introducedn Section2.3. Propositior2.3.1guaranteethatthedepthmapadjustments alwaysconserative.

After resolvingall the pixelsin contradictiorfor eachshadev regionfor agivenshadev imagewe obtain
anew depthimage.The new depthimageis usedto procesghe next shadev imageacquiredfrom the same
viewpoint. The nal depthmapfor the currentcameraview representtheadjustmentsor all shadev images
from thatviewpoint.

The last stepfor a cameraview is to updatethe volumerepresentationf the surface,sothata new full
objectrepresentatiorcan be extractedto carry forward to the next view. We testthe voxel verticesto see
if they lie in front of or behindthe depthmap surfaceandupdatethe labeling of verticeswhich have been
caned out. We usetheseupdatedvaluesin the Marching Cubesprocessingo producea new full surface

representationThe surfacerepresentatioocanberenderednto a newv depthmapfor the next cameraview.

2.5.4 Software — Post Processingf the Surface

The nal surfacemay be affectedby small artifactscreatedduring the reconstruction.Theseartifactsmay
beremovedthrougha nal postprocessingtep. The post-processing carriedout by low-passltering the
surfaceusingthealgorithmproposedy Taubin[70][71]. The Iter parameterarechoserin orderto remove
the artifactswhile preservinghe geometryandthe featuresof the model. In Section2.6.1,we will address

thisissuein moredetails.

2.6 Experimental Results

We evaluatetheperformancef thespaceandshadev carvingalgorithmswith bothsyntheticandrealobjects.
As we shalldiscussin Section2.6.1,a commercialrenderingpackages usedto simulateour system.This
allowsto testthecorrectnessf thealgorithmsundera controlledervironment,evaluatethe performancavith
differentcon gurationsof lights andcamergpositions,andassesshe accurayg of the reconstructiordueto

errorsin theshadaev estimatesin Section2.6.2,we shav examplesof reconstructiorof realworld objects.

2.6.1 Experimentswith Synthetic Objects

We have simulatedour acquisitionsystemshawvn in Section2.5 with a commercialrenderingpackage,
3dsMax 5.1 The adwantageof suchexperimentalmethodologyis that an exact ground-truthis available
for all of thegeometricafjuantitiesinvolvedin thereconstructiomprocessthe shapeof the objectwe wishto

scan,the object’s silhouettesandthe self-shadws. Thus,errorsdueto the calibrationandmisclassi cation



Figure2.24: Top: threeviews of a syntheticcube.Bottom: resultsof shadev carving.24 views and4 lights
areusedin this experiment.

of shadev boundariesreruledout. Sincethevirtual setupis more e xible andthe experimentgasterto run,
suchtestsarealsousefulto studytheeffectsof thelight sourceandcameracon gurationoverthe quality of
the nal reconstruction.

Thesimulatedsetupis similarto theschemalepictedn Fig. 2.16. Two differentcon gurationsaretested:
the numberof cameraviews (or, equivalently, the numberof rotationstepsof the turntable)areeither24 or
72; thenumberof light sourcesusedto castself-shadws areeither4 or 8. The con gurationwith 72 views
correspondso anangularrotationstepof 5 degrees.Every imageis renderedat a resolutionof 640 480
pixels.

Thecon gurationwith 24 cameraviews and4 lightsis similarto theonein Section2.5. Noticethatsince
eachsilhouetteneededor spacecarving canbe easily extractedfrom a renderedmageof the object, the
translucenboardto help silhouettessegmentatiorbecomessuper uous. Finally, the shadev detectionstep
(Section2.5.3)is unnecessargincethe ray-tracingalgorithmallows to identify correctlyall of the object's
self-shadwsin theimages.

The rst syntheticobjectusedfor theexperimentds asimplecubewith a cavity ononeside,asshovnin
the rst row of Fig. 2.244.

The objectwasreconstructedising 24 views and4 lights. The reconstructioris shovn in the second

Fig. 2.24. Notice that a portion of volumeis removed from the cavity andthatthe new surfaceis still a

4The resultsshavn in this ®gure andin the following oneswere producedby Marco Andreettos implementatiorof the shadev
carvingsystem.
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Figure2.25: (a) Cross-sectionsf thereal object(red); cross-sectionsf the resultof spacecarving(blue);
cross-sectionsf the resultof shadav carving (black). (b) The progressiorof the approximationsas we
increasedhe numberof viewpointsusedfor thereconstructionred (8 viewpoints),blue (16) andblack (24).

consenative estimate. However, several visual artifactsare clearly visible. This problemstemsfrom the
limited numberof views andlights usedfor carving.

In Fig. 2.25a crosssectionof the original objectis presentedThecrosssectionis de ned by ahorizontal
plane passingthroughthe centerof the objectandis depictedin red. The contoursshawving the estimate
obtainedby spacecarvingare superposedh blue. The contoursshaving the estimateobtainedby shadaev
carvingaresuperposeth black. Noticethatshadav carvingyieldsanimprovementbothin the concaity (as
expected)andalongthe sideplanesof thecube.

In theright sideof Fig. 2.25,sectiongorrespondingo partialimprovementgproducedy shadev carving
arepresentedtheredcontouris obtainedwith 8 views (out of 24), theblue contouris obtainedwith 16 views
(out of 24), theblackcontourcorresponds$o the nal estimation.

The secondsyntheticobjectis a combinationof cubeswith a non-symmetricavity on onesideandfew
“extrusions”ontheotherones.Seethe rst row of Fig. 2.26.With only 24 viewsand4 lights, shadev carving
recoversthe concaities only partially asshovn in thesecondow of andin Fig. 2.27. Artif actsareleft along
Artif actsareleft alongthe two sidesof the main body of the object. Notice, however, thatthe estimationis
still consenrative andno volumeis removedfrom the actualobject.

A moreaccurateestimatecanbe obtainedby increasinghe numberviews from 24 to 72 andthenumber
of lights from 4 to 8. Theresultsarereportedin thelastrow of Fig. 2.26. Notice thatthe volumehasbeen
almostcompletelyremoved from the cavity andthe artifactsare greatlyreducedin sizeandnumber The
crosssectionsof the reconstructedbjectwith and without post-processindtering (seeSection2.5) are

shawvn in Fig. 2.28,respectiely.
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Figure2.26: Top row: threeviews of the secondsyntheticobject. Centralrow: resultsof shadev carving
when 24 viewpointsand 4 lights are used. Bottom row: resultsof shadev carvingwhen 72 viewpoints
and8 lights areused. Notice that the artifacts(e.g.,seecentralconcaity) dwindle away asthe numberof

viewpointsandlightsincrease.

e
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Figure2.27: Two cross-sectionsf theactualobject(red); cross-sectionef theresultof spacecarving(blue);
cross-sectionsf theresultof shadaev carving(black). 24 viewpointsand4 lights areusedis this experiment.

Noticethatsincethe artifact's scale(size)is smallerthanthe smallestfeatureof the object,we can lter

outtheartifactsaswell aspresere the consenrative propertyof thereconstruction.
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Figure2.28: Two cross-sectionsf theactualobject(red); cross-sectionef theresultof spacecarving(blue);
cross-sectionsf theresultof shadaev carving(black). 72 viewpointsand8 lights areusedis this experiment.
No post-processindtering is carriedout. Sincetheartifacts'sizeis smallerthesmallesteatureof theobject,
post-processindtering maybe usefulto remove them. SeeFig. 2.29

— —

Figure2.29: Cross-sectionef the objectin Fig. 2.28afterthe post-processindtering.

Thesimulatedsetupis alsousefulto studytheeffectsof errorsin detectingself-shadws. As predictedby
ourtheory if we violatethe hypothesighatary lit pixelis not misclassifyasshadev (seeProposition2.3.1),
the nal reconstructegurfaceis notguaranteedo beconsenrative,i.e., portionof theactualobject's volume
canbecanedout by theshadev carvingalgorithm.

To testthis possibilitywe increasedhe sizeof the estimatedshadavs. The upperrow of Fig. 2.30shavs
examplesof self-shadws castover the surfaceof a spherethelower row shavs the correspondinghadav

estimatesn black. Thelit areasmisclassi edasshadevs arein gray. As aresultof sucha misclassi ca-
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Figure 2.30: Examplesof non-conserative shadav estimates.Upperrow: examplesof self-shadws cast
overthesurfaceof asphereLowerrow: thecorrespondinghadaev estimatesreshavn in black;thelit areas
misclassi edasshadevsarein gray.

Figure 2.31: The effect of non-conserative estimateof the shadav. The gure shows the sectionsof the
reconstructegphere.As aresultof the shadev misclassi cation,the algorithmstartscarvingout portions
of the actualobject, violating the assumptiorof consenrative reconstruction.As shadev carvingkeepson
processindhe next shadev imagesthe errorsincreaseanoreandmore.

tion, the algorithm startscarvingout portionsof the actual volumeasshawn in Fig. 2.31, mostleft panel.
As shadav carvingkeepson processinghe next shadav images,the errorsincreasemoreand more. See

remainingpanelsn Fig. 2.31.

2.6.2 Experimentswith Real Objects

We have testedthe carvinghardwaresetuppresentedn Section2.5 andusedour shadev carvingalgorithm
to scanseveral objects. Imageresolutionwas1152 1728pixels. Our experimentswere designedo test
whetherconsenrative estimatesas promisedby theorem2.3.1, may be obtainedin a practicalsettingwith
noisyimagesanduncertainshadev detections.

Left panelof Fig. 2.32showns the rst objectwe reconstructed a small sculptureof a dog. The central
panelshaws the resultsof shapefrom silhouettes.Notice that the algorithmfails at reconstructinghe con-
cavities of theobject. Theright panelshowvs resultsof shadev carving. Portionsof theconcaitiesarecarned
outalthoughsomeartifactsarestill visible. Thesearedueto limited numberof lights andviewpointsusedto
canethemodel.

To assestheaccurag of ourresults we have usedthelaserscanneto capturethe3D shapeof theobject.
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Figure2.32: Left: capturedmageof the dog. Center:resultsof spacecarving. Right: resultsof shadev
carvingwith 4 lights and24 views.

Figure2.33: Cross-sectionsf the modelof the dogreconstructeavith thelaserscannefred),spacecarving
(blue)andshadav carving(black). Fromleft to right: progressiorof theapproximationaswe increasedhe
numberof viewpointsusedfor thereconstructior{8, 16 and24 viewpointsrespectiely).

Suchreconstructednodelsarevisualizedasa cloud of pointsratherthana triangulatednesh.As described
in Section2.6.1,weintersecta horizontalplanewith the modelto producecross-sections,e., 2D contours.

In Fig. 2.33cross-sectiongbtainedrom thelaserscannefred),spacecarving(blue),andshadev carving
(black)arepresentedThe progressiorof approximation®btainedoy shadev carvingareshavn from left to
right (8, 16 and24 views respectiely).

The secondobject- a sculptureof a reman - reconstructedby our carving systemis presentedn the
left columnof Fig. 2.34. The correspondingesultsof spacecarvingandshadaev carvingareshown in the
centerandright columnsrespectiely. Detailsof the reconstruction(Fig. 2.35) highlight the improvement
of shadev carvingover spacecarving. The cross-section@ig. 2.36from left to right) shav the progressie
improvementof shadav carving.

In the left andright panelsof Fig. 2.37 the reconstructeanodels(obtainedby spaceand shadev carv-
ing respectiely) arerenderedrom two cameraviews. A textureis superimposedo the models(texture-
mapping). Notice thatthe model obtainedby shadev carvingis visually morecompellingthanthe one by
spacecarving.

A third exampleof reconstructioris presentedh Fig. 2.39.
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Figure2.34: Upperrow: two views of the reman. Middle row: resultsof spacecarving.Bottomrow: results
of shadev carving.
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Figure 2.35: Detailsof the reman. Upperrow: two views of the original object. Middle row: resultsof
spacecarving.Bottomrow: resultsof shadev carving.

Figure2.36: Cross-sectionsf modelof the reman reconstructedvith thelaserscannefred),spacecarving
(blue)andshadaev carving(black). Fromleft to right: progressiorof theapproximationaswe increasedhe
numberof viewpointsusedfor thereconstructior{8, 16 and24 viewpointsrespectiely).
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Figure2.37: Reconstructionvith texturemapping:the object'stexturesareaddedo themodelcapturedwith
shadaev carving.

Figure2.38: Comparisorof the reconstructiorwith texture mapping. Left: the object's texturesareadded
to the modelcapturedwith spacecarving. Right: the object's texturesareaddedto the modelcapturedwith
shadev carving.

2.6.3 Discussion

Our experimentsshav thatthetheoreticaframewvork we proposedindanalyzedn section2.3yieldsa prac-
tical algorithmwhich canimprove uponthe well-known spacecarvingmethodsby carvinginto concaities
of the object. Theorem2.3.1 guaranteeshat the sequencef estimategproducedis conserative and our
experimentsshaw thatthisis achiezablein practice.

Fromourexperimentst is evidentthatmostconcae areashave beencanedonly partially. Thisis dueto
two mainreasonskFirstly, we usedasmallnumberof views andlights. Thiswaspredictedoy ourexperiments
with syntheticobjects:the reconstructiorobtainedwith 72 views and8 lights is signi cantly moreaccurate
thanthe one with 24 views and 4 lights only. Finding the optimal numberand distribution of lights and
views s clearlyanimportantopenproblem.Secondlyour simpleandoverly conserative shadev detection

algorithmreduceghe amountof informationavailableto the shadev carvingalgorithm. Thereconstruction
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Figure 2.39: Upperleft: imageof the vase. Upperright: resultsof spacecarving. Lower left: resultsof
shadev carving.Lowerright : texturedmodel

in Fig. 2.39is an example. Detectingshadavs in the vases concaities is very hard: the edgeare smooth,
the concaities are brighterdueto interre ections and someareashave a darker albedo. As a resultonly
few shadevs aredetectedandthe shadav carvingability to remove volumeis severelyimpaired. Detecting

shadaevs accuratelyandyet preservinghe conserative propertyis clearlyanotheimportantopenproblem.

2.7 Conclusions

We presentednanalysisof the problemof re ning a consenrative estimateof anobjectsshapeby observing
theshadavs onthe objectwhenit is lit by aknown pointlight source We provedthatawell de ned portion
of volumecanberemaovedin a conserative mannerfrom the currentobjectestimate.We shoved that this
insightleadsto analgorithmthatcanwork correctlyon realimages.We calledthis methodshadowcarving.
Ourmainassumptioris thatonecanestimateshadevs conseratively - i.e.,ashadev maynotbedetected

but whateveris labeledasshadav is indeeda shadev. No assumptionsiboutthe objecttopologyareneces-
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sary Tangentplanediscontinuitiesoverthe objectssurfacehave beensupposedo be detectableWe shaved
thatshadaev carvingimprovespreviouswork on shaperom shadev in thatit is morerobustwith respecto
theclassi cationof shadav regionsandis notrestrictedo 2.5D terrainsurfacesput ratherit maybeapplied
to measuringhe objectsin theround.

In orderto validateour theory we have implementeda reconstructiorsystemthatcombinesnformation
from silhouettesandshadaevs. Thenew systemusesnexpensvedigital cameragandlamps.Ourexperiments
with realandsyntheticobjectscon rms thatthe propertyof conserative carvingis achievablein practiceand
shaw thatshadev carving producesa muchbettersurfaceestimatethat shapefrom silhouettesalone. This

improvedestimates suitablefor furtherre nementby ary shapesstimationmethodthatworkswell in local

regionsof thesurface.
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Chapter 3

Computational Analysisfor 3D
Reconstructionof SpecularSurfaces

3.1 Intr oduction and Moti vation

Estimatingthe 3D shapeof physicalobjectsis one of mostuseful functionsof vision. Texture, shading,
contour stereoscop motion parallaxand active projectionof structuredlighting are the mostfrequently
studiedcuesfor recovering 3D shape. Thesecues,however, are often inadequatdor recovering the shape
of shiny re ective objects,suchasa silver plate,a glassgobletor a well-washedautomobile sinceit is not
possibleto obsenetheir surfacesdirectly, ratheronly whatthey re ect.

Yet, the ability of recovering the shapeof specularor highly re ective surfacesis valuablein mary
applicationssuchasindustrialmetrologyof polishedmetallicandplasticparts,medicalimagingof moistor
gelatinoustissues digital archival of artworks and heritageobjects,remotesensingof liquid surfaces,and
diagnosticof spacemetallicstructuresamongothers.

Althoughspeculasurfacesaredif cult to measuravith traditionaltechniquesspeculare ectionspresent
anadditionalcuethatpotentiallymay be exploited for shaperecovery. A curved mirror producesdistorted’
imagesof the surroundingvorld. For example theimageof a straightline re ected by a curvedmirror is, in
generala curwe. It is clearthat suchdistortionsare systematicallyrelatedto the shapeof the surface. Is it
possibleto invertthis map,andrecoverthe shapeof the mirror fromits re ectedimages?

Thegeneralinversemirror' problemis clearlyunderconstrainedby opportunelymanipulatingthe sur
roundingworld, we may producea greatvariety of imagesfrom ary curved mirror surface. This inverse

problemmaybecomeractableunderthe assumptiorthatthe structureof the scends known.
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3.1.1 ProposedApproachand Summary of the Results

In this study we assumehatboththecamergmodelledasa perspectie camerajpndthe scenearecalibrated.
We ignorethe contribution of visualcuessuchasshadingandtextureandwe focusonthegeometryrelatinga
sceneandits correspondinge ectedimage.We usethisrelationshipto estimatehelocal shapeof the mirror
surface.

We startfrom the obsenation that the mappingfrom a sceneline to its re ected curve in the camera
imageplane(dueto mirror re ection) not only changesorientation” and”curvature” of the scendine, but
also”stretches’its length,modifying the local scaleof the scendine (seeFigure3.1). We rst analyzethis
mapandderive analyticalexpressiongor the local geometryin theimage(namely rst- andsecond-order
derivativesof the re ected imagecurve at ary given point) asa function of the position and shapeof the
mirror surface. We thengeneralizeour resultsto aplanarsceneof arbitrarytextureanddescribehemapping
betweera local planarscenepatchto the correspondinge ected patchin theimageplaneasa function of
thelocal parametersf the mirror surface.Finally, we exploretheinverseproblemin threesettings.

First,we show thatby exploiting positionandorientatiormeasurementsf (atleast)threere ectedcurves
intersectingat an examinedpoint, it is possibleto recoverthelocal geometryupto rst-order (second-order
up to onefree parameter).An exampleis shovn in Figure 3.5. Secondwe shav that by exploiting local
position, orientationandlocal scalemeasurementsf (at least)two re ected curvesintersectingat a point,
thesurfacegeometryatsuchagrid pointcanberecoveredupto third-orderaccurag. An exampleis shavnin
Figure3.10. Third, we demonstrat¢hat scaleandorientationmeasurementsiay alsobe extractedfrom the
re ection of a planarscenepatchof arbitrarygeometry We prove thatlocal surfaceshapecanbe estimatedf
thelocationof (atleast)threearbitrarypointsis availablewithin a neighborhoof there ectedscenepatch.

Theseresultsaresummarizedn Table3.1.

3.1.2 PreviousWork and Our Contrib ution

Previousauthorshave usedhighlightsasa cueto infer informationaboutthe geometryof a speculasurface.
Koenderinkand van Doorn [36] qualitatively describechow patternof specularitiecchangeunderviewer
motion. This analysiswasextendedby Blake et al. to stereoscopiwision [4, 3]. Additionally, Zissermaret
al. [84] investigatedvhat geometricainformationcanbe obtainedby trackingthe motion of specularities.
Otherapproachesvere basedon the idea of modelling specularre ections with re ectancemaps[28] or
introducingthemin the contestof photometricstereo[30]. Orenand Nayar [49] performedan analysis
on classi cationof real andvirtual featuresanddevelopedan algorithmrecoveringthe 3D surfacepro les

traveledby virtual features.ZhengandMurata[82] developeda systemwherea rotatingspeculambjectis
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Surface quantities up to 3" 9-order
Point| Normal| 2nd -orderparam.| 3rd_orderparam.

Measurements DOF | Further details

Pointposition s s a; b;c e;f;g;h 8 Section3.2.1

Pointposition+
2 orientations

s s r e;f;g;h 6 Section3.5.2

Pointposition+ X X Section3.5.3.1

3 orientations ' efigh 5 Section3.5.3.4
Pointposition+
3 orientations+ X X r r 1 Section3.5.3.7
4 cunatures
Pointposition+ .
Section3.5.4.1
2 orientationst X X X X 0

Section3.5.4.2
2 scales

Table3.1: Summaryof theresults.The rst columnshows differenttypesof measurementavailablein the
imageplane.Eachtypeof measuremergnableghelocal reconstructiorf thesurfaceupto differentdegrees
of freedom(whichareshavn in column6). Columns2  5indicatethe correspondindree parametersvhich

cannotbe estimatedyiventhatamountof measurednformation. The free parametersires; a; b;c;e;f; g; h

andwill beintroducedn the next sections A checkmark(X) indicateshatall quantitiesnayberecovered.
For example(seethird row), giventhe measurementf the positionof onepointandthe orientationsof three
curvesatthatpoint, surfacepositionandorientationcanbefully recovered,curvaturecanberecoveredupto

oneunknown (r), andthird surfacegparameterge;f ; g; h) cannotbe estimatedatall. Thelastcolumnpoints
to furtherdetails.

reconstructedy illuminating it by extendedlights and then analyzingthe motion of the highlight stripes.
Halseadet al. [25] proposeda reconstructioralgorithmwherea surfaceglobal modelis tted to a setof
normalsobtainedby imaginga patternof light re ected by specularsurface. Their resultswere appliedto
interactive visualizationof the cornea. Swaminatharet al. [66] presentedinin-depthanalysisof caustics
of catadioptriccameraswith conic re ectors. The sameauthors[67] gave insightson how to designthe
shapeof mirrorsin catadioptricimaging systems.Perard[50] and Tarini et al. [45] proposeda structured
lighting techniquéfor theiterative reconstructiorof surfacenormalvectorsandtopographySolemetal. [64]
formulatedthe problemin a variationalframework, usinganimplicit level setrepresentationf the surface.
Wangetal. [77] proposed scanningsystento recover ne-scalesurfaceshapeusingacurvedmirror to view
multiple anglesin a singleimage. Finally, Bonfort et al. [7] presented novel voxel-basedapproacthin the
spirit of multiple view (spacecarving)algorithms.The mainlimitations of thesestudiesarethe necessityof
having i) someknowledgeon shapeandpositionof the object;ii) multiple imagesunderdifferentcondition
of theilluminant; andiii) dedicatechardwareequipment.

Our methoddepartsrom previouswork in severalaspectsFirst, we work on the staticmonocularcase
and explore the amountof information available from a singleimage. As we will shav in Section3.6.2,
with only oneimagewe can calibratethe camera,the sceneand recover information aboutan unknovn

specularshape(the carfender in the exampleof Figure3.19). Secondour reconstructiorschemeequires
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Mirror surface ™.

Scene

Figure3.1: Geometryof the speculare ection

a simplesetupandminimal hardware: a digital cameraanda planartexturedboard. Finally, our analysisis
local anddifferentialratherthanglobal andalgebraic.For the rst time, we provide an explicit differential
relationshipbetweerthe local structureof a scenepatch,its correspondinge ection in theimage,andthe
local shapeof the specularsurface(up to third-order). This chaptergathersand generalizeur own work
presentedh [58, 59, 54, 55|, in thatit provides:i) acompleterst- andsecond-ordedifferentialdescription
of themappingbetweerthelocal scengpatchandthe correspondinge ection in theimage;in particular the
reconstructiorschemegpresentedh [58, 59, 54, 55| arereframedn thenovel formulation;andii) a studyof

degenerateonditionsof this mapping.

3.1.3 Chapter organization

Theremaindenf thischapteiis organizedasfollows: we formulatethe problemandintroducethemotivation
in Section3.2; in Section3.3, we presenthe direct problemandanalyzehow the surfacegeometryaffects
the imagemeasurementssinga differentialapproachijn Section3.4, we presentseveral propertiesof the
re ection mappinganddiscussts degenerateonditions;in Section3.5, we applythe analyticalexpressions
derivedin Section3.3to studytheinverseproblemandpresent new techniqueo estimatesurfaceposition
andshapefrom variousimagemeasurementsn Section3.6, we describea practicalalgorithmfor surface
local reconstructiorand validate our theoreticalresultswith both numericalsimulationsand experiments
with real surfaces;we nally discussour ndings in Section3.7 and proposea numberof issuesfor future

research.
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Figure3.2: Specularre ection geometry

3.2 Problem Formulation

Our geometricsetupis depictedin Figure3.1. For now, we assumehat a calibratedsceneis composedf
a planarpatternof intersectinglines. We will considerthe generalcaseof arbitrary planarscenein Sec-
tion 3.5.4.5. The scends re ected off an unknavn smoothmirror surfaceandthere ection is obsened by
a calibratedcamera.Our goalis to obtainlocal geometricainformationof the mirror surfacearoundr by
analyzingthe deformationproduceduponthe patternof linesintersectingat pointp.

In Section3.2.1,weintroducethe notationandstudythe simplecaseof oneknown pointre ected off the
mirror surface. We shav in Propositionl that, giventhe measuremenf the re ected pointin the image,
the orientationof the surfaceat there ection pointis known up to onedistanceparameterin Section3.2.2,
we introducea new referencesystemto give a simplersurfacerepresentationin Section3.2.3,we de ne
the mappingbetweenra scendine andthe correspondinge ectedimagecurve. We concludethe sectionby

sketchingout our proposedeconstructiorscheme.

3.2.1 Notation and Basic Geometry of SpecularRe ections

Pointsand vectors(i.e., differenceof points)in 3D are denotedby a bold lower caseletter* (e.g.,x =
[x y z]"). Tensorsmatricesand4D vectorsareall denotedby a bold capitalletter (e.g.,X ). Let ¢ bethe
centerof projectionof the cameraTheimageplaneis positioned distanceunitsin front of ¢, perpendicular
to theview directionv. Givenascenegoointp, let g betheimageof p obseredontheimageplanethrougha
speculare ection onthemirror surfaceatr (seeFigure3.2a).Sincewe assumehatthecameraandthescene
patternarecalibratedp andq areknown, whereas andtheunit normaln, to thesurfaceatr areunknown.

It follows from the perspectie projectionconstrainthatthe pointr mustbelongto theline de ned by ¢ and

INoticethatwe usethe samenotationfor pointsandvectors.Thisis doneto improve readability
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g, resultingin thefollowing relationship:

r=c+ sd; (3.1)

wheretheunitvectord = (q c¢)=jjq cjj is paralleltotheline of sight,ands = jjr cjj isthedistance
from c tor. With ¢ x edandq measuredthe surfacepositionat r is completelydeterminedoy a single
distanceparametes. Furthermorelet uscall the planede ned by p, r andc the principal planeg letn, be

its unit normalvectorandlet denotethere ection angleatr. Then:

Proposition1 Theunitnormalvectorn, andthere ection angle arecompletelydeterminedy theposition

parametes.
Proof: Thegeometryof our setupsatis es2 basicconstraints:
1. By the geometryof speculame ection, theincidentvectorr p andthere ected vectorr ¢ are
co-planamith thenormalvectorn, andtheplanethey de ne is the principal plane,namely

M, ;npi = 0; (3.2)

wherehi denotegheinnerproductof two vectors.

2. Furthermorethe anglebetweenthe incidentvectorandn, mustbe equalto the anglebetweenthe

re ectedvectorandn,, namely

. rp
m;di= nyjoemeoor 3.3
' Viir pij (3:3)
whichleadsto
rp
n ,d — =0 3.4
U dir pli (3.4)

By combiningEq. (3.2) andEq. (3.4),we canexpresan,; asafunctionof s (upto asign)asfollows:

r p
n = EE——— n
' ir pi P
p ¢ (s jjp ¢ sdj)d
= — — Np: 35
ip c sdj P (3)
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Similarly, there ection angle canbeparameterizetdy s aswell by notingthat

rp

cos2 = 2co¥ 1= e
nropl

whichyields

s
pi s Hh;p ci

cos = - ”C+S—dp”+ 1 (3.6)

3.2.2 ReferenceSystemand Surfacerepresentation

Following Blake [3], we now introducea new referencesystemto give a simplersurfacerepresentatioand
a more compactrelationshipbetweenhigherorderlocal surfaceparametersndthe remaininggeometrical
guantities We call this new referencesystenthe principal refeencesystenju v w]. The principalreference
systemis centeredatr andw = n;,v = np,andu = v w. Givenan arbitrary point a represented
in areferencesystem[x y z] centeredn ¢, its correspondingoordinates® in [u v w] canbe obtainedby a
transformatiora®=R"(a r),whereR = [n, n, npn,]. Propositionl impliesthatthis transformatioris a
functionof theunknavn parametes. Thereforethe choiceof principalreferencesystemdoesnotintroduce
ary otherunknown variables Fromnow on, we will work in this principalreferencesystemunlessotherwise
stated.

In the principalreferencesystemthenormalof the surfaceatthe origin is w andthetangentplaneto the
surfacethereis the planede ned by u andv. Thus,thesurfacearoundr canbewritten in the specialMonge

form[15], yielding

w = %(au2+ 2cuv + bv?)

+ %(eu3 + 3f ulv+ 3guv?+ hvd) + (3.7)

whereu, v, w arethe coordinate®f the specialMongeform in the principalreferencesystem.a, b, c ande,
f, g, h arethesecond-ordeandthird-ordersurfaceparametergaroundr, respectiely. Accordingly, we refer
to the distanceparametes asthe rst-order surfaceparametesinceit determineghe positionandnormal
of the surface. Our goalis to recover thesesurfaceparametergroundr usingquantitiesthatareknown or

measurableNotethatc, q, p areknown by assumingalibratedcameraandscene.
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3.2.3 Differential Approach

Letpo(= [Poy Poy Poy]") denoteascenepointin 3D spaceA line p passinghroughp, maybedescribed

in a parametridorm:

p(t)=pot+t p (3.8)

wheret is aparameteand p = [ py pPv Ppw] is the orientationvectorof theline. Givena x ed
camerapositionc, amappingt 2 IR® ! r 2 IR® de nes a parameterizegpacecurve r (t) lying on the
mirror surface whichdescribeshepositionof there ection pointast varies(seeFigure3.2b). Consequently
througha perspectie projection,r (t) is mappedo anotheparameterizedurve g(t) ontheimageplane.We
denotethe rst-order derivatives(tangentvector)of r (t) andq(t), respectiely by r andq, anddenotetheir
second-ordederivativesrespectiely by ¥ ande. Whent = to = 0, we denoter (tg) by ro, whichis the
re ection point of pg on the mirror surfaceand canbe setasthe origin of the principal referencesystem.
Accordingly, the valuesof r, g, ¥ ande evaluatedatty aredenotedby rg, qo, o andep. Throughouthis
chapterif thereis nofurtherexplanationwe alwaysassumehatwe evaluater, g, ¥ ande atty, andomit the
subscriptO to make the notationeasieron the eye. Furthermorewe denotethe curvatureof theimageplane
curveq(t) as 9(t), whichis evaluatedatty as 9.

Our approachs to performdifferentialanalysisaroundthe point of intersectiorr ¢ of two or morescene
lines. Speci cally, we derive analyticalexpressiongor the rst- andsecond-ordederivativesof deformed
imagecurvesatqo, in termsof surfaceparametersip to thethird-order(s; a; b;c; e;f ; g; h) (seeSection3.3).
By comparingheseanalyticalformulaswith theircorrespondingpcalmeasurementa theimage weimpose
asetof constrainton the unknavn surfaceparametersTheresultingconstraintsystemallows usto recover

themirror surfacelocally aroundthere ection pointr g upto thethird-orderaccurag (seeSection3.5).

3.3 DirectProblem

In this section,we studythe direct problem,thatis, how the geometryof a specularsurfacedeterminests
re ective behaior on a patternline p(t) througha point po, and consequenthaffectsimage planemea-
surement®f q(t). Speci cally, we carry out a differentialanalysison the fundamentatelationshipbetween
theimagemeasurementsuchasqo, ¢o, 9 andthe rst-, second-andthird-ordersurfaceparametersf the
mirror surfacearoundthere ection pointr .

Themainresultsof this analysisaresummarizedn Table3.2:1) rst-order derivative of theimagecurve

q(t) atqoe (namely qp) is afunctionof the rst- andsecond-ordeparametersf the surfaceatro (namely
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distances, tangentplaneorientationandcurvatureparameters; b; c); andii) second-ordederivative of the
imagecurve q(t) atgo (namely ¢g) is a function of the rst-, second-andthird-orderparameter®f the

surfaceatry (namelys; a; b;c;e;f; g; h); in particular ¢ dependdinearlyone;f; g; h.

| Image Derivativesat qo || Local SurfaceParametersatr, || Equations |

First-orderderivative of q(t) || distances, tangentplane, curvature|| Eq.(3.9)Eq.(3.28)

(i.e.,qo) (i.e.,a;b;c)

Second-orderderivative of || distances, tangentplane, curvature|| Eq. (3.37)

q(t) (i.e.,90) (i.e., a; b;c), third-order parameterg Eq.(3.50)
(i.e.,e;f;g;h)

Table3.2: Dependeng betweerimagemeasurementandlocal surfaceparametersThelastcolumnpoints
to the mostmeaningfulequations

In Section3.3.1,we studythe rst-order differentialbehaior of r (t) aroundt . Proposition2 expresses
therelationshipamongr (i.e., the rst-order derivative of the re ected curver (t) atry), the surfaceshape
upto second-ordefi.e., s, a; b;c) andthe scendine geometry Propositiord relatesr o to qg. By combining
thesetwo propositionsve demonstratéhe rst row of Table3.2.

Then,in Section3.3.2,we studythe second-ordedifferentialbehaior of r(t) aroundty. Propositions
expressegherelationshipamongr (i.e.,thesecond-ordederivative of there ectedcurver (t) atr ), surface
shapeup to third-order(i.e., s, a; b;c, e;f ; g; h) andthe scendine geometry Proposition6 relatess o to €.

By combiningthesetwo propositionsve demonstratéhe secondow of Table3.2.

3.3.1 First Order Analysis
3.3.1.1 First-order Derivative of r(t)
In this sectionwe studythe rst-order differentialbehaior of r (t) aroundt.

Proposition2 The rst-order derivative of thesurfacecurver (t) attg (i.e.,ro; namely thetangentvectorof
r(t) atro) is afunctionof the rst-order surfaceparametes andsecond-ordesurfaceparameterga; b;c).
Speci cally, ro maybeexpresseds
2 3 2 32 3
u Jy  2bcos 2ccos 0 By
fo = g v % = ig 2ccos Ju 2acos O ég By § : (3.9)
w

0 0 0
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where
B, (_Pwcos sin_ (Pl cos B, = ( p)_y; (3.10)
]I Po)) ]l Pol)
S+ jipoli 1 1
J = —— = -+t —F, Jy = J COS2 X 3.11
Y Sij Polj s jipoiit " Y (311
jipoji s_
J ————sin cos 3.12
v Sjji Polj (312)
= (Ju 2acos )(Jy 2bcos) 4c?cos : (3.13)

Proof: The Fermatprinciple[8] stipulateshatthere ection pointr mustbe locatedon the mirror surface
in suchaway thatlocally minimizesthelengthof the speculaipathfrom the scenepoint p to the camerac.

Thus,there ection pointr canbefoundby solvinga constraineaptimizationproblem thatis:

minimize  jir pjj+jr cj

subjectto g(r) = 0; (3.14)

whereg(u; v;w) = 0 denoteshe implicit function of the mirror surface,which canbe obtainedfrom its

Mongeform (3.7) as:

glu;v;w) = w %(au2+ 2cuv + bv?)

%(eu3+ 3f u?v+ 3guv?+ hvd)+ = O (3.15)

By applyingthe LagrangeMultiplier Theoremasdemonstratedy ChenandArvo [13], we obtain

8
2 % (M +x(rin+ ror) = 0 (3.16)
> o) = 0

wherewe have usedx; andx; to denotethe incidentdirection (dependingon bothr andt) andre ection

direction(dependingnr), which arede ned respectrely as

, roop() .
X| m, (317)
r C

X = = —: 3.18
' ir cii (3.18)
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Notice that x, hasalreadybeenintroducedasd in Eq. (3.1). Here we emphasizehe dependencenr.
Eq.(3.16)isanon-linearsystenof four equationsn veunknowns(t, r and ), andobviously, (0;ro; 2¢0s ()?
is oneof its solutions.We referto it asFermatequationanddenoteit by F(t; r; ) = 0, whereeachcompo-
nentof F = [F1 F, F3 F4] capturegheleft-handsideof oneof the equationsn (3.16).

We take advantageof Implicit FunctionTheorento studythedifferentialbehavior of r (t) aroundty. The
theoremstateghatif (to;ro; o) isasolutionof F(t;r; ) = 0andtheJacobian

@r; )

= det ————~ 6 0O; 3.19
@) . (3-19)

the smoothmappingfunctionr (t) existsaroundthe neighborhooaf r . Furthermorewe maycomputethe

derivative of r (t) with respectot by differentiatingF with respectot. By chainrule,we obtain:
B(tir; ) = J(tr; ) S(t); (3.20)

where

B(tr ) = @(tér; ).t ) = @@(;;.r;));

St = ) v(t) wit) (017 = [r(t) (01"

We may expressB andJ asfollows:
2 3 2 3

B - 2 Ba1 g; 3= 2 Ja3 rg(r) g; (3.21)
0 (ro(r)’ 0

wherethe sub-matrice83; andJss (the subscriptdenoteghe matrix dimension)arede ned as
(_xxD poop o (0 xx) (k)
ir p@®i ir o p@®i dir cj

2 4 = 2cos o is obtainedby dot productEq. (3.16)with r g(ro).

Bsy =

Hg: (3.22)
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Here,g denotegheimplicit de nition of thesurfaceandr g, H 4 arerespectiely thegradientvectorandthe

Hessiamatrix of g. It followsfrom Eq. (3.15)that

i au cv ieu? fuv IgvZ+
rg = E cu bv ifu? guv ihvZ+ ;
1
2 3
a eu fv+ c fu gv+ 0
Hg = E c fu gv+ b gu hv+ 0%: (3.23)
0 0 0

In orderto computer(t) atrg, we needto evaluateB;J att = ty (andthus,atp = po, r = ro and
= (= 2co0s ). At thatend,we notethatsincewe work in theprincipalreferencesystemx, andx; may

be expressedn termsof there ection angle :

Xi = (sin ;0; cos)"; x = ( sin ;0; cos)":

Thus,we mayexpandEg. (3.20)asfollows:

2 3 2 32 3
By, Ju 2acos 2ccos Jw 0 u(0)
B 2ccos J 2bcos 0 0 v(0
Y= Y () : (3.24)
Buw Jw 0 Jysin? 1 w(0)
0 0 0 1 0 —0)
wherecos is givenby Eq. (3.6),sin> = 1 cog€ andBy, By, Bw, J, andJ, arede ned above. It
follows from thelastrow of Eq. (3.24)thatw(0) = 0. Consequently
2 3 2 32 3
By Ju 2acos 2ccos 0 u(0)
§ By § = § 2ccos J, 2bcos O %E v(0) %1 (3.25)
Bw Jw 0 1 —(0)

By invertingthe matrixin Eq. (3.25),we obtainthe rst-order derivative of the surfacecurver (t) atrg (i.e.,
to) andthe propositionis proved. The determinantf the matrixin Eq.(3.25)( = (Jy 2acos )(Jy
2bcos ) 4c?cos ) is equalto the Jacobiarin Eq. (3.19).

Proposition2 tells usthatr is notafunctionof thethird or higherorderparametersf thesurfacearoundthe
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re ection point. A similar relationshipwvasderivedby Zissermaret al. [84] in the dual context of a moving
obsener. Notethat Proposition2 holdsunderthe conditionof 6 0in Eq. (3.19),which guaranteeshat
the mappingr (t) is uniquein the neighborhoodf (to;ro; o). Fromnow on, we shall awaysassumehat
6 0. Thisassumptions reasonabl@aswe shallseein moredetailin Section3.4.1.
If wecall theanglebetweerr andu axis,the orientationof thetangentvectorof r (t) atr within the

tangentplanemaybe expresseds

+
an = E__ (Ju 2acos )By + 2cB, cos (3.26)

" (Jy 2bcos )By + 2cBy cos

3.3.1.2 Relationship Betweenr_and g

Proposition 3 Thedirectionof thetangentvectorr _is directly relatedto thedirectionof thetangentvectorg
by thefollowing relationship(up to a sign)
ro_ n (csjicj a=jiaii)

— = = ——— ! (3.27)
o jine (c=jicii  a=jjaiii

Proof: It is notdif cult to shav thatq is proportionalto the perspectie projectionof r_into theimageplane.

Thus,the planede ned by ¢ andg containsr. Let n; denotethe normalvectorof this plane,thenwe have

;i = 0. Sincem,;ri = 0, wehave (o = (1~ uptoasign,whichgivesriseto Eq. (3.27).

More generally
Proposition4 Letr(t) bethesurfacecurve andq(t) beits cameramage. Then,respectie tangentvectors
arelinearly related:

a=Tr

(3.28)

whereT isa3 3 matrix functionof the camergparameters,o andqo. Speci cally, thematrix T is de ned

asfollows:

| dv’
T= shd; vi ! hd: vi (329)

whered = (9 ¢)=jjg cjj,s=jjr cjj, Vv istheview directionandl is thedistancdrom c of theimage

planealongv.
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Proof: Let (t) =jjq(t) cjj=jjr(t) cjj betheratiobetweerthedistancerom ¢ to q(t) andfromc to

r(t). We mayexpressheimageplanecurve q(t) asfollows:

qt) c= @®O((r@®) o) (3.30)

Thus,q(t) satis es

g(t) c;vi =

which canbeexpressedn termsof  usingEg. (3.30),yielding

Oh@) cvi = I: (3.31)

DifferentiatingEg. (3.31)with respecto t, we get

_hr cvit+ hpvi = 0 (3.32)

We maythensolvefor from Eq.(3.31)andEq.(3.1)and _from Eq. (3.32),0btaining

- hr(t) c;vi - shj;vi; (3.33)
[he;vi
= 732hj;vi2' (3.34)

Notethat and _arebothevaluatedatt = ty. UsingEq.(3.33)andEq.(3.34),we candifferentiateEq. (3.30)

with respecto t andcomputeq asfollows:

g = r+s.d; (3.35)
I dvT ; )
shd;vi M;vi — -~

(3.36)
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3.3.2 SecondOrder Analysis

3.3.2.1 Second-OrderDerivative of r(t)

In this sectionwe studythe second-ordedifferentialbehaior of r (t) aroundt = tg.

Proposition5 The second-ordederivative of the surfacecurve r(t) atrg (i.e., to) is a function of the

rst-order surfaceparametess, second-ordesurfaceparameters,; b;c, andthird-ordersurfaceparameters

e;f; g; h. Particularly, it dependdinearly onthethird-ordersurfaceparametereg;f ; g; h. Speci cally, ¥ may

beexpresseds

U'l\l\l\l\lw
-bO‘D‘D‘EDN
(622NN NN

2
fF=f, + ¢ = E
wherethe rst termis

2 3 2 32 3
2 P % iﬁ Jy 2bcos 2ccos gg D+ Jyw %
Y1

2ccos Ju 2acos D,

2

wi = au® 2cuv bvZ

andD 4, D, (whicharebothfunctionsof u andv) arederivedin theproof. Thesecondermis

2 3 2 3
2 ®l g _ 2cos QJV 2bcos 2ccos g
\ 2ccos Ju 2acos
2 3
2 3
g u> 2uv. v 0 Ez)
0 u® 2uv V?
In bothterms,thequantitiesd, ;Jy; arede nedin Proposition2.
Proof: By differentiatingEq. (3.20)with respectot, we have
dB(t;r; ) _  d(r; )S 3 ds(t) .

dt - dt dt

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)
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where

ds

o = O O = [ v w) o)

Our goalis to computer. For this purposewe arerequiredto computethe componentgiB=dt and dJ=dt
in Eq. (3.41). Note thatwe shouldthink of (r; ) asafunctionoft (i.e., r(t) whichis guaranteedo exist
from our rst-order analysis)while calculatingthesederivatives. This is indicatedby notationd=dt instead
of @@. Theseexpressiong@rederivedfor ageneral, andwill be evaluatedatthe speculapaththroughp,

thatis, t = 0. In thisderivation,we will usetheidentities:

2 3
cog 0 sin cos
Ne = | X%x' = § 0 1 0 ;
sin cos O sin?
2 3
co& 0 sin cos
Ni = | xx' = g 0 1 0
sin cos 0  sin?
@r pM)j — . @ — N, .
a = %P @ o P
@r p)ij = X T- @ = Nr .
@ b €] i P
aN, = N pX ™+X p'N, . @aN: p) - NeX ™ p+X p'N;
@ ir p®i ! @ ir op@i
We startby differentiatingB andobtain:
@31 _ A p: @31 _ A:
@ @

wherethe matrixfactorA is de ned as

Ne X ™ p+ Ny pXe '+ X pTNr
ir pip?

A =
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Consequentlywe getfrom thechainrule

2 3 2 32 3
BEri) . @, @ g APg.gh 079Uy
dt @ ar;) 0 00 (t)
2 3
_ Ao P (3.42)
0

Similarly, we maycomputedJ=dt through@=@ and@=@r; ) asfollows:

2 3 2 ) .3
[CL e=jir p®i,
@ _.9@ "¢:=3 @
@ 0 0 0 0
2 3
_ QA Og
0 0

Thecomputatiorof @=@r; ) becomeslittle morecomplicatedsincetheresultwill beathird-ordertensor
which, after beingmultiplied by S, returnsa matrix. This third-ordertensorcanbe computedoy calculating

thedifferentialmatrix associateavith eachcolumnof J. Let
e1 = (1,0,0); e = (0;1,0); es = (0;0;1)":

andde ne V! asthej th columnof amatrix V. UsingEq. (3.22),we have

: Ni NI .
Yy = ———+ —1—+ H
¥ dir op®ii dir ci |
Differentiatingthe rst two component®f Jj33, we have
o = @i p®ii o NoxTe + Negx T+ xig N
r @ . .2
ir p®i
o = @N)=jir cji _ Nixi"ej + Nigjx"+ X 'N;

i @ B ir cii’
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Furthermoreit follows from Eq. (3.23)that

2 3 2 3
. e f O , f g O
@ @
0 0O O 0 0O O
@_|3
cc = =2 =0 3.43
h @ ( )
Consequentlywe cancompute
j h i
@ _"yidaon
W_ ch+C{+C'hngs4.
Moreover, we have
@r 9)
= Hy O :
@r; ) g 34
De ne
C = (Cl+Chut)+ HiL) (C}+CH)+ HILY) (CP+CHr(t)+ H3L)
33
c® = cirt cirt) Cr(t)
2 3
eu(0) fv©) fu(©) gv(0) O
= § fu©) gv(0) gu(0) hy(0) 0%
0 0
It follows from the chainrule that
2 3 2 3
. 0
dJ(ta:, ) _ ﬁA °§+2 C+C ng_(t)g
0 0 (Hor(t)" 0
3
A+ C+ C% Hygr(t
- § T g_()g (3.44)
(Hgr(t)) 0
Finally, by substitutingequationg3.42)and(3.44)into Eq.(3.41),we obtain
2 3 2 32 3 2 32 3

g A(r(t) p) % _ g A+C+C° Hgr(t) %2 r(t) % 2 Ja3 r g(r) %2 (1) %;
0 (Hgr(t))' 0 () (rgr)" O (1)
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which maybe expressedis

2 32 3
p- § ¢ rdzgr 7. (3.45)
(ror)" O * (1)
whereD is de ned as
2 3 2 32 3
o - gA(r_(t) p)g+2A+C+CO ng_(t)gg r_(t)g
0 (Hgr(t)' 0 (1)
2 3
A(t)  p)+ (A+C+ (DHI(t) 7 2 3
c%(t)
| s
0
(Hgr(t))'r(t)
= Dji+ Dj: (3.46)

Noticethatthethird-ordersurfaceparametere;f ; g; h (of theMongeform; seeEqg. (3.7)) only appeatin the
secondterm D,. Fromthe lastrow of Eg. (3.45), we obtainan expressionin the second-ordeparameters

a; b;c of theMongeform:
au?(t) + 2cu(t)v(t) + bv’(t)  w(t) = O;
whichyields
w(0) = au?(0) + 2cu(0)v(0) + bv?(0): (3.47)

In addition,we cansolve for ©(0) and(0) from the rst two rows of Eq. (3.45). Speci cally,

2 3 2 32 3
2 D;+ D¢+ Jyw(0) Z_ 2 Jy 2acos 2ccos gg #(0) Z.

D,+ DY 2ccos J, 2bcos v(0)
whereD 1; D, andD¥; D9 denotethe rst two rows of D; andD; respectiely. In particular it follows from
Eq.(3.46)that

.
D; D D3 = QA+ C+ (DHqr(t) A p; (3.48)
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and
2 3
2 3 2 3g ©
§07Z . ,es§ % 2 ¥ O %E hs. (3.49)
D? 0 u® 2uv V2 g
h
Consequently
2 3 2 32 3
2 u(0) g _ iﬁ Jy, 2bcos 2ccos gz,ﬁ D;+ D?+ Jyuw(0) 57,:
v(0) 2ccos Ju 2acos D,+ D?

Hence by combiningwith Eq.(3.47),the propositionis proven.

Note that Eq. (3.39) expressesvieusniers Theorem(see[12]). Additionally, notethatthe secondterm of
Eq. (3.37)dependdinearly on the third-ordersurfaceparametersFinally, whenthe third-ordertermsof the
Mongeform of themirror surfaceareequalto zero,Cjh = Oforj = 1;2; 3andthesecondermof Eq.(3.37)

is zero.Thisleadsto a specialcasein surfacereconstructioraswe shallseein Section3.5.1.

3.3.2.2 Relationship Betweenr, ¥ and ¢

Proposition6 Letr(t) bethesurfacecurve andq(t) its cameramage.Then,r ande arelinearly related:
g = TI¢ rl; (3.50)

wherethe3 3 matrix T andthescalar arefunctionsof thecamergparameters;o, qo andr. Speci cally,

T isde nedin Eq.(3.29)and asfollows:

2 )
std:vi hr;vi: (3.51)

Proof: Torelatethesecond-ordederivative of r (t) to thatof its imageplaneprojectionq(t), we differentiate

Eq. (3.35)with respecto t, obtaining

¢ = f+2 r+-esd (3.52)
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where ; _arede ned in equationg3.33)and(3.34),and+s may be computedfrom further differentiating

Eq.(3.32),yielding

2 _hr;vi+ brvi
T T shd;vi (3.53)

Thus,we getananalyticalexpressiorfor ¢ by substitutingnto Eq. (3.52),thatis

ke;vi hr;vi
A TR v
2 L )
= T mh_,wr_ =TI[r r]: (3.54)
In accordancevith the decompositiorof ¢ in Eq.(3.37),we mayalsodivide ¢ into two terms
g = €1+ &p; (3.55)
where
=T r irr'vir ; =Ty (3.56)
€1 = 1 shdvi VIt €2 = 2. .
As we cansee thethird-ordersurfaceparameters;f ; g; h only appeain thesecondermejs,.
3.3.2.3 Relationship Betweenr, ¥ and ¢
Proposition7 Thecurvature 9 of q(t) atqo maybeexpresseds:
: shd;vi® bke;vi[r;v;d] hr;vils; v; d] hj,w[r,v,;_lz: (3.57)

jirgidnd;viZ+ h;viz o 2h;vi b di ;v

Proof: For aplanarcurve q(t), its curvatureandgeodesicurvatureare equivalent. Thus,from differential

geometry[15] (Eq.(2.26),p.37)
:J'_" ('lrj'j LY (3.58)
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whereLetnd = v %. By takingthe scalamproductwith n® on bothsidesof Eq. (3.52),we get

he;;n% = he;n% + 2 _hr;n9 + eshd;nY% : (3.59)

By usingEq. (3.35),we mayexpresshethreedot productsn Eg. (3.59)asfollows:

1

ke:n%i = ——( [f;v;r]+s_[f;v;d]); 3.60
Jlg_”( [ r+s_[ D (3.60)
s

h;ndi = —[r;d;v]; 3.61
JJgJJ[ ] (3.61)

hd;n% = ——[d;v;r]: 3.62
JJgJJ[ r] (3.62)

In the equationsabove, [A; B; C] denotesthe triple scalarproductof threevectors. Substitutingequa-
tions (3.60),(3.61)and(3.62)into Eqg. (3.58) andthensimplifying the resultusingequationq3.33),(3.34)
and(3.53),we get

@ = Lose 2divir+ 2vird+s frvid)
naj
|2
= —————(bk;vifr;v;d] hvi[e; v, d]+ Hd;vi[f; v;r]);
EYSRWLE qJ.jg( [ ] [ ] [ r])
(3.63)
wherewe have usedthefactthat[d; v; r]= [r; v;d], andtheidentity
12 k¥ ;vi
s(+ 2% = —
( =) s2hd;vi’
Furthermoreit follows from Eq. (3.35)that
iaii® = hpai = hr+sd;or+sdi
= Zjirji*+ s 2+ 25 _hdir
hr;vi? hr;vi hd; ri
_ 2. "2 2L, 2'5 L
- . hd:vi? hd; vi
2
= — jirdi®hd;viZ+ hgvi® o 2h;vi b di ;g vi
hd; vi
Thereforewe obtain
I .2 .2 .2 . . . 1=2
jaj = jrjjichd;vi©+ hrvi 2hr;vihr;dihd; vi : (3.64)

shj;vi2
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By combiningequationg3.64)and(3.63),we getthe nal expression(3.57)for 9.

Proposition8 9 dependdinearly onthethird-ordersurfaceparameters.

Proof: r in Eq.(3.9)andr; in Eq.(3.37)areindependentf thethird-ordersurfaceparametersandonly the
seconderm¢, in Eq.(3.37)of ¥ dependdinearlyone;f; g; h. Thus,thepropositiorfollowsfrom Eq. (3.57).

3.4 Propertiesof the Re ection Mapping

In this sectionwe presentseveralpropertiesattachedo rst-order derivativesof themappingr (t) whenmore
thanoneline passeghroughthe samere ection point. Suchpropertieswill be usedin Section3.5when
we studythe inverseproblemandwe shov how to recover surfaceposition and shapefrom varioustypes
of imagemeasurementsWe startby introducingin Section3.4.1the conceptof geometricakon guration
asa geometricaktructurede ned by a patternscene an obsener andthe mirror surface. We saythatthe
geometricabtructurds singularif themappingr (t) is notdifferentiableatthere ection pointanddegeneiate
if distinctcoplanarscendinesaremappednto the sametangentdirectionafterre ection. Then,we studyin
Section3.4.2andSection3.4.3therankof themappingwhenN distinctorientationof r_areconsideredfor

bothdegeneratendnon-deenerateon gurations).

3.4.1 Geometrical Con®gurations

Let us assumea patternscenecomposecbf N coplanarlines pi, p2, pn througha pointpg 3. As
discussedn section3.3, eachscendine p; is mappednto are ected curver;(t) onthemirror surfaceand
animagecurve g;(t) obsened on the imageplane,with their tangentvectorsat to denotedby r; andq;
respectiely. Let ; betheanglebetweenr; andtheu axisatrg, andlet ; bethe anglebetweeng; and
horizontalaxisin theimageplaneat qg. It thenfollows from Eq. (3.26)thatthetangentdirectiontan ; of

ri(t) canbecomputecby

_ (Ju 2acos )By, + 2cBy, cos |

tan ; = :
an i (Jy 2bcos )By, + 2cB,, cOS

(3.65)

3Thehypothesiof coplanarscendinesis necessarjor the ensuingdevelopment Seein particularPropositionl 3.
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Figure3.3: Example of singular geometricalcon guration : (a) A line p(t) passinghroughp isre ected
off a paraboloidmirror and obsered by a camera. The curvatureof the paraboloidat ry is suchthat the
correspondinggeometricalcon guration is singular (b) The re ected imagecurve is shavn. Notice the
discontinuityof mappingq(t) atqo.

Thecorrespondingangentdirectiontan ; of g;(t) in theimageplanecanberelatedto tan ; by meansof

Propositiord.

De nition 1 We call ageometricalcon guration} =} (¢; po; P1, P2s Pn ro; Nr; a; b;c) ageometrical
structurewherepg is a a scenepoint, c is an obsener, rg is the correspondinge ected point on a mirror
surfaceS, n, isthenormalof S atr g, thequantitiesa, b, c arethesecond-ordeparametersf S aroundr g in

the principal planereferencesystemandp, p2, pn aren coplanardistinctscendines passinghrough

Po.

3.4.1.1 Singular Con gurations

De nition 2 We call a geometricalcon guration singular if the condition (3.19) for the existenceof the

mappingr (t) aroundthe neighborhooaf rg is notsatis ed(i.e.,if theJacobian = 0).

Notice thatif = 0 the mappingr;(t) is not differentiableat to. An exampleof singulargeometrical

con gurationis shavnin Figure3.3.

Proposition9 A geometricaton guration} is singularif andonly if the condition

Ju Jv
2cos a)( 2cos

2= ( b) (3.66)
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holds.

Proof: from Eq.(3.3.1.1),condition(3.66)holdsif andonlyif = 0.

Proposition 10 If the surfaceis a cornvex paraboloidin the neighborhoodf the re ection point, thenthe

correspondingieometricaton gurationis non-singular

Proof: If the surfaceis a corvex paraboloidin the neighborhoodf the re ection point, the second-order
parameters, bandc satisfy: 8
2 a< 0; b<O

(3.67)
7 2<ab

Let us assumeby contradictionthat the geometricalcon guration is singular SinceJ,;J, > 0 andthe

re ectionangle < =2,
Jy
2cos

¢ < ab< ( Ju a)(

S b (3.68)

which contradict€Eq. (3.66)

3.4.1.2 DegenerateCon gurations
De nition 3 We call ageometricaton gurationdegeneteif foraryi; j(i 6 j), wehave ; = ;.

Proposition11 A geometricaton guration} is degeneratéf andonly if all thescendinespy, p2, Pn

de ne aplanepassinghroughpo andr.

Proof: We divide the proof in two steps: 1) we prove thatfor ary i;j(i & j), i = ; if andonly if

BUj Bui uj

By, B 2) weprovethat g EVi = kif andonlyif p;, p; de ne aplanepassinghroughpo andro.

By,

1. () Supposd,, =By, = By, =By, = Kk, it followsfrom Eq. (3.65)that

tan . = tan . = (Ju 2ac0s )k+ 2ccos
o 7 3y 2bcos ) + 2kccos

(3.69)

(! ) FromEq.(3.65):

By, _ (Ju 2acos )+ 2ctan jcos
By, (Jy 2bcos)tan ;+ 2ccos

(3.70)

ThenBy, =By, = By, =By, followsimmediatelyfrom ; = ;.
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nlsA' .

Principal plane

Scene plane

Figure3.4: Sketch of the proof of Proposition 11 (step2): Condition(ns)y, = tan (ng)y isequialent

to have the scenelines containedin a planewhich alsocontainspy  ro. ns is the normalvector of the

sceneplane. nsis the projectionof ns into the principal plane.ns®is orthogonalo po  ro if andonly if
=90 ,and(ns)w = tan (ng)y

2. It follows from Eq. (3.10)thatif k = 1 (or equvalently, By, = By, = 0), pi andp; belongto the

principalplanewhich passeshroughpo andrg. If k 6 1 , we have

Bvi. = ij = k ]
( pi)wsin__ ( pijucos _ ( pjJwsin _( pjJucos _ _ k
pilv ¢ piv cos
— Cpi)uC Pi)v € Pl Pi)v — (Ns)w
BN = T ey (P Py (Mo

wherens = [(ns)y (Ns)v (Ns)w]" is the normalvector of the planeformed by the scenelines p;

andp;. (ns)w = tan (ns)y suggestshatns mustbeorthogonako pg ro (seeFigure3.4). By

constructiontheplanede ned by p; andp; passeshroughpo.

Notice thatin the specialcasewherep;, p; belongsto the principalplane(hencek = 1 ), we have from

Eq.(3.65)that

2ccos

tan j=tan j = —— >
an i=1tan (Jy 2bcos)

(3.71)
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As we shallseein Section3.5,if ageometricaton gurationis degeneratethe reconstructiorof the surface
aroundr g is notfeasible.In particular having two or morescendinescontainedn the principal planeleads

to inaccurateeconstructiomesults(seeSection3.5.3.3or Figure3.15for details).

3.4.2 The Rank Theorem

In this sectionwe studythe rank of the mappingwhenN distinct orientationsof r_are consideredfor both
degenerateandnon-degenerateon gurations). We shaw thatif the con guration is degeneratethe rank of
the mappingis 1, whereasf the con guration is non-degyeneratethe rank of the mappingis 2. We group
thesepropertiesunderthe nameof RankTheoem

By consideringn (n  3) distinctcoplanarscendinesintersectingat p o, we may obtainthe following

linearsystemaboutthe 3 parameters; b;c. In fact,let

= Jy 2acos;
= J, 2bcos;
= 2ccos ;

thenEg. (3.65)canberepresenteds

By,

2
By tan ; By, By tan E §= 0;

denotedby
Hng=0; (3.72)
where

g=[J, 2acos J, 2bcos 2ccos ]; (3.73)
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andH, isan 3 matrixde nedas

2 3
By, By,tan 1 By, By, tan ;
By, By,tan » By, By, tan
H, = _ _ _ ; (3.74)

By, By, tan , By, By, tan ,

In thefollowing, we shov somepropertiesof Rank(Hy).

Proposition 12 Givena non-singulargeometricakton guration} , the Rank(H) is alwaysdifferentfrom

Zero.

Proof: Supposeby contradictionthat Rank(H,) = 0. Then,eachentry of H, is zero. Hence,B,, =
By, = Ofor 8i. Thus,all scendineslie in the principal planeformedby c; ro; po andsatisfythe constraint
( pi)wcos sin = ( pi)ucog ,namely( pi)u=( pi)w= tan .Asaresult,eachscendine is oriented

alongtheincidentvectorr,  po, contradictinghe underlyingassumptiorof n distinctscendines.

Proposition 13 Givena non-singulageometricabon guration} , Rank(H,) = 1forn 3, if andonly if

} is degenerate.

1. (' ) If Rank(H,) = 1, ary 2 rows h; andh; of H, arelinearly dependentnamelythereexists a

scalar 6 Osuchthathj = h;. Thus,

By, = By, ; Q)
By tan ; = By tan i; (2)

Substituting(1) and(2) into (3), yieldsthefollowing equations:

(tan ; tan ;)(By, By tan j) = 0
(tan ; tan j)(By + By, tan j) = O
whichis satis edwheneither ; = ; ortan ; = By, =By, andtan ; = By, =By,. If | = j,

it follows from Propositionl1 (seeproof, step2) thatp; andp; de nesa planepassingthroughpg
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andrg. Sincethescendinesarecoplanarfrom De nition 1, it follows immediatelythatall the scene
linesfall in this sameplanepassinghroughr o, which leadsto a degeneratecon guration according
to Propositionl1. In fact,if thereexistsa pair of rows h; andh; suchthat ; = ;,} is degenerate.
If tan = By =By, andtan ; = By, =By,, by consideringanothemair of rows h; andhy and
following the similar derivations,we cangetanothermpair of constraintsthatis,tan ; = By, =By,
andtan ¢ = By, =By,. Thereforewehave ; = |, againleadingto adegenerateon gurationdue

to thereasomrmentionedabore.

2. () If thegeometricakton guration is degeneratethenaccordingto De nition 3 andProposition11
(seeproof,stepl), 9k, suchthat8i; j , By, =By, = By, =By, = k. Itfollowsthath; = h; k By, =By,.
Thus,Rank(H,) = 1, sinceRank(H,) 6 0is guaranteethy Propositionl2.

Proposition 14 Givenanon-singulageometricaton guration} , Rank(H,) = 2forn 3, if andonly if

} is non-deyenerate.

1. ( ) Sincetherow rankandthe columnrank of a matrix areequal,Rank(H,) canonly have values
of 0;1;2; 3. It follows immediatelyfrom Proposition12 and Proposition13 that Rank(H,) = 2

or Rank(H,) = 3. If Rank(H,) = 3, thenthereexists threeindependentow vectorsamong

Eq.(3.72)that
3

2 32
By, By,tan 1 By, By tan 1

g By, Bu,tan » By, By, tan %g % =0
By, By,tan 3 By, By,tan 3

whichleadsto azerosolution,thatis, = = = 0. Consequentlyaccordingo Propositior9,} is

singular contradictoryto theassumption.

2. (! ) Proofby contradiction.If } is degeneratewe will have Rank(H,) = 1 by meansof Proposi-

tion 13.

We combinePropositionl2, Propositionl3 andPropositionl4 underthe nameof RankTheoem
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3.4.3 The GeneralizedRank Theoremfor Arbitrary TangentDir ections

In this sectionwe studythe rank of the matrix H, whenN distinctarbitraryvaluesof 1; »,;:::; n are
consideredWe shaw thatif thecon gurationis degeneratetherankof H,, is 2, whereasf thecon guration
is non-degeneratethe rank of H,, is 3. We groupthesepropertiesunderthe nameof Genealized Rank
Theoem

As discussedh Section3.2,we referto parametes (namely thedistancebetweerc andactualre ecting
pointrg) asthe rst-order surfaceparametervhich determineghe positionr o andnormaln, of the surface
(by meansof Eq. (3.1) andEq. (3.5)). Thus,asthe rst-order parametess varies,a family of geometrical

con gurations} (s) canbede ned (here,c, po P1, P2, Pn,a, b, care x ed).

Let ™ =[1; O';::: '] denotethe setof tangentdirectionsmeasuredat qo for the imagecurves
di1; O2; :::;0n (imagesof then scendinespq; p2;:::pn intersectingatpg) for ageometricaton guration
} (). Let " denoteanarbitrarysetof tangentdirections| TR n]atqo

De nition 4 We saythatthe setof directions” is compatiblewith ageometricakton gurationats if } (s)

yieldsa setof measurements ™ equalto " . Otherwise,” is notcompatiblewith } (s).

matrix A,, with asimilarform asH,, in Eq.(3.74). Thatis,

2 3
By, By, tan Al Bu, By, tan Al

I’-\ln _ B?,2 BUZ.tan /\2 Bu, B.\,2 tan Az : (3.75)

By By, tan An By, By, tan An

n

Obviously, if * = ™, thenA, = H,. In thefollowing, we shall studythe rank propertyof A, , andthe

resultwill beusedin Section3.5.

Proposition 15 Considera geometricakon guration} (s), anarbitrarysetof tangentdirections "= [Al;

orientationsaredistinct(i.e.,8i; j (i 6 j), "6 A,- ). Then,Rank(A,) 2.
Proof: We wantto provethatRank(A,) canbeneither0 nor 1 by contradiction.
1. If Rank(A,) = 0, all scendinesps, :::, pn arealigned,which contradictsDe nition 1.

2. If Rank(A,) = 1, usinga proof similar to thatof Propositionl3, onecanshaw thatthe hypothesiof

distincttangenirientationds violated.
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Proposition 16 Considera geometricakcon guration} (s), anarbitrarysetof tangentdirections " = [Al;
orientationsaredistinct (i.e.,8i;j(i 6 j), "8 A,-). Additionally, assumethat ™ is not compatiblewith
} (s). Then,Rank(A,) = 2if andonlyif } (s) is degenerate.

Proof:

1. ( ) Wewantto shaw thatif } (s) is degeneratethenRank(A,) = 2. It follows from De nition 3

andPropositionl1 (seeproof, stepl) that9k, B,, = kBy, 8i 6 j.Ifk 6 1 ,we mayexpressi,, as

follows:
2 32 3
By, O 0 i tan”, 1 % tan N
0 B 0 1 tan”™, 1 ltan”’,
o = ALAE - E . k k
0 0 By, i tan’ 1 itan®,

Hence,Rank(A,) = Rank(ALAZ)  min(Rank(A,):; Rank(A>)). Sincethethird columnof A’
canbe expressedisalinear combinationof the rst two, Rank(ﬁi) 2, andthus,Rank(A,) 2.
On the other hands,we have Rank(A,) 2 from Proposition15. Therefore,Rank(A,) = 2.

Furthermoreif k = 1 ,

3
BU1 O BU1 tal"l A]_

2
By, 0 Bytan”
2
An=AA =R © 0

0 By, tan",

whichleadsagainto Rank(A,) = 2.

2. (! ) We wantto shaw thatif Rank(A,) = 2, then} (s) is degenerate Assumeby contradictionthat
} (s) is non-deyenerate Considerthe systemA,g = 0in Eq. (3.72). SinceRank(A,) = 2, vector
g is perpendiculato the planespannedy ary two rows of A,. Thatis, g = r h, wherer is ascalar
parameteandh = [hy hy hs]" = hy h;, wherehy; h; arethekth andj th rows of H associated
with 2 arbitrarylinespy andp;. Sinceg = [J, 2acos J, 2bcos 2ccos |', we have founda

family of valuesfor a; b; c anda correspondindgamily of non-dgyenerategeometricakcon gurations
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} (s;a; b;c) whichareparameterizetly r andyield the setof tangenbrientations” , contradictinghe

non-compatibilityassumptioriii).

Proposition 17 Considera geometricacon guration} (s), anarbitrarysetof tangentdirections ™ = [";;

orientationsaredistinct (i.e., 8i; j (i 6 j), " 6 "}). Additionally, assumehat " is not compatiblewith

} (s). Then,Rank(A,) = 3if andonlyif } (s) is non-deyenerate.
Proof:

1. ( ) If } (s) is non-dgyenerateput Rank(A,) & 3. By Proposition15, Rank(A,) 2 andsince
Rank(A,) 3, Rank(A,) = 2. It thenfollows from Proposition16 that} (s) mustbe degenerate,

contradictingour assumption.

2. (! ) Proofby contradictionlf } is degeneratethenit followsfrom Propositionl6thatRank(A,) = 2,

contradictingheassumptiorRank(A,) = 3.

We combinePropositionl5, Propositioril6 andPropositionl 7 underthenameof GenerlizedRankTheoem

To sumit all up, we have listedtheresultsobtainedn this sectionin Table3.3.

| Rank(A,) | } (s) deg. ]|} (s) non-dey. || Pointer
_ _ Proposition 13
compatiblewith } (s) 1 2 Propositionl4
. _ Proposition 16
notcompatiblewith } (s) 2 3 Propositionl7

Table3.3: Rankpropertyof A, for arbitrarytangentlirection.

3.5 ThelnverseProblem

3.5.1 InverseProblem

In this section,we study the inverseproblemand apply the analyticalformulasderived in Section3.3 to

reconstructthe geometryof a mirror surface by measuringits deformingeffects on a sceneplanargrid.



85
We startby shaving in Section3.5.2thatif the measurementsf orientationand positionof (at least)two
re ected curvesareavailable,the parameterslescribingocal shapeof the surfacecanbereduced.Then,we
demonstratén Section3.5.3andSection3.5.4thatby exploiting differenttypesof imagemeasuremeni@nd
by assuminghatthescends calibratedyve mayrecovertheshapeof the mirror surfaceto differentaccurag.
We take advantageof the resultsprovenin Section3.4to studydegeneratesolutionsandambiguitiesof the
reconstructiorproblem.

We presentwo reconstructioralgorithms.The rst algorithm(call it A1) assumeshatthe orientationof
atleast3 linesareavailableatthe samentersectiorpointandestimatesurfacepositionandorientationatthe
re ection point. Surfacecurvatureandthethird-ordersurfaceparametersanonly berecoveredup to afree
parameter Surfacecurvaturecanbe fully estimatedonly whenthe third surfaceparametersare negligible
(seeFigure3.5).

Thesecondalgorithm(A2) assumeshatorientationandscaleof atleast2 linesareavailableatthe same
intersectionpoint. Scaleinformationmeasureshe "velocity” alongtheline in theimage,assumingnown
velocity alongtheline in the scene.The algorithmestimatesurfacepositionandsurfaceorientationat the
re ection point. Additionally, it estimatesurfacecurvatureandthethird-ordersurfaceparameteri closed-

form (seeFigure3.10). Theseresultsaresummarizedn Table3.4.

| Algorithm | Measurements | Estimated surfacequantities |

Al point qo + orientation of 3 lines| distancetangentplaneatrg
throughqg

A2 point qo + orientation& scaleof 2 | distance, tangent plane, curvature
linesthroughqgo and3'-orderparameterstr o

Table3.4: Comparisorof thetwo algorithms

Finally, in Section3.5.4.5we shav thatthe hypothesi®n the structureof thescendi.e., scenecomposed
of agrid of intersectindines)is not necessaryWe demonstrat¢hatscaleandorientationmeasurementsay
alsobeextractedfrom there ection of aplanarscengatchof arbitrarygeometry We prove thatlocal surface
shapecanbe estimatedf the locationof atleast3 arbitrarypointsis availablewithin a neighborhooaf the
re ected scenegpatch.

For clarity, throughoutthis section,we indicate the quantitiesmeasuredn the image planewith the
superscriptm andthe quantitiesassociatedvith differentscenelines with a subscript. For example, the

measuremerdf the rst-order derivative of theith curve g; (t) in theimageplaneis indicatedby g .
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3.5.2 Parameter Reduction

In this section,we shaw thatif the measurementsf the orientationof (atleast)two re ected curvesandthe
positionof the point of intersectiorareavailable,the parameterslescribingthe surfaceposition,orientation
andcunvature(i.e., s, a; b; c) canbereducedrom 4 to 2.

As discussedhn Section3.2,we referto parametes asthedistancebetweerc andactualre ecting point

ro. Denoteby ™ =[ ; T';::: '] thesetof tangendirectionsmeasuredtqo for theimagecurvesqs ;

H andthevectorg in Eq. (3.72)from measurements ™ andqy') andknown geometricaljuantitiesfrom
calibration. Notice thatin Eq. (3.72), measurementandsecondsurfacesparametersire separatedin fact,
tangentmeasuremen@recontainedn H only andsecond-ordesurfaceparametersa; b; ¢) arecontainedn
g only. BothH andg areafunctionof s.

Propositionl4 suggestshatgivena non-singulageometricaton guration,thevectorg in Eq. (3.73)is
perpendiculato the planespannedy ary two rows of H. Thatis, g = r h, wherer is anunknown scalar
parameteandh = [h; hy hs]" = hy h;. Here,hy; h; arethekth andj th rows of H associatedvith 2

arbitrarylinespy andp; . As aresult,only two linessufce to univocally constraina, b, c asafunctionof r

ands. Thatis,
: a = Ju r hs
% 2(303 2%23
E b = ch\r’l]ss r2cos ; (3.76)
¢ 7 3o

which reduceshe total numberof unknovnsfrom 8 (s; a; b;c; e;f; g;h) to 6 (s;r; e;f; g; h). Notethatr

appearssa free parameter

3.5.3 Image Measurements: Curve Orientations

In Section3.5.3.1,we shawv thatby measuringpositionandtangentorientationsof the re ection imagesof
(atleast)threescendinesintersectingat a point po, we areableto recoverthe geometryof a mirror surface
upto rst-order (positionandnormal).In Section3.5.3.2 we give anexplicit reconstructioralgorithmwhich
maybesummarizedn 8 steps.In Section3.5.3.4 we discusghe possibilityof having multiple or degenerate
solutions. In Section3.5.3.4,we shav thatthe second-ordesurfaceparameterganonly be recoreredup
to one free parameter andwe refer to it as second-oder parameterambiguity In Section3.5.3.5,we

presentexplicit solutionsfor the second-ordesurfaceparameterdor two specialsurfaces:the sphereand
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the cylinder. In Section3.5.3.6,we attackthe generalcase.We shaw thatif the curvatureof (atleast)one
re ectedcurveatqy is available,the second-ordeparameteambiguitycanberesohedandr canbederived
in closedform solution. This derivationrequiresthe assumptiornthatthird-ordersurfaceparametersg;f ; g; h
arenggligible in theneighborhooaf ro. Additionally, we prove (seePropositionl9) thattheimagecurvature
atqo dependdinearly asymptoticallyonr andthattheslopeof sucha functiondoesnotdepencdnthethird-
order surface parameters.Proposition19 may be usedto estimatethe second-ordeparametersn closed
form. Finally, we applytheseresultsin Section3.5.3.7wherewe give expressionso constrairthethird-order
surfaceparametee;f ; g; h. We show thatif themeasurementsf (atleast)four re ectedimagecurvaturesat

go areavailable,thene;f ; g; h canbeestimateduptor. We referto it asthird-order parameterambiguity

3.5.3.1 Recovering the First-Order Parameters

By constructinghen 3 matrixH in Eq. (3.74)from measurements ™ andqg') andknown geometrical
guantities,we obtaindefH'H) asa parametricfunction of s. Considem scendlines(n  3) anddenote
by s the actualdistancebetweenc and unknown re ecting pointro. SinceRank(H) = Rank(H'H),
Propositionl4 suggests necessargonditionfor s . Namely de{H"H) mustvanishats . If defH™H) = 0
hasa singleroot, thenwe nd s univocally. However, theremight exist somevaluesof s 6 s suchthat
def{H™H) = 0. Consideringa geometricalcon guration} (s) attachedo s (seeSection3.4.3),def{HH)

maybecomezeroin two casesaccordingo Table3.4:

1. } (s) is non-dgenerte the setof measurements ™ is compatiblewith } (s), andwe have Rank(H)

= 2. We call suchs aghostsolution
2. } (s) isdegenerte andthesetof measurements ™ is notcompatiblewith } (s) whereRank(H) 2.
Thereforewe have thefollowing proposition:

Proposition 18 Givena matrix H formedby the obsenations ™ andparameterizedy s, de{HH) van-
ishesat s if andonly if s isi) the actualdistances ; ii) a ghostsolution;andiii) attachedo a degenerate

geometricaton guration.

In otherwords,a ghostsolutions is a zeroof the functionde{H"H) andariseswhena non-deyenerate
geometricaton guration} (s) yieldsre ectedlineswith orientationsequivalentwith thosemeasuredh the
imageplane. This leadsto an ambiguityin our reconstructiorscheme:ary mirror surfacewhoselocation
andshapss determinecdy a ghostsolutionwould generatesxactly the samemeasurements ™ astheones

generatedby the actualmirror surface(attachedo actualsolutions ).



Figure3.5: Data gathered from the image. In this example,the measurementarethe orientationsof the
re ectedcurvesqs, q, andqs evaluatedattheintersectingointqo andthepositionof g, in theimageplane.

3.5.3.2 ReconstructionAlgorithm

To obtainthreeorientationsat eachexaminedpoint, we canadopta patterncomposedf a tessellationof
black and white equilateraltriangles. Edgesof the patterngrids act as a triplet of intersectinglines and
cornerssene asmark points (seeFigure 3.5). As indicatedin Figure3.5, thetriplet of scendinesp$, p?,
pJ intersectingat o arere ectedto qi, g, andqs, respectiely. Noticethatp?, p9, p$ aretheimagesof
thescendinespy, p2, p3. Givenascendine p;j, we may accuratelyneasurehe orientationof its re ected
imagecurve q; atqo usingB-splineinterpolation.In fact,by constructinga B-splinethatinterpolatesmage
pointsalongthe curwe, the directionof g (i.e.,tan ) canbe calculatedby numericallydifferentiatingthe
resultingB-spline. Using thesenumericalestimatesour local surfacereconstructioralgorithmat eachgrid

pointof there ected patterncanbe summarizedn Table3.5.

3.5.3.3 Numerical Simulations and Discussion

In orderto validateour theoreticalresults,we have implementecdh programin MatLabto simulatespecular
re ections. Givena setof scendines, a known surface,andthe obsener, the programcomputeshe corre-
spondingre ected curve imagedby the obsener. Thus,all of the geometricaljuantitiesneededo form the
matrix H canbenumericallyobtained.

Fig. 3.6shavsthepro le of de{HH) asafunctionof s for aninstanceof geometricaton guration. The
functionde{H'H) vanishesats (actualsolution)ands® (degeneratgeometricaton guration). According
to De nition 3, we cananalytically predictdegenerateggeometricakon gurationsby checkingwhetherthe
valueof s satis esthat8i 6 j, E—t: = 2%;. For instanceasin Fig. 3.6, sincethe surfacepoint associated
with s® belongsto the planede ned by the scendines, we know from Proposition11 thats® givesriseto a
degenerateggeometricalcon guration and shouldbe rejected. Additionally, empiricalanalysiswith Matlab

showvsthatthemoreone(or more)scendine approachheprincipalplane theloweris theslopeof def{H™H)
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1. Selecta checlerboardintersectionpoint andits correspondinge ected point
(e.g.,pointspd andqo in Figure3.5).

2. Selectatriplet of linesfrom the checlerboardpattern(e.g.,imagelinesp?, p9,
p2) andcorrespondinge ectedtriplet of curves(e.g.,q1, g2 andgs).

3. Computethe positionof po anddirections pi1, pz2, psof p1p2, ps, re-
spectiely at po by interpolatingB-splinesthrougheachof p¢, pJ, p$ andby
numericaldifferentiationatpd.

4. Estimatethe positionof qo anddirectionstan ', tan 7', tan ' of q1, Q2
andqs respectiely atqo from B-splinenumericaldifferentiation.

5. ComputematrixH (Eq.(3.74))frompo, 0o, P1, P2, Ps,tan 7' tan T,
tan 7.

6. Recoverthedistances from det(H" H) (up to ghostsolutions).

7. Recover the re ection point ro on the mirror surfaceandthe surfacenormal
vectoratrg by Eq.(3.1)andEq. (3.5),respectiely.

8. Recuwercurvatureparameters, b, ¢ by Eq. (3.76)up to oneunknovn parame-
ter.

Table3.5: Algorithm Al

ats . Thisin turnleadsto loweredaccuray in estimatings (e.g.,seethe point highlightedwith dashed
circlein Figure3.15for details).

In thisinstanceof simulation,no ghostsolutionsarise.In generalthe existenceof ghostsolutionsis more
problematidfor ourreconstructiorbecausdt cannotberuledoutanalytically However, extensive numerical
experimentswith MatLabshav thatghostsolutionsareratheruncommonNotice thatthe numbem of rows
of H is equalto the numberof scenelines. Thus, the greateris n, the lower is the probability that there
existsavalueof s 6 s suchthatthesetof measurements ™ is compatiblewith } (s). Additionally, ghost
solutionsmaybe easilyrejectedf someform of prior globalinformationon shapes available. Furtherwork

is neededn orderto derive sufcient conditionsto rejectghostsolutions.

3.5.3.4 Recovering the Second-OrderParameters: the Second-OrderAmbiguity

Onces is determinedwe canrecover the second-ordesurface parameters; b;c asfunctionsof onefree
parameter from Eq. (3.76). As a consequencef Propositionl4, however, the free parameter cannotbe
estimatedrom tangenrientationonly. Thisleadsto afundamentahmbiguityfor thesecond-ordesurface
parametersasfar asthe imagetangentorientationsare concerned.We call this ambiguity Second-Cdler

Ambiguity We caninterpretthe ambiguity asfollows: considerthe family of geometricalcon gurations
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Figure3.6: Multiple solutionsfor de{H™H). Top panel:pro le of de{H"H) asafunctionof s. Thefunction
de(H™H) vanishesats = s (actualsolution)andats = s°(solutionattachedo a degenerateggeometrical
con guration). Bottom panel: the correspondingeconstructeghoint for s = s is the real surfacepointr,
andthereconstructegointfor s = slis rq, which caneasilyberejectedasit belongso theplanede ned by
thescendines.

} (r), wherec, po, P1, P2, ro(S) nr(s) are x edanda, b, c parameterizedby r, accordingto Eq. (3.76).
Then, given an arbitrary sceneline passingthroughpg, all the mirror surfacesattachedo the family will

producere ected imagecurveswith invarianttangentorientation.In Fig. 3.7, anexampleof Second-Order

Ambiguity is presented.
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Figure3.7: Example of Second-OrderAmbiguity. Top panel:two mirror paraboloidsS; andS, passing
throughr, sharingthe sameorientationn, at ro andhaving the second-ordesurfaceparametersie ned
by Eq. (3.76) for two arbitraryvaluesr; andr, of r. In this example,r; is chosenn orderfor S; to have
elliptic curvature.r, is choserin orderfor S, to have hyperboliccurvature.p is ascendine passinghrough
po. Bottompanel: q; andq, aretheimagesof there ected sceneline p off thetwo mirrors S; and Sy,
respectiely. Noticethatthetangentof there ected curvesat g arecoincidentaspredictedby Eq. (3.76)

andEg. (3.65). We call this propertySecond-OrdeAmbiguity.

3.5.3.5 Recorering the Second-OrderParameters: Two SpecialCases

In the following, we shov how to resole the Second-OrdeAmbiguity andrecover the parameter under

two specialcases:
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Sphere. If the mirror surfaceis a spherewith radiusR, thenthe second-ordeparametersatisfya = b

andc = 0. By imposinga = bto Eq.(3.76),weresole the Second-OrdeAmbiguity andobtain

— ‘]U JV.
r = —— (3.77)

andtheradiusof the spherebeing

_ 2(hy hy)cos

R= S hs (3.78)

Additionally, by imposingthatc = 0, we haver hg=cos = 0. Sincecos 6 0 andr 6 0 (otherwisethe

correspondingieometricabon gurationwould be degenerate)hs; mustbezero.Namely:
BVi Buj tan ] + BUi B\/i tan i = 0 (3.79)

Notice thatthe quantityin Eq. (3.79)is the determinanbf the2 2 matrix obtainedby takingthei®™ and
j™ rows andthe rst two columnsof H. Eq. (3.79)givesa necessargonditionfor the mirror surfaceto be
locally describedasa sphericaparaboloidaroundthere ection point, thatis, Eq. (3.79)holdsfor ary pair of
scendines.

Cylinder. Let usconsiderthe circular section(with radiusR) of a cylinder. The surfacecanbe locally

describedasa parabolicparaboloidfollowing the relationshipc? = ab(see[15]). Againfrom Eq.(3.76),

p
r = (\]vhl + JuhZ) (Jvhl + Juh2)2 4(hlh2 h%)‘]qu

e (3.80)

It is not dif cult to shawv thatthe radiusof the circular sectionis R = COZS; , with = arctan(b=9. The

Second-OrdeAmbiguity is solvedup to asign.

3.5.3.6 Recovering the Second-OrderParameters: General Case

In orderto reconstructhesecond-ordeparametersf agenericspeculasurface we arerequiredo determine
theparameter, which from Propositionl4, maynotbesolvedby usingmorescendines. A straightforvard
approachto determiner is to apply our second-ordedifferential analysisand curvaturemeasuremerfor

additionalconstraints Speci cally, supposehatwe canestimatethe correspondingurvature [ of q; (t) at
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do- We may equatethisimagecurvaturewith its analyticalexpression  derivedin Eq. (3.57), yielding

iq:sh:il,w bei;vi[ri; v;d]l  heg;vi[ri; v, d]+ hd;vi [fi; v, rg] (3.81)

GoE2 gL 2 g2 e e e 2
jrijchd;vic+ hy;vi 2hri;vihrg;dihd;vi

m
i

Unfortunately sincef; derivedin Eq. (3.37)is dependenbn not only s;r(a;b;c), but alsothe third-order
surfaceparameter®;f ; g; h, in general,the constraintimposedby Eq. (3.81) doesnot allow usto solve
for r from curvaturemeasurement". However, for a classof mirror surfacewhosethird-ordertermsare
negligible, we are ableto recover the surfaceup to second-ordeaccurag usingthe constraint(3.81). As
derivedin Eq. (3.37),f; canbe divided into two parts: ¥;, and¥;,, whereonly the latter term depends
one;f;g;h. Whene;f;g;h ! 0, f; ontheright-handside of Eq. (3.81) simpli es to #;,. Accordingly,
the right-handside of Eq. (3.81) becomes function of s;r only. With s determinedwe canestimatethe
free parameter from the constraint(3.81)formedfrom theimagecurvaturemeasuremertaf a singlescene
line, andthenthe second-ordeparameters; b;c from Eq. (3.76). However, usageof threeor morelines
(combinedwith their correspondingurvaturemeasurementsllows morerobustestimationto reduceerror
from noise. For instancewe may estimatethe parameter by minimizing a meancurvatureerrorfunction

de ned asfollows:
E(r)y=k™ q9(r)k (3.82)

where M =[P D::: MTand 9= 3::: 917 (seeFig. 3.8).
We concludethis sectionby shaving thatfor large valuesof r, thereexistsa linearrelationshipbetween
imagecurvatureandr. This propertymay usedto estimater in closeform solution (ratherthan by least

squareminimizationof Eq. (3.82)).

Proposition 19 The imagecurvature for a sceneline is asymptoticallylinearly dependenbn the free

parameter.

Proof: We rst express_in termsof the parameter. Rewriting Eq. (3.76),we get

Ju 2acos ;

8
E I'h]_
E rh, = J, 2bcos; : (3.83)

rhy = 2ccos
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Figure3.8: (a) Upper: MeancurvatureerrorfunctionE (r) whenthethird-orderparametersrenegligible.
Theestimated is thevaluethatminimizesg (r). Sincethethird-orderparameterarenegligible, estimated
(r9 andactual(r ) valuesof r arecoincident.Lower: The 3 solid lines arethe second-ordeparametersf
thesurfaceasa functionof r (namely a(r); b(r); c(r)). Thedashedinesindicatethe actualvalueof a;b;c.
Solidanddashedinesintersecatr®= r . Thus,theestimatedecond-ordesurfaceparametera® b’ c9 are
calculatedwith no error. (b) Upper: MeancurvatureerrorfunctionE (r) whenthe third-orderparameters
arenotnegligible. Theestimated is thevaluethatminimizesg (r). Sincethethird-orderparameterarenot
negligible, r®andr areno necessarilycoincident.Lower: The estimatedsecond-ordesurfaceparameters
(@% b” ) arecalculatedatr = r°6 r andapproximatehe actualoneswith non-zercerror.

UsingEq. (3.83),we canexpress

It thenfollows from Eq. (3.9) that

As aresult,we mayexpress

in Eq.(3.19)as

1

I’(hlhz h%)

= I'z(hlhz h%)
2 32 3
hy, hs 0 Bu
0 0 r(hlhz h%) 0
1
L= o e Ol

(3.84)

(3.85)

(3.86)

whereq, ; @ areindependentf r. Furthermorewe may express—(0) in termsof r usingEq. (3.9). Thatis,

<) =

Jw(hZBu + hSBv)

BW:

r(hlhz

h)

(3.87)
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with 3 independenof r. We thenexpressf in Eqg. (3.38)andEq. (3.40)in termsof r usingEq. (3.83)and
Eq.(3.86).Thatis,

2 32 3
Ju rhy rhs 0 o
_ 1
w(0) = Z2cos @ ® O rhs J, rh, 0 @
1
= 2 cos (\]uq%+ qug) r(hqu 2hsup + hzOé)
1 1
= ploth (3.88)

with lg; |; astermsindependentfr, and
2 3 2 32 3
2 U(O) g _ 1 2 h2 h3 gg D+ D? + JWW(O) g ]

; (3.89)
v(0) r(hihz h3) =, py, D, + DY

Let usexaminethedependencef D1; D,; D$; D9 onthe parameter . It follows from Eq. (3.46)that

[D1 D2 D3]’ A p+2Ar+ 'Cr+ 2(0)Hgn);

D¢ DY DY r"C (3.90)
1 2 3

wherethetensoré C andCP areindependenof r, derivedfrom Eq. (3.46)as
C=[Ci+Ci Ci+Cl Cl+Cl, C°= [Cy CF Cil:

Letv; denotevectorsindependentf theparameter. We mayrewrite eachtermin Eq. (3.90)as

A p = Vg ZAI‘_—Z%VL r'Cr = risz, %gOL:ar%vS;
Ju rhy rhs 0 h
{O)Hgqr = 12_rrcosBW§ rhs Jy rhy 0 %g oS %
0 0 0 0

= 1V+1V+V'
= Vgt =Vg 6-
r2 r

Therefore,D1;D,;D?; DY are linear combinationsof r%; rl; ro . It thenfollows from Eq. (3.89) and

Eq.(3.88)thatr dependsinearlyon %; riz; rl . Consequentlyit is obviousfrom Eq. (3.57)thattheimage

r

4Eachcolumnof thesematrix-formattensorss anothematrix.
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Figure3.9: Numericalvalidationof Proposition19. Upper left panel: Curvaturesof threere ected image
curves(depictedwith differentcolor codes)areplottedasfunctionsof the parameter whenthethird-order
parameterarenotnecessarilyegligible. Noticethelinearbehavior of thecurvaturesasr approachem nity .

In the lower left panel the plots shavn in the upperleft panelare comparedwith thoseobtainedwhenthe
third-ordersurfaceparameterarenegligible (dashedoldlines). Noticethatthepro les (bothasymptotically
linear) have the sameslopeaspredictedby our theoreticalanalysigseezoom-inboxin theright panel).

cunature for ascendine actuallydependdinearly on rl;ro;r1 , or equivalently, dependssymptoti-

cally linearlyonr.

As aresult,we mayexpressheimagecurvatureas
1
= OF+ 1+ an (3.92)

whereexpressionfor o, 1 and , have beenderivedin the proof of Proposition19. It follows that the
third-ordersurfaceparameteraffectcoefcients ¢ and ; only, whichis con rmed by numericakimulation
in Fig. 3.9.

We can apply Eg. (3.91) to obtain an approximatedclosedform solution for r when the third-order

parameterarenggligibleandr 0. If theimagecurvaturemeasurementsf N (N 1) linesareavailable,

11X O ()
N ( 2)i

r (3.92)

wherequantitiesattachedo thei™ curveareindicatedwith thesubscripi. As aresult,r andthesecond-order

surfaceparameter$a, b, c) canbe estimatedn closedform solution.
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3.5.3.7 Recovering the Third-Order Parameters

As discussedn Section3.3.2.3,the imagecunaturesdependinearly on the third-ordersurfaceparameters
(seeProposition8). Thus, curvaturemeasurementsan be further employed to constraintthe third-order
surface parameters.In fact, supposehat N 4 scenelines are consideredand that the corresponding
measurementsf cunvatureare availablein the imageplane. We canderive from Eq. (3.57) the following

system(in matrix form):

m=k+K[efgh] (3.93)

where M = [ D ::: MT s the vectorof measurecturvatures,andthe vectork andN 4 matrix
K arefunction of r andmay be derived from Eq. (3.57). Numericalanalysisshavs thatK is, in general,
non-singular Thus,thethird-ordersurfaceparametersanbe expresseasfunctionsof thefree parameter.
Onemaywonderwhetherby adding(atleast)a fth additionalcurvaturemeasurementhefreeparameter
r canbe found. By adding(at least)a fth additionalcurvaturemeasurementgxploiting the asymptotic

linearityof andthefactthat ; doesnotdependnr, we have

me kO+ K°lefghr]" (3.94)

wherevectork®andN 5 matrixK °canbederivedfrom Eq.(3.93)andEq.(3.91);N  5;r 0. Numerical
analysisshows that matrix K is singular Theoreticalproof of this statements postponedo future work.
We speculateghat the fth (andadditional)measuremenivould not carry independeninformation. As a
result,likewise the second-ordesurfaceparametershe third-orderparametersvould only be recoveredup
to the unknown r. We call this conjecturethe Third-Order Ambiguity Accordingto this conjecture ary
mirror paraboloidpassinghrougha pointr o, sharingthe sameorientationn; atrq andhaving their second
andthird-ordersurfaceparameterdelongingto the family de ned in Eq. (3.76)andEq. (3.93)respectiely,

wouldyield re ectedimagecurveswith invariantorientationandcurvatureatqo.

3.5.4 Image Measurement: Orientations + Local Scale

In this section,we shav thatby measuringocal position, orientation,andlocal scalein the neighborhood
of are ected point g, the local surfacegeometrycanbe recoveredup to third-orderaccurag. Local scale
informationindicatego whatdegreepointsalongare ectedcurvearedeformedstretchear compressed)y

thespeculasurface.Orientationandlocal scaleinformationmaybecapturecdby measuringhefull rst-order
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derivative of there ected curvesq(t), g2(t) ::: gn(t) atthepoint of intersectiorgp.

In Section3.5.4.1,we showv thatby measuringhe rst-order derivativesof at leasttwo re ected curves
atqo, it is possibleto estimatesurfaceposition(ro) andsurfaceorientationatro. Additionally, the second
surfaceparameterga; b; ¢) canbe estimatedn closedform solutionup to a sign. In Section3.5.4.2,we
shav that by measuringhe second-ordederivatives of at leasttwo re ected curvesat qg, the third-order
surfaceparameterge; f ; g; h) canbe estimatedn closedform solution. In Section3.5.4.3,we shav how
to measurerst andsecondderivativesof the re ected curves. Giventhesemeasurementsye presentan
explicit reconstructioralgorithmwhich maybe summarizedn eightsteps.In Section3.5.4.4,we discusgo
what extentthe truncationerror dueto nite approximationof the measurementaffectsthe reconstruction
accurag. Finally, in Section3.5.4.5,we shaw thatthe hypothesison the structureof the scene(i.e., scene
composedf a grid of intersectindines)is, in fact, not necessaryScaleandorientationmeasurementsan
alsobeextractedfrom there ection of aplanarscengatchof arbitrarygeometry We show thatlocal surface
shapecanbe estimatedf the locationof at leastthreearbitrarypointsis availablewithin a neighborhoodf

there ected scenepatch.

3.5.4.1 Recovering the First- and Second-OrderParameters

In Section3.5.2,we shavedthatif we areableto measurahetangentdirections(tan ¢ andtan ;) for (at
least)two imagecurvesq (t) andg; (t) atqgo, the rst- andsecond-ordesurfaceunknavn parametersire
reducedrom s; a; b; cto r; s. We startour analysisfrom this resultby de ning

2 3 2 3

h, h B
V = %g 2 3;); B:g UEZ):
hihe  h3 " o py B

\%
We mayre-express in Eq.(3.85)as
2 3

- 19 VBE: (3.95)
" o

Accordingly, it follows from Eq. (3.35)thatthe rst-order derivative q of the obsenedre ection curvein the
imageplanecanalsobe expressedn termsof thetwo unknavns,r ands:

2 3

VB

q-= FlT q £ (3.96)
0
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whereonly the unknovn s (notr) appearsn T, V andB. Then,we cancomputethe L, norm of g from
Eq.(3.96)as

> 3

1 VB

5 BV 0 778 L (3.97)
0

jiaii® = hyai =

Assumethatwe areableto estimatethe rst-order derivativesof g (t) anddg; (t) atgo (seeSection3.5.4.3

for details).We denotethemby g;' andg;", respectiely. By takingtheratiojj gy’ jj2 = qf 2, we have

2 3
VBy
B«'VT 0 TTY . £
m 2
JJg*mJJZ _ 2 3 (3.98)
% VB,
B'V" 0 T8 £
0

wherethe matrix V is expressedn termsof our tangentdirectionmeasurementsan  andtan ;. Notice
thatthematrix T de ned in Eq. (3.29)doesnot dependon a particularline. Eq. (3.98)imposesa constraint
for usto solve for s. Eg. (3.98) may have multiple solutionswhich we call ghostsolutionsas discussed
in Section3.5.3.1. Notice that the valuesof s for which the correspondinggyeometricalcon guration is
degeneratenake the matrix V unde ned. For thosevaluesof s, Eq. (3.98)cannotbe computed.

Onces is computedwe canderive the closedform solutionfor anotherunknovn r up to a sign from
Eq.(3.97):

2 3

VB
B,V" 0 TTT? &ZJ
0
r< = — — : (3.99)
jiap ji®

3.5.4.2 Recorvering the Third-Order Parameters

To recover the third-order surface parameterswe assumethat we are able to estimatethe second-order
derivativesfor the two re ection curvesin the imageplane,denotedby ¢;' (= [e’ v' w']) and ¢ (=

[e" v w"]) (seeSection3.5.4.3for details).In accordancevith thedecompositiorof ¢, we de ne

(f2)k = 8¢ (a0 (82)" = 4" (@1);; (3.100)
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where(e1)x and(e1); areknown from Eqg. (3.38),0ncewe have recovereds; a; b;c. Letting T», denotethe
upperleft 2 2 sub-matrixof T, andletting §» denotea vectorconsistingof the rst two componentsf e,,
it follows from Eq. (3.56)that

2 3

4 = Tzzg "2 g: (3.101)
v2

Similarto the rst-order analysisywe mayre-expressEq. (3.40)as

2 3
2 3 2 32 3 °
ha h 2 f

§UEe e Mgt M L e
v, r(hihy  hg) hs 0 u? 2uv V2 g
h

Letting (ag)ﬂ‘ and(é]\g)jm denotevectorsconsistingof the rst two componentf (¢2)g' and(ej2)", and
usingEg. (3.101)andEg. (3.102),we geta constraintsystemfor e;f ; g; h by equatingthe estimateiag)ﬂ1

and(ag)j’" with theirrealvalues.Thatis

2
2 3
A \ym
9 (jm £ - r(hzr(fos hz)l\/|1|\/|2|v|3 (3.103)
(%)jm 12 3
whereM; M,; M3 arede ned asfollows:
2 3
h hs 0 O 5 3
hs hy 0 O T 0
Ml - 3 1 : M2 - 2 22 g;
0 0 hz h3 0 T22
0 0 hs h

N

Uz 2UugVk
o TR K (3.104)
uw o2y v 0

2
ui 2w V0
0

_J.

o
=4

2u; )

=,
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Supposghatwe obsere two curvesqy (t) andg; (t) with differentorientationsat the pointgo. Eq.(3.103)

leadsto thefollowing closed-formsolutionfor thethird-ordersurfaceparameterghatis,

2 3
© 2 3
FL_ ruhe W) vy 1§ @F g, (3.105)
g 2cos (&)
h

where(ag)ﬂ“, (ag)jm denotethe rst two componentsf (¢2)", (€2)", asde nedin Eq. (3.100).

Theexistenceof (M1M>M3) 1 is basedonthefollowing proposition:
Proposition20 ThematrixM;M,M3 is invertible.

Proof. det(M.) 6 O followsdirectlyfrom 6 0. Letd = (dy;dy;d;) in thereferencesystem[x y z]
centeredatc, with v = (0;0; 1). We canexpressT in Eq.(3.29)as
2 3

1 0 dy=d,
|
T= go 1 dy=d, %; (3.106)
00

sd,
0

whichis singular Noticethat T, is non-singular Accordingly, det(M ;) 6 0. Thereforewe only needto
provethatM s is invertible.

We rst shav thatM3 is invertible whenoneof f uy; vi; u; ;v g is zero. For example,if ux = 0, then
det(M3) = (vkyu;)* 8 0. Otherwisegithervy = Ooru; = Owill contradictour obsenationof two curves
with differentorientations.Next, we shall considerthe casewherenoneof uy; vi; U; ; v; is zero. The proof
is performedby contradiction.Underthe assumptiorof observingwo differently-orientedmagecurves,we

shouldhave

Vi=Ux 8 Vi=Uj; V=Ux & Vvi=yj: (3.107)

Supposehat M 3 is singular Its four row vectorsUs; U; Us; Uy arelinearly dependent.Without loss of

generality we may assumehatU,; = kiU; + kU, + k3Us (at leastonek; is non-zero),which canbe
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expandedas

kiuf + ksu? = 0 (3.108)

2kaU Vi + KoUf + 2kaljyy = uf (3.109)
Kivg + 2kolkvi + ke = 24y, (3.110)
kove = V7 (3.111)

By eIiminatingg,—z; y; v; in Eq.(3.109)throughsubstitutiondgrom equationg3.108),(3.110)and(3.111),we

get

(k1 + kaks)(kavg + ux)® = O: (3.112)
Similarly, by eliminatinguy vi ; v2 in Eq.(3.110),we get

(ki + kok)(kayy  koyy)? = O: (3.113)

If ky+ kzoks = O, thenit followsfrom equationg3.108)and(3.111)thatks v?=vi u?=ui = 0. Tosatisfy
Eq. (3.107),we musthave ks = 0, which leadsto ky = 0 andthenvi=ux = v; =u;, contradictoryto our

assumptior{3.107).Consequentlythetwo constraint§3.112)and(3.113)become
Kavk + U = 0; kyivp  kou; = O (3.114)

Equationg(3.114),(3.108)and(3.111) presentan over-constrainedsystemfor k1; ko; ks. It follows thatto
satisfyall of them,we musthave vy =ux = v; =u;, which is again,contradictoryto our assumptior(3.107).

ThereforeUs ; Uz; Us; Us mustbelinearly independentandM ; is invertible.

3.5.4.3 ReconstructionProcedure

To obtaintwo orientationsat eachexaminedpoint, we adopta checlerboardpatternof 2cm  2cm grid size.
The edgesof the patterngrids act asa pair of intersectinglines and cornerssene as mark points (which
provide scaleinformation,seeFigure3.10).In Section3.5.4.1andSection3.5.4.2 we have assumedhatfor
are ected curve q(t) obseredon theimageplane,we areableto measurets orientationtan , the rst-

orderderivativeg™, andthesecond-ordederivative ™ atqg. Next, we shalldescribenow to computethese
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image plane

P1 = mark point
P-1 = mark point
p()=p,+tAp

600 800 1000 1200 1400 1600 800 900 1000 1100 1200 1300 1400

Figure 3.10: Data gathered from the image. In this example,the measurementare the orientationsand
scalealongtwo lines passinghrough1® andmay be estimatedrom the positionof the points2°, 3°, 4° 5°.

guantitiesnumericallyby combiningB-splineinterpolationand nite differenceapproximation.
Givenascendine p(t), we may accuratelymeasurehe orientationof its re ected imagecurve q(t) at
go usingB-splineinterpolation.In fact, by constructinga B-splinethatinterpolatesmagepointsalongthe
curve,thedirectionof g (i.e.,tan ) canbecalculatecby numericaldifferentiationof theresultingB-spline.
To estimatea completeq (with both directionand magnitude)andhigherorderderivative ¢, we canmake
useof markpointspo = p(to);p 1= p(t 1);p1= p(t1);::: (seeFigure3.10)distributedalongp(t), and
usecentral nite differenceapproximation.Supposeahatthe mark pointsp(t;)(i = :::; 1;0;1;:::) are
mappedo correspondingmagepointsq(t;). Letthestepsize t=1t; t; 1. Wemayapproximateg and

¢ atqo by usingtwo pointsandthreepointsrespectiely. Thatis,

a (a(t) aq(t 1))=(2 1) (3.115)
¢ (a(t1)  2g(to) + q(t 1))=( t)*: (3.116)
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Usingthesenumericalestimatesour local surfacereconstructioralgorithmat the intersectionpointsof the

re ected patterncanbe summarizedn Table3.6

1. Selecta checlerboardintersectionpoint andits re ected point (e.g., points 1
and1%in Figure3.10).

2. Selectfour neighboringpointsfrom both checlerboardpattern(e.g.,2, 3, 4, 5)
andcorrespondinge ected pattern(e.g.,2° 3% 4° 59.

3. From1, 2, 3, 4, 5 computepo andthe directionof two scenelines p; and
P2.

4. From10, 20 30 49 50estimateg™, 4", 97" ande", g5 usingequationg3.115)
and(3.116).

. Recwrerthedistances by Eq.(3.98)from qf', q5'.
. Recwrertheparameter by Eq. (3.99)from 7", a3'.

. Recover curvatureparameterga,b,c) by Eq. (3.76).

0 N o O

. Recwer the third-ordersurfaceparameterge,f ,g,h) by Eq. (3.105)from ¢,
LRI

Table3.6: Algorithm A2

3.5.4.4 ReconstructionErr or

The reconstructiorerror of our algorithm mainly comesfrom the truncationerror of the nite difference
approximation(3.115). The truncationerror decayswhen t decreases.To analyzehow this numerical
approximatioraffectstherecovery of thedistancethe curvature,andthethird-orderparametersf themirror
surface we conductechumericalimulationsonasyntheticmirror surfaceby implementingequationg3.98),
(3.99)and(3.105)in Matlah Given the centerof the camerac andtwo scenelines intersectingat po, we
obsene two re ected image curvesdepictedin Figure 3.12 (rst panel). The syntheticmirror surfaceis
positionedsuchthat the distances betweenthe re ecting point ro andc is 9cm. The surface principal
cunaturesatro are ;= 0:603and ,= 0:502 andthethird-ordersurfaceparameteraree= 0:35;f =
0:1;g= 0:2,andh= 0:045. By numericallymeasuringhe rst- andsecond-ordederivativesatqy (i.e.,
point 1) using pairs of mark pointslocatedat increasingdistance t from q (i.e., mark point pair (2; 29,
(5;59), we recover the local surfaceat ro asdescribedin Section3.5.4.1and Section3.5.4.2. The
remainingtop andmiddle panelsof Figure 3.12plot eachrecoveredsurfaceparametermsa function of the
markgap t, with the maximumpercentagerrorreportedat the bottom. Notice thatthe error of recovered

distances increases®sa quadraticfunctionof t, the curvatureerroris oneorderof magnituddargerthan
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Mirror surface

Image plane

Figure3.11: Example of generalizedmapping. A setof pointsin the neighborhooaf p, (within a planar
sceneprere ectedoff themirror surfaceandobsenedin theimageplane.By measuringhe positionof such
re ected pointsin theimageplane,it is possibleto estimatethe local shapeof the surfacearoundr ,.

the distanceerror, andthe third-orderparameteierror is one order of magnitudelarger thanthe curvature
error. In the bottompanelthe reconstructegurface(estimatedy usingmark points(5; 59) is qualitatively
comparedo theoriginal onein bothw v andw  u sectionsof theuvw referencesystem.Numerical
approximation(3.115)and(3.116)givesriseto reasonablygoodreconstructiorresults,aslong asthe mark

pointsarecloseenoughto eachother(i.e., t smallenough).

3.5.4.5 GeneralizedMapping

In this section,we shav thatthe hypothesison the structureof the sceng(i.e., scenecomposedf a grid of
intersectinglines)is, in fact, not necessarylnformationequivalentto scaleand orientationmeasurements
canalsobe extractedfrom there ection of a planarscenepatchof arbitrarygeometry

Let p, beascenepoint belongingto a planarscenepatch.Letr, bethe correspondinge ection onthe
mirror, andq, beits obsenation(seeFigure3.11). Seta referencesystemwhoseorigin is locatedatp, and
whoseorthogonalaxism andn belongto the scenepatchand are arbitrarily orientated.Let m andn be
the coordinatesn the[m n] referencesystemof a genericpoint p(m; n) belongingto the scenepatchin a
neighborhoof p,. Thus,we cande ne amappingQ : m;n 2 <21 q(m;n) 2 <2 whichmapsascene

pointof coordinatesn; n into thecorrespondinge ectedpointg(m; n) in theimageplane.In thefollowing,
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we show thatif it is possibleto identify N 6 pointspy, p2, pn (aswell astheir correspondingmage
re ectionsqi, g2, Qn)inaneighborhooaf p,, thenthemappingQ canbeestimatedipto second-order
andlocal shapearoundr , canberecoveredupto third-order

In fact,apointq(m; n) canbe developedin Taylor expansioraroundq, asfollows:

q(m; n) Qo+ OmM+ Qnn +

1 1
Siflmm M? + €0 1% + €y MN; (3.117)

wherethe vectorsg, andqg, arethe componentof the Jacobian(call it Jq) of the mapping;the vectors
8mm » &nn andey,, arethecomponent®f the Hessian(call it H o) of the mapping. It canbe shavn that

Jo andH g canbe estimatedrom Eq. (3.117)if the measuremenof N 6 pointsin a neighborhood
of po (i.e., p1, P2, pn ) andtheir correspondingneasurementédo, q1, d2, gn ) are available.
FromJg, thelocal shapeof the mirror surfacearoundr, canbe estimatedup to second-ordetby meansof

Eq.(3.98),Eq.(3.99),andEq. (3.76)). FromH o, third-ordersurfaceparametersanbeestimateqby means
of Eq. (3.105)). Jo andH o captureinformationequivalentto scaleand orientationmeasurementaround
go- Noticethattheaccuray in estimatinglo andH o depend®n boththesizeof the neighborhoodiround
po, andthe curvatureof the mirror surfacearoundr,. Finally, noticethatif the second-andhigherorder
termsin expansiorEg. (3.117)canbeneglected,J g canbeestimatedrom justthreepointsmeasuredn the

imageplane.FromJg, local surfaceshapgup to second-orderaroundr , canbe estimated.

3.6 Experiments

We validatedourtheoreticaresultsby recoveringthelocal surfaceparametersf somerealmirror objects.A
KodakDC290digital camerawith 1792 1200pixel resolutiorwasusedo take thepictureof amirror surface
re ecting achoserruledpattern.Themirror surfaceandcameraveresetat30 50cmapart.Thepatternrwas
placedsuchthatbothpatternandits speculare ection wereclearlyvisible from the camergseeFigure3.10
or Figure 3.5). In orderto testthe reconstructioralgorithmspresentedn and Table 3.6 respectiely, we
experimentedvith two typesof patternsoneis thetriangularpatternintroducedn Section3.5.3.2 theother,
acheclerboardpatternasin Section3.5.4.3.The cameraandpatternwerecalibratedby taking advantageof

thevisible portion of the patternandby usingthe Bouguets calibrationtoolbox[9].
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Figure3.12: Example of reconstructionerror

3.6.1 Resultswith Algorithm Al - Measurementof Orientations

We validatedalgorithmA1 in Table 3.5 with four mirror surfaces:a plane(Fig. 3.13),a sphere(Fig. 3.14),
acylinder (Fig. 3.15),anda saucepanlid (Fig. 3.16). We reconstructed0 20 surfacepointsandnormals
for eachof thesemirror shapesCorrespondenceetweenscenepointsandre ected pointswereestablished
by hand.Thecurvaturewasrecoveredfor the mirror sphereonly. We testedthe accuray of the algorithmin
estimatingpositionandorientationof the mirror plane. We calculatedhe correspondingroundtruth plane

by attachinga calibratedpatternto themirror planeandby recoveringthe positionof 50 pointsonthepattern.
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Figure 3.13: Reconstruction of a planar mirr or. (a) A planarmirror placedorthogonallywith respecto

thegroundplane.A triplet of patternlinesandthecorrespondinge ectedtriplet arehighlightedwith dashed
lines. We reconstructed 2 surfacepointsandnormalson the mirror planewith algorithmA1l (seeTable3.5).

Theresultingmeanpositionerror(computedasaveragedistancerom thereconstructeghointsto the ground
truthplane)was 0:048cmwith astandardleviation of 0:115cm. Themeannormalerror (computedasthe

anglebetweergroundtruth planenormalandestimatechormal)was1:5 10 “radwith astandardieviation

of 6:5 10 “rad.Thereconstructedegionwaslocatedat about50 cm from the camera(b) 3=4 view of the
reconstructionwe reconstructed 2 surfacepointsandnormals.For eachreconstructegoint, tangentplanes
arealsoplotted.(c) Top view. (d) Sideview.

Thegroundtruth planewasthenobtainedastheleast-squarglane tting suchsetof points. Theleastsquare
errorwas0:062cm. Additionally, we testedthe accurag of the algorithmin estimatingthe curvatureof the
mirror sphere.The groundtruth diameterof the spherewasmeasuredvith a caliperwith accurag 0:0013

cm. Table 3.7 shaws the statisticsof the reconstructiorerror attachedo thesetwo experiments(seerows

1 3).
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Figure 3.14: Reconstruction of the sphere. (a) A sphericalmirror placedon the groundplane. We re-
constructed?0 surface points and normalson the mirror spherewith algorithm Al (seeTable 3.5). The
reconstructegbointsare highlightedwith white circles. For eachsurfacepoint we estimatedthe radiusby
meansof Eq. (3.78). The groundtruth radiuswasr = 6:498cm 0:0013 The meanreconstructedadius
was6:83 cmandthe standardleviationwas0:7 cm. Thereconstructedegion waslocatedat adistanceabout
30 cmto the camera(b) Top view of thereconstruction.

3.6.2 Resultswith Measurementof Orientations and Scale

We validatedalgorithmAz2 in Table3.6 with a speculateapot(seeFigure3.18),anda portion of carfender
(seeFigure 3.19). The recovery of the third-ordersurfacesurfaceparametersvasvalidatedin Figure3.12
(bottompanel)usinga syntheticmirror surface. We testedthe accurag of the algorithmin estimatingthe
principalcurvaturesof themirror cylinder (baseof theteapot).Thegroundtruth diametemf the cylinderwas
measuredvith a caliperwith accurag 0:0013cm. Table3.7 shavs the statisticsof the reconstructiorerror
attachedo this experiment(seerows4 5).

In Figure 3.17 we qualitatively comparedthe cylinder's reconstructiorresultsobtainedwith the two
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Figure3.15: Reconstructionof the cylinder. (a) A cylinder placedwith the mainaxisalmostorthogonato
the groundplane.We reconstructedhe surface(at the pointshighlightedwith white circles)with algorithm
Al. Thedashectircle indicateaninstanceof point for which the reconstructions highly inaccuratedueto
proximity to degenerateon guration (seeSection3.5.3.3for details).(b) Top view of thereconstruction.

algorithms. Overall, the two methodsexhibit similar performancesn reconstructingpositionand surface
normalat eachintersectingpoint. However, the secondapproachs more advantageoushanthe three-line

approactin thatit canalsoestimatecurvatureparameterandrequiresa simplerscenestructure.

3.7 Conclusionsand Futur e Work

We analyzedthe geometryunderlyingspeculare ections of a known planarscene.We rst presentedhe

explicit relationshipbetweenra planarscenepatch,the local shapeof a mirror surfaceandits corresponding
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|Alg.| Surface|Fig.] Quantity | GT | MeanError [Standard Dev.|N |

Al | Plane | 14 | Pointposition - 0:048cm 0:115cm |12
Al | Plane | 14 [Normalorient| - 15 10 *rad[65 10 %rad|12
Al | Sphere| 15 Radius 6:49cm 0:33cm 0:7cm 20
A2 | Cylinder| 18 1 -0.152 -0.01 0.005 17
A2 | Cylinder| 18 2 0 0.003 0.007 17

Table3.7: Statisticsof thereconstructiorerrorfor plane,sphereandcylinder. The rst columnshovswhich
algorithmwasused. The secondoneshows which surfacewastested.The third oneshavs the gure illus-
trating the correspondingjuantitatve reconstructiorresults. The fourth oneshawvs the geometricauantity
whosereconstructioraccurag was evaluated. The fth, sixth and seventh onesshawv the corresponding
groundtruth value,the meanerrorandits standardieviation, respectiely. Thelastoneshavsthe numberof
pointsreconstructed.

speculare ection in theimage.We studiedseveral propertiesattachedo this mappingandits degeneracies.

We usedthis analysisasa startingpoint for thereconstructiomproblem:torecorerthe shapeof aspecular
surfacefrom there ectionsin oneimage. Underthe assumptiorof anunknonvn mirror surfacere ecting a
known calibratedplanarscenge.g.,atriangle-basegatternaregulargrid, or anarbitrarydraving) ontothe
imageplaneof acalibrateccameraywe demonstratethatsurfacepositionandshapeupto third-ordermaybe
recovered.We startedby assuminghatthe scenas composeaf thesimplestprimarystructurenamelylines
intersectingat points. We assumedhatmeasurementsf orientationandcurvatureof eachre ectedcurveare
available. We provedthatthreeorientationmeasurement@renecessargndsufcient to recoverthe surface
shapeup to rst-order (positionandorientation). Second-ordesurfaceparametersnay be recoveredonly
up to anunknawvn parameterCurvaturemeasurementsanbe usedasa further constraint.In a secondstep,
we assumedhatthescends agrid of intersectindinesandthatthe measurementareboth orientationsand
local scaleof there ectedlinesatthegrid point. We provedthatif orientationandlocal scalemeasurements
along(atleast)teore ected curvesareavailable,local surfaceshapecanbefully recoveredup to third-order
accurag. Finally, we generalizedheseresultsto the caseof arbitrary planarscenes.We provedthatlocal
shapeup to third-ordercanbe extractedfrom the re ection of a planarscenepatchobsenedin theimage
plane.

We validatedour theoreticalresultswith both numericalsimulationsandexperimentswith real surfaces
andfound thatthe methodis practicalandyields good quality reconstruction.We point out that sinceour
reconstructiorschemeallows local shaperecovery aroundeachre ected point, we obtaina “piece-wise”
parabolicreconstructionA robustestimatiorof thesurfaces shapanayultimatelybeobtainedoy integrating
suchinformation.

Theseresultscanbe consideredhsanideal obsenrer theoryfor local shapereconstructiorirom specular

re ection andmay be usedasa complementaryool to investigatethe abilities andlimitations of the human
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Figure3.16: Reconstruction of a saucepan lid. (a) A saucepanlid placedwith the handletouchingthe
groundplane.We reconstructedhe surface(at the pointshighlightedwith white circles)with algorithmA1.
Notice that one point belongsto the handleof thelid. (b) Sideview of the reconstruction.Notice how the
reconstructeghoint onthe handlesticksout from the body of thelid.

visualsystem57] [20].

Futurework is neededo: i) calculateautomaticallythe correspondenceetweerpatternpointsandtheir
re ected imagepoints; andii) calculatethe shapefrom non-calibratedscenes.This effort will mostlikely
requireintegratingadditionalcues,suchasoccludingboundariesandsomeform of prior knowledgeon the

likely statisticsof the scenegeometry
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Figure 3.17: Comparison of the two proposedreconstruction methods Top panel: a specularteapot.
Bottom left panel: the two algorithmsare testedat eachpoint marked by circles. Bottom right panel:
Reconstructe@ointsandnormalobtainedby usingthreelineswithout scalinginformationobtainedby mark
points(a) andtwo lineswith scalinginformationobtainedby mark points(b). Notice thatthe performances
of the two reconstructegbointsandnormalsare comparable By meansof algorithmA2, we recoveredthe
principal curvaturesof the cylinder. The diametergroundtruth was13:158cm 0:0013 The estimated
averageprincipal curvatureswere ; = 0:153 0:005and , = 0:003 0:007, which correspondo an

averageestimatectylinder diameterof 13:097cm.
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_Teapot with checkerboard pattern
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Figure3.18: TeapotExperiment. Top panel: top partof ateapot.We reconstructethe surfaceatthepoints
highlightedwith blackcircles.Bottom panel: 45° view of thereconstruction.
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Portion of car fender we want to reconstruct ~Car fender with checkerboard pattern
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Figure3.19: Car Experiment. Top Left panel: top portionof carfenderwe wantedto inspect.Top Right
panel: we reconstructedhe surfaceat the points highlightedwith black circles. Notice that one image
sufces to calibratebothcameraandsceneandrecover the mirror's shapeat the marked points. Bottom left
panel: 45° view of thereconstructionBottom right panel: sideview of thereconstruction.
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Chapter 4

Human Perception of Specularsurfaces

4.1 Intr oduction

A senseof threedimensionakhapemay be perceved by looking at a two dimensionaimageof an object.
This perceptiorarisesdueto differentcuessuchascontour shading perspectie andtexture. Whenviewing
apictureof a speculambjectsuchasa silver vase ,oneadditionalpieceof informationis representetyy the
re ection of theervironment.A deformedpictureof theervironmentis seenn the surfaceof the object,and
theamountandtype of deformationdependn its shape Canspecularitiebe usedasa visualcuefor shape
perceptiongspeciallyin theabsencef othercues?

Therehasbeenextensie researchin the pastseveral yearsto understandhe geometricalrelationship
betweenshapeand specularre ections, and mary computationaimodelshave beenproposed. Previous
contributionsaresummarizedn Section3.1.2.Our own contributionis presentedn Chapter3. Ouraimwas
to recover the local shapeof an unknavn smoothspecularsurfacethroughthe re ection of a known scene
patch. In our approacha surfacere ects a scenepatchonto the imageplaneof a calibratedcamera. For
instancethe scenecanbe a grid of intersectindines. Thus,a mappingfrom the scenegrid to there ected
grid in theimageis de ned. Suchmappingchangeshe orientationof the grid linesand stretchesthe grid
step,modifying thelocal scaleof the pattern.We provedthatthelocal shapeof the surfacecanberecovered
if andonly if: i) the sceneis calibrated;andii) atleasttwo orientationsand local scalemeasurementor
equivalentinformation)areavailableatthe samepointin theimage.Ourresultscanbeconsideredsanideal
observettheoryfor local shapereconstructiofirom speculare ection.

Whathappensvhenthesurroundingvorld is unknavn? Theidealobseneranalysigells usthattheprob-
lemis locally underconstraine@ndmary solutionsarepossible.Thus,it maybeusefulto studytheproblem
psychophysicallyandanswerquestionof the sort: how do humanscopewith the problemof perceptionof

the shapeof specularsurfaces,given that mostof time, we do not have the exact geometricainformation
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Sohere Cylinder Saddle Patterns

Figure4.1: Left: thethreeshapesisedin theexperiment.Right: the six patternausedin the experiment

(@) (b) (c)

Figure4.2: (a). The setup:a cameraakesa pictureof a mirror shapere ecting a pattern.(b) Pictureof the
mirror shapeae ecting the pattern:a patchof there ection of thepatternis croppedrom the picture.(c) The
croppedpatchdoesnotincludeary visualcuesbesidesa portionof there ected pattern.

abouttheworld? How usefularespeculare ectionswhenothervisualcuesareabsent?
Shapeperceptionfrom visual cueshasbeenlargely discussedn the vision literature. Modelsof visual
processediowever, havetendedo regardspeculare ectionsasnoisedisturbingtheunderlyingobjectgeom-
etry. Thefactthathighlightscarryusefulinformationwas rst discussedby Beck[1] andKoenderin36]. In
theearlynineties Blake andBulthoff [5] shavedthatthehumarvisualsystemestimateshapeandquality of
a shiny objectwhenthe highlightsareviewed stereoscopicallywWorks by Todd[73], Lu [44] andNayar[48]
arealongthisline of thought.Dror, Adelson,etal.[22] exploredwhetherstatisticsof realworld illumination
could be helpful in recognizingopticalre ectancepropertiesof shiny materials.Surprisingly there ection
of asurroundingsceneasa cuefor shapeperceptiorhashardly beenexploredpsychophysicallyExceptions
arerecentworks by Fleming[20, 21]. Throughthe presentstudywe would like to give someinsightinto
this problemandaddresshefollowing questionsi) to whatextentcanthe humanvisual systemusespecular

re ections in the absencef othervisual cues;andii) whatarethe underlyingcomputationaktrateiesfor
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Stimulu s off

Stimulus on for
either 1 sec or 5 sec

Fixation

(a) (b) (©) Stimuli

Figure4.3: Top: Eachtrial of the experimentis carriedout asfollows: A xation crossis presentedt the
beginningof thetrial for 240msec.A stimulus(seeBottom panel)is thenpresentedor eitherl secor 5 sec.
Subjectsareinstructedo respondo the shapeof the mirror asfastandasaccuratelyaspossibleby pressing
oneof thethreedesignatedeys. Bottom (a,b,c) Examplesof stimuli presentealuring experiment1,2 and
3, respectiely.

this task?

4.1.1 Chapter Organization

Therestof thechapteiis organizedasfollows. In Sectiord.2,we describeheexperimentaketupandmethod.
In Section4.3 we presentur results. In Section4.4, we analyzeanddiscusshe results. We concludethe

chaptemwith nal remarksn Section4.5.
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Figure4.4: Left: Exampleof stimulususedfor the controlexperiment.Right: Detail of the stimulus.
4.2 Methods

Our goalis to studywhetherthe humanvisual systemusesspeculare ection asa cuefor shapeperception.
We asledtennaive humansubjectgo discriminatdmagesof mirror surfaceof qualitatively differentshapes:
asphereacylinderandasaddlg(i.e., with positive, zero,andnegative Gaussiantespectiely (Fig. 4.1, left).
Suchshapese ectedthe samescenewith distinctly differentdistortions.

Therewerethreeconsecutie experimentsn our studyandonecontrolexperiment.in the rst experiment,
the stimuli consistef 144 photograph®f large patcheof eachmirror surface(Fig. 4.2, (a)). Eachpatch
containedthere ection of oneof the six regular patterns(Fig. 4.1, right). The patternswereshawn to the
subjectsin the familiarizationphasebeforethe actualexperiment. Eachpatchwas obtainedby vignetting
one of the photographs.We usedirregularly shapedboundariesn orderto eliminateoccludingboundary
information (Fig. 4.2, (b) and(c)). Eachpatchcomprehende@5 35% of the overall obsenable surface
area. This guaranteedhat the geometricainformation of the surfaceshapeprovided by eachstimuluswas
sufciently rich. An exampleof a stimulusis in Fig. 4.4, (a). Eachstimuluswasviewed monocularlyand
centrallyin astandarccomputemonitorandsubtendsnaveragevisualangleof 20°. Eachtrial wasmadeup
of threemainstepsasexplainedin Fig. 4.4,top. We presenteeachstimuluswith two differentpresentation
times(1secor 5seq.

In the secondexperiment,we usedthe samesetof stimuli asin Experimentl, exceptfor anadditional
pieceof information: threeoverlappedsilhouettesof the shapesvere presentedogetherwith the cropped
patch(Fig. 4.4, (b)). Thus,subjectswereprovidedthe approximatepositionof the patchwithin the shapes.
In the third experiment,we usedthe samesetof stimuli asin Experiment2. Again, anadditionalpieceof
information was given: the position of the patternproducingthe re ection was shavn (togetherwith the
croppedpatchandthreeoverlappedsilhouettesFig. 4.4, (c)). Hence,subjectswvere presenteavith the full

geometricabtructurewith theonly unknovn beingtheactualshapewhichis yielding the patch.
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Figure4.5: Performancesummaryof Experimentl, 2 and3. 33% meanschancdevel performanceNotethe
averageperformancef all tensubjectsareonly slightly betterthanchance.

We ran the three experimentsin a consecutre order for eachsubject. This was doneto rule out the
possibility that subjectsmay have had memoryandtaken advantageof additionalinformationprovided by
Experiment® and3. During eachexperiment,all 288 stimuli (144images 2 differentpresentatiotimes)
werepresentedn randomorder, counterbalancedacrossall tensubjects.A familiarizationphasepreceded
the experiments,during which subjectswere shavn the six patterns. In addition, subjectswere given a
shortperiodto practicekeyboardresponse$or the threedifferentmirror shapegin the absencef specular
re ection).

In a separatecontrol experimentwe testedsubjects'performance(as from the rst experiment)with
patcheshaving circular boundariegatherthanirregularly shapedboundaries. The circular boundarywas
obtainedby applyinga radial fading effect rangingfrom fully transparentinsidethe circle) to solid black
(outsidethecircle). The goalwasto give the subjectshe perceptiorof a black panellocatedin front of the

object,with aholein the middle, throughwhich the object's speculare ectionsarevisible. SeeFig. 4.4.

4.3 Results

Theresultsof the threeexperimentsare summarizedn Fig. 4.5. Performancdin percentcorrect)is shavn
for Experimentsl, 2 and3. Thisresultindicatesthat: i) our subjectsareonly slightly betterthanchancen
discriminatingthethreemirror shapesii) performancehatcorrespondetb presentationime of onesecond

and ve secondss not statisticallydifferent(t-test; p value> 0:05). This suggestshe processingf such
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Experiment 1 Montecarlo Simulation

Figure 4.6: Left. Distribution of 144 stimuli for Experimentl and presentatiortime 1sec. Eachpoint
correspondso oneof the 144 stimuli. Its positiondepend®ntherespons@atterngeneratedhy tensubjects.
First, secondandthird coordinatesf the point arethe numberof subjectswho considerthe stimulusasthe
speculare ection yieldedby a spheregcylinder andsaddlerespectiely. For instancea stimuluschoserby
10 subjectsasthe speculare ection yieldedby a spheregorresponds$o a point with coordinateg10; 0; 0).
Regionsaroundthe 3 vertices(10; 0; 0), (0; 10; 0) and(0; 0; 10) containstimuli thatexhibit high agreement
amongsubjects.Thoseregionsarein blue. The color codeindicatesthe actualshapeof the surfaceyielding
thatparticularstimulus.Right. Monte-Carlosimulationto the 144 stimuli shaving thatif differentsubjects
responsewereuncorrelatedywe would obsene a completelydifferentdistribution.

tasksis fast; andiii) performanceslightly improvesfrom Experimentl to Experiment2 (t-test: p value
< 0:05). Thus,the knowledgeof the locationof the patchwithin the shapesilhouettesseemso be helpful.
Performancés, however, notsigni cantly differentbetweerExperimenf andExperiment3, suggestinghat
arichergeometricabtructurehaslittle effectin theway shapes recognizedrom re ection. Thisobsenation
alsosuggestshattheimprovementfrom Experimentl to 2 is not dueto practice.

To rule out the possibility that subjectsmight treatirregularly shapedutlinesas occludingboundaries
(thus,asa intrinsic propertiesof the object),we conductedhe control experimentdescribedn Sec.4.2. In
thisexperimentthecircularcontourgivesthesubjectheillusion thatthere ection is obsenedbehindablack
panelthrougha circular hole. We foundthatthereis no substantiatlifferenceof performancegetweerthis
control experimentand Experimentl: the meanpercentageorrectnessvas0:42 with a standarddeviation
of 0:05.

While subjectsare almostat chancein discriminatingshapedifferencesfrom re ection, we nd that
responsearehighly correlatedIn otherwords,subjectdendto make decisiondn avery consistenianner

We may visualizethis obsenationthroughFig. 4.6 (detailsarein the captionof Fig. 4.6). Let us call high
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consistencyegionsthe volumesof radiusR = 10=3 = 3:3, centeredat eachof the vertices(10; 0; 0),
(0; 10; 0) and(0; 0; 10) of thediagram.By inspectiorof Fig. 4.6, it is clearthatstimuli tendto clustertoward
the threevertices,revealingthatthereis high agreemenamongstsubjects'answers.We can contrastthis
with anuncorrelatedMonte Carlo simulationof the responsesWe take the obsened averageperformance
of Experimentl (44%), andgeneratea simulatedresponsgatternsimilar to the onein Fig. 4.6, Left panel.
Onaverage pnly 0:05% of the 144 stimuli fall into the threehigh consistencyegions indicatedby thelight
blue semi-sphereg¢Fig. 4.6, Right panel). To the contrary 29% of our actualstimuli are containedin the
high consisteng regions,revealingstrongagreemenin subjects'answersbothcorrectlyandincorrectly We
obtain similar resultsfor Experiment2 and 3. Fig. 4.7 shavs examplesof stimuli containedin the three

consisteng regionsaswell asin theregionsin between.

4.4 Analysis

The conclusiondrawn in Sec.4.3 lead us to considerthe natureof the mechanisnthat may underliethis

perception.If we considerthe stimuli which give consistenshapeperception(Fig. 4.7, rst threerows) we

seepatternsof deformationthataresimilar within eachcategory anddifferentacrosscategories. Eitherone

or two patternsseemo accounffor the perceptiorof eachshapgseeFig. 4.8). Stimuli for which thereis no

consistenperceptior(Fig. 4.7,lastrow) maybeassociatetb combinationof the "pure’ patternf Fig. 4.8.

Onepossibleinterpretationof this nding is thatour subjectsratherthan computing'a perceptfrom each
imagebasedon geometricalconsiderationsinay be associatinga shapeto eachpatternin a stereotypical
way, akin to pattern-matching.This behaior is reasonablesince, as suggestedy our analysis[55], the

informationthatis availablefrom our stimuli is ambiguous.

If shapeperceptionis the resultof pattern-matchingit would be reasonabléo believe thatthe “funda-
mental' patternsof specularsurfaceshave beenlearnedfrom experiencesandcorrespondo highly likely
scene-sugcecon gurations. A mirror cylinder standingon a horizontaltextured planewould be onesuch
example. However, we nd that mary of the stimuli for which thereis a consisteniandwrong perception
correspondo suchsituations. Therefore we considerthis an unlikely explanation. Another possibility is
that our subjectsareanalyzingour stimuli asif they wereimagesof curvedtexturedsurfacesratherthanof
curvedmirrors. Noticethatin Fig. 4.4, (c) andFig. 4.7, our stimuli oftendo not appeato be mirror-like. A
qualitative analysisof the patterndn Fig. 4.8 is consistentvith this interpretationjf oneassumes textured
surfacewherethe principal lines of the texture areroughly alignedwith the principal curvaturesof the sur
face.Thisleadsto theintriguing hypothesishatshapeperceptiorfrom specularitiesindtexturedeformations

[81, 72, 34, 32, 46, 3] seemto sharea commonbasis.
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If the texture-basedpattern-matchings a strat@yy that the visual systemusesto perceve shapefrom
re ection, whatwould this tell usaboutthe underlyingcomputatiorpathwaysthatare usedto performsuch
tasks? Moreover, canwe infer from this that shapeperceptionfrom texture andfrom mirrors sharesome
commoncomputatioror stratey? How is suchsharingof resourcesnappedut? Wheredo they meigeand
wheredo they branchoff? All thesequestionsarehighly importantandcrucialto furtherour understanding
of the visual system.In addition,it might shedmorelight on how to engineemore powerful andef cient
modelsfor shapeperception.

A naturalquestionis whethersuchperformancevould be differentif oneusesre ections of realworld
scenesatherthanregularsyntheticpatterns.Thereasoris twofold. First, our patternsveresimplegeomet-
rical forms. This could have led subjectsto misinterpretour stimuli astexturesratherthanactualspecular
re ections. Second,the humanvisual systemmay exploit prior knowledge on regularities of real world
structure(i.e., statisticsof realworld images).In fact, by identifying in speculare ections somedegreeof
deviation from suchstatistics the humanvisual systemmaybecomecapableof successfulljinterpretingthe
shapeof speculasurfaces.We would lik e to addresshesequestionsn the future.

We concludethis sectionby comparingour resultswith thosein [20]. Flemingandcolleaguegoundthat
the shapeof mirror surfacess readily perceved, evenwhenthe only cueis speculatre ections. They argue
that speculare ections exhibit a differentpatternof compressiorthansurfacetexture. This featurewould
allow the humanvisual systemto discriminatebetweenthesetwo casesHence the patternof compression
would represent cuefor shapefrom specularities.We interpretthis apparenbppositeresultby pointing
out that a numberof different cuesmight be integratedby the humanvisual systemin their experiment.
For instance speculare ections shav differentbehaiors dependingon whetherthey appearon smoothly
curvedregions,or in proximity of occludingcontoursor in regionsof high curvature.ln eachcase specular
re ection would provide thevisualsystemwith differentinformationaboutthe geometryof the surface.This
is particularly true when the specularobjecthascomplex topology Therefore, theseindirect shapecues
might alsohave contributedin the perceptionof shapein their experiments.Clearly, muchadditionalwork
is neededo reconcilethese ndings to understandhe contributionsof thesedifferentfactors,andin turnthe

underlyingcomputationattrateies.

45 Conclusions

We have studiedhow humansperceve shapefrom mirror re ections. We usesix regular syntheticpatterns
andtheir mirror re ections in threedifferentshapes:sphere cylinder andsaddle. Our resultsindicatethat

mirror re ection is only a very weakcueto shapeperceptionn the absencef othervisual cues. A closer
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(a) (b) (©) (d)

Hybrid cases

Figure4.7: First panel (from the top): Examplesof stimuli mostfrequentlypercevedasfrom the sphere
shapdi.e.,exampledrom thehigh consistencyegion of spherédn Fig. 4.6). The patchesresortedaccording
to thescore.Thetext above eachstimulus(e.g.,8/10 sa)indicatesthe scorefraction (e.g.,eightsubjectsout

of tenagreedrespondedsa spherefollowedby thelabel of the actualshapeof the surfaceattachedo that
patch(e.g.,saddle).Second,Third: Exampleof stimuli mostfrequentlypercevedasfrom thecylinderand
saddlerespectrely. Fourth-(a): Exampleof stimuli containedn theregionbetweersphereandcylinder (see
alsoFig. 4.6). Thesestimuli areconsistentlyclassi ed aseithersphereor cylinder. Eachstimulusis labelled
by avectorasdescribedn the captionof Fig. 4.6. E.g.,(6; 4; 0) meanghatthis stimulusis chosemasfrom

sphereby 6 subjectscylinderby 4, andsaddleby none.Bold font of 0 indicategheactualshapeof which the
stimulusis re ected, in this casea saddle.The orderof shapefor the responsess spheregylinder, saddle.
Fourth-(b,c,d): Examplesof stimuli (seealsoFig. 4.6) containedn theregion betweercylinder andsaddle,
sphereand saddle,andcentralregion, respectiely, the latter having obtainedthe lowestagreemenamong
subjects.

look atthe responseatternof our ten subjectsevealsthattheremight be a setof underlyingtemplateshat

subjectsusefor shapeperceptiorfrom re ections. Thesetemplatedollow closelythe deformationpatterns
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Shere canonical patems 9/10 sp 7/10sp  7/10sa
Cylinder canonical patems 10/10 cy 9/10 sa 9/10cy  9/10 cy
Saldle canonical patems  10/10 sa 9/10 s 8/10 cy 8/10 cy

1

Figure 4.8: Canonical patterns. Top: Stimuli that are mostfrequently perceved as from sphereshape
re ection seemto exhibit featuresthat canbe connectedn either of the two templatepatternson the left

sideof thepanel.Middle and Bottom: Similar conclusioncanbedrawn for stimuli thataremostfrequently
percevedasfrom cylinder andsaddleshapestespectiely.

of texture on shapestatherthanre ection in shapesFuturework mayincludeestablishinga morecomplete
phenomenologpf humanperceptiorof speculasurfacesaddressinghequestionsto whatextentdohumans
perceve qualitatve and metric shapedifferences?Do they make useof ary knowledge(metric, statistical)
aboutambientstructure? Are someambientstructuresmore informative then others? Do additionalcues

(suchascontourstexture,shadinghelpin waysthatarenot purelysummatve?
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Chapter 5

Conclusions

In thisthesiswe addressetheissueof measuringautomaticallythe shapeof physicalobjectsfor 3D model-
ing. Ourwork wasmotivatedby the goal of developingalgorithmsthat: i) areinexpensve,fastandaccurate;
ii) canhandleobjectswith arbitraryappearancpropertiesandshapeandiii) needlittle or no userinterven-
tion.

In the rst part, we presenteda novel 3D reconstructiortechniquewhich makes use of minimal and
inexpensve equipmentThetechniquas basedntheideaof re ning aconserative estimateof the shapeof
anobject. Thisis doneby observingthe shadavs on the objectwhenit is lit by a known point light source.
We provedthata well de ned portion of volumecanberemovedin a conserative mannerfrom the current
objectestimate We shavedthatthisinsightleadsto analgorithmthatcanwork correctlyonrealimages We
calledthis methodshadowcarving

Ourmainassumptioris thatonecanestimateshadevs conseratively - i.e.,ashadev maynotbedetected
but whateveris labelledasshadev is indeeda shadav. No assumptionsboutthe objecttopologyareneces-
sary Tangentplanediscontinuitieoverthe objectssurfacehave beensupposedo be detectableWe shaved
thatshadav carvingimprovespreviouswork on shapefrom shadev in thatit is morerobustwith respecto
theclassi cationof shadav regionsandis notrestrictedo 2.5D terrainsurfacesput ratherit maybeapplied
to measuringhe objectsin theround.

In orderto validateour theory we implementeda reconstructiorsystemthatcombinesnformationfrom
silhouettesandshadavs. Thenew systemusesnexpensve digital cameragndlamps.Our experimentswith
real andsyntheticobjectscon rmed that the propertyof conserative carvingis achievablein practiceand
shavedthatshadaev carvingproduces muchbettersurfaceestimatethatshaperom silhouettesalone. This
improvedestimates suitablefor furtherre nementby ary shapeestimationrmethodthatworkswell in local
regionsof the surface.

It is well known that 3D scanningsystemdhandlehighly re ective surfacesonly poorly. Speculare ec-
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tions are often consideredh nuisancefor common3D reconstructiortechniques.In the secondpart of this
thesis,we shavedthatit is possibleto promotemirror re ectionsfrom "noise” to "signal”.

We analyzedthe geometryunderlyingspeculare ections of a known planarscene.We rst presented
the differentialrelationshipbetweena planarscenepatch,the local shapeof a mirror surfaceandits corre-
spondingspeculame ection in the image. We studiedseveral propertiesattachedo this mappingandits
degeneracies.

We usedthis analysisasa startingpoint for the reconstructiorproblem: recover the shapeof a specular
surfacefrom there ectionsin oneimage. Underthe assumptiorof anunknovn mirror surfacere ecting a
known calibratedplanarscenge.g. atriangle-basegattern,aregulargrid or anarbitrarydrawing) ontothe
imageplaneof acalibrateccameraye demonstratethatsurfacepositionandshapeupto third ordermaybe
recovered.We startedby assuminghatthe scenas composeaf thesimplestprimarystructurenamelylines
intersectingat points. We assumedhat measurementsf orientationand curvatureof eachre ected curve
areavailable. We provedthat 3 orientationmeasurementarenecessargndsufcient to recoverthe surface
shapeupto rst order(positionandorientation).Secondrdersurfaceparametersnayberecoseredonly up
to an unknavn parameter Curvaturemeasurementay be usedasa further constraint.In a secondstep,
we assumedhatthescends agrid of intersectindinesandthatthe measurementareboth orientationsand
local scaleof there ectedlinesatthegrid point. We provedthatif orientationandlocal scalemeasurements
along(atleast)?2 re ected curvesareavailable,local surfaceshapecanbe fully recoveredup to third order
accurag. Finally, we generalizedheseresultsto the caseof arbitrary planarscenes.We provedthatlocal
shapeup to third ordercanbe extractedfrom there ection of a planarscenepatchobsenedin theimage
plane.

We validatedour theoreticalresultswith both numericalsimulationsandexperimentswith real surfaces
and found that the methodis practicaland yields good quality reconstruction. Since our reconstruction
schemeallows local shaperecovery aroundeachre ected point, we obtain a “piece-wise” parabolicre-
construction. A robust estimationof the surfaces shapemay be ultimately obtainedby integrating such
information.

Futurework is neededo i) calculateautomaticallythe correspondencketweerpatternpointsandtheir
re ected imagepoints; and,ii) calculatethe shapefrom un-calibratedscenes.This effort will mostlikely
requireintegratingadditionalcues,suchasoccludingboundariesandsomeform of prior knowledgeon the
likely statisticsof the scenegeometry

An additionalgoal of this thesiswas advancingour understanding@f humanperceptionof shapefrom

re ections. Surprisingly little is known to whatextenthighlightsandspeculare ections carry usefulinfor-
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mationfor shapeperception.We usedpsychophysic$o studythis capability We usedsix regularsynthetic
patternsandtheir mirror re ectionsin threedifferentshapessphere cylinder andsaddle.Our resultsindi-
catedthatmirror re ection is only a very weakcueto shapeperceptionn the absencef othervisual cues.
Closerlook at theresponsepatternof our ten subjectsevealedthattheremight be a setof underlyingtem-
platesthatsubjectausefor shapeperceptiorfrom re ections. Thesetemplategollow closelythedeformation
patternsof texture on shapestatherthanre ection in shapesFuturework mayincludefurtherinvestigation

of thescopeof this hypothesigusingnaturalscenee ections.
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