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Abstract

Measuringautomaticallytheshapeof physicalobjectsin orderto obtaincorrespondingdigital modelshasbe-

comeauseful,oftenindispensable,tool in design,engineering,artconservation,computergraphics,medicine

andscience.Machinevisionhasprovento bemoreappealingthancompetingtechnologies.Ideally, wewould

like to beableto acquiredigital modelsof genericobjectsby simplywalkingaroundthescene,while �lming

with a handheldcamcorder. Thus,oneof themainchallengesin modernmachinevision is to developalgo-

rithmsthat: i) areinexpensive, fastandaccurate;ii) canhandleobjectswith arbitraryappearanceproperties

andshape;andiii) needlittle or nouserintervention.

In this thesis,we addressboth issues.In the �rst part, we presenta novel 3D reconstructiontechnique

which makesuseof minimal and inexpensive equipment. We call this technique”shadow carving”. We

explore the informationcontainedin theshadows thatanobjectcastsuponitself. An algorithmis provided

that makesuseof this information. The algorithm iteratively recoversan estimateof the objectwhich i)

approximatesthe object's shapemoreandmoreclosely;andii) is provably an upperboundto the object's

shape. Shadow carving is the �rst techniqueto incorporate”shadow” information in a multi-view shape

recovery framework. We have implementedour approachin a simple table-topsystemandvalidatedour

algorithmby recoveringtheshapeof realobjects.

It is well known thatvision-based3D scanningsystemshandlespecularor highly re�ectivesurfacesonly

poorly. Thecauseof this de�ciency is mostlikely not intrinsic, but ratherdueto our lack of understanding

of the relevantcues. In thesecondpart of this thesis,we focuson how to promotemirror re�ections from

”noise” to ”signal”. We �rst presentageometricalandalgebraiccharacterizationof how apatchof thescene

is mappedinto animageby amirror surfaceof givenshape.Wethendevelopsolutionsto theinverseproblem

of deriving surfaceshapefrom mirror re�ections in a singleimage.We validateour theoreticalresultswith

bothnumericalsimulationsandexperimentswith realsurfaces.

A third goalof this thesisis advancingourunderstandingof humanperceptionof shapefrom re�ections.

Although the ideaof perceptionof shapefrom differentvisual cues(e.g.,shading,texture, etc.) hasbeen

extensively discussedin the past, little is known to what extent highlights and specularre�ections carry

useful information for shapeperception. We usepsychophysicsto study this capability. Our goal is to

providea benchmark,aswell asinspirepossibletechnicalapproaches,for our computationalwork. We �nd

thatsurprisingly, humansarevery poorat judging theshapeof mirror surfaceswhenadditionalvisualcues

(i.e.,contour, shading,stereo,texture)arenot visible.
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Chapter 1

Intr oduction

1.1 Toward an Ideal Visual Systemto Acquire Digital Models

For thelastthirty years,thepossibilityof capturingdigital representationsof physicalobjectshasbeenreceiv-

ing anenormousamountof attentionin informationtechnologyresearch.Contraryto physicalmodels,digital

modelscanbeeasilystored,retrievedin databases,editedin computer-aided-design(CAD) basedsoftware,

transmittedandreceivedthroughdigital communicationsystems,usedastemplatesfor reverseengineering,

displayedandanalyzedat differentresolution,andmore.As a result,digital modelsareusedin many appli-

cations.Perhapsthemostimportantonesarearchaeology, education,medicine,entertainment,virtual reality,

computergraphics,designandprototypingof industrialcomponents,e-commerce,androbotics.

Thereexist several differentwaysof capturingdigital models. Machinevision hasproven to be more

attractive thanmany competingtechnologies.For instance,acquiringmodelsfrom visual inputs (suchas

images)is, by far, moreconvenientandfasterthanmakinguseof touchprobes.Ideally, onewould like to be

ableto acquiredigital modelsby simplywalkingaroundthescene,while �lming with ahandheldcamcorder.

This possibility hasboostedvision researchenormouslyand several techniqueshave beenproposed.

Thesetechniquesmainly differ in: i) thetypeof visualcuesbeingusedfor shaperecovery (texture,shading,

contourssystems);ii) thenumberof observers(monocular, stereoormulti-view stereo);andiii) thepossibility

of projecting”active cues”suchasstructuredlighting on theobjectsurface(laserstripes,structuredlighting

patterns,shadows,etc).

However, muchwork still needsto be done. Eachof thosesolutionspresentdrawbacks.For instance,

structuredlighting techniquestendto be accurate,but expensive. Also, they requirean additionalstepin

which all of the reconstructedportionsof thesurfaceneedto bestitchedtogether. Reconstructionschemes

that usemultiple camerasarehardto calibrate. Systemsthat just use”passive” cuessuchascontoursare

provento berobust(e.g.,multiple viewsareeasilystitchedtogether),but inaccurate.As a result,we arestill
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Camera (point of observation)

Image

Silhouette

Object

Cone

Second point of observation

Figure1.1: A simpleapproachto recover theshapeof anobject: shapefrom contours(or silhouettes).The
silhouetteandthepoint of observationfor eachview form a conecontainingtheobject. Theintersectionof
multiple conesis an estimateof objectshape.Shapefrom contourtechniques,however, fail at recovering
objectconcavities.

far from having an ”ideal” vision system. Ultimately, onewould like to be ableto recover digital models

quickly, accurately, at low cost,and,with minimal humanintervention.

With thatspeci�c goalin mind,we developedanovel approachfor 3D reconstructionof objects.We call

this approach”shadow carving”.

1.2 Shadow Carving: Combining Low Cost with Robust ShapeRe-

covery

Shadow Carvingis the �rst techniquethat incorporates”shadow” informationin a shape-from-contourre-

constructionframework.

Shapefrom contours(or silhouettes),hasbeenusedfor many years. An early shapefrom contours

methodwaspresentedby Martin andAggarwal [47] in 1983. The approachrelieson the formationof a

coneby a point of observationandthesilhouettein animageobtainedfrom thatpoint,asshown in Fig. 1.1.

All spaceoutsideof this conemust be outsideof the object. Thus, the conerepresentsan upperbound

conservativeestimateof theobjectshape.By intersectingtheconesformedfrom many differentviewpoints,

theestimateof objectshapecanbere�ned. Differenttechniquesfor computingtheintersectionof coneshave
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Figure1.2: Objectsconcavitiesmayberevealedby thepresenceof shadowsthattheobjectcastsuponitself.

beenproposedandsubsequentresearchhasimprovedon theef�ciency of this approach.Becausethey are

robust andconservative, techniquessimilar to Martin andAggrawal's original methodhave found success

in low-endcommercialscanners.Theseapproaches,however, arequite inaccuratewhentheobjectpresents

concavities,thereasonbeingthatconcavitiescannotbemodelledusingcontours.As a result,severeartifacts

areoftengeneratedin the�nal reconstructionof themodel.

Computingshapefrom shadows– or shapefrom darkness– hasalsobeenstudiedfor many years.Shafer

andKanade[63] establishedfundamentalconstraintsthatcanbeplacedon theorientationof surfaces,based

ontheobservationof theshadowsonecastsonanother. Sincethen,severalmethodsfor estimatingshapefrom

shadowshavebeenpresented.All of thesemethods,however, rely onaccuratedetectionof thebeginningand

endsof shadow regions. This is particularlyproblematicfor attachedshadows thataretheendof a gradual

transitionof light to dark.Furthermore,existingshapefrom shadow methodsessentiallyrecoverterrainswith

someholeestimates,ratherthancompletethreedimensionalobjects.

A majoradvantage,however, is thatshapefrom shadow methodsallow thereconstructionof theshapein

concavities. Suchconcavitieswouldnotappearin any silhouetteof theobject(seeFig. 1.2).

It is evident that to producerobustscanningsystemsit is usefulto combinemultiple shape-from-Xap-

proaches.A systemis morerobustif a shapeestimatedfrom shape-from-Ais consistentwith shape-from-B.

Shadow carvingusesthis basicideain combiningshapefrom contourwith shapefrom shadows. Shadow

carvingexploresthe informationcontainedin the shadows that an objectcastsuponitself as it is lit from

differentdirections.Thestartingpoint is anupperbound(conservative)estimateof theobject's surface,i.e.,

asurfacethatcompletelycontainstheobject.Thisupperboundapproximationis estimatedby measuringthe
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Figure1.3: For specularobjects,thebrightnessmeasuredon theobject'ssurfaceis not invariantwith respect
to theviewer's position. Rather, it dependson thepositionof bothviewer andlight source.Notice that the
relativepositionbetweenthehighlightandtheblackcrosschangesastheviewerchangesposition.

object'scontours.Then,weusetheinformationprovidedby theobject'sshadowswithin animage.Wemake

useof thesecuesto ”carve” away piecesof thecurrentsurfaceestimate.We obtaina new estimatewhich is

a closerapproximationof theactualsurfaceof theobject. By addingimagestakenunderdifferentlighting,

onemay iteratethis process.We provedthat thealgorithmgeneratesa sequenceof conservative estimates,

andthattheinformationprovidedby eachnew imageis usedef�ciently .

Coupling”shadows” and”contours” informationallow to combinerobustnesswith low costandgood

accuracy. The issueof low cost is worked out in that we proposea systemthat usesa commoditydigital

cameraandcontrolledlighting systemscomposedof inexpensivelamps.Additionally, sinceourmethodrelies

onsubstantialvariationsin theintensitiesin acquiredimages,it avoidsrequiringtheuserto setparametersand

hence,minimizestheuser's intervention. Finally, sinceour techniqueprogressively improvesconservative

estimatesof surfaceshape,it avoidshaving anunstablemethodin whichsmallerrorsaccumulateandseverely

impactthe�nal result.

We describeshadow carvingin moredetail in Chapter2.

1.3 Beyond Matte Surfaces

Thusfar, wehaveneglectedanotherimportantlimitation of traditionaltechniquesfor digital modelling.Most

3D reconstructionsystemsarebasedontheassumptionthatthebrightnessmeasuredontheobject'ssurfaceis

invariantwith respectto theviewer'sposition.Mattesurfacessatisfythis assumptionup to a certaindegree;

specularsurfacesmostoftendonot. Rather, thebrightnessmeasuredonthesurfacedependsonthepositionof

bothviewerandlight source(seeFig. 1.3). Objectsfalling in this categoryarerathercommon(seeFig. 1.4),

andrepresenta stumblingblock for many current3D reconstructionsystems.Let usexaminethereasonsin

moredetail.
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Algorithmsbasedon feature-matching(stereo,structurefrom motion,voxel coloring) arebasedon the

assumptionthatsmallsurfacefeaturescanbeidenti�ed in imagestakenfrom differentpositions.Similarly,

photometricstereoand shapefrom shadingalgorithmsassumethat the pixel brightnessdependsonly on

the positionof the light sourcerelative to the surface. Both hypothesesarenot true for specularsurfaces.

In active lighting techniques,stripesor patternsof light areprojectedon the objectsurfacefrom a laseror

LCD projector. Unfortunately, shiny surfacesre�ect most light alongthe speculardirection,andtherefore

the signal observed by the imaging device might be either very low or measuredin the wrong position.

Techniquesbasedon occludingcontoursrequiresegmentingthe objectagainstthe background.This task

may becomevery hardasgrazing-anglere�ections of the surroundingscenemake suchboundaries̀melt'

visuallywith thebackground.Shape-from-texturetechniquesexploit intrinsic features(albedo)of thediffuse

componentsof there�ectancefunction. In orderfor thesemethodsto work, it is necessaryto ruleout texture

featuresdueto re�ectionsof thesurroundingsceneandonly considerthosedueto thediffusecomponent.

Yet, theability to recover theshapeof highly specularsurfacesis valuablein many applicationssuchas:

� Industrialmetrology:measurementsof mechanicalpartsareneededfor prototypingandqualitycontrol

of industrialobjects.Mostobjectsof interesthavehighly re�ectiveandpolishedsurfaces(seeFig. 1.4,

panelc).

� Diagnosticandcontrol of spacestructures:large spacestructuresarebuilt of extremelylight-weight

componentsandthus,arehighly susceptibleto complex oscillations,aswell to damagefrom debris.

Thesesurfacesareoftenmetallicandhighly re�ective. On-linemeasurementof surfacedeformationis

usefulfor stabilizationandcontrol. Diagnosisof impactdamageis equallyuseful(seeFig. 1.4,panel

e).

� Medical imaging: digital modelsneedto be capturedanddisplayedfor diagnosisaswell for on-line

controlof surgical procedures.Moist anatomicalpartslike thecorneaof theeye andtissuesthatare

visibleendoscopicallyarehighly re�ective(seeFig. 1.4,panelf).

� Remotesensingof thesurfaceof water: geophysicalforcesactingon water(i.e., wind, currents)may

bestudiedthroughmeasurementsof theshapeof thesurface(seeFig. 1.4,panelg).

� E-commerce:thepossibilityof viewing 3D interactive modelsof productsover theweb is appealing

to customers.Many consumerproductshavehighly glossysurfaces(seeFig. 1.4,panela).

� Digital archival of art andheritageobjects:artisticobjectsoftencontainhighly specularsurfaces.Jeff

Koon's Rabbit(Fig. 1.4, paneld), is madeof stainlesssteelandappearsasan almostperfectmirror

surface.Anotherexampleis theantiquegobletin Fig. 1.4,panelb.
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a b c d

e f g

Figure1.4: Applications. Panel a: E-commerce.Panel b: digital archival of heritageobjects. Panel c:
industrialmetrology. Panel d: digital archival of art. Jeff Koons:Rabbit,1986stainlesssteel41 x 19 x 12
inches-courtesyof TheBroadArt Foundation.Panele: diagnosticandcontrolof spacestructures.Hexapod
Structure- TennesseeStateUniversity/ NASA Langley, courtesyof Dr. GaryA. Fleming.Panel f: medical
imaging.Panelg: Remotesensingof thesurfaceof water.

For shiny objects,oneadditionalcuemaybepreciselythere�ection of theenvironment.In fact,acurved

mirroredsurfaceproducesdistortedimagesof thesurroundingworld. For example,the imageof a straight

line re�ected by a curved mirror is, in general,a curve. It is clear that suchdistortionsaresystematically

relatedto theshapeof thesurface.Is it possibleto invert this mapandrecover theshapeof themirror from

the imagesit re�ects? Theproblemis clearlyhighly under-constrained.By opportunemanipulationsof the

surroundingworld, we may producealmostany imagefrom any curved mirror surface. This propertyis

well known by artists,asillustratedby theanamorphicimagesthatwerepopularduringtheRenaissance(see

Fig. 1.5).

Researchershave madethe problemof shapefrom re�ections tractableby makingassumptionsabout

the position and shapeof the object, and the structureof the surroundingworld. Someauthorsfocused

on highlights (i.e., bright re�ections of light seenon shiny surfacessuchas the onesin Fig. 1.3) and the

informationthey carry aboutthe geometryof the surface. Thesestudiesrevealedthat even with a known
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Figure1.5: The problemof recovering the shapeof a mirror from its specularre�ections is highly under-
constrained.By opportunemanipulationsof thesurroundingworld we mayproducealmostany imagefrom
any curvedmirror surface.Examplesareanamorphicimagesasshown in this �gure. Anamorphicimagesare
drawn by knowing therelationshipbetweentheproportionsof a realobjectto theproportionsof its re�ected
imageona mirror surfaceof known curvature.Onceananamorphicimageis drawn, it canberestoredto its
correctedproportionsby re�ecting it in themirror surface.Typical surfacesusedfor anamorphicimagesare
conesandcylinders.

light source,specularhighlightsdo not containenoughinformationto recover theshapeunivocally. Thus,

therelevanceandtheuseof additionalgeometricalconstraints(multiplecamerasandmoving observer)were

explored[36, 4, 84,49, 82] . Oftentheseeffortsledto techniquesrequiringdedicatedandexpensivehardware

equipment.

Otherresearcherstriedto exploit thewayin whichaknown surroundingsceneis distortedwhenre�ected

off a mirror surface.Severaltechniquesin thespirit of classicshapefrom structuredlightningmethodswere

proposed.Pioneeringwork by Sanderson,Nayaret al. [33] utilized anarrayof lights andthecorresponding

distribution of re�ections. Amongothers,particularlyinterestingis themethodproposedby Halsead[25] et

al. wheretheshapeof a specularsurfaceis recoveredby projectingcircularpatternof lights. They applied

theiralgorithmto thereconstructionof thecorneaof thehumaneye: averyimportantproblemin biomedicine.

All thesetechniques,however, assumethat a differentdegreeof knowledgeon shapeandpositionof the

objectis available.Additionally, likewisecommonstructuredlighting techniques,andmultiple imagesunder
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Figure1.6: The taskof recoveringtheshapeof a mirror from its specularre�ections maybe very hardfor
thehumanvisualsystem.The�gure in theleft panelshowsaspecularsurfacewith aconcavity in thecenter.
It is quitedif�cult to perceive theactualshapeof theconcavity. Notice thatobjectcontoursgive very little
informationabouttheshapeof theconcavity. The�gure in theright panel,shows thesamespecularsurface
seenfrom a differentside. The geometryof the concavity becomesnow muchmore clear. In this case,
contoursseemto play an importantrole in the perceptionof the shape,so we areinterestedin addressing
the question:to what extent canthe humanvisual systemusespecularre�ections to perceive theshapeof
specularsurfaceswhenothervisualcues(suchasshading,texture,contours)areabsent?

differentconditionof theilluminantarerequired.

We proposea novel approachwherethe local shapeof an unknown smoothspecularsurfacecan be

recoveredby observingits deformingbehavior actingon the re�ection of the scene.Our assumptionsare

that: i) the mirror surfaceis smooth;and ii) the re�ected scenehasknown structureandposition. Under

theseassumptions,we �rst describeageometricalandalgebraiccharacterizationof how apatchof thescene

is mappedinto an imageby a mirror surface. Then,we investigatethe inverseproblemandgive necessary

and suf�cient conditionsfor recovering the local shapeof the surface. Speci�cally, we prove that if the

environmentis composedof a planarpatchof pointsor intersectinglines, thenat any point the local shape

canberecoveredup to thethird derivative.

Our techniquediffers and improvesprevious work in that it allows local shapereconstructionfrom a

singleimage;it doesnot requireprior assumptionon objectpositionor shape;it necessitatesminimal and

inexpensivehardware(onecameraandacalibratedscenepatternonly); localshapecanberecoveredin closed

for solution;andtheanalysisis localanddifferentialratherthanglobalandalgebraic.

Thetechniquehasbeensuccessfullyimplementedandseveralexperimentsmeasuringrealspecularsur-

faceshaveshown thatthereconstructionis accurate.Moredetailsarepresentedin Chapter3.
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1.4 Can WeSeethe Shapeof a Mirr or?

One importantconsequenceof our computationalanalysisis that necessaryand suf�cient conditionsfor

recoveringthelocalshapeof mirror surfacesareprovided.In otherwords,thelocalshapeof amirror surface

re�ecting a scenecanberecoveredonly if a certainamountof knowledgeaboutthatsceneis available.Our

computationalstudytells uspreciselywhatthis ”amount” is.

Whathappens,then,if thesurroundingworld is unknown? Theproblemis under-constrainedandmany

solutionsarepossible.Thisobservationleadsnaturallyto thequestion:how dohumanscopewith theproblem

of perceptionof theshapeof specularsurfaces,giventhatmostof time,wedonothavetheexactgeometrical

informationabouttheworld?An answerto thisquestionwouldbeof greatvalue.Thestudyof humanvision

canhelpusunderstandwhatcuesmaybeusedandwhich algorithmsmaybefeasible,andultimatelyguide

ouranalyticalefforts in themostproductivedirection.

While the perceptionof shapefrom a numberof other visual cues(shading,texture, motion, stereo-

scopicdisparity)hasbeenextensively discussedin thehumanvision literature,surprisinglylittle is known

to what extent the re�ection of the environmentoff a specularsurfacemay carry useful information for

shapeperception. The available knowledge is limited to the work by Beck, Koenderinkand other re-

searchers[36, 1, 73, 48]. Blake [5] showedthat thehumanvisual systemsuccessfullyestimatesshapeand

quality of a shiny objectwhenthehighlightsareviewedstereoscopically. Recently, Flemingandcollabora-

tors[21] foundin their experimentsthattheshapeof mirror surfacesis readilyperceivedby humansubjects.

They explain their �ndings by noticing that specularre�ections exhibit a differentpatternof compression

thansurfacetexture. This featurewould allow thehumanvisual systemto discriminatebetweenthesetwo

casesandthepatternof compressionwould representa cuefor shapefrom specularities.

ThroughChapter4 of this thesis,we study this problempsychophysicallyand addressthe following

questions:i) to whatextentthehumanvisualsystemcanusespecularre�ections in isolation,namely, when

other visual cues(suchas shading,texture, motion, stereoscopicdisparity) are absents; ii) what are the

underlyingcomputationalstrategiesfor this task?

Ourexperimentssurprisinglyshow thatoursubjectsareverypoorat judgingtheshapeof mirror surfaces

in absenceof other visual cues. Figure1.6 shows an exampleof how hard this task can be. We found,

however, that for a considerablesubsetof the stimuli, subjectsare highly consistentin their (most often

wrong)perception.This observationleadsus to thehypothesisthatour subjects,ratherthan`computing'a

perceptfrom eachimagebasedon geometricalconsiderations,may be associatinga shapeto eachpattern

in a stereotypicalway, akin to pattern-matching.As mentionedearlier, this behavior is reasonablesince

the informationavailablefrom specularre�ections is ambiguouswhenthe surroundingworld is (partially)
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unknown.
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Chapter 2

Shadow Carving

2.1 Intr oduction

A numberof cues,suchas stereoscopicdisparity, texture gradient,contours,shadingand shadows, have

beenshown to carryvaluableinformationon surfaceshape,andhave beenusedin severalmethodsfor 3D

reconstructionof objectsandscenes.Techniquesbasedon shadowshave theadvantagethatthey do not rely

oncorrespondences,onamodelof thesurfacere�ectancecharacteristics,andthey maybeimplementedusing

inexpensivelighting and/orimagingequipment.Pastmethodsto recovershapefrom shadows,however, have

provento besensitive to errorsin estimatingshadow boundaries.Additionally, their aremostlyrestrictedto

objectshaving a bas-reliefstructure.

We proposea novel 3D reconstructionmethodfor usingshadows that overcomesprevious limitations.

We assumethat we have, asa startingpoint, a conservative estimateof object shape;that is, the volume

enclosedby thesurfaceestimatecompletelycontainsthephysicalobject. We analyzeimagesof theobject

illuminatedwith known light sourcestaken from known cameralocations. We assumethat we areableto

obtaina conservative estimationof the object's shadows - that is, we areableto identify imageareasthat

we arecertainto bein shadow region,anddo not attemptto �nd exactshadow boundaries.We do not make

assumptionsaboutthesurfacetopology(multi-partobjectsandocclusionsareallowed),althoughany tangent

planediscontinuitiesover theobjectssurfacearesupposedto bedetected.Ourbasicideais thatwe compare

observedshadowsto thoseexpectedasif theconservativeestimatewerecorrectandadjustthecurrentshape

to resolve contradictionsbetweenthe capturedimagesandthe currentshapeestimate.In this process,we

incrementallyremove (carve out) in a conservativeway volumefrom thecurrentobjectestimatein orderto

reducetheinconsistencies.Thus,acloserobjectsshapeestimateis computedateachstep.Wecall thisnovel

procedureshadowcarving. We provideaproof thatthecarvingprocessis alwaysconservative.

Shadow carving improvesprevious resultson shapefrom shadows in two main aspects:i) it is more



12

robustwith respectto theclassi�cationof shadow regions;ii) it givesthepossibilityof recoveringobjectsin

theround(ratherthanjust bas-reliefs).

Our motivationfor pursuingthis work reliesin applicationswheretheuseroftenhasa very limited bud-

get,andis primarily concernedwith visually, ratherthanmetrically, accuraterepresentations.Furthermore,

becauseusersareoftennottechnically-trained,thescanningandmodelingsystemsmustberobustandrequire

minimal userintervention.

We validateour theoreticalresultsby implementinga scanningsystembasedon shapefrom silhouettes

andshapefrom shadows. First, the silhouettesareusedto recover an conservative estimateof the object

shape. Then, a seriesof imagesof the object lit by an array of light sourcesare recordedwith a setup

shown schematicallyin Fig. 2.1. Suchimagesareexaminedandtheshadows that theobjectcastson itself

aredetected.The currentshapeestimateis thenre�ned by theshadow carvingprocedure.Eventually, the

improvedestimateof shapecanbe further re�ned by methodsthat work well locally, suchasphotometric

stereo[29].

Our systemis designedto be inexpensive asother recentlyproposedschemes[53, 9]. It usesa com-

modity digital cameraandcontrolledlighting systemscomposedof inexpensive lamps. Additionally, since

our methodrelieson substantialvariationsin the intensitiesin acquiredimages,it doesnot requiresprecise

tuning,henceit minimizestheuserintervention.Finally, sinceour techniqueprogressively improvesconser-

vative estimatesof surfaceshape,it preventssmall errorsfrom accumulatingandseverelydeterioratingthe

�nal results.

2.1.1 Chapter Organization

Therestof thischapteris organizedasfollows: webegin by reviewing previouswork onshapefrom shadows

andidentifyingthestrengthsandweaknessesof thesemethodsin Section2.2.Wepresentthegeometryof our

approachanddemonstratethatit alwaysproducesa conservativeestimateof theobjectshapein Section2.3.

We proposeour prototypesystemfor shaperecovery from silhouettesandshadows in Section2.4. We test

the performanceof the methodwith differentcon�gurationsof lights andcamerapositionsandassessthe

accuracy of the reconstructiondue to error in the shadow estimatesin Section2.6.1. Finally, we present

resultswehaveobtainedfrom asmalltable-topimplementationof oursystemin Section2.6.2.
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Figure2.1: Setupfor shapefrom self-shadowing: Usingeachof severallights in turn,anda camerain front,
allowsmultiple setsof shadow datato beobtainedfor eachobjectposition.

2.2 Background

Computingshapefrom shadows – or shapefrom darkness– hasa long history. ShaferandKanade[63]

establishedfundamentalconstraintsthatcanbeplacedontheorientationof surfaces,basedontheobservation

of theshadowsonecastsonanother. Hambricketal. [26] developedamethodfor labellingshadow boundaries

thatenablesinferencesaboutobjectshape.Sincethen,severalmethodsfor estimatingshapefrom shadows

havebeenpresented.Becauseweaim at designinga 3D scanner, we focuson reconstructionschemeswhere

the light sourcepositionis known, ratherthanthecaseof unknown light sourcedirection(e.g.,[37]). Also,

we limit our analysisto methodsusing self-shadows (i.e., shadows castby the object upon itself) rather

thanshadows castby externaldevicesas in [9]. HatzitheodorouandKender[27] presenteda methodfor

computinga surfacecontourformedby a slice throughan object illuminatedby a directionallight source

castingsharpshadows. Assumingthat thecontouris de�ned by a smoothfunction– andthatthebeginning

andendof eachshadow region canbefoundreliably – eachpair of pointsboundinga shadow region yields

an estimateof thecontourslopeat thestartof theshadow region, andthedifferencein heightbetweenthe

two pointsasshown in Fig. 2.2. Theinformationfor shadowsfrom multiple light sourcepositionsis usedto

obtainaninterpolatingsplinethatis consistentwith all theobserveddatapoints.

Raviv et al. [51] developedan extendedshapefrom shadows method. The object is set on a known

referencesurfacewith a cameradirectly above. A seriesof imagesis capturedasa collimatedlight source

moves in an arc over the surface. For the 2D referencesurface,a volume of datais then obtainedwith
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Figure2.2: Shapefrom Shadows: For terrainsurfacesf (x) anda known light sourcedirection� ; f 0(xb) =
tan� , andf (xb) � f (xe) = f 0(xb)(xe � xb). Usingdatafor many angles� anestimateof thecontinuous
functionf (x) canbemade.

the third coordinatebeingthe angleof the light sourceto the referencesurface,andthe volumerecording

whetherthe referencesurfacewasin shadow for thatangle. A slice throughthis volumeis referredto asa

shadowgram. Similar to HatzitheodorouandKender, by identifyingbeginningandendingshadow pointsfor

eachlight position,theheightdifferencebetweenthepointscanbecomputed.Also, by observingthechange

in shadow locationfor two light sourcepositions,theheightbetweenthestartof theshadow at oneposition

relative to theothercanbefoundby integration.As long asshadow beginningsandendingscanreliably be

detected,thetop surfaceof theobjectcanberecoveredasa height�eld. Furthermore,by detectingsplits in

theshadowgram(i.e.,positionsthathavemorethanonechangefrom shadowedto unshadowed),holesin the

surfacebelow thetopsurfacecanbepartially recovered.

Langeret al. [39] extendthe methodof Raviv et al. for computingholesbeneaththe recoveredheight

�eld descriptionof thetop surfacefor two dimensions.They begin with therecoveredheight�eld, anNxN

discretizationof the two dimensionalspace,andthe capturedshadowgram. Cells in this discretizationare

occupiedif they arein thecurrentsurfacedescription.Their algorithmstepsthroughthecells andupdates

themto unoccupiedif a light ray would have to passthroughthe cell to producea lit areain the captured

shadowgram.

DaumandDudek[16] subsequentlydevelopeda methodfor recoveringthesurfacefor light trajectories

thatarenot a singlearc. Theestimatedheight�eld descriptionis in the form of anupperboundandlower

boundonthedepthof eachpoint. Theupperandlowerboundsareprogressivelyupdatedfromtheinformation

obtainedfrom eachlight sourceposition.

All of thesemethodsrely on accuratedetectionof theboundariesof shadow regions.This is particularly

problematicfor attachedshadows thataretheendof a gradualtransitionof light to dark. Heightestimates
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that usegradientsderived from the estimateof the start of attachedshadows areparticularlyproneto er-

ror. Yang[79] considersthe problemof shapefrom shadows with error. He presentsa modi�ed form of

HatzitheodorouandKenderapproach,in which linear programmingis usedto eliminateinconsistenciesin

theshadow datausedto estimatethe surface. While theconsistency checkdoesnot guaranteeany bounds

on the surfaceestimate,it doesguaranteethat the methodwill converge. He shows that the checkfor in-

consistencesis NP-complete.While morerobustthanHatzitheodorouandKender'smethodwhenappliedto

imperfectdata,Yang's techniqueis still restrictedto 2.5D terrains.Finally, Yu andChang[80] give a new

graph-basedrepresentationfor shadow constraints.

Our methoddoesnot requirea restrictionto 2.5Dterrains.Rather, it allows a fully 3D reconstructionof

the object. Additionally, we do not rely on knowing the boundariesof shadow regionsto computesurface

shape.Similar to Yangsapproach,we usethe ideaof consistency to avoid misinterpretingdata. However,

ratherthancomparingmultiple shadow regionsfor consistency, we checkthatobservedshadow regionsare

consistentwith our currentsurfaceestimate.

Ourproposedapproach- shadow carving- is similar in spirit to thespacecarvingapproachof Kutulakos

andSeitz[38]. Our approachdiffersfrom [38] in thatwe considerconsistency betweena cameraandlight

views, ratherthanmultiple cameraviews. Consistency canbetestedrobustlyby detectingshadows,without

requiringthehypothesisof Lambertiansurface.We begin with a conservativesurfacede�nition, ratherthan

adiscretizedvolume.Inconsistentregionscanbecarvedoutby moving surfacepointsat theresolutionof the

capturedimages,ratherthanbeinglimited to asetof �x edresolutionvoxels.Most importantly, weprovidea

proofof correctnessthatwell de�ned portionsof volumecanberemovedin a conservativemannerfrom the

currentobjectestimate,insteadof iteratively removing singlevoxelsuntil all theinconsistenciesaresolved.

This chaptergathersour own previouswork [61, 60] andpresentsanextendedexperimentalanalysisin

that: i) performanceof themethodwith differentcon�gurationsof lights andcamerapositionsis tested;ii)

accuracy of thereconstructiondueto errorsin theshadow estimatesis assessed;iii) throughoutexperiments

with realobjectsareshown.

2.3 Shadow Carving

We introducea formal de�nition of shadow carvingandpresentits main propertyof yielding conservative

objectestimatesin section2.3.1. Thenwe show a simpleexampleof shadow carvingin thecontext of the

epipolarslice modeldescribedin sections 2.3.2and2.3.3. Finally, we prove that shadow carvingalways

yieldsconservativeestimatesin sections2.3.4,2.3.5,2.3.6and2.3.7.
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Figure2.3: Exampleof shadow carvingin 3D.

2.3.1 The Shadow Carving Theorem

Consideranobjectin 3-D spaceandapoint light sourceL illuminating it. SeeFig.2.3.Oneor moreshadows

arecastovertheobjectby partsof theobjectitself. Thesceneis observedby apin-holecamerawhosecenter

is locatedin Oc. Let usintroducethefollowing de�nitions:

De�nition 2.3.1 A conservativeobjectestimateis anyvolumeR̂ that containstheobjectR.

De�nition 2.3.2 Theshadow volumeVo is the setof lines throughthe centerof the camera projectionOc

andall of thevisiblepointsof theobject'ssurfacethatare in shadow.

De�nition 2.3.3 The inconsistentshadow is the portion of the surfaceof the conservativeobjectestimate

that intersectsVo andis visiblefromthecamera andthelight source.
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De�nition 2.3.4 The light volume VL is the setof lines through the light source L and the points of the

inconsistentshadow. We denotethedependencyof VL on theparticular choiceof R̂ byVL (R̂).

De�nition 2.3.5 ThecarvablevolumeVC (R̂) is Vo \ VL (R̂) \ R̂, where R̂ is a conservativeobjectestimate.

Theorem2.3.1 If theobjectsurfaceis smooth,R̂ minusVC (R̂) is a conservativeobjectestimate.

Noticethatall thequantities(i.e.,L , Oc, R̂ andtheimagepointsof theobject'ssurfacethatarein shadow)

are available either from calibrationor from measurementsin the imageplane. Thereforetheorem2.3.1

suggestsa procedureto estimatethe object incrementally: i) start from a conservative objectestimate;ii)

measurein theimageplaneall of thevisiblepointsof theobject'ssurfacethatarein shadow andcomputethe

shadow volume; iii) computethecorrespondinginconsistentshadows; iv) computethecorrespondinglight

volume;v) intersecttheconservativeobjectestimate,theshadow volumeandthelight volumeandcalculate

thecarvablevolume;vi) removethecarvablevolumefrom theconservativeobjectestimateto obtainannew

objectestimate.Theorem2.3.1guaranteesthatthenew objectestimateis still aconservativeobjectestimate.

The processcan be iteratedby consideringa new light sourceor by viewing the object from a different

vantagepoint. Thisprocedurewill bedevelopedin detailsin section2.4.

As we shall seein section2.3.4,thetheoremstill holdsif thereareerrorsin detectingthevisible points

of theobject's surfacethatarein shadow. Theseerrors,however, mustbe conservative; namely, a pieceof

shadow canmislabeledasnon-shadow, but anon-shadow cannotbemislabeledasa shadow.

2.3.2 The Epipolar SliceModel

In orderto prove Theorem2.3.1we examinethe problemin an appropriatelychosen2-D slice of the 3-D

space,theepipolarslice. As we shalldiscussin moredetailsin section2.3.6,theresultsthatwe prove for a

givenslicehold in generalanddo not dependon thespeci�c choiceof theslice. Thus,theextensionto the

3-D caseis immediateby observingthattheepipolarslicecansweeptheentireobject'svolume.

Considerthe family of planes� L passingthroughOc and L (seeFig. 2.4). Eachplane� L 2 � L ,

intersectstheimageplane� i andtheobject. In otherwords,each� L de�nesanepipolarsliceof 3-D space.

For eachslice,we have theimage line (i.e., theintersectionof � i with � L ), theimage shadowsegment(i.e.,

the intersectionof theestimatedimageshadow with � L ), theobjectcontourP (i.e., the intersectionof the

object's surfacewith � L ) and the conservativeobjectcontour P̂ (i.e., the intersectionof the conservative

surfaceestimationwith � L ). We canalsohave the objectarea AP (that is, the areaboundby P) andthe

conservativeobjectareaA P̂ (thatis, theareaboundby P̂ ).
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Figure2.4: Top: An objectin 3-D spaceanda point light sourceL illuminating it. Thesceneis observedby
a camerawhosecenteris locatedin Oc andwhoseimageplaneis called� i . Bottom: Theplane� L de�nes
anepipolarsliceof 3-D space.

2.3.3 Example

Fig. 2.5 shows an exampleof shadow carvingin theepipolarslicemodel. The shadow �s is castby the the

objectcontourP over itself. s is the imageof �s. TheshadowareaAo is thesetof linesthroughOc andall

of thepoint alongs. Theportionof P̂ that is visible from thecameraandthe light, andintersectsAo is the

inconsistentshadowŝ. Thisshadow is calledinconsistentbecauseit is visible from thelight sourceL . Thus,

theconservative estimateP̂ hasto be re-adjustedin orderto explain this inconsistency. The light areaAL

is thesetof linesthroughL andall of thepointson ŝ thatarevisible from L. Finally, A o \ AL \ A P̂ gives

the areaAC which we call the carvablearea (i.e., cross-hatchedareain the �gure). AC canbe removed

from P̂ , generatinganimprovedconservativeapproximationof P. Noticethatthenew conservativeestimate
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Figure2.5: Exampleof shadow carving.

is consistentwith theobservedshadow s andwith the light sourceposition. Thus,no additionalcarvingis

required.Finally, noticethatAC canberemovedin oneshotratherthanby meansof aniterative processas

in [38].

Many questionsariseandwe may wonderwhat happensif i) the topologyof P is morecomplex; ii)

theshadow is occludedby otherobjectparts;iii) multiple shadowsareimagedby thecamera;iv) theobject

surfacecontainslow-albedoregionsthatdonotallow acorrector completeestimateof theshadows. Canwe

still de�ne acarvablearea?Canweguaranteethatthecarvableareais alwaysoutsidetheobject(i.e.,thenew

estimateis still conservative)?

In Section2.3.4,we addressthesequestions;we �rst introducethede�nition of atomicshadow andthen

describehow themeasuredshadow canbedecomposedinto atomiccomponents.Givensuchdecomposition,

we formally de�ne thecarvableareaAC andprove thatAC is alwaysoutsidetheobjectarea(sections2.3.5

and2.3.6).As we shallsee,nohypothesison thetopologyof objectis made.However, anhypothesison the
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Figure2.6: Exampleof occludedandunoccludedshadows.

smoothnessof theobjectsurfaceis requiredandis discussedat theendof Section2.3.4.

2.3.4 The Shadow Decomposition

Let us consideran epipolarslice of a 3-D object. In general,the object's contourP on the epipolarslice

mightcomprisemorethanoneseparatecontourcomponents.For instance,thebodyof thebucket in Fig. 2.4

producesthecontourP1 andthehandleproducesthecontourP2.

Givena point light sourceL , someportionsof theobjectcontourwill be visible from the light source,

whereasotherportionswill not.

De�nition 2.3.6 A shadow is a portionof contourthat is not visiblefromthelight source.

Thus,dependingon theobject's topologyandthelight sourceposition,therewill bea certainshadow distri-

bution.

In general,someportionsof a givenshadow might beoccludedfrom thecameraview by otherpartsof

theobject.A portionof shadow which is visible from thecamera(i.e from thecenterof projection)is called

unoccluded. Fig.2.6showsexamplesof unoccludedshadows: theunoccludedshadowsareindicatedwith the

bold blacklines; theoccludedportionsof shadow areindicatedwith bold pink lines. It is clearthatwhether

a shadow is occludedor notonly dependsuponthecontourtopologyandthecameraposition.

Let us supposethat we have a techniqueto detectshadows. It is a reasonableassumptionthat sucha

shadow detectiontechniqueis alwaysconservative. That is, a shadow may not be detected,but whatever
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Figure2.7: Exampleof detectableshadows.

is labeledasshadow is indeeda shadow. Seesection2.4.4for details. Thus,a portionof contouris called

undetectableif, accordingto theshadow detectiontechnique,it cannotbeclassi�edeitherasa shadow or as

notashadow. Wede�ne detectableasashadow whichdoesnot lie within anundetectableportionof contour.

Fig. 2.7showsexamplesof detectableshadowsandundetectableregions:thehatchedareasareundetectable

contourregions;thedetectableshadowsareindicatedin boldblack.

De�nition 2.3.7 A maximalconnectedportion of shadowwhich is bothunoccludedanddetectableis called

atomic.

An atomicshadow is indicatedwith thesymbol �a andits correspondingperspective projectioninto the

imageline is indicatedby a. We call a an atomic imageshadow. As a result,any shadow �sj canbe de-

composedinto its atomiccomponents�aj; 1, �aj; 2 ... �aj;k . SeeFig. 2.8 for an example: the atomicshadows

(indicatedin bold black) within �s1 are �a1;1, �a1;2, �a1;3 and �a1;4. The perspective projectionof the atomic

shadows into theimageline yieldstheatomicimageshadowsa1;1, a1;2, a1;3 anda1;4.

Weassumethattheshadow detectiontechniquegivesusanestimationeu of theperspectiveprojectioninto

theimageline of thecompletesetof unoccludedshadowsandanestimationed of theperspectiveprojectionof

thecompletesetof detectableregions.Theintersectionof eu with ed givestheestimatedshadow distribution

ealongtheimageplaneof bothunoccludedanddetectableshadows.Theestimatedshadow ecanbedescribed

asthe union of maximalconnectedcomponentswhich we call estimatedshadow componentei . It is easy

to show that thereis no uniquecorrespondencebetweenestimatedshadow componentsandatomic image
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shadows. For instance,seeFig. 2.8. The estimatedshadow componente3 correspondsto atomic image

shadowsa2;1 anda1;3.

Lemma 2.3.1 If theobjectcontour's �r storderderivativeis continuous(i.e., theobject'scontouris smooth)

andif theshadowdetectionis conservative(i.e., a pieceof shadowcanbemislabeledasnon-shadow, but a

non-shadowcannotbemislabeledasa shadow),an estimatedshadowcomponentis alwaysa lower bound

estimationof eitheranatomicimageshadowor theunionof two or moreatomicimageshadows.

Proof Thelemmajust followsfrom thede�nitions. �

An exampleis shown in Fig. 2.8: theestimatedshadow e within theimageline canbedecomposedinto

its estimatedshadow componentse1, e2, e3 ande4. In particular, e1 is a lower boundestimationof a1;1.

e3 is a lower boundestimationof theunionof a1;3 anda2;1. Notice thate3 appearsasa connectedshadow

component,althougha1;3 anda2;1 aretheimagesof atomicshadowsgeneratedover two differentcontours.

In the following we want to show that if the hypothesisof smoothnessis removed,Lemma2.3.1is no

longerveri�ed. Let usconsidertheexampledepictedin Fig. 2.9. ThesurfaceP caststwo shadows over P

itself. �a1 and�a2 arethe correspondingatomicshadows. In particular, �a1 is castby the point �p. Hence,�p
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Figure2.9: Contourwith singularpoint.

cannotbein shadow. Furthermore,�p is visible from Oc. Thus,thecorrespondingatomicimageshadowsa1

anda2 do not constitutea connectedcomponent.However, if the edgeis sharpenough,thecameramight

not beableto resolve �p, which will beestimatedasbeingin shadow. Theshadow decompositionfails; the

estimatedshadow componentis no longera lowerboundconservativeestimateof a1 anda2. In otherwords,

a1 anda2 areestimatedto beauniqueconnectedcomponentinsteadof two disconnectedshadow components

e1 ande2. As a result,Lemma2.3.1doesnot necessarilyhold whenthecontoursmoothnesshypothesisis

not veri�ed.

Wecanremovethehypothesisof smoothnessif wesupposethatwehaveavailablea techniqueto identify

pointswhose�rst order derivative is not continuous. We call suchpointssingular andwe label themas

undetectable.Let usconsideragaintheexampleof Fig. 2.9. If �p canbeidenti�ed assingularandthereforeits

imagep labeledasundetectable,a1 anda2 arenolongerestimatedasauniqueshadow component,but astwo

disconnectedestimatedshadowscomponentse1 ande2. Theshadow decompositionis againconservativeand

Lemma2.3.1is veri�ed. Fromnow on,weassumeeitherto dealwith smoothcontoursor to haveatechnique

to identify singularpointssothatwe canusethepropertystatedin Lemma2.3.1.

In thenext sectionwe formally de�ne thecarvableareaandprove thateachcarvableareaattachedto a

genericei doesnotbelongto theobjectarea(conservativecarving).By meansof Lemma2.3.1wedecompose

the probleminto two cases:an estimatedshadow componentcorrespondsto an atomic imageshadow; an

estimatedshadow componentcorrespondsto theunionof two or moreatomicimageshadows.
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Figure2.10:Theatomicshadow case.

2.3.5 The Atomic Shadow Case

Letusconsideranestimatedshadow componenteandlet usassumethate is exactlytheatomicimageshadow

a (seeFig. 2.10). We call �a the correspondingatomicshadow over theobjectcontour. Let A o be the area

de�ned by thesetof linesthroughOc ande. Ao is the2D sliceof theshadow volumeVo in de�nition 2.3.2.

Thefollowing lemmaholds:

Lemma 2.3.2 Given an estimatedshadowcomponente and the correspondingshadowarea A o, all the

pointsbelongingto P andwithin Ao eitherbelongto �a or are not visiblefromOc. In particular, if there is a

pointp 2 P and2 Ao not visiblefromOc, theremustexist at leastonepointq 2 �a betweenp andOc.

Proof. Thelemmafollows from thede�nition of atomicshadow andLemma2.3.1. �

In the following, we introducethe geometricquantitiesnecessaryto formally de�ne the carvablearea.

Let P̂ bethecurrentconservativecontourestimationandlet ê (light grayline in Fig. 2.10)betheprojective

transformation(centeredin Oc) of eontotheconservativecontourP̂ closestto Oc
1 SinceP̂ is aconservative

1We de®nea segmentŝ (e.g.,a portionof theconservative estimateof objectcontour)to becloserthananothersegment�s (e.g.,a
portionof objectcontour)with respectto apoint Q, asfollows. Let p̂ beapoint belongingto ŝ. If theline throughQ andp̂ intersect�s,
theintersectionde®nesa point �p on �s. If distance (Q; p̂) � distance (Q; �p) for any p̂ 2 ŝ, thenŝ is de®nedto becloserto Q then�s.
Finally, wede®neasegmentŝ to betheclosestto Q if ŝ is closerto Q thanany othersegment(or point) �s in theplane.
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estimationof the realP, ê is closerto Oc then�a. Let v̂ (black line in Fig. 2.10)be theportionof ê whose

pointscanbeconnectedby a line segmentto L without intersectingP̂. Thus,any point 2 v̂ mustbevisible

from L. v̂ correspondsto theinconsistentshadow in de�nition 2.3.3.Let A l betheareade�ned by thefamily

of linespassingthroughL andany pointalongv̂. A l is the2D sliceof thevolumeVL in de�nition 2.3.4.

De�nition 2.3.8 We de�ne the carvableareaAC as the area obtainedby the intersectionof the estimated

objectarea(boundedby P̂ ), A l andAo.

Thecarvableareacorrespondsto thecross-hatchedareain Fig.2.10andis the2D sliceof thevolumeA C

in de�nition 2.3.5.Thekey resultin this sectionis statedin thefollowing lemma:

Lemma 2.3.3 ThecarvableareaAC doesnot intersectthereal objectcontourP.

Proof. Suppose,by contradiction,that thereis a portion q of the objectcontourP within A C . Thereare

two possiblecases:q is fully includedwithin theatomicshadow �a (case1); q is not fully includedwithin �a

(case2). Let usstartwith case1. It is easyto concludethat,sinceAC is de�ned by v̂ (which is fully visible

from L), theremustexist at leastonepoint p 2 q � �a visible from L. Thecontradictionfollows from the

de�nition of shadow 2.3.6. Considercase2: let qp be a portion of q not includedin �a. Since�a is atomic,

by Lemma2.3.2,qp musteventuallybe occludedby a portion �ap of �a. But sinceê is closerto Oc than�a

andsinceqp belongsto AC , �ap mustlie within AC . Hencewe canapplycase1 to �ap achieving againthe

contradiction.Thelemmais fully proved. �

Lemma 2.3.4 ThecarvableareaAC cannotcompletelylie within theobject.

Proof. Thelemmaholdsbecause,by de�nition, ê is closerto Oc then�a. �

Proposition2.3.1 Anypoint within a carvableareacannotbelongto theactualobjectarea.

Proof. Thepropositionfollowsfrom Lemma2.3.3and2.3.4. �

2.3.6 The CompositeShadow Case

The compositeshadow caseariseswhen e is not necessarilyattachedto a single atomic shadow (e.g.,

Fig. 2.11).Let usassumethate is actuallycomposedby theunionof J atomicimageshadowsa1; a2; : : : aJ .

Thecorrespondingatomicshadowslying overtheobjectcontourare�a1; �a2; : : : �aJ , respectively. TheareaAo

is de�ned by e asin theatomiccase.Lemma2.3.2canbemodi�ed asfollows:
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Figure2.11:Thecompositeshadow case.

Lemma 2.3.5 Givenan estimatedshadowcomponente andthecorrespondingA o, all thepointsbelonging

to P and within Ao either belongto oneof the atomicshadows�a1; �a2; : : : �aJ or they are not visible from

Oc. In particular, if there is a point p 2 P and2 Ao not visiblefromOc, there mustexist at leastonepoint

q 2 f �a1; �a2; : : : �aJ g betweenp andOc.

Proof. Thelemmadirectly followsfrom thede�nitions of atomicshadows,Lemma2.3.1andtheassumption

thate is aconnectedshadow component. �

We cande�ne ê asin theatomiccase.Thedifferencehereis thatê maybedecomposedinto K different

componentŝe1 : : : êK locatedin differentpositionswithin Ao, dependingon the topologyof P̂ . For each

k, we can de�ne v̂k as the portion of êk whosepoints canbe connectedby a line segmentto L without

intersectingP̂ . Furthermore,for eachv̂k we de�ne a correspondingA l k asin theatomiccase.

Finally:

De�nition 2.3.9 We de�ne the setof carvableareasAC1 , AC2 ; : : : ACK attachedto the estimatedshadow

componente assetof areasobtainedby the intersectionamongtheestimatedobjectarea(boundedby P̂ ),

Ao andthesetA l 1 ; A l 2 ; : : : :::A l K :

Proposition2.3.2 Anypointwithin thesetof carvableareasAC1 , AC2 ; : : : ACK cannotbelongto theactual
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objectarea.

Proof. Thepropositionfollowsfrom Lemma2.3.5andby modifyingaccordinglyLemma2.3.3,Lemma2.3.4

andthecorrespondingquantities. �

Proposition2.3.1andProposition2.3.2guaranteethat pointstaken from any of the carvableareas,are

alwaysoutsidethe real objectarea. The extensionto the 3-D caseis immediateby observingthat: i) the

epipolarslicecansweeptheentireobject's volume;ii) the interplayof light andgeometrythatallows usto

prove Proposition2.3.1andProposition2.3.2take placewithin eachslice andis independentof the other

slices.Thus,Theorem2.3.1is fully proven.

Notice that Theorem2.3.1holdsunderthe hypothesisof Lemma2.3.1: i) the actualobject's contour

is smooth(or a techniqueis availableto identify pointswhose�rst orderderivative is not continuous- see

section2.3.4);ii) theshadow detectiontechniqueis conservative- that is, a shadow maynot bedetectedbut

whatever is labeledasshadow is indeedashadow.

2.3.7 Effect of Err ors in the Shadow Estimate

Whathappenswhenerrorsin theshadow estimationoccur?WeprovedProposition2.3.1with theassumption

thatanestimatedshadow componentis equivalentto anatomicimageshadow (or theunionof two or more

atomic imageshadows). In the presenceof a conservative error in the shadow estimation,the estimated

shadow componentis alwaysincludedin theatomicimageshadow. Thus,thecorrespondingcarvableareas

will be a subsetof thoseobtainedfrom the full atomic shadow. In the limit casewhereno shadows are

detected,no volumeis removedfrom theobject. As a result,we still performa conservative carving. This

propertymakesour approachrobust with respectto conservative errorsin identifying shadows. If a non-

conservative error in the shadow estimationoccurs,however, the estimatedshadow componentsmay not

necessarilybe includedin thecorrespondingatomicimageshadows. As a result,somecarvableareasmay

becontainedwithin theactualobject'sboundaries.Theshadow carvingprocedureis no longerconservative.

In section2.6, we will show an exampleof non conservative carvingdueto nonconservative errorsin the

shadow estimate.

Asaconclusion,anestimatedcarvableareaisalwaysguaranteedto beoutsidetheactualobjectboundaries

aslong aserrorsin theshadow estimationareconservative andsingularpointsalongtheobjectcontourare

detectable.
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2.4 A Systemfor 3D Reconstructionfr om Silhouettesand Shadows.

In this section,we presentthe designof a systemfor recoveringshapefrom shadow carving. The system

combinestechniquesof shapefrom silhouettesandshadow carving.We �rst brie�y review techniquesbased

on shapefrom silhouettesin Section2.4.1. Thenwe presentour implementationof shapefrom silhouettes.

We describea new hardwarecon�guration that tacklethe dif�cult problemof extractingthe object image

silhouettein Section2.4.2. Theoutcomeof shapefrom silhouettesis an initial conservative estimateof the

object. We review hybrid approachesin Section2.4.3andshow that the initial estimatecanbe re�ned by

shadow carvingin Section2.4.4.

2.4.1 Background: Shapefr om Silhouettes

Theapproachof shapefrom silhouettes� or shapefrom contours� hasbeenusedfor many years.An early

shapefrom silhouettemethodwaspresentedby Martin andAggarwal [47] andhassubsequentlybeenre�ned

by many otherresearchers.The approachrelieson the following idea. The silhouetteof the object in the

imageplaneandcameralocationfor eachview formsa conecontainingtheobject.SeeFig. 2.12.All space

outsideof this conemustbe outsideof the object,and the conerepresentsa conservative estimateof the

objectshape.By intersectingtheconesformedfrom many differentviewpoints,theestimateof objectshape

canbere�ned. Differenttechniquesfor computingtheintersectionof coneshavebeenproposed.Martin and

Aggarwal considereda volumecontainingthe objectanduniformly divided suchvolumein sub-volumes.

For eachview, eachsub-volume� or voxel � is examinedto seeif it is outsideof thesolid formedby the

silhouetteandtheview point. If it is outside,thevoxel is excludedfrom furtherestimatesof theobjectshape.

Subsequentresearchhasimprovedon the ef�ciency of this approachby alternative datastructures[68] for

storingthe in/out statusof voxels. StandardsurfaceextractionmethodssuchasMarchingCubes[43] can

be usedto computethe �nal trianglemeshsurface. It is alsopossibleto modeltheconesdirectly asspace

enclosedby polygonalsurfacesandintersectthesurfacesto re�ne theobjectestimate,similar to themethod

usedby ReedandAllen to mergerangeimages[52].

Laurentini[40] introducedtheideaof visualhull, i.e., theclosestapproximationto theobjectsurfacethat

canbe estimatedfrom n views. He alsoshowed that the accuracy of a shapefrom silhouettesapproachis

limited. For instance,someconcavities in the objectarenever observed from the silhouettes.Koenderink

[35] studiedthedifferentialpropertiesof occludingcontoursandtherelationshipbetweencontoursandlocal

shape.Suchanalysiswasextendedby [23, 76]. In particular, theideaof usingaseriesof silhouettesobtained

from very small angularrotationsof theobjectwasexplored. As illustratedby Cipolla andBlake [14] and

Zheng[83], the depthof a point on the silhouettecanbe computedby analyzingthe changein silhouette
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Figure2.12:Shapefrom Silhouettes:Thesilhouetteandcameralocationfor eachview formsaconecontain-
ing theobject.Theintersectionof multiple conesis aconservativeestimateof objectshape.

for a smallchangein orientation.Thesetof 3D pointsobtainedfrom many views form a cloudthatcanbe

integratedinto a singlesurfacemesh.Themethodpresentedby Zhenghastheadvantageof theunobserved

areasthathaveunmeasuredconcavitiesbeingidenti�ed automatically. It hasthedisadvantagethatmany more

silhouettesarerequiredto estimatetheobjectshape.Themethodis alsonotasrobustastheconeintersection

methods,becausereconstructionerrorsinherentin meshingnoisy pointsmay resultin holesor gapsin the

surface.Alternativewaysof exploiting silhouetteswereproposedby [41, 19, 10, 65].

Becausethey arerobustandconservative,volume-basedspacecarvingtechniquessimilar to Martin and

Aggrawal'soriginalmethodhavefoundsuccessin low-endcommercialscanners.Theshapeerrorcausedby

concavities not apparentin thesilhouettesis oftensuccessfullymaskedby theuseof color texturemapson

theestimatedgeometry.

Although they are simple and relatively robust, shapefrom silhouettesapproachesfail when they are

unableto accuratelysegment the object from its background. Many systemsusea backdropof a solid,

known color– i.e., thebackdropsusedin chroma-key systemsfor videocompositing.Thisapproachcanfail

whentheobjectitself hasthesamecolor asthebackground.More frequently, it fails for objectswith some

specularitythat re�ect thebackdropinto the directionof thecameraview. Diffusewhite objectsmay also

re�ect thecolorof thebackdroptowardsthecamerathroughmultipleself-inter-re�ections.This re�ection of

thebackdropcolorcancausethesegmentationto fail in two ways.Theobjectboundarymaybeestimatedas

entirelyinsidetheactualboundary, resultingin ageneralshrinkage.Areasin themiddleof theobjectmaybe



30

Camera 

Turntable

Object

Axis of 
rotation

Translucent 
panel

 
Light

Shadow

Figure2.13: A novel setupfor shapefrom silhouettes:A cameraobservestheshadow castby a point light
sourceona translucentpanel.

classi�ed asbackdrop.This resultsin themoreseriouserrorof tunnelsin theobject. A simpleapproachto

correcttunnellingerrorsis to have theuserinspecttheimagesbeingsegmented,andpaint in areasthathave

beenmisclassi�ed.Anotherapproachis to usea large,diffuselyemittinglight sourceasthebackdrop.This

canoftenpreventareasin themiddleof theobjectfrom beingmisclassi�ed,but doesnotguaranteethatareas

nearthesilhouetteedgethatscatterlight forwardwill beproperlyclassi�ed. It alsopreventstextureimages

from beingacquiredsimultaneouslywith thesilhouetteimages.

Recently, Leibe et al. [42] developeda shapefrom silhouettesapproachthat avoids the segmentation

problemby usingcastshadows.A ring of overheademitterscastshadowsof anobjectsittingonatranslucent

table.A cameralocatedunderthetablerecordstheshadow images.Theemitterpositionsandshadowsform

the conesthat are intersectedto form a crudeobjectrepresentation.Becauseonly oneobjectposecanbe

used,the representationcannotbe re�ned. The cruderepresentationis adequate,however, for the remote

collaborationapplicationbeingaddressedby Liebeet al..

To avoid thesegmentationprobleminherentin many shapefrom silhouettesystems,weadoptanapproach

similar to thatof Leibeet al. [42]. We rearrangethesetup,however, to allow for multiple objectposesand

betterre�nementof theobjectshape.

2.4.2 First Phase– Shapefr om Silhouettes

Our proposednew setup for shapefrom silhouettesis shown in Fig. 2.13. A point light sourceis placedin

front of theobjectto bemeasuredsittingonaturntable,castingashadow onatranslucentpanel.A cameraon

theoppositesideof thepanelrecordstheimageof theshadow castonthepanel.Thelocationsof thecamera,

light source,andpanelrelative to a coordinatesystem�x edto theturnablearefoundby calibration.In order
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to beconsidereda “point” light source,the lampsimply needsto beanorderof magnitudeor moresmaller

thanthe object to be measured,so that the shadow that is castis sharp. The lamp needsto have an even

output,sothatit doesnot castpatternsof light anddarkthatcouldbemistakenfor shadows. Thetranslucent

panelis any thin, diffusely transmittingmaterial.Thepanelis thin to eliminatesigni�cant scatteringin the

planeof the panel(which would make the shadow fuzzy) andhasa forward scatteringdistribution that is

nearlyuniform for light incidenton thepanel,sothatno imagesareformedon thecamerasideof thepanel

exceptfor theshadow. Thepositionsof thelight sourceandcameraaredeterminedby makingsurethat the

shadow of theobjectfalls completelywithin theboundariesof the translucentpanelfor all objectpositions

astheturntablerevolves,andthatthecameraviews thecompletetranslucentpanel.

By usinga translucentpanel,thecameraviews an imagethat is easilyseparated(e.g.,by performinga

k-meansclustering)into two regionsto determinetheboundaryintensityvaluebetweenlit andunlit areas.

Becausethe cameraand panelpositionsare known, the shadow boundarycanbe expressedin the world

coordinatesystem. The conethat fully containsthe object is formedby the light sourcepositionand the

shadow boundary. A volumecanbede�ned thatis initially largerthantheobject.Voxelscanbeclassi�edas

in or out for eachturntableposition.Thisclassi�cationcanbedoneby projectingthevoxel verticesalonga

line startingat thepoint light sourceontotheplaneof thepanelanddeterminingwhetherthey arein or out

of theobservedshadow. Voxelsfor which theresultof this testis mixedareclassi�edasin.

A moreaccurateestimateof thesurfacecanbeobtainedby computingtheactualcrossingpoint for each

in-outedge.

By usingtheprojectedshadow, problemssuchastheobjecthaving regionsthesamecolor astheback-

ground,or re�ecting thebackgroundcolor into thedirectionof thecameraareeliminated.Thecon�guration

alsoallowsfor someotherinterestingvariations.Multiple light sourcescouldbeusedfor asinglecameraand

panelposition. Oneapproachwould beto usered,greenandbluesources,castingdifferentcolor shadows.

In oneimagecapture,threeshadowscouldbecapturedat once.Anotherapproachwouldbeto adda camera

in front, anduseseverallight sources.For eachturntableposition,severalshadow imagescouldbecaptured

in sequenceby thecamerabehindthetranslucentpanel,andseveral imagesfor computinga detailedtexture

couldbecapturedby thecamerain front. SeeFig. 2.14.

Eithercon�gurationfor usingmultiple light sourceswould give informationequivalentto usingmultiple

cameraviews in a traditionalshapefrom silhouettesset-up. The resultof this is a morecompleteobject

descriptionfrom eachfull rotationof theturntable,anda reductionin thenumberof positionsof theobject

requiredto obtaina well-de�ned surface.
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Figure2.14: Alternative setupfor shapefrom silhouettesandshapefrom self-shadowing: Shadow images
on thetranslucentpanelareobtainedfor multiple point light sourcesin front of theobjectandcapturedby a
cameraplacedbehindthetranslucentpanel.At thesametime a camerain front of theobjectis usedto take
imagesof thefront of theobjectandtheshadowsit castsontoitself from thesamelight sources.

2.4.3 Combining Approaches.

It hasbecomeevidentthatto producerobustscanningsystemsit is usefulto combinemultipleshape-from-X

approaches.A systemis morerobustif a shapeestimatedfrom shape-from-Ais consistentwith shape-from-

B. An exampleis recentwork by KampelandSablatnig[31] wherecuesfrom silhouettesandstructured

light arecombined.An alternative approachis photo-consistency, as introducedby the work of Seitzand

Dyer [62], Kutulakos and Seitz [38] and numerousextensionsand/oralternative formulations[11, 2, 69,

6, 17, 24, 74]. The philosophicalimportancebehindthis work is summarizedby the idea that a surface

descriptionis acceptableonly if it is consistentwith all theimagescapturedof thesurface.We usethisbasic

conceptin combiningshapefrom silhouetteswith shapefrom shadows. We re�ne our initial shapeestimate

obtainedfrom shapeform silhouetteswith theconservative removal of materialto generateshapesthatare

consistentwith imagesof theobjectthatexhibit self-shadowing.

2.4.4 SecondPhase– Shadow Carving

As discussedin section2.4.1,shapefrom silhouettescannotcapturetheshapeof someconcaveareaswhich

never appearin objectsilhouettes.Thenew con�gurationdescribedin section2.4.2doesnot overcomethis

limitation. Objectconcavities, however, arerevealedfrom shadows theobjectcastson itself. In our second

phaseof processing,we analyzethe object's self-shadowing anduseshadow carvingto adjustour surface

estimatedin the�rst phase.

Our implementationof shadow carvingis organizedin threeparts: shadow detection,checkfor contra-

diction,andadjustmentto resolvecontradiction.Firstof all, weneedto obtainmultiple imageswith potential
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Figure2.15: Not all shadows on anobjectindicatea contradictionwith thecurrentobjectestimate.For the
mug, the shadow C castby thehandleandtheattachedshadow B arebothexplainedby thecurrentobject
estimate.

self-shadowing. We proposea hardwaresetup asshown in Fig. 2.1. A camerain front of theobjectis used

to take imagesof theobjectandtheshadows it castsontoitself from anarrayof light sources.We usethese

imagesto re�ne theobjectestimate.An alternative hardwarecon�guration is shown in Fig. 2.14. Shadow

imageson the translucentpanelareobtainedfor an arrayof light sourceslocatedin front of theobjectand

capturedby a cameraplacedbehindthetranslucentpanel.At thesame,time a camerain front of theobject

is usedto take imagesof theobjectandtheshadowsit castsontoitself from thesamelight sources.While all

of thefront andbackimagesaretakenin thesamerotationof theturntable,thetranslucentpanelimagesare

processed�rst to obtaina �rst surfaceestimate(shapefrom silhouettes).We usetheimagesobtainedby the

front camerain a secondphaseto re�ne this estimate(shadow carving).

Detectingshadowsis noteasy. In objectsthathavesigni�cant self-inter-re�ection and/orspatiallyvarying

surfacealbedo,lit portionsof theobjectoftenhavelow intensities– sometimesevenlowerthanthoseattached

to portionsthatdo not have a directview of the light source– but arelit by inter-re�ection. A full solution

to theshadow detectionproblemis not theobjectiveof this work. In fact,it is permissiblewith our approach

to avoid �nding theexactshadow boundaries- we canmisclassifyshadow pixelsaslit without jeopardizing

theconservative propertyof our estimate.Seesection 2.3.4. Our goal thenis to identify areaswe arevery

certainto bein shadow region. At thatendwemakeuseof multiple light sourcesfor eachobjectposition.We

combinetheimagescapturedwith thesedifferentlight positionsinto a uniquereferenceimageby takingthe

maximumvaluefor eachpixel. Eachimageis thenanalyzedfor areasthataredark,relative to thereference

image,andalsohave anintrinsic low valueof intensity. We selecta thresholdvaluethatgivesanestimation

safelywithin thedarkregion for all of the images.Therestof our methodis designedto make useof these

conservativeshadow estimatesto continueto re�ne our initially conservativeobjectestimate.

In thenext step,wetestwhethertheshadow regionsthusidenti�ed canbeexplainedby thecurrentobject

estimate(checkfor contradiction).Noticethatnot all shadowsobservedonanobjectindicatethattheinitial
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surfaceestimateis incorrect.Considerthecaseof a coffeemugshown in Fig. 2.15. Two shadows would be

observed: theattachedshadow B andtheshadow castby thehandleC. Ray-tracingwould show thatboth

of theseshadowsareexplainedby thecurrentsurface.A ray to thelight sourcein theattachedareaB would

immediatelyentertheobjectitself, indicatingthelight sourceis notseen.A ray from areaC would intersect

thehandlebeforereachingthesource.

Theproblemremainsof whatto doto resolveunexplainedshadows(adjustmentto resolvecontradiction).

Thesurfaceestimateis conservative, sowe cannotaddmaterialto theobjectto block the light source.We

canonly remove material.Removing materialanywhereoutsideof theunexplainedshadow will not form a

block to the light source.Theonly option is to remove materialfrom theunexplainedshadow region. This

canbedoneto theextent that thesurfacein that region is pushedbackto thepoint that its view of the light

sourceis blockedasexplainedin theorem2.3.1.

As a �nal remark,in orderfor shadow carvingto work, weassumethatthereareno featuressmallerthan

our imagepixel size.SeeSection2.3.4for details.As notedin [51] and[26], this interpretationof shadows

failswhentherearefeaturessharperthantheimageresolution.

2.5 Implementation

We have built a table-topsystemto testour approach.Our modelingsoftwarehastwo major components:

spacecarvingusingthe silhouetteimagesandshadow carvingusingthe imagesacquiredwith an arrayof

light sources.

2.5.1 HardwareSetup

Our table-topsetupis shown in Fig. 2.16.Thesystemis composedof aKaidanMC-3 turntable,a removable

translucentplane,asingle150W halogenlight sourceonthebackof theobject.Behindthemovablepanel,a

rigid panelcontainsa Fuji FinePixS1Pro digital camera,anarrayof � ve halogenlight sourcessurrounding

the cameraand a ShapeGrabberT M laserscannerwhich was usedto obtain a groundtruth. We capture

1536� 2304 resolutionimagesand crop out the central1152� 1728 region from eachimage. Control

softwareallowsusto automaticallycapturea seriesof N stepsof imagesin rotationalincrementsof 360=N

degreesandturn the light sourceson andoff whennecessary. The singlehalogenlight sourceon theback

of theobjectis usedto projecttheshadow on the translucentplane. The translucentplanecanbe removed

whennecessary. It is madeof frostedglassstandingon a rigid support.A sheetof copierpapersandwiched

betweenpanesof glasscanbeusedaswell. For additionalinformationaboutthesetupandhow to obtainthe
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Figure2.16: Setupof our proposedsystem.Thesystemis composedof a turntable,a removabletranslucent
plane,asingle150W halogenlight sourceonthebackof theobject.Behindthemovablepanel,a rigid panel
containsa digital camera,anarrayof � ve halogenlight sourcessurroundingthecameraanda laserscanner.
Noticethatthelaserscanneris only neededto acquirea ground-truthmodelof theobjectandis not required
for our reconstructionalgorithm.

groundtruth see [18].

The camerais calibratedwith respectto a coordinatesystem�x ed to the turntableusinga calibration

artifactattachedto theturntableanda Tsaicameracalibrationalgorithm[75]. Thelocationof laserscanner

is calculatedby scanningtheartifactusedto calibratethecamera.Thelocationof thetranslucentpaneland

the positionof the backlight sourcearemeasuredusingthe laserscanner. This is donefor convenience-

alternative calibrationalgorithmsmay beusedaswell. Sincethepanelsurroundingthecamerahasknown

geometry, thelocationof thearrayof � ve light sourcesis known aswell.

Becauseweuseasinglecamerasystem,we needto take datain two full rotationsof theturntable.In the

�rst rotation,thetranslucentpanelis in placeandthesilhouetteimagesareobtained.Thesedataareusedby

thespacecarvingalgorithm.In thesecondrotationof theturntable,thepanelis removedwithoutmoving the

object,andtheseriesof � veimagesfrom the� vecamera-sidelight sourcesarecaptured.Thesedataareused

by theshadow carvingalgorithm.2

Croppedimagesfrom the sampledataacquiredby our systemareshown in Fig. 2.17. The left image

showstheshadow castby theobjecton thetranslucentpanelwhenit is lit by thebacklight. Theright image

shows oneof the � ve self-shadowing imagescapturedfor oneobjectposition. Even if theoriginal images

arecapturedin color, shadow carvingmethodonly requiresgrayscale.Color imagescanbeusedif a �nal

texturemappingstepis needed.

2A two camerasystem(onelocatedbehindthe translucentpanelandotheronelocated,for instance,on the back- seeFig. 2.14)
is moreexpensive but presentssomeadvantages:i) only onerotationis needed,andtheuseris not requiredto stepin andremove the
panel;ii) it is possibleto acquiremany objectswith thesamecalibrationdata.
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Figure2.17:Sampledatafrom table-topsystem:shadow panelimageon theleft, andself-shadow imageon
theright.

2.5.2 Software – Spacecarving

Our goal is to recover the shapeof the objectfrom the silhouettesof the shadows castinto the translucent

panel. Thus, the �rst stepis to extract suchshadow silhouettes.This task is very simple. We begin by

doingk-meansanalysison theimagesto determinethepixel intensityvaluedividing thelit andunlit regions

for the imagesof thepanel. The boundaryof eachshadow is thencomputedwith sub-pixel accuracy. The

estimationof theshadowsis slightly dilatedto accountfor errorsin thecalibrationof thecamera(e.g.,errors

in estimatingthecameracenterandbacklight position).

After that the silhouettesareextracted,the spacecarvingalgorithmis organizedas follows. A single

volumethatcompletelyenclosestheworkingspaceof theacquisitionsystemis de�ned. In orderto accelerate

thecomputation,anoctreeschemeis usedasproposedby Szeliski[68] andWong[78]. Theinitial volumeis

subdividedin eightparts(voxels),eachonemarkedascontainingthesurfaceof theobject(boundary label).

Eachboundary voxel is projectedinto every shadow image. If thereis at leastoneprojectionin which the

voxel lies completelyoutsidea shadow imagethanthecorrespondingvoxel is markedasbeingoutsidethe

object(out label). If all theprojectionsof a voxel lie completelyinsidethe correspondingshadow images

thenthevoxel is classi�edasbeinginsidetheobject(labeledasin).

If someprojectionsof avoxelpartiallyoverlaptheshadow edgesandsomearefully insideothershadows,

thenthevoxel keepstheboundary label. After all thevoxelsareinspected,thoselabeledout arediscarded,

thoselabeledin arekept but processedno further, andeachboundary voxel is subdivided into eight new

sub-voxels.All of thenew voxelsareprocessedasbeforeto improvetheestimateof theobjectvolume.

Whena suitablesubdivision level is reached,eachvertex of eachboundary voxel is projectedinto the

shadow imagesandclassi�edasbeingin or out of theobject.Additionally, all of thevoxelsthatwerelabeled
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AlgorithmShadowCarving

1. for each cameraview
2. Thresholdshadow imagesusingreferenceimage;
3. Renderdepthbuffer usingcurrentsurface;
4. for each shadow image;
5. Castraysfrom eachshadow pixel

andmarkcontradictions;
6. Updatedepthsfor pixelsin contradiction;
7. Updatevolumedatausingadjusteddepthmap;
8. Extractnew surfaceestimatefor full object;

Figure2.18:Skeletonof theshadow carvingalgorithm.

Figure2.19: At the startof a shadow carvingstep,the currentobjectestimationis representedby both a
volumetricdescription(left), anda trianglemesh(right). The voxels of the volumearemarked as inside
(green),boundary(red),andoutside(blue).

asin aresubdividedto the�nest level, andtheir verticesarelabeledasin. Finally, all of theboundary and

in voxelsaresavedto a �le thatprovidesthevolumedescriptionusedfor theshadow carvingalgorithm.

2.5.3 Software – Shadow Carving

Our implementationof the shadow carving algorithm consistsof threesteps: shadow detection,test for

contradiction,andsurfaceupdate.Thesethreeoperationsareperformedfor eachcameraposition,with the

cumulativeresultsfor all positionsk � 1 carriedforwardto theprocessingof positionk. Thepseudocodeof

thealgorithmis in Fig. 2.18. At theendof the processingfor thek � 1 position,theobjectis represented

in two ways: asa voxel datastructure,thatdescribesits volume,andasa trianglemesh,thatdescribesits

surfaceandis extractedfrom thecurrentvolumeusingtheMarchingCubesalgorithm[43]. Thevoxel data

structuremaintainsinformationfor classifyingvoxelsascompletelyinside,completelyoutside,or containing
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Figure2.20: In the �rst stepof shadow carving,shadows are identi�ed in a set of four imagesall taken
from the sameviewpoint, but with different light positions(�rst 4 imagesin the top row). The reference
imageis obtainedby combiningthe imagescapturedwith differentlight positionsinto a new oneby taking
themaximumvaluefor eachpixel (right mostimage). The areasclassi�ed asshadow aresuperimposedin
white over theoriginal images(bottomrow); theoriginal intensityof theimagesis modi�ed to highlight the
detectedshadows.

thesurfaceof theobject(seeFig.2.19).Wehaveimplementedthealgorithmin C++usingtheOpenGLlibrary

asrenderingengine.

Step1 - shadow detection. Becausea full solutionto theshadow detectionproblemis not theobjectof

this investigation,we usea simpleapproachin this implementation.We combinethe imagescapturedwith

� vedifferentlight positionsinto auniquereferenceimageby takingthemaximumvaluefor eachpixel. Each

imageis thenanalyzedfor areasthataredarkrelative to thereferenceimage,andalsohave anintrinsic low

valueof intensity. We selecta thresholdvaluethatgive anestimationsafelywithin thedarkregion for all of

the images:thegoal is to guaranteea conservativeestimationof theshadows. Becausewe acquiredobjects

with uniform albedo,we simply usethe samethresholdvaluesacrossall the imagesof the sameobject.

Examplesareshown in Fig. 2.20.

Step2 - test for contradiction. Thenext stepis to testfor whetherpointsin observedshadow regionsare

in contradictionwith our initial surfaceor not. We begin by renderinga depthimageof our currentsurface

estimate.This is doneby simply readingbackthe depth-buffer after renderingthe meshof trianglesthat

describestheobjectsurfaceusingOpenGL.Thedepthimagehasthesameresolutionasourcapturedshadow
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images.An exampleof depthimageis presentedin Fig. 2.21.Highervaluesof intensitycorrespondto closer

partsof thesurface.

Figure2.21:Thesurfaceestimatefrom thek � 1 stepis renderedasa depthimagefrom thesameviewpoint
astheshadow imagesfrom thek step.Thebackgroundpixels,in black,aresetto thefurthestpossibledepth
value.

We thenprocesseachimagefor eachview. For eachpixel in thedetectedshadow region thathasa non-

backgrounddepth,wetestif therayfrom thecorrespondingpointonthesurfaceto thelight sourceis blocked

by theobject.We call this testthecontradictiontest. If theray is not blockedby theobjectthantheshadow

pixel is in contradictionandwe needto updateits depthvalue. Oncethat thedepthvalueof every pixel in

contradictionis updated,we obtaina new depthimagewhich is consistentwith theshadow image.

AlgorithmContradictionTest

1. Initialize thepoint p to bethepoint whose
projectionin theimageplane
is thepixel in shadow we wanttest;

2. while theprojectionof p is insidetheshadow
3. Movep alongtheline thatconnectsp to thelight;
4. Projectp into theimage;
5. Save thecoordinateof thelastprojection;
6. while p is not coincidentwith thelight
7. Movep alongtheline thatconnectsp to thelight;
8. Projectp on theimageandgetits depthd;
9. if d is greaterthanthecorrespondingvalue

of thedepthimage
10. return anon-contradiction�ag;
11. return acontradiction�ag;

Figure2.22:Contradictiontestalgorithm.

The algorithmthat implementsthe contradictiontest is describedin Fig. 2.22. The algorithmtakesas
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input the currentdepthmap,the shadow imageaswell asthe coordinatesof the pixel in shadow we want

to test. Call p thepoint on thesurfacewhoseprojectioninto the imageplanegivesthepixel in shadow we

want to test. Thepoint p is movedtoward the light andprojectedinto imageplane(�rst while loop). This

loop is repeateduntil the projectionof p into the imageplanefalls outsidethe shadow region. Then the

pixel correspondingto thisprojectionis saved,andthealgorithmkeepsonmoving p towardthelight (second

while loop). If p reachesthe light without intersectingthe object - i.e., the depthvalueof the projection

of p is alwayssmallerthanthecorrespondingvalueof thedepthmap- thenthereis a contradiction3. The

algorithmreturnsthesavedvalueof the last pixel in shadow anda �ag valueindicatingthat thedepthmap

canbeupdated.If p intersectstheobjectthenthereis no contradictionandno needto updatethedepthmap

for theinvestigatedpixel.
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Figure2.23:Adjustmentof thepositionof a surfacepointwhenacontradictionis detected.

Step3 - surfaceupdate. To resolveapixel in contradictionfor agivenshadow region,thepixel'sheight

in thedepthmapis adjustedaccordingto thefollowing algorithm.Considerthe2D sliceshown in Fig. 2.23.

Call �r stunexplainedpixelthelastpixel in shadow returnedby thecontradictiontest.Call q its projectioninto

thesurface.Thedepthof eachpixel in contradictionis thenadjustedalongtheline of sightfrom thecurrent

cameraview pointandincreasedto thepoint it reachestheray from thelight sourcethroughq. Thisstepcan

be repeatedfor eachpixel in contradictionfor a givenshadow region. A new depthmapis thusproduced.

3Alternatively, for thecontradictiontestwe could rendera shadow map(i.e., a scenerenderedfrom the light asif it wasa camera)
andsave thedepthmap.Oncethepoint in shadow is projectedinto theshadow map,thecheckwouldbeif thepoint is furtheraway than
theclosestvaluein theshadow map.Thevalueof thelastpixel in shadow hasto becomputedasin thepreviouscase
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The differencebetweenthe new andthe old depthmapcorresponds(in the 2D slice) to the carvableareas

introducedin Section2.3.Proposition2.3.1guaranteesthatthedepthmapadjustmentis alwaysconservative.

After resolvingall thepixelsin contradictionfor eachshadow regionfor agivenshadow imageweobtain

a new depthimage.Thenew depthimageis usedto processthenext shadow imageacquiredfrom thesame

viewpoint. The�nal depthmapfor thecurrentcameraview representstheadjustmentsfor all shadow images

from thatviewpoint.

The laststepfor a cameraview is to updatethevolumerepresentationof thesurface,so thata new full

object representationcanbe extractedto carry forward to the next view. We test the voxel verticesto see

if they lie in front of or behindthe depthmapsurfaceandupdatethe labelingof verticeswhich have been

carved out. We usetheseupdatedvaluesin the MarchingCubesprocessingto producea new full surface

representation.Thesurfacerepresentationcanberenderedinto anew depthmapfor thenext cameraview.

2.5.4 Software – Post Processingof the Surface

The �nal surfacemay be affectedby small artifactscreatedduring the reconstruction.Theseartifactsmay

beremovedthrougha �nal postprocessingstep.Thepost-processingis carriedout by low-pass�ltering the

surfaceusingthealgorithmproposedby Taubin[70][71]. The�lter parametersarechosenin orderto remove

theartifactswhile preservingthegeometryandthe featuresof themodel. In Section2.6.1,we will address

this issuein moredetails.

2.6 Experimental Results

Weevaluatetheperformanceof thespaceandshadow carvingalgorithmswith bothsyntheticandrealobjects.

As we shall discussin Section2.6.1,a commercialrenderingpackageis usedto simulateour system.This

allowsto testthecorrectnessof thealgorithmsunderacontrolledenvironment,evaluatetheperformancewith

differentcon�gurationsof lights andcamerapositions,andassesstheaccuracy of the reconstructiondueto

errorsin theshadow estimates.In Section2.6.2,we show examplesof reconstructionof realworld objects.

2.6.1 Experimentswith Synthetic Objects

We have simulatedour acquisitionsystemshown in Section2.5 with a commercialrenderingpackage,

3dsMax 5.1. The advantageof suchexperimentalmethodologyis that an exact ground-truthis available

for all of thegeometricalquantitiesinvolvedin thereconstructionprocess:theshapeof theobjectwewishto

scan,theobject's silhouettesandtheself-shadows. Thus,errorsdueto thecalibrationandmisclassi�cation
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Figure2.24:Top: threeviews of a syntheticcube.Bottom: resultsof shadow carving.24 views and4 lights
areusedin this experiment.

of shadow boundariesareruledout. Sincethevirtual setupis more�e xible andtheexperimentsfasterto run,

suchtestsarealsousefulto studytheeffectsof thelight sourcesandcameracon�gurationover thequalityof

the�nal reconstruction.

Thesimulatedsetupis similarto theschemedepictedin Fig.2.16.Two differentcon�gurationsaretested:

thenumberof cameraviews (or, equivalently, thenumberof rotationstepsof theturntable)areeither24 or

72; thenumberof light sourcesusedto castself-shadowsareeither4 or 8. Thecon�gurationwith 72 views

correspondsto anangularrotationstepof 5 degrees.Every imageis renderedat a resolutionof 640� 480

pixels.

Thecon�gurationwith 24cameraviewsand4 lights is similar to theonein Section2.5.Noticethatsince

eachsilhouetteneededfor spacecarvingcanbe easilyextractedfrom a renderedimageof the object, the

translucentboardto helpsilhouettessegmentationbecomessuper�uous.Finally, theshadow detectionstep

(Section2.5.3)is unnecessarysincetheray-tracingalgorithmallows to identify correctlyall of theobject's

self-shadowsin theimages.

The�rst syntheticobjectusedfor theexperimentsis asimplecubewith acavity ononeside,asshown in

the�rst row of Fig. 2.244.

The objectwasreconstructedusing24 views and4 lights. The reconstructionis shown in the second

Fig. 2.24. Notice that a portion of volume is removed from the cavity and that the new surfaceis still a

4The resultsshown in this ®gure and in the following oneswereproducedby Marco Andreetto's implementationof the shadow
carvingsystem.
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(a) (b)

Figure2.25: (a) Cross-sectionsof the realobject(red); cross-sectionsof the resultof spacecarving(blue);
cross-sectionsof the result of shadow carving (black). (b) The progressionof the approximationsas we
increasedthenumberof viewpointsusedfor thereconstruction:red(8 viewpoints),blue(16) andblack(24).

conservative estimate. However, several visual artifactsareclearly visible. This problemstemsfrom the

limited numberof viewsandlights usedfor carving.

In Fig.2.25acrosssectionof theoriginalobjectis presented.Thecrosssectionis de�nedby ahorizontal

planepassingthroughthe centerof the objectand is depictedin red. The contoursshowing the estimate

obtainedby spacecarvingaresuperposedin blue. The contoursshowing theestimateobtainedby shadow

carvingaresuperposedin black.Noticethatshadow carvingyieldsanimprovementbothin theconcavity (as

expected)andalongthesideplanesof thecube.

In theright sideof Fig.2.25,sectionscorrespondingto partialimprovementsproducedby shadow carving

arepresented:theredcontouris obtainedwith 8 views(outof 24), thebluecontouris obtainedwith 16views

(out of 24), theblackcontourcorrespondsto the�nal estimation.

Thesecondsyntheticobjectis a combinationof cubeswith a non-symmetriccavity on onesideandfew

“extrusions”ontheotherones.Seethe�rst row of Fig.2.26.With only24viewsand4 lights,shadow carving

recoverstheconcavitiesonly partiallyasshown in thesecondrow of andin Fig. 2.27.Artif actsareleft along

Artif actsareleft alongthetwo sidesof themainbodyof theobject. Notice,however, that theestimationis

still conservativeandnovolumeis removedfrom theactualobject.

A moreaccurateestimatecanbeobtainedby increasingthenumberviews from 24 to 72andthenumber

of lights from 4 to 8. Theresultsarereportedin the last row of Fig. 2.26. Notice that thevolumehasbeen

almostcompletelyremoved from the cavity andthe artifactsaregreatlyreducedin sizeandnumber. The

crosssectionsof the reconstructedobjectwith andwithout post-processing�ltering (seeSection2.5) are

shown in Fig. 2.28,respectively.
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Figure2.26: Top row: threeviews of the secondsyntheticobject. Centralrow: resultsof shadow carving
when 24 viewpointsand 4 lights are used. Bottom row: resultsof shadow carving when 72 viewpoints
and8 lights areused.Notice that theartifacts(e.g.,seecentralconcavity) dwindle away asthenumberof
viewpointsandlights increase.

Figure2.27:Two cross-sectionsof theactualobject(red);cross-sectionsof theresultof spacecarving(blue);
cross-sectionsof theresultof shadow carving(black).24viewpointsand4 lightsareusedis thisexperiment.

Noticethatsincetheartifact's scale(size)is smallerthanthesmallestfeatureof theobject,we can�lter

out theartifactsaswell aspreservetheconservativepropertyof thereconstruction.



45

Figure2.28:Two cross-sectionsof theactualobject(red);cross-sectionsof theresultof spacecarving(blue);
cross-sectionsof theresultof shadow carving(black).72viewpointsand8 lightsareusedis thisexperiment.
No post-processing�ltering is carriedout. Sincetheartifacts'sizeis smallerthesmallestfeatureof theobject,
post-processing�ltering maybeusefulto removethem.SeeFig. 2.29

Figure2.29:Cross-sectionsof theobjectin Fig. 2.28afterthepost-processing�ltering.

Thesimulatedsetupis alsousefulto studytheeffectsof errorsin detectingself-shadows. As predictedby

our theory, if we violatethehypothesisthatany lit pixel is notmisclassifyasshadow (seeProposition2.3.1),

the�nal reconstructedsurfaceis notguaranteedto beconservative,i.e.,portionof theactualobject'svolume

canbecarvedoutby theshadow carvingalgorithm.

To testthis possibilitywe increasedthesizeof theestimatedshadows. Theupperrow of Fig. 2.30shows

examplesof self-shadowscastover thesurfaceof a sphere;the lower row shows thecorrespondingshadow

estimatesin black. The lit areasmisclassi�edasshadows arein gray. As a resultof sucha misclassi�ca-
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Figure2.30: Examplesof non-conservative shadow estimates.Upperrow: examplesof self-shadows cast
overthesurfaceof asphere.Lowerrow: thecorrespondingshadow estimatesareshown in black;thelit areas
misclassi�edasshadowsarein gray.

Figure2.31: The effect of non-conservative estimateof the shadow. The �gure shows the sectionsof the
reconstructedsphere.As a resultof theshadow misclassi�cation,thealgorithmstartscarvingout portions
of the actualobject,violating the assumptionof conservative reconstruction.As shadow carvingkeepson
processingthenext shadow images,theerrorsincreasemoreandmore.

tion, the algorithmstartscarvingout portionsof the actual volumeasshown in Fig. 2.31,most left panel.

As shadow carvingkeepson processingthe next shadow images,the errorsincreasemoreandmore. See

remainingpanelsin Fig. 2.31.

2.6.2 Experimentswith Real Objects

We have testedthecarvinghardwaresetuppresentedin Section2.5andusedour shadow carvingalgorithm

to scanseveral objects. Imageresolutionwas1152� 1728pixels. Our experimentsweredesignedto test

whetherconservative estimates,aspromisedby theorem2.3.1,may be obtainedin a practicalsettingwith

noisyimagesanduncertainshadow detections.

Left panelof Fig. 2.32shows the�rst objectwe reconstructed- a smallsculptureof a dog. Thecentral

panelshows theresultsof shapefrom silhouettes.Notice that thealgorithmfails at reconstructingthecon-

cavitiesof theobject.Theright panelshowsresultsof shadow carving.Portionsof theconcavitiesarecarved

outalthoughsomeartifactsarestill visible. Thesearedueto limited numberof lightsandviewpointsusedto

carvethemodel.

To assesstheaccuracy of ourresults,wehaveusedthelaserscannerto capturethe3D shapeof theobject.
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Figure2.32: Left: capturedimageof the dog. Center: resultsof spacecarving. Right: resultsof shadow
carvingwith 4 lights and24views.

Figure2.33:Cross-sectionsof themodelof thedogreconstructedwith thelaserscanner(red),spacecarving
(blue)andshadow carving(black).Fromleft to right: progressionof theapproximationsaswe increasedthe
numberof viewpointsusedfor thereconstruction(8, 16and24viewpointsrespectively).

Suchreconstructedmodelsarevisualizedasa cloudof pointsratherthana triangulatedmesh.As described

in Section2.6.1,we intersecta horizontalplanewith themodelto producecross-sections,i.e.,2D contours.

In Fig.2.33cross-sectionsobtainedfrom thelaserscanner(red),spacecarving(blue),andshadow carving

(black)arepresented.Theprogressionof approximationsobtainedby shadow carvingareshown from left to

right (8 , 16and24views respectively).

The secondobject - a sculptureof a �reman - reconstructedby our carvingsystemis presentedin the

left columnof Fig. 2.34. The correspondingresultsof spacecarvingandshadow carvingareshown in the

centerandright columnsrespectively. Detailsof the reconstruction(Fig. 2.35)highlight the improvement

of shadow carvingoverspacecarving.Thecross-sections(Fig. 2.36from left to right) show theprogressive

improvementof shadow carving.

In the left andright panelsof Fig. 2.37 the reconstructedmodels(obtainedby spaceandshadow carv-

ing respectively) arerenderedfrom two cameraviews. A texture is superimposedto the models(texture-

mapping).Notice that themodelobtainedby shadow carvingis visually morecompellingthantheoneby

spacecarving.

A third exampleof reconstructionis presentedin Fig. 2.39.
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Figure2.34:Upperrow: two viewsof the�reman. Middle row: resultsof spacecarving.Bottomrow: results
of shadow carving.
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Figure2.35: Detailsof the �reman. Upperrow: two views of the original object. Middle row: resultsof
spacecarving.Bottomrow: resultsof shadow carving.

Figure2.36:Cross-sectionsof modelof the�reman reconstructedwith thelaserscanner(red),spacecarving
(blue)andshadow carving(black).Fromleft to right: progressionof theapproximationsaswe increasedthe
numberof viewpointsusedfor thereconstruction(8, 16and24viewpointsrespectively).
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Figure2.37:Reconstructionwith texturemapping:theobject's texturesareaddedto themodelcapturedwith
shadow carving.

Figure2.38: Comparisonof the reconstructionwith texturemapping.Left: theobject's texturesareadded
to themodelcapturedwith spacecarving.Right: theobject's texturesareaddedto themodelcapturedwith
shadow carving.

2.6.3 Discussion

Ourexperimentsshow thatthetheoreticalframework weproposedandanalyzedin section2.3yieldsaprac-

tical algorithmwhich canimprove uponthewell-known spacecarvingmethodsby carvinginto concavities

of the object. Theorem2.3.1guaranteesthat the sequenceof estimatesproducedis conservative andour

experimentsshow thatthis is achievablein practice.

Fromourexperimentsit is evidentthatmostconcaveareashavebeencarvedonly partially. This is dueto

two mainreasons.Firstly, weusedasmallnumberof viewsandlights. Thiswaspredictedby ourexperiments

with syntheticobjects:thereconstructionobtainedwith 72 views and8 lights is signi�cantly moreaccurate

than the onewith 24 views and4 lights only. Finding the optimal numberanddistribution of lights and

views is clearlyanimportantopenproblem.Secondly, our simpleandoverly conservativeshadow detection

algorithmreducestheamountof informationavailableto theshadow carvingalgorithm.Thereconstruction
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Figure2.39: Upper left: imageof the vase. Upperright: resultsof spacecarving. Lower left: resultsof
shadow carving.Lower right : texturedmodel

in Fig. 2.39 is an example. Detectingshadows in thevase's concavities is very hard: theedgearesmooth,

the concavities arebrighterdueto inter-re�ections andsomeareashave a darker albedo. As a resultonly

few shadows aredetectedandtheshadow carvingability to removevolumeis severely impaired.Detecting

shadowsaccuratelyandyetpreservingtheconservativepropertyis clearlyanotherimportantopenproblem.

2.7 Conclusions

We presentedananalysisof theproblemof re�ning aconservativeestimateof anobjectsshapeby observing

theshadowson theobjectwhenit is lit by a known point light source.We provedthata well de�ned portion

of volumecanberemovedin a conservative mannerfrom thecurrentobjectestimate.We showedthat this

insightleadsto analgorithmthatcanwork correctlyon realimages.We calledthis methodshadowcarving.

Ourmainassumptionis thatonecanestimateshadowsconservatively - i.e.,ashadow maynotbedetected

but whatever is labeledasshadow is indeeda shadow. No assumptionsabouttheobjecttopologyareneces-
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sary. Tangentplanediscontinuitiesover theobjectssurfacehavebeensupposedto bedetectable.We showed

thatshadow carvingimprovespreviouswork on shapefrom shadow in that it is morerobustwith respectto

theclassi�cationof shadow regionsandis not restrictedto 2.5Dterrainsurfaces,but ratherit maybeapplied

to measuringtheobjectsin theround.

In orderto validateour theory, we have implementeda reconstructionsystemthatcombinesinformation

from silhouettesandshadows.Thenew systemusesinexpensivedigital camerasandlamps.Ourexperiments

with realandsyntheticobjectscon�rms thatthepropertyof conservativecarvingis achievablein practiceand

show that shadow carvingproducesa muchbettersurfaceestimatethat shapefrom silhouettesalone. This

improvedestimateis suitablefor furtherre�nementby any shapeestimationmethodthatworkswell in local

regionsof thesurface.



53

Chapter 3

Computational Analysis for 3D
Reconstructionof SpecularSurfaces

3.1 Intr oduction and Moti vation

Estimatingthe 3D shapeof physicalobjectsis oneof mostuseful functionsof vision. Texture, shading,

contour, stereoscopy, motion parallaxandactive projectionof structuredlighting are the most frequently

studiedcuesfor recovering3D shape.Thesecues,however, areoften inadequatefor recovering the shape

of shiny re�ective objects,suchasa silver plate,a glassgobletor a well-washedautomobile,sinceit is not

possibleto observetheir surfacesdirectly, ratheronly whatthey re�ect.

Yet, the ability of recovering the shapeof specularor highly re�ective surfacesis valuablein many

applicationssuchasindustrialmetrologyof polishedmetallicandplasticparts,medicalimagingof moistor

gelatinoustissues,digital archival of artworks andheritageobjects,remotesensingof liquid surfaces,and

diagnosticof spacemetallicstructures,amongothers.

Althoughspecularsurfacesaredif�cult tomeasurewith traditionaltechniques,specularre�ectionspresent

anadditionalcuethatpotentiallymaybeexploitedfor shaperecovery. A curvedmirror produces̀distorted'

imagesof thesurroundingworld. For example,theimageof astraightline re�ectedby a curvedmirror is, in

general,a curve. It is clearthatsuchdistortionsaresystematicallyrelatedto theshapeof thesurface. Is it

possibleto invert this map,andrecover theshapeof themirror from its re�ectedimages?

Thegeneral̀ inversemirror' problemis clearlyunder-constrained;by opportunelymanipulatingthesur-

roundingworld, we may producea greatvariety of imagesfrom any curved mirror surface. This inverse

problemmaybecometractableundertheassumptionthatthestructureof thesceneis known.
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3.1.1 ProposedApproachand Summary of the Results

In thisstudy, weassumethatboththecamera(modelledasaperspectivecamera)andthescenearecalibrated.

Weignorethecontributionof visualcuessuchasshadingandtextureandwefocusonthegeometryrelatinga

sceneandits correspondingre�ectedimage.Weusethis relationshipto estimatethelocalshapeof themirror

surface.

We start from the observation that the mappingfrom a sceneline to its re�ected curve in the camera

imageplane(dueto mirror re�ection) not only changes“orientation” and”curvature”of thesceneline, but

also”stretches”its length,modifying the local scaleof thesceneline (seeFigure3.1). We �rst analyzethis

mapandderive analyticalexpressionsfor the local geometryin the image(namely, �rst- andsecond-order

derivativesof the re�ected imagecurve at any given point) asa function of the positionandshapeof the

mirror surface. Wethengeneralizeourresultsto aplanarsceneof arbitrarytextureanddescribethemapping

betweena local planarscenepatchto thecorrespondingre�ected patchin the imageplaneasa functionof

thelocalparametersof themirror surface.Finally, we exploretheinverseproblemin threesettings.

First,weshow thatby exploiting positionandorientationmeasurementsof (at least)threere�ectedcurves

intersectingat anexaminedpoint, it is possibleto recover thelocal geometryup to �rst-order (second-order

up to onefree parameter).An exampleis shown in Figure3.5. Second,we show that by exploiting local

position,orientationandlocal scalemeasurementsof (at least)two re�ected curvesintersectingat a point,

thesurfacegeometryatsuchagrid pointcanberecoveredupto third-orderaccuracy. An exampleis shown in

Figure3.10. Third, we demonstratethatscaleandorientationmeasurementsmayalsobeextractedfrom the

re�ection of aplanarscenepatchof arbitrarygeometry. Weprovethatlocalsurfaceshapecanbeestimatedif

thelocationof (at least)threearbitrarypointsis availablewithin aneighborhoodof there�ectedscenepatch.

Theseresultsaresummarizedin Table3.1.

3.1.2 PreviousWork and Our Contribution

Previousauthorshaveusedhighlightsasacueto infer informationaboutthegeometryof a specularsurface.

Koenderinkandvan Doorn [36] qualitatively describedhow patternof specularitieschangeunderviewer

motion. This analysiswasextendedby Blake et al. to stereoscopicvision [4, 3]. Additionally, Zissermanet

al. [84] investigatedwhatgeometricalinformationcanbeobtainedby trackingthemotionof specularities.

Otherapproacheswerebasedon the ideaof modellingspecularre�ections with re�ectancemaps[28] or

introducingthem in the contestof photometricstereo[30]. Oren and Nayar [49] performedan analysis

on classi�cationof realandvirtual features,anddevelopedanalgorithmrecoveringthe3D surfacepro�les

traveledby virtual features.ZhengandMurata[82] developeda systemwherea rotatingspecularobjectis
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Surfacequantities up to 3r d-orderMeasurements
Point Normal 2nd -orderparam. 3r d -orderparam.

DOF Further details

Pointposition s s a; b;c e; f ; g; h 8 Section3.2.1

Pointposition+
s s r e; f ; g; h 6 Section3.5.2

2 orientations

Pointposition+ X X r e; f ; g; h 5 Section3.5.3.1
3 orientations Section3.5.3.4

Pointposition+
X X r r 1 Section3.5.3.73 orientations+

4 curvatures

Pointposition+
X X X X 0

Section3.5.4.1
2 orientations+

Section3.5.4.2
2 scales

Table3.1: Summaryof theresults.The�rst columnshows differenttypesof measurementsavailablein the
imageplane.Eachtypeof measurementenablesthelocalreconstructionof thesurfaceupto differentdegrees
of freedom(whichareshown in column6). Columns2� 5 indicatethecorrespondingfreeparameterswhich
cannotbeestimatedgiventhatamountof measuredinformation. Thefreeparametersares;a; b;c;e;f ; g; h
andwill beintroducedin thenext sections.A checkmark(X ) indicatesthatall quantitiesmayberecovered.
For example(seethird row), giventhemeasurementof thepositionof onepointandtheorientationsof three
curvesat thatpoint,surfacepositionandorientationcanbefully recovered,curvaturecanberecoveredup to
oneunknown (r ), andthird surfacesparameters(e;f ; g; h) cannotbeestimatedatall. Thelastcolumnpoints
to furtherdetails.

reconstructedby illuminating it by extendedlights andthenanalyzingthe motion of the highlight stripes.

Halseadet al. [25] proposeda reconstructionalgorithmwherea surfaceglobal model is �tted to a setof

normalsobtainedby imaginga patternof light re�ected by specularsurface. Their resultswereappliedto

interactive visualizationof the cornea. Swaminathanet al. [66] presentedan in-depthanalysisof caustics

of catadioptriccameraswith conic re�ectors. The sameauthors[67] gave insightson how to designthe

shapeof mirrors in catadioptricimagingsystems.Perard[50] andTarini et al. [45] proposeda structured

lighting techniquefor theiterativereconstructionof surfacenormalvectorsandtopography. Solemetal. [64]

formulatedtheproblemin a variationalframework, usingan implicit level setrepresentationof thesurface.

Wangetal. [77] proposedascanningsystemto recover�ne-scalesurfaceshapeusingacurvedmirror to view

multiple anglesin a singleimage.Finally, Bonfort et al. [7] presenteda novel voxel-basedapproachin the

spirit of multiple view (spacecarving)algorithms.Themainlimitationsof thesestudiesarethenecessityof

having i) someknowledgeon shapeandpositionof theobject;ii) multiple imagesunderdifferentcondition

of theilluminant;andiii) dedicatedhardwareequipment.

Our methoddepartsfrom previouswork in severalaspects.First, we work on thestaticmonocularcase

andexplore the amountof informationavailable from a single image. As we will show in Section3.6.2,

with only one imagewe can calibratethe camera,the sceneand recover information aboutan unknown

specularshape(thecar fender, in theexampleof Figure3.19). Second,our reconstructionschemerequires
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Figure3.1: Geometryof thespecularre�ection

a simplesetupandminimal hardware: a digital cameraanda planartexturedboard.Finally, our analysisis

local anddifferentialratherthanglobalandalgebraic.For the �rst time, we provide anexplicit differential

relationshipbetweenthe local structureof a scenepatch,its correspondingre�ection in the image,andthe

local shapeof the specularsurface(up to third-order). This chaptergathersandgeneralizesour own work

presentedin [58, 59, 54, 55], in thatit provides:i) a complete�rst- andsecond-orderdifferentialdescription

of themappingbetweenthelocalscenepatchandthecorrespondingre�ection in theimage;in particular, the

reconstructionschemespresentedin [58, 59,54, 55] arereframedin thenovel formulation;andii) a studyof

degenerateconditionsof thismapping.

3.1.3 Chapter organization

Theremainderof thischapteris organizedasfollows: weformulatetheproblemandintroducethemotivation

in Section3.2; in Section3.3, we presentthedirectproblemandanalyzehow thesurfacegeometryaffects

the imagemeasurementsusinga differentialapproach;in Section3.4, we presentseveral propertiesof the

re�ection mappinganddiscussits degenerateconditions;in Section3.5,we applytheanalyticalexpressions

derivedin Section3.3 to studytheinverseproblemandpresenta new techniqueto estimatesurfaceposition

andshapefrom variousimagemeasurements;in Section3.6, we describea practicalalgorithmfor surface

local reconstructionand validateour theoreticalresultswith both numericalsimulationsandexperiments

with realsurfaces;we �nally discussour �ndings in Section3.7 andproposea numberof issuesfor future

research.
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Figure3.2: Specularre�ection geometry

3.2 ProblemFormulation

Our geometricsetupis depictedin Figure3.1. For now, we assumethata calibratedsceneis composedof

a planarpatternof intersectinglines. We will considerthe generalcaseof arbitraryplanarscenein Sec-

tion 3.5.4.5.Thesceneis re�ected off anunknown smoothmirror surfaceandthere�ection is observedby

a calibratedcamera.Our goal is to obtainlocal geometricalinformationof themirror surfacearoundr by

analyzingthedeformationproduceduponthepatternof linesintersectingat pointp.

In Section3.2.1,we introducethenotationandstudythesimplecaseof oneknown point re�ectedoff the

mirror surface. We show in Proposition1 that, given the measurementof the re�ected point in the image,

theorientationof thesurfaceat there�ection point is known up to onedistanceparameter. In Section3.2.2,

we introducea new referencesystemto give a simplersurfacerepresentation.In Section3.2.3,we de�ne

themappingbetweena sceneline andthecorrespondingre�ected imagecurve. We concludethesectionby

sketchingoutourproposedreconstructionscheme.

3.2.1 Notation and BasicGeometryof SpecularRe�ections

Pointsand vectors(i.e., differenceof points) in 3D are denotedby a bold lower caseletter1 (e.g., x =

[x y z]T ). Tensors,matricesand4D vectorsareall denotedby a bold capitalletter (e.g.,X ). Let c be the

centerof projectionof thecamera.Theimageplaneis positionedl distanceunitsin front of c, perpendicular

to theview directionv. Givenascenepointp, let q betheimageof p observedontheimageplanethrougha

specularre�ection onthemirror surfaceatr (seeFigure3.2a).Sinceweassumethatthecameraandthescene

patternarecalibrated,p andq areknown, whereasr andtheunit normaln r to thesurfaceat r areunknown.

It followsfrom theperspectiveprojectionconstraintthatthepoint r mustbelongto theline de�ned by c and

1Noticethatweusethesamenotationfor pointsandvectors.This is doneto improve readability.



58

q, resultingin thefollowing relationship:

r = c + sd; (3.1)

wheretheunit vectord = (q � c)=jj q � c jj is parallelto theline of sight,ands = jj r � c jj is thedistance

from c to r . With c �x ed andq measured,the surfacepositionat r is completelydeterminedby a single

distanceparameters. Furthermore,let uscall theplanede�ned by p, r andc theprincipal plane, let n p be

its unit normalvectorandlet � denotethere�ection angleat r . Then:

Proposition1 Theunit normalvectorn r andthere�ection angle� arecompletelydeterminedby theposition

parameters.

Proof: Thegeometryof oursetupsatis�es2 basicconstraints:

1. By the geometryof specularre�ection, the incidentvectorr � p andthe re�ected vectorr � c are

co-planarwith thenormalvectorn r andtheplanethey de�ne is theprincipalplane,namely

hn r ; np i = 0; (3.2)

whereh;i denotestheinnerproductof two vectors.

2. Furthermore,the anglebetweenthe incidentvectorandn r mustbe equalto the anglebetweenthe

re�ectedvectorandn r , namely

hn r ; di =
�

n r ;
r � p

jj r � p jj

�
; (3.3)

which leadsto

�
n r ; d �

r � p
jj r � p jj

�
= 0: (3.4)

By combiningEq.(3.2)andEq.(3.4),we canexpressn r asa functionof s (up to a sign)asfollows:

n r =
�

d �
r � p

jj r � p jj

�
� np

=
p � c � (s � jj p � c � sd jj) d

jj p � c � sd jj
� np: (3.5)
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Similarly, there�ection angle� canbeparameterizedby s aswell by notingthat

cos2� = 2cos2 � � 1 =
�

d;
r � p

jj r � p jj

�
;

whichyields

cos� =

p
2

2

s
s � hd; p � ci
jj c + sd � p jj

+ 1: (3.6)

�

3.2.2 ReferenceSystemand Surfacerepresentation

Following Blake [3], we now introducea new referencesystemto give a simplersurfacerepresentationand

a morecompactrelationshipbetweenhigher-orderlocal surfaceparametersandthe remaininggeometrical

quantities.We call this new referencesystemtheprincipal referencesystem[u v w]. Theprincipalreference

systemis centeredat r andw = n r , v = np, andu = v � w. Given an arbitrarypoint a represented

in a referencesystem[x y z] centeredin c, its correspondingcoordinatesa0 in [u v w] canbeobtainedby a

transformationa0= RT(a � r ), whereR = [np � n r np n r ]. Proposition1 impliesthatthis transformationis a

functionof theunknown parameters. Therefore,thechoiceof principalreferencesystemdoesnot introduce

any otherunknown variables.Fromnow on,wewill work in thisprincipalreferencesystemunlessotherwise

stated.

In theprincipalreferencesystem,thenormalof thesurfaceat theorigin is w andthetangentplaneto the

surfacethereis theplanede�ned by u andv. Thus,thesurfacearoundr canbewritten in thespecialMonge

form [15], yielding

w =
1
2!

(a u2 + 2cuv + bv2)

+
1
3!

(eu3 + 3f u2v + 3guv2 + h v3) + � � � ; (3.7)

whereu, v, w arethecoordinatesof thespecialMongeform in theprincipalreferencesystem.a, b, c ande,

f , g, h arethesecond-orderandthird-ordersurfaceparametersaroundr , respectively. Accordingly, werefer

to the distanceparameters asthe �rst-order surfaceparametersinceit determinesthepositionandnormal

of thesurface. Our goal is to recover thesesurfaceparametersaroundr usingquantitiesthatareknown or

measurable.Notethatc, q, p areknown by assumingcalibratedcameraandscene.
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3.2.3 Differential Approach

Let p0(= [p0u p0v p0w ]T) denotea scenepoint in 3D space.A line p passingthroughp0 maybedescribed

in a parametricform:

p(t) = p0 + t � p (3.8)

wheret is a parameterand� p = [� pu � pv � pw ]T is the orientationvectorof the line. Given a �x ed

camerapositionc, a mappingt 2 IR0 ! r 2 IR3 de�nes a parameterizedspacecurve r (t) lying on the

mirror surface,whichdescribesthepositionof there�ection pointast varies(seeFigure3.2b).Consequently,

throughaperspectiveprojection,r (t) is mappedto anotherparameterizedcurveq(t) ontheimageplane.We

denotethe�rst-order derivatives(tangentvector)of r (t) andq(t), respectively by _r and _q, anddenotetheir

second-orderderivativesrespectively by •r and •q. Whent = t0 = 0, we denoter (t0) by r 0, which is the

re�ection point of p0 on the mirror surfaceandcanbe setasthe origin of the principal referencesystem.

Accordingly, thevaluesof _r , _q, •r and•q evaluatedat t0 aredenotedby _r 0, _q0, •r 0 and•q0. Throughoutthis

chapter, if thereis nofurtherexplanation,wealwaysassumethatweevaluate_r , _q, •r and•q at t0, andomit the

subscript0 to make thenotationeasieron theeye. Furthermore,we denotethecurvatureof theimageplane

curveq(t) as� q(t), which is evaluatedat t0 as� q.

Ourapproachis to performdifferentialanalysisaroundthepoint of intersectionr 0 of two or morescene

lines. Speci�cally, we derive analyticalexpressionsfor the �rst- andsecond-orderderivativesof deformed

imagecurvesatq0, in termsof surfaceparametersup to thethird-order(s;a; b;c;e;f ; g; h) (seeSection3.3).

By comparingtheseanalyticalformulaswith theircorrespondinglocalmeasurementsin theimage,weimpose

a setof constraintson theunknown surfaceparameters.Theresultingconstraintsystemallowsusto recover

themirror surfacelocally aroundthere�ection point r 0 up to thethird-orderaccuracy (seeSection3.5).

3.3 Dir ectProblem

In this section,we studythe direct problem,that is, how thegeometryof a specularsurfacedeterminesits

re�ective behavior on a patternline p(t) througha point p0, andconsequentlyaffects imageplanemea-

surementsof q(t). Speci�cally, we carryout a differentialanalysison thefundamentalrelationshipbetween

theimagemeasurementssuchas _q0, •q0, � q andthe�rst-, second-andthird-ordersurfaceparametersof the

mirror surfacearoundthere�ection point r 0.

Themainresultsof this analysisaresummarizedin Table3.2: i) �rst-order derivativeof theimagecurve

q(t) at q0 (namely, _q0) is a functionof the �rst- andsecond-orderparametersof thesurfaceat r 0 (namely,
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distances, tangentplaneorientationandcurvatureparametersa; b; c); andii) second-orderderivativeof the

imagecurve q(t) at q0 (namely, •q0) is a function of the �rst-, second-and third-orderparametersof the

surfaceat r 0 (namely, s;a; b;c;e;f ; g; h); in particular, •q0 dependslinearlyone;f ; g; h.

ImageDerivativesat q0 Local SurfaceParametersat r 0 Equations

First-orderderivative of q(t)
(i.e., _q0)

distances, tangentplane,curvature
(i.e.,a; b;c)

Eq.(3.9)Eq.(3.28)

Second-orderderivative of
q(t) (i.e., •q0)

distances, tangentplane,curvature
(i.e., a; b;c), third-order parameters
(i.e.,e;f ; g; h)

Eq. (3.37)
Eq.(3.50)

Table3.2: Dependency betweenimagemeasurementsandlocal surfaceparameters.Thelastcolumnpoints
to themostmeaningfulequations

In Section3.3.1,westudythe�rst-order differentialbehavior of r (t) aroundt 0 . Proposition2 expresses

therelationshipamong_r 0 (i.e., the �rst-order derivative of the re�ectedcurve r (t) at r 0), thesurfaceshape

up to second-order(i.e.,s, a; b;c) andthesceneline geometry. Proposition4 relates_r 0 to _q0. By combining

thesetwo propositionswe demonstratethe�rst row of Table3.2.

Then,in Section3.3.2,we studythesecond-orderdifferentialbehavior of r (t) aroundt 0. Proposition5

expressestherelationshipamong•r 0 (i.e.,thesecond-orderderivativeof there�ectedcurver (t) atr 0), surface

shapeup to third-order(i.e., s, a; b;c, e;f ; g; h) andthesceneline geometry. Proposition6 relates•r 0 to •q0.

By combiningthesetwo propositionswedemonstratethesecondrow of Table3.2.

3.3.1 First Order Analysis

3.3.1.1 First-order Derivativeof r (t)

In this sectionwestudythe�rst-order differentialbehavior of r (t) aroundt 0.

Proposition2 The�rst-order derivativeof thesurfacecurver (t) at t0 (i.e., _r 0; namely, thetangentvectorof

r (t) at r 0) is a functionof the �rst-order surfaceparameters andsecond-ordersurfaceparameters(a; b;c).

Speci�cally, _r 0 maybeexpressedas

_r 0 =

2

6
6
6
6
4

_u

_v

_w

3

7
7
7
7
5

= �
1
�

2

6
6
6
6
4

Jv � 2bcos� 2ccos� 0

2ccos� Ju � 2a cos� 0

0 0 �

3

7
7
7
7
5

2

6
6
6
6
4

Bu

Bv

0

3

7
7
7
7
5

; (3.9)
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where

Bu =
(� p)w cos� sin � � (� p)u cos2 �

jj p0 j j
; Bv = �

(� p)v

jj p0 jj
; (3.10)

Jv =
s + jj p0 jj
s jj p0 jj

=
1
s

+
1

jj p0 jj
; Ju = Jv cos2 � ; (3.11)

Jw =
jj p0 jj � s
s jj p0 jj

sin � cos� (3.12)

� = (Ju � 2a cos� )(Jv � 2bcos� ) � 4c2 cos2 � : (3.13)

Proof: TheFermatprinciple [8] stipulatesthat the re�ection point r mustbe locatedon themirror surface

in sucha way that locally minimizesthelengthof thespecularpathfrom thescenepoint p to thecamerac.

Thus,there�ection point r canbefoundby solvinga constrainedoptimizationproblem,thatis:

minimize jj r � p jj + jj r � c jj

subjectto g(r ) = 0; (3.14)

whereg(u; v; w) = 0 denotesthe implicit function of the mirror surface,which canbe obtainedfrom its

Mongeform (3.7)as:

g(u; v; w) = w �
1
2!

(a u2 + 2cuv + bv2) �

1
3!

(eu3 + 3f u2v + 3guv2 + h v3) + � � � = 0: (3.15)

By applyingtheLagrangeMultiplier Theoremasdemonstratedby ChenandArvo [13], we obtain

8
><

>:

xr (r ) + xi (r ; t) + � r g(r ) = 0

g(r ) = 0
; (3.16)

wherewe have usedxi andxr to denotethe incidentdirection(dependingon both r andt) andre�ection

direction(dependingon r ), whicharede�ned respectively as

xi =
r � p(t)

jj r � p(t) jj
; (3.17)

xr =
r � c

jj r � c jj
: (3.18)
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Notice that xr hasalreadybeenintroducedas d in Eq. (3.1). Here we emphasizethe dependenceon r .

Eq.(3.16)isanon-linearsystemof fourequationsin � veunknowns(t, r and� ), andobviously, (0; r 0; 2cos� 0)2

is oneof its solutions.We referto it asFermatequationanddenoteit by F(t; r ; � ) = 0, whereeachcompo-

nentof F = [F1 F2 F3 F4] capturestheleft-handsideof oneof theequationsin (3.16).

Wetakeadvantageof Implicit FunctionTheoremto studythedifferentialbehavior of r (t) aroundt 0. The

theoremstatesthatif (t0; r 0; � 0) is asolutionof F(t; r ; � ) = 0 andtheJacobian

� = det
�

@F(t; r ; � )
@(r ; � )

� �
�
�
�
t = t 0

6= 0; (3.19)

thesmoothmappingfunctionr (t) existsaroundtheneighborhoodof r 0. Furthermore,we maycomputethe

derivativeof r (t) with respectto t by differentiatingF with respectto t. By chainrule,we obtain:

B(t; r ; � ) = � J(t; r ; � ) S(t); (3.20)

where

B(t; r ; � ) =
@F(t; r ; � )

@t
; J(t; r ; � ) =

@F(t; r ; � )
@(r ; � )

;

S(t) = [ _u(t) _v(t) _w(t) _� (t)]T = [_r (t) _� (t)]T :

We mayexpressB andJ asfollows:

B =

2

6
4

B31

0

3

7
5 ; J =

2

6
4

J33 r g(r )

(r g(r )) T 0

3

7
5 ; (3.21)

wherethesub-matricesB31 andJ33 (thesubscriptdenotesthematrix dimension)arede�ned as

B31 = �
(I � xr xr

T)� p
jj r � p(t) jj

; J33 =
(I � xr xr

T)
jj r � p(t) jj

+
(I � xi xi

T)
jj r � c jj

+ � H g: (3.22)

2� 0 = 2 cos� 0 is obtainedby dot productEq.(3.16)with r g(r 0).
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Here,g denotestheimplicit de�nition of thesurfaceandr g, H g arerespectively thegradientvectorandthe

Hessianmatrixof g. It followsfrom Eq.(3.15)that

r g =

2

6
6
6
6
4

� a u � cv � 1
2 eu2 � f uv � 1

2 gv2 + � � �

� cu � bv � 1
2 f u2 � guv � 1

2 h v2 + � � �

1

3

7
7
7
7
5

;

H g =

2

6
6
6
6
4

� a � eu � f v + � � � � c � f u � gv + � � � 0

� c � f u � gv + � � � � b� gu � h v + � � � 0

0 0 0

3

7
7
7
7
5

: (3.23)

In order to compute_r (t) at r 0, we needto evaluateB; J at t = t0 (and thus, at p = p0, r = r 0 and

� = � 0 = 2cos� 0). At thatend,wenotethatsincewework in theprincipalreferencesystem,xr andxi may

beexpressedin termsof there�ection angle� :

xi = (sin � ; 0; � cos� )T; xr = (� sin � ; 0; � cos� )T:

Thus,wemayexpandEq.(3.20)asfollows:

2

6
6
6
6
6
6
6
4

Bu

Bv

Bw

0

3

7
7
7
7
7
7
7
5

= �

2

6
6
6
6
6
6
6
4

Ju � 2a cos� � 2ccos� Jw 0

� 2ccos� Jv � 2bcos� 0 0

Jw 0 Jv sin2 � 1

0 0 1 0

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

_u(0)

_v(0)

_w(0)

_� (0)

3

7
7
7
7
7
7
7
5

; (3.24)

wherecos� is given by Eq. (3.6), sin2 � = 1 � cos2 � andBu , Bv , Bw , Ju andJv arede�ned above. It

follows from thelastrow of Eq.(3.24)that _w(0) = 0. Consequently,

2

6
6
6
6
4

Bu

Bv

Bw

3

7
7
7
7
5

= �

2

6
6
6
6
4

Ju � 2a cos� � 2ccos� 0

� 2ccos� Jv � 2bcos� 0

Jw 0 1

3

7
7
7
7
5

2

6
6
6
6
4

_u(0)

_v(0)

_� (0)

3

7
7
7
7
5

: (3.25)

By invertingthematrix in Eq. (3.25),we obtainthe�rst-order derivativeof thesurfacecurve r (t) at r 0 (i.e.,

t0) andthepropositionis proved.Thedeterminantof thematrix in Eq. (3.25)(� = (Ju � 2a cos� )(Jv �

2bcos� ) � 4c2 cos2 � ) is equalto theJacobianin Eq.(3.19). �

Proposition2 tellsusthat _r 0 is notafunctionof thethird or higherorderparametersof thesurfacearoundthe
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re�ection point. A similar relationshipwasderivedby Zissermanet al. [84] in thedualcontext of a moving

observer. Note thatProposition2 holdsundertheconditionof � 6= 0 in Eq. (3.19),which guaranteesthat

themappingr (t) is uniquein theneighborhoodof (t0; r 0; � 0). Fromnow on, we shallalwaysassumethat

� 6= 0. Thisassumptionis reasonableaswe shallseein moredetail in Section3.4.1.

If we call � theanglebetween_r andu axis,theorientationof thetangentvectorof r (t) at r 0 within the

tangentplanemaybeexpressedas

tan � =
_v
_u

=
(Ju � 2a cos� )Bv + 2cBu cos�
(Jv � 2bcos� )Bu + 2cBv cos�

: (3.26)

3.3.1.2 Relationship Between_r and _q

Proposition3 Thedirectionof thetangentvector_r is directly relatedto thedirectionof thetangentvector _q

by thefollowing relationship(up to a sign)

_r
jj _r jj

=
n r � (c=jj c jj � _q=jj _q jj )

jj n r � (c=jj c jj � _q=jj _q jj ) jj
: (3.27)

Proof: It is notdif�cult to show that _q is proportionalto theperspectiveprojectionof _r into theimageplane.

Thus,theplanede�ned by c and _q contains_r . Let n t denotethenormalvectorof this plane,thenwe have

hn t ; _r i = 0. Sincehn r ; _r i = 0, we have _r
k _r k = n t � n r

kn t � n r k up to a sign,whichgivesriseto Eq.(3.27). �

More generally,

Proposition4 Let r (t) bethesurfacecurve andq(t) beits cameraimage.Then,respective tangentvectors

arelinearly related:

_q = T _r (3.28)

whereT is a3 � 3 matrix functionof thecameraparameters,r 0 andq0. Speci�cally, thematrixT is de�ned

asfollows:

T =
l

shd; v i

�
I �

dv T

hd; v i

�
(3.29)

whered = (q � c)=jj q � c jj, s = jj r � c jj , v is theview directionandl is thedistancefrom c of theimage

planealongv.
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Proof: Let 
 (t) = jj q(t) � c jj =jj r (t) � c jj betheratiobetweenthedistancefrom c to q(t) andfrom c to

r (t). We mayexpresstheimageplanecurveq(t) asfollows:

q(t) � c = 
 (t)( r (t) � c): (3.30)

Thus,q(t) satis�es

hq(t) � c; v i = l ;

whichcanbeexpressedin termsof 
 usingEq.(3.30),yielding


 (t) hr (t) � c; v i = l : (3.31)

DifferentiatingEq.(3.31)with respectto t, we get

_
 hr � c; v i + 
 h_r ; v i = 0: (3.32)

We maythensolve for 
 from Eq.(3.31)andEq.(3.1)and _
 from Eq.(3.32),obtaining


 =
l

hr (t) � c; v i
=

l
shd; v i

; (3.33)

_
 = �
l h_r ; v i

s2 hd; v i 2 : (3.34)

Notethat
 and_
 arebothevaluatedatt = t0. UsingEq.(3.33)andEq.(3.34),wecandifferentiateEq.(3.30)

with respectto t andcompute_q asfollows:

_q = 
 _r + s_
 d; (3.35)

=
l

shd; v i

�
I �

dv T

hd; v i

�
_r = T _r ; (3.36)

�
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3.3.2 SecondOrder Analysis

3.3.2.1 Second-OrderDerivativeof r (t)

In this sectionwestudythesecond-orderdifferentialbehavior of r (t) aroundt = t 0.

Proposition5 The second-orderderivative of the surfacecurve r (t) at r 0 (i.e., t0) is a function of the

�rst-order surfaceparameters, second-ordersurfaceparametersa; b;c, andthird-ordersurfaceparameters

e;f ; g; h. Particularly, it dependslinearlyon thethird-ordersurfaceparameterse;f ; g; h. Speci�cally, •r may

beexpressedas

•r = •r 1 + •r 2 =

2

6
6
6
6
4

•u1

•v1

•w1

3

7
7
7
7
5

+

2

6
6
6
6
4

•u2

•v2

0

3

7
7
7
7
5

(3.37)

wherethe�rst termis

2

6
4

•u1

•v1

3

7
5 = �

1
�

2

6
4

Jv � 2bcos� 2ccos�

2ccos� Ju � 2a cos�

3

7
5

2

6
4

D1 + Jw •w

D2

3

7
5 (3.38)

•w1 = � a _u2 � 2c_u _v � b_v2; (3.39)

andD1, D2 (whicharebothfunctionsof _u and _v) arederivedin theproof. Thesecondtermis

2

6
4

•u2

•v2

3

7
5 =

2cos�
�

2

6
4

Jv � 2bcos� 2ccos�

2ccos� Ju � 2a cos�

3

7
5 �

2

6
4

_u2 2_u _v _v2 0

0 _u2 2_u _v _v2

3

7
5

2

6
6
6
6
6
6
6
4

e

f

g

h

3

7
7
7
7
7
7
7
5

: (3.40)

In bothterms,thequantitiesJu ; Jv ; � arede�ned in Proposition2.

Proof: By differentiatingEq.(3.20)with respectto t, we have

dB(t; r ; � )
dt

= �
dJ(t; r ; � )

dt
S � J

dS(t)
dt

; (3.41)
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where

dS
dt

= [•r (t) •� (t)]
T

= [•u(t) •v(t) •w(t) •� (t)]
T

Our goal is to compute•r . For this purpose,we arerequiredto computethecomponentsdB=dt anddJ=dt

in Eq. (3.41). Note thatwe shouldthink of (r ; � ) asa functionof t (i.e., r (t) which is guaranteedto exist

from our �rst-order analysis)while calculatingthesederivatives. This is indicatedby notationd=dt instead

of @=@t. Theseexpressionsarederivedfor ageneralt, andwill beevaluatedat thespecularpaththroughp 0,

thatis, t = 0. In thisderivation,we will usetheidentities:

Nr = I � xr xr
T =

2

6
6
6
6
4

cos2 � 0 � sin � cos�

0 1 0

� sin � cos� 0 sin2 �

3

7
7
7
7
5

;

Ni = I � xi xi
T =

2

6
6
6
6
4

cos2 � 0 sin � cos�

0 1 0

sin � cos� 0 sin2 �

3

7
7
7
7
5

@jj r � p ( t ) jj
@t = � xr

T� p; @xr
@t = � Nr

jj r � p ( t ) jj � p;

@jj r � p ( t ) jj
@r = xr

T; @xr
@r = Nr

j j r � p ( t ) jj ;

@Nr
@t = Nr � pxr

T+ xr � p TNr
jj r � p ( t ) jj ; @(Nr � p )

@r = � Nr xr
T� p + xr � p TNr
jj r � p ( t ) jj

We startby differentiatingB andobtain:

@B31

@t
= � A� p;

@B31

@r
= A;

wherethematrix factorA is de�ned as

A =
Nr xr

T� p + Nr � pxr
T + xr � p TNr

jj r � p(t) jj2
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Consequently, wegetfrom thechainrule

dB(t; r ; � )
dt

=
@B
@t

+
@B

@(r ; � )
_S =

2

6
4

� A� p

0

3

7
5 +

2

6
4

A 0

0 0

3

7
5

2

6
4

_r (t)

_� (t)

3

7
5

=

2

6
4

A( _r (t) � � p)

0

3

7
5 : (3.42)

Similarly, we maycomputedJ=dt through@J=@t and@J=@(r ; � ) asfollows:

@J
@t

=

2

6
4

@J33

@t
0

0 0

3

7
5 =

2

6
4

@Nr =jj r � p(t) jj
@t

0

0 0

3

7
5

=

2

6
4

A 0

0 0

3

7
5 :

Thecomputationof @J=@(r ; � ) becomesalittle morecomplicated,sincetheresultwill beathird-ordertensor,

which,afterbeingmultiplied by S, returnsa matrix. This third-ordertensorcanbecomputedby calculating

thedifferentialmatrixassociatedwith eachcolumnof J. Let

e1 = (1; 0; 0)T; e2 = (0; 1; 0)T; e3 = (0; 0; 1)T:

andde�ne V j asthej th columnof a matrixV. UsingEq.(3.22),wehave

Jj
33 =

Nj
r

jj r � p(t) jj
+

Nj
i

jj r � c jj
+ � H j

g

Differentiatingthe�rst two componentsof Jj
33, we have

Cj
r =

@(Nj
r )=jj r � p(t) jj

@r
= �

Nr xr
Tej + Nr ej xr

T + xr ej
TNr

jj r � p(t) jj2 ;

Cj
i =

@(Nj
i )=jj r � c jj

@r
= �

Ni xi
Tej + Ni ej xi

T + xi ej
TNi

jj r � c jj2 :
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Furthermore,it follows from Eq.(3.23)that

C1
h =

@H 1
g

@r
=

2

6
6
6
6
4

� e � f 0

� f � g 0

0 0 0

3

7
7
7
7
5

; C2
h =

@H 2
g

@r
=

2

6
6
6
6
4

� f � g 0

� g � h 0

0 0 0

3

7
7
7
7
5

;

C3
h =

@H 3
g

@r
= 0: (3.43)

Consequently, wecancompute

@Jj
33

@(r ; � )
=

h
Cj

r + Cj
i + Cj

h H j
g

i

34
:

Moreover, we have

@(r g)
@(r ; � )

=
�

H g 0

�

34
:

De�ne

C =
�

(C1
r + C1

i ) _r (t) + H 1
g

_� (t) (C2
r + C2

i ) _r (t) + H 2
g

_� (t) (C3
r + C3

i ) _r (t) + H 3
g

_� (t)

�

33
;

C0 = �
�

C1
h _r (t) C2

h _r (t) C3
h _r (t)

�

= �

2

6
6
6
6
4

� e_u(0) � f _v(0) � f _u(0) � g_v(0) 0

� f _u(0) � g_v(0) � g_u(0) � h _v(0) 0

0 0 0

3

7
7
7
7
5

:

It follows from thechainrule that

dJ(t; r ; � )
dt

=

2

6
4

A 0

0 0

3

7
5 +

2

6
4

C + C0 H g _r (t)

(H g _r (t)) T 0

3

7
5

=

2

6
4

A + C + C0 H g _r (t)

(H g _r (t))T 0

3

7
5 (3.44)

Finally, by substitutingequations(3.42)and(3.44)into Eq.(3.41),weobtain

2

6
4

A( _r (t) � � p)

0

3

7
5 = �

2

6
4

A + C + C0 H g _r (t)

(H g _r (t))T 0

3

7
5

2

6
4

_r (t)

_� (t)

3

7
5 �

2

6
4

J33 r g(r )

(r g(r )) T 0

3

7
5

2

6
4

•r (t)

•� (t)

3

7
5 ;
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whichmaybeexpressedas

D = �

2

6
4

J33 r g(r )

(r g(r )) T 0

3

7
5

2

6
4

•r (t)

•� (t)

3

7
5 ; (3.45)

whereD is de�ned as

D =

2

6
4

A( _r (t) � � p)

0

3

7
5 +

2

6
4

A + C + C0 H g _r (t)

(H g _r (t))T 0

3

7
5

2

6
4

_r (t)

_� (t)

3

7
5

=

2

6
6
6
6
4

A( _r (t) � � p) + (A + C + _� (t)H g) _r (t)

(H g _r (t)) T _r (t)

3

7
7
7
7
5

+

2

6
4

C0_r (t)

0

3

7
5

= D1 + D2: (3.46)

Noticethatthethird-ordersurfaceparameterse;f ; g; h (of theMongeform; seeEq.(3.7))only appearin the

secondterm D2. From the last row of Eq. (3.45),we obtainan expressionin the second-orderparameters

a; b;c of theMongeform:

a _u2(t) + 2c_u(t) _v(t) + b_v2(t) � •w(t) = 0;

whichyields

•w(0) = a _u2(0) + 2c_u(0) _v(0) + b_v2(0): (3.47)

In addition,wecansolve for •u(0) and•v(0) from the�rst two rowsof Eq.(3.45).Speci�cally,

2

6
4

D1 + D 0
1 + Jw •w(0)

D2 + D 0
2

3

7
5 = �

2

6
4

Ju � 2a cos� � 2ccos�

� 2ccos� Jv � 2bcos�

3

7
5

2

6
4

•u(0)

•v(0)

3

7
5 ;

whereD1; D2 andD 0
1; D 0

2 denotethe�rst two rowsof D1 andD2 respectively. In particular, it follows from

Eq.(3.46)that

�

D1 D2 D3

� T

= (2A + C + _� (t)H g) _r (t) � A� p; (3.48)
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and

2

6
4

D 0
1

D 0
2

3

7
5 = � 2cos�

2

6
4

_u2 2_u _v _v2 0

0 _u2 2_u _v _v2

3

7
5

2

6
6
6
6
6
6
6
4

e

f

g

h

3

7
7
7
7
7
7
7
5

: (3.49)

Consequently,

2

6
4

•u(0)

•v(0)

3

7
5 = �

1
�

2

6
4

Jv � 2bcos� 2ccos�

2ccos� Ju � 2a cos�

3

7
5

2

6
4

D1 + D 0
1 + Jw •w(0)

D2 + D 0
2

3

7
5 :

Hence,by combiningwith Eq.(3.47),thepropositionis proven. �

Note that Eq. (3.39) expressesMeusnier's Theorem(see[12]). Additionally, notethat the secondterm of

Eq. (3.37)dependslinearly on thethird-ordersurfaceparameters.Finally, whenthethird-ordertermsof the

Mongeform of themirror surfaceareequalto zero,Cj
h = 0 for j = 1; 2; 3 andthesecondtermof Eq.(3.37)

is zero.This leadsto aspecialcasein surfacereconstructionasweshallseein Section3.5.1.

3.3.2.2 Relationship Between_r , •r and •q

Proposition6 Let r (t) bethesurfacecurveandq(t) its cameraimage.Then,•r and•q arelinearly related:

•q = T [•r � � _r ] ; (3.50)

wherethe3 � 3 matrix T andthescalar� arefunctionsof thecameraparameters,r 0, q0 and_r . Speci�cally,

T is de�ned in Eq.(3.29)and� asfollows:

� =
2

shd; v i
h_r ; v i : (3.51)

Proof: To relatethesecond-orderderivativeof r (t) to thatof its imageplaneprojectionq(t), wedifferentiate

Eq.(3.35)with respectto t, obtaining

•q = 
 •r + 2_
 _r + •
 sd (3.52)
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where
 ; _
 arede�ned in equations(3.33)and(3.34),and•
 may be computedfrom further differentiating

Eq.(3.32),yielding

•
 = �
2_
 h_r ; v i + 
 h•r ; v i

shd; v i
(3.53)

Thus,wegetananalyticalexpressionfor •q by substitutinginto Eq.(3.52),thatis

•q = 

�

•r �
h•r ; v i
hd; v i

d
�

+ 2_

�

_r �
h_r ; v i
hd; v i

d
�

= T
�
•r �

2
shd; v i

h_r ; v i _r
�

= T [•r � � _r ] : (3.54)

�

In accordancewith thedecompositionof •r in Eq.(3.37),we mayalsodivide •q into two terms

•q = •q1 + •q2; (3.55)

where

•q1 = T
�
•r 1 �

2
shd; v i

h_r ; v i _r
�

; •q2 = T •r 2: (3.56)

As we cansee,thethird-ordersurfaceparameterse;f ; g; h only appearin thesecondterm •q2.

3.3.2.3 Relationship Between_r , •r and � q

Proposition7 Thecurvature� q of q(t) atq0 maybeexpressedas:

� q =
shd; v i 3

l
h•r ; v i [_r ; v ; d] � h_r ; v i [•r ; v ; d] + hd; v i [•r ; v ; _r ]

�
jj _r jj2 hd; v i 2 + h_r ; v i 2 � 2h_r ; v i h_r ; di hd; v i

� 3=2
: (3.57)

Proof: For a planarcurve q(t), its curvatureandgeodesiccurvatureareequivalent.Thus,from differential

geometry[15] (Eq.(2.26),p.37)

� q =
h•q; nqi

jj _q jj2 : (3.58)
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whereLet nq = v � _q
j j _q jj . By takingthescalarproductwith nq onbothsidesof Eq.(3.52),weget

h•q; nqi = 
 h•r ; nqi + 2_
 h_r ; nqi + •
 shd; nqi : (3.59)

By usingEq.(3.35),we mayexpressthethreedotproductsin Eq.(3.59)asfollows:

h•r ; nqi =
1

jj _q jj
(
 [•r ; v ; _r ] + s_
 [•r ; v ; d]) ; (3.60)

h_r ; nqi =
s_


jj _q jj
[_r ; d; v ] ; (3.61)

hd; nqi =



jj _q jj
[d; v ; _r ] : (3.62)

In the equationsabove, [A; B ; C] denotesthe triple scalarproductof threevectors. Substitutingequa-

tions (3.60),(3.61)and(3.62) into Eq. (3.58)andthensimplifying the resultusingequations(3.33),(3.34)

and(3.53),weget

� q =
1

jj _q jj3

�
s(•
 
 � 2_
 2) [d; v ; _r ] + 
 2 [•r ; v ; _r ] + s
 _
 [•r ; v ; d]

�

=
l2

s2 hd; v i 3 jj _q jj3
(h•r ; v i [_r ; v ; d] � h_r ; v i [•r ; v ; d] + hd; v i [•r ; v ; _r ]) ;

(3.63)

wherewehaveusedthefactthat[d; v ; _r ] = � [_r ; v ; d], andtheidentity

s(•
 
 � 2_
 2) = �
l2 h•r ; v i

s2 hd; v i 3 :

Furthermore,it follows from Eq.(3.35)that

jj _q jj 2 = h_q; _qi = h
 _r + s_
 d; 
 _r + s_
 di

= 
 2 jj _r jj2 + s2 _
 2 + 2s
 _
 hd; _r i

= 
 2 jj _r jj2 + 
 2 h_r ; v i 2

hd; v i 2 � 2
 2 h_r ; v i hd; _r i
hd; v i

=

 2

hd; v i 2

�
jj _r jj2 hd; v i 2 + h_r ; v i 2 � 2h_r ; v i h_r ; di hd; v i

�
:

Therefore,weobtain

jj _q jj =
l

shd; v i 2

�
jj _r jj2 hd; v i 2 + h_r ; v i 2 � 2h_r ; v i h_r ; di hd; v i

� 1=2
: (3.64)
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By combiningequations(3.64)and(3.63),wegetthe�nal expression(3.57)for � q. �

Proposition8 � q dependslinearlyon thethird-ordersurfaceparameters.

Proof: _r in Eq.(3.9)and•r 1 in Eq.(3.37)areindependentof thethird-ordersurfaceparameters,andonly the

secondterm•r 2 in Eq.(3.37)of •r dependslinearlyone;f ; g; h. Thus,thepropositionfollowsfrom Eq.(3.57).

�

3.4 Propertiesof the Re�ection Mapping

In thissectionwepresentseveralpropertiesattachedto �rst-order derivativesof themappingr (t) whenmore

thanoneline passesthroughthe samere�ection point. Suchpropertieswill be usedin Section3.5 when

we studythe inverseproblemandwe show how to recover surfacepositionandshapefrom varioustypes

of imagemeasurements.We startby introducingin Section3.4.1theconceptof geometricalcon�guration

asa geometricalstructurede�ned by a patternscene,an observer andthe mirror surface. We saythat the

geometricalstructureis singularif themappingr (t) is notdifferentiableatthere�ection pointanddegenerate

if distinctcoplanarscenelinesaremappedinto thesametangentdirectionafterre�ection. Then,westudyin

Section3.4.2andSection3.4.3therankof themappingwhenN distinctorientationsof _r areconsidered(for

bothdegenerateandnon-degeneratecon�gurations).

3.4.1 GeometricalCon®gurations

Let us assumea patternscenecomposedof N coplanarlines p1, p2, � � � pN througha point p0
3. As

discussedin section3.3,eachsceneline p i is mappedinto a re�ectedcurve r i (t) on themirror surfaceand

an imagecurve q i (t) observed on the imageplane,with their tangentvectorsat t0 denotedby _r i and _qi

respectively. Let � i be the anglebetween_r i andthe u axis at r 0, andlet  i be the anglebetween_qi and

horizontalaxis in theimageplaneat q0. It thenfollows from Eq. (3.26)that thetangentdirectiontan � i of

r i (t) canbecomputedby

tan � i =
(Ju � 2a cos� )Bv i + 2cBu i cos�
(Jv � 2bcos� )Bu i + 2cBv i cos�

: (3.65)

3Thehypothesisof coplanarscenelinesis necessaryfor theensuingdevelopment.Seein particularProposition13.
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Figure3.3: Exampleof singular geometricalcon�guration : (a)A line p(t ) passingthroughp 0 is re�ected
off a paraboloidmirror andobserved by a camera.The curvatureof the paraboloidat r 0 is suchthat the
correspondinggeometricalcon�guration is singular. (b) The re�ected imagecurve is shown. Notice the
discontinuityof mappingq(t ) at q0.

Thecorrespondingtangentdirectiontan  i of q i (t) in theimageplanecanberelatedto tan � i by meansof

Proposition4.

De�nition 1 We call ageometricalcon�guration} = } ( c; p0; p1, p2, � � � pn r 0; n r ; a; b;c) ageometrical

structurewherep0 is a a scenepoint, c is an observer, r 0 is the correspondingre�ected point on a mirror

surfaceS, n r is thenormalof S at r 0, thequantitiesa, b, c arethesecond-orderparametersof S aroundr 0 in

theprincipalplanereferencesystemandp1, p2, � � � pn aren coplanardistinctscenelinespassingthrough

p0.

3.4.1.1 Singular Con�gurations

De�nition 2 We call a geometricalcon�guration singular if the condition (3.19) for the existenceof the

mappingr (t) aroundtheneighborhoodof r 0 is not satis�ed(i.e., if theJacobian� = 0).

Notice that if � = 0 the mappingr i (t) is not differentiableat t0. An exampleof singulargeometrical

con�gurationis shown in Figure3.3.

Proposition9 A geometricalcon�guration} is singularif andonly if thecondition

c2 = (
Ju

2cos�
� a)(

Jv

2cos�
� b) (3.66)
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holds.

Proof: from Eq.(3.3.1.1),condition(3.66)holdsif andonly if � = 0. �

Proposition10 If the surfaceis a convex paraboloidin the neighborhoodof the re�ection point, thenthe

correspondinggeometricalcon�gurationis non-singular.

Proof: If the surfaceis a convex paraboloidin the neighborhoodof the re�ection point, the second-order

parametersa, bandc satisfy: 8
><

>:

a < 0; b < 0

c2 < ab
(3.67)

Let us assumeby contradictionthat the geometricalcon�guration is singular. SinceJu ; Jv > 0 and the

re�ection angle� < � =2,

c2 < ab< (
Ju

2cos�
� a)(

Jv

2cos�
� b) (3.68)

whichcontradictsEq.(3.66) �

3.4.1.2 DegenerateCon�gurations

De�nition 3 We call a geometricalcon�gurationdegenerateif for any i; j (i 6= j ), wehave � i = � j .

Proposition11 A geometricalcon�guration} is degenerateif andonly if all thescenelinesp 1, p2, � � � pn

de�ne aplanepassingthroughp0 andr 0.

Proof: We divide the proof in two steps: 1) we prove that for any i; j (i 6= j ), � i = � j if andonly if
B u i
B v i

=
B u j

B v j
; 2) weprovethat B u i

B v i
=

B u j

B v j
= k if andonly if p i , p j de�ne aplanepassingthroughp0 andr 0.

1. ( ) SupposeBu i =Bv i = Bu j =Bv j = k, it follows from Eq.(3.65)that

tan � i = tan � j =
(Ju � 2a cos� )k + 2ccos�
(Jv � 2bcos� ) + 2kccos�

: (3.69)

(! ) FromEq.(3.65):

Bu i

Bv i

=
(Ju � 2a cos� ) + 2ctan � i cos�
(Jv � 2bcos� ) tan � i + 2ccos�

: (3.70)

ThenBu i =Bv i = Bu j =Bv j follows immediatelyfrom � i = � j .
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Figure3.4: Sketch of the proof of Proposition11 (step2): Condition(n s)w = � tan � (ns)u is equivalent
to have the scenelines containedin a planewhich alsocontainsp0 � r 0. ns is the normalvectorof the
sceneplane.ns

0 is theprojectionof ns into theprincipalplane.ns
0 is orthogonalto p0 � r 0 if andonly if

� = 90� � , and(ns)w = � tan � (ns)u

2. It follows from Eq. (3.10)that if k = 1 (or equivalently, B v i = Bv j = 0), p i andp j belongto the

principalplanewhichpassesthroughp0 andr 0. If k 6= 1 , we have

B u i
B v i

=
B u j

B v j
= k ,

(� p i )w sin � � (� p i )u cos �
(� p i ) v

= (� p j )w sin � � (� p j )u cos �
(� p j ) v

= � k
cos � ,

tan � = (� p i )u (� p j ) v � (� p j )u (� p i ) v

(� p i )w (� p j ) v � (� p j )w (� p i ) v
= � (n s )w

(n s )u

wherens = [(ns)u (ns)v (ns)w ]T is the normalvectorof the planeformedby the scenelines p i

andp j . (ns)w = � tan � (ns)u suggeststhatns mustbeorthogonalto p0 � r 0 (seeFigure3.4). By

construction,theplanede�ned by p i andp j passesthroughp0.

�

Notice that in thespecialcasewherep i , p j belongsto theprincipalplane(hence,k = 1 ), we have from

Eq.(3.65)that

tan � i = tan � j =
2ccos�

(Jv � 2bcos� )
: (3.71)
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As we shallseein Section3.5,if a geometricalcon�gurationis degenerate,thereconstructionof thesurface

aroundr 0 is not feasible.In particular, having two or morescenelinescontainedin theprincipalplaneleads

to inaccuratereconstructionresults(seeSection3.5.3.3or Figure3.15for details).

3.4.2 The Rank Theorem

In this sectionwe studytherankof themappingwhenN distinctorientationsof _r areconsidered(for both

degenerateandnon-degeneratecon�gurations).We show that if thecon�guration is degenerate,therankof

the mappingis 1, whereasif the con�guration is non-degenerate,the rank of the mappingis 2. We group

thesepropertiesunderthenameof RankTheorem.

By consideringn (n � 3) distinctcoplanarscenelines intersectingat p0, we mayobtainthefollowing

linearsystemaboutthe3 parametersa; b;c. In fact,let

� = Ju � 2a cos� ;

� = Jv � 2bcos� ;


 = 2ccos� ;

thenEq.(3.65)canberepresentedas

�

Bv i � Bu i tan � i Bu i � Bv i tan � i

�

2

6
6
6
6
4

�

�




3

7
7
7
7
5

= 0;

denotedby

Hn g = 0; (3.72)

where

g = [Ju � 2a cos� Jv � 2bcos� 2ccos� ];T (3.73)
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andHn is a n � 3 matrix de�ned as

Hn =

2

6
6
6
6
6
6
6
4

Bv1 � Bu1 tan � 1 Bu1 � Bv1 tan � 1

Bv2 � Bu2 tan � 2 Bu2 � Bv2 tan � 2

...
...

...

Bvn � Bun tan � n Bun � Bvn tan � n

3

7
7
7
7
7
7
7
5

; (3.74)

In thefollowing, we show somepropertiesof Rank(Hn ).

Proposition12 Givena non-singulargeometricalcon�guration } , theRank(Hn ) is alwaysdifferentfrom

zero.

Proof: Supposeby contradictionthat Rank(Hn ) = 0. Then,eachentry of Hn is zero. Hence,Bv i =

Bu i = 0 for 8i . Thus,all scenelineslie in theprincipalplaneformedby c; r 0; p0 andsatisfytheconstraint

(� p i )w cos� sin � = (� p i )u cos2 � , namely(� p i )u =(� p i )w = tan � . As a result,eachsceneline is oriented

alongtheincidentvectorr 0 � p0, contradictingtheunderlyingassumptionof n distinctscenelines. �

Proposition13 Givena non-singulargeometricalcon�guration} , Rank(Hn ) = 1 for n � 3, if andonly if

} is degenerate.

Proof: We denotetherow vectorsof Hn by h1; h2; : : : ; hn .

1. (! ) If Rank(Hn ) = 1, any 2 rows h i andh j of Hn are linearly dependent,namelythereexists a

scalar� 6= 0 suchthath j = � h i . Thus,

Bv j = � Bv i ; (1)

Bu j tan � j = � Bu i tan � i ; (2)

Bu j � Bv j tan � j = �B u i � �B v i tan � i ; (3)

Substituting(1) and(2) into (3), yieldsthefollowing equations:

(tan � i � tan � j )(Bu i � Bv i tan � j ) = 0

(tan � i � tan � j )(Bu j + Bv j tan � i ) = 0

which is satis�ed wheneither� i = � j or tan � i = � Bu j =Bv j andtan � j = Bu i =Bv i . If � i = � j ,

it follows from Proposition11 (seeproof, step2) that p i andp j de�nes a planepassingthroughp0
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andr 0. Sincethescenelinesarecoplanarfrom De�nition 1, it follows immediatelythatall thescene

lines fall in this sameplanepassingthroughr 0, which leadsto a degeneratecon�guration according

to Proposition11. In fact, if thereexistsa pair of rows h i andh j suchthat � i = � j , } is degenerate.

If tan � i = � Bu j =Bv j andtan � j = Bu i =Bv i , by consideringanotherpair of rows h i andhk and

following thesimilar derivations,we cangetanotherpair of constraints,that is, tan � i = � Bu k =Bvk

andtan � k = Bu i =Bv i . Therefore,we have � j = � k , againleadingto a degeneratecon�gurationdue

to thereasonmentionedabove.

2. ( ) If thegeometricalcon�guration is degenerate,thenaccordingto De�nition 3 andProposition11

(seeproof,step1) , 9k, suchthat8i; j , Bu i =Bv i = Bu j =Bv j = k. It followsthath j = h i � k� Bu j =Bv i .

Thus,Rank(Hn ) = 1, sinceRank(Hn ) 6= 0 is guaranteedby Proposition12. �

Proposition14 Givena non-singulargeometricalcon�guration} , Rank(Hn ) = 2 for n � 3, if andonly if

} is non-degenerate.

Proof: We denotetherow vectorsof Hn by h1; h2; : : : ; hn .

1. ( ) Sincetherow rankandthecolumnrankof a matrix areequal,Rank(Hn ) canonly have values

of 0; 1; 2; 3. It follows immediatelyfrom Proposition12 and Proposition13 that Rank(Hn ) = 2

or Rank(Hn ) = 3. If Rank(Hn ) = 3, then thereexists three independentrow vectorsamong

h1; h2; : : : ; hn . Without lossof generality, we assumesthat they areh1; h2; h3. It thenfollows from

Eq.(3.72)that

2

6
6
6
6
4

Bv1 � Bu1 tan � 1 Bu1 � Bv1 tan � 1

Bv2 � Bu2 tan � 2 Bu2 � Bv2 tan � 2

Bv3 � Bu3 tan � 3 Bu3 � Bv3 tan � 3

3

7
7
7
7
5

2

6
6
6
6
4

�

�




3

7
7
7
7
5

= 0;

which leadsto a zerosolution,thatis, � = � = 
 = 0. Consequently, accordingto Proposition9, } is

singular, contradictoryto theassumption.

2. (! ) Proof by contradiction.If } is degenerate,we will have Rank(Hn ) = 1 by meansof Proposi-

tion 13. �

We combineProposition12,Proposition13andProposition14underthenameof RankTheorem.
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3.4.3 The GeneralizedRank Theorem for Arbitrary TangentDir ections

In this sectionwe studythe rank of the matrix Hn whenN distinct arbitraryvaluesof � 1; � 2; : : : ; � n are

considered.We show thatif thecon�gurationis degenerate,therankof Hn is 2, whereasif thecon�guration

is non-degenerate,the rank of Hn is 3. We group thesepropertiesunderthe nameof GeneralizedRank

Theorem.

As discussedin Section3.2,wereferto parameters (namely, thedistancebetweenc andactualre�ecting

point r 0) asthe�rst-order surfaceparameterwhich determinesthepositionr 0 andnormaln r of thesurface

(by meansof Eq. (3.1) andEq. (3.5)). Thus,asthe �rst-order parameters varies,a family of geometrical

con�gurations} (s) canbede�ned (here,c, p0 p1, p2, � � � pn , a, b, c are�x ed).

Let 	 m = [ m
1 ;  m

2 ; : : :  m
n ] denotethe setof tangentdirectionsmeasuredat q0 for the imagecurves

q1; q2; : : : ; qn (imagesof then scenelinesp1; p2; : : : pn intersectingatp0) for ageometricalcon�guration

} (s). Let 	̂ denoteanarbitrarysetof tangentdirections[ ̂ 1;  ̂ 2; : : : ;  ̂ n ] atq0.

De�nition 4 We saythat thesetof directions	̂ is compatiblewith a geometricalcon�gurationat s if } (s)

yieldsa setof measurements	 m equalto 	̂ . Otherwise,	̂ is not compatiblewith } (s).

Let [�̂ 1; �̂ 2; : : : ; �̂ n ] denotetheprojectionof 	̂ into thesurfacetangentplaneat r 0. Thus,we mayde�ne a

matrix Ĥn with a similar form asHn in Eq.(3.74).Thatis,

Ĥn =

2

6
6
6
6
6
6
6
4

Bv1 � Bu1 tan �̂ 1 Bu1 � Bv1 tan �̂ 1

Bv2 � Bu2 tan �̂ 2 Bu2 � Bv2 tan �̂ 2

...
...

...

Bvn � Bun tan �̂ n Bun � Bvn tan �̂ n

3

7
7
7
7
7
7
7
5

: (3.75)

Obviously, if 	̂ = 	 m , thenĤn = Hn . In the following, we shall studytherankpropertyof Ĥn , andthe

resultwill beusedin Section3.5.

Proposition15 Considera geometricalcon�guration } (s), anarbitrarysetof tangentdirections	̂ = [ ̂ 1;

 ̂ 2; : : : ;  ̂ n ] and its correspondingprojections[�̂ 1; �̂ 2; : : : ; �̂ n ] on the tangentplane. Assumethat tangent

orientationsaredistinct( i.e.,8i; j (i 6= j ), �̂ i 6= �̂ j ). Then,Rank(Ĥn ) � 2.

Proof: We wantto provethatRank(Ĥn ) canbeneither0 nor1 by contradiction.

1. If Rank(Ĥn ) = 0, all scenelinesp1, : : :, pN arealigned,whichcontradictsDe�nition 1.

2. If Rank(Ĥn ) = 1, usingaproof similar to thatof Proposition13,onecanshow thatthehypothesisof

distincttangentorientationsis violated. �
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Proposition16 Considera geometricalcon�guration } (s), an arbitrarysetof tangentdirections	̂ = [ ̂ 1;

 ̂ 2; : : : ;  ̂ n ] and its correspondingprojections[�̂ 1; �̂ 2; : : : ; �̂ n ] on the tangentplane. Assumethat tangent

orientationsaredistinct ( i.e., 8i; j (i 6= j ), �̂ i 6= �̂ j ). Additionally, assumethat 	̂ is not compatiblewith

} (s). Then,Rank(Ĥn ) = 2 if andonly if } (s) is degenerate.

Proof:

1. ( ) We want to show that if } (s) is degenerate,thenRank(Ĥn ) = 2. It follows from De�nition 3

andProposition11 (seeproof,step1) that9k, Bu i = kBv i 8i 6= j . If k 6= 1 , we mayexpressĤn as

follows:

Ĥn = Ĥ
1
n Ĥ

2
n =

2

6
6
6
6
6
6
6
4

Bu1 0 : : : 0

0 Bu2 : : : 0
...

0 0 : : : Bun

3

7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
4

1
k � tan �̂ 1 1 � 1

k tan �̂ 1

1
k � tan �̂ 2 1 � 1

k tan �̂ 2

...

1
k � tan �̂ n 1 � 1

k tan �̂ n

3

7
7
7
7
7
7
7
5

Hence,Rank(Ĥn ) = Rank(Ĥ
1
n Ĥ

2
n ) � min(Rank(Ĥ

1
n ); Rank(Ĥ

2
n )) . Sincethethird columnof Ĥ

2
n

canbeexpressedasa linearcombinationof the�rst two, Rank(Ĥ
2
n ) � 2, andthus,Rank(Ĥn ) � 2.

On the other hands,we have Rank(Ĥn ) � 2 from Proposition15. Therefore,Rank(Ĥn ) = 2.

Furthermore,if k = 1 ,

Ĥn = Ĥ
1
n Ĥ

2
n =

2

6
6
6
6
6
6
6
4

Bu1 0 Bu1 tan �̂ 1

Bu2 0 Bu2 tan �̂ 2

...

Bun 0 Bun tan �̂ n

3

7
7
7
7
7
7
7
5

which leadsagainto Rank(Ĥn ) = 2.

2. (! ) We want to show that if Rank(Ĥn ) = 2, then} (s) is degenerate.Assumeby contradictionthat

} (s) is non-degenerate.ConsiderthesystemĤn g = 0 in Eq. (3.72). SinceRank(Ĥn ) = 2, vector

g is perpendicularto theplanespannedby any two rows of Ĥn . That is, g = r h, wherer is a scalar

parameterandh = [h1 h2 h3]T = hk � h j , wherehk ; h j arethekth andj th rows of H associated

with 2 arbitrarylinespk andp j . Sinceg = [Ju � 2a cos� Jv � 2bcos� 2ccos� ]T, we have founda

family of valuesfor a; b; c anda correspondingfamily of non-degenerategeometricalcon�gurations
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} (s;a; b;c) whichareparameterizedby r andyield thesetof tangentorientations	̂ , contradictingthe

non-compatibilityassumptioniii).

�

Proposition17 Considera geometricalcon�guration } (s), anarbitrarysetof tangentdirections	̂ = [ ̂ 1;

 ̂ 2; : : : ;  ̂ n ] and its correspondingprojections[�̂ 1; �̂ 2; : : : ; �̂ n ] on the imageplane. Assumethat tangent

orientationsaredistinct (i.e., 8i; j (i 6= j ), �̂ i 6= �̂ j ). Additionally, assumethat 	̂ is not compatiblewith

} (s). Then,Rank(Ĥn ) = 3 if andonly if } (s) is non-degenerate.

Proof:

1. ( ) If } (s) is non-degenerate,but Rank(Ĥn ) 6= 3. By Proposition15, Rank(Ĥn ) � 2 andsince

Rank(Ĥn ) � 3, Rank(Ĥn ) = 2. It thenfollows from Proposition16 that } (s) mustbedegenerate,

contradictingour assumption.

2. (! ) Proofbycontradiction.If } isdegenerate,thenit followsfrom Proposition16thatRank(Ĥn ) = 2,

contradictingtheassumptionRank(Ĥn ) = 3.

�

WecombineProposition15,Proposition16andProposition17underthenameof GeneralizedRankTheorem.

To sumit all up,we have listedtheresultsobtainedin this sectionin Table3.3.

Rank(Ĥn ) } (s) deg. } (s) non-deg. Pointer

	 compatiblewith } (s) 1 2
Proposition 13
Proposition14

	 not compatiblewith } (s) 2 3
Proposition 16
Proposition17

Table3.3: Rankpropertyof Ĥn for arbitrarytangentdirection.

3.5 The InverseProblem

3.5.1 InverseProblem

In this section,we study the inverseproblemandapply the analyticalformulasderived in Section3.3 to

reconstructthe geometryof a mirror surfaceby measuringits deformingeffects on a sceneplanargrid.
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We startby showing in Section3.5.2that if the measurementsof orientationandpositionof (at least)two

re�ectedcurvesareavailable,theparametersdescribinglocal shapeof thesurfacecanbereduced.Then,we

demonstratein Section3.5.3andSection3.5.4thatby exploiting differenttypesof imagemeasurementsand

by assumingthatthesceneis calibrated,wemayrecovertheshapeof themirror surfaceto differentaccuracy.

We take advantageof the resultsprovenin Section3.4 to studydegeneratesolutionsandambiguitiesof the

reconstructionproblem.

We presenttwo reconstructionalgorithms.The�rst algorithm(call it A1) assumesthattheorientationof

at least3 linesareavailableat thesameintersectionpointandestimatessurfacepositionandorientationat the

re�ection point. Surfacecurvatureandthethird-ordersurfaceparameterscanonly berecoveredup to a free

parameter. Surfacecurvaturecanbe fully estimatedonly whenthe third surfaceparametersarenegligible

(seeFigure3.5).

Thesecondalgorithm(A2) assumesthatorientationandscaleof at least2 linesareavailableat thesame

intersectionpoint. Scaleinformationmeasuresthe”velocity” alongthe line in the image,assumingknown

velocity alongthe line in thescene.Thealgorithmestimatessurfacepositionandsurfaceorientationat the

re�ection point. Additionally, it estimatessurfacecurvatureandthethird-ordersurfaceparametersin closed-

form (seeFigure3.10).Theseresultsaresummarizedin Table3.4.

Algorithm Measurements Estimated surfacequantities

A1 point q0 + orientation of 3 lines
throughq0

distance,tangentplaneat r 0

A2 point q0 + orientation& scaleof 2
linesthroughq0

distance, tangent plane, curvature
and3r d-orderparametersat r 0

Table3.4: Comparisonof thetwo algorithms

Finally, in Section3.5.4.5weshow thatthehypothesison thestructureof thescene(i.e.,scenecomposed

of agrid of intersectinglines)is notnecessary. Wedemonstratethatscaleandorientationmeasurementsmay

alsobeextractedfrom there�ection of aplanarscenepatchof arbitrarygeometry. Weprovethatlocalsurface

shapecanbeestimatedif the locationof at least3 arbitrarypointsis availablewithin a neighborhoodof the

re�ectedscenepatch.

For clarity, throughoutthis section,we indicate the quantitiesmeasuredin the imageplanewith the

superscriptm and the quantitiesassociatedwith different scenelines with a subscript. For example,the

measurementof the�rst-order derivativeof thei th curveq i (t) in theimageplaneis indicatedby _qm
i .
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3.5.2 Parameter Reduction

In this section,we show thatif themeasurementsof theorientationof (at least)two re�ectedcurvesandthe

positionof thepoint of intersectionareavailable,theparametersdescribingthesurfaceposition,orientation

andcurvature(i.e.,s, a; b;c) canbereducedfrom 4 to 2.

As discussedin Section3.2,we referto parameters asthedistancebetweenc andactualre�ecting point

r 0. Denoteby 	 m = [ m
1 ;  m

2 ; : : :  m
n ] thesetof tangentdirectionsmeasuredat q0 for theimagecurvesq1;

q2; : : : ; qn (imagesof then scenelinesp1; p2; : : : pn intersectingatp0). Wemayconstructthen � 3 matrix

H andthevectorg in Eq. (3.72)from measurements(	 m andqm
o ) andknown geometricalquantitiesfrom

calibration.Notice that in Eq. (3.72),measurementsandsecondsurfacesparametersareseparated.In fact,

tangentmeasurementsarecontainedin H only andsecond-ordersurfaceparameters(a; b;c) arecontainedin

g only. BothH andg area functionof s.

Proposition14suggeststhatgivena non-singulargeometricalcon�guration,thevectorg in Eq. (3.73)is

perpendicularto theplanespannedby any two rows of H. That is, g = r h, wherer is anunknown scalar

parameterandh = [h1 h2 h3]T = hk � h j . Here,hk ; h j arethekth andj th rows of H associatedwith 2

arbitrarylinespk andp j . As a result,only two linessuf�ce to univocally constraina, b, c asa functionof r

ands. Thatis,

8
>>>>><

>>>>>:

a =
Ju

2cos�
� r

h1

2cos�

b =
Jv

2cos�
� r

h2

2cos�

c = r
h3

2cos�

; (3.76)

which reducesthe total numberof unknownsfrom 8 (s;a; b;c; e;f ; g; h) to 6 (s; r; e;f ; g; h). Note that r

appearsasa freeparameter.

3.5.3 ImageMeasurements:CurveOrientations

In Section3.5.3.1,we show thatby measuringpositionandtangentorientationsof the re�ection imagesof

(at least)threescenelinesintersectingat a point p0, we areableto recover thegeometryof a mirror surface

upto �rst-order (positionandnormal).In Section3.5.3.2,wegiveanexplicit reconstructionalgorithmwhich

maybesummarizedin 8 steps.In Section3.5.3.4,wediscussthepossibilityof having multipleor degenerate

solutions. In Section3.5.3.4,we show that the second-ordersurfaceparameterscanonly be recoveredup

to one free parameterr and we refer to it as second-order parameterambiguity. In Section3.5.3.5,we

presentexplicit solutionsfor the second-ordersurfaceparametersfor two specialsurfaces:the sphereand
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thecylinder. In Section3.5.3.6,we attackthegeneralcase.We show that if thecurvatureof (at least)one

re�ectedcurveatq0 is available,thesecond-orderparameterambiguitycanberesolvedandr canbederived

in closedform solution.This derivationrequirestheassumptionthatthird-ordersurfaceparameterse;f ; g; h

arenegligible in theneighborhoodof r 0. Additionally, weprove(seeProposition19)thattheimagecurvature

atq0 dependslinearlyasymptoticallyonr andthattheslopeof sucha functiondoesnotdependonthethird-

ordersurfaceparameters.Proposition19 may be usedto estimatethe second-orderparametersin closed

form. Finally, weapplytheseresultsin Section3.5.3.7wherewegiveexpressionsto constrainthethird-order

surfaceparametere;f ; g; h. We show thatif themeasurementsof (at least)four re�ectedimagecurvaturesat

q0 areavailable,thene;f ; g; h canbeestimatedup to r . We referto it asthird-orderparameterambiguity.

3.5.3.1 Recovering the First-Order Parameters

By constructingthen � 3 matrix H in Eq.(3.74)from measurements(	 m andqm
o ) andknown geometrical

quantities,we obtaindet(HTH) asa parametricfunction of s. Considern scenelines (n � 3) anddenote

by s� the actualdistancebetweenc and unknown re�ecting point r 0. SinceRank(H) = Rank(HTH),

Proposition14suggestsa necessaryconditionfor s� . Namely, det(HTH) mustvanishats� . If det(HTH) = 0

hasa singleroot, thenwe �nd s� univocally. However, theremight exist somevaluesof s 6= s� suchthat

det(HTH) = 0. Consideringa geometricalcon�guration } (s) attachedto s (seeSection3.4.3),det(H TH)

maybecomezeroin two cases,accordingto Table3.4:

1. } (s) is non-degenerate, thesetof measurements	 m is compatiblewith } (s), andwe haveRank(H)

= 2. We call suchs aghostsolution.

2. } (s) is degenerate, andthesetof measurements	 m is notcompatiblewith } (s) whereRank(H) � 2.

Therefore,wehave thefollowing proposition:

Proposition18 Givena matrix H formedby theobservations	 m andparameterizedby s, det(HTH) van-

ishesat s if andonly if s is i) the actualdistances� ; ii) a ghostsolution;andiii) attachedto a degenerate

geometricalcon�guration.

In otherwords,a ghostsolutions is a zeroof the functiondet(HTH) andariseswhena non-degenerate

geometricalcon�guration} (s) yieldsre�ected lineswith orientationsequivalentwith thosemeasuredin the

imageplane. This leadsto an ambiguity in our reconstructionscheme:any mirror surfacewhoselocation

andshapeis determinedby a ghostsolutionwouldgenerateexactly thesamemeasurements	 m astheones

generatedby theactualmirror surface(attachedto actualsolutions� ).
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Figure3.5: Data gathered fr om the image. In this example,themeasurementsaretheorientationsof the
re�ectedcurvesq1, q2 andq3 evaluatedat theintersectingpointq0 andthepositionof q0 in theimageplane.

3.5.3.2 ReconstructionAlgorithm

To obtain threeorientationsat eachexaminedpoint, we canadopta patterncomposedof a tessellationof

black and white equilateraltriangles. Edgesof the patterngrids act as a triplet of intersectinglines and

cornersserve asmarkpoints(seeFigure3.5). As indicatedin Figure3.5, the triplet of scenelinesp 0
1, p0

2,

p0
3 intersectingat q0 arere�ected to q1, q2 andq3, respectively. Notice thatp0

1, p0
2, p0

3 arethe imagesof

thescenelinesp1, p2, p3. Givena sceneline p i , we mayaccuratelymeasuretheorientationof its re�ected

imagecurveq i at q0 usingB-splineinterpolation.In fact,by constructinga B-splinethatinterpolatesimage

pointsalongthe curve, the directionof _q (i.e., tan � ) canbe calculatedby numericallydifferentiatingthe

resultingB-spline. Usingthesenumericalestimates,our local surfacereconstructionalgorithmat eachgrid

pointof there�ectedpatterncanbesummarizedin Table3.5.

3.5.3.3 Numerical Simulationsand Discussion

In orderto validateour theoreticalresults,we have implementeda programin MatLabto simulatespecular

re�ections. Givena setof scenelines,a known surface,andtheobserver, theprogramcomputesthecorre-

spondingre�ectedcurve imagedby theobserver. Thus,all of thegeometricalquantitiesneededto form the

matrix H canbenumericallyobtained.

Fig.3.6showsthepro�le of det(HTH) asafunctionof s for aninstanceof geometricalcon�guration.The

functiondet(HTH) vanishesat s� (actualsolution)ands0 (degenerategeometricalcon�guration). According

to De�nition 3, we cananalyticallypredictdegenerategeometricalcon�gurationsby checkingwhetherthe

valueof s satis�esthat8i 6= j , B u i
B v i

=
B u j

B v j
. For instance,asin Fig. 3.6, sincethesurfacepoint associated

with s0 belongsto theplanede�ned by thescenelines,we know from Proposition11 thats0 givesrise to a

degenerategeometricalcon�guration andshouldbe rejected.Additionally, empiricalanalysiswith Matlab

showsthatthemoreone(or more)sceneline approachtheprincipalplane,thelower is theslopeof det(H TH)
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1. Selecta checkerboardintersectionpoint andits correspondingre�ected point
(e.g.,pointsp0

0 andq0 in Figure3.5).

2. Selecta triplet of linesfrom thecheckerboardpattern(e.g.,imagelinesp 0
1, p0

2,
p0

3) andcorrespondingre�ectedtriplet of curves(e.g.,q1, q2 andq3).

3. Computethepositionof p0 anddirections� p1, � p2, � p3 of p1 p2, p3, re-
spectively at p0 by interpolatingB-splinesthrougheachof p0

1, p0
2, p0

3 andby
numericaldifferentiationatp0

0.

4. Estimatethe positionof q0 anddirectionstan � m
1 , tan � m

2 , tan � m
3 of q1, q2

andq3 respectively at q0 from B-splinenumericaldifferentiation.

5. ComputematrixH (Eq.(3.74))from p0, q0, � p1, � p2, � p3, tan � m
1 , tan � m

2 ,
tan � m

3 .

6. Recover thedistances from det(HT H) (up to ghostsolutions).

7. Recover the re�ection point r 0 on the mirror surfaceand the surfacenormal
vectorat r 0 by Eq.(3.1)andEq.(3.5),respectively.

8. Recovercurvatureparametersa, b, c by Eq. (3.76)up to oneunknown parame-
ter.

Table3.5: Algorithm A1

at s� . This in turn leadsto loweredaccuracy in estimatings� (e.g.,seethe point highlightedwith dashed

circle in Figure3.15for details).

In this instanceof simulation,noghostsolutionsarise.In general,theexistenceof ghostsolutionsis more

problematicfor our reconstructionbecauseit cannotberuledoutanalytically. However, extensivenumerical

experimentswith MatLabshow thatghostsolutionsareratheruncommon.Noticethatthenumbern of rows

of H is equalto the numberof scenelines. Thus, the greateris n, the lower is the probability that there

existsa valueof s 6= s� suchthatthesetof measurements	 m is compatiblewith } (s). Additionally, ghost

solutionsmaybeeasilyrejectedif someform of prior globalinformationonshapeis available.Furtherwork

is neededin orderto derivesuf�cient conditionsto rejectghostsolutions.

3.5.3.4 Recovering the Second-OrderParameters: the Second-OrderAmbiguity

Onces is determined,we canrecover the second-ordersurfaceparametersa; b;c asfunctionsof onefree

parameterr from Eq. (3.76). As a consequenceof Proposition14, however, the freeparameterr cannotbe

estimatedfrom tangentorientationsonly. This leadsto afundamentalambiguityfor thesecond-ordersurface

parameters,as far as the imagetangentorientationsareconcerned.We call this ambiguitySecond-Order

Ambiguity. We can interpretthe ambiguityas follows: considerthe family of geometricalcon�gurations
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Figure3.6: Multiple solutionsfor det(HTH). Toppanel:pro�le of det(HTH) asafunctionof s. Thefunction
det(HTH) vanishesat s = s� (actualsolution)andat s = s0 (solutionattachedto a degenerategeometrical
con�guration). Bottompanel: thecorrespondingreconstructedpoint for s = s� is the realsurfacepoint r ,
andthereconstructedpoint for s = s0 is r g, whichcaneasilyberejectedasit belongsto theplanede�ned by
thescenelines.

} (r ), wherec, p0, p1, p2, r 0(s) n r (s) are�x ed anda, b, c parameterizedby r , accordingto Eq. (3.76).

Then,given an arbitrarysceneline passingthroughp0, all the mirror surfacesattachedto the family will

producere�ected imagecurveswith invarianttangentorientation.In Fig. 3.7,anexampleof Second-Order

Ambiguity is presented.
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Figure3.7: Example of Second-OrderAmbiguity. Top panel: two mirror paraboloidsS1 andS2 passing
throughr 0, sharingthe sameorientationn r at r 0 andhaving the second-ordersurfaceparametersde�ned
by Eq. (3.76) for two arbitraryvaluesr 1 andr2 of r . In this example,r 1 is chosenin orderfor S1 to have
elliptic curvature.r 2 is chosenin orderfor S2 to havehyperboliccurvature.p is asceneline passingthrough
p0. Bottom panel: q1 andq2 arethe imagesof the re�ected sceneline p off the two mirrors S1 andS2,
respectively. Noticethat the tangentsof there�ected curvesat q0 arecoincidentaspredictedby Eq. (3.76)
andEq.(3.65).We call this propertySecond-OrderAmbiguity.

3.5.3.5 Recovering the Second-OrderParameters: Two SpecialCases

In the following, we show how to resolve the Second-OrderAmbiguity andrecover theparameterr under

two specialcases:
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Sphere. If themirror surfaceis a spherewith radiusR, thenthesecond-orderparameterssatisfya = b

andc = 0. By imposinga = b to Eq.(3.76),weresolve theSecond-OrderAmbiguity andobtain

r =
Ju � Jv

h1 � h2
; (3.77)

andtheradiusof thespherebeing

R =
2(h1 � h2) cos�

Jv h1 � Ju h2
(3.78)

Additionally, by imposingthat c = 0, we have r h3=cos� = 0. Sincecos� 6= 0 andr 6= 0 (otherwisethe

correspondinggeometricalcon�gurationwouldbedegenerate),h3 mustbezero.Namely:

� Bv i Bu j tan � j + Bu i Bv j tan � i = 0 (3.79)

Notice that thequantityin Eq. (3.79) is thedeterminantof the2 � 2 matrix obtainedby taking the i th and

j th rows andthe�rst two columnsof H. Eq. (3.79)givesa necessaryconditionfor themirror surfaceto be

locally describedasasphericalparaboloidaroundthere�ection point, thatis, Eq.(3.79)holdsfor any pairof

scenelines.

Cylinder . Let usconsiderthecircularsection(with radiusR) of a cylinder. Thesurfacecanbe locally

describedasaparabolicparaboloidfollowing therelationshipc2 = ab(see[15]). Again from Eq.(3.76),

r =
(Jv h1 + Ju h2) �

p
(Jv h1 + Ju h2)2 � 4(h1h2 � h2

3)Ju Jv

2(h1h2 � h2
3)

(3.80)

It is not dif�cult to show that the radiusof the circular sectionis R = cos2 �
2a , with � = arctan(b=a). The

Second-OrderAmbiguity is solvedup to asign.

3.5.3.6 Recovering the Second-OrderParameters: GeneralCase

In orderto reconstructthesecond-orderparametersof agenericspecularsurface,wearerequiredto determine

theparameterr , which from Proposition14,maynotbesolvedby usingmorescenelines.A straightforward

approachto determiner is to apply our second-orderdifferentialanalysisandcurvaturemeasurementfor

additionalconstraints.Speci�cally, supposethatwe canestimatethecorrespondingcurvature� m
i of q i (t) at



93

q0. We mayequatethis imagecurvaturewith its analyticalexpression� q
i derivedin Eq.(3.57), yielding

� m
i = � q

i =
shd; v i 3

l
h•r i ; v i [_r i ; v ; d] � h_r i ; v i [•r i ; v ; d] + hd; v i [•r i ; v ; _r i ]
�

jj _r i jj2 hd; v i 2 + h_r i ; v i 2 � 2h_r i ; v i h_r i ; di hd; v i
� 3=2

(3.81)

Unfortunately, since•r i derived in Eq. (3.37) is dependenton not only s; r (a; b;c), but alsothe third-order

surfaceparameterse;f ; g; h, in general,the constraintimposedby Eq. (3.81) doesnot allow us to solve

for r from curvaturemeasurement� m
i . However, for a classof mirror surfacewhosethird-ordertermsare

negligible, we areableto recover the surfaceup to second-orderaccuracy usingthe constraint(3.81). As

derived in Eq. (3.37), •r i can be divided into two parts: •r i 1 and •r i 2 , whereonly the latter term depends

on e;f ; g; h. Whene;f ; g; h ! 0, •r i on the right-handsideof Eq. (3.81)simpli�es to •r i 1 . Accordingly,

the right-handsideof Eq. (3.81)becomesa function of s; r only. With s determined,we canestimatethe

freeparameterr from theconstraint(3.81)formedfrom theimagecurvaturemeasurementof a singlescene

line, andthenthe second-orderparametersa; b;c from Eq. (3.76). However, usageof threeor morelines

(combinedwith their correspondingcurvaturemeasurements)allows morerobustestimationto reduceerror

from noise. For instance,we mayestimatetheparameterr by minimizing a meancurvatureerror function

de�ned asfollows:

E � (r ) = k� m � � q (r )k (3.82)

where� m = [� m
1 � m

2 : : : � m
n ]T and� q = [� q

1 � q
2 : : : � q

n ]T (seeFig. 3.8).

We concludethis sectionby showing thatfor largevaluesof r , thereexistsa linearrelationshipbetween

imagecurvatureandr . This propertymay usedto estimater in closeform solution (ratherthanby least

squareminimizationof Eq.(3.82)).

Proposition19 The imagecurvature� for a sceneline is asymptoticallylinearly dependenton the free

parameterr .

Proof: We �rst express_r in termsof theparameterr . Rewriting Eq.(3.76),we get

8
>>>><

>>>>:

rh1 = Ju � 2a cos� ;

r h2 = Jv � 2bcos� ;

r h3 = 2ccos�

: (3.83)
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Figure3.8: (a)Upper: MeancurvatureerrorfunctionE � (r ) whenthethird-orderparametersarenegligible.
Theestimatedr is thevaluethatminimizesE � (r ). Sincethethird-orderparametersarenegligible, estimated
(r 0) andactual(r � ) valuesof r arecoincident.Lower: The3 solid linesarethesecond-orderparametersof
thesurfaceasa functionof r (namely, a(r ); b(r ); c(r )). Thedashedlinesindicatetheactualvalueof a; b;c.
Solidanddashedlinesintersectatr 0 = r � . Thus,theestimatedsecond-ordersurfaceparameters(a0; b0; c0) are
calculatedwith no error. (b) Upper: Meancurvatureerror functionE � (r ) whenthethird-orderparameters
arenotnegligible. Theestimatedr is thevaluethatminimizesE � (r ). Sincethethird-orderparametersarenot
negligible, r 0 andr � areno necessarilycoincident.Lower: Theestimatedsecond-ordersurfaceparameters
(a0; b0; c0) arecalculatedat r = r 0 6= r � andapproximatetheactualoneswith non-zeroerror.

UsingEq.(3.83),wecanexpress� in Eq.(3.19)as

� = r 2(h1h2 � h2
3): (3.84)

It thenfollows from Eq.(3.9) that

_r = �
1

r (h1h2 � h2
3)

2

6
6
6
6
4

h2 h3 0

h3 h1 0

0 0 r (h1h2 � h2
3)

3

7
7
7
7
5

2

6
6
6
6
4

Bu

Bv

0

3

7
7
7
7
5

: (3.85)

As a result,wemayexpress

_r =
1
r

[q1 q2 0]; (3.86)

whereq1; q2 areindependentof r . Furthermore,we mayexpress_� (0) in termsof r usingEq.(3.9).Thatis,

_� (0) =
Jw (h2Bu + h3Bv )

r (h1h2 � h2
3)

� Bw =
1
r

� 1 � Bw ; (3.87)



95

with � 1 independentof r . We thenexpress•r in Eq. (3.38)andEq. (3.40)in termsof r usingEq. (3.83)and

Eq.(3.86).Thatis,

•w(0) =
1

2r 2 cos�

�

q1 q2 0

�

2

6
6
6
6
4

Ju � r h1 r h3 0

rh3 Jv � r h2 0

0 0 0

3

7
7
7
7
5

2

6
6
6
6
4

q1

q2

0

3

7
7
7
7
5

=
1

2r 2 cos�

�
(Ju q2

1 + Jv q2
2 ) � r (h1q2

1 � 2h3q1q2 + h2q2
2)

�

=
1
r 2 l0 +

1
r

l1 (3.88)

with l0; l1 astermsindependentof r , and

2

6
4

•u(0)

•v(0)

3

7
5 = �

1
r (h1h2 � h2

3)

2

6
4

h2 h3

h3 h1

3

7
5

2

6
4

D1 + D 0
1 + Jw •w(0)

D2 + D 0
2

3

7
5 : (3.89)

Let usexaminethedependenceof D 1; D2; D 0
1; D 0

2 on theparameterr . It follows from Eq.(3.46)that

[D1 D2 D3]T = � A� p + 2A _r + _r T ~C _r + 2_� (0)H g _r );

[D 0
1 D 0

2 D 0
3]T = � _r T ~C0 _r (3.90)

wherethetensors4 ~C and ~C0 areindependentof r , derivedfrom Eq.(3.46)as

~C = [C1
r + C1

i C2
r + C2

i C3
r + C3

i ]; ~C0 = [C1
h C2

h C3
h ]:

Let v i denotevectorsindependentof theparameterr . We mayrewrite eachtermin Eq.(3.90)as

� A� p = v0; 2A _r =
1
r

v1; _r T ~C _r =
1
r 2 v2; _r T ~C0 _r =

1
r 2 v3;

_� (0)H g _r = �
� 1=r � Bw

2r cos�

2

6
6
6
6
4

Ju � r h1 r h3 0

rh3 Jv � r h2 0

0 0 0

3

7
7
7
7
5

2

6
6
6
6
4

q1

q2

0

3

7
7
7
7
5

=
1
r 2 v4 +

1
r

v5 + v6:

Therefore,D1; D2; D 0
1; D 0

2 are linear combinationsof
�

1
r 2 ; 1

r ; r 0
	

. It then follows from Eq. (3.89) and

Eq.(3.88)that•r dependslinearlyon
�

1
r 3 ; 1

r 2 ; 1
r

	
. Consequently, it is obviousfrom Eq.(3.57)thattheimage

4Eachcolumnof thesematrix-formattensorsis anothermatrix.
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Figure3.9: Numericalvalidationof Proposition19. Upper left panel: Curvaturesof threere�ected image
curves(depictedwith differentcolor codes)areplottedasfunctionsof theparameterr whenthethird-order
parametersarenotnecessarilynegligible. Noticethelinearbehavior of thecurvaturesasr approachesin�nity .
In the lower left panel theplotsshown in theupperleft panelarecomparedwith thoseobtainedwhenthe
third-ordersurfaceparametersarenegligible (dashedboldlines).Noticethatthepro�les (bothasymptotically
linear)have thesameslopeaspredictedby our theoreticalanalysis(seezoom-inbox in theright panel).

curvature� for a sceneline actuallydependslinearly on
�

1
r ; r 0; r 1

	
, or equivalently, � dependsasymptoti-

cally linearly onr . �

As a result,wemayexpresstheimagecurvatureas

� = � 0
1
r

+ � 1 + � 2r; (3.91)

whereexpressionfor � 0, � 1 and � 2 have beenderived in the proof of Proposition19. It follows that the

third-ordersurfaceparametersaffectcoef�cients � 0 and� 1 only, whichis con�rmedby numericalsimulation

in Fig. 3.9.

We can apply Eq. (3.91) to obtain an approximatedclosedform solution for r when the third-order

parametersarenegligible andr � 0. If theimagecurvaturemeasurementsof N (N � 1) linesareavailable,

r '
1
N

NX

i

(� )m
i � (� 1) i

(� 2) i
(3.92)

wherequantitiesattachedto thei th curveareindicatedwith thesubscripti . As aresult,r andthesecond-order

surfaceparameters(a, b, c) canbeestimatedin closedform solution.
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3.5.3.7 Recovering the Third-Order Parameters

As discussedin Section3.3.2.3,the imagecurvaturesdependlinearly on thethird-ordersurfaceparameters

(seeProposition8). Thus,curvaturemeasurementscan be further employed to constraintthe third-order

surfaceparameters.In fact, supposethat N � 4 scenelines are consideredand that the corresponding

measurementsof curvatureareavailablein the imageplane. We canderive from Eq. (3.57) the following

system(in matrix form):

� m = k + K [e f g h]T (3.93)

where� m = [� m
1 � m

2 : : : � m
n ]T is the vectorof measuredcurvatures,and the vectork andN � 4 matrix

K arefunction of r andmay be derived from Eq. (3.57). Numericalanalysisshows that K is, in general,

non-singular. Thus,thethird-ordersurfaceparameterscanbeexpressedasfunctionsof thefreeparameterr .

Onemaywonderwhetherby adding(at least)a�fth additionalcurvaturemeasurement,thefreeparameter

r canbe found. By adding(at least)a �fth additionalcurvaturemeasurement,exploiting the asymptotic

linearityof � andthefactthat� 1 doesnotdependonr , wehave

� m ' k0 + K0 [e f g h r ]T (3.94)

wherevectork0andN � 5matrixK0canbederivedfromEq.(3.93)andEq.(3.91);N � 5; r � 0. Numerical

analysisshows that matrix K 0 is singular. Theoreticalproof of this statementis postponedto futurework.

We speculatethat the �fth (andadditional)measurementwould not carry independentinformation. As a

result,likewisethesecond-ordersurfaceparameters,thethird-orderparameterswould only berecoveredup

to the unknown r . We call this conjecturethe Third-Order Ambiguity. Accordingto this conjecture,any

mirror paraboloidpassingthrougha point r 0, sharingthesameorientationn r at r 0 andhaving their second

andthird-ordersurfaceparametersbelongingto thefamily de�ned in Eq. (3.76)andEq. (3.93)respectively,

wouldyield re�ectedimagecurveswith invariantorientationandcurvatureat q0.

3.5.4 ImageMeasurement: Orientations + Local Scale

In this section,we show thatby measuringlocal position,orientation,andlocal scalein the neighborhood

of a re�ected point q0, the local surfacegeometrycanberecoveredup to third-orderaccuracy. Local scale

informationindicatesto whatdegreepointsalongare�ectedcurvearedeformed(stretchedor compressed)by

thespecularsurface.Orientationandlocalscaleinformationmaybecapturedby measuringthefull �rst-order
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derivativeof there�ectedcurvesq1(t), q2(t) : : : qn (t) at thepoint of intersectionq0.

In Section3.5.4.1,we show thatby measuringthe�rst-order derivativesof at leasttwo re�ected curves

at q0, it is possibleto estimatesurfaceposition(r 0) andsurfaceorientationat r 0. Additionally, thesecond

surfaceparameters(a; b; c) canbe estimatedin closedform solutionup to a sign. In Section3.5.4.2,we

show that by measuringthe second-orderderivativesof at leasttwo re�ected curvesat q0, the third-order

surfaceparameters(e; f ; g; h) canbe estimatedin closedform solution. In Section3.5.4.3,we show how

to measure�rst andsecondderivativesof the re�ected curves. Given thesemeasurements,we presentan

explicit reconstructionalgorithmwhich maybesummarizedin eightsteps.In Section3.5.4.4,we discussto

whatextent the truncationerror dueto �nite approximationof themeasurementsaffectsthe reconstruction

accuracy. Finally, in Section3.5.4.5,we show that thehypothesison the structureof the scene(i.e., scene

composedof a grid of intersectinglines) is, in fact,not necessary. Scaleandorientationmeasurementscan

alsobeextractedfrom there�ection of aplanarscenepatchof arbitrarygeometry. Weshow thatlocalsurface

shapecanbeestimatedif the locationof at leastthreearbitrarypointsis availablewithin a neighborhoodof

there�ectedscenepatch.

3.5.4.1 Recovering the First- and Second-OrderParameters

In Section3.5.2,we showedthatif we areableto measurethetangentdirections(tan � k andtan � j ) for (at

least)two imagecurvesqk (t) andq j (t) at q0, the �rst- andsecond-ordersurfaceunknown parametersare

reducedfrom s; a; b;c to r; s. We startouranalysisfrom this resultby de�ning

V =
1

h1h2 � h2
3

2

6
4

h2 h3

h3 h1

3

7
5 ; B =

2

6
4

Bu

Bv

3

7
5 :

We mayre-express_r in Eq.(3.85)as

_r = �
1
r

2

6
4

V B

0

3

7
5 : (3.95)

Accordingly, it followsfrom Eq.(3.35)thatthe�rst-order derivative _q of theobservedre�ection curvein the

imageplanecanalsobeexpressedin termsof thetwo unknowns,r ands:

_q = �
1
r

T

2

6
4

V B

0

3

7
5 ; (3.96)
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whereonly the unknown s (not r ) appearsin T, V andB. Then,we cancomputethe L 2 norm of _q from

Eq.(3.96)as

jj _q jj2 = h_q; _qi =
1
r 2

�

BTVT 0

�
TTT

2

6
4

VB

0

3

7
5 : (3.97)

Assumethatwe areableto estimatethe�rst-order derivativesof qk (t) andq j (t) at q0 (seeSection3.5.4.3

for details).We denotethemby _qm
k and _qm

j , respectively. By takingtheratio jj _qm
k jj2 =

�
�
�
� _qm

j

�
�
�
�2

, wehave

jj _qm
k jj2

�
�
�
� _qm

j

�
�
�
�2 =

�

Bk
TVT 0

�
TTT

2

6
4

VBk

0

3

7
5

�

Bj
TVT 0

�
TTT

2

6
4

VB j

0

3

7
5

; (3.98)

wherethematrix V is expressedin termsof our tangentdirectionmeasurements,tan � k andtan � j . Notice

that thematrix T de�ned in Eq. (3.29)doesnot dependon a particularline. Eq. (3.98)imposesa constraint

for us to solve for s. Eq. (3.98) may have multiple solutionswhich we call ghostsolutionsasdiscussed

in Section3.5.3.1. Notice that the valuesof s for which the correspondinggeometricalcon�guration is

degeneratemake thematrix V unde�ned.For thosevaluesof s, Eq.(3.98)cannotbecomputed.

Onces is computed,we canderive the closedform solutionfor anotherunknown r up to a sign from

Eq.(3.97):

r 2 =

�

Bk
TVT 0

�
TTT

2

6
4

VBk

0

3

7
5

jj _qm
k jj2 : (3.99)

3.5.4.2 Recovering the Third-Order Parameters

To recover the third-ordersurfaceparameters,we assumethat we are able to estimatethe second-order

derivatives for the two re�ection curves in the imageplane,denotedby •qm
k (= [•um

k •vm
k •wm

k ]) and •qm
j (=

[•um
j •vm

j •wm
j ]) (seeSection3.5.4.3for details).In accordancewith thedecompositionof •q, we de�ne

(•q2)m
k = •qm

k � ( •q1)k ; ( •q2)m
j = •qm

j � ( •q1) j ; (3.100)
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where(•q1)k and(•q1) j areknown from Eq. (3.38),oncewe haverecovereds;a; b;c. LettingT22 denotethe

upperleft 2 � 2 sub-matrixof T, andletting •̂q2 denotea vectorconsistingof the�rst two componentsof •q2,

it follows from Eq.(3.56)that

•̂q2 = T22

2

6
4

•u2

•v2

3

7
5 : (3.101)

Similar to the�rst-order analysis,wemayre-expressEq.(3.40)as

2

6
4

•u2

•v2

3

7
5 =

2cos�
r (h1h2 � h2

3)

2

6
4

h2 h3

h3 h1

3

7
5

2

6
4

_u2 2_u _v _v2 0

0 _u2 2_u _v _v2

3

7
5

2

6
6
6
6
6
6
6
4

e

f

g

h

3

7
7
7
7
7
7
7
5

: (3.102)

Letting ( •̂q2)m
k and( •̂q2)m

j denotevectorsconsistingof the �rst two componentsof ( •q2)m
k and(•q2)m

j , and

usingEq. (3.101)andEq. (3.102),we geta constraintsystemfor e;f ; g; h by equatingtheestimates( •̂q2)m
k

and( •̂q2)m
j with their realvalues.Thatis

2

6
4

( •̂q2)m
k

( •̂q2)m
j

3

7
5 =

2cos�
r (h1h2 � h2

3)
M1M2M 3

2

6
6
6
6
6
6
6
4

e

f

g

h

3

7
7
7
7
7
7
7
5

; (3.103)

whereM1; M2; M3 arede�ned asfollows:

M 1 =

2

6
6
6
6
6
6
6
4

h2 h3 0 0

h3 h1 0 0

0 0 h2 h3

0 0 h3 h1

3

7
7
7
7
7
7
7
5

; M 2 =

2

6
4

T22 0

0 T22

3

7
5 ;

M 3 =

2

6
6
6
6
6
6
6
4

_u2
k 2_uk _vk _v2

k 0

0 _u2
k 2_uk _vk _v2

k

_u2
j 2_uj _vj _v2

j 0

0 _u2
j 2_uj _vj _v2

j

3

7
7
7
7
7
7
7
5

: (3.104)
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Supposethatwe observe two curvesqk (t) andq j (t) with differentorientationsat thepoint q0. Eq. (3.103)

leadsto thefollowing closed-formsolutionfor thethird-ordersurfaceparameters,thatis,

2

6
6
6
6
6
6
6
4

e

f

g

h

3

7
7
7
7
7
7
7
5

=
r (h1h2 � h2

3)
2cos�

(M 1M 2M3)� 1

2

6
4

( •̂q2)m
k

( •̂q2)m
j

3

7
5 ; (3.105)

where( •̂q2)m
k , ( •̂q2)m

j denotethe�rst two componentsof ( •q2)m
k , ( •q2)m

j , asde�ned in Eq.(3.100).

Theexistenceof (M1M2M 3)� 1 is basedon thefollowing proposition:

Proposition20 Thematrix M 1M 2M3 is invertible.

Proof: det(M1) 6= 0 follows directly from � 6= 0. Let d = (dx ; dy ; dz ) in the referencesystem[x y z]

centeredat c, with v = (0; 0; � 1). We canexpressT in Eq.(3.29)as

T =
l

sdz

2

6
6
6
6
4

1 0 � dx =dz

0 1 � dy =dz

0 0 0

3

7
7
7
7
5

; (3.106)

which is singular. Notice thatT22 is non-singular. Accordingly, det(M 2) 6= 0. Therefore,we only needto

provethatM3 is invertible.

We �rst show that M3 is invertiblewhenoneof f _uk ; _vk ; _uj ; _vj g is zero. For example,if _uk = 0, then

det(M 3) = ( _vk _uj )4 6= 0. Otherwise,either _vk = 0 or _uj = 0 will contradictour observationof two curves

with differentorientations.Next, we shallconsiderthecasewherenoneof _uk ; _vk ; _uj ; _vj is zero. Theproof

is performedby contradiction.Undertheassumptionof observingtwo differently-orientedimagecurves,we

shouldhave

_vk =_uk 6= _vj =_uj ; _vk =_uk 6= � _vj =_uj : (3.107)

Supposethat M 3 is singular. Its four row vectorsU1; U2; U3; U4 are linearly dependent.Without lossof

generality, we may assumethat U4 = k1U1 + k2U2 + k3U3 (at leastoneki is non-zero),which can be
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expandedas

k1 _u2
k + k3 _u2

j = 0 (3.108)

2k1 _uk _vk + k2 _u2
k + 2k3 _uj _vj = _u2

j (3.109)

k1 _v2
k + 2k2 _uk _vk + k3 _v2

j = 2_uj _vj (3.110)

k2 _v2
k = _v2

j (3.111)

By eliminating _u2
j ; _uj _vj in Eq.(3.109)throughsubstitutionsfrom equations(3.108),(3.110)and(3.111),we

get

(k1 + k2k3)(k3 _vk + _uk )2 = 0: (3.112)

Similarly, by eliminating _uk _vk ; _v2
k in Eq.(3.110),weget

(k1 + k2k3)(k1 _vj � k2 _uj )2 = 0: (3.113)

If k1 + k2k3 = 0, thenit followsfrom equations(3.108)and(3.111)thatk3
�

_v2
j =_v2

k � _u2
j =_u2

k

�
= 0. To satisfy

Eq. (3.107),we musthave k3 = 0, which leadsto k1 = 0 andthen _vk =_uk = _vj =_uj , contradictoryto our

assumption(3.107).Consequently, thetwo constraints(3.112)and(3.113)become

k3 _vk + _uk = 0; k1 _vj � k2 _uj = 0: (3.114)

Equations(3.114),(3.108)and(3.111)presentan over-constrainedsystemfor k1; k2; k3. It follows that to

satisfyall of them,we musthave _vk =_uk = _vj =_uj , which is again,contradictoryto our assumption(3.107).

Therefore,U1; U2; U3; U4 mustbelinearly independent,andM 3 is invertible. �

3.5.4.3 ReconstructionProcedure

To obtaintwo orientationsateachexaminedpoint,weadoptacheckerboardpatternof 2cm � 2cm grid size.

The edgesof the patterngrids act asa pair of intersectinglines andcornersserve asmark points (which

providescaleinformation,seeFigure3.10).In Section3.5.4.1andSection3.5.4.2,wehaveassumedthatfor

a re�ected curve q(t) observedon the imageplane,we areableto measureits orientationtan � , the �rst-

orderderivative _qm , andthesecond-orderderivative •qm atq0. Next, weshalldescribehow to computethese
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Figure3.10: Data gathered fr om the image. In this example,the measurementsarethe orientationsand
scalealongtwo linespassingthrough10 andmaybeestimatedfrom thepositionof thepoints20, 30, 40, 50.

quantitiesnumericallyby combiningB-splineinterpolationand�nite differenceapproximation.

Givena sceneline p(t), we mayaccuratelymeasuretheorientationof its re�ected imagecurve q(t) at

q0 usingB-splineinterpolation.In fact,by constructinga B-splinethat interpolatesimagepointsalongthe

curve,thedirectionof _q (i.e., tan � ) canbecalculatedby numericaldifferentiationof theresultingB-spline.

To estimatea complete_q (with bothdirectionandmagnitude)andhigher-orderderivative •q, we canmake

useof markpointsp0 = p(t0); p � 1 = p(t � 1); p1 = p(t1); : : : (seeFigure3.10)distributedalongp(t), and

usecentral�nite differenceapproximation.Supposethat the mark pointsp(t i )( i = : : : ; � 1; 0; 1; : : :) are

mappedto correspondingimagepointsq(t i ). Let thestepsize� t = t i � t i � 1. We mayapproximate_q and

•q at q0 by usingtwo pointsandthreepointsrespectively. Thatis,

_q � (q(t1) � q(t � 1))=(2� t) (3.115)

•q � (q(t1) � 2q(t0) + q(t � 1))=(� t)2: (3.116)
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Usingthesenumericalestimates,our local surfacereconstructionalgorithmat the intersectionpointsof the

re�ectedpatterncanbesummarizedin Table3.6

1. Selecta checkerboardintersectionpoint andits re�ected point (e.g.,points1
and10 in Figure3.10).

2. Selectfour neighboringpointsfrom bothcheckerboardpattern(e.g.,2, 3, 4, 5)
andcorrespondingre�ectedpattern(e.g.,20, 30, 40, 50).

3. From 1, 2, 3, 4, 5 computep0 andthe directionof two scenelines � p1 and
� p2.

4. From10, 20, 30, 40, 50estimateqm , _qm
1 , _qm

2 and•qm
1 , •qm

2 usingequations(3.115)
and(3.116).

5. Recover thedistances by Eq.(3.98)from _qm
1 , _qm

2 .

6. Recover theparameterr by Eq.(3.99)from _qm
1 , _qm

2 .

7. Recovercurvatureparameters(a,b,c) by Eq.(3.76).

8. Recover the third-ordersurfaceparameters(e,f ,g,h) by Eq. (3.105)from •qm
1 ,

•qm
2 .

Table3.6: Algorithm A2

3.5.4.4 ReconstructionErr or

The reconstructionerror of our algorithmmainly comesfrom the truncationerror of the �nite difference

approximation(3.115). The truncationerror decayswhen � t decreases.To analyzehow this numerical

approximationaffectstherecoveryof thedistance,thecurvature,andthethird-orderparametersof themirror

surface,weconductednumericalsimulationsonasyntheticmirror surfaceby implementingequations(3.98),

(3.99)and(3.105)in Matlab. Given the centerof the camerac andtwo scenelines intersectingat p 0, we

observe two re�ected imagecurvesdepictedin Figure 3.12 (�rst panel). The syntheticmirror surfaceis

positionedsuchthat the distances betweenthe re�ecting point r 0 and c is 9cm. The surfaceprincipal

curvaturesat r 0 are� 1 = � 0:603and� 2 = � 0:502, andthethird-ordersurfaceparametersaree= � 0:35; f =

� 0:1; g= 0:2, andh = � 0:045. By numericallymeasuringthe�rst- andsecond-orderderivativesat q0 (i.e.,

point 1) usingpairsof mark points locatedat increasingdistance� t from q (i.e., mark point pair (2; 20),

� � � (5; 50)), we recover the local surfaceat r 0 as describedin Section3.5.4.1and Section3.5.4.2. The

remainingtop andmiddlepanelsof Figure3.12plot eachrecoveredsurfaceparameterasa functionof the

markgap� t, with themaximumpercentageerrorreportedat thebottom.Noticethat theerrorof recovered

distances increasesasa quadraticfunctionof � t, thecurvatureerror is oneorderof magnitudelarger than
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Figure3.11: Example of generalizedmapping. A setof pointsin theneighborhoodof p o (within a planar
scene)arere�ectedoff themirror surfaceandobservedin theimageplane.By measuringthepositionof such
re�ectedpointsin theimageplane,it is possibleto estimatethelocal shapeof thesurfacearoundr o.

the distanceerror, andthe third-orderparametererror is oneorderof magnitudelarger than the curvature

error. In thebottompanelthereconstructedsurface(estimatedby usingmarkpoints(5; 50)) is qualitatively

comparedto theoriginal onein bothw � v andw � u sectionsof theuvw referencesystem.Numerical

approximation(3.115)and(3.116)givesriseto reasonablygoodreconstructionresults,aslong asthemark

pointsarecloseenoughto eachother(i.e., � t smallenough).

3.5.4.5 GeneralizedMapping

In this section,we show that thehypothesison thestructureof thescene(i.e., scenecomposedof a grid of

intersectinglines) is, in fact, not necessary. Informationequivalentto scaleandorientationmeasurements

canalsobeextractedfrom there�ection of a planarscenepatchof arbitrarygeometry.

Let po bea scenepoint belongingto a planarscenepatch.Let r o bethecorrespondingre�ection on the

mirror, andqo beits observation(seeFigure3.11).Seta referencesystemwhoseorigin is locatedat p o and

whoseorthogonalaxis m andn belongto the scenepatchandarearbitrarily orientated.Let m andn be

thecoordinatesin the [m n] referencesystemof a genericpoint p(m; n) belongingto thescenepatchin a

neighborhoodof po. Thus,we cande�ne a mappingQ : m; n 2 < 2 ! q(m; n) 2 < 2 which mapsa scene

pointof coordinatesm; n into thecorrespondingre�ectedpointq(m; n) in theimageplane.In thefollowing,
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we show thatif it is possibleto identify N � 6 pointsp1, p2, � � � pN (aswell astheir correspondingimage

re�ectionsq1, q2, � � � qN ) in aneighborhoodof po, thenthemappingQ canbeestimatedupto second-order

andlocal shapearoundr o canberecoveredup to third-order.

In fact,apoint q(m; n) canbedevelopedin Taylor expansionaroundqo asfollows:

q(m; n) � qo + _qm m + _qn n +

1
2!

•qmm m2 +
1
2!

•qnn n2 + •qmn mn; (3.117)

wherethe vectors _qm and _qn arethe componentsof the Jacobian(call it JQ ) of the mapping;the vectors

•qmm , •qnn and •qmn arethecomponentsof the Hessian(call it H Q ) of the mapping. It canbe shown that

JQ and H Q can be estimatedfrom Eq. (3.117) if the measurementof N � 6 points in a neighborhood

of po (i.e., p1, p2, � � � pN ) and their correspondingmeasurements(qo, q1, q2, � � � qN ) are available.

FromJQ , thelocal shapeof themirror surfacearoundr o canbeestimatedup to second-order(by meansof

Eq.(3.98),Eq.(3.99),andEq.(3.76)).FromH Q , third-ordersurfaceparameterscanbeestimated(by means

of Eq. (3.105)). JQ andH Q captureinformationequivalentto scaleandorientationmeasurementsaround

qo. Noticethattheaccuracy in estimatingJQ andH Q dependsonboththesizeof theneighborhoodaround

po andthe curvatureof the mirror surfacearoundr o. Finally, notice that if the second-andhigher-order

termsin expansionEq.(3.117)canbeneglected,JQ canbeestimatedfrom just threepointsmeasuredin the

imageplane.FromJQ , local surfaceshape(up to second-order)aroundr o canbeestimated.

3.6 Experiments

Wevalidatedour theoreticalresultsby recoveringthelocalsurfaceparametersof somerealmirror objects.A

KodakDC290digital camerawith 1792� 1200pixel resolutionwasusedto takethepictureof amirrorsurface

re�ecting achosenruledpattern.Themirror surfaceandcameraweresetat30� 50cmapart.Thepatternwas

placedsuchthatbothpatternandits specularre�ection wereclearlyvisible from thecamera(seeFigure3.10

or Figure3.5). In order to test the reconstructionalgorithmspresentedin andTable 3.6 respectively, we

experimentedwith two typesof patterns:oneis thetriangularpatternintroducedin Section3.5.3.2,theother,

a checkerboardpatternasin Section3.5.4.3.Thecameraandpatternwerecalibratedby takingadvantageof

thevisibleportionof thepatternandby usingtheBouguet'scalibrationtoolbox[9].
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Figure3.12:Exampleof reconstructionerror

3.6.1 Resultswith Algorithm A1 - Measurementof Orientations

We validatedalgorithmA1 in Table3.5 with four mirror surfaces:a plane(Fig. 3.13),a sphere(Fig. 3.14),

a cylinder (Fig. 3.15),anda saucepanlid (Fig. 3.16).We reconstructed10� 20 surfacepointsandnormals

for eachof thesemirror shapes.Correspondencebetweenscenepointsandre�ectedpointswereestablished

by hand.Thecurvaturewasrecoveredfor themirror sphereonly. We testedtheaccuracy of thealgorithmin

estimatingpositionandorientationof themirror plane.We calculatedthecorrespondinggroundtruth plane

by attachingacalibratedpatternto themirror planeandby recoveringthepositionof 50pointsonthepattern.
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Figure3.13: Reconstruction of a planar mirr or. (a) A planarmirror placedorthogonallywith respectto
thegroundplane.A triplet of patternlinesandthecorrespondingre�ectedtriplet arehighlightedwith dashed
lines.Wereconstructed12surfacepointsandnormalsonthemirror planewith algorithmA1 (seeTable3.5).
Theresultingmeanpositionerror(computedasaveragedistancefrom thereconstructedpointsto theground
truthplane)was� 0:048cmwith astandarddeviationof 0:115cm. Themeannormalerror(computedasthe
anglebetweengroundtruthplanenormalandestimatednormal)was1:5� 10� 4radwith astandarddeviation
of 6:5 � 10� 4rad.Thereconstructedregionwaslocatedatabout50cmfrom thecamera.(b) 3=4 view of the
reconstruction:wereconstructed12surfacepointsandnormals.For eachreconstructedpoint, tangentplanes
arealsoplotted.(c) Topview. (d) Sideview.

Thegroundtruthplanewasthenobtainedastheleast-squareplane�tting suchsetof points.Theleastsquare

errorwas0:062cm. Additionally, we testedtheaccuracy of thealgorithmin estimatingthecurvatureof the

mirror sphere.The groundtruth diameterof thespherewasmeasuredwith a caliperwith accuracy 0:0013

cm. Table3.7 shows the statisticsof the reconstructionerror attachedto thesetwo experiments(seerows

1 � 3).
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Figure3.14: Reconstruction of the sphere. (a) A sphericalmirror placedon the groundplane. We re-
constructed20 surfacepoints and normalson the mirror spherewith algorithm A1 (seeTable 3.5). The
reconstructedpointsarehighlightedwith white circles. For eachsurfacepoint we estimatedthe radiusby
meansof Eq. (3.78). Thegroundtruth radiuswasr = 6:498cm � 0:0013. Themeanreconstructedradius
was6:83cmandthestandarddeviationwas0:7 cm. Thereconstructedregionwaslocatedatadistanceabout
30cmto thecamera.(b) Topview of thereconstruction.

3.6.2 Resultswith Measurementof Orientations and Scale

We validatedalgorithmA2 in Table3.6with a specularteapot(seeFigure3.18),anda portionof carfender

(seeFigure3.19). The recovery of the third-ordersurfacesurfaceparameterswasvalidatedin Figure3.12

(bottompanel)usinga syntheticmirror surface. We testedtheaccuracy of the algorithmin estimatingthe

principalcurvaturesof themirror cylinder(baseof theteapot).Thegroundtruthdiameterof thecylinderwas

measuredwith a caliperwith accuracy 0:0013cm. Table3.7 shows thestatisticsof thereconstructionerror

attachedto thisexperiment(seerows4 � 5).

In Figure 3.17 we qualitatively comparedthe cylinder's reconstructionresultsobtainedwith the two
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Figure3.15:Reconstructionof the cylinder. (a)A cylinderplacedwith themainaxisalmostorthogonalto
thegroundplane.We reconstructedthesurface(at thepointshighlightedwith white circles)with algorithm
A1. Thedashedcircle indicatean instanceof point for which thereconstructionis highly inaccuratedueto
proximity to degeneratecon�guration(seeSection3.5.3.3for details).(b) Topview of thereconstruction.

algorithms. Overall, the two methodsexhibit similar performancesin reconstructingpositionandsurface

normalat eachintersectingpoint. However, the secondapproachis moreadvantageousthanthe three-line

approachin thatit canalsoestimatecurvatureparametersandrequiresa simplerscenestructure.

3.7 Conclusionsand Futur e Work

We analyzedthegeometryunderlyingspecularre�ections of a known planarscene.We �rst presentedthe

explicit relationshipbetweena planarscenepatch,the local shapeof a mirror surfaceandits corresponding
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Alg. Surface Fig. Quantity GT Mean Err or Standard Dev. N
A1 Plane 14 Pointposition - � 0:048cm 0:115cm 12
A1 Plane 14 Normalorient. - 1:5 � 10� 4 rad 6:5 � 10� 4 rad 12
A1 Sphere 15 Radius 6:49cm 0:33cm 0:7 cm 20
A2 Cylinder 18 � 1 -0.152 -0.01 0.005 17
A2 Cylinder 18 � 2 0 0.003 0.007 17

Table3.7: Statisticsof thereconstructionerrorfor plane,sphereandcylinder. The�rst columnshowswhich
algorithmwasused.Thesecondoneshows which surfacewastested.Thethird oneshows the �gure illus-
tratingthecorrespondingquantitative reconstructionresults.Thefourth oneshows thegeometricalquantity
whosereconstructionaccuracy was evaluated. The �fth, sixth and seventh onesshow the corresponding
groundtruthvalue,themeanerrorandits standarddeviation,respectively. Thelastoneshowsthenumberof
pointsreconstructed.

specularre�ection in theimage.Westudiedseveralpropertiesattachedto thismappingandits degeneracies.

Weusedthisanalysisasastartingpoint for thereconstructionproblem:torecovertheshapeof aspecular

surfacefrom there�ections in oneimage.Undertheassumptionof anunknown mirror surfacere�ecting a

known calibratedplanarscene(e.g.,a triangle-basedpattern,a regulargrid, or anarbitrarydrawing) ontothe

imageplaneof acalibratedcamera,wedemonstratedthatsurfacepositionandshape,upto third-ordermaybe

recovered.Westartedby assumingthatthesceneis composedof thesimplestprimarystructure,namelylines

intersectingatpoints.Weassumedthatmeasurementsof orientationandcurvatureof eachre�ectedcurveare

available.We provedthatthreeorientationmeasurementsarenecessaryandsuf�cient to recover thesurface

shapeup to �rst-order (positionandorientation). Second-ordersurfaceparametersmay be recoveredonly

up to anunknown parameter. Curvaturemeasurementscanbeusedasa furtherconstraint.In a secondstep,

we assumedthatthesceneis a grid of intersectinglinesandthatthemeasurementsarebothorientationsand

local scaleof there�ectedlinesat thegrid point. We provedthatif orientationandlocal scalemeasurements

along(at least)teore�ectedcurvesareavailable,local surfaceshapecanbefully recoveredup to third-order

accuracy. Finally, we generalizedtheseresultsto thecaseof arbitraryplanarscenes.We provedthat local

shapeup to third-ordercanbe extractedfrom the re�ection of a planarscenepatchobserved in the image

plane.

We validatedour theoreticalresultswith bothnumericalsimulationsandexperimentswith realsurfaces

andfound that the methodis practicalandyields goodquality reconstruction.We point out that sinceour

reconstructionschemeallows local shaperecovery aroundeachre�ected point, we obtaina “piece-wise”

parabolicreconstruction.A robustestimationof thesurface'sshapemayultimatelybeobtainedby integrating

suchinformation.

Theseresultscanbeconsideredasanidealobserver theoryfor local shapereconstructionfrom specular

re�ection andmaybeusedasa complementarytool to investigatetheabilitiesandlimitationsof thehuman
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Figure3.16: Reconstruction of a saucepan lid. (a) A saucepanlid placedwith the handletouchingthe
groundplane.We reconstructedthesurface(at thepointshighlightedwith white circles)with algorithmA1.
Notice thatonepoint belongsto thehandleof the lid. (b) Sideview of the reconstruction.Noticehow the
reconstructedpointon thehandlesticksout from thebodyof thelid.

visualsystem[57] [20].

Futurework is neededto: i) calculateautomaticallythecorrespondencebetweenpatternpointsandtheir

re�ected imagepoints;andii) calculatethe shapefrom non-calibratedscenes.This effort will most likely

requireintegratingadditionalcues,suchasoccludingboundaries,andsomeform of prior knowledgeon the

likely statisticsof thescenegeometry.
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Figure3.17: Comparison of the two proposedreconstruction methods. Top panel: a specularteapot.
Bottom left panel: the two algorithmsare testedat eachpoint marked by circles. Bottom right panel:
Reconstructedpointsandnormalobtainedby usingthreelineswithoutscalinginformationobtainedby mark
points(a) andtwo lineswith scalinginformationobtainedby markpoints(b). Noticethat theperformances
of the two reconstructedpointsandnormalsarecomparable.By meansof algorithmA2, we recoveredthe
principal curvaturesof the cylinder. The diametergroundtruth was 13:158 cm � 0:0013. The estimated
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Figure3.19: Car Experiment. Top Left panel: top portionof carfenderwe wantedto inspect.Top Right
panel: we reconstructedthe surfaceat the points highlightedwith black circles. Notice that one image
suf�ces to calibratebothcameraandsceneandrecover themirror'sshapeat themarkedpoints.Bottom left
panel: 45o view of thereconstruction.Bottom right panel: sideview of thereconstruction.
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Chapter 4

Human Perceptionof Specularsurfaces

4.1 Intr oduction

A senseof threedimensionalshapemaybeperceivedby looking at a two dimensionalimageof anobject.

Thisperceptionarisesdueto differentcuessuchascontour, shading,perspectiveandtexture.Whenviewing

a pictureof a specularobjectsuchasa silver vase,oneadditionalpieceof informationis representedby the

re�ection of theenvironment.A deformedpictureof theenvironmentis seenin thesurfaceof theobject,and

theamountandtypeof deformationdependon its shape.Canspecularitiesbeusedasa visualcuefor shape

perception,especiallyin theabsenceof othercues?

Therehasbeenextensive researchin the pastseveral yearsto understandthe geometricalrelationship

betweenshapeand specularre�ections, and many computationalmodelshave beenproposed. Previous

contributionsaresummarizedin Section3.1.2.Ourown contribution is presentedin Chapter3. Ouraimwas

to recover the local shapeof an unknown smoothspecularsurfacethroughthe re�ection of a known scene

patch. In our approach,a surfacere�ects a scenepatchonto the imageplaneof a calibratedcamera.For

instance,thescenecanbea grid of intersectinglines. Thus,a mappingfrom thescenegrid to there�ected

grid in the imageis de�ned. Suchmappingchangestheorientationof thegrid linesand stretchesthegrid

step,modifying thelocal scaleof thepattern.We provedthatthelocal shapeof thesurfacecanberecovered

if andonly if: i) the sceneis calibrated;andii) at leasttwo orientationsand local scalemeasurement(or

equivalentinformation)areavailableat thesamepoint in theimage.Ourresultscanbeconsideredasanideal

observertheoryfor local shapereconstructionfrom specularre�ection.

Whathappenswhenthesurroundingworld is unknown?Theidealobserveranalysistellsusthattheprob-

lemis locally under-constrainedandmany solutionsarepossible.Thus,it maybeusefulto studytheproblem

psychophysicallyandanswerquestionsof thesort: how do humanscopewith theproblemof perceptionof

the shapeof specularsurfaces,given that mostof time, we do not have the exact geometricalinformation
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Sphere Cylinder Saddle Patterns

Figure4.1: Left: thethreeshapesusedin theexperiment.Right: thesix patternsusedin theexperiment

Camera

Shape

Pattern

(a) (b) (c)

Figure4.2: (a). Thesetup:a cameratakesa pictureof a mirror shapere�ecting a pattern.(b) Pictureof the
mirror shapere�ecting thepattern:apatchof there�ection of thepatternis croppedfrom thepicture.(c) The
croppedpatchdoesnot includeany visualcuesbesidesaportionof there�ectedpattern.

abouttheworld? How usefularespecularre�ectionswhenothervisualcuesareabsent?

Shapeperceptionfrom visual cueshasbeenlargely discussedin thevision literature. Modelsof visual

processes,however, havetendedto regardspecularre�ectionsasnoisedisturbingtheunderlyingobjectgeom-

etry. Thefactthathighlightscarryusefulinformationwas�rst discussedby Beck[1] andKoenderink[36]. In

theearlynineties,BlakeandBulthoff [5] showedthatthehumanvisualsystemestimatesshapeandqualityof

a shiny objectwhenthehighlightsareviewedstereoscopically. Worksby Todd[73], Lu [44] andNayar[48]

arealongthis line of thought.Dror, Adelson,etal. [22] exploredwhetherstatisticsof realworld illumination

couldbehelpful in recognizingoptical re�ectancepropertiesof shiny materials.Surprisingly, there�ection

of a surroundingsceneasa cuefor shapeperceptionhashardlybeenexploredpsychophysically. Exceptions

arerecentworks by Fleming[20, 21]. Throughthe presentstudywe would like to give someinsight into

thisproblemandaddressthefollowing questions:i) to whatextentcanthehumanvisualsystemusespecular

re�ections in theabsenceof othervisual cues;andii) whataretheunderlyingcomputationalstrategiesfor
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Figure4.3: Top: Eachtrial of theexperimentis carriedout asfollows: A �xation crossis presentedat the
beginningof thetrial for 240msec.A stimulus(seeBottom panel)is thenpresentedfor either1 secor 5 sec.
Subjectsareinstructedto respondto theshapeof themirror asfastandasaccuratelyaspossibleby pressing
oneof the threedesignatedkeys. Bottom (a,b,c)Examplesof stimuli presentedduringexperiment1,2 and
3, respectively.

this task?

4.1.1 Chapter Organization

Therestof thechapteris organizedasfollows. In Section4.2,wedescribetheexperimentalsetupandmethod.

In Section4.3 we presentour results. In Section4.4, we analyzeanddiscussthe results.We concludethe

chapterwith �nal remarksin Section4.5.
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Figure4.4: Left: Exampleof stimulususedfor thecontrolexperiment.Right: Detail of thestimulus.

4.2 Methods

Our goal is to studywhetherthehumanvisualsystemusesspecularre�ection asa cuefor shapeperception.

Weaskedtennaivehumansubjectsto discriminateimagesof mirror surfacesof qualitativelydifferentshapes:

asphere,acylinderandasaddle(i.e.,with positive,zero,andnegativeGaussian,respectively (Fig. 4.1,left).

Suchshapesre�ectedthesamescenewith distinctlydifferentdistortions.

Therewerethreeconsecutiveexperimentsin ourstudyandonecontrolexperiment.In the�rst experiment,

thestimuli consistedof 144photographsof largepatchesof eachmirror surface(Fig. 4.2, (a)). Eachpatch

containedthe re�ection of oneof the six regularpatterns(Fig. 4.1, right). The patternswereshown to the

subjectsin the familiarizationphasebeforethe actualexperiment. Eachpatchwasobtainedby vignetting

oneof the photographs.We usedirregularly shapedboundariesin order to eliminateoccludingboundary

information(Fig. 4.2, (b) and(c)). Eachpatchcomprehended25 � 35% of the overall observablesurface

area.This guaranteedthat thegeometricalinformationof thesurfaceshapeprovidedby eachstimuluswas

suf�ciently rich. An exampleof a stimulusis in Fig. 4.4, (a). Eachstimuluswasviewed monocularlyand

centrallyin astandardcomputermonitorandsubtendsanaveragevisualangleof 20o. Eachtrial wasmadeup

of threemainstepsasexplainedin Fig. 4.4,top. We presentedeachstimuluswith two differentpresentation

times(1secor 5sec).

In thesecondexperiment,we usedthesamesetof stimuli asin Experiment1, exceptfor an additional

pieceof information: threeoverlappedsilhouettesof the shapeswerepresentedtogetherwith the cropped

patch(Fig. 4.4, (b)). Thus,subjectswereprovidedtheapproximatepositionof thepatchwithin theshapes.

In the third experiment,we usedthesamesetof stimuli asin Experiment2. Again, an additionalpieceof

informationwasgiven: the position of the patternproducingthe re�ection wasshown (togetherwith the

croppedpatchandthreeoverlappedsilhouettes,Fig. 4.4, (c)). Hence,subjectswerepresentedwith the full

geometricalstructure,with theonly unknown beingtheactualshapewhich is yielding thepatch.
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Figure4.5: Performancesummaryof Experiment1, 2 and3. 33%meanschancelevel performance.Notethe
averageperformanceof all tensubjectsareonly slightly betterthanchance.

We ran the threeexperimentsin a consecutive order for eachsubject. This was doneto rule out the

possibility that subjectsmay have hadmemoryandtaken advantageof additionalinformationprovidedby

Experiments2 and3. During eachexperiment,all 288stimuli (144images� 2 differentpresentationtimes)

werepresentedin randomorder, counter-balancedacrossall tensubjects.A familiarizationphasepreceded

the experiments,during which subjectswere shown the six patterns. In addition, subjectswere given a

shortperiodto practicekeyboardresponsesfor thethreedifferentmirror shapes(in theabsenceof specular

re�ection).

In a separatecontrol experimentwe testedsubjects'performance(as from the �rst experiment)with

patcheshaving circular boundariesratherthan irregularly shapedboundaries.The circular boundarywas

obtainedby applyinga radial fadingeffect rangingfrom fully transparent(insidethe circle) to solid black

(outsidethecircle). Thegoalwasto give thesubjectstheperceptionof a blackpanellocatedin front of the

object,with aholein themiddle,throughwhich theobject'sspecularre�ectionsarevisible. SeeFig. 4.4.

4.3 Results

Theresultsof the threeexperimentsaresummarizedin Fig. 4.5. Performance(in percentcorrect)is shown

for Experiments1, 2 and3. This resultindicatesthat: i) our subjectsareonly slightly betterthanchancein

discriminatingthethreemirror shapes;ii) performancethatcorrespondedto presentationtimeof onesecond

and� ve secondsis not statisticallydifferent(t-test: p value> 0:05). This suggeststheprocessingof such
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Figure 4.6: Left. Distribution of 144 stimuli for Experiment1 and presentationtime 1sec. Eachpoint
correspondsto oneof the144stimuli. Its positiondependsontheresponsepatternsgeneratedby tensubjects.
First, secondandthird coordinatesof thepoint arethenumberof subjectswho considerthestimulusasthe
specularre�ection yieldedby a sphere,cylinder andsaddlerespectively. For instance,a stimuluschosenby
10 subjectsasthespecularre�ection yieldedby a sphere,correspondsto a point with coordinates(10; 0; 0).
Regionsaroundthe3 vertices(10; 0; 0), (0; 10; 0) and(0; 0; 10) containstimuli thatexhibit high agreement
amongsubjects.Thoseregionsarein blue. Thecolor codeindicatestheactualshapeof thesurfaceyielding
thatparticularstimulus.Right. Monte-Carlosimulationto the144stimuli showing thatif differentsubjects'
responseswereuncorrelated,we wouldobserveacompletelydifferentdistribution.

tasksis fast; and iii) performanceslightly improves from Experiment1 to Experiment2 (t-test: p value

< 0:05). Thus,theknowledgeof the locationof thepatchwithin theshapesilhouettesseemsto behelpful.

Performanceis, however, notsigni�cantly differentbetweenExperiment2 andExperiment3, suggestingthat

arichergeometricalstructurehaslittle effect in thewayshapeis recognizedfrom re�ection. Thisobservation

alsosuggeststhattheimprovementfrom Experiment1 to 2 is notdueto practice.

To rule out the possibility that subjectsmight treat irregularly shapedoutlinesasoccludingboundaries

(thus,asa intrinsic propertiesof theobject),we conductedthecontrolexperimentdescribedin Sec.4.2. In

thisexperiment,thecircularcontourgivesthesubjecttheillusion thatthere�ection is observedbehindablack

panelthrougha circularhole. We foundthatthereis no substantialdifferenceof performancesbetweenthis

controlexperimentandExperiment1: themeanpercentagecorrectnesswas0:42 with a standarddeviation

of 0:05.

While subjectsare almostat chancein discriminatingshapedifferencesfrom re�ection, we �nd that

responsesarehighly correlated.In otherwords,subjectstendto makedecisionsin a veryconsistentmanner.

We mayvisualizethis observationthroughFig. 4.6 (detailsarein thecaptionof Fig. 4.6). Let uscall high
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consistencyregions the volumesof radiusR = 10=3 = 3:3, centeredat eachof the vertices(10; 0; 0),

(0; 10; 0) and(0; 0; 10) of thediagram.By inspectionof Fig.4.6,it is clearthatstimuli tendto clustertoward

the threevertices,revealingthat thereis high agreementamongstsubjects'answers.We cancontrastthis

with an uncorrelatedMonteCarlosimulationof the responses.We take theobservedaverageperformance

of Experiment1 (44%), andgeneratea simulatedresponsepatternsimilar to theonein Fig. 4.6,Left panel.

On average,only 0:05%of the144stimuli fall into thethreehigh consistencyregions, indicatedby thelight

blue semi-spheres(Fig. 4.6, Right panel). To the contrary, 29% of our actualstimuli arecontainedin the

highconsistency regions,revealingstrongagreementin subjects'answers,bothcorrectlyandincorrectly. We

obtainsimilar resultsfor Experiments2 and3. Fig. 4.7 shows examplesof stimuli containedin the three

consistency regionsaswell asin theregionsin between.

4.4 Analysis

The conclusionsdrawn in Sec.4.3 leadus to considerthe natureof the mechanismthat may underliethis

perception.If we considerthestimuli which give consistentshapeperception(Fig. 4.7, �rst threerows) we

seepatternsof deformationthataresimilar within eachcategory anddifferentacrosscategories.Eitherone

or two patternsseemto accountfor theperceptionof eachshape(seeFig. 4.8). Stimuli for which thereis no

consistentperception(Fig. 4.7,lastrow) maybeassociatedto combinationsof the`pure' patternsof Fig.4.8.

Onepossibleinterpretationof this �nding is thatour subjects,ratherthan`computing'a perceptfrom each

imagebasedon geometricalconsiderations,may be associatinga shapeto eachpatternin a stereotypical

way, akin to pattern-matching.This behavior is reasonablesince,as suggestedby our analysis[55], the

informationthatis availablefrom ourstimuli is ambiguous.

If shapeperceptionis the resultof pattern-matching,it would be reasonableto believe that the `funda-

mental' patternsof specularsurfaceshave beenlearnedfrom experiences,andcorrespondto highly likely

scene-surfacecon�gurations. A mirror cylinder standingon a horizontaltexturedplanewould be onesuch

example. However, we �nd that many of the stimuli for which thereis a consistentandwrong perception

correspondto suchsituations.Therefore,we considerthis an unlikely explanation. Anotherpossibility is

thatour subjectsareanalyzingour stimuli asif they wereimagesof curvedtexturedsurfacesratherthanof

curvedmirrors. Noticethat in Fig. 4.4, (c) andFig. 4.7,our stimuli oftendo not appearto bemirror-like. A

qualitativeanalysisof thepatternsin Fig. 4.8 is consistentwith this interpretation,if oneassumesa textured

surfacewheretheprincipal linesof the textureareroughlyalignedwith theprincipalcurvaturesof thesur-

face.Thisleadsto theintriguinghypothesisthatshapeperceptionfrom specularitiesandtexturedeformations

[81, 72, 34, 32, 46, 3] seemto shareacommonbasis.
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If the texture-basedpattern-matchingis a strategy that the visual systemusesto perceive shapefrom

re�ection, whatwould this tell usabouttheunderlyingcomputationpathwaysthatareusedto performsuch

tasks?Moreover, canwe infer from this that shapeperceptionfrom texture andfrom mirrors sharesome

commoncomputationor strategy? How is suchsharingof resourcesmappedout?Wheredo they mergeand

wheredo they branchoff? All thesequestionsarehighly importantandcrucial to furtherour understanding

of thevisual system.In addition,it might shedmorelight on how to engineermorepowerful andef�cient

modelsfor shapeperception.

A naturalquestionis whethersuchperformancewould bedifferentif oneusesre�ections of realworld

scenesratherthanregularsyntheticpatterns.Thereasonis twofold. First, our patternsweresimplegeomet-

rical forms. This couldhave led subjectsto misinterpretour stimuli astexturesratherthanactualspecular

re�ections. Second,the humanvisual systemmay exploit prior knowledgeon regularitiesof real world

structure(i.e., statisticsof realworld images).In fact,by identifying in specularre�ectionssomedegreeof

deviation from suchstatistics,thehumanvisualsystemmaybecomecapableof successfullyinterpretingthe

shapeof specularsurfaces.We would like to addressthesequestionsin thefuture.

We concludethis sectionby comparingour resultswith thosein [20]. Flemingandcolleaguesfoundthat

theshapeof mirror surfacesis readilyperceived,evenwhentheonly cueis specularre�ections. They argue

that specularre�ections exhibit a differentpatternof compressionthansurfacetexture. This featurewould

allow thehumanvisualsystemto discriminatebetweenthesetwo cases.Hence,thepatternof compression

would representa cuefor shapefrom specularities.We interpretthis apparentoppositeresultby pointing

out that a numberof different cuesmight be integratedby the humanvisual systemin their experiment.

For instance,specularre�ections show differentbehaviors dependingon whetherthey appearon smoothly

curvedregions,or in proximity of occludingcontours,or in regionsof high curvature.In eachcase,specular

re�ection wouldprovidethevisualsystemwith differentinformationaboutthegeometryof thesurface.This

is particularly true when the specularobject hascomplex topology. Therefore,theseindirect shapecues

might alsohave contributedin theperceptionof shapein their experiments.Clearly, muchadditionalwork

is neededto reconcilethese�ndings to understandthecontributionsof thesedifferentfactors,andin turn the

underlyingcomputationalstrategies.

4.5 Conclusions

We have studiedhow humansperceive shapefrom mirror re�ections. We usesix regularsyntheticpatterns

andtheir mirror re�ections in threedifferentshapes:sphere,cylinder andsaddle.Our resultsindicatethat

mirror re�ection is only a very weakcueto shapeperceptionin theabsenceof othervisual cues.A closer
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8/10 sp 8/10 sp 8/10 sa 7/10 sa 7/10 sa9/10 sp

Best agreement for s phere

7/10 sp

(a) (b) (c) (d)

Figure4.7: First panel (fr om the top): Examplesof stimuli mostfrequentlyperceivedasfrom thesphere
shape(i.e.,examplesfrom thehighconsistencyregionof spherein Fig.4.6).Thepatchesaresortedaccording
to thescore.Thetext aboveeachstimulus(e.g.,8/10sa)indicatesthescorefraction(e.g.,eightsubjectsout
of tenagreedrespondedasa sphere)followedby thelabelof theactualshapeof thesurfaceattachedto that
patch(e.g.,saddle).Second,Third: Examplesof stimuli mostfrequentlyperceivedasfrom thecylinderand
saddlerespectively. Fourth-(a): Exampleof stimuli containedin theregionbetweensphereandcylinder(see
alsoFig. 4.6). Thesestimuli areconsistentlyclassi�edaseithersphereor cylinder. Eachstimulusis labelled
by a vectorasdescribedin thecaptionof Fig. 4.6. E.g.,(6; 4; 0) meansthat this stimulusis chosenasfrom
sphereby 6 subjects,cylinderby 4, andsaddleby none.Bold font of 0 indicatestheactualshapeof whichthe
stimulusis re�ected, in this case,a saddle.Theorderof shapefor theresponsesis sphere,cylinder, saddle.
Fourth-(b,c,d): Examplesof stimuli (seealsoFig. 4.6)containedin theregionbetweencylinderandsaddle,
sphereandsaddle,andcentralregion, respectively, the latterhaving obtainedthe lowestagreementamong
subjects.

look at theresponsepatternof our tensubjectsrevealsthat theremight bea setof underlyingtemplatesthat

subjectsusefor shapeperceptionfrom re�ections. Thesetemplatesfollow closelythedeformationpatterns
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9/10 sp 7/10 sp 7/10 sa

9/10 sa10/10 cy 9/10 cy 9/10 cy

10/10 sa 8/10 cy9/10 s 8/10 cy

Sphere canonical patterns

Cylinder canonical patterns

Saddle canonical patterns

Figure 4.8: Canonical patterns. Top: Stimuli that are most frequentlyperceived as from sphereshape
re�ection seemto exhibit featuresthat canbe connectedin eitherof the two templatepatternson the left
sideof thepanel.Middle and Bottom: Similar conclusioncanbedrawn for stimuli thataremostfrequently
perceivedasfrom cylinderandsaddleshapes,respectively.

of textureonshapes,ratherthanre�ection in shapes.Futurework mayincludeestablishingamorecomplete

phenomenologyof humanperceptionof specularsurfacesaddressingthequestions:to whatextentdohumans

perceive qualitative andmetricshapedifferences?Do they make useof any knowledge(metric,statistical)

aboutambientstructure?Are someambientstructuresmore informative thenothers? Do additionalcues

(suchascontours,texture,shading)helpin waysthatarenotpurelysummative?
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Chapter 5

Conclusions

In this thesis,weaddressedtheissueof measuringautomaticallytheshapeof physicalobjectsfor 3D model-

ing. Ourwork wasmotivatedby thegoalof developingalgorithmsthat: i) areinexpensive,fastandaccurate;

ii) canhandleobjectswith arbitraryappearancepropertiesandshape;andiii) needlittle or no userinterven-

tion.

In the �rst part, we presenteda novel 3D reconstructiontechniquewhich makes useof minimal and

inexpensiveequipment.Thetechniqueis basedon theideaof re�ning aconservativeestimateof theshapeof

anobject.This is doneby observingtheshadows on theobjectwhenit is lit by a known point light source.

We provedthata well de�ned portionof volumecanberemovedin a conservativemannerfrom thecurrent

objectestimate.Weshowedthatthis insightleadsto analgorithmthatcanwork correctlyonrealimages.We

calledthis methodshadowcarving.

Ourmainassumptionis thatonecanestimateshadowsconservatively - i.e.,ashadow maynotbedetected

but whatever is labelledasshadow is indeeda shadow. No assumptionsabouttheobjecttopologyareneces-

sary. Tangentplanediscontinuitiesover theobjectssurfacehavebeensupposedto bedetectable.We showed

thatshadow carvingimprovespreviouswork on shapefrom shadow in that it is morerobustwith respectto

theclassi�cationof shadow regionsandis not restrictedto 2.5Dterrainsurfaces,but ratherit maybeapplied

to measuringtheobjectsin theround.

In orderto validateour theory, we implementeda reconstructionsystemthatcombinesinformationfrom

silhouettesandshadows. Thenew systemusesinexpensivedigital camerasandlamps.Ourexperimentswith

real andsyntheticobjectscon�rmed that thepropertyof conservative carvingis achievablein practiceand

showedthatshadow carvingproducesa muchbettersurfaceestimatethatshapefrom silhouettesalone.This

improvedestimateis suitablefor furtherre�nementby any shapeestimationmethodthatworkswell in local

regionsof thesurface.

It is well known that3D scanningsystemshandlehighly re�ectivesurfacesonly poorly. Specularre�ec-
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tionsareoftenconsidereda nuisancefor common3D reconstructiontechniques.In thesecondpartof this

thesis,weshowedthatit is possibleto promotemirror re�ectionsfrom ”noise” to ”signal”.

We analyzedthegeometryunderlyingspecularre�ections of a known planarscene.We �rst presented

thedifferentialrelationshipbetweena planarscenepatch,the local shapeof a mirror surfaceandits corre-

spondingspecularre�ection in the image. We studiedseveral propertiesattachedto this mappingand its

degeneracies.

We usedthis analysisasa startingpoint for thereconstructionproblem:recover theshapeof a specular

surfacefrom there�ections in oneimage.Undertheassumptionof anunknown mirror surfacere�ecting a

known calibratedplanarscene(e.g. a triangle-basedpattern,a regulargrid or anarbitrarydrawing) ontothe

imageplaneof acalibratedcamera,wedemonstratedthatsurfacepositionandshapeupto third ordermaybe

recovered.Westartedby assumingthatthesceneis composedof thesimplestprimarystructure,namelylines

intersectingat points. We assumedthat measurementsof orientationandcurvatureof eachre�ected curve

areavailable.We provedthat3 orientationmeasurementsarenecessaryandsuf�cient to recover thesurface

shapeup to �rst order(positionandorientation).Secondordersurfaceparametersmayberecoveredonly up

to an unknown parameter. Curvaturemeasurementsmay be usedasa further constraint.In a secondstep,

we assumedthatthesceneis a grid of intersectinglinesandthatthemeasurementsarebothorientationsand

local scaleof there�ectedlinesat thegrid point. We provedthatif orientationandlocal scalemeasurements

along(at least)2 re�ected curvesareavailable,local surfaceshapecanbe fully recoveredup to third order

accuracy. Finally, we generalizedtheseresultsto thecaseof arbitraryplanarscenes.We provedthat local

shapeup to third ordercanbe extractedfrom the re�ection of a planarscenepatchobserved in the image

plane.

We validatedour theoreticalresultswith bothnumericalsimulationsandexperimentswith realsurfaces

and found that the methodis practicaland yields good quality reconstruction. Sinceour reconstruction

schemeallows local shaperecovery aroundeachre�ected point, we obtain a “piece-wise” parabolicre-

construction. A robust estimationof the surface's shapemay be ultimately obtainedby integrating such

information.

Futurework is neededto i) calculateautomaticallythecorrespondencebetweenpatternpointsandtheir

re�ected imagepoints; and, ii) calculatethe shapefrom un-calibratedscenes.This effort will most likely

requireintegratingadditionalcues,suchasoccludingboundaries,andsomeform of prior knowledgeon the

likely statisticsof thescenegeometry.

An additionalgoal of this thesiswasadvancingour understandingof humanperceptionof shapefrom

re�ections. Surprisingly, little is known to whatextenthighlightsandspecularre�ectionscarryusefulinfor-
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mationfor shapeperception.We usedpsychophysicsto studythis capability. We usedsix regularsynthetic

patternsandtheir mirror re�ections in threedifferentshapes:sphere,cylinder andsaddle.Our resultsindi-

catedthatmirror re�ection is only a very weakcueto shapeperceptionin theabsenceof othervisualcues.

Closerlook at theresponsepatternof our tensubjectsrevealedthat theremight bea setof underlyingtem-

platesthatsubjectsusefor shapeperceptionfrom re�ections.Thesetemplatesfollow closelythedeformation

patternsof textureon shapes,ratherthanre�ection in shapes.Futurework mayincludefurtherinvestigation

of thescopeof this hypothesisusingnaturalscenere�ections.
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