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ABSTRACT

The work presented in this thesis is concerned with theoretical investigations of
the electronic, geometric, and elastic properties of solid interfaces. The interfacial
electronic property studied was the effect of doping on the Fermi-level position
at a metal-semiconductor interface. Geometric lattice match in heteroepitaxy
was studied using a novel method of systematically determining every possible
orientation of the two crystals which would result in lattice match at the interface
between the two crystals. Finally, the parameters of several elastic models that
can be used in calculating the elastic properties of silicon interfaces were computed,
using ab-initio quantum-chemistry methods. The predictions of these models to

bulk elastic properties were compared to experimental results to test the models.

(1) Chapter 1 presents the effect of semiconductor doping on the Fermi-level
position at a metal-semiconductor interface. A model based on the concept of a
dipole layer was used. The number of chargeable defects at the interface required
to pin the Fermi level was determined in the limits of thin and thick metallic
coverages. The calculations included the metal response to large charge transfer at
the interface, using a jellium model for the metal.

The major findings of this chapter are:

e It takes about 10'*defects - cm™2 to pin the Fermi level in a bulk metal-
semiconductor interface, but only about 102defects - cm™2 during the initial
stages of metallization.

e The Fermi-level position at the metal-semiconductor interface may be very
different for n- and p- type semiconductors during the initial steps of metal-
lization. These Fermi-level positions seem to stabilize after the creation of

about 1012 defects-cmn™2 (which usually corresponds to less than a monolayer
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of metallic coverage). However, as the metallization proceeds, the two Fermi-
level positions on n- and p-type semiconductors should merge to within 0.05
eV at the interface (for doping not exceeding 1017 cm—3).

e During the initial steps of metallization most of the carriers required to charge
the defects come from the semiconductor. When the metallic overlayer is fully
grown, it is the metal that contributes most of the charge.

e The potential difference between the metal surface and bulk, in the jellium
model, changes quadratically with charge removed or added to the surface.

014

For a charge density of 10**electrons/ cm? removed from the surface, the slope

of the potential vs. charge removed is of the order of 1V per 10'%¢. em™2 or

less.,

(2) In Chapter 2 the relevance of lattice mismatch to heteroepitaxial growth
was investigated. A novel method to determine all the possible lattice matches
between any two given materials, with any given crystal structure, has been
developed. This method allows for an arbitrary periodic reconstruction of the in-
terface. Such reconstruction results in two-dimensional superlattices on both sides
of the interface, that have to be similar to each other. The input parameters to these
calculations, besides the crystal structure of both materials, are the upper bound
on the superlattice unit cell areas, and the maximum allowed mismatch in unit cell
dimensions. This method was applied to study known heteroepitaxial interfaces of
CdTe on GaAs, CdTe on sapphire, silicon on sapphire, and transition-metal silicides
on silicon, to determine the relevance of lattice match in heteroepitaxy. For the last
class of materials, namely, silicides on silicon, we list many possible lattice matches,
including many that have not been grown so far.

The principal results described in Chapter 2 are:
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e A good lattice match is not necessary for epitaxial growth of a single crystal
on another.

e In those cases checked in which the epitaxial layer is metallic (silicide on silicon)
and a single crystal, there is a good lattice match (bulk mismatch of 2.5% or
less).

e Even a polycrystalline epitaxial layer may have some epitaxial relations, that
is, some preferred orientations of the crystallites with respect to the substrate.
In this case mismatches of up to 15% may be present; this means that the

lattice match requirement is probably irrelevant.

(3) In Chapter 3 the elastic properties of silicon are calculated using four
models. The parameters of these models were calculated from the elastic constants
of a small silicon cluster (Si5H;5) using ab-initio quantum-chemistry methods. The
calculated elastic properties were compared to experimental results to assess the
quality of the models.

The main findings are:

e All four different models yield a phonon-band structure which is qualitatively
correct but not very accurate numerically.

e The deviations of the model predictions from experimental results were at-
tributed to the models and not to the quantum-chemistry methods used to
obtain their parameters.

e The LA branch of the phonon-band structure agreed very well with experiment
in all the different models used.

e The TA branch of the phonon-band structure was in poor agreement with
experiment in all the four models; in particular, the slopes of the TA branch

near the I' point (which determine the elastic constants cijo and caq) were
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inaccurate.
e The accuracy of the calculated optical phonons varied among the four models.
e Elastic properties associated with bond stretching were calculated much more

accurately than elastic properties associated with bond bending.
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GENERAL INTRODUCTION

A. Background

In recent years there has been a growing interest in the physics of interfaces
which stems from both increasing technological needs and capabilities. The realiza-
tion of the importance of interface properties to device performance, as well as the
desire to introduce novel devices, created a need to understand the details of inter-
faces. At the same time the ability to grow more uniform and controlled interfaces,
due mainly to the introduction of Ultra High Vacuum (UHV) techniques of growth
and diagnostics, allowed researchers in this field to better understand the physics
of interfaces. This thesis is concerned with a theoretical investigation of electronic,
geometric, and elastic aspects of solid interfaces. Following this introduction, each
of the three chapters treats one topic that is related to either electronic, geometric,
or elastic properties of interfaces. Each chapter is independent of the others.

Chapter 1.

In chapter 1, the metal-semiconductor interface is treated. This interface has
a long history which will not be recounted here. Instead, we shall trace briefly
only those works which have a direct influence on ours. The metal-semiconductor
interface was first discussed in a classical paper by Schottky(1 ), who proposed that
the electronic barrier formed upon contact will be equal to the difference between
the work function of the metal and the electron affinity of the semiconductor (in
the case of n-type semiconductor). This was later demonstrated not to be the
case, and Bardeen(2 )improved the model by introducing a finite charge density

trapped at the interface. Bardeen’s model is still used in current textbooks as a

phenomenological model (see, for example, Sze,(a) Chap. 5). However, the nature
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of the trapped charge at the interface, as well as its influence on the barrier height,
are still under debate. Bardeen"’ originally attributed this charge to intrinsic
surface states of the semiconductor. Silicon is known to have intrinsic surface states
within the energy gap, and these states could pin the Fermi level at a particular
energy. Since the pinning phenomenon {the same barrier height for a number
of different metals with different work functions) was observed experimentally,
Bardeen's model seemed plausible. During the last fifteen years, however, much
evidence has accumulated that has pointed to the fact that intrinsic surface states
cannot always account for the pinning, and other mechanisms were suggested. First,
it was demonstrated that clean cleaved surfaces of III-V semiconductors do not
possess intrinsic surface states in the gap,(4) with the possible exception of GaP.
Second, it was shown that surface relaxation and reconstruction may vary the
energies of surface states substantially.(s) Since the positions of the atoms near
a clean surface are, in general, different from those of atoms near an interface,
one can no longer count on the energies of clean-surface states to be equal to
those of the interface states. The emphasis, thus, shifted from surface states
to interface states. Recent experiments on III-V semiconductors indicate that
metallic adatoms interact with the semiconductor substrate, causing structural
changes (defects) in the semiconductor.(e) Some of these defects are electrically
active, that is, they act as donors or acceptors, and they may pin the Fermi level
somewhere in the gap. Since many of these defects are formed at the initial steps of
metallization (submonolayer coverages), researchers in this field started to pay close
attention to the behavior of the Fermi level at such low coverages. The tendency
to look at very low coverages was also facilitated by many UHV experimental
techniques,(” especially ultraviolet photoemission spectroscopy (UPS) and soft X-

ray photoemission spectroscopy (SXPS). These techniques allow one to measure the
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position of the Fermi level relative to the band edges, but require the photoemitted
electron to penetrate the metallic overlayer. Therefore, the metallic overlayer has to

be smaller than the electron escape depth, which is of the order of few angstroms.

The connection between thin and thick metallic coverages still remains to be
investigated. The experiments for very low coverages of metals on III-V semicon-
ductors, indicate that the Fermi-level position in the gap stabilizes after about a
monolayer coverage. This Fermi-level position is almost the same for a number
of different metals, but varies by as much as 0.2 eV, depending on whether the
substrate is an n- or a p-type semiconductor.” " The defect density required to
pin the Fermi level is estimated at about 102 em™2. It is the object of chapter 1 of
this thesis to show that this behavior changes when the metallic coverage becomes
thick; we show that there are, in fact, two different pinning mechanisms in the
limnits of thin and thick metallic coverages. While our model confirms the behavior
of the Fermi level at low coverages, it predicts that in the limit of a very thick
coverage, the Fermi-level position on n- and p-type semiconductors would merge,
to within 0.05 eV. Our model also predicts that the defect density required to pin
the Fermi level, in the limit of a thick coverage, is about 10** em ™2, This fact in-
dicates that the defects observed at the initial steps of metallization are not enough
to pin the Fermi level in a macroscopic Schottky barrier. To pin the Fermi level,
the interface-state density will have to increase by two orders of magnitude. These
extra interface states could either be due to additional defects, or to some other
factor that is not yet determined.

Chapter 2.

In Chapter 2 we discuss geometric lattice match, and its relevance to hetero-
epitaxy. The motivation for the investigation of lattice match was the possibility of

growing epitaxial single-crystal layers of one material on another. Such structures
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may open the door for a whole new class of devices. Currently, there is an interest
in developing silicide-silicon devices which might be integrated into the existing
silicon based VLSI technology. Since the silicide-silicon interface would then be
an active one, that is, with carriers going through it, it is likely to be important
to have an almost defect-free interface. A good lattice match seemed to be a
necessary condition for such a defect-free interface. With a systematic way of
finding all possible lattice matches, one could check this assumption. In addition to
the silicide-silicon interface, there has been an interest in heteroepitaxial growth of
other pairs of materials. Silicon on sapphire (SOS) devices are being commercially
produced, mainly silicon (100) on sapphire (1102}, but the physics of that interface
is still not well understood. We had hoped to have understood more clearly the
particular orientation relations in this interface by considering geometric lattice
match. CdTe is an important substrate material for infra-red detectors, but has
very poor mechanical properties. Attempts to grow it on more mechanically stable
substrates, like GaAs and sapphire, have recently proved successful,(m_m) and we

investigated these interfaces.

At this point we should clarify the meaning of “lattice match”. Lattice match,
in the case of, say, Ga,xAl(l_m)As on GaAs, is quite clear; the two crystals have
the same crystal structure (zincblende) and the epitaxial layer actually continues
the structure of the substrate. The only difference is that in the epitaxial layer,
some gallium atoms are replaced by aluminum atoms, and the average interatomic
distance is slightly changed. We, therefore, measure the lattice mismatch by
comparing the lattice constant, a, of the substrate and the film. When the substrate
and the film have either a different crystal structure or a different growth orientation,
the definition of lattice match is more involved. Instead of looking at the three-

dimensional lattices in their entirety, we should confine our attention to the interface
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region. The idea is to define two crystals as lattice matched if a slab containing
several atomic layers on both sides of the interface has a translational symmetry.
The exact definition, as well as a novel method to systematically determine all

the possible lattice matches between any two crystalline materials, is presented in

Chapter 2.

1t is not simple to assess the relevance of geometric lattice match to hetero-
epitaxy. By considering the geometric factors and completely neglecting the local
chemistry, we probably miss the most important factor. It is clear, however, that in
a solid interface the chemistry has to operate within some geometrical constraints.
The first layer of film atoms probably bonds to the substrate at the most favorable
positions. Lattice match plays little or no role at this step. As the film grows
thicker, it tends to crystallize in its most stable structure for that temperature.
Sooner or later the free energy gain due to the crystallization of the film in its most
stable form exceeds the elastic strain energy caused by the mismatch, and this
crystallization occurs. What happens to the atoms near the interface? If the strain
is large, there is a tendency to relieve it by creating defects. These defects may
or may not propagate throughout the film. Although this discussion is somewhat
qualitative and inaccurate, it seems reasonable that geometric lattice match plays
a minor role in determining the actual growth direction of the film. On the other
hand, we might expect it to play a more significant role in defects formation at
the interface, and in determining whether the film will grow as a single crystal or
as polycrystalline material. In chapter 2 we check this assumption by comparing
lattice match predictions with experimental results of heteroepitaxial growth.

Chapter 3.

We calculate the elastic properties of bulk silicon in chapter 3. The calculations

are performed using four models. These models relate the elastic strain energy
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to the atomic positions, and models of this sort are currently used in calculating

(14-15) 5
Each model has between two

elastic properties of interfaces and defects.
and five adjustable parameters, but the parameters are calculated, using ab-initio
quantum-chemistry calculations of deformed Si5H ;2o clusters, rather than fitted to

the experimental phonon-band structure.

One might wonder about the need to calculate the phonon-band structure of
silicon from first principles, since the phonon-band structure is readily available
from neutron scattering experiments.(w) Moreover, one might also wonder why
we chose not to use a method that incorporates the translational symmetry of
the crystal. The explanation is that we were looking for a reasonable method
to calculate the elastic properties of interfaces and defects. Near interfaces and
defects, where the translational symmetry of the crystal breaks down, one can
observe vibrational states that do not belong to the bulk phonon-band structure.
These states decay in amplitude, more or less exponentially, into the bulk. There
is no good experimental method to obtain the complete spectrum of these decaying
states, and researches often apply theoretical tools to interpret the experimental
results. These theoretical tools involve models similar to those used in Chapter 3,
whose parameters are either adjusted to fit the experimental results, or fitted to
the bulk phonon-band structure. This fitting procedure is at best unsatisfying and
at worst leads to the wrong conclusions. In Chapter 3, we used ab-initio cluster
calculations to obtain these parameters; this method enabled us to verify the models

used.

It now remains to justify the use of ab-initio quantum-chemistry methods. In
principle, one could also obtain the parameters of the models from experimental
vibrational spectra of small molecules. This was actually done for diamond, using

. 17-18 . .
spectroscopic data of saturated hydrocarbons.( ) However, silicon hydrides are
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harder to synthesize and are unstable. Therefore, less spectroscopic data are avail-
able for them. In addition, high-quality quantum-chemistry methods have some
attractive features. First, one can calculate the frequency of any mode, not only
normal modes. Second, one can “tune” some of the atoms to have some specific
properties. In any case, it is important to realize that quantum-chemistry methods
are accurate enough for our purpose. The only real limitation imposed by the cal-
culations is the size of the cluster; this, in turn, limits the complexity of the models
used.

In Chapter 3, we also compare the discrepancies between the elastic constants
of silicon measured experimentally and calculated using quantum chemistry, to the
discrepancies between the elastic constants of diamond measured experimentally
and calculated from spectroscopic data. The two discrepancies are very similar,
leading us to conclude that it is actually the model, rather than the quantum-

chemistry calculations, that is at fault.
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B. Outline of the thesis

The body of this thesis is organized into three chapters. FEach chapter is
independent of the others and describes one research topic. Every chapter contains
a detailed introduction, several sections of body describing the methods used and
the results obtained, a section with a summary and conclusions, and a section with
references. Twelve appendices are included at the end of this thesis, four for each
chapter. In these appendices one can find material that is relevant to the text of
the thesis, but is either too mathematical or too bulky to permit the free flow of

ideas in the thesis.

Chapter 1 deals with the metal-semiconductor interface. Following the intro-
duction section 1.2 treats the physics of dipole layers that are the fundamental
concept in our model. Section 1.3 treats metal surfaces using the jellium model,
and section 1.4 treats semiconductor surfaces containing defects which model a
submonolayer metallic coverage. Section 1.5 deals with the metal-semiconductor
interface. This section is further divided into subsections: subsection (a) treats
the three regions of the model (metal, semiconductor, and interface regions, each
modelled differently); subsection (b) describes the method of calculation; subsection

(¢) contains the results for various possible defects at the interface.

Chapter 2 is dedicated to lattice match and its relevance to heteroepitaxy.
Following the introduction to Chapter 2, section 2.2 describes the lattice match

search algorithm in a descriptive rather than a rigorous way. To further clarify the

jos]

method, section 2.3 contains a detailed step by step application of the method to
one particular interface, that of CdTe on GaAs. Other interfaces, namely, CdTe
and silicon on sapphire, and silicides on silicon are treated in section 2.4. Here the
emphasis is not on the method, but rather on comparing experimental results to

our lattice match predictions.



-9-

Chapter 3 is devoted to the investigation of the elastic properties of silicon
clusters and bulk silicon. Section 3.2 describes the quantum chemistry methods
used in this research. This section is descriptive, with an emphasis on general ideas,
rather than on exact formalism. Section 3.3 contains the results of the cluster
calculations and applies them to obtain phonon-band structure and elastic con-
stants; this is done by using four models that progressively become more and more
complicated. The calculated band structures are also compared to experimental

phonon-band structure in that section.

The appendices of Chapter 1 contain the more highly mathematical parts of
that chapter. They have been included to substantiate the material in the body of
the chapter, but might disrupt its flow with heavy formalism. The first appendix, A-
1.1, contains the statistics of carriers in bulk semiconductors and derives a formula
connecting the Fermi-level position at the interface with the total depletion charge
in the semiconductor. The second appendix, A-1.2, describes the jellium model
and the local density formalism used to treat the jellium model; the third and
fourth appendices give some sum rules that were used in the jellium calculations.
The Sugiyama sum rule in Appendix A-1.3 relates charge conservation {or lack
thereof) to phase shifts in the jellium bulk. The derivation of this sum rule due
to Langreth(w) was slightly modified here to account for nonneutral surfaces. The
Budd-Vannimenus theorem"™" in Appendix A-1.4 relates the electrostatic potential
difference between the jellium surface and bulk to the energy functional in the local
density approximation. The derivation of this theorem by Mahan and Schaich(gl)

was modified in this appendix to nonneutral surfaces.

There are four appendices to Chapter 2: Appendix A-2.1 contains crystal-
lographic material and deals mainly with notations and transformations from one

set of notations to another. Appendix A-2.2 is mathematical in nature and repeats
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in a rigorous fashion the description of the lattice match determination procedures.
Appendix A-2.3 shows the results of the calculations for the silicides on silicon sys-
tem. Again, the natural place for these results is in the body of the chapter, but this
set of tables is too bulky and they were best placed at the end. Appendix A-2.4 lists
the crystal structures of all the currently known binary transition-metal silicides,
and the data here was used to calculate lattice matches of silicides on silicon.
Chapter 3 also has four appendices. Four models were used in chapter 3 to
relate the crystal and cluster strain energy to the atomic positions. Three of these
models used only direct bond lengths and angles. These can be called “geometric
models”. The fourth, first introduced by Vasil’ev et al,(m) uses hidden coordinates
that must be calculated. Appendix A-3.1 describes the three geometric models and
derives the static-elastic properties of bulkr silicon for each one of these models,
Appendix A-3.2 derives formulae for various points in the phonon-band structure
for each one of these three models. Appendix A-3.3 describes Vasil'ev’s model
and calculates special points in the phonon-band structure as well as the static-
elastic constants using this model. Appendix A-3.4 describes how the parameters

of Vasil’ev’s model were obtained from the cluster calculations.
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C. Summary of the major results

In Chapter 1 it was confirmed that the behavior of the Fermi-level position at
the first stages of metallization could be explained by the unified defect model of
Spicer et al.® Our calculations, based on the assumption that the metallic adatoms
create defects at the surface but do not contribute significant amount of charge,
were able to reproduce the qualitative behavior observed esperimentally. [t was
also found that the positions of the Fermi levels for n~ and p- type semiconductors,
that seemed to stabilize at about a monolayer of adatoms, do not in fact stabilize.
If one plots the Fermi-level position as a function of defects created at the surface,
then at a defect density of about 10'2. em ™2, there is a drastic change in slope.
After this defect density is achieved, the two curves corresponding to the Fermi-
level position at the interface for n- and p- type semiconductors, flatten out and
have almeost a zero slope. They would finally merge, due to compensation, but

2 are required for this. At ths same time a different

approximately 10 *defects-cm™
mechanism occurs: as the metallic coverage becomes bulk-like, it will become the
major contributor of charge to the defects. A change of one volt in the Fermi-
level position at the interface can change the charge in the depletion region of the
semiconductor by about lOlge/cm?‘, but will change the metal charge density by
almost two orders of magnitude more. This means that the dipole layer formed
between the defects and the depletion charge in the semiconductor will become
less and less important, while the dipole layer that forms between the defects and
the metal would eventually become more important in determining the Fermi-level
position. As a result, for a thick metallic coverage, 10'* ¢m™2 would be needed

to pin the Fermi level, and the positions of the Fermi level on n- and p-type

semiconductors would be the same, to within 0.05 V.

In Chapter 2, a method of determining all the possible lattice matches for
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any pair of materials was devised. Known cases of heteroepitaxial growth were
compared with lattice-match predictions to determine how relevant lattice match
is to epitaxial growth of single crystalline films. In the CdTe on GaAs system, The
CdTe(111) on GaAs(100) grown by Cheung and Magee(m) using LADA, corresponds
to a good lattice match. On the other hand CdTe(111) grown on GaAs(111) by
Schmit(gs) using MO-CVD, corresponds to a poor lattice match (14%) for a small
unit cell. Similarly, the CdTe(111) grown on sapphire by Myers et al*® using MBE,

(24
b

corresponds to a poor match (4%) " and most of the known silicon on sapphire

single-crystal growth by various techniques correspond to a poor match, of up to
14%. Both the silicon on sapphire(zs) and the CdTe on sa,pphire(m interfaces are
known to be heavily defective or polycrystalline. Some silicides are known to grow

(28)

. . - e (26) . (2T) . )
epitaxially on silicon. NiSio, CoSig and PdySi ' grow as a single crystal

e

with an ordered interface, and they all correspond to good lattice matches. PtSi
and PtQSi(zg) grow epitaxially but polycrystalline on silicon, and they correspond
to poor matches. It appears that a good lattice match with a large unit cell area
cannot compete with a poor lattice match for a smaller unit cell area, and that the
growth in this case will be polycrystalline, at least initially. Sometimes, an epitaxial
layer that starts out as polycrystalline can later become a single crystal. In other
words, a good lattice match is not necessary for single-crystal epitaxial growth.
Several counterexamples were found, in all of them the epitaxial layer had an open
structure {zincblende). However, in the silicide-silicon cases, in which the epitaxial
layer has a rather close-packed structure, wherever an abrupt single-crystalline film

was grown, it always corresponded to a good lattice match.

In Chapter 3, we used four models to calculate the elastic properties of bulk
silicon. The parameters of the models were calculated from the elastic properties of

a SizHio cluster. These elastic properties were calculated using ab-initio quantum-
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chemistry methods. The resulting phonon-band structures had the right qualitative
appearance, but were not very accurate numerically. For all the four models the
LA phonon branch agreed well with experiment, but the TA phonon branch was in
poor agreement. The optical branches varied in quality among the four models. The
bulk modulus and the elastic constant ¢;1 were in good agreement with experiment,
while ¢15 and cq4 were in poor agreement in all four models. Similar calculations for
carbon'"” using experimental spectroscopic data for molecules rather than ab-initio
cluster calculations yielded similar results. We can propose an explanation for this
behavior: symmetry consideration strongly affect the general shape of the phonon-
band structure. All the models are guaranteed to take this symmetry into account,
therefore the general shape of the band structure should be qualitatively right. In
addition, the bond stretching force constant is greater than any angle-restoring
force constant or any mixed term of bond-bond, bond-angle and angle-angle, by
at least an order of magnitude. The bond-stretching force constant is also a good
physical quantity, in the sense that it is rather insensitive to changes in the other
bonds in the crystal or molecule. This is not the case with bond bending, however.
Bond-bending restoring force constants are bad physical quantities, in the sense

that they are sensitive to changes in the adjacent bonds. None of the four models

considered was consistently better than the others in treating the bond bending.
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CHAPTER 1
THE POSITION OF THE FERMI LEVEL
AT A METAL-SEMICONDUCTOR INTERFACE

1.1 Introduction.

In this chapter we investigate the position of the Fermi level at a metal-
semiconductor interface. We discuss dipole layers, which are responsible for a large
class of contact phenomena and, in particular, determine the position of the Fermi
level relative to the band gap of the semiconductor. Three classes of interfaces (and
dipole layers) are investigated. The first is a free, ideal metallic surface, which will
serve as a model for all the other interfaces to be investigated. It will enable us to
study some of the energy levels at the interface; to see the problems involved in using
some of these energy levels, particularly the work function and the vacuum level,
and to estimate the changes that occur in the metal side of a metal-semiconductor
interface when a very high charge density is moved across this interface. The second
interface is the free semiconductor surface containing defects; this surface serves as
a model for the initial steps of metallization, that is, submonolayer coverage. The
third case is that of a metal-semiconductor interface in the limit of a very thick

metallic coverage.

The motivation for this work originated from what appeared to be a contradic-
tion between a new and an old way of looking at Schottky barriers. Recent experi-

ments involving submonolayer coverage of metal atoms on semiconductor surfaces
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suggested that the Fermi-level position at the surface for n- and p- type semicon-
ductors may differ by as much as 0.2 V. In measurements of Schottky barriers
consisting of a bulk metal against a bulk semiconductor, however, the Fermi-level
position at the metal-semiconductor interface was found to be the same for both n-
and p-type semiconductors, that is, to within 0.1 eV.(s) Moreover, from a theoreti-
cal point of view, thé metal-semiconductor interface is usually treated using a model
proposed by Bardeen(S} in which the Fermi-level position at the interface cannot
be substantially different in the case of n- and p- type semiconductors. Despite this
difference in behavior, there are certain qualitative similarities between thin and
thick metallic coverages: the Fermi level pins at approximately the same position
for a number of different metals. This being the case, one might ask what the
connection should be between the experimental results for submonolayer coverages

and those for macroscopic Schottky barriers.

The position of the Fermi level at the interface is governed by two phenomena:
the formation of interface states and the bending of bulk levels due to the formation
of dipole layers. The nature of the interface states is still not established. Various
authors have attributed these states to surface states,(s) Metal-Induced Gap States
(MIGS),('{'B) or native defects in the semiconductor.'” Tt is also possible that more
than one type of interface state plays a role in a given interface, and that different
types of interface states exist in different interfaces. In this work, we do not address
the question of the exact nature of these interface states, we only assume that these
states do exist, that they are localized both in energy and in space, and that their
density is high (we estimate their density in this work). It is the second phenomenon,
namely, the effect of the various dipole layers at or near the interface, that is the

main object of this chapter.

In general, the physics of a dipole layer is very simple. At thermal equilibrium,
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the chemical potential of the electronic system has to be constant throughout space.
The chemical potential is a sum of two terms: internal and external. The internal
part of the chemical potential is local and consists of many-body effects, that
is, kinetic, exchange, and correlation energy. The external part of the chemical
potential is the electrostatic potential. Far away from the interface, the internal
parts of the chemical potentials are fixed for the bulk materials on both sides of the
interface. Thus, the external part has to vary to compensate for the difference in the
internal parts. This results in the formation of a dipole layer. Some finite density
of electrons will “spill over” from one side of the interface to the other, creating
a layer of negative charges and leaving behind a layer of positive charges. This
general picture holds for any interface, but the details of the charge redistribution

may be different for different types of interfaces.

In this chapter we present a detailed study of the variation of the Fermi-level
position at a metal semiconductor interface for a macroscopic Schottky barrier,
and contrast it with a simple model for submonolayer coverage. Our discussion
is based on the recently proposed Unified Defect Model of Spicer et al."” which
assumes pinning of the Fermi level by charged defects at the interface. In the
course of this research, it was shown that the density of such defects required to
pin the Fermi level is very large, of the order of 10'* cm™2, in the case of a thick
metallic coverage. Upon charging, these defects alter the electron density on the
metal side of the interface. In the classical Bardeen model, the metal is assumed
to be insensitive to charge depletion or enhancement. This assumption is no longer
valid when the metal-surface charge is altered by as much as 10*4 e-cm™2. In this

study we used a jellium model™ to obtain a more realistic behavior for the metal.

Various models of spatial arrangements of defects are considered. In detail

the models may not precisely conform to the experimental situation (that is, in
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distribution of defects, etc.), but we can draw a model independent conclusion
about the Fermi-level position at the interface. We conclude that for n- and p-
type semiconductors, it is difficult to have a substantially different Fermi-level
position (> 0.1 eV) for a macroscopic Schottky barrier, while it is possible in
submonolayer coverage. Hence, we must conclude that if the experimental results
for submonolayer coverage were extended to include thicker overlayers, the Fermi-

level position on n- and p- type semiconductors would eventually merge to within

0.1 eV,

Chapter 1 is organized in the following way: in section 1.2 the physics of dipole
layers is discussed; section 1.3 is devoted to the jellium model, its justification and
its limits, as well as to various methods of solution for that model. The important
property of jellium, as applied to the metal-semiconductor interface, is its response
to changes in charge density near its surface. This section serves also to define
the energy levels near the interface and to point to some problems associated with
the traditional use of work-function and the vacuum level. Section 1.4 treats the
free surface of a semiconductor containing defects and contrasts it to a fully grown
Schottky barrier. This surface is a good model for submonolayer metallic coverage
of a semiconductor; indeed, the theoretical plots of the Fermi-level position at the
interface as a function of defect density closely resemble experimental plots of the
Fermi-level position at the interface as a function of adatom coverage. Section
1.5 treats the metal-semiconductor interface for a thick metallic coverage. This
section is the centerpiece of this chapter and is further divided into subsections:
the first treats the physics of each region in the interface, the second describes
the calculational technique, and the last subsection describes the results for this

interface. Section 1.6 summarizes the conclusions based on this study.

The more mathematical parts of this work appear in the appendices at the
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end of this thesis. Appendix A-1.1 will summarize the statistics of carriers in a
bulk semiconductor and the charge distribution in a semi-infinite semiconductor.
Appendix A-1.2 will summarize the more mathematical formulation of the jellium
model. Two sum rules concerning the jellium model are reproduced in Appendices

A-1.3 and A-1.4.
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1.2. The physics of dipole layers.

One of the most useful concepts in understanding what governs the relative
positions of electronic levels on either side of an interface is the concept of a dipole
layer. A dipole layer is made of two layers of opposite charges in a state of thermal
equilibrium: the electrostatic potential acts to merge the two layers, but a difference
in chemical potential acts to separate them, and the two exactly balance each other.
This phenomenon is very common, and occurs whenever there is a contact between
two conducting materials having a different chemical potential.

Electrically, a dipole layer can be viewed as a charged parallel plate capacitor.
The properties of the dipole layer are characterized by the charge per unit area on
one of the plates o, the dielectric constant of the medium between the plates ¢, and
the distance between the plates d. The electric field in the region between the two

plates is given by

€eg
The electric potential changes by an amount A¢ in going from one plate to the
other.

o

Ap = —.
E€EQ

In this simple example, we can see that an overall neutral charge distribution
can abruptly change the electric potential. In real problems, the dipole layer can
be produced by various distributions of charge. For our purposes here, however,
the important properties o
they lead to an abrupt change in the potential.

In examining the properties of interfaces, dipole layers play a very important
role since they are responsible for adjusting the chemical potential on one side of the
interface with respect to the other. This adjustment is achieved by rearrangement

of the charge within the interface region, but without carrying a net charge away
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from the interface. In examining the dipole layers that play a role in semiconductor
and metal surfaces and interfaces, it is important to determine the origin of the
charge that produces the dipole layer.

The mathematical treatment is straightforward. The electronic chemical

potential can be written as a sum of an internal and an external part.

{int)

b= p + u

(o=t) u(im) + g9 = const. {1.2.1)
The internal part is a function of the local charge density, and it contains all the
local many body effects, namely, the average kinetic, exchange, and correlation
energies. The external part is simply the electrostatic potential energy, which obeys

Poisson’s equation
’ s Y
Es) ext £
%u qzn

dz2 €€y

(1.2.2)

Here g is the electron charge, taken as positive, and n is the number density of
positive charges. Eq. (1.2.2) could be solved using (1.2.1) if we knew how to relate

the internal chemical potential y(int) , to the number density n.
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1.3 Metal surfaces in the jellium approximation.

Why it is important to treat the metal surface

In this section ideal metal surfaces are considered. The metal-vacuum inter-
face was chosen to be treated first since it can serve as a model for other, more
complicated interfaces. We shall examine the charge transfer as well as the various
electronic energy levels, and derive the boundary conditions for a general interface.
Having the metal-semiconductor interface in mind, we are interested in the metal
response to a depletion or an enhancement of a significant charge density near the
surface. We are interested in this feature since we estimate in Section 1.5 that
a defect density of ~ 10 em™2 is required to pin the Fermi level in a metal-
semiconductor interface. Screening of such high charge densities (one electron per
several surface atoms) might alter the surface potential significantly. In this section
we shall estimate the change in surface potential as a function of electrons removed.

The quantitative treatment of the metal surface is performed using the jel-
lium model. To assess the quality of this model, we compare its predictions for
work function with experimental results for real metals. We also compare various
methods of solution for this model.

The jellium model

Jellium was first suggested as a model for a metal by Bardeen.""" This model
consists of an electron gas interacting with a uniform positive background of density
nt, extending from z = —o0, and ending abruptly at + = 0. The resulting
electron-gas density profile is shown schematically in Fig. 1.1. One can see that
the electron density extends beyond the positive background. Thus, the outside of
the metal surface becomes negatively charged with respect to the inside, producing

a dipole layer. The energy levels associated with this interface are also displayed
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Fig. 1.1. Schematic of the charge density and the energy levels near the
Jellium surface. The positive background density of nt extends from —oo to
z = 0. The electronic density n(z) extends beyond z = 0. The electronic density
n(z) results from summing individual electron densities |¥k(z)|? for k-vectors in the
Fermi sphere. Each ¥(z) is a solution of Schrédinger’s equation with an effective
potential v.q(z). This effective potential is the sum of electrostatic potential energy,
g%, and an exchange-correlation term, ize. '1he electrostatic potential can be
obtained by integrating Poisson’s equation with a total charge density of q(n+ —
n(z)). The exchange-correlation term also depends on the local density n(z). In this
figure, py. is positive, but it may have either sign. The total chemical potential,
U, is the sum of the kinetic term, uk, the exchange-correlation term, u,., and
the electrostatic term, ¢¢. Its individual components are functions of position but
p itself is constant at thermal equilibrium. The work function, &,,, is the work
required to remove an electron from the metal. It is equal to the difference between
the dipole barrier ¢A¢ and the bulk chemical potential Q.
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in Fig. 1.1. Many-body effects are treated in a single-electron approximation using

2)

the density-functional formalism'™" of Hohenberg and Kohn,(1 and Kohn and

(13)

Sham. The density-functional formalism is briefly reviewed in Appendix A-1.2.
In this approximation the electrons are subject to an effective potential which is the

sum of the exchange-correlation interaction and the electrostatic potential energy.

Ver|n; 2] = pgo(n(z)) + 9¢(x).

Solving Schrodinger’s equation with this effective potential results in wave functions
Y (z), which oscillate on the metal side of the interface, and decay into the vacuum.
Summing |k (z)[? over all the wave vectors in the Fermi sphere results in the
electronic density n(z), shown in Fig. 1.1. The total charge density is obtained
by subtracting the electronic charge density from the positive background charge
density. By integrating the total charge density twice, using Poisson’s equation,
one obtains the electrostatic potential ¢(z). Adding the exchange and correlation
interaction p.., which depends on the local density, to the electrostatic potential,
one obtains the effective potential. This scheme enables one to find the effective
potential, electrostatic potential, and charge density, in a self-consistent way. The
weakest link in this self-consistent chain is obtaining the exchange and correlation
interaction from the local charge density. Theoretical many-body calculations
provide reasonable expressions for y;. as a function of the local density n, provided
that this density varies slowly. This is, obviously, not the case near the surface.
The Fermi level u, shown in Fig. 1.1, is the sum of the effective potential and

the local kinetic energy

2.2
[

= + tze + 99.

2m
Every term on the right hand side of this equation is a function of position, but their

sum, g, is constant at thermal equilibrium. Another important quantity in Fig. 1.1
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is the “dipole barrier” A¢, which is the electrostatic potential difference across the
surface. It is readily calculated from the charge density by integrating Poisson’s
equation twice. In the case of real metals, this dipole barrier is not an intrinsic
function of the metal, and may change substantially by surface reconstruction,
adsorption of impurities, etc. The most directly measurable quantity in Fig. 1.1,
is the work function ®,,, defined as the work required to remove an electron from
the bulk to infinity. In doing that, we have to overcome the dipole barrier energy

gA ¢, but we gain back the bulk chemical potential, i
‘I)m _ A¢ o ﬁ.

While z is a function of the bulk properties alone, A¢ depends heavily on the
rearrangement of charge near the surface, and that is the reason why the work
function is sensitive to the structure of the surface.

The idea behind the jellium model is that metals can be well approximated
by a free electron gas, whose single most important property is the charge density.
This model, therefore, classifies all metals according to a single parameter, namely,
the charge density, and neglects all the other effects due to nonhomogeneity of the
positive charges, ionic and covalent bonding, peculiarities of the band structure,
etc. This is a very convenient approximation that enables us to put all the different
metals on a single scale. We pay the price for such simplicity by compromising
accuracy. On comparing jellium results to experimental values for such properties
as work function, cohesive energy, and surface energy, one observes deviations of
as much as 1 eV per particle. These large deviations usually occur in the rightmost
columns of the transition metals, in which the d-core is very large and there is much
s-d mixing in the band structure. For simple metals the accuracy is usually better.

To illustrate this point, consider Fig. 1.2, in which we plot the experimental

work-function of most of the elements of the periodic table, up to row 6, versus
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Fig. 1.2. Experimental work functions versus calculated rg for elements of the
periodic table. The work functions were taken from a compilation by Michaelson
(Ref. 17) and the r4’s were calculated using data from Animalu and Heine, Animalu,
and Kittel (Ref. 14-16). The figure is divided into two halves featuring two parts
of the periodic table (the shaded areas). '
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their calculated rg. The parameter rg is the radius, in bohrs, of a sphere whose
volume contains a positive-background charge of one electron. This quantity is
closely related to the positive-background charge density; it ranges from 2 to 6 bohrs
in most metals. The positive-background charge density was calculated here by
dividing the number of valence electrons by the volume of the valence electrons. The
volume of the valence electrons is the total volume minus the volumes of the cores.
The valence, the core volumes, and the atomic volumes were taken from papers by
Animalu and Heine,(m Animalu,(ls) and Kittel"® respectively. The values of the
work function are taken from Michaelson."” Fig. 1.2 was divided into two parts,
one featuring the simple metals as well as the left side of the transition table (Sc-
Fe columns), the other featuring the simple metals, the right side of the transition
table (Co-Zn columns), and post-transition elements. One can see that there is a
clustering of the data points along some curve which gives the work function as a
function of the single variable rg. This functional relationship between the work
function and rg, however, does not coincide for both halves of the periodic table: in
the left half the r; corresponding to the same work- function will be approximately
half a bohr less than in the right half. Note also that elemental semiconductors
such as silicon, germanium and selenium, continue the trend of the post-transition
elements.

Methods of solution for the jellium model

Despite its simplicity, the jellium model is not easly formulated in precise
mathematical terms. The main difficulty here is to obtain good expressions for
the internal chemical potential, namely, the kinetic, exchange, and correlation
energies. Such expressions are well known for the bulk jellium, in which the
density is almost constant, and are given in Appendix A-1.2. Near the surface,

however, the density changes rapidly over a characteristic distance of 1/k, and
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the assumptions leading to the energy expressions obtained for the bulk, are no
longer valid. Moreover, attempts to correct the energy expressions for rapid density
variations using density gradient terms, do not seem to improve the results."”
With this difficulty in mind, there are two possible ways to proceed. One way is to
solve the density self-consistently, using the best known bulk energy expressions,
even near the surface. Such an approach was employed in a series of papers by Lang

(19-21)

and Kohn. Another approach is to assume a model effective potential with a

few (1-3) adjustable parameters, whose values are fitted to obey exact sum rules.

 in which they used the sum

Such an approach was employed by Sahni et ai.,(zm
rules of Sugiyama,(m Budd—Vannimenus,(%) and Mahan-Schaich.”” These sum
rules are discussed in Appendices A-1.3 and A-1.4.

This second approach is intrinsically non-self-consistent; consequently, it is
much easier to use. It is quite surprising, however, that its results are not inferior
to those predicted by the self-consistent approach. This can be clearly seen in F'ig.
1.3, in which we superimpose the predictions of the self-consistent as well as the
non-self-consistent calculations on the experimental results seen in the left part
of Fig. 1.2. The line denoted by L4K refers to the self-consistent calculations

0}

of Lang and Kohn.(2 The three curves denoted by SKG are non-self-consistent

calculations. They use a linear model potential of the form,

(1.3.1)

Vg =

2,3
7”‘f{o, 5< a

2m tand-(z —a), z>a

~

in which the two adjustable parameters a and § were fitted to obey the Sugyiama
sum rule” and the Budd-Vannimenus sum rule.®® Each one of these three curves
uses a different correlation expression. These correlation expressions were derived
(30)

by Wigner (W),(zs) Pines and Noziéres (PN),(ZQ) and Vashista and Singwi (VS),
and are given in (A-1.2-3), (A-1.2-4), and (A-1.2-5) of Appendix A-1.2. The three
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Fig. 1.3. Theoretical calculations of work function versus rg in the jellium
approximation. The line denoted L+K is from Lang and Kohn (Ref. 19) using a
self consistent calculation assumming the local density approximation. The three
lines denoted SKG were calculated by Sahni et al. (Ref. 23) for r; < 4.3, and were
continued analitically beyond ry = 4.3 in this work. They represent three non-self-
consistent calculations, using an effective potential whose parameters were fitted
to two exact sum rules. Each one of these three lines uses a different correlation
expression. These correlation expressions were given by Wigner (W, Ref. 28),
Pines and Nozieres (PN, Ref. 29) and by Vashista and Singwi (VS, Ref. 30). The
experimental data points are the same as in Fig. 1.2. This figure shows that non-
self-consistent calculations may be superior to self-consistent ones, and that the
jellium model is a reasonable model to describe the energy levels of metals.
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curves are identical to the results of Sahni et al.®® for re < 4.3. As rg increases,
so does 4, and that at ry = 4.3, 6 becomes a right angle, beyond which there is
no physical meaning to the potential (1.3.1). Since the calculations were performed
analytically, however, it was easy to continue the expressions for the work-function
beyond r¢ = 4.3. This continuation was not presented in the paper of Sahni et
al., and we can only justify this analytic continuation a-posteriory; the agreement
to the work function of K, Rb, and Cs seen in Fig. 1.3 is very good.(m It is
also clear that the non-self-consistent calculation is better in this case than the self
consistent one. Consequently, we chose to calculate the metal response to surface
charge depletion, using a non-self-consistent approach, and an exact sum rule. This
sum rule is derived in Appendix A-1.4.

The boundary condition of contact phenomena

We can use the jellium model described above to write the correct boundary
conditions for contact phenomena. One of the more prevailing models for contact
phenomena uses the so called “vacuum level” (see for example Sze'™? p.246). This
level is defined to be the energy of an electron at rest, removed from the metal,
with respect to the metal bulk. It takes, therefore, an amount of energy ®,, to
raise an electron from the Fermi level to the vacuum level. Before contact, the
vacuum level is assumed flat; therefore, the lower the work function the higher the
Fermi level. Upon contact of two conducting materials (metals or semiconductors),
electrons will fiow from the lower-work-function material to the higher, establishing
a dipole barrier, that is, a bending in the vacuum level, which is equivalent to the
difference in work functions. The notion of a vacuum level is bothersome, however.
The work function is a function of the charge distribution at the metal surface;
consequently, in a single crystal it may have different values for different crystal

faces. Therefore the vacuum level is not well defined for a single crystal. Moreover,
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this model neglects any charge redistribution upon contact. In view of (1.2.1),
the true potential difference across a contact should be equal to the difference in

bulk-internal chemical potentials:

gAp = —AfL, (1.3.2)
rather than the difference in work functions.

gAp = Ady,

implied by the “vacuum level” idea.

The relationship between the work function ®,,, and the bulk internal chemical
potential i for the jellium model is shown in Fig. 1.4. The three lines denoted
by W, PN and VS are similar calculations performed using the three correlation
expressions (A-1.2.3), (A-1.2.4) and (A-1.2.5). The interesting result here is that
for jellium, the bulk chemical potential 7, increases rather than decreases with the
work function ®,,. That means that on contact, electrons will transfer from the
side of the lower internal chemical potential to the higher.

The surface potential response to charge depletion

The goal of the calculations mentioned above, is to gauge the quality of jellium
calculations with respect to real metals. Another important aspect is the metal
response to the removal of charge from its surface. What we want to obtain is the
potential ¢(0) at the metal surface as a function of charge removed from, or added
to the metal. It will be shown in Appendix A-1.4 that for jellium

$(0)=nT dE[n ] 7o’
dnt antey

(1.3.3)

Here n T is the jellium positive background density, and E|n] is the electron energy

functional. o is the excess surface charge near the jellium surface, that is,

o0

== [nt — n(z)] dz

—_00
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WORK FUNCTION vs. BULK CHEMICAL POTENTIAL

5.00

WORK FUNCTION (eV)
00

2.00

1.00

3,00 0. 00 3.00 5. 00 5. 00 12.00
BULK CHEMICAL POTENTIAL (eV)

Fig. 1.4. Work function versus internal bulk chemical potential for jellium,
using the linear model potential of Sahni et al, (Ref. 23). The three lines denoted
by W, PN and VS are calculations performed using three different correlation
expressions described in Fig. 1.3. The corresponding Wigner-Seitz radius rs (in
bohrs) is also shown in this figure. One can see that the internal bulk chemical
potential changes by several electron volts over the whole metallic range, as does
the work function.
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Formula (1.3.3) without the extra term containing o, is exactly the Budd-Vannimenus

(26)

theorem. The extra term will be of some importance in section 1.5, deal-

ing with the metal-semiconductor interface. For most metals, one can use the

jellium model with rg < 5. Forrg = 5, and ¢ == 101 %em ™2

(805(0))_ o 11V

0 | nte  10M4em—2

, we have

Summary of section 1.3

We have treated the ideal metal surface using the jellium model. This model
was demonstrated to give reasonable results for work-function calculations. The
energy levels in the one-electron picture were explained, and it was shown that the
difference in bulk chemical potential, rather than the difference in work functions is
the relevant quantity in calculations of interface dipole barrier. Finally, the metal
surface response for charge depletion was estimated. In the jellium model, the
surface potential increases quadratically with depleted charge density. For metals
with rg < 5 and depleted charge density of less than 101%cm ™2, the slope of this

curve is of the order of one volt per 101*cm ™2 or less.
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1.4 Semiconductor surfaces with defects.

Why do we want to treat this interface

As was mentioned in the introduction to this chapter, there is a lot of interest
in the initial steps of metallization. Since Bardeen'®’ proposed that surface or
interface states may play a role in pinning the Fermi level at the interface, there
has been a persistent effort to study and characterize these interface states. One
of the major recent contributions in this direction is the Unified Defect Model "™
of Spicer et al. They have noticed that a clean smooth surfaces of GaAs and InP,
cleaved under ultra-high vacuum conditions, have virtually no surface states in the
band gap; however, minute quantities of adatoms (less than a monolayer) would
create many such states and pin the Fermi level at some fixed position in the gap.
These experiments showed that the Fermi-level position as a function of coverage
became almost flat at less than a monolayer coverage, the Fermi-level position was
the same for many different metals, and that the Fermi-level position was different
on n- and p-type semiconductors. In this section we shall model this interface by
a clean semiconductor surface containing defects. It will be demonstrated that
this simple model reproduces very well the experimental results. The success of
this model strongly suggests that the metallic adatoms induce the creation of the
interface states, but do not contribute significant amount of charge to the system.
In the next section, when we treat the limit of a thick metailic overlayer, we shali see
that it is the metal which contributes most of the charge. Consequently, there is a
major change in behavior between the cases of thin and thick metallic coverage, and
we must conclude that the experimental positions of the Fermi level, established for
very thin metallic coverages, may change substantially when the metallic overlayer

becomes thick.



-36-

The physics of the model

According to the Unified Defect Model® of Spicer et al., the Fermi-level
position at the interface between a metal and a semiconductor is influenced by the
presence of chargeable defects near the semiconductor surface. Since the system as
a whole is electrically neutral, there must be charges that compensate the defects,
somewhere in the system. For free surfaces or a surface with a sub-monolayer
coverage of adatoms, these charges must be the shallow impurities in the depletion
region of the semiconductor. This case will be treated in this section. When there
is a thick metallic coverage on the semiconductor, there could be another major
source of charge, namely, the screening charge in the metal. That case will be
treated in the next section. In each case, the equal and opposite charges form
a dipole layer analogous to a parallel plate capacitor. In both cases, the voltage
across this capacitor should be of the order of 1 V. The distance between the plates,
however, is very different in the two cases resulting in very different charge densities
that are required to pin the Fermi level. For the sub-monolayer case, this distance
is typically of the order of a few thousand angstrom. In that case, a potential
difference of a volt is achieved with a depletion charge of 101! — 1012 . ¢ ™2,
In the thick metallic coverage, the separation of charge is essentially the distance
between the defects and the metal. This distance is of the order of few angstroms.
Therefore the density of chargeable defects required to pin the Fermi level should

be of the order of 104 . cm—2.

The sign of the charges on the interface defects is also determined by different
physical mechanisms in the two cases. In the submonolayer coverage, the depletion
region can charge only one way (positive for n- , negative for p- type). Hence,
only defect acceptors can charge on n-type, and only defect donors can charge on

p-type semiconductors. Therefore, the sign of the charge on the interface defects is
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determined by the bulk doping type. The position of the Fermi level is determined
by the energy level of that defect that can charge with the right sign, assuming both
surface donors and acceptors are present. Thus the Fermi-level position can depend
on the doping type for submonolayer coverages. In the thick metallic coverage
case, the metal can supply charges of either sign, and the magnitude of the metal
screening charge can greatly exceed that of the semiconductor depletion charge.
The sign of the charges on the defects will be determined by the metal bulk chemical
potential relative to the defect energies prior to any charge transfer. Therefore, the
charge on the defects will be determined mainly by the metal chemical potential
(work function) with semiconductor doping playing only a minor role, owing to
the much larger charging capacity of the metal. The Fermi-level position in the
interface is determined by the energy level of the defect that is being charged.
This defect level is determined by the metal chemical potential, but not by the
semiconductor doping.

The spatial arrangement of the charge for the submonolayer coverage is shown
in Fig. 1.5. For this case, we have assumed defects that are very close to the
surface. The only sources of charge are these defects and the bulk doping of the
semiconductor. We assume here that the adatoms do not contribute any significant
amount of charge. We also assume that both defect donors and defect acceptors
are present on the surface.

The calculation of the Fermi-level position at the semiconductor surface is very
simple, using conservation of charge. For a given Fermi-level position at the surface,

the total charge density in the defects is given by

ot(n) = J = J , (1.4.1)
p—FE ntE.—E,;
gs exp( EBT')+1 gs eXp( kT )+ 1

where ¢ is the total density of defects and g5 is the state degeneracy. The parameter

y = p — FE, is the Fermi-level position relative to the conduction band edge.
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Fig. 1.5. The spatial arrangement of charge for the semiconductor with a
submonolayer coverage of adatoms. We assume that the adatoms cannot contribute
a significant amount of charge to the dipole layer, and their only role is to create
defects near the surface. If both defect donors and acceptors are present, they will

charge according to the depletion charge, i.e. defect donors will charge on p-type
matcrial, and defect acceptors on n- type material.
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Equation (1.4.1) refers to a defect donor, and there is an analogous formula for a
defect acceptor. The compensating charge density in the bulk depletion layer is

given by

_ 2ee [ , ——-Ng'(n’) : , n-type
Qe = i\/q_Q /n(oo) [n(n )+ (-l-NZ(n’)) AL )] w p-type

where n, p, N'g, and N4 are the densities of electrons in the conduction band,

holes in the valence band, ionized donors (in an n- type semiconductor), and ionized
acceptors (in a p- type semiconductor). The formula above is derived in Appendix
A-1.1. Since these two sources of charge must balance, a solution is obtained by
equating the two charges, thus, obtaining the Fermi level at the surface.

The results of our calculation for submonolayer coverages are presented in
Figure 1.6. In this figure we show results for the case of two separate defects, one a
donor and the other an acceptor, in equal concentration. The donor level is taken
to be 0.5 eV from the valence band edge, and the acceptor level is taken to be
0.75 eV from the valence band edge. These values were picked to be consistent
with those obtained by Spicer et a,I.;(g) however, the qualitative behavior of the
results does not depend on the specific energy levels as long as the defect acceptor
level is higher than the defect donor level. If not, compensation occurs, and the n-
and p- type lines would be closer. The behavior of the Fermi level with increasing
density of surface defects is qualitatively like that obtained by Spicer et al,,(g)
and the pinning position, that is, the position of the Fermi level for n- and p-type
semiconductors differs by a substantial amount. For the case considered in Fig.
1.6, only the acceptor defects are charged, and the donors are neutral for the
n- type semiconductor. For the p- type semiconductor the situation is reversed.
Thus, for n- type semiconductors, the Fermi-level position is determined by the

defect acceptor level, and for p- type semiconductors, it is determined by the defect
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donors.”” Since these energy levels will, in general, be different, the Fermi level
pins at different energies for n- and p- type semiconductors. At defect densities of

~ 10'2. cm—2, the Fermi-level position is seen to be largely stabilized.”®
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Fig. 1.6. Fermi level position vs defect density for the metal submonolayer
coverage model (clean surface with defects). The concentration of surface acceptors
and donors was assumed equal, and their ionization energies were picked from the
results of Spicer et al. (Ref. 9).
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1.5. The metal-semiconductor interface.

A. The three regions of the model
The schematic of our metal-semiconductor interface is given in Fig.1.7, and
the charge density as well as the electronic energies near the interface are shown
in Fig. 1.8. We assume that the metal-semiconductor junction consists of three
regions: semi-infinite bulk metal, semi-infinite bulk semiconductor, and an interface

region. We now discuss those three regions in more detail.

The interface region in the semiconductor

The interface region in the semiconductor is the narrow region where the
charged defects are located. We assume that this region is located between z = 0
and z = d in Fig. 1.8. The region is sufficiently narrow that transport of carriers
through this region is uninhibited. Hence, the dipole layer that exists between
the charged defects and the metal is included in the abrupt barrier that is usually
assumed and is not measurable separately.

We will assume that there is no charge inside this layer, and that the defects are
all on one side of this layer (z = d). Later we will show that our model is insensitive
to that assumption, that is, the effect of distributing the defects throughout the
interface region is equivalent to putting them all on a single plane at some effective
distance from the metal. The electrostatic-potential-energy difference across this

layer is given by
d
AV; = / e dr (1.5.1)
0

where &, is the electric field in this interface layer, and ¢ is the electron charge

(taken positive). In our calculations we neglect the tailing of the metallic charge
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SCHEMATIC
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METAL-SEMICONDUCTOR INTERFACE
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Fig. 1.7 The geometry of our metal - semiconductor model. We assume
that the metal terminates sharply at z = 0 and that all the interfacial transition
occurs at 0 < z < d, so that the semiconductor from z = d and on has a
regular crystalline structure with few imperfections and the bulk band structure
is meaningful for z > d. All the defects are localized in the intermediate region
0 < z < d, and we assume that they are all on the plane z = d. The plane z = d
is also the place where we calculate the Fermi-level position.
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Schematic of the Charge Density and
the Energy Levels Near the Interface

Charge Density interface

defccts
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Fig. 1.8. Charge density and energy levels at a metal surface using our model.

In the upper part we show the charge density profile. We used the jellium model
for the metal side, having a uniform background of nt extending up to z = 0.
The charged defects at z = d are shown here as a very sharp Gaussian. In our
calculations we took it to be infinitely sharp. The finite charge distribution outside
the metal surface (the hatched region denoted by A) which in a free metal surface
would balance the charge inside the metal is neglected in our calculation of the
electrostatic potential. In the lower part we show the energy levels as functions
of position. u is the chemical potential which is constant throughout space at
equilibrium. ., is the metal work function, AV,, is the potential difference between
the jellium surface and bulk; AVj is the potential difference across the dipole layer;
d is the dipole layer width, assumed here to be 5A; 5(z) is the Fermi level position
relative to the conduction band edge, and x is the semiconductor electron affinity.
The total potential difference across the interface is AV,. Note the change in scale
between the metal and the semiconductor side. We expanded the metal side for
clarity.
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density (denoted by “A” in Fig. 1.8), and consider it to be all concentrated on the
metal surface (z = 0). Under this assumption &, in (1.5.1) is constant.

The most important parameters of this layer are its effective width (d), its
dielectric constant (¢), the defect density (c), and their ionization energies. We
will assume that almost all the defects are localized within few A of the metal
surface; in this model we take this width to be 5A, that is, 2-3 atomic layers. We
will also assume that the dielectric constant in this layer equals that of the bulk

semiconductor.

The metal

We have uged the jellium model, treated in section (1.2}, to describe the
metal. The electronic energies near the metal surface in this jellium approximation
are shown schematically on the left side of Fig. 1.8. In this figure &,, is the
work function; g is the chemical potential which is constant throughout space at
equilibrium. The electrostatic potential in this figure is the thick line denoted by
Eygc. This notation goes back to the classical model of Bardeen,(a) according
to which, the total potential difference across the interface, AV,, should be equal
to the difference between the work-functions of the semiconductor and the metal.
This model is not quite right, since the work functions involve charge distributions
across the metal-vacuum and semiconductor-vacuum interfaces, which might be
quite different than that of the metal-semiconductor interface. Instead, in view of
{1.2.1), AV, should be equal to the difference in chemical potentials, rather than
the difference in work functions. In spite of that fact, we have chosen to show the
Bardeen model ®,,, x and Ey4, as well as the more reasonable model with z,,
and [ig.

Near the interface, the electrostatic potential varies due to non-cancelling
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charge densities. The variation in the potential results in an offset between the
electrostatic potential at the interface and far inside the metal. The parameter of
interest to us is this difference AV}, , which might change somewhat in order to
screen charges in the semiconductor. In this section we are interested in variations
between metal interfaces to n- and p- type semiconductors, and this AV,, will have
to screen the difference in depletion charge between the two cases. We do not expect
this difference in AV,, between n- and p- type semiconductors to be large, but it
might play some role, and we want to estimate its magnitude. In general, AV, will

be a function of the net excess charge inside the metal Q,, , where

Om = /_doo[n““ — n(z)dz

and where nT and n(z) are the jellium positive background and the electron
densities, respectively. In the linear approximation a change in AV, can be related

to a change in AQ,, by

AV (AQp) ~ AV +(MV’") AQ,, (1.5.2)
8Qm /o

where the zero point refers to a contact to an intrinsic semiconductor, and A@,, is

the difference in Q,, between this case and either n- or p- type semiconductors.
AV, . .

The parameter (W:)o could play some role in our calculation. In order to

estimate the size of this parameter, we replace the metal-semiconductor interface,

. g1e . . (27) .
by a jellium-vacuum interface, and use the Mahan-Schaich Theorem. According
to this theorem, modified for a non-neutral jellium surface,

)
* delnT] 420
AVi(Q7) =n (1.5.3)

dnt antey

This formula is derived in (A-1.4.5) of Appendix A-1.4. Here nT is the jellium

positive background density, and ¢[n] is the electron energy functional of Appendix
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A-1.2 (not to be confused with the static dielectric constant €p). 0% is the excess
surface charge near the jellium surface, that is,
oe]
*
Q =/ [nt —n(z)dz
G
and it is somewhat different from our @,,. This difference is due to the tail of the
charge distribution in the region z > d, which is missing in the definition of Q,
but for d="5A, this difference is negligible.

Using (1.5.3), we obtain,

80* ] nte

In our results section, we are going to find that as many as 10'* defects per em

2

are required to pin the Fermi level. Upon charging, these defects may deplete the

metal by a similar amount of charge. Therefore we should use }Q*I < 10%em™2.

For 0" = 10'%em™2 and for n™t corresponding to rg = 5, we have (2%{5’1) =
1.1 X 107V . ¢m2. For most metals, ry < 5, and this number will be even
smaller. Since jellium is only a rough approximation to real metals, and since
Q* and Q,, are not exactly the same, we consider this number to be an order of

magnitude estimate; in this section we take AVBn and (%%%'—)0 to be parameters

JAV, 14 —2
of the model, and allow (—55—:)0 to change between 0.1 and 1.0 eV [/10*%e- cm™=.
Qur results will show that these two cases are very similar, suggesting that the

effect of (%%%’-) 0 is not critical.

The Bulk Semiconductor
We want to find the position of the chemical potential with respect to the
conduction band edge as a function of position n(z) = u4 — E.(z). We will take

the semiconductor to occupy the space along the positive x-axis, with d < z < oo.
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We know 7(c0) = (4 — E,(00)), the relative position of the Fermi level at z = oo,
for a given host semiconductor, doping, and temperature, but n(z) = g — E(z)
for £ < co is yet to be determined. The important property of this semi-infinite
semiconductor is that knowing n(z) at £ = d, we can find n(z) for any = > d, and
calculate the total number of charges (Q) per unit area of the semiconductor by

solving Poisson’s equation:

g _ 4° o
Zza:]' = % Qs(x) 7= (p— E)
—N#(n)

, (1.5.4)
e — nfn) +(NE() — o)

where expressions for n(n), p(n), N$(77), and N 7 () are given in Appendix A-1.1.
Here, 7, p, Ng‘, N7 are the densities of electrons in the conduction band, holes in
the valence band, ionized donors (in n-type semiconductor), and ionized acceptors

{in p-type semiconductor). Poisson’s equation (1.5.4) can be reduced to an integral

n(d

Qs(n(d)) = @"L | )[n(n)—Nﬁ(n)‘-p(n)] dn (15.5)
for an n-type semiconductor, with a similar formula for a p-type one, in which there
is a minus sign in front of the square root, and +N 7 (n) replaces ——Ng"(n).

In this work it was assumed that the semiconductor is not degenerately doped,
and that the Fermi level at the interface is inside the gap, at least 2kpT from the
gap edges. In this case, we could assume that the carriers in the semiconductor
obey Maxwell Boltzmann statistics; the integral in (1.5.5) was then calculated

analytically.
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B. Calculation of the Fermi-level position.

We may calculate the Fermi-level position using the model described above.
The electrostatic-potential-energy variation from deep in the metal to deep in the

semiconductor is given by AV,

“+co
AV, = f g%€ (z)ds (1.5.6)
—_0

where £ (z) is the electric field at z. By comparison with Fig. 1.8 we see that AV,

must be given by

where fi,, is the internal chemical potential of the bulk metal, &, is the same for
bulk semiconductor, and 312 = g+ E;, —Ef. (AV, = x — n(00) — &, in
the Bardeen model). Breaking the integral in Eq.(1.5.6) into three parts, (—co, 0)
, (0, d), and (d, 00), we have

d
7(d) + iy + AV — iy, = ——fo g (z)ds . (1.5.7)

We can write the electric field £ (z) in the interface layer as a sum of two contribu-

tions, one (€ %) due to dipoles formed by charged defects, and the other (£1) due to

and p- type semiconductors. We neglect any charge due to doping in the interface
layer since their number in such a thin slab of a semiconductor is very small.
If we know the statistics of charged defects in the interface layer as a function

of n(d), we can find their contribution to the electric field inside that layer. The
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bulk contribution is known, and equals

€EQ

where Q4(n(d)) is given by Eq.(1.5.5), and € is the dielectric constant in this

layer, which is assumed to be the same as in the semiconductor bulk. Now, given
[TH AV?n, (%%Yf)o, and 7, we can solve Eq.(1.5.7) to obtain n(d) as a function of
B+ AV?R — - The plot of n(d) vs ﬁg +Aavy — [,y for different cases will give
the variation of the Fermi level with metal work function for a fixed semiconductor.

Throughout our calculations, we arbitrarily chose all the semiconductor parameters

that enter implicitly into Eq.(1.5.5), {effective masses, dielectric constant, band gap,
impurity levels) to be those of GaAs. (Eyqp = 1.43 eV, m:/mo = 0.068,

m;/mo = 0.5, ¢ = 13.1, and the shallow impurity levels are taken to be 5 meV and
25 meV for donors and acceptors, respectively.j Actually, the only relevant

parameters are the dielectric constant and the band gap; consequently, it is very easy

to correct the results for any other semiconductor.
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C. Results for bulk metal-semiconductor interface.

To indicate the role of different types of defects, we have treated a number of

different spatial arrangements and possible charge states for the defects.

Defects with two charge states
The simplest case is an interface state which has only two charge states, neutral
or charged. We have examined the role of spatial distribution by considering two
cases: one with all the defects located in a single plane at + = 4, and the other
with the defects located on two separate planes. The defect density is varied from
0 to 101%cm™2. In the case where all the defects are located in a single plane at

z = d, Eq. (1.5.7) becomes

24
2+ AV — fiyy = —n(d) + %—E;[aﬂn(d)) + 2:(n(a)],

where ¢ is the electron charge (positive), d is the interface layer width, € is the
dielectric constant in this layer, Q. is the number of charges per unit area in the
semiconductor bulk, and ¢ is the density of (positively) ionized defects. ot will
be positive if the defects are all donors, and negative if these defects are acceptors.
In our calculations we assume all the two charge states to be donors. A similar
calculation for acceptors is straightforward, and will not be presented here. o1 (1)
can be calculated if we know the ionization energy of the interface state; this energy
is given in (1.4.1) for a donor defect.

Fig. 1.9 shows £ and Ez, the interface and bulk contributions to the field
in the interface layer, (or ot and Qs, the corresponding density of charges) as
a function of 7, the relative Fermi-level position, for two different values of defect

density: o = 10183 ¢m ™2 and 0 = 10Mem™2. The interface energy level appearing
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Fig. 1.9. Electric field in the dipole layer vs Fermi level position in the gap
at z = d, for defect densities of 10!® — 1014 . em™2. The lines ‘n-type’ and
‘p-type’ correspond to the bulk contributions of n- or p-type GaAs having impurity
concentration of 1017em—3. The E? lines correspond to the defects contribution,
for two defect densities (¢). The interface defects in this case were chosen to be
donors.
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Fig. 1.10. Fermi level position in the gap at z = d vs ﬁg -+ AV?n — Aoy, for

three values of the defect density (o, in units of cm™2). The metal response term,

(aA"/: )0 equals 0.16V/10146 . ¢em™2. Here ﬁg + AVen — [, is the difference

in bulk internal chemical potential between the semiconductor and the metal (see
text), plus a term AV?,, which is the potential difference between the metal surface
and the metal bulk (cf. Fig. 1.8). The expression ﬁg ~+ AV?n — @, replaces
&, — X in the Schottky-Bardeen model. It is a theoretical quantity, to which we
cannot, as yet, assign numerical values for any specific metal — semiconductor pair.
However, as was shown in Fig. 1.4, we expect this quantity to change by several
volts upon changing metals. In this figure we can see that a defect density of the
order of 101%.cm—2 is required to pin the Fermi level, i.e. to have the Fermi level
fixed when 22 + AVY — ji_. changes by about 1 eV. The difference between the
Fermi level positions on n- and p-type semiconductors is estimated here to be 0.02
eV. In this figure, we assumed that only defect donors exist at the interface. This
assumption was made to decrease the number of details in this figure, but it should
not restrict the conclusions drawn.
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in this figure was chosen to agree with Spicer’s value for the GaAs defect donor;(g)
gs was arbitrarily chosen to be equal to 2. The two lines denoted by n-type and
p-type are the corresponding & Z for n- and p- type semiconductors. The doping
concentration in each case is Np = Ny = 107¢m ™2, It should be noted in Fig.
1.9 that the electric field in the interface region is very large, on the order of 0.1 V/ A,
when o = 10" . ¢m™2. It is clearly seen that at a defect density of 1014 . em™2,
the defect contribution to the field dominates the depletion charge contribution. At
a defect density of 1012 - ¢m™2, the two contributions are comparable.

In Fig. 1.10 we show 9 vs ;12 -+ AV?,, — B4y, for the same o's and Q’s that

we have used in Fig. 1.9. AV,, was calculated from (1.5.2) using

( 3AV,,

~ = 0.1eV /10!%e. em ™2
\9Qm /g

In all three plots the interface layer was assumed to be 5A wide. In Fig. 1.10, one
can see three pairs of lines. The upper one in each pair corresponds to an n-type,
and the lower one to a p-type bulk semiconductor. The defect density o varies from
o = 0, through ¢ = 10'%em™2, to 0 = 10M*em™2.

For ¢ = 0, the two lines are almost exactly straight lines with slope equal to

—1 corresponding to the equation

If AV, = 0, this would be the curve predicted by the classical Schottky model
assuming no interface layer between the metal and the semiconductor. The slopes
of the two lines in Fig. 1.10 are approximately —1, since the change in AV,,
is negligible in this case. We can estimate the variation in AV, for each pair
of lines using Eq.(1.5.2). AQ, is seen in Fig. 1.9 to change by not more than

2.-1012¢. cm_2; therefore, AV, changes by not more than 2meV throughout the
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whole range of the 0 = 0 pair. Knowing that the maximal slope of each pair of
lines in Fig. 1.10 is —1, we will be able to estimate Ay, the difference in Fermi-
level position at the interface, by estimating A(ﬁg + AVY — ). (They will be
approximately equal to each other.)

Using the abrupt (full depletion) model, we can estimate this difference to be

i 24A Np(Ec—E
_ T4AGs oy [NRIECTEY) g

Ag~ Ao+ AV —p) =
€€ €€Q

The reason that An 5% 0 even for o = 0 is partially an artifact of our model,
even though we do not have any dipoles, we nevertheless assume an interface layer
with a finite width. A7(0) = 0 but at z = d, An(d) # 0 due to different band
bending in this 5A layer.

The maximum difference in Fermi-level position occurs when there is no pin-
ning, that is, when the slopes of the n- and p-type lines are approximately —1. To
see this note that in the o = 10* lines when E; approaches the defect level, the
defects charge rapidly, and both the n- and the p-type lines are shifted in parallel
to the right. The low slope of the two lines around Eg reduces An between the n-
and p-type cases. Using (1.5.8) we can estimate the maximum difference to be ~3
meV/fX times the effective interface layer width for GaAs, when the doping con-
centration is 1017 e¢m ™3, and (%%Km"—‘) = 0. When (%gzmﬂ) = 0.16V/1014e-cm"'2,
there will be an extra contribution of 2meV for GaAs to this difference. As one

can see in this figure, the range of ;12 + AVgn — I, in which » is approximately

constant is quite small for 0 = 10'% . ¢cm™2. In other words, a defect density

—2 is not quite enough to pin the Fermi level. When o =

of 0 = 10'%. em

1014cm°‘2, however, the range of ;20 -+ AvVYe — i, in which An is constant is
& k] m

quite large, on the order of 1eV.

Fig. 1.11 is the same as Fig. 1.10, but with what is likely to be a very large
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Fig. 1.11. Fermi level position in the gap at z = dvs us -+ AVO — b, for
three values of the defect density. The metal response (%%—E‘) is 1.0eV /101%e -

em—2. We can see that the pinning of the Fermi level is more pronounced here
than in Fig. 1.10, and also that the difference between tke Fermi level positions
on n- and p-type semiconductors is slightly larger than before, but still very small
(0.035 eV). We show in the text that the value of (3—5—1) is 1.0eV /101%¢- em ™2,

is an upper bound for most metals.
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Fig. 1.12 Fermi level position in the gap at z = advs ﬁg + AV,‘?,l — [, when
the 101 defects per cm? are divided between two planes: half on z = d and half
on z = d/2. To show only one effect, (%%Y:) was set to be zero. By comparing
this figure with Fig. 1.10, one can see that the effect of distributing the defects
over more than one plane does not change the curve drastically. Therefore, the
assumption made in our model, namely, that all the defects are on a single plane,
does not restrict the conclusions based ox our model.
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AV, . 1.eV
0Qm J, T 10l%e- em—2

Here exactly the same conclusions can be drawn regarding the fact that 10 3¢cm™

value:

2

are not enough defects to pin the Fermi level, while 1014

are more than enough.
When no pinning occurs, the difference in Fermi-level position between n- and p-
type semiconductors A#n, is still small, though it is bigger than before, and is now
~~ 0.035eV.

It is important to understand what causes the pinning. Depending on the
relative Fermi-level position, the defects will charge from 0 to 4-¢o (4 for donor
type state, — for acceptor) when we change ®,,. The source of this charge will
be mainly the metal; since the metal is thick enough, it can supply the necessary
charges with relatively small change in the boundary conditions due to loss of
charge. The field in the interface layer due to the charged defects will tend to
diminish the effect of changes in ®,,, but effective pinning will happen only when

there are enough defects around, that is, when

g
—d s 1 eV

EEY

For d ~sfew A and ¢ a2 10, that implies o ~ 10M4em™2.

To explore the role of spatial distribution we have treated the case when the
defects lie on two parallel planes. We assume that half the defects are located at a
distance 4, and the other half at 4/2 from the metal. d was taken as before to be
5A. In this case one can integrate (1.5.1) from d/2 to d, and find 7(d/2). Then find
out how many charges will be on that plane; substitute back into (1.5.7), and find
ﬁg -+ AV?H — by, In Fig. 1.12, we display the Fermi-level position at the interface
for this case. The doping is 10'7em ™3, and the defect density is 10'4crm 2, half of

them on the plane z = d, and the other half on the plane £ = d/2. The defects on
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the plane closer to the metal charge more rapidly when we decrease n(d); therefore,
the width in terms of #(d) of the pinning region will not increase. The width in
terms of 20 + AV? — f,., however, will decrease since the integration (1.5.7)
is performed for the same amount of charged defects as before, only to half the
distance, while in the other half, we have contributions to the field from only half
the defects. This effect introduces an effective interface layer width, as can be seen
in Fig. 1.12 For simplicity, we have only examined the case of (9—%—%“-)0 = 0. It is
apparent that the effect of putting all the defects on a single plane is not a crucial

assumption; it was made for convenience only.
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Defects with three charge states
Defects that have three charge states (for example, negative, neutral, and
positive) were suggested as a possible mechanism for pinning the Fermi level.®?
The statistics of such defects is different from that of two independent defects, one
a donor and the other an acceptor, localized on different centers. The difference
comes from the fact that the three-charge-state defect has only one neutral state,
while the independent donor and acceptor can be neutral in two distinct ways,
namely, when both are neutral, or when both are charged. In the case of a single

type of defect, with three charge states, we can write down the equilibria equations,
S~HSO+B_, AE=;¢—E£,
SOHS++6“, AE=M—E‘SA.

From these equations we can calculate the ratios of positive and negative to neutral

defects.
ot 1 (E? — u)
— = —— X S
of gD P kpT
o~ 1 (u —E‘;‘)
—— TS — O e}
o gﬁ‘ P kT

Here O’+, o0, 0 are the surface densities of positive, neutral, and negative defects.
g? and g? are the degeneracy factors, respectively. Since the total defect density
o must satisfy

0_+00+a+=a ,
we have

0 o
o = = S {1.5.9)
ox exp(T7t) + 1+ b exp(77)
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with similar expressions for ot and 0.

We see that there are two different cases, one when EE' > E‘é; the other
when EY < B2 It ER < E4, then for values of x such that EY < u < ES,
most defects are neutral. (This case would correspond to GaAs according to Spicer
et al.® Ef and ESD were picked to be their values of 0.75 and 0.5 eV from the
valence band edge). This region of p separates two rapid charging regions around
Eg and E§ as can be seen in Fig. 1.13; the whole system behaves as if there are two
types of two-charge states (one neutral or negative, the other neutral or positive)
which act independently, rather than a single three-charge state. There will be,
therefore, two different pinning positions depending on the metal work function,
but independent of the semiconductor type.

If Eé < E? , the denominator of (1.5.9) will be large for every possible value
of . (0® <« o for every ). S0 will be unstable,(%) that is, ST will capture, and
57 will release electrons in pairs; there will be only one value of 5(d) around which
rapid charging will occur, as can be seen in Fig. 1.14. E‘;‘ and E? were picked to
be 0.9 and 1.2 eV, respectively, from the valence band edge; a band gap of 1.35 eV
corresponding to InP was used. Since the defects change their charges in quantities
of 2¢ instead e, as well as reversing the sign, it is a very efficient way to pin the
Fermi level; if there are enough defects, 7{(d) can be pinned for any possible value

of ig + AVY — fi,. at the same place.
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Fig. 1.13 Fermi level position in the gap at z = d vs ,12 + AV?,, — f,, for
the case when each defect acts both as a donor and an acceptor, and the donor
level is lower than the acceptor level. We assume here that the defect density is
o = 10" - cm™2. The defect energy levels were taken from Spicer et al. (Ref. 9),
and correspond to those of GaAs. One can see that when the defect donor is lower
than the defect acceptor, the two levels are independent of each other. Depending
on the work function of the metal, or equivalently, on AV?n — i, the Fermi level
pins either at the donor level or at the acceptor level, or does not pin at all.
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Fig. 1.14 Fermi level position in the gap at z = d vs ﬁg + AVQ,, — b
for the case when each defect acts both as a donor and an acceptor and the donor
level is higher than the acceptor level. We assume here that the defect density is
o = 10'* . em™2. The defect energy levels were taken from Spicer et al. (Ref.
9), and correspond to those of InP. One can see that when the defect donor is
higher than the defect acceptor, the defect captures and releases pairs of electrons.
Instead of two independent pinning positions, there is only one, half-way between
the defect donor and the defect acceptor levels.



-64-

1.6. Summary and conclusions

We have investigated the phenomenon of Fermi-level pinning at the metal-
semiconductor interface by charging defects. We estimated the defect density

required to pin the Fermi level to be ~ 10'%em ™2

, assuming that most of these
defects are localized not more than a few angstroms from the metal, and that the
electrostatic potential at the metal surface responds to excess charges by not more
than 1eV /101%e- em ™2, Under these conditions, we also estimated the difference
in Fermi-level position between n-type and p-type semiconductors to be less than
0.05¢V . This difference is the sum of two terms, one due to the difference in metal
response, the other due to a different band bending in the interface region. Since
the maximal difference in bulk semiconductor charge between n- and p-type GaAs
for a given Fermi-level position is about 2- 10'%¢-em™2 for a doping concentration
of 1017em ™32, we can estimate the metal response term to be at most 0.02 eV, and
the “interface dipole layer” term to be not more than 3 meV/fX. This difference
was shown to be the maximum possible one, and to occur only when there is no
pinning; when there is pinning, this difference is even smaller. For the submonolayer
coverage we have found that a defect density of only 10'2. ¢ ™2 will pin the Fermi

level, and that the Fermi-level position for n- and p- type semiconductors can differ

by a substantial amount.

The difference between the results of submonolayer coverage and thick metallic
coverage, as related to both the difference in Fermi-level position and the defect
density required to pin the Fermi level, could be attributed to the fact that these
are two different pinning mechanisms,(se) originating from the main source of
charge that balances the charge on the defects. With 10'1 — 1012 defects/cm2 but

without substantial metal coverage, these charges can come almost entirely from
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the semiconductor bulk. The requirement of total charge neutrality will determine
the Fermi-level position; the Fermi-level position can differ substantially between

n- and p-type semiconductors.
For the case of a bulk metal, the charge in the interface layer is balanced
mainly by charge in the metal, setting up a very thin dipole layer. The charge

in the metal can easily respond in such a way as to balance the depletion charge;

hence, the n- and p- type pinning positions are very similar.
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Chapter 2:

Geometric Lattice Match and Its Application to Heteroepitaxy

2.1. Introduction

What is lattice match?

In recent years there has been a growing interest in the epitaxial growth of one
material on another. In the past, most of the interesting systems were those whose
epitaxial layer had the same crystal structure and the same orientation as that of the
substrate. There are many important cases, however, where the epitaxial layer has
either a different orientation than the substrate (CdTe (111) on GaAs (100)(1 ) )ora
totally different crystal structure (silicon on S'a,;);>1111'e§,(2 ' ¢dTe on e:,aupphire,(8 > and
others). For such systems the old criterion of lattice match, namely, comparison
of the lattice parameters, is no longer applicable; a new criterion should be used.
Instead of comparing the bulk lattice parameters, we compare the interface trans-
lational symmetry with that of the bulk materials on both sides of the interface.
We define two lattices as matching, if the interface translational symmetry can be
compatible with the symmetry on both sides of the interface, to within a given

precision.

To clarify this point, refer to Fig. 2.1, in which we display the two-dimensional
translations parallel to the (100) face of GaAs and to the (111) face of CdTe. Both
materials possess the face-centered cubic zincblende structure. The lattice constants

of GaAs and CdTe are 5.653 and 6.481 A respectively.(4 ) The lattice translations
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Fig. 2.1. The lattice translations parallel to the GaAs(lOO)n and CdTe(111)
faces. A cell made of eight GaAs unit cells has almost exactly the fsa.me dimensions
as a cell made of seven CdTe unit cells. Several crystal directions on each of the
two faces are also shown for clarity. GaAs and CdTe are face-centerd cubic with

a=5.352A and a=6.481, respectively.
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parallel to the GaAs (100) face form a two-dimensional lattice, with a square unit
cell, a/v/2 = 3.99TA on a side. The lattice transiations parallel to the CdTe (111)
face form a two-dimensional lattice, having a 120°rhombic unit cells, with edges of
afv2 = 4.583A. These two-dimensional lattices are diplayed by the fine line grids
in Fig. 2.1. One can now form superlattices by taking larger unit cells. If one takes
eight GaAs unit cells and seven CdTe unit cells in the manner seen in Fig. 2.1, one
obtains cells that are very similar. The GaAs superlattice cell is a parallelogram,
7.995A by 16.48A, with an acute angle of 75.96°. The CdTe superlattice cell is also
a parallelogram, 7.938 by 16.52A, with an acute angle of 76.10°. The mismatch
is about 0.7% in the short edge, 0.3% in the long edge, and 0.2% in the angle.
One can see that the GaAs[011] direction is parallel to one of the three equivalent
CdTe[121],[112],[211] directions. This example serves merely to illustrate that
there are some possible orientations of the interface that match to within a high
precision. Nevertheless, the reported growth direction of CdTe(111) on GaAs(100)
)

agrees with this exa,mple.(1

What is the importance of lattice match?

Lattice match, as defined above, is a very similar idea to the concept of
coincidence-site lattice(5 " that appears to play an important role in high-angle grain
boundaries.”’ The main difference between the two is that, in grain boundaries,
both sides of the interface consist of the same material, while in heteroepitaxy,
this is generally not true. When the same material occupies both sides of the
interface, the match across the interface can be exact. When the interface is
between two different materials, such an exact match cannot be found, and there
will always be some finite mismatch. This finite mismatch forces one to aban-

don the number-theoretical calculations that are popular in coincidence-site lattice

theory.(7 ) Instead, we present a different approach in the next section, based on
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a reduction scheme used in Minkowski’s geometry of numbers.®’ This approach
is similar to the one developed by Santoro and Mighell,(9 " but involves several

shortcuts that make our method faster and more powerful than theirs.

The role of lattice match in epitaxial growth is still not well understood. In
general, the structure of both materials far away from the interface is determined
by the bulk properties. At the interface local chemistry considerations might favor
different positions for the atoms which might not be compatible with the bulk
structure. In case of a conflict between the local chemistry at the interface and
the geometric properties of the bulk materials, one of the two usually dominates.
We cannot say which effect is more important in the most general case, but we
can try to describe what happens in the extreme cases, that is, when either the
chemistry or the geometry is much more important than the other. Then we can
proceed to compare experimentally known interfaces with the predictions of our
model. It is important to emphasize here the disparity between the chemical and
the geometrical considerations. The geometrical problem is completely solvable,
and most of this chapter is devoted to this solution. On the other hand the chemical
considerations are much harder to formalize and to solve. Because of this disparity
our treatment is skewed toward geometry, and we shall characterize and classify
interfaces according to their geometric mismatch. We do not mean to imply, by
this treatment, that the chemical properties we completely neglect are unimportant.
We shall merely try to compile lists of interfaces for which there is a very small
geometric mismatch. The question of whether or not one can actually grow such an
interface is beyond the scope of this work. Let us now characterize the two limiting
cases, namely, the one in which the chemistry dominates the geometry, and the one

in which the reverse is true.

Consider first the case in which the chemistry dominates. This will probably
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be true if every adatom has a unique, energetically favorable position in the surface
unit cell. It is more likely, therefore, to encounter situations like this when the
bonding in the interface region is directional. This will be the case when the bonding
is either covalent or ionic. As the film grows it has to transform its structure to
that of the bulk. Small mismatches can be accommodated elastically, especially if
the structure of the interface is open (for example, tetrahedral covalent bonding).

If the mismatches are larger, the strain can be relieved by creating defects.

Next, let us consider the case in which the geometry dominates. This will
probably be the case when the adatoms have many adjacent positions which are
almost identical energetically. A typical case is a metallic, close-packed interface.
Here the atoms may move around to order themselves in the best packing order; if

a low mismatch orientation exists, it might be a strong candidate for growth.

The discussion above is clearly quite vague and qualitative in nature. To be
more precise and predictive, one has to find the energies associated with bonding
at various positions, the creation of defects, etc. This is beyond the scope of this
research. Instead, we shall characterize lattice match, develop a scheme to obtain
all the possible orientations of a given interface that result in a good lattice match,
and compare them with experimental results.

Characterization of lattice match

We have seen that the lattice match is characterized by two parameters: the
precision of the match and the minimal unit-cell area. The common unit cell in
Fig. 2.1 has a mismatch of at most 0.7% in both the lateral dimensions and
the angle between them. The unit-cell area is 128?&2. This cell is the smallest
possible one that will enable a mismatch of less than 1% in the unit-cell sides
and angle. One can see that there is a trade-off between the precision of a match

and the size of the superlattice cells. If one allows matches with a very large
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superlattice cell, there are many such cells to be considered, and one increases the
odds of finding a more precise match. On the other hand the larger the size of the
interface unit cell, the less likely it is that the chemical forces will reinforce the
lattice match condition. So far, we do not have any criteria which indicate when
a match is too poor to allow epitaxial growth. The precision of the match gives
a lower bound to changes in lateral interatomic distances. Suppose the mismatch
in one of the sides of the common unit cell is 1%, For example. This 1% can
then be accommodated at best by a lateral movement of 40.5% of every atom
on both sides of the interface. In reality, not all the atoms will move by the same
amount, and there will be some lateral interatomic distance that will change by
more than 0.5%. Such changes in interatomic distances will introduce strain in the
crystal. Thick epitaxial film will tend to relieve this strain energy either elastically,
or by creating defects. Qualitatively speaking, the elastic strain energy grows like
the square of the mismatch in a given direction, while the energy associated with
creating defects scales like the number of defects per unit length, which is roughly
proportional to the mismatch. Therefore, we should expect defects to occur if the

mismatch is too large. How large is too large is yet to be determined.

The common unit cell is a unit of periodic reconstruction at the interface.
Therefore, the common unit-cell area should be limited to a value that is reasonable
for interfacial periodic reconstruction. Once again, this value is yet to be deter-
mined, but we can roughly estimate its size. We know that some free surfaces
reconstruct over relatively large distances. For example, the free (111) face of
silicon reconstructs spontaneously to form a (7x7) unit cell with an area of 625;12.
We believe, therefore, that common unit cells of a few hundred square angstroms
are still reasonable. In this chapter the limits of 1% on the match precision and

-2
150A on the common unit-cell area will be shown to be sufficient to reproduce the
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experimental results of CdTe(111)/GaAs(100) of Cheung and Magee.(1 ) 600;12 are
required to reproduce the experimental results of CdTe(111)/Al503(1102), (1120)
and (0001) of Myers et al.®’ which are examples of covalent epitaxial layer. In
this last case, at least for the growth on the (0001) face, the interface is known to
be defective, and its orientation does not agree with ours."” Mismatch of 2.5%
and unit-cell area of 50;12 will suffice to reproduce the known experimental results
for CoSig, NiSis and PdoS¢ on silicon, which are examples of metallic film.

With the match precision and the common unit-cell area taken as parameters,
the problem of lattice match is now well defined. A computer can easily scan many
possible pairs of materials in various directions, and find all the possible good lattice
matches. In this way, one can generate a list of interfaces that match to within
a prescribed precision, and this list can help reduce the number of “interesting”
interfaces. This reduction comes in very handy when one considers the number of
possible interfaces.

Organization of this chapter

This chapter is organized in the following way. In section 2.2, we discuss the
geometrical principles of lattice match, and the systematic way to find matches
to within a given precision and size. This will be done in a descriptive rather
than a rigorous way; for the rigorous proofs, the reader is referred to Appendix
A-2.2 at the end of this thesis. Section 2.3 illustrates the method by applying it
to the CdTe/GaAs. In section 2.4 we discuss three other systems, namely, CdTe
on sapphire, silicion on sapphire, and silicides on silicon. The emphasis is not so
much on the technique, in that section, but rather on comparing the experimental
results with the lattice match predictions. These systems were chosen because
recent experimental results of actual heteroepitaxial growth are available. We draw

some conclusions based on this study in section 2.5.
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2.2. The geometrical principles of lattice match

A cut in any crystal direction through a three-dimensional lattice results in
a surface which has a two-dimensional translational symmetry. Any additional
reconstruction of the atoms near the interface during the interface formation may, in
general, reduce the symmetry of the unreconstructed surface. Thus, the symmetry
group of the reconstructed surface will be a subgroup of the symmetry group of
the unreconstructed surface. One sees, therefore, that the problem of lattice match
is reduced to scanning the two-dimensional cuts in a given pair of lattices, and
then comparing the two resulting two-dimensional lattices, looking for a common

superlattice.

The most fundamental question is how to tell when two 2-dimensional lattices
are actually the same (or nearly the same). The difficulty arises from two sources.
First, the two similar lattices may be rotated with respect to each other, or one
could be a rotation of a mirror image of the other. In this case, one wants to be
able to identify the two lattices as being “the same”. Second, there is no simple
and unique way to describe a lattice. A lattice is uniquely determined once its
primitive translations are given. The primitive translations are a set of vectors such
that every lattice point can be expressed uniquely as a linear combination of these
vectors with integer coefficients. While a set of primitive translations determines
the lattice, the converse is not true; there are an infinite number of possible sets of
primitive translations generating a given lattice. One wants to be able to identify
two such sets as belonging to the same lattice or to the same lattice rotated or
reflected. The way to achieve this is by using a reduction scheme.”® ’ The reduction
process selects a particular set of primitive translations from all the possible ones in

almost a unique way. In this process, only intrinsic properties of the lattice (that is,
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lengths and angles) determine the final choice of primitive translations without any
reference to a particular coordinate system. Therefore, any rotation or reflection
of the lattice, which amounts to a different coordinate system, will not have any
influence on the choice of the primitive translations.

To be more specific, given a two-dimensional lattice, a set of primitive trans-
lations (&,b) is called reduced if it satisfies the following three conditions:

A. & is the shortest possible non-zero vector of the lattice.

B. b is the shortest possible lattice vector, linearly independent of .

C. The angle between 3 and b is non-obtuse.

One needs a constructive procedure to obtain a reduced translations set from
a non-reduced one. Such a procedure is given in the flow chart of Fig. 2.2. One
can see in that figure that the procedure is very simple, and amounts to successive
additions or subtractions of the shorter translation vector from the longer until no
further reduction in size of the translation vectors can be achieved. Finally, the
sign of one of the vectors is being reversed, if the angle between the two vectors is
obtuse. The procedure is guaranteed to end after a finite number of steps, and to
result in a reduced set of translations. Another important feature of this procedure
is that it conserves the area of the parallelogram (O,E,B,E—{—E) in every step.

In general, a lattice may have more than one reduced set of primitive transla-
tions; the lengths of the reduced translation vectors, as well as the angle between

them, however, is unique. These three numbers, namely,

| - b
|a| - B’

e =&, b=1b] and cosa=

are uniquely determined by the lattice, and also uniquely determine the lattice up
to an arbitrary rotation or reflection. Thus, the procedure of determining when

two lattices are the same (up to an arbitrary rotation, reflection, and a choice of



UNIT CELL REDUCTION SCHEME

‘ STARY ’

if B < O veplace 11 by-?. -

Intercharge @ end b.

Replace 3 By b +a.

Replace B by B—e.

Fig. 2.2. Flow chart of the unit-cell reduction procedure.
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primitive translations set) is completely solved. One can also compare the a,b and
o mentioned above to determine quantitatively how similar two lattices are.

The next problem is to determine when two 2-dimensional lattices match.
One says that two lattices match, if each one of them possesses a superlattice,
such that the two superlattices are the same (up to a rotation, reflection, and a
choice of primitive translations). The task of scanning and comparing all possible
superlattices of the two lattices looks at the outset to be a formidable one. In fact,
it is not that bad. Recall the fact that the unit-cell area of a superlattice is an
integer times the unit-cell area of the original lattice. If the original lattices had
" unit-cell areas of A; and Ao, then the superlattices have unit-cell areas of r; A; and
ro Ao, respectively, where r{ and ro are integers. Since one wants the superlattices

to be the same, they must have the same unit-cell area. Thus r{ A1 = roAs, or

1 Ag

e . 2.2.1
ity (2.2.1)
In reality, the two lattices will not match exactly. Therefore, the rational num-
ber ri/ro will only approximate As/A;. Prescribing a certain precision to this
match, however, will substantially reduce the number of integers, ri and ra, to
be considered. An upper limit on the possible values of r; and rp is introduced

by the requirement that the superlattice unit-cell area will not exceed some large

prescribed value, say A,,q,. In that case, ri Ay ~ roAs < Apgs, OF,
Amaa: Amax

r < ro <
PR P A

(2.2.2)

Suppose one has found all those value of r; and ro that satisfy Eq.(2.2.1) to
within a reasonable precision as well as Eq.(2.2.2). One now has to consider all
the possible superlattices of the first lattice that have a unit-cell area of r1 A;, and

all the possible superlattices of the second lattice with a unit-cell area of roAs,
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and compare them. In general, given a lattice with a unit-cell area A, one wants
to characterize all the superlattices with a unit-cell area nA, where n is a given
integer. we shall show that there are only a finite number of such superlattices, not
more than the sum of the divisors of n. For example, a two-dimensional lattice will
have at most 4 distinct superlattices whose unit cells are three times larger than
that of the original lattice. In this case 4=1-+3 is the sum of the divisors of 3.
Similarly, there are at most 12=1--2-4-3-6 distinct superlattices whose unit cells
are six times larger than that of the original lattice.

Suppose one is given a lattice, and a superlattice whose unit cell is n times
larger than that of the original lattice; if (5,5) is a primitive translations set of the

original lattice, then one can always find a primitive translations set (#, ¥) of the

(:)z( oi rjn )@ (2.2.3)

with 1,j,m integers, and with

superlattice, satisfying

i-m=n, (2.2.4)
i, m>0, {2.2.5)
0<;j<m — 1. (2.2.6)

here. The number of superlattices to consider, that is the number of different i,
and m satisfying {2.2.4)-(2.2.6), is reasonably small, and the computer can easily
generate all of them, and compare them to the relevant superlattices of the other

lattice.
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2.3. Application of the method to CdTe on GaAs.

To demonstrate the method and to explore the role of lattice match in hetero-
epitaxy, we apply our method to a recently reported interface: CdTe on GaAs.
CdTe is considered a good candidate for solar applications, as well as a substrate for
Hyg,Cdi_;Teor CdTe-HgTe superlattices for infra red detectors. Due to its bad
mechanical properties, it may have to be grown on another material for support.

(3)
has

Recently, successful growth of CdTe films on either Gaas''’ or sapphire
been reported.
Both CdTe and GaAs crystallize in the face-centered cubic, zinc-blende struc-

ture. The lattice parameters of these crystals are given by(4)

GGads = 5.653A,  agqTe = 6.481A.

For both materials, the lattice translations parallel to the (100) face form a grid
with square unit cells, a/+/2 on a side, oriented parallel to the [011] and the [011]
directions. The lattice translations parallel to the (110) face form a grid with
rectangular cells, a./\/§ by a, whose shorter edge is parallel to the [110] direction,
and the longer edge parallel to the [001] direction. The lattice translations parallel
to the (111) face form a grid made of 60° rhombes whose sides are a/\/§ long, and
are parallel to the [110],[101] or [011] directions. In Fig. 2.3, these grids can be
seen as the underlying fine lines. Fig. 2.3 is divided into 6 regions, showing CdTe
on the left and GaAs on the right; the (111), {110) and (100) faces of each material
are displayed from top to bottom. All the grids in Fig. 2.3 are drawn to the same
scale; the whole figure being 200 by 150 angstroms.

It is worth mentioning here that the choice of grids with square cells for (100)
or rectangular cells for (110}, etc. is by no means unique. This choice amounts

to a particular choice of a primitive set of translations for each lattice. Had we
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picked a different set of primitive translations, the shape of the unit cells would be
different, but nevertheless, their areas would be the same. The unit-cell areas of
the grids appearing in Fig. 2.3 is summarized in Table 2.1. Next, one forms the
ratios Ag/A; of (2.2.1). Here A; is the unit-cell area of the two-dimensional lattice
formed by the translations of the GaAs, parallel to some given face; A is the same
for CdTe. The corresponding faces need not be the same for GaAs and CdTe. A
partial list of these ratios is given in Table 2.2. we concentrate here only on the
three most important faces, namely, the (100}, (110} and (111) for each one of the
GaAs and the CdTe. This results in nine possible combinations of area ratios, as
can be seen in Table 2.2. The unit-cell areas for each row and column were taken
from the corresponding entries in Table 2.1. Let us concentrate further only on the
main diagonal of Table 2.2. This diagonal corresponds to (100)/(100), (110}/{110),

and {111)/(111). The unit-cell areas ratios are all equal to

2
a
(—ﬂ?‘—-) = 1.314. (2.3.1)

GGMI

This ratio can be approximated by rational numbers according to (2.2.1). A few
of the reasonably accurate rational approximations are given by 4/3, 13/10, 17/13,
21/16 ete. with relative errors of 1.4%, 1.1%, 0.53%, and 0.1%, respectively. It is
clear that one may approximate this ratio to arbitrary precision if one allows r; and
ro of (2.2.1) to be arbitrarily large; if one restricts the size of r; and ro, however,
then there are only a limited number of such r{ and ro that will approximate the
ratio; the relative error, then, might not be small. Restricting the size of ; and r2
is equivalent to restricting the size of the common unit cell area.

Even when one can pick a pair of integers ry and ry satisfying (2.2.1) to within
a good precision, one does not always have a good lattice match. To see this, let

me concentrate further on the approximation 4/3 to the ratio (2.3.1). we shall scan



Table 2.1 Two-dimensional unit-cell areas of GaAs and CdTe unreconstructed
surfaces in the three major crystal directions. The unit-cell areas are given in units

of square angstroms.

(100) (110) (111)

Unit-cell area a?/2 a?/V2 a? -—4‘@
CdTe, a=6.481A 21.00 29.70 18.19
GaAs, a=5.653A 15.98 22.60 13.84

Table 2.2. Ratios of unit-cell areas of GaAs and CdTe surfaces in the three
major crystal directions. The rational approximations to these ratios give us the

possible combinations of superlattice-cell sizes.

CdTe(100) CdTe{110) CdTe(111)
° 2 ° 2 =] 2
21.00A 29.70A 18.194
GaAs(100) Lo =1.314 879=1.859 8181138
2100 __ 28.70 1819
2108 — 9294 20=1.314 2= 2049
28 —=1.517 B70=2.146 El=1314
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Fig. 2.3. The lattice translations parallel to the (100), (110) and (111) faces of
CdTe and GaAs. Non-equivalent unit cells of order 3 for CdTe and 4 for GaAs are
shqwn as parallelograms bounded by thick lines and denoted by unprimed letters.

Various stages of the reduction procedure are denoted by primed letters.
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all the superlattices of order 3 in the CdTe, and all the superlattices of order 4
in the GaAs, looking for a match. (The order of a superlattice is the area ratio
of its unit cell to that of the original lattice. For example, a superlattice of order
three has a unit-cell area which is three times that of the original lattice). Such a
search for superlattices will be done for each one of the three faces. To find all such
superlattices, we apply the transformations (2.2.3) to the primitive translations of
the original lattice. The results of these transformations on the unit cells is seen in

Fig. 2.3. In general there are 4 such transformation matrices when n=3, namely,

a=(2 2 0= %) 0=( 1) w=(¢?) wa

and 7 matrices when n=4, namely,

O=(, () 0= 7)) w=(,) w=(, ")

0=(0 1) 0=(0 2 w=(2) e

After one of the transformations (2.2.3), or in this case (2.3.2) or (2.3.3), is applied
to the unit cell, a larger cell is obtained. In this case, three times larger for CdTe,
and four times larger for GaAs. From these unit cells one can form superlattices
by juxtaposing copies of the same cell. Moreover, every superlattice whose unit-
cell area is three times larger than that of the original lattice will have a unit

cell that is given by one of {a)-{d). Therefore the cells (a)-(d

L

generate all the
possible distinct superlattices of order 3. The same is true for the cells (e)-{k) with
regard to superlattices of order 4. The results of the application of each one of the
transformations (2.3.2) to the standard unit cells of the CdTe(100), CdTe(110), and
the CdTe(111) faces are seen in the left side of Fig. 2.3. These new cells are denoted

by the same letter as the corresponding transformation in (2.3.2). Similarly, the
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application of the transformations (2.3.3) to the unit cells of the three GaAs faces

is seen in the right side of the same figure, and are denoted by (e)-(k).

Each one of the transformations (2.3.2) and (2.3.3), when applied to the original
unit cell, results in a particular shape of a superlattice unit cell. These larger
unit cells are by no means unique, and the reduction scheme described in the
previous section must be applied. The reduction scheme consists of successive
vector additions or subtractions of the shorter side of the cell from the longer until
no further reduction in length is possible. The reduction steps for each one of the
(a)-(k) cells are shown by primed letters in Fig. 2.3. For example, the cell (a) near
the upper left corner of Fig. 2.3 corresponds to the matrix (a) of (2.3.2) applied
to the unit cell of the CdTe(111) face. If one subtracts the shorter side of this cell
{taken as a vector) from the longer side, one obtains the cell (a’). In this figure, we
have moved (a’) up and away from (a) for clarity, but they should have shared a
common side. One can see that the long side of the new cell (3} is shorter than
the long side of (a). If one repeats this procedure once again, the longer side of
the new cell will not be shorter than the longer side of (a’}). One must conclude
that the cell (a’) is reduced. Similarly, one can apply the reduction scheme to any
one of the other cells (b)-(k). For the particular cells appearing in Fig. 2.3, after
at most three reduction steps, all the cells are reduced. One should keep in mind
that all the different cells generated during the reduction process are unit cells of
the same superlattice. For example, suppose one generates two superlattices of the
CdTe(111) by juxtaposing an infinite number of copies of either one of (a) or (2’).
These two superlattices might appear different only as long as one retains the edges
of the cells; if one looks only at the corners of the cells, the two superlattices are

identical.

The purpose of the reduction procedure is to select a particular shape of unit



-87-
cell among all the possible cells of a given superlattice. After reduction, one can
see that, if the original lattice possessed any non-trivial symmetries, some of the
larger unit cells are actually equivalent. Thus, in the (100) face of the CdTe, (b)
can be obtained from (a) by a 90° rotation, while (c') and (d’) are mirror images
of each other. The dimensions of the reduced 3-fold enlarged CdTe unit cells,
as well as those of the reduced 4-fold enlarged GaAs unit cells of Fig. 2.3, ap-
pear in Table 2.3. In that table, each row, denoted by (a)....(k), corresponds to
a particular transformation matrix of (2.3.2) and (2.3.3) as well as to the unit
cells appearing in Fig. 2.3. The transformation matrices of (2.3.2) and (2.3.3)
appear in this table in the second column from the left. The rest of Table
2.3 is divided into three major columns, corresponding to CdTe(100)/GaAs(100),
CdTe(110}/GaAs(110), and CdTe(111)/GaAs(111). Each such major column is sub-
divided into four columns describing the dimensions of the reduced unit cell. In
our notation, a, b and « correspond to the shorter side of the cell, the longer side,
and the angle between them. Since the structure of both GaAs and CdTe is cubic,
these a, b and cos(«) can be expressed as simple algebraic expressions in the lattice
parameter (denoted by italic a). These expressions, together with their numerical
values, appear in the body of Table 2.3. We would like to emphasize that the
transformation matrices appearing in Table 2.3 are those applied to the unit cells
before the reduction, i.e., they are the same as (2.3.2)-(2.3.3), while the unit-cell
dimensions appearing in the same table are those of the cells after reduction. By
comparing the dimensions of the reduced unit cells in Table 2.3, one can conclude
that there is no reasonable 3:4 match of the (100)/(100}, but there are 3:4 matches
of (110)/(110), namely, (c”) or (d”) to (f), and there is also a 3:4 match of the
(111)/(111), namely, (¢’) to (f}. For the (110)/(110) case, the cells {¢”) and (d”)

have their short side oriented along a CdTe[111] direction, and the long side along
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a CdTe[113] direction (or [111] and [112], etc.). The (f) cell has its short side along
the GaAs[110] direction, and its long side along the GaAs[001] direction. For the
(111)/(111) case, the {(c’) cell has all its sides oriented along CdTe[211] directions,
while the (f) cell is oriented along GaAs[110] directions. The mismatch in cell

dimensions is 0.7% on a side for both cases. The angles of the cells match exactly.

This lengthy procedure described above corresponds to only one particular
rational approximation to {2.2.1) of only three pairs of face orientations. We have
applied the same procedure to all the nine combinations of CdTe(100), (110) and
(111) faces on each one of the GaAs(100), (110) and (111) faces. We required a
mismatch of at most 19 on each one of the sides and the angle of the reduced
common unit cell. The common unit-cell area was restricted to less than 400 ;{2.
The results of our calculations are given in Table 2.4. The matching faces are given
in the leftmost column. In the second column, we give the epitaxial condition. That
is a pair of lattice directions in the interface plane that are parallel to each other.
This pair is not unique. We chose to show only one such pair with the smallest
possible length. Each vector in this pair corresponds to the short side of the reduced
common unit cell, and we give only one typical direction out of a symmetry class.
The third column denoted by cell area gives the minimal common unit-cell area in
square angstroms, corresponding to that pair of matching faces with that particular
epitaxial condition. The reader should bear in mind that this is only the minimal
area, and integral multipies of it are also possible, as one can form superlattices
of superlattices that also match. In the next six columns to the right, we give the
dimensions of the common unit cells. Here a, b and @ have the same meaning as in
Table 2.3. The last three columns give the relative mismatch of a, b and o between

the corresponding cells of the CdTe and the GaAs.

One of the interesting interfaces appearing in Table 2.4 is the CdTe(111)/GaAs(100).
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Cheung and Magee(l) had reported an epitaxial growth of CdTe on GaAs in this
direction. It is worth noting that one of the [011] directions perpendicular to the
(100) GaAs face will align itself with one of the [112] directions perpendicular to
the (111) face of the CdTe. The other GaAs [011] direction will align itself
with the CdTe [110], which agrees with Cheung and Magee.(l) Any match of
CdTe(111)/GaAs(100) with a different orientation must have a superlattice cell
whose area is larger than 400;&2 as can be seen in Table 2.4.

There are also experimental results concerning growth of CdTe(111)/GaAs(111)
and CdTe(100)/GaAs(100) by J. L. Schmit,(m using MO-CVD in higher tempera-
tures. Though these two interfaces appear in Table 2.4, the experimental epitaxial
condition for CdTe(111)/GaAs(111) is CdT e[110] || GaAs[110], which does not ap-
pear in Table 2.4. No orientation information is available for the (100)/(100). If
one would extend Table 2.4 to include larger unit-cell areas, say, up to 900;42,
one would reproduce the MO-CVD result for (111)/(111) with a good match of
0.3%. It is not at all clear, however, whether lattice match with such a large
common unit cell has any meaning at all. In the next section we will treat
some other interfaces. The evidence for several interfaces suggest that there
is no periodic reconstruction including such large unit cells. Instead, there is
a relatively large mismatch between the lattices, resulting in a defected inter-

face.
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2.4. Other interfaces.

2.4.1. CdTe on sapphire

We have checked all the possible ways to match one of the (100), (110), (111},
(210), (211), or {221) faces of CdTe to one of the (101),(011) and (111) planes of sap-
phire. The crystal structure of sapphire is thombohedral with a=5.1286 and « =
55°17.36"."" It is a common practice in the literature to append three rhombohedral
unit cells to obtain a hexagonal unit cell with a=4.759 and ¢=12.991. While this
common practice may have some advantages,(lz) it is not recommended for lat-
tice match."* Therefore, we refer to the rhombohedral notation, and Appendix
A-2.1 will clarify the transformation from rhombohedral to hexagonal notation.
The sapphire (101),(011) and (111) faces correspond to the (1102),(1210) and (0001)
faces in the hexagonal notation. Out of the 18 possible face combinations, only
10 can match to within 1%, with a superlattice-cell area not exceeding 600/12.
These matches are shown in Table 2.5, which is structured like Table 2.4. As one
can see, the CdTe(111) matches all the three sapphire planes reported by Myers et
zz].;(3 ’ since they do not provide any further information about the orientation of
the film with respect to the substrate, further experiments are needed to confirm
or reject this theory. At least for the case of CdTe(111) on AlxO3(0001), the ex-

(1

perimental results do not agree with ours, ? the orientation of the epitaxial layer

is C'dTe[110] || AloO3]1120] (4% mismatch), and the interface is polycrystalline.
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2.4.2. Silicon on sapphire

The silicon on sapphire system is very interesting from a technological point
of view. The physics and chemistry of this interface, however, are very difficult to
understand. We are about to see that lattice match conditions play little or no role

in the epitaxy of this interface.

The silicon on sapphire system was studied quite extensively, and there are
many known cases of epitaxial growth on various sapphire faces. The most popular
faces are the (1102) cleavage plane, the (1120) and (0001) which are both slip
planes,(m and the (1123) plane which is the best growth plane. Growth of silicon
on other sapphire faces is also reported. The experimental epitaxial relationships
of silicon on sapphire(ls- ’ are summarized in Table 2.6. For the sapphire, we
present in this table both the rhombohedral and the hexagonal notations {cf.
Appendix A-2.1). This table is sorted according to the parallel lattice directions
in the interface plane {the epitaxial condition). One can see that some parallel
directions tend to repeat for several growth faces. For example, the epitaxial con-
dition Si[110] || Alo05][1100] occurs in at least four different interfaces, namely,
S3(111)/ Alo04(1124), (111)/(1123), 110)/(1120), and (221)/(1122). If this tendency
is due to lattice match requirement, then the length of the primitive S:[110] trans-

lation should be approximately equal to that of the primitive Al503[1100] times a

rational number with small numerator and denominator.

The lengths of all the parallel directions appearing in Table 2.6 is summarized
in Table 2.7, as well as some of the rational approximations to their length ratio.
For example, consider the pair $¢110] || AloO3[1100] mentioned before. Si[110]
is 3.8405&, and the AlgOg{liOO] is 8.242A long. The ratio of these two numbers is

0.4659 which cannot be well aproximated by small rational numbers. Either one
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Table 2.6. Silicon on sapphire experimental epitaxial relationships.

The

sapphire faces and directions are presented both in the rhombohedral (three indices)

and hexagonal (four indices) notations. Some orientations of the sapphire with

respect to the silicon repeat on several faces.

Matching faces Epitaxial condition Reference
(001)/(110), (0112) [100] || [110],]2110] a,b,c
(001)/(114), (1012) [100] || [110], [2110] d
(111)/(741),(1124) [110] || [121], [1100] a,b,c
(111)/(210), (1123) [110] || [121], [1100] c
(110)/(101), (1120) [110] || [121], [1100] a,b
(221)/(521), (1122) [110] || [121], [1100] e
(111)/(101), (1120) [110] || [111],[2201] a,b,c
(112)/(121), (1104) [110] || [111], [2201] d
(111)/(211),(1014) [110] || [011],[1210] d
(111)/(211), (1014) [112] || [100], [1011] d
(310)/(100), (1011) [132] || [011],[1210] d
(310)/(100), (1011) [135] || [011], [1012] d
(111)/(111), (0001) [112] || [121],[1100] a,b,c

(a) Ref. 15; (b) Ref. 16; (c) Ref. 17; (d) Ref. 18; (e) Ref. 19.



Table 2.7. Length ratio of parallel directions for silicon on sapphire. These
pairs are all found experimentally (cf. Table 2.6) for actual epitaxial layers. The
length ratio of the primitive vectors in these directions is given in the second column.
This ratio is approximated by rational numbers in the third column, with the
relative mismatch indicated in parentheses. The large mismatch for small rational

numbers might indicate that lattice match is irrelevant for this interface.

PARALLEL PAIR LENGTH RATIO RATIONAL APPROXIMATIONS

Si[100] || Alo03[2110] 5.431/4.759=1.141 1/1(14%), 7/6(2.2%), 8/7(0.1%)

Si[110] || Alp03[1100] 3.840/8.242=0.4659 1/2(6.8%), 6/13(0.9%)
S1i[110] || AloO3[2301] 3.840/6.996=0.5489 1/2(9.7%), 5/9(1.1%),
Si[110] || Alp03[1210] 3.840/4.759=0.8069 1/1(20%), 4/5(0.8%)

Si[102] || AloO3[1011] 6.651/5.128=1.297 4/3(2.7%), 9/7(0.9%), 13/10(0.2%)
S1[132] || Al203[1210] 10.160/4.759=2.1352/1(6.7%), 13/6(1.5%), 15/7(0.3%)
Si[135] || Alo03[1012] 32.130/9.085=3.537 7/2(1.0%), 39/11(0.29%)
Si[112] || Alo03[1100] 6.651/8.242=0.8070 1/1(20%), 4/5(0.9%)
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matches twice the Si[110] to an Aly03[1100] with a poor match (approximately
6.8%), or one has to commensurate 13-28 $i[110] translations to 6-13 sapphire
translations in order to achieve a good match. It is quite unreasonable to expect a

periodic reconstruction over 13 unit cells in one direction.

Two comments about Table 2.7 should be kept in mind. Regarding the rational
approximations appearing in this table, they are obviously not the only possible
ones. The rational approximations appearing in table 2.7 are only the “best” in
the sense that there is no rational approximation that approximates better and
has a smaller denominator. Thus, for example, in approximating 0.4659 which is
the ratio of §¢[110] to Alo03[1100] (the second row in this table), there is not
any rational approximation better than 0.3%with a denominator smaller than 28.
Similarly, there is no rational approximation better than 0.9%with a denominator
smaller than 13. Another remark concerning Table 2.7. is that the numbers were
calculated for silicon and sapphire at room temperature. The growth temperature
of silicon on sapphire is high, typically around 800-1000°C. depending on growth
t(—:chnique.(2 ' The crystal parameters of both silicon and sapphire as functions of

. . . (20)
temperature are given in Yim and Paff:

the cubic lattice parameter of silicon
varies from 5.4309 at 25°C to 5.4461 at 813°C; the sapphire hexagonal parameters
vary from a=4.7576 and ¢=12.9834 at 25°C to a=4.7848 and ¢=13.0675 at 803°C.
These variations may change slightly the accuracy of the better rational approxima-

tions, but will not change the rational approximations themselves.

In summary, lattice match considerations seem to be irrelevant to the silicon
on sapphire system. For a possible explanation for this phenomenon, one might
recall the early growth of silicon (100) on sapphire (1102) sapphire, as described
by Blanc and Abraham.(zl) According to their description, the growth starts with

island formation, mostly in the (100) direction, and growing fast; some in the (110)
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direction, and growing slow. Eventually, the (100) islands cover the (110) islands
resulting in stacking faults at the juncture of the islands. As the growth proceeds,
however, the density of faults decreases. In other words, the lattice mismatch results
in defects, as predicted by this theory, but for some reason the defects tend to stay

near the interface, and do not propagate through the film.

2.4.3. Silicides on silicon.

Recently, there has been a lot of interest in growing transition metal silicides
epitaxially on silicon. There are silicides with a much higher melting temerature
than aluminium, and at the same time having a reasonably high mobility, that can
serve as contacts in VLSI. Silicides are also known to form very good Schottky
barriers. For these two classes of applications, polycrystalline silicides will do.
However, the possibility of growing a single crystal silicide on a silicon substrate, or

even a multi-layer structure, opens the door for a whole new class of novel devices.

There are about 150 known binary transition-metal silicides (cf. Appendix
A-2.4). Out of them, only three are experimentally known to grow epitaxially on

silicon,(zz) and to form single crystals with well defined directions with respect to
(23-24) )

. (26-27)

... (25
NiSisg, and PdsSi. Other

¥

the substrate. These three are CoSis,
important silicides, PtS¢ and Pt2S1, are known to grow polycrystalline on silicon,

50 A list of these

but with definite orientations with respect to the substrate.”
known cases is given in Table 2.8. In the first column of Table 2.8, we list the silicide
and its crystal structure. The second column gives the orientation of the interface

plane for both the substrate and the film. The third column defines the orientation



-99-

Table 2.8. Experimental epitagial silicides on silicon. CoSio, NiSio and
PdsS1 grow single crystals epitaxially on the silicon faces indicated. P¢5S7 and
PtS1 grow polycrystalline, but nevertheless with several distinct orientations of the
crystallites with respect to the silicon. The first column lists the silicide, its Bravais
system, and its crystal structure. The second column gives the matching faces, the
third column gives the orientation of the film with respect to the substrate, and the
last column gives-the reference, and sometime the relevant growrh condition.

CoS1s, fcc (CCLFQ) COSiQ(lll)/Si(lll) [IIO} I [110] (a); tess than 15004
a==5.367 [110] || [110] (b)
NiSig, fec (CaFy) NiSip(111)/S4(111)  [110] || [110] (c)
a="5.407 [110] || [110] (c)
PdySi, Hex.(FepP) PdpSi(0001)/Si(111)  [2110] || [112] (d-e)
Pt5S 1, Tetrag. Pt55i(001)/Si(001)  [110] || [100] (f)

PtSt, Orthor.(MnP)  PtS4(020)/S¢(111) (g); velow s00c; 9004
a=>5.595, b==3.603, PtSi(111)/S¢(111) (g); above 900C; 9004
¢=5.932 PtSi(100)/Si(111)  [010] || [101] (g); 2004
PtSi(110)/S4(001)  [001] || [110] (h)
PtSi(133)/Si(011)  [301] || [022] (h)
PtSi(120)/Si(011)  [002] || [022] (h)
PtSi(011)/Si(011)  [111] || [400] (h)
PtSi(211)/Si(001)  [011] || [110] (f)

[111] || [310] (f)

(a) Ref. 23; (b) Ref. 24; (¢) Ref. 25; (d) Ref. 26;
(e) Ref. 2T; (f) Ref. 28; (g) Ref. 29; (h) Ref. 30.



-100-
of the film with respect to the substrate by giving a pair of parallel directions in
the substrate and the film. Some changes were made from the original references
to preserve the uniformity of the notation. The last column gives a reference to the

original work, and remarks.

From a lattice match point of view, the first two cases in Table 2.8 are
straightforward. Both C0Si5 and NiS1ig have the CaFy structure which is face-
centered cubic, just like silicon. The bulk lattice parameters are 5.367 and 5.407
respectively, compared to 5.431 of silicon (all lattice parameters are given at room
temperature); the lattice mismatches, therefore, are 1.2% and 0.5% respectively.
Therefore one might expect similar orientations of the film and the substrate, which

is indeed the case.

The next entry in Table 2.8 is PdsSt. Buckley and Moss' "> were the first
to investigate the epitaxial reiationship of this interface. They found that PdyS¢
forms spontaneously at the palladium-S57(111) interface even at room temperature,
and that no other silicide is formed upon annealing up to 500°C. The orientation
of the PdsSi was reported to be PdoSi(10.0) || S¢{110). In this epitaxy, the
translations of both the silicon and the silicide form a triangular grid, with three
silicon cells fitting into one silicide cell. The lattice mismatch depends on the silicon
content of the silicide. Aronsson and Nylund(m) investigated the lattice parameters
of PdoS7 as a function of stochiometry for bulk samples. They found that silicon-
poor Pdo S has a=6.497 and ¢==3.432 while silicon-rich Pd> S+ has a=6.528 and
¢=3.437. This will change the mismatch from 2.3%(silicon poor) to 1.8%(silicon
rich), but it is also possible that the lattice parameters of a thin film may be slightly
different than those of the bulk. In any case one might expect the silicide near the

interface to be silicon rich, which was verified by Ho et al %

The epitaxial relationships of Pt2S ¢ on S¢(100) was studied by Ben Ghozlene
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et al.(28)

They observed this silicide as an intermediate phase before the forma-
tion of the more stable P{Ss:. The Pt5Si, which is tetragonal with a=3.933
and ¢=3.910, grows with its c-axis perpendicular to the interface. The epitaxial
relationship is P¢2S5¢(110) || $¢{100). The translations in the interface plane form
a square grid with a mismatch of 2.4%9, if the bulk values of the crystal parameters

are taken. It is not clear whether the polycrystalline nature of the Pt5S7 is due to

the lattice mismatch or to the formation of Pt{Si.

PtS¢ was listed in Table 2.8 despite the fact that it grows polycrystalline,
because of the definite directions in which it grows on the substrate. These reported
directions are listed in Table 2.8, but the tabulated directions have a spread of about
half a degree.(%) Among these various directions, one finds larger mismatches, up
to 10%, with respect to the substrate. The list of parallel pairs of directions as well
as their mismatches is given in Table 2.9, which is structured similar to Table 2.7.
One can see in Table 2.9 that the known epitaxial layers that are single crystals,
correspond to small unit cells and to a good lattice match. The borderline between
a single crystal and polycrystalline film seems to be between 2% and 3% mismatch.
The PtS1i epitaxy suggests that mismatches of up to 10% may still force certain
directions of growth, but they are two big for a single crystal to form. One cannot
find in Table 2.9 a case corresponding to a very good match (say 1% or less) with
a large unit cell (3/3 or more) similar to the CdTe/GaAs mentioned before. This
might be due to the fact that only a limited number of interfaces were tried, or it

might suggest a trend for metallic films.

To look for good candidates for silicide on silicon epitaxy, we have compiled
a set of tables with all the binary transition metals that match silicon substrates
well. The conditions imposed on the search were mismatch of 1% or less on unit-

2
cell dimensions, and common unit-cell area of 200A . To limit the possible faces,
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Length ratio of parallel directions for experimental epitaxial

silicides on silicon. This table is structured like Table 2.7. This table indicates
that a good lattice match may be necessary for epitaxial growth of a single crystal,

when the film is metallic.

PARALLEL PAIR

LENGTH RATIO RATIONAL APPROXIMATIONS

C0Sig[110] || Si[110]
C 08 i5{100) || S i(100)
CoSi(111) || Si(111)

NS i5(100) || 5 i(100)
NiSin{111) || Si(111)

Pd>Si(1210) || S1(121)

Pt55i[100] || Si[110]

Pt5i[001] || Si[110]
PtSi[011] || S(110]
PtSi[111] || Si[130]
PtSi[301] || S022]
Pt8:{002] || 5:]022]
PtSi[111] ]| S i[400]
PtSi{010) || Si(224)
PtS1[010] || S110]

3.795/3.840=0.9883
5.367/5.431=0.9883
9.296/9.407=0.9883

5.406/5.431=0.9954
9.363/9.407=0.9954

6.528/6.651=0.9815
6.497/6.651=0.9768

3.933/3.840=1.0242

5.932/3.840=1.5448
6.940/3.840=1.8073
8.915/8.587=1.0382
17.802/3.840=4.636
5.032/3.840=1.5448
8.915/5.431=1.6415
3.603/6.651=0.5417
3.603/3.840=0.9383

1/1(1.2%)
1/1(1.2%)
1/1(1.2%)

1/1(1.8%) (Si rich)
1/1{2.3%}) (Si poor)
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additional restrictions on the primitive unit-cell sizes were imposed. The prinitive
unit cell for the silicon was restricted to 21;12, to include only the (111), (100) and
(110) faces. The silicide primitive unit cell was restricted to 50}12; silicides with
larger unit cells will, therefore, have fewer faces compared to the silicon. The faces
of each silicide used in the match are written above each table. Since there are so
many silicides, the resulting set of tables appears in a special appendix at the end
of this chapter, (Appendix A-2.3), together with references to the crystal structures
of the binary transition metal silicides (Appendix A-2.4).

Among the interesting matches appearing in this set of tables, we would like to
mention especially the V357(111)/517(111), CrSio(0001)/S3(111), FeS i2(001)/5(100),
FeSis(111)/8(110), Y3.5i5(0001)/5i(111), RuSi(111)/Si(111), RhSi(111)/55(111),
and OsS1(111)/5¢(111) as candidates for epitaxial growth with a good match and a
small common unit-cell area. Some of these silicides possess properties that make
them particularly interesting. V357 is superconducting with a critical temperature

(34) . . . {35)
of 1T'K; CrSio and FeSio are semiconductors.
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2.5. Summary and discussion

The theory of geometrical lattice match was formalized in this chapter. This
theory is applicable to any pair of crystal structures, oriented in any direction.
We defined two lattices as matching if the two 2-dimensional lattices, formed by
the crystal translations parallel to the interface, have a common superlattice. In
general, one cannot hope to achieve a perfect match, and instead of a common
superlattice, one has a pair of superlattices, one for each side of the interface, that
are almost identical. There are two parameters that characterize the match: the
mismatch between the two superlattices and the unit-cell area of these superlattices.
We have shown how to obtain a standard unit cell for a given lattice. This unit
cell is a parallelogram with sides a and b, and an acute angle «. By comparing
a, b and « for both superlattices, one obtains the mismatch between them. The
unit-cell area can be taken from either one of the two superlattices, since they are
almost equal. We have developed a constructive way to find all the possible lattice
matches with a given mismatch and a common unit-cell area which is smaller than

a prescribed value.

The role of geometrical match in epitaxy is still not clear, since local interface
chemistry will always play a major role. Therefore, if two lattices match, it does
not mean that they will grow epitaxially on each other. We do hope, however, to
establish that a thick, defect free, single crystal epitaxial growth is possible only
when there is a good match. We have shown that this is indeed the case for the
reported case of epitaxial growth of CdTe(111) on GaAs(lOO);(1 ’ the common unit-
cell in that case is 128;12 and the mismatch was less than 19%. The few silicides
that grow epitaxially on silicon also indicate the importance of lattice match for
a single crystal growth, but they overcome mismatches of up to 2%, with smaller

common unit cells. Finally, the silicon on sapphire interface demonstrates a case
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in which a single crystal grows epitaxially despite a rather large mismatch. Both
the silicon on sapphire and the silicides on silicon indicate that a mismatch of up to
10% may still orient the film with respect to the substrate, however, large density
of defects occurs in the interface.

Further theoretical and experimental investigation is required in order to es-

tablish general criteria for allowable unit-cell areas and mismatch.
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Chapter 3
AB-INITIO CALCULATIONS
OF ELASTIC PROPERTIES OF BULK SILICON
USING SMALL CLUSTERS.

3.1 Introduction.

In this chapter we present ab-initio calculations of the elastic properties
Si5Ho silicon clusters. The elastic properties of bulk silicon were calculated from
the elastic spring constants of the clusters using four different models. This method
is particularly suited to treat any system lacking translational symmetry, for ex-
ample, interfaces and defects. By comparing our calculated results to experimental
phonon band structure, we are able to check the validity of the models used.

Why there is a need to calculate elastic properties

One can classify the elastic vibrations of silicon, or any other crystalline
material, into two categories: propagating and evanescent. Inside a pure, ideal
sample, far from the surface, one can observe only propagating vibrations (phonons).
In the vicinity of surfaces, interfaces, and defects, however, one can also observe
other types of vibrations that decay exponentially into the bulk (evanescent vibra-

tions).

The spectrum of the propagating vibrations (phonons) can be obtained directly
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using thermal-neutron scattering experiments.(l’z) In addition, the slopes of the
phonon band structure, in the limit of very long wavelength, can be obtained from
the static elastic properties of the crystal. These, in turn, can be obtained very
accurately from velocity-of-sound measurements.(s) Simply stated, experimental
methods exist to determine the phonon spectrum. On the other hand, the spectrum
of evanescent vibrations is very difficult to obtain directly from experiments, since
these vibrations always couple to some other elastic excitation. This excitation may
involve either a reconstructed structure near a surface or a defect, or a different type
of a chemical bond, as is the case near interfaces or impurity atoms. The source
of the difficulty lies, therefore, in decoupling the two; this is done by theoretical
calculations.

How the elastic properties are calculated

The lack of direct experimental measurement of the spectrum of evanescent
vibrations calls for a theoretical investigation. The theoretical approach to this
problem involves, typically, some type of elastic model, that relates the elastic
strain energy to the positions of the atoms. Such a model usually has a general form
and uses several adjustable parameters. There are two problems associated with
this approach: finding a good model and obtaining its parameters. Historically, the
same problems were encountered by investigators trying to fit the bulk phonon band
structure. Some of the many models that were developed are described here. The
parameters of these models were obtained, in the past, by fitting the predictions
of the model to experimental results, usually to the bulk phonon-band structure.
In this work we chose a different approach: we obtained these parameters from the
elastic spring constants of small clusters. The main advantage of this approach is
that it enables one to estimate the quality of the model used, by comparing the

calculated bulk phonon band structure to the experimental one. Such a comparison
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gauges the performance of the same model for two radically different systems,
namely, small clusters and bulk. It is, therefore, reasonable to assume that a
model which performs well both for small clusters and for bulk, with the same
set of parameters, will be accurate enough for calculating evanescent vibrations;
alternatively, for those models currently used to calculate evanescent vibrations,
one can estimate the quality of these calculations based on this research.

The elastic properties of small clusters can be obtained either experimentally,
using infra-red vibrational spectroscopy, or theoretically, using ab-initio quantum-
mechanical calculations; in general, for small clusters, the agreement between theory
and experiment is quite good. In this work we chose to obtain the parameters of the
models from theoretical, ab-initio calculations rather than from experimental data.
Using ab-initio calculations has some advantages over using spectroscopic data, the
most important one being the ability to look at energy levels of molecules that are
difficult to synthesize or are unstable. One can even go further and create some
pseudo-atoms that do not exist in nature, in order to continuously vary some specific
property of the atom. In the calculations presented in this chapter, for example, the
hydrogen atoms used to terminate silicon dangling bonds are artificially expanded
to match the electronegativity of silicon atoms. In any case we will show that most
of the inaccuracy is due to the models used rather than to the method of obtaining
their parameters. The use of ab-initio theoretical methods, then, does not limit the
accuracy of the results in those four models. The use of ab-initio methods does
limit the size of the clusters, however, and consequently it limits the complexity of
the models. It should be noted, nevertheless, that the alternative method, namely,
obtaining the parameters from spectroscopic data, does not exist. We do not have

spectroscopic data for large silicon-hydrogen molecules.
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Models used in this work

In the next few paragraphs various elastic models used in this work are
presented. All these models were used in the past for fitting the bulk band struc-
ture of silicon with various degrees of success. In this chapter, we shall obtain the
parameters of these models from ab-initio cluster calculations, and then compare

our set of parameters with the one found by fitting the band structure directly.

The first model involves two spring constants, one for bond bending (changing
the angle between two adjacent bonds) and one for bond stretching (changing the
distance between two adjacent atoms). This model is the simplest one possible
{any model involving only one of the two spring constants would predict that either
the bulk modulus or the shear modulus should vanish). Due to its simplicity this
model is very useful, but one does not expect it to be very accurate. The two
parameters can be fitted to any two points on the phonon dispersion curve or to
the static elastic properties of bulk silicon. In this work these parameters were
fitted to the spring constant of SisHio clusters which were calculated from first
principles. As we demonstrate in this work, no single pair of parameters can fit all
the data points, and a least-squares scheme was applied to find the best fit. The
phonon band structure obtained from these two parameters has the right general

appearance, but is not very accurate numerically.

An obvious extension of the simple bond-bending-and-stretching model is the
addition of a third parameter that gives the mixed term of bond bending and bond
stretching, This model was first used with moderate success by Singh and Dayal(d‘ )
to fit the phonon band structure of silicon. We have calculated its parameters from
the spring constants of the Si5H g mentioned above. With this set of parameters,
the Singh-Dayal model produces a band structure which is as accurate as the one

used with parameters fitted directly to the band structure. We, therefore, expect
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calculations of evanescent vibrations based on this model to be of equal quality to

the phonon-band-structure calculations.

The model employed by Musgrave and Pople(s 'is the next step in complexity.
Their valence-force-field model assumes that one can write the total ground-state
energy of the system as a sum of atomic terms, each depending only on the rela-
tive positions of the atom’s four nearest neighbors. This model employs not only
bond-bending and bond-stretching force constants, but also three mixed terms
(stretching-stretching, stretching-bending and bending-bending). All told, this
model employs five elastic constants, and it extends the three-parameter model of
Singh and Dayal. Ab-initio calculation of the parameters of this model result in a
set of parameters almost identical to those of Singh and Dayal, that is, the two extra
parameters are very small, and the three that are common to the Singh-Dayal model
do not change significantly. This is not to say that these two models are equiv-
alent. If the five parameters of the valence-force-field model were fitted directly to
the band structure, this new set of parameters would be different from the ab-initio
set, and the fitted phonon band structure would be better than the one calculated
from first principles and the Singh-Dayal model. The physical significance of this
new set of parameters, however, is questionable since they would not fit the cluster
calculations very well. In other words, we expect the calculations of evanescent
vibrations based on this model to be inferior to the calculations of phonon-band
structure. The question of which set of parameters is to be used for the calculation
of evanescent vibrations is left open: we can either take the set of parameters used
to fit the small cluster or the set used to fit the band structure. Probably neither

one will be consistently better than the other.

The three models described above have a common feature. They all express

the elastic energy of the crystal in terms of explicit geometrical elements like
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interatomic distances and angles. It is quite clear that one can further improve
these models by simply adding more parameters. The valence-force-field model of
Musgrave and Pople was extended by McMurry et al’®’ They introduced another
parameter, namely, angle-angle interaction between two bond pairs with a common
bond. Here, a much better fit was achieved for the elastic properties of diamond
using experimental spectroscopic data for hydrocarbons as well as some adjustment
of the six parameters. This model was used to fit the silicon phonon band structure
by Singh and Dayalf“ and Solbrig,(” but the agreement to experimental band
structure was not as good as that of diamond. Solbrig concluded that for silicon
the third and fourth nearest neighbor interaction is very important; by extending
the model even further to include nine adjustable parameters, he was able to fit
the phonon band structure quite well. In order to calculate these parameters from
first principles, we would need at least a cluster of SigHyg; such calculations were

beyond the scope of this work.

Vasil'ev et al.”®’ applied a different method. They took the sp® hybridization
of the bonds to have constant tetrahedral angles, but allowed each bond to break
in the middle. They used two parameters to describe the restoring force acting
on the broken bond, as well as two central-force parameters acting on nearest and
second nearest neighbors. Using this four parameter model, Vasil’'ev et al. were
able to fit the phonon band structure of diamond, silicon, and germanium very
well.” One should notice that this model puts an internal orientation on each atom
that, in turn, depends on the internal orientation of its neighbors. This introduces
a long-range force field, which makes this model very powerful. The success of
Vasil’ev’s model in describing the phonon band structure using very few adjustable
parameters convinced some authors that this model describes very well the electron

response in the lattice vibration of a covalent solid. ™ Tt is important to realize
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that the assumption made by Vasil’ev et al. about the nature of the bonds, namely,
that the angles between the bonds are rigid, and that the bonds are broken in the
middle, is actually not necessary. All one has to assume is some orientation for
each atom, and some mechanism through which a change in this orientation exerts
forces and moments on the neighboring atoms.

We have considered this last model as well. Since the internal coordinate
gystems of this model have to be calculated, it is much more difficult to translate the
cluster results into a set of parameters for this model, and an extensive formalism
was developed for that purpose. The phonon band structure calculated by us, using
this model and a set of parameters obtained ab-initio, was generally better than
any of the three previous band structures. However, the static elastic constants
calculated using Vasil’ev’s model were not superior to those obtained by the previous
three.

Organization of Chapter 3.

In section 3.2 we discuss the quantum-chemistry calculations used to calculate
the cluster ground-state energy. The treatment here is qualitative and descriptive;
for exact formulations the reader is referred to the extensive literature on the
subject. In section 3.3 the results of the cluster calculations are presented, the
parameters of the various models are obtained from these calculations, and the
elastic properties of bulk silicon predicted by the various models are compared to

experimental results. In section 3.4 the conclusions based on this study are drawn.
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3.2. Quantum-chemistry methods used in this chapter

We describe the quantum-chemistry methods used to calculate the ground-
state energy of the small clusters in this section. Only ab-initio methods were
employed. These are the Hartree-Fock (HF ), the Generalized-Valence-Bond (GVB),
the Restricted Configuration Interaction (R-CI), and the Generalized-Valence-Bond
Configuration Interaction (GVB-CI), in increasing order of accuracy and complexity.
They will be described qualitatively in the following paragraphs, as will the concepts
of effective potential and basis functions used in these calculations.

All of these ab-initio methods make use of the variational principle. This
principle states that if ¥ is the Hamiltonian of the system, ¥ is the ground state,

and 9 is any other possible state for the system, then
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with strict inequality unless ¥ is proportional to ¥. Therefore, if one tries various

(3.2.1)

trial wave functions % in (3.2.1), the one that minimizes the left-hand side is the
best approximation to the real ground state, ¥, and the resulting value of the left-
hand side best approximates the real value for the ground-state energy which is the
right-hand side of (3.2.1). Thus, all that one has to do is to be able to evaluate the
left-hand side of (3.2.1) for an arbitrary trial wave function, and then look for one
that minimizes it. In this way, at least in principle, one can come arbitrarily close
to the ground-state energy and the ground-state wave function. All the different
methods to be described here are merely translations of this principle into practice.
One can use arbitrarily large classes of trial wave functions, depending on the desired
accuracy, and the amount of work that one is willing to do. The larger the class,

the better the answer, but the more difficult the work.
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Every trial wave function for a multi-electron system has to obey the Pauli
exclusion principle: the wave function has to change sign upon interché,nging a pair
of electrons, i.e., it has to be antisymmetric. One of the simplest (yet powerful)

forms for a many-electron function is a product of single-electron functions:
$(L,2,..., N)=v1(1) $2(2) ...  yn(N). (3.2.2)

The indices 1,2,..., N represent the coordinates (both spatial and spin) of each
one of the N electrons. The function (3.2.2) is, of course, not antisymmetric with
respect to electron interchange, but can be antisymmetrized. This operation can
be described as follows: if from (3.2.2) one subtracts a duplicate but with electrons
1 and 2 interchanged, the resulting function is antisymmetric with respect to the
interchange of electrons 1 and 2. One can repeat this process for all the other pairs

of electrons, and the resulting wave function is known as a Slater determinant.

$1(1) ¥1(2) ... ¥1(N)

Pa(l) ¥2(2) ... P2(N)
v(L2,..,N)=| . : . (3.2.3)

UN() PN(R) ... NN
Despite their simplicity, Slater determinants are very powerful for describing an-
tisymmetric wave functions, and, in fact, smooth antisymmetric wave functions can
be approximated by linear combinations of such determinants to arbitrary precision.

A single Slater determinant may still have too complicated a form, since
each of the individual one-electron functions is a function of both spatial and
spin coordinates. The Hartree-Fock (HF) trial wave function is such that the
electrons pair up. Each pair shares the same spatial part (orbital), with one
electron having spin up, the other having spin down. This HF formalism is very

convenient, since it replaces the equations for wave functions by equations for
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orbitals. Because the Hamiltonian is assumed to be spin independent, the spin
enters the formalism only via the Pauli exclusion principle, which is automatically
satisfied by the determinant form of the wave function. Schrédinger’s equation for
the wave function translates into a similar equation for the orbitals, with a slightly
different form for the Hamiltonian. The electrostatic interaction between two
orbitals splits into two terms, the coulombic (J), and the exchange (K). Expressions
for the Hartree-Fock Hamiltonian can be found in many references (see, for example,
Goddard and McGill,(n) and references therein) and will not be given here. The
HF formalism now requires finding the best shape for the individual orbitals to

minimize the energy functional, which is the left-hand side of (3.2.1).

The HF is probably the most widely used ab-initio technique today. It is
quite accurate for structure calculations, with errors of about 0.01-0.02A for bond
lengthes, and 1°-3° for bond a,ngles‘(ll) Its main disadvantage is a poor description
of the dissociation of chemical bonds. For example, in the ground state of Hs, both
electrons share the same orbital. This means that the probability that both electrons
are in the vicinity of the same atom is the same as the probability that each electron
is in the vicinity of a different atom. In an Hy molecule the nuclei are very close to
each other; therefore, the vicinity of one is almost the same as the vicinity of the
other, and this picture is quite accurate. However, when this molecule dissociates
and the nuclei are far apart, it is much more energetically favorable to form two
peutral H atoms than one Ht and one H ™~ atom. The Hartree-Fock formalism
predicts equal probabilities for the two, regardless of interatomic separation. The
dissociation energies predicted by the HF method, therefore, are much higher than
the experimental values. One should expect a similar trend (though weaker) for
elastic constants: the spring constants associated with bond stretching, calculated

using the HF method, should be higher than those measured experimentally.
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Another important disadvantage of the Hartree-Fock method is heuristic in
nature. The molecular orbitals are difficult to interpret physically. Our intuitive
picture of bonding relates to pairs of atoms, while each molecular orbital extends

throughout the entire molecule.

The General Valence Bond method(m

{(GVB) overcomes the main disad-
vantages of the HF method. Every pair of electrons corresponding to a bond is
allowed to relax further, such that each electron in the pair has its own orbital,
but the two are finally singlet paired. Put more quantitatively, if, in the HF for-
malism, both electrons had the same orbital ¢;, now we allow one of them to be
in x1 = ¢1 — ¢, and the other one to be in xo = ¢1 + #o. The final singlet
pairing of the two electrons refers to the combination x1(1)x2(2)+ x2(1)x1(2). The
GVB method now tries to optimize the shape of ¢1, ¢o, ..., ®57, s0 as to minimize
the energy functional (3.2.1). Since the trial functions are taken from a larger set
than in the HF case, the GVB method is guaranteed to have lower ground-state

energies, which means more accurate solutions. Moreover, the solutions of the GVB

formalism describe localized bonds rather than diffuse molecular orbitals.

Further improvements upon the results of the GVB method can be obtained by
using Configuration Interaction (CI). This technique involves picking trial functions
made of several determinants of the form (3.2.3) rather than one. Various levels
of improvement are possible. In the present calculations for Si5Hio, two levels of
CIs are used. One, called restricted-CI (R-CI), allows each of the electron pairs in
the Si-Si bonds to be triplet-paired as well. A higher level of approximation, called
GVB-CI, allows the eight electrons in the four Si-Si bonds to have any possible spin

configuration, up to § = 4.

All the methods described above assume a certain form for the trial wave

functions as a function of spatial orbitals, and then try to find the best shape for
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the orbitals. The quality of the shape is measured by the left-hand side of (3.2.1). In
practice, one does not optimize the shape of the orbitals among all the possibilities.
Instead one choses the best orbital expressible as a linear combination of a given
set of basis functions:

m

¢ = Zcz’jxj' t=1,...,n.
j=1
The functions x1,..., X are called a basis set. Such a simple form has the

advantage that the optimization procedure becomes a linear eigenvalue problem
for the coefficients ¢;;. Obviously, with enough basis functions, the shape of the
orbitals ¢1,..., #np can be made arbitrarily close to what they should be. One
pays a heavy price, however, for using too many basis functions: the time of the
calculation, as well as the storage requirements, increase as the fourth power of the
number of basis functions used; therefore, one has to choose the right basis set that
includes not too many basis functions. Over the years, theoretical chemists have
developed some very economical basis sets. The one used in this work to describe
the silicon atoms, was the so called “double—g”.(ls) It is made of atomic-like orbitals
having s- and p- type angular dependence. Each such orbital is expressed as a sum
of several gaussians. This representation in terms of gaussians is done in order to
simplify the calculation, and has no physical significance beyond that.

The clusters used in the present calculations consist of silicon and hydrogen
atoms. The only role that these hydrogen atoms play is to bond the extra electrons
on a silicon atom which is not bonded to other silicon atoms. Therefore we may
change the shape of the hydrogen atomic orbitals, in order to satisfy some extra
requirements. As it turns out, if one inflates the hydrogenic s-function by a factor of
3.397 (if one takes ¢(0.2944r) instead of ¥ (r)) then the resulting inflated hydrogen

has the same electronegativity as a silicon atom. Thus, the central atom in a SisHio
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is electrically neutral. Such inflated hydrogens (called “siligens”) were introduced

by Redondo et altt?

Another important detail of the calculation is the concept of effective potential.
If one takes into account all the electrons of the atoms, the total energy may
be in the thousands, or even tens of thousands eV/atom. On the other hand,
chemical bond energies are never more than a few eV/bond. Therefore, if one
takes into account all the electrons, one has to calculate many electrons that do not
participate in bonding, and extract chemical energies (of the order of 1 eV/atom)
by subtracting two numbers that may be three or four orders of magnitude higher.
On the other hand, chemists have realized, for a long time, that the core electrons
are not important for chemical bonding. The way to incorporate this fact into the
calculations is by using “pseudo-atoms” that obey Schrodinger’s equation with a
“pseudo-potential.” These pseudo-atoms differ from real atoms in that they only
have valence electrons with wave functions that, outside the core region, behave
like those of the valence electrons of the real atoms. This pseudo-potential is, in
general, not a function of position alone, and involves some angular-momentum
projection operators. The pseudo-potential used for the silicons in our calculations

(13)

was introduced by Redondo et al.

Finally, in calculating vibration frequencies in the clusters and solids, the
Born-Oppenheimer approximation was assumed. According to this approximation,
the nuclei are infinitely heavier then the electrons, and hence the response of the
electronic system to motion of the nuclei is instantaneous. Therefore, one can
calculate vibrations in the molecules by freezing the position of the nuclei at some
various geometries, letting the electrons find their best orbitals, and looking at the
total ground-state energy as a function of geometry. The elastic properties of the

cluster are then obtained from the curvatures of the ground-state energy at the
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equilibrium point.
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3.3. Results.

The results of the calculations are presented here. These results can be
classified into two categories: the ab-initio quantum-mechanical calculations of
silicon clusters and the interpretations of these calculations in terms of bulk silicon
using various models. The results of the ab-initio calculations are independent of
the models that were later used to interpret them. However, since some cluster cal-
culations are more relevant than others to some models, we chose to present only
a few cluster calculations, and then treat those models to which these clusters are
relevant, and so on. We start by describing the first fifteen modes and the spring
constants associated with them, we then derive the parameters for the first three
models, namely, the simple bond-bending-and-stretching model, the Singh-Dayal
model and the valence-force-field model, described in the introduction. We then
proceed to calculate eight additional modes, and finally we derive the parameters

of Vasil’ev’s model.

The first fifteen modes of Siz3H o

The first three models to be treated imvolve only bond lengths and angles
between bonds. In order to calculate their parameters from first principles, fifteen
deformation modes of Si5Hyo (actually S¢(SiH3)4) were calculated. This cluster
is seen in Fig. 3.1. The twelve hydrogen atoms in the periphery of this cluster
serve merely to saturate the dangling silicon bonds. In this work the emphasis is
on Si— S7 rather than S7 — A bonds, and, consequently, the hydrogen basis
functions were inflated in the manner described in the previous section — to match

the electronegativity of silicon. In this way, the central atom is electrically neutral,
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and the S¢— St bonds are believed to be more bulk-like. Various deformations of
the original SisHo cluster were considered. These deformations were ofganized
in “modes,” each being a continuous, single-parameter deformation. In the first
fifteen modes to be described next, every Si7Hs group was moved as a rigid group

so that only bond lengths and angles around the central silicon atom were changed.
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Fig. 3.1. The Si5H;o cluster used in this chapter. All the modes described

in this chapter are various deformations of this cluster. The dark spheres represent
silicon atoms; the white spheres represent hydrogen atoms, whose basis functions

were inflated by a factor of 3.397.
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Each mode is a deformation of the original cluster, where the coordinates
of each atom are functions of a single variable, t. In the first fifteen modes, the
hydrogen atoms were moved in unison with their silicon atoms. Therefore, to
describe the mode, it suffices to list the changes in bond lengths and angles, as
functions of ¢, around the central silicon atom only. This is done in Table 3.1. It
should be noted that one cannot change the six angles around the central silicon
atom at will, since there is one constraint connecting them. This constraint can be

written as

F'(012, 013,014,803, 624, 034) = 0,

where F'(813, 813,014, 23, 024, 024) is a rather complicated function. If the strain is
very small (which is usually assumed in the harmonic approximation) then all the
angles are almost tetrahedral, that is, 6,; = 6y + Af;;, where 6 is the tetrahedral
angle (109.47°), and Af;; is very small. In that case the relation between the six

angles can be approximated by

Abia + Af1a + Af1g + Afas + Abay + Abgy = 0 + O(A63).

In Table 3.1, some of the angles Af;;(t) are given exactly, and for others only the
linear term in ¢ is given. In the harmonic approximation the higher order term can
be neglected.

The first three modes involve changes in bond lengths only. The first mode is
the symmetric breathing mode, in which all four S7— 57 bonds change their length
by the same amount, and the angles between them remain tetrahedral. Mode 2 is an
asymmetric breathing mode, similar to the first mode, but only two bonds change,
and the other two remain at 2.3517A, which is the experimental equilibrium bond
length. Mode 3 is an antisymmetric breathing mode, in which two bonds increase

and two bond decrease their length by the same amount. The next four modes
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involve changes in angles only. The bond lengths remain 2.351TA. Mode 4 is a twist
mode, in which bonds 1 and 2 rotate clockwise, and bonds 3 and 4 counterclockwise,
around the axis bisecting the angles between them. Mode 5 is a symmetric scission
mode, in which bonds 1 and 2 open or close the angle between them, and bonds 3
and 4 do likewise by the same amount. Mode 6 is an asymmetric scission mode, in
which bonds 1 and 2 change the angle between them, but bonds 3 and 4 do not.
Mode 7 is an antisymmetric scission mode. Bonds 1 and 2 open, and bonds 3 and
4 close the angle between them by the same amount. The next eight modes are
mixed modes in which both the bond lengths and the angles change. Modes 8 and
9 are both combinations of modes 3 and 7, that is, antisymmetric breathing and
scission. In mode 8, the length of one pair of bonds increase simultaneously with the
angle between them, and in mode 9 the bond length decrease with increasing angle.
Modes 10 and 11 are similar to modes 8 and 9, but with a different bond bending
to bond stretching ratio. This ratio for modes 10 and 11 corresponds to that of the
optical phonon mode at the I' point. Modes 12 and 13 are symmetric breathing
plus or minus symmetric scission. The ratio of bond-bending to bond-stretching
for these two modes corresponds to that of the longitudinal phonon mode at the X
point. Modes 14 and 15 are antisymmetric breathing plus or minus antisymmetric
scission modes, like modes 8 and 9, and modes 10 and 11. The ratio of bond

stretching to bond bending corresponds to that of the TO phonon at the X point.

The total energy as a function of the deformation parameter t was calculated
for nine geometries in each mode. These geometries coresponded to different values
of t: -0.2, -0.1, -0.05, -0.02, 0.0, 0.02, 0.05, 0.1 and 0.2. For each such geometry,
the total energy was calculated using four different methods of calculation: HF,
GVB, R-CI and GVB-CI. These methods were explained in the previous section.

After the calculation, a polynomial of degree six was fitted to the energies to obtain
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the minimum and the curvature at the minimum. This curvature gives the spring
constant k; for the i-th mode. The values of these spring constants are given in

Table 3.2 for each of the fifteen modes and each of the four methods of calculation.
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TABLE 3.1. The geometries of the fifteen SisH{o modes. Each mode is
a function of a single parameter t. The deviation from equilibrium length (in
angstroms) and angles (in radians) are given in this table. The parameter t is
assumed to be small, and angles that appear with a ~ sign are actually more
complicated, with the entry listed in this table being only the linear term. rg
appearing in this table is the equilibrium Si-Si distance, 2.351TA.

Mode A?‘l A?"Q AT3 A?‘4 A912 A913 A914 A923 A924 A934

1 ¢ t t t 0 0 0 0 0 0
2 t t 0 0 0 0 0 0 0 0
3 t t —t —t 0 0 0 0 0
ey L oy = oo =t o b
4 0 0 0 0 0~ Vi =~ O
5 0 0 0 0 2¢ A~ —1 A~ —1 A —f &g —1 2t
6 0 0 0 0 2 ~F T eFE aF 0
7 0 0 0 0 2t ~0 ~0 ~0 ~0 —2t
8 14 —t -t t ~0 ~=0 2t —27 ~=0 =0
9 t  —t —t t =0 ~0  —26 2 A0 A0
10t —t —t t A0 &0 t—;/o—g —:Ofg ~0 A0
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TABLE 3.2. Calculated spring constants (& in the formula AE, . ;. = %k .
t2) in units of eV per square t. Here t is the parameter describing each mode in

Table 3.1. The spring constants are calculated using four methods of calculation:
HF', GVB, R-CI and GVB-CI, that were described in section 3.2.

Mode HF GVB R-CI GVB-CI
1 48.33 44.06 43.97 42.69
2 23.18 20.98 21.06 20.74
3 42.34 41.39 42.04 42.45
4 2.69 2.50 2.45 2.31
5 16.11 15.10 14.78 13.93
6 7.37 6.97 6.69 6.45
7 13.31 12.90 12.22 11.84
8 69.36 67.70 66.80 66.48
9 46.64 45.69 45.93 46.37
10 56.55 55.27 55.65 55.67
11 42.15 41.25 41.88 42.37
12 57.80 51.32 50.83 48.41
13 56.11 51.40 51.08 49.17
14 46.61 45.69 46.37 46.72

[y
o

43.97 43.13 43.86 44.38
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In Table 3.2, one can see a tendency toward spring constant softening with
improvement of the method of calculation. This tendency is reasonable, since a
better method involves a larger set of trial functions (cf. previous section). This
means more ways for the electrons of the deformed cluster to relax. This tendency
seems not to hold for modes involving antisymmetric bond stretching {modes 3,
8, 9, 10, 11, 14 and 15). The reason for that has to do with the zero point
of the antisymmetric mode. This point was chosen to be at the experimental
equilibrium bond length which equals 2.3517A. The theoretical values may be
predicted by taking the energy minimum of mode 1. The calculated deviations
of the bond length as predicted by the HF, GVB, R-CI and GVB-CI are -0.010,
+0.010, +0.012 and +0.017A, respectively, from the experimental value. That
means that the center of antisymmetry for modes 3, 8-11, 14 and 15 is in fact not
exactly at the calculated minimum energy, with the GVB-CI being the furthest.

One can also observe quantitatively that most of the improvement is achieved
between the HF and GVB methods. The GVB and the R-CI are almost the
same, and another slight improvement is attained by using GVB-CL The total

improvement is of the order of 15% or less.
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The simple bond-bending-and-stretching model

The simple bond-bending-and-stretching model was presented in the intro-
duction. It has two parameters, or spring constants, namely, 4, and ky. &, is the
restoring force constant for changes in bond length, while r‘g - kg is the restoring
force constant for changes in angle between a pair of adjacent bonds. As was men-
tioned in the introduction, this model is the simplest possible one that can describe
the diamond structure with any precision. Now one can use the results of Table
3.2 to calculate the spring constants of the simple bond-bending-and-stretching
model. The spring constant of each mode can be expressed in terms of the two
parameters of the model, &k, and ky. This means that these two parameters have
to satisfy fifteen equations. A least-squares method was used to obtain the best
possible fit for this overdetermined system. The equations relating the cluster
spring constants %1,...,k15 to the model spring constants £, and ks are given
in Table 3.3. The best fitted values of &£, and kg are also diplayed in this table,
together with the deviations of the fitted values from the target values. Consider,
for example, the second column from the left (the “HF” column). The best fit
for the Hartree-Fock calculations was &k, = 11.36 eV/;{Q and kg = 0.302 eV/;ig.
Using these values for k, and kg, the model would predict a certain value for the
spring constant of each of the fifteen modes. For example, mode no.1 should have,
according to this model, a spring constant which is four times &,, or 45.44 eV/folg.
This value predicted by the model is smaller by 2.89 eV /;12 than the target value
of 48.33 eV/';lg, calculated quantum mechanically using the Hartree-Fock method

for this particular mode. This entry is listed, therefore, as 48.33-2.89 in Table 3.3.
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Table 3.3 Fitting the two parameters of the bond bending and stretching
model to the SizHio cluster calculations. The values of £, and kg in the second
and third rows are the best least-squares fit to the data points. They are expressed
in units of eV per square angstrom. The expressions relating the spring constants
of the various modes to &, and ky are given in the first column. The values of
these expressions for the fitted values of k, and kg are given in the second to fifth
column. They are expressed as the true cluster value plus a deviation.

HF GVB R-CI GVB-CI

k, 11.36 10.78 10.88 10.84

ke 0.302 0.305 0.296 0.288
ky = 4k, 48.33-2.89  44.06-0.94  43.97-0.43  42.69-+0.70
ko = 2k, 93.18-0.46  20.984+0.58  21.06--0.71 20.74+0.96
ks = 4k, 42.34+3.00  41.394+1.73  42.04+1.49 42.45+0.94
ky = 2kgr3 2.69+0.64  2.5040.88  2.4540.82  2.3140.87
ks = 12kyr2 16.1143.90  15.104+5.16  14.78+4.87 13.93+5.16
ke = 5kors 7.3740.97  6.97+1.47  6.69-+1.50  6.4541.50
k7 = 8kyra 13.3140.03  12.904+0.61  12.22-40.88 11.84-+0.89
kg = 4k, 4 8kgr?  69.36-10.58  67.70-11.07  66.80-10.16  66.48-10.35
ko = 4k, + 8kyr? 46.64-+12.14 45.69-+10.93 45.93-+10.70 46.37-+9.75
kio = 4k, -+ 16ks  56.55-6.29  55.27-T.2T  55.65-7.38  55.67-7.67
ki, = 4k, + 16ky 42.1548.11  41.254+6.75  41.8846.39 42.37-+5.63
ko = 4k, + 24ky  57.80-5.12  51.32-0.88  50.83-0.19  48.41-41.89
ki3 = 4k, + 24ky  56.11-3.44  51.40-0.96  51.08-0.44  49.17+1.13
iy = 4k, + kg 46.61-0.87  45.69-2.27  46.37-2.54  46.72-3.03
kis = 4k, - kg  43.9T+1.77  43.1340.29  43.86-0.03  44.38-0.70
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One can also see graphically the various spring constants and the predictions
of this model in Fig. 3.2. The leftmost column in Table 3.3 relates the spring
constants of the fifteen modes to the two parameters, &£, and £y, of the model.
Thus, each entry in this column can be viewed as a linear equation in the two
variables, &£, and ky. This linear equation can be plotted as a straight line in the
k. — ky plane, as was done in Fig. 3.3. The values of &y,..., k15 were taken from
the GVB-CI column in Table 3.2. If this two-parameter model were exact, then
all these fifteen lines would intersect in a single point, which would correspond to
the exact values of &k, and k4. This is clearly not the case, as can be seen in the
figure. Instead, one can find the values of &, and £y which best fits these lines.
These values are also marked in Fig. 3.3, as well as a rectangle corresponding
to a +30% deviation from these values. One can see that all the fifteen lines

corresponding to k1,..., k15 pass through this rectangle.
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Fig. 3.2. Fitting the parameters of the simple bond-bending-and-stretching
model to cluster calculations. Each one of the fifteen lines denoted ky,..., k5
represents one mode. The spring constants of each mode was calculated using the
GVB-CI method, and are plotted here as functions of the parameters of the model,
ky and kg. The values of these parameters that best fit the fifteen equations are
also plotted here, together with a rectangle denoting margins of 4-30% of these

values.
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Comparing the experimental phonon band structure withe the

predictions of the simple bond-bending-and-stretching model

We have seen that the simple bond-bending-and-stretching model is useful {as
the simplest possible realistic model) but not very accurate. Leeway of 4-30% for
both parameters of the model was necessary to account for the spring constants of
the fifteen modes calculated from first principles. We shall demonstrate now that
approximately the same leeway is necessary to account for experimental phonon

frequencies, using this model.

Let us now compare the experimental phonon band structure with that
predicted by the cluster calculations using this model. Expressions for the dynami-
cal matrices and their eigenvalues, in terms of the parameters of the model, are
given in Appendix A-3.2 for the I', X, L, A(¢ = 1/2) and the X(¢ = 1/2) points
(altogether, eighteen special points on the phonon dispersion curves). Every such
eigenvalue is described in this model as a function of %, and ky. Using the ex-

2 .
’ one can plot these eigenvalues as curves on the &k, — kg

perimental frequencies(l’
plane, and observe the fit graphically. This was done in Fig. 3.3. There are
eighteen curves in this figure, each corresponding to one point on the phonon
band structure of silicon. The functional relationship for each point is given in
Appendix A-3.2. The solid-line curves represent acoustical phonons, while the
dashed curves represent optical phonons. The labeling of each curve in Fig. 3.3
is a standard group-theoretic labeling of phonon modes.(ls) Whenever a phonon
mode could be labeled as either one of TA, LA, LO, or TO, this notation also
appears in parentheses in this figure. For clarity, all the phonon band structure
notation used in this figure is also repeated in Fig. 3.4. The curves in Fig. 3.3

denoted by either ¥ or A represent the special points half way between the T’

and X points. One can see that all these curves pass through the rectangle that
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marks +30% deviation from k, and ks calculated from the clusters. This 4+30%
leeway was also necessary to accommodate internal inconsistencies in the model
when applied to the cluster calculations (refer to Fig. 3.2). Therefore, one must
¢onclude that the phonon band structure predicted by the cluster calculations is
as good as any other band structure using the same model. The band structure
itself can be seen in Fig. 3.4. The solid lines are the predictions of the model using
the parameters obtained from cluster calculations. The triangles with error bars in
them are the experimental results of Dolling,(l) and the circles are experimental
results of Nilsson and Nelin.®’ The error bars in the work of Nilsson and Nelin
are all smaller than the size of the circles. As one can see in Fig. 3.4, this model
with its calculated parameters overestimates the frequencies of the optical branch,
overestimates the frequencies of the TA branch near the zone edges, and underes-
timates them near the zone center. The LA branches are predicted accurately,
and the slope of the TO branch also agrees quite well with experiment. In other
words, the predictions of this model are not very accurate numerically, but the
band structure has altogether the right shape. We shall see in our treatment of
more complicated models that it is very difficult to improve significantly over this

simple model.
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Fig. 3.3. Phonon modes in the simple bond-bending-and-stretching model.

Each one of the eighteen curves corresponds to a special point in the phonon band
structure and relates the experimental frequency to the two parameters of the
model. The value of &, and ky calculated from the clusters using an ab-initio

method (GVB-CI) is also displayed here together with 4-30% margins around it.
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Fig. 3.4. The phonon band structure of silicon. The solid lines are theoreti-
cal values, predicted by the simple bond-bending-and-stretching model, whose
parameters were calculated from first principles using a small cluster. The tri-

angles and circles are experimental frequencies determined by neutron scattering.
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Comparing experimental static-elastic properties with the

predictions of the simple bond-bending-and-stretching model

The simple bond-bending-and-stretching model predicts the static elastic
properties of bulk silicon even less accurately than it predicts phonon frequencies
of special points in the band structure. We shall see in our treatment of more

complicated models that it is very hard to improve this accuracy

Some of the experimental static elastic properties are shown as curves on
the &k, — k¢ plane in Fig. 3.5. The quantities plotted are the three stiffness
coefficients c¢11, ¢12 and c44, as well as the bulk modulus B and the Poisson
ratio in the (100) direction, #,. These five quantities are not independent of each
other, and in fact one can express any two of ¢;1, ¢y, B and #p in terms of the
other two (the expressions are given in Appendix A-3.1.). c44 on the other hand
cannot be expressed in terms of ¢y and ¢;5. One can see in Fig. 3.5 that the
lines labeled ¢;1, ¢12 and ¢44 do not intersect in a point. This is due entirely to
internal inconsistency of the model. Moreover, even if we allow some tolerance
for the predictions of ¢y, ¢1o and c44, and obtain the parameters of this model
that best fit these three elastic constants, the resulting &y will be 3-4 times higher
than that predicted from cluster calculations. Since we have seen before that the
cluster calculation parameters, plus or minus 30%, can reproduce the frequencies
of many special points in the phonon band structure, we must conclude that this
mode] is incapable of treating both static and dynamic elastic properties with the
same set of parameters. Furthermore, we can trace most of the error to kg, as can
be clearly seen in Fig. 3.5. We conclude, therefore, that a restoring force constant
for angles is not a good physical quantity, in the sense that it does not stand in its
own right even approximately. Depending on the positions of second and higher

nearest neighbors, it can change by as much as a factor of two to four.
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Further evidence for the peculiarity of bond bending can be found in the
work of Musgrave and Pc»ple.(5 ) They have used a similar model to calculate the
static elastic properties of diamond. The parameters of the model were calculated
from the natural frequencies of neopentane, obtained by infra-red spectroscopy.
They found discrepancies similar to those found by the calculations described
above. The bond stretching to bond bending spring constant ratio was found by
Musgrave and Pople to be over twice as big in the molecule compared to that of the
diamond. The &, calculated from bulk modulus of diamond was almost exactly
the same as the one calculated from the molecule. This supports our theory that

kg, the restoring force for angle, does not have a well defined physical meaning.
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Fig. 3.5. Static elastic properties of silicon in the simple bond-bending-and-
stretching model. Each curve relates one static elastic property to the parameters
of the model. ky corresponding to the static elastic properties is several times
higher than that corresponding to the cluster calculations or to the special points

in the phonon band structure.
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The three parameters model of Singh and Dayal

It was shown in our treatment of the previous model that the internal in-
consistency of the simple bond-bending-and-stretching model, as applied to the
small clusters, was quite large (on the order of 4-30%) on both parameters of the
model. It was also demonstrated that within this error the model could account
for the frequencies of all the eighteen special points of the phonon band structure
that were examined. It is quite possible that a more elaborate model with smaller
internal inconsistencies will also produce a better phonon band structure. This is,
however, not guaranteed to be the case, and the answer will determine whether
or not the more elaborate model is actually better.

By examining Fig. 3.2, one can see that the largest inconsistencies of that
model are attained on two pairs of modes: modes 8 and 9, and modes 10 and 11.
For each such pair, the model predicts the same spring constants for both modes,
but the calculated spring constants differ by a lot. The difference between the
two modes in each pair is that in one of them the angle between bonds increases
with increasing bond length, while in the other it decreases. Therefore, most of
the internal inconsistency will disappear if we introduce a third spring constant,
which is the mixed second derivative of the elastic energy with respect to a bond
length and an angle adjacent to this bond.

o = 2225,

7o \ 000,

This model was first used to fit the phonon band structure of silicon by Singh and
Dayal.(4 "A least-squares fit of the three parameters of this model to the fifteen

spring constants of the SisHio clusters is presented in Table 3.4.
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Table 3.4 Fitting the three parameters of the Singh-Dayal model to the
SisHqo cluster calculations. The values of &, kr9 and k4 in the second to fourth
rows are the best least-squares fit to the data points. They are expressed in units
of eV per square angstrom. The expressions relating the spring constants of the
various modes to ky, k.9 and kg are given in the first column. The part of these
expressions that depends on &k, and &y is identical to the one appearing in Table
3.3, and is denoted here by k;'. The part that depends on %, is given explicitly.
The values of these expressions for the fitted values of k, and kg are given in
the second to fifth column. They are expressed as the true cluster value plus a

deviation.

HF GVB R-CI GVB-CI

ky 11.39 10.72 10.81 10.74

ks 0.309 0.303 0.292 0.280

kirg 0.398 0.386 0.376 0.359
by =k’ 48.33-2.79  44.06-1.16  43.97-0.72  42.69-+0.28
ko = ko’ 23.18-0.41  20.98-0.47 21.06-+0.56 20.74-4+0.74
ks = ks’ 42.344+3.20 41.39+1.50 42.044+1.20 42.4540.52
by = ky’ 2.694+0.73 2504085 2.4540.78  2.3140.78
ks = ks’ 16.1144.39 15.1045.01 14.784+4.63 13.9344.62
ke = kg’ 7374117  6.97+1.40 6.69--1.39  6.45-1.28
kr = k7’ 13.3140.35 12.904-0.50 12.2240.72 11.84-+0.53
ks = ks’ + 8v/2rokyy 69.36--0.43 67.70-1.12  66.80-0.60  66.48-1.58
kg = ko' — 8/ 2rokyy 46.64+1.97 45.69--0.33 45.93+0.25 46.37-0.58
k1o = k1o’ + 16k,s  56.5540.30 55.27-1.34  55.65-1.70  55.67-2.48
ki1 = k11’ — 16kys  42.154+1.96 41.25-+0.31 41.884-0.03  42.37-0.67
k1o = k1o’ 57.80-4.85  51.32-1.15  50.83-0.56 48.41+1.26
ks = ki3’ 56.11-3.16  51.40-1.23  51.08-0.81  49.1740.51
kia = kia' + 4k,p  46.6140.83  45.69-0.95  46.37-1.32  46.72-2.03
kis = kis’ — 4k,p  43.9740.20  43.13-1.48  43.86-1.82  44.38-2.56
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The quality of the fit can be seen graphically in Fig. 3.6, which is similar to
Fig. 3.2. Since there are three parameters to fit, each one of the expressions for
k1,..., k15 should be represented by a plane in the b, — ky — k.4 space. Fig. 3.2
is a cut of this space at k,y = 0, while Fig. 3.6 is a similar cut at k.4 = 0.0132,
which is the best fit, as can be seen in Table 3.4. The target values of kq, ..., k15
are those obtained from GVB-CI calculations (the last column in Table 3.4). Using
these values of k,, ks and k,y, the phonon band structure was calculated and is
displayed in Fig. 3.7. This band structure is almost identical to the one obtained
by Singh and Dayal(4) using the same model; however, while their parameters were
fitted directly to the phonon band structure, ours were obtained from ab-initio
calculations. In other words, the parameters obtained by ab-initio calculations are

as good as one can have for that particular model.

It is interesting to compare the band structure obtained from the the three
parameter model (Fig. 3.7) to the one obtained from the two parameter model
{Fig. 3.4). Since the values of k, and %, are almost identical in both cases, the
only difference between the two band structures originates from the additional
interaction introduced by £,4. The major difference is seen in the optical branch.
In the two-parameter model, the theoretical TO phonon branch is more or less
parallel to the experimental data points, but it is higher by about 2 THz. In the
three-parameter model the TO branch is almost flat, has the right value at the
I" point, but overshoots the experimental value at the X point by about 1.5 THz.
All in all the three-parameter model obtains better values for the frequencies, but
worse values for %k% for the TO branch. The LA branch of the three-parameter
model is slightly worse than that of the two-parameter model, and it bends too
sharply near the zone edges. Near the zone center, the LA branches predicted by

the two models are almost identical. The TA branch is practically identical for
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both models. That also implies that the static elastic properties predicted by both

models will be very similar
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Fig. 3.8. Fitting the parameters of the Singh-Dayal model to the cluster
.2
calculations. By introducing a third parameter, k.4, which equals 0.359 eV/A in

this figure, a much better fit to the cluster crlculations was obtained.
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Fig. 3.7. Phonon band structure of silicon. The solid lines are theoretical
predictions of the three parameter model of Singh and Dayal, with parameters
calculated from cluster calculations. The triangles and circles are experimental

frequencies.
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The valence force field model.

The remaining inconsistencies of the Singh-Dayal model can be eliminated
by further improving the model. The most general model taking into account only
first nearest neighbors was formulated by Musgrave and Pople(s) and is described
in detail in the Appendix A-3.1. This model has five adjustable parameters, which
can be fitted to the fifteen spring constants &1,..., k15 of the cluster. The results
of this fitting are given in Table 3.5, and the expressions relating &q,..., k5 to
kr,..., kgit are given in Table 3.6. It is interesting to observe that the correction
to the bond stretching due to adjacent bonds term (k,,) and the correction to
bond bending due to opposite angles (ky") are both very small. That means that
by adding these two parameters to the Singh-Dayal model, one does not obtain
any significant improvement. It is also quite clear that this model, though much
more complicated than the simple bond-bending-and-stretching model, still cannot
account for the static elastic constants in any reasonable accuracy.

For the Valence Force Field model, it is no longer true that the parameters
calculated from the cluster produce the best possible band structure. The addition
of two extra parameters to the Singh - Dayal model increase significantly the ability
to interpolate the band structure. The fit of the parameters to special points of the
band structure, rather than to ab-initio cluster calculation, is presented in Table
3.7, and the resulting band structure is shown in Fig. 3.8. In view of the discussion
above, we cannot assign any useful physical meaning to the parameters in Table
3.7, and they can be viewed only as adjustable parameters of some interpolation
scheme. In other words, for any use other than phonon band structure, there is
no reason to prefer them to the parameters of Table 3.5, obtained from ab-initio

cluster calculations.
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Table 3.5 Fitting the five parameters of the Valence Force Field model to the
SisHqo cluster calculations. The values of k,, k., kg, k¢ and kgt in the second
to sixth rows are the best least-squares fit to the data points. They are expressed
in units of eV per square angstrom. The expressions relating the spring constants
of the various modes to &k, k;r, kg, kp and kpt are given in Table 3.6. The values
of these expressions for the fitted values of &k, and %y are given in the second to

fifth column. They are expressed as the true cluster value plus a deviation.

HF GVB R-CI GVB-CI
k, 11.27 10.68 10.79 10.77
korr 0.312 -0.002 -0.060 -0.181
Ero 0.397 0.385 0.376 0.359
ke 0.308 0.306 0.295 0.283
kst -0.031 -0.031 -0.026 -0.021
ky 48.334-0.48 44.06-1.37 43.97-1.52 42.69-1.77
ko 23.18-0.02 20.9840.37 21.06--0.40 20.74-+0.44
ks 42.34-+1.47 41.39+1.34 42.04+1.37 42.45-41.37
ks 2.694-0.37 2.504-0.54 2.454+0.53 2.314-0.47
ks 16.11+2.28 15.10-+3.15 14.78-+3.09 13.934+2.76
ke 7.37-40.99 6.97+1.32 6.69--1.32 6.454+1.19
kv 13.314+1.73 12.90+2.01 12.2241.97 11.84-2.04
ks 69.3640.05 67.70-0.20 66.80-0.80 66.48-0.76
kg 46.64-1.64 45.69-+1.69 45.9341.67 46.37+1.79
k1o 56.55-0.94 55.27-0.97 55.65-1.09 55.67-1.09
k11 42.154+0.75 41.25-4+0.70 41.88-0.64 42.374+0.73
k1o 57.80-2.33 51.32-2.03 50.83-1.92 48.41-1.45
kis 56.11-0.65 51.40-2.11 51.08-2.17 49.17-2.21
k14 46.61-0.87 45.69-1.08 46.37-1.14 46.72-1.15
k1s 43.97-1.40 43.13-1.60 43.86-1.63 44.38-1.68
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the five parameters of the Valence Force Field model of Musgrave and Pople.

ki = 4k,
ko = 2k,
ks = 4k,
kg =

kz =

kg =

k? =

ks = 4k,
kg = 4k,
kio = 4k,
ki1 = 4k
kio = 4k,
kiz = 4k,
k14 == 4%,
k15 = 4k,

ﬁ‘lzkrr
%‘rir
—‘4krr

ﬁ‘g\/§TOkr9
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24k
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Table 3.7 Fitting the valence force field model to the phonon band structure
at the I, X, L and Ly/2 points. The values of k., &y, kre, k9 and kg in the
second row are the best fits to the experimental data points. They are expressed
in units of eV per square angstrom. The expressions relating the spring constants
of the various modes to k,, ..., kg/f are linear combinations, whose coefficients are
given in the second to sixth column. The values of these expressions for the fitted
values of £,, ..., ky are given in the seventh and eighth column. They are expressed
as the target experimental phonon value in column seven, plus a deviation in
column eight. The experimental phonon spring constants were calculated from
the corresponding frequencies using # = Mw? and M =28.09m,,.

k., kpp krg kg kgtt exp. misfit

fitted value 9.19 0.52 -0.12 0.28 0.02

T0O,LO() 8/3  -16/3  -64/3  64/3 -64/3  27.92  -0.35

TO(X) 8/3  -16/3  -18/3  4/3 -4/3 22.4 -0.2
LO,LA(X) 4/3 8/3  -16/3  40/3 8/3 17.6 -0.1
TA(X) 12 -12 2.3¢  40.81
TO(L) 8/3  -16/3  -40/3  34/3  -16/3 25.0 +0.0
LO(L) 2 18.4 +0.0
LA(L) 2/3 8/3 -16/3  64/3  -64/3 14.9 -1.7
T A(L) 6 1.36 +0.3
T A(%q s2) 6 2.07 -0.38

TO(S12) 8/3  -16/3  -40/3  34/3  -16/3 240  -+1.0
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Fig. 3.8. Phonon band structure of silicon. The solid lines are theoretical
predictions of the valence force field model of Musgrave and Pople. The parameters
of the model in this case were chosen to fit ten experimental special points in the
phonon band structure, and were net calculated ab-initio.
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Modes used in calculating Vasil’ev’s model.

The fifteen modes used before are not enough to fit the parameters of
Vasil’ev’s model, and eight other modes were calculated. In these eight modes, the
inflated hydrogen atoms no longer moved together with their corresponding silicon
atoms. In modes 16 and 18 the silicon atoms remained in their equilibrium posi-
tion, while each hydrogen atom rotated in the plane defined by itself, its nearest
silicon atom, and the central silicon atom. The angle of rotation was equal to t/rg.
Mode 16 was symmetric, that is, each hydrogen atom moved in the same direction
toward or away from the central silicon atom. Mode 18 was antisymmetric, that
is, the hydrogen atoms adjacent to two silicon atoms moved toward, while the
others moved away from, the central silicon atom. In modes 17 and 19, each
SiHs group moved together along the z-axis by an amount equal to {. Mode 17
was symmetric, i.e., the two groups whose silicon atoms lie above the xy plane
moved up, while the other two groups moved down. Mode 19 was antisymmetric,
ie., all four groups moved in the same direction, a motion which is equivalent
to all atoms in rest except the central silicon atom which moves up and down.
Mode 20 consisted of a symmetric scission mode, similar to that of mode 5, but
the angle of rotation was ¢/rg rather than ¢, and the hydrogen atoms performed
a similar scission motion. This mode can be thought of as the motion of atoms
in the diamond structure, with a rigid bond length, under a uniaxial (100) stress.
Mode 21 was the antisymmetric form of mode 20, i.e., two groups performed the
motion of mode 20 with the angle t/rg, the other two groups with —¢/ry. Modes
22 and 23 were similar to modes 21 and 22, but with an additional symmetric or
antisymmetric stretching of the S7— S bonds. The spring constants of each one
of these modes is given in Table 3.8. Table A-3.4.1 in Appendix A-3.4 contains a

quantitative description of each one of these modes.
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TABLE 3.8. Calculated spring constants in units of eV per square t for the
last eight modes. Here t is the parameter describing each mode in Table 3.1. The
spring constants are calculated using four methods of calculation: HF, GVB, R-CI
and GVB-CL

Mode HE GVB R-CI GVB-CI
16 8.03 7.95 8.08 8.05
1T 6.83 6.31 6.42 6.64
18 4.54 4.54 4.68 4.68
19 4.57 4.93 4.44 4.46
20 15.35 14.99 14.91 14.61
21 14.23 14.15 14.01 13.93
22 66.61 62.21 61.99 60.16

23 65.20 61.66 61.53 59.97
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Vasil’ev’s model

The 23 modes calculated so far were used to fit the parameters of Vasil'ev’s
model. This four-parameter model was described qualitatively in the introduction,
and Appendix A-3.3 describes how to obtain the phonon band structure using this
model. Unlike the previous models, for which it was straightforward to obtain the
parameters from the cluster calculations, this model requires a long and tedious
procedure to obtain the parameters. This procedure is described in Appendix
A-3.4. As it turns out, we do not obtain all the four parameters of the model, oy,

oo, B and A, but only the first two, and the combination

(=)

These values are given in Table 3.9, which is an extraction of Table A-3.4.5 of

Appendix A-3.4.

TABLE 3.9. Calculated parameters of Vasil'ev's model, in units of eV
per square angstrom. «p is the central-nearest-neighbor-force constant, «o is
the second-nearest-neighbor-force constant, 3 is the non-central-nearest-neighbor
force constant, and A is the torque parameter {cf. Appendix A-3.3).

HF GVB R-CI GVB-CI

o 8.65 8.63 8.57 8.76

ao 0.593 0.449 0.533 0.430
B(1— =) 0.430 0.503 0.365 0.411

The parameter A has to obey the stability condition

1 1
- <AL =
4 2
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which defines a limited possible range for . The phonon band structure obtained
using these pararﬁeters is given in Fig. 3.9. The adjustable value of A was
arbitrarily chosen to be A = 0.26, which is in the lower part of the possible
range. By changing A throughout the entire range, the phonon band structure
did not change by a lot, and the major changes were a slight increase in the TA
branch for increasing A, and the formation of a cusp in the TO branch at the I
point for A—0.25.

One can see that the four-parameter Vasil’ev's model is slightly better than all
the models described before. The TA branch is better than in the previous models,
but its slopes near the I point (which determine the static elastic properties) are
still not accurate enough. In addition, this model gives a slightly better TO branch

near the X point, but still, the obtained frequency is tco high by almost 1THz.
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Fig. 3.9. Phonon band structure of silicon. The solid lines are theoretical
predictions of Vasil’ev’'s model, using parameters obtained from ab-initio cluster
calculations. The triangles and circles are experimental frequencies, obtained
from neutron scattering experiments of Dolling (triangles) and Nilsson and Nellin

(circles).
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Comparison of the different models

In Table 3.10 we compare the phonon band structure as predicted by all
the different models with experimental results. The parameters of the modéls
were obtained from ab-initio cluster calculations using the GVB-CI method. The
models appearing in Table 3.10 were the simple bond-bending and-stretching
model with two parameters; the Singh-Dayal model with three parameters and
Vasil’ev’s model with four parameters. The five-parameter model of Musgrave
and Pople does not appear in this table, since it predicts a band structure which
is almost identical to that of the Singh-Dayal model. Regarding Vasil’ev's model,
we have seen before that only three out of its four parameters could be calculated
from our clusters, and the fourth parameter, A, can vary in the range 0.25 <
A < 0.5. In Table 3.10, we compare two values of A, which are near the edges of
this range. As one can see, only the TA branch changes significantly.

In Table 3.3.11, we compare the static elastic constants, predicted by the
various models, with experimental results. The elastic constants diasplayed are
¢11, ¢12 and c44, as well as two linear combinations of the first two. These two
linear combinations are the bulk modulus B which satisfies B = (¢11 + 2¢12}/3,
and ¢;; — cy9. These two particular linear combinations were chosen because B
involves only bond stretching, while ¢;; — ¢y5 involves only bond bending. One
can see that the agreement between the models and the experiment is reasonable
for ¢;1 and B, which involve mainly bond stretching, while it is poor for ¢, 44

and ¢;; — ¢o9, in which the bond bending contribution is more significant.
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TABLE 3.10. Phonon frequencies in THz at the I', X, L, A(1/2) and

¥:(1/2) points. The predictions of the models used in this chapter are compared to
experimental results. The models tabulated below are the simple bond-bending-
and-stretching (SBBS) with two parameters, the Singh-Dayal (S4D) model with
three parameters, and the model of Vasil’ev et al. with four parameters. A, the
torque parameter of Vasil’ev's model, was not obtained from first principles. It
may vary in the range 0.25 < A < 0.5, and the predictions of the model near the

two end points of this range are given in this table.

SBBS S4D Vasil'ev Vasil'ev Experiment
special point (A=0.26) (A=0.49)
Tos(LO,TO) 174 153 15.2 15.0 15.5340.23"
X3(TA) 544  5.39 4.13 5.25 4.5140.02"
X1(LALO) 12.6 118 12.0 11.9 12.44-+0.03"
X4(TO) 15.9  15.3 14.7 14.8 13.9040.30"
La(TA) 3.85  3.81 2.84 3.56 3.4140.02"
Lo (LA) 107 9.85 10.4 10.2 11.35+0.30"
L1 (LO) 137 13.6 13.5 13.5 12.604-0.32"
L3(TO) 167 153 14.8 14.8 14.68+0.30"
As(1/2)(TA) 365 3.8 3.00 3.67 3.9440.02"
Ai(1/2)(LA)  6.80  6.75 6.96 6.91 7.3
Ax(1/2)LO) 162 145 14.5 14.4 14.87"
As(1/2)(TO) 167 153 14.6 14.9 14,41
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TABLE 3.10. (Continued)

SBBS S+4-D Vasil'ev Vasil'ev Experiment
sp. point {A=0.26) (A=0.49)

T4(1/2)(TA) 385  3.81 3.07 3.57 4.244-0.01""
T3 (1/2) 566  5.74 5.70 5.49 6.0340.02""
£ (1/2) 898  8.54 8.68 8.87 8.604+0.18"
s (1/2) 145 135 13.5 13.4 12.8340.27"
£t(1/2) 165  15.6 15.1 15.1 14.5540.38"

£o(1/2)(TO) 167  15.3 14.5 14.8 14.554-0.38""

(a) Dolling, Ref. 1.

(b) Nilsson and Nellin, Ref. 2.

(c) Dolling, (op. cit.). The frequencies for q=0.5 were interpolated between
q=0.4 and q==0.6.

(d) Dolling, {op. cit.). It is not known whether the frequency of 14.55 4 0.38
belongs to the L5 or to the EI" branch.
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\

TABLE 3.11. Static elastic constants of silicon (in units of 10! J.m™3)
The predictions of the models used in this chapter are compared to experimental
results. The models tabulated below are the simple bond-bending-and-stretching
(SBBS) with two parameters, the Singh-Dayal (S+D) model with three parameters,
and the model of Vasil'ev et al. with four parameters. A, the torque parameter of
Vasil'ev’s model, was not obtained from first principles. It may vary in the range
0.25 << A < 0.5, and the predictions of the model near the two end points of this
range are given in this table.

SBBS S+D Vasil'ev Vasil'ev Experiment(a)
(A=0.26) (A=0.49)

€11 1.40 1.39 1.73 1.66 1.675
c12 0.90 0.89 1.05 1.06 0.650
C4q 0.42 0.48 0.49 0.45 0.801
B 1.06 1.05 1.28 1.26 0.992
11 — C12 0.51 0.50 0.67 0.60 1,025

{a) McSkimin (Ref.3.), at 77 K.
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3.4. Summary and conclusions

We have performed the first calculation of the elastic properties of bulk silicon

from ab-initio small cluster calculations.

Four levels of ab-initio quantum-chemistry methods were used to obtain
elastic properties of silicon clusters. The clusters were Si(SiHz)s molecules,
with hydrogen atoms that were inflated to mimic silicon electronegativity. An
improvement (softening) of up to 15% was achieved by going from the simplest
(HF') to the most complicated (GVB-CI) method of calculation. Most of this
improvement was obtained between the HF' and the GVB methods, but a slight

further improvement could usually be achieved by using GVB-CI instead of GVB.

Using the elastic properties of the cluster, we have calculated the phonon
band structure of bulk silicon by utilizing four different models. In three of these
models, the elastic energy could be expressed in terms of the atomic positions,
i.e., there were no hidden coordinates. These models included the simple bond-
bending-and-stretching, with two parameters, its modification by Singh and Dayal,
with three parameters, and the valence force field of Musgrave and Pople, with
five parameters. Models with more adjustable parameters were not treated in this
work since they require larger clusters to calculate their parameters. The fourth
model treated in this work was the one by Vasil’ev et al. It had four parameters
and involved some hidden coordinates that were calculated separately. These
hidden coordinates made the model both powerful and tedicus.

The silicon phonon band structures obtained by these four models, were in
qualitative agreement with experiment. Some features of the band structure,
especially the LA branch, agreed quite well with experiment for all the four
different models. The TA and TO branches improved from the two-parameter

to the three-parameter to Vasil’ev’'s model. No significant change was observed on
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going from the three-parameter (Singh and Dayal) to the five-parameter (Musgrave
and Pople) model. The slope of the TO branch was best approximated by the
two-parameter model, while Vasil’ev’s model described best the slope of the TA

branch.

The parameters for all the above models were calculated from first principles,
using small-cluster calculations. In the case of the two- and three-parameter
models, these parameters result in band structures that are at least as accurate
as any other set of parameters for the same model. However, in the case of the
five-parameter model of Musgrave and Pople, one can fit the experimental band

structure better than it is possible from ab-initio calculations.

All the four different models described rather poorly the slopes of the TA
branch near the I' point, which determines some sound velocities and static elastic
properties. In all the different models the predicted sound velocities associated

with the TA branch are smaller than those observed experimentally.

In general, short-wave phonon frequencies were in better agreement with ex-
periment than static elastic constants, and among the static elastic constants,
those dominated by bond stretching were in better agreement than those dominated

by bond bending.

In conclusion, we can apply the method described in this chapter to obtain
the spectrum of evanescent vibrations from first principles. Using models that
involve only nearest-neighbours interaction, we can expect reasonable accuracy for
the vibrational frequencies (10%-20%). We can expect even better accuracy for
vibrational modes involving stretching of bonds. On the other hand, we cannot
expect to be so accurate in predicting static elastic properties, especially when
the strain involves only bending of bonds. In that case, errors of the order of

50% may occur. In order to properly account for bond bending in the static
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limit, one should take into account longer-range interactions; larger clusters are
needed to calculate these interactions from first principles, requiring a much larger

computational effort.
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Appendix A-1.1. Statistics of carriers in bulk semiconductors.
In this appendix, the statistics of carriers in semiconductors is presented, and
a formula for the space charge in a semi infinite semiconductor is derived. This
material may be found in most textbooks dealing with physics of semiconductors,
for example Sze V) pp16-27. It is repeated here for convenience.

The density of the electrons in the conduction band is given by

2 —E
n = —\/:Nc?(“k Tc) (A—1.1.1)
p B

where IV, is the effective density of states,

(If the conduction band minimum has more than one equivalent valley, ('m:)?’/ 2 s

multiplied by the number of valleys). Similarly,

2 By —
=——Mi(l~ﬁ) (A— 1.1.2)
p kgT

The Fermi-Dirac integral ¥ is given by

Ve dg

0o 1-exp(¢”—r¢)

Fl¢)=

If the Fermi level is well within the band gap, then ¢ = (¢ — E,;}/kpT is very

negative, and ¥ can be evaluated analytically.

2 '—Ec
—F(¢) =~ eXp(N‘Zc )
VT 5T
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The density of excited donors is given by
Np
—5 )
1+99ﬂp0%ﬁﬁ)

N = (A —1.1.3)

where gp is the degeneracy factor. Similarly, the density of ionized acceptors is

Ny
R Py

N7 = (A—1.1.4)

kg

The position of the Fermi level in the bulk is given by charge neutrality:
n+N7—p—NE=o, (A— 1.1.5)

Given a semi infinite semiconductor, then deep inside the bulk the Fermi level
has to satisfy (A-1.1.5), otherwise the semiconductor will be charged by an infinite
amount of charge. Near the surface, however, charge neutrality does not necessarily
hold, and there could be some excess charge near the surface. If Q.{(z) is the total

charge per unit area between z and oo, i.e.,
o0
Qs(x) =/ (p— n—{—Ng' ——NZ) dz
x

then there is a one to one relation between Q¢(z) and the Fermi level at z. Denote
by n(z) = p — E¢(z), the relative fermi level with respect to the conduction band,

then
B =L0s) n=(—E)

N
e — n(n)+ (SN2 ) — ()

Dividing these two equations by each other we obtain,

. —Ng(n))_ ] _ P
l (?7)+(+NZ(W) p(??) dn co Q:d4Q

, (A— 1.1.6)
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which can be reduced to an integral:

o, J2ee [T , —NKM?) ﬂ , n-type
Qsm)mi\/ g2 /n(oo> [n(n)jL(—i-NZ(n’) )] p-fype

References
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(1981).
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Appendix A-1.2. The density functional formalism

The spatial arrangement of charge near a jellium surface, as well as the
conventions for energy levels were given in Fig.1.1 in section 1.3. The electrons
are subject to an effective potential v.q, which is the sum of the electrostatic
potential energy, as well as the exchange-correlation energy. The charge density was
calculated by solving the one-dimensional Schrodinger equation with the effective
potential v.q, to obtain the wavefunctions ¥ (z). Summing |¥4(z)|% over all the
k-vectors in the Fermi sphere gave us the charge density n(z) as a function of
position.

In order to close the cycle and calculate the effective potential from the charge
density, we have to use the density-functional formalism D ot Hohenberg and
Kohn'® and Kohn and Sham®’. According to this formalism, the total energy

of the ground state of the electron gas is given by
Eln] = fgb(i')n(i') ¢ + Gln|, (A —1.2.1)

where G|n] is a universal functional of the local density n(¥), including average

kinetic energy, exchange and correlation interactions, and

[ n®)—nt@)
$(F) = f - dt,

is the long range Coulomb interaction of both the positive background and the
electron gas. Hohenberg and Kohn were able to prove the existence of such func-
tional, but the problem of actually finding this functional is still unsolved for a
rapidly-changing charge density. In order to proceed we have to use further ap-
proximations. The most common of these approximations is the Local Density

Approximation, in which we assume that the electron density is slowly varying (on
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a characteristic length of 1/k; ). This assumption clearly does not hold near me-
tal surfaces and interfaces, but it is nevertheless often used, for want of a better
formalism. Under the Local Density Approximation, we can write G[n] as a sum

of kinetic, exchange and correlation energies.
Gln] = n-eln] = n- (t(n) + ex(n) + ec(n)). (A — 1.2.2)

. C (4) . .
Expressions for the kinetic and exchange parts are well known'— and are given, in

atomic units (Hartrees and Bohrs), by

tin) = —(37°“n =
(n) = Sylernl* = =
and
3 0.458
eaoln) = —(3n/7)/* = —=——.

Expressions for the correlation energy are more complicated, and there are several
interpolation schemes to obtain good correlation expressions between the limits of
very high and very low densities. The asymptotic expression for high densities was

obtained by Gell-Mann and Brueckner

€8 = 0.03110grs — 0.048 + O(rs).

[+

Other expressions more suitable to metallic densities are given by Wigner (cf.

. 1) . .y (8) . . A7)
Pines' eq. {3.58) ), Pines and Noziéres =~ and Vashista and Singwi

—0.44
V= (A—1.2.3)
re + 7.8
£’V — 0.0155log rs — 0.0575, (A — 1.2.4)

v
¢

e/ = 0.01675log rs — 0.056. (A— 1.2.5)
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The chemical potential u, of the electrons in the jellium model is given by the

Lagrange multiplier in the variational equation for n(¥ )
§(E[n] — uN) =0, N = /n(i’) d¥. (A—1.2.6)

The meaning of this equation is that E'[n] given by (A-1.2.1) is a minimum with
respect to any small change in n that conserves the number of particles. Therefore,
- for the corect density n, that is, the density satisfying (A-1.2.6), the chemical

potential is given by
0 Gn]

p= ¢(f) + on(F)

under the local density approximation, this last equation becomes,

_ §E . dne(n) 1,
b= ¢(¥ + ( o )n=n(i') = ¢(¥) + P ¢(F) + 2kf + tge(n).
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Appendix A-1.3. Sugiyama's sum rule.

One of the most useful sum rules applicable for jellium surface calculations is
the conservation of charge. Sugiyama’s sum rule expresses conservation of charge
in terms of the phase of the wave functions deep inside the jellium. This sum rule
is used in calculating the parameters of a non-self-consistent effective potential.

Non-self-consistent calculations are performed in the following way. We as-
sume a general form for an effective potential, solve Schrdinger’s equation to obtain
wave functions, and sum up the square of the wave functions with wave vectors in
the Fermi sphere to obtain the electronic charge density. The total charge density
(i.e., the electronic plus the background densities) from —co to +co should sum up
to zero, if the system is electrically neutral. If the jellium is not electrically neutral,
the total charge density has some prescribed value. This requirement forms a con-
straint on the shape of the effective potential. Alternatively, it is very convenient
to assume a certain shape of the effective potential and to reposition the jellium
surface with respect to it, so as to obtain overall charge neutrality or some other
surface charge density.

The Sugiyama’s sum rule, extended to non-neutral surfaces states that

k:}a —E— kfk dk k? oc=0
3are ' g2, i 8T e

Here &y is the Fermi wave number, g is the position of the jellium surface, v(k) is
the asymptotic phase shift of the wave function associated with the wave number
k, and o is the number of excess charges per unit surface area. We shall now define
all this terms precisely, and prove the sum rule.

The effective potential is assumed to vanishes deep inside the jellium. Therefore,

the wave functions have an asymptotic form:

Yir(z) ~ -—\/}—? sin[kz — (k)] z € 0. (A — 1.3.1)
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Here —+/2/L is the normalization factor, assumming that the wavefunctions ex-
tends only to £ = —L, rather than to —oo, and taking the limit L—oco. v(k) is
a phase shift satisfying
klgrno (k) = 0.

It is worth noting that the effective potential, v 4, enters the asymptotic form of
¥y for z— — oo only via this phase shift . Sugiyama(l) was the first to formulate
the charge neutrality condition using these phase shifts. His original proof is quite
complicated, and instead, an alternative proof by Langreth(z) is presented here and
extended to non-neutral surfaces and arbitrary surface position. In essence, the
Sugiyama sum rule is analogous to the Friedel sum rule’ developed for a spherically
symmetric effective potential.

In the derivation below, we assume that the wave function ¥j(r) satisfies the
Schrodinger equation,

-h—’2 a2,¢)k(x) _ ﬁ2k2
Tom 952 + ver(z)Pr(z) = “2_m_7//k("3) (A—132)

One can calculate the electron number density by integrating |%|? inside the Fermi
sphere. Recalling the spherical symmetry of the Fermi sphere, and the fact that

the wave functions are plane waves in the y and z directions, this integral becomes,

L [*
= 2 ;2 2
nfa) = 575 . (kF = K)len(a) dh.
One can show that
k3
o -4 _+
a;—in—l-loo n(z) o 372 nee

The positive background extends from —oo to £ = g, i.e., the total charge density

(in atomic units ) is
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and the total surface charge is
o= ne(z) dz.

—00
In his paper, Sugiyama required o = 0, i.e. the whole system is overall neutral.
Langreth proof, however, extends very easily to an arbitrary o.

Multiply (A-1.3.2) by ¥ and subtract from a similar expression with k and

k’ interchanged, to get

Py ¢

Vi 52 Il)k’ = (k* — &)y i
:2:

or,

o0 _ O _ e gy g
ax(wk P Vi ax)——(k k)i

Integrating from z to oo,
I'OO

'—jm Ve¥p de =

w2 : (¢k BJ): — Pp’ 8,/),;) (A—1.3.3)
This integral was derived using ¥ (o0) = 0. Now let &’ = k 4+ Ak, where Ak is
very small. Then,

¢ (z)

Vi (z) =~ Yr(z) + Ak o

b4

so by taking the limit of (A-1.3.3) when &’—#%, we obtain

0 2
f e )lgdz—-—-——(%‘-%-—wka ¢")
z 2k z

Define Q*(:c) to be the charge per unit area from z to co,

Q*(x) =/; ny(z’) dz

k.} fore] k’-

= 2(a——9:)6(a-—:c———-/ f 2 — k%) (2)? dk dz
37% kf kOQ k2 b

_ k% 5 Oy Oy <Yy
37 0= 86— 2+ o5 2#2 o 2k (ak PP Bké‘z)
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and for £ <€ 0, we can take the asymptotic form of ¥x(z),

Pi(z) ~ —\/%sin(kx — 7).

k3 kg k2 . k‘2 3 1
Q*(z) S 'é‘f_z(a' —z)+ = /; / (kx — kL 5 sin(2kz — 27)) dk

g a2 k 8k
k3a k’- kf k2 — k2
- kS — k9 Y— dk — — ———sin{2kz — 27v) d
372 ' 212 Jy (k )5k 472 Jo k (2ka — 27) dz

Now let z— — oo, and we obtain Sugiyama sum rule

3 kg k2
a 1
a=Q*(—oo)=—f—+—-2-/ kfydk—————f— (A—1.3.4)
T < Jo 87

using

[kf 2 2,07 o 2, 1ks k1 /.kf
k% — kYy—dk = (k5 — k 2k~ dk = kv dk
J: (k% )5 (k% ], + ] 2 A

and

lim / e sin(2kz — 27) dk = kJ% - 84(0) = —
0

&L -0

References
1. A. Sugiyama, J. Phys. Soc. Japan 15, 965 (1960).
2. D. C. Langreth, Phys. Rev. B5, 2842 (1972).
3. J. Friedel, Phil. Mag. 43, 153 (1952).
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idea is to evaluate fiooo ¢>($)‘%’§;ﬂ dz, writing the electronic charge density as the
difference between the positive charge density and the total charge density. In the
first term, the positive background density is a step function, whose derivative is a
delta-function. The second term we integrate by parts, recalling that the derivative

of the potential is related to the integral of the total charge density by the Poisson

equation.

f o) 52 dx = it ¢(x)de—/ o(m) 22 g

—00 dz —oa dz —o0 dz
= —nT H(z)6(z — a)dz — f ¢(x)@—t—(—x—)— dz
—o0 oo —00 dz
_ -—n+¢(d) _[ ¢(x)dnt($) dz
—o0 dz
Now
[ ¢($)dn(;(:v) dz = [p-ne] 2, —f @-nt(ﬂi)dﬂ?
—_—00 z o —oo0 dzx
= — ~—ooo<;_i-nt($) da;
=2 nt(:v)[ ne(z') ds’ dz
€0 Y —o0 — O

— --2%(/_0; nt(:c)dx)g

The last equation follows from exchange of variables:

f ni(z) f Vdz' dz = f f  nyle) de o,

and then taking the average of both sides. Therefore,

00 2
R =i( [ mteraz) = ot

—Q0 2¢€p —_— 0
QO'
= — —nt4(e)
260




-180-

Recall that in equilibrium, assumming the local density formalism,

_ { dlneln])
——(-———--——dn +q¢)

is constant throughout space (the potential ¢ is assumed to be zero at z = —o0).

Recall also that

Thus,

_ 1 [% (dnen]) )dn
M——F ——oo( dn T ¢ Zi;dx

oo o0
1 / d(ne[n]) dn 1 / dn
e ——dr — — —d
nt Jew dn dz g nt J—xo q¢($)dz v
1

1 00 420 +
= —F[neln”——oo + ) +nT - ng(a)]

and thus,

q2 0.2

= €[n(—o0)] — e T g¢(a). (A—143)

But

__ Bnle[n]) den]
b= on

on +qp=¢ln]+n

+ g6 (A—1.4.4)

Substituting (A-1.4.4) with n = n = n(—o0), we obtain the modified Budd —

Vannimenus theorem

3 2.2 :
qd(a) = n+( ;Z‘])n=n+ + 2221@ (A — 1.4.5)

References

1. H. F. Budd and J. Vannimenus, Phys. Rev. Lett. 31, 1218 (1973).
2. G. D. Mahan and W. L. Schaich, Phys. Rev. B10, 2647 (1974)
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A-2.1. Crystallographic Appendix

Special care should be taken in order to have a set of consistent crystallographic
notations. Confusion might occur when two sets of notations are possible -at the
same time. This happens for rhombohedral crystals, in which one often appends
three unit cells to obtain hexagonal structure, and also for face and body centered
structures, in which it is common to refer to the simple structure unit cell, which
is twice or four times larger.

It is always recommended to work with the smallest possible unit cell when
it comes to lattice match, i.e., one should work with rhombohedral rather than
hexagonal, and face-, one-face-, or body-centered structures rather than the simple
one when both are applicable. On the other hand, one should be able to report the
results in hexagonal rather than rhombohedral, and in simple structure rather than
body- or face-centered structure notation. In this appendix, the transformations

from one set of notations to the other will be clarified.

Rombobhedral and Hexagonal notations.
When one works with rhombohedral materials like sapphire, it is sometimes

convenient to transform to hexagonal notations. We follow here the conventions of
M. L. Kronberg.(l)
Three thombohedral unit cells are joined to give a hexagonal unit cell. If &4,

&5, and &3 are the rhombohedral primitive vectors, one can form a set of hexagonal

vectors A1, Kg,‘ A5, and € such that,
11 = a1 - 529
Ky =13, —1,,

Ay =1, —1,
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é=31+52+53.

The inverse of this transformation is given by,

2k, +X,+C
i = 2 ;
1 __-——11—}—12-1—6
2 3 ?
—K1—2K2+é
83 = 3 .

If # = «&; + f8> + 83, is a vector in thombohedral coordinates, then the

hexagonal representation is:

v=E&:g:lxr+&i%:ﬁgr+ii§il@

Therefore, the transformation from rhombohedral to hexagonal with three indices

is given by [a, 8, 7|(R) = [U, V, W](H ), where

Qe — B —
U=_Lu’ V =

- a—l—ﬂ—%{’ W=a+ﬁ+7_

3 3
It is left to transform from hexagonal three-indices [UVW] to four-indices [uvtw]

notation. This transformation is given by(z)

U=u—1t, V =v —1, W =w,

U —V oV —U
9= —, U == e = —u—uv, w=W.
3 3

a;ﬂ’ﬁ;’Y,W;a,a‘l‘gﬁ"Y](H).

[, B,71(R) = |

(e.g., [LLOJ(R)=[0,1,1,2](H).)
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Similarly for reciprocal lattices, the transformations from rhombohedral (HKL)

to hexagonal-four-indices (hkil) are given by(g)

2h 4k +1 h—Fk +1 —2k — h 41
_ohkAl o h—ktl +

H —_
3 3 3

H

h=H—K, k=K-—L i=L—H, I=H+K-+L.

e.g., (110)(R)=(0112)(H), (411)(R)=(3036)=(1012)(H).

The relationships between the hexagonal parameters (ap, c) and the rhom-

bohedral parameters (a,, @) are given by(a)

2
—a2 /24 A/3
ar = \/a? /34 ¢2/9 cos @ =
T k,/ + / a%+€2/3
— - — 2 2
ap = 2a, sm—2— ¢=34/as — a3 /3.

Simple and face-, body-, and one-face-centered notations.

Crystal structures fall into fourteen Bravais types: triclinic, simple monoclinic,
one face centered monoclinic, simple orthorhombic, face centered orthorhombic,
body centered orthorhombic, one face centered orthorhombic, simple tetragonal,
body centerd tetragonal, hexagonal, rhombohedral, simple cubic, face centered
cubic, and body centered cubic.

Out of these fourteen structures, seven are simple and seven are either face
centered, body centered or one face centered. Usually, when it comes to designations
of fasces and directions, it is more common to refer to the axes defined by the
corresponding simple structures. For example, the face centered cubic structure
has a standard set of primitive translations, namely, {0,1/2,1/2], [1/2,0,1/2], and

[1/2,1/2,0], but directions and planes are referred to the simple cubic directions,
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ie., to [1,0,0], [0,1,0] and [0,0,1], which are not even primitive. In this appendix,
the transformations from one set of notations to the other are described.
Let 84, Us, and @3 be the simple basis, for example (100), (010) and (001) for
cubic crystals. Let ¥, ¥5, and ¥3 be the standard basis for the face- or body- or

one-face-centered structure. Then

¥ 1
Vo | =B 12|,
93 ds

where the transformation matrices B for face-centered, body-centered and one-face-

centered structures are given by

0 1/2 1/2 —1/2  1/2 1/2
Bio=|12 0 1/2|,  Be=|12 —1/2 12|,
|1/2 12 o | 1y2 12 —1/2]
and 12 —1/2 0
Boge=1{1/2 1/2 O
0o o0 1

Let B;, ¥ and ¥y be the reciprocal basis of the simple structure, and 8¢, 85, and

83 be the reciprocal basis of the face-centered, body-centered or one-face-centered

structure.
"’ﬁl“ 10 0‘] vf\
U | (F1,¥2,F3) =| 0 1 0|= ¥2][(%1,%,78;)
i3 0 0 1 V3
then,
1 0 0 i

0 1 0|=B|iy|(#,2,8)B ",
0 0 1 o
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and, therefore,

(81,%0,83) = (F1,¥o,%3)B 1.

Transformations of planes
A plane is determined by the reciprocal vector. If a plane is written as
(n1,ng,n3) in the simple structure notation, and as (my, ma, ms) in the fc, be,
or ofc notation, then these two triplets have to represent the same vector ¥.
ny n my

F= (?]_,-1'2,1'3) ng | = (gly 32,§3)B ng | = (31’32) 33) ma

na ng m3
Therefore,
L5\ 'ml‘l
B Ng = | M R
ng m3J

and one has to multiply from the left by the B matrices in order to transform a

plane from simple to centered notation.

Transformations of crystal directions
A direction is determined by a lattice vector. If this vector is written as
(ny1,ng,n3) in the simple structure notation, and as (mq, ma, m3) in the fc, be, or

ofc notation, then these two triplets have to represent the same vector §.

1 §1 V1 ¥1
i = (ny,n0,n3)| 82 | = (n1,n2,73)B~ 1| 92 | = (m1, ma, m3)| %2
i3 ¥3 ¥3

Therefore,

(nlynQ: 7?,3) = (mlam23 m3) : Bal,
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or by transposing,

. —

| ny | m1
No | = (B—l)T 79
nsr Lm3

In other words, one has to multiply from the left by the (B"'l)T, in order to

transform a direction from simple to centered notation.

—1 1 1 %mo 11
Bf_cl"—“ll —1 1 B;,;’L:il 0 13,

|

r1 -1 |11 0

and

o

sl

Il
T

L

-
-2 2

' <
o
ot

-
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2. C. S. Barrett, Structure of Metals McGraw-Hill, New York (1952), pp12-15.

3. J. C. Slater, Symmetry and Energy Bands in Crystals, Dover 1972 p.21
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A-2.2. Mathematical Appendix

In this appendix, we formulate the concepts of lattice match in a rigorous way,
and prove all the results quoted without a proof in section 2.2. These include a
proof that the reduction procedure described in Fig. 2.2 terminates after a finite
number of steps, and results in a reduced basis, a proof of (2.2.3)-(2.2.6) regarding
the construction of all the possible superlattices of a certain order, and a proof that

there are at most o(n) distinct superlattices of order n.

Definition 1: Two 2-dimensional lattices will be called congruent if they
are obtained from each other by a rigid transformation (translation, rotation or
reflexion).

Definition 2: Two 2-dimensional lattices will be called matched if each one

of them possesses a superlattice, such that the two superlattices are congruent.

With these two definitions in mind, one sees that the problem of lattice
match between any two given 2-dimensional lattices, reduces to scanning over
superlattices, and then for each pair of superlattices determining whether or not
they are congruent. Lets treat the congruency problem first. The problem here is
that while a lattice is uniquely determined by its basis, there are infinitely many
bases that generate the same lattice. (A basis of a lattice is a set of two vectors
% and B, such that all the lattice points can be written as n1% + nob, {n1 and
ng are integers). For a general treatment of lattices see for example Cassels.” The
approach to the solution of the congruency problem is by using reduction, that is,
finding a particular basis for any given lattice, in such a way that only intrinsic
properties (lengths and angles) of the lattice would be involved, but not through

any particular coordinate system.
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Definition 3: Given a two dimensional lattice, a basis (3,5) will be called

reduced if it has the following properties:

|| is the smallest possible length for a nonzero lattice vector. (A—2.1)

|B] is the smallest possible one for a lattice vector linearly independent of 3.
(4 —2.2)
i -b>o. (A — 2.3)

This definition is very similar to the one given by Cassels’ (p.27), except
for (A-2.3) which was added to further reduce the number of “reduced” bases.
Condition {A-2.3) can always be satisfyed by taking -b instead of b if necessary.
For any given lattice, there exists at least one such reduced basis.” The existence
of such reduced basis is not enough, since what one needs is a constructive way to

obtain it. This is what theorem 1 and the conclusion following it are all about.

Theorem 1: Conditions (A-2.1) and (A-2.2) of the above definition can be

replaced by the weaker condition:
|8 <[B| < min(|b — &, b + &) (A4—24)

Therefore, if (,b) is a basis satisfying (A-2.4), then it will satisfy (A-2.1) and (A-
2.2).

For the proof of theorem 1, we shall need an obvious proposition.
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Proposition: Let 3 and b be any two vectors. Let
i =\i4(1—N\b, (0<X<1)

then:

It |&] < |b|, then || <|b| with sharp inequality unless G=Db (A— 2.5)

If |&| = |b|, then |#|<|b| with sharp inequality unless §=b or 1=2.

(A — 2.6)

proof: Consider the circle C in Fig. A-2.1. This circle has a radius of ]B];

if |8 < |b|, then 3 must be entirely inside C. Since the circle is convex, all the

segment connecting & and b must be entirely within C, with the exception of the

end point b. In particular, 4 lies on this segment; it must be, therefore, within C,

which proves (A-2.5). By taking the limit as the end point & approaches the circle
C, (A-2.6) is proved.

Proof of theorem 1: First, let us show that & satisfying (A-2.4) has the

smallest possible absolute value. Suppose a nonzero lattice vector € satisfies
[ < [a]. (A—2.7)
Since (&,b) are a basis, one can write
€ = ngd + nyb (A— 2.8)

with ng, np integers. Neither n, nor ny can be zero, since (Z,b) are a basis; hence

there is no lattice vector colinear with either one them but having smaller absolute
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)

Pl

Fig. A-2.1. A demonstration that if |8 < |b| and @ lies on the segment

connecting & and b, then | < |b| with sharp ineauality unless 4=b.
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o§

o1

Y

po—

Fig. A-2.2. A construction used in the proof of theorem 1. & and b are two
lattice vectors such that |&| is not larger than |b|, and b does not shrink in size
upon adding or subtracting . In that case & will have to be the smallest non-zero

lattice vector, and b is the smallest lattice vector not colinear with &.
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value. One can assume without loss of generality that both n, and n; are positive.
(replace € by —€ if ny < 0, and then substitute b-8 for b+3 in the rest of the
proof if n, < 0). Now look at the point @ (not necessarily a lattice vector), defined

as

ﬁ:—_(l—-—l—)BJriz (A —2.9)

(see Fig.A-2.2) then, since @ lies on the segment connecting b and &, and since
[8] < |&|<|B| by (A-2.4) and (A-2.7), it follows from (A-2.5) that |&|<|B| with a

sharp inequality unless @=Db, but @=Db is impossible, since by (A-2.8) and {A-2.9)

.__1_’
ﬁ:a_}_?_“__m__b’

Ng
and this representation is unique. Therefore |d| < |b|.
Now,

B—}—E:(l—————n—“———)a{——————&————ﬁ
ng +ny — 1 ng +np — 1

b2, therefore, lies on the segment connecting & and @. Thus, by {A-2.6), either
|b 4 &|<|8| < |b] or |b+ %|<|8|<|b|. Tn any case |b + &| <|b| with equality
implying b+&a=38 which is impossible. Therefore one must conclude that |b + &| <
b, in contradiction to (A-2.4).

Omne must conclude, therefore, that & has indeed the smallest possible absolute
value. It remains to show that b has the smallest possible absolute value among
lattice vectors not co-linear with 8. Assume € is a lattice vector, not co-linear with
%, such that || < |b|. Once again, since (3,b) form a basis, € can be written as
€ = ny& + an with ng,np integers. This time n;5£0 by the assumption that &
is not colinear with & Now repeat the construction of @ exactly as before, since @
lies on the segment connecting € and b, it follows that |#| < |b|. Equality in this

case cannot hold by exactly the same arguments as before. Now b-+3 lies on the
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segment connecting & and , therefore |b + &| < max(|%|, |#])<|b| from (A-2.6).
But we assumed that ’ES}E + 3|; one must have, therefore, IB +3 = |3 = iB},
but this equality together with (A-2.6) implies 8 = b -+ which is impossible. Once

again contradicting the assumption that |g| < b.

Conclusion: Given any basis (%,b) one can reduce it by the following procedure:

If 4-b < 0 replace b by -b. (A — 2.10)

If |&| > |b| interchange & and band go to (A-2.10). (A—2.11)

If |b| > |b + %| replace b by b+gand go to (A-2.10) (A —2.12)

It |b| > |b — &|) replace b by b-& and go back to (A-2.10). (A —2.13)
12| <|B| < min(|b + &|,|b — &|), the basis is reduced. (A — 2.14)

Proof: (A-2.14) follows from Theorem 1. It is left to prove that the process
(A-2.10)-(A-2.14) ends after a finite number of steps. After applying each one of
(A-2.10)-(A-2.14), it is still true that the new set of (8,5) is a basis. While (A-2.11)
in general may increase |b|, every such interchange will decrease |g|. Nowhere in
(A-2.10)-(A-2.14) can |&| grow, and since there are only a finite number of lattice
vectors with absolute value smaller than ||, it follows that (A-2.11) could be applied
only a finite number of times. {A-2.12)-(A-2.13) then can also be applied only a finite
number of times, since every time one goes through (A-2.12)-(A-2.13), |b| decreases,

or if not, the procedure is terminated by (A-2.14).

It is worth mentioning here, that the reduced basis is not unique. For example,
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if (E,E) is a reduced basis, so is (-&,-b), and there might be few others. We will show,
however, that:

Theorem 2: If (Z,b) and (2,d) are two reduced bases of the same lattice, then:

g = || (A —2.15)
B = |d| (A — 2.16)
2.-b=¢-d (A —2.17)

Proof: (A-2.15) follows from (A-2.1). If |&|54|B| then & has to be colinear
with &, otherwise (a,i;) is not reduced. {Replacing b by & will reduce it further).
Therefore, condition {A-2.2) becomes the same for both b and d, therefore |b| =
|d|. The case when |&] = |B| is equally simple. We have already showed that if
% and € are colinear, then |b| = [d|, however & and & need not be colinear in this
case. If they are not colinear, one must have |b| = [g| for (&,b) to be reduced,
and similarly one must have |d| = |g| for (2,d) to be reduced, therefore, (A-2.16)
follows from (A-2.15).

The last thing remained to be proved is (A-2.17). Consider first the case |&] <
|B|. It was shown earlier that in this case one must have & = 4, and by taking

(-2,-d) instead of (€,d) if necessary, one may assume without loss of generality that
t=4. (A — 2.18)

We will next show that
d=4+b or d=4+b+3 o d=+b—1a (A —2.19)

Write d asd = nai—{—nbs. np is non-zero since d and  are not colinear. If ng = 0,

then (A-2.16) implies d = +b, and then (A-2.3) guaranties (A-2.17). Therefore one
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may assume that neither n, nor n; vanishes. Now we proceed by a construction

similar to the one done in the proof of Theorem 1. L.et § be one of the four

+1—-%)a+ L (na>1, np>1)
—(1—-L)g+ Ld neg< —1, mp>1
i— l—a)ata (ra< b21) (A — 2.20)
+Hi4+L)E—Ld (21, m<—1)
—(1+5H)E—Fd (< -1 m<—1)
and consider the appropriate one of
i+b= (1—#,{'&—_7 b +oge—tt,  (n21, ny > 1)
—'a.' + B == (1 — —na—?—bnb—l B"%‘_naibnb_l i, (nas — 1, %21)
E—gx —(1—ﬁ%_T)B +ﬁf:Tﬁ7 (na_>_]—a nbg_l)
—i—b=—(1 - = Pt ==t (S — 1L, m<— 1)

' - = - -
+3& + b lies on the segment connecting -+b and #, while 4 in

turn, lies on the segment connecting 43 and d. Hence by (A-2.8), either
|43 + B <[a|<[B| (A — 2.21)

or

|42 + b|<|3] (4 —2.22)

in any case, since 5% + & by (A-2.20), it follows from (A-2.4) and (A-2.6) that,
[+2 4+ b =B (A — 2.23)

and

+3+b=1=4d. (A — 2.24)

which proves (A-2.19) for the case |&] < |Bb|. (In (A-2.21)-(A-2.24) +& + b means

one of the four, according to (A-2.19).)
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From (A-2.16),(A-2.18) and (A-2.19), one can easily see that
i-b=4e-d (A — 2.25)

This is obvious if d = +b in (A-2.19). If, say, d=b+%& in (A-2.19), then from
(A-2.16) |b] = |b + 3|, and by squaring both sides one obtains

b-b=%.-2a}+28-54+5-b
ord-b= —~l§|2/2. Similarly,

¢ d=2-d=a-@+b)=1-b+3°=a2,

and in this case & - b = —€- d, which proves {A-2.25) and then (A-2.17) follows
from (A-2.3).
The case |&] = |B| is very similar, but this time one can repeat the same

argument and show that both & and d must be equal to either +3 or +b or
43 + B. To show that, one uses the same construction that we have used for (A-
2.19). Note, however, that only one of (&, d) can be equal to 4 + b. The reason
is that when |2 = |b|, the four vectors -3 4 b are either parallel or orthogonal. &
and d cannot be parallel since they form a basis. They cannot be orthogonal, since
the reduced basis of the square lattice is unique up to sign and order of the basis
vectors, and (%, B) is also a reduced basis. Since only one of (g, Ei) can be equal to
—+2 4+ 5, the other one has to be equal to either 4% or iE. There is no loss of

generality in assuming that it is @ = &, and the rest is just as before.

Theorem 2 enables one to verify that two lattices are congruent, that is, they

are actually the same up to a rigid transformation, no matter in what bases these
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lattices are given. The real problem one faces in determining lattice matches, is
more complicated. According to definition 2, one considers two lattices as matching
if each one of them has a superlattice, such that the two superlattices are congruent.
It is well worth at this point to characterize all superlattices of a given order. This
will be done in theorem 3.

Let Ap be a two dimensional lattice, viewed as a discrete, two- dimensional
group of vectors in the plane. (the group operation is normal vector addition). A
subgroup A will be called a superlattice if it is two dimensional. Any superlattice

has a basis. If (Eg,f)o) is a basis of Ap, and (i,f)) is a basis of its superlatiice A,

E)-=( JE) (4220

where 1,j,1,m are integers, and the determinant of this transformation,

then

n = im — jl

is called the index of A in Ag. Its geometric meaning is as follows: the area of any
primitive cell of the superlattice, is n times larger than that of the original lattice.

Equivalently, every primitive cell of A, contains n lattice points of Ag.

Theorem 3: Given a lattice Ag with a basis (50,50), and a superlattice A
of index n in Ag, one can always choose a basis (3,5) of A such that the integers

{i,j,l,m) in (A-2.26) satisfy the following conditions:
I =0 (A —2.27)

1<m<n, mln (A —2.28)

1<j<m (A —2.29)
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i=n/m (A — 2.30)

Proof: (A-2.2T) is a consequence of Theorem I in chapter-I of Cassels.” (A-
2.28) follows from (A-2.27) and the fact that n = tm — ji = 7m, therefore m must
divide n, thus —n<m<n, and by choosing -m instead of m if necessary, one can
guarantee m>1. Choosing -m instead of m will merely reverse the sign of b, and
if (&, B) is a basis, so is (%,-b). Now (A-2.30) follows directly, and it only remains

to show (A-2.29). One can always find an integer k, such that

1<) + km<m

and now the effect of replacing j by j+km in (A-2.26) will be to replace (&, B) by

(5—}—1{3,5), and if one of them is a basis, so is the other.

Conclusion: For a given lattice, the number of non-congruent superiattices of

an index n cannot exceed,

Now it is easy to formulate the general algorithm for finding lattice matches.
Step (1): Given a pair of crystal structures, scan over various crystal directions
for each omne of the two crystals. Every such crystal direction will determine a two
dimensional lattice; one has, therefore, two 2-dimensional lattices, A; and As. Pick
any pair of bases (ig, B?) and (ig, Bg) for these two lattices. Let A7 and Ao be the

corresponding unit-cell areas, then

0 -00
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Step (2): Now one wants to scan over superlattices M; and My of index 7,
and no in A; and Ao respectively. One does not want, however, to scan over too
many irrelevant superlattices. Since a necessary condition for M; and My to be
congruent is that they will have the same unit-cell area, it follows that a necessary

condition for the match is
niA;y = nads (A — 2.31)

Therefore it suffices to scan over pairs of integers n; and ng satisfying

ny  Ag

— Ay =,

79 A4
to within a prescribed precision. The scanning should end when n; and ns become
too large. This upper bound is also prescribed, and I do not have at this stage any
reasonable value for this upper bound, more than a general feeling that the higher
ny and no are, (that is the larger the unit-cell area of the coagfuent superlattices),
the worse the match is. (In the limit when ny, no—oco, the interface becomes
amorphous).

Step {3): Now given ny and ng, one scans over all superlattices of index n; and
no. In view of Theorem 3 this is equivalent to generating sets of (41, j1,m1) and
(72, Jo, ma), each satisfying (A-2.27)-(A-2.30), to be plugged into (A-2.26) in order
to determine a pair of bases (81, 51) of M and (8, ba) of Mo.

Step {4): Given M; and My with their bases, one wants to compare them for
congruency. If each one of the two bases is not reduced in the sense of definition
3, one applys the reduction procedure (A-2.10)-(A-2.14). Assuming the bases were
reduced, one is left with two sets of lengths and angles, (a1, b1, @1) and (a2, ba, 2),

where
2-b

8] - [b|

a = |g|, b= b, cos a =
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with the appropriate index, 1 or 2. Now in view of theorem 2, M; and My are
congruent if,

(a1, b1, a1) = (ag, ba, az).

One checks this condition to held within a prescribed precision.

In actual use of this method for epitaxy, one often wants to hold the substrate
orientation fixed, and scan over the possible orientations of the film. Such scan is
done by holding A; fixed in (A-2.31), scanning on n; and then on all the possible
film reciprocal vectors that satisfy (A-2.31) with some ny. We will now show how
this is done.

Let (£1,%2,%3) be a basis of the second lattice {the film). What one wants is

two integer triplets (ry, 2, r3) and (s1, s2, s3), such that the two lattice vectors
8y = rify + rafo + r3ls and by = 5181 + 522 + rals

are the basis of the second superlattice satisfying (A-2.26,31,32). For this to happen
one must have

niA; = 152 X EQI

But
. ry ra ro T3 rs T
[2 X ba| =] [B1 X T2) + | (B2 X T3) 4| |(€s x T1),
51 $2 50 83 58 81
and recall that the basis for the reciprocal basis (¥;,¥o, ¥3) is related to the original
basis by,
nggg £3XE1 Elx't"g

# = - = S
YT - (o X Ba)l °7 [ - @ x Ta)] "7y - (o x Ba)

Therefore,
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Theorem 4: A necessary condition for a lattice match with the (A, &, [) direc-

tion of the second material is

Ay

|h#) + kg + #g] = n; —,
Uz

where Us = |€; - (2 X T3)| is the unit-cell volume of the second lattice.

We now address the following question. Let,
F(z,y,2) = |z# + yBy + 2%3].
What are the bounds for a search on h,k,] (integers) such that,
F(h,k, 1) < A.

Fix h. Look for min[F(h,y, z)]. Suppose the minimum is F(€), where £ = r#, +
y¥o 4+ z¥3. Then,
0=Fy(h y,2z)="%-F.

0= F,(h,y,2) =138

Thus, T is perpendicular to both ¥5 and 3, i.e., T is parallel to ;. Now,

=@t + (€ T+ (€ T3,

therefore,

Ay §)
FlE;-%1), € F2), € -Ta)]

with similar expressions for k and 1.

[h| <

References for Appendix A-2.2.
1. J. W. 8. Cassels, An Introduction to the Geometry of Numbers, Springer-
Verlag (1959)
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Appendix A-2.3

Lattice match between silicides and silicon

In this appendix we present the results of a systematic search for lattice match
between binary-transition-metal silicides and silicon. The input parameters for this
search were the crystal structures of the silicides, and the quality of the match.
The crystal structures of the silicides used in this search are given in the next
appendix (A-2.4); the crystal structure of silicon is face-centered cubic with a lattice
parameter of 5.431A. The quality of the match, as described in the introduction
to Chapter 2, is given by two parameters: the mismatch and the common unit-cell
area. In this appendix the allowed mismatch is 1%, and the common unit-cell area
is restricted to 2002{2. Further restrictions on the possible faces were imposed: for
silicon, only the (111),(100) and (110) faces were considered; for the silicides we used
only those faces whose two-dimensional translations form a lattice with a unit cell

° 2
of 504 or less.

The results of our search is given as a set of 133 tables; each table corresponds
to one silicide. Each table contains a caption and a body. The two materials
{silicide/silicon), the common unit-cell area, and the matching precision are given
in the first two lines in the caption; the crystal structure of the silicide is given in
the third line of the caption; if several crystal structures are given in the literature
for the same silicide, each one was considered as a different phase. The faces of
both the silicide and the silicon that were checked for a possible match are given

in the last few lines of the caption.

The body of each table contains twelve columns. For any possible match,
the corresponding faces are given in the first column (labeled “Matching faces”).
Ounly one face in a symmetry class is given; for example, the Si(100) face represents

any one of (100), (100}, (010), (010), (001), or (001). A pair of matching crystal
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directions are given in the second column (labeled “Orientation”). This pair is
required to define the mutual orientation of one crystal with respect to the other.
There are infinite number of such pairs of matching crystal directions, for any
matching face; only one of them (the shortest) is given for any match. Each one
of the two directions in this pair represents a symmetry class (Si[100] stands for
one of [100], [100], [010], and so on). The direction on the left refers to the silicide;
the one on the right refers to silicon. The common unit-cell area is given in the
third column (labeled “Area”); this is actually the unit-cell area on the silicide side
of the interface, and the corresponding area for the silicon is almost the same.
The dimensions of the common unit cells, on both sides of the interface, are given
in the next six columns (labeled “as”, "b2”, ..., “a1”). Here each unit cell is a
parallelogram, whose short side is 4, the long side is b, and the angle between them
is . The subscript 2 refers to the silicide, and the subscript 1 refers to silicon. All
areas, lengths, and angles in these tables are given in units of square angstroms,

angstroms, and degrees, respectively. The last three columns give the mismatch

percentage, i.e.

- by — b _
A2 —Y] %1 = 100 |2, o = 100 - | 22

ay 1 451

%4 = 100 - |

I.

An example of a typical match table, as well as a graphic explanation of the entries
of that table are given in Fig. A-2.3.1. Following this figure, we list the 133 tables.
Some tables do not include a body; in that case no match was found for that pair

of crystals, under the restrictions mentioned above.
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PtSi/Silattice match, using a matched unit cell not exceeding 200.1:12 and match-
ing precision of 1.0%.

PtSi is orthorhombic with a= 5.577, b= 5.916, ¢c= 3.58T;

S+ (111), (100), and (110) compared to PtS ¢ (010), (100), (110), (001), (011), (101),
(111), (120), and (210)

by

’ Matching faces Orientation; Area

ay ]%a

%,,[ %a|

Gzlbzlaztal
|

IPtSi(llD)/Sl(lDO) I foo1}jjfoo1] 90.00 | 10.86 l 16.29 | eo.oo‘ u.ol 0.2, 0.0 l

178, I 10.76' 16.28

=

10.76 1~ 175A

18.2¢

—[001] [001]

Fig. A-2.3.1. A sample of a match table and the meaning of each of its
columns. The grids in this figure represent the translations parallel to the interface.



-205-

o2
SecsSis/S1 lattice match, using a matched unit cell not exceeding 200.A  and

matching precision of 1.0%.
SecsSia is hexagonal with a= 7.861, c= 5.812;
54 (111), (100), and (110) compared to ScgSi3 (1010)

‘Matching faces

QOrientation Area

aglbglaglallbllalt%a %bi%al

S¢Si/S ¢ lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

S¢S¢ is orthorhombic with a= 3.988, b= 9.882, ¢= 3.659;

51 (111), (100), and (110) compared to S ¢S4 (010), {(100), (110), (001), (011}, (120),
and (021)

]Matching faces

%s

Orientation Area

az!bl%l@lh'%l%a

%O,‘

S¢ySig/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Sc¢oSig is hexagonal with a= 3.664, c= 3.87T;

§1(111), {100), and (110) compared to S oS i3 (0001), (1010), (1011), (1120), (1121),
(1012), (2021), (1122), (2130), (1013), (2131), (1123), (3031), (2132), (2023), (3032),
and (1014)

Matching faces Orientation {Area| {9 bg a9 a1 b]_ 0q 6/70’,51 %b %Q/

Sc, Siy (0001)/8i(111) [2570}]j[121] ] 151. | 13.21| 13.21] 60.00] 13.30|13.30| 60.00| 0.7| 0.7| 0.0
Sc,, Sig (1010)/8i(111) | [0001]]|[011] | 128. | 3.88 | 32.98] 90.00| 3.84 |33.26| 90.00| 0.9} 0.9| 0.0
Sc, Siy (2132)/Si(111) | [6801] 121y {177, | 18.27| 13.75] 75.69] 13.30{13.85! 76.10{ 0.2} 0.7] 0.5
Sc, Sig (1120)/8i(100) | [0001][|[011] | 74. | 8.88 | 19.04| 90.00| 3.84 |19.20| 90.00| 0.9| 0.9{ 0.0
Sc,, Si, (2180)/51(100) {ooo1lljlo11]}| 75. | 3.88 | 19.38{ 90.00| 3.84 |19.20| 90.00| 0.9] 1.0| 0.0

Sc, Siy (1120)/8i(110) fooo1}]j{110] { 148. | 3.88 | 38.08| 90.00] 3.84 |38.02] 80.00; 0.9 C.2} 0.0

Sc, Siy (2130)/Si(110) [0001]}}{110] | 188. | 3.88 | 48.47 | 90.00} 3.84 | 48.88| 90.00{ 0.9 0.8 0.0
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Ti5Si3/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Ti5Sis is hexagonal with a= 7.429, ¢= 5.139;

S (111), (100), and (110) compared to Ti5S iz (1010) and (0001)

'Matching faces

Orientation

azlbziaziallhl%‘%a

Area

%b! %ozl

T15S514/51 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Tix 514 is orthorhombic with a= 6.645, b= 12.690, c= 6.506;

S1 (111), (100}, and (110) compared to T'i55i4 (010)

Orientation

iMatching faces
i

Area!&glbg!Oﬁglallbl!all%a!%bl%a!

T15514/S1 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

T 15514 is tetragonal with a= 6.702, c= 12.174;

S1 (111), (100), and (110) compared to Ti5S5 74 (001)

‘ Matching faces ] Orientation

Area

62‘ 52!052‘@1!51!&1!%@

%] %a|

6.70 26.81 | 90.00 6.65 | 26.88 | 90.00{ 0.8} 0.3] 0.0

Ti, Si, (001)/Si(111)

[o10]f]{211] I 180.
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T1iSi/S1 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

71571 is orthorhombic with a= 3.618, b= 6.492, ¢c= 4.973;

§1i(111), {100), and (110) compared to T'¢S¢ (010), (001}, (011), (100), (110), (101),
(021), (111), and (120)

Orientation} Area

i Matching faces

ﬂzlbzlaz‘a1l51la1!%a

%b] %&.]

lTiSi(on)/Si(mo) [100]][{o10] | 178. | 10.85 | 16.36 | 90.00 | 10.86 | 16.29 | 90.00| 0.1 | 0.4

0.0 |

T1S¢/S 1 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

TiS+¢ is orthorhombic with a= 3.638, b= 6.544, c= 4.99T,

S1(111), (100), and (110) compared to T¢S¢ (010), (001), (011), (100), (110}, (101},
(021), (111), and (120)

}J\Aatching faces

Crientation | Area JCh A0y

ag] bo

oz | o1 | by | o1 | %a

e
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T1iSis/Si lattice match, using a matched unit cell not exceeding 200.;{2 and
matching precision of 1.0%.

TiS 1o is face-centered orthorhombic with a= 8.267, b= 4.800, c== 8.550;

S7 (111), (100), and (110) compared to T'15i5 (001), (100), (111), (101}, (010}, (113),
(311), (011), (110), (102), (201), and (313)

Orientation Area

I.Matching faces

ag‘bg‘ag\alibllall%a

% | % |

Ti515/51 lattice match, using a matched unit cell not exceeding 200.,;&2 and
matching precision of 1.0%.

T 1S 15 is one-face-centered orthorhombic with a= 3.562, b= 13.531, c¢= 3.550;
S (111), (100), and (110) compared to T'1S 75 (010), (001), (110), (021}, (130}, {150},
(100), (011), (112), (132), (031), (152), and (012)

‘]Vlatching faces

Orientation Area

aglbglaglallbl‘al‘%a

%51%&]

TiS1o/S7¢ lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

T1iS 1o is hexagonal with a= 4.712, ¢= 6.535;

S (111), (100), and (110) compared to TiS i {0001), (1010), (1011), and (1012)

Orientation Area

tMatching faces

aglbgla2161|51|a1|%a|%bl%a}
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V3S1/S i lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

VaS1 is simple cubic with a= 4.726;

S (111), (100), and (110) compared to V357 (001), (011), (111), and (012)

Matching faces Orientation| Area a9 52 %9 a1 bl & %a %b %Q/
[V, Si(001)/8i(111) [r1io}j]{z21] | 179. 6.68 | 26.73| 90.00] 6.65 |26.88 | 90.00| 0.5} 0.6] 0.0
vV, Si(111)/8i(111) [1o01]]|[121] | 39. 6.68 6.68 | 60.00| 6.65 | 6.65 | 60.00] 0.5| 0.5] 0.0
Vv, Si(011)/8i(110) fo11]jjfr12] | 63. 5.68 9.45 | 90.00{ 6.65 | 9.41 | 90.00| 0.5] 0.5 0.0

vV, $i(011)/8i(110) [100}]|{r11] | 126. | 9.45 | 13.37| 90.00| 9.41 |13.30| 90.00{ 0.5| 0.5] 0.0
V4 8i(011)/8i(110) [211]]j{z10) | 126. { 11.58 | 11.58 70.53 | 11.52 |11.52 | 70.53] 0.5 | 0.5] 0.0
'V, Si(011)/8i(110) | [211]]|{114] | 100. | 11.58| 16.37 | 90.00 | 11.52 | 16.28 | 90.00| 0.5 | 0.5 0.0

V5 Si(011)/8i(110) [g11}{{r10] | 190. | 11.58 | 16.37 | 90.00 | 11.52 { 16.29 | 90.00{ 0.5 | 0.5| 0.0

VS I3/St lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%. '

V5 S I3 is body-centered tetragonal with a= 9.410, c= 4.74T;

S7{111), (100), and (110) compared to VzSIs (110), (100), and {101)

Matching faces Orientation] Area

oo | b | an | o | b1 | o |%e

%bl %ai

0.0 I

!

90‘00‘ 0.9

|

128. 0.0

Vo SIy (110)/8i(116) [oo1}f|f111]




-210-

V5Si3/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

V5S i3 is hexagonal with a= 7.121, ¢= 4.832;

§1i (111), (100), and (110) compared to Vs Sig (1010) and (0001)

‘]\/Iatching faces

Orientation Area

aglbglaglallbllall%al%bj%Q/’

Vg Sis/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

VS i5 is body-centered orthorhombic with a= 15.966, b= 7.501, c= 4.858;
S1(111), (100), and (110) compared to V3 Si5 (100) and (110)

lMatching faces

Orientation Area

a‘?lelaQ‘al!bllal[%a

%bl%a‘

i

V 81i5/S ¢ lattice match, using a matched unit cell not exceeding 200.;42 and match-
ing precision of 1.0%.

V' S15 is hexagonal with a= 4.571, ¢= 6.372;

S (111), (100), and (110) compared to V Sis (0001), (1010), (1011), and (1012)

Area

‘ Matching faces ’ Orientation
{

021521112’@1!51!051!%6»

1 i

%bl %oa}

l‘\’Siz(0001)/Si(111) [2110))|{313} | 163. | 18.71| 13.71| 60.00 | 18.85} 13.85 | 60.00 1.0 1.0 0.0
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CrgSi/Si lattice match, using a matched unit cell not exceeding 2()0.;&2 and
matching precision of 1.0%.

CraS1 is simple cubic with a= 4.555;

Si (111), (100), and {110) compared to CrgSs (001), (011), (111}, and (012)

lMatching faces

Orientation Area

aglbziazimlbl]m‘%a

%bl %o,‘

Cr5Si3/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

CrsSis is body-centered tetragonal with a= 9.150, c== 4.639;

S1(111), {100), and (110) compared to CrsSis (110), (100), and (101)

‘Matching faces

Orientation Area

02162!@1&1!51!&1]%@

%bl%a,

CrS1/S1 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

CrSiis simple cubic with a= 4.622;

S1(111), (100), and (110) compared to CrS1¢ (001), (011), (111), and (012)

Matching faces Orientation| Area

%) %]

02‘521012'@1@51!@1!%@

CrSi(001)/8i(100) | [100]}|fo51] | 192. | 13.87 | 13.87 | 90.00| 13.85 | 13.85 ] 90.00]{ 0.1 | 0.1} 0.0
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- - 02
CrSis/Si lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.
CrSio i3 hexagonal with a= 4.430, c= 6.365;
Si (111), (100), and (110) compared to C'rS iy (0001), (1010), (1011), (1012), and
(1120)

Matching faces Orientation | Area a9 62 [855] ay bl 143} %a %b %04
CrSi, (0001)/8i(111) [o330]|{[110] ] 51. T.67 7.67 | 60.00] 7.68 | 7.88 | 60.00] 0.1} 0.1} 0.0
Crsi, (0001)/8i(100) [3300]}jfo11] {118. | 7.67 | 15.97| 76.10| 7.68 |15.83| 75.96] 0.1} 0.9] 0.2
Crsi, (1120)/8i(100) {3300]}|[011] | 147. | 7.67 | 18.09| 90.00| 7.68 |19.20| 90.00] 0.1} 0.6] 0.0
CrSi, (1010)/Si(110) [1211]]]{110] | ss5. 7.75 | 10.91| 89.14] 7.68 |10.86 | 90.00] 1.0} 0.4] 1.0
CrSi, (1010)/8i(110) [24211{{[001] | 166. | 10.91| 1551} 89.14| 10.86 | 15.36 ] 90.00| 0.4| 1.0] 1.0
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MngSi/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

M ns St is simple cubic with a= 5.722;

S {111), {100), and (110) compared to M n3S¢ (001) and (011)

Matching faces Orientation] Area ao 52 ao a1 bl [43] %a %b %Qf

Mu, $i(001)/8i(100) [100}]/{fo11] | 131. | 11.44] 11.44 | 90.00| 11.52}11.52 | 90.00| 0.7 0.7| 0.0

Mn, Si(011)/8i(110) | [100]][[110] | 185. | 11.44| 16.18 | 90.00 | 11.52 | 16.29 | 90.00 0.7 | 0.7} 0.0

Mn, Si(011)/8i(110) | [100]]|[114] | 185. | 11.44| 16.18 | 90.00 | 11.52 | 16.29 | 90.00| 0.7} 0.7} 0.0

o2
MnsSis/S ¢ lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

MngsSis is hexagonal with a= 6.910, c= 4.814;
S1{111), {100), and (110) compared to M nzSi3 (1010) and (0001)

! Matching faces l Orientation [Area

azibzlaglmlhj%l%a

%4%4

tMns Sig (0001)/8i(111)

[2110]]j{{314]

165.

13.82 | 13.82} 60.00 ] 13.85 0.2]1 0.2] 0.0

13.85 l 60.00
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° 2
MnSi/Si lattice match, using a matched unit cell not exceeding 200.A and

matching precision of 1.0%.
MnSiis simple cubic with a== 4.558;
5S4 (111), (100), and (110) compared to M nS1 (001), (011), (111), and (012)

}Matching faces

%bl %afl

Arealag‘bglag‘Ql!bllall%a

Orientation

o2
MnySi7/S7 lattice match, using a matched unit cell not exceeding 200.4 and

matching precision of 1.0%.
Mn4Si7 is tetragonal with a= 5.506, c= 17.522;
St {111), (100), and (110) compared to M n4S17 (001)

}Matching faces

%b! %a

az!bglazlm!bl%@ll%a! |

Orientation Area
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Fe3S1/S1 lattice match, using a matched unit cell not exceeding 200..:12 and
matching precision of 1.0%.

FesS1is simple cubic with a= 5.651;

S (111), (100), and (110) compared to FegS¢ (001) and (011)

P\datching‘ faces

974

Orientation Da

Area

%

ag’bglaglallbllal

%ai

o2
Fes5S13/S51 lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.

FesSig is hexagonal with a= 6.741, ¢c= 4.715;
S (111), (100), and (110) compared to F e5Sis (1010) and {0001)

] Matching faces l Orientation | Area| {9 ] bg ‘ &9 1 a1 l bl ' a1 1%5,; %b %al
tFes 513 (1010)/8i(110) | [I213]}|[1T0] | 127. | 11.50] 11.506| 71.12 ! 11.52]11.52] 70.53] 0.6 0.6} 0.8
1Fe5 Si; (1010)/Si(110) [1212}}j{114]]191.| 11.59 ] 16.45| 89.41 | 11.52|16.20| 90.00} 0.6 1.0] 0.7

a2
FeSifS 1 lattice match, using a matched unit cell not exceeding 200.4 and match-
ing precision of 1.0%.

FeS¢ is simple cubic with a= 4.489;
S1(111), (100}, and (110) compared to F' eS¢ (001), (011), {111), (012), and (112)

}Matching faces ! Orientation

Area

&leg!azlmi%l&l‘%a

%b;%a{
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F'eSiy/S1 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

FeSis is tetragonal with a= 2.690, c= 5.134;

S1(111), (100), and (110) compared to FeS iy (001), (010), (011), (110), (012), (111),
(112), (013), (021), (113), (120), (121), (014), (122), (114), (023), (123), (015), (221),
(115), (031), (124), (130), (032), (131), (223), (025), (016), (132), (125), (116), (133),
and (230)

Matching faces Orientation] Area as b2 a9 a1 bl 23] %a %b %Q/

FeSi, (001)/Si(111) [t10]]j{o11] | 101. | 3.80 | 26.63| 90.00| 3.84 |26.61{ 90.00| 0.9} 0.1} 0.0
FeSiy (110)/8i(111) [11i0]]j[0o11] | 178. 3.80 | 46.21 ] 90.00| 3.84 |46.56 | 90.00] 0.9 | 0.8 0.0

FeSi, (223)/Si(111) | [110]|[011] | 179. | 3.80 | 46.99| 90.00| 3.84 |46.56 | 90.00/ 0.6 | 0.9] 0.0

{FeSi, (001)/8i(100) [110]]j[o11] | 14. 3.80 3.80 | 90.00| 3.84 | 3.84 | 96.00| 0.9 0.9{ 0.0
FeSi, (110)/5i(100) [r10}}j{o11] | 59. 3.80 | 15.40| 90.00| 3.84 |15.36| $0.00} 0.9 ] 0.3] 0.0
FeSi, (012)/S5i(100) [100]}j{oc1] | 160. | 5.38 | 29.87| 84.83| 5.43 |20.99 | s4.81| 0.8 ] 0.4} 0.0
FeSi, (112)/5i(100) [11o]fjio11] | 73. 3.80 | 19.17] 90.00| 3.84 |19.20| 90.00| 0.9 0.2{ 0.0

FeSi, (018)/8i(100) | [100]]j[o01] | 103. | 5.38 | 19.32| 82.00 | 5.43 }19.20| 81.87| 0.9 | 0.6] 0.2

FeSi, (113)/8i(100) [r10]}{[o11] | 58. 3.80 | 15.35| 90.00; 3.84 {15.36 | 80.00j 0.9 0.1} 0.0
FeSi, (121)/3i(100) [210}}{lo12] { 190. : 12.03} 15.86; 85.65; 12.14 | 15.83 | 85.60; 0.9 0.2} 0.1
FeSi, (114)/Si(100) {1I0]j{lo11] | 175. 3.80 | 45.89 | 60.00§ 3.4 | 46.08 | $0.00; 0.9 0.4; 0.0
FeSi, (032)/8i(100) [100]}jloo1] | s8. 5.38 16.31 | 80.00 ] 5.43 | 16.28 | 90.00{ 0.9 0.1} 0.0
FeSi, (131)/Si(100) [310}{|[013] | s9. 8.51 | 10.85| 71.80| 8.59 |10.86| T1.57| 0.9 | 0.8} 0.5

FeSi, (131)/3i(160) [riz}]|[oe1] { 177. | 10:95 | 17.01| T1.90{ 10.86 | 17.17 | 71.57| 0.8 ] 0.9 0.5

FeSi, (116)/Si(100) | [110]|[[011] | 190. | 3.80 | 50.06 | 90.00 | 3.84 |49.92 | 90.00| 0.9 | 0.3 0.0




FeSi2 {(Continued)
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Matching faces Orientation] Area ao bg (87, a1 11)1 [85] %a %b %Q
FeSi, (001)/8i(110) [o10]]j[oo1] | 145. | 5.38 | 26.90| 90.00| 5.43 | 26.88| ©0.00] 0.8 | 0.1} 0.0
FeSi, (001)/8i(110) [r1o]][{1i0] | 145. | 3.80 | 38.04| 90.00| 3.84 [38.02| 90.00) 0.9 0.1 0.0
FesSi, (010)/Si(110) [100]ij[oo1] | 83. 5.38 | 15.40} 90.00| 5.43 | 15.36| 90.00f 0.9] 0.3] 0.0
FeSi, (011)/8i(110) [100]]{{o01] | s2. 5.38 | 11.59 | 90.00| 5.43 |11.52 | 90.00| 0.9 | 0.6 0.0
FeSi, (011)/Si(110) [011}|{z10] | 187. | 11.59 | 16.14 | $0.00 | 11.52|16.29 | 90.00] 0.6 0.8 0.0
FeSi, (011)/8i(110) {o11]]}{z114] j187. | 11.59 | 16.14| 90.00| 11.52|16.29{ 90.00| 0.6 | 0.9 0.0
FeSi, (111)/8i(110) [110}]|{110] | 42. 3.80 | 10.95 )| 90.00| 3.84 |10.86| 90.00| 0.9} 0.8 0.0
[FeSi, (111)/3i(110) f112)f{{oo1] } 125. | 10.95 11.41 90.00 10.86 | 11.52 | 90.00; 0.8 0.9 0.0
FeSi, (111)/8i(110) [011){]{114] {167. | 11.59 | 15.22 | 70.84 ] 11.52 | 15.86] 70.53| 0.6 | 0.9 0.4
FeSi, (112)/8i(110) [110}{]{110] | 146. | 3.80 | 38.34 | 90.00 3.84 |38.02| 90.00] 0.9 0.8 0.0
FeSi, (013)/8i(110) {ioo]ij{oo1] | 108. | 5.38 | 19.13 | 90.00 | 5.43 |19.20 | 90.00) 0.9 | 0.4 0.0
FeSi, (115)/3i(110) {1iojjj{zio} j s2. 3.80 § 21.62 ] 90.00} 3.84 §21.72] 90.00f 0.9 0.5} 0.0
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2
FeSiy/Si lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.

FeSis is one-face-centered orthorhombic with a= 9.879, b= T7.799, ¢c= 7.839;
54 (111), (100), and (110) compared to F eSio (001) and (110)

tNIatching faces

Orientation Area

021521a2!a1|bllall%a

% | %o |

)
FellSis/S ¢ lattice match, using a matched unit cell not exceeding 200.A  and
matching precision of 1.0%.

Fel11S15 is simple cubic with a= 5.629;
S (111), (100), and (110) compared to F el1515 {001) and (011)

i.Matching faces

Orientation Area

@2152!92161!51!a1l%a

~
9’0{) ‘i %Q{
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Co0oSi/S1 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

C o081 is orthorhombic with a= 4.918, b= 3.737, ¢c= 7.109;

S1(111), (100), and (110) compared to C oS¢ (001), (100}, (101), (010), (011), (110),
(102), and (111)

!]\/Iatching faces

Orientation

Area

CLleQIC@‘aI\bllall%a

%bt%a’

e 2
Co0Si/S1 lattice match, using a matched unit cell not exceeding 200.A and match-
ing precision of 1.0%.
C'oS'¢ is simple cubic with a= 4.44T;

81 (111), (100), and (110) compared to C oS (001), (011), (111), (012}, and {112)

Matching faces Orientation] Area a9 52 a0 a1 51 (221 %a %b %Ol

Cosi(011)/8i(110) | {111}]]{110] | 84. 7.70 | 10.89| 90.00| 7.68 | 10.86 ] 90.00] 0.3] 0.3} 0.0
CoSi(011)/Si(110) | [211}]|{ec1] | 168. | 10.80 | 15.40| 9v.00] 10.86 | 15.36 | 90.00| 0.3] 0.3| 0.0

CoSi(011)/Si(110) | [122]||{112] | 168. | 13.34 | 13.34| 70.53 | 13.30 | 13.30 | 70.53| 0.3 | 0.3| 0.0

°2
CoSis/St lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.

Co0S 15 is face-centered cubic with a= 5.367;

S1(111), (100}, and (110) compared to CoSis (111}, (100), (110), (311), (331), (210),
(211), (511), (531), (221), (310), and (533)

}Matching faces

Orientation Artea

&leglaglalibllall%a

%b' %cvl
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Ni3Si/S1 lattice match, using a matched unit cell not exceeding 200.1:12 and
matching precision of 1.0%.

Ni3S1¢ is simple cubic with a= 3.504;

S1(111), (100), and (110) compared to Ni3S7 (001), (011), (111), (012), (112), {122),
(013), (113), (023), and (123)

Matching faces Orientation| Area a9 bg a9 131 bl aq %a %b %01

Ni, Si(012)/Si(100) | [121]][{018] | 192. | 8.58 | 22.44| 86.34| 8.59 |22.39| 85.60{ 0.0 0.2} 0.9

Ni, Si(011)/Si(110) | [311]]|[1T0] | 191. | 11.62| 16.44 | 90.00 | 11.52 |16.20 | 90.00{ 0.9 | 0.9] 0.0

Ni, Si(011}/8i(110) [311])|{114) | 191. | 11.62 | 16.44| 90.00 ] 11.52 | 16.28 | 50.00| 0.9 | 0.9 0.0

o
Ni58i5/51 lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

Ni5Sis is trigonal with a= 5.617, «==T2.833;
57 (111), (100), and (110) compared to N i551o (001}, (011), and (111)

Matching faces Orientation] Area| @45 62 a9 a1 bl 5] %a %b %Q,

Ni, Si, (001)/Si(111) | [110}||{121] | 90. | 6.67| 13.96 | 76.18 | 6.65 | 13.85 | 76.10| 0.3| 0.8} 0.1
INi g Si, (111)/8i(111) [110}}|{121] | 38. | 6.67| 6.67 | 60.00| 6.65| 6.65 | 60.00] 0.3] 0.8] 0.0

Ni  Si, (011)/8i(110) [o11}]][112] | 187. | 6.67 | 28.00 | 90.00]| 6.65]28.22| 90.00] 0.3] 0.5 0.0
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Ni3Si/S1 lattice match, using a matched unit cell not exceeding 200..:12 and
matching precision of 1.0%.

N 15517 is orthorhombic with a= 5.000, b= 7.030, c= 3.730;

S1(111), (100), and (110) compared to N i5S1 (010), (100}, (110), (001}, (011), (101),
(120), and (111)

}"Matching faces

Orientation Area

ag‘bglagialkbllall%a

%g,]%al

NiSi/S 7 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

NiS7iis orthorhombic with a= 5.180, b= 5.620, ¢= 3.340;

S+¢(111), (100), and (110) compared to NS¢ (010), (100), (110), (001), (011), (101),
(111), (120), (210), (021), (201), and (121)

Matching faces | Orientation| Area ao bg xo a1 bl 23] %a %

NiSi(110)/8i(111) | [o01]{j[211] | 51. 6.68 7.64 | 90.00| 6.65 | 7.68 | 90.00] 0.4 0.5 0.0
NiSi{110)/Si(111) | [110]|}{o11] | 102. 7.64 | 13.36 | 90.00| 7.68 | 13.30 | 90.00| 0.5] 0.4} 0.0
NiSi(110)/8i(111) { [112]]{[231] | 102. | 10.15 | 10.15| 82.31 | 10.16 | 10.16 | 81.79| 0.1] 0.1] 0.6
NiSi(210)/5i(111) | [o01]f}{131] | 165. 6.68 | 24.98 ) 82.32 ] 6.65 | 25.18 | 82.41] 0.4 0.8 0.1

NiSi(100)/3i(110) | [o01]{{{112] | 188. | 6.68 | 28.10 | s0.00| 6.65 | 28.22| s0.00| 0.4] 0.4] 0.0

NiS1/S1 lattice match, using a matched unit cell not exceeding 200._;12 and match-
ing precision of 1.0%.

NSt is simple cubic with a= 4.446;

S+ (111), (100), and (110} compared to NV iS¢ (001}, (011), {111}, (012), and {112)

Matching faces | Orientation| Area ao bg Qo a1 bl a1 %a %b %a

NiSi(011)/Si(110) | [111]]{[110] | 84. 7.70 | 10.88 | 90.00| 7.6% | 10.86 | $0.00| 0.3 ] 0.3] 0.0
Ni3i(011)/Si(110) | [211]]|[o01] | 168. | 10.89 | 15.40} 90.00 | 10.86 | 15.36 | 90.0C} 0.3 0.3 | 0.0

NiSi(011)/Si(110) | [122}]|{212] | 168. | 13.34| 13.34} 70.53 | 13.30 | 13.30 | 70.53! 0.3 | 0.3 0.0
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N1iSi5/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

N i85 is face-centered cubic with a= 5.407;

57 (111), (100), and (110) compared to N 1515 (111}, (100), (110), (311), (331), (210),
(211), (511), (531), (221), (310), and (533)

Matching faces Orientation| Area as bg (225} aq bl 23] %G %b %a

NiSi, (111)/Si(111) [110}]}{r10] | 13. 3.82 3.82 | 60.00| 38.84 | 3.84 | 60.00| 0.4} 0.4] 0.0
NiSi, (100)/8i(111) [o11]|j{o11] | 102. | 3.82 | 26.76 | 90.00 | 3.84 |26.61] 90.00| 0.4] 0.6 0.0
NiSi, (331)/8i(111) {1i0]][jo11] | 127. { 3.82 | 33.33] 90.00| 3.84 |33.26| 90.00| 0.4 6.2] 0.0
NiSi, (211)/8i(111) | [or1]{jfor1] | 179. 3.82 46.83 | 90.00 | 3.84 | 46.56 | 90.00| 0.4 0.86] 0.0
NiSi, (511)/8i(111) fox1]]|lor1] | 38. 3.82 | 10.12| 79.11| 3.84 |10.16 | 79.11| 0.4 0.4} 0.0
NiSi, (511)/8i(111) [113]]j{o11} { 152. | 11.47 | 13.79 | 73.90 | 11.52 |13.85] 73.90| 0.4 0.4 0.0

NiSi, (511)/Si(111) [105}1}{331] i 190. | 13.79 | 13.79 | S87.80 | 13.85 | 13.85 | 87.80] 0.4 0.4| 0.0

NiSi, (111)/8i(100) | [011]|f[011] | 177. | 8.82 | 46.36 | 80.00 | 3.84 |46.08 | 90.00| 0.4 0.6] 0.0

NiSi, (100}/3i(100) [otiljj[o11] | 15. 3.82 3.82 90.00| 3.84 | 3.84 | 90.00| 0.4 0.4/ 0.0
NiSi, (110)/Si(100) | [1I0]]{[011] | 103. 3.82 | 27.04] 90.00] 3.84 |26.88{ 90.00{ 0.4 0.6] 0.0
NiSi, (311)/8i(100) [o11}}f{o11] | 145. ] 3.82 | 38.04| 90.00 ) 3.84 {38.40| 90.00{ 0.4 0.8} 0.0
NiSi, (831)/5i(100) [110}fjlo11] | 191. | 3.82 | 50.00| 90.00| 3.84 |49.92] g90.00| 0.4 0.1] 0.0
Nisi, (221)/8i(100) [110]fj{o11] | 44. 3.82 | 11.47 | 90.00} 3.84 | 11.52} 90.00} 0.4} 0.4} 0.0

NiSi, (221)/31(100) {r1ajfj{o11] | 132. | 11.47 | 11.47 | 90,00} 11.52 | 11.52 ] ©0.00| 0.4 0.4 0.0
NiSi, (221)/3i(100) [31a]]{[o1s] | 175. § 13.79 | 13.79 67.38; 13.85 | 13.85 | 67.38| D.4| 0.4} 0.0
NiSi, (221)/5i(100) § [012}]{[o12] | 175. | 12.09 | 15.29 | TL.57 | 12.14 [ 15.36 | T1.57| 0.4{ 0.4 0.0

NiSi, (538)/8i(100) | [011]}j{o11] | 192. | 3.82 | 50.14 | 90.00 | 3.84 |49.92| 90.00| 0.4| 0.4| 0.0

NiSi, (100)/Si(110) | [p11]}}[110] | 146. | 3.82 | 38.23 | 90.00 | 3.84 |38.02] 90.00] 0.4] 0.6] 0.0
NiSi, (110)/8i(110) [11c]jj{110] | 21. 3.82 5.41 | 90.00 ] 3.84 | 5.43 | 60.00| 0.4} 0.4] 0.0
NiSi, (110)/8i(110) [110]{}{114] | 186. | 11.47 | 16.22 | 90.00 | 11.52 ] 16.29 | 90.00| 0.4 0.4 0.0
NiSi, (110)/Si(110) f1i]|j{zIo] | 186. | 11.47 | 16.22 | 90.00 | 11.52 | 16.29 | 90.00| 0.4 | 0.4] 0.0

NiSi, (811)/Si(110) | [011]||[110] | 145. | 3.82 | 38.04 | 90.00 | 3.84 |38.02| 90.00] 0.4 0.1 0.0
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CuxSi/Si lattice match, using a matched unit cell not exceeding 200..:12 and
matching precision of 1.0%.

CusS1 is simple cubic with a= 6.224;

51 (111), (100), and (110) compared to CusS1 (001)

1 Matching faces IOrientation Area

aglbglaglallbltali%a

%b] %a;

Cu, Si(001)/5i(100) [120]|]fo51] | 194. | 13.92 | 13.92 | 90.00 ] 13.85]13.85| 90.00| 0.5| 0.5| 0.0

° 2
CusSi/S 1 lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.

Cus St is hexagonal with a= 7.045, c= 21.950;
S1{111), (100), and (110) compared to C'u35 7 {0001)

il\/latching faces

COrientation

Area

&21521062

Gltbll@llg%a
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Y §i/51 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

Y S1 is one-face-centered orthorhombic with a= 4.257, b= 10.527, ¢= 3.839;
51 (111), (100), and (110) compared to Y 57 (010), (110), (001), (021}, (111), (130),
(100), (150), (011), (112), (132), (101), (012), and (114)

Matching faces | Orientation| Area a9 bg (2 D) a1 bl aq %a %b %a/

YSi(o10)/8i(111) | [o01]]|[o11] | 180. | 3.84 | 46.83 | 90.00 | 3.84 | 46.56 | 90.00{ 0.0 | 0.6] 0.0
'YSi(110)/8i(111) | [oo1}}j{o11] | 153. | 3.84{ 39.74 | 90.00 | 3.84 [ 39.01 ] 90.00] 0.0] 0.4] 0.0

IYSi(180)/8i(111) | [oo1]|j[o11] | 127. | 3.84 | 33.10 | 90.00 | 3.84 | 33.26 | 90.00| 0.0| 0.5] 0.0

YSi(p10)/Si(1o0) | [oo1}|[{o11] | 147. | 3.84 | 38.31 ] 90.00 | 3.84 | 38.40 | 90.00| 0.0 0.2] 0.0
'YSi(130)/8i(100) | [oo1]ljio11] | 191. | 3.84 | 48.65 | 90.00 | 3.84 | 49.92 | 90.00| 0.0 | 0.5] 0.0

'YSi(100)/Si(100) | [o01]]/{o11] | 162. | 3.84 | 42.11 | 90.00 | 3.84 | 42.24 | 9v.00{ 0.0 0.3] 0.0

(YSi(010)/Si(110) | [oo1]}j{rIo] | 147. | 3.84 | 38.31 | 90.00| 3.84 | 38.02 | 90.00{ 0.0} 0.8] 0.0

Y3S5i5/S ¢ lattice match, using a matched unit cell not exceeding 200./012 and
matching precision of 1.0%.

Y35 15 is one-face-centered orthorhombic with a= 4.052, b= 3.954, ¢c= 13.360;
54 (111), (100), and (110) compared to Y3Sis (001), (110), (112), (114), (116), and
(118)

! Matching faces }Orientation Areal as ' b2 ! 1255) | aq i (731 i &1 !%a
I

%b! %oz]

|'Y38i5(001)/5i(111) [510]}{[312] | 152. | 10.00| 15.37| 758.89| 10.16|15.36| 79.11] 0.7 0.1 0.3
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Y3S15/S1¢ lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Y5515 is hexagonal with a= 3.836, ¢= 4.139;

S (111), (100), and (110) compared to YaS iz (0001), (1010), (1011), (1120), (1012),
(1121), (2021), {1122), (1013), (2130), (2131), (1123), (2132), (3031), and (2023)

Matching faces Orientation |Area as bg Qo 13} b]_ (851 %a %b %cg

Y, Sig (0001)/8i(111) {2110]j}{110]] 13. 3.84 | 3.84 | 60.00| 3.84 | 3.84 | 60.00| 0.1] 0.1{ 0.0

Y, Sig (0001)/8i(111) [4510}]|[231] | 89. | 10.15| 10.15| 60.00 | 10.16 |10.16 | 60.00| 0.1] 0.1] 0.0

Y, Sig (0001)/8i(111) {7520]}}j{413] | 166. | 13.83| 13.83] 60.00| 13.85]|13.85] 60.00/ 0.1} 0.1 0.0

Y3 Si5(1010)/Si(111) {1210]”[101] 127. 3.84 33.11| 80.00 3.84 |33.26 | 90.00] 0.1] 0.4, 0.0

Y3 Si5(1012)/Si(111) [1210]”{011] 180. 3.84 46.97 | 90.00 3.84 | 46.56 | 90.00f 0.1} 0.9 0.0

Y, Sig (1128)/8i(111) [3300]{j{121] { 141. | 6.64 | 21.52] 81.12| 6.65 [21.38| 81.05] 0.1] 0.7| 0.1

Y, Si, (0001)/8i(100) {1210}||[o11]]178. | 3.84 | 46.51] 90.00| 3.84 |46.08] 90.00| D.1{ 0.8} 0.0

Y, Sig (1010)/5i(100) [i2iol}jfo11]|191. | 3.84 | 49.67 | 90.00| 3.84 |49.92| 90.00| 0.1| 0.5} 0.0

Y, Sig (1011)/Si(100) | [1210]||l011] |163. | 3.84 | 42.46| 90.00| 8.84 | 42.24| 90.00| 0.1/ 0.5) 0.0

Y, Sig (1122)/8i(110) {3300]}|{112] | 187. | 6.64 | 28.22| 90.00| 6.65 |28.22| 90.00] 0.1| 0.0| 0.0

Y, Si, (1013)/Si(110) {1210]}]{110] | 83. 3.84 | 21.58 | ¢0.00] 3.84 {21.72] 90.00] 0.1} 0.7] 0.0

Y, Sig (1128)/8i(110) {3300]]][112]1 | 188. | 6.84 | 28.35] 90.00| 6.65 |28.22| 90.00{ 0.1] 0.5 0.0
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ZroSi/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

ZroS1t is body-centered tetragonal with a= 6.609, c= 5.298;

S (111), (100), and (110) compared to ZryS7 (110), (101), (100), (001), and (211)

I Matching faces Orientation Area‘ G;g] 52 I (455] l a1 ! b]_ l 23] l%a

%bl %al

er2 Si(101)/8i(111) 140. 6.61 21.43 81.13 6.65 | 21.38 81.05] 0.6 | 0.2] 0.1

[o1o]{|{112]

Zr5Sis/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Zr5Sig is hexagonal with a= 7.886, c= 5.558;

S (111), (100), and (110) compared to ZrsSis (1010)

}Matc hing faces

Orientation Area

ag'b2]a2lallbllall%a{%bi%a!

ZrgSio/S1 lattice match, using a matched unit cell not exceeding 200./:12 and
matching precision of 1.0%.

Zr3Sig is tetragonal with a= 7.082, ¢c= 3.715;

S1 (111), (100), and (110) compared to Zr3S ¢y (010) and (110)

INlatching faces

‘Orientation Area

anleQQlallbllall%a

%b|%a,{
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ZrgSis/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

ZregSis is orthorhombic with a= 3.761, b= 9.912, ¢= 3.753;

Si (111), (100), and (110) compared to ZrgSis (010), (100), (001), (110), (011),
(120), and (021)

Area

Matching faces Orientation a9 l bg ‘ [82) l a1 lbl l (23] ‘ %a

%bl%a!

ZrSi/S71 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

ZrS1is orthorhombic with a= 5.296, b= 6.995, c= 3.786;

S (111), (100), and (110) compared to Zr S (010), {100), (110), (001), (011), (101},
(120), and (111)

i!v(atching faces l Orientation Area

aQIbglaglallbl’ali%ai%b|%a'

ZrS81i/87 lattice match, using a matched unit cell not exceeding 200.;{2 and match-
ing precision of 1.0%.

ZrSiis hexagonal with a= 7.005, c= 12.772;

S7 (111), (100), and (110) compared to Zr S (0001)

Matching faces Orientation | Area

021522052|a1}51]0¢1‘%a

%s | %o |

ZrSis/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.
ZrSio is one-face-centered orthorhombic with a= 3.720, b= 14.690, c= 3.660;
S1i(111), (100), and (110) compared to ZrSis (010), (001), (110), (021), (130}, (150},
{(011), (112}, (132), and (031)

}Matching faces 1 Orientation Area

azlbzla‘z}al]h{ml%a

%b|%a]
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NbySi/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.
N b4517 is hexagonal with a= 3.590, c= 4.460;
§1(111), (100), and (110) compared to N 545 i (0001), (1010), (1011), (1012), (1120),
(1121), (2021), (1122), (1013), (2130), (1123), (2131), (2023), (1014), (2132), and

(3031)

Matching faces Orientation |Area| 49 62 35} aq bl 5] %a %b %a
Nb , Si(10106)/Si(111) [1211]]jfo11] | 192. | 11.45| 16.90 ] 83.02| 11.52{16.74| 83.41] 0.6 1.0} 0.5
Nb , Si(1011)/8i(100) [3301]j|{o11] | 56. 7.65 | 7.65 | 89.45| 7.68 | 7.68 | 90.00] 0.4] 0.4! 0.8
Nb, 8i(1011)/Si(100) [izio]]|{eo1] | 117. | 10.77] 10.87 | 90.00 | 10.86|10.86] 90.00] 0.9| 0.1] 0.0
Nb , 8i(1011)/8i(100) [3032}{|{o01] | 176. | 10.87| 17.05| 71.40| 10.86|17.17| 71.57| 0.1| 0.8} 0.2
[Nb , 8i(2131)/5i(100) {3z01}]j[o11] | ss. 7.65 | 11.45| 89.27| 7.68 |11.52| 90.00| 0.4] 0.6 0.8
Nb , $i(0001)/8i(110) [1z10])|{o01] | 167. | 10.77] 16.45| 70.89| 10.86|16.29| 70.53] 0.9] 1.0} 0.5
Nb, Si(1012)/8i(110) [3031]{{[110] | sa. 7.65 | 10.77 | so0.00| 7.68 |10.86| 90.00] 0.4] 0.9} 0.0
Nb, Si{1120)/Si{110) [3301]]j[110] | 83, 765 | 10.87 ] 89.23| 7.68 | 106.86| 90.00] 0.4{ 0.1] 0.9
Nb, Si(1120)/8i(110) [6601]}|[112] | 166. | 13.21| 13.38) 70.27 | 13.30]13.80] 70.53} 0.7 0.6| 0.4
Nb , Si(1120)/8i(110) [3302]{|{oo1] | 166. | 10.87] 15.30 ] 89.23 | 10.86,15.86 | 90.00 0.1{ 0.4| 0.9
Nb , 8i(2130)/8i(110) {4810]]J{111] { 127. | 9.50 | 13.38| 90.00| 9.41 |13.80; 90.00; 1.0} 0.6] 0.0

Nb3Si/S¢ lattice match, using
matching precision of 1.0%.

Nb3Siis

simple cubic with a=

a matched unit cell not

4.211;

o2
exceeding 200.A and

S1 (111), (100), and (110) compared to N bgS+¢ (001), (011), (111), (012), and (112)

}Matching faces

Orientation Area

aglbg]aglallbllall%a

%bl%ag
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22
Nb5Sisz/Si lattice match, using a matched unit cell not exceeding 200.A4 and
matching precision of 1.0%.

N b5 S i3 is body-centered tetragonal with a= 6.570, c= 11.880;
Sg (111), (100), and (110) compared to N b5S i3 (001) and (101)

*Nlatching faces

Orientation Area

az]")z}%‘mlhl%'%a

%bl%al

o 2
NbsSi3/S1 lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

NbsS g is hexagonal with a= 7.536, c= 5.248;
S {111), (100), and (110) compared to N b5S i3 (1010) and (0001)

lMatching faces l Orientation
1

Area

.&2lbglaglallbllall%“

%bl%al

02
NbSis/S 1 lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

NbSio is hexagonal with a= 4.797, ¢= 6.592;
$1 (111), (100), and (110) compared to N bS5 (0001), (1010), and (1011)

! Matching faces I Orientation | Area

1]

CLQI f)g‘&g!allbllall%a

%bl %ai

[ooo1]|j{112] | 126. | 6.59 | 19.19] 90.00| 6.65] 19.20 | s0.00

{NbSiz (1010)/8i(111) 0.9

0.1

0.0
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Mo3Si/Si lattice match, using a matched unit cell not exceeding 200.;{2 and
matching precision of 1.0%.

M 0351 is simple cubic with a= 4.890;

S7(111), (100), and (110) compared to M 0357 (001), (011), and {111)

Matching faces Orientation| Area a9 bg oo ay bl @1 %a %b %a

Mo Si(111)/8i(111) {1101||[313] | 166. ] 13.83| 13.83| 60.00| 13.85]13.85} 60.00} 0.1 0.1} 0.0

Mo, Si(001)/8i(100) [120]}j[001] | 120. | 10.93| 10.93 | ©0.00 | 10.86 | 10.86 | 90.00] 0.7 | 0.7| 0.0

Mo, Si(001)/8i(100) f1io0j|]fos1] | 191. | 13.83] 13.83 | 80.00{ 13.85|13.85 | 50.00{ 0.1 | 0.1} 0.0

2
Mo5S1is/S¢ lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

M o5S 13 is body-centered tetragonal with a= 9.620, c= 4.900;
51 (111), (100), and (110) compared to M 05513 (110) and (100)

l]vlatching faces

Orientation Area

aglbglaglaliblialt%al%b!%ai

M osS13/5 ¢ lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

M 05513 is hexagonal with a= 7.286, ¢c= 5.000;

S1 (111), (100), and (110) compared to M 05513 (1010) and {0001)

!Nlatching faces

Orientation

Area

azlbzlazlm'bl,all%a

%b{%a]
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M o0Sis/Si lattice match, using a matched unit cell not exceeding 200.2&2 and
matching precision of 1.0%.

M 0Sis is body-centered tetragonal with a= 3.203, ¢= 7.88T;

S (111), (100), and (110) compared to M oSiy {001), (101), (110), (103), (112),
(100), (114), (105), (211), (213), (102), (116), (111), (107), (215), (301), (310), (312),
(118), (314), (217), (305), (321), (113), (109), (323), and (104)

‘ Matching faces I Orientationj Area

as l ba [ o l ay l by ‘ ay |%a‘%b]%a¥

rMoSiz (001)/8i(100) ’ [320]]|[o11]

133.

11.55

11.55

90.00

11.52

11.52

80.00

!
o.zl 0.2

0.0 l

M o0Sip/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

M o0Sio is hexagonal with a= 4.605, c= 6.559;

S (111), (100), and (110) compared to M 0Sis (0001), (1010), (1011), and {1012)

! Matching faces ] Orientation

Arvea ag’bg]agiallbliali%a

%b‘ %a]

1MoSi2(0001)/Si(111) [2110]]|[314] | 165. | 13.82 | 13.82 | 60.00 | 13.85

13.83

60.00

0.2] 0.0

‘MoSi2 (1011)/8i(100) 177.

[1541]]|[0o15]

13.84

13.84

67.39

13.85

13.85

67.38

0.1

0.1 0.0
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°2
TcySi/Si lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.
T ¢4 St is body-centered cubic with a= 3.009;

S (111), (100), and (110) compared to T ¢y S7 (110), (100), (211), (310), (111), (321),
(411), (210), (332), (431), (510), (521), (530), (433), (221), (611), (532), (541), (311),
(631), (543), (710), (320), (721), (552), (T30), (651), (732}, (554), (T41), (811), (410),
(322), (653), (831), (T50), (T43), (331), (752), (910), (833), (421), (655), (761), (921),
(754), (851), (763), (932), (853), (941), (430), (772), (943), (950), (511), (765), (952),
(774), (871), (855), (432}, (520), and (961)

Matching faces Orientation] Area ao bg oo a1 b]_ 5] %a %b %a

Te, Si(100}/8i(100) fo11]]|[o13] | 72. 8.51 8.51 | 90.00| 8.59 | 8.59 | 90.00| 0.9] 0.9] 0.0
Tc, Si(100)/8i(100) fo3z2}jf{oo1] | 11s. | 10.85 10.85| 90.00{ 10.86 | 10.86 | 90.00] 0.1{ 0.1} 0.0
Tc, Si(100)/8i(100) [oo1}|j{o12] | 145. | 12.04 | 12.04 | 90.00 | 12.14]12.14} 90.00] 0.9 | 0.9{ 0.0
T¢, Si(100)/5i(100) [ori)}j[o13] | 145. 8.51 | 1T.02] 90.00| 8.59 |17.17] 90.00f 0.9] 0.9} 0.0
Tc, Si(554)/3i(100) [110]]j{o13] | 147. | s.51 | 17.29 | 90.00] 8.59 |17.1T| $0.00| 0.9 0.6 0.0
Tc, Si(943)/Si(110) [137]}|[110] { 186. | 11.56 | 16.13 | 89.30 | 11.52 | 16.29 | 90.00{ 0.3| 1.0| 0.8

Te, Si(943)/3i(110) [137]}|[114] | 186. | 11.56 | 16.13 | 89.30 | 11.52 | 16.29 | 90.00| 0.3 | 1.0| 0.8

T c5Si3/5 1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Tc5S 13 is body-centered tetragonal with a= 9.403, c= 4.849;

S7 {111), (100), and (110) compared to T c5S5 13 (110), (100), and (101)

}]vlatching faces

Orientation Area

02|b2la2}a1!b1’a1l%a

%bl %al
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T'¢S1i/S7 lattice match, using a matched unit cell not exceeding 200.;&2 and match-
ing precision of 1.0%.

T cSi is simple cubic with a== 4.755;

S7(111), (100), and (110) compared to 7' ¢S 7 (001), (011), and (111)

*]\/Iatching faces

Orientation Area

&2]52|a2]a1151{0¢1’%a

%b;%a}

- . °2
TcySi7/S7 lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.

T'cq Si7 is tetragonal with a= 5.737, c= 18.099;
51 (111), (100), and (110) compared to T'cySi7 (001)

Orientation

l Matching faces Area

azlbzlagldilh]al}%a

%bl %@]

Te, 5i, (001)/8i(100) | [100]][{011] | 132. | 11.47| 11.47| 90.00| 11.52 | 11.52 | 90.00| 0.4 ] 0.4] 0.0
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RuoSi/S1 lattice match, using a matched unit cell not exceeding 200.1:12 and
matching precision of 1.0%.

Rus St is orthorhombic with a= 5.279, b= 4.005, c= T7.418;

S1(111), (100), and (110) compared to RusS¢ (001), (100), (101), (010}, (011), and
(110)

l!v(atching faces

Orientation Area

a2152|a2‘allb1‘a1‘%a

%b!%a|

RuzSig/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

RuzSi3 is orthorhombic with a= 5.246, b= 9.815, ¢= 4.023;

S (111), (100), and (110) compared to RusS 13 (010), (100), and (110)

‘Matching faces

Orientation i Area

w2 | bo| oa | a1 | b | a1 | %

%b!%ozl

Ru4S13/S 7 lattice match, using a matched unit cell not exceeding 20().;12 and
matching precision of 1.0%.

Ru,Si3 is orthorhombic with a= 5.194, b= 4.022, ¢= 17.134;

514 (111), (100), and (110) compared to Ru4S13 (001)

}l\(atching faces

Orientation Area

a2I52]a21a1i51i0¢1l%a

%b|%a,|
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RuSi/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

RuS1 is simple cubic with a= 2.909;

S (111), (100), and (110) compared to Ru.Si (001), (011), (111), (012), (112), (122),
(013), (113), (023), (123), (223), (014), (114), (133), (124), (233), (034), (015), (134),
(115), (234), (025), (125), (225), (144), (334), and (035)

Matching faces | Orientation| Area ao bg &9 ay bl oy %a %b %O!

RuSi(011)/8i(111) | [100]|{[011] | 191. | 11.64 | 17.45| 70.53 | 11.52 [ 17.60 | 70.89] 1.0| 0.8] 0.5
IRuSi(001)/Si(100) | [100]}jlo11] | 185. | 11.64 | 11.64| 90.00 | 11.52 ] 11.52| ¢0.00| 1.0} 1.0| 0.0
RuSi{011)/Si(110) | [100]]|{110] | 191. | 11.64 | 16.46 | 90.00 | 11.52 | 16.29 | 90.00| 1.0 1.0 0.0

RuSi(011)/Si(110) | [100]{{[114] | 181. | 11.64| 16.46 | 90.00 | 11.52 | 16.29 | 90.00| 1.0} 1.0{ 0.0

RuSi/S7 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

RuS1 is simple cubic with a= 4.703;

S1(111), (100), and (110) compared to RuS: (001), (011), (111), and (012)

Matching faces Orientation| Area ao bg (275) a1 bl ay %a %b %CY
RuSi(111)/8i(111) | [101]}}[121] | 38. 6.65 6.65 | 60.00! 6.65 | 6.65 | 60.00{ 0.0| 0.0} 0.0
[RuSi(011)/8i(110) | [011]]{[112] | 63. 6.65 9.41 | 80.00 ] 6.65 | 9.41 | 90.00] 0.0} 0.0] 0.0

RuSi(011)/Si(110) | {1o0]f[f111] | 125. | 9.41 | 13.30| g0.00]| 9.41 |13.30| 90.00| 0.0{ 0.0] 0.0

RuSi(011)/Si(110) | [211}||[110] | 125. | 11.52 | 11.52 ] 70.58 | 11.52|11.52 | 70.53} 0.0 0.0{ 0.0

RuSi(011)/8i(110) {211]”[114] 188. 11.52 16.29 90.00 11.52 } 16.29 90.00f 0.0} 0.0} 0.0
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o 2
RusSis/St lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

RusSis is tetragonal with a= 5.531, ¢c= 4.469;
S1(111), (100), and (110) compared to RusS {3 (010), (001}, (110), (011), and (111)

ll\/latching faces

Orientation Area

@2{52!&2!011611a1l%a‘%b]%a‘

o2
Ru5Si3/S51 lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

RusSia is orthorhombic with a= 11.057, b= 8.934, c¢= 5.533;
S (111}, (100), and (110) compared to RusS i3 (100)

1Matching faces

Orientation Area

@21521052{@1]51.@1'%(1

%b!%al
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RhoSi/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

RhsoS1 is orthorhombic with a== 5.408, b= 7.383, c= 3.930;

Si(111), (100), and (110) compared to Rk S (010), (100), (110), (001), (011), and
(101)

']Vlatching' faces

Orientation Area

oo | ba | oz | a1 | b | o1 | %a

%bl%a]

Rh5Sis/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

RhySia is orthorhombic with a= 5.317, b= 10.131, ¢== 3.895;

54 {111), (100), and (110) compared to Rh5S i3 (010), (100), and (110)

lZMatching faces

Orientation | Area

aglbgiaglallbllall%a!%b‘%a’

Rh3Sis/S1 lattice match, using a matched unit cell not exceeding 200.?&2 and
matching precision of 1.0%.

RhsSis is hexagonal with a= 11.851, c¢= 3.623;

S1 (111), (100), and (110) compared to RhgS1p (1010)

Area

azif)Qlaztmlhlml%a

Matching faces l Orientation

% | %a |

Rh3S 12 + /51 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Rh3S¢2 4 is hexagonal with a= 3.949, c= 5.04T;

S (111), (100), and (110) compared to Rh3Si2 -4 (0001), (1010), (1011), (1012),
(1120), (1121), {2021), (1122), and (1013)

lMatching faces

Orientation Area

ag*bgfaglalibltoql%a

%b]%a}
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RhS1/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

RAhS1iis orthorhombic with a= 5.531, b= 6.362, c= 3.063;

S (111), (100), and (110) compared to RS i (010), (100), (110), (001), (011), (120),
(101), (210), (111), and (021)

!Nlatching faces

Orientation Area

azlbzlag

al‘bliall%a

%5]%a|

RhSi/S i lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

RRS1 is simple cubic with a= 2.963,;

S (111), (100), and (110) compared to RAS 7 (001), (011), (111}, (012), (112), (122),
(013), (113), (023), (123), (223), (014), (114), (133), (124), (233), (034), (015), (134),
(115), (025), (234), and (125)

! Matching faces ! Orientationi Area% a9 ! bg } ao a1 ! bl ! (s3] I %a! %bi %a!
nsi(o12)y/si(i111) | joe1l|}{211] | 177. | 6.63 | 26.67 | 90.00 | 6.65 | 26.88 | 90.00| 0.4 0.8 0.0
hSi(001)/Si(100) | {140][}{o12] | 140. | 12.22 | 12.22 | 90.00 | 12.14]12.14 | 90.00] 0.6 ] 0.6 0.0

RKSi/S1i lattice match, using a matched unit cell not exceeding 200..:&2 and
matching precision of 1.0%.

RhS7{is simple cubic with a= 4.674;

Si(111), {(100), and (110) compared to RAS ¢ (001), (011), {111}, and {012)

Matching faces Orientation| Area a9 bg a9 a1 bl &1 %(E %b %a
RhSi(111)/Si(111) | [1T0]}|{121] | 38. 6.61 6.61 | 60.00| 6.65 | 6.65 | 60.00f 0.6 | 0.6 0.0
RhSi(011)/8i(110) | [011]]|[112] | 62, 6.61 9.35 | 90.00| 6.65 | 9.41 | 90.00] 0.6} 0.8 0.0
RhSi(011)/8i(110) | [21T}{|[114] | 185. | 11.45 | 16.19 | 90.00 | 11.52 | 16.29 | 90.00| 0.6 | 0.6 0.0
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o2
Rh4S15/S i lattice match, using a matched unit cell not exceeding 200.4  and
matching precision of 1.0%.
Rh4S1s is monoclinic with a= 12.335, b= 5.924, ¢= 3.508, v===100.181;

§17(111), (100), and (110) compared to Rhy S5 (100), (100), (010), (010), (110), and
(110)

INXatching faces

Orientation Area

aglbglagiallbllall%a

%bl%a'

Rh3Sis/81 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

Rh3Si4 is orthorhombic with a= 18.810, b= 3.614, ¢= 5.813;

51¢ (111), (100), and (110) compared to Rh3Si4 (100)

l Matching faces l Orientation

%bi %a'l

T T T i T 1
[o101]{{0o01] l 1286. ! 10.84 | 11.83 go.ool 10.86

Area‘ a9 I bo ‘ ag! a1 l by l all%a
i 90.00} 0.2l o‘gl 0.0 i

IRhS Si, (100)/8i(110)

11.52

RhSi5/S 1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

RhSio is simple cubic with a= 2.963,;

Si{111), (100), and (110) compared to RhS 15 (001), (011), (111), (012), (112), (122)

7!

(013), (113), (023), (123), (223), (014), (114), (133), (124), (233), (034), (015), (134),
(115), (025), (234), and (125)

1
i Matching faces lOrientation Area ado I 192 i &9 l a1 i b]_ l a1 ‘%a %bl%a’
hSi, (012)/8i(111) | [021]}|[121] | 177. | 6.63 | 26.67 | 90.00| 6.65 |26.88 | 90.00] 0.4| 0.8 o.ol
hSi, (001)/Si(100) | [140][|[012] | 149. | 12.22 | 12.22 | 80.00| 12.14|12.14| 90.00) 0.6] 0.6 o.o!
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. . . o 2
PdySi/Si lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

PdySiis triclinic  with a= 4.402, b= 7.700, c= 8.990, a==111.02, $=96.520,
4 =89.150;

S (111), (100), and (110) compared to P d.S+ (001), (010), (010), and (011)

l Matching faces | Orientation

Area

ag|b2{a2|al‘bllall%a

%b] %0,1

o |

[o1o]jj{[o11} | 102. | T.70

|Pd4 $i(601)/Si(111) 13.21

§9.15 7.68

13.30

QOAOOl 0.3} 0.7

° 2
PdgSi/Si lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

Pdgs S+ is orthorhombic with a= 5.735, b= 7.555, c= 5.260;
S (111), (100}, and (110) compared to Pd3S¢ {010), (100}, (001), and (110)

1Ma,tching faces

Orientation Area

a2]b2la2131}51la1'%a

%b|%a]

-2
PdySi4/S7 lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

PdgSty is tetragonal with a= 4.700, c= 6.870;
Si {111}, (100), and (110) compared to PdgSi4 (001), (010), (011), and (110)

lMatching faces

Orientation Area

aglbglagjallbliall%a

%bl%al
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2
PdySi/S1 lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

PdsS7is hexagonal with a= 6.496, c= 3.433;
S (111), (100), and (110) compared to PdyS1 (1010), (0001), (1120), and (1011)

ltvla.tching faces

Orientation Area

agibg'aglallblialt%a

%bt%a|

P45 1/S57 lattice match, using a matched unit cell not exceeding 200.4 and match-
ing precision of 1.0%.

PdS 1 is orthorhombic with a= 5.617, b= 6.153, ¢c= 3.391;

S {111), {100), and (110) compared to PdS ¢ (010), (100}, (110), (001), (011), (101),
(120), (111), and (210)

‘Matching faces

Orientation

Area

agibglaglalibl

or| o] ] |
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LagSis/Si lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

LasSis is tetragonal with a= 7.885, c= 4.434;

S7 (111), (100), and (110) compared to LagS 15 (010) and (110)

‘Matching faces

Orientation Area

aglbg‘aglal{bl,al

%aj%bl%as

LaSi/Silattice match, using a matched unit cell not exceeding 2@0.;12 and match-
ing precision of 1.0%.

LaS1i is orthorhombic with a= 6.059, b= 8.404, ¢= 4.010;

54 (111), (100), and (110) compared to LaS i (010), (100), and (110)

|Matchingfaces iOrientation Area as | bg ' ao ] a1 ] bl ‘ 431 l%a %51 %&,l
l].aSi(OlO)/Si(lOO) [oo1}]j{o12] | 146. 12.031 12,12} 90.00 | 12.14 | 12.14| 90.00 09’0.2 0.0

LagSi5/S¢ lattice match, using a matched unit cell not exceeding 200._212 and
matching precision of 1.0%.

LagSis is orthorhombic with a= 4.250, b= 4.170, ¢= 14.050;

51 (111), (100), and (110) compared to LagSis (001)

}Matching faces

Orientation | Area bg

a2

aglallblinlgéa

%b] 9@&/}

LaSio/S ¢ lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

L.aS1is is body-centered tetragonal with a= 4.281, c= 13.750;

51 {111), {100), and {110} compared to LaSio (001}, (101), (103}, (110}, and (112}

] Matching faces l Orientation| Area| @9 l 62 I 8551 l a1 l 51 , a9 l %a %b’ %O,J
sLaSiz (001)/8i(100) | [100]{{lo13] | 73. 8.56 §.56 | 90.00| 8.58 | 8.59 go.oo! 0.3] 0.3| 0.0
lLaSiz (001)/Si(100) | [110}]|{o12] | 147. | 12.11 | 12.11| 90.00| 12.14 | 12.14] 90 oo‘ 0.3 l 0.3] 0.0
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H f3S1/Si lattice match, using a matched unit cell not exceeding 200.‘;12 and
matching precision of 1.0%.

H f25 i is body-centered tetragonal with a= 6.553, c= 5.186;

57 (111), (100), and (110) compared to H f551¢ (110), (101), (100), (001), (211), and
(112)

}]vtatching faces

Orientation Area

azlbzlazlm’blim]%a

%b{%a[

H f5Sis/Si lattice match, using a matched unit cell not exceeding 200.?&2 and
matching precision of 1.0%.

H f5S i3 is hexagonal with a= 7.890, ¢= 5.558;

Si(111), (100), and (110) compared to H f5Si3 (1010)

}Matching faces

Orientation Area

azlbzlazlallbll%l%a

%bl%a}

H f3S12/51 lattice match, using a matched unit cell not exceeding 200.;{2 and
matching precision of 1.0%.

H 4515 is tetragonal with a= 7.000, c= 3.671;

S4(111), (100), and (110) compared to H f3Sis (010}, (110), and (001)

tMatching faces

oz |

Area SOy I

Orientation

GQIleQQlalibl\all%ai%b

H f5S51i4/5¢ lattice match, using a matched unit cell not exceeding 200.;{2 and
matching precision of 1.0%.

H f5S1i4 is tetragonal with a= 7.039, c= 12.826;

51 (111), (100), and (110) compared to H f551i4 {001)

}V‘[atching faces

Orientation Area

Gzzlbzlazlalibll&l‘%a

%b}%a}
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e 2
H f81i/S7¢ lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.
H fS1iis orthorhombic with a= 6.855, b= 3.753, ¢c= 5.191;

S (111), (100), and (110) compared to H f S (100), (001), (101}, (010}, (110), (011),
(201), and (111)

!Matchingfaces IOrientation Area as 1 bg l a9 l a1 l 61 l 5] I%a %b’ %&t
inSi(Olo)/Si(lOO) [101}]|fo13] | 178. | 8.60 | 20.75 ] 85.78 | 8.59 | 2065 | @5.24| 0.1 | 0.3} 0.5

H fSi/5i lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

H fS1iis hexagonal with a= 6.860, c= 12.600;

S7(111), (100), and (110) compared to H fS¢ (0001)

Orientation' [15) ] 62 l (8%] ; aq { b}_ j 4]

|
] Matching faces Ares

%a; %bj%a;

[2110]]{{313] | 163. | 13.72| 13.72 | 60.00] 13.85

1}11‘Si(0001)/$i(111) 0.9

]
13.35! S0,00l 0.8

0.0

H fS1i5/S7i lattice match, using a matched unit cell not exceeding 2{30.;12 and
matching precision of 1.0%.

H fSi5 is one-face-centered orthorhombic with a= 3.677, b= 14.550, c= 3.649;
Si (111), (100), and (110) compared to H fSiz (010), (001}, (110), (021), (130),
(150), (011), (112), (132), and (031)

] Matching faces IOrientation Area ao l bQ I (425} l a1 ' ’51 } [4%] l%a %bl%aJ
]HfSi2(010)/Si(100) [o2s]||fo11] | 184. | 11.55 ] 11.62] 89.74] 11.52 11.52! 90.00| 0.2 0.8] 0.3
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TaySig/Ss lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

TagSio is hexagonal with a= 6.105, c= 4.919;

S4 (111), (100), and (110) compared to T'agSi5 (1010), (0001), and (1011)

}Matching faces

Orientation

Area

azibzlaz‘mlh]ml%a

% | %o |

TaxSt/S 1 lattice match, using a matched unit cell not exceeding 200.1312 and
matching precision of 1.0%.

TaoS7 is body-centered tetragonal with a= 6.160, c= 5.056;

S1{111), (100), and (110) compared to T'a5S 1 (110), (101), (100), (001), (211), (112)
and (310)

H

Matching faces Orientation} Area an 62 oo a1 bl 23] 017(1 %b %O./

Ta, 8i(110)/Si(111) | [111]]][132] | 88. | 10.07 | 10.07 | 60.26 | 10.16 | 10.16 | 60.00| 0.9} 0.9] 0.4
Ta, Si(110)/8i(111) | [331]{][121] | 154. | 13.31| 18.35| 60.20 | 13.30 | 13.30 | 60.00| 0.0 0.3] 0.3

Ta, Si(112)/8i(111) | [131}]}[132) | 88. | 10.06 | 10.06 | 60.07! 10.16)10.16 | s0.00| 1.0] 1.0} 0.1

Ta, 8i(001)/8i(100) | [120}{[[051] | 190. ) 13.77 | 13.77) 90.00] 18.35]13.85] 90.00] 0.5} 0.5] 0.0

Ta5S4i3/51 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

Ta5S 13 is hexagonal with a= 7.484, ¢c= 5.223;

S (111), (100), and (110) compared to T a5S i3 (1010) and (0001)

‘Matching faces

Orientation Area

&2|62‘a2¥allbllall%a

%b)%a]
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Ta5S513/S1 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

T a5S 13 is body-centered tetragonal with a= 9.880, ¢c= 5.060;

S (111), (100), and (110) compared to TasS i3 (110) and (100)

Orientation | Area

iz

iMatc'ning faces

aglbgfagtalfbltalt%a

%a1

TasSi3/Si lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

T'asS 13 is body-centered tetragonal with a= 6.516, ¢c= 11.873;

S1i (111), (100), and (110) compared to Ta5S i3 (001) and (101)

Areai@gibgi&gidl!@]_lali /Oai%b(/oal

| |
lMatching faces ] Orientation

e 2
TaSis/S1 lattice match, using a matched unit cell not exceeding 200.4 and

matching precision of 1.0%.
TaS 1o is hexagonal with a= 4.782, ¢c= 6.569;
S (111), (100), and (110) compared to T'aSis (0001), (1010), and (1011)

Orientation Area

*}v{atching faces

ag]bzlazlmlhlm’%a

%] %)
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W3S1i/S1 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

W3 S1 is simple cubic with a= 4.910;

51 (111), (100), and (110) compared to W3S (001), (011), and (111)

l Matching faces l Orientation| Area as ; bz l [25) l a1 j b]_ ‘ 3] ’ %a %bl %a}
‘WS Si(111)/8i(111) | [110]][[3123] | 167. ' 13.89 13.89| 60.00 | 13.85 ‘ 13.85‘ 60.00| 0.3] 0.3] 0.0 |
W, Si(001)/8i(100) | [110]][[051] | 198. | 13.80 | 13.89 | 90.00 | 13.85 | 13.85 | 90.00} 0.3| 0.3| 0.0 I

Wy Sis/S ¢ lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

W5 S i is body-centered tetragonal with a= 9,645, c= 4.970;

Si (111), {100), and (110) compared to W5.Si3 (110) and (100)

i Matching faces l Orientation| Area

agibgiaglallbl‘al‘%a

%b| %a]

fo12]}j{321] {192. | 13.85| 13.85| 88.27 | 13.85|13.85| 87.80] 0.0] 0.0| 0.5

W, Sig (100)/Si(111)

W5Sis/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Wx Si3 is hexagonal with a= 7.190, c= 4.850;

S'i (111), (100), and (110) compared to W55 i3 (1010) and (0001)

lMatching faces

Orientation Area

aQibQIQQ‘allbl’all%a

%bi%al
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W Si5/S1 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

W S5 is body-centered tetragonal with a= 3.210, c= 7.829;

S (111), (100), and (110) compared to W S5 (001), (101), (110), (103), (112), (100),
(114), (211), (105), (213), (102), (116), (111), (301), (215), (10T), (310), (312), (314),
(118), (321), (305), (217), (113), (323), (109), and (104)

l Matching faces I Orientation] Area as I bg i (025} ] aq l bl 1 431 ‘ %a %bl %CZI
WSi, (102)/8i(111) {231]|}[3%1] | 195. | 13.97 | 13.97 | 87.13 | 18.85 | 13.85 | 87.80| 0.9 | 0.9 0.8
WSi, (001}/8i(100) [230]]]{o11] | 134. | 11.57 | 11.57 { 80.00 | 11.52 | 11.52 ‘ ¢0.00] 0.5] 0.5{ 0.0 !




-249-

RezSi3/S1 lattice match, using a matched unit cell not exceeding 200.?&2 and
matching precision of 1.0%.

ResSis is body-centered tetragonal with a= 9.530, ¢= 4.810;

S (111), (100), and (110) compared to ResSi3 (110) and (100)

Matching faces Orientation Area %b

a2|52|a2'01|511a1l%a

%O,]

Re5Si3/S i lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

ResSi3 is monoclinic  with a= 6.451, b= 5.394, ¢= 9.601, v=94.203;

S (111), (100}, and (110) compared to ResSi3 (001)

tl\’la.tching faces

Orientation i Areai 15 i 52 i 5] l a1 151 l [5a] ‘ %a % %D]l %C\/%

ReSi/5 ¢ lattice match, using a matched unit cell not exceeding 200.1-22 and match-~
ing precision of 1.0%.

ReS1is simple cubic with a= 4.774;

§i {111), (100), and {110) compared to ReSi (001), (011), and (111)

ib/[atching faces

Orientation Area

021521@]01]51‘@1‘%(;

%bi %al
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ReSi5/Si lattice match, using a matched unit cell not exceeding 200..;12 and
matching precision of 1.0%.

ReSio is body-centered tetragonal with a= 3.138, ¢c= 7.666;

S1(111), (100), and (110) compared to ReSis (001), (101), (110), (103), (112), (100),
(114), (211), (105), (213), (102), (116), (111), (301), (215), (107), (310), (312), (314),
(118), (321), (305), (217), (113), (323), (109), (104}, (316), (201), (411), (325), and
{307)

Matching faces Orientation| Area a9 11)2 xo a1 él 43] %a %b C/%Q,
ReSi, (110)/Si(111) foo1jji{110] | s51. T.67 7.68 | 60.07| 7.68 | 7.68 { 60.060] 0.2 0.0{ 0.1

ReSi, (110)/81(111) [3381}]}{o1i] | 102. 7.68 | 13.201 88.87] 7.68 | 13.30| 90.00] 0.0} 0.1] 0.1

ReSi, (110)/5i(111) | {111}f]{121] | 153. | 13.29 | 13.29| 60.13 | 13.30|13.30 | 60.00| 0.1| 0.1} 0.2

Re3i, (103)/8i(111) | [381]|}[011] | 152. | 7.68 | 19.84| 89.94| 7.68 |19.95 | 90.00] 0.0| 0.6] 0.1
Resi, (116)/8i(111) {33i]ljio1i] | 102. | 7.68 | 13.81| 90.00| 7.68 | 13.30 90.00| 0.0} 0.1} 0.0
ReSi, (310)/8i(111) { [001]}}[013] j 152. | 7.67 | 19.85| 90.00 7.68 | 19.95| 90.00] 0.2 0.5] 0.0
ReSi, (110)/Si(100) | [331]}{{o11] | 119. | 7.68 | 15.96| 76.21| 7.6% | 15.83| 75.96] 0.0| 0.8} 0.3

ReSiy (102)/8i(110) | (010]f[[111] | 187. | 9.41 | 19.81} 90.00] 9.41 |19.95| 90.00| 0.1{ 0.7] 0.0

[ReSi, (201)/5i(118) | {010][{{111] | 147. 9.41 | 15.96| 78.66 | 9.41 |15.83| 78.58] 0.1 0.8} 0.

et
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OsS81/S1 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

0358571 is simple cubic with a= 4.729;

§4¢ {111}, (100), and (110} compared to OS¢ (001), (011), and (111)

Matching faces | Orientation| Area a9 bg ao a1 {71 a9 %a %b %a/
Os8i(001)/Si(111) | [110]||[211] | 179. 6.65 | 26.75| 90.00] 6.65 | 26.88 | 90.00! 0.5] 0.5} 0.0
Os3i(111)/Si(111) | [110]}{{121] | 39. 6.69 6.69 | 60.00| 6.65 | 6.65 | 60.00{ 0.5| 0.5} 0.0

0sSi{011)/Si(110) | [o1Ij}{{112] | 63. 6.69 9.46 | 90.00 ] 6.85 | 9.41 | 90,00} 0.5 0.5} 0.0
OsSi(011)/Si(110) | {100}|{[111] | 127. | 9.46 | 13.38] 90.00 | 9.41 | 13.30] 90.00| 0.5] 0.5] 0.0
OsSi{011)/8i(110) | {211f{{{110] | 127. | 11.58 | 11.58] 70.58 | 11.52 | 11.52| 70.53) 0.5] 0.5] 0.0

0sSi(011)/8i1(110) | [211]]}{114] | 190. | 11.58 ] 16.38 | 90.00| 11.52 | 16.29] vo0.00] 0.5 o.5] 0.0

0sS1/Silattice match, using a matched unit cell not exceeding ‘200.;-12 and match-

ing precision of 1.0%.

0551 is simple cubic with a= 2.963;

S (111), (100), and (110) compared to OsS7 (001), (011), (111), {012), (112), {122),
5

(013), (113), (023), (123), (223), (014), (114), (133), (124), (233), (034), (015), (134),
(115), (025), (234), and (125)

i Matching faces iOriencgtion‘Area 1455} l bg } [355] j a1 j bl &y %a‘%bi%al
0sSi(012)/81(111) ! fo211ili211] ‘ 177. ! 6.63 ¥ 26.672 90.00! 6.65 | 26.88 | $0.00 0.41 0.8} 0.0 t
10551(001)/&(100) [140]]][o12] - 149. | 12.22 | 12.22| 90.00 | 12.14 | 12.14] 90.00| 0.6] 0.6] 6.0
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Os981i3/S ¢ lattice mateh, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

OsoS1is is tetragonal with a= 5.580, c¢= 4.480;

S (111), {100), and (110) compared to Oso S5 (010), (001), (110}, (011), and (111)

lMatching faces

Orientation Area

02152,0&2]@1}511011%a

%b} %al

OsS12.4/S7 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

058512.4 is monoclinic  with a= 8.770, b= 7.380, ¢= 3.000, y==118.5;

$1 (111), (100), and (110) compared to OsSi2.4 (100), {100), {110}, (110), (010),
(010), (210), (210), (110), (110), (120}, and (120)

T0a

Area

ll\/latching faces] Orientation a9 ! bg I 555} ’ a1 !bl 1 vy

o2
OsSi9/51 lattice match, using a matched unit cell not ezceeding 200.4 and

matching precision of 1.0%.
OsS 19 1s one-face-centered orthorhombic with a= 10.150, b= 8.117, ¢= 8.223;
§1(111), (100), and (110) compared to OsS iy (001)

Qrientation Area

tlviatching faces

agibgtaglallbllall%ai%b‘%@,
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o2
Ir3Si/S i lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.

Ir3S1is body-centered tetragonal with a= 5.222, ¢c= 7.954;

514 (111), (100), and (110) compared to IrgSi (101), (001), (110), (112), (100), (103),
and (211)

] Matching faces 10rientation Area

as ‘ by | s | @ l by l ay I %aq

%b] %a]

Irg S1(211)/8i(100) | [111][[fo10] | 194. | 5.43| 35.75 | 86.13 | 5.43 | 35.41 | 85.60| 0.1

1.0

0.6

o2
IrgSi/S1 lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

Ir3Sy is hexagonal with a= 4.350, ¢c= 6.630;

Sz'_(lll), (100}, and (110} compared to IrgS¢ (0001), (1010), (1011), (1012), and
(1120)

l Matching faces { Orientation

Area as I bQ I a9 l 23} ‘ {731 l aq l%a %b{ %a‘
Ir, Si(0001)/Si(111) | [4150]{|{110] | 115. | 11.51 ] 11.51| 60.00 | 11.52 | 11.52 ‘ 80.00| 0.1] 0.1| 0.0
Ir, Si(1011)/8i(110) | [4511]||{112] | 166. | 13.28 | 13.28 | 70.08 | 13.30] 13.30 | 70.53] 0.2| 0.2| 0.6

o 2
Ir98i/S1 lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.

Ir2571 is orthorhombic  with a= 5.284, b= 3.989, c= 7.615;
S1 (111), (100), and (110) compared to IroSi (001), (100), (191), (010), and (011)

l Matching faces JOrientation Area

62, b:zlazfal}bz]al’%a

%b, %ayl

Ir, Si(100)/8i(111) | [oo1]f[[o11] | 152. | 7.61 | 19.94| 80.00 | 7.68 | 19.95 | 90.00] 0.9 | 0.0| 0.0
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IrS1i/S7 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

IrS1is orthorhombic with a= 5.558, b= 6.273, ¢= 3.211;

St (111), (100), and (110) compared to IS (010), (100), (110), (001), (011), (101),
(120), (111), (210), and (021)

l!\/latching faces

Orientation Area

aglbglag‘al‘bllali%a

%b|%a]

Ir4Si5/S1 lattice match, using a matched unit cell not exceeding 200.;{2 and
matching precision of 1.0%.

IrySis is monoclinic  with a= 12.354, b= 5.881, ¢= 3.618, 7=100.14;

S (111), (100), and (110) compared to Ir4Si5 (100), (100), (010), (010), (110), and
(110)

INlatching faces

Orientation Area

a21621a21a1151|a11%a

%b|%a|

Ir3Siy/S9 lattice match, using a matched unit cell not exceeding 200.;12 and
matching precision of 1.0%.

Ir3Si4 is orthorhombic with a= 18.870, b= 3.679, ¢= 5.774;

S+ (111), (100), and (110) compared to Ir3Si4 (100)

} Matching faces l Orientation] Area

as ’ ba | o2 1 a3 i b l ay i%al%bl%ai

Ir, Si, (100)/Si(100) | [012][[[012] 15.81] 86.25| 12.14] 15.83 0.2] 0.7

191. l i2.12

85.60{ 0.2
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o 2
IrSig/S7 lattice match, using a matched unit cell not exceeding 200.A and
matching precision of 1.0%.

IrSis is hexagonal with a= 4.351, ¢= 6.622;

Si (111), (100), and (110) compared to IrSis (0001), (1010), (1011), (1012), and
(1120)

I Matching faces ‘ Orientation

o3

Area

ﬂz‘ Qlaz‘allfnlalf%a

%b] %a}

iIrSiB (o001)/8i{111) | [4510]]][110]}

115. I 11.51

60.00

0.1} 0.1} 6.0

IrSiS (1011)/Si(1106)

[1521]}|{112]

166.

13.28

70.53] 0.2 0.2] 0.7
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o2
Pt3Si/S7 lattice match, using a matched unit cell not exceeding 200.A4 and
matching precision of 1.0%.

Pt3Siis monoclinic with a= 5.566, b= 5.389, ¢= 7.773, 7==90.466;
S (111), (100), and (110) compared to Pt5S 7 (001), (100), (100), (010), and (010)

Matching faces Orientation} Area a9 ] 62 1 a9 ! aq , b]_ t 23] ’%a %bl%ai
Pt, Si(100)/Si(110) [o10]}}j{o01} | 168. | 10.78| 16.45| 70.88 | 10.88 1629‘ 70.53] 0.8 | 1.0} 0.5

o2
Pt381i/81 lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.

Pt351 is monoclinic with a== 7.702, b= 5.378, c= 7.765, 7=46.190;
S (111), (100), and (110) compared to Pt3S7 (001), (100), (100}, (110), and (110)

‘ Matching faces l Orientation

Area

as ] b l oo I ai ] by ' oy 1%&}%5‘%4
|

tpts 2i(100)/Si(110) | [010}]{[o01] | 167. ] 10.76 | 16.43 | 70.90 ] 10.86 | 16.29 70.53! 101 0.9 0.5
. * 3 3 - - 02
Pt3S1/S1 lattice match, using a matched unit cell not exceeding 200.4 and

matching precision of 1.0%.
Pt5S1 is tetragonal with a= 5.554, ¢= 5.923;
Si (111), {(100), and (110) compared to Pt5.S1¢ (001), (010), (011), and (110)

}Matching faces

COrientation | Area

agibzlazlallhlml%a

%b{%a]
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Pt5Si/S1 lattice match, using a matched unit cell not exceeding 200..:12 and
matching precision of 1.0%.

Pt5S 1 is simple cubic with a= 5.630;

S (111), (100), and (110) compared to Pt55 ¢ (001) and {011)

t}\iatching faces

Orientation Area

‘1211721052]allbllﬁl’%ai%bl%a’

Pt5Si/S1 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

PtoS1 is tetragonal with a= 3.933, ¢c= 5.910;

S1(111), (100), and (110) compared to Pt5.S57 (001), (010), (011), (110), (111}, (012),
(112}, and (021)

IMa‘cching faces

Orientation Ares

%

A

ag]bzlaz'mibl]al!%a,%b

PtgSi5/S1 lattice match, using a matched unit cell not exceeding 200../12 and
matching precision of 1.0%.

PtgSis is monoclinic with a= 15.462, b= 6.169, c= 3.499, 7=286.880;

S1i (111), {100), and (110) compared to PtgSis (100) and (100)

l}vlatching faces

Orientation Area

QQIbQJQQ}a1|611@1‘/‘Oai%b

PtgSis/S1 lattice match, using a matched unit cell not exceeding 200.;&2 and
matching precision of 1.0%.

PigS 15 is monoclinic with a= 15.308, b= 6.120, c¢= 3.480, 7=286.600;

S1 (111), (100), and (110) compared to PtgS 5 (100} and (100)

}}/Iatching faces

[224
7

Orientation | Area (2}

@21b2|a2!@1lb1‘0@]%a

%a]
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PtSi/S 1 lattice match, using a matched unit cell not exceeding 200.;12 and match-
ing precision of 1.0%.

PtS1iis orthorhombic with a= 5.577, b= 5.916, ¢= 3.58T,;

S (111), (100), and (110) compared to PS¢ (010), (100), (110), (001), (011), (101),
(111), (120), and (210)

I Matching faces Crientation]| Area

| e || o | b | |%

%b] %al

[oo1}{|[oo1] | 175. | 10.76 | 16.26 | 80.00 | 10.86 | 16.29 | ¢0.00]| 0.9{ 0.2| 0.0

*PtSi(llO)/Si(lOO)

02
Pt3S5i9/S1 lattice match, using a matched unit cell not exceeding 200.4 and
matching precision of 1.0%.
Pt3S i is tetragonal with a= 2.780, c= 2.960;

(012), {021), (120), (112), (121), (122), (221), (013), (031), (113), (130), (131), (023),
(032), (123), (230), (132), (231), (014), (223), (114), (232), (041), (140), (141), (133),
(331), (124), (142), (241), (233), (332), (015), (034), (043), (115), (134), (143), (340),
(051), (341}, (150), (025), (151), (125), (234), (243), (052), (342), (250), (152), (251),
(225), (035), (144), (135), (334), (252), (016), (441), (053), (343), (116), (153), (350),
(351), (235), (126), and (061)

Matching faces Orientation| Area as bg 2] a1 {L)l oq %a %b %a,

Pty Si, (001)/Si(100) | [140}]jfo11] | 131. | 11.46] 11.46 | 90.00| 11.52 | 11.52| 90.00| 0.5| 0.5} 0.0
Pt Si, (001)/8i(100) [r00]]j{o51] | 193. | 13.90| 13.90] 90.00| 13.85| 13.85| 90.00| 0.4 0.4} 0.0
Pty Siy (001)/8i(100) | [430]]{[o51] | 193. | 13.90| 13.90| 90.00| 13.85]13.85| 80.00| 0.4 0.4| 0.0
Pty Si, (121)/8i(100) [roi]fjfo12] | 180. | 12.18| 15.51 ] 71.88 | 12.14|15.36| 71.57] 0.3| 1.0} 0.4
Pty Si, (223)/8i(100) [122]]]{o13) {131. | 8.58 | 15.73| 76.76 | 8.59 | 15.83| 77.47] 0.0} 0.7| 0.9
Pty Si, (120)/8i(110) [213]]|{o01] | 166. | 10.84| 15.28 | 89.46 | 10.86 | 15.36 | 90.00] 0.2 0.5] 0.6

Pty Si, (142)/Si(110) | [410]|[110] | 186. | 11.46 | 16.76 | 76.03 | 11.52 | 16.74 | 76.74| 0.5 0.1} 0.9

Pt. Si, (252)/Si(110) | [421]]][382] | 188. | 12.78 | 15.81 | 68.30 | 12.7415.83 | 68.55| 0.3] 0.2 0.4
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Appendix A-2.4

Crystal structures of binary transition-metal silicides

The compilation of crystal structures in this appendix was used as input data
for lattice match calculations described in Chapter 2; the results of these calcula-
tions were presented in the previous appendix (A-2.3). The material presented in
this appendix was gathered from Donnay and Ondik™’ (Volumes II and IV), the
periodical “Structure Reports”, Kim,(2 ’ and Samsonov and Vinitskii.© 'We did not
try to assess the quality of the data in these sources; in case of a disagreement

between various authors, we list all the different structures proposed.

The tables are ordered by increasing atomic number of the transition metal.
The silicides are given in the first column of each table. Phases that are known to
be either high- or low-temperature phases are denoted by “(H.T.)” or *(L..T.}", cor-
respondingly. When a phase is known to be stabilized by impurities, it is mentioned
specifically. The Bravais systems of the silicides as well as their space group (if
known) are given in the second column. The structure type and its Strukturberichte
notation are given in the third and fourth columns. The structure type was not used
in the lattice-match calculations, but it may be useful in determining the actual
positions of the atoms. The lattice parameters are given in the next three columns
(labeled “a”, “b”, and “c”); lengths are given in units of angstroms, angles are given
in degrees. The number of formula units (“Z”) are given in the eighth column;
sometimes only the average number of atoms per unit cell is known, and then it is
said explicitely. The references are given in the last three column. Because of the
importance of “Structure Reports” and Donnay and Ondik'” as general references
for crystal structures, we list the volume and page number in which the silicide

appears in these two sources; for example, an entry 29-79 in the column “Structure
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Reports” means volume 29, page 79 in that source. Reference to Donnay and Ondik
usually refers to volume II; references to volume IV are designated by “(IV)” in the
next to last column. In the last column we give the original reference. Various

comments are given below the tables.

1. J. D. H. Donnay and H. M. Ondik, Crystal Data, Determinative Tables,
(U. S. Department of Commerce, National Bureau of Standards and Joint
Commission on Powder Diffraction Standards, Washington, 1973), Volumes II
and IV.

2. M. A. Nicolet and S. S. Lau, Formation and Characterization of Transition-
Metal Sificides; S. J. Kim, Appendix A: Silicide Tabies, in ELECTRONICS:
MICROSTRUCTURE SCIENCE, N. Einspruch, Series Editor, SUPPLEMENT
A - MATERIALS AND PROCESS CHARACTERIZATION, G. Larrabee,
Guest Editor {Academic, New York, in press).

3. G. V. Samsonov and I. M. Vinitskii, Hgandbook of Refractory Compounds,
(Plenum, New York, 1980)
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Appendix A-3.1.
The geometric models used in chapter 3

and their static elastic properties

Four models were used in chapter 3. Three of these models are geometric in
nature, i.e., they do not have any hidden coordinates, and the elastic energy can
be written in terms of interatomic distances and angles. In this appendix, these
models are described, and their predictions for the static elastic properties of the
bulk silicon are given. The dynamic elastic properties, i.e., various points on the
phonon band structure, are given in Appendix A-3.2.

The models that will be described are the simple bond-bending and-stretching
model, its modification by Singh and Da.ya,l1 , and the Valence Force Field model of
Musgrave and Pople2 . The calculation of the static elastic properties for the first
model will be described in detail. For the other models only the final results will

be given, since the calculations are very similar.

Simple bond bending and stretching model
In the diamond structure, every atom has four nearest neighbors. Considering
the straight line segment connecting nearest neighbors as ‘the bond’, all the bonds
have equal length ry, and the angle between two adjacent bonds is always the same,
fg. rg = 2.35172& for silicon at 0°K, and ¢ is the tetrahedral angle, i.e., cosfy =
—1/3, or 6y = 109.471°. The interatomic distance r; is related to the lattice

parameter a of the cubic structure by

ro = a—\-/;—. (A—3.11)
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According to this simple model, every bond resists a change in its length by
the same amount, regardless of the other bonds, and every two adjacent bonds
resist a change in the angle between them by the same amount. Therefore, the
total ground state energy of a deformed cluster or solid can be written as

E=E+ 1k Y lr—roP+ri2 T (a2

bonds adjacent
bonds

Here E| is the ground state energy of the undeformed cluster or solid and will be
taken to be zero throughout this chapter; r is a bond length, and § is the angle
" between a pair of adjacent bonds.

Using this model, there is a very simple expression for the bulk modulus of a
solid. The bulk modulus is defined as

(62E
B=V|_—
\aV r=70

under a uniform pressure. Such pressure will change only the interatomic distance,
but not the bond-bond angles. Thus, one can calculate the change in volume as
a function of a change in interatomic distance, using {(A-3.1.1), then calculate the

change in energy as a function of volume change, to obtain the bulk modulus.

2 9 AE r2 32
Bzv(éﬁg) =V.L_(_’_____) ___(.r_ f) |
V2] e, 3V or\3V 9r /.=, W re /ey,

A cubic unit cell has a volume of V = a®. It contains eight atoms, hence sixteen

bonds. Therefore,

au

r2 ' ke
B={_ 16k, = =~ = . (A —3.1.2)
ga T=Tg a 4\/57'0

Calculating the Poisson ratios and the stiffness coefficients ¢y, cyo and cyq is

w

somewhat more complicated. Consider a uniaxial pressure along the [001] direction
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(cf. Fig. A-3.1.). As a result of this pressure, both the bond lengths and the angle
between the bonds will change. The ratio of the change in bond length to the
change in bond-bond angles will be such as to minimize the energy gain for the
given strain. For this particular strain, symmetry dictates that all the bonds will
have the same length, r; — Ar, all the angles pointing along the z-axis will be the
same, 89 + Ad, and all the angles pointing perpendicular to the z-axis will be the
same. These angles are between adjacent bonds, and they are said to point in the
direction of their bisector. In the diamond structure they all point either along the
X-, y-, OF Z- axes. As there are four bonds to each atom, there are six such angles
with an apex on each atom. These six angles are not independent, and there is one
relation connecting them. This relation has quite a complicated form, but, if the
angles are all almost tetrahedral, then their deviations from tetrahedral sum up to

zero, to first order. Quantitatively put, if

96
8; =90+(-—1) t+0(2), i=1,...8

2 (%),

1==1

then

FEach atom has two angles pointing alnng the z-axis, and four angles pointing
perpendicular to it. Therefore, if the angles pointing along the z-axis increase by
Ad, then the angles perpendicular to the z-axis should decrease by A6/2, to within
first order in Af#. There are two bonds and six angles per atom, therefore, the total

energy change per atom is
3
AE /atom = k, - Ar® + .Q-rgme?. (A—3.1.3)

The axial strain is given by AZ /Z, where Z = rq cos(dy/2).

AZ A 1 g A 2
—-—=——£-—--—tan—0-A€ -—--—r————\L—AH.
Z o 2 2 ro 2



-302-
Since the axial strain is given, we now use a Lagrange multiplier A, to minimize

(AE /atom) — MAZ /Z). Differentiating with respect to Ar and Ad, one obtains,

2kr'Ar+—)-\—==O.

ro
A2
3r2ky - A + —‘—2/: = 0.
Therefore,
6ra3ky Al
A= —2rgk,Ar = —--—T-Q—!—,
V2
and

A0 _ vk
Ar - 37‘0]69 )

We can now calculate the axial strain as a function of A\ and the spring constants:

AZ _ Ar /2 (1
2

1
= ——— —Af = )
r%k,— + 6r§kg,

zZ ro 2
and similarly, for X = r( sin(6y/2), one can calculate the perpendicular AX /X :

AX A fo Af A Ad 1 1
__—__I-+cot-9-.-—-—__’+_—x( )

X r 2 2 9/3 — 2r2k, - 12roky

One should notice that the quantity X appearing here and in Fig. A-3.1 is not

\ <

directed along the z-axis, but rather along the [110] direction. The Poisson ratio is

defined as the ratio of the perpendicular to the axial strains:

si2 _ AX /X 6ks —k,
s11. AZJZ  6ky -+ 2k,

PR = (A— 3.1.4)

Equations (A-3.1.2) and (A-3.1.4) relate &, and ky to experimentally measurable
quantities. Other such quantities are the elastic constants ¢;; and the elastic moduli

si;. To calculate them, one may recall that for cubic crystals

¢ 2c 1
g = St

3 3(s11 + 2512)
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and using (A-3.1.2), obtain

43 r
$11 + 2510 = -‘;—_ : zﬁ (4 — 3.1.5)
T

From equations (A-3.1.4) and (A-3.1.5), one can extract sy1 and s13:

4r0(1 1 ) 4r0(1 1 )
s11 = — 4 — s12 = ——| — — —
3v3\kr  3kg 3v/3\k 6k

o = 511 + S12 _ _\/_3(,66 + ’_91-_)

(811 — s12)(s11 + 2512) ro

—s12 \/5( kg kr)

and

(811 — s12)(811 + 2512) )

The shear modulus is obtained in a similar way. In Fig. A-3.1 one can see a
model of a shear stress in the [110] direction. Neglecting quadratic and higher order
terms, the angles pointing along the [001] and [001] direction remain unchanged,
the angles pointing in the [100] and [010] directions decrease by A, the angles
pointing along the [100] and [0I0] directions increase by Af, the bonds along the
{111] and [111] directions remain unchanged, the bonds along the [111] direction
increase by Ar and the bonds along the 4[111] direction decrease by Ar.

The shear strain is given by AX /Z. To calculate AX , note that the angles in
the (110) plane (the plane in which Fig. A-3.1is drawn) do not change magnitude to
first order, but they rotate around the [liO}direction (perpendicular to the page).
The same is true for the angles that are initially in the (110) plane. They also
maintain the same magnitude, up to first order, but they rotate around the [110]
direction, away from the (110) plane. AX is due to these two rotations. It is

convenient, therefore, to split AX into its two contributions, and write

AX =rg - (&1 + &2)
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Here £ is the contribution due to the rotation of an angle away from the (110)
plane, and s is the contribution due to the rotation of an angle in the (110) plane.
Introducing a coordinate system in Fig. A-3.1, such that the x-axis is along the
crystal [110] direction, and the y-axis is along the [110] direction, one can write the

relative coordinates of the nearest neighbors as:
2 1
¥1.=r 3 s P B}
R \/;)
2 1
va=rol &1,—\/ =/ |
(a5 E)
. \/5 6.0 \/T
=T - PO s Uy — P
3 0 3 2 3
v (\/E 2,0 \/T)
=r -~ s Uy T P
4 0 /3 2 / 3
\ /

Expanding only to first order in &; and &o:

and

1l =ro, [Fo|=ro, |¥s|=ro+ Ar, [¥4|=1r;— Ar

and

010 = O34 = by, 613 = b3 =y + Af, 014 = foq = Gy — AF,

where

V36 V3B

Ar = \/2/3&ry, Af = 5 P

Now, analogous to (A-3.1.3), one can write the elastic energy per atom due to this

shear stress.

1
AE /atom = Ek,. CAr? 4+ QrgkgABZ,
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and try to minimize (AE /atom)—X(AX /Z). The resulting expression to minimize

is

2
AE AX 1 3 3
— x(—) = Skere3 + 5r§k9(sl — 5’?’—) ~ %-—x(él + &)

atom VA 3
Differentiating with respect to £; and £5 one obtains,
3\
Brgka(& - 5—2) e =0, (A—3.1.6)
3 2
2, - 2 &) V3
—kor3fs —rakgl £ — = | — — =0. A—3.17
3 r 052 0 9(61 3 9 ( )
From these two equations it is easy to extract the ratio £;/&s.
f_ 1, 1k
€& 3 6k

The fact that £1/€2 > 1/3 guarantees that Af > 0.

Now one has to calculate the energy per unit volume, to find c44:
AE 1

= —¢yaul.
4
volume 2

[ )

This is done by calculating the £; and £, in terms of the Lagrange multiplier )\,
then expressing the shear strain AX /Z in terms of A\, and finally, the energy per

unit volume is the energy per atom divided by the atomic volume. From (A-3.1.6)

and (A-3.1.7),
V3[ 1 1 VA
&L= — — 5 1M f2 = —;
3 27‘0/69 k-rro krro
therefore,
AX V3 1 2
- Y = A
Ug > 5 (€1 + é2) (4;--31\:9 + k,r%)
and : |
AE AE 332 33/2 1 )
— . — . S us.
volume  atom 8r3 4rq 7;‘-’- 4 7% 4
Thus,

33/2

1 1
T

8o
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The Singh - Dayal and the Valence Force Field models

The Valence Force Field model of Musgrave and Pople2 can account for the
most general form of direct interaction between an atom and its nearest neighbors.
The elements contributing to the interaction are the same as in the previous model,
i.e., the four bonds between any given atom and its nearest neighbors, as well as the
six angles between them. The most general form of interaction involves bond-bond,
bond-angle, and angle-angle interactions. As there are ten coordinates to describe
the neighborhood of each atom (four bond lengths and six angles), one might expect
as many as 10(10+41)/2=55 spring constants. Fortunately, the symmetry of the
problem enables one to express all these 55 elements of the dynamical matrix in

terms of only five independent quantities.

All the four bonds are equivalent. Therefore, the bond-bond interactions are
described by only two spring constants: &, for the interaction of a bond with itself,
and k., for the interaction of adjacent bonds. All the six angles are equivalent.
Moreover, as was explained for the previous model, they are not independent, and
there is one relation between them. If all the angles are almost tetrahedral, with
small corrections, then these small corrections add up to zero, to within first order
in the corrections. Angle pairs may fall in one of three inequivalent classes. Either
the two angles are the same one, or they are adjacent, sharing a bond, or they
are opposite to each other. Three spring constants are, therefore, necessary: kg to
describe the interaction of an angle with itself, k4/ to describe the interaction of two
adjacent angles, and ky/f to describe the interaction of two opposite angles. Since
there is one relation between the angles, there will also be one relation between the
spring constants, and one may arbitrarily take one of these to be zero. Similarly, a
bond and an angle can fall in two classes: either the angle touches the bond, or it

does not. This will bring about two spring constants, one of which can be taken to
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be zero, by the relation between the angles. The total elastic energy can be written,

following Musgrave and Pople,

AE 1, o
= —/C,- Z(Ari)z + krr E (Ari)(ArJ‘)
atom 4 o
1 1<i<y<4
2
r "o
-+ _O_.kro Z(Ar,‘)(Agz'j) -+ —2—/00 E (AQU')Q
V2 i5tg 6 angles
+ r2kon Z (Abiy)(Ak:).
3 pairs

The factor (1/4) in front of k, takes care of double counting, as each bond is counted
on two atoms. The factors rq// 2 and r% in front of the bond-angle and angle-angle
terms was introduced so that all the different spring constants will have the same
dimensions.

Using this formalism, one can now write the elastic constants of the diamond

structure:
1
a
1
C1g = -3-—[/6,« + 6kyr — 6kg — 6k9/l]
a

_ 6| (ke — 2k,r) (kg — koit) — 2]‘5%9
a (kr - rir) + S(kfi — kotl — krﬁ) ‘
The Singh — Dayal model is a sub-model of the Valence Force Field model

C44

with

kr'r == kﬁ" = 0.
Using this model, the elastic constants of the diamond structure can be written as:
1
ey = —[ky + 12ky]
3a

1
c12 = — [k, — 6ky]
3a

6[ krky — 2k2, }

C4q = —
T Uk, + 8kp — 8k,
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References to Appendix A-3.1
1. B. D. Singh and B. Dayal, Phys. Stat. Sol. 38, 141 (1970).
2. M. J. P. Musgrave and J. A. Pople, Proc. Roy. Soc. {London) A268, 474
(1962).
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Appendix A-3.2. Phonon calculations for the geometrical models.

The general formalism of phonon calculations is given by Maradudin' . Out
of this general formalism, we present here only the parts relevant to bulk silicon,

i.e., the case of diamond structure with two equivalent atoms per unit cell.

The three geometrical models, described in the introduction to Chapter 3 and
in Appendix A-3.1, express the elastic energy in terms of the local geometry of the
crystal. The first step in calculating phonon modes is to be able to find the local
geometry, i.e., bond lengthes and angles. Consider a configuration of two atoms in
a diamond-structure unit cell, together with their six neighbors. This configuration
suffices to describe the interaction-in the simple bond bending and stretching model,
the Singh - Dayal model® and the Valence Force Field of Musgrave and Pople3 .
The first two models are sub-models of the Valence Force Field model. Therefore,

only the latter model will be treated.

For a specific phonon mode, the displacement of two atoms separated by a

lattice vector is related by a phase factor.
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¥, = (0,0,0) 4 (w11, wa1, way ) exp(—iwt)
a a a ]
Vo= (Z’ 7 Z) + (w12, was, wag) exp(—iwt)
a a tako taks _
¥3 = (0, 3 '2')+ (w11, war, w31)eXp(—2-— + — - zwt)
a a tak, taks .
¥4 = (=,0, =) + (w11, wa1, wa1) exp + — — i
2 2 9 9
¢ a tak tako X
V5 = (5, 5,0)+(w11,w21,w31)exp > + — it
v (a a a)+( ) —sako n —taky -
=\ w 3 w 3 w ex ——
6 4 4 4 12, Wog, W32) €Xp 5 5 W
a a a ’ —iak; —saks
Pr=(—— -, —— wio, Woo, W3g)ex — wt
7= 11 4H—( 12, W22, W32) p( st 5 zw)
a a a ( —iak —iako
Vs=(—"—— = wig, W2, W3z ) ex — it
8= ( 71 4H—( 12, W22, W32) p( 5 + 3 zw)
Using these expressions for ¥y, ..., g, one can calculate the differential change in

bond lengthes and angles to first order in wyy,..., wao. While #; and #5 have the
same coordinates, ¥3, ..., %g depend on the k of the particular phonon mode. In
the following set of tables, the bond lengths and angles are given to first order in
Wi, .., w32 for the I', X, Ay/o, L, K, and ;2 points. In general, wyy,..., ws2

are complex; however, for the I'y X and L points, they can be taken as real. For

other special points we write
w,'j = uij + i Uz']'.

Having calculated the bond lengths and angles to first order, one can use them in
any energy expression involving bond lengths and angles. The resulting expression
is a quadratic polynomial in the local coordinates. Its eigenvalues and eigenvectors
are the natural frequencies and the phonon modes for that particular k.

The local displacements w;; satisfy the equations of motion

wzwa,g = ZD(akﬁ)m’wﬂN’: af =1,2,3, kK =1,2
©'f
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where )
(E) 1 <P
DQ’,B’CIC, == ‘M—“’ w-"—“*—‘ .
Bwa,g a‘l.UﬂK:s
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I = 2Z(0,0,0) X = 28(1,0,0)
PR p—— —u11+u12—u2\1/§u22-—u31+u32 ——u11+u12-—-u2\73_§-u22—u31+u32
9196 — ro —u11+u12+u2\1/%-u22+u31—u32 —u11+u12+u2\1/-3:u22+u31—u32
91-97] — ro +u11-—u12-—u2\1/%-u22+u31—u32 +u11+u12—u2\1/gu22+u31+u32
[#1-%5] — ro +"”—u12+“2\1/g”22—"31+“32 +“11+"12+"2\1/-%-Uz2—u31—u32
#92-%3] — ro —u11+u12+u2\1/—§-u22+u31—-u32 —u11+u12+u2\1/_-3:u22+um—~u33
orta| — ro | Eru=wiz—ustuzatusi—usy | mwn—wiatusntugg—tg;—us
0P| — 10 +u11-—u12+u2\1/-§-u22—u31+u32 —uu—um—u{;__-j-u22+ual+u32
4216 — b ;\1/%;('1'"11 — u12) g“f——a('{-un — uj2)
2217 — 6y 5‘\/1%';('{-1‘21 — u22) —37—5" +uny + 52 4 532)
£218 — by g%;(‘*‘“x?l — u32) ‘\17"1“(+U31 + %2 + %2)
4617 — b 3\1/%a(—u31 ~+ u3z2) —\7—-—(-—@3 + A — )
4618 — by 3\1/%a(—u21 + u22) —\71?(—@21 + 32— 52)
4718 — b 3\1/%0(—1111 + u12) 33 Sza(—uu — u12)
2123 — 6y 3\1/%a(+u11 — %12) 3\1/%0(-1-%11 — u12)
£124 — 6 5—”\/%—0(-1-1121 — ug9) 3\1/6—a( L — 53— ugg)
£125 — b 34\/%(+u31 — u32) 3\1/%0(—%"‘ =3 — u3o)
£324 — b 3—\/1'%;(—?131 + u32) gl\/%;(—%* + B+ ugo)
£325 — b 3—\1/"'%;(—“21 + u22) g‘\%‘;(—%‘ + %3 + u2n)
£425 — b E‘\/l%;(—ull + u12) 51\/%-;(—1-‘&11 + u12)
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L=2%(} 3 3)

|91-¥2| — o

— U i FUia—UoFuge—UsziT U3

191-%7] — ro +u11+u12—u2\>§u22+u31+u32
|#1-%5| — 7o +"“+“12+"2\1/'_;“”""31“"32
92-%3] — ro +u11+u12~—u2\1/gu22—u31-—u32
99-%4] — o —uy —uptug tugg—ug —uag
99-%5] — 7o —uu—-ulg——uggugg-}-um-}-usz
£216 — fo 3—1\/5-2-:(+u11 + %32 + *2)
£217 — by 3—\/1%;(+u21 + 532 4 =32)
£218 — 3—1\/%1(*'“31 + %32 + %82)
£617 — o s, (—ua1 — us2)
£618 — 6 3—”\/%—“(—%1 — u32)
£T18 — 5—\/592-—&(—1111 — u12)
£123 — 6 é—\-l/—%—;(——%*—- 53— up2)
£124 — 6 3\1/?2_5(—”“ — 53 — ugo)
£125 — (R — Y — )
£324 — 6 g\/‘L%—a(—FUm + u32)
£325 — 0 5—%—;(-&-%21 + u22)
£425 — g 5:1/-’-1;(-4-1411 + u12)

2
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K=2%(3%0

s =/2/2

|V1-72| — Ty

=y U g g U U3 T %33

V3
|#1-%¢| — ro —¥y —8u gty SUatugy +S5Uza SV g—5Va3—5Vgg
V3
|9-%7] — rg +ui1+8U1g—Ug1—8U2 U3 1} SU3z—6V124 8V —S V32
V3
|#1-%g| — o Fuiitusi—usi+viafvoa—wvas
V3
[#0-%3| — 1o 45Uy d-ui1p—5Ug —Ugg—=SU3]—U33+ 5V —EVg1 —SV3}
VE)
!72-74| — 9 —8Uy1—U1246Us1 U —8U31— 33— V11| BV —8Us;
V3
|92-%5| — g —Uig—ugza4uaz+vi1$ve1—vs
V3
£216 — 6y 35/9, +4“11"'2(1—3)“12+(1+3)“22+(1+S)"32—28012—8v2~—sv32
2a
2217 — 4 _J,\/_g___ +4u21+(1+8)u12—2(1—s)u22+(1+s)u32—svlz—23v22——sv32
3vaa
£218 — 6, 16 +4u31+"12+ﬂ22——2u32+v1z+v22+2v32
3v2a
4617 — 8y 18 —4u31—48u32+4s'v32
3v2a
£618 — 6 3\1/%a —4u21—su12_23"22+su32+(;+3)1)12—2(1—8)”22—'(1+S)'032
LT18 — by 3\1/65“ —4u11"23"12“3“22+8"32—2‘£1—3)1’12+(1 +s)vaz—(1458)v32
2123 — g 3\1;2_‘1 +2(1'—'s)“11""(1+s)“21—(1+i)"31"‘4'112—287111—-—&‘1;21——81)31
£124 — fy /50 _(1+3)"11+2(1"‘5)u21“(1+i)“ds1—4U22—Sv11—28v21—sv31
£125 — 8y _18 —uai—ugyugy—dugatvyy—vz 4205
3v2a 4
£324 — dy 16 +4su31+4u32+4sv31
3v/2a
2325 — 4 i/G_ +3u11+23u21“"3u31+4u22+(1+S)’Ull"2(l—S)U21~(1+s)1)31
3v/2a
£425 — by 18 +28u11+su21_5u31+4“12‘2£1“9)011+(1+S)v21—(1+s)vgg

3\/53
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Ayyp = 4Z(%,0,0)

=411 tip—ugyfUgg—us1tusg

[#1-%2] — ro Ve

19.1-%6] — o -—u11+u12+u2\}-§—u22+u31-—u32

|#1-97] — ro Fui1—uz1tusy | —viofvez—vaz

[91-s] —ro +"“+§_§1_"3‘ i _”12_3’_—22-2'*'”32

9093 — rg —u11+u12+u2\>§u22+u31—u32

|95-94] — ro —u1z-fugz—u3s + —v11+v21—v3;

[90-%5] — ro —um—\{zz+usg + --’uu-—\/v§21+v31

V3 V3

£216 — 4o 375 8 (4uyy — u12)
O I T R . )
£218 — g é—]‘\/%(-{-USl-l-y?}i'f'yfl—%z“‘%z—%&—%z)
61T —fy | gAs(—ua R R R SR i
I )
£718 — 4 s (=1 + v12)
£123 — 4y 3/50 L8 (4u; —ug9)
£124 — by 5—1\/5_2:( Yo Bpo Mg Y Y ¥y
£125 — 4, gl\/%—a( _21+__§J.__u32__i;_m va1)
4324 —f V7L -i*+—2* St ouge — R R
£325 — 6y s T B P e — P+ P
£425 — 4o \/§a(+u12 + v11)
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£1j2 = 4(%, 4,0

[#1-%2] — 1o

=y tuig—ugfugs—tzifUusg

V&

[#1-%g] — ro —uiitugidus; | v3o—vaa—vgag

|#1-%7] — 1o +””_\}‘\_/E§1+“31 + —?’12+\/v§22—v32

|#1-¥3| — ro +"11‘13“12+u21+u22—-u\3/1§——u32

[92-¥3] —ro +"12_\}‘_§2—U3;/i_ vn-—f\)/g%—vgl

[#2-%4| — 1o "“12'*'\;‘_;2-“32 + —”11+\;1§21—-v31

[#2-95] — ro ""”"“12_"2\,1/%‘“22"'”31‘*'“32
£216 — by “l\/ﬁ—"("{'ull + —2u12+u22+u32 + —21)12—-41;22—-1)32)
4217 — 6, _1\/;_;__(_*_11’21 + +u12-—-24u22+u32 + —-'ulg—24'u32—v32)
£218 — 6y o L8 (s + j:2"12+°u22
£61T — by 54\/&—!-1401 + v33) )
£618 — by .3.\1/.%;(_1,21 + +"12‘—24U22-—u32 + +v12+24v22-—@32)
£718 — by 3—%;(_2,,11 + —2"12+4u22—ueg + +2v12+4v22—v32)
£123 — 8 3\1/%a(+2u11-—4u21——u:31 —uo+ —-21)11—;‘!)21—9_'31)
£124 — 6 3\1/%0(“"11+24"21—u31 a0 + vu—-zvgl——vgl)
£125 — fo 3\/—a(+_2u“4“2"21 — u32)
£324 — b ﬁ(-{-usz + va1)
£325 — b 3_1\/_6_2___;(-'111+24u21+u31 1 ougy + +v11+24v21—v31)
£425 — L8 (+2“11“4"21+"31 +oup 4 +2v11+4-v21—-1131)

3v2a




-317-

Now one can use these geometries in the energy expression to obtain the
dynamical matrix in terms of the coordinates (u11, 21,431, 412, Y22, usn). The
dynamical matrix conveniently splits into a k, part, ks part, etc. The potential

energy per unit cell is given by

AE 1 T
— = -8-D-1
unit cell 2
where @ = (u11, u21, 431, Y12, 422, U32).
The I' point
A 0 0 —A 0 0
0 A 0 0 —A 0
. o 0 A 0 0 —A
MDY/ =

—A 0 0 A 0 0
0 —A 0 0 A 0
0 0 —A 0 4] A

The eigenvalues and eigenvectors of this matrix are 0 (acoustic) and 2A (optical,
Raman), each three-fold degenerate.

For this model

4 8 32 32 32 .
A= -k, — =-k,p — —k —ks — —k,.
3 7 3 rr 3 rd + 3 9 3 9
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The X point

A 0 0 0 O O

0O B 0 0 O C

MDD — 0 0 B 0 C O

0 0 0 A 0 O

0 0 C 0 B 0

0 ¢ 0 0 0 B

The eigenvalues and eigenvectors of this matrix are

(LA+ LO): A (100000}, (000100),
(TO): B—cC (010001), (001010),
(TA): B+ C  (010001),(001010).

For this model,

4 8 16 40 8
A= —ky + —kpy — —krp + —ky + =k,
3r+3rr 3 rﬁ+3 6""‘39
8

Bt 8 . _}_20]c 20 .
= 3 T 3 rr 3 ré 3 1 3 4
C = —ky + —kpr + ~krs + —ky — —ky,

3 7 + 3 rr + 3 rh + 3 4 3 ]

therefore, the spring constants for the phonons are

4 8 16 40 8 .

kLa,Lo = gkr + gkrr - ?kre + “é—ka + gkay
8 16 16 4 4 .
k1o = —ky — —kyp — —k Zkg — ~k,,
TO 3 r 3 rr 3 ro + 3 8 3 8

kpa = 12ks — 12k,.
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The A; /2 point

A 0 0 C(1—1) 0 0

0 B 0 0 c(1—1i) D(1+1)

0 0 B 0 D(1+1i) C(1—7i)
C(1+ i) 0 0 A 0 0

0 Cc(1+1) D@ —i) 0 B 0

0 D(1—1i) C@+1) 0 0 B

The eigenvalues and eigenvectors of this matrix are:

(LA): A+CV2 ,(1,0,0,?(1—{-:‘),0,0)

(LO): A—CV2 ,(1,0,0, ——\—/—3(1+i),0,0\
\ < /

(TO,TA): B 4+ \/2C? +2D? ,{0,1,0,0,2,8) (0,0,1,0,8,a)
where
C(l+1s D(1—1)
= ( ) , 8=+ . (+:7T0, —:TA)
V202 4 2D? . V2024202
For this model,
4 s
4 8 20 26 26
B = é‘kr - gkrr - "é‘kw + —3"/‘79 - ?/C@,

—2
3

4 16 i6 16
C = kr+gk1’r+?kr0'—‘é‘k0+'§‘k9>

—2 4 4 8 8:9
D= —"k, + —kyr + —krg + —kg — ~k
3 r+3rr+379+39 30
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The L point
A B B C D D
B A B D C D
MDD — B B A D D C
¢ D D A B B
D C¢C D B A B
D D C B B A
The eigenvalues and eigenvectors are:
LA: A+2B+ C + 2D (1i1111),
LO: A+42B—C—2D  (11111i),
TO: A—B+C—D (110110), (101101),
TA: A—B—C+D  (110110),(101101).
For this model,
4 4 16 16
A=gkr_§krr‘— 3 r9+_k8“‘_k9:
4 8 v
B = +'3'krr + _krﬁ + "kﬁ - "‘ké),
2 4 16 16
C=§kr_gkrr“‘ 3 ,-9-{———/69-——-/1:9,
""'2 4 8 X
D= —4%k -k -k ~ky — =k,
3 r+3ﬂ'+3r0+38 33
therefore,
16 16
kro = "k - ?krr - "'"krﬁ + _k0 - —k9;
kLO = ri,
64 »

kra = "kr + krr - —"kra + “"'kﬁ - ""kg,

kra = 6ky.
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The ¥, /o point

MDEw2) —

—E —E Di —Ci —Ci A

The eigenvalues and eigenvectors are
TO: AN=A—B-—-D+E, (1,—1,0,—1,¢,0)

TA: =A—B+D—E, (1,—1,0,¢, —1,0)

AN=A+4+B—D—E+aE +C), (1,1, ai, —i, —3, —a)
AN=A4+B+D+E+3(C—FE), (1,1,84,4,1,8)
z£Vz2+8  _pLap4E
2 ?

9

C+E

o ==

_y:i:\/y2+8 _B+2D+E

For this model,

4 4 i6 28 16
A= —ky — ~kyr — —Fk —ky — —k,,
3r 3rr 3 r0+3 ? 3 8

4 4 2 891
B= —ker + —kpp + —kg — K,
3rr+3rﬁ+39 30
4 2 4 2 .
C = —kpr — kg — —kg — =k,
3rr 37-0 3(9 39

2 4 16 16 16
= —Zky + —kyy + —kpg — —ky + —Fky,,
3 r + 3 T + 3 ré 3 8 + 3 9



-322-

2 4 4 8 8 »
E=-k —-k;p — =k.g — -k -k,
3 ¥ 3 rr 3 ré 3 g + 3 8
therefore,
8 16 40 34 16 -
kro = Jkr — —ker — ke + ko — 3 ko

kTa == 6ky.

References for Appendix A-3.2
1. A. A. Maradudin in Dynamical Properties of Solids, Vol. 1, edited by G.
K. Horton and A. A. Maradudin, (North-Holland, Amsterdam, 1974).
2. B. D. Singh and B. Dayal, Phys. Stat. Sol. 38, 141 (1970).
3. M. J. P. Musgrave and J. A. Pople, Proc. Roy. Soc. (London) A268, 474
(1962).
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Appendix A-3.3. The broken bond model of Vasil'ev .et al.

An interesting model was proposed by Vasil’ev et al*’. This model does not
assume that the bénd is the straight line segment between the nuclei. Instead, each
bond is made of two lobes centered on neighboring atoms. The four lobes centered
cn the same atom and participating in the four bonds were assumed by Vasil'ev et
al. to form rigid tetrahedral angles. This introduces a non-central force trying to
maximize the overlap between two adjacent lobes.

One may view the four lobes on each atom as an internal coordinate system
for this atom. The non-central force, therefore, comes from two origins: shear
and rotation. The shear motion is described by a parallel motion of two atomic
coordinate systems, but perpendicular to the straight line connecting the two atoms.
The other force is due to rotation of the atomic coordinate system without moving
the atom. The shear force operating on atom 1 due to its own displacement from
equilibrium position, @; and that of one of its nearest neighbors, ¥, is proportional
to the component of #5 — #; perpendicular to By5:

Y _ [u _q _((ﬁz—m)'?m)?lz}
’ Aiffe— [F12] [F12]

Here #,5 is the vector from atom 1 to atom 2, and B is the proportionality factor.
In general, §; may be a function of direction perpendicular to ¥;5, but Vasil'ev et
al. took it to be a constant.

The rotational restoring force acting on atom 1 due to a rotation of its own
coordinate system by an angle W, and that of one of its neighbors by W5, is given
by

F£21) = —%2-(*2 + %) X Fio.
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The requirement of rotational invariance introduces a relation b‘etween A1 and Bs.
One has to assume that no net force is introduced by rigidly rotating the whole
crystal by an angle %. That means that the shear force introduced by s — @; =
W X ¥io is exactly canceled by the rotational restoring force introduced by %o =

W, = W. In other words,
br=2p82= 8.

In addition to the non central force constant g Vasil'ev et al. introduced two
central force constants «; and ag operating between nearest- and second-nearest
neighbors. There are, therefore, three force constants to describe the interaction,

two central and one non-central.

1) (W —y)-Fuy\ Fuy
Pl = ( 1 L )t A—331
1 . nearzest \ !315! / !rlj! ’ ( )
neighbors
(@ — ) -F1;\ ¥y
P Y = ay ( ) (A —3.3.2)
¢ lecgd: ‘?IJI !?1.7|
nearest
neighbors
(1) ( ' '1'13 ?1] ﬁ"‘f‘wl)x.l'lj
1=s 3 [u-u- -
nearest lrljl ]?l]' 2

neighbors

(A — 3.3.3)
These three forces are not enough, however. The introduction of atomic coordinate
systems, which are assumed to be massless, requires that there will be no net torque
operating on each atomic coordinate system. To calculate the torque, one has to
know where the force is acting on each lobe. Vasil’ev et al. assumed a model in
which the torque is due to two equal springs connecting two adjacent lobes at g
and (1-g) times the bond length, where g is an adjustable parameter. The torque

component at atom 1, due to both shear of @5 — #; and rotations of %, and #»,
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is given by:
(21) _ 4| 9Fi2+ (L —g)tia _
. ﬂ[ 2 X (1 — 1,)
_gF12 X (®1 X gF12) + (1 —g)F12 X (W1 X (1 —gJF12)
2
_ gPio X (Wo X (1 —g)Fi2) + (1 —g)F12 X (W1 X gF12)
2

Fio X (@2 — 1)
2

= f — APjo X (W X F12) — BFio X (Wo X F1o)

The two parameters, A and B, introduced here, are given by
1
A=c-—g(l—g) B=g(l—y)

for Vasil’ev’s model. In general, A and B could be any two adjustable parameters
that obey

A+B=

[ -

, A>B2>0.

The first of these two constrains comes from a rotational invariance requirement,
and the second from stability of the phonon band structure, to be proved later
(A-3.3.38). With these two adjustable parameters, the general condition for no net

torque on the atomic coordinate system at atom k is

2

nearest
neighbors

2

- A.r,cj X (ﬁK; X ?,g]') - B?K;j x (ﬁ] X ?KJ) = (J,

One can further simplify this formula by summing up all the terms involving the
central atom. If % is any small vector, and one may neglect any quadratic or higher

order terms in %, then

2

a
Y By X (WX Bej) & <", (A — 3.3.4)

nearest
neighbors
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Y R x® a0, (A — 3.3.5)
neighbors
and
Ty - TP, 4 Froi B,
> (P ® ey ?"’m-— : > (Brj ® ey ;'”aww (4 — 3.3.6)
nearest Irﬁjl 3 gecond I?K?J'l
neighbors nearest
neighbors
to within first order in W, so
2 Fej X By
G, —— ——— — B, X (F; X Biill. A— 337

neighbors

The expressions derived by Vasil’ev et al. for the elastic constants, using this

model, are
, are

ey = %[wg + 21))-(a1 + za)], (A— 3.3.8)
1 1
Cio = -'[2(12 + —(a1 - /3)}, (A—- 3.3.9)
a 3
1 1 1 . 1(a; —p)?
Ciq == ;[2&2 + E(al + Eﬂ) — -é-————-—al ey } (A — 3.3.10)

Clearly, they do not depend on the adjustable parameters A and B.

It is important to notice that the formalism described here is actually much
more general than the original model described by Vasil’ev et al. Their description
of four lobes maintaining constant tetrahedral angles with each other enters the

formalism only through the factor g, which is an adjustable parameter anyway.
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Phonon caleulations

When calculating phonon modes, one may take

(e 3 A 1,2 (A—23.3.11)

Here @; is the deviation from equilibrium position, and #,; the rotation of the
atomic coordinate system of the x-th atom in the l-th unit cell. k is the reciprocal
vector labeling a particular phonon mode. 27w is the frequency associated with
this mode.

To find the phonon modes, we first express the interactions (A-3.3.1), (A-
3.3.2), (A-3.3.3) and (A-3.3.7) in matrix form using (A-3.3.11). We assume that the
equilibrium position of atom 2 with respect to atom 1 is (¢/4)(1,1,1). Therefore,
atom 1 has four nearest neighbors, whose equilibrium positions can be obtained

from that of atom 2 by dispiacement of
(a/2)(000), (a/2)(011), (e/2)(101), ({e/2)(110).

Using (A-3.3.11), the relative deviations from equilibrium of these four nearest

neighbors can all be expressed as 5 multiplied by some phase factor:

—éa(bg +k3) —ia(ks k1) —sa(k) +ho)
2 2 i 2

gy, e iy, e 9, € io.

We can now write a typical term in the sum in (A-3.3.1) as

(nz -rlz) 1o (nz (1,1, 1))(1) 1( )ﬁ
| ——— 1= - 2.
12| J|Fi12 3 3

Since we calculate only to first order in @, there is no need to consider first order

o
.
e e

corrections to ¥, ;, and they can be taken at their equilibrium values. Writing similar
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expressions for the other three terms in (A-3.3.1) and using (A-3.3.6), we obtain

(1) (ﬁj—ﬂl)‘?lj) Py
?c = a1 (
' 2 #15] 715

nearest

neighbors

~ o (_____“3‘ '?U) Fij _ i*.ﬁl (A —3.3.12)
nearest irljl ‘?lj‘l 3 ‘
neighbors

1 4
~ ol —Bly — -1 )
1(3 2 3 1

Here,
+1 41 41 - — —_1 —
B = ( +1 1 +1)+ e___*s_!-_z_z___t-_ta_( -: +i +i)
LA Tt (A—3.3.13)
—taka —iab) +1 —1 =41 —iak] —iakg +1 41 _, Do
+e 2 (;-1+1—-1)+e 2 (+1+1_1)
1 —1 41 —1 1 <41
Similarly
F(Q) _ (1, —ty)- Fos \ Foy
el = 21 Z . .
nearest ’?QJI I?Q_') I
neighbors
g, fgj) Foj 4
: Z ( #oil Sl 30°
neighbors
~ (ls*ﬁ 2 )
[+21 Bl —_— - .
1 3 1 3 2
Inserting (A-3.3.11) into (A-3.3.2),
(ﬁ]_ux)'?;g] ?fC]
o _ (
) 2
‘ uec; ‘_?W]Al !?K}'l
nearest
neighbors
K
second li'”j' !?"CJ'
meighbors

=~ ag(Cﬂ,g e 4&,;).
Here,

(7]
TN
) )
>
w
|
o
Eol
o
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In a similar way one can sum the parts of (A-3.3.3).

— (W + W) X By 1 a
Z - ~ Z Fiy X W5~ D% (4—3.3.17)
heighbors neighbars
where

D=(i1;1ti)+e:@-3_r“—3( 0 +1_1)

—1 0 —1
—1 41 0 “+1 41 0
—takg —iak) 0o +1 +1 —igh) —isky [ O
+e 2 (-10 +1) e 2 (+1o +1
—1 —1 0 +1i —1 0

) ~ - Z Fo; X WA =D ;. (A—3.3.19)
nearest 2 2 nearest 8
neighbors neighbors

Therefore, (A-3.3.3) becomes

1 1 4 a
F(M) A ﬂ[ﬂﬁg — 41 — (:Bﬁg — :nl) + —DWQ]
L 3 3 7/ 8 ji

(2) % 1 « 4 a =
Fnc R~ ﬂ{ﬂ i —4ﬁ2—(53 i — gﬁg) -+ -8—D Wl}

where

— itk —iaks —{ak3 —ijak)
A=1+4c¢ <

—igk] —iak
+e Z + e z .

Now it remains only to express (A-3.3.7) in a similar form.

1 B
& ~ —D1d e £
1A Rt e W
1 % B
Wy~ —D Uy + —& W
2GRl it gt W

where

—1 —2 +1
+1 41 —2

2 ol =1 —daln — bab —3 —1 —1
G L I GF
—1 41 —2
—lakg —lak —2 —1 <1 —tak) —iak 2 +1 1
<+ e —-1-—2—1)—{-3 (+1—-2—1)
+1 —1 —2 —1 —1 —2

(A — 3.3.20)

(A — 3.3.21)
(A — 3.3.22)
(A —3.3.23)

(A — 3.3.24)
(A — 3.3.25)
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Inserting (A-3.3.11) — (A-3.3.25) into the equations of motion
~Muw?a, =P 40D gl (A — 3.3.26)
one obtains

4 : 8
(MwQ-— 5011 + O!Q(C —4)'— gﬂ) ﬁ1+(ﬁ3l‘3 +16(~4 - %B))ﬁE"_l@g’DWZ =0

(4 —3.3.27)
Q) _# * 1 _= 5 4 8 a _+
(—3-3 + B(4 —53 ))ﬁl+(Mw *ga1+a2(C—4)—§ﬂ)ﬂz+5§D W, =0
(A — 3.3.28)
Lot —w 4+ Bewy =0 (A —3.3.29
4Aa 2 ! 8A 2= -3.29)
1 E ] B ¥
—D g — ® — Wy = 0. A — 3.3.
e 1+ oA 1 2 ( 3.3.30)

Equations (A-3.3.29) and (A-3.3.30) can be inverted in order to express W, in terms

of #; and ..
B2 % —1 B * 1
#=|1———¢¢ £p'a, + — D A—3.3.31
! ( 6442 ) [32A2a s 2] ( )
B2 —! 1 * *
Wy=(1— £'e —p'a £*pu A—3.3.32
2 ( 6442 ) LAa 1Y Az, 2} ( )
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Special points in the phonon band structure

The ' point
At the T point, k = 0 and all the matrices 4,8, C,D and £ defined in (A-
3.3.22), (A-3.3.13), (A-3.3.16), (A-3.3.18), and (A-3.3.25), are scalars:

The characteristic equations (A-3.3.27—30) become

(Mw2 - §a1 — 25)31 + (g’al + gﬂ)ﬁz =0

4 8) ( , 4 s)
o+ (M= 20, —28)a =0
(301 3/9 1+ 3 3ﬁ 2
B
'/ —Fo =0
1+A 2
B

—W Wo =20
A1+2

Therefore,

wioo

(a1 + 28).

MW??A';—



-339-
The X point
At the X point, k = 2f—(l, 0,0). The matrices 4, B, C, D and £ become

010

b
o
O O =
[ e g =]
[= 28 = R w]
\—/
s

2B/a 00 0 4A/a 00 o
1= —32( o0 3-1)31 Tz _Bz( > % ;1)“2
—4A/a 00 o0 2B/a 00 0
w2 = 4A° -—B2( 2+ Bl)nl T 4A2 _32( 00 ?H)ﬂz

0% = (34 (30
and the dynamical matrix is
P 0 0 0 0 O
0 @ 0 0 0 R
D) — 0 0 Q 0 R 0
0 0 0 P 0 O
0 0 R 0 Q 0
0O R 0 0 0 Q@

The eigenvalues and eigenvectors of this matrix are
(LA+LO): P (100000), (000100),

(TO): Q@—R (010001), (001010),

(TA): Q@+ R  (010001),(001010).
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For this model,
P=1ai 480425
= - -
g*l T ee T g

4 8 2A
Q=5“1+4a2+(3“m)‘9

Therefore,

4

8
Muw? (X)= Muw?,(X)=-a; +8az + é‘ﬂ

3
2 =8 41
Muw7o(X) 301 +402+(3 2A+B)5'
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The L point
At the L point, k = 2£(1/2,1/2,1/2). The matrices 4, B, C, D and £ become

)

=11 1

A =2 3=(1-11), C=—-—2(c1)c1>
1 11

1 1 -

0 -11 211
D=2(1o-1), £=2(121).
;1100 112

To calculate (A-3.3.31) and (A-3.3.32), we note that p* = —D, and also that if 7

©

is any symmetric matrix of the form

F = ( ii i) (A — 3.3.33)
then
FOD=DF =(z—y)D (A — 3.3.34)
and
Fol= (1 ws1) (A —3.3.39)
where
w —(z+9) _ y
(y —z)2y +2)’ (y — z)(2y + )
Now,

et =c'e=4353)
5586
-1
Therefore, (1 - gf;ﬁ-é' E*) has the form (A-3.3.35), with

382 5B°2
r=1—— y=——

842’ 1642



or

and

Now (A-3.3.31) and (A-3.3.32) become
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1 —B 1
& = ~ [ 5 Dd; 4+ ——-—Dﬂg}
1— TBBX7 16A%a 4Aa
1 1 B
Wo = —|— Du; + 5 Dﬁl}.
1 — TGBTI 4Aa 16 A4%a
therefore,
a 1 A B
DW= ————— | D% —p%
g 2 16A2——32{ Pt g 2}
a = 1 B 9 A 9
-D % = —7———o|—D“4; — —D°8
g 16A2—-B2{8 T 2}
where
p2=4(;2f21),
1 1 -2
We can now write down the dynamical matrix:
P @ @ R S S
Q P @ S R S
D) — Q @ P § S R'
R S § P @ @
S R § @ P @
S §S R @ @ P
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The eigenvalues and eigenvectors are:

LA: P+42Q+R+25 (111111),

LO: P+4+2Q—R—25 (111111),
TO: P—Q@+R-—5S (110110),(101101),

TA: P—@—R+S (110110),(101101).

For this model,

4 8 4A
P = - 4 —— ——
3% T a2+(3 16A2—B2)ﬂ
2A
= 2 —
Q a2+16A2—BQﬁ

2 {4 B
R= - - —_—
3™ +(3 RETYE —B2)ﬁ

2 2 B/2
§=-2 P___ B2 )\,
3°‘1+(3 1(5142—-132)‘9

Therefore,

3/2
MW%‘A(L)=QC¥2+(2'—4ALB)/9

2 16
Muw? (L) = 3 + 8as 4 —3-/9
Mw2 (L) = 2a; + 8az

8 10 3/2
Mw%o(L) = 301 +2a2+(?—- M{{-B)ﬂ'
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At a A point,
- r
k= (z0,0). (A — 3.3.36)
The matrices 4, B, C, D and £ of (A-3.3.22), (A-3.3.13), (A-3.3.16), (A-3.3.18) and

(A-3.3.25) become
4 =201+ 73

)

CoQ
[l > =1
Qo

B =201+ e"“"”‘)( é S g) + 21— e—m)(
c =2( 01 g)—l—?cos(m;)( 51 g),
001 001
00)
0 -1 3
10

£ =—4(1+e7 ) o10) 420 — )0 at).

D =201— e“*'”)( o

The inverted matrices in (A-3.3.31) and (A-3.3.32) are easy to calculate, since both

€% and £7°¢ are diagonal matrices:

Thus,
B2 —1 .
( _,,,,.,___.__,55*) =(of33) (A — 3.3.37)
e 055
2 -1 .
(1_L5*5) _—_(033)
6442 ooy
where

y= .

1_2'_:(1icosz) 1__%(5j:3003x)
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We can now use this expression to obtain #; and %2, the rotations of the atomic
coordinate systems, from (A-3.3.31) and (A-3.3.32), using the fact that both D and

D* commute with (A-3.3.37). We also make use of the identities

pp* = 8(1—cos7r:z:)( 21 3), pe’D = 8(1—6“‘")2[( 33 ‘3) + e*’”( 5 ?1)}
001 012 0 -12

to obtain

a 1 [ 600 Bfog,

—DWg = 2A(1 —cosTz ( 01 o)u _( 0 s)u

g’ 8A%2 — B2(5 + 3cosz) | ( ) 001 1+4 0s )02

a % 1 B/ o o0 * , 000

-é-p #= 8A2 — B2(5 + 3cos 1) Z( o :) I+ 2401 — cos7r;?:)( 20 2)%
where

r o= 2(1 _ 3—-11\'2:)2(1 + eurz)’ s = (1 . 6-—-21:'3:)2(1 _ emz).
Since %, and %o are bounded for all values of z, it follows that the denominator

842 — B(5 4+ 3cos z)

cannot change sign. Therefore, one can write the stability conditions for the phonon

band structure as
either |A| > |B]| or |4A| < |B].

We shall see in our treatment for A points that a similar stability condition in that

direction is
either |A| > |B| or |164| < |B|,

and in general, the only possible stability condition that will hold in every direction
is

|[4| > |B|. (A — 3.3.38)
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We can now write down the dynamical matrix,

P 0 O R 0 O
0 @ o 0 § T
D) — 0 0 Q 0 T S
R® 0 o P 0 o
0o ST 0 @ o
o T s" 0 0 @
where symmetry considerations require
|S+T|=|S—T| (A —3.3.41)
The eigenvalues and eigenvectors are:
—Rr"*
LA: P —|R|, (100¢00), ¢=
IR|
R*
LO: P+4|R|, (100¢00), ¢= l;?—l_

TA: Q—|T+S|, (011077),(011066)

TO: Q+4|T+ S|, (0110n7),(011086)
_s+r L _T =5

n= T =—
IS +T] T — 5]

For this model,

4 8
P = gal ~+ 4(1 — cos rz)as + gﬂ

4 B 8 2A(1 — cos 7 z)
Q = 3a1 + 2(1 (o }} 7T$)Q2 + (3 8A2 — B2(5 + 3cos ‘,T.'L‘) )/8

2 . 4 ,
R = —5(1 +' e—'”z)al b g(l + e_'”)ﬂ
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_ 2 —iTz —4(1 4 e"i”) _ (B/2)(1 — 3-—i7rz)2(1 + eim))
S —-§(1+6 Jay +( 3 842 — B2(5 + 3cos 12) 8
_ 2 i A1 —e=¥™F)  (B/4)(1— e 20— eim:))

T = 3(1 4 )C!]_ +( 3 8A2 — 32(5 + 300571'2:)

At first, it is not clear that S and T satisfy (A-3.3.41), but they actually do. In fact

&S —T)=8 +T".

Sound velocity in the (100) direction
Taking the limit £—0 in (A-3.3.36) and expanding up to second order the

expressions for the acoustic frequencies, one obtains

4 8
P = gal + 2(7!'2))2682 + g,@

4 5 (8 Alrz)?
@~ o +(r2) a2+\§—' Mﬁ
4 2
Rl ~ Har + 2000 — T
4 —2 ) B(rz)?
S+ T = 3™ + (T(‘l + 3irz) + A2 — B7) + (7“5)2)}9

B
S+ 7]~ 2o+ 26 (8( y Rt P )(m)%s.

3 A2 — B?) 203 + 40
Therefore,
2
8\ k
Moda=P =Rl ~ (2 e+ 2 ) 2)
2 _ B 201 + 8 Kgc_g)z
Mty =Q— IS +7| ~ oo — fommn + =58 (5

2a; 4+ 48 2

I __s_ﬂi_____](k_)
1T 2e, +48 2 )

[ 2 ka)®
= |as — g..i__f_l_j:_é_ﬁ}(_cf)
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from which we can obtain the sound velocities in the (100) direction:

v, = lim (wLA)= e ﬂ.+2a2+é
k—o\ k v 6 3

. (wWwTA) _ @ 3, 382
UT—kh-»mo( k )—2m\/a2+4ﬂ 20; + 48

Recalling that the atomic volume is a® /8, one can also find the static elastic

. . . (@)
constants, cy; and c44, from these dispersion relations

8M
¢11 = — lim k—0 [‘2““ ( + 400 + —?— (39)
a k a
8M . 1 342
c44=—-;—hmk—>0—£§‘1——-(2 2+ 5—-a +2ﬁ) (40)
1

These two equations prove (A-3.3.8) and (A-3.3.10).
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A points
At a A point,

- 2
k= —7r-(z, z, ). (A —3.3.42)
a

The matrices 4, 8, C, D and € of (A-3.3.22), (A-3.3.13), (A-3.3.16), (A-3.3.18) and
(A-3.3.25) become

A=14+ 36—2”:5’ B=(1+ 36-22'#1:)( o g) +(1— 8——22‘71'3)( e i)’
001 110

C = 2(1 + cos 21rz)( 01 g)+ (—1 4+ cos 27:-1;)( 10 i),
001 110

D= (1_3-—-23'#3:)( 1o _11), E = _2(1+3e—2i1rz)( a9 g)+(1_e~27;7rz)( ol i)
001 110

.11 0

The inverted matrices in (A-3.3.31) and (A-3.3.32) are easy to calculate, since both

£€" and €€ have a simple form

O
R
.

(=3~
[=H =]
-0 0
N
—
[
o
b
o
I}
(e}
[
[ ]
3
8
S
o
- O
L~

€ =676 =(1a+ 20cos27r1:)(

Thus, using (A-3.3.35),

B2 % —1 100 011
1— E€ =w(010)+z(101) (A — 3.3.43)
001 110

6442

where

1— %;(27:}:5 CO8 27?:2)

(1 — A2)(__1 + %17-’-15 cos QWI)

%;(5—500?27!’;)
(1__ ﬁ—;)(—-l-f- %17i15cos2wz)
1

W—2 == .
217415cos 27z
__1_|..£_2,__+_§T___

g =
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Therefore, using (A-3.3.34), one can write

—_ _ e m,—2wTy(__ +2irzyf O L _1)
= z){32A2a( 3= T (—l e )( R Al
1 —~28 7T ( ¢ .11
+4Aa. (1—e ) Lo ;1)112

1 : 0 -11
%= 0 =3 g1+ (L

.+.

-1 0

—a stz —2iwxyf 0 11
32A2a( 3 Se )(1 e )(1 c; 1)32]

and

—1 .
—:—Dﬁg = (w — z)[ﬁ(l — COS 27rz:)( ; {2 _ig)ul

B(-—-3 _— 56+2i1rx)(1 — 8—21'11'2:)2 211 ]
( 1 21 )ﬂ2
25642 11 -2

.+.

rB,__g__s.egg;xzu__l- +2i7zy2 .
8 25642

1 1 5 (-21 1)il
Tleatt e § L))

We can now write down the dynamical matrix,

P @ Q R S S
Q P @ S R S
upd — @ @ P S RS
R s° s P @ @
s* R* s @ P @
s* s R* @ @ P

whose eigenvalues and eigenvectors are

R* 425"
LALO: P+2Q£[R+28| (kss), s =%\ o
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R —s"
TATO: P—Q%IR—5| (lon70), n=+\——c
where
4 8 4A(1 — cos 27 z)
= - 2{1 —cos27z)a - —
g T2 ) 2+[3 3242 — B2(17 + 15c0327m)}

2A(1 — cos2rz) }

= 1 —cos2rz)a
Q ( cos Jaz + [32A2 —— 32(17 + 15 cos 271'2:)

(3/4)(3 + 5e+2i7rz)(1 _ e—2z'7rz)2]

1 ; 2 ;
R = _(__ e-—-2z1rz)a = _ 26-——2”3 -
+ 1t 3 3242 — B2(17 + 15cos 27 1)

1 e——2z’1ra: 1 — e—2z'1rz (B/S)(3 + 5e+2z'1r:c)(1 — e—-2i7ra:)2
(—3 3 )aﬁ_{ 3 REETYE — B2(17 + 15 cos 27z) }ﬁ'

Sound velocity in the (111) direetion
Taking the limit z—0 in (A-3.3.42) and expanding up to second order the

expressions for acoustic frequencies, one obtains

4,48 _ A 2
P~ 31 + 3ﬁ + (ag T6(A2 BQ))(MZ)

32- __AB 2
@~ ( 2 T 32(A2 — B2))(2”)

' S 4 By (oLt 8 o 2
IR+ 25|~ ca1 + 28 (a1+2ﬁ 8)(2m)

36B 401 +56 g)(m)z.

+

R—$|~ = +§ﬁ—(
[~ 3o+ 3 32(42 — B2) ' a; +28 8

Therefore,

o1 + 8 g_l_) (ak)?

2 = - ~
Mwi,=P+2Q—|R + 25| (2a2+a1+2ﬁ 2 2
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2 b ip_qo % 3 401'{‘55__/9_).(0/‘:)2
Muza=F—Q—IR Sl~(2 3204+4+B) o +25 8 3
_(ﬁg_i@ 4a1+55.é).(ak)2

“\2 16 a;+28 8 3

from which we can obtain the sound velocities in the (111) direction:

3
vy = lim (wLA)= 4 g_1_+2a2+___a_1_@___
ko \ % JarV @ 10+ 28

. WT A a 1 5 3432
vp = lim (-——): -ag 4+ —f — ——  —.
k=0 \ k V3M 2 16 8ay + 164

One can also find the static elastic constants, ¢c1; +2¢15 = 4c44 and ¢11 — 10+ c44

from these dispersion relations.

24 M w2, 1( 61
2 4cqq = — liM k=0 — = —| a 16 —_—
c11 + 2¢12 + 4044 - 2 ot 2-1-6!1 Y
(A — 3.3.44)
24 M w, 1 5 382
iy — ¢ C4q == imk—0—— = —| 40 - - ——
11— €12 T C44 a —0—3 a( 21 38 Y.
(A — 3.3.45)

These two equations, together with (A-3.3.39) and (A-3.3.40} prove (A-3.3.9).

References to Appendix A-3.3.
1. L. N. Vasil’'ev, Yu. A. Logachev, V. Ya. Moizhes, and M. S. Yur'ev, Soviet
Physics - Solid State, 13, 363 (1971).
2. C. Kittel, Introduction to Solid State Physics, 3rd ed., p.121, Wiley, New

York (1966).
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Appendix A-3.4. Fitting the parameters of Vasil'ev’s model

to SigHyo cluster calculations

The model proposed by Vasil'ev et al. is not easily fitted to the cluster. In all
the previous models, the elastic energy depended directly on explicit geometrical
objects like bond lengths and angles. Therefore, one could make sure that only
such geometrical objects that involve only silicon atoms will be changed, and by
doing so, one could disregard the silicon — hydrogen interaction. This is no longer
the case whenever there are hidden coordinates in the system. All the relevant
interactions, that is, both §7 — Si, S1 — H and H — H interactions, should be
taken into account. Only then, can the S¢ — §1 interaction coefficients for the
phonon band structure calculations be extracted. In this appendix we shall retain
the notation of Appendix A-3.3 as much as possible, but the interaction coefficients
ay, aa, f and A, will now have extra superscript notation to denote whether they
belong to a St — S, St — H or an H — H interaction. All told, there are nine
independent parameters: one central first-nearest-neighbor interaction cv,(fi's*); four
central second nearest neighbor interactions "5, o™ o{F#)(1) and a&H'H)(Q)
(the last two refer to hydrogens bonded to two different silicon atoms, and bonded
to the same silicon atom); two non-central interactions, B(srs) and glstH). angd
finally, two torque coefficients A3"S) and A(S'H)  The meanings of these force

constants were explained in detail in the previous appendix {A-3.3).

We now investigate the geometry of the SixHio cluster and obtain the ex-

pressions for the various forces and torques operating on the atoms under a given



-347-

deformation. The central Si atom is at the origin and at rest. Its four nearest
neighbors are moving slightly around their equilibrium positions. These equilibrium

positions are

= (111), To = (lii), 3 =

P

(I1]), %= %(m).

| 8

The hydrogen atoms, H;; are all second nearest neighbors to the central silicon

atom, and as such, have coordinates that are lattice translations.

Hii,Ho1,Hap (a/2)(011), {a/2)(101), (a/2)(110)
Hyg,Hog, H3g : (2/2)(110), (a/2)(101), (a/2)(011)
Hy3,Hog, Has - (a/2)(011), (a/2)(101), (a/2)(110)
Hyg,Hos,Hsy (6/2)(110), (a/2)(101),(a/2)(011)

It is easy to verify that if 3;; is the equilibrium position of H;;, and #;; is the vector

from Si; to H;; at equilibrium, then
8 =F; — ¥, = —F, k=14 j(mod 4).

In each mode treated in this section, each one of the non-central silicons, Sij,
will move by an amount #@;, and each one of the twelve hydrogen atoms, H,;,
will move by an amount ¥;;. These sixteen vector quantities, namely, @;,..., 14
and ¥;1,...,%34, are all given as functions of the mode parameter t. Since we
are working in the harmonic approximation, we may assume that ¢ is very small,
and only the linear terms in the expansions of these functions are relevant for our
calculations. These linear terms for each one of the 23 modes are given in Table

A-3.4.1.
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TABLE L. Differential change in position of the four silicon and twelve hydrogen
atoms in the cluster SizH12. #,(t) is the differential change in position (i.e., the

position for a given t minus the equilibrium position). This table lists ( %%J-)

t=0
and (?gti’-) for the various modes used in this chapter. For brevity, several

modes are not listed here because they can be expressed as linear combinations of
other modes: (8)=(3)-+(7); (9)=(3)—(7); (22)=(1)-+{20); and (23)=(3)4(21).

Mod (aﬁl) (avn) (avgl) (avsl)
ode Bt Jimg 9t Ji—p P Jt=0 b Ji=o0
A i 3\ 1 1 (1 4
Mode 1 f(1 1,1) f(l, 1,1) :/1—_3_(1, 1,1) f(l, 1,1)
Mode 2 ﬁu, 1,1) f(1, 1,1) f(1, 1,1) \/5(1, 1,1)
Mode 3 (1,1,1) (1,1,1) (1,1,1) —-(1,1,1)
Mode 4 2\/5(1,1,0) ﬁ(l,0,0) —ﬁ(a, 1,0) -\/_-5(1, 1,0)
Mode 5 ’/96(1, 1,3) ”0/\@(1, 1,1) *‘0/‘45(1, 1,1) ”0/,?(0,0, 2)
y V3 V3 Y
Mode6 (1,13 2211 211 220,02
Mode 7 5_%-(1, 1,2) 7%5(1, 1,1) Tf/?(l, 1,1) *“\’/_35(0,0, 2)
Mode 10 \Jj,_g(z, 2,1) ﬁ(s,s, 1) ﬁ(s, 3,1) ﬁu, 1,3)
Mode 11 j—g(o, 0, 3) ﬁ(i, 1,3) ?%(i, 1,3) :/l,_gu, 1,5)
Mode 12 ﬁ(z, 2,1) ﬁ(:a, 3,1) ﬁ(:&, 3,1) —\%(1, 1,3)
Mode 13 ﬁ(o, 0,3) ﬁ(i, 1,3) ﬁ(i, 1,3) ﬁ(}, 1,5)
1 13 1 L
Mode 14 f(s, 5,2) f(3,3, 1) ii(g, 3,1) f(z, 1,0)
Mode 15 4\/5(3, 3,6) 2\/5(1, 1,3) 2\/—3-(_1,_1,_3) \/5(%, 1 ?)
Mode 16 0 ﬁ(z i,1) -\/1—,6_(1, 2,1) \/1%_(1, 1,2)
1 1 1 L
Mode 17 ‘ \/5(0, 0,1) ﬁ((_),o, 1) \/g(o, 0,1) \/g(o, 0,1)
Mode 18 0 +=(3,1,1) (13,1 71%(1, 1,3)
Mode 19 ﬁ(o, 0,1) —\/%(0,0, 1) 71_5(0, 0,1) ;1,%-.(0, 0,1)
Mode 20 ﬁ(l, 1,2) ﬁ(o, 2, 3) j_g(z, 0,3) ﬁ(z, 2, 0)
1 1 i 1 1 (9
Mode 21 \/5(1, 1,9) ﬁ(o, 2,4) \/E(z, 0,3) \/6(2, 2, 0)
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Table A-3.4.1 (Continued)

Mode (%‘%a) =0 (ig%g)t:o (é%aa)t=o
Mode 1 :/l_—g(LI,I) ﬁ(l, ,1) ﬁ(l, 1,1)
Mode 2 0 0 0
Mode 3 ﬁ(l, 1,1) ﬁ(l, 1,1) ﬁ(I, 1,1)
Mode 4 2i/ﬂg(i, 1,0) ’—%(i, 1,0) —T\/%—(o, 1,0)
Mode 5 12(1,1,2) Ti/\_/f(o, 0,2) Tfygu, 1,1)
Mode 6 0 0 0
Mode 7 22(1,1,3) Tf/yg(o, 0,32) f%g(i, 1,1)
Mode 10 ﬁ(i, 2, 1) ﬁ(i, 1,3) ﬁ(?, 3,1)
Mode 11 \/—1.3_-(0,0, 3) 71_5(1, 1,5) %(1, 1,3)
Mode 12 V/Lé.(z, 32,1) ﬁ(;{, 1,3) \}§(3, 3,1)
Mode 13 ﬁ(o,o,g) C}?(l’ 1,5) :}g(I, 1,3)
Mode 14 4\1/§(5, 5, 2) ﬁ(L 1,0) 2i,,‘_(?;, 3,1)
Mode 15 ZL:«Z(?” 3, 6) ﬁ?,‘(i’ 1,2) -Q—L\/?—(L 1,3)
Mode 16 0 \*}—g@ 1,2) ﬁ(i, 2,1)
Mode 17 —\}fg(o,o, 1) —\/%(o, 0,1) %{o, 0,1)
Mode 18 0 ﬁ(z, 1,2) ﬁ(}, 3,1)
fode 19 71-5(0, 0,1) ﬁ(o, 0,1) 7%(’o, 0,1)
Mode 20 —1\/@(1, 1,2) —\/1—_5(2, 3,0) —j_g(z, 0, 4)
Mode 21 ﬁ(L 1,9) \—}_g(i, 2,0) ﬁ(z, 0, %)
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Table A-3.4.1 (Continued)

Mode (aii ) (avm av 33
oce ot t=0 9 Ji—o gt )f—_—o (8; )t——O
Mode 1 11,1 -1 1
\/?3'( ,1,1) \/.5(1, 1, 1) E(I’ 1,1) \—/1_5(1, 1, 1)
Mode 2 0 0
0 0
Mode 3 ﬁ(l,l,l) ﬁ(l,I,l) ﬁ(l, 1,1) —1\/=(1 1,1)
3 3 !
To T
Mode 4 2\/5(1, 1,0) 7_93-(1,0, 0) -%(o, 1,0) %(1, 1,0)
To(1 roV/2 (1 i :
Mode 5 £(1,1,2) (\)/”3‘ (1,1,1) Tf/vg(l, 1,1) ’f/———,?(o, 0,2)
Mode 6 0 0 0
0
Mode 7 71,1, ) ’%5(1,1,1) Ti‘/"_f(l, ,1)  2(0,0,3)
oo ; V3 (Ae
Mode 10 —\}_5(2,2, 1) %g(s, 3,1) %{3 3,1) (1,1, 3)
\/5 bl 3
Mode 11 ~\}-§-(0,0, 3) ﬁﬁ, 1,3) —\/i_é-(I, 1,3) %(1, 1,5)
Mode 12 ﬁ(?,z, 1) %(3, 3,1) %ez 3,1} —i(?{ 1,3)
ZATr \/~3' s L
Mod L 11,1 i L(1
ode 13 \/.3_(0,0, 3) \v/:(l, 1,3) ;—}?(1, 1,3) ‘—/%-(1, 1,5)
Mode 14 4\1/§(5 5,2) 2\1/,§(3,3, 1) 2%(3, 3,1) \,3%(1’ 1,0)
Mode 15 -1 (3,36 L 1 (11,3 _
Mode 16 4\/5(0 ” ﬁuj,g) 2‘(@(1’1’3) \%(1, b
2,1,1) —=(1,3,1) —=(1,1,:
\/‘é‘ 3 b \/gg 3 bl Vi \/61\1! 1’ 2)
Mode 17 ﬁ(o, 0,1) ﬁ(o, 0,1) \/1,0.(0 ¢, 1) (0,0, 1)
Mode 18 0 i—_(é 1,1) 1,2 1 \/)ﬁ 3)
6 [ \/?* wy 7 \/g 4y Ly
Mode 19 ﬁ{o, 0,1) ﬁ(o, 0,1) \/Lév 0.1} -(0,0,1)
) LT Vgtaal
Mode 20 —1\/%(1, 1,2) —1\/%(0,2,4) Ji,-,_‘-{é, 0,4) L_(3 2 0)
4 8 g \é@ R
Mode 21 %(1, 1,3) ﬁ(o, 3,4) ja(' 0,4 Vyz, 3, 0)
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Table A-3.4.1 (Continued)

A
o

I

c{’
<
o]

el

voe  (B) (%),
Mode 1 ﬁ(i, i,1) %(I,L 1)

Mode 2 ﬁ(i, 1,1) ﬁ(I, 1,1)
Mode 3 -\}—§—(I, 1,1) %(I, 1,1)
Mode 4 2’\%(1, 1,0) %(1, 1,0)
Mode 5 2(1,1,2) ’%5(0,0,2)
Mode 6 %(L 1,2) "%5(0,0, 2)
Mode 7 (1, 1,9) fygiugo,z)
Mode 10 ﬁ(z, 3,1) C}E(L 1,3)
Mode 11 J\/_-é—(o, 0,3) Jﬁ(L 1,5)
Mode 12 ﬁ(z,z, 1) ﬁ(i, 1,3)
Mode 13 %(0,0, 3) %(L i,5)
Mode 14 ZLg(S, 5, 2) V—}—_g(i, 1,0)
Mode 15 4—1—-3-(3,3, 6) ﬁ(i, 1,2)
Mode 16 0 ﬁ(l, 1,2)
Mode 17 ﬁ(o,o, 1) ﬁ(o,e, 1)
Mode 18 0 ﬁ(l, 1,2)
Mode 19 Jv,é_-(o,o, 1) ﬁ(o,a, 1)
Mode 20 ﬁ(i, 1,2) ﬁ(?, 2,0)
Mode 21 ﬁ(i, 1,3) ﬁ(i, 2,0)
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Tt is now left to find the five hidden variables %g, ..., %4 which are the internal
rotations of the coordinate systems associated with the five silicon atoms. First we
have to find the torque on the local coordinate system at any one of the five silicon
atoms. This was done before for the central silicon, since it is surrounded only by

other silicon atoms. By (A-3.3-T),

1 B
_‘7‘=1 ALA(SVS:)@ SA(SI'SI)
For any one of the other silicon atoms, there are different expressions for the torque

applied by the central silicon atom and by the three hydrogen atoms:

] i+8i ?j X ﬁj Si-Si
?(0]) _— 5(51 sx){ 5 — A( )iij X (Wj X 'l‘j) ——Bi‘j X (WO X i:j)jl
_ (A — 3.4.2)
g 9% X (¥4 — ) .
70 = ﬁ(Sl.H) : 9 : T A(S"H)i’j?} X (%; X 'l'jz')-l
- (A — 3.4.3)
gt X (85 — ¥y5) .
= e 2 (; T A x (W x i'k):l

Therefore, summing {A-3.4.3) over the four nearest neighbors of the j-th silicon
atom with £ = 7 + j{mod 4), we obtain

F; X Uy B 3 F X ¥i5
. (DI'H)
5 g8 ; —
+ w(Si-Si)A(Si-sQ; ﬂ(Si-H)A(Si-H))Fj X (?j X ‘Wj)
+ pER A N w1 x W5) + 85UBE; x (75 X %o) =0,
1

(/3(511-51) - gﬁ(Si-H))

or equivalently,lusing matrices to express cross product, and dividing by a,

(ﬂ(Si-Si)A(Si-Si) _ @(Si-H)A(Si-H)) 6(Si-H)A(Si-H) /3(5i-51)B
EWj— ————W; + ——— &%y
gﬁ(sw})(s 3 gﬁ(Si-H) _ ﬁ(Si-S?) 0
= ¥ s 4.
8a f::l Pu¥ij + 8a Pits

(A — 3.4.4)
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Here

0 -1 +1 o +1-1 +1 +1 0 .1 -1
91=(+10 —1), D2=(~10 ~1)’ D3=(3101+1), D4=(+101+1),

-1 4190 1 +10 -1 -1 0 +1-10
and

-2 1 1 g -1 -1 -2 -1 1 -2 41 _1
£ = ( +1 -2 +1), £y = ( -1 -2 +1), £s = ( -1 -2 -1 ), €y = ( +1 -2 ~1),

—+1 41 -2 -1 -1 -2 “+1 -1 -2 -1 -1 -2
and for a general vector 4,

a @2 P)

One should notice that the four adjustable parameters Alsis) - alsiw) p
and g are not independent, and that the equations (A — 3.4.2), (A — 3.4.3) and
(A — 3.4.4) are not written in a rotationally invariant form. To have them in that
form, we rotate the equilibrium cluster by an angle % about the origin, and impose

the condition that the resulting torque will vanish. Then,
i, =% XF¥, ¥, =" X (& — %) {A— 3.4.5)
and from (A — 3.4.2), (A — 3.4.3) and (A — 3.4.5) one obtains

Alsisi) LB = -, AlseE) .i_ (A — 3.4.6)

1
2
Equations (A — 3.4.2) and (A — 3.4.3) are rotationally invariant once the conditions
{A — 3.4.6) are imposed.

One can further solve (A-3.4.1) and (A-3.4.4), to obtain #%; in terms of 4,
and ¥;;. However, to do this, we have to introduce some notation. We define the

matrices 7; = F;(z,y) to be

xy ¥ -y ¥ x -y ¥ x y ¥
F=1vr=xvy Fo=1-vrxvy = vx ¥y Fp=1v =
Yy x -y ¥y x y -y = -y -y x
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These matrices play an important role in the following calculations. They have
some useful properties. First, for any given j = 1,..., 4 the matrices 7;(z, y) with

real x and y form a commutative group with the following multiplication rule:
Filzr, y1)Flza, y2) = F;(zs, y3)

with

T3 = 122 + 2y1¥2, ¥s = T1Yy2 + Y122 + y1y2.

Therefore,

7=z y) = ( T4y , —Y )
i By =3 (z—y)z+2y) (z— y)z+ 2y)

Another property of the matrices F(z,y) is

Filz,y)0; = (z — y)D;, Filz,9)€; = (z — y)&;.

Now we can write (A-3.4.4) as

—N1 — 372 Y1 — 2 glsisiip
?j( g ' 16 )ﬁ" HERETER AL
i- 3 Si- nisi-Si ‘A — 3.4:._'
ZQﬁ(S H)Zpﬁ~+gﬁ( ) b)D‘i‘l- | !
8a " 84 I
where
Ny = ﬁ(Si'Si)A(Si-Si)’ Yo = ﬁ(Si-H)A(Si-H)_ (A — 3.4.8)
Now we multiply (A-3.4.7) by
—1f =71 — 372 71— 2 —2
7 1( , ) = Filvi + T, 1 — 72)
I 8 16 v2(371 + 5v2) "’
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to obtain
’6(Si-Si)B gﬁ(Si-H) }ﬁ-:
W, = &, Wy — Filr + T2 — 12) 0¥,
T 3y 45y 4@’2(371 +572) it &
2gﬂ(Si-H) _ 25(& si)
- Dy,
a(371 + 572)
or
34(sisijp 94 4{si-H)
371 4 572 a3y + 572)
(Ql H (bi Sl
(371 + 572)
Now we sum it from j=1 to j=4:
4 044(sisilp 25](5 Si-H)
> ey = ————wo— z 3" 604
= 371 + 572 a(371 + 572) =iz

gﬁ(Si-H) _ /3(5&-55) 4 N
T o) 2, Oit

This can be inserted back into (A-3.4.1) to obtain W:

4 4 3
%o =\ Z Dji; + Az Z Z €iDiti tmoa 0¥ij

g=1 j=1 =1
where
1 ﬂ(Si-Si)(gA(Si-Si) —3B)+ /3(Si-H)(5A(Si-H) + 3¢B)
A o= — — — - —
44(5(51-&)(3(14(31-&))2 _ 332) + 6(b1-H) . 5 Alsisi) g(si-H) )
_ __]_-—( gﬁ Si'H
2= 4q ﬁ(Si-Si)(3(A(Si-Sx)) — 332) 4 5 . 5 Alsisi) g(sim) [

Now we can write all the non-central restoring forces acting on the atoms of
the cluster. We use the expressions for the forces acting on the four non-central

silicon atoms (labeled by j) and the twelve hydrogen atoms (labeled by ij), (1<i<3),



~356-
(1<7<4); k always means i+j (mod 4).

F(:}) _ ﬁ(Si-Si)[_ﬁ - (ﬁj ?J)E_J_ itj X (WO +Wj)}
nc J

lfy‘l }?j' 2
3
(sz ﬁ]) ?k 1 Fr X ﬁv]
+ plsvH) ¥ i _( —_
E Yo Y [Pl 2
But .
Z(ﬁ ?k)—i"“—=f1—ﬁ Z(?k ﬁ)—
= VB SR 3 =\ 2 ’
or
3 3 . N\
Z(ﬁ-?k)i_iﬁ__(ﬁ-rj)i Z(rkxﬁ)___?jxﬁ
S\l IRl 3 1 JIET 2L 2 2
Therefore,
(7) i ii' ﬁj'i:])? ?JX(@O—*—WJ)]
Bl — plsisy _ﬁj+( - = — 5
91 /714y
+6(Sl H) _Eﬁ]_(ﬁj ?J .__j-_%_?‘? XW]
3 LI VAL 2
3 -
?33 F; 3 ¥
; K [#el /¥
1 a
= g Sl){ o+ ggy'ﬁj B A gpj'ﬁ’]}
5 1 a
A H)(_ JL 3BT ‘ﬁfa’j)
> 1
+ plsvH) Z (vw _ -—Bb"v"w)
=1
Here,
+1 41 41 +1 -1 -1 41 -1 41 +1 41 _
31=(+1+1+1), Bg:(_l +1+1), 332(_1 +1‘1), B4=(+1+1_1),
+1 41 41 -1 41 41/ “+1 -1 41 -1 -1 41
and

ia-F,\ F; 1
lfjl lrjl 3
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However,

3

___3'8(Si-Si)B Qgﬂ(sl H)
Dit; = —————— Dy — DD ¥,
T 3y 4572 (37, + 572) Z A

. 2gﬁ(51H) _ 2ﬂ(bl Sl
a(3v1 + 572)

fs'ﬁj’

and for all the modes described in this chapter,

4 4 3
S om=0, 33 009, —o0.

3=1 7=1é=1

Therefore, we can write the non-central force acting on the j-th silicon atom:

3
' TR | . 1 5
P = 68y — a, + ﬁ(s"ﬁ)[“(gﬁf +3Jut -

1=1
3
+ a1 ) DDk + oyt
ge==1

where
(si-H (.13 {si-si) B(Si-H))
4371 + 572) ’

(gﬁ(SiH 5(81 Si )(/3 8i-8i) __ 5 i ))
e , A—3.4.10
# 4371 + 572) ( )

and vy, vy are given by (A — 3.4.8). Similarly, we can write the non-central force

py = (A — 3.4.9)

acting on H;;, this time due to only one neighbor, Si;.

¥ | [F| 2
_ ﬁ<5*'H){(1 — 281 )1, — (1— 38 )7y + 50 m]

or

3
=5 ¥ ie 1
ngg) — 6(31 H){(l _ '?:Bk)(ﬁj _— vi;’)} + u3 Z DiDiq1 (moa 0¥y + 04 €515,

{==1
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where (0,2
—g(3C®)
= ——— A—3.4.11
#e 4(3v1 + 572) ( )
__p(sin) (si-H) _ g(si-si)
g = p (o5 p ) . (A—3.4.12)

4371 + 572)
The remaining central forces are obtained from simple geometric considerations.
Their contributions to the spring constants of the various modes are listed in
Table A-3.4.2, expressed as linear combinations in the parameters oz(fi'Si), a.(ZSi'S*),
a(QSi'H), a(QH'H)(l) and OA(QH'H)(Q). The expressions for the contributions of the non-
central forces are much more complicated. Instead of expressing them as non-linear
combinations in the parameters g(8's) g(siH) Alsisi) and AlsiH) g express

them as linear combinations in the variables g5si g(StR) o and py.

The expressions for ui,..., #4 are given in (A — 3.4.9 — 12).



-359-

TABLE A-3.4.2. Components of the central force contributions to the spring
constants of the various modes.

Mode OfngSi) agsr&) ager) CkgHH)(l) Q&H-H)(g)
Mode 1 4 16 8 32 0
Mode 2 2 16/3 4 32/3 0
Mode 3 4 16/3 8 32/3 0
Mode 4 0 %r% 0 -%6-7‘% 0
Mode 5 0 4r2 0 32r2 0
Mode 6 0 %r% 0 16?‘% 0
Mode 7 0 %r% 0 327‘% 0
Mode 8 4 37.81 8 258.65 0
Mode 9 4 2.346 8 116.7 0
Mode 10 4 & 8 iie 0
Mode 11 4 0 8 32 0
Mode 12 4 24 8 96 0
Mode 13 4 24 8 96 0
Mode 14 4 = 8 s 0
Mode 15 4 3 8 4 0
Mode 16 0 0 4 36 4
Mode 17 % % % % 0

fode 18 0 0 4 12 4
Mode 19 2 0 2 0 0
Mode 20 0 4 8 8 8
Mode 21 0 g 8 g8 8
Mode 22 4 20 16 40 8
Mode 23 4 20 16 40 8
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TABLE A-3.4.3. Components of the non-central force contributions to the
spring constants of the various modes.

Mode glersiy - glsis) i1 po 13 fa
Mode 1 0 0 0 0 0 0
Mode 2 0 0 0 0 0 0
Mode 3 0 0 0 0 0 0
Mode 4 —%—r% 2?‘% :—31-57"% 27‘% ;}4—9"8 8?‘%
Mode 5 4r2 20,2 —32r2  12r2 —128r2 4813
Mode 6 Qrg l%rg —~16r§ 6?’% ——-647‘% 247‘%
Mode 7 4r2 D02 =322 1203 —128rF 4812
Mode 8 4r3 P2 —32r2 12r2  —128r3  48r2

lode 9 47‘% %Qr% —327‘3 12?‘% —1287‘% 487%
Mode 10 8 Q0 —64 24 —256 96
Mode 11 8 4 —64 24 —256 96
Mode 12 8 40 —64 24 —256 96
Mode 13 8 40 —64 24 —256 96
Mode 14 5 2 —4 2 —16 6
Mode 15 x 3 —4 2 —16 6
fode 16 0 12 0 0 0 0
Mode 17 g 0 =2 s —8 8
Mode 18 0 12 0 0 0 0
Mode 19 g 0 == g —8 8
Mode 20 4 12 0 12 0 48
Mode 21 4 12 0 12 0 48
Mode 22 4 12 0 12 0 48
Mode 23 4 12 0 0 48

N
no
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Fitting the parameters of this model to the cluster calculations is somewhat
more complicated than it was for the other models, since the expressions relating the
spring constants to the parameters are nonlinear. Moreover, some of the parameters
of the model have to be in a certain range to obey stability conditions. In particular,
we must have

— < Alsisi) <

5 < , 0< AlSIH) (A — 3.4.13)

DO |

The best fit under these conditions is obtained when
gl = o, (A —3.4.14)

Substituting (A — 3.4.14) in (A — 3.4.9 — 12), we obtain

_6(&-31)
=0 = —— = 0’ = (.
1 s M2 o455 #3 He

Now the expressions defining the parameters of the model become a set of linear
equations in the six parameters agSi'Si), alsis) o (siH) a.gH'H)(l), oa(QH'H)(Q}, and
ﬂ(Si'Si)(l — A(S"'S‘)/m). A regular least-squares fitting scheme can now be applied
to extract the best values of these parameters. Unfortunately, there is no way to
find the values of 3055 and A(57S) separately using these 23 modes. The values

of these parameters that best fit our cluster calculations are given in Table A-3.4.4.
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TABLE A-3.4.4. Parameters of the Vasil’ev model fitted toot_}lgé 23 ab-initio
cluster calculations. All the parameters are given in units of eV-A

HF GVB R-CI GVB-CI
ol3is1) 11.35 9.99 12.19 12.33
afstsi) 0.68 0.41 0.44 0.35
ofsiH) -0.57 0.08 -0.95 -0.95
B9 (1) -0.03 -0.03 -0.03 -0.03
ol (2) 1.99 1.36 2.39 2.37
BETS(1 — ey 0.38 0.44 0.38 0.38
o531 L 9(5H) 10.20 10.15 10.29 10.42

One can see in Table A-3.4.4 that the system of 23 equations defining the
overdetermined system is unstable. For example, the very small difference in the

spring constants calculated using GVB and R-CI methods induce major changes

Si-si) Si-H) Si+H)

in a'g and o One can see in Table A-3.4.2 that in eleven modes, «

appears in the combination Oz(ISi'Si) -+ QOa.gSi'H). This combination is much more
stable than either one of its components separately, as can be seen in the last row of
Table A-3.4.4. Moreover, agSi'Si) is over an order of magnitude larger than any of the

other parameters. Therefore, any small change in the spring constants of the modes

si's1) js coupled very strongly to alS'H)

involving ag . To overcome this instability,

one should first find the approximate values of the smaller parameters. These
parameters are al>"S), of5H) a&H'H)(l), o9)(2), and BTs)(1 — 1/124(5080),

Si-si)

They should be obtained only from these modes that do not involve ag , and

later these values should be reinserted as extra conditions to the overdetermined
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system, to find a(ISi'Si). There are altogether eight modes that do not involve a(fi'Si),
namely, modes 4 — 7,16, 18,20 and 21. In all of them agSi'H) and agH'H)(2) appear
in the combination o:gSi'H) + agH'H)(Q). Therefore, one cannot separate these two
variables, and we shall assume, ad-hoc, that they are equal. Using a least square
fit method, the values of these parameters were found, and later these values were

used to find agSi'Si). These new set of parameters is given in Table A-3.4.5.
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TABLE A-3.4.5. Parameters of the Vasil’ev model fitted to the cluster

calculations in a stable way. First the smaller parameters were obtained, then,
(si-si)

in a second iteration, oy was determined. All the parameters are given in units
o —2
of eV -A
HF GVB R-CI GVB-CI
alsisi) 8.65 8.63 8.57 8.76
ol5tsi) 0.593 0.449 0.533 0.430
oS H) 0.705 0.699 0.705 0.702
agH'H)u) -0.022 -0.019 -0.014 -0.014
o{m ) (2) 0.705 0.699 0.705 0.702

ﬁ(Sf-Si)(l — m) 0.430 0.503 0.365 0.411




