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ABSTRACT

The fraquéneise of normael modes of free vibration of
three oylinders of different thickness were found experis
mentally. For some of the modes damping was alsc found.
The modes axai%éé were of & single axial half wave and
maltiple circumferential waves.

The ahelis were geomeirlcally similer except for
thickness snd were made by aleaﬁrayk&%ing sopper on
accurately machined wex mendrels. Melting the wax produced
shells of very uniform thickness without seams.,

The modes end frequencies egreed to within 10% of
thé thecoretical values for cylinders wiﬁh.fixgﬁ aﬁds,
except &t smell numbers of waves whers thoy esgreed more
eiosely with the theoretical values for freely supported
ends. The damping faotors tended toward & small constant
velue with increasing numbers of waves above the mode with
fundamental freqﬁahey, but inoreased rapldly as the numbers

of waves decreased below the fundamenial.
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i
I. INTRODUCTION

Thin-walled shells, sometimes pressure stabilised,
are used as sitrustural @i&mﬁﬁta in missiles, apace vehicles
and other applications where minimum weight is Lmportant,
Those structures are often expossd to airflow and turbulence
shed by forebodles. To cnable the reaponse to fluctuating
nregsures to be @é%imateﬁ or the aeroelastic stability to be |
evaluated it is neocessary to ﬁnﬁarshanﬁ the fre¢ motions of
thio sbructure and the nature of the damping forces tending
to digsipate these motions.

Two theorles (1) and {2) have been advanced to
predict the natural frequencies and associated model
patterns of coylindrical éheii& but no significant progreass
has been made in predicting the decay of the vibration
ampld tude .

The present experimenial investigation was under-
taken in en &tﬁam&t to test the validity of the modal
theories for very thin welled shells and to provide
vibration decay deta.

To thie end the natural fraqﬁanci@ﬁ associeted with
modes of & single axial hael!l wave and multiple ciroumiepe

ontlal waves were found exporimentally on three oylindrical
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seamless copper shells of 16 inches diemeter, 154 inches
length, and ,020, .Gﬂéb, and L0032 iadh@ﬂ wall thicknesa,
ﬂam?ingAfac%mrs,wara élae founid for many of these modes by
ahaervimg the numbers of cycles required for the free
‘ vibratiana to ﬁeaay to hall amplitude,

Use wes made of a model designed for wind tunnel
shell flutter experiments. Ganaequently the shell boundery
fixity was dia%ateﬁ by sealing and strength requirements
vatﬁar than by an attempt to echleve either fized or fresly
supported ends.

'The work was conducted at the Guggenhelin &aranmutical
Laboretory of the California Institute of Technology.
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II. BQUIPHENT AND PROCEDURE

Ae Shells and Support Fizturs

The shells were sleotroplated integrally to heavy
copper rings at each end. The ring st the lorwerd end was
attached to the hesvy alusminum support [fixiure by wachine
soerews which pulled 1t inte firm contact with & sealing
0" ping in & groove in the support rig as shown in
Figure 1. 7The rear copper ring was altached tw a flexible
brass diasphragm by means of scerews and a rubbsr gasket and

this, in turn, was rigidily attached %o the support fixture,

B, Vibretion Sensor

The vibration senscr was mounted on ¢ drum free to
rotete under tho shell through an angulsr range of 180°,
The sensor was also fyree Lo Lraverss fore and aft on the
drum {rom 154 to 67% of the shell length by virtue of &
sorew Jack sssembly (see Plpures 1 and 2).

The drum wes rotated by & smaldl slectric motor at an
angular velocity of approximetely Ef3 of a degree per
second or a surface veloclty of approximetely 1/10 of en
inch por second. The fore snd af% sensor velooity was

somewhat lower.  Frosm plots of vibration amplitude vao,.
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enguler and axiel poslitions the mode shapes were determined.

| The vibration sensor cuﬂsiated of & smell coil wound
around e powdesred iron core, the inductance of which varied
agoording toc the distence betwoen the ocoll and the eéppar
ahell, Thua'ﬁne amplified voltage drop across %ﬁé ooll,
when anergiaad~b?fawi,0& kiloeycle earrier, provided a
mgasuru of the displacement.

In the emplifying electronic eircuit the ocarrier
fraqu@noy was filtered out leaving cnly a voltage
proportional to the 1nstant@ﬁeaua displacement. Then thie
filtered aignél.waa spli¢ 1ﬁta A.d; end D.Ce componentsy
the A.C. representing the motion of the surface and the
DeC., the statlc position of the surface, ALl modal
anelyses were performed using the A.C. portion of the
31@&&1‘ The only effeoct of static displiacement of the
surface, such es instellstion eccentrioity and‘manufaea
turing tolerance, then was to change the slope of the
response ocurve and, therefore, change the sensitivity of

the sensor. Static displacements of this type produced a

sensitivity change of approximstely 20% over e complete

180° traverse.



Ce ansmlvals Boulomend

The wave Jorm of the shell vibration end the time
decay of ogcillations wers studied on & cathoeds ray
opcilloscone.

The root mean asguere vollepe, proporiionel to the
vibration emplituds, wes displayed on e vecuun tube
voltuneter snd the mean sgquare cutput of the volimeler was
910%0@ versus eithor engular or axiel poslition by means of
an automatlo plotting mechine,

precise mogsure of the sxeiting freguency was

S,

supplied by en "events per wunit Lime"™ timer. The unit of
timoe was 10 gegonds zo thet the fregquoncies were acourale

&

to 1/10 vycles per soconds

LAy

De Shell Lmoltation

Two means o excliting the shell were enployedy they
were & conventlional 30 watt, 8 ohm, loudspeaker with an
cutput betwoon 60 and 6,000 oyeles per second and sn
clectrodynenic shaler. Thoe slecbtrodymenic sheler induced
an maaill&tigg retery eddy currvent lecally in the plans of
the shell by means of o coll with & powdored iron core and

slso set up s olrong stationery mernstic fleld fron a heavy
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vormanent magnet mounted in tandenm with the colil. The eddy
surrents, rotating alternately clookwise and counterclock-
wiéé,‘in the presence of the steady megnetic Fisld produced
férééé normal to the sheet alternately ioward and oubtwurd.
?igura iy shows aohﬁm@ticallg the geometric relationship
betwaen %h@“aday currents, magnetlic flelds and force vectopr
applied to the sholl. ?0@ & detelled oxposition of the
shaker design problem, see reference 3.

The mait a&vant@g@ of the electrodynemic shakepr is
that a sinusoidal force feirly free from sub end guper=
hermonic components can be generated without h&vim@vta
attach anymagnetic masses to the tesi specimen. The method
is idﬁ&ily auitéd Lo ndn?ﬁagnetae highly conductive
materials such éé coppor end aluminuie.

The shaker waé mounted on an external traversing
freme so that 1t could be fct&ta& about ths shell %o any
déaira& position, In practice, however, i{ was kept to
within Qs.ﬁegreés df tﬁa cenber of the éid@ opposite the
traversing sensoy to avold eleotrisal interference. It
could &lso be ﬁr&éaﬁa@ﬁ axiallye.

Both the shsker and the spealsr wore energlzed by

the amplified output from e variable frequency oscillator.
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The voltage to the exciter was monitored by a small vacuum

tube voltmeter.

ng@uram@ﬂt of vihration Decay

. The shell was ﬂrivan to steady state veamnamt
'vibvatiun for the desired mode by either the loud ap@akar
or the electrodynamic shaker. Then the exeliting force was
’abmuptiy atopped by sharting‘thé‘escillaﬁor output to the
smplifier with one throw of a double throw microswitch,
The other throw diaahargaﬁ & gondenser into the external
SYHC. input to the oscilloscope which produced a single
- 8slow sweep scrose the screen and displayed the @xpanential

decay of tho vibration, which wgs photographed.

P, §§perimantal Procedure

| Resonant froqu&ﬁuiaa were found by mounting the
shaker at approximaetely hall way along the shell on the
slde opposite the sensor. Then with the sensor arbiﬁfuvily
yasitionaﬁ and the shaker or speaker abi aboutl three
guarters of its m&ximumveutput the frequane? was increased

from well below the theoretical lowest frequency until &

sponse above the electronic nolse level wes noted on the
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voltmoter, The frequency was cerefully adjusted to tune
the sensor cutput to & peak. Then the sensor was rotated
to an antinodal position by maximising the valﬁmétsr signel
end the fvequancy'varﬁier tuned to an aecur&cy‘bett@r than
1/10 cgoi@ per sscond.

At this peaition & photograph of the vibration decay
waaimada, from which the number of cycles to half smplitude
could be cb%&inad ané the demping factor determined,

After this, axial and cirounferential traverses were
made and the mean square voltage (proportional to mean
square vibretion amplitude) plottad to disclose the mode
shape; (that is disclose the number of axial helf waves "m"
ané siroumferentisl waves "n"). During ﬁravar&ing the wave
form of the oselillation waes monitored on the oscilloszoops
and the rraquﬂnay wWas oantinually counted on the "RPUTY
timer,

After several modes had been found in this menner 1t
was posaible to plot the frequency ve. numheré ef circun=
ferentisl weves and by interpolation snd extrapolation get
approximate valuss for the modes missed. A4 triel and erroy
search in the indicated regions usuelly disclosed the

miéaing modas .
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To obtain & check on the damping faatoés by another
method, the vibration smplitude was plotted as a function
of fvequanoy‘nmar resonance and the width of the curve st
- «707 of the peak amplitude found. Prom these values the
damping faotor wéa;ealaulataﬁ;

‘}‘In some tests the shell was yraaauriméd and the

dependence of resconant frequency on @rasauriﬁatien

doternined (sse Figure 15),
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III. RESULPS AND DISCUB3ION

Ao Rasonant Frequencies

Resonant frequencies for m == 1 modes are shown
vavéu& n for 3&@118 of ﬁhiekneaﬁ h = ,020, ;Q@&o, end 0032
inches in Figures 5, 6, snd 7. For comparison the
tneoretical values of the resconsnt frequencies by the
method of Arncld and Warburton (1) for ends of the shell
freely supportaﬁ'émd‘rixeﬁ are also shown,

It should be noted that at high values of "n", where
ﬁhacéﬁtiaalky the aff@dt of end fixity becomes unimportant,
»Jthe sxporimental values agree guite wsll with theory.

“ At velues of n nesr the minlmum rr@qu&may, where thsv
effect of end fixity 1ls guite inmportani; the curves for

shells of thlckness h & .QJ:ZG and J0060 inches lie between
the values for fixed an&rf?e@ly supported end fixlity; but
the 0060 inch shell f{requencies approash the fixed ended
frequoencies, The h = ,0032 shell, however, has frequencies
congiderably higher then theoretically predicted for fully
- fixed ends., This last result suggested perhaeps that some

mechanism other then end fixity was at work on the thinnep

shells to preise the frequency.
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F&guwe 8 ahows ﬁha @xpevimental data alone, It
should be noted thet an extrapolation to lower values of n
{for the h = ,0032 shell) yielded frequencies that rapidly
approsched ﬁbs‘éxpsrtman%al_valuéa of frequency for the
h = .020 shell. This confirmed the hh@orqbiaal fact,
iiiuaﬁrstaﬁ in ?igurw'g for fixed ended nmodes, that for low
0 nﬁmbers't&a natural fvequénny 1&'1nda#and@nt of thickness
for identical end fixity. .

 The other conclusion to be drawn from this observation

s that the effective end fixity of t:m h = ,020 and
B 40032 &hﬁl&aywaa‘éppruximaﬁely the same. For if there
had been & lerge difference in the end fixity the
f%ﬁqﬁﬁnaiés would have been much dl frerent at low values

of ne

B. pamping |
- The oscillation decay data is presented in terms of

& damping factor T 3 defined asi

f log 2
N3

Physically T corresponds to the exponential deoay



12
factor found in the free vibration of & viscously damped

single degres of freedom system:

¢ =8, e—Tt cos 2wt t

and agpaarﬁ té be'a reasonabls parameter to uss in view of
%h@ exyon6ﬂtié1 form of the demping actually found {see
Pigure 1i(b); D = 9).

Anocther term "g" often found in the literature to
desoribe structural damping is relsted to T , at leest for

steady state vibration, s follows:

ft

=7

The experimentel values of T for the shell of wall
thickness 0032 inches 1s shown plotted ?@rausvwava numb@r‘
and_f?equamcyrin Figwes 10 and 11, It should be noted
thet at large values of "n" the ﬁ@éay fagtor tended to
. become constant at & velus of approximetely l.25. While at
small wavsvnumh@?s beolow the fundamental mode the factor
grew rapidly to & wvalue nearly th?ﬁﬁ timen &2 great at

n= 8,
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Por the shell of vﬁll thiokness .020 inches, F&gures
12 end 13, &t the maximum number of waves excited the devay
fector was approximately 2.5 while at low nmumbers of waves
it did not become as large 88 in the case of the thin shell,
It is interesting to note that at large numbers of
waves ( n= 22 for h= ,0032 end n= 13 for h= .020)

‘that the ratio of damping fesobors:

T 0032 o

an———

T.o20 'f\f ra

and the ratio of frequencless

{1

f 020

This vas@iééﬂ in g = .002% appramimataly Tor both
shélla. This value of "g" 1s double the value found by
Read & Greham (4) in carefully conducted experiments on
el@ééﬁ&éﬁpﬁ&iﬁod copper. The everage value they found wea
betwaab).®010 and J00lLe

As & fﬁrthar chock of the damping the variation of
steady sbtate vibration amplitude with frequency neér

resonance was found for a numbeyr of the modes on the
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h = .020 shell (see n = 9, Pigure 1i(e) for example). The
poak width® A f &t 707 §, max then yislded the damping
as followss w

Af

{:reSOr\qnce

T tes 3

%; =
and | h[,

ll

The vaiuaﬁ of T so found sre shown in the dotted
cuprves of Pigures 12 end 13 end indicate ordsr of magnitude
agreement wlth vesults of vibration decay messurements,
boing betwesn 5% and 50% higher. It should be emphasized
mwthMmsmmemhywmmwﬁwmywamamm
goourrate, . |

| 4% the outset 1t was suspected thet the motions of
the shell would transfer energy to the gmblent air and in
80 doing damp the vibrations.

Gaisulatiaﬁs woere made of the eiffects of the
external alr and air trapped betwsen the shell ana'tgs
support fixture by H. D. Krumhesr (%) for this econfigura-
tion. Removal of the deaping effects of the air from the
experimentsl values reduced the damping coefficlents by

only 2 to 3%. It Qaulé appéar there Pore thatl the
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aerodynenic effect was not responsible for the large increase
in demping et the low values of n.

During the courss of the investigation it hed been

srested that the proximity of the coil of the sheker o
the shell might be a source of damping due to the motion of
the shell through the field of the permanent magnet. This
was found to be negligibly smell by obtaining almost
, iéemtical vaaﬁltﬁ with the loudspeshker exgitation. |

‘ One other type of é@mping often encountered is
boundary demping. Lambert and Taock (6) indicate that
boundary demping is of primary im@owtanc@ at low mode
numbers but the effect of internal malerial damping becomes
Smportant et high mo&a mmbers, This sgrees gqualitatively

with the pyesulis of this gtudy.

Co Experimentel Difficulties

1% should be noted that the &1@5@ proxinity in
frequency of the nodes of the thinnesd shell rade analysia
£ the modal patierns very difficult even though ﬁhe'
resconances fgcsmed adequatsly separated to permit accurate
frequoney measurement. The superposition of waves of

nearby modes often resulted in compliceated amplitude
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petterns when plotted olrocumferentially. Care ful paaitianiag
of ﬁ@a aanaar axially an& to a certain extent selsctive
gaaiﬁianing of t&é éx@itér usually csused the mode under
investigation to stand out ufficiently to be r&eogﬁiﬁuﬁ.
It is doubtful, however, that shells of smaller thickness
can ﬁa analyégd in this manner.

On the other hénﬁ, all medes investigated on the
h wm 020 inoch shell geve quite regular modal patterna even
in thoe ﬁingle‘aaaa of mode interfersnce.

Another‘@ffaet of mode 1ﬁnarfsrano@ ie 1llustrated
in Figure li. ‘It appears to be a beating between the mode
under investigation and ite neighbor, or an o&cillahiﬁg, |
exchange of energy. The beating does not ocour during
steady state forced oscillation but seems to come into plﬁy
auring tnagauﬁai&enca as shown for the attempted decay
measurement a of modes nx 7 end n=8 on the h = 020
shell. The steady state interference is shown as & function
of fr§quenoy in Pigure 1lhi(e). It should Ee'notsﬁ that modes
for which no U is shown in Figureas 10 to 13 were those for
whioh this type of interference was too large to allow the
demping to be determined,
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IV. CONCLUSIONS

The fundamental rrequenoiss ﬁgraea ta wi%hﬁn 104 of
the theoreticsl values for fized ends and the modes agreed
. to within one eircumferential wave. For modes of higher
- mumbers of waves the agraamant,was even closer, For wmodes
of lower numbers of waves where end fixity was impe#tant |
the axpa?&m@ntal values fell between the theoretical curves
fer;fixaﬁ and freely augyort&d aaﬁaa |

?h@\d&mping faatha T , of a given shsll; were
feirly constant for modes with greater numbers of waves
then the fundamentel. For modes with numbera of waveé loss
than ﬁh@ffuﬂdmmenﬁal, however, the damping inoreased repidly
as the numbers of wavas_ra&ucaﬁ; with the thinner shell
exhiblting the greater rise.

At the highest wave number tested on each ¢ylindey
the effective strugtural damping parsmeter g ~ .0025, This
value was approximatoly double that found for electrodepos-
ited copper by Read and Graham. o

The oontribution of amblent and internal air to the
dam@iﬁg was smell for the frequannieﬁlteated. |

Boundary demping mey be sn important contributor to
“the total demping.
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Flg. 2 General Arrangement of Sensors, Traversing
Mechanism and Position Indicators.
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Section A-A

Ends Freely Supported
m= 1

|

Note: The terms "fixed" or
"freely supported"
imply, in this report,
no restraint in the

_ axial or circumferen=-
R tial direction at the
boundaries, '

i
»

B i ol

v e —— —— — —

(

Ends Fixed
mas 1

Fig. 3 Modal Geometry
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Permanent Magnetic

////-Lines of Force

//r-Elaotromagnet

\

Force
Vector—

Eddy
Currents

Permanent Magnet

Element of Copper Shell

Fig. L, Geometry of the Forces, Fields and
Currents for the Electrodynamic Shaker.
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400 ~
350 |-
Experiment
300 | |
Theory (Ref. 1)
‘Ends Fixed
"Ends Freely
Supported
250 |-
£
CePeSe
200 |- Note: Resonant frequencies
exist only at integer
values of n.
150 L1 | | | | | L1

Fig. 5  Resonant Frequency vs. No. of Circumferential
' ‘ Waves for h = 020 inches; m = 1.
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- B350
300 Theory (Ref. 1)
: Ends Fixed
Ends Freely Supported
250 —
200 }— .\ “MExparimentW\‘ﬂk* T S
T
C.p.stv
150 |—
100
50 1 | L | | | [ L1 N

2 L 6 8 10 12 1 16 18 20 22
: n

F‘ig. 6 Natural Frequency va. No. of Circumferential Waves
for m = 1' h = 0060 inches.
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300 — - Theory (Ref. 1)
' Fixed Ends
Freely Supported Ends
250 |-
Experiment
200 |—
B
CePa8e
150 ——
50 l 1 L1 | n 1 l | |

|
L, 6 8 10 12 14 16 18 20 =22 24

Fig. 7 Natural Frequency vs. No. of Circumferential Waves
for m= 13 h = .0032 inches.
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h = .020 inches

h = ,0060 inches

o B R D D T
4y & 8 10 12 1&1618202221;

n

Fig. 8 Effect of Wall Thickness on Natural
Frequency (Experimental)

h = .020 inches

' h = .0060 inches

“h = ,0032 inches

4 | i | | L t ! J

-'L,‘ 6 8 10 12 114 16 18 20 22 24

Fig. 9 Effect of Wall Thickness on Natural
Frequency (Theoretical, Fixed Ends)
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naw 63 h = .020 inches

230, —

220"

CePeBe

210
n = 93 h = 020 inches

B - ] : | ! | |
0 1.0 2.0 3.0 w.u.0 4.0 5.0

AP poSQio

Lo N = 133 h = 0032 inches
130~
: -n = 11; h = .0060 inches
¢ y
120—
CePeBe

110

| | | 1 |
1.0 260 3.0 L.0 5.0
' AF PesS.i.

Fig. 15 Effect of Internal Pressure on Resonant |
Frequency; m == 1.



