APPLICATION OF THE TWO-VARIABLE EXPANSION
PROCEDURE TO PROBLEMS IN CELESTIAL MECHANICS

Thesis by

Jerry Lee Simmons

In Partial Fulfillment of the Requirements
For the Degree of

Aeronautical Engineer

California Institute of Technology
Pasadena, California

1962



ABSTRACT

This work illustrates the application of the two-variable
expansion procedure of reference 1l to the solution of two representative
problems in celestial mechanics.

The expansion procedure is applied first to the problem of aero-
dynamic perturbations of a satellite orbit. The case of planar motion
is considered with both lift and drag perturbations acting on the satellite.
A simplified model of the earth is used, but the motion is expected to
exhibit a similar qualitative behavior in the more general case. Itis
found that the effect of drag causes the satellite to spiral toward the
center of attraction while the orbit is tending to become circular. The
effect of lift, to the order co-mputed, is felt only by a slow advance of
the apse.

The second application of the expansion procedure is to the
problem of third-body perturbations of a satellite orbit. A special case
of the restricted three-body problem is used in which the plane of the
satellite's orbit is coincident with the orbital plane of the two larger
bodies. The two-variable expansion is applied to approximate
equations which are valid for satellite orbits close to the smaller of
the two large bodies. The results are in exact agreement with those of
reference 2 and DePontécoulant's lunar theory. The solution of this
problem is to serve as a preliminary step in establishing the choice
of variables for the mo're general case in which the satellite's orbit

has a high inclination to the orbital plane of the two larger bodies,
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I. INTRODUCTION

This work illustrates the application of the two-variable
expansion procedure of reference 1 to the solution of the following

two representative problems in celestial mechanics.

1) Aerodynamic perturbations"of a satellite orbit.

2) Third-body perturbation of a satellite orbit,

In both of the above problems, certain simplifying assumptions
have been made in formulating the physical problem in order to easily
establish the basic ideas of the technique and provide the necessary
preliminary step in the solution of the more general cases.

Although in both of these problems the motion is Keplerian in
the absence of the perturbing forces, the nature of the perturbations
and the behavior of the solutions are quite different in each case.

In problem (1), the perturbation due to aerodynamic drag is
dissipative; and this causes the semi-major axis of the osculating
ellipse to decrease slowly with time. The two-variable expansion
procedure was specifically developed for problems with dissipative
perturbations where other methods, such as the method of variation
of elements, fail to provide uniformly valid approximations for large
times.

In problem (2), the presence of a distant third body introduces

conservative perturbations in the sense that the equations of motion



possess a conservation law {the Jacobi integral). As a result, the
elements of the osculating ellipse undergo bounded variations in some
precessing coordinate system.

This problem was solvéd by essentially Poincaré's procedure
in reference 2, and it will be shown that the present approach yields
the same results in a more systematic manner. In addition, itis
anticipated that the difficulties inherent in the Poincaré method for
orbits having arbitrary inclinations will be eliminated by using the
two-variable expansion procedure. The present work has, in this
sense, established the appropriate approach to the solution of this

more general case.



II. AERODYNAMIC PERTURBATIONS OF A SATELLITE ORBIT

2.1 Formulation of the Problem

The problem of drag perturbations of a satellite orbit has
been solved in reference 1 by the two-variable expansion procedure.
In this section of the present work, the perturbations of a satellite
orbit due to aerodynamic lift and drag will be determined by using the
two-variable expansion procedure.

The physical model to be used will be the same as that in
reference 1. A satellite is assumed to move in a planar orbit about
a homogeneous, spherical, and non-rotating earth surrounded by a
constant density atmosphere. It is also assumed that no other celestial
bodies influence the motion of the satellite. The drag coefficient and
lift-drag ratio of the satellite are taken to be constants. This physical
model admittedly departs considerably from realism, and is presented
only to illustrate the qualitative behavior of the motion. The more
realistic model with a variable density, and aerodynamic coefficients
depending on Mach number and angle of attack can be treated by this

method at the cost of considerable algebraic complication. -

2.2 KEqguation of Motion and Initial Conditions

The dimensional equations of motion may be written as:

1/2
2 2
+ 2 (i@) (2.1a)
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a%r (dcp)z_ oM “pP%ldar  do (d:;
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dtz dt dt 2m dt dt dt dt
‘Where

CD = drag coefficient of the satellite
G = universal gravitation constant

M = mass of the earth

m = mass of the satellite

n = lift-drag ratio of the satellite

r = radial distance from center of earth to satellite
S = reference area of the satellite

t = time

p = atmospheric density

¢ = true anomally

If the following dimensionless quantities are chosen

*  r ot .- CDpSR_~
TR - T T Zm
where
R = initial radial distance of the satellite
T = period of the Keplerian orbit corresponding to the
initial conditions = 'R3/GM
€ = aerodynamic parameter {ratio of drag to centrifugal

force initially)

equations (2.1) may be rewritten in the non-dimensional form:

(2.1b)
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These equations are next transformed 'so that u (=1/r ) andt become

the dependent variables and ¢ the independent variable. Hence,
a sla®) enlfan)? 2]
u gt |l ) _en ) fdul® (2.3a)
d 2 dep 31 1deo
o u
L.
- ‘ 1/2
%k * *
2% |, dudt Tl o dullfdu)® 2 (2.3b)
e ) dp dp ~ “dp |- deo || {dop ’
do
The following initial conditions are adopted:
o =1 Gulo_ %00} = dt” o -

2.3 The Two-Variable Expansion

As indicated in reference 1, the decay of the orbit due to drag

© will be exhibited in the solution by the behavior of u with respect to the

slow variable @ = ew; and it will be required that u be a bounded function

of ¢ for fixed §. Equations (2.3)

will be solved by the two-variable

expansion procedure where u and t* will be expanded in terms of the

independent variables ¢ and &, and theindeterminacy introduced by §

will be eliminated by appropriate boundness conditions. Let



w= Uy, & e)= U %, @)+ euMip, & +O(e (2. 5a)

£ 0, 7 0= 10y, 3 + et ) + 0(?) (2.5b)
Then A

o - ul® ¢ [ulhul®) + ofe?) (2. 6a)

au (0) {1 £0) 2

-y l+e 11+2U )+ ofe%) (2. 6b)

dep

. . . * 2 % .
with similar expressions for dt /dp and d't /dcpz. The subscripts one
and two indicate partial derivatives with respect to o and @, respective-
ly. Expressions (2.5) and (2.6) are inserted in equations (2.3), and

the limit process of section 2.3 of reference 1lis applied to obtain:

, 4 2
ﬁ) + o0k (U(O)) t§0)) (2.7a)
(U(O) §1 4 ZU(O)U(O f =0 (2. 7b)
4 3 2
(1) (0), .{1)_ {0) (0) [, (1), .(0) (0) (1)] (o)
Uy ' +2U, 4 U -Z(U ) t (tl tty )+4(U ) U (tl )
3/2 ‘
2 12
o)
(UCO)) ﬁ +2t(0)) + 2ut0gM) (0)+ 2ul0 [U§0) tf”ﬂ%o) +t§0)(U§1)+UgO))jl

. nU(O)
+2U(‘1)U§O)t£0) _ t§O) 1 (U(o)

2 ( > 1/2
+ (U(‘O)) } {2.8D)



Equations (2.7) give the solution for ¢ = 0, where the motion of the
satellite is described by a Keplerian elliptical orbit. Equations (2.8)
give the solutions for the first-order perturbations due to aerodynamic

forces.

2.4 Solution for the Keplerian Orbit

Integration of equation (2.7b) gives
2
.Y S ~
(U(O') {0 - o) 2. 9a)

With this result, the solution of equation {2.7a) is

ul0 - f2[1~e cos{ep-p)] (2.9b)
where |
= —L__  (by definition)
a(l-e™)
a = a{®) = dimensionless semi-major axis
e = e(®) = eccentricity
B = B(®) = longitude of the apse

Using equation (2.9b), equation {2.9a) may be integrated to give

l

t(‘O) _ 3/2 e(1~e ) sin{wp-B) + -1 cos(cp B)-
- 1-e cos{p-p) €O e cos(o- {3

(2.10)

The quantities a, e, P and T which correspond to the four integration
constants for Keplerian motion, are now functions of § and will be

evaluated subsequently.

2.5 Solution for the First-Order Perturbations

By making use of equation {2.9a), equation {2,8b) can be written

in the form:
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(0) 2
12 (1) U 2 2
9 (o))" (.(1), (o) af _ f (0) {0)
v (2.11)
Now let
1 ;
(0) : =
U 7oy 12 ~\2 12
a_}c;: el L O (U}O) ¥ (U{O') (2.12)
il
so that integration of equation (2.11) gives
)2y . .0y | 250t as
U t) s ——-(UT+P+—-——q)— g{®) (2,13)
8] d®
The quantity P may be obtained by direct integration of equation
(2.12)., The interest of this work is in orbits of small eccentricity, so
that only terms which are linear in e will be retained. Thus
%g— = - —fl— [1+e cos{ew-B)-ne sin{p-p)] + O(ez) (2.14)
2
P=- Tl- Lo+ e sinfep-B) + ne cos{w-)] + Ole™) (2.15)
Then equation (2.8a) becomes
UU)-I'- U€1)~ —ZU(“O) + 2f Zf[—J—(l— + = 1 [ +e sin{w-B)+ne cos( nﬁ ]
11 B V) ) ® ®- @
3
2..(1) 2 1212
daf 4f"U 0 0
.._:m+gj} + (0) - 3 (U:f ) + (U( ’) (2016)
a3 U (UCO))
but
U%g = (f de . 2f df e)sm(cp B)-f dﬁ cos(p~B)
dg de dc“p



so that

11

8

In order that U

plbly o). (-Zfz de

1-f =
dep

—4f£1-f—e+Ze

dgp

o+ 2fg-n

(1)

sin(ep-p) + ( _@?;+ 2ne

cos{eop-B)

(2.17)

be a bounded function of ¢, the terms pro-

portional to ¢, sin(p-B), and cos(p-B) in equation (2,17) must vanish.

Hence:

s 3 - o
ag
ef?de rdf o g
& dF
fziE-Fn: 0
di

(2.18a)

(2.18b)

{2.18c¢)

The solutions of equations {2.18) correct to order (e) and satisfying

the initial conditions (2.4) are:

2

£ =25+ 1
e = eO
g%
B = tn—
) 2

. (2.19a)

(2.19b)

{2.19¢c)

The quantity ey is the initial eccentricity and is assumed to be small

compared to unity.

Equation {2.17) then becomes

Y
Uy + U0 =

which has the solution

2fg-n

(2.20)
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ull= A@) sinlo-p) + B(B) coslp-) + 26g-n (2.21)

where A and B must be determined by the boundedness requirement on

2 )
U( ). Insertion of equation (2.21) into equation {2.13) yields

t(‘l): (0) 2f[ Asin(cp- f3)+BCos(cp- )+ 2fg-n]] + e sinfep-B)
! (o] ¢ [0

ne cos(wp-B) g
+ U(O))Z + (U('O))Z (2.22)

or
5 5 5. 5 5 5
tfl): dr + 3a g+ 3aZeB+3a B-a 2 }-l— 3a2cp+(9aze-2a2A) sin(p-B)
d®
5 5 5 5
(., 2 z 2 , 2 .oy z ;
-(Za B-5a entl0a eg> cos{p-PB)-3a eAsin2{p-B)-3a"eB cos 2{xp-B)
(2.23)
and integration gives
5 5
t(l): e et 3a g+3a eB+3a ;3 2 ] +——-——-—
d&
5 5 5
(2 2 / 2 -
-{9a"e-2a A> cos(cp—ﬁ)— Za B-5a en+10a eg) sinfwp-B)
5 5
3 2 eA —2—
> cos 2{wp- 5)- Bsin 2{w-B) + h(®) : (2.24)

In this equation, the term linear in ¢ may be eliminated by requiring that
2 5 2
4T - _3a%g -32%eB-3a°p + a’n (2.25)
a& .

This expression determines 1 after the functions g and B are obtained
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(2)

from the boundedness requirement on U'"/, In equation (2.24), the

term quadratic in o cannot be eliminated, It is therefore character-

istic of this problem that the time is an unbounded function of .

2,6 Summary and Discussion of Results

The result of the preceding analysis may be summarized as

follows:

u = é [1-ecosfp-B)] + e[ A sin{p-B)+B cos{w-B)+ ng-n]_ + O('ez)

3 —g— > 5 5 ‘
A , 3a o {2 2
t=a [w-B+2esinfp-B)l+Tt+e [ 5 -(9a e-2a A> cos(wp-B)
505 2
—<2aZB—5aZen+ 10a2eg> sin{w-B) + %——S—j} cos 2(wp-B)
5
3 2 B 2
- aZe sin 2{p-B) + h:l + Ofe™)
where
1
a =
2%+ 1
e=— 0
)%
B = tn—
(Z'Ep?rl)rﬂ—-2
v = 7{f) {given by equation 2.25)

The quantities A, B, g, and 7 are the functions obtained from the

(2.26a)

{2.26Db)

(2.27a)

(2.27b)
(2.27c)

(2.274) ,

integration of the first-order perturbation equations {2.8) and can be
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explicitly determined by requirements on U(Z) and t(z)., The
dominant behavior of the motion is already exhibited by the form of
the functions a, e and B.

The effect of drag is to cause the semi-major axis and.
eccentricity to tend to zero monotonically as @ increases, Thus the
orbit gradually spirals toward the center of attraction and tends to
become circular. This behavior justifies the omission of quadratic
terms in e in the solution if the initial eccentricity is sufficiently
small. The effect of lift is, to this order, only felt by a slow advance
of the apse as shown by equation {2.27c). In order to evaluate the
period of this spiraling motion, it is necessary to carry the compu-
tations one step further and calculate v which depends on B and g.

It is expected that for the more realistic problem in which
the density and aerodynamic coefficients vary, the motion will exhibit

a similar qualitative behavior,
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III, THIRD-BODY PERTURBATION OF A SATELLITE ORBIT

3.1 Formulation of the Problem

This problem has been solved in reference 2 by a method
similar to that of Poincaré for periodic systems. In the method of
reference 2, various coordinate transformations are made in order to
account for the perturbations in the satellite orbit due to the sun's
gravitational field.- In the present work, it will be shown that the two-
variable expansion procedure provides a more systematic approach
requiring no prior knowledge of the solution,

The restricted three-body formulation will be used in which
the sun and planet are assumed to move in circular orbits about their
common center of mass. The mass of the planet is assumed to be
much smaller than the mass of the sun, The analysis of the present
work will further be restricted to the case where £he plane of the

satellite's orbit coincides with the orbital plane of the sun-planet

system.

3.2 Equations of Motion

The dimensional equations of motion of the satellite with
respect to a coordinate system centered at the mass-center of the sun-

planet system and revolving with the planet are: {see figure 1)

2 Gin Gini,
d d 2 S -
£ 2080 e - P (g 5 2 (5-g) (3.1a)
g 3 P 3 S
dt r r
P S
2 Gm_n Gmgn
.d__ﬁ -+ ngg .-(,_)an = - P - S (S.Ib)
2 — 3 3
dt dt r

p s



where

-14-

G = universal gravitation constant

mp:- mass of the planet

m.= mass of the sun

rp = distance from satellite to planet = \/(‘%p— §)2+'ﬂ2
rg = distance from satellite to sun = (§8—§)2+ r]z
t = time

w = angular velocity of planet with respect to mass-center

n 4
E_i__gure 1

Satellite

S Planet
Ul g™ %, _
' g ol EP §

- D

Y

It is shown in reference 2 that for a satellite in close proximity

to the planet, the following approximate equations can be derived from

equations {3.1):

where

2
- 2
9 X 2%y 26 Wy 3.2 4 ofe?h (3.2a)
2 3 dt
dt r
2 , ‘
dy . _ ¥ _2e 3%y Ofe4) (3.2b)
2 3 dt
dt r
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2

-F—g— ez ._(i_t g‘§;{‘ sin Zcp -Scos Zcp + 06"64) : (3.3a)
do dep
sa’t ds  dt as | dt 3 2. [at \° * 4
+2 g —g = —g|—=| t3¢€ S(—-—T;) sin2¢p + Ofe") (3.3Db)
dcp* dep deo dep \dep dep

3.3 The Two-Variable Expansion

Since cp* appears explicitly in equations (3.3), it will be used
as the fast variable. In order to allow for slight variations in the
arguments of the trigonometric terms appearing in the solution, the
slow variable will be chosen in the form @ = e[l+ae+0€;ez)]q}*, where
a is an unknown constant to be determined by requiring the solution

to be bounded with respect to ®. The following expansions are then

assumed:
S = S(m*,pr €) = S(VO)(Cp*,ﬁ) + eSm(’cp*,’c'pH €23(2)(‘tp*,&5) . (3. 4a)
t= t(tp 0 €) = 0 )ﬁm o) + etth )(co , ) t e 2,(2 )(cp ) I (3. 4b)

Substituting these expansions into equations (3.3) and carrying out the

limit process of section 2.3 of reference 1 give

47 012
s{0 4 5l0) (s('o)) HO) (3.5a)
s(0 {0 4 25l0) (0 - g (3. 5b)
‘ nl4 ¢ : e\ 3 ey V2
st 4 s 250 5 (SM) £0) (t§1)+ £0)+ 4 560)) (t§°)) st
(0) |%,(0)
e 2[00t
~25{00L0)_ —TT( 1;‘0) = (3. 6a)

S
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(0)

(0)
S 12

(1)
11 +2t

+ 50{0),5,0 (s;n 5 {0

20 10100

_ ZS(O)( (0))

(3. 6Db)

. 4,0
2), (2 1), [0 0 [0 0) [.{2 1),..(0)
s{2 50201 25l 50004 245(0) z(s( )) it )(t§ b 1l Mrard )

+ (s(o) 4(t§1)+tg0) 2+ 8(8(0))38(1)40) (t£1)+t(20) + 4|st0 )38(2) (tfo) )2
(0),(0)
6 s«»)z (40))2 (sm)"'-zsw (0] 250001 B s0:509)
: s
(00,00 , [5t0) (og00)
2 S1 (tl +t2j+ 2 S1 } t) S 3S(0) (t(‘O))Z
Sty (s(‘o) }2 2 1
oy 121 ¢
+% th)) [Sio)sul 2cp S( )cos Zco ] (3. 7a)
S{O)(flz +21;S‘2 + tg%)+2 t§g + st ﬁ)+2t§g) s2) tff)
+2t§0)(3§2)+8(21)+a8§0) + zsfo) (tfz)ﬁgl)mtgo) +2 S§l)+SgO))(t§1)+th))

- (o), (o (1), (0)
= -4517't ShEEEN

171

. ay 13 &
+—§- S{O) (t%o)) sin Zcpk {3.7b)

) ti(1)+th)) -2 (t;o) )2

3.4 Initial Conditions

The initial conditions for equations (3.5), (3.6) and {3.7) will
be chosen so that the results of this work will be comparable to those
of reference 2, In order to do this, it is necessary to develop a

—_ *
relationship between the angles ¢ and ¢ as shown in figure 2.
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!

Satellite

In this figure, the plane of the satellite orbit and the plane

of the sun-planet orbit coincide with the plane of the paper. The

notation is the same as that of reference 2, with the exception of cp'Po

o

The (x,y) frame is the one used in the present work., The initial

conditions of reference 2 are given for the (x,y) frame.

ed by:

From reference 2, ¢ is defin
_é_p =+ ezvlt
and
* 2
w=1c + et-¢ )\11:
thus
D=+ ettel v, -1 )t
171
so that
‘—‘%3% =1l+e¢ éf: + o(=e2)
dep dep
Hence

SE;:.§§ do :.ig 1+ QS%:
deo

1+€——:

dt _dt dop dt dt
dep

¥ O(ez)]

+O(‘€Z)}

(3.8a)

(3.8b)

(3.8¢c)

{3.9)

(3.10a)

(3.10b)
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The initial conditions at @ = 0 as given in reference 2 are:

1

‘ S(O) = —a—(-)_(f“_'—e_(;)— «(3.,113.)
91§_f_0) -0 (3.11b)
dep
t(0) = 0 (3.11c)
3/2,. . 2

dt ag” (ltey)

— (0) = ‘ (3.11d)
do (1- 02)1/ 2

Hence, the initial conditions for the present formulation are:

s(0) = EE%FL?J | (3.12a)
45(0) (3.12b)
dep
t£{0) = 0 (3.12¢)
3/2 2 3 4
a (1+e ) ca, (l+e,)
de(0)_ Z0 T e+ Ofe?) (3.124)
% 12 Z
dep (l—eO | l—eO

where ‘
ag = dimensionless initial semi-major axis

€ initial eccentricity

Finally, the expansions for S and t given by (3.4) and for

dS/dcp>F and d’c/de=P given below

N C(S{l)'i'sgo) + 0(e?) (3.13a)
dcp'
At tfo) +e t§1)+tgo) + 0(e%) (3.13D)

do
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impose the following eight initial conditions on equations (3.5) and

(3.6):

t0), 1 1), -
s (0,0)_-:;—(;(1—%—0-y s\0,0) = 0

(o), _ (1), __fo),

s1°'(0,0) = 0 5710, 0) = -850, 0)
09,0y = 0 tcl)(’O,HO) = 0

: |
2 3
. )
(0)(0 0)= 20 (”ec) (Do, 0)- _t(o (o, 0)+_9_-(1+e0
{1- e—z 72 1 1- eoz

3.5 Solution for the Keplerian Orbit

The solution of equations (3.5) is again

{0 - 211 e cos(e-p) ]

)%

¢{0), 372 [efl—ez) sin(ﬁp*‘5)+ cos = =

1/2 ®
-1 cos{p -B)-e }-F
= T
l-e cos{ep -B) l-e cos{yp -B)

where the conservation relation

(0) _ _f
1 " 2
5(0)]

has been used., The function f is defined as

£(5) = —
[afl-e )]

172

4

(3.14a)

(3.14b)

{3.14c)

(3.144)

(3.15a)

{3.15b)

{3.16)

{3.17)

The quantities e, a, B and T are functions of @ to be determined by

requirements on S(l) and tﬁ).
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3.6 Solution for the First-Order Perturbations

Equation (3. 6b) may now be written as:

| 20 0y o w2 '
8:.. (S(o)) t](_1)“;()) ‘ Zfsw) _f df - 0 (3.18)
0 s s (0>) |
and can be directly integrated to the form:
oy | 2 . 5 call) 2 -
(S(O)) til)-H:go) - Zf?O) + f df@ + g{®) (3.19)
s* st
Insertion of {3.19) into {3.6a) yields:
(W), o) _ _,q(0), _2£ 21 af  *
S 11 +SY = =28 - -2f == o +2fg - (3.20)

12 (S(O)}Z S(O) a%

Expanding equation (3.20) in terms of e and retaining terms to order

(e), gives:

Sg)+ s _2( £ de 4 2£——e) sin(e -B) + F <L 'Ig cos(v -p)
% dig %
‘_Zf_d;f_ m*+2fg t.21)
aw

In order that S(l) be a bounded function of ¢ , the coefficients

b 5 £
of the terms cp<, sin{p -B) and cos({yp -B) must vanish, Thus,

4 _ g (3.222)
d :

2de e d o g (3.22b)
@ aF

24

£ —9+-fl: 0 (3.22¢)
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The solutions of these equations are

1
f = constant = f {3.23a)
0°- 172
IEWE eo)]
e = constant = e (3.23Db)
p= ‘ao3/2 @+ Ole) {3.23c)

The solution for Sﬂ) is then
s = Asin(o-p) + B cos{p -B) + 2f g (3.24)

where A and B are functions of @ to be determined.

Equation (3.19) now becomes

1), Z(e a 3-5e ga 2-a %B) cos(*qo*—ﬁ)-Za —gA sin('cp*—ﬁ)
070 0570 0 0
5 5
;(?,gaoz-l-fieo OZB +§Z§ 3e0 0 [A 31n2(co -B)+B cos 2(cp -B)Y]  (3.25)

and can be integrated to:

5
3 2 2N ¥ 2
- 2(egag>-5egrg g2, B> sin(p -B) + 2a,"Acosly -B)

| o

5

2 dr\ * 3 2 * . * -

..<3gao +3eqa, B+ dtp>cp > €020 [AcosZ(‘cp -B)-Bsin 2(vp -ﬁ)] + h{)

(3.26)

In this expression, the term linear in qo* is eliminated by requiring that
5

dr _ —3(g 02+ eOQOZB> (3.27)
d@

which can be integrated to give T after g and B have been determined.
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3.7 Solution for the Second-Order Perturbations

With the use of equations (3.16) and (3.19), equation {3.7b) may

be written in the form:

(2) ( (1))2 2.0 |
ZfOS 3f0 S 4f0 S ng(l)

9 _ {(860))2(t1(2)+t(21)+ att0)

% + . - + + A
e 2 stV (5(0))2 (S(O))3 sto)
.3 | : (1) 2
f 21 V2T ,_ 2f.S £
__0 = ng +9_ (3(0)} (t§1)+t(20)+ut§o) + 0(‘0) -0 5
ST o) 7 T T
=3 o sin 20" (3.28)
ALY : :
o)
Now let 3
| ;
23 — O sin2g (3.29)
o " (st

Then integration of equation (3.28) gives

2
-2¢ g(2) (1) 24(1)
28 3£, (s ) 4f 'S

co))z( (2), ) co>) . 2gst)
{S tr 4ty +at = + - _ ,‘
{ o R (5(0))2 (S(’o)}3 st0)
.3
£ 21
b + 0f _de v +Q+ k() {3.30)

[s@)*  [s0)* a3

where Q is given by
-3¢ % 3 % %0 *
Q= = cos{p +B) - ~— cos 2tp - 5 cos(3w -B) (3.31)

fO 4f0 fO
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Equations {3.30) and (3.31) are inserted in (3. 7a) to give:

4 ¥
25 os{)_s(0_zasf0s 0, 0 Byl
1 (S("O)) (S(O ) dip
6 2 \ £ 4
- 19 cos(cp*ﬂ%)- _-é_z cos Zcp*- ZO cos(3cp¢—f5) + 2k + 0 — + 2
£ 244 0o [st0)
s(1 ZfOZg' . 4fOS(l) 2, ° 2g ZfOsm 1y
- 12 T a3 0) w12 2 [ pai3
( )’ (s(o)) )7 (st s (so]7 7 (g0
2 ‘
(o) ( (0) W
e O (s(l)+s(0)) 215 ) t('1)+t(A0))L oo
1 772 O m | L 13
(0 )’ st 5t0)
MENN S§O) sin Zcp*— 3 i(f__ cos ZCp* (3.32)
270 (S(O))AL 2 (S(O))3

Evaluating all terms in the above equation and retaining terms to order

{e), yields
§(2),5(2)_ dg * 2dB % 2da ., €0 begs 2aeg
Si7 Vis ~—2f0-——g—cp + 282 sinfep -B) + |- t——p - .
do d® dy  2f f 0
- 0 0
5e bAe
* € * * *
.cos{w -B)- —125——04— cos{p +B)- fcos(l%cp -B)- 30 sin 2{p -B)
fo £y ' fo
-HBe i * 2Be
- ——52 cos 2(tp -B)- — cos 2p + 26k +g” ——p - (3.33)

£ £o 0 0
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Here it should be noted that cp* was chosen as the fast variable
- so that the trigonometric forcing functions of equations (3.7) would not
introduce terms of order (%), fc), or (‘62) into the solution of equation
{3.33). It may be said in general that if the two-variable expansion is
applied to differential equations in which the arguments of the trigono-
metric forcing functions have the form ('l—en)cp, then the fast variable
should be chosen as cp+:,('1—en)cp .

With the use of familiar trigonometric identities, equation (3,33)

may be rewritten as:

1
y . sk > o
S(Z)+ S(Z)z -2f dgcp + -Z—QE cos B- —Z—éé-S +6e g an,tlae a 2 sinPB|sinwp
11 0 ~ €02 02070 070
dg dep d
1
%k b
——@—sinﬁ 2dA + Te +6ev g ant2ae 02 2 cos B |cosw -5ea 2cos(3cp-ﬁ3)
~ 0?0 02070 0 070
deo de
3 3
2 * 2 *
—6e A51n2(cp -B)- 6Be0a0 cos 2{ep —5)—3a0 cos 2p +2f k
a 2 3
2 °0 2 3
+g - 5 -2Bega, {3.34)

Since S(Z) must be a bounded function of cp:“, the following conditions

are imposed on equation {3.34):

98- 0 o that g = g = constant (3.35)
i
and
1
29D o5 p- | 292 Lge ja, “Hbe g ga t 2ae g2 %|sinp = 0 (3. 36a)
~ 0? 0070 070
dep dép
1
2dB sin B+ 244 Lo, +6e ga t2ae,a 2 cosPB =0 {3.36b)
~ ~ €o? 02070 070
do de



-26-

or
1
ﬁcvosﬁ—@é— sinP = |-4e,a 2+3e g a tae . a 2 sin (3.37a
~ T~ 070 02070 070
de dep
1
4B sin ;44 cosPB= —(-g- e0a02+3e0g0a0+ae0a02) cos B (3.37b)
déy dy

The solution of the above linear system for A and B is:

2 1 1
e.a > =
070 2., 15 2 .
A= (——4——— —3e0g0a0—aeoa0 o+ 5 €0%0 51n26+A0 (3.38a)
1
_ 15 2 ‘ ,
B = -2 eqa, cos2f + B, (3.38b)

where AO and B0 are constants.
The motion in this problem must be completely bounded. Since

the term in equation (3.38a) which is linear in ¥ is unbounded, it must

be eliminated by requiring that

a 3/2
_ 2 1/2 ,
a=—— -3g42, (3.39)
From the initial conditions (3.14),
g9 =0 (3.40a)
Ay=0 (3. 40Db)
15 1/2
BO—-S——eOaO (3.40c)
7= 0 (3.40d)
Hence
1 3/2
a = Z aO (3041)
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3.8 Comparison of the Results with Reference 2

The final results may then be summarized as follows:

S(‘O)z SR S l: l—eo cos{l+ea
' 2
aLO(l--eO )

3/2.1 2 3, %
0 +Z€ao)°p]

(3.42a)

1
8(1): 1—85— eoao2 [cos(l+ea

3SIRUN]

3
z 1

_, 1 2 3, % 2 3, %
o tTz¢€ a, Yep -cos(l--e:a0 -7 ¢ ag )ep J {3.42Db)

1

31 . ., 2 1 2 3. % 7 ., 2.1 2 3, % )
=7 €2, [mn(l—eao -7 ¢ ag oo —T—5—31n(1+€a0 tz¢ 3, )cp:! +kfep)

3
3 2.2 . 2,1 2 3, %
t60)~ X > eo(l-—eo ) s1n(l+ea0 +-4 € ag Jop
= a 3
, 1 2 3, %
l—eOcos(1+ea0 tgeTa, Yoo
3
b3
1 cos(1+ea02+z eza03)cp -e
+ cos 3 (3.42¢)
. 2. 12 3 %
l--eocos(1+ea0 7€ a, Yep
.3 3
[A_ 15 Z z

(3.42d)

The corresponding results obtained in reference 2 are given below

S('O) = ———-——-}-———2—- [1-—e0cos U ]

(3.43a)
aO(l-eO )
1
1 2 7
S(l) = TE? €020 [cos ll!—cos(’Zpl—l)llf] (3.43Db)
i
2
3re (1-e 2)sinw cos f-e
(0) z| ®o\t=®p -1 0 .
t=a, T tcos gt (3.43c)
eOcosL]J eocosllr
[ _ 15

2 egig [sin(2p -1} - sin | ] (3.43d)
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In order to compare the above results with the solution derived
by the present approach, it is necessary to express the quantities 12
and | used in equations {3.43) in terms of cp*o The angle | was defined
in reference 2 as
= (Hezwl)?p (3. 44)
When the expression for o given by equation {3.8c) together with values

of wys Xl’ and v given in reference 2 are used, equation {3.44) becomes:

3
T 7 2 37 % 1 2 2
¥ = [1—( VA —Zeo)e ag ]cp + [E:—(—é- +Zeo)€ a, ]t (3.45)
It is easy to verify that t = t('o)-}-et(l) can be expanded in the form:
3 3
2, * 2 . g K 2 ,
t=ag (w0 -B) + Zao S sin{ep -B) + O(‘eo ) + Ofe) (3.46)
Hence || becomes
3 3 3
L, 2,1 2 31 % . 2. 2,1 2 3, *
¥ = [1 teay t g eTa ]cp + 2eeqa,sin (lteag tzeTay" | o (3.47)
Reference 2 also gives
3 :
B 2,3 2 3
Py = 1-ea0 +Z € a, : (-, (3(48)
-so that 3
2 1 2 3y % A .
(2p,-1)¥ = (l—eao -ze“ay’ g +Oley) (3. 49)

In the above; it is consistent to neglect terms of order S since S(l) and
t(vl) are multiplied by eqe
When the results given by equations {3.47) and (3.49) are used

to transform (3.43) to the present notation, it is seen that the agreement
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is exact to the orders retained. It should also be pointed out that the
results are in exact agreement with the classical lunar theory of

DePontdcoulant (c.f., reference 3 and comments in reference 2),

3.9 Summary

In the method of reference 2, the terms of order ¢ were
difficult to derive and arose somewhat artificially as the response to
an almost resonant forcing function in?:he differential equations., In
the present formulation these terms appear quite naturally and no
difficulties are associated with their evaluation.

Furthermore, the approach of reference 2 fails to give a
uniformly valid approximation when applied to orbits with high
inclinations. This failure is associated with the presence of almost
resonant forcing terms in the differential equation for S. It is
anticipated that the two-variable expansion procedure will prove
successful in this general case. The solution presented here is to
serve as a preliminary step in establishing the choice of variables

in the formulation of this problem.
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