Thesis by

Kaye Dion Lathrop

In Partial Fulfillment of the Requirements
¥or the Degree of
Doctor of Philosophy

California Institute of Technolegy

Pasadena, California

1962



ACKNOWLEDGEMENTS

The author is very grateful for the guidance an& supervision
of Dr, Harold Lurie, who directed the research of the thesis, and
wishes to thank Dr. Milton Plesset for suggesting the basic
oscillator model developed in the vth@@ig and for numerous helpiul
discussions.,

The author gratefully acknowledges financial support from
the following sources: Atomic Energy Commission Special
Fellowships in Nuclear Science and Engineering for 1958-61, and
the R, €. Baker Foundation Fellowship for 1961-62.

A portion of the numerical computations of the thesis were
made possible by the facilities of the Western Data FProcessing

Center of the University of California at Log Angeles.



STRACT

Y

To describe neutron thermalization in solid media, two
simplified models are formulated to describe the motions of atoms
bound in solids., One atomic model postulates that the atoms of solids
are linear, cl&a@i‘caﬁ, ra&démly oriented, harmonic oscillators
characterized by a single energy; and the other model postulates the
same basic oscillator but permits a distribution of oscillator energles.
With atom speed distributions derived from these models, energy
exchange cross sections are evaluated analytically assuming a free
particle neutron-atom interaction., wWith these energy @‘xchang@ cross
sections, integral equations are formulated describing thermalization
of neutrons in infinite homogeneous media containing a 1/v absorber.
The integral equations of both atomic models are solved numerically
for the neutron density speed distribution, Numerical results for the
single energy atomic oscillator of unit mass are compared with
exzperimental results for neutron thermalizatien in zirconium hydride,
Results for the averaged energy atomic oscillator of unit mass are
compared with the neutron density calculated from the Wigner- Wilking
monatomic gas model. This comparison is made for three values of
absorption, Numerical results for averaged energy atomic oscillators
of masses 1, 2, 9, and 12 are examined to determine the éff@cﬁ of

atomic mass upon the neutron density distribution.
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INTRODUCTION

The primary analytical goal in the study of assemblies
containing neutrons is the determination of the neutron density
distribution, for all neutron-nucleus reaction rates are proportional
to the neutron density. Neutron thermalization theory attempts to
describe the neutron distribution when the neutrons have energies in
the thermal range below one ev. In this energy range a neutron may
gain a3 well as lose energy in a collision with a nucleus of the
assembly, and the formulation of models to describe this energy

interchange is funda:.nental to the theory of neutron thermalization.

L%
W

igner and Wilkins (1), in the first work on neutron thermali-
zzatiéﬂ, postulated that the atoms of an infinite medium were a
monatomic gas with 8 Maxwellian distribution of speeds. With this
atom speed distribution they calculated the energy exchange cross
sections necessary to formulate the integral equation expressing
congervation of neutrons in the medium and numerically solved the
balance equation for an infinite medium containing & monatomic
hydrogen gas that had an absorption cross secticon inversely propor-
tional to the neutron speed. Wilkins (2} subsequently simplified the
equations for heavy monatomic gases. However, many of the materials
of interest in nuclear reactors are not monatomic gases. In fact,
crystalline solids such as graphite, beryllium and zirconium hydride

are commonly used neutron moderators.

In media in which the atoms are chemically bound the



determination of the energy exchange cross sections is much more
complicated than for gaseous media. In principle, the exact quantum
mechanical energy exchange or scattering cross sections may be
calculated for chemically bound atoms by means of the Fermi pseudo-
potential approximation (3). This approxdimation replaces the actual
interaction by a delia function interaction peteaﬁai, V', which
operates on d(ry)/ér rather than on the wave function §, as would an
ordinary potential. The calculation is described by Nelkin (4) who
has applied this technigue to water molecules (5), "To compute the
scattering cross section it is necessary to calculate the matrix element
of V! between initial and final plane wave neutron states, .emd initial
and final atates of the atomic system for a single scattering nucleus.
Thiz amplitude must then be summed over scattering nucleli, équa‘red,
and summed over final states of the scattering system consistent with
energy conservation. Fimny an average over a thermal equilibrium
distribution of initial states must be performed. This iz in general a
complicated procedure and necessitates the use of powerful formal
techniques as well as a certain number of approximations to carry out
the calculation of the energy-transfer cross sections, even for
systems in which the dynamical properties of the atomic motions are
known exactly.”

The work of this thesis is devoted to the &evelopmenﬁ of idealized
models for atomic motions to exhibit the effects of chemical binding
in solid moderators. From these models, energy-transfer cross

sections are derived and neutron conservation equations are formulated



and solved to determine the neutron density distri&ztions.

Section I of the thesis contains 2 general discussion of the
process of neutron thermalization and the development of the general
equations determining the neutron density distributions.

Sections II and IIl are devoted to development of two different,
but related, | models of atomic motions, the calculation of the necessary
energy exchange cross sections, and the formulation of specific
equations governing the neutron density.

Section IV ig 2 description of the numerical solution of the
equations derived in Sections Il and IIl. Section IV is supplemented
by Appendix & which contains a description of less satisfactory
attempts at numerical solution, and which displays the actual programs
used {or numerical solution. Section V is a discussion of the solutions
and a comparison with experimental measurements.

#henever extensive analysis is required in the derivation of
results presented in the text of the thesis, the analysis is outlined in
an a?pendix. Pecause the equation describing thermalization bﬁr
monatomic gases served as a useful guide and standard of comparison
throughout the analysis of the thesis, the Wigner-"Wilkins (1) energy
exchange cross secti@ns are derived in Appendix A, and a brief
summary of related work is given in Appendix B. Two simple
descriptions of atomic motions and the resulting thermalization

equations are discussed in Appendices ¥ and G.



I. THE THERMALIZATION PROBLEM FOR AN ARBITRARY
DISTRIBUTION OF ATOM SPEEDS

- The Thermalization Process

If neutrons of a given energy distribution were introduced into
an infinite,'hom@gene@us. non-absorbing medium, the resulting neutron
distribution at times sufficiently long after introduction would be an
eguilibrium Maxwellian distribution characterized by the final
teénperature of the medium, If the medium is absorbing or finite or
inhomogeneous, however, there will usually be a deviation of the steady
state neutron distribution from a Maxwellian distribution. (In the case
of absorbing or finite media the source of neutrons is assumed to
balance neutron losses so that a quasi-stationary distribution obtains.)
If the medium is finite, neutrons of higher energy escape faster than
neutrons of lower energy and the distribution is displaced towards
lower energies. If the medium is inhomogeneous, either in temperature
or composition, the distribution deviates from a Maxwellian due to
transport of neutrons between the different regions of the medium. In
both the finite and heterogeneous medium cases the neutron density
distribution is a function of position in the medium as well as a function
of the neutron energy. In the case of a neutron absorbing medium, the
neutron distribution will deviate {rom an equilibrium distribution
hecauée of the finite time required for source neutrons to acquire the
equilibrium distribution. With certain distributions of source neutrons
there is no deviation from an equilibrium neutron distribution. This

statement will be amplified subsequently.
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Describing the neutron density in finite media, or in hetero-
geneous assemblies, necessitates the consideration of the spatial
trangport of nesutrons. Several authors have attempted aolutibns of
this complex problem using the Wigner-Wilkins scattering kernels.
Kottwitz (6) solved the problem of an infinite non-absorbing medium
with a temperature discontinuity using the heavy gas approximation
of Wilkins.,  Michael (7) céﬂsidereé the general problem of finite media
using the diffusion approximation for neutron spatial transport and
carried out eigenfunction expansions for solutions using the heavy gas
approximation. Hurwitz and Nelkin (8) investigated the problem of the
effect of energy dependent escape probabilities on the neutron distri-
bution in finite media, again using the heavy gas atomic model for
guantitative results. More recently Honeck (9) cdmpumd numerical
solutions for the neutron distribution in finite lattices using a variation
of the Wigner-Wilking scattering kernels. The variation, derived by’
Brown and St. John (10),assumes that the scattering mass of an atom
in a chemically bound molecule can be represented by an effective
mass assigned to a free atom and uses a three parameter fit of a
ca}.culated scattering cross section speed variation to match experi-
mental data.

The consideration of neutron transport is essentially an
extensgion, albeit an important one, of the neutron thermalization
problem once suitable energy transfer cross sections are obtained.
The analysis of the ’é:hesis is restricted to infinite homogeneous media
in which the neutron dengity distribution is invariant with respect to

pesition in the media,
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Neutron Balance for an Infinite Homogeneous Medium

The neutron density distribution in speed and time in an infinite
homogeneous absorbing medium is described, in the speed range dv,

#
by a linearized Doltzmann equation

anlv, t)

Jor]
5T ﬁ@‘f dwnl(w, t)?g(w-'v) + S{v, t)

o .
-n{v,t) [dwP _(v-w) + P_(v)] , (1)
@l 28 a

where n(v, t)dv is the number of neutrons per unit volume in the speed
range dv about v at time t. The guantity Pg(ww)&v is defined as the
average rate at which a neutron scattering event at w produces neutronsg
at speed v, so that the firat term on the right of the equation represents
the gain of neutrons at v due to scattering collisions at all other gp@éds
w. G(v,t) is the rate of production of neutrons at v from all sources,
and the final two terms are the neutron loss rates from speed v &ué to
scattering at v and absorption at v, respectively, ?a(v) representing
the average absorption rate per neutron. If the sources of neutrons
are such that the neutron density is independent of time, conservation

of neutrons reguires that

w W o
r dv ‘rdw n(w)?s(w-*w + fde(v) =
' 0

[+ ¢ <0 o]
Fav n{v) f' dwP _(v-w)+ fdv a{v)? {v), (2)
G 4] i 3] 8 o a

¢
or upon interchanging the order of integra@ibn in the first term on the

ieft

The Boltzmann equation is linear due to neglect of neutron-neutron
collisions (typical neutron densities are a factor of 107 less than atom
densities) and due to the assumption that the neutrons do not apprec-
iably affect the properties of the medium. See Wigner (11) page 91.



w joo)
[ avstv) = [dva)P_(v) . (3)
o o ®
Thus if the source distribution should be Pa(vﬁvﬁ@(v). where M@(v) is
a Maxwellian distribution of speeds, then n{v) would be equal to M@(v)}
This is the exception to the previously mentioned deviation of the
neutron distribution from a Maxwellian distribution in the presence of
absorption. However, such a source is highly artificial. The
spectrum of neutron speeds frowm the {ission reaction source is not
Maxwellian., Moreover the average energy of fission source neutrons
is near 2 Mev, far higher than the average energles of Maxwellian
éistﬁbutioaa corresponding to material tempe ratures.

In the absence of absorption and a source the steady state -
neutron distribution is a Maxwellian, Mg(v). The principle of micro-
scopic reversibility imposes a condition on the scattering probabilities

of equation 1 which holds in the presence of absorption, Known as

detailed balancing, the condition iz (see reference 12)

Ma(w) Ps(w-ﬂr) = Mﬂ(v) Pg(v-‘w), - (4)

That is, the scattering rate from speed w to speed v is equal, in detail,

to the scattering rate from speed v to speed w.

Energy Exchange Crogs Sections

The rate at which neutrons of speed w interact with an atom
of a medium is given by

a(wlv olv_), (5)

where n(w)dw is the number of neutrons per unit volume having speeds in



the range dw about w, and Q(vr) is an intrinsic atomic property, known
as the microscopic cross section (it has the dimensions of area), which
expresses the probability of an interaction. If the atoms have speed u,

Ve is the neutron-atom relative speed,
1
v =® _\/WZ%- ua-i?;uvm , (6)

where i is the cosgine of the angle @ between the neutron and atom

velocity vectors w and 4. If an interaction results in a scattering of
neutrons, the neutrons may transfer energy and momentum to the
atoms of the medium or vice versa. In general the momentum of a
neutron changes in & scattering collision, the neutron momentum after
a collision depending upon the dynamics of collision. The dynamics
of collision, if known, determine a conditional probability,

Plw=w;u, u)dv, (7)

that a neutron of initial speed w will acquire a final speed v in the range
dv after undergoing a scattering interaction with an ét@m of speed u
when the collision angle is . The rate per atom at which neutrons of
initial speed w scatter to speed v is then

alwlv o (v ¥P(w=viu, uldv, | (8)

where Og is the microscopic scattering cross section. The above
expression is the scatter rate for specific u and u. The average of
equation 8 over possible atom speeds and orientations of w and U is the
average scatter rate of neutrons from speed w to speed v,

n(w)?g(w«v)dv. (9)



If any orientation of w and u is equally probable, then

P(0)dq = %% , (10)

where dQ is the differential solid aﬁngﬁe from which w approaches u,
an = dedu , (11)

and @ is the radial angle of the orientation of w with reapect te u. If
the motions of the atoms of the system can be characterized by a

distribution of speeds M{u), then the average of expression 8 is

2w 1 oo
m
n(w)ﬁé*“'g(w-ov)dvz n{w) j‘%% fdg Jdm?ﬁ(ubvfog(vr)?(ww;u,u)dv (12)
0 -1 0
80 that
i o0 ,
Pﬁ(w*v} = j %ﬁ jdmm(u)vras(vr)?(ww;u, ul. (13)
-1 G

If it is assumed that gcattering is isotropic in the center of
mass syster: and that scattering is elastic (conservation of momentum

and kinetic energy), Plw-v;u,u) may be derived as shown below.

a1
-]
1

-
v
r

Laboratory System Before a Colllsion

Let the mass of the struck atom, m, be measured in units of
neutron mass 80 that the mass of a neutron is unity. Conservation of

momentum determines the velocity of the center of mass -

(mﬂ)w?c = w4+ mu . (14)
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The speed of the center of mass is seen from the diagram below

to be

—
VWZ 2 2

mou ramwuyg
m+l °

- -
v, = Ivcl = {13)
The assumption of an elastic collision means that in the center
of mass system only the direction of the neutron and atom velocities

will be changed by the collision.

P N
.- v\
” - \
- ST T -
W u
C C

Center of Mass System After a Collision {(The Primes Denocte
Velocities After a Collision)
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The assumption of isotropic scattering in the center of mass provides
that the probability of scatter into any solid angle QC iz equally
likely, i.e.,
dQC
F(chdﬁcz;ﬁ;» o (16)
Since the scattering is axially symmetric about the direction of motion

of the center of mass,

(17)

2w . 1
sin@cdﬁceﬁqc _ du,
& 2 °

2%
j‘P(QC )dﬂc =
0 0

where U, = cos G@. The final velocity of the neuiron is then V= ‘;;c‘

-—
+ Ve where the prime indicates a velocity after the collision.

Neutron Speed in the Laboratory Svstem After a Collision

From the above diagram,

2. 2. 2,.,
v, orw T Zvcwcuc . (18)

i

A 4

Since the neutron speed in the center of mass system before and after

the collision is

pory
wo= |7 -7 | = —F | (19)

equation 18 becomes
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( G v<vy
_ min
F
Plw=iu, ) = “E”V“Z” Vomin svs Vmax ? ¢ (24)
v -y )
max min :
\ J
0 vma:«:< v

When the struck atom is at rest this expression reduces (o a

probability customarily derived, (Ref. 13},

. el
(0 VS mm Y
2 O - (m-%nzv me=l .
k W-’V‘,@)d( 5 e § w Ly < w Y . {23)
- ,
| O WLV J

With the conditional probability determined, equation 13 becomes

du M(u) Gg(vr)

"8 4m ¢ v ’
c

™ (W""J) - (m'&"l)v :f"f' du

(26)

where the limits of integration have been omitted because the vanishing
of the conditional probability for the limits given iu 24 restricts the

domain of integration in the u-y plane.
oo
The term f dw Ps(v-vw) occurring in equation 1 may be evaluated

by calculating Pg(v-*w) from 26 and then integrating over w. However,
it is simpler and more illuminating to carry out the integration over w

first. From egquation 13

W
[oe] max

1
dewps(v-*w) S j%‘i deu M(u)vroa(v?) j dwP{vew;u,u) . {(27)
0 -1

O Wmin
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But the only function containing w is the conditional probability since

1
the neutron speed after these collisions is w and v, = —\/vz+ uz-Zuvu .

The conditional probability is normalized so that

Pay 1 oo
J dwP_(v-w}) = j‘ %Li j‘dum(u)vros(vr) ) : (28)
) -1 0

‘The above expression is an average, over all atom gpeeds and collision
angles, of the scatter rate per neutron at speed v. A similar ex-
pression serves to define Pa(v), the average absorption rate per neutron,
1 o
P vy s | % [ aumlule.o_(v.) (29)
“a 2 RS 2 A L
=1 it
where g, is the microscopic absorption cross section of the medium.
Two further assumptions permit a considerable simplification.

First the microscopic scattering cross section is taken to be constant,
and second, the microscopic absorption cross section is assumed to

be inversely proportional to the relative encounter speed. Equation 26

becomes
(m+1)v0 LYo
Pg(w—w) = e 8 rf du du v::u) . {30)
equation 28 becomes
o) r% .
= E_:]*ﬁ h¥!
jdwps(v-*w) o, J 2 Jr du M(u)vr . {(31)
0 -1 0

and, because of the normalization of M(u), Pa(v) is given by

T2 = >
x &(V» = Vaa(‘l )

which is a constant.
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Except for the determination of the limits of integration in
equation 30, a specification of an atom speed digtribution permits the
calculation of all the unknown terms in the neutron balance equation 1,
Before examining the limits of integration, the validity of the

assumptions made in the above derivation is discussed.

Validity of Asgumptions

The assumption of random orientation of the neutron velocity
w with respect to the direction of the atom velocity 3 is quite
reagonalie, Ewven if the motion of the atoms is constrained by chemical
binding, the neutrons will, on the average, approach the atoms from
all directions randomly. The pmg}emies assumed for the microscopic
scattering and abscorption cross sections are die@laved experimentally
in the thermal energy range for many materials of practical interest,
Theoretical derivations of these properties are given by Welnberg and
wWigner (14}, There is an effective 1/v dependence of the scattering
cross section on the neutron speed at thermal energies. This depen-
dence is contained in equation 31, however, and will be displayed
expﬁcitiry in Part II of the thesis., Scattering in the center of maas
system here taken may not be isotropic for strongly bound systems.
Precisely, the center of mass system should be that of the entire
scattering assembly rather than that of the neutron-atom combination.

By far the poorest assumption is that of an kelastic collision.
At low neutron speeds the collisions with chemically bound molecules

are inelastic. If the atom struck by a neutron is part of 2 molecule,



the neutron rmay excite rotational or vibrational states in the molecule.
If the struck atom is part of a crystal lattice, the neutron may interact
inelastically with the acoustical modes of vibration of the entire 1atﬁice
{(neutron-phonen interactions). The interactions described above are
highly complex and not easily formulated theoretically (4). The
approach of the work described in this thesis is to postulate an atom
speed distribution to account for atornic binding, and then to treat the
atomns as free particles. Once a free particle interaction is assumed
the assumption of elastic scattering is completely valid in the neutron
energy range O-l ev, and the center of mass system is that of the

neutron and atom.

Dovnain of Integration in the u-y Plane

In equation 24, the vanishing of P in certain ranges restricts
the permissible values of u and 4. From a different viewpoint, only
certain combinations of u and y can produce neutrons of final speed v.
This can most sasily be seen for specific examples. Consider an

overtaking colligion (u = +1)., v £ Vonax of equation 22 then is

wtmu |, m |w-u|

£ o
v Py S |

(33}

That is, v € w if w > u when u = +1. Therefore, if 4 = +1, and the initial
speed of the neutron, w, is greater than the atom speed, u, the only
final speeds of the neutron possible are less than the initial speeds. The

expresgssion v & v ig a hyperbola in the u-y plane. (Once the square
P P %

max

roots are rationalized v = V oain is the same hyperbola.) ‘The hyperbola

is most easily recognized after the transformation of variables
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u=u (34}

v s Zmway + (me){vZ-w?) .

The Jacobian ef the transformation ie 2mwu. The hyperbola and the
lineg 4 = £ 1 are shown in the u, v plane in figures | and 2. Arguments
similar to those for the overtaking collision discussed above define
the domain of integration as the shaded region shown in the figures.
Two distinct cases arise, one for neutron speed gain in a collision,
the other for neuiron speed loss in a collision, The hyperbolas shown

in the figures are conjugate with the equation

mu” - —— =V =W . {35)
drav

The relative magnitude of w and v determines which hyperbola is
applicable. For sach main case (v > w or v < w) theée are three sub-
regions of integration. These are indicated by the detted lines in the
figures. The lines 1 = %1 have equal slopes of opposite sign in the

u, v plane. VWhen the atom rass is unity the lines intersect the origin
and in each malin case the subregions of integration labeled II disappear,
considerably simplifying the integrations. If the atom mass is greater
than unity only two subregions may exist for a different reason. In
figure 1 the line y = -1 may intersect the u axis (point (e} ) above the
minimum value of the hyperbola (point (d) ). In figure 2 the lines

u = %1 may intersect the v axis (point (f) ) to the left of the left branch
of the hyperbola. These special cases are significant as will be shown -
in Section III of the thesis.

With figures 1 and 2 and the equations of the lines and the
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NEUTRON GAINS SPEED
vV > W

Figure 1. Domain of integration for neutron speed gain in a
collision.
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NEUTRON LOSES SPEED
VLW

Figure 2.

Domain of integration for neutron speed loss in a
collision,
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hyperbolas, the integration required for }?B(w-w) may be accomplished,
For reasonable M({u) the éct@al integration is elementary, but very close
attention musgt be paid to the magnitudes of u, w, v and m to aacértain
the correct algebraic sign of the square roots of the integrands.

Details of the domain of integration, the intersections of the
lines and hyperbola, and criteria for existence of subregions of

integration are given in Appendix A,

Summary
The equation describing the steady state neutron distzibution can

now be expressed by substituting equations 30, 31 and 32 into equation 1:

(mtllve, rila)
— dwn{w) ”‘du du -“-»;;: + QQS(V)
g
f}} o0
= n(v) vcé(v)+ o, J%ﬁfdum(u)vr . {(36)
. | 0

c, isa suitable constant modifying the source so that neutrons are

conserved. It is convenient to define

)3 23] v
Viv) = j %‘:"; fdu?*@i(uwr . (37
-1 0

The significance of this definition is explained by considering the atoms
of the medium to be at rest. Then M(u) = 8(u) and V(v) = v. In fact,
if Mi{u)is small foru>u , say, then
max

1 Pnax

Viv) =~ fﬁiﬁ " duMlalv (38)
-~ 2 J B r’
-3 G

and V{v) will approach v for v >> U e’ It is also convenient to divide
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equation 36 by O and define the constant

Ga(v)v ,
Y= (39)
8
With thege definitions equation 36 becomes
o o ,
(mg}v,‘f&w n{w) [[du i‘%%iﬂ + ;ls(v)a- nlv) [y+V(v) ], (40)

0

where <= cofcrg.' The combination now appearing in the first term of

equation 40,
Ps(w—v)

{m+i)v dpdubi{u) _
o [ s (41)
c 8
is henceforth designated by
Pw-er) = (ﬁgw ” dud:.im(u) . , {42)
R v

Plw-r) is dimensionless and is the average probability that neutrons of
initial speed w acquire final speed v in a scattering collision. The

typical integral equation describing the neutron distribution is thus
o .
vjdwn(w}?(w-w% + clﬁ(v) =z nlv) [y+V{v)] . {43)
0
Now only a specification of iM(u) and S{v) is necessary to

complete the formulation of the thermalization problem.

Portions of the above analysis were made from results given by
Wigner and Wilkins (1). Since the analysis does not appear in the
literature it was felt appropriate to produce it here,

Finally it should be noted that if M(u) is taken to bs a Maxweilié.n
distribution, the analysis is equivalent to the use of the ¥Fermi pseudo~

potential mentioned in the introduction. (See reference (13), pp. 98 and

103 "40 »
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1. THERMALIZATION RY SINGLE ENERGY HARMONIC
OSCILLATORS

Oscillator Speed Distributions

A8 & model for the motions of atoms in solids it is assumed
that each atom is an independent linear classical harmonic oscillator.
Each atom is taken to have the same energy and to have a randomly
oriented direction of oscillation. The speed of such an oscillator is

given by
u= Ucos(uwt + &), (44)

where w is the frequency of oscillation, € is an arbitrary phase angle
and U is the maximum speed of the oscillator. U is determined by

the energy Ee assigned the oscillator.

ZEO
=
U v - {45)

&

If the neutron-atom collision can be assumad to occur at any
titne with equal probability, any phase angle € is equally likely. That

is, for a complete range of atom speeds u, this probability is given by
4ae
P(E)ag = —= . (46)
The distribution of atom speeds u is then determined from the relation

¥ - o(ey |28 ;ll;@.g;l ' -
M) = e | == |52 (47)

Since, from equation 44,

ar) . 1
du| ~ .‘f—'
Uz-uz

M(u) is, when normalized to unity for positive atom speeds,
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Wifu, U)

]

if0fusU {48)

= O ifU<uo

This idealized model seems meost suitable to describe
thermalization by the hydrogen atoms in zirconium hydride, In this
solid the hydrogen atoms are located in a spherically symmetric
potential well ingide 2 tetrahedron of zirconium atoms. Further, it
has been reported that hydrogen atoms in zirconium hydride can be
well characterized by the single energy, 0.137 ev (16). Almost all of
the thermalization in zirconium hydride is performéd by the hydrogen
atoms, for a neutron can give up all its energy in a single collision
with a proton, but only a very small iraction of its energy to a heavy
atom such as zirconium (m=91). The model might also be applied to
other solids ‘if it is reasonable to assume interactions with g single
atom. However, the assumption of a single atom energy is restrictive.
For this reason, Part lIl of the thesis conslders oscillators with a

distribution of energies.

Znergy Exchange Cross Sections

With M(u) as given by equation 48 the function V{v) of equation

37 may be readily calculated.

(¥ 1
Viv) = .:'1; f ...._...9.“3.1..“, j‘du Vu2+ vzv 2uvyl ‘ (49)
g U eu =l
[3]
3 [ [ ).

0u U%-u
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At this point, a complexity arises which is typical of all subsequent:
calculations. 4 decision must be made about the relative size of u
and v. Once this decislion is ‘m&de’; the relative size of U and v must
be argued to complete the integration. The latter decision is peculiar
to the speed distribution 48 because there is a finite upper bound U
on the atom speeds.

Assuming that 0 € v € U implies that u can be less than or

greater than v. For this range of v the integrand of equation 49

changes form at u = v. That is,

Y .
i du 3 3
V(v) = (v+u)™ ={v-u) (50)
s J u Y Uzvuz[ ]
U

+ 1 j : du [(v‘ru)B«(u—v)B]
v '\/UZ 2 when 0 s v £ U,

When U € v, uis always less than or equal to v. Thus equation 49 is
U

V{v) = 3§wj du (v+u)“’—(v-u)3] when U S v £ ¢o. {(51)
0 u YU -u

#hen these expressions are evaluated V is

2 2 |
Viv) = -3—3-%[ 5 Yuloe? + (6v+ %._.) sin? Z + 2 gech™ %-] if 0SvSU (52)

v L Usvsw.  (53)



The function is continuous at v = U. For U= 0, V{v) = v and indeed,
for v>>U, Vivla v. Forvs= 0, Viv) = % U. The function is graphed
in figure 3. The product n{v)V(v) represents the neutron scatter rate
for a unit, constant scattering cross section. Hence the function
V{v)/v represents an effective speed dependence of the scatlering cross
section. In figure 4 this function is compared with the scattering cross
section computed by Fermi (3) for a quanmm mechanical harmonic
oscillator of mass one. Poth functions are plotted in suitable dimension-
legs units. The discontinuities in the dotted curve are consequences
of the discrete energy transfers allowed the quantum mechanical
oscillator. The dotted curve is for the oscillator in its ground state.
Zirconium hydride displayé a scattei’ing cross section very similar
to this dotted curve. The similarity is enhanced if the péesenceof
exc.if:ed oscillator states is accounted for (16,17).

The integﬁatieng for P(w~v) (equation 42) are far more
cbmpleﬁ;. A detalled argument for the various integrations is given
in Appendix A, Only an illustrative example of the nature of the
nroblem is outlined here.

Consider figure 1. Region I does not exist when the line ¢ = -1
intercepts the u axis (point (¢) ) above the minimum of the hyperbola

(peint (d) ). The criterion for this condition is 0 $ w g m-1 v. Wwith

rratl
emlU
mtl

carried out over both regions Il and III if U is greater than the

w in this range and v in the range 0 € v < the integration may be

intercept of the line | = +1 and the hyperbola (point (c}) ). This requires

2mU-(m+l)v
M=l ¢

U2 [{m+l)v + {(m-1)w]/2m. This condition implies w=
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2mU
m+l
range of v considered. Now for w, Em?l;(il;nv is greater th&n%ﬁ-}%v B

Bm(mﬂ}U )
(M~1)Z+(m+1)
imegr&ﬁon on v and u ig in regions II and III when the integration on w

is in the range 0<w<(-rr?n:%%;’— and when 0 <v < ~2mlml)y . In effect,

(m:=1)"+{m+1)

not only the limits of integration for v and u are determined, but also

The latter qQuantity is greater than zero when v <

‘which ig in the

. . emU
when v $ ) which is less thanm . Therefore the

the limits of integration for w. In addition, separate integral equations

are found for different ranges of the neutron speed v. Or in other words,

the kernel of the equation is hﬁghlv fractionated.

Rather surprisingly, the results of the analysis of Appendix &
show that P{w—»v) of equation 42 can be written in six fundamental
formas although there are potentially ten different regions of integration.

Some short hand notation is adopted to make the expressions concise,

Defining
alv, w) = Vm (avtcw) Q= mU
Blv, w) = Vim {awtev) Rlv, w) = W (54)
wlv, w) = Vo (avecw) Slv, w) = VZ 2
Mo, w) = VT (awecv) Ty, wh= Yolau®,

then
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2 I
Plwer) = L2120V [tg‘l-}% + gg“l% + tg"l% - tg 1%

T & e
q o d o - .
2]
¢ YW 'sech"lf%- bV ecn™ -%:]
9Vm = @ Jm

when Q2aand 0 S weEvw

2
: - - ' -1 O -
p(ww)xM[tgxég»s»tg 1%-%}(&;@ IQ‘%+E)+V+W sechl%]

W EAFAN Z @ pv
when € 0€a and 0Ss ws v (56)
Plwew) = Zawmv 1- %) when vz-mi}*zs 02y and 0SS wsv (57)

pn

zafmv [ -1 2

A 10 - - -
O m SRV oy -

when D 2aandvEwS o

- - - L £ TR “
Plw) = memv[ta R% + tg 1% ~=-§;¢ tg }%u%)"#m sech 1—’-8-]
- e EA Q r-m
when S 0 <€ocandv€ws o {59)
Zaamv

Plwev) = 227 when (S Q€ x andv $ w < o, (60)
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Specific Thermalization Equations

The integral equation itself (equation 43) has five different
forms depending upon the magnitude of the neutron speed v. The
analysis determining the forms is given in Appendix A. The integral
equations are displayed symbolically in Table I where the numbers in
parentheses correspond to formulae in the text. The equations given
are continuous at the boundaries of v. For a particular equation the
kernels are continuous at the boundaries of w, If the maximum
oscillator speed U is allowed to go to zero, the whole system collapses
to a single equation,

m+1)v

2 m-1)
(m+l)’v f dwn(w)
w

e + cls(v) = n(v)[y+vl, (61)
which is a form of a known result (13) for the neutron density in an
infinite homogeneous medium containing a 1/v absorber when the
neutron speeds are such that the atoms of the medium can be assumed
to be at rest. The only gain in the number of neutrons at v due to
collisions at w is from neutrons that lose speed in a collision. This is
the only possible situation when the atoms are at rest and is indicated
by the limits of integration in equation 6l. If the medium is non-

absorbing (y=0) and the source vanishes for a range of v being

considered, the equation becomes

{m+1)v
2 , |
() f dwntw) _ (), (62)

v
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with solution
c

alv) = % , (63)
v

which is a standard result for the neutron density (for atoms of any

mass) in a speed range far from the source.

In a physical situation of great practical importance the neutron
source is the fission source. As mentioned, the fission gource pro-
duces neutrons of very high energy. In the thermal energy (or speed)
range, then, the only source of neutrons is the neutrons which arrive
in the range 28 a result of collisions at higher speeds. At this point
of the analysis it is assumed that the only source is a fission source
at a single very large speed. The explicit display of the source is
discontinued and the region of validity of the balance equation is
restricted to the thermal speed range. “When abgorption appears in the
equati@ns\it is to be understood that a sufficient number of neutrons
arrive at thermal speeds by speed loss coliisicna from higher speeds
to balance the absorption loss. Thermalization by hydrogen is a
slightly anomalous situation. Neutrons may arrive at thermal speeds
as a result of collisions at source speed. This iz indicated by the
infinite integration limit in equation 62 when m = 1, In this case the
source may be thought of as at infinity or simply at some very large
speed Vs In subsequent eguations infinite integration limits are
interpreted in this fashion.

Zquation 61, for m = 1 with absorption is

[o0] o
2v fﬁl“;;’;m = nlw)lvivl, (64)
v
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with solution

where the constant Cqy contains the source strength. Equation €5 is
another solution which is given by the theory of neutron slowing down
when o,v is a constant.

Because the integral eguations of Table I contain the finite
maximum speed of the oscillator, their solutions should exhibit the
behavior of the rest atom solutions 63 and é5 when the neutron speeds
v are much larger than the maximum atom speed U,

The equations of Table I include the possibility of neutron speed
gain in a collision because of the atomic motions. In addition, it is
interesting to note that the range of speeds in which 2 neutron may lose
speed is broadened by a factor U2m/{m-1) comnpared to the rest atom
assumption. This effect is also due explicitly to the atomic motions.
However, it is not possible for all neutrons to lose speed and contribute
te the neutron density. Moreover, in certain ranges it is not possible
for a neutron to gain speed in a collision and contribute to the neutron
density. Therefore the principle oi; detailed balance (equation 4) cannot

be satisfled. For example, with v 2 mU, no neutrons of initial speed

less than szumUz gain-scatter to speed v. Also, no neutronsg with
initial speeds greater than [ZmU+{mtl)v]/(m-1) will loss-scatter to speed
v. These observations imply that the neutron density predicted by the

equations of Table I will not ke a Maxwellian in the absence of absorption
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which, again, is a consequence of the finite maximum oscillator séeed.
Therefore, the oscillator model is, at best, an approximation to the
actual physical situation. The non-equilibrium co/VZ distribution for
large v persists in the absence of absorption. However, absorption

is always present in a physical situation and experi mental neutron
distributions display the <4 /vZ ""tail" for large v. A quantum
mechanical atomic model using a ‘perfect harmonic oscillator does not
predict an equilibrium neutron digtribution, either, b&gaus@ of the re-
striction of éne rgy transfer to muli;ipleé of hv. In addition a scattering
function may satisfy detailed balance and vet not represent a physical
situation. This is illustrated in Appendix F. Finally, although it is not
evident from Table I, the deviation from a Maxwellian in the absence of

absorption is not great, especially for m=1. (See figure 9.)

Therwmalization by Hydrogen

The remalinder of the analysis for the singlé energy model is
restricted to thermalization by hydrogen (m=1}). As indicated pre-
viously, the model is deemed most suitable for thermalization by the
hydrogen in zirconium hydride. A refinement of the model is applied
to media with mass greater than unity in Part III.

The equations of Table I are much simpler for m=1, for then
a=l, ¢c=20, a=n=vand B =% = w. Introduction of the dimensionless

variables

R
]

= v/ -\/33%:0 = v/ U | (66)
w/ \[m U,

5
"
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is useful in further simplifying the expressions. (The unit mass of
the neutron is understood to be present in V E’;E@ 80 that the quantity
has the dimensions of speed.)

When m = 1, equations 52 and 33 become

UV (x) 3% [3 Y 1-5{2 + (6x 'irfi—) sin°1§:+ szsechhxx] if0sx<] (67)
2K4x+%ﬂ | iflsxso.

. When m=1l, only 4 of equations 55-60 defining P(w-v) are applicable,

These are
A .
equation 55: if0swsv .
4 when 0 2 v 8 U, (¢8)
equation 58: ifve we oo
and )
equation 5T: sz «-EJZS wEv
{ when USv =, (69)
equation 60: ifvews o

3

These equations become, with a=l, ¢=0, a=u=xU, and F=)=vyU,

0sx< 1]
(55): Ply=x} = % tg'l «—1—» -y xzayz tgo}‘ L + ygech‘l x
. Y 1-XZ an-yz‘\/hxz
{0 ysx (70)
o 4= -1 X =1 .
(58): Ply—=x) = —|tg = ——=— + x gech  x ifxsy <o, (71)

m V 1-7;:'Z
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1Sx€ g . ‘

57):  Ply=x) = %‘i( 1- VP2 ) it Valasysx (72)
/ 2% .
{60): =5 if XSy <o, (73)

The integral equation 43 is, after changing to dimeﬂaionlms variables,

. and omitting the source,
© v
- nfx) 9
dyaly) Ply=x) == [UVix) + v], (74)
4] : ‘

which is properly dimensionless. The quantity v/U is called

y Ga(v)v (
U Ner
0‘% l 2&&0
and is a dimensionless constant. Egquation 74 then may be written
for the twe ranges of x as
4x [ n{y) al L Y x%yz tg'i z +y sech‘lx
TSSOl 2 V2.2
o l-x % =y Vliex
oo
+ -{%’5 (@in'lx + % sech’lx) f&y %ﬁ. (76)

afx) [ Vi ¢-:{ (6? +«=-)@im % + Zh gech lx + 3@:&]

if0sxsl,

and as
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r
e 2 VR ) 2k | gy 2L [ .1 ] .
Zn‘fuy v 1 X =y +x‘Jd§ry n(x;)x-r%;r+A ’(77)
x -1
ifl1<€x<co.

The two equations above are continuous at x = 1. The kernel P in each
equation is a continuous function at its boundaries. In fact, in a given
range P is a monotonic function of y for a given x. The vy variation of
P ig displayed for three values of x in figure 5. The two equations. 76
and 77 are coupled. Neutrons with initial speeds x > 1 mavy scatter to
speeds below x = 1. Similarly neutrons with initial speeds x <1 may
gcatier to speeds above x = 1. However, for x 2 VZ speed gain scatter-
ing from below x = 1 is not poseible and equation 77 is uncoupled from

equation 76, The equation determining the neutron density is then

X & 2
ZX Jin dgf n;‘i) (1 - v x“’_yz )+ 2 Jpﬁyg-g) = n(}{)[:‘&: + -E%E + &] o (78§
<1 % b4 >’\E

For sufficiently large x the energy gain scattering term may be

neglected and the equation is approximately

o0
2% fdy %ﬂ = nlx){x+d) , (79)
%
with solution
C %
n{x) = — . (80)
{x+H)

This is the expected rest atom solution of equation 65, which n

approaches for large x. It has not been found possible to reduce
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equation 78 to a differential egquation, primarily because of the square

root in the equation. Integrations in a method of successive approxi-
mations starting from equation 80 rapidly become intractable. How-
ever, if n(y}/y can be taken to be a slowly varying function in the range

V x:z-i £ v £ x for large =, equation 78 may be approximated by

| . ©
20(x) f@y(i.-V 52y’ )+ 2x [ay 2@ < ag =+ s], (a1
V x“-1 - o

which is, neglecting terms of O(-%—) )
' X
o
2% f d‘yf}éﬁ = n(x)[x - %%E + &] , (82)
X
with solution
S
A% 3
16%}3 (2;;%:— V &Z-e% ) '
nlx) = . {(83)
Lt 2
L7+ 3
{Zx-&-;&-& V 4’:&2%%
This solution has the following limiting forms:
Cq
ﬁ(x% “WE x >> 0, (84)
=
C X
nfx) = ———g O&>>1, ‘ (85)
(x+4) .
C %
afx) = L= o, (86)
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Eguation 86 ig larger than 1/@:Z for a given x, an effect due to the
atomic motions and in qualitative agreement with results derived (Ref.
18) for the Wigner~Wilkins equation (1). The effect is due to the energy
of atomic motions which is transferred to the neutrons, causing the
rate at which neutrons lose speed to be decreased.

If an inverse power series in x

oo
Z - : (87)

»
rel %

e

is substituted in equation 78, a determination of the coefficlents a, as

given in Appendix C produces the relations

a, = 0
{88)
a, = arbitrary
b r
Br 2j
(r-i)aa = -zi;r a9 -5 252 Z ; . ra2 (89)
r- e+ !
(Zrﬂ)a el 2p2:41 2
(Zr-l)az h ~A(2r41) ay Z j+1 j (30}
r21l.
with empty sums zero, The first few terms of the series are
1 2 15 2 23 L 43 2 4
e | N 565+ 20%) L torppathse
X~%2 ?*XB x4 "5 x6 * e v e )
- (1)

The coefficients of the largest powers of & are just those of
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o Lse , ea® 108% 1sat (92)
(xt+a) 2 ;2 xs 214 xs xé’

An expansion of the approximate solution of equation 33 agrees with
eguation 91 through terms of order 1/3@;4. For & = 0 in equation 91,

only even powers of x appear

11 23 . 773
ni{x) = a + + + t oo . {93)
202 3x%  6ox® 1890x°

indicating that the neutron density is a function of the neutron ensrgy
only. Convergence of the expansion of equation 91 has not been shown.
However, for x = 2.0 and & = 0,01, the first six terms of equation 91
give nlx) = 0.2725 (aznn, while the numerically computed value is |
found to be ni{x) = 0.2717.

For very small x, equation 76 may be written approximately as

3% ' X
n ,

2 jay h(y)(v~ Vxf-y? sin L+ ytn -§;;) + 20xrxtn 2) |aynly)=hlaa, (94)
0

X
where hix) = n{x}/x and &' =1 + g&a Solution of this equation is
co%nplicateci by two factors: 1) although the relation is valid én&y for
small %, 2ll values of the unknown function are required for the
integration from x to infinity and 2) m-:% is singular at the origin. An
approximate solution is determipe& below.

| Equation 94 is treated as an exact relationship. Upon

differentiation it becomes
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[# 2]
-2x j‘M sin™t X+ z.{n:z; fdyh( )= ardh (95)

dx °
x

If hiy) is a slowly varying function compared to the remainder of the

integrand in the integral from zero to %, equation 95 may be approxi-

mated by z 00
_ dh .
oYt T xhe24n 2 J &yh(y) = | (96)
X
Substx}mting . |
ftd = [aya(y) . | e
®
so that
ax) = - 55, | (98)
equation 96 becomes
2 2 ' '
at o df a

‘When the variable z = &n% is introduced, equation 99 becomes

2 2
a1 +(1 - @"“’“") é“% + 2 ze P g2 0, (100)
dz
The transformation
.z _ 2 »Zz
v .
fz) = gla) e ° i . (101)
reduces equation 100 to
dZ
S£ + plz)g = 0, (102)

iz
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where
P 4
1|, 32 -2z 27" -2z w° -4z
plz) = "E[;‘ X7 26 txTe + —-—-Z&' 8 ] (103)

When z is large (x amall), p(z) satisfies the criterion

E&E‘ << lp?’/ Z‘ (104)

so that the WKDB approximation (19) may be used. That is,

glz) 173 ¢ (103)
P
- . i/4 .
Expanding V p and p and integrating gives
o =B 2
! 8ze L 4 -2z w -2z 2 -4z
Togee-2z] FZ 2T AT PEie  mgmre Olze )
glz) » &, 1+C({ze }]@ .
‘ (106}
and thus, using eguation 101,
42e72% 2 -2z n° -2z o(ele4?
| 2z TETtae -gme Olete
f(z)~ al'[H@ (ze )] e
z ézenzz é e-Zz+ 0(223-42) ‘
- ® = - ‘
+ az'[HO(ze ZZ)] e ar . {107)
Returning to x = Za‘z. f(x) is, for small =,
2 2
x 4n — FA
% 3 % 4 2.2
+ le =] 0% (4n =)
s o [rottim ] B T[T ol un )
v *
——T = FRT x (in =
+az[k+®(}z2£nf§5)] xe 2 24 = (108)
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For x 1ear zero, then, { behaves qualitatively either as a constant

or as x. For either behavior, hlo) as determined from equation 94

is zero provided h(x) is not as singular as 1/x for small x. But hix)
ig proportional to df/dx which is zero or a constant at x equal to zero.
Therefore ay in equation 108 must be chosen to be zero so that E‘a(d) :

will equal zero. Then, for small x, the most significant term in n{x) is

alx) = xhlx) = -x Sy 2y xtn 2 | (109)
To this approximation the integral
] -1
-2x | ayBiylsin (y/=) {110)
0 Vx -y
which was approximated by
o :
is
3 -1
2 [ ayytaltlylein /) (112)
0 V x -»yz
or
n/2
~2% x{n-{;%%- 2u-xg f—g% , (113}
0
or
?/Z
oth(x)-éxz(io-%‘} 'gﬁ%)' (114)

¢

The remaining integral is equal to 0.916 (page 216, reference (20} ),
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20 that equation 114 is

“2xh(x) - 0.336x°, (115)

which is sufficiently accurate to be consistent with the remainder of
the approximations.

The above results serve only as a qualitative desctiptioxi of the
behavior of o for small = because of the crudeness of the various
assumptions. A comparison of numerically calculated values of n(x)

2. 2 2 2  xfwmE 2 2
and tae fuanctions 240 x” In < and 237.5 & in - exg;[T+ m(l« 71:—”

is given below. For the valueas below & = 0,01 or &' = 1, 0157,

TABLE II

alx) 2. 2 2 2 —xT el
% (nurnerical) 240x An = 237.5x In ze
0. 05 2.21 2.21 2.21
0. 10 7.33 7.20 7.27
0. 15 14.27 13.99 14. 42
0.20  22.18 . 22.10 23.27

A method of numerical solution of equations 76 and 77 is

discusszed in Section IV and solutions are presented in Section V.
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M. THERAMALIZATION BY HARMONIC OSCILLATORS WITH &
DISTRIBUTION OF ENERGIES

Oscillator Speed Distribution

The distribution of atom speeds derived in Section II contains

the energy of the harmonic oscillator as a paramester,

Mu, E) = 3E < 0fus V2E /m

© ] .
W—\/7m -u (48)
= Q V ZEQ/m < Qo

To ease the restrictive assumption that each oacillator has the

same energy, a distribution of atom energies is postulated. Several

choices of energy distributions are possible. E’or example, experi-

mental measurements may suggest that atom energies are statistically

distributed about a single energy, in which case a Gaussian distribution

of E@ might bé uged. The distribution chosen to particularize the

followlng analysis is an equilibrium distribution of atomic energies
-Eo/ki’

P(m@)di*}@ =c, Y E e dz_ , B (116)

where Cq is 2 normalizing constant, k is Boltzmant's constant and T
is the material temperature., With this distribution the effect of atomic
binding is yet contalned in equation 48 while the temperature of the
medium is introduced.
The atom speed distribution to be used is the average of

equation 48 over the energy distribution 116. That is,
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-E_/kT
oo VEle ©
ch n dE@ B8

M(u):TJ s 0fugw
mu 25‘@ Wuz
2 moo

Making the change of variable

B é
tt+ 8= “ﬁg = oo
s KT ° ZET
eguation 117 becomes
. -8t

t+1

»ifu) = %%-s j‘ dte

s Vv

Using the results that

© gt et (e+dy .
o T % @57‘3@4;1(%5 (ref. 21),

., =8t
jﬁfi?:.__mg */2x (%) (ref. 22),

S

(117)

{118)

(119)

(120}

(121)

where KO and K’l are modified Bessel functions, the integral in equation

119 is, by adding 1/2 of equation 121 to equation 120,

Y;mdte‘gt ¢4 1 s/Z[ (%) 8 ]
4 =5 € f:i + E{l(*z') °
t 2 0‘Z

&

J
¢

The resulting atom speed distribution is thus

M) = c.?zeoz[g%l@(z) + Kl(z)] 0fusm

2= IRT

{12 2‘),

(123)
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This function is compared to a Maxwellian distribution of u in figure 6.
Each curve is normalized to unit area for the scale employed. The
integral {page 331, reference (21} )

w .
6 2% ?(5 + ‘Zf) :

is used to normalize eguation 123. Using the relation of 124 the

average atom energy represented by equation 123 is

g

EQM(EQ(u) )dEo -

<EQ> = ‘g? = . {125}
A '
O‘J M(Eo(u) )dE@

or one-half the average energy of a Maxwellian distribution of atom
speeds. Therefore if a temperature is chosen to characterize the
medium, it must be an effective temperature rather than the

measured temperature.

Specific Thermalization Equation

if the speed distribution 123 is used, the terms of the fherm@.lio-
zation equation my be calculated in exactly the same manner as
indicated in Section II. It is also possible to calculate the terms by
averaging the expressions of equations 52-3 and 55 through 60 over
the energy distribution 116 above. As a check of the accuracy of the
resul‘ting expressions both methods were employed to calculate Viv).
It proves to be decidedly simpler to average the existing functions than

to use the speed distribution 123 ab initio.
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With the atom speed distribution of 123, the function V defined

by equation 37 is, as derived in Appendix A,

t

V(x) z@ (x+ i) + Vwm j‘ét o™t [3 ViZ < (2x+t? Ix)cos ™! 3:5] ,
®

{126)
with x the dimensionless speed

® = V/"\/ ZkT . (127)

Here the mass of the neutron is agaﬁn present to provide the correct
dimensions for ¥ 2kT. V(x) may be expressed in terms of Bessel
functions, but for numerical calculations the integral representations
appearing in V above and P(y=-x) below are more practical. For large
% {compared to oné}, V behaves as z as it should for the assumed atom
speed distribution.

The integral equation is

oo
fdyn(y)?(ymi) = n(x)[»—ﬁ 4+ V(:c)] . (123}
0

where now

x=v/{ 2kT, ys= W/V 2T, 4= s;'ca‘a(v)/t‘.?s 2kT , (129)

and the expression P(y-x) is defined below. ‘ BPecause, with this model,
M(u) contains all atom speeds in the range zero to infinity, there ig but
a single integral equation for all neutron speeds =, for any mass of the
thermalizing atoms. Ply-x)is considerably more complex. Defining,

as in Section II,



m+l mei

2% Zm € 7w

afx, v) = Vm (ax + cv)
| Blx,v) = Vin {ay + ex)

(54)
wlx, v} = Vm (ax - cy)
A y) = VR lay - ),
and the integrals
P2
1 -t [, =1 g -1 a
I(x,y)=~— | dte (tg - - tg  e——
i w s
a ﬁz—ﬂ,z iz-uz
0 3 ,
1 [ -t -1 u -1
Ix,v) = = j dte (w — b T e ) (130)
2 ™ = SV ' ?
i ' ‘ tz»%z ¢2.
Is(x, y) = fdt et
0
%
2
1,0z, y) = rdte't .
X -y
Ply=x) may be written as
~ 2x < ,
Ply=x) = 2ma ‘f{;(ll +12) if (}S‘y‘ax\ (131)
2
= 2ma’ f}é—(!l %-EZ%-X%) if %xsyix . - {132)
2 3 ' .
= 2ma’ E(1, -1, + 1) if xsysZX (133)
= 2ma® (1, - ax
= 2ma 7 ‘IZ 11) if = SySo. {134)
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The calculation of the above expressions for F(y-x) is outlined in
Appendix A,

It is in this formulation of P that the special subregions of
integration mentioned in Section I are important. The quantities »
and X may be negative for appropriate values of x and y. ) is negative
when subregion I does not appear in figure 1. # is negative when sub-
region I does not appear in figure 2. The criterion for negative 1 is
v < cxfa. The vanishing of the subregion corresponds to the dis-
appearance of I% between 132 and 131, Similarly » is negative when

v > ax/c and I, digsappears from 133 in 134, As a consequence, the

3
magnitude of » must be used for the integration limit of Ez in 134. A
physical interpretation of this situation may be given. Suppose x is
negative and the subregion I vanishes irom figure 2. ’E‘Eign for cartain
values of the atom speed u 2 0, no collision is p@ssible in which a
neutron has finsl speed v less than its initial speed w. That is, just
as in the rest atom assumption the range of speed loss scattering is
restricted. However, since all atom speeds are present in the
distribution 123, the restriction is expressed as an attenuation of
Ply-=) for v >> 3, rather than an abrupt vanishing of ¥ for y > % x

as in the rest atom case., It can be seen that EE’,"EI is very zmall
compared to unity when v >> ax/c. The arctangents of the integrands
in both Ei and IZ are of opposite sign. The lower limits of integration
are large, and, finally, the integrals subtract. For dimensionless
speeds, FP(2.0~0.2)= 0,01258 compared to P(0.2=-0,2) = 0. 6839 (m=2).

Here ax/c = 0.5 and y= 2.0,
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Lad

Thermalization by Hydrogen

Thermalization by hydrogen is again simpler. The integral

equation 1£8 becornes, with m=a=l, ¢=0, a=u=x and f=\=vy,

n{y)
y

ity

@ a0
2 2 2 2
JP dte™t - jdt et ég“l ty«x_

*
‘\/ XZ_VZ

%
2x JP dy
0

® 2 > —-tz 1= FP {v) V—

+2x 3@ -< fdte cos” 7 J dyi‘%amx)[vm +a§’l’-a], (135)
p4 ‘ x ’

with V(x) defined in equation 126. For x >>1 the speed gain term

{y<x) is very small unless y is very near x. Neglecting this term and '

thé smaller terms of the remainder of the equation, 135 is approxi-

mately

o0 .
2x f;ri%'l_@_‘l = nf{x)[x+o ] x >> 1. {136)
%

This is, once again, the equation describing the neutron density in a
medium with atoms at rest. Its solution is

CLX

n{x) =

. (137)
(3{-%&}3 : _

For any atom mass the expreasién P(y=x) does not satisfy
detailed balance even for this averaged energy model. The distribution
of atom speeds 123 is such that there are vet motionless atowns present
(see figure €}. In a sense, however, the averaged energy model is
cloger to satisfying detailed balance than the single energy model. A

consequence of detailed balance is that P(y-x) can be made symmetric



under interchange of x and v if the dependent variable n(x) is modified.

Ply=x) from equation 135 mavy be written as

2 oo 2
2 [ . -t =t 2 2
2 3 & g - -
Dlyg) = 2% ¥ =% jdte t _%j‘de t tgx t7 ey
¥

§

if0sysx, (138)

dte = tg = ————— if x5 vys oo,

<l
2

Only the terms in the square brackets need be considered since the

é .
® ia/x will symmetrize the remaining terms.

substitution v{x) = n(x)e
In the sguare brackets, only the term xzwyz in the square roots (y <x}
prevents the expressions from being symmetric. Since this term is
always greater than zero, speed gain scattering is attenuated com-
pared to a speed loss scattering. £s a reault, relatively more neutrons
!scaﬁ:er from x to y than from vy to x when x is larger than v. The effect
of this imbalance is, qualitatively, to shift the peak of the neutron
distribution to lower speeds than would result if Pk could be symmetrized.
This conclusion might be expected, for the distribution of atom speeds
123 is biased in favor of small atom speeds compared to a Maxwénia.n
atom speed distribution for which P can by symmetrized.

Numerical solutions to equations 128 and 135 are discussed in

Section IV. Results are displayed in Section V,



IV, NUMERICAL SOLUTION OF THE THERMALIZATION EQUATIONS

Meoutron Source and Conservation of NMeutrons

The typical integral equation solved is
0

de‘sm(w Ply-=) = n(X%[V'(ﬂ + &] . (139)

g ;
As indicated in Section II, the presence of absorption requires a source
of neutrons, and the above squation is valid only in a limited range of
%. The upper limit of this range is designated £ The source of
neutrons is taken to be those neutrons which undergo collisions at
spseds greater than Xy which produce neutrons of speed less than Koo
That is .

S{x) = jdv nly) Ply==) . (140)

®
o

£, is also assumed to be large enough that n(x) assumes its asymptotic
form as given in equations 63, 30 and 137. This is tantamount to
saying that z is large enough that the rate of speed gain scattering is
negligible. £ is a speed which i3 asymptotic in two senses. It is
large enough so that the neutron density described in 139 assumes an
asymptotic form and it is small enough so that neutrons arriving from
the true source {assumed to be at very high speeds) have an asymptotic
distribution. Doth these distributions have the same form as has been
described previously. With n(x) known (within an arbitrary constant),
5(x) is determined within an arbitrary constant. Rather than adjust the

source constant to conserve neutrons for varying absorption, the

source constant is chosen to be unity. Then, conservation of neutrons



is maintained by adjusting the normalization of the neutron density.
Such a normalization adjusts the amplitude of the neutron distribution
to display graphically the effect of absorption.

With n{x) known for x 2 % s 5(x) is known and equation 139 is

now
). 4
(s}

JP dy n{y) Ply==) + 8(x) = n(x)[V(x)+2] if 0L xsx X, (141)
4]

Integrating the equation over x provides an approximate conservation

relation,
Es’ia ?fo Ao ?\io ?50 Zo
jdxﬂx? = z:‘aJ dxn{x) + g dx n(x)V(x)=- de (dynly)P(y=x) =& |dxn(x) .
: W
¢ ¢ 0 0 : 0

(142)
The relation is approximate because 2y # . For the case of the

single energy hydrogen oscillator this approximation may be estimated
analytically. Dy actually integrating equations 76 and 77, it ie shown

in Appendix D that %de é‘{@dy n({y)P(y=x) differs from g%x n({x)V(x) by

0
a single term which is

5 Vi R
€= | dynaly) J dx(%}f - %}5 xz-yz ), (143)
Vx@ -1 *o
or
X, « 2 3/2
. o 1 2 2 2
€= Idyn(y) V-5 +§-§ -ﬁ-gf};( =Y ) . (144)
Y x 2-1 '

but for Xy large, V X -1 ie large and nly} may be approximated by



llyza Using this value, integrating, and expanding in inverse powers

of R the error is

Fe's)
1
€= Z (145)
2ntd !
oy (Zn+4§(an+5)x@ :
with the first term
cmuﬁ;qru i (14
20x
e}

With X @ 5, (a value used in most calculations)

€ = 0.00008156. ... 147)
In this instance the integrated source of equation 14C is
b9 2
re *s 1 1 ,
J dxx:»(x) = T = 'i'z’ ——"—"—"z N (148)
0 (X0+&) :

which for the largest value of & employed (A=4) is equal to 0.153 at
xo=5 so that ¢ is a negligible correction. A typical integrated source
for all problems is near one half for small absorptions. The term ¢
of equation 143 is due to the speed gain scratmring of neutrons (of
equation 77). The term is swall because relatively few neutrons can
gain scatter when the neutron speed i much larger than the maximum
oscillator speed. That is, P(y-x) <<l when x >> y. The gain scatter
terms for the averaged energy oscillator model are alsc very small
for sufficiently large neutron speeds. For m=1 this can be seen
directly from equation 90. For wm >1, Ply-z) was numerically shown
to be small (for small v and large x) compared to P{y=x) for ’neariy
equal y and x. For example, ?(i}.ZQZ. 0} = 0.00917 compared to

B(2.0=2.0) = 1.965 (m=2),
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In view of the above discussion, the approximation of eguation
142 is felt to be very good for sufficiently large £ In fact, it is the
neglect of the speed gain scattering terms which leads to the asymptotic
forms of n(x) for x >> 1, so that if numerical solutions approach these

asymptotic forms for x < L the validity of the approximation is

confirmed.

Numerical Analysis of the Thermalization Equation

Equation 139 is solved by reducing it to a set of linear equations
in r unknowns. n(o) is zero as may be determined directly from the

specific equations. Choosing a uniform integration mesh spacing h
and defining

% = ih, v = jh, f,i=1,2,...r1, (149)

%
o
-
g

O ~ O3 o &

8, = 5(ih), Vi = V(ih), n,
Pij £ ij(Jh-'ih),

w. = h jfr,

w, = hi2 ,

the system becomes

r

= = =
Z F ijnj + Si ni[Vi+&:} i=l,2,...7 . (150)
j=1

The algebraic equations 150 are solved iteratively. An initial guess
{2 Maxwellian) is assumed

.2
ngm = (ih)¢ o~liR) i=1,2,...7 . (151)

and normalized to satisfy neutron conservation (the tilde representing

norrmalization),



AR Z Z (k)) i=1,2,...r. (152
Successive approximations are generated by the scheme

by
Z (ku s
Jlerl) =1

3. Vi#‘E

i=1,2,...7, (153)

and the normalization of equation 152 is performed as each new iterate
is computed., Iteration is continued until

ngk‘ﬂ)—ngk)
,:é.%‘?,&.?{i MW €10
By

-5 (154)
The integrals appearing in Ply-x) and V(x) for the averaged

energy model (equations 131-4 and 126) are also computed numerically,
All the integrals may be cast in the form

w

r -t <

Ux,v) = J dte = glx,v,t), (155)
£(x, )

and the mean value theorem used to truncate the integration. For actual
computation the value of the upper limit of integration was chosen to be
£(x, v) + 4 for m=l, and f{x,y)+3 for masses greater than one. Simpson's
rule is used for the quadrature, For m=l all the integrands are well
behaved and a mesh spacing of 0.1 suffices for four decimal accuracy.
The accuracy was verified experimentally by varying the mesh spacing
and using known value of error functions as a control. For masses |

greater than one, some of the integrands of the integrals of ¥F(y=x) are



rapidly varying functions. Fortunately, in the instances where the
integrands vary rapidly the integrals are small compared to other
termea. &All integrations were ultimately performed with a mesh

spacing of 0, 0% over the ranges given above.

Modified Source for Atoms Other than Hydrogen

For masses greater than one in the averaged energy model,
computation of the source from 140 with the known Ply=x) is as lengthy
ag the computation of the entire matrix pij’ To congserve computing
time, a modified source i3 used. From the known theory of neutron
slowing down (14) the asymptotic neutron density is given by (in the

notation of the thesis)

w
0% 20ax
3 o Tx[etl]

n(x) = ?g;ﬁ%m e 9 (156}

where ﬁ@ is the true source strength, and Xy is the source speed (very
large compared to x and ), £ is the mean logarithmic energy
decrement of & neutron in a collision with an atom of mass m, if the

atom iz at rest.

(m-Mz

E=l+4 5

(157)

tn (m'l) :

m+l
For m =1, § = unity; and 2decreases with increasing m, approaching
2/m.

The solution for n(x) given by 156 is

=1

ng

nlx) = —2 5 , (158)
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which has the following special formas:

&2

nlx) = = X m=1, (159)

O (x-f&)ﬁ

g
n{x) = __.?;z., A=Q,
gosx

s

n(x) -‘-—--%w x> A,

fo %
-

The approximation of Ply=x) is taken from the theory of rest

atom scattering (see equation 61).

2
_ 2x (mtl)” (m+l)x
Ply=) = 55 =g % SV S 5T - | (160)

The approximate source then iz, from equation 140,

mtl
5 M= .
oo dmtl)x r n{y) m=1 .
3(3;} ~-——-§}-5-" J d‘y Yy mXOSKsXQn (1@1)
%x
O

Thus the source feeds neutrons into a limited range of x below %,

except for m=l. The evaluated source is then

m+tl
2 \ 2/ 2 -1
afoy - ) x v yETL2AE cp =l
5{x) = Zme y+£§.} Z;AZ(Z;..@V if Tl B SX S %
: .,
(162)
= 0 if0sxs 2ty

s
whe re SQ has been chosen to absorb certain constants aso that the

£
In actual numerical calculations § is multiplied by \/#/2 because the
source free equation has been multiplied by this constant.
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neutron distribution should asymptotically approach ngz for large x.
The integrated source is near one half for sufficiently small absorption.
As an example, the numerically integrated source for &= 0,01, m=9,
is 0.4900.

The assumptions used in calculating the approzimate source
are qualitatively consistent with the actual integral equation. For m=l,
n(x) asymptotically approaches (within a constant) the form given by
equation 158, The form of P(y~x) of 160 appears in the equation
multiplied by integrals which are slowly varying in the range of y,
x<y< %% x, and which are small %% % €y. The attenuation of F for
these latter values of v has been discusged in Section IIl. The ultimé.te

test for the validity of the assumptions, which are applied for x > X0

is the asymptotic behavior of calculated values of n(x) for 1 << x < e

Numerical Evrrors

Actual computations were accomplished with the aid of an IBM
7090 computer., FORTRAN programming was used to iranslate the
numerical problem into machine language..

In 2 sense, the numerical solution of the type of equations
occurring in the thesis is an experiment. Assumptions made to permit
numerical cornputation'pfcduce errors which compound with the inherent
limitations of the machine to produce further errors. A precise
estimate of the deviztion of the nurmerical solutions {rom the actual
golutions is not possible. To test the accuracy of a given approximation
it is possible to vary the approximation and observe the effect upon the

solution. In effect, an experiment is performed.
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The fundamental errors in the computati@n are:
1) The replacement of the integral equation by a discrete
system of equations.
2) The assumption of an asymptotic form of neutron density
for large speeds.
33 The solution of the system of ‘algebraic equations by an
iterative technique.
4} For the averaged energy model,
a) the assumption of a known form of Plx=y) in a
range of calculation,
b) and the numerical calculation of the integrals of Px-vy).
S} #achine errors.
The errors of 4) b) have been discussed. The errors of 4) a) and 2)
are related. It is felt that the strongest test of the assumptions
producing these particular errors is the computed behavior of n(x)
in regions of x where n(x) should assume its asymptotic form. The
normalization is such that the amplitude of n is "floating”. That is,
the neutron density function is adjusted to conserve neutrons and the
final computed amplitude of the function is free. If the final amplitude
for x >> 1 is that as predicted by the assumed asymptotic forms, then
a strong confirmation of the assumed forms is given. That is, the
equation is such that the actual behavior of n(x) is the assumed
behavior. In all actual computations the neutron density in the range

4<xu< %, is found to agree very well with the assumed formns:
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nix) = ..,_,_____yx ifm=1, C (163)
(L)

ﬁ(x)z_gl-;; ifm>1, A <<,
3

The iterative technique is 2 powerful tool for the solution of
large systems of equations. The convergence of the final iterate to
 satisfy the criterion 154 means that the final iterate satisfies the
formulated equations to that degree of accuracy. Conventional row
reduction methods of solving linear equations are highly susceptible to
round off error because of numerous subtractions. Decause the
elements of ?ij are all positive, th@ iterative method consists entively
of additions and rultiplications. Such manipulations are performed by
the machine in floating decimal arithmetic so that a minimum of eight
signiﬁ.can%: figures are always retained. The division by Vi-k& does not
involve small numbers (cf. figure 3). To check a possible dependence
on the initial guese, a.test run was performed with several different
gueasses including a partially negative guess. In all cases the final
answers agreed to the order of accuracy specified by equation 154, In
fact, in varving the parameter £, solutions for a previous value of &
were used as initial guesses for the next value of &4, Final solutions for
the same value of & again agreed to five significant figures, independent |
of the initial value of & from which the computation began,

The reduction of the integral equation to a system of algebraic
equations is essgentially a numerical integration. As the scheme of
equation 119 indicates, a trapezoidal integration is performed. Analytic

estimation of the integration error is not posgsible, for at best n(x) is
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known only numerically, The effect of varying the mesh spacing, h,
was determined to be small once a sufficiently small h was chosen.

A practical lower limit of h is determined by machine storage
capabilities. h = 0,01 for the range 0 £ x £ 5,0 producee 500 equations
and pij then has 250, 000 elements. For the two values of h=0.10, §.05,
the golution for the averaged energy model for mass one varied only

in the fourth significant figure.

Compared with other errors, machine errors are not deemed
gignificant. Machine programs compute elementary functions, e.g.,
sguare roots, arctangents, exponentials, etc., to eight significant
figures. All arithmetic is performed with floating decimal point
location which minimizes round off error except for the subtraction
of nearly equal quantities. As mentioned, the iterative technique
avoids suktractions. FElsewhere in the computation, a very small
nuinber is the desired result for subtraction of nearly equal numbers.
Only in the computation of the integrals for m > 1 is subtraction of
nearly equal small numbers likely, and the computation of the integrals
was performed separately to insure their smooth variation, (Round off
errors typically display a statistical va‘riatiora which produces a
characteristic "meander' in & function which is actually smoothly
varying.)

&8 an additional check on the entire numerical procedure and
to provide comparison values of the neutron distribution, the Wigner-
Wilkins equation was solved (m=1) using the methods of this section,

it is felt (although not proved) that final numerical values of
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n(x) are accurate to three significant figures. This accuracy is more
than sufficient for qualitative comparisons with contemporary experi-
mental and theoretical work. If greater accuracy were needed for a
specific calculation using the computed values of n(x), the accuracy
of the above procedure could be refined by using more sophisticated

quadrature schemes and finer integration meshes,

Representative Parameters of a Typical Computation

Typical values of parameters used in solving the'integral
equations representing the various models are given below. Maximum

capabilities of the programs written are given in parentheses.

Range of solutions 0<x%5.0
Mesh spacing h 0.05 m=1
0.10 m > 1
Resultant matrix size 100 = 100 m =
50x 50 m>1 WOxI150)
Values of & 10  (unlimited)

Other information:
' Number of iterations for convergence 10

Computing time 0.2 win/value of &, m=l
1. 0min/value of A, m>1.

The numerical procedures outlined in this section are the result
of the refinement of much cruder initizl attempts to solve the neutron
balance equation. Numerical methods that were leas satisfactory are

discussed in Appendix ., In addition, Appendix E contains the final

form of the actual programs used to compute n{x).
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RESULTS AND CONCLUSIONS

Single Energy Harmonic Cscillator Model

For the zingle energy oscillator model the neutron density
distribution is shown in figure 7. The curves represent thermalization
by hydrogen for three values of &. The attenuation of the curves with
increasing & ig a direct result of the absorption of neutrons. There
is also a slight displacement of the peak of the distribution towards
larger speeds with increasing absorption. This displacement is more
pronounced in figure 8, where the effect of larger & upon the distri-
bution is displayed. The vertical scale in figure 8 i5 a continuation
of the vertical scale in figure 7.

The displacement of the neutron distribution to higher speeds
with increasing £, sometimes called "absorption harvdening', is a
result of the finite time required for the source neutrons to acquire
thermal speeds. For large &4, this time is large, since the absorption
rate is high. For very large &, as in figure 8, the resemblance of the
neutron distribution to an equilibrium distribution disappears almost
entirely. This effect for the model of the thesis is in gualitative
agreement with numerically computed distributions reported by
Hurwitz (23) for the heavy monatomic gas model.

The approach of the neutron distribution to the asymptotic
distribution for large x is clearly shown in figure 7. Although the
exact equation was computed for 0 £ x = 5.0, the computed value at

%= 3,0ig 0.1134 for & = 0. 0l while the value of

i

. - X = N
n(x) = m N L= 0. 01, x 3. 9, (164}
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is 0.1100.

Figure 9 displays the neutron distribution for & = 0. The
appearance of the non-equilibrium '"tail" is shown clearly. The
actusl values of n(:g) in this curve are not as reliable as the values
computed for non-zerc &. The neutron conservation nermalization
of {terates is not possible for & = 0 because of division by &, For
the computation of figure 9, iterates were normalized to maintain the
maximum value of n(x) constant, & Maxwellian is drawn on flgure 9

to illustrate the gqualitative deviation from an equilibriuvm distribution.

Comparison with Experiment

| Two experimental values of neutron distributions for thermali-
zation by zirconium hydride are reported in the literature by Beyster
et al,, (24). Both experimental values are measurements in Zz'HL 5
OUne measurement is for an unpoigoned azssembly 0, = 0.49 barns per
hydrogen atom and the second measurement is for a boron poisoned
assembly, o, = 4.95 barns per hydrogen atom.

Using large scale plots of the experimental observations

furnished by Beyster, a comparison of the single energy oscillator
model (m=l) is possible. The @xperimemal guantity measured is the

neutron flux per unit energy,

M E) = va(E). (165)
Because of the Jacobian of the transformation from energy to speed
variables '

PE) = %,% ' (166)

where my is the neutron mass which is unity in the system of units
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employed in the thesiz. In terms of dimensionless variables used for
the single energy oscillator model |

$E) = cgn(x) {167)

= E_x°,

where Eo is the oscillator energy. The constant c9 is not relevant, for
the neutron distributions may be arbitrarily normalized. Therefore the
distributions of figure 7 or 8 may be compared with experimental neutron
flux distributions by plotting them versus onz and adjusting the ampli-
tude. For zirconium hydride the experimental value of Eo is 0.137ev (16).
For & = ca(v)v/(os'\/-z_fiﬁo)z 0.10, figure 10 showe a comparison of the
computed distribution of the single energy oscillator model with the
experimental distribution. The amplitude of the single energy oscillator
model neutron distribution was adjusted to coincide with the experimental
results at 3.425 ev. The computed value of &, using a scattering cross
gection of 2@.36 barns for hydrogen and the reported value 0,= 4.95
barns/hydrogen atom, is 0.104. The effect of an addition of 0, 004 to &
is not discernible on the plot of figure 10. Thermalization by zirconium
atoms is neglected. 4 measure of the effectiveness of a material in

slowing down neutrons is a quantity known as the moderating power (13),

NEo, (168)

where N ig the atomic density and § is defined in equation 157. The

ratio of this quantity for hydrogen and zirconium is, in ZrHI 5 »

Nty 5(1)(20. 36)
.I‘-‘ - o o ° -
L STy = 2316 (169)

Zr Zrﬁszr
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80 that hydrogen is much more effective in the thermalizing process
than sirconium.

The broken curve in figure 10 is the neutron distribution
calculated from a modification of Nelkin's water model scattering
kernel (3). In the computer program calculating thermalization using
the Nelkin scattering kernel (25), thermalization by zirconium is
neglected. |

The dip of the experimental curve near 0.14 ev is the quantum
mechanical effect of restricted energy transfer which the classical
oacillator model cannot display. Similar distortions of the experimental
curve are barely visible at 0.27 ev and 0.41 ev. Such effecté might be
simulated with the classical oscillator model by superposing the single
energy oscillator solutions for nEo, n=l,2,..., with the amplitude of
the individual solutions weighted by the Boltzmann factér expl-nE @/k?)
and the statistical weight of each state. This procedure could be
accomplished by uelng a single solutien of figure 7 and appropriately
adjusting the dimensionless speed x.

Figure 1l shows a single energy oscillator model neutron density
curve compared with the other experimental curve given by Beyster
(cax 0.49 barns/hydrogen atom). The calculated experimental value of
A is 0.130 and the value of &= c&vfds“\[a‘%i_i-ﬂ}@ used for the single energy
oscillator fit is also 0.130. But in this case E@ was not taken to be
0.137 ev. Instead a value of EO: 0,091 ev was used. It is felt that in
this case the experimental neutron spectrum is not representative of an

infinite medium., Deyster acknowledges the effect of a finite agsembly
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on the distribution in his article. No exisiing theory can account for
the shift of the neutron distribution for the order of magnitude difference
of absorption between the two experiments. The effects of a finite
assembly are more pronounced for small absorption. In the less
absorbing experiment the mean free path to absorption for a neutron

is ten times as great as in the experiment containing more absorption.
Consequently, the escape of neutrons from the assembly te much

more important. The qualitative effect of neutron escape is to '"cool"
the distribution, that is, to shift it in favor of lower speeds. This

shift is reflected in the smaller vaiue of Eo uged to fit the experimental
curve with the single energy oscillator model. The good qualitative

fit obtained indicates that application of the oscillator model may be
regarded from another viewpoint. The model may be regarded as &
single parameter (Ec»; fit to experimental data., (If the dependence of

4 upeon Eo is ignored a two parameter fit is possible.) The availability

of only two experimental distributions does not permit testing of this

potentiality,

Averaged Energy Harmonic Oscillator Model

Figure 12 displays the computational results for thermalization
by the averaged energy oscillator model with a hy&i‘ogen oscillator.
For comparison, the dotted curves represent solutions of the mona-
tomic hydrogen gas model equations (reference (1), Appendix B) for
the same values of absorption. Eoth sets of curves approach the same
values for large x. The monatomic gas model curves are peaked near

x= 1.0 a3 is a Maxwellian,
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Figure 13 shows the variation of the neutron distribution com-
puted with the averaged energy model for atoms of different masses.
The masgses 2, 9 and 12 represent deuterium, beryilium, and carben,
respectively, corresponding to materials actually used in nuclear
reactors. The main variation of the cuives is in the asymptotic
approach to 1/€x” (fig. 13b). This implies that if the quantity & _=4/¢
were held constant in & calculation the curves should be practically
identical after suitable normaealization. * If this supposition be trué, the
mass dependence of equation 128 is effectively restricted to the mass
dependence of € {equation 157). That this observation is valid is sur-
prising when the detalled mass dependence of equation 128 is examined.
Some support for the conclusion is given by considering the constant

o (=)=
& m-——-g—«—-a , (170)
: ° %%

‘-#&hich contains the three intrinsic parameters describing the thermalzing
medium. However, 7 is the mean logarithmic energy decrease for
neutron gcattering by motionless atoms. And it is the effective decrease
of € due to thermal atomic motions which increases the amplitude of
the neutron distribution in the thermal range.

In the approximate differential equation describing thermalization

v

by a heavy monatomic gas (2), z;k@ is the only parameter appearing.

oy

Ihis approximate equation is derived by an expansion in inverse powers

Py

p%g"'ﬁ
&

he quantity appearing in equation 128 is then & . Instead of £4=0.01
for all m, @.@% 0.0 for all m and €4 = 0,01 for m=1, €& =0,00725 for
m=2, etc. In sffect decreasing values of & are used for increasing m.
Decreasing & increases the value of the maximum of n(x) relative to
the asymptotic value of n{x}).



-
S
- ,1,’_. o

e L

N

= .

D

[ R REEEE R

: : . o i [ : o
PRy g S RS AR -

FE

b
A e R
N

i

|

0| pIMENSION
T Figure 134,V

i
N | .
RIS bt
RSN
; :

i['

sriatidn of tl
I . .Averagegd ene

T

St e s
[OS ——

o
| ESS

SPEE(

e Tieutron dl
rgy oscillatg

ORI B! [
. ! ' ASEAR AP L
i

{
b i -

istribution v
r model,
o ‘ N

Pl

SO IO S

""}M:i




T
B T T NS ww - Lo =
: S IR S _
| . - . bl _
a _
Lo
Ll | i

4

I T

T

et o e

|

S

neutron distribution with mass. =

y oscillato} model.

“DIMENSIONLESS SPEED X

) s} S
i i ; T
o -
=
i e —_— B
. : £~
B S - o .
o6
L
>
<

'

'Figlure 13b, Variation of t

|

s

[S2 3 I b}

SNOISIAIL 04 X S3ITDAD €
CHUB D N ¥l TOD EISRL R TN EN FY 4




of the atomic mass, neglecting terms of 0(-—}-2—) . (See Appendix B.)
For the results of figure 13, the dépenﬁenceﬁp@n &0’ seems to hold
even for m=2 which is not a large mass.

The shift of the peak of the distributions of figure 13 to larger
x with increasing mass is in qﬁaliﬁative agreement with comparisons of
the monatomic gas model for m=] and m >>] made by Hurwitz and

Nelkin (23).

Effective Temperatures

Ag indicated in Section III, if the meutmﬁ distributions of the
averaged energy oscillator modsl are to be characterized by a material
temperature, an eﬁec’tive temperature must be used. That is, if for
very small absorptions the neutron distribution is a Maxwellian, the
peak of the distribution corresponding to the most probable neutron
speed is near x=l. In the scale emploved for figures 12 and 13, x=1
represents an energy kT, or 0,025 ev for T= 300°%, The distributions
of figure 13, however, are peaked in the neighborhood of x = 0,72
(m=9 and 12) corresponding to 0.013 ev at T=300°K, If the effective
temperature suggested by the average energy of the oscillator sp@éd

distribution is chosen,
T =27, (171)

the peaks of the two distributions of figure 13 correspond to neutron
energies of 0,026 ev. The effective temnperature chosen in 171 makes
the average energy of the oscillator speed distribu?;ion (equation 123)
correspond to the average energy of a Maxwellian atorn speed distri-

bhution.
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A different choice of an effeciive temperature is perhaps more
physically plausible. For the Einstein and Debye models of crystalline
solids, characteristic temperatures are defined for the prediction of
specific heats. The motion of atoms in the Einstelin and Debye models
is Maxwellian, but the temperature characterizing the digtribution is
not the material temperature (Lamb (26) ). The relations between this
temperature, the material temperature and the characteristic Einstein

or Debye temperature are given by Dresner (27).

# 1
TEw 3 © geoth( @ /27) (172)
£ 3 ; x@ .
] = -—ﬁ—-f dx x-coth f) . - (173)
0

where 0. and © p are the Zinsteln and Debye charactez'isti;. tempera-
tures. For material temperatures large compared to © g or ® D
these effective temp@mﬁuma approach the material temperature. For
materials with small @E or © oy then, the effective temperatures of
172 and 173 would be near the material temperature, But bervllium and
graphite have anomalously high Einstein and Debye temperatures near
1606° K (14). Taking © == 1000°K, 7= 300°K, gives T’;: 537°K, With
this temperature the peak of the distributions (m=9 and 12) of figure 13
corresponds to £ = 0,023 ev,

Thus for beryllium and graphite, the use of an effective material
temperature for the averaged energy oscillator atomic model places
the most probable neutron energy near the most probable neutron energy

of a thermal equilibrium distribution. (As long as the material
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temperature is not much larger than 1000°K.) Such a conclusion is

not true of the heavy gas atomic model {(2) which predicts a most

probable energy near kT using the material temperature. If the Einstein
or Debye atomic model were used to provide an effective temperature

for a Maxwellian atom speed distribution in beryllium oz graphite, kT’ﬁ%
would be too large in the heavy gas model unless the material temperature
werehlarge commpared with the Einstein or Debye temperature.

Altﬁoﬁgh the use of an effective temperature may be used to
interpret the most probable energy of the neutron distributions of the
averaged energy oscillator model in the above manner, the detailed
nature of the distribution differs frdm a thermal equilibrium distri-
bution, Thig difference may be seam' for mﬁ in figure 12, where for
small values of & the dotted curves are nearly Maxwellian in the range
0Sx<2.0, Itis this detailed difference in the diétributien that repre-

sents the internal structure of the averaged energy oscillator model.

Conclusions

The oscillator models developed in the thesis represent atomic
motions which are only crude approximations to actual atomic motions.
The energy exchange scatftering cross sections derived from the models
do not satisfy the principle of detailed balance so that the equilibrium
neutron distribution described by the models is not Maxwellian, Never-
thelegs, the models represent an attempt to account for the effects of
chemical binding., The attempt seems most successful in matching the

experimental neutron distribution in zirconium hydride, a material for
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which the effect of chemical binding is pronounced. The apparent
success in zirconium hydride may, however, be coincidental. The
experimental data may be unreliable, particularly because of neutron
leakage from the finite assembly. The prediction of the neutron
distribution in another metal hydride for which the hydrogen atom
energy is well defined would be a much more satiafying test of the
gingle energy oscillator model. Unfortunately experimental results
are not available.

More experimental results are needed, too, to test the
possgibility that the single energy oscillator model could be considered
a parametric fit to observed distributions. At least three measure-
ments would be needed to c:/alibrate parameteré.

The averaged energy model developed may not represent the
most suitable cholce of oscillator energy distributions. The distribution
chosen in the theslis is used to illustrate the method. The actual model
used provides neutron distributions which are qualitatively interpreted
in termsa of effective material temperatures. Again, experimental
measurements are needed to test the appropriateness of these
temperatures.

In either the case of a parametric fit or the choice of an
effective temperature to compare tneoretical distributions with experi-
mental distributions, the advantage to be gained from the models of the
thesis would depend upon the prediction of a yet unmeasured distribution.
For once a representative distribution were obtained, it might prove
more ac&vé,mag@mﬁa to fit an analytic function to it rather than to use thg

models of the thesis.
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A disadvantage of the models of the thesis is that they are not
miore amenable to analytic sclution. Although this disadvantage is
inherent in all thermalization models except the heavy gas model, a
simple model to account for chemical binding which could be handled
anglytically would be of great practical utility, For the estimation
of reactor characteristics dependent upon the thermal neutron distri-
bution, e.g., the temperature coefficient of reactivity, numerical
selutions are of limited usefulness because the dependence upon
parameters ig disgulsed. An extension of the models of the thesis to
the nroblem of spatially dependent distributions would necessarily
require nummerical solutions.

The models of the thesis seem most applicable to svstems in
which the thermalizing atoms are strongly bound. It is in these
systems that the neutron distribution deviates most markedly from an
equilibrium distribution even for small absorption. Conseguently the
actual neutron distribution is most important in these systems. The
models of the thesis, despite the numerous, and sometimes crude,
appr@xﬁmaﬁimm made, provide a meang by which strong binding can

be taken into account.



DETAILS OF THE CALCULATION OF P(w-wv)

1, 1

With the assumptions made in the text of the thesis F(w-v)

is defined by

@(Qv*v} - (mtl)v :nf dudubi{n

u) ;
4 v : (£-1)
c

In this appendix, the above expression is evaluated for 2 variety of
atora speed distributions M(u) and the details of the integration in the
u-v plane are given. Integrations on v can be performed without
knowledge of ¥(u) and the first section of the sppendix is devoted to
this evaluation. The second section contains a completion of the
avaluation for a monatomic gas atom speed distribution. The inte-
grations for the gas atorn speed distribution are given here for three
reasons: 1) the integrations do not appear in the literzture, 2) the

general techinique emploved is applicable to the atormic models of the

thesis, and 3) there is an essential corplication introduced by the

- models of the thesis which is highlighted by comparison with the inte-

grations of the gag model. The third and fourth sections of the

appendix are deveoted to the evaluation for the two models of the thesis.

I-4, INTEGRATION GF f diafv
&

& hen the change of variable

w=u {&-2)
o N 2 2
v = 2wy T (meliv -w™),
is made, the condition that v = v ig the hyperbola

TIaR
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mu” - — = vo-w, (A-3)
drav

and the lines y = * 1 become the lines

e+ 1 v = 2mwa 4 (m-i)(vznw2§

TR ve 2mwu + (m-!)(vznwz), (A-4)

The cases of v > w and v < w are considered separately.

Neutron Jpeed Gain: v > w

When v > w the positive branch of equation 4-3 is shown in
figure 1. The lines u = % 1 intersect the v axis at v 2 0 (Point (a) ).
The lines (A-2) intersect the hyperbola (A-3) at
. fmtlv-{m-1)w

) (A-5)

- {m+lvi{m-l}w
u = .
P

point (b) u = -1 u

point (c) u= +1

which are positive values of u when v > w. The minimum peoint (d) of
p £

the hyperbola is

u = oy o, {£-6)

The u value of the intercept of the line y = -1 (point (&) ) is

Z 2
= (m-lé(;vgw § N (f‘i‘?»

u

This value ig less than the minimum point {d) of the hyperbola when

2 .
(m—l)z(v“’awzk Qmwz,

or ) (&-8)
{m-1l)v < {(m+1l)w.
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When this criterion is satisfied there are three subregions of inte-
gfatim‘x as indicated in figure 1. The u boundaries of these regions are,

introducing the notation a = {m+1)/2m, ¢ = (m-1)/2m,

VZ WZ :
I £y % avecw
1l av-cw S u £ avtew (A-~9)

111 avitew % u £ 00 ,

Whem criterion £-8 is not satisfied, that is when

cv > aw, (A-10)
subregion I vanishes. The u boundaries of regions II and III remain
the same. The boundaries on v are the hyperbola in subregion I, the
line y = -1 and the hyperbola in subregion II, and the lines y = ¥ 1in

subregion IIl, These values of v are

I: <2v fmzuz-m(vz-wz) £v s Zvv mzuz-m(vz-WZ)

iI. Zm[c(va-wg}-mm] £Svs Zvv mz'uzum(vzswz) (£-11)
III: Zm[c(vg-wzﬁ-wu] Svs Zm[C(VZ-WZHWJ ‘

In terms of the variables of equation A-2 the relation of

equation A-l is

2 n A ‘
P (m+§) v | d“‘;f(“’ {‘ dv {&-12)
W

&
4m-w 2 V wg*i’mzuz-(mol)(vz-wz)—%-v

where v, contributes the extra factor of m+l and the Jacobian of the
variable change produces a factor 2mwu. The indefinite integral of

the v integration of 4-12 is
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Vw2+m2u—(m-1)(v2—wz)+v . {A-13)

Evaluating this term with the v limits of equation A-1l gives, after

some algebra,

L v+ V mzuz-m(vz—wz) - v—-\/ mzuz—m(vz-wz)
I v +V mzuz-rn(v2 ~w2) - mu-—wl (A-14)
IIT: mutw - mu—wl .

The relative magnitudes of the quantities in A-14 which may be
negative are determined below. In subregion I, when it exists, the

assumption of the inequality

2., 2 2
v >-\[m2u2-m(v2~wz) implies that u2< A4 +m(v2 -w ) . (A-15)
m

But when subregion I exists, integration on u contributes in the range
u < av-cw, (A-16)
and if this upper bound of u is less than the value of u of equation A-15

then the assumed inequality of equation A-15 is valid. Now

2 2 2
(av-cw)® <Y +m(‘2’ ~w ) (A-17)
m
is
fcv-aw)2 < 4V2. {A-18)

When subregion I exists, cv < aw, so equation A-18 is

aw-cv < 2v,

or
w < V, (A—lg)

which is the situation considered. Thus, when subregion I exists,



Z, 2 2
v v ew

uz < (av-cw)z < )w V mzua-m(vz«wg) < v, (A-20)

m

In order that gsubregions II and IIl contribute to the integrations, u

raust be in the range
u > av-cw, (A-21)

and av-cw is greater than w/m when v > w so that

u > avecw > w/im &> mu > w, {A-22)

With these considerations the evaluation of the v integration is
complete and by substituting eguation A-14 into equation A-12, P(w-v)

becomes, letiing (sﬂ+l)2v/(»§:m2w) a A,

avecw

P=z24a r du &éﬁ mzuznm(vz-WZ}
%v%cw
‘ m]
+ A J du %%(&2 [ viwt V mzuz-m(vz-»wz) -mu] (£-23)
ave-Ccw
Qo

-%-ZAWI du M(z) fv>w.

aview

When cv > aw, subregion I does not exist and the first integral of A-23

. must be omitted.

Neutron Speed loss v £ w

When v € w the positive sections of the hyperbola of equation A-3
are shown in figure 2, The lines (A-2) intersect the v axis at v£ 0
(point {f) ). The lines (A-2) intersect the hyperbola (4-3) at the

positive values of u,
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point (g) u= -1 u=av-cw if av > ¢cw,
U=+l

#

CWeav if av < cw, (A-24)

aview .

1]

point (B) wus=+1 wu

If av < cw the line u = -1 does not intersect the hyperbola at positive u

and the subregion I does not exist. The u boundaries of the subregions

are:
I 0SS u%avecw
IL: Iancwl € u < avicw (A~25)
111 avicw S u € @ .

The boundaries of v are the lines (4A-4) in subregion I, the hyperbela
and the line y = +1 in subregion II, and the branches of the hyperbola in

subregion III. These values of v are

I -Zm[uw-c(vzowz)] Sys 2m[uw+c(vznwz)3

I —Zv-\fmzuz-m(vz-wz) Sv e Zm[uw+c(v2-wz)] {(A-26)

Il =2V mzuz-m(va-wz) svs zﬂ/ mzuz-m(vz-wz) .

The results of the v integration are very similar to equation A-14

except that the regions are labeled differently. They are

I Wb Y - lw-mul

1. w4+ mu - I-\/ mzuzem(va-wz) -vl (A-2T)

I v + szuz-m(vg-wz) - szuz-m(vz-wz) -y

Agaln the relative magnitudes of the quantities which may be
negative in A<27 must be determined. In subregion I, when it exists,

the integration on u contributes when u ig in the range
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U <€ avecw , (L£-28)

and avecw < w/m when v < w which is the situation here considered,

Thus
u<ave-cw<w/m=> mu<w. (&4-29)

In order that subregions II and III contribute to the integrations u must
be in the range u > |av-cw| . HNow (av-cw)z is greater than
[vz-&m(vzawzﬂfmz when

(aw-cv)® > 4v2, (£-30)

and aw ie always greater than cv when w > v so that 4-30 becownes

awecv >2v, or w >v. Thus the inequality

2, , 2 2
y +m(§ -w_) < (av«-cwba <u2, (4=-31)
m
determines that
v < -\/ mzuz-m(vzswz) . {£-32)

Therefore the ordering of the magnitudes of the expressions in equation
A-27 is as written and the substitution of the evaluated v integration

into equation A-12 gives

avecw avicw
P=z2mh Iduf&ﬁ(u) + Aj gl%yiigi[v+w*munvrmzuz-m(vz-wz) ]
0 lav-cw]
‘ (A-33)
o0
+ va’&j\ du M;u) ifve<w,
avtow

where the first integral is omitted if av < cw,

It is apparent that a symmetry exists between the relations for
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vEwandv 2w, Apossibility that is not apparent is that the vanishing
of the subregions I may not affect the non-zero values of Plw-w). How-
evér, the vanighing of the subregions does determine the point at which
P becémes zero. 1hese observations are made more specific in the

following sections.

II-A. P(wev) FOR A MONATOMIC GAS ATOM SPEED DISTRIBUTION
The normalized distribution of atom speeds for a monatomic
gas is a Maxwellian:

3/2 2,2

bBuZ@-mu b

. 4m
Motu) = -

b” = T (A-34)

0su<goo.,
With this speed distribution the first integral of equation A-23 is,

weiting B = 2/ {f7 A),

BV-CW 2.2
4m3/%35 B [ awue ™ Vi), (4-35)

B

which with the change of variable,

muz-(vamwz) = tz/bz 0

becomes

2. 2 2 ﬁb(aw‘»cv) 2
4mBe P (v =w") f el et (A-36)
0

and the integral coatributes only when aw > cv when subregion I exists,
The remaining integrals of equation A-23 are, after the same or

simpler changes of variable,
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Z\/?ﬁb(aw+cv) 2 Vmblav+cw) 3

-w ’f dt tPe~t + 28(v+w) VEDb | dt te”t

Vmblaw-cv| Jmblav-cw)

2, 2
2mBe”? v

Vmb(avtev) 2

[ o]
+4Bwvab‘f dtte”t - 28m JP dat tPe™t | (£-37)

Vmblavicw) Vmb{av-cv)

The limits of integration are similar to expressions defined in the text

of the thesis:
alv, w) = bym (av + cw)

Blv, w) = b m {aw + ev)
u{v, w) = b Jm (av - cw)

(£4-38)

My, w) = bVm (aw - cv) ,
The integral of equation A-36 is

b
2,2 2 2 3 2,2 2 2
2mBe P vV =W} fdte't -te't] =2mBe”P (V=W B[m)-m"" ] (A-39)
0

where I(1) is an unnormalized error function. The integrations of

equation A-37 give, in a similar fashion,
2, & 2 2 2
mBe™? (V=¥ ’[I(S)-ﬁ»e‘ﬁ + A e -x(lxl)]
‘ p aﬁz &Z DLZ
+ Blv+w) Vmb [e C e ] + 2Bwymb e” (A-40)

2 2
~mB[I(m)-I(n)-me'a + ne ] .

The expressions of A-39 and A-40 are to be combined when

A>0, i.e., when aw > cv. Using the identities
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xz+ bz(vz-wz) = 3 ( "
Lmd
@Z.‘_ bz(vz_wz) - aZ )
the total is
{ b ’ [18) + 100] + 300 -1(3»}
% ['\/r_nb(v-rw)-m(x'i—n) ] {A-42)
, .
+ Be™® [m(a-ﬁ) + \/?x'ab(w-v)] .
Since
mi{i+x) = Vmblviw)
(A-43)
mla=-B) = /mblv-w),
equation A-42 is
| 2,2 2
P = mB {e"" v"ew ’[I(ﬁ) + 100] ~ 1x) - I(a)} (A-44)

- when v>w
and CY < aw .
Now if cv > aw and A < 0, only the expressions of equation A-40 need

to be congidered. These are
-bz(vz-—wz)
P = mBie [1e) “1(-1)] + 1) ~Me)

2
+ Be™ ™ [mb(vm)-m(xm] | (A-45)

2
+ Be™® [m(u—ﬁ) + \Jmb (w-vb]

or

2 ‘2- 2
P= mB{e‘b (v7-w ’[x(m -x(-u] + I(n) -I(a)}. (4-46)
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which is the same result as equation A-44 but only because the error
function is an odd function. Thus the vanishing of subregion I does not
affect the final result for P when the atom speed distribution Ma(u) is
used when v > w,

When v < w, the integrations of equation A-33 are very similar
to those just performed. Again the first integral should be considered

separately. It is
av-cw
2mA | du Mc(u) when av > cw (x> 0), (A=47)
0

and when integrated is

ZmB[I(n) -ne‘”a] . (A-48)

The remaining terms of equation A-33 are, when evaluated,

2

2
1(8)-Be"" -I(1) + re™? ]

2, 2 2
-mBe"b v ew )[

, 2 2
+ Blv+w)mb (e“‘“ e ® ) +2vEB Vmbe ™ ? (A-49)

aZ - é
+ mE[l(a)«K(lnl)oae- + Il e ® ] .

When av > cw (»n > 0) combining A-48 and A-49 gives
o 2,2 2
' mB{I(K) +1a) + 7> ) 1y -ms)]}
Z
+ Be™* [mbmw)-mum] (4-50)
2 ' |
+ Be 2 [m(ﬁ«-a) +-\/r—nb(v-w)] .

or, with the terms multiplying exponentials vanishing,
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' 2, 2 2
P=mB{ 16+ Ia) +e™® ¥ 100 e ]}, (A-51)
When x < 0 equation A-49 slone is
2, &2 2 ‘
P= mB{I(a)J(—x) + a-b (v"ew }[I().) -I(ﬁv)] (A-52)

which is the same value as equation A-51 because -I(-%) = I{x), and
the vanishing of subregion I does not change the result.
The total result for P(w-v) for the Maxwellian distribution of

atom speeds iz thus

Plww) =

2, 2 2
-—J%maz 2 {e‘b (v7-w ’[I(@mm] ; I(a)-I(a)} ifwsv
(A-53)

S

' 2,2 2
maz -%- I +i(a) + e"b tv”ew )[E(X)-E(ﬁ)] wzv,

The form of P is very much simpler when m=l. When m=l,

a=l, ¢=0, a=zu=bv, and P=)zbw. Eguation A-~33 above reduces to

2, 2 2
4 @-b (v -w )I(bw)

Plw=v) = -;:%. wEv
v w (£-54)
4 v
Plw=v) & == —— [{bv) w2V,

Equations A-53 and A-54 agree with results given by Wigner and

Wilkins (1).

II-A, P(w-w) FOR THE SINGLE ENERGY OSCILLATOR MODEL
The atom speed distribution for the single energy oscillator

model ig
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M(1) = —eeeeee i£0SusU
w Vut? (A-55)

BO i£U<uo

The finite upper bound U of the oscillator speed distribution restricts
the integrations of equations A-23 and A-33. P(w-v) thus has different
forms depending upon the magnitude of U relative to the u values which
characterize the various subregions of integration. In addition,
restrictions are placed on the w integration of the integral equation;
For example, if w < ¢cv/a, subregion I does not exist and Plw-v) = 0

if U<av-cw. Thatis, the lower limit of integration on w is (av-U)/c.
The latter quantity is positive only as long as av > Uor v > U/a so
that the integral equation itself has different forms Jepending upon the
.magnitude of v relative to U and the atom mass., The detailed con-
sideration of this fractionation is deferred until specific values of
Plw-w) are obtained.

Three different integrations occur in equation A-23 and A-33.

With the speed distribution A-55 these are

I = r du__Zgaply (A-56)

1

an

_\/____
I s%j‘ - -a'r%’ sech” T (A-57)
.\/—— ;

and

2 2 2 2
1 zg_f du'\/mu -y ew ) . (A-58)

u V Uz-uz

With the substitution
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2 o)
¢t = [243 Ny = , (A-59)
7™

2 tzﬁz-m(vz-wa)
o=
2. & *
t +m

or

13 becomes

2 . mz m(vzowz)
Ig=5 J S 2 SN
t“4+m U % mlv " -w )

2 -1t V *m(vzow'?'} 1 U

ﬂ-.E mtg - - 7 tgg,_f‘ . (A-60)

V m(vZ - wa)

. The various forms of P are denoted by the following shorthand

notation:
wE v
Pag(.—?(}): when U € avecw if w € cv/a
VZ“ Z
when U € 2. i wzcv/a
' v -WZ
Pl : S U < av-cw (A-61)
g M
20 avecw = U £ gview
g
?.33 : avicw s U
g
WY
PO‘L(?«?O): U < cweav when w 2 av/c
Pu: 0sUSavecw when we av/ce (A-62)
Py |av-cw|s U s avicw
P aview £ U ,
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In A-6l and A-62 the au&scripts g and 1 signify neutron speed gain and
loss. Using equations A-23 and A-33 and the indefinite integrals Il‘ EZ’

and I3 the terms of equation 4-61 become

[¢ o]
P, = 24l e 2A|m- Vin(y?-w) (£-63)
lg =~ 3 B : D '
t=0
tm-\x‘[n(aw-cv) t=00
2 2
e V U ={av-cw)
PZg = ZAIB + AIB
%2-(av~cw)2
uzU U
+ A(v+w)lz GmAII .
USAV-CW U= av-Ccw

At this point the vanishing of subregion I for neutron speed gain must
be considered. If the subregion doés not contribute {(aw-cv < 0) the
term ZAI3 in A-64 should not appear. However, since 13 containg only
odd functions the remaining term in 13 ig, in effect,

m{aw=-cv)

t= t=n

2 2
-\[U “(av-ew)” . g . (A-65)

MS 3

But this is just the contribution of both terms in 13 when aw-cv > 0,
Thus the vanishing of the subregion is accounted for by the change in
sign in aw-cv., The same observations apply to Psg below., %When

avaluated 2%32 is
g
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24 -1 AW=CV -] avecw

—--—ﬁ m tg
VUZ-(av-»cw)Z

Vm(vznwz) -1 UVm (aw-cv) W (A-66)

44 tg 3
VZ»WZ VUZ-(aV«cw)Z

+ m 8in

.

+ - -
LY W oech 1l ave-cw .

PBg is, symbolically,
t= mi{aw-cv) t= mf{awtev)
P =241 -\/UZ-(é;v»c;w)2 + AL V‘UZ-(av%w)Z
3g 3 3
¢=0 - m|aw=-cvi|
'\/ 2 2 )
U <(avecw) (£-6T)
usaview usavtcw uzl
-%-A(v-i—w)lz ~mAKi +ZAIZ .
UZAY=CW USEV=CW uzAv+ECwW
and when 'evalua.ted is
Png%é'ﬁ m tg--l AW=CV +m sin°1 aveew . tg'l awtev
VUZ-(av-cw)Z -\E’JZ-(&V*{PCW)Z
-V’_z__a .
-] avecw mlv -w ) -] Uafm {aw-cv)
- main v - e tg
v U Vo AR 3
v =W U ={av-cw) .
4+ gpl U+m (avicw) viw -l aveew  wev -1 avtcw
tg e sech = sech ; o
sz-wz ‘\/Uzw(av-%cw)a (4-68)

The expressions of equation A-62 are evaluated in 2 similar manner.

Because w is now greater than v the indefinite integral 13 should be



meodified slightly.

2 2 2 2
=2 |a m _ mi{w" v}
3 = 2 r) e 2 &@2

t4+m m{w v )
(A4-60)
2 -1 ¢ Vm(wanvz} l Vm(wZ-VZHUt
2|ty e - in o
T ™m 2 53
mi{w =v )=Ut
Pl:t is, using equation A-33,
u=lJ
PEL = ZmAIL = 2méh, ' (4-69)
us=0
and le’ is
u={lav-cw) u=U us t=co
PZ.{,z Zmﬁil + mAIB' +A(v+w)la -313 (A-T70)
uz( Uz |avecw| u= |av-cwl t= m{aw-cv)
szo(av~cw)Z

Again, t}‘aé vanishing of thé subregion I does not affect the above ex-
pression when av-cw is allowed to change sign in the integral Il’ Howe
ever, the modulus of av-cw must be used in the integral Kz to keep the
inverse hyperbolic secant defined, Thie is consistent since the inte-
gration for I, only occurs when u 2 0. The same results hold for Py 2

below, Evaluating equation A-70 gives

P ZA e b bd bd -
Py, =5~  msin Eﬂﬁi— mtg 1__aw-ey (A-T1)
2 2
U elav-cw)
1
-\/m(wz _VZ)'+ Um{aw-cv)

viw @ech'g’ lav-cwl _ Vm(\vznvz) mn UZ-(av-cw)Z
C 4] 24U ‘ -v 2 2. Umfiaw=-cv)
ml{w «v =

UZ-(av‘cw)z
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The last term in equation A-71 can be arranged to compare more

closely with PZg‘ The ineguality,

Vm(wg_vz).( Uml{aw-cv) , (4-72)
Vﬂ2~(av-cw)z

holds because

m(w2~v ) < U Lo (aw—cv) {(£-73)
-(av«cw)
is
«(aﬁv-cw)z m(wz-vz) < Uzma(aw-cvbzaﬁzm(wa—vz): ﬁamz(av-cw)z,
or
“(wlev?) < UPm. (4-74)

Therefore the last term of equation A-Tl may be written as

2 2 .
+® v ew »coth"i =i Um(aw-cv} . (£-75)
Vm(vzswz) VUza(avmw)z
and
-1 1-it |, -} w
icoth ioit= L mm z { 1T “2 ta(-1) = tan t- 3 . (A-76)
Thus I'f"z g may be written
L 24 -1 av-cw .=l aw=Ccv
pZL“ T (msin " —p— + m tg v = = (A-77)
U~ ={av -cw) s
YW op-tlavecwl | Vm(v{’z-wgﬁ tg'i U Vmlaw-cv) =
U ‘ U 4] 5 5 =2
Y(v =) VU “{avecw)

——r
®

J

The last term is the same as if 13 had been integrated without modifi-

cation and is real.
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P,, is symbolically

32
us{av-cw) usav+ew zavicw
ZmAI].L + mAiI + és(v+w)§z
u=0 us javecw| uz lav-cwl
(4-T8)
t= mlaw+ev) 7
2 2
t= m{aw-cv) usavicw
-\/ﬁz-(av—cw?a
and, when modifications are made as for Pzt. is
2A ._~1 {av-cw) .=l avtcw -1 aw=Cv
P3L=—;;— m gin T—»-&msm + m tg _\/ > -
U w{av-cw)
-mtg‘l {awt+cv) + v%w sech"l lav-ewl , v-w sech'g avicw
VUz-(&ercw}z 4 {(A-79)
V m(vz-wa) -1 U @ (awecv) -1 U+/mlawicv)
) v e Y 7
.\/vz—w2 -\/UZ»(av—cw)Z V;y - -\[U “s{av+ew)

The P expressions above are all continuous at their various boundary
points.

To determine where the P expressions are applicable in the
integral equation a trial and error process is necessary. The process
is systematized below, but much of the initial confusion in such a
process is not indicated by the analysis. In general there are two

ranges of w relative to v in which the forms of P vary. These are

[N

A




OSswew
{(5-80)

vEws0,

In these ranges the relative magnitude of U and the u limits of inte-
gration determine ranges of v in which the integral equation is
applicable as well as intermediate ranges of integration on w, By
trial and error five ranges of v are found that make the inequalities

in the subsequent analysis determinate. These ranges are:

(a) 0svs U,

(b) UsvsUfa,

(c) U/agvs<aml, (A-81)
(d) amU = v £ mU,

{e) mUsvesao.

The analysis is begun for w < v and completed for the five ranges of

v before the analysie for w > v is executed.

(1) O0sw=xvy
() 0svs U
If U is greater than av + cw the applicable expression of P is

3g
U zavicws> ws U;av. (A-82)

but w £ v, and

U-ay

v = == v 4 g o (A“’83§

Further U 2 av when v £ U/a, but U/a 2 U go that this inequality is
satisfied. Summarizing,

wEv s Y-av

when v < U, (A-84)
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g0 that U 2 avtew and Psg is the correct expressionfor 0 S ws v,
©

Symbeolically this is

v
gdwmw)?3g . (A-85)

‘(e) UsvseUla

In this region, again,

U2avicw=> w< U;av , (A-86)
but
U;av g v when U £ v, (A=87)

80 that now E?Bg is restrictgd to 0 £ w < (U-av)/e, Now when

w 2 (U-av)/c, U 5 avtcw s0 that }?Zg is applicable if U 2 av-cw, The
last relation implies w 2 (av-U)/c which is valid v « U/a. T%ms the
contribution to the integral equation in the range of v and w is

U-av

v
c
‘J’. dwn(w)?sgw‘*- f dwn(w)}?’zg . (4-88)
¢ Usav
c
(c) U/asvsamU
In this range of v,
U >avicw s> ws U‘ff’" < 0, (£-89)

80 there iz no contribution from ?Sg“

U 2zaveew => w2 avc-U 2 0, (£-90)
and
M £ v => v £ mU. (A-91)

<
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But

v € amU £ mU, (A-92)
Finally,

U € aveew => w < @'"U . (A4-93)
and

M;Us %V; => v samU, (4£-94)

So that in the range of v considered the values of w provided by
equation 4-93 are € ¢v/a which is the criterion for the vanishing of
subregion I so that for U S av-cw there is no contribution to the
integral equation from plg‘ In this range of v and w the total
"contribution is

v
j dw n(w)?zg . {(4-95)

av-U
<

(d) amU £ v £ mU

In this range subregion I is present which contributes (Plg}
when
3-—%5\2—— £ U< avecw . (A-96)

Equation A-96 determines a range of w,

-\/v?’-m‘ﬁ S w Sﬁ%ﬁ . (4-97)

and va > mE}’z when 'VZ

b (amU)z 2 m@a where amU is the lower lmit
of the range of v considered. Now if

U 2avecw , (A-98)



ave.U and avc—U

then w a—-E-—u- £ v when v 2 mU go that Pzg contributes to

the integral equation. U cannot be greater than avicw for
U 2 avicw => WSE&'%Y’SO. (4-99)

The total of the neutron gain terms of the integral equation in this

range of v is then

mn;-U v
dwn(w)}?’zg ¥ f dWﬁ(W)ng . (A-100)
v emU av-U

e

(e) mUsvsaw

av-U

In this range 2v 2w and thus U £ av-cw and the only
contribution is from Plg in the limits of equation A-97. This is

v
fdwn(w)?w . : {(A-101)

&
v vz-mUz

(2) vEwEsEm®

The fractionation for this range of w is somewhat simpler and
& general discussion permits guick formulation of the integral equation,

P,, contributes only when 0 £ v < U, That is

32
U2avicew =>  ws 222¥, (A-102)
and
U-av 5 only when v < U . - (A-103)

c
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Py L contributes to all ranges of v. An upper bound for the w

integration of ?Z{, is determined when av < cw since

U 2|avecw| = U 2 cweav = w< d;av . {£-104)

The lower bound of the w integration ig determined by

Usavicws=> w2 U':’V {A-105)

when v S U only, and by

U2avecw => w2 az‘U (A-106)

when v 2 U, But

g%ﬁj 2vonlyifvamU, (~A-107)

Thus for U £ v $ mU the lower limit of the P,  integration on w is v.

1

pil, contributes only when w < av/c and the condition

U S avecw =>  w S a‘;“’u (£-108)

determines that Pi

g Gccurs only when (av-U)/c 2 v which is only when

v z mU.
The portion of the integral equation for w > v is re;resented
symbolically below,
(a) O0svsU

nc c
J dwn(w)PM 4 f dw n(w)P {A-109)

v . U-av
¢

2
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(b)e)@) Usy s mU

Utav
<
f dwn(w)PZL {(A-110)
v
(e) mU<v<a
av-U {tay
c c
jdwn(w)?u + fdwn(w)?z’!‘ . {A-111)
v av-U
e

The entire integral equation is summarized in Table I in the text of

the thesis.

IV-A, V(v) AND Plw-v) FOR THE AVERAGED ENERGY
OSCILLATOR MODEL

Ag is pointed out in the text of the thesis, V{v) and P(w-w) for
the averaged energy model may be calculated by integrating the
corresponding expressions for the single energy oscillator model over

the normalized distribution of atom energies

'\/E -5 [T
P(E_)E = ~&n Ise °  d4E, (A-112)
Ve (kT)
The process is cumbersome but relatively stralghtforward provided
due caution is exercised in choosing the limits of integration. When
P(wew) is calculated, a decided simplification occurs if a2 certain inte-

gration by parts is perfofm@d. The simplification is outlined below,

V{v) is calculated first. The integration to be executed is
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Vi) = Ao L P Vv, E ) "l (A-113)
V= ‘dE V. }E @ o -
Vv GTPIE e el T

It is most convenient to introduce the guantity
Y E@/k?m . {A£-114)
and the dimensionless speed
x= v/ Y2KT . (£-115)
In terms of these variables V of the single energy oscillator model

given in Section II of the thesis is

U = \2kT Ve
. , . 2
VZKT V{x) J@g [5 Voewx?s |6t £ @in"lg_-?f—-&- 2%_ gech™! -i‘m] (A-116)
. €

Ve P
0sxs\[e
5““; e
E\/Zki(:ﬂ“‘w) -\/Esx&m.
Equation A-113 is then,
¢
2
: stizé - el L evl1 [ cme | o2 ¢
V{x)= = fdeﬁe (X‘ﬁ'&)*ﬁ deece [5 €3 ?(65{'@'§)
0 2
. N
-} = sz =1 1
X 8in === ¢ —=— gech T — |\, {(A-10T7)
e Ve Ve
J

or with the change of variable ¢ = '&:Z



114

stlz Zf 2 mtz(x tz)

Vix) = dt te t 5 (A-118)

= %

G
2 2 2
2 2 -mt V.22 £ -lx  2x -1 x
+33-r dtt e [5 t -x +(@X+‘;§f") sin ?%‘TS@CE‘& 'E“] e

%

Both integrals are integrated by parts, integrating ge Tk and

differentiating the remalining terms. Since the integrals are continuous
at t = x, and since the integrated terms vanish at x = 0 and o, only

integrals remain,

i T S W V.22 -1x

V{x)= Idte : (x+2~e~)+mJ dt e [3 t“ex +2(x+T)sm w-]

NS %W
g X

(£-119)

If the first integral is extended to o and the contribution from x to w
subtracted from the second integral the expression becomes

Vin = —= g(x"""’) J’C“ -t [3 ¢2-x? -Z(&c-& Z)cm@ 1'355] ,

t
{A-120)
which is, within a conatant, the expression given in the text of the
thesis. 'Ehe expression of the thesis is consistent with the constants
appearing in P(y-~xz) there given.

To calculate P(w~v), the expressions derived in Section III of
this appendix are to be averaged over the energy distribution of equation
A-112. The process can be accomplished by starting with Table I of the
thesis and determining the limits of integration E, from the boundaries

of v and w, that is, by inverting the determination of the limits of the



single energy oscillator model integral equation; or the various
expressions for I derived in this appendix can be integrated in their
ranges of validity. The latter procedure is outlined below.

Before integrating, it is convenient to change to dimensionless

variab.les . leet

2 A _
t =e= EQ/kT. x=v/\Y2kT, vy=w/Y2kT, {(A-121)

and define
a(x, y) = /m (axtcy)
Blx, y) = Vm (aytex)
x(x,v) = Vm (ax-cy)
A, v) = Vm (ay-cx) .

(54)

The various expressions for P for the single energy oscillator model

can be written

-\/ 2 2
Plg = Z.&.m[l« -—Q’E-EZL] (£-63)
if xz-yzstsn and %Sysx
ng: Zim tghg b » + tg—l 3
V.2 V.2
'\/ 2 2
PN s, ') IPONTLS . DAL IE Si A PPl £ + X (£-66)
13 3 pl
t '\/m

'VXZ‘VZ '\/ EZ‘KZ

if.xsﬁisc&
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ifastseon .

2.2 V2.2 '} yzvtz 2
+Mseché’i+wsech°l% ifastsoo
t m tJ m
= 2mA ifos¢t=) (A-69)
and x £ ¥ € ax/c
2Am ¢ -1 % + tgul A
w ..‘( -‘,
tzoaz [ -na
V2.2
N ci35 4 BPUU ST XY (g7 L -3 (A-77)
t v Va2 2V
if n stsa
- Zi&m -1 -1 . S tg'i @ —tg-l g
: V.l Vol 2 ViEl?
502 ML W 1 I ¢ 202 1% (£+79)
t Vm tVm
2z 2
) th 2 [ 8 OV S )
Vg2V 2,2 -\/xzh‘yz VY (2.42



4 in the above expressions is azx/‘y and the limits on t were defermined
from equations A-61 and A-62,

?Exer@ are four regions of y in which the integration on t (E@)
is to be performed. The integrations and the ranges of v are indicated

below, omitting a common factor 2/V w .

G
2 2
2 -t & =t . cx
P g == e

Zfdtte ;.Zg'i'aj‘ﬂﬁt@r Pay if6sys=, (A-122)

o,

" a (¥

2 _ta e Z 2 wtg‘ \
2 dtt e P ZJdtﬁ@ PZ+Z dtt e P (A-123)
g o 3g
R &

V zzz-ya ifex/a =y 5 x,

”
Y 2 A 2

2 -t 2 -t° j’ 2 -t .

Z jdtt e E”u+2 dtt e '*E.L+Z dtt e Pg% {H=124)
0 % a
ifx=y=ax/c,
o
2_-tf

Zf&tte P +afd%t@ PEL ifax/ecsy S, (A-125)
]| a :

Equétimxs A-122 and A-125 are not applicable when m = | for then ¢ = 0
and the domaing of in&egfa‘ti@n disappear. However, if the integrations
are performed and then m is set equal to unity, the equations describing
thermalization by hydrogen are recovered. For a check on the
accuracy of expressions, the case of m=1 was derived independently and
compared with the resulis of the above integrations for m = 1.

The integrations above are more tedious than difficult. The

- integrations for vy £ x and v 2 % are almost identical except for some



118

chénges of numerical éigm Equation A-123 differs from A-122 only
by one term and eguation A-124 differs from A-125 by a similar term.
Since all the pij expressions in the integrands are continuous at the
limits of t‘. integrations by parts are indicated. In fact a single inte-
gration by parts will suffice to evaluate all the eguations, at least in
terms of integrals which cannot be further simplified. This will be
illustrated in the case of equation A-122 which is typical of the
remalinder of the equations.

Both integrals in equation A-122 are integrated by parts,

integrating te™t and differentiating tP, and tP, . Now ngg vanishes

2g 3g

at t = # {remembering that )\ is negative for y < cx/a); and at t = oo,
@"t? controls the remaining terms. Att=a, Pzgzz pBg and the contri-
butions are of opposite sign, Thus only ter:as that survive differen-
tiation contribute to the final expression. A surprising cancellation

occurs W“ment{:’ag and tpgg are differentiated. This is illustrated below

for tPZg’
tP, = wgﬁ;m ¢ tg”l A +t tg'l z ;
g 2 2 2 2 .
t - t =% (4-126)

w} 193 T
— £ tg > 5 a3
m -\/—; _VZ'\/ tz«x




d
tP =
T 7!

2Am

T V tz-—nz
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24m [tg-x RS S ]
7 ~ > 3 ——5
tz’nnz tz-nz
+2Am ¢ -3 _ .t ]
v — —~—s
t tzot!(z (tz-n2+k2) tZ_%Z
2,2 2 '
N (x+v) 1 + w a{e -y )

vm 22 [(xz_yz)(tzwzmaﬁz] Vi 2

The expression in the curly brackets is

E

(tzamz-ﬂ‘z) m

At S

2

or with
ey + Ly) X
Vm
24Am XBG.XZX -

w

MNow

2
%

VtE-

|

&

N 2 2vp.l Ly, (B &

£ en A (= =y WtT=u")+ 217t

2
xz’xa = Vzmxw ,

s0 that equation A-130 becomes

1 %2

%2 2 (xa - yZ )
Z

(xz—vzb(ta-mz)ﬂ,zt

%2}(};2_3,3) ] “

¥

which is

24wy -x7) [

a ¥ tz-nz

2A0m (32 -x%)

2ol Nty i

2 ey 2o nP) + (120 E 0%

w

i

2

-

[

Denominator

J
-

{(£-127)

(A4-128)

(A-129)

(£-130)

{A-131)

(4-132)

(£-133)



Therefore the contribution from the integral of ng is

28

o 2
= fdt et [tg'RmLm+ tg”]‘e-m»’im] .
% V 2.8 Y 2.2

The same sort of cancellation occurs in the differentiation of P%
. ‘ g

{A-134)

although the algebra is lengthier because there are three more

in B _ The o
arctangents in & 3g than in Pzg. The result for 3g is

X 2
zAmfdw-z [tg-l A
48

- + t@‘l R T——S &g‘l £ =tg~1 Q ] .
'V tZ;aZ 'V tZ_KZ V tz‘az V &Z“QZ

(£-135)
Ael34 and A-135 combine to give
2 2 2
Ply=) = Zfi::.; z fdt ent [tg-l 3 + tg‘l #, ]
# Y tz__%z Y tzonz
2. 2
+ am?fy X Ja et [tg'1 S tg"l ..._&..m] (4-136)
& V taemz V tz-—aa

if 0syscxfa

which is the expression given in the text of the thesis. The factor
2/ /T omitted in writing equations A-122 to A-125 is canceled by
multiplying the integral equation by ~Vw/2.

All the other integrals for the other ranges of v can be evaluated
in the manner shown above., The drastic simplification by a proper

integration by parts is typical of all the expressions. It is to be noted



that when y > cx/a, Pzg(ﬁ*z #) # 0 but is continuous with P!g. This not
only serves as a good check on the algebra of the expressions but
makes the distinction between the averaged energy model and the gas
model more evident. That is, the vanishing of subregion I in either
the neutron speed gain or loss case significantly changes the form of

Ply-x) in the averaged energy oscillator model when m > 1.
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APPENDIX 3

THERMALIZATION BY MONATOMIC GASES

In this appendix, the equations describing thermalization by
a monatonic gas are summarized. The basic work is due to Wigner
and Wilkins (I, 2). Although the work is the basis for much current
work in thermalization, the original papers are available only as AEC
reports. The notation used in the appendix is that adopted for the
thesis which is somewhat different from that used in the original work,

The normalized distribution of atom speeds for a monatomic

gas is /
. 3/2.3 , 2.2
M (o) = 2B Femm uh P (h=34)
Nkl VakT
if0=suso0.
The integral equation describing thermalization is
®
J dvaly)Ply=x) = alx) (Vix)+al, (8-1)
¢
with
o _(v)v
x=v/\2kT, y=w/\ 2kT, Pay z@ 2 . {(B-2)
Oq 2kT
and
. 2
Viz) = ( X + gk ) K /Fx) + s (5-3)
Zmx 2 ~[m

where I is an unnormaealized error function

X
_ﬁZ ,
Ix) = fdt e . (2-4)
0



123

With the notation of the thesis,

mtl =

Zm € 7Tm

o
&

alx,y) = Vm (axtey)
Blx, y) = V& (ay+ex)
w{x, y) = Vm (ax-cy)
M, y) = Vi (ay-cx),

(54)

the kernel P(y-=x) is, when the expression derived in Appendix A is
multiplied by /=/2,

‘p( )_mazx Voo oy
yx) = L Qe [(g) . ﬁm] + I{x) -Ife) if0sysx  (A-53)

2 2 2
= B2 X (160 + Ua) + o ""[xmnm)] fx<ysoo.

For hydrogen (m=l), the eqguation simplifies, as partially indicated in

Appendix A, to

b4 ao z
ZXS GXZ‘ fd fﬁl» eyzz( ) & P K( ) jd n(gDQ ( ) + 1 I( ) + @"X + A
Yy v Vi LUK Y ¥ E nix (X 2’;&') ® T- FaY N
0 x.
(5-5)

A comparison of the expressions of {his eguation with those of
%
the averaged energy hydrogen oscillator model of the thesis is

given below.

Thesis expressions have been rearranged for closer comparison.



Ply=x) 0sy£x

®
2x eyzwxz j 2

v dte Wigner-Wilkins
® Z o 2
2x _yP-x gtetv 2 latete -yl ol
-g;- m -%; J m Bin rY Lnesls
0 Vt +3g -y y‘v t 4 -y
Ply=¢) xSy < o
£x I{se) ' ‘ Wigner- Wilkins
o
[3(3{% -% j‘dﬁ@ 4 -;5] Thesls
. x -
. Vi)
1 L8
{ + Zz) Hz) + e * 72 Wigner- Wilkins
1 2 0, =t , =1 -»t 6'& -6;; -1
(x + E)[E(ﬂ:) + = jut e = gin ] 5 dte -
% i -3

Thesis
The Wigner-Wilkins kernel A-53 may be written in

symmetric form by intreducing

2
w{x) = M,

-7
o

(B-6)

(B-7)

(8-9)

For m = 1 the kernel of equation B-5 is a product of functions of x and

functions of v and thus may be reduced to a differential equation by
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applying the theory of Green's functions. The self adjoint form of the
differential equation is

£ o5 I+a)] + [2+2(V+4)] vlx) = G, (8-10)

witi: boundary conditions

v{0) = © (B-11)
v{oo) = finite .

The terms appearing in the equation are

2 .
ple) = e™™ + 2xI{x)

2
r(x) = p(x)[p(xbecx axa] (B-12)
1 oxz
V(x) m(ﬁ{"%ﬂ)ﬁ(x) te™ J2.

Wigner and Wilkins treated B-10 by working with the associated

Riccati equation. Finding series expansions for large and small =,

they calculated n{x) for four values of &, With A'={2/+/w)4, they give
e-2&'/3{

1 .
al{x) ~ x>> 1. (B-13)
:Z 44 /= + ilaxz...

-2.{3‘;'/}{

This expression, with e >~ (HA’/}@}'Z, is approximately

S

nix) ~ m . {B-14)

Wilking (2), expanded FPly=x} and V (x) of A-53 and B-3 in inverse
powers of the atomic mass to provide an approximation for a heavy

monatomic gas. The expansion of P is not straightforward. The
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symmetric form of P is expanded as a delta function plus an inverse
mass series and the independent variable v(y) of B-9 is expanded
about yéx. Wilkins discusses the technique in a separate mathematical
treatise (28) in which the expression P(y-x) iz used as an example.
The result is the differential equation

an , ,.2 ., dn |
x.;{; + (2% -1) e + (4x-2md')n = 0 m >> 1. {B-15)

For large m, f is approximately 2/m so that

2mi' =

0 {(2-16)

4N 40a(v)v
? =2
f0, 2kT
so that the single parameter describing the thermalizing material is
the combination above.
An identical approximation was derived in a different manner
by Hurwitz (23) considering the neutron flux as the independent variable

and the neutron energy as the depeandent variable. That is,

E = kTx" (5-17)

$ () = contx).

The differential equation is, in these variables,

B

(E)
EKT 2;5 + E%%%«[E - -rig%:mﬁ = 0, (8-18)

The approximation of Hurwitz neglects terms of order smaller than
i/m (18). The physical parameters calﬁds appear explicitly in this

equation. In terms of the dimensionless energy
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e = E/kT, (8-19)

this equation is, for 1/v absorption,

, ,
a%m%%%[nﬂm']w@. (5-20)
de 2+ ¢ '
The operator, 3
d d 4+, (B-21)

H= ¢ Ll A=
deZ de

L3

hag eigenvunctions

Hep (e} = -np (e)
‘ (B-22)

b ee"FLS’ (),
where the Lgb are the associated Laguerre polynomials (cf. reference
(29) page 734). Because of this fact, many thermalization problems
have been treated in the heavy gas approximation using eigenvalue ex-
pansions. In time dependent problems, the time dependence enters as
a1/~ ¢ energy dependence as does 1/v sbesorption. (If the absorption
is a constant the equation is solved by ee"%’(c |2]e) where Fisa
confluent hyp@rge@mtric function and ¢ = %E «-53 , but constant absorp-
tion ié an unlikely physical situation in the thermal energy range.)

For T near zero, that is, for the rest atom case, B-18 reduces

to the Fermi age equation (18), (23).



APPENDIX C
a
—
1x*

COEFFICIENTS CF THE EXPANSION

18

As is indicated in equation 78 of Section II of the thesis, the
equation describing thermalization by a single ensrgy hydrogen

oscillator may be written, for x = V2 , B8

% e o)
n(y) V., 2 2 3 20y) . nlx) 1 .8
fdy-—;zu[l- R =y ]+j‘d.§ry = = [1+6K2+x], {(C-1)
N *
i |
A solution of the form
@ a
r
alx) = }: = (C-2)

is assumed. Substituting equation C-2 into C-1 and integrating the

simple terms gives

s w0
1 _1 1, & Sp -
Z ar[m+f(x,r)]m-z[l+g;~z+%—] Zm-;, {C=3)
r=l r{x"-1) * p=l”
where
dy Y % ‘V .
V x“-1
Changing the integration variable in C-4 to tzzxz-yz the integral is
i
2
flx, x) = - I dt tr'iz‘{*l ¢ (C-5)
) (x% %)

Integrating £(x, r) by parts once gives



1
or s

b o

) (C‘é}

so that the term multiplying a_on th@ left of equation C-3 is

1
e

a (C"?»
r(x nri?; e J (1-t i r/Z

£fx, v} +

For x larger than 1 (and x must be larger than V2 before equation C-1
is valid),

a)-r/z o

2k
¢ e/ 2+k) -
1 = = r2l, {C-8)
( %2 Z o TiZIT(is+) %)

which when substituted in C-7, integrated and evaluated at t=0 and

t=l gives
@

1 Z M(r/24k) 1
rxf r :&.ZE
k=0 T3 ki (2k+H)

1] (C-%

as the coefficient of a,. 80 that equation C-3 becomes

. 0
Z ~ Z Hr/2tk) 1 k""%[”ig*%]z =, (C-10)

o TE +1)ki(2k41) = !

&

B

Equating coefficients of the first two powers of x on each side gives

2 I‘(—%) ay IR

T T =5 OT T San, (C-11)
2T (3) (101)

az (1) %2 By a

2
s FETONIT S 2 ©°F 7 =773 o
2% 2x 2x
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8o that ay is taken to be zero and a, is arbitrary. In C-10 the
coefficients of l/xm. B8aY, @@ the left involve Bige Bgs Bgy 8, and s

that is, values for which 2k+r = 10, Making the change of indices

2ietr = §
i=k, (C-12)
on the left and k=j on the right, C-10 beccmes, with ay = 0,
o [3/3 1] a o
Z o Z [ o 2 ] (C-13)
=2 ;Q T -i+1it (2041) o % gdte M

where the sum on i is truncated so that only the coefficients ag, 3’3 20000y

contribute. That is, from C-12, i=0,1,.. until
i= 455 l =jl2 -1, (C-14)
r=2

and i is an integer so that the eum on i contributes only up to the
integer closest to j/2-1. Extracting coefficients of 1/:1:2 and M};B

from both sides, and rearranging the indices gives

® g2, [j/2]
a, 2ag Z ré=) _3j42-24
1"(% ~i+2)i4(2141)

0
. a, a a,
- 2 3 2 § 1 o + C
= ;—z + ;{3 4 —;5— + mﬁ [&j%a‘{-&“j*%-i v 'fg"] . (b-i%)

Thus, equating coefficients of powers of x,

ay = -3&&.2 ’ (C-16)



a ) (i/s2] Biis s

' + 542 -
&, = ‘&at - + I‘( 5 ) ¥ ifj z 20 (g’l?)
jre T iz@ T (4 -i+2)it (2041)

To express cocfficients in terms of preceding coefflicients the first two

terms are removed from the § sum.

. [i/2]

Za a. .
840" 0ay,- ey ?%%_z_ T R %) Z Sirz-2i (C-18)

= T(d -iv2)it (2 1)’

with empty sums taken to be zero. After collecting terms C-18
becomes

. = ‘&(j+a)aj+}, (j+2)a, (J‘E’Z)T(%) (/2]

B s
il 5‘5’2‘92& .
] i3 g + Y + e (bcl@}
j+2 3 6] z Z (4 -i+2)it (2141)

i=2
jz2,
For even j=2r this relation becomes
~H(rtl)a (r+l)a
2pil 2r . 229+2-21
f2p42” 7Y T (rr1)(z-1) Z T 1T (21D (C-20)
‘ i=2
rzl,
Or, letting r = z-1
-Ara ra2 a
- 2r-1 Zr-z Zr 25. -
azr" r"l + 6(2"“3) el Z ) T2 29 (b"zz)

where the teym in bracksts in the sum is 2 binomial coefficient. &

similar transformation, r = 2r-l, gives the odd coefficients



1
- +
-6(2rHla,  (2rila, 2 e
By ai® — Tt e T e ) T i (C-22)
i=2
rzl,

where the upper limit on the { sum has been changed from r - «% to r-l

without affecting the summation. Equatior C-22 recovers the term 25,

aq = -3&&2 . {C-23)
since ay = 0.
w a
The first few terms of Z --—i,-: are given in the text of the thesis
r=2 %

in equation 91.



APPENDIX D

'ERROR ESTIMATE FOR THE NEUTRON CONSERVATION CONDITION

In Section IV of the thesis an approximate neutron conservation
condition is used to adjust the neutron source to maintain a steady state
neutron distribution. The error caused by this approximation in the
numerical solution of the integral equation describing thermalization
by a single energy harmonic oscillator is estimated below. If the

integral equation for neutron balance is

=]
f dy nly)P(y==) + 5(x) = alx) [V(z)+2] (D-1)
o

the approximate relation to be examined is

?5@ ‘ fo Ao fo Ao fo
deS(x) = gﬁ.féx nfx) +jc§.x n{x)Vix)- fdxjdy aly)Ply-x) = &fdx nfx).
0 0 0 0 0 0 (D-2)
The approximation arises because Zo # . Utherwise the two neglected
terms cancel. Both Ply-x) and V(x) for the single energy oscillator
model have different forms for x <1 and x > 1 which are temporarily
denoted with the subecripts 1 and 2, respectively. Also, for y <x
in P(V-ﬁg) the subscript g is used and for y > x the subscript 2 is used.

The ranges for which P(y-x) is not zero are, for the single energy

oscillator model,

o
Pla O=sy<sx
PM XEYSx,

(D-3)
ng V x2~i fysx

}:.Sysx,@e



With this notation, the integral

P
] o
1= fdx fdvn(v) Ply-x) (D-4)
is for X >1,
1" = 1 =
Jox [arstnmgr Jox [araine
I= |d= dyn(y)?‘lg? dx‘} dy n(y)*F 12
0 0 0 x
x@ % X, Xy
+ fdx jdyﬂ(y)?ag«”f fdxfdyn(y)?zii 0sx< X (D-5)
1 b4

an-l

Interchanging the order of integration, D-5 becomes

I zfdvﬁ(y)fdx?’ig fdfyn(y) fd:m 1t fdxn(y? rde
0 ¥ U

@
1 Vity? | Visy?
gdyn(y’? gde + jﬂyn(y)j dyn(‘y) j xP 2g (D-6)

@ f
+ ery nly) J dxP, ,
1 1 t

The integration of P(y—-x) with respect to x can now be accomplished.

The various expressions for P(y-x) and their integrals are

plg z_y[tg“}'miwm Y x vy tg” L +ygech-1x] (D-7)

V 1-x sz-yz Vl«-xz



{21-¢T)

{91-c1)

(s1-C7)

{(%1-07)

(e1-a)

{et-ar)

(t1-00)

{o1-C1)

{6-c1)

{e-q)

T%m-w%;

yoss_Lz-4A
- g 1~ 4

2jg & ¢ r4 E.M
A
he 8-
ﬁ.mm.ﬂ anﬁuhwurﬁ
m?;
5 1
ﬁ :,é i@- .,.E- =£ 5 %ﬁﬁ
7/¢ ¢ {
E
- . A Bp
T% 2™ L = d
0

, 0
£ uoes 4 Lo 4. BE ¥,
T-ﬁ 8, A% + 41 +$-Eim @L I a%mﬁ

Awmamumm X 4 ﬁaﬁmv ..@w w.m

A
A
WS4 (Aol pm - A-pp b | 2E 2P
2/¢ © <

(53]
oy
el



136

In equation D-6, the integrals D-8, D-10 and D-13 may be combined

since the integrations on v are all for 0K y £ 1. This combination is

1 1

fgyn(y) & (5 1-v° + (by+ -g;) sin”by + 2y%sech iyl |.  (D-18)

it
The combination in the integrand is just the expression of the single

energy oscillator model for V(y), 0 s y s 1. Thus D-18 is
i _
jdy aly)V,ly) . (D-19)
0

In the gsame manner, the integrals D-11, D-14 and D-17 in equation D-6

are combined to give

KQ g z{.@
jdvn(y) byt &5 = jdvnw) Vylyh, (D-20)
i 1

where V, is the single energy oscillator model expression for V(y)
when v 2 1, Combining D-19 and D-20 and the one remaining term D-15,

equation D-6 becomes

p: 4 ®
i g © 1 e . 2
= yaly)Viy)- (dyaly)| v + i by (D-21)

0 ——
x(:ol

The error in the approximate relation D-Z is

% % 2 2 2 3/2
> ‘Jﬂ@ ‘ 1 % 2 b5y -77) .
e(xo) = fax a{x)V(x)-I= [dyn{y) v + o 4 3 . (D=22)

3 ¥ b
sz-l

©




In Section II of the thesis {(equations 80 and 54) it is shown that n(x)
approaches 1/:@.2 for large x. Using ilyz as an approximation for n(y)

in D-22 and integrating gives

2
%
6‘(3%) = % in g -l =+ lex mnh"l;:i’» ) (D-23)
% -1 6x© o

which, when expanded in inverse powers of R is

o0
1
elx ) = Z S (D-24)
@ s (Zn+%)(2m+5)}s:@2ﬂ+%

As X, = 00, e(x@) - 0, confirming that the relation D-2 is exact when
Xy = @ More precisely, when ®, = @ iz used as an upper limit of
integration in D-2, the interchange of limits of integration in D-5 does
not produce the integral D-15 so that ?de"?(y-vx) z V{v) exactly, in
accordance with the general propemﬁfs of V and P discussed in Section
I of the thesis. The fact that z@ dx Ply=x) = V{y) serves as incidental

check that the integrations producing P and V thernselves are per-

formed correctly since P and V are determined from separate relations.
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APPENDIX B

NUMERICAL ANALYSIS AND COMPUTER PROGRAMS

" Numerical Analysis

The numerical solution of thermalization equations by the
method outlined in Section IV of the thesis is not suitable for equations
describing thermalization in non-absorbing media because the
parameter containing absorption (&) is used as a divisor. For the
monatomic gas model of Wigner and Wilkins (1), this is not a sericus
deficiency since the solution of the equations for o, = 0 is known to be
Maxwellian. For the models employed in the thesis, however, the
solution for o, = G is not known. This section of the appendix is
devoted to a discussion of various numerical methods that were
attempted, with varving degrees of success, to solve the problem for
o, e.

The typical eguation to be solved is

o

hO
J dy n{y)P(y-x) + 5(x) = n(=x}V(xz), (E-1)
Y |
with -
Ste) = [ ay o, (y)Ply-=) (8-2)
)4
(v

computed from an assumed form of n{x) for x 2 x o 2nd the known form

of Ply=x). Defining, in matrix notation, with a mesh spacing h for the
variables,
=ih vy =i

n(ih)

u

%
wod
n column vector n
wly
8

column vector s{ik)

]
B
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After anomalous results for row reduction of E-5, it was numerically
verified that det A wase nearly zero with consequent loss of accuracy
in solving E-5 by row reduction. The anomalous solutions of E-5
were not detected in first attempts to solve E-l1 for the single energy
oscillator énodel. Ag the mesh spacing h was decreased solutions
remained apparently stable and gualitatively much as presented in the
results of the thesis until at 2 small h 2 solution partially negative in
the range 0 £ x < % appeared. The appearance of a radically different
gsolution suggested that subtraction of nearly equal small gquantities was
occurring in the row reduction process and that almost all accuracy
was being lost. Therefore the row reduction method of solution wase
discarded and {terative schemes were attempted,

Eguation E-3 may be solved iteratively in a number of waye
after an initial guess for n is made. Two possibilities are:

Ly )
n =P (VR -3 ), (2-7)

a =V (Pn 48 ) (£-8)

Equation E-8 is the simplest procedure because the inverse of V ig
simply computed, For convergence of an iterative scheme the largest
sigenvalue of the iteration matrix must be less than one. By using
computer routines, the largest eigenvalue of V"EP for the single energy
oscillator model was shown to be slightly larger than one. A modifi=-
cation of E§ obtained by adding or subtracting integer multiples of Va

to both sides of E-3, that is,
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Pn 4+ 3 + mVa = (Valm+l)

0 (k)

J(ketl) 1 - - ‘
(P+mVin + s - m=Hl, 22, ..., (£-9)

n 5 — v
did not succeed in reducing the largest eigenvalue of the iteration
matrix below one although it appeared possible to approach one as
closely ag desired from above.

At this point it was suggested by Dr. Franklin of the California
Institute of Technology, that the scheme E-8 be used with a normali-
zation of n after each iteration to keep one element of n & constant.

This pr@cedum reaulted in slow convergence of the iteration scheme
£-8. The gscheme in effect allows the shape of n{x) to change without
allowing the &mplitudé of n(x) to increase without bound. The procedure
was used to czlculate n{x) for the single energy oscillator medel with
L= 0,

The method of iterate normalization used for o, F 0(& 4 0),
that is, neutron conservation, is discussed in Section IV of the thesis,
The method is commeonly used in numerical solution of thermalization
problems (see references (15) and (9) ). It not only insures that the
neutron density is norinalized to be compatible with the scurce rate of
introduction of neutrons, but greatly speeds convergence. For exampls,
for & ¢4 0, the averaged energy hydrogen oscillator model solutions
converged in roughly 200 iterations for fixed element normalization
and in approximately 10 iterations for neutron conservation normali-
zation, The {ixed element normalization technique is not as accurate
as the neutron conservation normalization because fizxed element

normalization modifies the source slightly with each iteration, That is



"if the fixed element is np and

ngﬁ“ﬂ) = [ﬁ*E(k)}ng{) , (£-1C)

the equation E-3 is divided by l+e at each normalization and the effect
on 8 for r iterations is

(1+e)™ 7 5. (E-11)
For the single energy cscillator model (£=0), e(k) was typically 0. 001
so that the effect is relatively small. A procedure in which s was not
modified as iteration continued affected only the asympﬁ:otic amplitude
of n(x) for the single energy oscillator medel, £=0. The amplitude of
nf(x), 0 £ x £ 1,5,was not changed. If g is not modified the fixed element
normalization is not mathematically rigorous, but convergence of thé
n(k) does produce a solution of E-3, It is for this reason that the results
displayed in figure 9 are not felt to be as reliable as those results for

which 47 0 since 8 was not modified to produce n(x) in figure 9.

Computer Programs

The remalinder of the appendix displays the programs used for
golution of n(x), &4 0. Three of the programs are for m=l. These
three are the single energy oscillator model, the averaged energy
oscillator model, and the Wigner-'#ilkins monatomic gas model. The
remalning program was used for m > 1 and the averaged energy
oscillator model, Because of the simpliﬁicati@ms for m=l, a ten fold
saving of computing time was gained by separately programming the

averaged energy oscillator eguations for m=l and m > 1.
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 DIMENSION  RA(L50),RB{150),RCIL150) ,RD(15I),RELL50),RF1150)
DIMENSION P(150,150),Vi150),5{150)

FORMAT (15)
FORMAT (5E14.7)

FORMAT (10K ND. EQNS=I[5,

XTH RANGE=E1l4.T)

6H MESH=ELl4.7,

16H MAX ABSORPTION=E14.7,

FORMAT (BH ENERGY=ELl4.7,1l1H AMPLITUDE=E14.7,

X16H DEL ABSORPTION=E14.7)

FORMAT (12H ABSORPTICON=ELl4.7)

FORMAY {1HO)

7 FORMAT (3H X=Ela.T,3H N=El4.7,4H NN=E14.7,5H DEt Ela. T,

10

1

X3H E=El4.7,5H PHI=E14.7)

FREQUENCY 10(1+0+¢3),1411,0,11,410140,3),18(2+0+41),21{1+0,+3},
X24(150,0),34(1,0,5),37(10,0,1)

READ 1,M

READ 24 HoZ ENyAM,DA,ABM W

PRINT 3, M,H,ABM,Z
PRINT 4, EN,AM,DA
PRINT 5, W
PI=3,1415927

DO 27 I=1,M
X=FLOAYF{1)#H
U=X#X
T=X+1.0/X/6.0
Rz2.08{{2+W)ew2)
IF (X-1.0) 11,12,12
A=SQRTF(1.0-U)
B=ATANF (X/A)

 C=LOGF{(1.0+A)/X)
VII}={5.08A+6.0eT#B+2.0eUsC)/3.0/P]

12
13

14
15
41
16

17
18
19

D=4 .0uX2{B+Xa()/P]
S{1)=D/R

G0 TO 13

vil)=T

E=2.0%X

S{TY=E/R

00 .26 J=1,M
Y=FLOATF(J)*H
F=yYsY

IF (Y=-X) 15,21,21
G=SORTF(U~F}

IF {X-1.0) 16,17,17

PlIlsJ)=4,OnXe{ATANF(Y/A)=GRATANF{Y/G/A)¢YRC )R/ (YaP])

GO TO 24
Q=SQRTF(U-1.0"

1F (Yy-Q) 19,19,20
P{l+J)=0.0

GO TO 24
PllIsJ)=EnHe{1.0-G)/Y
GO TO 24

IF (X-1.0) 22,23423
Pll,Ji=DeaH/Y

GO TO 24
P(IoJ"E'H/Y

IF (J-M) 26,25426
Plled)iz,5eP([,J)

Single energy oscillator model, m = 1 (Page 1).
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CONTINUE

RO(I)=X
RE{1})=ENey
RA(I)=U=EXPF{-U}
CONTINUE

6=0.0

MM=M~]

DO 28 I=1.MM
G=G+RA(1)
CONTINUE

G=WeHe (G+.5=RA(M)})

CF=(182-1.0/6.0)/12.0%((2+W)ae2))

T=F/(

DO 29 [=1,M
RA{I)=TeRA(]}

CONTINUE

DO 31 I=1,M

RB(1)=0.0

DO 30 J=1.,M
RBUI)=RBUII+P(I,J)#RA(J)
CONTINUE
RBUIDI=(RBLI}+S(I))/{VII)ew)
CONTINUE

G=0.0

D0 32 I=1,MM

G=G+RB( )

CONTINUE
G=WaH=(G+.5#RB(M))

T=F/G

8=0.0

DO 33 [=1,M
RB{I)=TeRrB{(1)
RC{I)=1.0~-RA{T}/RB(I])
B=MAX1F{B,ABSF{RC{I)))
RA(I)=RBL1)

CONTINUE

IF{B8~-.00001) 35,35,29
A=wW/F

D0 36 I=1,M
RB{L1)=RB(])*A
RF{T)=AMsRA(])

CONTINUE

PRINT 6

PRINT S,W

PRINT 6 .

PRINT 7, (RD{I)JRACI)SRBUIYSJRCULID)ZRELL)JRFLL), TI=14Mi
WA=W

W=wW+DA

IF (W-ABM) 38,38,40

DO 39 [=]1,M
S{I)=StI)n{{Z+WA)na2)}/({Llen)ne?2)
CONTINUE o
GO 10 27

CALL EXIT

END

Single energy oscillator model, m = 1 (Page 2).
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mvu‘»w,.:wm,mxrw:w: .,Q: .iw:::uav.?ﬁ:i; :u;: BlIsLY

i .CN?FZmeL ﬁthCawU‘Cwa ViEEsC w-bﬁwav
1 FURMAT d19) )
¢ FURMAT 4.7) . ; : ‘ ,
CLUEDRMATTCLON N, EdmS= 15, e fmm:umM%.Q. mo: Max ABSERPYIIR=¢14.7,
L KTh RANGO=EL4LT) : :
4% FURMAT (8H ENERGY=ELléu7y11H pﬁzrﬁ~Ctﬂ Ela ity
. Klob DUL ABSURPFION=E14. ﬂv
5 FURMAF {12 >wxgxm~»~z Ele.1)
& FURMAT (Ip() )
T FORMAL (3R X=£1447,3H N=E14.7, »:,7zum~».~.¢z::mnum»ﬁh~»
xu: Est 4. 1,50 PHl= mwﬁ.wu .
TT_PCMZF< womfawapu-wwﬁwvbcf_‘wwmwcrowv-¢~? Eal)Y e221040s Yy
meaﬂw,c.sw.mih» Gy cu.wmhn¢a.~u §21C 0 1)
Re AL ~¢3
L READ 2, ABSM, N,nwﬁpx.rmr»a,;
PRINE W¢_3 T-b@fx F ’
,,..:nnv&.«.. m‘u ,i?c.bﬁ,cbmﬂ_{k@
TUPRINT B,y W :
WA= .aaommmﬁgx

Q N;s

f,lz,bssryaywsmc.igz

CLELY L o ) . . .
CaC+,UD I : o o L , , . o

Cg=Cal
JE=Cpyo P o ) v
F=SURIF(E-1.0) . . 4 A o SR
: GEEAPF(-D) .- o e i T
e o < R U
e w B= m.ﬂmw :
" CF=cRaU2,0FE b3, 0%F G
,wC Hﬁﬁr wy wnqwquw,
UL R=4 00k
o Anib Ot« s el i . «. e s e e e Le,WI:.;m
Exmc.x _ N I R T L
Ctag Uit Lo e L ,.
L=0 - I P o R £
13 wm :?9: 15y 14413 , _

wm mﬁznhfcw i i , A
.hvu.mmwmm@¢n~xtsmwxxv+m36\wam Aawum‘;,&
A=2.04K8] . wmwmwwﬁipx@r.Mbwuxwv L

Ee2LUR((Teu)Ba2)

St1)=a/c
CCALL sAveE -

DU 3L MELM

Averaged energy ,,Ounmwwweon, model m = 1 (Page 1),
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s rg‘”%“‘
X7 irEY-A) 14,43.9&_
Tiw o L=0 o «
o ARELLG
g;.%€2=*

: 'c‘ 5wﬂ‘f{h vtvr

TLebel

L= C* BJ

‘peCeg

REEAPEA~CA®eZ ]
TUEESGRYE(-UY
S TEATANFUE/Y ) RENPFL-D)

FECIF AL=11 20026,21
20 R= 2‘ Y S )
B TN T E I .
NI SO w,wvﬁwig.zeuwmm
T ) Z1 R=4.08R
I= g.u*V,
. \L«O :
S22 HF (K~l} 24,23.44
T2 RERI2.0T
ey 10 2

otz S 0 A % SRy GH VN S0 AP AN ooy SN PR O S

P24 IF IK”?‘EU) ?f)v#.’)ylﬁ

. 25 T=V2.0
&5 AAMUHR
anB@r
' =CA+ .05
e 28 cowrzwui

PII.J?~Kﬁhﬂ{Aﬁ~.6Jobk?d@RJ/(3& utVJ‘
GU-T0 . 2% :
28 PUIyd1=A%H/Y
L 29 IF (J=M)} 31,3C,31"
3G P‘IgJ’—«ﬁ*p‘ Iy J}
31 CUNTINUE . o
CRICTY=USEEPE ()
. CALL SAVE ‘
32 CuNTINUE
MM=M-L
L u 20 . U
R ﬁﬁ 33 T=1, M8
GG
X S REARLETY
© 33 CUNTINUL
R e T A 1
pEhas{d+. 5aux(m:x_
L»‘-‘hfﬁ'
DG 34 I=leM
SO RLtIy=CeR1L LY
D34 CONVINUE o
CCALL SAvE
Bl 36 l“lr?"x
RItD =0,y 77 .
DO 35 yslLM

i

]

Avéiagéé energy oscillator model m = llrl(P‘a‘ge 2),
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' &z(“—-hdl)ﬂ’(i; Slenital

35

36

51

{:m\?l‘»ijg

M(H»(R@(Hmu \WARES SRR S
Ld&f{*u; .
TBEG L0 ‘ ,

DL: 57 i—*l,f"u'

+RE(T)

Cu%f&\“i

i»%ﬁﬁ(hf.)*ﬁ?{M31

L t=u/e

D=0.0

e :Hlv

SUIVECRITLY

CR30LI L. d~xl(1)!&2(i)

39

Tud

I

42

43
4.

45

DEMAXLE{D,ARSFL230 1))}
TR birER20DY

CCONT inuk

¥ (u~.nﬁﬁbl) 4y hls 34
Fel /NG ' ‘
T 4L islem

CR201I=LE(1 ) eF

RO DI=FLOATEL [} #H
Ratpyelis{rat11=22)
hu(i}«ﬁvéxltl)
Cu\TIwU‘”

PRINT 6

Pf(l\r ,}y ¥l

PRINT &

PRINI Ts (RECIT,REUDI 8201 RITE) y 5T RECH) s F=1,¥)
o ACEW

WERADEUAR

THATLHeELZE9RN

T CABSM-%]) 45,43,43

DU 44 [=214M

S{1y=S (H»uh <;)u2)/(u+w>mz)
\.L,Nfane_‘

FATER IV Ve

CALL tAZF

TERE :

Avgraged eneigy“ oscillator model m =

1 (Page 3).
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DIMENS TON Rl(150),&2(lSO)yRB(iSO)vRQ(liO).Rb(lbU);Ro(Lﬁd)

DIMENSEGN PULSO,15%0),VI150),5(150)
DIMENSTION RGU150)

FURMAT (15}

FURMAT (5E14.7)

FURMAT (10H NC. EQNS=15, &6H MESH=E14.7, L6H MAX ABSURPIIONSL L4. 7,

K1+t RANGE=ELl4.T7)

FURMAT {8H ENERGY=t14.7,11H AMPLITUDE=LLS4.7,

XloH Dbt ABSURPTION=L14.T7)
FURMAT (12H ABSORPTION=El4.T7)
FORMAT (1hQ)

FURMAT {3k X=E14.7,3H N=El&4.7y4H NN=E14.7,5H DEL=L14.7,

X3 E=El4.T,5H PHI=cl4.T7)

FREQUENCY 120140513 415(1+0+4G)439(040,1),4210,0,1

READ 1o M N

READ 2y HyABSMyZ scNyAMyDELAD o
PRINY 3, M,H, ABSM,/

PRINT 4, ENyAM,UELASB

PRINT 5y

PK=.BB862269

WA= PK 8w

L=59

DeEL=.05

DU 11 I=14M

X=FLOATF(l)=H

A=0.0

R=X

DU 10 K=1,L

R=R+DEL

S=£XPF({~ReR)

A=A+S ) ,
CUNT INUE

E=o % (EXPF{-XeX)4EXPF(-{(X+3,C)an2))
RGEL)=PK-0DtL={A+E)

CUNTINUE

DG 32 lzl'H

" X=FLUATEL(I)eH

12
13

14
L5
16
17

32

U=XeX

D=EXPF{-U]}
VIII=IX+.95/X)*RG([)+.520
S{I)=XeRG{I)/ 1 {(Z4+n)=22)
B=2.0sX*H.

C=B#RG(1)

00 17 J=1.+M
Y=FLUATF{J) oH

IF {Y-X) 13,14,14
PllyJ)=BeRG{J)eDeEXPF (YY) /Y
wu TU 1%

Pl1,4)=C/Y

IF (J-M) 17,164,117
PlIsd)=a58P(14d)

CUNT INUL

R1{1)=UeD

CUNT INUE

MMz M~}

G=0.0

Wigner- Wilkins monatomic gas model, m = 1 (Page 1).
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B0, 0

D 33 1=1,MM
L=u+S5 (1)
d=8+r1l{1]
CUNEINUE
G=G+en85 (M)

T BewAR(Be.0eR1IIM))

C=G/b

DU 34 [=1l4M

RLOL)=C=RLC])

GCUNT INUE

CALL SAVE

DU 36 I=1l.M

RZ{E)=0.0

DO 35 J=loM
RZ{T)=R2U1II+P (1, J)eR1(J)
CUNT INUL
R2U11=(R2{II+SEINI/ZIVETLY +wA)
CUNT INUE : '

B=0.0

DU 37 [=1,MM

B=B4+RZ2{])

CUNT INUE -
BnAn{B+.5#R2(M]))
C=6G/8

P=0.0

DU 38 l‘lyM
RA(I)=CeR2(1)
R3EI=1.0-RILII/R2LT)
D=MAX1F{D,sABSFIR3LI)})
RI(II=R2(1)

CUNTINUE :

IF {(D-.00001) 40,40, 34

Fzwa/H/G

DU 41 I=1,M

R2(IY=R2([}»F

R4{1)=FLOATF( L) aH
Roll)=tENe(R4(][)nn2)

Ro([)=Am=R1(])}

CUNTINUE

PRINT 6

PRINT 5, "

PRINT 6 )
PRINT Ty (ROCIDIPRLICE)ZRZUIIGRBUL) 4RDUI}HRO0CL)y =1 oM}
WL=w

W=W+DLLAS

WA=.,8862269%4W

[+ (ABSM-W) 45,43,43

DU 44 [=14M
S{IY=S{1)a{(Z+WC)en2)/{{L+W)anl)
CONTINUE

U 10O 32

caLL exXIt

D

Wigner-Wilkins monatomic gas model, m = 1 (Page 2).
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DIMENSION RL{1501,R2{150}),R3{150)},R&(150},R5(150C),R&6(150)
DIMENSION P(150+,150),v(150),5(150)
400 FORMAT (14H TOTAL SOQURCE=E164.7)
40 FORMAT (4(3H K({13,1H,13,2H)=k14.71}]
1 FORMAT (315}
2 FORMAT (SEl4.7)
3 FORMAT (10H NO. EGNS=15, 6H MESH=EL14.T, 1o MAX ABSORPTION=Cla.l,
X7TH RANGE=El14.7) ’
4 FORMAT (8H ENERGY=E14.7,11H AMPLITUDE=ELG.T,
X16H DEL ABSORPTION=El4.T)
5 FORMAT {12H ABSORPTICN=FE14.7)
6 FORMAT {1HO)
7 FORMAT (3H X=FEl4.7,3H N=E1l4.7,4H NN=E14.7,5H DEL=E14.T,
X3H E=El4.7¢5H PHI=EL14.T7)
8 FORMAT (6H MASS=El4.7,6H DELLI=EL14.7,6HDEL23E14.744H Kl=14,
X4H K2=14) .
9 FORMAT(4(8H SOURCEL(I3,2H)=E14.7))

FREQUENCY 10{(0,1s1351301,040),900140,1),90(140,1342010,414113,
X23(0s0911925(1409C)492(140,1)+31C1,0,0),93(1,042)49611,0,301,
X45(1,0+5),48{(1,0,10)

FREQUENCY 2011{3,0,1)45204(140,3),20713,0,1),211(1,0,3)

READ 1, M,KA,KB

READ 2, H,ABSM,Z,EN,AM,DELAR,W,HA,D1,02

PRINT 3, M,H,ABSM,Z

PRINT 4, EN,AM,DELAB

PRINT 54w

PRINT 8, HA,D1,D2,KA KB

P1=3.1415927

PJ=2.0/3.0/P1

PK=,8862269

HB=SQRTF (HA)

WA=PK®W

A=HA+1.0

C=HA—1-O

=.5#A/HB

D=.5#C/HB

AC=A/C

CA=C/A

CB=CA*CA

X1=1.0+CBsLOGFICB)Y/(1.0-CB)

XJ=2.0/X1

AA= . S®AwA/HA

MM=M~ |

00 34 I=1,M

CALL SAVE.

X=FLOATF(I)eH

U=XeX

L=0

£=0.0

FzX

DO 16 K=1,KB

L=L+l

F=F4+D2

G=FeF

Q=G/U

R=SQRTF{Q-1.0)

Averaged energy oscillator model, m > 1 (Page 1).
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Tz(B;OOR—ATANF(R)'(Z.O*Q))'tXPF(»blHA)
IF (L-1) 11,11412
T=2.0+7

GO 70 13

L=0

IF (K=KB} 15,514,195
T=.5%7T

E=E+T

CONTYINUE
VII)=PK#[X+.25/X/FA)+EwXa[2%P jaHB
BA=Bs=x

DA=[CeX

DG 33 J=1,M
Y=FLOATF(J)#H
BB=Bw=Y

DB=DeY

AL =BA+CB

BE=BB+DA

GA=8A-08

DE=8B-CA

L=0

GM=GAs(GA

AP=AL*AL

£E=0.0

EA=0.0

EB=0.0 .

F=ABSF{GA)

FA=AL

RR=Y-X

RC=Y-CA#X
RA=Y-~AC#X

IF{RR) 17,18,18
FB=SQRTF{U=-YeY)

DO 28 K=1,KA

L=L+1

F=F+D1

FA=FA+D1
RB=SQRTF(FA=*FA-AP)
TA=(ATANF{BE/RB)-ATANF(AL/RB))SEXPF(~-FA®FA)
R=SQRTF(F=F-GM)
T=ATANF(CE/R)+ATANF(GA/R)
RD=E£XPF(~F=F)
IF{RR) 201,204,204
IF{RC) 202,202,203
T=T#RD )

GO 70 20
T={T-P1)#RD
TRB=EXPF{-FBeFB)
FR=FB+DC1

GO 1O 20

IF (RA) 205,206,206
T=(T-P1)eRD

GU TO 20

T=TaRD

IF (L-1) 21,21,22
T=2.0e7

Averaged energy oscillator model, m > 1 (Page 2).
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TA=2.0=TA
GO TO 23
22 TB=2.0=78
L=0
23 IF (K-1) 25,24,25
24 TB=,5+«78 ‘
. GO T0 27
25 1F (K-=KA} 27,426,217
26 T=,5eT7
TA=,5#TA
27 E=E+T
EA=EA+TA
ER=EB+TH
28 CONTINUE
RE=AAsXeH/Y
RF=RE«D1
RG=RF=PJ
92 IF {RR) 207,211,211
207 IF (RC) 208,209,21C
208 R=RG#(E+EA)

GO YO 215

209 R=RG#(E+EA+.25#P«EXPF(~-GM))
GO 70 215

210 R=RFe(2.0+#EB/3.0+(E+EA}®PY)
GO T0 215

211 IF (RA) 212,213,214
212 R=RE#(PK+(E-EA)*DLsPJ)
GO TO 215
213 R=RG#(E-EA+.25%P])
GO.T0 215
214 R=RG#{E-EA)
215 PL1,J)=R
31 IF (J-M) 33,32,33
32 PUI,J)=.5%P(1,J)
CALL SAVE
33 CONTINUE
R&(11=X
RS(1)=EN=U
R1(I)=U*EXPF(-U)
34 CONTINUE
IF {EN) 216,200,200
216 PRINT 401, ((TeJsP{Iy4d)y J=1,M)y1=1,M)
200 G=WeXJ ‘
Q=WeGe(XJ-1.0)
E=AA/(XI#Q)
F=((2/(2+W))eaX))e(1.0+4G/2)
EA=0.0
ER=0.0
DO 39 [=14M
X=FLOATF(1)eH
XM=X/CA
93 IF (XM-1) 364,36,35
35 R={ (XM/{XM+W))oaXJ)e(1.04G XM)-F
S{I)=E#X*R#AM
GO 1O 37
36 S(1)=0.0

Averaged energy oscillator model, m >1 (Page 3).
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37 EA=EA+S(1])
EE=EB+R1{ 1)

34 [F {1-M) 39,38,36

38 EA=EA-.5%S(])
ER=EB~.5#R1(1])

39 CONTINUE
EB=WaEB
EE=EA/EB
DO 40 I=1.M
RI{IV=EE=RYI{ 1)

40 CONTINUE

100 C0 42 [=1.M
R2(1)=0.0
DO 41 J=1,M
R2Z1UII=R2{IY+PEI,d) &R LI

41 CONTINUE
R2(II=(R2LII+PK2S{II)/Z{VII)+wA)

42 CONTINUE
ER=0.0
DO 43 I=1,MM
EB=EB+R2(1)

43 CONTINUE
EB=W#*{EB+,5#R2{M))
EE=EA/ESB
DFL=0.0
DO 44 I=1,M
R2(1)=EE®R2( L)
R3{[)=1.0-R1(1)/R2(1)
DEL=MAX1F{DEL,ABSF(R3{I)))
RI{II=R2(1)

44 CONTINUE

45 1F {(DEL-.00001) 46,46,100

46 EF=W/H/EA
DO 47 1=1,M
R2(I1)=R2(1)eEF
R6ELII=AMSRLLT)

47 CONTINUE
PRINT 6
PRINT S, W
PRINT 6
PRINT 7, (RGUEIV,RLCIVI,R2(TIY,RI(TILRO(IVI,RE1I),1=1,M)
PRINT 6
PRINT 9, (I,St1), I=1,M)
PRINT 400, EA
CALL SAVE
W=W+DELAB
WA=PK ®W

48 IF {(ABSM-W) 49,200,200

49 CALL EXIT
END

Averaged energy oscillator model, m > 1 (Page 4).



APPENDIX F

THERMALIZATICN BY A MONATOMIC GAS WITH A SPEED
DEPENDENT CROSS SECTION

In this appendix is displayed the eguation describing thermali-
zation by & monatornic hydrogen gas for which the intrinsic micro-
ascopic scattering cross section is assumed to be inversely proportional
to the neutron-atom relative gpeed.

ca(vr) = G;‘/Vr . (F=1)
With this one exception, all the assumptions of the thesis are used to
derive the thermalization equation using a Maxwellian distribution of
atom gpeeds.

" The thermalization equation is

P ml [ g
2% J dyﬁ—[xey - Ly, %)=y, (x, ‘}')]
s ,

¥
~ aly) yPes
4+ 2% j dy —;z- [ yll(x, y)-xe Ez(y. x?] = nlx)[(1+4A7, {(F-2)
% _
where
O'aﬁﬁ
x=v/ 'V 2krT, y= w/f '\/ 2kT, A= —= (F-3)
. - 05
and a 2
wf
. 2 dte .
I = Fa4
1(&. b) = b@ taﬂaz ( )
& ) 2
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The solution to equation F-2 for & = 0 is a Maxwellian

distribution of neutron speeds

2 -xa ‘
nlx} = Cig*c © . (F-5)

as may be verified, with some labor, by substituting in equation ¥F-2.

However, the assumed gcattering cross section is not physically
plausible for large néutrcn gpeed because it goes to zero rapidly. This
effect is reflected in the asymptotic solution to ¥F-2

CH 4

n{x) = m x >» ] (F-06)

obtained by neglecting the neutron speed gain terms and approximating
the speed loss terms for large x. Thus the density at high speeds is
larger than in the presence of a non-zero cross section because there
is little attenuation of the distribution due to scattering out of the speed

range.
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APPENDIX G

THERMALIZATION Y HYDROGEN ATOMS OF S5PEED U,

If all the hydrogen atoms in a medium can be described by a
single speed Uy the atom speed distribution is

aifu) = 6(\1-*@@% . {(G-1)

The above atom speed distribution clearly {s not likely to
represent a physical situation, yet it serves to introduce the energy
of the atoms into the thermalizing system so that a neutron can both
gain and lose speed in a collision. In addition the distribution G-l is
sufficiently simple that considerable familiarity can be acquired with
the nature of the thermalization problem.

The expression V(v) defined in Section I of the thesis (equation
37) is, for the distribution G-l

1

B o
JP %& jdu& (uou@) Vva+u2~2vuu
-1 0

V{v)

81

2
. v ‘ .
=ug + Tmu@ if0=vs g (Gi=2)

2
!

‘xv-&% ifu@svsm.
The expression Plw-w) is. for m = 1,

R .
Plw—v) = v JP % f du&tu‘-u@) o ‘ (C-3)
k 2 ) Z .
- Y wru®+2uwy

By proceeding as outlined in Appendix 4, Plw-w) iz found to he




0fveu
v o

P(w-'v)zé-‘i_ if0swsv

T e ifvswEo, :

nEVYE®@
&)

2

2 2
ZV -wu. -y +W . x
Plw=v}) = 2 if Y vzwu@d Ewsvy

wu

(G:-5)

L el ifvsw<coo,

The equation describing therralization by hydrogen atoms with the

speed distribution G-11is, in terms of x = v/ue, y = w/u@,

X o0 2

2% deyn(y) + 2x° jay-iﬂ-fvﬂ = n(x)[i + 50y z.x] if0sxs1, (G-6)
] ®
and
% 5 3 o0
éynly) Viex +y Ll aynly) . b .
2x j e +Z‘:jm%?;«—£w H(X)[é Tt &] (G-7)

-\[_‘z = ifl€xso,
X =}

with & = G&x/o: . The above pair of equations is similar to, but much
simpler than, the equations deacribing the rmalization by a single
energy hydrogen oscillator.

Equation G-6 can be reduced {0 a second order differential
equation in terms of h(x) = n(x)/x, by differentiating twice. The equation

is 4 dh . 8

(1+ot "3"“)"“‘2 T&m I (G-8)



ot
|85
fesd

A power series expansion about the origin

& o]

h(x) = Z anxm . (G-9)

n=0

gives the recursion relation,

~an(m2~%~3m+3)
242 * SO e (G-10)

for the coefficlents a . From G-10

n-1 ‘ n-1
w (15220 T (2r243r44) o (D772 T (262 45546)
- =0 r={
hix)= a, + 8

3% (1+2)%2n)! to 32 (1+4) N 2n+1)!

nz(
(G-11)
2 =x2
The solution for n(x) that is parabolic (ag is x e . & Maxwellian)
near the origin is
s o] n-l
Zn n
I a0 Ve 2 ‘l‘l‘ 2., :
nix) = ayx Tty [m (Zr"+5r+6) 0sxsl,. (G-12)
(/] r=0

ne

If the term xzifi is n@gieéﬁed in G-6 for small %, the solution corres-
ponding to G-12 above is

a(x) = ax sin T"’%;T % . (G-13)

The comparable solution to the Wigner-Wilkine equations (Appendix B)

for thermalization by gaseous monatomic hydrogen, for emall x, is

n{x) = ay% sin - ﬁs = v/

[ @”1‘%‘)
E, + %“‘? FAY A = (
éﬁm - O’aX/O'g ?



For x >> 1, neglecting the neutron speed gain term and an/3x in G-7
leads to the solution

<
alx) ~ —(;;f;gfh z>> 1., (G-15)

Although the game sort of appréximati@ms used in Section II of the
thesis for the single energy oscillator model can be applied to equation
G-7 to give approximate analytic solutions for large x, it has not been
found possible to solve G-7 exactly. It is interesting that the extremely
simzﬂe atom speed distribution G-l produces an integral equation that

is only slightly more susceptible to analytic solution than integral
equations derived using much more complicated atom speed distri-

butions.
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