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Appendix 5A 

GENERAL REASON FOR CHANGING EXPANSION 

In Section 5.2, Chapter 5, we presented a simple example showing the need 

to change the expansion presented in Chapter 4 when we treat longitudinal 

modes whose frequencies are integer multiples of the fundamental. In this 

appendix we present the general reason for changing the expansion presented in 

Chapter 4. 

The conservation equations ( 4.5)-( 4. 7) in Chapter 4 can be reduced, by 

eliminating p and u, to a nonlinear partial differential equation which, for one-

dimensional problems, has the following form 

~ ~-at2 - ax2 - Np(p) (A.1) 

with 

~~ = NB(P) on the boundary. 

where Np and NB are two nonlinear operators. We further expanded pas follows 

P = 1 + µ 2 Po2 + .... + e ( P10.1 + µp11,1 + · · · ) eiKt (A.2) 

+ iZ( P20.o + µp21.o + · · · ) + e2 ( P20.2 + µP21.2 + · · · ) e 2 
i Kt 
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For the case of longitudinal modes whose frequencies are integer multiples 

of the fundamental, we have 

with 

d
2

P10.1 Tr2 --- + .!\.~ P10.1 = 0 
dx2 

dP10.1 
---=Oat x = 0,1. 

dx 

The solutions to (A.3) satisfying (A.4) are 

with 

K6H) = mr, n = 0, 1. 2, · · · 

These solutions constitute a complete set of orthogonal functions. 

(A.3) 

(A.4) 

(A.5) 

(A.6) 

As we see from expansion (A.2), we include one mode only in the linear part 

of the expansion, say pfa~1 . The nonlinear term p20,2 (x) then satisfies 

(A.7) 

where N~2) is the quadratic part of Np. Since the set of functions pf:g?1 are a com­

plete set of functions, p20 ,2 and N~2>(pf6?1) can be expanded in terms of these 

functions 
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(A.B) 

(A.9) 

with d2 , in general, is different from zero. For example, if N~2)(pfb\) = pf5~1 2 then 

do = d2 = ~ and d1 = 0. Substitute, expansions (A.B) and (A.9) in (A. 7) and 

equate the coefficients of prn?1, to get 

(A.10) 

where use has been made of 

However, for longitudinal modes whose frequencies are integer multiples of the 

fundamental, we have, from (A.6), 

Eq. (A.10) then reduces to 

In general d2 is different from zero. Therefore, expansion (A.2) breaks down. One 

way to overcome this difficulty is by introducing in (A.2) a second harmonic of 

the same order as the first harmonic, i.e. 
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P = 1 + µ 2 Po2 + .... + e ( P10.1 + µp11,1 + · · · ) eiKt (A.11) 

+ e ( P10.2 + µpu,2 + · · · ) e 2 iKt 

_2{· ) 2 (· + ) 2 i Kt + + z::- P20,o + µp21.o + · · · + e P20.2 µp21.2 + · · · e .... 

This is the basis of the expansion used in Chapter 5. 

The analysis is general and can, of course, be extended to any number of 

modes and any reasonable type of nonlinearities. 
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Appendix 5B 

GENERAL FORMULATION FOR LONGITUDINAL MODES 

In this appendix we extend the analysis presented in Chapter 5, Section 

5.2, to any number of modes. The extension to higher orders in the wave ampli­

tude is the subject of Chapter 8, Section 8.2. To save space, we show in detail 

the expansion of the pressure alone 

P = 1 + µ 2 
Po2 + · · · + e ( P10.1 + µp11.1 + ... ) e:iKt 

, '1) 2ag<1)r µ,) t . K + 1': r 0 l p e ~ , + µp + . . . ) e2 1 t \ 2 10,2 11.2 

+ e2
( P20.o + µp21.o + · · · ) 

+ e2 ( c)f2)n e2ag~2J(µ,)t + µp + ... ) e2iKt 
2 L 20,2 21,2 

+ eZ ( o£2)Pso.2 e3ag~2)(µ,)t + µp:31,2 + ... ) e3iKt + ... + c.c. (B.l) 
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The coefficients g£2>, gJ2), etc., are introduced to resolve the multiple deter­

mination of K11 , K12 , etc. In fact, gathering terms in ~2µ,efKt in the conservation 

equations leads, after application of Green's theorem, to an expression for K11 . 

Another expression is obtained from equating the coefficients of e2µ,e2iKt. In the 

absence of g£2), we are faced with generally two different values for the same 

coefficient, and the expansion breaks down. A similar situation exists for K12. In 

general, the introduction of glm>(µ) allows the single determination of Km -1.n• j = 

2,3,4 ... ,and m, n = 1,2,3,. ... 

In a concise form, the expansion (B.1) can be written in the following form 

where oln) = 1 and g1(n) = 0 for n = 0,1. Similarly, the expansions of the density 

and velocity are respectively 

As an illustration of how to apply the expansion (B.1) to many modes, we 

extend the results shown, for two modes, in Section 5.3.2. to three modes. We 

1vill show· how to determine the coeficient K10 in the expansion of the complex 

frequency in the wave amplitude. There are three ways to determine K10 . First, 

we equate the coefficients of i!-µ,0ei Kt in the conservation equations to get 
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(B.3) 

Following the same technique leading to Eq. (5.11) in Chapter 5, we get from Eqs. 

(B.2) and (B.3) a relationship among K10 , 0£1
'. and of1

). 

Another relationship among K10, o~ 1 ), and of1) can be found by equating the 

coefficients of e2µ 0e2 i Kt. By doing so, we get 
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(B.4) 

(B.5) 

Following the same analysis leading to Eq. (5.13), Eqs. (B.4) and (B.5) give a 
second relationship between K10 , o£ 1), and o~l). 

Finally, a third relationship connecting K10 , 0£1>, and oJ1) is obtained by first 
equating the coefficients of e2µ 0e3 i Kt in the conservation equations, to get 

(B.6) 

(B.7) 
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The same analysis leading to Eq. (5.13) allows the determination of the desired 

relationship. Consequently; K10 , 0~ 1 '. and 0~ 1 ) are uniquely determined. The lim­

iting amplitude corresponds to the values of e for which the imaginary part of 

the complex frequency K vanish. The values of e determine the amplitude of the 

first mode. The coeftcients of1), and oJ1) determine respectively the amplitudes 

of the second and the third mode. 
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Chapter 6 

EXPANSlU~I IN THE NOP.BAL 1,fODES OF THE ACOUSTIC FIEIJ"J; 

Ai~PLITUDZ AND CONDITIONS FOR EXISTENCE 

AND STlillILlTY OF L11l1T CYCLES 

6.1. Introduction 

In Chapters 4 and 5 we obtained some results regarding the amplitude and 

the conditions for existence and stability of limit cycles for pressure oscillations 

in combustion chambers, by using the asymptotic-perturbation method. In this 

chapter, we will support these results by using the second technique, the 

perturbation-averaging method. This technique was presented in Chapter 3, Sec­

tion 3.3. In Chapter 4, Section 4.6, we applied this technique to the conservation 

equations in combustion chambers and, for pure longitudinal modes, we 

obtained the system of equations (4.52)-(4.53) of ordinary differential equations 

for the behavior in time of the different modes. The same equations were 

reported in reference 1. 

In this chapter, we start from those equations to determine the amplitude 

and the conditions for existence and stability of limit cycles. Consequently, the 

following analysis is limited to longitudinal modes only. More results than those 

found in Chapters 4 and 5 wiil be elaborated, mainly the influence of the ima­

ginary parts of the linear responses of the different processes in the combustion 

chamber. Broadly, the analysis breaks into two parts. First, for a chosen type of 

limit cycle (there are two types), the conditions for existence and the ampli­

tudes of the limit cycles are found. Then a perturbation procedure is used to 

examine the stability of the limit cycle. 
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We begin with the case when the fundamental frequency of the limit cycle 

is equal to the fundamental frequency of the acoustic modes of the chamber. 

First, two modes are treated. The amplitude and the conditions for existence 

and stability of limit cycles are determined. The results agree with those of 

Chapters 4 and 5. Moreover, the influence of the initial conditions is shown. The 

crucial importance of the imaginary parts of the linear responses of the 

difierent processes in the chamber is demontrated. Second, we treat three 

modes in order to confirm the results found in the treatment of two modes and 

to generalize the method of solution to many modes. 

The second case, when the fundamental frequency of the limit cycle is 

slightly different from the fundamental frequency of the acoustic modes of the 

chamber, is examined. The amplitude and frequency of the limit cycle are deter­

mined. Under certain conditions ( shown in Appendix 6A), these two cases 

correspond to the only possible types of limit cycles. 

Because of the availabilty of data on solid propellant rocket motors, the 

analytical results will be applied solely to that kind of system. We will compare 

our results with the numerical solutions reported in reference 2 and with the 

experimental results reported in reference 3. But the validity and the scope of 

application are much wider and the results can be applied to any sort of 

chamber. 

6.2. Preliminary 

We start the analysis from the results reported in reference 1 and shown in 

some detail in Chapter 4, Section 4.6. In that section, we showed, following 

reference 1, that the pressure oscillation, written in the form 
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"" 
p'= 2: 7]i(t) cos c.>i x 

i=l 

is governed by the following system of equations for nonlinear oscillators, one 

oscillator for each mode: 

.. 2 f( ') 'l'Ji + l'.Vj 'l'Ji = i ?'}j ' 'l'}j (6.1) 

i=1,2, ... , j=1,2, ... , and fi is a second order nonlinear polynomial. By applytng the 

method of averaging1, the following system of ordinary differential equations is 

obtained 

(6.2) 

(6.3) 

where - - -y+1 n - 1, 2, ... , {3 - Hy c.>1 The 

coefficients cxn and G-n are the linear coefficients and correspond respectively to 

the linear growth rate and to the linear frequency shift of the nth mode. We refer 

the reader to Chapter 4, Section 4.6 for more details leading to Eqs. (6.2)-(6.3). 
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in particular, in Chapter 4, Section 4.6, we show that the 0-n are proportional to J 

the imaginary parts of the linear responses of the nt...'i. mode. This result will be 

used in the discussion in Section 6.3.1.3. 

Equations (6.2) and (6.3) were obtained by applying the method of time 

averaging to Eqs. (6.1). It is interesting to mention that expansion of the solu­

tions to (6.1) in two-time scales gives results identica14 to those obtained by the 

method of time averaging. 

In what follows, we vrill treat two cases. First, the case when the coefficients 

Ai and Bi reach constant values for large time; and second, the case where A 
and Bi reach harmonic oscillations for large time. These cases yield periodic 

solutions of the form 77i(t)= Ai(t) sin c.>it + Bi(t) cos c.>it, and, therefore, they 

correspond to limit solutions. In Appendix 6A, we show that, under certain con-

ditions, these are the only possible cases. The first case corresponds to the case 

when the fundamental frequency of the limit cycle is equal to the fundamental 

frequency of the acoustic modes of the chamber and it will be ref erred to as " 

Zero frequency shift case ". The second case corresponds to a slight difference of 

the fundamental frequency of the limit cycle from the fundamental acoustic fre­

quency of the chamber and it will be referred to as "Non-zero shift of frequency 

case". 

6.3. Case of zero frequency shift 

In this secti.on, we will consider the case when the coefficients Ai and Bi in 

77i(t)= Ai(t) sin c.>1t + Bi(t) cos c.>it will reach constant values fort --> 00 • The sys-

tern to be solved is the following 
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6.3.1. Two modes. 

In this section, the particular case of two nonlinear oscillators is fully treated. 

The amplitude and the conditions for existence and stability will be determined. 

For two modes, Eqs. (6.4) and (6.5) become 

(6.6) 

(6.7) 

(6.8) 

(6.9) 

To solve (6.6)-(6.9) it is convenient to write Ai and Bi as follows 

i=l,2. 

Equations (6.6)-(6.9) then reduce to 

(6.10} 
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19' 'if!i = Arctan -- , 
O'.j 

(6.11) 

(6.12) 

(6.13) 

i =1,2 

We now multiply (6.10) by sin(v1-'if/1), (6.10) by cos(v1-'if/1), and we subtract the 

results to get 

On the other hand, multiplication of (6.12) by sin(v2-'if/2), (6.13) by cos(v2--7p2), 

and subtraction of the results yield 

The last two equations have the solutions 

(6.14a,b) 
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In order for the solutions to Eqs. (6.14a) and (6.14b) to exist, (6.14a) and (6.14b) 

should be satisfied simultaneously, giving 

1/11 + 1/12 = (m - n)1T 

However, by definition of the arctan, - ; <'I/Ji < ; . Consequently 

which, from the definition of 'I/Ji; gives 

'l9i ~ =-- (6.15) 

If this condition were not satisfied, then (6.14a) and (6.14b) would have no solu­

tion. Consequently, Eqs. (6.7)-(6.9) would also have no solutions. Therefore, con­

dition (6.15) is the condition for existence of a limit cycle with zero frequency 

shift. The same condition will be found again in Section 6.4, Eq. (6.56). 

By taking into account (6.14a,b) and (6.15), we find from Eqs. (6.10)-(6.13) 

r 2 -1 -

However, since - ; ·<'I/Ji < ; , we should have 

(6.16) 
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This is identical to condition ( 4.23) for existence of limit cycle determined in 

Chapter 4 using the asymptotic-perturbation technique. Condition (6.16) 

assures the existence of the limit cycle and shows clearly the necessity of having 

both a source and a sink of energy. The amplitude of the limit cycle can be 

expressed via the values of Ai and Bi 

i=l,2. 

T'ne system (6.1) of nonlinear oscillators is autonomous: i.e., if 17(t) is a solution 

then 77(t - t 1) is also a solution for any t 1 . Therefore, because we are also dealing 

with the asymptotic solution (limit cycle), assumed to be periodic, one phase in 

the expansion of the limit cycle in its Fourier components is arbitrary. This is 

equivalent to saying that one of the vi is arbitrary, say v1 = 0. This gives 

1 .L 
Arn= (-a a ) 2 

(3cos1/.11 
1 2 

B10 = 0. 
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For the particular case of e1 = e2 = 0, we have 

These expressions are identical to expressions (5.21) and (5.22) determined in 

Chapter 5, using the asymptotic-perturbation method, for the amplitude of the 

first and the second harmonics. 

Once the equilibrium points Am and Bm , i = 1,2, are found, their stability 

can be examined by linearizing the system (6.6)-(6.9) near these points. The 

eigenvalues of the linear system should all have negative real parts. Lineariza­

tion of (6.2)-(6.2) produces the following equations: 
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By writing A1 = U1eM, etc., where U1 , etc., are constant, and replacing these 

expressions in the above linear system we get a linear system of equations for 

U1 , etc., of the form 

MX=O 

where Mis the matrix of the linear system and X represent Ui. etc. This system 

has non-zero solutions only when its determinant vanishes. This gives a polyno­

mial equation in A., the characteristic polynomial. For the system in question, 

the characteristic polynomial is 

(6.17) 

The conditions under which the limit cycle is stable are reduced to those 

under which all the roots of this polynomial have negative real parts. Many text­

books treat this problem (see reference 5 for example ). In Chapter 5, we have 

seen that these conditions are known as the Routh-Hurwitz or Lienard criteria. 

As we have noted there, for a polynomial of the form 

these criteria are 
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In the following calculations, we will determine explicit results for two cases: 

19i = ~ = 0 and 19i. 19z '#: 0. 

6.3.1.1 'l9i = 't9:a = 0: Imaginary parts of linear responses vanish. 

The case when ~ = ~ = 0 is carried out to completion. Equation ( 6.1 7) reduces 

to 

The stability conditions are then given, by applying Llenard criteria, 

These conditions can be simplified to 

(6.18) 

(6.19) 
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(6.20) 

To these one must add the existence condition (6.16). These results are 

the same as those found in Chapter 5, Eqs. (5.18)-(5.20), and are shown on Fig­

ure 5.1. This constitutes a strong support of the expansion in the asymptotic 

amplitude discussed in Chapters 3, 4, and 5. As we see from the graph, in order 

to get a stable limit cycle, the first made should be unstable. '!he second mode 

should be stable and should decay at least twice as fast as the growth of the 

first mode. 

Without the nonlinear coupling, the first mode is unstable, so there is a 

source of energy for the system; the second mode is stable, and energy is 

extracted from the system. The nonlinear coupling channels energy from the 

first mode to the second mode. We say that the energy flows from the first to 

the second mode. When the limit cycle is reached, the effects of the sink and 

source of energy compensate and the energy in the wave system remains con­

stant in time. 

To demonstrate the independence of the limit cycle from general initial 

conditions, the system of equations (6.1) and (6.2) has been integrated numeri­

cally. Figures 6.la and 6.lb show the behavior in time of the amplitude of 

different harmonics for different initial conditions. Figures 6.2a and 6.2b show 

the influence of the linear damping coefficient a 2 on the rate at which the limit 

cycle is reached and on the limiting amplitude. We conclude that the higher the 

damping is, the faster the limit cycle is reached and the higher the amplitude of 

the first mode is. Figure 6.3b shows the behavior in time of the pressure ampli­

tude when the conditions (6.18)-(6.20) are not satisfied; it is clearly seen that, 

while the existence condition ( 6.16) is satisfied, the limit cycle is unstable, i.e., it 

cannot exist numerically. That was predicted by the analytical results (6.18)-
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(6.20). 

In all these examples, the numerical results agree completely with the 

analytical predictions L."l the sense that the numerical solution of the system of 

equations (6.2) and (6.3) yields the same behavior predicted by the analysis 

regarding the conditions for existence and stability, and amplitude of limit 

cycles. 

6.3.1.2 Stability criteria for special initial conditions. 

The following remarks demonstrate that the initial conditions, under very spe-

cial circumstances, can change the stability criteria (6.18)-(6.20). Let us 

assume that the initial conditions are of the following form 

and that '19i_, ~ both vanish. The direct conclusion is that the two modes are in 

phase. This will be shown to be the reason for relaxing the stability criteria given 

above. Equations (6.6)-(6.9), in this case, become 

(6.21) 

(6.22) 

B1 and B2 vanish for all times. System (6.19)-(6.20) has the following solution 
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By linearizing the system (6.21)-(6.28) near the above solution, it is easily 

shown that the stability criterion is simply 

(6.83) 

The criterion (6.83) is much less restrictive than the criteria (6.18)-(6.80). How­

ever, the initial conditions here are very restrictrive. The criteria (6.18)-(6.20) 

are the general ones under general initial conditions. Figure 6.3b, in comparison 

with Figure 6.3a, illustrates clearly the influence of the initial conditions on the 

stability criteria (6.18)-(6.20). The only differences between these two figures are 

the initial conditions: in Figure 6.3b, where the initial conditions are not in 

phase, the limit cycle is unstable as predicted by the stability criteria ( 6.18 )­

( 6.20); in Figure 6.3a, where the initial conditions are in phase, the limit cycle is 

stable as predicted by the criterion (6.23). 

6.3.1.3 19r. 19.,a ¥- 0 : Imaginary parts of linear responses non-zero. 

We now treat the case in which 19i and ~ different from zero, while always 

satisfying the condition (6.15) for zero frequency shift in the limit cycle. The 

point is to show that the stability criteria (6.18)-(6.20) are still valid but are not 

necessary. It will be shown that the imaginary parts greatly affect the stability 

and amplitude of the limit cycle. Ultimately, the direction of energy fl.ow among 

modes will depend on these imaginary parts. 

In order for the characteristic polynomial (6.17) to have all roots with nega­

tive real parts, the following. conditions should simultaneously be satisfied 

according to the Lienard criteria 
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The first two conditions amount to the same conditions (6.18)-(6.19) found for 

the case 1.9i = ~ = 0 . But the third condition implies two possibilities. First 

cx2 < 0 ; this case yields the same result (6.20) found for 1'i = t1rc = 0 . Second, 

cx2 > 0 ; this case yields the following stability condition 

(6.24) 

This condition shows clearly that it is possible to get a stable limit cycle when 

the first mode is stable and th.e second mode is unstable. In conclusion, the 

conditions (6.18)-(6.20) are sufficient here but not necessary. 

To illustrate the results, Figure 6.4 shows an example of numerical integra-

tion of the system of ordinary differential equations when the first mode is 

stable, the second mode is unstable, and when the criterion (6.24) is satisfied 

but the criteria (6.18)-(6.20) are not. The limit cycle in this case is stable, in 

contradiction to the stabiltity criteria (6.18)-(6.20) but consistent with the cri­

terion (6.24). 

In the case when the first mode is stable ( a sink of energy ) and the second 

mode is unstable ( a source of energy ), the nonlinear coupling channels the 

energy from the second to the first mode. The direct conclusion here is that the 

energy can flow 'backward" from the higher to the lower modes. Whether this 
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occurs depends on the values of ( ~ .~) which correspond to the imaginary parts 

of the combustion responses. 

This is, up to our knowledge, the first time such an effect has been shown. 

The imaginary parts do indeed play a major role in the process of limiting the 

pressure oscillations in combustion chambers. Relying only on the real parts of 

the responses of the different processes in the chamber yields insufficient, 

sometimes misleading, information about the processes causing a limit cycle. 

6.3.2. Three modes . 

Now, the system of 3 nonlinear oscillators will be treated. A general approach 

for solving a system of many nonlinear oscillators can be constructed. The pur-

pose of this section is to show that a stable limit cycle is unique and that the 

analysis can be carried out to any number of oscillators. 

The uniqueness of a stable limit cycle is an important feature to investi-

gate, since it is a specific characteristic of multi-degree of freedom systems. In 

fact, for the multi-degree of freedom system (6.2)-(6.3), the limit cycle 

corresponds to the equilibrium points of this system, Le. the values of An and Bn 

dAn dBn 
which make ill and dt- vanish. These values are roots of the system (6.4)-

(6.5) of second order multivariable polynomials. For a single degree of freedom 

system, the limit cycle changes stability when we move from one limit cycle to 

the adjacent one. For example, Figure 7.2, in Chapter 7, shows the phase 

diagram for the single degree of freedom system 

dA = a.A + bA2 + cA3 

dt 

We see from the graph that the limit cycle changes stability when we move from 

one limit cycle to the adjacent one. 
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For a multi-degree of freedom system the situation is quite different. 

There are no general rules as to the alternation of the stability of limit cycles. In 

section 6.3.1 we examined the case of two oscillators. We obtained two different 

limit cycles: the origin and a non-trivial limit cycle. If now conditions (6.18) and 

(6.19) are not satisfied while (6.20) is satisfied, then both limit cycles are 

unstable. Therefore, we have two adjacent limit cycles which have the same 

behavior regarding stability, i.e. both are unstable. This is a clear contradiction 

to the rule for a single degree of freedom systems. 

By extending the analysis to three modes, we would like to enhance this 

conclusion and to support another conclusion about the stability of limit cycles 

for system (6.1), i.e. the stable limit cycle is unique, in the sense that if the sys­

tem is linearly unstable then there is at mast one stable asymptotic oscillatory 

behavior no matter what the initial conditions. 

First, we will show how to extend the analysis to many modes. The discus-

sion of stability for three modes will follow. Write 

where i = ...r-:r.. Thus, for a system of 3 nonlinear oscillators, system of equations 

(6.2) and (6.3) gives, when the limit cycle is reached, 

0'.1 ·-rp 
--~-" e

1 1 z; - (3 ( Z1 z; + Z2 z;) = o 
cos 't'l 

(6.25) 

(6.26) 
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O'.s e - i t 3 Zs + 3 {3 Z 1 Z2 = 0 . 
cos 1/13 

(6.27) 

where * stands for complex conjugate. Elimination of Z3 between (6.26) and 

(6.27) yields 

(6.28) 

We now eliminate Z2 between (6.28) and (6.25) to get, for y = z1z;, 

(6.29) 

where 

.Q4 - it a, cos2'if!3 · -p R4 ·..;, 
c0 = 3 1::'_ cos 'if/3 e 3 + 36 (34 2 . e 1 1 + 6 ~os'if!3 e - i 

3 

0'.3 (X3 COS\IJ1 0'.3 

2 a.2 cos'if!s , ) it1 2 a.2 -it 
12 (3 a.1 - cos~ 'if/2 + 'if!s e . + {3 cos'if!

2 
e 

2 

a.3 cos'if!1 cos'if!2 

The conditions under which Eq. (6.29) has real and positive roots are the condi­

tions for existence of a limit cycle, since y = z1z; is a positive quantity. 

Following the same procedure, the analysis can be extended to larger 

number of modes. However, the algebraic manipulations become cumbersome. 
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In the following calculation we treat the special case of three modes with 

't9i = ~ = ~ = 0 The coefficients c0 , c1, and c2 become 

(6.30) 

Since, in the limit cycle, one phase is arbitrary, we can choose Z1 to be real, i.e. 

y = Af, Equation (6.28) then shows that Z2 is real. Consequently, from (6.27), Z3 

is also real. This means that when ei = 0 there are, in the limit cycle, no phase 

shifts among modes. 

The condition for existence of real roots for Eq (6.29) is that the discrim-

inant c1 - 4c0c2 be positive, i.e. 

ai 
1-12->0. 

iX3 
(6.31) 

In addition, the acceptable roots should be positive, since here y =A[. In 

the case of one limit cycle only, the product of roots of Eq. (6.29) should be < 0, 

since one root is then positive and the second root is negative, i.e. an unaccept-

C2 
able root. The product of roots of Eq. (6.29) is - .. Therefore, we should have, 

Co 

using (6.30), 

a1as ----< 0. 
36~+9 

c<.3 

(6.32) 

Inequalities (6.31) and (6.32) are the conditions to obtain a unique limit 

cycle. These two inequalities can be simplified to 
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1 a, 
--<-"<0 

4 C<.3 
(6.33) 

C9 
On the other hand, in order to obtain two limit cycles, the product --- of 

Co 

roots of (6.29) and. their sum must be positive. These conditions give, 

using (6.30) and (6.31), 

IX1 ----> 0 
4a1 +as 

(6.34) 

(6.35) 

(6.36) 

Therefore, under these conditions. we have in general two limit cycles. Their sta-

bility can be examined in a straightforward manner, as in the case of two non-

linear oscillators. However, the algebra is too complicated to be reduced to a 

simple analytical form in terms of a 1, a2 , and a 3 . In fact, the roots of Eq. (6.29), 

which are the values of the limit cycles, are not simple functions of a.1 , a 2 , and 

as. The linearization of system (6.2)-(6.3) near these values yields a linear sys-

tern ·with complicated coefficients in terms of a.1, a 2, and a3 . Finally, the stability 

conditions according to Llenard criteria give a complicated set of conditions in 

terms of a 1, cx2 , and a.3 • However, a parametric study is easy to examine. 

The parametric study is carried out as follows. For a set of values for a 1, 

a 2 , and a 3, Eq. (6.29) is solved, to get the values of the limit cycles. The system 

(6.2)-(6.3) is then linearized near these values and the stability conditions are 
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determined using a numerical routine. The calculation has been repeated for 

some thousand sets of values for cx1, cx2 , and cx3 , all satisfying conditions (6.34)­

(6.36) for existence of two limit cycles. From this parametric study, vre find that 

always when two limit cycles exist they are both unstable. 

The parametric study is now extended to the sets of values of a:1 , a:2 , and 

a3 satisfying condition (6.33) for existence of a unique limit cycle. We find that it 

is possible to obtain a stable limit cycle. As an illustration, Figure 6.5a and 6.5b 

show the results of the numerical integration of Eqs. (6.2) and (6.3) for three 

oscillators and with cx1, a.2 , and a 3 satisfying condition (6.33). The limit cycle is 

stable and its amplitude is exactly the one acceptable root of (6.29). 

It appears that the values of the amplitudes of the iimit cycles have simple 

expressions for the particular case of I a.1 I << I a.2 I << I a.3 I and that the 

stability discussion is easy to carry out analytically. With the following calcula­

tion we examine this particular case. 

The special case of I a 1 I << I a2 I << I a3 I is treated to completion for 

the initial conditions B1 (0) = B2 (0) = B3 (0) = 0. Consequently, from (6.2)-(6.3), 

Bn(t) vanish, since Gn = 0. System (6.4)-(6.5) then yields the following approxi­

mate relations for the limit cycle amplitudes 

{6.37) 

(6.38) 

(6.39) 

where we have assumed 



Il
l 

T
I '.:"
J 

Q
. E
 0

0
3

·-
<r

 
. 

0.
02

 

0.
01

· 

a 1
=

6
.0

 

0
2

 =
-5

0
.0

 

a
3

=
-1

0
0

.0
 

81
=8

2 
=0

-y
'O

 

6
.5

a 

A
1

(0
)=

0
.0

5
 

8
1

(0
)=

0
.0

.:
1

 
A

z
(0

)=
0

.0
3

 
13

2(
0)

::
0.

02
 

l\
3

(0
) 
=

 O
:;(

O
)=

 0
 

{3
 =

 II
 <

10
 

A
-

' 
I 

_
_

 l_
J 

1 
.....

 _ 
9

0
 

18
0 

2
7

0
 

I 
N

on
-d

im
en

si
on

c.
11

 
T

im
e

 
=~

 

O
J 

-0
 

:J
 

C
l. E
 0

.0
3

 
<

! 

6
.5

b
 

a
1=

 6
.0

 

a
z
=

-5
0

.0
 

0
3

=
-I

O
O

.O
 

B
1=

82
=D

3=
0 

A1
 (

0
) 

=
0

,0
2

-
81

 (
0

) 
=

0
.0

3
 

A
z(

O
) 

=
0

.0
 I 

82
 (

0
) 

=O
. 0

2
 

A
3

(0
)=

0
.0

5
 

E
3

3
(0

)=
0

.0
4

 
/3

: 
11
~1
0 

0,0
2j\

j~:
.!_

I _
_

_
_

_
_

_
 _ 

N
o

n
-

d
im

e
n

si
o

n
a

l 
T

im
e

 

F
ig

u
re

 6
.5

 
C

as
e 

o
f 

th
re

e
 o

sc
il

la
to

rs
 w

it
h

 ~
 =

 O
. 

,
~
 

O
J 

l\
1

 



- 183 -

I At I << I A2 I << l As I (6.40) 

This approximation vrill be justified by the following results. In fact, Eqs. (6.37)­

(6.39) have the solutions 

(6.41) 

Since I a.1 I << I cx2 I << I a.3 j, it is seen that approximation (6.40) is compati­

ble with solutions (6.41). It is interesting to notice from (6.41) that the 

existence condition is now simply 

We now linearize system (6;2)-(6.3) near the above solutions and we calcu­

late the characterisic polynomial, as for two nonlinear oscillators, to get 

According to the Lienard criteria, the stability conditions are then, 
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These inequalities, in addition to the existence condition a1~ < 0, can be 

simplified to 

The direct conclusion here is that all the modes higher than first have to be 

stable. Moreover, from (6.41) we have two different roots. This seems to con­

tradict our earlier conclusion that when two different limit cycles exist they are 

both unstable. However, these roots have only a sign difference and actually they 

correspond to the same limit cycle. In fact, when we replace these roots in 

17i(t)= Ai(t) sin c.>it + Bi(t) cos c.>it, we see that these roots correspond to two 

limit cycles with a phase difference of rr. However, as we have seen in Section 

6.3.1 (discussion after Eq. (6.16)), a limit cycle is determined to a phase shift in 

time. Therefore, these two roots correpond to the same limit cycle. The point of 

this remark is to notice that having different roots for Eqs. (6.4)-(6.5) does not 

always mean having different limit cycles. 

Now that we have completed the discussion of the case for zero frequency 

shift in the limit cycle, we extend the analysis in the next section to the case of 

non-zero frequency shift. Some results for the amplitudes and the frequency 

shift of the limit cycle will be presented. 

6.4. Case oi non-zero frequency shift 

In this section, we will consider the case where the coefficients Ai reach the 

oscillatory behavior Ai = oicos(vit +'I/Ii) and Bi reach~ = oisin(vit +'I/Ji) fort 4 00 

Substitution into 17i(t) = Ai(t) sinc.>it + Bi(t)cosc.>it gives 
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Thus, in the limit cycle, the amplitude 7Ji(t) will oscillate with a fundamental fre-

quency of r.>i + vi . The vi are yet unknown. The amplitude of the limit cycle as 

well as its frequency will be determined. The difference from the last section is 

that here the limit cycle is oscillating with a fundamental frequency different 

from the fundamental acoustic frequency of the chamber. The frequency shift 

We treat fully the case of two nonlinear oscillators. The case of three oscilla­

tors is integrated only numerically in order to confirm the results found for two 

oscillators. The coefficients Ai and Bi, i=1,2, then satisfy the following system of 

equations 

(6.42) 

(6.43) 

(6.44) 

(6.45) 

The 1/Ji represent the phase of each oscillator and should be taken into account. 

However, because the above system is autonomous, one phase is arbitrary, say, 

1/11 = 0 . Thus, by using the limit expressions of Ai and Bi, Eqs. (6.42)-(6.45) 
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reduce to the following system : 

(6.46) 

(6.47) 

(6.48) 

(6.49) 

MultiplyEq. (6.46) by cosv1t, Eq. (6.47) bysinv1t and add the results, to find 

a 1o1 -(361 o2 cos( ( 2 v1 -v2 )t -'1./12 ) = 0. 

This equation should be satisfied at any (large) time, therefore 
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(6.50) 

The values of 'if/2 and o2 have yet to be determined. Multiply now Eq. (6.46) by 

sinv1t, Eq. (6.47) by cosv1t and subtract the results to find 

Then, with 2v1 = v2 from (6.50), 

(6.51) 

Eqs. (6.50) and (6.51) then yield 

(6.52) 

A second relation is obtained by multiplying Eq. (6.48) by cos(v2t + "./12), Eq. 

(6.49) by sin(v2 t + 'if/2) and adding the results to find 

This equation should be satisfied at any (large) time, giving v2 = 2 v1 again and 

(6.53) 

Finally, multiply Eq. (6.48) by sin(v1t + "./12) • Eq. (6.49) by cos(v2t + "./12), and 

subtract the results to find 
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This becomes, with 2v1 = v2 , 

(6.54) 

Equations (6.53) and (6.54) then imply 

(6.55) 

Equations (6.52) and (6.55) yield the following expression for the frequency 

shift 

(6.56) 

Therefore, the frequency shift is zero when a.2'!9i + '!9za:1 = 0 . This is exactly the 

condition (6.15) for zero frequency shift. Using the result (6.56), Eq. (6.51) then 

gives 

(6.57) 

Substituting this result in (6.53) then yields 

(6.58) 
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The last two equations show that the amplitudes of the two modes have 

increased when '!9i_#' 0., in comparison with the amplitudes of the two modes in 

the past section when~= 0. For existence of solutions, we should have, from 

(6.58) and as before, 

To verify the analytical results, Figures 6.6a and 6.6b show the numerical 

solutions of the system (6.42)-(6.45) of ordinary differential equations for 

different initial conditions. The limiting amplitudes have exactly the same values 

given by the formulas (6.57) and (6.58). 

By studying the stability of the limit cycle, the direction of energy flow can 

be handled in the same manner as for the case of zero frequency shift. The 

treatment is more complicated since the linearization of the system of non­

linear oscillators leads to a parametric linear system. The approach presented 

in Chapter 5 can easily be used to solve this linear system. This is not done here. 

In order to enhance our conclusion that the stability conditions of the limit 

cycle for the case ~ = 0 are sufficient for the stability of the limit cycle for the 

case 19i~ 0, the system of equations (6.2)-(6.3) has been integrated numerically 

for three modes with two arbitrary sets of ~ but for the same set of o:.i used in 

Figures 6.5. Figures 6.7a and 6.7b show that the limit cycle is indeed stable, 

independently of the ~· This extends the conclusion reached above for two non­

linear oscillators. 
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6.5. Comparison with numerical solutions and experimental results 

First, we will compare the results of this analysis with the numerical solu­

tions reported in reference 2. Second, comparison will be made with some exper­

imental results reported in reference 3. 

6.5.1. Comparison with some numerical results . 

In 2, Levine and Baum used a numerical technique based on q. finite difference 

scheme to solve the longitudinal waves in the combustion chamber of a solid 

propellant rocket motor. Figures 6.8 show two of their results. Figure 6.8a 

shows the waveform of the pressure oscillations for a flow without particles, 

while Figure 6.8b is for flow with 2 µparticles. The initial disturbance contains 

only the fundamental mode but the final waveform (large time ) contains higher 

harmonics. The fundamental mode grows initially in time, indicating that the 

first mode is unstable and with a growth rate a.1 given approximately by the ini­

tial exponential growth rate of the pressure. The amplitude of the second har­

monic will be used . as a basis for comparing our theoretical results and the 

numerical results in these figures. This amplitude can be determined from the 

numerical data by a Fourier analysis of the waveform. The growth rate of the 

first mode can be determined from the variation of the amplitude at the initial 

growth of the wave. In the numerical results2, the relative energy density of the 

first three modes were respectively 0.813, 0.103, and 0.033 for the case in Figure 

6.8a, and 0.811, 0.102, and 0.038 for the case in Figure 6.Bb. These numbers 

show that the approximation I a 1 I << ! et2 I << I cx3 I is likely, following 

(6.40)-(6.41), to be valid here. On the other hand, the frequency shift is zero in 

Figure 6.Ba and very small in Figure 6.8b, indicating that it is safe to assume 

that ~ = 0. Therefore, the amplitude of the second harmonic, given approxi­

mately, Eq. (6.41), by 
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can indeed be a criterion for comparison. Table 6.1 shows a comparison of the 

value of the spectral density of the second mode ( proportional to the square of 

the amplitude ) between our analysis and the results reported in 2. Good agree-

ment is found for the case of Figure 6.Ba. The error increases in the case of Fig-

ure 6.Bb because -r.•re neglected the imaginary parts. The trend of error is in 

agreement with Eqs. (6.57)-(6.58). 

Since here the first mode is unstable and the second and third modes are 

stable, the energy of the wave is flowing from the first mode to the second and 

the third modes. 

Table 6.1. Comparison between Analysis and Numerical Results of Ref. 2 

Spectral density of second mode 

a., s-1 Analysis Numerical Ref. 2 Error% 

Figure 6.Ba 81.31 0.1215 0.103 17.9% 

Fi ure 6.Bb g 48.26 I 0.077 0.102 24.3% 
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6.5.2. Comparison 'With some experimental results. 

In the experiments reported by Beckstead et al3 , they carried out a series of 

experiments on the performance of laboratory devices for testing solid propel­

lants. In particular, they changed the combustion .area of the solid propellant 

and they determined, at the same time, the growth a 1 of the first mode and the 

final amplitude of the limit_ cycle. But, from our analysis, the final amplitude is 

given by 

(6.59) 

by limiting the number of modes to two. Considering the fact that for practical 

problems the damping is approximately independent of the combustion area 

and the growth rate of the first mode is small compared to the damping rate of 

the second mode, it is safe to assume from our analytical results (6.59) that the 

amplitude varies as the square root of the growth rate of the first mode when 

the combustion area changes. This criterion is used to compare with the experi­

ments in 3. Figure 6.9 shows the result of the comparison. A fairly good agree­

ment is found. 

6.6. Concluding remarks 

In this chapter, we have shown, following a second order expansion in the 

pressure amplitude and using the perturbation-averaging technique, analytical 

results for the amplitude and the conditions for existence and stability of limit 

cycles for pressure oscillations in combustion chambers. The results agree com­

pletely ·with those presented of Chapters 4 and 5 using the asymptotic­

perturbation technique. This constitutes a strong support to the asymptotic­

perturbation technique and to the results regarding the amplitudes and the 

conditions for existence and stability of limit cycles. 
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Moreover, further results were obtained regarding the influence of the 

linear responses of the different processes in the chamber on the stability of the 

limit cycle and on the energy exchange among modes. 

In the next chapter we show that the system of equations (6.2) and (6.3) 

apparently does not explain triggering, or nonlinear instability, for pressure 

oscillations in combustion. chambers. A formal analysis for triggering is dis­

cussed and application of the results to the analysis of some experimental data 

is carried out. 
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. Appendix BA 

Possible Limit Cycbs 

In this appendix we ·will shmv that the limit cycle can have, under certain 

conditions, only tvv-o forms. To fix ideas, we treat two modes only and we deal 

with the pressure at a given location, say, x=O. The pressure has then the fol-

lov .. ing expression 

p' = 7)1(t) + r;2(t) 

Since we are looking for periodic solutions, the pressure should be periodic anC.. 

with fundamental frequency, say, Q + 1.1. Now, expand the pressure into its 

Fourier components 

(A.:) 

On the other hand 

(A.2) 
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+ cosc...it(B 1(t) - a 1sin(vt + ·1?'1)) 

+ cos2c...it(B2(t) - a 2 sin(2vt + 1/!2 )) = 0. (A.3) 

Two direc:t solutions of (A.3) are 

A1( t) = constant. v = 0. 

and. 

(A.~) 

This is the ori:sin of the tvro cases treated in the main text. 

Now assume that A1(t), etc., oscillate with a frequency much. smaller tha.c. 

CJ, and the shift of frequency 1/ is small compared to c,;. Multiply (A.3) by sin.:.:: 

and ~ntc~rate over one period, keeping in mind that the coer1lcient of sin:.< 

remains appro:-.::im<ltely constant. The direct result is that this coefficient shoulc 

vanl:::h in ordl'!r for (A.3) to be satisfied: 

That. -"' '~:-::a.ct.Ly equ;;.tion (A.Ll). Therefore, under the assurr_otLOn of a. ver:r sz:::c.~~ 
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shift of frequency, we have only the cases treated in the main text. It is ".rnrtb. 

noticing ncr-e th2.t this assumption 'Nas essential in applying the :nethod of 

averaging in reference l. 

If this o..ssumption is not satisfied, then a number of cases are noss1.::J~2. 

For example 

are soiutior..::: of equation (A.3). 
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Chapter 7 

TRIGGERING OF PRESSURE OSCILLATIONS 

7.1. Introduction 

In this chapter we treat the problem of triggering of pressure oscillations 

in combustion chambers using the perturbation-averaging technique. The 

analysis is based on a third order expansion in the pressure amplitude; only two 

modes will be accounted for. We will show major mechanisms responsible for 

triggering an,d how they affect this phenomenon. The reason for studying this 

problem is the realization that triggering, or nonlinear instability, is a general 

phenomenon and is not related to a particular chamber geometry or to a 

specific propellant. This is, to our knowledge, the first global analytical represen-

tation of triggering. 

The analysis in Chapter 6 was limited to determination of the limit cycle 

when the system is linearly unstable, i.e. when one or more modes is linearly 

unstable. It cannot predict nonlinear instability, or triggering. In fact, the sys­

tem (6.2)-(6.3) in Chapter 6 yields 

Therefore, the nonlinearity disappears when we calculate the rate of change of 

energy of the wave. For a linearly stable system, all the ai are negative and the 

energy of the wave decays in time, whatever the initial conditions. It is therefore 

impossible to produce a non-trivial limit cycle if all modes are stable. 
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The analysis must evidently be extended in order to explain how a linearly 

stable system can be pulsed. into instability. By this we mean that for small ini­

tial disturbances the system is stable, but for large initial disturbances the wave 

amplitude will grow in time, leveling off toward a non-trivial limit cycle. 

The idea of pursuing a general analytical investigation of triggering 

phenomenon is motivated partly by earlier works on the subject. Powell 1 used 

an approximate-numerical analysis to examine, among other things, triggering 

of pressure oscillations in liquid propellant rockets. He expanded the acoustic 

quantities in the normal modes of the acoustic field; the resulting set of equa­

tions for nonlinear oscillators was solved numerically. Kooker and Zinn2 studied 

triggering in solid propellant rockets by solving numerically the conservation 

equations. Powell et a13 used an approximate-numerical analysis with a non­

linear combustion response to investigate triggering in solid propellant rocket 

motors. Finally, Levine and Baum 4 examined triggering by solving numerically 

the conservation equations using different forms for the combustion response. 

The point in the following calculations is to interpret analytically some 

results reported in references 1-4. The aim is to deduce a general formalism for 

triggering. Having deduced a formalism, application of the results to some 

experimental data will be carried out. In this chapter, only the perturbation­

averaging technique will be used to carry the analysis, because of the simplicity 

to handle the discussions. In Chapter B, we compare the uses of the 

perturbation- averaging technique and the asymptotic-perturbation technique 

in the treatment of triggering in combustion chambers. 
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7.2. Discussion and interpretation of some previous works 

In this section, we discuss some results reported in references 1 and 2. 

Some interpretations of the results will be given and a general formalism of 

triggering phenomenon in any type of systems will be presented. 

In reference 1, Powell examined two types of modes for pressure oscilla­

tions in liquid propllant rockets. When only one radial mode is taken into 

account, he finds (p. 232) numerically, to second order in the pressure ampli­

tude, that triggering in the sense of an unstable limit cycle is possible. At the 

same time, from the conservation equations, he also finds a coupling of the 

radial mode with itself. Keeping these results in mind, we consider the following 

nonlinear differential equation 

dA =a.A+ b A2 
dt 

(7.1) 

where a is the linear growth rate and b is the coefficient of the self-coupling 

term. Figure 7.1 shows the phase diagram ( A, A). From this diagram, we see 

that for a linearly stable system, i.e. a < 0, the system becomes unstable if the 

initial disturbance is greater than A1. The equilibrium point A1 is called an 

unstable limit cycle. Consequently the numerical result is recovered through the 

simple interpretation given by Eq. (7.1) 

Also in reference 1, the author considers the. case of the interaction, to 

second order in the amplitude, between the first and the second tangential 

modes. From his approximate analysis he finds no self-coupling. However, there 

is a cross-coupling nonlinearity of one mode with the other. From his numerical 

computations, he finds (p.200) that it is impossible to predict triggering in the 

sense of a stable limit cycle. This phenomenon can be interpreted as follows. 

Consider the system of two nonlinear differential equations 
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In the limit cycle, we have 

giving the lli'Tiit cycle amplitude 
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d.A1 d~ 
dt' dt=O. 

We see that for triggering to occur we should have 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

However, for a linearly stable system ot1 and ot2 are < 0. Consequently, we must 

have 
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To study the stability of the limit cycle, we linearize Eqs. (7.2) and (7.3) near the 

limit cycle. Write 

and substitute these expressions in (7.2)-(7.3), to get a system of linear equa­

tions in A'1 and A'2 

(7.6) 

(7.7) 

By writing A' 1 = U1e>-t, etc., where U1 , etc., are constant, and replacing these 

expressions in the above linear system we get a linear system of equations for 

U1, etc., of the form 

-+ 
MX=O 

where M is the matrix of the linear system and X represent U 1, etc. This system 

has non-zero solutions only when its determinant vanishes. This gives a polyno­

mial equation in A., the characteristic polynomial. For the system in question, 

the characteristic polynomial is 

(7.8) 

where use has been made of (7.4)-(7.5). The product of roots of (7.8) is - a. 1a 2 . 

However, for a linearly stable system a 1 and a 2 are < 0. Therefore the product 
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of roots is negative. Consequently, the only possibility is that one root has a 

positive real part while the second root has a negative real part. The direct con­

clusion is that the limit cycle is unstable whatever b 1 and b2 . This means it is 

impossible to get triggering in the sense of a stable limit cycle. This is a direct 

interpretation of the result cited above. 

We now turn to another result reported in reference 1. Powell extends his 

analysis to third order in the wave amplitude. First, he considers the first 

tangential mode, for which there is no self-coupling in the second order approxi-

mation but a third order self-coupling. From his numerical results he concludes 

that triggering is possible only in the sense of an unstable limit cycle. This con-

clusion can be interpreted as follows. Consider the following nonlinear 

differential equation 

dA =aA+cA3 

dt 

The limit cycle amplitude is simply 

.L 
a 2 

Ai= ( - -) \ c 

(7.9) 

The second order term is missing because there is no self-coupling to second 

order. For a linearly stable system a.1 is < 0. Consequently, triggering is possible 

only if c > 0. The phase diagram is similar to the diagram shown on Figure 3.1 in 

Chapter 2 but with reversed arrows. It is clear that a non-trivial stable limit 

cycle cannot exist. Therefore, a model represented by Eq. (7.9) cannot represent 

triggering in the sense of a non-trivial limit cycle. This explains the numerical 

result cited above. 
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Powell further. extended his computation to the treatment of the first 

radial mode, for which there are a second order and a tl:1ird order self-couplings. 

From his numerical computations, he concludes that triggering in the sense of a 

stable non-trivial limit cycle for a linearly stable system is possible. This can be 

interpreted as follows. Consider the following nonlinear differential equation 

dA - = a A + b A2 + c A3 

dt 
(7.10) 

The phase diagram of this equation is shown on Figure 7 .2 for the case where 

b :t= 0, b2 - 4a.c > 0, c < 0. (7.11) 

In the following we will show that conditions (7.11) are necessary and sufilcient 

for Eq. (7.10) to have a stable non-trivial limit cycle while the system being 

linearly stable. In fact, the non-trivial limit cycles are the roots of 

a+ b A + c A2 = 0. (7.12) 

If ccnditions (7.11) are satisfied then Eq. (7.12) haS two distinct roots, say A1 

and A2 . Eq. (7.10) can then be written as follows 

(7.13) 

If the product E.. of roots of (7.12) is < 0 then A1 and~ are of opposite sign, say 
O'. 

A1 > 0 and A2 < 0. The phase diagram is similar to the diagram shown on Figure 

3.1 in Chapter 2 but with reversed arrows. For an initial disturbance greater 

than Ai. ~ becomes positive and A grows indefinitely. If the initial disturbance 
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is smaller than A1, then : becomes negative and A decays to zero. The same 

holds true for A2 . A1 and A2 are said to correspond to unstable limit cycles. 

On the other hand, if .£_is positive then A1 and A2 are of the same sign, say 
ex 

positive with A1 < A2 • The phase diagram for this case is shown on Figure 7 .2. 

For an initial disturbance smaller than A1, ~ is negative for a.< 0 and A decays 

in time toward the trivial limit cycle A = 0. However, for an initial condition 

greater than A1 but smaller than A2 , ~ becomes positive for a< 0 and A grows 

in time toward A2. Finally, for an initial condition greater than A2 , ~ becomes 

negative for a < 0 and A decays in time toward A2. A1 is said to be an unstable 

non-trivial limit cycle while A2 is said to be a stable non-trivial limit cycle. Con-

sequently, Eq. (7.10) explains vrhy the third order analysis in reference 1 of the 

first radial mode is capable of predicting triggering in the sense of a stable non-

trivial limit cycle. 

We will now discuss some results on triggering reported by Kooker and 

Zinn2 . In reference 2, Kooker and Zinn integrated numerically the conservation 

equations in solid propellant rockets, using a characteristic method. First, they 

use a steady state burning . rate as a representation of the combustion 

processes. No triggering is found. Second, they include, along with the steady 

state burning rate, nonlinear particle damping in the conservation equations. 

Triggering occurs. In the following calculations we give an interpretation of the 

second conclusion regarding the role of the nonlinear particle damping. The 

first conclusion regarding the insensitivity of triggering to the steady burning 

rate will be discussed in the next section. 
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In reference 5, a model representing a second order nonlinear particle 

damping is presented and a modal analysis leads to the following system of 

equations 

(7.14) 

(7.15) 

where A1 and A2 are respectively the amplitude of the first and the second 

modes; b 1A1A2 corresponds to the nonlinear gasdynamics; c 1Af to the nonlinear 

particle damping; and b2Ar to the nonlinear gasdynamics. For c1 = 0, Eqs. (7.14) 

and (7.15) reduce to Eqs. (7.2) and (7.3). However, in contradiction to Eqs. (7.2) 

and (7.3), Eqs. (7.14) and (7.15) do predict triggering in the sense of a stable 

non-trivial limit cycle. Figure 7.3 shows the existence of triggering for a particu-

lar set of coefficients a 1 , cx2 , b 1 , b2 , and c 1 . From this figure, it is seen that for a 

small (0.05) initial disturbance the wave decays in time but for a large (0.18) ini-

tial disturbance the wave grows to a non-trivial limit cycle. Therefore, Eqs. 

(7.14) and (7.15) may indeed' interpret the numerical results of reference 2 

noted above. 

This result is important because of the structure of Eqs. (7.14) and (7.15). 

These equations contain only a second order nonlinearity. If only one mode, say 

A1, were taken into account then these equations would reduce to Eq. (7.1), 

which, we know from Figure 7 .1, cannot predict triggering in the sense of a 

stable non-trivial limit cycle. The mode coupling to second order, along with the 

self-coupling, assure the establishment of triggering. This is a simple example 

showing that new phenomena can occur when we deal with many modes. For one 
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mode, triggering is absent. For two modes, triggering can occur. 

Another important feature of Eqs. (7.14) and (7.15) is the role of the self­

coupling term c1Af. In the absence of such a term. Eqs. (7.14) and (7.15) reduce 

to Eqs. (7.2) and (7.3), and triggering disappears. as we have seen there. 

The conclusion from these remarks is that a second order model can 

indeed predict triggering providing two criteria are met 

a) The model includes a process representing a self-coupling mechanism 

b) The analysis includes at least two modes. 

The necessity of these criteria is only likely to be true, since we have not 

discussed the effects of the "out-of-phase" components. This is the object of the 

next section. 

7. 3. Justification for neglecting out-of-phase components 

It is essential to notice that in all the formalism given in Section 7.2 and in 

the remainder of this chapter we neglect the "out-of-phase" components Bi, 

defined throughout Chapter 6. In the following discussion, we will give some 

justifications. 

In Chapter 6, Section 6.3.1.3, we found the inclusion of the ei, which 

corresponds to the imaginary parts of the linear responses, was not necessary 

for stability. In fact, we found in that section that if the limit cycle is stable 

when the imaginary parts are absent, it is also stable when the imaginary parts 

are present. These imaginary parts are largely responsible for the presence of 

the "out-of-phase" components~ In fact, from Eqs. (6.2) and (6.3) in Chapter 6, we 

see that if the ei are zero and if Bi(O) are also zero, then Bi(t) vanish at all time. 

We may therefore expect that the results elaborated in this chapter give 

sufficient criteria but probably not necessary criteria for triggering. 
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However, in the following discussion we will show that the stability criteria 

found in this chapter are not even sufficient. In chapter 6, Section 6.3.1.2, we 

found that the stability criterion (6.23) for the case .when we neglected the "out­

of-phase" components is less restrictive than the stability criteria (6.18)-(6-20) 

found in Section 6.3.1 for the case when the "out-of-phase" components are 

present. In both sections,_ we have ei = 0. This means that without the presence 

of the "out-of-phase" components, the stability criteria may not valid. Strictly 

speaking, the results on stability of the limit cycle elaborated in this chapter are 

neither necessary nor sufficient for stability analysis. The treatment of "out-of­

phase" components is a requirement in order to draw unambiguous conclusions 

as to whether triggering occurs. This will be the subject of future work. 

Fortunately, some experimental data 7 favor the hypothesis that triggering 

is largely amplitude-dependent. In fact, in reference 7 some experiments are 

reported on pulsing a linearly stable solid propellant rocket into instability 

(more details will be given in Section 7.7). In particular, they change the 

waveform of the initial pulse ( series MSA 12 to 18 ). Consequently, the phase 

relationships among different modes in the structure of the waveform vary, 

changing the values of the "out-of-phase" components Bn(O), n =1,2, etc. The 

authors conclude that the amplitude of the pulse is the principal factor involved 

in triggering. Nevertheless, they pointed out that there may be some secondary 

effects of the pulse waveform that need to be better understood and that 

differences in waveform initially generated may be significant; generally, the 

amplitude appears to be the dominant factor. 

One direct consequence of neglecting the " out-of-phase" components is 

that, for two modes, the number of nonlinear differential equations is reduced 

to 2 instead of 4, thus making the discussion of the conditions for existence and 

stability of the triggering limit easy to examine. 
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7.4. Relationship between the form. of the combustion response and triggering 

The oscillatory motions found in solid propellant rocket motors have a 

common feature; the motion depends mainly on some sort of coupling between 

the motion and the propellant. The interaction mainly occurs in a very thin 

layer near the propellant surface. Therefore, it is appropriate to represent the 

interaction by an admittance function relating the combustion rate of the pro-

pellant to the pressure and velocity fluctuations. 

One basic assumption in the analysis in Chapter 6 is that the boundary con-

d.itions are linear. The nonlinearity represents only second order nonlinear gas-

dynamics. Here, we will assume that the boundary conditions are nonlinear; 

numerical results for this type of system are available for comparison. However, 

the formalism is general and can represent many nonlinear processes in the 

chamber, no matter what their origin. Only the nonlinearity of the combustion 

response, along with the gasdynamics nonlinearity, will be accounted for. The 

nonlinearity of the nozzle response can be incorporated -without additional 

difficulties. 

In the following calculations, we will consider for comparison only cylindri-

cal solid propellant rockets with constant cross-section; the numerical :results in 

references 3 and 4 have been obtained only for this type of system. 

We consider first a second order nonlinear pressure combustion response 

of the form 

p' 
+ b £!?.'._ 

11rp at (7.16) m' -= 

where ,Up is the linear combustion response and b is an arbitrary coefficient. The 

dimensionless equations for a simplified model of a one-dimensional cylindrical 
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rocket motor (Figure 7.4 ), in dimensionless form, is 

~i t 7 pv .u + u.\7 p =Tm (7.17) 

P( au + u .\7 u' + ..Y..12_ = - um at I f 
(7.18) 

_i.::J.. 
Tp "'I = 1 (7.19) 

where ril is the mass burning rate, ri::J. = Ps r with Ps the propellant density, T is 

the temperature, and u is the velocity. One notices that equation (7.19) does 

not include the entropy change due to mass injection. The inclusion of the 

entropy change in the energy equation (7.19) will change the right-hand side of 

-~ 
(7.17) from Tm to rh. For a real evolution we have T p = 1, where np is the 

polytropic exponent 1 < np < 7. For practical problems 7 = 1.2; therefore 

replacing np by ?' is not a serious error. The assumption of an isentropic evolu­

tion of the flow will facilitate the expansion. 

In the expansion of the pressure, temperature, and velocity in the normal 

modes of the chamber and the use of Green's theorem ( see Chapter 4, Section 

4.6), the right-hand side of (7.17) will enter as :t ( T ril) and the right-hand side 

of (7.18) will enter as JL_( - u rh ). ax 

Expand now the pressure, temperature, and velocity, 
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T = T + T', p = p + p', 
. 

u=u+u 

where T , p , TI correspond to the steady state conditions. Writing the unsteady 

pressure and velocity expansions6 in two modes only: 

p' _= 771(t)cosc.>x + -r72(t)cos2c.>x 

' ·iJ1(t) . "72(t) . 
u = - Slil(A)X - 2 sm2CJX ' 

/CJ /CJ 

as in Section 4.6, we now apply Green's theorem to Eqs. (7.17) and (7.18) to find 

the system of equations for two nonlinear oscillators: 

.. 2 -L. J b( . . 5 2 ) 
'I'll + CJ 1']1 = l NG + - 1'J1'1'J2 - ~ '1'}17]2 

b [ 5 . 1 . 1 . 14 . ] 
+ Co '3771?71 - 8'71'/'}2 - 2'121'/i + 1'5772?72 (7.20) 

.. 4 2 [2] b( d> 1 2 2) 
772 + CJ 772 = NG + 'l'Ji - z-c..i 7J1 

(7.21) 

where c0 = 4 ~~ , with r 0 the steady state burning rate and d0 the diameter of the 

chamber; CJ is the dimensionless frequency: and [l]NG and [2]NG are the same as 

those arising from the nonlinear gasdynamics given in Section 6.3. The 



- 221 -

influence of /J,.p is included in the linear parts of [l]NG and [2]NG· The term c0 

shows the presence of the mean flow velocity 

TI= c0x 

However. we will find, by applytng the method of time-averaging, that the 

influence of TI disappears. Assume that 171 and r;2 to have the forms 

and apply the method of time-averaging to find the following system of non­

linear ordinary differential equations 

(7.22) 

(7.23) 

where 

We see clearly that the influence of the steady state velocity has disappeared, 

since there is no c0 in (7.22) and (7.23). 

The system (7.22)-(7.23) is a particular case of the system (7.2)-(7.3) How­

ever, for cx1 and cx2 both negative, we showed in the treatment of Eqs. (7.2) and 

(7.3) in the last section that, for any (31 and {J2 , system (7.2)-(7.3) could not yield 
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a stable non-trivial limit cycle. Therefore, the form (7.16) of the combustion 

response cannot predict triggerL."'lg. 

We consider now a second order nonlinear pressure combustion response of 

the form 

m' -= 
p' 

!l'J) + b p' 

where Jl'J) is the linear combustion response and bis an arbitrary coefficient. Fol­

lowing the same procedure leading to Eqs. (7.22) and (7.23), we find that no non-

linear contribution is obtained. Therefore, this form of combustion response 

may have little effect on the nonlinear behavior of the wave. 

We now treat a second order nonlinear pressure combustion response of 

the form 

m' ap' -= u_ + c '-I p' ,--p I 8t (7.24) 

where c is an arbitrary coefficient. This form may well represent a second order 

nonlinear velocity coupling. The velocity coupling corresponds to the effects of 

the component of ft.ow velocity parallel to the propellant surface. In fact, from 

the linear analysis in Chapter 3, Eq. (3.12), we have 

ou' --= -~ ax ?' ax 

The absolute value corresponds to the basic characteristic of velocity coupling : 

the burning response to velocity fluctuations is sensitive to the amplitude of 

the velocity but unsensitive to its direction. 
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We now reduce the system of equations (7.17)-(7.19), following the same 

procedure leading to Eqs. (7.22) and (7.23). The result is the following system of 

equations for the amplitudes A1 and A2 • 

(7.25) 

(7.26) 

where 

- 40 ( .'\ 
C1 - ~C w1 1 

911" 
20 '2 ) c =~er c.> 

2 9rr2 ' 
(7.27) 

where c, defined in (7.24), is assumed, for gener~lity, to be frequency-dependent. 

We see clearly that the absolute value is responsible for the presence of the self­

coupling terms c 1Ar and c2AJ. Triggering, in the sense of a stable non-trivial 

limit cycle is found. Unlike the result established in Chapter 6, Section 6.2, it 

can be shown that the stability of the limit cycle depends also on the nonlinear 

coefficients. In fact, Figure 7.5 shows the existence of triggering for a particular 

set of coefficients cx.1, cx.2 , {3, and c1 , with c2 = 0. From this graph it is clearly seen 

that for a small (0.05) initial disturbance the wave decays in time but for a large 

(0.18) initial disturbance the wave grows toward a non-trivial limit cycle. If the 

stability of the limit cycle were independent of c 1, then the conclusion should 

hold for c 1 = 0. However, for c 1 = 0, Eqs. (7.25) and (7.26) reduce to Eqs. (7.2) 

and (7.3), fer which no triggering, in the sense of a stable non-trivial limit cycle, 

is possible. Therefore, for c 1 = 0, the stable non-trivial limit cycle becomes 

unstable. Consequently, stability of the limit cycle depends on the nonlinear 
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coefficients. 

The above discussion may explain some numerical results reported in 

references 3 and 4. In fact, in reference 3 (p. 93), an approximate form is used 

for the combustion response similar to the response given by (7.24). Triggering 

in the sense of a non-trivial stable limit cycle seems to occur, although the con-

clusion is not shown in a clear way. In reference 4, the conservation equations 

are integrated numerically and a combustion response similar to (7 .24) is used 

in the numerical scheme. Triggering is clearly shown to exist. 

We treat now a third order analysis. Our purpose is to discuss the influence 

of a third order combustion response on triggering. Assume that the response 

has the form 

(7.28) 

where b 1, f1, b2, f2, and h2 are arbitrary coefficients. Following the same pro-

cedure leading to Eqs. (7.22) and (7.23), we get 

(7.29) 

(7.30) 

The coefficients {1 1 and (32 are dependent on both the nonlinear gasdynamics and 

the nonlinear combustion response. The coefficients d 1 and d2 depend only on 

the nonlinear combustion response. Triggering does occur. The stability of the 

limit cycle depends on the nonlinear as well as on the linear coefficients. Figure 
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7.6 shows the existence of triggering for a particular set of coefficients. The 

triggering phenomenon here is quite similar to the one shown on Figure 7.5. 

Also it is assumed that the phases, i.e. the Bi, are not important. In Chapter 

8, Section 8.1, it is shown that in the expansion to third order in the pressure 

amplitude, the third order terms in the expansion of the nonlinear gasdynamics 

term pu ~~ contain only coupling terms between the Ai and Bi. Therefore, 

neglecting the Bi implies neglecting third order contributions of the nonlinear 

gasdynamics. The effect of this assumption has not yet been assessed. One 

direct result is that, for two modes, the number of nonlinear differential equa-

tions is reduced to 2, thus making the discussion of stability and existence of 

triggering limit easy to handle. 

From the above results, one concludes that triggering may also be due 

mainly to the energy exchange among modes and to a third order nonlinear 

pressure coupling. This result is important in the sense that an adequate 

representation of the pressure coupling alone may well predict triggering. How­

ever. in this case, the analysis should be extended to third order. 

In the process of demonstrating that the form (7.28) leads to Eqs. (7.29) 

and (7 .30), we have noticed in the calculations that h 2 is the only important 

coefficient among the coefficients of third order terms, since it leads to the third 

order term cA3 • Later in the analysis, Section 7.4, h 2 will be found to be associ-

ated, for a specific form of burning rate, to the time-lag in the combustion 

response. 

It should emphasized that an expansion of the steady state burning rate 

a I 2 
r = apn in the pressure amplitude can never yield a term of the form h 2 ( 2:-) . 
This is an explanation why in reference 2 triggering is not predicted with a 
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simple quasi-steady combustion response. 

We now turn to the general formulation for a burning rate which can 

predict triggering. In order to obtain a model which can represent some physi­

cal phenomenon, both velocity and pressure couplings should be present. We 

expand the combustion response as follows 

(7.31) 

This form includes both pseudo second order nonlinear velocity coupling and 

third order nonlinear pressure coupling. The nonlinear velocity coupling 

p' I ~~· I is not truly a second order because of the absolute value. Triggering 

does occur. For one mode, conditions (7.11) should be satisfied. Therefore, 

whether one mode is sufficient to predict triggering depends on the various 

parameters in (7.30), i.e. on the model for the combustion response. The 

coefficient h 2 is found to be the only important coefficient among third order 

term coefficients. Later in the analysis, h 2 will be found to be associated, for a 

specific form of burning rate, with the time-lag in the combustion response. 

To make the analysis directly applicable, we treat only triggering of pres-

sure oscillations in solid propellant rockets. However, the analysis yields results 

which can be generalized to other systems. 

A detailed formulation for triggering is presented below. From the censer-

vation equations of one-dimensional flow in solid propellant rocket motors, the 

existence of triggering for pressure oscillations in combustion chambers is 

proved. For a given set of parameters, one stable limit cycle is shown to exist. 

The main reason for existence and stability is the equilibrium among velocity 

coupling, nonlinear driving of the combustion ( mostly due to the time lag 
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between the pressure and the combustion response ), and the energy exchange 

among the acoustic modes of the chamber. 

An application to some experimental results, reported in reference 7, will be 

carried out in Section 7.6. Good prediction of the results is achieved. Then we 

apply the analysis to some numerical soiutions reported in reference 2. 

Some forms of the burning rate proposed in earlier works lead to forms of 

the combustion response postulated here as prerequisite for triggering. In the 

theory of defiagration of solid propellant, a simple model8 relating the propel-

lant burning rate to the pressure is given by 

, .::I!.!£_ dr 0 ( t) 
r(t) = r 0(t)\ 1 + r&(t) dt ) (7.32) 

where r 0 is the steady state burning rate: r 0 = apn with n the burning rate 

exponent; 'if! is a constant having a value close to unity, dependent on the propel-

lant and the combustion model; and IC is the thermal diffusivity of the solid pro-

pellant. 

The choice of this expression for the burning rate is taken mainly because 

of the simplicity in carrying out the expansion in the amplitude and still predict 

triggering. Moreover, every term in expression (7.31) has some physical mean­

ing. Consequently, the coefficients of the expansion correspond to some physical 

parameters, 

It is true that the linear (A,B) model 9 represents more faithfully the 

combustion processes in the propellant. In reference 9, a critical review of 

different linear combustion responses is presented. In the following, we present 

a short summary of the (A.B) model since we will need later in the analysis the 
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time-lag deduced from the (A,B) model for comparison (Section 7 .6 .) This model 

produces the following relation between fluctuations of the burning rate and 

pressure: 

m' _ nAB 

p;- - /.. + ~ - (1 +A)+ AB 
(7.33) 

where A and Bare related to the propellant combustion parameters. Usually A 

is in the range of 10 and B in the range of 1 for practical propellants: see refer-

ence 9 for more details. The coefficient A here is a complex quantity and is the 

root of the following equation 

A(A - 1) = iO 

where here Q = IC~ is the dimensionless frequency. With A.= A(r) + iA(i); the roots 
ro 

of this equation become 

(7.34) 

r i i .!.... 
i\(i) = ~l(l + 160 2) 2 - 1J 

2 
(7.35) 

22 2 

These results will be used in Section 7 .6 to deduce an expression for the time-

lag. In fact, expression (7 .33) can be written, for harmonic motion, as 
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where llLI> i eir.rt. e _, is a simple expression for the right-hand side of (7.33), with 

/Lp the amplitude and rp the phase of the complex response. Therefore, one may 

define a time-lag by 

(7.36) 

However, when it comes to nonlinear burning rates, there is, so far as we 

know, no simple nonlinear model other than (7.32). Model (7.32) gives, despite 

its limitations 10, a simple means for predicting triggering, as we will see in the 

next section. In the following discussion, we will consider only the form (7.32) 

for combustion response. 

An imaginary part in the combustion response to pressure oscillations 

represents a time-lag. Following a similar reasoning, a nonlinear combustion 

model should reflect a similar behavior, i.e., the nonlinear combustion response 

should reflect a time-lag. The time-lag concept in a combustion chamber was 

first introduced by Crocco and Cheng11 for concentrated combustion and by 

Cheng12 for the specific problem of solid propellant rockets. Their attention was 

focused on the abnormal pressure peaks in rockets and their analysis was solely 

linear. To interpret triggering of pressure oscillations in iiquid propellant rock­

ets, Sirignano13 used a shock wave model with a time-lag in the propellant 

combustion. His analysis predicted triggering but did not give either the thres­

hold value or the final amplitude. Recognizing these shortcomings, Mitchell 14 

calculated numericaily the final amplitude, after tedious algebraic manipula-

tions. It is difficult to interpret the relative importance of the different physical 
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processes. The point here is to present a model which can be used to predict, in 

a simple way, both the threshold and the final amplitudes. 

It is true that including a time-lag introduces an imaginary part in the 

combustion response and, therefore, neglecting the "out-of-phase" components, 

as we have done in the last section, becomes inconsistent. In the following cal­

culations, we wHl show the point. Assume, for simplicity, that m = apn(t - ;-), 

write ril = m 0 + m' and p = 1 + p', to find, by linearization, 

a . 
m' = an[p' - 1'~1 at ~ 

Using this expression on the right-hand sides of the conservation equations 

(7.17) and (7.18) and applying successively Green's theorem and the method of 

time-averaging (see Section 4.6) give the following contribution of the time-lag ;-

to the behavior in time of the "out-of-phase" component B1 of the fundamental 

acoustic mode : 

where A1 is the "in-phase "component of the first mode. Since in the frame of 

our analysis in this chapter A1 is taken into account and B1 is not, we see clearly 

some inconsistency in introducing a time-lag. However, we still keep our 

hypothesis that the the "out-of-phase" components are not important for stabil-

ity, mainly because of the justifications given in Section 7 .3. 

We are looking for a combustion response of the form (7 .31), since this 

form can predict triggering. The following representation of the burning rate 
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'I);{(; dr0(t - -r) 
r(t) =r0(t--r)(1 + 3 (" ) dt +g ]u'l) 

r 0 t --r 
(7.37) 

yields, after expansion in the pressure amplitude, the desired form (7.31). The 

term g l u' I may represent velocity coupling with g an arbitrary coefficient. This 

is sL.>nilar to c I ~r I in form ( 7. 24). 

Following the same analysis leading to Eqs. (7.22) and (7.23) and taking into 

account the results (7 .25)-(7 .26) and (7 .29)-(7 .30), we get 

(7.3Ba) 

(7.38b) 

The details are presented in Appendix 7A. Here, only the coefficient {3 represents 

the nonlinear gasdynamics. The coefficients ch dii i = 1,2, are functions of ratio 

"'Y of the specific heats, the burning rate exponent n, and the area ratio and they 

are proportional to the coefficient h 2 in (7.30). Moreover, the coefficient c1 is 

found in Appendix 7A, Eq. (A.9) to be positive. Since a:1 is negative for a linearly 

stable system, ~is negative. Therefore, conditions (7.11) are not satisfied for 
CX.1 

the first mode. However, as we will see in the applications, the coupling between 

A1 and Az will allow triggering to occur. The conclusion here is that, for solid pro­

pellant rockets and with the model (7.32) for the combustion response, we need 

at least two modes to predict triggering. 
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The coefficient h 2 is found in Appendix 7 A, by expanding the burning rate 

expression in the pressure amplitude, to be proportional to the time-lag r. The 

coefficients G1 and G2 represent either nonlinear particle losses, as we have seen 

in the analysis leading to Eqs. (7.14)-(7.15) in Section 7.2, or velocity coupling. as 

we have seen in the analysis leading to Eqs. (7.25)-(7.26). Jn the case of velocity 

coupling, the coefficients G1 and G2 are similar to c 1 and c2 in (7.27). In the case 

of particle damping, Jensen and Beckstead5 give the following expressions : 

1 

2 d - - r,,;3-r,02 
G = - --::-c -( _!!_:.) 2 

l 3 2 m µ ,_ . l 

rr Ip ( 1 + 3cm) 2 
(7.39) 

and G2 = BG1 . The parameters in (7.39) are defined as follows. pis the mean flow 

density; pis the mean flow pressure;µ is the gas viscosity; dis the particle diam-

eter; Cm = p! , with /5p is the particle density per unit volume of the mixture; 1' is 
p 

C + CPp 
p -

the effective heat ratio for the mixture and defined by 7' = ---''---, with Cp. 
Cv + CPp 

. p 

Cv. and C respectively the heat capacity of the gas at constant pressure, the 

heat capacity of the gas at constant volume, and the heat capacity of the parti-

cle; r 0 is the relaxation time due to particle attenuation and is defined by 

r 0 = Pp~d
2 

, with Ppm the density of the particulate material per unit volume of 
1 µ 

particles. Appendix 7A contains the details of the calculation leading to Eqs. 

(7.38), along with the details for the expressions of Cj and di, i = 1,2. 



- 235 -

7.5. Determination of the limit cycle 

In the following calculations we determine the limit cycle for pressure 

oscillations with a combustion response of the general form (7.31). In the limit 

cycle, Eqs. (7 .38) become 

(7.40a) 

(7.40b) 

The last equation gives 

(7.41) 

Equations (7.40a) and (7.41) then yield 

(7.42) 

where y = A2 and ei are functions of the different parameters in Eqs. (7.38), given 

by the following expressions : 
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where 

The different limit cycles are found by solving Eq. (7 .42). The acceptable solu­

tions are the real roots of (7.42) which give a positive value to the right-hand 

side of Eq. (7.41). 

The stability of a given solution (A10 ,A20) is handled by linearizing the sys­

tem (7.38) near this solution and by calculating the eigenvalues of the obtained 

linear system, as we have done before in Chapter 6, Section 6.3, for two and 

three oscillators. 
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7.6. Comparison with some experimental results 

In order to show that the above theory can indeed predict triggering, Equa­

tions (7.38) are first applied to the series MSA-19 to 26 of the experiments 

reported in reference 7 on triggering phenomenon in subscale solid propellant 

motors, shown on Figure 7.7a. In these experiments, a smokeless cylindrical 

solid propellant rocket motor was pulsed into instability and both the threshold 

value and the final amplitude were recorded. No solid particles were present in 

the ft.ow; thus the coefficients G1 and G2 may represent only velocity coupling. 

Figure 7.7b shows the numerical integration of Eqs. (7.38) for a particular 

set of experiments in reference 7. It is clearly seen from this figure that trigger­

ing can indeed be predicted. A stable non-trivial limit cycle is reached for the 

pressure oscillations in a linearly stable (a1 and a.2 are negative ) system. The 

values of the parameters shown on Figure 7.7a are chosen such that the limit 

cycle amplitude is close to the experimental one. G1 is taken to be positive 

driving term ) and G2 to be negative ( damping term). It is worth noticing here 

that the value 2.10-4 s of the time-lag used in the. comparison lies well in the 

range of values of time-lag reported in reference 12. For comparison, the value 

of the time-lag given by expression (7.36) from the (A,B) model, where the values 

of A and B are respectively 11.5 and 0.86 ( given in reference 7 ), is approxi­

mately 7.10-5 s. This is in the same range as 2.10-4 s. The values -1.0 and -50.0 for 

a.1 and a 2 lie in the practical range of linear decay rates. No physical explana­

tion has been found for the coefficients G1 and G2 apart from the association 

with velocity coupling. 

It is essential to notice that Eq. (7.42) has in general six roots. Conse­

quently, we have, in general, six different limit cycles. From the numerical solu­

tion of (7.42) for the set of values shown on Figure 7.7a, we get four different 

limit cycles, two roots being complex quantities. However, we see from Figure 
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7.7 b that for quite different initial disturbances, 0.07 and 0.13, the •,•rave ulti­

mately reaches the same limit cycle. This suggests that a stable non-trivial 

limit cycle may be unique. 

The parametric study of thee triggering phenomenon is carried out by 

varying the values of the parameters a 1, a 2 , 1, G1 , and G2 . Over one thousand 

sets of values for these parameters are taken. For each set the roots of Eq. 

(7.42) are calculated using a numerical routine. The stability is then examined 

by linearizing Eqs. (7.38) near the limit cycle. It is found that triggering is very 

sensitive to the decay rate a 1 of the first mode. The lower is the value i a 1 I. the 

higher is the limit cycle amplitude. If both Gi and G2 vanish, then the t:~iggerir:g 

phenomenon disappears. Also from the parametric study, •Ne have found that 

alvrays the stable limit cycle is unia_ue. This is found for a ·wide range of the 

parameters. For a given set of parameters, many limit cycles can exist but at 

most one is stable. 

Figure 7.?c shows the triggering threshold. VThen the initial pulse amplitude 

is below a certain value the wave decays. The low value of 0.004 represents the 

initi.:11 rate of change of the pressure and not the pulse amplitude. The ampii­

tude of the pulse is deduced from the geometry, the location of the pulser, and 

the duration of the pulse. For practical pulsers, this rate corresponds, as it is 

the case in this application, to approximately 8% of the mean pressure. 
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Table 7.l. Comparison between Our Analysis and Experimental Results of Ref. 7 

Analysis Exneriment Ref. 7 Error% 

Limiting Amplitude 0.106 0.122 14% 

Pulse Amplitude (psi) 86.8 108. 19.6% 

Table 7.: shows a comparison between the theoretical and the experimental 

results. The theory seems to predict well both the limit cycle amplitude anci 

triggering threshold. of velocity coupling if we include the nonlinear particle 

losses. 

7.7. Ccmnari:::on mth some nu.n1erical solutions 

In reference 2, a numerical integration of the conservation equat~ons in a 

one-dimensional solid propellant rocket is reported. In that work. the combus­

tion mod.el used did not include velocity coupling. However, particle attenuation 

was accounted for. The point here is not to apply exactly our analysis to the par­

ticular problem treated in 2 but rather to show that our model can predict 

triggeri.ng in the absence of velocity coupling if we include the nonlinear particle 

losses. 

Equations (7.38) are applied to the case of the cylindrical rocket ::;hown tn 

Figure 7.6. In this case, both G1 and G2 are negative. They correspond, as we have 

seen in (?.39). to nonlinear particle tosses, with G2 = 8G1. 
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In Figure 7. 9, it is clearly seen that triggering can indeed be predicted 

without the inclusion of velocity coupling. A stable limit cycle, as before, is 

unique. Figure 7.10 shmvs the time history for an initial pulse just below the 

triggering threshoid for pressure oscillations. Figure 7 .11 shows the sensitivit:,­

of triggering to the decay rate a 1 of the first mode. In this figure, all the parame­

ters in Figure 7 .8 remain the same except that a 1 has no'N the value of -3 instead 

of -l. Even for a very large initial disturbance of 0.25, the wave decays in time. 

This suggests that triggering may not occur if a 1 is above a certain value. Since 

a 1 is highly sensitive to the ratio of the cross-section area of the chamber to the 

propellant area, there may be a limit of this ratio above which no triggering car: 

occur. 

7.8. Concluding remarks 

In this chapter we presented a general formalism for triggering of pressure 

oscillations in combustion chambers. A second order model for the nonlinear 

processes in the chamber may indeed predict triggering if t'NO conditions are 

met 

a) The model incorporates a process representing a coupling of a mode ·with 

itself 

b) The analysis includes at least two modes. 

A third order analysis can predict triggering without a second order self­

coupling of the mode with itself. To predict triggering, two conditions must be 

satisfied 

a) There is a third order self-coupling 

b) The analysis includes at least two modes. 

Both features disagree completely with the classical results of one-de~ree of 

freedom ~indysis. The multi-degree of freedom systems do indeed show so:ne 

peculiar effects not known for the one-degree of freedom systems. 
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Significantly for applications, we identified some global mechanisms 

involved in triggering. For example, the mechanism producing a term ho..ving tl::e 

form p' I t3o' ! in the vicin.itv of the oropellant surface may indeed be a maJior ot · J • -

source for triggering. The same can be said about the mechanism producing 2.. 

p'( 0;,' )2 term. On the other hand, a mechanism producing terms prooortiona.l 

to p'2 is very likely to have no effects on triggering. A mechanism producing 

op' 
p' at probably has very little effect on triggering. These results ·will help, for 

example, refine modeling the boundary layer near the surface of the propellant 

to identify new mechanisms responsible for triggering. This approach should be 

investigatsd. If these mechanisms can be associated ·with some physical 

phenomena, then the results ·will largely enhance our physical understanding of 

the triggering phenomenon. 

We have also proposed a practical formulation for prediction of t::iggeri=lg 

in combustion chambers. The analysis was based on a nonlinear model of th.e 

combu:::tion response to pressure oscillations. The effects of the energy 

exchange among modes, velocity coupling, pressure coupling, and nonlinear par-

ticle attenuation were shown in detail. The model was applied to the particular 

case of solid propellant rocket motors. Good prediction of experimenL:J results 

and gooci agreement with numerical solutions were achieved. 

We ha·y-e shown also that it is of fundamental importance to include the " 

out-of-phase " components for an accurate stability analysis. In fact, the major 

weakness of the analysis presented in this chapter is the omission of the " out-

of-phase "components. The inclusion of these components should yield unambi-

guous resuLls for the occur2nce of trigge:ring. This will be the subject o[ future 

wor!c. 



- 248 -

Appendix 7 ..:\ 

EQUATIONS FOR THE Lii\HT CYCLES 

In this appendix, we will show in detail how to get Eqs. (7.38) for the limit 

cycles, following model (7.32) for the combustion response. We start with the 

formulation of the transient burning rate of solid propellant 

r(t) = r 0 (t - T)(1 + 
'?fl 1c dr0 (t - 1) ) 

rc\3(t - 1) dt 
(A.:) 

where r 0 = apn is the steady state burning rate. Vlith dimensionless variables, a 

simplified set of conservation equations in a rocket motor is 

ap ' - ~ m. 
-~-'I pv .u + u.v p = im 
at 

p( ~u + u .vu) + 'V p = - um 
at I' 

_..:L::...l. 
T p 7 = 1 

(A.2) 

(A.3) 

(A.4-) 

where m Ls the mass burning rate, m = Ps r with p 3 the propellant density, T is 

the temperature, and u is the velocity. Notice that equation (A.4-) does not 

include the entropy change due to mass injection. The inclusion of the entropy 

change in the energy equation (A.4) vrill change the right-hand side of (A.2) from 

n~ - l 

rm ~o m. For a real evolution \Ve have T p n? = 1, ~where nP is the polytropcc 
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exponent l < np < I· For practical problems 7 = 1.2. therefore replacing np by-; 

is believed not to be a serious error. The assumption of an isentropic evolution 

of the fiow will facilitate the expansion. 

In the expansion of the pressure, temperature, and velocity in the normal 

modes of the chamber and the use of Green's theorem ( see Chapter 4, Section 

4.6), the right-hand side of (A.2) will enter as :t ( Till) and the right-hand side 

of (A.3) will enter as· aax ( - u ill ). 

1f; iC dr0(t - 1) 
First, we will deal with the unsteady term ---------d-t--. Write 

rcr(t - 1) 

1/JJC dr0(t -1) 
+ --"---------)] 

rg(t - 1) dt 

0, ., 8r I )" ."1JJC dro(t-1) 
ax 

i, - u m 1· = -0~x ,. - up~r0 • t - 1 ,' 1 + ----------11 · - ~ ' rJ(t - 1) dt '~ 

expn.nd the pr~ssure, temperature, and velocity, 

T = T + T'. p = p + p', u = u + u' 

where T . p . u correspond to the steady state conditions 

dr0(t - 1) 

(A.5) 

(A.6) 

Expansion of the unsteady term 
dt 

in the pressure 

amplitude, with r 0 = apn, shows easily that the coefficient of p'( ~~· ) 
2 

is always 

proponiona! Lo T. This means thu.t the coefficient h 2 in Eq. (7.31) is proportionc.l 

to 7". This remark is used a.t the end of Section 7.5. 
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','{e now wnte the unsteady pressure and velocity expansions6 in two modes 

only: 

p' = 17 1(t)cosCJX + 772 (t)cos2cvx 

We now apply Green's theorem to Eqs. (A.2) and (A.3), as we have done in the 

analysis leading to Eqs. (7.22) and (7.23) in Section 7.4, to obtain tvro equations 

for two nonlinear oscillators, one oscillator for each mode. The details of t.b.2 

results at this step are very lengthy. Only the final results, following application 

of the method of time-averaging will be shown in detail. To this system of equc..-

tions for nonlinear oscillators we apply the method of time-averaging afte!'." 

expar..ding YJi and 172 as follows 

This leads to the following system of nonlinear ordinar:y differential equations 

(A.7) 

(A.3) 

whe!"e 
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with 

~2 1 1 
V1 = - ----r(n + 1).8[ -~ -

16
kL ~in( 4k~)] 

32/ 4 

3 I - 1 W1 = ~T( ~ (n + 1) -(n + l)(n + 2)) 
64 f 

(n+ 1)(:n+2) 1-1,n..i.. '')} -'------~ + ----!, I I j 
2 I ' -

~ ~ + ~in(2k~)+ 1 
;:;in(4-k0] . 3 4 " 2kL . 12kL 

~2 1 1 •r2 - - ___,.....fn ..!.. 1) 8[ -t - --<::in(Bk<-)J, V: - By I \i ' - . 4., 32kL ~-i ' ., 

Yl2 = 
1
3
6 

;T( Y; 1 (n + 1) - (n + l)(n + 2)) 

(n + 1 )(n + 2) + 'l - 1 (n + l))~ 
2 -y 

.£.~ .Q_t + ~in(4k0+ 1 in{,Bkt,)] :J " 4 ' 4-kL · 321<:1 

On the other hllnd d 1 and d 2 arc given by 
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d 1 = ~-;-(1 -
1 (n + 1) - (n + 1)(n + 2)) 

"'" I 

1n.L1)(n-'-·9) 
\'-..!..I ...... ,\ f:-..J, + 

2 
'Y - 1 
I ~(n+l)~ 

I 

d2 = 1
6 

'. -;-( 7 - 1 ( n + 1) - ( n + l) ( n + 2)) 
1 7 

1 
- 9T1 -

'I 
""-' - i i -

? r 
(n + l )(n + 2) !' - 1 n + ,

1 11 ~--~-~ + -'----/, . -11 
2 ')' 

'f-1 < . ..!... 3 ( ) 1 ' ' 1 ( )] '-'" ' __ _,1·n ;:>kt ..;... -----""'n' 4 1-"" '.J- ~'n 61K'° . - - 2 ~ ' 6kL " ~ .~ ~. . BkL "1 
\ -~r; I • 24kL -l \ r;, 

where E is the length of the propellant. For the case presented on Figure 7.7a we 

have 

C1 = 0.Q306708'¢iT, Cz = - Q.1QQ4227'ljtT, d1 = 0.8049125':/'T, d2 = 0.6053451/'T 

Since 1fl and T arc positive, c 1 is positive and condition (7.11) in Chapter 7 cannot 

be satisfied for one mode. The treatment of two modes is therefore necessary. 

Remar'..c The expansion of the steady state term r 0(t - 1) should, in gen-

erat. 0e taken into account. However, for practical values of the burnin.r-; rate 

exooncnc. '1 , the heat ratio /, and heat diffisuvity IC, it can be sho1m that this 
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contribution is negligible compared to the contribution of the unsteady term.. 
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Chapter 8 

THIRD ORDER ACOUSTICS 

Third order acoustics has long been the object of investigation. For appli­

cation to liquid propellant rocket motors, Zinn 1 predicted triggering qualita­

tively by extending the expansion of the conservation equations to third order 

in the amplitude. Using an expansion in the normal modes of the acoustic field, 

Powe112 treated the problem of third order acoustics for the case of radial and 

tangential acoustic modes in liquid propellant :rockets. Culick3 enco~tered 
A 

difficulties when he attempted to extend the perturbation-averaging method to 

third order. 

In this chapter, we deal with only pure longitudinal modes. Our purpose is 

first, to justify some simplifications taken in the. last chapter, mainly the omis-

sion of the third order nonlinear gasdynamics; second, to extend the 

asymptotic-perturbation method presented in chapter 4 to higher orders in the 

amplitude: and third, to discuss the applicability of the perturbation-averaging 

and asymptotic-perturbation methods to the problem of triggering. 

We compare in this chapter the application of the perturbation-averaging 

and asymptotic-perturbation methods to the problem of triggering. The expan-

sion of the conservation equations is carried to third order in the amplitude of 

the wave. We concentrate here mainly on the nonlinearity arising from the gas-

dynamics within the volume of the chamber. 

In Chapter 3, Section 3.3, we compared the two methods in the solution, 

to third order in the amplitude, of a single nonlinear hyperbolic equation. We 

found that for that equation it was advantageous to use the asymptotic-
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perturbation method. Especially, we pointed out that the influence of the second 

order d.c. shift on the first and the second mode was difficult to incorporate 

using the perturbation-averaging technique. A similar situation will be found in 

this chapter regarding the conservations equations in combustion chambers. 

In Chapters 4 to 6, we expanded the conservation equations to second 

order in the amplitude, using the two methods of expansion. We found that the 

two methods yielded the same results regarding amplitude and conditions for 

existence and stability of limit cycles. However, in Chapter 7 we showed that the 

second order analysis, with nonlinearity arising only from the gasdynamics, was 

incapable of predicting triggering. We extended the analysis there to third order 

in the amplitude using the perturbation-averaging method. However, as we 

pointed out there, we neglected the contribution of third order nonlinear gas­

dynamics. Only the third order nonlinear boundary conditions were taken into 

accou::it. In this chapter, Section 8.1, we will treat this contribution and justify 

the approximation made in Chapter 7, Section 7.3, regarding the omission of the 

third order acoustics when the "out-of-phase" components are neglected. We will 

also compare the contributions of the third order acoustics arising respectively 

from the gasdynamics and the nonlinear boundary conditions. 

In Chapters 4 and 5, we applied the asymptotic-perturbation method to the 

conservation equations for the case of pure longitudinal modes. However, we 

limited the expansion there to second order in the amplitude. The nonlinearity 

arose only from the nonlinear gasdynamics. We found from Eq. (4.26) that a 

non-trivial limit cycle could not exist if the system is linearly stable. Therefore, 

the triggering phenomenon could not be explained within that analysis. In this 

chapter, Section 8.2, we extend the formal expansion to any order in the wave 

amplitude and in the average Mach number of the mean flow. However, we carry 

out the calculations in detail only for the third order acoustics arising from the 
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gasdynamics. We will show that this method, unlike the perturbation-averaging 

method, is capable of incorporating the full contribution of the third order 

nonlinear gasdynamics. In particular, the effects of the second order d.c. shift 

on the acoustic modes are taken into account. This is an extension of the con-

clusion reached in Chapter 3, Section 3.3. 

The triggering phenomenon is discussed in Section 8.2.3, using the 

asymptotic-perturbation method. We will show in that section how to determine 

the limit cycles and how to study the stability of a given limit cycle. 

Finally, a comparison between the perturbation-averaging and asymptotic-

perturbation methods regarding the prediction of triggering is carried out in 

Section 8.3. Some conclusions as to when to use each method are drawn. 

8.1. Third order acoustics: Perturbation-averaging. technique 

In this section, we apply the perturbation-averaging technique to study the 

third order acoustics. We concentrate on the "nonlinearity arising from gas-

dynamics. We limit the discussion to pure nonlinear acoustics with no mean 

flow, since our main objective in this section is to determine the influences of 

the third order acoustics. The conservation equations are 

~ 7 pV .JJ.. + 11. V p = 0 

a · v 
p( a~+ y_.v 1L) + 7 = 0 

Expand the pressure. velocity, and density as follows 
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p = 1 + ep' , u = IT + eu' , p = 1 + ep' 

In the conservation equations, the only obvious third order term is 

p'u'.11 u' (8.1) 

All the other terms are of second order or less. However, there are other third 

order terms. In fact, the expansion of the isentropic relation .£._= 1 in the pres­
p-Y 

sure ampiitude yields 

p' = .I?.'.._+ l..( l_ _ 1)p'2 +etc. 
I I I 

Therefore, second order terms like p' ~~· include third order terms which shouid 

be included in the analysis. However, the contribution of ~ ~ - 1)p'2 is 

shown4 to be very small compared to p'u'.V u' for I< 1.2, and that the smaller 'l 

is, the smaller the contribution is. The exact relationship between p and p is 

generally of the form 

where 1 < n < /, n being the polytropic exponent. Consequently, the actual 

correction is even smaller than expected. Therefore, the third order contribu­

tion from p' ~~· will not be included in the analysis in this section. 
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Moreover, a full treatment of the third order nonlinear gasdynamics 

should include the effects of the steady state shift ( d.c shift ) . In fact, a cou-

pling between the first order terms and the second order steady state shift 

terms produces third order terms. However, it is very difficult to include such 

effects using the expansion in the normal modes. This is the main reason why it 

is more accurate to use the asymptotic-perturbation technique when the order 

of perturbation exceeds 2. This is the subject of the next section. 

6.1.1. Expansion of the third order acoustics . In this section, only the 

term (8.1) will be considered. By applying Green's theorem ( Chapter 4, Section 

4.6 ) to the conservation equations, the term (8.1) is represented by a term of 

the form 

?' Jv 'if!n (p'u'.V u')dv (B.2) 

where '1/Jn is a normal mode of the chamber. We limit the expansion in the nor-

mal modes of the chamber to three, 

p' = 7} 1 (t)cosc.>x + 712(t)cos2e.>x + 713 (t)cos3c.:>x 

i} ( t) ?72 (t) . iJs( t) . 
u' = - 1 sinc.:>x - _____.,

2 
~1n2c.>x - -:---s

3 
m3c.>x 

)'CJ )'c.> 7c.> 

p' = ~p' (8.3) 

Now the application of Green's theorem yields the following contribution 

of the term (8.1) to the system of nonlinear oscillators for the r]i(t), i = 1,2,3. For 
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the first oscillator, we have 

7j1 + G)
27]1 = First and Second order terms + Ff3

) (8.4) 

where 

For the second oscillator, we get 

7j2 + r.J~1]2 =First and Second order terms + F~3) (8.5) 

where 

and finally, for the third oscillator, we obtain 

Tis + c.>~7]3 =First and Second order terms + F~3) (8.6) 

where 
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FJ3
) 1 . . 1 .. 

37 = - 872 771'1717J1 - 1672 '171772'172 

We will now apply the Method of Averaging ( see Chapter 4, Section 4.6 for 

details) to equations (8.4)-(8.6). Expand 17i(t) in the usual form 

After lengthy calculations, with the use of the ~ethod of averaging described in 

Section 4.6, the following system of ordinary differential equations is obtained : 

d.A1 
dt 

d.B1 
dt 

= First and Second order terms 

= First and Second order terms 

(8.7) 

(8.8) 
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~2 = First and Second order terms (8.9) 

~2 = First and Second order terms (8.10) 

~3 = First and Second order terms (B.11) 

dBs dt = First and Second order terms (8.12) 

The new parameter arising with the third order term is o = ~· The first and 
327 

second order terms are the same as those given by Eqs. (6.2) and (6.3) in 

Chapter 6. 

8.1.2. Application to triggering . It is clearly seen from this system that 

the third order nonlinearity presented here consists in coupling among the Ai 
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and the Bi. Neglecting the phases, i.e. neglecting the Bi, implies neglecting the 

third order nonlinear gasdynamics term p'u'.V u'. This is the reason why we did 

not include the contribution of the third order acoustics arising from the gas-

dynamics in the analysis presented in Chapter 7. 

It is interesting to notice, from Eqs. (8.7)-(8.12), that there are no self-

coupling terms, either to second order or to third order, due to the nonlinear 

gasdynamics. However, from the discussion following Eqs. (7.14)-(7.15) and 

(7.29)-(7.30), we found that such features were very likely to be essential in 

causing triggering. Consequently, the third order acoustics arising from the gas­

dynamics may not produce triggering. We found from Section 7 .3 that the non-

linear boundary conditions might yield self-coupling terms, and, therefore, may 

cause triggering. For a volumetric process to cause triggering, the only require-

ment seems to be that the structure of the process possess some terms similar 

to those given by expressions (7.24) and (7.28). The nonlinear gasdynamics does 

not satisfy these requirements and, therefore, may not contribute, by itself, to 

triggering. 

However, as we mentioned in Chapter 7, Section 7.3, the "out-of-phase" com-

ponents may influence the stability of the limit cycle. The third order contribu-

tion of the gasdynamics may influence the stability of the limit cycle by chang­

ing the phase relationships among modes. This will be the subject of future 

work. 

In the folloi;ving calculations, we will establish how the energy of the wave 

dA 
may change due to the influence of the gasdynamics. Multiply dt

1 by Ai and 

dB· 
dt1 by Bi in Eqs. (8.7)-(8.12), and add the results to find 
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(8.13) 

Eq. (8.13) implies that initially the energy of the wave may increase if the 

right-hand side of (B.13) becomes positive. However, this does not necessarily 

mean that triggering occurs. To check the possibility of triggering, Eqs. (B.7)­

(8.12} have been integrated numerically for over a thousand sets of vaiues of a.1, 

~. a 3 , and o. For a given set, the initial conditions have been varied in such a 

way that the right-hand side of (8.13) becomes positive. Despite an initial 

growth, the wave always decays in time to zero. From a physical point of view, 

this can be interpreted as follows. The nonlinear gasdynamics treated here 

serves only as a means of transfer of energy among modes. It does not contri-

bute to the growth or decay of the wave. The initial growth of the wave, sug­

gested by Eq. (B.13), may be due to incomplete representation of the third order 

acoustics arising from the nonlinear conservation equations, mainly the 

absence of the effects of second order d.c. shift on the acoustic modes. This is a 

reason for using the asymptotic-perturbation method in the next section. 

8.2. Third order acoustics: .Asymptotic-perturbation technique 

In this section, we extend the analysis presented in Chapter 5, Section 5.3, 

to higher order in the wave amplitude and to any number of modes. To show the 

generality of the approach, we include the effects of the average Mach number of 

the mean fl.ow. The direct application is the determination of the third order 

acoustics arising from the gasdynamics. 

B.2.1. General formulation of the expansion . 

In this section we extend the expansion presented in Section 5.3 to higher order 

in the pressure amplitude using the asymptotic-perturbation technique. To save 
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space, we show in detail the expansion of the pressure alone 

P = 1 + µ 2 Po2 + · · · + e ( P10.1 + µp11,1 + ... ) eiKt 

+ e ( o(l)p e2e<g~l)(Jb) t + µp + ... ) e2 iKt 
2 10,2 11,2 

+ t
2( P20.o + µp21.o + · · · ) 

+ ...,2( p ..._ µp + ... )eiKt 
"' 20,l • 21,1 

+ e2 ( o r2)p e 2e<g~2)( µ,) t + µp . + . • . ) e2 i Kt 
2 20,2 21.2 

+e2(5<2)n ese<g~2)(µ,)t+µp + .•. )esiKt 
3 x 30,2 31,2 (8.14) 

+es ( o<s)p e2ag~3)(µ,)t + µp"' + .•. ) e2iKt 
2 • 30,2 ul,2 
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The coefficients g£2'. d 2), etc., are introduced to resolve the multiple deter-

mination of K11 , K12 , etc., as we have discussed earlier in Chapter 5, Section 5.3. 

Gathering terms in e2µeiKt in the conservation equations and appiication of 

Green's theorem, leads to an expression for Kn. Another expression is obtained 

by equating the coefficients of i 2µe 2iKt. In the absence of g~2>, we are faced 7rith 

generally two different values for the same coefficient, and the expansion 

breaks down. A similar situation exists for K12. In general, the introduction of 

gfn>(µ,) allows the single determination of Kn_ i,m• j = 2,3,4 ... , and m, n = 1.2,3, .... 

T'ne introduction of oJ2>, o~2), etc., allows unique determination of K20 . In 

3 0 'Kt. 1'20 and l" (2). fact, collecting terms in c; µ e1 yields a relationship betwee , u2 · 

Another relationship is obtained. by equating the terms in c:3 µPe 2iKt. The 

coefficients K20 and o£2) are therefore uniquely determined. A similar situation 

exists for o£3) L.'1 the determination of K30. In general, the introduction of oi(n) 

allows the single determination of Kno· 

The effects of the d.c shift terms p 20 ,0 and u 20•0 on the acoustic modes vrill 

be included when we deal with the third order acousticas, mainly Eqs. (8.21) and 

(8.22). Moreover, the effects of the mean flow are easily incorporated to any 

order. 

More concisely, the expansion (8.14) can be written in the folloV>iing form 

p_ = 1 + '\1 µ2mp + '5: '\' t1!01(n)p engl lJ.b + '1 µmn einKt + c.c. 
"" 00 .. r (n}r ·)t "" ] -· 
t_.i 0,2m ~ Li . . 10,n Li • lm.n 

m=l l'=ln=O l m=l 

where oln) = 1 and gi'n) = 0 for n = 0,1. Similarly, the expansions of the density 

and velocity are respectively 
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Forµ,= 0, this expansion reduces simply to that of the pure acoustics problem 

with no mean flow. 

This expansion will be appiied in the next section to the determination of 

the contribution of the nonlinear gasdynamics. A discussion of the use of the 

results to examine triggering of pressure oscillations in combustion chambers 

will follow. 

6.2.2. Determination of the third order acoustics . 

In Chapter 5, Section 5.3, we carried the calculations to second order in the 

wave amplitude and determined an expression for the coefficient K10 in the 

expansion of the complex frequency K in the asymptotic amplitude. In this sec-

tion, we will carry the calculations to third order in the wave amplitude and we 

will show in detail the steps necessary to determine K20 . The results will be 

applied to study triggering of pressure oscillations in combustion chambers. 

For simplicity, we limit the expansion (8.14) to two modes only. First, we 

determine the coefficient g£j> because it will be needed later in the analysis 

Eqs. (8.19)-(8.20) ) leading to the determination of K20 . To determine dP. we 

equate the coefficients of eµe 2 i Kt in the conservation equations. By doing so, we 

get 
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2 iKooP12.2 +IV . u12.2 = ( - 2( iKo1 + aJpg~fi) ) P11,2 

(8.15) 

+ ( -1 P11.2 V .CT - iI .IJ P10.2) + ( - 7 Po2 v .u10.2 - U10.2 .V Po2)0J1> 

V P12.2 r ) r1) 2 iKooU12.2 + = ( 2( - iK01 + + aol g2o )P11.2 I' 

(8.16) 

Following the same technique leading to Eq. (5.11) in Chapter 5, we fi...'1.d a rela­

tionship between K02 and g£p, the coefficients gJfi) and 0J1> being already deter­

mined in Chapter 4, Section 4.4. However, K02 is determined by equating the 

coefficients of eµeiKt as we have done in Chapter 4, Section 4.3. Consequently, 

gJp is set uniquely. 

Second, we determine gJ~). since it will be needed later in the analysis ( Eqs. 

(8.21)-(8.24)) to caicuiate K20. The determination of d~) is based on the unique­

ness of K11 . In fact, collecting coefficients proportional to e2µei Kt yields 

iKooP21.1 + ?' 'i1 . U21.1 = - iK11P10.1 - iK10P11.1 - iK01P20.1 
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= - iKuP10.1 +WP (8.17) 

iK,,. 'l'7 P21.1 i.K 'K iKT 00U21,1 + v -,- = - 11U10.1 -1 ioU11,1 - . 01U20,1 

= -iKu +Wu (8.18) 

Following the same analysis leading to Eq. (5.12) in Chapter 5, Eqs. (8.17) and 

(8.18) produce an expression for K11 . However, another expression for K11 can 

be deduced by equating the coefficients of e2µe 2 i Kt. By doing so, we get the fol-

lowing two equations 
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+ ( -7 P11.1 v .U10.1 - U10.1·V P11.1) + ( -7 P10,1 v .U11,1 - U11,1·'V P10.1) 

+ ( - 7 P20.2 'ii .TI -TI.\7 P20.2)0£1
) 

(8.19) 
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+ ( - U20,2 .V TI - TI.v U20,2)0~2) -P10.1U10,1·V TI - P10,1TI.V U10.1 

(8.20) 

where ci and di are here functions of lower order terms. These lower order terms 
were determined in Chapter 5, Section 5.3; consequently they are known quanti­
ties, and hence so are the ci and di. It is worth noticing that the coefficient gJp 
is present on the right-hand sides of (B.19) and (8.20). This is the reason why we 
first determined gJp by Eqs. (B.15) and (B.16). Following the same analysis iead­
ing to Eq. (5.13) in Chapter 5, Eqs. (8.19) and (B.20) yield a relationship among 
K11 , o£2'. and gJ~>, However, K11 is already determined from Eqs. (8.17) and (8.18). 
Consequently, we are left with a relationship between c5~2 ) and gJij). This relation­
ship will be used later in the analysis ( Eqs. (8.21)-(8.24)) to determine K20 • 

We now return to determination of K20. The· results elaborated above con­
cerning the expression of gJ~> V'rill be needed in the analysis. There are two ways 
to determine K20 . First, we equate the coefficients of e3µ 0eliKt in the conserva­
tion equations to get 
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iKooPso.1 + ?' 'iJ . Uso.1 = - iK20 P10.1 - iK10 P20.1 

(8.21) 

iK + V Pso.1 .K .K ooUso.1 -
7
- = - 1 20 u10.1 - 1 10 u20.1 

- P10.1 u;o.2·V U10.2 I 0J1
' I 2 - P10.1 U10.2· 'V u;o.2 I 0J1

' J 2 
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(8.22) 

where ei are here functions of lower order terms. These lower order terms were 

determined in Chapter 5, Section 5.3; consequently they are known quantities, 

and hence so are the ei . 

Following the same analysis leading to Eq. (5.13) in Chapter 5, Eqs. (8.21) 

and (B.22) yield a relationship between K20 and 6~2>. It is worth noticing here 

that the d.c shift terms p20 .0 and u 20•0 are present in Eqs (B.21) and (B.22), con-

sequently they influence the expression of K20 . We found some difficulties in 

including these effects in Section B.1. using the perturbation-averaging tech-

nique. 

A second relationship between K20 and 0£2> is obtained by equating the 

coefficients of ~3µ,2e2 i Kt. By doing so, we get 

(8.23) 
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. - iKooP20.1 u10.1 - iK10P10.1 U10.1 

(8.24) 

where wi are functions of lower order terms. These lower order terms were deter­

mined in Chapter 5, Section 5.3, consequently they are known quantities, and 

hence so are the wi. Following the same analysis leading to Eq. (5.13) in Chapter 

5, Eqs. (8.23) and (8.24) yield a second relationship between K20 and 0J2>. Conse­

quently, K20 and o~2) are uniquely determined. 

It is essential to notice that K10 and K20 are not necessarily unique for a 

given configuration of the chamber. 1n fact, the algebraic equations relating oJ2) 

and K20 are in general quadratic because of the nonlinear relationships between 

gJ5) and 0£2l given by Eqs. (8.19) and (8.20). This means that the coefficient w5 is 

in general function of oJ2'. Therefore, (8.24) is a nonlinear relationship between 

K2o and o~2). 

It is worth noticing here that gJ3) is present in the relationships between K20 

and 0~2>. This is the reason for determining g~5) by Eqs. (B.17)-(8.20). Moreover, 

in the determination of d5) by Eqs. (8.19) and (8.20), the coefficient gJp is 

present. This is the reason for determining gJP by Eqs. (8.15) and (8.16). 

It is evident that the procedure is lengthy, even for only two modes. How­

ever, the analysis is straightforward and systematic and, therefore, amenable to 
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computer progamming. All the nonlinear terms are included. This was difficult 

to achieve by the use of the perturbation-averaging technique presented in Sec­

tion 8.1. No formal explicit results, similar to expression (5.16) for K10 in 

Chapter 5, are obtained here for the expression of K20 . This will be the subject of 

future work. The purpose here is mainly to establish that the technique can be 

extended to higher orders. 

8.2.3. Application to triggering . 

In Chapter 5, Section 5.4, we discussed, using the asymptotic-perturbation 

method, the existence of limit cycles. In particular, we treated the case when we 

limit the expansion of the complex frequency K to second order in the ampli­

tude. As we have seen in Chapter 4, Section 4.4, this corresponds to the third 

order acoustics. In that case, we have from Section5.4 the following expansion 

of the growth rate a: 

The existence criteria become 

1) a 10 should exist and be non-trivial. 

2) a 20 should exist and be non -trivial. 

3) O'.fo - 4 (aoo +µa.bl>) Clzo > 0. 

For a given a.10 and a 20 , we have in general two different roots, say e1 and e2 . 

Consequently, there are in general two different limit cycles for given values of 

a.10 and a.20 . For each root, the waveform of the limit cycle is given, as we have 
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seen in Section 5.5, by 

- ·K· - fl) "Kt p 1 = ep10,1e1 
• + c.c., p2 = so:i Pio.2e1 + c.c. 

where p 1 ai.J.d p 2 are respectively the first and second Fourier components of the 

limit cycle. It is essential to notice that a.10 and c:x.20 are not necessarily unique 

for a given configuration of the chamber, as we have seen at the end of the last 

section. 

The stability of each limit cycle is examined following exactly the same 

technique presented in Chapter 5. The results of this examination yield some 

conditions, similar to those found in Section 5.2, on the stability of the limit 

cycle. If for a linearly stable engine, these conditions are not satisfied, then this 

limit cycle is unstable and may correspond to a triggering threshold. This is 

similar to the stability of the equilibrium. point A1 in Figure 7.1 for one-degree of 

freedom systems. 

However. if the stability conditions are satisfied, then the limit cycle 

corresponds to the asymptotic oscillatory behavior, or triggering limit. This is 

similar to the stability of the equilibrium point Az in Figure 7.2 in the last 

chapter for one-degree of freedom systems. 

It is essential to notice that we are dealing here with many modes. Conse­

quently, both limit cycles may well be unstable or, a priori, stable. However, the 

later possibility is unlikely to occur, since we have seen in the last chapter, Sec-

tion 7 .7, that a non-trivial stable limit cycle seems to be unique. The point of 

this remark is to notice that having two different limit cycles does not neces­

sartly mean that one limit cycle is stable while the other one is unstable. This is 

a clear contradiction to the rule for one-degree of freedom systems where for 

two adjacent limit cycles one has to be stable while the other is unstable. 
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8.3. Concluding remarks 

Now that vre have discussed triggering, using both the perturbation­

averaging and the asymptotic-perturbation methods, we compare the two 

methods regarding the prediction of triggering. Some conclusions as to when to 

use each method are drawn. 

We start with the advantages and disadvantages of the method of 

perturbation-averaging in describing triggering. We notice first from Eqs. (B.7)­

(8.12) that the inclusion of many modes is simple to carry out. This is an advan­

tage in the treatment of steep-fronted waves where many modes should be 

taken into account. Moreover, as we have seen in Chapter 7, the behavior of the 

wave in time up to the limit cycle can be described. Therefore, the initial distur­

bances can easily be incorporated, giving the influence of the initial conditions 

on triggering. In addition to that, we can determine how fast a triggering limit is 

reached by examining by examining the behavior of the wave in time. This is 

important information. For example, in the case of solid propellant rockets, it is 

very useful to know, from the approximate analysis, that triggering is reached 

before or after the burnout of the propellant. In the latter case, the analysis 

should be changed, since after the burnout there is no more combustion in the 

chamber. 

However, as we have seen in Section 8.1, it is very difficult to fully represent 

the third order nonlinear gasdynamics, mainly the effects of the second order 

d.c. shift terms on the acoustic modes. Moreover, the extension of the 

perturbation-averaging method to higher order in the amplitude is not straight­

forward. This is a disadvantage in the sense that the method may fail to 

represent some physical phenomena which do not show up to second order in 

the amplitude. Also, we notice in Section 8.1 that it is not straightforward to 

include the effects of the average Mach number of the mean fiow. This is clearly 
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a disadvantage in the application of this method to high speed flow engines. 

We now discuss the advantages and disadvantages of the asymptotic­

perturbation method in predicting triggering. First, we notice from Section 8 .2 

that we can fully represent the third order nonlinear gasdynamics, especially 

the effects of the second order d.c shift terms on the acoustic modes. Second, as 

we have also seen in Section 8.2, the analysis can be extended in a systematic 

way to any order in the wave amplitude This is a clear advantage, since we can, 

in general. fully represent any physical phenomenon, no matter what the order 

at which it occurs. We notice further from Section 8.2, that it is straighforward 

to include the effects of the average Mach number of the mean flow. This is a 

clear advantage when we deal with high speed flow engines. 

However, it is very cumbersome to include many modes in the application 

of the asymptotic-perturbation method. Even for two modes, in order to 

represent the third order acoustics of the nonlinear gasdynamics, the pro­

cedure was very lengthy in Section 8.2. This is a clear disadvantage in treating 

steep-fronted waves where many modes should be present. Moreover, the 

method is incapable, by construction, of predicting the behavior in time of the 

wave. Therefore, it is impossible to assess directly the influence of the initial dis­

turbances. However, the stability discussion offers adequate information about 

the influence of the initial conditions. In fact, an unstable limit cycle may 

correspond to the threshold amplitude, therefore giving a limit for the values of 

the initial conditions for which there is no triggering. Another disadvantage is 

the inability of the method to assess how fast a triggering limit is reached, since 

the explicit behavior in time is unknown. 

In final count, when we are interested mostly in the existence of triggering 

and when the number of modes is not of crucial importance, i.e. no steep­

fronted waves, or the flow speed is high then the asymptotic-perturbation 
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method has a clear edge over the perturbation-averaging method in the sense 

that all the phenomena involved can be fully represented. However, •.vhen we are 

interested in steep-fronted waves, i.e. many modes, with low speed flow or when 

the evolution in time of the wave is of crucial importance, then the 

perturbation-averaging method offers a simple and efficient, but presently 

incomplete, technique of treating triggering. 

One may even use both techniques conjointly. We may start with the 

perturbation-averaging method to get some information about the wave 

behavior in time. The method of asymptotic-perturbation is used afterward to 

include all the mechanisms in the system. 
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Chapter 9 

CO.NCLUS10N 

In this report, we have studied the conditions for existence and stabilit::. 

and amplitudes of limit cycles for pressure oscilations in combustion chambers. 

The analysis has been based on expansion of the general conservation equatior:.s 

in the pressure amplitude. Two techniques were used. The first is an 

asymptotic-perturbation in which the asymptotic oscillatory behavior is sought 

by expanding the asymptotic solution in a measure of the amplitude of the '.van: 

usually the amplitude of the fundamental. The second is a perturbation­

averaging technique where an approximate solution is sought by applying a per­

turbation method followed by an expansion of the solution in the normal modes 

of the acoustic field in the chamber. It was shown that, to third order in the 

amplitude of the wave, both techniques yielded the same results for the amp~i.­

tude and the conditions for existence and stability of the limit cycle. Hm•;ever, 

while the tlrst technique can be extended to higher orders in the pressure ampli­

tude, the second technique suffers serious difficulties. The advantage of tb.e 

second technique is in its ability to handle easily a large number of modes. 

In the approximation to second order, we found the follov.ing results. A 

stable limit cycle seems to be unique. Under very special conditions, the initic..l 

conditions affect the stability of the limit cycle. The imaginary parts of the 

linear responses of the difierent processes strongly influence the stability cr~­

teria and the amplitude of the limit cycle. They affect the exchange of energy 

among modes. 

We aiso presented a ~encrLl.1 formalism for triggering of pressure osc~cL::..­

tions in combustion chi.l.mbers. A .second order model for the noniine2.:-
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processes in the chambe: can indeed predict triggering if two conditions are 

met 

a) the model incorporates a process representing a coupling of a mode with 

itself: and. 

b) the analysis includes at least two modes. 

A third order analysis· can predict triggering without a second order self-

coupling of the mode vrith itself. To predict triggering, two conditions must be 

satisfied 

a) there is a self-coupling to third order; and 

b) the analysis includes at least tvro modes. 

Both features disagree completely with the classical results of one-degree of 

freedom analysis. The multi-degree of freedom systems do indeed show some 

peculiar effects not known for the one-degree of freedom systems. 

More importantly, we identified some global mechanisms involved in trigger-

ing. In the special case of solid propellant rockets, we examined the conse-

quences of special forms of the response of combustion to oscillations. For 

ex<:mole, a mechanism producine: a n' I Bo' I term may indeed be a ma.ior source ' ' ~ L at 

for triggering. The same can be said for a mechanism producing a p'( ~~· ) 2
. On 

the other hand, a mechanism producing terms proportional to p' 2 is very likely 

to have no effects on triggering. Likewise, a mechanism producing p' aa~· has. 

probably, very little effect on triggering. These results will help guide modelis.g 

the boundary layer near the surface of a burning solid propellant to identify 

new mecharnsms responsible for triggering. This approach should be lnvcsti-

~atcd. If these mechanisms can be associated with some physical phenomena, 

:hen the results will greatly enh<.rncc our physical undccstcrndin.g of t~c 
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triggering phenomenon. 

Vie also proposed a practical formulation for prediction of triggering in 

combustion chambers. The analysis was based on a nonlinear model of the 

combustion response to pressure oscillations. The effects of the 

exchange among modes, velocity coupling, pressure coupling. and nonlinear par-

ticle attenuation '.Vere shown in detail. The model was applied to the particular 

case of solid propellant rocket motors. Good prediction of experimental results 

and good agreement with numerical solutions were achieved. 

In the framework of the third order theory, a model of the combustion 

response including both a pseudo second order nonlinear velocity coupling and 

energy exchange among modes predicts triggering. A model including a third 

order nonlinear pressure response and energy e~.;:change among modes can 

predict triggering. A stable limit cycle seems to be unique. The triggering 

phenomenon in solid propellant rockets seems to be due mainly to three factors 

: pseudo second order nonlinear velocity coupling , third order nonlinear pres-

sure coupling in the combustion response, and energy exchange among modes. 

However, in principle, second order nonlinear particle damping may replace the 

velocity coupling as a factor for triggering. In this work. nonlinear pressure 

coupling has been related mainly to a time-lag between a pressure fluctuation 

and the burning rate. 

We showed also that it is of fundamental importance to include the " out-

of-phase " components for an accurate stability analysis. In fact, the major 

weakness of the analysis presented in the treatment of triggering in this work lS 

the omission of the " out-or-phase " components. The inclusion of these com -

poncnts should yield unambiguous results as to whether tri;:;gering occurs. Th~s 

·.viLl be the ::ubjcct of future wcrk. 
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For the prediction of triggering by the perturbation-averaging technique, 

we notice r1rst that the inclusion of many modes is simple to carry out. This is 

an advantage in the treatment of steep-fronted waves where many modes should 

be taken into account. Moreover, the behavior oi the ·wave in time up to the 

limit cycle can be described. Therefore, the initial disturbances can easily be 

incorporated, giving the influence of the initial conditions on triggering. In addi­

tion to that, 1ve can determine from the behavior in time of the wave, the rate at 

which the triggering limit is reached. 

However, it is very difficult to represent fully the third order nonlinear gas­

dynamics, mainly the effects of the second order d.c. shift terms on the acoustic 

modes. ~vioreover, the extension of the perturbation-a'1eraging method to higher 

order in the amplitude is not straightforward. This is a disadvantage in the 

sense that the method may fail to represent some physical phenomena which 

do not show· up to second order in the amplitude. Also, it is not straightforward 

to include the effects of the average :Mach number of the mean flow. This is 

clearly a disadvantage in the application of this method to engines in which the 

flow may reach high speed. 

By using the asymptotic-perturbation method to _predict triggering, we can 

fully represent the third order nonlinear gasdynamics, especially the effects of 

the second order d.c shift terms on the acoustic modes. Also, the analysis can be 

extended in il systematic way to any order in the wave amplitude This is a clear 

advantage, since we can, in general, fully represent any physical phenomenon. 

irrespective of the order in the wave amplitude at which it occurs. ~;Iorcover, it 

is sLraighfor:m.rd to include the eiiects of the average :Mach number of the meun 

tl.ow. This is obviously important when •:re deal with high spe::::d tl.ow engines. 

However, lt is very cumbersome to include many modes in the applicatlc::-1 

of the 2.symplotic-perturbu.tion Gietho<l. Even for t~vo :nodes, (n order to 
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represent the third order acoustics of the nonlinear gasdynamics. the pro-

cedure is very lengthy. This is a disadvantage in treating steep-fronted waves 

'Nhere many modes should be present. Moreover, the method is incapable, by 

definition. of predicting the behavior in time of the wave. Therefore, it is impos-

sible to assess directly the influence of initial disturbances. However, the stabil-

ity discussion offers adequate information about the influence of the initial con-

:iitions. In fact, an unstable limit cycle may correspond to the threshold ampli-

tude, therefore giving a limit for the values of the initial conditions for which 

there is no triggering. Another disadvantage is the incapability of the method to 

assess how fast a triggering limit is reached, since the explicit behavior in time 
. I 
lS Uilc{nown. 

In final count, when we are interested mostly in the existence of triggering 

and 'Nhen the number of modes is not of crucial importance, i.e. no steep-

fronted waves, or the fl.ow speed is high then the asymptotic-perturbation 

method has a clear edge over the perturbation-averaging method in the sense 

that all the phenomena involved can be fully represented. However. when "Ye ar2 

inter2sted in steep-fronted vvaves, i.e. many modes, 'With low speed fiow or whee'. 

the evolution in time of the wave is of crucial importance, then the 

perturbation-averaging method offers a simple and efficient, although incom-

plete, technique of treating triggering. 

One may even use both techniques conjointly. We may start with the 

perturbation-averaging method to get some information about the wave 

behLJ. vior in time. The method of asymptotic-perturbation may then be used sub-

sequentty to indude all the mechanisms in the system. 

Future research in the area of nonlinear instabilities of pressure oscilla-

tions in combu~tion chambers may have three ci.ircctions. The tlrst direction ~3 

the ·_)xu::nston. or' the pcrlurbati.on-ave::ag;ing technique to many re.odes and ~o 



- 286 -

higher orders. The second one is the study of the infiuenc2 of the phase relation­

ships among modes on triggering. The third direction is the elaboration of expll-

cit results regarding the third order acoustics using the asymptotic-

?erturbation technique Being able to handle these problems may greatly 

enhance our understanding of the nonlinear processes in combustion chambers, 

mainly the combustion response to pressure oscillations and to velocity fluctua­

tions. 

The application of the results of this work to real engineering problems 1vill 

be much expanded if vre can extend the results for axial modes to three dimen­

sional problems in which axial. radial. and tangential modes coexist. 


