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~,i: io art e g l  are jet practice and design. 

Tksnks are also extended to &4r, Gor Z0.a Salk-asLon cC sr,c 

&- I e~ , ro -3pc i~aE  Co~q;;sany a;id LO s. G, Vni. Gie soil 8f 2b10 C+akhi~i:r,ia 

1 as~%i.,s~c of ";ecilnology lor "L~eiu. kind Baelp in greger i :~g  &he tig;;..reh aae, 

- byp~irng 9 i  tids rcperte 
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- a:1cia8 a ~ a i a t a w c e  sf &he Cfilce, <,$id sf, 3~4~22sce, a~nqd ihd (29iiee 0% 

3rbi8ia12cc c s e a r e l ~ ~  ile 2- 



The following *per I s  divided iato thras mars er laoe ~ e p r a k e  

secdono. The fir et geetion ( C b p t e s ~ o  VI) deals with amlysis c& 

"6ha transprt propertieas ai B, p r z h l l y  ioanissd gas ~ u b j e c t  $0 &he eaa- 

strain$ :Mt Ohe average random energy of aU constitue$9,$ prt ieles 

i a s,=caly e q u l  (sguipr&itlasn of eaasrg y). Thi E caneLaai~~5t i a sace s @ a r j p  

so $let the formal Ckpm~&n-En~kfpg solution of Ba$t%m&n'~ e q ~ t f a n  can 

be used "t ev&Bwte the various krsncwrt cosfflcfsat&, Sabjec% to ais  

~ ~ a o t r a i n t ,  a &a& 9f t r a e m b l ~  eqwt5s;ano describing the mass and anergg 

digusfan On a mrth%ly 9anizad i s  obained Wt fncldas  all term8 

correct $0 &h@ order of &he o q ~ t u e  ;:Y~Po~ 0.f t h ~  P & $ ~ B  of the slsetron to 

atam =(a8 9 ~ ~ ~ p r e d  $0 Oner The % r a n e p r &  cosffbcients sks evalw%;sd 

$01 haif&-5 and organ over the template rang@ of ~ r % i & %  i o n i ~ ~ t t o a  

asswfiing t b t  the ~ p e i e ~  prB;PeIe d e n a i t i ~ s  are quite c l ~ s e  to their 

@qultibrium valuese 

The awlyaiio indieat@@ the slectron and foa diffusion 

veiocit&es a r e  msra slkoeahy cowpled $ h a  %he aqmtiea~ of C1mpman and 

GowLfag I ~ Q W .  % h ~  addad cwapling ilmp%%cit'Biy applies '&he coas$rafn% 

of %era velocity to the gas lgscaiblly. Becautbse of kilts csn&tr&inC a. 

current in tile dfractisn af (E x B) x B occar a tn addigion it@ $ha direct 

md m011 current@. 

It i e  ~ h o w n  that the only WrL of $be ghsrm~1 conduckivity t b %  

can be iwblaencsd by a magaetfe ffsld idij We p a t  of &ha; ekzergy carrisd 

by &he digia~ioa of the cbrged  mrtic2sae For $hi@ season, m~gaetii9: 

fields, in g@nerali, canaot be nearly asji eff~ctlve ia redaging haat trans- 

fer r&t@s a6 wa8 pzevi~uslky &aughta ec g. # a m g a e t i ~  f ie ld  wiX1 ~ V B  no 



idluence on the therm&B cond~ct iv i ty  in a dully ionized gas, except 

ebrough its fdaesee  ~ s g a  the e u r r e ~ ~ t  dernsizy and &a aajrmal diffusioa, 

Chpte rs  VH - XX camprise the? secszild sec"$lon of this p p e p  sad 

elacfric diacbrges.  A amber  of pramelers  are obained &ad 

bf S C & E @ B @ ~ .  The solution is evaluated for a disckrga  In argon gas at 

sns &tmaoa@ere praeaud  ia which the e;ers.peral;ure on aha a x i ~  of 

dbscharge varies from 6. OOO'K to 19e000a~. The current-voltage 

chracterhstk obt&?ainsd fram this B Q & Q ~ ~ O ~ " B  ie3 eon3prl~d with ;$a a x ~ r i -  

maawklly dstssmined curve ~f We B4ae~ker. 

The &Lrd I B C & ~ Q ~  of this wpe?r [Cbptexs X - Xm) is cencarned 

with fhe miecbnisms of eaargy traaafer $a &re jet davfcoa. U@a i o  

n ~ a d e  of the p r e v i ~ u s  B @ E B $ Q Q S  aif the? *per CO deta~mina  the relative 

K a g a i t a a  of a s  a n i ~ u k  of energy $bt is trandarred to $he gae fsgi the 

vorlouo Mrts  af the 61e9~trfkf: d % s ~ U r g ~ .  'The ~ ~ P O U I  p ss ib ie  efsctaods 

eodiguralfosns are discussed Ba deaiiQ and compared, Tha design and 

p r f ~ r r n a n c e  af an annubr  ekeerttrads arc beater with a ramking arc i~ 

rae& described and discussed. Becau~e of a a m b e r  of undaslirabta 

~ r fo r -nce  ~ k r a ~ t e z f a t H ~ 8  af &his t ype  of eIectr$~de ~~nEiguratioa+ 8 

n2odifbe4 beak~z W ~ B  ~aa~erucked  wftb the cathad9 B ~ ~ S B % ~ R  Q C C U T F H ~ ~  

along the axis a.t the appfbad m & g ~ ~ & f ~  field. Deaf%& 0% $ha uexp~gedkq 

good mrfotmance of this codigura t i~n ate given, B la ehown that the 

arc p t sa t f~ l  drap depeends prirfiarily on 8;&s stipeng& of &a applied 

m g n e t i l ~  field and. $h@ gas aaklpgr downstraam d ~B arc. The 

dapeadenccs 0% the arc pteathT drep on the arc curreat and the ambient 



prsssuze is shown $0 bba -weak Z V C ~  the ranges begted, e, g, , 50 to 

306 anlperes $03 the c $ z B " P ~ ~ ~  a ~ d  1 to 4 atzqospheaaes far the P P O E ~ S U F ~ ,  

Soma I~eat transfer ~~easurenxexbes &Fsen v.dt5 W e  equipz3ent are 

pr e @anted, 

Appendix I ic eoaca~aed wigh the ewtwtbon of the t r s n s p r  t 

coa$fie.jrsn%~ ia a partially %anbaed gas. Forn~txBae are develkzpsG for 

dstsr:~~fning t he  viscosity, therrmtl ~ 0 n d L l ~ t i v f b y ~  BD$ 6lect:ic CBII- 

ductivfty of the p%asn:a. Thsae csefflcSenBa are consputad far argon 

a-ad lxefium at one atmosphere pre~sure and over If%$ tezapra$ure range 

af parii;ibaj8 foir?li%btion, 
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Thara is @on;@ dup1iei9staig~n in %he symbolis used. In g@aers?bl, an+ 

tEow oceura odg when some w s i % - b a w  rebtion is kgrducad  only 

once OF twice and 6s a ~ t  used &oaghaut the report. 
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23 rabtCvs velocity of prafctles irx a b f m ~ y  ccolfiisioa 
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m % r f x  cow*potnr~m$ in dstarmimtian aP viscosity cosffiefent 

k~ thermal dWuaf on ce;bafiicien$; as dafiasd by Gbpman 
and GDWIIW,~ 
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and atoms 
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U, 
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diffusion v@liaef$y of apdclese i 

U an%*$ azackor 

V~ 
ionfgatioiiz anerg37 of pr t fcXes  @f typa 5 

w noa-dirwsnsioml z%ejetr%c pste?atbl 

Vl heat f l w  -rate@ per unit area 

Q caafficfcng in  t22e dfffaraeieraa sqmtfoaoii 

a n194y082 = cut-off parameger in cculomb interactions d 

9 eoaffieient fan the diffu~3ian eq~$i@as 

~1 cssgffciene fa the dWu~8on eqmtigba~ 



vat-4 ~ F ~ ~ C @ % O B Z  ra%;@ af L ~ C ~ E I ~ C ~ J  li 

coes@icheaa$ inn the bamu~ion eqwtioas 

e'lzars"~tc&l B ; S C P % B O ~ ~ P  Q$ gas wrtieltes af IWCI~PZJ i 

pezm~aab9tiCy on" free a p c e  

nsn-dfme3ns.8s~ak coordinate ira @heath eolutign 



@fvj pkentiial energy of interaction for two pr.kti~Be@ in a 
bf~l%lry e~llisfon 

I ~limibrity wramet~r 

% angular prmsgsr  "i binary coBli~Len 

", work fueegion af: swgaea n~atc.a~h;st f 

$a, 
f gyrabgfon fsrsguena~g d eh rged  prtiels  sf type f 

m-' 
i %road  s a t e  degsaeracy of prtie%e@ af e y ~  f 

rr #'*' '(TI geaaral intera~tlon Frametar in binary callidon 12 



AWough e&e@trta arco hiave been used ;lsurd atdted new far over 

one bundried an& @f&y ywme, their use 8~1 a dewlad tO &*P @@'flow te 

lslrtvearal tbou~iilerd degrees Kglvia is crrmprat9verlg xrlsg:cor& it i r r  only 

wi& advent of the kll isti~ amissites and the pm&Mrrd dwlor~ition of 

the inner planetary system thae tho, need has artarea to cksvelop equipeat 

cawbler of prsduatngl: stwdy-s*te gas flows 10 whieh the artaglxgtfon 

1 t94@ and I95Q a, I& act retrer~kt has formed the Bars%@ f ~ r  moat of the 

s&eeq~dlaale. werk Is thr United @*tee. Wizq t4ae *st: a h  pears nur;#sfr* 

2*4 otrs devfess ltsnvsr tbrsraba built ebnd olgerortod thrieugBouE thbr earntry . 
Thy- csrn be &vi$la4 rpproH3mP3ttaly f ntcl W e e  gyroup% a @ h  bvllrx.8 it# 

awa shstreictarirrde~~. These typrs, togst;her with taefr &4mnag~s and 

d5s&dvaoage~r wifk be awurrtsd 9s a subseqwat 6ssetfoa l[g genicaretl, 

a13 rteasign ta baaed upus p~ece4ent and trial an4 csrrm. lxOo one coa- 

Eigura#on b e  yet px~vetd itaeff tio be superior t@ gbs othxsr for a11 

applieatisns. 

Practi~cal &mtt@stioaar of arc heaters slrs befag fa;lund in more 

a& more widely diverrriflad ftaldm. Wyperthetrml wind 1;ugpstlar using a 

grblrrm, jet to heat eh@ gas ts abotBk 10,000 8. T. V. /Ib. #@a in U B ~  in 

m a y  kborrttasie~ for latudfing heat transfer xrettsr~ and ~nbhtian rertas 

of ar~r~ea eone material. Sham inettallratlons raws frcm r few kito.tktates 

+ Gup~xr~crigta deaote references at the end of E$e text. 



~ m p t ) a &  @ *@ #%a3 $ a . s t r ~ X  W F Q T #  frJI ih&% @ b q 8 +  flf 

~Swiw e3-g ~b PEW mts 8-U ~mpz4F61 #a eOl;ra vatwiay Qf 

& b p&htca 8a etttidy ghsm 

@ass@ *% i a r  w~fwbd m£pr 08gMXy Ezm q.rS9dXrsrirun uae &f: gr- 

~OTW @lie@ trf al p @ e o W Z  ebmbE p f e s t w  a d  tm~~#"ratare* The 

hE&t ibereaejhs tori. 







Tbe sraallyti~ psstisn of the preseeat work fa meetly concemn@d with 

an attempt ts simplify &e genera& Ghapman*En&og solution to Bolt 

equaticln far a syete~tn cb atoms, ions, arid tstectxaaa. At t;h& e m s  E i g n s  the 

implifcationajl of the finite reaetisrn sale f n th@ pr0dUGf;f O ~ Z  and recconbin~~eton 

d &he electrons and iaas is ataaed. In order hf;n°oduca %he reaction 

rakes into ths general ma$Snem&.Set4E #olutian, 10; iea conveni@f.he ttc~ u@& irxe- 

vex sibks %krermad~mO.g: o so e h %  posoi bta int~sr&etisaa3 E&R bs ~"Dietlaed, 

ISa genaarat, trreverefbla tkrsrwnisdmmics3 i~ only a cenvofnient besbeeptng 

techitqae for graperay catalogpiilga21 of &be p s s i M s  fntea;airc$ian~ b@&ween 

the maefou@ $r%Sn@part p r ~ e e ~ s e s  in ths fluid uridarr staady. b the gairn@s&l, 

treabeai; & the tilipaciea dWue%o~ arsd eslergy t r m a F t  egojbaeione u~frsp; 

brretrerslbls &eramfadpamic~~ no re ~t%~i@tfc~n is Initklty phcsd won tha 

epscieps, &a~e~t~&r$cpne  a s  Wt f i e  diffusion and h a t  eranefsr retiationa 

derived al-s gsn@rea&ty -lid ogitd are not coupled t@ saw asamption mde; 

cmcarniag the: r ~ 6 t j o n  rage. The filr~t seirctioa af the -1y~fs r $ ~ @ r t ~ $  

h&rs f $he desivifkfrsrz og tBre thee general sipate at rabtione far eke tranrra- 

port pr~pa?rtlas a$ a wr&klly ionisad pgaa from the b w a  a& frrsvsrsibtra 

e b r m & ~ m f c ; ~ l .  CH1l-m vector eqwtions for ~ p ~ f  @ S  -8s ~ & ~ ~ U P I Q P  axad 

energy dmuerion ekra mch c%lriscussed in demilt. The gcathr rsatctian rate 

eg,mtisa is next derived from chemical kiaat;.Sc conabderatirraaa -;and it is 

shspwrm rsrzdes w b t  csadftioa~ ttha linear approxh@fari of irresver ef ble: 

thermdymmier% ia v.ijaBfd, li$ deeirable, it is posnsf b&e to introduce sbny 

rmsomble esrpre 8 don f sr the reaction-rate eqmtion, valid when the 

ractista tea fax from equilibriw~, into the gsnsral qka~tianr~ far mrti~ls 

&izd energy dWrrefon On the gas mWusre. The second order It;e?nsa%- 

equation&, favfslvfng the otres~-strain rehtfons foe: the fluid ore derived 



but w h  d~cusrsed in dewit 

The reetulta af the abavs anr~liyaiirsl ars u ~ e d  to discuss 

two P F Q ~ $ @ ~ @ .  The fir st is 9t modal ~g & cyaindriwiy aymmrstsic 

elecetrie: discharges, when the rmctim rate le;  forst enaugh to keep the 

p ~ t $ e S @  ~om:&:f3n);r@t5~na cloc~e to their equftib~iurn m%er%tss. The second 

pzab'fam t h f .  is rkiscu~rsed ke the form2%titsn 8nd tireruetars of sheathie 

bstt~aen & htk;rlid ~urfi$ce and a, p h  m a  wder coadLtfaarer close to 

cqu4EiJfsrfm, The fntergra%P;-Ho~a ef somet ;bjS.seasmerta frp tce?~rrts of 

these soXutfane; 1s a ~ t n  dfscu~i;sad in eow~a dba&if. 992 mzbfcubr, t.be 

dischbtrg~s 61 clearly ~ a l ~ t i f n ~ $ d ~  



11. THE FORMUUTLON OF THtPhMSPBRT PROPERTY ANALYSIS 

& 1. Formulation of the Problem of the Transport proper tier^ in a 

C ~ Q :  by the Use of Irreversible Thermodynamics 

in formulating the problem of the motion af the various species 

relative to the center of mass of "be gas and 09 the energy transport it 

i s  deairoble to list the various pheaonrtena that can be cansidered to 

have some bearing on these processes and then see ts what extent a. 

comprehensive analysis can be made to include at1 of them. The follow* 

isng list describes most of the processes of interest that crccur in 

prtfaltly ionized plasmas. 

(1) AM electric current is carried by the diffusion of the 

electrons relative t~ that 06 @he ions. 

(2) A current of charged particlea relative ks the neutral 

pastielea accuse; this c u r r e n t  i s  known a s  ambipo la r  diffusion, 

(3) Both of the above phenomena occur when there are gradients 

of any of the following: 

(a) species density 

($1 pressure 

(6) temperature 

(d) electric potential. 

(4) Energy is transferred by thermal conduction and by species 

diffusion. 

(5) Energy can be added to the gas from an externally applied 

electric field. 

( 6 )  Recombination ~f electrons and ions as well as ionization ~f 



atoms is occurring throughout the gas. 

(7) Several of these processes do not attain equitibrium 

inetarztstneouoly but must be characterized by re tions times or 

reaction rates, e. g., a reaction rate equation is necessary to describe 

the deviation of the ionizii'iiorn level from ecqui21brfmt. 

( 8 )  Any, or 4311 of the above processetEi can be modified by ths 

presarzce of either an extermlly applied magnetic ffa'ld or a self- 

generated magnetic fiead, 

(9) Shear and compressive strcss;ss in the gas Can conceivably 

affect the above processets. 

The ideal r~~ethod af studying the BebvSor a d  interaction of the 

above qwntities i s  through eke use of kinetic theoryr usually involving 

scpme tr eatmerit of &he relevant Boltzmann equistlan. Unfortuwtely, 

because t;~f the great cor~iplexi~y of: the problem, not even an. approximate 

~ ~ l u t i o n  i s  available as yet. 33urgerslQ hae considered the equivalent 

11 problem for a fully ionized gas,and Chrs-pmn and Cowling , a=ong 

many others "*lf have investigated numerous aspects of the behavior 

of a partially ionized gas uader severely restrictive assmptions, where 

most sf @he pooeible: ineerrzctians among the phenomena are deliberately 

omitted so  that a solutisn miay be obtained. An aEt*rnative, bun: l e s s  

E elf -c ontaf ned, rri e t h ~ d  cd handling tixis problem lo  avaitable through 

the nee of the thern~csdprmazics of the steady state, or, Ese it is com~r~on~ty 

callad, islrever siblie thermasdynan~ic: s 15' 16. Tha application of this 

technique requires that the PTslZowing steps be carried out: 

( 1 )  An expression for the entropy prcrdtuctlon rate per unit mass 

of the gas nr-use be derived and the terms representing rcversib'le 

entropy changes and irrever a i b l e  entropy production separated. 



(2) Each term that involves irreversible entropy production i t s  

a product; one part of the product is called a lffluxtt; the other part i s  

called a "force". 

( 3 )  Alt fluxas and forces that are of the sanzle rank tensor are 

linearity inter-dependent. %n addition other terrno may result by 

the csnrractian of any other terzsors representing force6 and ifaxes of 

rank 2 higher than that vr115er ~ans idera t ian  if they are symmetric. 

(4) The coefficients in the various systems of linear equations 

b v e  certain synmetr y properties that result from the application of 

the Onsager reciprocity relations. 

(5) The coefiicieats t1u"casee left after applying (4) muat be 

evaluated by recourse to  either kinetic theory or experhent. 

The great advantage s f  this procedure i s  th;st a, complete s~ lu t lon  

to the problem of the transport poperties of a gas mixture G a i l  be built 

rsp by using the results rpf a n w ~ b e r  of sin-bplified kinetic "Lheary. anafylsea. 

Uaing this technique, Finirelnburp and ~aecker' have derived a 

set of  relation^ for a three component plasmin that incorporate most rpf 

the required phenomena and their interactions. These egulatiano are 

extremely complicated and little effort has been made to apply them to 

specific problems; nslorecrver, they da not consider cases where charge 

accunxutation can occur nor do they allow for fi~aite reaction rates. A 

recent report by nPjcinl3  discusses the electrical conductivity oi a 

par tially ionized gas using ve ry  geazral censiderabisns, but he also 

d ~ e s  not allow for charge accsm~ulation or finite reaction rates and hie 

expressloaf-; are not simple or easy to interpret. 

aather "La attempt to nrodify the treat,ments discussed abcsve, 



we will t r a t  ah# problem in duX1. 

Before proceedfag $0 the purely mecbiznicsl aspcts of the dare 

imtion it is necesisary go ssr;annSne two rather fundkunetzbl problems t h t  

asiaa when e E o r t ~  are made to apply the therrnodyaamica of the steady- 

seabtc~! Eo the deirlvatfaa of eqatiicms g h a t  can adequately explain trarzeipart 

phnamenia accurrfng its ioailaed gasas when eta.rtr-1ty capptied etectrie 

and magnetfe field& are present. The first problem ariefts from the 

postdate of qu-tition af eaergy among the mriours gaseous spacfes. 

Xn order to apply thernsodyamics and irreveretibhe &errnodynamics to 

the ryetern t h i ~  po~tulate musa be rigorously true ta the extent that when 

perturbations to the equi'iibri- system are Parodw6;ed dae to gradients 

cd electric and chernica'l, ptenzfial and the tampr@&ura, ato parturbt-ion 

in the speclea ternzprt;atures de?lvelsps. 'Shf s comzstralnt on the system 

imptfcitly hplfear Ulatt the &a8 &&rkfcte@ are e?X;f;zkt~ely ti~.trungly c o ~ p l ~ d  

snesgetfcr~lly, eo that energy transfor through cotlbfsions of the wrticlee 

cd fhe V ~ F L Q U I  I B P ~ C L B B  one with another occurs at a ratre much fmter 

than that at whf ch any Qa€3 species can gain energy frsrn or lose it to 

an external bteld. Wnfart-ttslfi because QE their rslnaltl smzaes, electrans 

a m  caupted energotfaailgr much more strongly to f3-m electric field 

energy than to the ilztarm.1 energy of the ions azfd agoms jr the plasma, 

Henca the efectron energy will, in general, be samswhere between Ura 

limits, shown below: 

At present there docea not appear to be any simple technique available 

to intsodraca into the general a~aly~bis a perturbtien in electron ten- 



parature from the gas temperature, Pr~bsrbly the most serious limit 

on the range of validity of the proeedure adopted here occurs because of 

this difference between Te and T when the results a re  applied to 
g 

e h ~ t r i c  discharges. 

The second problem that arises  when irrsversiblae thermcad ic s 

i~ uaed ta study p h e n o m e ~  in ionized gas&&, i~ Bbt of determining 

f30w to compute the influence s f  a magnetic field upon the transport 

pragerties of the plasma. Since %his problem can bast bs inveertigated 

once some of the formalism s f  the theory b~ been oullf~sd, a discusaionn 

$Pf EMS important p i n t  will. be deferred until altar the vector 1 I B t . z ~  and 

force ayrtsm has been constructed in the f~ltowtng sactfan. 

With these inrtrodrnctgsry remark&, it is nnow poseible to pracessd 

te, the meehanicss of csrmpu&fm%g the tronaport prapertles of a prtialEy 

ionised gae. 

Z"Ha63 equation for the antropy production rate for an s p a  system 

of a. miixture of gases can be gabained by comtPQniag the first and secorad 

17.  tawo taf thermodynamics as follows . 

and ei ere the entropy and internal energy per particle. The variaus 

time dsrimtives on the right-bnd aide of this csqwtion can now be 

rep%&cad from the consel~vatlom equations. The maeDe consermtion 

eqw$ion %OX= each type s f  wstiefie ie - 



By addtag together the Eqs. (U-2), the equation d mass canservatton 

is obtained. 

The final equation that i@ needed i s  an energy conservation relation, a 

Substituting Eqs. (XI-ZJ, (a-31, and (U+4) into Eqrs. (IX-1) arid re+- 

itrleongkag soma terms, the loflowiag emtropy coa~ervatian egmtion is 

obtained. 

Zlhs second term on the lsft-bnd aide of the eqaation represents the 

retrersfbke entropy clnangeta while each term on the right-band aide of 

th@ ~?gtu&tion ~epres61xts irreversible entropy production. Xt can be 

shown1 tbat each of the terms on the right*hand side of the equation is 

intrinsi~ally positive. 

IT. 3. Flux and Force Systems 
.I) 

Three groups af forces and f l u e  8, ordered according to the 

tensor ra&, are represented in the terms on the right-hand side of 

Eq. (U15). The last term and the trace of the mcand term gall into the 

fir& group, which consists of scalar quantities. The flux qwntities 

are the species production rate f and the divergence of the m a a e  

velacity vector V . u. Usiag the continuity Eq. (11-3), the second flux 



V. u can be equated to the Eulsrfan derivative Q£ the Isgarim of the 

density (d/dt)(dng) and this representation of the flux term Is con- 

sidered preferabl-e. Ths force terms carrespanding to the above f l w s  

are the ehsmical potantialsp and the pressure incr ernent 8p. which is 

&I trace of the stress t e n ~ ~ z  and indicate@ bow much the compressive 

strasaes cauae the pressure in the gas to devat-e Er~rn the th.tsrmodynamic 

prerilisure, Since only one efiemrairsal reaction wilt be cansider~ird, that af 

ioniiistfon and recombintation, it is poa~lihle tc3 cambia@ the thsse 

chemical potentials into o m  te+rnl' 5 Vi+ where 9 is the digit 

tipparing in the reackioa, equiation indicating the awbz3r of m o b  of the 

~onrs$ituent taking part in the reaction. The first set of phenomenological 

egluatf .on@ can hence be writtern a s  followa: 

In tUa papar, the ~Zectrans will be identified wiffi prtfcle I ,  the ions 

with prt ic le  2, and the atoms with particle 3. The various forces and 

ftuxee have! been divided by suiabte local psoprtiss d the gas in such 

a manner that the coefficienfsx.. have the dimensions ftime)-'; they 
XJ P 

are inverse relaxation times. The coefficient .( 1 k  is generally termed 

&a secaad coefficient of viscosity and can be interpreted in terms af a 

xelitmtisn time for internal degrees of freedom. For a gas mixture 

comnpssd of electrons, ions, a d  atoms, the praca3ss.e3s of excitation 

and de~~)pul&tion of  excited elect-sonic states can sametimes b v e  a very 



Long lifetime and contribute substantially to the overall relaxation 

time as represented by I . q 22 represmte a reaction rate. a n  

approximate expression far which wi l l  be: derived from chemical kinetics 

in  a later section. -f ,, or 421 is a coupling coefficient about which 

little i s  known. 

The second group of relations are vector guntitie8 and comprise 

the first and third term8 of the right-hand side of Eq. (a-5). These are  

the well- known r elatioas that couple diffu~ion phglnromena and energy 

flux. The f l u x  quantities are the mass flux rate of each species per 

unit area J. and the energy f l u  rate per unit &re& W. The correspond- 
1' 

ing Tarcea are the gradients of chemical and electric potentials and the 

gradient of the logarithm of the temperature. The pheriomenological 

ralatiosrs can naw be written using a sat aE force@ X and coefficients i 

L. , LIT , which can be tensors, and subsequently will be defined in 

detail. 

J3 L31 L32 X2 ' L33 X3 =33' *T 

W LT1 Xi + LTZ X2 + LT3 X3 + LTT XT 

Since the J. a re  diffusion mass f lux  vectors, by definition 2 3. = 0. 
t i 1 

It then follows that the relations shown below are valid: 

Bsfore the symmetry relations among the coefficient$ can be written 

out, it is  now necessary to discuss the manner in which magnetic field 



effects a r e  to be treated. The electric and magnetic fields enter 

explicitly into the force system through the term ri /mi of Eq. {lX-5)0 

One consistant definition of ~ ~ / n l ~  is (ei/mi) [E + (u x B)) where E i s  an 

applied electric field and u i s  the mass  velocity vector. This i s  the 

definition that is generally adopted in most discussions of the irreversible 

thermodynanlic s of electrically conducting systems. Consistent with 

this definition the coefficient Lij of the force germ are, in general, 

tensors due to the: magnetic field. Symmetry relations between the 

various coefficients can still be postulated from general considerations 

of microscopfc revarsibility. Theee argmerats  do not indicate, how- 

ever, which of the coeffi'ficisnts do depend upon the magnetic field 

not do they give any hint ac to the nature of the dependence. This in- 

formation has been obtained in the past throagh an appeal to some 

approximate treaament of the relevant Boltemann eqmtion, usually 

employing mean f ree  path considerations. 

In studying the effects of a magnetic field upon the transport 

properties of a plasma, a slightly different point of view will be adopted. 

in this report. A set of phenomenological equations will be written for 

the fluxes in t e rms  of a set; of forces that need not be independent of the 

fluxes. The coefficients in these equations a r e  then assurnred to be 

scalars that can be computed by the Cbpmaa-Enskog method a s  applied 

to a g1218 mix~ure .  The "6arc.e" a s soc i a t ed  with the e l e c t r i c  a.12 magnet ic  
f i e lds  is 
now defined as (ei/mi) { E 4- (U + ui) x ~ j )  , where u i s  the mass velocity 

t h of the gas mixture and ui i s  the diffusion velocity of the i species. tn 

the nature of a pasttilate, we  shall assume that the entire influence of 

the magnetic field upon the transport properties of a plasma can be 



introduced into the? e q w t f s n ~  threugh the "force" terms ahawn above. 

Without any further attempt a t  cw. more precise definition, the magnetic 

fietd affects intraduced by thrj above postulate will be called first order 

magnetic interaction ter~nas. A number of argument8 can be developed 

in favor of adopting thirsl procedure. 

(I) The terms involving the "forcea components L.. (ei/mi)(uix8) 
x;d 

can sll be moved to the left-bad side of t b  pkesomenologicolt eqwtisass. 

A a,@$ aifh linear e q ~ t t o n e  can nrvw be written c ~ m p n e n t s  of 

the! w?e~fouris epeciera that age p r a l l s l  and perpndicaloar to the magnetic 

field. By solving for the tndfvidml flu% connplzent;s, a set of eguobt ions 

are obained between t h ~  f l u e s  and the farces. B c h  coefficient of the 

force; term@ now dewad@ upon the magnetic field and &e proper 

d s ~ m e f r y  resbfiaras %a $he other coefficien%ra reqdred  by microscopic 

rever sibllity coe7isfderalicaasl. 

fa) Tha exprssle%oure for the ion and electron diffrasfon velocities 

in t b  presence of a magnatic field derived by the a k v e  procedure can 

be reduced, under &om@ ccsn%ftiortrs, to the sxpre~sfons  derived by 

Glbapan and Cowling (Refsarence 11, mgs 3281, who used mean free 

p t h  e0n~3ideratiora~ t~ ~04;]~1ptate this effect. It will be shown later that 

the mgnertic field f&ueitne~i? on the beat transfer s&Ee that ie indicated 

from the prseent smlysie  fs fmdamenrtaLly different frum t h t  computed 

by Ghdhpan rand Gowliag and sethers. This fact could be used 8 s  ao 

a r g ~ ~ ~ b e n t  to s w w  t b t  She hypathertie set forth above is completely 

z11aten;sbEs. P%owever, in order to obLiLiln their eaolutfons, the, above- 

menntiangsd aaatfioas b v e  ihsjbd to simplify the problem to ouch an extent 

t h t  the answer@ which they obef%%n do not necesslrasfly reflect the true 



state of the physical situation@. In particular, when Ghagmecn and 

Cowling compute the influence of the magnetic field upon the heat transfer 

rate (Reference 11, pp. 236, 329, and 342) they find it necessary to 

assume! that the charged particle diffusion rates, f&e electric field and 

the gradients in all prcrpertiah; except temperature are sera  in the 

direction ~f the heat flow. Bscalaoe of the Thompc~on therrno-electric 

effect, these a s  sunnption~ are bntcompatibte, sinee either an electric: 

current will flaw or an slecerbg: field must devefrrp along the temperature 

gradient. When they discuss the heat transfer rote in a one-particle 

fluid that i s  electrically c b r g e d  (Rebessnre 11, p, 336) these aseusnptione 

rhea are c o m ~ t i b l e .  H O W ~ V ~ F ,  large electric fields must be presant, 

as can bt;; men from the induction eqwtions v . B s en ; hence the 

sueceb;isfve approximation scheme which thltlty uhas to obtain the aercath 

approxirnatfon to the velocity distribution (Reference 11, pp. 329-330) 

i a  suspect. Since the paint of view adopted in thts report introduces 

significant simplOficatSono f nla the treatment of prsatblems dealing with 

the influence of magnetic fi'ic~tlds upon the transport propertiers of plaesnatir 

rand sinee it does nat appear easy to prove a priosi t .ht  it ie fa1Lcfous 

there i s  same merit in investigating thee impltcatfana3 that result from 

the; mstulata. Whenever the results differ from &orse obtained from 

another approach, as in the influence of a magnstic field upon the heat 

transfer rate, &en precise experime~tial mearsur@mants should be able 

to astab'tfsh which procedure laade to the more accurate results over 

the range of magnetic fialdsr that can be produced in the laboratory. 

In general, it i s  poasibte to define the lfforccilstt involved in a 

number of dJffersnt ways, depending upon whine: uaes ie to be made of 



the equations. Be discuoaed above, the llforce?ll due to the electro- 

magnetic field wi l l  be! defined as followa; 

electric force = ( m i  = ( e i / m i ) { ~  +)u + ui) x B]) 
X ~ i  

( U- $a) 

The definitian of the thermal force fojtlows directly from Eq, (11-5). 

thermal force = - VT/T = X~ (LI- 8b) 

The remaining force terms, which a r e  the gradients af the chemical 

potential@, implicitly include the gradients af the p&rf;ial pressure8 and 

hence represent a ganera1ia;ation of Fickts l aw  for diffue~ion capsed by species 

density gradient@. The use of chemical potentials is pasticularty ueefu1 

when particlet or energy flow occura across in%@rf&ceh4 (8 .  g, , 801id to 

gas) apil the p~eentiail energy jumps tkar can occur acrogsr the baundeary 

are detecribed by uaing tlze! continuity of chemical. port-e-ntfsl acraes  the 

interface, as in the Peltier effect. However, in t r a t i n g  a gaeeous 

mixture only, it i e j r  sdarneOimee more convenient to use the gradient of 

the logarithm af the partial pressures of the variout~ cornpnento as the 

driving forcea, a& foll~wei: 

diffusion force = - ( k ~ / r n ~ )  v (IX- 9 4  

Since both representations will, be used in later sections, a general 

relation between the gradient of the chemical potential and the gradient 

of the logrrsitlun of the partial pressure for a perfect gas will be derived 

now. The chemical potential for a component of a gas mixture i s  given 

The expressions for the enehalpy and entropy of a perfect gas a r e  



Ai = ( C p ) ;  T +(A:.) i  
- ( c , , ) ~  AL T - A  R*l i ( ~  +(so); S; , 

Subastitutfng these relations into the expression far the chemical 

potential and dividing by the factor kT the followlrmg equation is 

obtainad: 

When the gradient of this expression is taken the required rebation is 

obtained: 

This expression can be write-en in terrae of the "farcett of diffusion and 

the chermal ~foreetu as fotiaws: 

When the gradient of the partial pressure is used rather than the gradient 

of the chemical potential in the phensmenologirai equaations it is 

necessary to redefine the coeificients of the %her-1 i t f ~ r c e "  terms. Let 

the coefficients of the thermal "force" terms be defined as LiT when the 

gradient of the logarithm of the! partial pressure: i a  uaed,and let them be 

called aiT when the gradient of the chemical polantial i s  w a d .  The 

fellowing exprsssion reiates these two coefficients 

For the 3 particle system under consideration this relation can be 

simplified by using the condition that 2. L = 0. Equation (U-9d) 
3 ij 

can now be written as f0110ws: 



<i T = L,, + i C  &I L, ,  + l e i V ~  - L i 2 2 w e  h a .  

This catsfficietnt ~ E P  to be used when the dlffusfon t t f~scef t  io given by the 

following axpre s sf on: 

diffusion force i - ( k ~ / m ~ )  vlly/k~) = XFi t (nw9f) 

15 
Chapman a d   owli in^" and Hirschfelder, Curties, and Bird (page 

713) show that the coefficients LiT can be identified with the thermal 

&$fusion soafficienee. 

For convenient@, the dafinitionls for the f~rcss  will now be a12 

glpouprsd together and &a veclor phenme~3olagic;sil sqwaWono ~rjgeiLted 

with che Onsager apmefcry relations applied to the codisfenta. The 

force system is defiaad a~b~,  fallow^: 

Using these force&, all the coefficients L . .  and L i T  ' relat ing the fluxes 
1 d 

and forces ,  a r e  postulated to be s ca l a r s ,  T h e  vector  phenomenologi- 

as1 rethttans r~rmaia 1FormLLy identical to Eqs. fEZ17): 

The Oramger reclgrscit;y relations state t b f ;  the matrix of the 

coefficients should be symmetric. In addition, since zi ,Ti r 0 , 



(IT* f 3) 

The coefficiente L + are esseatially multiple diffusion codficients and 
Ql 

have been written out by Hirechtelder* Curtisa and 13irdf5 for a general 

three connpnent system. They are evattual&ed far an electron, i ~ n ,  atom 

n~ixture in our Appendix 1. The thermal diffusion caefficiente LiT are 

coegicf ent. Xt will ba S ~ Q W P ~  Later that it is mare convenient to work 

with a heat transfer coafficisal that invalvee L &as well as L, and 
i T s T 

does not include the energy transported by the differrsian of the various 

species. This heaS Cmnsfes- cacfficient, ealljed X is evaluaeed in 
$a@ 

Appendix 1. 

The third graup of forcae and iavofveo the relalions 

between the stress te~n6tcw P sand Ckie rake of @train t@c~rnsor (8u/~r). 

Consistent with our psavioeas asslfanptions, the p o s t a l e  is made that 

t h s a  tensors and the coefficiczzts relating their various terms are 

iindapendent of the magnetic: field, The gkexl~rn~enoiogical eqwtiont3 Ear 

these forces and Lkuarcss asre then given, by 'rhs hydrodynamic viscous 

.h. The? term (bu/br) repaeeoants the transpose of the tensor (8u/ar). 

The three groups of relations (U-6), (U-105, and (a-14) are in 

general coupled togsther. The manner in which the Eqs. (11-6) interact 

with the vetctor Eqs. {E-la) Is discussad in detail in the foliowing 

sections. I t  will  be immediately recognized rbat the coefficient 

in Ule Eqs. (a-6) is effectively the same a e  the quantity ( ;I9] - Y $1, 



d d i ~ b ~ d  fa Eqej, [a* 14) f r ~ m  a p w ~ l y  hy(C%r&ym~afc visv~pint ,  

Coup1fz1g btweea W Y ~ Q % O X  X ~ B .  (a=& X )  and the 9 e'g%s~r ara'lba8forn~ (U-14) 

-*eta phcs *@ugh &s wcurat@nI:s OP ra x B Sn %he vector f w c e  terms 

Xi I t  remains Oc be ahown whegher, as a result ob &hie coupling. 

s~rsss* strain raltattont;; fnvoldng magnetic Asld ia%erac$iibon term6 ean 

be dgr bved which ,%v@ any rsbli;ion% ta $ha qua%k6ab @an$ sd aea *&a 

338 d C b a p ~ ~ a n  and  owli in^". Since rhe p~,robl@nns considered lager 

iu tkd~  F ~ W K " ~  dmB d@ll% ceg3diguratPon~ wirars V . ea st 0 ,  $ 1 ~  V ~ B ~ ~ C G U B  

~5r6rasa term@ will  DO^: be tCak@~aa~@d further. 



T b  three diffrpatos eqwtions, E ~ S ,  (Utr l I), ~eprt~t~egLd; very 

general amZems9aOe sf aI$k%~@e lbaw and fie Esw of arnbtpakr dHfusfon, 

Before eka3se egmg;f~n@ caa h QI$ much use, ~ Q W ~ V B F ,  they m a ~ t  be 

simpliiicd and the coefficients L . and LIT replaced by expressions ss 
&rived from kine%ic theaa~y. For caave&ence, th qwtiaae will be 

p~$eeat@d fnr a a m b e r  of d51iferenh. forms ~o t h e  they can be readily 

&&apt@& E e p  a mriety of E B O ~ S  &ad &la0 B;&$ kIB6y may Be t=~m*r@d wI%;E1 

r=&a ba aimpliAed csnzsida3ra&;42y in a~ a m b e r  of ways. 1% f s passibts to  

drap all termha e h t  are of the crrder of the ratio of the electron ga &torn 

ma@@ jtm&7parek.$ &a QaB, Alioa, ~ B Q  force term& iavoEving the prtiat 

pgesBazreB of %he three type8 ag p r t i ~ 2 ~ 1  caps b grouped gogethbjr in 

oome manner &c farther simpiflf*%r the Earce eryatam. One pa~kE31e way 

%B suggested by tba grouping of &ha: cbmical pt@z2tl&lls in Eq, (U-6)- 

In practice the grouping A n pIpZ/p3 does aid in simplifying the 

esqmefogas and ts, a e  well, a as~fEBf form POP ~ted%rgng Uag?, Batem~a;i~)n~ 

of Eqs. (a-6) and (1I-11). Since J1 + J2 + Jj - O , it i s  necessary to 



solve only for J1 and J2. Putting el r -(el, eZ i=Je(. rnl I n: e 

m2 = rn3 I ma and using rebtiona ($1-12). the Eqs. (a-13)  can be 

sSmptiEied io the foEloxdag sek d egutions. 

Ji + L; ,  kl X x O  - L 
m c m c  9 

For many sepplieationcsl the dkauaian velocity, rathex t b n  the m~8;g 

v e ~ s ~ l k i s s  wilt be uesd Iw &be further rsductiss Eqs. (IE-1). In 

Equation (III-4) i e  an identity. The quantitiee K, and X defined in I 

a l da8iaed by C b p w g l  and Cawling When the ti3e expre 19% are in- 

e ~ ~ d u c s d  into Eqs. (=-H), & S O ~ ~ W M ~  ~ZmpllPled e q ~ e s ~ i o n  i a  

obtained: 



Two generalized fox.-c@e are now defiaed as fcptlowa: 

&%hen these expressions are uoc~til, and the: value@ or% the coezfficients L 'e3 
iaaerodueed, the eqmtisma for the electron and ion veicacigiss arce foeand 

to reduce to the foi%owing eqresksisns: 

+ Y ( ~ + ~ ) A A , ~ x B  - Y + ( ~ - ~ ) M ~ x R  

Equation@ (XU-8) are correct ts  the order of the electron fo ion mass 

ratio cslrprapred to one in describing the electrsas and ion diffusion 

velocities in a three component gas mixture. They cover the complete 

range of ion density frorn zero to complete ionizabtioa, R~Ben the gas is 

-4 atmost con~pletely ionized (10 < (nB/nl) < ) these complete equa- 

tions must  be used to describe tlna transition from the p r t i a l l y  ionized 



gas to Wle completely ionized gas. Vlh~lhen (na/%) c 10*$ the gas can be 

9: epa@$dbr@d ~~latnplegely Eo3ilisad oad gr-B; sfan~$atUiation~l fo Eqg. B,W*8) 

* 2  result. When (na/ny) ' 10 important shplificatione to Eq9. (III.8) can 

sye%W$$nl by u ~ i n g  the va1ue~ ad f3.m e ~ ~ ~ $ f f i ~ i e ? ~ l t #  ~ S S  ~'&r&Imbd %a Appeadfx ;lI, 

The group of ceafficlenrs Y (p + C ) 4 ( O- )/( I e l nx) ns  the s b m  density 
B n  

appronchss eero, and the group #(1 - 6 )  -+ m f (r 1 @ I . When @d 
&e a@ s q r a ~ ~ i ~ r r a  &re riiraer~dwed into S ; ~ Q  m ~ ,  9m-8), &e tetma 0% the 

fozce iuncltone Ft and F2 that contain the gradient of tbe o t ~ m  prttal 

Aa long &a the ratio t3f elac%rsam fa fan Bsasbky 6 f rsr &per" tely 

velwity by the mas8 rario (m,/ma) and call in general be negtected 

t Z  Thie eqwfiosr i@ quid@ ksfmiliras $a the expres~l~a CBe?rfv& by 5pft;hr;r QW 

page 21. However.  ree en" has pointed out t b t  Lhe rnanner by which 



diffusion terrns and that the ewpres~ican showg. above Is parobbly a ~ i ~ r i f !  

accurate expression for a peneralizsd skunnts law in a fully ionized 

We ciaa next derive a set @f eq~~i%tions t b t  w i l l  bs valid bop 

-2 plrtial ionisation over ihe range rn > (na/nI) l o  . This leavea only 
-2 the transition region where 10 > 1 which requires the full 

Eq. {ID-8) to adequtaeely die s~r fba ,  tha ion a& sle~tron cliffussrioxn. This 

small r~gioa of icaai%;ge%fon lava2 will not be esnsfdsrad furefre?~. b * a  

-2 m region of ioniealion. m (na/ni) 3 10 . we con now put $ n pa 5 O 

in FI and call the new generalieed force F1. The coefff dents  are 

atctga esmewbt  eCrrzpXer when this reratriction is made, since $6 1, 

6 Z 8 as s b w a  in Appndtx 1. EqutBarns (HIP-8) now reduce ta the 

Tho produet I 9 can he wzitte= a s  ( 1 e J / k ~ )  0% C 
-1 +m, C 

and ineerpreted ala a rraodffied eiscrtxon mobility. Sirnikrrily, tkm term 

Y p1 is a. modffiad ion mobility and, can be written a s  



a p r e b l k y  ionised gas ia that in the latter the ions diffaoe with a velocity 
I 

of approximately (me/majY that of the electrons in an electric field. 

This entailia a tea~samEPPe as1ploaatn$ of mass now and is balanced. by a 

Iflow oi atoms in the oppooil;~ directioa induced by the el~a~tran-8tom 

ccollisi~ns. The pramstex Y deterxmiirse~ the degree of ~ ~ ~ p b i n g  t i a t  

occurs between the toa arrd elbsczrona difilasion moQfows wder &ha 2dlbzaaaca 

a4 magmetis Eield~. SB;~oag coupling can only occur whees sbrber 25 1 , 

P1 5 1 , or when both occur simultaneously. In terms of the non- 

dfmensicsnal gwneitisla intresdwed in the appendix 

Approximately. $3 2 1 when 10 3 a 2 . 1  and pl 5 1 when n c 1tlW3* 

Since a = (aa/nl) ahis indicates that the electron diffu~ion i s  wt 

otrsngly idlueneed by &he ion dufursion whsm the gas i a  ionized sithsr 

Beas t b a  %&4 per eeat sr rnors t h n  90 per cczrzg, On the other hand, the 

field when the gas i is ioa%a@d more t b a  0. I per cent. Iln these rsngsa 

3 - 1 
of ionization 10 > (na/4) 3 10 , and (aa/nx) < 10 , the electrone move 

freely under the action of FI and hence the plasma el~ctricel coaductivity 

i s  vary ~ i m f b r  to tb& of a fully ionisad gas, excape tbt the callisfan 

cro~e-secgisn for the g?Be~t3%0ns E A U B ~  be  mdified to inclads the electron 

atsm collisions. 

When the magnetic field is small enough so that the terms ue x B 

and u x B can? be neglected, these egwtliom~ (W-l I ) ,  become wrrticethrly J 
s h p b e  $0 manfpulase. Mswavsr, when the rnagaaetig: field Lo h z g e  



malees this Perm 0% the sqwtions difficult to brsdlts or to c o m p r s  with 

axpresodogls derived hy sthar auQhc~r6. a little algebra, the fallow- 

ing symrr~etrie aad rfiore tractable form of a e o a  eqmtions can be darpivsd: 

where the definition a. = I({@ + t )%. e f  has been made for eoilvenience. 

By seab~ri taing Eqs. (I9II-&3] into Eqs, ( I I f tS - lP)  i t  ias @ssible gas ob@in 

decsupled esrpr@a@ioraa for the electran and ion vcslrpcirtia~. Thesa srs 

the c b r g s d  preiclss~ are mare appropriate variobfles t b n  the electzrsn 

sad ion velociS;ieo. Tbsce, qwnnhitieo ore defined as b9~1110~1: 

electric current density j = 1 @ 1 - ne ue) 
(tn-~k 5 )  

charged particle masa f lux  density J = ma nl[ 3 + m n u . e €? gS 



Fag completenese we acld &ha aqwtiaa3 $, e - J, where $ ip ,  the mass 

ntw ram af &ha attlenle;. 

Cmwtfng tkra abme r@suXt& du expseosicnao obainsd by sther 

aac%r l 11*14, a number of comments can be made: 

(1) The effects Fpfi gradib~&s ibf Son and dsalattlcy &s wctsB1 a@ 

P;aevhtiens f ram ~j%Bd%rge 11e~&ralf ty  are f ~ltr~du.g:@d ew1iJ~=ieIy %@a" ths bir~9; 

the tgo f i l e  au&or18 knowkedge. Thee@ rehtEon& ~ H G  esadaghfiaf $08" tbe 

derahrading of phsno~;i:enbz -0 O C C ~ X  at aft Bab~rfi%~@s bbtweenr p b a m ~  

om2 sohid b ~ u a r i e 3 s  and in wr.r;icular at the electrodes af g w  iii%aebrgc;s, 

QZ) The  sff feet of magnetic fiejldes on $ha flow of currear: rind mass 

flw d eQararge;d pregicterss 8o sh~vvpl t c ~  be c o n d d l  e ~ r n p Z i ~ ~ & ~ $  

M a  prtevioulaly eka~aghe &A pu%;fsealar, there lis cm~ent in ~ P B B  dftssefean 

a$ (E a B) x B iz? scfdi%isa go &he? &free% a ~ d  -11 currents, 

(3) Eqmtlon~ (m-13) ba directly c~ l~ezersd with &h%a equtitns 

derived by Chapman and ~ o w i i n ~ '  ' (page 328). For icw par cenr ionloa- 

$$on& th a s .  (m-13) bet-e hd@aWal. &O those 0s Regereznee % 1 esesp: 

far tbt3 Ifnr-ar ce;~upfing terra@ in tb@ vslrcreiey. T b s e  ex&ra germ8 

fanp&fcibky apply csaaetrsiwt of ssro maos motfan d the @a@ lscatly 

to &he eci;tWtioas describing the ~Pectxen and iaa ma&i~n &as derived by 

tbrw coacerrzbng a;heOl~ e<quti~ka@* which were darived fram m a n  free 

p% conaid~r~tioas, 



REDUCTZQN OF TME HEAT FLUX EQVJzTIOH 

To ~ t d y  bet fri0ader spebgionfil, ara eleeg~aativa garm d tine 

~enomlanologi&:aB rstagioars given by me. (a-llb) aad (U*ll) will be 

used. The ?*forcesH will ba changed go Xi' = (it ). + ( x ' ~ ) ~ .  where E n 
the tfforcew tezm (XfF)$ i s  giwn by Eq. (II-9b). The coefficients of 

the thermal "force" terms noa, ehange to aiT , as  &awn in Eq. (UL-Se). 

mktag fi~dse ciai3nge~ and ursfrrag @oms sf &be idantiigliso (n-121, the 

f010taw%ng maa;irl;foan~ are ob~taed:  

Using Ule raiations (IV-I), tha forces X t I  can be eliminated from &he 

swergy ftrxzrt equt i~w,  (XV*2). T&?t(sp srl?i@;ieatltfng ew~~sl?atsn e~hn i$ea wrbttectxra, 

as faal~wst 



The ccedicients L1' aaci can bs evaluated by using ithe relation. 

T b  d~ti'~mitS.oa (W-5) b s  agafa p~ovsd very urrsefai by tfrbplhfflng the 

ther-1 diaum3f e,t% term@. 

The coeftlcienr yjm0 1s tha heat transter coefficient when all 

and  owl^". os well  ae 

Wir ~cbfelder, Curtiae and ~ird", give formulss for evelwtfng 

"ICU rs i s  done in Apptadix B e  

& abuld be ewnpboiaed amt tbi& csqmtisrrli i t s  easp3lcg. The f88m af this 

e q ~ e s o i s a  i a  ~wprfisfngEy 1frnp0~~~ ~ c % L  term berag @(t9Ure~pbme~rye 

For % m e  applir~ations* 1E; $Q deefrable 8;0 b v b  tlm hwt aw 

~ r s a s e e d  in garme esf the curefbg elea~fty sad rate of ebrped  

~ r t i s f e a ,  rather the ell&ctron and ion maras L11a rates@* The 



12 
given by C h a p 9  aild  owli in^" (pp 329, 337. 362), Spitzer (p. 88). 

a 
aad Covert (p. 36) all indicate %hat the magnsgir: field iarsences the 

iea the direction prpnd icubsp  %a the msrgaaer;ic field B, bang wrzrllE~Z to 

t~ and e b a  a &erma't flicaw of magnitude 

aa idllkzen~~75 DPZ the & e r m ~ %  ~andu4=eiMty d ~ e  to colIisiam1 energy trans- 

fer vTE"$ &sad affscka kbe energy tr&naf@z rat& a&y Bhraugh ita 

Sdttilsancg: on. the difffirzeioia sates &e ckrged prttslE@a aaxd eonstsquently 

Siauenee mly ups &at ef tka he&% ermo&er f ; b t  fa due &(I, 

Lh~r-l dflftaeio~, $51 o ~ r $ h l l y  ioniaed gas, whgn the rw~tiian rate is 

deaa~fty even where tempe~atare gradients are present, l h ~ n ,  &%s will1 ba 

ahawn iatsr, the daswrmiarmt *re of the heat traaefar rate is d w  t~ th@ 

recamMms;iona enarzrgy relsseed by the slsctrdaras z l t d  kana as they diffuse 

t~anefer rats in the pgae~naa, 



b a t  i3.u eqmtions i t  i s  ejleceewry to ~11~ltdy taatE other ec@t of Eqs. (E-61, 

which 8eacsibr;r &a reaction, ratas in &a; gas mkture, This is doas in 

tb r~ectio& 



The Eqea. QlfP-6) EncHieage Wt there f ti? a cs~uplfag be&weasw the 

smrgy rtilfa;~t;iea prscl;sesae anel species prodac:Bfon rage in $ha gas 

mixewe, b this report $he 8aXy #8mmbn0fi~ g u t  will k grated is the 

epcies prdueaicpn rate, ebmccs most of Oha prablma m&sr E I $ ~ ~  OCEW 

iz?i aragi~sa~ of the gaa where v .& o: O. athe rebtion %he requires 

Lavestfigatiron Is WVJ B @ C ? U L C $ ~  $0 the e3fi~re0~ion show below: 

In order to cornpuke JZ2 and to obtain soma indication of the range of 

v~l idffy a i  Eq. fm-lIo rha kiaetico sf the resctioa will bs ee;aikfsd $ox 

awe3 detail, la, the folgoAng ditsrcrz~sfsn aa di@&ia%etlian wit1 ba mad@ 

btweas the ele~txon &@mW~atufe and tb$ of Lb heavfb~ p l g i @ 1 @ d .  

Zcaw etectroeao itbrez; presaaae ia drgB8 gae, praadaction raga 

~f Q ~ ~ ~ C ~ T Q P Z B  d e p n d ~  mafdy upn *he ~oiZ%sic~n rage & atorno wi& 

st~cltmpaas whass energy a s a a d s  the ianiatfon peentiat, 02 BwcaQ 

asf&tlsn  potsntiai of &he & g % c j l O  Xfna&ic & a ~ r y  cisin bs used t 6 a  obain  an 

exprsr~sioaa for the numb~r d&taafa;g of electronmat- C O I I E ~ ~ ~ ~ P ~  wr 
~ c r c ~ n d  t h e  eeulid laad $0 aithsr fgsnimtfoa or axc;fmtdc9n at the a g a ,  

(See &eferenee %8# pp. 6B5m6910 1- 
3 -  % x  

[CI+=mefia T / ~ , ( ~ , ~ ) ~ ~ I J ~  (Y*L) 
VI, 0 

3 -  v'r 
ln this expression 7 is &he? electron energy and fhs integral YS, ( 5.- 1.11 

0 



z ~ e ( ~ b a i s m  that p r e 9 i o r : ~ i 1  i s  ohat itxvotving the co8916sbLon of iLwo 

eteclroas and an ion, The recca$r:~binatfsrz rate can be a2zpresssd bpr an 

eq~at ion slisnijlar %a Eq, fV12) absve: (See Wsfasennce; 18, mge 691.). 

When Vex is put equal to the ianieation energy I e I Vx in  Eq. (V-21, 

1 2 a relatian exists between S2 and S1 due to *e asaumpti~n of 

rnicrc;8 s~@pi&: r bv&f sibblf 8y in@atp~r&$ed in the qmLion far the eq~llf b r i m  

coacentratfon @ef eIsce;r&rlra~, ion  S, and at@*=@ which fs ~ L S P F S ~  below: 

Uaixng Eqs. {V-2, 3, and $), the fellowing relation Ze obtained: 

2 This equation can he interpreted as follows: Sj i e  the cross-.action 

far %anim&$sn of a n  &%.tam by an t 3 % e ~ t r ~ n  of energy I c I V 9 + a , I 
resulting in an ion and electrons of energy 5 and a. ' s ~  is the crosa- 

eaction for recamhimtion of an ~ l e c t r ~ n  and %on adeit. sbmalmn3le~tps 

A 2 for SZ and S1 have been obtained by Thomeon and Bohr (Reference 18. 

mg@ 69l)c 

- s, R 3  w f V-6) - lelL 's, ( 5 * 4  - 
/ L  r m c ~ ,  x P 4ii C. ( r + l e ~  g )  

Tbesa e?xpr@s@ion@ can bs @ubetil;uted iaE0 Eqeo (V-2, and 3 )  wMch @an 

%hen ba iategra1;ed to sbkafn $hs iaomta$ion sad r e ~ ~ m b i ~ ? ~ ~ t f ~ ~ a  T B ~ ~ S *  Xa 



carryitrag oat the integrals i t  is neeesmry to a s s u i a  t h t  the major 

eand;'t-i$ai~n &o the imtegoal occm s when the electrsa energy ie juet  a 

Iftclle grs&P;es t h n  thts isnizapion enesgy, The matbem&ica1 ~ s s m p t i w a 9  

is as  farrow^: 

Ths eqwtions tbt &re sbeaiaed e'rclm: these tntsgratfona are shohvn 

beb~w: 

JOE the~e eqwticsns f t  ia t?as@e@Bizsgr go modify the pr~pdsa~tlog~ and P ~ C O ~ -  

b i~agsn  rate@ by o term t h e  iadic&$@$ ths prakbiliey of &a fnebskig: 

The net alsctrana pr&us;l;iow rags can asw be; written a o  follows: 



- 
The barred values of Gs , na , and n are h e  equilibrium 

]I 

values. This may be used to define a characterfstic Lime tl for 

Similarly . a characteristic tima for rscombinarlons g2 is given by the 

e-resaian: 

& =  a. TT mcaR T* 4 F- C, ~3 >"  (9%-amg PC: a, -A3-= 41 lei 

S&~itttuting Eg. (V-11) i a a t ~  Eq. (V-lo) and alciag $a%@ mtrarel I @ g a r i & b  

d b o a  ofdes &c; fsllrsdng ratlatisaa t rzr obafned: 

Campring tM8jt qwtf on with &qs. (V- 11, a eriterloa c@a% nraw be given 

for the aPaf;itgs et' a l ld i ty  s f  ehta relkssttcsrth d~rived Eram irr69iser sf bl9 

&@rmd$tmmite8 and ~Bziam iaa Eqo. (ltX-6). %be CS~P~~HOBB -0 &(i3 

oysgem has close &s (i3quiBibriw a n  be writtan ao f~18aws: 

When this i s  the case the cosfficisnt Pz2 Can be determined: 

izz = - 
The reaction rate eqwtiaa i~ thaw given by the follwiwg q~ldltttoa: 

In a bter  tege~bfapa (erfterh will  be worked out te iiadliata when dufusiian 



i a  a =ore i i l ~ i p ~ t ~ n t  p&eencssnenc;an for cbrged ~r t f cXe  removal fram 

a dtschftrpa or pIaen-io than i a  re3ccusl;liBimeio~. rdi hen this occurs, the 

systanr can operate far fr&m eqailibri- and in many CBIBS the 

rscsmbiaaelon term can &pa smittad, 

The esxp8erimenBl rasutta far e%eetr~on produetion rags are 

uewliy  expre3~ssed in term8 6f P eoafficiene between $he iomisirlp 

efficiency Sa and the elsckran energy excess over the ioniaation 

wd~31Ztial as  ~ ~ E Z Q W S :  

Uaing Ulia relation, voo ~ n ~ e l ' ~  hka &rived an el;p~aasicn for the 

ejk@e&aran paduction rote which is 8bawn beiovv: 

Gcampriag this aqadiona wi& Eq. (V-8) corrected far *3 $%aatf~ 

eolli~ions. a rehtion between and a' ie  obtained. 

If Eqs. (V-8) and ( V - 9 ~ )  are & & J B ~ B ~  EO be ree~sembfiy correct, 

Eq. [V-la)  can. be used fo eornpae the elastic co$29s%on crsos*~a@t;Ean 

for t.%m electrono and atamf; and ~SEI e8az be comprad with. 

exprimen@llgi determined st~ctrrsn-atom CT"QE;O ~@c$ioas. 

Exyssh@n&1 fsr e7ieetron-a$om @ho&ic ~ ~ 1 P i ~ i a n a  f s 

a'%rca,ibble m l y  for mono*srmergs%i9: electr&ms, henee direct  consaptjarfoosr 



4"sf the erago- sactiaus as m~easured dir ectPy and at.; rx-,assured by rile 

electron prac;kurstlom. rate and then esrnputed P?PQ%X~ Eq. [V-18) cams$ 

factor cxa" 5 or better. Due to the rektively rar~onzsbL@ agreement a@ 

Lhc. pressat Eg. (V-8) adeqaesly repregsacs &a iaaisation rage f i  

The recombimtion coefficient a" is defined by f r 1 s a" n n . 
8 -  a I 

Eq. gY-9) can be ~vajlaLa(;% and expres~ed as ~ P Q ~ ~ Q $ V V E Z I :  

bimtion rates. Comwrin;g (;he JEPW mrf~~~~fa~ rad  ~~~~arnbfmt$s~am ~ a @ f f l i ~ I ~ n i t s  



VI. RELATION BETWEEN REACTION RATE EQUATIONS 

AND THE DIFFUSION EQUATIONS 

Since the r a t e  of reaction in the gas has  a n  important bearing 

on determining the species  density a t  any point, any of the coefficients 

o r  forces  in the diffusion equations that contain a particle density t e r m  

will be affected by the reaction r a t e  equation. In particular,  whenever 

v . u = 0, the force  F can be replaced by other var iables  that a r e  2 

already present  and hence the system of Eqs. (111-16) can be somewhat 

simplified. The non-linear fo rm of the reaction r a t e  Eq, (V- 13) will 

be used in what follows, ra ther  than Eq. (V- 1). 

(VI- 1) 

F r o m  Eq. (111-11) the fo rm of F2 i s  given by the following expression: 

(VI- 2) 

Eq. (11-9c) permi ts  the par t ia l  p res su res  to be replaced by the chemical 

potentials: 

The chemical potential can now be eliminated between Eqs. (VI-1) and 

(VI- 3). 

d - I VA - j -  & Fe (VI- 4) 

if re 
+e 

4- - T 

/yere 

WhenV.&= 0, the species continuity equations can be written a s  

follows: 

(VI- 5)  



Since re = I = - ra it i s  possible to write Eq. (VI-5) in the form 

shown below: 

(VI- 6) 

This equation can be substituted into Eq. (VI-4) to obtain the final 

relation for  F 
2 ' 

+ K e -  K J ) V & T -  
(VI- 7 )  

When the reaction r a t e  i s  fas t  enough so that dt v, J < < 1 ,  
m a  &+-tJe 

then the non-linear t e r m  of Eq. (VI-7)  can be omitted. 

When the react ion-rate  i s  extremely f a s b  so  that the g a s  i s  a t  

equi l ibr iun~ a t  a l l  points, in some c a s e s  i t  i s  possible to neglect the 

second t e r m  of Eqs. (VI-7) compared to the f i r s t  t e rm.  Great  c a r e  

must  be exercised, however, whenever this is done, a s  i t  involves 

the mathematical complication of dropping f rom a differential equation 

the highest o rde r  derivative, a process  known a s  a singular perturbation. 

The above procedure i s  applicable only when V./cC=: 0 in the 

gas, o r  m o r e  generally, when p (d/dt) ( / M T w z - t n n  nVc ) = 0 
P 

where (d/dt) i s  the Euler  derivative. The usual method of dealing with 

problems involving species  production is to solve for  J and j in  t e r m s  

of F1 and F2 . These expressions for  J and j a r e  then substituted into 

the species  conservation equations 

and these equations a r e  then solved for  the species  number densities, 



n and n by applying appropriate boundary conditions, 
I e J  

The equations r e p r e  senting particle and energy diffusion have 

now been reduced to a point where i t  is possible to solve them for some 

simple models, The only model that will be discussed in detail  is the 

two dimensional motion of charged part ic les  through a g a s  that has  

z e r o  m a s s  motion, Gradients can exis t  only in  one dimension, A one 

dimensional magnetic field can exist  in  the direction perpendicular to 

the surface in dkh the par t ic les  move, This model can be applied to 

either a cylindrically symmetr ic  volume of plasma or to a rectangular 

box of conducting gas. 



VII. RADIAL PARTICLE DIFFUSION 

In this section the problem of the radial  flow of ions and 

electrons f r o m  a n  axisymmetr ic  volume of plasma will be discussed, 

The resul ts ,  however, a r e  applicable to one dinlensional configurations 

a s  viell. Eqs,  (111- 13) will be used ra ther  than Eqs. (111- 11) for the 

following study, and a r e  reproduced below: 

F o r  convenience the following definition has  been made: 

( VII- l a )  

Since the general problem of charged particle diffusion i s  very com- 

plicated, a s  i s  indicated by Eq, (111- 141, the res t r ic t ions  l isted below 

a r e  imposed: 

(1) The gas  can have a uniform velocity component parallel  to 

the magnetic field only. 

( 2 )  No radial  e lectr ic  cu r ren t  can flow. 

(3) The applied magnetic field has  only a n  axial  component, 

The tangential velocity components of the ions and electrons a r e  

calculated f i r s t :  

$ B k  
(VII- 3) ( / + c ) ( l * . e , ,  - ( f i x ) ,  

(VII- 4) 



The conditions fo r  ze ro  radial  cur rent  can be written a s  follows: 

(VII-5) 

Substituting this  relation into Eqs, (VII-3) and (VII-4) the tangential 

particle diffusion equations reduce to  those shown below: 

The radial  components of the ion and electrons diffusion velocities i s  

next computed, After some algebra and the use of Eq, (VII-5) they 

reduce to the following: 

This is a n  acceptable f o r m  of the radial  flow equations fo r  some applica- 

tions. In general  i t  is better, however, to replace the axial  velocity 

components by the axial  force system. These relations, which a r e  

obtained by calculating the axial  velocity components of Eqs. (VII-1) 

and (VII-Z), a r e  shown below 

Substituting these equations into the radial  flow Eqs. (VII-7), the 

following relations a r e  obtained: 



(A), + ( ( ~ + t - t  )F,$ + F~~ 
= - -c(FI jv (VII-9) 

~ i n c e ( f i ~ ~ ~ E ~ ~ ) , ~ q .  (VII-9) implies  a relation between(FI) and 

( F 2 )  . If we eliminate(F ) f r o m  Eqs. (VII-9), the following ex- 
1 

pressions for  the ion, atom, and electron radial  velocities a r e  obtained: 

/ ~ a ( a a ) ~  = - 
The coefficients in  the various t e r m s  of the f i r s t  equation of Eq, (VII-10) 

can be put into a m o r e  famil iar  f o r m  using Eqs, (A-$1, 62, 63). 

Omitting second order  t e rms ,  Eq. (VII-10) can be written a s  follows: 

There a r e  a number of interesting fea tures  to  the above equations that 

can be pointed out, 

( I )  The flux ra te  J is dependent upon three forces,  the 

gradient of the product (n  n /na) , the gradient of the temperature,  and 
e I 

the pinch force,  



(2) The radial  e lectr ic  field that i s  induced can affect the flux 

r a t e  J y  indirectly through i t s  influence on the radial  distribution of 

ions and electrons,  which i s  determined f r o m  Eq. (VII - 9 ) ,  

( 3 )  The manner  in which a n  applied axial  magnetic field affects 

the flux r a t e  Jv in Eq. (VII - 11 b) can be written in  a m o r e  conventional 

f o r m  when n < < n  a s  follows: I a 

(VII -12)  

The influence of charge concentration near  a wall can have a very 

pronounced effect upon Eq. (VII -12), changing the magnitude of the 

L L 
coefficient of Be + B by a s  much a s  the m a s s  rat io  me/ma . In 

o rde r  to obtain the highest reduction in  the radial  ion and electron 

flux to a surface by the application of a t r ansve r se  magnetic field, the 

ra t io  n /n  should be rr~ade a s  smal l  as possible on the surface. 
e I 

Although the above equations were  not intended to be applicable 

i n  c a s e s  where Te > > T i t  is found that they can  be easi ly  modified so 
I 

20 
that they a r e .  Comparing them with equations derived by B. Lehnert  , 

for the rad ia l  diffusion of charged part ic les  a c r o s s  a magnetic field out 

of a glow discharge, i t  i s  found that with suitable approximations the 

equations in that repor t  and those derived above a r e  identical except for 

the t e r m  " A  ' + in Eq. (VII -12). 

a e c r  + OBs* 
The equatioiis derived in the above sections will now be applied 

to the analysis  of a n  axially symmetr ic  e lectr ic  discharge. A suitable 

f o r m  of the energy equation is f i r s t  derived and then a s imilar i ty  solution 

for  some types of high intensity e lec t r ic  discharge is obtained, 



VIII. THE ENERGY EQUATION 

In regions of the gas  where the m a s s  velocity i s  zero,  the 

steady- state energy equation is 

g VIII- 1 ) 

The external  f o r c e s  F. a r e  defined by Eq. (11-7) and a r e  reproduced 
1 

below: 

Fc = e l  E + ( A + * ~ ) x  B (VIII- 2) 

These equations can be combined a s  follows: 

An alternative f o r m  of Eq. (VIII-3) i s  the following: 

( VIII- 3 ) 

( VIII- 4) 

When Eq, (IV-10) i s  introduced into this expression the final fo rm of the 

energy equation i s  obtained: 

(VIII- 5) 

-+ 

One important feature of this equation i s  that the magnetic field 

does not appear explicitly in any t e rms ,  in particular the coefficient 

is independent of the magnetic field by definition. This 



resu l t  leads to the following statements:  

(1) When a gas  i s  fully ionized the only influence an  applied 

magnetic field can have on the heat t ransfer  r a t e  i s  through the changes 

induced in  the e lec t r ic  cur rent  in the gas. 

(2)  When a gas  is partially ionized, the magnetic field can 

influence the heat t ransfer  r a t e  by modifying the cu r ren t s  of charged 

part ic les  only, If no cu r ren t s  of e lectrons o r  ions a r e  present  in the 

gas, the applied magnetic field cannot affect the energy t ransfer  rate.  

when a plasma is in contact with an  electrically insulated wall the energy 

t ransfer  r a t e  to the wall can be reduced by the application of a magnetic 

field paral le l  to the wall only by slowing down the ambipolar diffusion 

of the ions and electrons f rom the hot gas  to the wall, Examining 

Eqs. (VI-51, a secondary effect i s  seen to exist, in  that the temperature 

gradient can be influenced by the charged particle flow rate.  In general, 

these two effects have a tendency to caiicel each other, a s  a reduction 

of the ion and electron flow ra te  allows m o r e  recombination to occur in 

the l aye r s  adbjacent to the wall and thus inc reases  the temperature 

gradient. If the mean recombination t ime i s  very long compared to the 

t rans i t  t ime of the charged part ic les  a c r o s s  the boundary layer  a t  the 

surface,  then a t r ansve r se  magnetic field should significantly reduce 

the heat t ransfer  r a t e  f r o m  a partially ionized gas  to a wall, 



IX. EQUATIONS GOVERNING THE BEHAVIOR 

OF CYLINDRICAL ELEC TRIG DISCHARGES 

WHEN NO UDIATI(SN OCCURS 

In this section the a r c  column will be studied in detail. Using 

the r e su l t s  of the previous sections the equations of momentum and 

energy conservation a r e  set  up in rad ia l  coordinates, since changes of 

the var iables  in the z and 8 direction a r e  assumed to be negligible. 

These equations a r e  second order ,  non-linear differential equations 

for the tempera ture  and p res su re  a s  functions of radius.  A similarity 

solution i s  f i r s t  developed for  the case  where the thermal  and electr ical  

conductivities can be expressed a s  a power function of the temperature.  

A generally valid solution i s  then constructed for c a s e s  when the thermal  

and electr ical  conductivities a r e  a r b i t r a r y  functions of the temperature.  

When no m a s s  velocity of the gas  occurs  and there  a r e  only 

radial  gradients present  in any of the discharge variables,  the follow-ing 

set  of four equations descr ibes  the phenomena that occur in the discharge 

and outside it where the electr ical  conductivity is negligible. The energy 

equation i s  given by Eq, (VIII-5), which is reproduced below: 

(IX- I ) 

The expression for  the diffusion of charged part ic les  i s  obtained by 

combining Eqs. (VII- l la) and (VI- 7 ) -  



(IX- 2 )  

The induction equation shown below can be used to eliminate the magnetic 

field f r o m  the above equations 

The relation between the axial. fo rces  and the cur rent  density can be 

o 
obtained f r o m  Eqs,  (VII-8), When the charge concentration i s  less  tI'ian 1 /o 

and the only axial  gradient is that of e lectr ic  potential, these equations 

can be written a s  follows: 

This equation indicates that the outward ambipolar diffusion of charged 

part ic les  tends to increase  the cu r ren t  density in the outer sections 

of the discharge. In general the t e r m  u Be< < E a t  high p res su re  and 
I '/ 

hence i t  can be neglected o r  introduced into the equation a s  a modification 
&' . j  

to the electr ic  conductivity by s ~ b s t i t ~ t i ~ ~ g  Bg = 

In low pressure ,  high current e lectr ic  discharges it is possible for the 

t e r m  A 43 to be of the same order  of magnitude a s  E: , in which 
I u  8 2 

case  son2e interesting non-linear effects could be expected to occur, 

e. g , ,  a high percentage of the cu r ren t  could be concentrated in the 



outer radial  regions of the discharge. In the present  analysis  i t  will 

be assum-ed that& Bg < < E k so that the induction equations 
I v  

can be written as  follows: 

The momentum equation completes the set  necessary  to descr ibe 

the system. fully, 

(IX- 4) 

No attempt will be made to solve these equations a s  they stand. There 

a r e ,  however, three reg imes  in which solutions can  be obtained with 

ease by making simplifying assumptions, 

(1) Low pressure ,  low current  discharges.  These discharges 

a r e  usually te rmed glow discharges and a r e  character ized by a high 

electron temperature relative to the gas  temperature and by a low 

ionization level, (ac  > > 1). The radial  p res su re  is essentially constant 

and the radial  e lectron temperature distribution i s  quite con stant. 

Although the above equations were  derived for  a gas  in  which only 

slight differences between electron and atom- temperature occurs,  

they can be applied to a glow discharge with only a minor modification 

to Eq, (IX- 1). 

( 2 )  High p res su re  discharges where the electron density i s  a t  

i t s  equilibrium value over the temperature range considered. 

When the reaction ra te  is fas t  enough so that equilibrium i s  

e stablished very  rapidly, the l a s t t e r m  of Eq. (IX-2) can be neglected 

and the flux Jr can be expressed in t e r m s  of the temperature gradient 



and electromagnetic body force. This situation probably occurs  in  

most  a r c s  that a r e  cold enough to have atoms present  in the discharge 

column. However, in  the outer l aye r s  of the discharge, where the 

e l ec t ron  density i s  low, this  approximation i s  not likely to be valid, 

( 3 )  When the gas  becomes fully ionized, the t e r m s  involving J 

become zero. The resulting equations a r e  of particular interest  because 

of the manner  in  which the electromagnetic pinch fo rces  become 

significant. 

The Eqs, (IX- 1-4) will now be applied to  discharges of c l a s ses  

2 and 3. 

IX. 1, High P r e s s u r e  Discharges 

When the gas  is always near equilibrium 

Saha equation to replace (n n )/n a s  follows: 
e I  a . 

.isle to use the 

By wi3g this e l a t ion  in Eq, (VII-1 la) the m a s s  flux of charged part ic les  

can be expressed in t e r m s  of a temperature gradient and the radial  

e lec t ron~agnet ic  force  

(IX- 5) 



F o r  convenience the following definition will be made: 

The three  equations that determine the radial  tempera ture  distribution 

can now be written a s  follows: 

(IX- 8)  

Jy can  be eliminated f r o m  the f i r  s t  two of the above equations: 

The t e r m  /Lc cp dIa can be called the magnetic Reynolds number 

for  this  problem. When the p res su re  i s  over one atmosphere this 

t e r m  is always l e s s  than 1CIe3;hence i t  can be neglected. However, 

when the gas p res su re  is l e s s  than one mil l imeter  of mercury  this  

t e r m  must  be included. F o r  convenience the coefficient of (dT/dr) is 

put equal to x. 
The t e r m  involving the magnetic field can now be eliminated to 



give the final fo rm of the energy equation: 

Equations (IX-3) and (IX-4) can  be combined to eliminate the magnetic 

field fr om the p res su re  equation 

\ 7- 32% 
In the vicinity of r - 0,  le t  = K, (T/To) Sj  Gp = (%pb (- ) G -  

Equations (IX-10) and (IX-11) can now be non-dimensionalized to give 

the following relations: 

(IX- 1 0 b) 

L a ;  $ = T j  - = 7 j p o ( G ~ ) 6  T o  --G = + (IX-12) 
T o  -to ( I  + S) f. 

The subscript ze ro  r e f e r s  to the value of the variable on the axis,  The 

factor (1 $ a c )  becomes significant only when the ionization level drops 

to  below 0. 1 per cent, i. e., in the outer transit ion region between the 

discharge core  and the gas  of ze ro  electr ical  condckctivitgr. 

In general, ?(/ is a function of the p res su re  a s  well a s  

temperature,  hence Eqs. (IX- l o b )  and (IX-11 b) must  be i~ i t e~ra te , !  

simultaneouslys The only parameter  appearing in the equal;-o,,s i s  @, 

which depends upon the temperature and p res su re  a t  the center of the 

discharge. If t$ i s  smal l  it can be seen that the p res su re  throughout 



the discharge i s  relatively constant, 

IX. 1. 1. Solution of Equations when v/ /3( = €4 
s 

o 

S 
The significance of (d can  be seen m o r e  clear ly if %/ ( / x ~  = CJ 

-4 & p  - throughout the discharge. These relations a r e  approximately and -, 
C G p  1, 

t rue  when the gas  i s  fully ionized (s  = 5 / 2 )  o r  when a strong axial  

magnetic field is applied to inhibit the radial  diffusion of charged 

part ic les  in the gas when it is partially ionized, in which case  S =  //4 
Under these conditions, the energy and momentum equations can be 

combined to give a n  integral relation between "Lhe pressu re  and the 

tempe ra ture  a s  follows: 

Combining these equations, the following differential equation i s  

obtained: 

This equation has  the general solution shown below: 

The temperature distribution can be obtained quite accurately 

by means of a s e r i e s  solution in which only the f i r s t  th ree  t e r m s  a r e  

retained. 



Eqs, (LX-13b and c)  a r e  the general solution to the radial  p res su re  and 

temperature profiles in cylindrically symmetr ic  e lectr ic  discharge in 

w hich radiation is not significant a s  a n  energy t ranspor t  or  energy los s  

mechanism and in which the thermal  conductivity can be represented by 

a function of temperature of the form- 

These relations indicate that when > j+R+ s 
the p res su re  a t  

the outer edge of the discharge will d rop  to  z e r o  for  some finite value 

of Q), This is the condition that has  been popularily called the pinch 

discharge,  Since the present problem has  been formulated a s  a steady- 

state discharge in which the electr ical  energy dissipated in the discharge 

i s  t r ans fe r red  radially outward to  a wall o r  some heat sink by conduction, 

solutions with (d > I ' ' * ' cannot be considered as  valid, since 
I +  s 

no heat conduction can occur outside of the region where p = 8. The gas  

m u s t  then necessar i ly  heat up and the problem becomes a non-stationary 

one. The only singular solution that occurs  is when @ 

temperature distribution becomes constant. This c a s e  is na-onsidered to  

be a physically acceptable solution, since the discharge must  pass  through 

a l l  of the range of @ f r o m  I +  21- s to m. Under the conditions 
l + G  

imposed upon the discharge the values of (d a r e  hence res t r ic ted  to a 

range of f r o m  O to I + . & +  5 

I + S  
The temperature distribution can be obtained by solving 

Eq. (IX-lob) with the boundary conditions of 



8 = 1  ; 
d Q = 0 a t  r = O  e 

dr\ 

The solution when s = $ (partially ionized gas)  i s  a s  follows: 

Q 3 / ~  = J,(r) (Ix-  14) 

where J { ) i s  the z e r o  order  Bessel  function, When s - 5/2 (fully 
Q 3 

ionized gas) the equation must  be integrated numerically o r  solved 

approximately. A numerical  integration gives the curve shown in 

F igure  1 which is compared with a s e r i e s  solution shown below: 

(IX- 15) 

The tempera ture  distributions for  a discharge when s = and s = 5 a r e  

a l s o  plotted, 

The total cur rent  is obtained f rom integrating the cur rent  density 

over the radius  and is shown below: 

This expression is plotted in F igure  2. The electr ic  field i s  given by 

the equation shown below: 

(IX- 1 '7) 

The radius of the discharge i s  a function of the tempera ture  on the 

ax is  and the cur rent  as follows: 

1 - 

(IX- 18) 



The field is found to be given by the same expression that 

resu l t s  when the cur rent  density is constant: 

(IX- 13) 

Outside the discharge region, the solution of Eq, (IX-lOa) and 

(IX-lob) a r e  a s  follows: 

(IX- 2 0) 

If the heat sink i s  maintained a t  a finite temperature 8 then the 
W 

distance between the outer edge of the discharge and the wall i s  given 

by the following equation 

(IX- 2 3 )  

This equation indicates that under sake conditions the discharge can be 

very close to a cold wall. 



IX. 3. General Similarity Solution 

In a partially ionized gas  the thermal  conductivity i s  not a 

monatonic function of the temperature,  but has  a peak a t  the tempera ture  

where  the gas  i.s 50 per  cent ionized. F o r  this  reason the above 

solutions to the radial  temperature distribution equation do not suffice 

and a niore general  s imilar i ty  solution i s  required, The procedure 

indicated below will give a s imilar i ty  solution for  a rb i t r a ry  temperature 

dependences of the electr ical  and thermal  conductivity. Put 

(IX. 24) 

f(% 
) a r e  normalizing constants and have values of approxi- 

mately 1-4 and 3-5, respectively. The expression for  the radial  

p res su re  gradient is obtained a t  once f rom Eq, (IX- 13): 

This expression integrates to the following relation: 

(IX- 2 5) 

(IX- 2 6 )  

Since the only p res su re  that can be controlled i s  p the p res su re  a t  1 "  

the outer edge s f  the discharge, i t  i s  better to  define the parameter  

4 in t e r m s  of p When this is done the following relations hold: 
1: " 



(IX- 2 7) 

These relations r ew~a in  valid a s  long a s  p 3 0. When the relations 
1 

(IX-24) a r e  substituted into Eq. (IX- E O ) ,  the following equation resu l t s  

Put 

'/z ==? 

The radial  temperature distribution i s  now determined by the following 

equation: 

I d --  P ( @ ) =  0 (IX- 29) 

-T A Y  
Since there  is no simple relation between g(8) and &(9)  in  general, i t  

is now assumed that the radial  distribution of each of these quantities 

can be represented by a power s e r i e s  solution, 

2 4 G 9 
( = - I )  -k ~ z ( S ) - q ~ ( % ) + 4 4 ( % )  

t L (IX- 3 0) 
~ ( e )  = r - R,cl, 2 +RLcriF-R3(?) 2 

A relation between the a i  and b. can next he obtained by substituting 
1 

Eq. (IX-30) into Eq. (IX-29) and identifying the coefficients of t e r m s  

to the same power a s  n a s  follows: 



The constants a.  can now be determined f r o m  the known temperature 
1 

dependence of g(@) and P ( 8 ) .  The cqnstant a1 has  been introduced 

a s  a styetching factor for the radial  coordinate. The simplest  value 

i t  could be given i s  I ,  but when this is done the electr ical  discharge 

region of the solution i s  not s imilar  and the electr ical  conductivity 

becomes negligible a t  some a r b i t r a r y  value of y . The s imilar i ty  

solution that will be chosen i s  the case  where the electr ical  conductivity 
statement 

is assumed negligible a t  fi = 2. ~ h i s ~ m p l i e s  that the following relations 

arnong the constants valid: 

(/-a;)&, = 4 4 , - = ) a 3  t.16 4 c 

The number of constants a .  t h a t a r e  used in  the solution depends only 
1 

upon the amount of i'nformation concerning g( 8 ) and lP ( 8 ) that i t  

is desirable  to include, A f i r s t  rough approximation to the solution 

can be obtained by using only the values of O- (43) and g(B) a t  3 = 0 

and %= 1. In this case  the only constants that need be evaluated a r e  
6'J 

a and a I 2 "  
These can be determined from Eqs. (IX-Z8), This solution 

is ra ther  inaccurate when compared to some numerical  integrations. 



However, when the constants a a 1 v 2 "  a3  and a a r e  retained the 4 

above polynomial solution a g r e e s  to within better than 1 per cent with 

the numerical integration. The additional equations necessary  to 

determine these constants a r e  obtained by specifying the rat io  of the 

slopes with respect  to  temperature s f  the electr ical  conductivity, r ,  

and the thermal  conductivity integral g, a t  = 0 and 3 = 1. 0. The 
2, 

following equations result:  

(IX- 3 3) x %o-o) 
6(&) ~(T.)?(cT, 

Using Eqs, (IX-28) and (IX-29) i t  i s  now possible to solve uniquely for  

the parameter  a in t e r m s  of B ( B ( ~ ) \ ,  g ( Q(1)  \ , ( 6'/g')o . 1 

) , all of which depend only upon T the temperature on the 
0 ' 

axis  of the discharge and T the temperature a t  the outer edge of the 1 '  

discharge, The value of a is the smal les t  positive root of the equation 1 

shown below: 

2 (IX- 3 4) 

The complete s imilar i ty  solution for  the discharge i s  now given by the 

following four equations: 



The s imilar i ty  between these equations and Egs. (IX- 13a), (IX- 17), 

(IX-181, and (IX-19) i s  to  be noted. 

Some cr i te r ion  must  be established to determine the outer 

edge of the electr ical  discharge. A glance a t  Eqs. (IX-34) and (IX-36) 

indicate that a s  long a s  i , the electr ical  conductivity a t  the outer 

edge of the discharge divided by that a t  the center,  i s  l e s s  than -05 

i t  has  l e s s  than a 1 per cent influence on any of the parameters .  It i s  

possible, therefore,  to define the outer edge of the discharge by either 

the point a t  which P1 = . 05 o r  by some definite tempera ture  T such 
1 "  

that tT < . 05 for a l l  values of T under consideration, In this paper I o 

the outer edge of the discharge will be placed a t  a definite temperature 

TI  , where the electr ical  conductivity i s  50 (mhos/m). In choosing 

th i s  value, discharges of l e s s  "can approximately 10 a m p e r e s  cur rent  

a r e  excluded f r o m  consideration. 

The expressions for  ( r ' / g "  and (o- ' /g f )  can be expressed in 
o 1 

t e r m s  of T1 and T i f  we a s sume  that dzz. T3/' in the vicinity of T 
o 0 

- ~ e i d x  
and that Qr G e Z= in  the vicinity of T 1 "  

When this  i s  done 

the following relations a r e  obtained: 



(IX- 3 9) 

(IX-40) 

In the region outside of the discharge, the energy equation 

integrates  to the following expression: 

- 
3 - 

This equation can be simplified to the expression shown below: 

7, 

There  i s  st i l l  one aspect  of the general physics of the a r c  

column that has  not yet been introduced into the s imilar i ty  solution. 

Wl ien  the parameter  8 becomes significant, two phenomena occur. 

The f i r s t  effect is that a radial  p res su re  distribution develops and the 

thermal  conductivity and the electr ical  conductivity Q b e c o a e  weak 

functions of the radial  p res su re  a s  well a s  of the radial  temperature 

distribution. The second, and more interesting effect that occurs,  i s  

that the tangential magnetic field begins to  reduce the radial  ambipolar 

diffusion of the charged part ic les  and hence causes  a pronounced 

reduction in the thermal  conductivity in the outer regions of the electr ic  

discharge. It i s  not possible to introduce these non-linear effects 

exactly into the s imilar i ty  solution shown above. However, i t  i s  

possible to do so  in a n  approximate manner  under cer tain restrictions.  



When the ambient p res su re  is quite high, of the o rde r  of one atmosphere 

0 
o r  grea ter ,  the temperature on the ax is  must  be over 40,000 K before 

, becomes significant. This implies  that the gas  will be partially 

singly ionized only in the very  outer regions of the discharge. We 

shall now assume  that the electr ical  and thermal  conductivity a r e  

independent of the p res su re  to a f i r s t  approximation in  the regions of 

the discharge where the gas  is completely singly ionized and that in the 

region where the gas  i s  partially singly ionized the p res su re  i s  equal 

to  the ambient p res su re  p and that the tangential magnetic field is 
1 

constant a t  i t s  maximum value ( B  ) I  d i v e n  by Eq. ( I X - 3 & ) ,  With 

these assumptions, the electr ical  conductivity W (T),  the thermal  

conductivity integral 
~(r. 1 

integral o-(T,) 3(CT,)  T o  a r e  once again 
/ Ik (ss)  

and 

functi 

the 

.o11s 

radial  

of To 

p r e s s  

only, 

ur  e 

The 

expression for  the thermal  conductivity must  now be modified, however, 

to include the influence of f i e  self-generated magnetic field. The 

expression shown below gives a rough f i r s t  approximatio~i  "c the manner 

in which the self-generated magnetic field of the a r c  affects the thermal  

conductivity integral: 7- 
7- T 

J(f(x - %'&. MT /7(d T = /X , , J~+  
o o 1 + d e 4  dzq$4) (IX-42) 

2 

d X / x ,  7, 
ftz) 

In o rde r  to remove the denominator f r o m  the integral, i t  has  been 

evaluated a t  the T ernperatur e T .* where the gas  is 50 per  cent ionized. 
7 

Since /(k- v z a ) J ~ c a n  be an  appreciable fraction of a 

8 

even up to  values of To of 1 0 0 , 0 0 0 ~ ~ ,  the magnetic field can cause the 



integral of the thermal  conductivity to decrease  a s  the temperature T 
0 

r i s e s  over some range of T Eq, {IX-36) indicates that when this  
0 

occurs,  the power dissipation capability of the a r c  dec reases  a s  To 

r i se s ,  Eqs. (IX-36) and (IX-37) indicate a l so  that over this range of 

T the a r c  will have a negative character is t ic ,  i. e. ,  the potential drop 
o 

per unit length of a r c  c o l m n  will fall as  the cur rent  is increased. 

In the next section the charac ter i s t ics  of a n  argon gas  column 

will  be evaluated for  a discharge operating a t  a n  ambient p res su re  of 

one atmo sp l~e re ,  

IX. 8. Similarity Solution for  an  Arc  Column in Argon a t  One Atmosphere 

Ambient P r e s s u r e  

The various pa ramete r s  that were  derived f r o m  the similarity 

solution in  the previous section will now be evaluated fo r  an  electr ic  

discharge in argon. The solution r equ i re s  f i r s t  the evaluation of the 

electr ical  and thermal  conductivity coefficients of the gas  over the range 

of tempera ture  under investigation, In Appendix I, the t ranspor t  

coefficients fo r  argon a r e  evaluated over the tew~pera ture  range of 

6 , 0 0 0 ~ ~  to 20, 0 0 0 ~ ~ ~  Because of the formation of multiple charged 

0 
ions a t  tempera tures  oh' over 20,000 K in a rgon i t  is necessary  to 

examine the t ranspor t  propert ies  of a three  particle sys tem consisting 

of electrons,  ions, and doulsly charged ions before the similarity 

solution can be c a r r i e d  to higher temperatures .  In particular,  the 

contribution of the diffusion cu r ren t s  to the thermal  co~iductivity, if  

any, is not a p r i ~ r i  evident. Since a study of these effects would entail 

a considerable amount of analysis, the s imilar i ty  solution will be 



0 
evaluated for  a rgon only up to a temperature of 20, 000 K on the ax is  

of the discharge. At one atmosphere ambient p res su re  the self- 

genera ted  ryiagnetic field of the discharge has  a negligible effect a t  

0 
tempera tures  of l e s s  than 20, 000 K, hence any influence of the magnetic 

interaction parameter  $ will be ignored in what fo l lows  

The outer edge of the discharge will be defined as  the position 

on the discharge radius a t  which the gas  temperature had dropped to 

6 , 0 0 0 " ~ .  

The f i r  s t  s tep in constructing the solution i s  to integrate the 

thermal  conductivity coefficient over the temperature to obtain the 

value of g(T ). Values of and 0" a r e  next computed by dividing o 81 1 

the values of the thermal  conductivity integral  and the electr ical  con- 

ductivity evaluated a t  6 , 0 0 0 ~ ~  by their  respective values a t  T The o 

values of (r ' /g') and ( 6 ' / g 8 ) ,  a r e  then computed using Eqs. (IX-39) and 
0 

(IX-40) o r  some equivalent expressions,  With these values it i s  now 

possible to compute a f r o m  Eq. (IX-34). Eq. (IX-36) can then be 1 

used to calculate f(T ) and hence the power dissipating capability per o 

unit length of the discharge. The evaluation of the cur rent  divided by 

the discharge rad ius  and the product of the axial  e lectr ic  field t imes  the 

discharge radius i s  then straightforward using Eqs, (IX-37) and (Ix-36). 

If we specify that the discharge i s  to operate in a cylinder of radius  

' fw and a t  a wall temperature of Tw the logarithm of the rat io  Y ~ / ~ ~  

can then be computed f rom Eq, (IX-41). This equation has  been 

o 
evaluated for  a wall temperature of 1, 000 K. The r e su l t s  of these 

calculations a r e  shown in F igures  3 and 4. 

F igure  3 indicates that the power dissipating capability of the 



a r c  column is only of the order  of severa l  kilowatts per  cm, of length 

a t  tempera tures  of the order  of 2 0 , 0 0 0 ~ ~  on the ax is  of the discharge. 

Since a r c  jet heat t ransfer  devices a r e  capable of t ransferr ing a s  

much as 50 - 180 kw of electr ic  power to argon gas through a discharge 

that i s  only severa l  cent imeters  long and operating a t  a tmospheric  

pressure ,  there  appears  to be some experimental evidence to indicate 

that the analysis  i s  incorrect ,  Several a l ternat ives  present  themselves 

a s  possible explanations for  the discrepancy: 

(1) The a r c  operates  with a temperature along the ax is  of the 

colunm that is much higher than has been thought, perhaps a s  high as  

100,OOOo~, 

( 2 )  The values of the electr ical  and thermal  conductivity of the 

gas  that have been computed a r e  in e r r o r  by as  much a s  a n  order  of 

magnitude. 

( 3 )  The majori ty  of the energy i s  t ransfer red  to the gas  through 

some mechanism other than heat t ransfer  out of the column, 

(4) The assumption of equipartition of energy among the species 

is incorrect.  

There  is considerable evidence to indicate that the third 

alternative is the most  likely explanation, the most  convincing of which 

i s  the experimentally determined fact that the heat t ransfer  capability 

8 
of a n  a r c  i s  practically independent of the a r c  length There i s  

a l so  some evidence to indicate that the electron tempera ture  i s  con- 

8 
siderably above the gas  temperature in some heat t ransfer  devices * 

Figure  4 indicates that confined a r c s  have falling charac ter i s t ics  

only over a very limited cur rent  range, a f te r  which the a r c  potential 



drop r i s e s  gradually with increasing current ,  

An experimental curve for the E - I charac ter i s t ic  of a confined 

a r c  in argon is a l so  plotted in Figure 4. This curve is taken f r o m  

Reference 30 and represents  measurements  taken by Maecker and his  

co-worker in Q;ermany. In general, the analysis  predicts  values of the 

e l ec t r i c  field t h a t a r e  about a factor of 2 low over most  of the cur rent  

range (5 - 200 amps).  It was originally thought that this discrepancy 

between theory and experiment might be due to the value of the thermal  

conductivity that was used. In the evaluation of the thermal  conduction 

coefficient the t e r m  that appeared most  likely to be in e r r o r  was the 

energy t ransfer red  by ambipolar diffusion because of the difficulty in 

determining the mom~entum- t ransfer  cross-sect ion for atom-ion 

collisions, For this reason, the s imilar i ty  solution was reevaluated 

with the ion-atom c ross -  section put equal to the atom-atom c ross -  

section instead of being 3, 20 t imes  a s  la rge  as in the original evaluation, 

The E - I curve resulting f r o m  this evaluation i s  a l so  plotted on Figure  

4. Although there is some reduction in the difference between the 

theoret ical  and the experiariental curve, there  i s  st i l l  a wide enough 

divergence to indicate that probably some other factor, ra ther  than the 

the rma l  conductivity, i s  responsible for  the discrepanc y, A s y stematic 

investigation into the various factors  that could be responsible indicated 

that the most  likely candidate was the e lec t r ica l  conductivity coefficient, 

The value that has  been computed appears  to be somewhattoo high 

probably by about a factor of two. A much m o r e  thorough investigation 

into this problem i s  required before this  discrepancy can  be resolved, 

Since such a n  investigation i s  not in line with the basic a i m s  of the 

present  study, we shall not discuss  this problem further  here.  



X. SHEATHS 

Whenever a plasma comes into contact with a solid wall a 

layer  develops in the gas  through which some separation of charge 

occurs  so  that a steady state rriay be set  up, The details of the s t ructure 

of the layer  a r e  quite complicated and have been extensively studied 

only fo r  isothermal  layers .  The basic effect of sheaths of in te res t  in 

this repor t  i s  the manlier in which they affect the electrode action. 

Before the electrode mechanisms can be studied, however, i t  i s  

necessary  to investigate some of the propert ies  of sheaths that occur 

between a hot plasma and a cold container when no electr ic  cur rent  i s  

flowing f rom the gas  to the container. Since the sheath thickness i s  

very  smal l  when the electron and ion densit ies a r e  appreciable, the 

sheath will be considered a s  a one-dimensional structure,  even for 

cylindrical surfaces. 

The only condition under which sheath s t ruc ture  can be studied 

exactly is when there a r e  no fluxes of par t ic les  o r  energy occurring, 

so  that thermodynamic relations may be used. In order  to extend the 

analysis  into regions where fluxes a r e  occurring the relations 

obtained f rom i r revers ib le  thermodynamics can be used with confidence 

a s  long as  the energy change of a charged particle over a mean f r e e  

path due to the electr ic  field is smal l  compared to the gas  internal 

l e l  b V  < 1 When the electr ic  field i s  strong enough energy ( kT 

so that this condition i s  not fulfilled, then an  alternative approach must  

be sought. 



X. 1. The Equilibrium Wall Sheath 

The simplest  sheath will be that one which occurs  when the 

electron diffusion and ion velocity perpendicular to the surface a r e  

zero. This condition can be obtained in  principle by applying a n  

a rb i t r a r i ly  la rge  magnetic field paral le l  to  the wall and by not allowing 

any e lec t r ic  cur rent  to flow through the wall f r o m  the gas. 

F r o m  Eqs, (111-1 I),  the sheath equations a r e  given by the 

following expressions: 

The boundary conditions that a r e  to be applied a r e  given by the 

equilibrium concentration of e lectrons and ions in the plasma where 

ne = nI , and a t  the wall. At the wall: 

(X- 2) 

In the plasma where the electr ic  field i s  essentially ze ro  the other 

boundary condition can be placed on the sheath: 

Throughout the sheath the Saha equation i s  valid: 



When Eqs. ( X - l )  a r e  combined with Eq. (X-4) i t  is found t b t  the only 

solution i s  a s  follows: 

- re1 (V -  V'o 1 
O e 

The subscr ipt  z e r o  r e f e r s  to conditions in the plasma where the 

e l e c t r i c  f ield is zero.  The s t ruc ture  of the sheath can  be determined 

f r o m  Poisson 's  equation and the mow~enturn equation as  follows: 

The genera l  solution to  this  problerx has  been given by ~ o w l e r "  for 

the two c a s e s  of neo < < n and n = 0 when the e lec t r ic  f ield is z e r o  
a a 

where V = V i n  the plasma. In non-dimensional var iab les  the solution 
o 

i s  given a s  follows: 

1 tanh w/4 I = e - S 

$ i s  the non-dimensional dis tance f r o m  the wall. 

(dw/d f ) = 2 2 sinh W/L (X- 7) 

I' = Debye shielding distance 

-4.K S 

l-6 - E~ - - (?A* = "e lec t r ic f r  p r e s s u r e  

2 42. 



In F igure  5 the quantities w and (dw/d ) a r e  plotted a s  a function of 

S . The plot shows the well-known resul t  that potentials grea ter  

than kTo/( e l  can be supported only over distances of the order  of the 

Debye shielding distance. F r o m  Eqs, (X-2) and (X-3) i t  can be seen 

that the gas  will be fully ionized everywhere only when the two conditions 

shown below a r e  maintained: 

Since these conditions a r e  r a r e l y  me t  with in high p res su re  electr ical  

discharges the discussion that foElows will be applied only to isothermal  

sheaths  in  which the ionization level i s  low. The two quantities sf 

interest  a r e  the potential drop a c r o s s  the sheath with i t s  sign and the 

electr ic  field a t  the wall. The potential drop a c r o s s  the sheath is 

given by the following relation: 

The electr ic  field a t  the wall can be found f r o m  Eqs. (X-7) and (X-4) 

together with the curves  of Figure 5. 

Eq, (X-8) indicates that for  most  gases  in  contact with metal  

walls the potential drop  a c r o s s  the wall sheath i s  practically independent 

of the temperature and that the wall i s  severa l  volts positive with 

respec t  to  the gas  a c r o s s  the isothermal  sheath. 



X. 2. The "Gas'"heath 

Since the gas  is usually much hotter than the container walls in 

problems of interest  in this repor t  i t  is necessary  to determine the 

potential drop  and other pa ramete r s  that occur a c r o s s  the regions 

where the gas  temperature drops f rom the f r e e  s t r e a m  value to the 

value a t  the wall, This drop occurs  a c r o s s  a boundar y layer  in most  

c a s e s  that has  a thickness dependent upon the Reynolds number of the 

-1 
gas  flow. Typical boundary layer  thicknesses a r e  10 - lo-' cm-  for  

the flow of severa l  gms/sec. of gas  through pipes of a am, cross-sect ion 

and severa l  cent imeters  length, This length i s  severa l  o r d e r s  of 

magnitude l a rge r  than the Debye sheath thicknesses that occur, 

hence it i s  possible to  postulate the existence of a double sheath, one 

in the gas that is due to the temperature drop  alone and a n  isothersalal 

wall sheath that matches the propert ies  of the gas  to those of the wall. 

If the reaction r a t e  of the ions, electrons,  and atoms is fas t  enough 

i t  can be assumed that the electron density i s  always a t  i t s  equilibrium 

value. When no electr ic  cur rent  i s  flowing through the sheath the 

potential drop a c r o s s  this  gas  sheath can be determined by using the 
n k T  

e 
f i r s t  of Eqs. (X-1) and Eq. (X-31, provided 

P 
< <  1, This 

expression i s  given below: 

This equation indicates that the hot gas  develops a potential that i s  

positive with respect  to the cold gas  layer ,  

F r o m  Eqs, (VII-8) and (VII-9) the potential in the vicinity of a 



wall in contact with a hot gas  has, i n  general, the f o r m  shown in Fig- 

u r e  6. In practice, the temperature gradient will extend up to the wall 

and the wall and gas sheaths will then interpenetrate.  Qualitatively and 

in many cases  qanti"ctively, this  will not mater ial ly  affect the argument 

a s  given above. 

These potential wells that develop near  the walls prevent the 

passage of a cur rent  if two walls a r e  insulated and have a smal l  potential 

difference imposed a c r o s s  them, The sketch in Figure 7 indicates how 

the potential distribution changes as the applied potential drop  a c r o s s  

the electrodes i s  increased, F r o m  these curves  i t  can be seen that 

walls a r e  effectively the plates of a condenser, The image fo rces  f rom 

the positive charge accumulation on the cathode eventually can neutralize 

the negative charge of the gas  near  the cathode surface in the wall sheath 

so  that the potential well disappears  and the potential r i s e s  monotonically. 

On the other hand, i t  i s  very  difficult fo r  the image fo rces  f rom the 

positive charge accumulation on the anode to penetrate into the gas  f a r  

enough to neutralize the positive charges of the gas  sheath, hence the 

potential well near  the allode remains.  This iiidicates, that if the 

gas  is close to equilibrium a t  a11 points, that an  electr ical  discharge 

cannot exist under the conditions postulated. As  the potential drop 

a c o r s s  the electrodes is increased the electr ic  field immediately 

outside of the anode becomes very strong and eventually m o r e  and m o r e  

electrons pick up sufficient energy over one mean f r e e  path so that 

they can  ionize a n  a tom upon collision. Once the electron production 

r a t e  reaches  a c r i t ica l  value the equilibrium analysis  i s  no longer 

valid and the development of the discharge f r o m  this  point on can only 



be postulated, Until cur rent  s t a r t s  to flow, the average electron 

energy o r  tempera ture  does not r i s e  above that of the gas, However, the 

energy distribution function does not remain  Maxwellian but becomes 

anisotropic in the direction of the electr ic  field, a s  indicated in F igure  

8, ;En general, electron and ion production near  the anode surface 

proceeds by a n  avalanche once the c r i t ica l  production ra te  per  unit 

volume has  been reached. This leads to the concentration of the 

cur rent  density a t  the anode into a nar row column in  order  to puncture 

the sheath. In order  to  build up a steady state charge distribution in 

the column through which the cur rent  is flowing, that is opposite to 

t h a t o v e r  the r e s t  of the anode surface through the region where the gas 

temperature falls f rom the column tempera ture  to the wall temperature,  

 he discharge now develops a new degree of f reedom and the electron 

tempera ture  r i s e s  above that of the gas. The electron tempera ture  

must  stabilize itself a t  a value where the electrons can produce ions in 

the  anode fall  region a t  the same ra t e  as  they a r e  ca r r i ed  into column by 

the electr ic  field. Tf some o r  most  of the ions that a r e  produced in the 

anode fall  region can be blown out of the anode fall and allowed to 

recombine so  that they do not enter the a r c  column, this  provides a 

very  useful mechanism for  t ransfer r ing  energy f rom the electr ic  field 

to the gas, 



XI. ENERGY TRANSFER PROCESSES 

IN ELECTRIC DISCHARGES 

Using the r e su l t s  of the analyses  ca r r i ed  out above, i t  is now 

possible to discuss  in some detail  the energy t ransfer  mechanisms that 

occur in plasur~as. In particular,  in this  section we shall  be concerned 

w i th  one problem s f  iwirnediate pract ical  interest ,  namely, the manner 

in which electr ical  energy can be efficiently t ransfer red  f r o r ~  an  

electr ic  a r c  discharge to a gas  s t ream. This topic is the central  

problemz of a r c  heater  designs and up until now has  been attacked f rom 

a purely empir ical  point of view, The discussion which follows should 

be considered as  only a rather  prel iminary and incomplete enquiry 

into this fascinating subject, where a grea t  deal  m o r e  analytic work i s  

necessary  before we can hope to have a sound understanding of all the 

relevant physical processes  that a r e  occurring, 

The particular application of the a r c  heater determines to some 

extent the desirable  performance charac ter i s t ics  of the interaction 

between the a r c  and the gas flow. The following l i s t  indicates most  of 

these  charac ter i s t ics  that a r e  needed a t  one t ime o r  another: 

(1) The electr ic  energy should be t ransfer red  to the gas  with 

as high a n  efficiency a s  i s  possible, 

(2) The gas  should be heated to a s  high a temperature a s  is 

possible, 

(3) The gas  flow should be uniformly heated. 

(4) The gas flow should be a s  f r e e  as possible f r o m  unevenness, 

vorticity, and turbulence, 



(5) The electrodes should not be allowed to become hot enough 

locally to either vaporize o r  erode, 

In general, there  is a n  intricate interaction between the gas  

flow and the electr ic  discharge, hence i t  is necessary  to study the 

configuration of the a r c  and gas  flow sys tem in order  to determine the 

relat ive significance of the var ious mechanisms a t  work. We distinguish 

between three  energy t ransfer  mechanisms a s  follows: 

(1) The dissipation of e lectr ic  energy in the column and i t s  

t ransfer  by thermal  conduction and charged particle diffusion radially 

outward. 

(2 )  The t ransport  of charged part ic les  out of the a r c  column 

and electrode attachment regions by gas  flow; their  recombination 

energy then heats  up the gas  outside the a rc .  

( 3 )  The t ransfer  of charged part ic les  out of the a r c  column and 

electrode attachment regions by means of electromagnetic pumping and 

their  injection into the gas  flow so  that they recombine and heat the gas**: 

In the remainder  of this chapter, the following three configurations, 

involving the above mechanisms, will be inve stigated: 

(1) The gas  flow is axial  along the ax is  of the electr ic  discharge, 

(2 )  The gas  flow i s  s imilar  to  that in ( 1 )  but has  a tangential 

velocity component. This configuration is commonly called the vortex- 

stabilized a r c  heater.  

(3) The a r c  i s  radial  in  a n  annulus through which gas  i s  flowing, 

The a r c  ro ta tes  around the annulus due to i t s  interaction with a n  applied 

axial m-agnetic field. In this  configuration, the flow i s  mainly a c r o s s  

the a rc ,  ra ther  than along it. 

* See Appendix 3., 



A complete analysis  of any one of the above three configurations 

is s t i l l  f a r  beyond the capabilities of techniques developed in this  paper 

and elsewhere, The various r eg imes  of operation can, however, be 

outlined and their  relative m e r i t s  in the overall  scheme of a r c  hea ters  

qualitatively assessed.  

XI. 1, Axial Gas Flow Along the Axis of a Discharge 

Figure  15 shows schematically an  electrode configuration that 

has  come to be known a s  the wall stabilized a rc .  The anode can be 

contoured in an  a r b i t r a r y  fashion, and is usually brought close to the 

cathode around the t ip in o rde r  to have a near  sonic g a s  velocity in  

this region. Independent of the electrode shape, t he re  a r e  five cr i t ical  

a r e a s  of interaction between the flow and the discharge as  indicated in 

F igure  15. 

XI. 2 - 1 .  The Cathode Attachment Region 

This region is usually character ized by the high excess  positive 

ion concentrations that occur and by the electron temperature r is ing 

substantially above the temperature of the heavy particles.  Because 

of the high ion concentration and subsequent strong electr ic  field 

nea r  the cathode surface, cur rent  is ca r r i ed  to the cathode by field 

emiss ion  a s  well a s  thermionic emission, The establishment of a strong 

field requi res  that the a r e a  of attachment of the discharge on the cathode 

be small, so  that there  r e su l t s  a la rge  divergence of the cur rent  

density downstream of the point of attachment due to the excess  gas  

p res su re  a t  this point caused by the electromagnetic forces.  Because 



of this effect la rge  quantities of charged part ic les  a r e  pumped f r o m  

the  cathode attachment region into the column s o  that a high ra te  of 

charged particle production m u s t b e  maintained there. In addition, 

efforts a r e  usually made to force  the gas  to flow a t  close to sonic 

velocity over the cathode tip by constricting the anode channel a t  this 

point, The axial  flow velocity of the gas  near  the catliode can be high 

enough so that the ions a r e  swept along with the neutral  par t ic les  and 

flow against the electr ic  field. This r e su l t s  in once again necessitating 

a n  increase  in the ion production ra te  in the cathode a t t a ~ h w ~ e n t  region 

in o rde r  to  maintain the discharge. Most of the charged part ic les  

formed due to the action of the above two processes  enter  the gas  flow 

and thus add to the enthalpy of the gas  a s  long as most  of the electron- 

ion recombinations a r e  due to three  body collisions ra ther  than 

radiative collisions. Experience has  shown that i t  is possible to 

22  
produce a s  mmny a s  10 ions/sec. in the cathode attachment region. 

This process  consumes electr ic  power a t  a level of f r o m  20 to 50 

kw a t  the production r a t e  quoted above, A reasonable percentage of 

the overall  a r c  potential drop can hence occur over the cathode attach- 

ment region. No effort has  been n-Iade to analyse the attachment region 

because of the dominant role  played by the excess  tern-perature of the 

electrons,  which has  not yet been incorporated into a comprehensive 

t reatment  of the t ransport  propert ies  of a plasma. 

XI, 1. 2. The Inlet Heating Region 

A wide and varied group of phenomena can occur aid many 

have been observed to do s o  in this region. Provided that the channel 



diameter is not too large,  the a r c  conduction channel increases  f rom 

the diameter a t  the point of attachment a t  the cathode to a diameter  

fa i r ly  close to that of the anode. The s imilar i ty  solution indicates 

that as the a r c  channel increases  in diameter  the tempera ture  on "Le 

axis  of the discharge decreases ,  consequently reducing the power 

dissipated per  unit length of channel and the electr ic  field strength 

along the channel. The asymptotic radius  of the conduction channel 

depends pr imari ly  on the e lec t r ic  cur rent  I and the channel radius  

r F o r  smal l  values of I/r  the discharge will not come near  to fill- 
W W 

ing the channel, and the temperature on the ax is  of the discharge i s  

barely enough to make the gas electrically conducting. There will be 

some cr i t ica l  value of such that the thermal  conduction to the 

walls will be unable to  stabilize the column for  values of l /rw below 

the cr i t ical  value, In this regime, bouyant fo rces  and smal l  i r regular -  

i t i es  in  the gas  flow will exert  a strong influence on the discharge. Under 

some flow conditions the discharge has  been seen to  thresh  about in the 

channel randonlly. :% Although fluceuations in the a r c  potential a r e  

high when operating in this mode, this is a fa i r ly  desirable  type of 

* Private  communicatiomi with M. Thorpe of Thermal  Dynamics, 
Thorpe" measurements  indicate that this  mode of a r c  operation 
resul ted in efficient energy t ransfer  f rom the discharge to the gas  
and a l s o  that the anode point of attachment moved randomly over the 
surface of the cylinder, so that no local hot spot developed. The rapid 
random motion of the discharge throughout the channel mixed the 
heated and unheated gas  quite well s o  that the emergent  gas  did not 
have a pronounced radial  enthalpy profile, as occurs  when the gas  
flows through the stabilized discharge, 


















































































































































































































































