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ABSTRACT

The following paper is divided into three more or less separate
gections. The first section {Chapters II - VI) deals with an analysis of
the transport properties of @ partially ionized gas subject to the cone
straint that the average random energy of all constituent particles
is exactly equal {equipartition of energy). This constraint is necessary
go that the formal Chapman-Enskog solution of Boltzman's equation can
be used to evaluate the various transport coefficients. Subject to this
constraint, a set of tractable eguations describing the mass and energy
diffusion in a2 partially ionized gas is obtained that includes all terms
correct to the order of the square root of the ratio of the slectron to
atom mase compared to one. The transport coefficients are evaluated
for helium and argon over the complete range of partial ionization
asswning that the species p&wticié densities are guite close to their
aguilibrivm values.

The analysis indicates that the electron and {on diffusion
velocities are more closely coupled than the eguations of Chapman and
Cowling show. The added coupling implicitly applies the constraint
of zero mass velocity to the gas locally. Because of this eomazréim a
current in the direction of (E x B) x B occurs in addition to the direct
and Hall currents.

It is shown that the only part of the thermal conductivity that
can be influenced by a magnetic field is that part of the energy carried
by the diffusion of the charged particles. For thie reason, magnetic
fields, in general, cannot be nsarly as effective in reducing heat trang-

fer rates as was previously thought, e.g., a magnetic field will have no
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influence on the thermal conductivity in a fully ionized gas, except
through its influence on the current density and the thermal diffusion.

Chapters VII - I¥ comprise the second section of this paper and
deal with the development of & similarity solution for axially symmetric
electric discharges. A number of parémeﬁ@rg are obtained and
discussed. The golution is evaluated for a discharge in argon gas at
cne atmosphere pressure in which the temperature on the axis of
the discharge varies fyrom 6, 006°K to 19, 000°K. The current-voltage
characteristic obtained from this solution is compared with an experi.
mentally determined curve of H. Maecker.

The third section of this paper (Chapters ¥ - XIII) i=s concerned
with the mechanisms of energy itransfer in arc jet devices. Use is
made of the previous sections of the paper to determine the relative
magnitude of the amount of energy that is transferxed to the gas in the
various parts of the electric discharge. The various possible electrode
- configurations are discussed in detail and compared. The design and
performance of an annular electrode arc heater with a votating arc is
next described and discussed. Because of a number of undesirable
performance characteristics of this type of electrode configuration, a
modified heater was constructed with the cathode emission oceurring
along the axis of the applied magnetic field. Details of the me;ﬁp@@mﬁ%y
good periormance of this configuration are given. It is shown that the

re potential drop depends primarily on the strength of the applied
magnetic field and the gas enthalpy downstream of the arc. The

dependence of the arc potential drep on the arc current and the ambient
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pressure is shown to be weak over the ranges tested, ¢.3., 50 to
300 amperes for the current and ! to 4 atmospheres for the pressure.
Some heat transfer measurements taken with this equipment are
presented,

Appendix I iz concerned with the evaluation of the transport
coefficients in a partially ionized gas. Formulas are develeoped for
determining the viscosity, thermal conductivity, and electric con-
ductivity of the plasma. These coeificients are computed for argen
and helium at one atmosphere pressure and over the temperature range

of partial ionization.
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1. INTRODUCTION

I. 1. Historical Sketch

Although electric arcs have been used and studied now for over
one hundred and fifty years, their use as a device to heat a gas'flow to
several thousand degrees Kelvin is comparatively recent. It is only
with the advent of the ballistic missile and the projected exploration of
the inner planetary system that the need has arisen to develop equipment
capable of producing steady-state gas flows in which the stagnation
temperature is between 2, 000°K and 12, 000°K. Considerable work was
done on devices of this nature by a number of German workers between
1940 and 19501*. and this research has formed the basis for most of the
subsequent work in the United States. During the past six years numer-
ous devices have been built and operated throughout this ce\mtryz“é.
They can be divided approximately into three groups, each having its
own characteristics. These types, together with their advantages and
disadvantages will be discussed in a subsequent section. In general,
the design is based upon precedent and trial and error., No one con-
figuration has yet proved itself to be superior to the others for all
applications.

Practical applications of arc heaters are being found in more
and more widely diversified fields. Hyperthermal wind tunnels using a
plasma jet to heat the gas to about 10, 000 B. T. U./lb. are in use in
many laboratories for studying heat transfer rates and ablation rates

of nose ¢cone material. These installations range from a few kilowatts

% Superscripts denote references at the end of the text.



to 15 megawatts supplied to the arc™ 6. A number of organizations are
actively engaged in developing arc heaters as low thrust propulsion
devices for space vehicles ", These engines use & low molecular
welght gas for propellant, heat it with the arc and expand it through a
sonic orifice and nozszle to an exit velocity greater than m‘ 000 m/sec.
Ip> b 000. Numerous applications are being fo
side of the aeronautical industry, e.g., chemical processing, spray
coating with ceramic materials and as magnetohydrodynamic research

d for arc heaters oute

tools.

L2. Analytical Techniques Available to Deseribe Arc Phenomena and

Thermal Plasmas

Until recently, the literature pertaining to the thepry of arcs
bas consisted mainly of & number of mechanisms that were postulated to
explain the various phenomena that have been observed. These mechanisms
have been worked out {in mathematical detail. In general, the mechanisms
g¢an be grouped ianto two classes, linear and nonslinsar. The former
assumes that changes in gas particle energy over one mean free path
are small compared to the gas internal energy, and that changes in
velogity over 8 mean free path are small compared to the velocity of
gsound, - When these assumptions are made it is poasible to study a plasma
or electric discharge by considering it as & mixture of perfect reacting
‘gases that {s perturbed only slightly from equilibrium because of grads
ients of electrical potential, chemical potential, and temperature. The
familiar expressions for

laminar heat transfer q= = XvT
electrical conductivity j 8 e 0w
shear stress T view

are all gimple examples of linear mechanisme. Nonelinear mechaniams



are defined as those that involve the treatment of problems where changes
in either energy and velocity over a mesn {ree pm.h are of the same order
a8 or larger than the gas internal energy and speed of sound, respectively.
The development of turbulence and the phenomencn of run-away electrons
in an electric discharge through hydrogen are examples of non«linear

mechanisms. The best documented non~linear phenomenon in electric

discharges is the dependence of the electron and ion drift velocities on the
square root of the electric field in low pressure discharges where the per
¢ent jonization is low. In this case the teroperature of the charged parti~
cles is sssumed to depend upon the electric fleld only and is evaluated by
balancing the energy that these particles gain from the electric field with
the energy that they lose due to ¢ollisions with uncharged particles. Agrees
ment between experiment and theory ie quite good over certain ranges of
E/p, the electric field divided by the pressure. This is documented in
many curves of the measured diffusion veloeity of charged particles
plotted as a function of E/p which are shown in References 19 and 23,
Inherent in the usual treatments of linear syatems are the assumpe
tions of local equipartition of energy among the particles and local Max-
wellian velocity distribution. Neither of these agsumptions is in gm“alx
acceptable in & gas mixture that contains electrons and through which an
electric current iz passing. Because of the weak coupling in energy transw
fer from the electrons to gas atoms or ions and because the electrons
absorb initially & high percentage of the energy transferred from the
eiéf:trif; field to the gas, the mean electron energy is always higher than
the me#n atom and ion energy, sometimes by & factor of over 10. When
the dependente of the cross«sections for energy exchange between elecs
trons and ions or atoms falls rapidly enough with the relative velocity,
the loval distribution of electron velocity can be distorted far from the
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Maxwell distribution. In some ciges, e.g., &n slectron &ind proton mixe
ture, the fateraction cross-section falls so rapidly that the electron
energy becomes undirectional in the direction of the applied electric

field and the welleknown phentmenon of run~away electrons occurs. Uns
fortunately, the whole theory of the gaseous stite, as developed in thermoe
dynrmics, statistical mechanics, irveversible thermody

yanimics, chemical
g8, and the theory of non-uniform ghses do uot allow for local depare

tures from eguipartition of energy among the species present in a gas mix.

- ture, even in the presence of externally applied fields. Recently, some
efforts hive been made to obtiin & solution of Bolteman:
two-particle gystem (slectronsion) in which the constraint of aquigaﬁiﬂan
of energy wae ‘##W; ﬂ@ A slmilar treatment of & three particle system
is still not available in the literature, possibly bees of the complicated
nature of the many new interactions that become available.

Although the general solutions for a three particle system con-
strained by »quzmrtmén bas been in existence for many years now, the
algebra involved in handlng the complete solution is so unwieldy that the
physical implications behind the mathematical solution have not yet been
fully elucidated. It is felt that before any attempt ¢n be made to develop
& complete mathematical theory for a system in which energy equipartition
does not occur, the solution for equipartition should be studied in detail,
and its implications clearly understood. Fiukelnburg and Maecker have
- attempted to do this in their article, "Thermal Plaemas and Electric

nts equation for a

Awa’*;“; however, some algebraic errors have ¢rept into their work and
their expressions are still so complicated that it {e difficult to interpret



I 3. Extent of Present Analysis

The analytic portion of the present work is mostly concerned with
an attempt to simplify the general Chapman~Enskog solution to Boltzman's
equation for a system of atoms, ions, and electrons. At the same time the
implications of the finite reaction rate in the production and recombination
of the electrons and ions is studied. In order to introduce the reaction
vates into the general mathematical solution, it is convenient to use irre-
versible thermodynamics so that all possible interactions can be obtained.
In general, irreversible thermeodynamics is only & convenient bookkeeping
technigue for properly cataloguingall of the possible interactions between
the various transport processes in the fluid under study. In the general
treatment of the species diffusion and energy transport equations using
irreversible thermodynamics, no restriction is initially placed upon the
species concentrations so that the diffusion and heat transfer relations
derived are generally valid and are not coupled to any assumption made
goncerning the reaction rate. The first section of the analysis reported
here is the derivation of the three genﬁral‘sats of relations for the trans-
port properties of a partially ionized gas from the laws of irreversgible
thermodynamics. The vector equations for species mass diffusion and
energy diffusion are each discussed in detail. The scalar reaction rate
equation is next derived from chemical kinetic congiderations and it is
shown under what conditions the linear approximation of irreversible
thermodynamics is valid. If desirable, it is possible to introduce any
reasonable expression for the reaction-rate equation, valid when the
reaction is far from equilibrium, into the general equations for particle
and energy diffusion in the gas mixture. The second order tensor

equations, involving the stress-strain relations for the fluid are derived



but not discussed in detail.

The general results of the above analysis are used to discuss
two problems. The first is & model of a cylindrically symmetric
electric discharge, when the reaction rate is fast enough to keep the
particle concentrations close to their equilibrium values. The second
problem that is discussed is the formation 8nd structure of sheaths
between & solid surface and a2 plasma under conditions close to
equilibrium. The interpretation of some ar¢ phenomena in terms of
these solutions is then discussed in some detail. In particular, the
range of validity of the linear approximation ae applied to electrical

discharges is ¢learly outlined.



II. THE FORMULATION OF TRANSPORT PROPERTY ANALYSIS

Il.1. Formulation of the Problem of the Transport Properties in a

Gas by the Use of Irreversible Thermodynamics

In formulating the problem of the motion of the various species
relative to the center of mass of the gas and of the energy transport it
is desirable to list the various phenomena that can be considered to
have some bearing on these processes and then see to what extent a
cormprehensive analysis can be made to include all of them. The followe
ing list describes most of the processes of interest that occur in
partially ionized plasmas.

{1} An electric current is carried by the diffusion of the
electrons relative to that of the ions.

{2} A current of charged particles relative to the neutral
particles occurs; this current is known as ambipolar diffusion.

(3) Both of the above phenomena occur when there are gradients
of any of the following:

(2) species density
(b} pressure

{c) temperature

{d) electric potential.

{4) Energy is transferred by thermal conduction and by species
diffusion.

{5) Energy can be added to the gas from an externally applied
electric field.

(6) Recombination »f electrons and ions as well as ionization of



atoms is occurring throughout the gas.

{7) Several of these processes do not attain equilibrium
instantaneously but must be characterized by relaxations times or
reaction rates, e.g., a reaction rate equation is necessary to describe
the deviation of the ionization level from equilibrium.

{8) Any, or all of the above processes can be modified by the
presence of either an externally applied magnetic field or a self-
generated magnetic field.

{9) Shear and compressive stresses in the gas can conceivably
affect the above processes.

The ideal method of studying the behavior and interaction of the
above quantities is through the use of kinetic theory, usually involving
some treatment of the relevant Boltzmann equation. Unfortunately,
because of the great complexity of the problem, not even an approximate
solution is available as yet. Burgersm has considered the equivalent
problem for a fully ionized gas,and Chapman and Caw_ling“, among
many otherslz'l‘% have investigated numerous aspects of the behavior
of a partially ionized gas under severely restrictive assumptions, where
most of the posaible interactions among the phenomena are deliberately
omitted so that a solution may be obtained. An alternative, but less
self-contained, method of handling this problem is available through
the use of the thermodynamics of the steady state, or, as it is commonly
called, irreversible thermodynamic 515, 16. The application of this
technique requires that the following steps be carried out:

(1} An expression for the entropy production rate per unit mass

of the gas must be derived and the terms representing reversible

entropy changes and irreversible entropy production separated.



{(2) Each term that involves irreversible entropy production is
a product; one part of the product is called a '"flux''; the other part is
called a "force''.

(3} All fluxes and forces that are of the same rank tensor are
linearily inter-dependent. In addition other terms may result by
the contraction of any other tensors representing forces and fluxes of
rank 2 higher than that under consideration if they are symmetric.

(4) The coefficients in the various systems of linear equations
have certain symmetry properties that result from the application of
the Onsager reciprocity relations.

(5) The coefficients that are left after applying (4) must be
evaluated by recourse to either kinetic theory or experiment.

The great advantage of this procedure is that a complete solution
to the problem of the transport properties of 2 gas mixture can be built
up by using the results of 2 number of simplified kinetic theory analyses.

Using this technique, Finkelnburg and Maeckerl have derived a
set of relations for a three component plasma that incorporate most of
the required phenomena and their interactions. These equations are
extremely complicated and little effort has been made to apply them to
specific problems; moreover, they do not consider cases where charge
accumulation can occur nor do they allow for finite reaction rates. A
recent report by P‘ipkinl?} discusses the electrical conductivity of a
partially ionized gas using very general considerations, but he also
does not allow for charge accumulation or finite reaction rates and his
expressgions are not simple or easy to interpret,

Rather than attempt to modify the treatments discussed above,



we will treat the problem in full,

Before proceeding to the purely mechanical aspects of the der~
ivation it is necessary to examine two rather fundamental problems that
arise when efforts are made to apply the thermodynamics of the steady~
state to the derivation of equations that can adequately explain transport
phenomena occurring in ionized gases when externally applied electric
and magnetic fields are present. The first problem arises from the
postulate of equipartition of energy among the various gaseous species.
In order to apply thermodynamics and irrevergible thermodynamics to
the gystem this postulate must be rigorously true to the extent that when
perturbations to the equilibrium system are introducted due to gradients
of electric and chemical potential and the temperature, no perturbation
in the species temperatures develops. This constraint on the system
implicitly implies that the gas particles are extremely strongly coupled
energetically, so that energy transfer through collisions of the particles
of the various species one with another occurs at a rate much faster
than that at which any one species can gain energy from or lose it to
an external field. Unfortunately, because of their emall mass, electrons
are coupled energetically much more strongly to the electric field
energy than to the internal energy of the ions and atoms of the plasma,
Hence the electron energy will, in general, be somewhere between the

lirmnits shown below:
1€} E?)t ’Vﬂq__ l TA>( 3 —_—y —
( e Tﬁz’k,?)-(z% /e)—(%/&/;).

At present there does not appear to be any simple technique available

to introduce into the general analysis a perturbation in electror tem-
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perature from the gas temperature. Probably the most serious limit
on the range of validity of the procedure adopted here occurs because of
this difference between T and Tg when the results are applied to
electric discharges.

The second problem that arises when irreversible thermodynamics
is used to study phenomena in ionized gases, is that of determining
how to compute the influence of a2 magnetic field upon the transport
properties of the plasma. Since this problem can best be investigated
once some of the formalism of the theory has beén outlined, a discussion
of this important point will be deferred until after the vector flux and
force system has been constructed in the following section.

With these introductory remarks, it is now possible to proceed
to the mechanics of computing the transport properties of a partially

ionized gas.

II. 2. Entropy Production Rate

The equation for the eniropy production rate for an open system
of a mixture of gases can be obtained by combining the first and second

laws of thermodynamics as follows”

a, %™ a , %% d, 1 a M
Tol——) =g (5= )+ pgl3)-24 5 (5) -

' (11-1)

8 and e, are the entropy and internal energy per particle. The various
time derivatives on the right-hand side of this equation can now be
replaced from the conservation equations. The mass conservation

equation for each type of particle is

I,
d “i)g,v-ﬁ—rﬁ- Pi : (11-2)
dc " P
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By adding together the Eqs. {II-2), the equation of mass conservation

iz obtained.

3%

The final equation that is needed is an energy conservation relation, a

(_FL) = — T . (11-3)

convenient form of which is the following:

/ooé(‘_iw/;e;)—_v\/\/ P?_J_—b‘g.f . {lI-4)

WY =
Substituting Eqs. (II-2), (1I-3), and (II-4) into Eqs. (lI~l) and re-
arranging some terms, the following entropy conservation equation is
obtained.

T/odzfz(‘z.«v/; )+Tv(W ST s W) W T

-
_P" T AL J. . F_d —/£ e ) — /—'
(Fror v + 3 TG ATg) - F

»m,

(II-5)

The second term on the left~hand side of the equation represents the
reversible entropy changes while each term on the right-hand side of
the equation represents irreversible entropy production. It can be
shownls that each of the terms on the right-hand side of the equation is

intrinsically positive.

II. 3. Flux and Force Systems

Three groups of forces and fluxes, ordered according to the
tensor rank, are represented in the terms on the right-hand side of
Eq. {II~5). The last term and the trace of the second term fall into the
first group, which consists of scalar quantities. The flux quantities
are the species production rate r ; and the divergence of the mass

velocity vector 7. u. Using the continuity Eq. (II-3), the second flux
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7. u can be equated to the Eulerian derivative of the logarithm of the
density - (d/dt)(Lnp) and this representation of the flux term is con-
sidered preferable. The force terms corresponding to the above fluxes
are the chemical potentials &« ; @nd the pressure incgemeut 6p, which is
the trace of the stress tensor P and indicates how much the compressive
stresses cause the pressure in the gas to deviate from the thermodynamic
pressure, Since only one chemical reaction will be congidered, that of
ionization and recombination, it is possible to combine the three
chemical potentials into one term?l® Zx Vi’wi . Where \Ji is the digit
appearing in the reaction equation indicating the number of mols of the
constituent taking part in the reaction. The first set of phenomenological

equations can hence be wriiten as follows:

i /&1 ) = Cr‘ S_vf ¢
d))‘( /o a(:' ‘7—3‘ + ’ZPIZ ‘ -:‘47_
-1 _ e ) ;
o= 32 Zz (ug‘}'é_‘—’ (11-6)

r::]’-'z:“r;; ‘,(p{z:,le

In this paper, the electrons will be identified with particle 1, the ions
with particle 2, and the atoms with particle 3. The various forces and
fluxes have been divided by suitable local properties of the gas in such
a manner that the coefficients p{ij have the dimensions (time)'l: they
are inverse relaxation times. The coefficient o(a 11 is generally termed
the second coefficient of viscosity and can be interpreted in terms of a
relaxation time for internal degrees of freedom. For 2 gas mixture
composed of electrons, ions, and atoms, the processes of excitation

and depopulation of excited electronic states can sometimes have a very



13

long lifetime and contribute substantially to the overall relaxation

time as represented by -(o“ . "( 22 Fepresents a reaction rate, an
approximate expression for which will be derived from chemical kinetics
in a later section. 'Za 12 °F "(”21 is a coupling coefficient about which
little is known.

The second group of relations are vector quantities and comprise
the first and third terms of the right-hand gide of Eq. {II~5). These are
the well-known relations that couple diffusion phenomena and energy
flux. The flux quantities are the mass flux rate of each species per
unit area Ji , and the energy flux rate per unit area W. The correspond~
ing forces are the gradients of chemical and electric potentials and the
gradient of the logarithm of the temperature. The phenomenological
relations can now be written using a set of forces Xi and coefficients

L LiT , which can be tensors, and subsequently will be defined in

ij *
detail.

+ L, X, + L

t L 13 %3

J, = L, X

1 11 %1 12 %2

JZ = LZI X1 +L22Xz + L23X3 + L
(1I-7)

J Lo, X

3 = Lgy X) + L3y X + Ly X3 + Lgp Xop

b4 X, + L

W =L T2 %2

+ L X3+L X

T1 71 T3 T °'T

Since the J, are diffusion mass flux vectors, by definition s J, = 0.
i
It then follows that the relations shown below are valid:

L. =0 ; Z L. =0
1 i) i TiT

Before the symmmetry relations among the coefficients can be written

out, it is now necessary to discuss the manner in which magnetic field
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effects are to be treated. The electric and magnetic fields enter
explicitly into the force system through the term Fi/mi of Eq. (II-5).
One consistent definition of Fi/mi is (ei/mi) [E +(ux B)} where E is an
applied electric field and u is the mass velocity vector. This is the
definition that is generally adopted in most discussions of the irreversible
thermodynamics of electrically conducting systems. Consistent with
this definition the coefficient Lij of the force term are, in general,
tensors due to the magnetic field. Symmetry relations between the
various coefficients can still be postulated from general considerations
of microscopic reversibility. These arguments do not indicate, how-
ever, which of the coefficients do depend upon the magnetic field

not do they give any hint as to the nature of the dependence. This in-
formation has been obtained in the past through an appeal to some
approximate treatment of the relevant Boltzmann equation, usually
employing mean free path considerations.

In studying the effects of a magnetic field upon the transport
properties of a plasma, a slightly different point of view will be adopted
in this report. A set of phenomenological equations will be written for
the fluxes in terms of a set of forces that need not be independent of the
fluxes. The coefficients in these equations are then assumed to be
scalars that can be computed by the Chapman-Enskog method as applied
to a gas mixture. The '"force' associated with the electric and magnetic
fields is
now defined as (ei/mi) {E +;:(u + ui) x B}} , where u is the mass velocity
of the gas mixture and u, is the diffusion velocity of the ith species. In
the nature of a postulate, we shall assume that the entire influence of

the magnetic field upon the transport properties of a plasma can be
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introduced into the equations through the '"force' terms shown above.
Without any further attempt at a more precise definition, the magnetic
field effects introduced by the above postulate will be called first order
magnetic interaction terms. A number of arguments can be developed
in favor of adopting this procedure.

(1) The terms involving the "force' components I“i,j (ei/mi)(uixB)
can all be moved to the left-hand side of the phenomenological equations.
A set of linear equations can now be written for the flux components of
the various species that are parallel and perpendicular to the magnetic
field. By solving for the individual flux components, a set of equations
are obtained between the fluxes and the forces. Each coefficient of the
force terms now depends upon the magnetic field and has the proper
syrmmmetry relations to the other coefficients required by microscopic
reversgibility considerations.

{2) The expressions for the ion and electron diffusion velocities
in the presence of a magnetic field derived by the above procedure can
be reduced, under gsome conditions, to the expressions derived by
Chapman and Cowling (Reference 11, page 328), who used mean free
path considerations to compute this effect. It will be shown later that
the magnetic field influence on the heat transfer rate that ig indicated
from the present analysis is fundamentally different from that computed
by Chapman and Cowling and others. This fact could be used as an
argument to show that the hypothesis set forth above is completely
untenable. However, in order to obtain their solutions, the above-
mentioned authors have had to simplify the problem to such an extent

that the answers which they obtain do not necessarily reflect the true
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state of the physical situations. In particular, when Chapman and
Cowling compute the influence of the magnetic field upon the heat transfer
rate {Reference 11, pp. 236, 329, and 342) they find it necessary to
assume that the charged particle diffusion rates, the electric field and
the gradients in all properties except temperature are zero in the
direction of the heat flow. Because of the Thompson thermo-electric
effect, these assumptions are incompatible, since either an electric
current will flow or an electric field must develop along the temperature
gradient. When they discuss the heat transfer rate in a one~particle
fluid that is electrically charged (Reference 11, p. 336) these assumptions
then are compatible. However, large electric fields must be present,
as can be seen from the induction equations V. D = en ; hence the
successive approximation scheme which they use to obtain the zeroth
approximation to the velocity distribution (Reference 11, pp. 329-330)
is suspect. Since the point of view adopted in this report introduces
significant simplifications into the treatment of problems dealing with
the influence of magnetic fields upon the transport properties of plasmas
and since it does not appear easy to prove a priori that it is fallacious
there is some merit in investigating the implications that result from
the postulate. Whenever the results differ from those obtained from
another approach, as in the influence of a magnetic field upon the heat
transfer rate, then precise experimental measurements should be able
to establish which procedure leads to the more accurate results over
the range of magnetic fields that can be produced in the laboratory.

In general, it is possible to define the 'forces' involved in a

number of different ways, depending upon what use is to be made of
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the equations. As discussed above, the ''force' due to the electro-

magnetic field will be defined as follows:

electric foree = (F,/m) = (e,/m){E +[(u+ u) x B]} = Xg (U-83)
The definition of the thermal force follows directly from Eq. (II-5).

thermal force = - VT/T = X (11-8b)

T

The remaining force terms, which are the gradients of the chemical
potentials, implicitly include the gradients of the partial pressures and

hence represent a generalization of Fick's law for diffusion caused by species
density gradients. The use of chemical potentials is particularly useful

when particle or energy flow occurs across interfaces (e.g., solid to

gas) as the potential energy jumps that can occur across the boundary

are described by using the continuity of chemical potential across the
interface, as in the Peltier effect. However, in treating a gaseous

mixture only, it is sometimes more convenient to use the gradient of

the logarithm of the partial pressures of the various components as the

driving forces, as follows:

diffusion force = - (kT/m)v Avp = X . (11-9a)
i

Since both representations will be used in later sections, a general
relation between the gradient of the chemical potential and the gradient
of the logarithm of the partial pressure for a perfect gas will be derived
now. The chemical potential for a component of a gas mixture is given

17

by Summerfeld” on page 90:

A% = b =T s, - kT 4w (9/p)).

The expressions for the enthalpy and entropy of a perfect gas are
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Substituting these relations into the expression for the chemical

potential and dividing by the factor kT the following equation is

obtained:
i = Cpi 4 (Adi o (Cpde A T (S04 o s,
4T % T ) —#

When the gradient of this expression is taken the required relation is

obtained:

VAL = G- //év_T VA T . (1-9b)

This expression can be written in terms of the "force' of diffusion and
the thermal ''force' as follows:
/_Lfv/'_f»' = 4T \‘//Zvvfa + j-k’.s X-,- . {II-9c)
v RT ol e
When the gradient of the partial pressure is used rather than the gradient
of the chemical potential in the phenomenological equations it is
necessary to redefine the coefficients of the thermal "force" terms. Let
the coefficients of the thermal ‘force' terms be defined as L, when the
gradient of the logarithm of the partial pressure is used,and let them be

called a,,. when the gradient of the chemical potential iz used. The

iT
following expression relates these two coefficients

<ip = L +3 L, B . (=99
N d A
¥ i
For the 3 particle system under consideration this relation can be
simplified by using the condition that S ; Lij = 0. Equation (II-9d)

can now be written as follows:
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<,.. = L. +5 4T L. eV, . . 1I-9e
(r e T . ”+7w7 L:, (11-9e)

This coefficient is to be used when the diffusion "force' is given by the

following expression:
- - ¥ -
diffusion force = (k'r/mi)vy-i/km = :x:Fi . (II-9§)

Chapman and Cowlingll and Hirschfelder, Curtiss, and Birdls (page
713) show that the coefficients L;q can be identified with the thermal
diffusion coefficients.

For convenience, the definitions for the forces will now be all
grouped together and the vector phenomenological equations restated
with the Onsager symmetry relations applied to the coefficients. The

force system is defined as follows:

X, = (Xgh +(Xph = (e/m)) {E+fu+ u;) x B]- (kT/e;)dn pi}

(11-10)

Xp = -9 T/T .

Using these forces, all the coefficients Lij and Li relating the fluxes

T L

and forces, are postulated to be scalars. The vector phenomenologi=~

cal relations remain formally identical to Eqs. {lI-7):

(L1-11)

(1I-12)

L., ¥, + L X, +

W 71 %1 72 ¥2 7 L3

X3 *+ Lo X
The Onsager reciprocity relations state that the matrix of the

coefficients should be symmetric. In addition, since Zi Ji =0 ,
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L =0 2 Lgp=0 . (11-13)
The coefficients Lid are essentially multiple diffusion coefficients and
have been written out by Hirschfelder, Curtiss and Birdls for a general
three component system. They are evaluated for an electron, ion, atom
mixture in our Appendix 1. The thermal diffusion coefficients LiT are
also discussed in Appendix 1. The quantity L'TT is & heat transfer
coefficient. It will be shown later that it is more convenient to work
with a heat transfer coefficient that involves LiT as well as LTT and
does not include the energy transported by the diffusion of the various
species. This heat transfer coefficient, called 7{330 is evaluated in
Appendix 1.

The third group of forces and fluxes involves the relations
between the stress tensor P and the rate of strain teansor (8u/dr).
Consistent with our previous assumptions, the postulate is made that
these tensors and the coefficients relating their variocus terms are
independent of the magnetic field. The phenomenclogical equations for

these forces and fluxes are then given by the hydrodynamic viscous

stress-strain relations, a convenient form of which is

P-pUs=-Ml{(su/or) + (su/or)*}+ (31-X) ©. wu . (u-14)

The term (8u/8r)" represents the transpose of the tensor (8u/dr).

The three groups of relations (1I«6), {1I-10}, and (I1I-14) are in
general coupled together. The manner in which the Eqs. (II-6) iateract
with the vector Egs. (II-11) is discussed in detail in the following
sections. It will be immediately recognized that the coefficient Ly

in the Eqs. (IlI-6) is effectively the same as the quantity ( %Du -XY,
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defined in Lgs. (II~14) from a purely hydrodynamic viewpoiat.

Coupling between the vector Egs. {II-11) and the tensor relations (II-14)
iakes place through the occurrence of u x B in the vector force terms
X . It remains to be shown whether, as a result of this coupling,
stregs=gtrain relations involving magnetic field interaction terms can
be derived which have any relaiion to the equations presented on page
338 of Chapman and cawliagn, Since the problems considered later

in this report deal with configurations where V. u = 0, the viscous

giregs terms will not be discussed further.
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IIl. REDUCTION OF THE DIFFUSION EQUATIONS

The three diffusion equations, Eqs. ([I-11}, represent very
general statements of chm's law and the law of ambipolar diffusion.
Before these equations can be of much use, however, they must be
simnplified and the coefficients Lij and Li‘i”‘ replaced by expressions
derived from kinetic theory. For convenience, the eqﬁaticﬁs will be
presented in & number of different forms so that they can be readily
adopted to a variety of uses and also that they may be compared with
expressions derived by other authors. The Egs. (II«11) can be written
out in detail as follows:
=L, & {E"'MXB + I xB _ /&_Tv/ﬁn»fc, }

m, v, e,

+ Ly 31 {E-f-MXB"’ 2 x B /_&él_v}ﬂfu} {111-1)
2

Mg Vs
+ Ly {-j_é‘l;v/ew;h} <+ L'CT XT .

In these equations particle 1 has been identified with the electrons,
particle 2 with the ions, and particle 3 with the atoms. These equations
can be simplified considerably in a number of ways. It ig possible to
drop all terms that are of the order of the ratio of the electron to atom
mass compared to one. Also, the force terms involving the partial
pressures of the three types of particles can be grouped together in
gome manner to further simplify the force system. One possible way
is suggested by the grouping of the chemical potentials in Eq. (II-6).

In practice the grouping An Py 95/)?3 does aid in simplifying the
eguations and is, as well, a useful form for studying the interactions

of Egs. {1I-6) and (II-11). Since 31 +J, + J3 =0, it is necessary to
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solve only for Jl and JZ . Putting e = -[e], e, =|ef, my = m,
m, = mg = my and using relations (1I-12), the Eqgs. (II-13) can be

simplified to the following set of equations.

Jo+ L, & LxB [ e J,xB

Fome e Me “Loma ma vy
- ler _ | ., lel 4T "
_( L-lec Lz%—ﬁ){E T AL X B + re_i V/£H 759 E QIII 2}

_L,_z V/ﬁnff-f -f—L"/@Tv/Zn/é‘? +L;T XT

For many applicatians the diffugion velocity, rather than the mass flux
rate of the various particles is more useful, hence the pérticle
velocities will be used in the further reduction of Eqs. (IlI-1). In
order to reduce the number of independent driving forces to a minimum

in Eq. {ili-1), the following definitions are made:

lei le T
§7/£H70 "/;nge-sz;nla)mj&{ V/&"/og

1
" La AT o tn
a

|

L.,;TXT = - (LL,;%'G - ch%a)Ke V’A" T

Loy(Ke-Ki) AT vl T

LI __—-

M @

{11I-4}

Equation {III-4) is an identity. The quantities K e and KI defined in
Eq. (IlI-4) arve very closely related to the thermal diffusion ratios as
defined by Chapman and Cowiing“. When these expressions are in-

troduced into Egs. (Illl-1), a somewhat simplified expression is

obtained;



[A¥]
s

T+l 18 Jx8 _ | e J,x08

L'”ne AMe Ve Ma AMa YVI
= - (Lu,',f,;' L% ){C +ix B +/£I(v,£nt’_f + Kcv/énT)}(m-sp

- Lia AL {vdntests +(:<,-KI)\7AT}

Two generalized forces are now defined as follows:

E':: E+Mx3+’f‘—e-’;—(V/£w %fm +K¢V/£""T> (111-6)

let

AT (gl 7‘—7;11‘ #(Ke- Kp) vl T (11-7)
When these expressions arve used, and the values of the coefficients Lﬁ
introduced, the equations for the electron and ion velocities are found

to reduce to the {ollowing expressions:

e+ ¥(B+e)la, xB-v¢(i-FlacrxB

=—¥{A+e-3-N}F -¥pU-IF, (111-8)

iy +X¥EPI-8 e XB-¥Np(I+Fem)ae; X B

:y4>(,3,+i-é(l—a*)} E'- ¥p(I1+dem)In F,

Equations (III-8) are correct to the order of the electron to ion mass
ratio compared to one in describing the electron and ion diffusion
velocities in a three component gas mixture. They cover the complete
range of ion density from zere to complete ionization. When the gas is
almost completely ionized (10“4 < {na/nl) <107 ) these complete equa-

tions must be used to describe the transition from the partially ionized
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gas to the completely ionized gas. When (na/aij < m"‘&, the gas can be

¢ ongidered completely ionized and great simplifications to Eqs. (111-8)
result. When (na/nz) > 16‘3 important simplifications to Eqs. {1I-8) can
still be made. Since the expressions (llI-8) are still too cumbersome to
be of much use, they will not be discussed in detail.

First, we v}ill ghow how they can be reduced to the ion-electron
system by ueing the values of the coefficients as evaluated in Appendix 1,
The group a£ coefficients ¥ {3 + € ) ->{ a';P)/{ lel ﬁI} as the atom density
approaches zero, and the group ¥ @(1 - §) —» m { a'ﬁ'p)/ (el n)). When
thege expressions are introduced into the Eqs. (III-8), the terms in the
force functions Fy and F, that contain the gradient of the atom partial
pressure cancel each other and the simplified equations become:;

leimvs e 4 40, x/3~/m,a/1x A
O5p

=F +exB -t-’,-&c—'f{\?jnfcn‘-/(cvzzﬂ 7—} “m 1%’”{7%%/:4&-&77%

7
gim*'%
‘el/)gzirz(/ui __l,/VY?,(A/C X B-GWL/OUI X 8
sP

- 7 emihl K T

ém[Ewa Bf-/,%(v/q/oe + K v/ZnT)] emE {V/Zn/( 7z K. K1vdn }
As long as the ratio of the electiron to ion density ¢ is approximately
one, the ion diffusion velocity is smaller than the electiron diffusion
velocity by the mase ratic {m a/ma) and can in general be neglected
when computing the current density, which becomes

4+ 8e a8 plEvnxBr AT (v by perke 0 £ T}] wmt0

1€t Wy
This equation is quite similar to the expression derived by Sgiizerm on
page 21. However, Gr@enzl has pointed out that the manner by which

Spitzer derives his equations cannot adequately account for the thermal



diffusion terms and that the expression shown above is probably a more
accurate expression for a generalized ohm's law in a fully ionized

plasma.

We can next derive a set of equations that will be valid for

partial ionization over the range oo > (n a/ nI) > 10‘2 . This leaves only

4 which requires the full

 the transition region where 1(}'2 > (na/nl) > 107
'Eq. {111-8) to adequately describe the ion and electron diffusion. This
small region of ionization level will not be considered further. In the

m
~ O

region of ionization, o« > (na/ni) > 10'2 , we can now pul j np,
in F,' and call the new generalized force F;. The coefficients are
also somewhat simpler when this restriction is made, since ¢ & 1,
§ X 0 as shown in Appendix I. Equations (lII-8) now reduce to the

following set:

u + u’(gg-a»é)uexB- Yu, xB = ~¥(p+€ - Fy - ¥YF,

{Ili-11)
uI-£~ YéuexB-)’nquB = b’(g%l-t-l- é}}?l.v-ylpz .

where

F, = E+ux B+ (kT/1e1)( o Pe + Ko v4n 1)

F

P, P
= (kT/lel){vin ;I + (K = By) v/l?n‘r} .

¢ a

The product ¥ 3 can be written as { 1e) /kT) D 2y C
®8 v +ve C

and interpreted as a modified electron mobility. Similarily, the term

¥p, isa modified ion mobility and can be written as

¥va, =& O ove v Ve C
A I T ZS5500 e c (L1-12)

The first important difference that we note between a fully ionized and
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a partially ionized gés is that in the latter the ions diffuse with a velocity
of approximately (me/ma)é that of the electrons in an electric field.

This entails a reasonable amount of mass flow and is balanced by a

flow of atoms in the opposite direction induced by the electron-atom
collisions. The parameter ¥ determines the degree of coupling that
occurs between the ion and electron diffusion motions under the influence
of magnetic fields. Strong coupling can only occur when either 351,

B 1 <1 , or when both occur simultaneously. In terms of the non=

dimensional quantities introduced in the appendix

g = (ta )2 b(B/m)% and 3, = ac .
a+ c "1

Approximately, 3 < 1 when 10 >a >.1 and By £ 1 whena <1072,

Since & = (na/ nl) , this indicates that the electron diffusion is not
strongly influenced by the ion diffusion when the gas is ionized either
less than 10 per cent or more than 90 per cent. On the other haand, the
fon motion is strongly coupled to the electron motion by a magnetic

field when the gas is ionized more than 0.1 per cent. In these ranges

of ionization 10° > (na/nx) > 10, and (na/nI) < 10" , the electrons move
freely under the action of F i and hence the plasma electrical conductivity
is very similar to that of a fully ionized gas, except that the collision
cross-gection for the electrons must be modified to include the electron
atom collisions.

When the magnetic field is small enough so that the terms u, % B
and uy x B can be neglected, these egquations (Ill-11), become particularly
simple to manipulate. However, when the magnetic field is large
enough so that the terms containing it cannot be ignored, the rather

complicated coupling terms between the eleciron and ion velocities
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makes this {form of the equations difficult to handle or to compare with
expressions derived by other authors. With a little algebra, the follow-
ing symmetric and more tractable form of these equations can be derived:

Nawe - aty = - (F, +acexB)
{IlI-13)

(B+e)any - € e = =% (F -F, +w;x8)

where the definition o = 7{@% +€)n- é} has been made for convenience.
By substituting Egs. (III-13) into Egs. (II-11) it ie possible to obtain
decoupled expressions for the electron and ion velocities. These are

A e +Y(ﬁ+c—~‘?()/w¢>(8- ¥ (weexBIYxB

:—y(/;’+€-l)F, -vF +vyx F,xB8

(111-14)
g +¥(B+ €Ml xB -vx(werx B)x B

= ¥(@,+1-€)F,-¥ymF, +v<(F, -F;)xB.
For some applications, the electric current and the mass flux rate of

the charged particles are more appropriate variables than the electron

and ion velocities. These guantities are defined as follows:

electric current density j = el {nxux -n, u@)

charged particle mass {lux density J= m, npu, om0, u (=19
These flux rates can be evaluated by using Eqgs. (llI-14) and are
7,' + ¥ (4 +€-’>‘17fx8 - ¥ (;' xB)x B
= Yvgiel [{(—le-ﬂ‘ﬁ’ +(I-6°)‘} F, + (€-7m) Fa ]
(111-16)

+V‘</nzic:{(l—e’)lc:x8-1§x5§.

T+x(B+€-n)TxB-vx(TxB8)xB
= Xw,/m&[{,@,-émﬁ‘*("é)} F. 'WFz)
+¥x iz amg ((F - F ) x B}



For completeness we add the equation J, = = J, where J, is the mass

 flux rate of the atoms.

Comparing the above results with expressions obtained by other
autharsn'm, a number of comments can be made:

{1) The effecis of gradients of ion and atom: density as well as
deviations from charge neuirality are introduced explicitly for the first
time to the author's knowledge., These relations arc essential for the
understanding of phenomena that occur at all interfaces beitween plasmas
and solid boundaries and in particular at the electrodes of gas discharges.

{2) The effect of magnetic fields on the flow of current and mass
flux of charged particles is shown to be cansiﬁewably more complicated
than previously thought. In particular, there is a current in the direction
of (E x B) x B in addition to the direct and Hall currents.

{3) Equations (IlI=13) can be directly compared with the equations
derived by Chapman and Eowﬁzxgu {page 328). For low per cent ioniza-
tions the Egs. {IlI-13) become identical to those of Reference 11 except
for the linear coupling terms in the velocity. These exira terms
implicitly apply the constraint of zero mass motion of the gas locally
to the equations describing the electron and ion motion as derived by
Chapman and Cowling, and hence remove a discrepancy pointed out by

them concerning their equations, which were derived from mean free

path considerations.
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IV, REDUCTION OF THE HEAT FLUX EQUATION

To study the heat {ransfor relations, an alternative form of the
phenomenological relations given by Eqs. (1lI-10) and {II-11) will be
used. The "forces" X, will be changed to Xi' = (}Q’E)i + (}g';%‘)i , where
the "forece" term (X’F)i i given by Eq. (Il-9b). The coeificients of
the thermal ‘force' terms now change to asp » @8 shown in Eq. (II-9e).
Making these changes and using some of the identities (lI«12), the

following equations are obtained:

LI ? 7z ¥ o '| .
Jl = Lll (Xi Ks) + Lza (}sa KB) + oy X‘ZE‘

(IV=1)
LN ; = LI §
Iy = Loy (X1 = X3") 4 Loy (XK' = X3') + epp Xo
] ,
; (1V=3)

Lyg ® Lpy & opp ® @py i Gpp = ogy .

Ueing the relations {(IV-1l), the forces X! ; can be elitninated from the

energy flux equation, (IVe2). The resulting expression can be written

as follows:
W Li'J) ¢ LT, K97 (IV-4)

where the following definitions are made:

": «1i Loz = xr, Lo (IVe5)
L Lzz - 12'2.
. XrTa Lo - <1iLia IVeb
P T (1v-6)
' Lrs-2 < =12 Lia - %55 Laa- %72l
__T?(J_”: TT T 2 12 Ti bz A (IV=7)

LoL,,- L%
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The coefficients L, ' and L,' can be evaluated by using the relations
{1i=-9¢), (1lI-4), and Appendix 1. The resulting expressions are found to

bea: , 5
L' = (3+ Ke) (kT/em ) (IV=3)

L.' e JSL.Y.E...E?;{

The definition {IllI-5) has again proved very useful by simplifying the
thermal diffusion terms.

The coefficient ?(Jaﬁ is the heat transfer coecificient when all
diffusion currents are zero, Chapman and Cawling“, as well as
Hirschfelder, Curtiss and Birdls, give formulas for evaluating 9( =0°
Thig is done in Appendix 1.

The heat flux equation can now be written as follows;
W=($+Ke)2T T, +1eaaVMr - K, AT T
M e 3

™M a {IV-10}
-+ (" ?(:rzb ) <7 T

It should be emphasized that this equation is exact. The form of this

expression is surprisingly simple, each termn being self-explanatory.
For some applications, it is desirable to have the heat flux

expressed in terme of the current density and flux rate of charged

particles, rather than the electron and ion mass flux rates. The

following equation indicates the required relationship in this case:
W = ( {- +Ke)/£’~I7,' + {(2‘8"' Ke-Kz) AT +1el \/1'}.7
1¢) M a
(IV-1l}

- Kr:o 9T,
Equations {IV-10) and (IV~11l)} are somewhat different in form and in the
physical interpretation of the processes that are occurring than the
expressions of other authors for the thermal conductivity of a partially

or fully ionized gas in the presence of a magnetic field. The expressions
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given by Chapman and Cowling'® (pp. 329, 337, 342), Spitzer © (p. 85),
and Ceverté {p. 76) all indicate that the magnetic field influences the
thermal conductivity in & manner similar to its influence on the
charged particle diffusion, namely, that the total thermal conductivity

in the direction perpendicular to the magnetic field B, but parallel to
l B
|+ we Te *

the temperature gradient @ T is reduced by the factor

X

|+ ewe' Te®

to and that a thermal flow of magnitude

we Te :.7{ = T isinduced ina direction perpendicular to
l + We ’T—‘ o
‘both the magnetic field and the temperature gradient ¥ T. In direct

contradiction to this, Eq. (IV-10) indicates that the magnetic field has
no influence on the thermal conductivity due to collisional energy trans-
) fer U(Jzﬂ VvV T} and affects the jeziexgy transfer rate only through its
influence on the diffusion rates of the charged particles and consequently
controls the energy carried by these diffusing ?artiﬁless. In a fully
imﬁmed gas J2= 0, hence an applied magnetic field will have a direct
'_ influence only upon that part of the heat transfer rate that is due to
thermal diffusion. In a partially ionized gas, when the reaction rate is
fast enough to maintain the gas at near equilibrium electroun and ion
density even where temperature gradients are present, then, a2s will be -
lsimwn later, the dominant part of the heat transfer rate is due to the
recombination energy released by the electrons and ions as they diffuse
ambipolarily from the hot to the cooler gas. Under these conditions, a
:ma.gnetic field can have a very pronounced infl@énce on the energy

transfer rate in the plasma.
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Before any further progress can be made with the diffusion and
heat flux équaticns it is necessary to study the cther set of Eqs. (11-6),
which desecribe the reaction rates in the gas mixture. This is done in

the next segtion.



V. REZACTION RATE EQUATIONE

The Egs. (II-6) indicate that there is a coupling between the
energy relaxation processes and the species production rate in the gas
mixture. In this report the only phenomenon that will be treated is the
species production rate, since most of the problems under study occur
in regions of the gas where V.. = 0. The relation that requires
investigation is now reduced to the ezépression shown below:

= ve Lqqp 220 ’f’/:;_z —a (V1)

in order to compute °<a 22 and to obtain some indication of the range of

€

validity of £q. (ili=1), the kinetics of the reaction will be studied in
some detail. In the following discussion a distinction will be made
between the electron temperature and that of the heavier particles.
Ounce a few elecirons are present in the gas, the yradnctiaﬁ rate
of electrons depends mainly upon the collision zate of atomg with
electrons whose energy exceeds the ionization potential, or some
excitation potential of the gas. Kinetic theory can be used o obtain an
expression for the number density of electroneatom collisions per
second that could lead to either ionization or excitation of the atom,

{See Refereance 18, pp. 685«691. ).

-Vex
2am -E'L ’z
] m»em-'a/ ,&-ri’/; enf: n /5 (f"'()’(!.]’e”’l (V=2)
Ve x
In this expression m is the electron energy and the integral / S, (5™ A

is the cross=section for ionization by electrons of energy m . At

pressures of over a few millimeters of mercury, the recombination



[
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mechanism that predominates is that involving the collision of two
electrons and an ion. The recombination rate can be expressed by an

equation similar to Eq. {V-2) above: ({See Reference 18, page 691. ),

[ =me s Py “7)3/[- “n /c AT £5, (<. £)4£]48 (V-3)

When V__ is put equal to the ionization energy lel VE in Eg. {V-2),
a relation exists between 152 and ZSL due to the assumption of
microscopic reversibility incorporated in the equation for the equilibrium

concentration of electrons, ions, and atoms which is given below:
_ley V1

Ve NVzT ZWz(Znﬂnei’t) e *Te {(Ve4)
MVa

Using Egs. {V=2, 3, and 4), the following relation is obtained:

~(le|\/x+§+°<)5 ($ i eVp+6+¢) = ’_;__’;______”:’A‘;'“Ixfs (<. ‘()gv..g;

This equation can be interpreted as follows: 331 is the cross=gection
for ionization of an atom by an electron of energy lei VE +§+a,
resulting in an ion and electrons of energy { and q. 132 is the crosgs«
section for recombination of an electron and ion under simultaneous
bombardment by electrons of energy { and a. Approximate expressions

for !5, and %5, have been obtained by Thomson and Bohr (Reference 18,

page 691),
lelz 2.
S((‘l) ..,z <47 g°([+:en i
-6
»S (4.0(): EO0a /g‘? T lez" gz' (v=6)
a ? /é ‘n’/rne?:ﬁz_ of r 4T Eo((""c’%)

These expressions can be substituted into Eqs. (V~2, and 3) which can

then be integrated to obtain the ionization and recombination rates. In
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carrying out the integrals it is necessary to assume that the major
contribution to the integral occurs when the electron energy is just a
little greater than the ionization energy. The mathematical assumption

iz as follows:

j—i/e-f;éi: = e’i/i) when g > > 1 (V=T7)

The equations that are obtained {rom: these integrations are shown

below;
e Y 2 _les Vi
$ AT N S LI o .
“-:]-r :”"e’Wt(n/mi) "\+rné& v ) e *Te Q’ 8)

el )2,

= (I ey {v-9)
LM MVg szﬁl/?‘w:/&n (4/:Edvj

In these equations it is necessary to modify the production and recome
bination rates by a term that indicates the probability of an inelastic
collision occurring rather than an elastic collision. This factor isg

given by the following expression:

I |
Pca. Tl o4 3«: m/je*ﬁ_
(V=9a)
I - el <
fea =T 4:75,\/1)

The net electron production rate can now be written as follows:

o, 2 _el Vs _
[e = (?&1}) Rin(ss Jve e @ ET (|- e oz Ve ) (v-10)

T me 47;5“\/1 YU ¢ PV g SNy,
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The barred values of n  ? ?la , and ?11 are the equilibrium

values. This may be used to define a characteristic time t for

{onization as follows:

2 el Vr
(Tr,me)l/‘(q.r,e.\/‘t) e ‘*TC_ Y
/7(: “\o b Te ey T ~wa B2 (V-11)

Similarly, a characteristic time for recombinations £y iz given by the

expression:

4= 2T ome’ A Te ( 4 TE, \/z)z C(v-12)
P(Z_ > Y /g'?WC U ret

~ Substituting Eq. {V-11) into Eq. {V-10) and taking the natural logarithm

of both sides the following relation is obtained:

/éy‘/(i‘i' Id:)=["¢ +/O°-f _/00“‘ 13
Ve '/k T - (V” )
Comparing this equation with Eqs. {V-1), a criterion can now be given
for the range of validity of the relation derived from irreversible
thermodynamics and shown in Egs. (II~6). The condition that the

system be close to equilibrium can be written as follows:

//éf;afﬂe | < | aathat,&«(l-j'l—:)z—j'f: (V=14
e

e
When this is the case the coefficient [ 22 ©an be determined:

‘{22 = '(A/i"i) ®

The reaction rate eguation is then given by the following equation:

= MWe Aot o Ala .
[ > —— (Ve15)

In & later section criteria will be worked out te indicate when diffusion
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is @ more important phenomenon for charged particle removal from
a digcharge or plasma than is recombination. When this occurs, the
system can operate far from equilibrium and in many cases the

recombination term can be omitted.

V.1l. Comparison of Electron Production Rate Equation with Experiment

The experimental resulis for electron production rate are
usually expressed in terms of a coefficient between the ionizing
efficiency 5¢ and the electron energy excess over the ionization

potential as follows:

5,' = a p(V-V (V-16)

P -

9

Using this relation, von Engall has derived an expression for the

electron production rate which is shown below:

I et Vr
[Te),=ve e AT o/ (22T ) o)V & *T (V-17)
i€} nwome

Comparing this equation with Eq. {V~8) corrected for the elastic
collisions, a relation between P%I and a' is obiained.
I T Vi~ 1
ljéa' = /k a.

Tr 2 {V-18)
! ( *'TCTIE’. V1 )

If Egs. {V=8) and {(V-9a) are assumed to be reasonably correct,

Eg. {V~13) can be used ito compute the elastic collision cross-section

for the electrons and atoms and this value can be compared with

experimentally determined electron-atom cross sections.
Experimental data for electron-atom elastic collisions is

available only for mono-energetie electrons, hence direct comparison
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of the cross-section as measured directly and as measured by the
electron production rate and then computed from Eg. {V-18) cannot
readily be made. Rough estimates indicate that they agree to within a
factor of 5 or beiter. Due to the relatively raasanéble agreement a8
indicated above between Eqg. {V-8) and experiments, it is felt that for
the present Eq. (V-8) adequately represents the ionization rate in

high pressure gases.

V.2. Comparison of Eq. {(V-9) and Experimentally Determined

Recombination Rates

The recombination coefficient a" is defined by [ [; ]_: al'n_ ng.

Eqgq. (V-9) can be evaluated and expressed as follows:

a'’ = recombination coefficient = 4, 25 x lG""‘%.i. La f /o ){ ——-—---»-—
I+ Oy oA VI dow - S €C

Little experimental information is available for electron~ion recom-
bination rates. Comparing the few measured recombination coefficients
with those computed from the above eguation, the values agree to

within & factor of 5 or less, which is considered adequate.
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VI. RELATION BETWEEN REACTION RATE EQUATIONS

AND THE DIFFUSION EQUATIONS

Since the rate of reaction in the gas has an important bearing
on determining the species density at any point, any of the coefficients
or forces in the diffusion equations that contain a particle density term
will be affected by the reaction rate equation., In particular, whenever
v . u= 0, the force F, can be replaced by other variables that are
already present and hence the system of Egs. (III-16) can be somewhat
simplified. The non-linear form of the reaction rate Eq. (V=13) will

be used in what follows, rather than Eq. (V-1).

/&V(I-—— e ) = et - fa (VI-1)
AT

From Eq. (III-11) the form of Fy is given by the following expression:

A {vlnt_t_+ (Ke - K1) v Lo T } (VI-2)

Eq. (II-9c) permits the partial pressures to be replaced by the chemical

potentials:

vAn *Ec?tz = V/“‘:Zi;‘_z Pt +/%_7_‘— v A T (VI-3)

The chemical potential can now be eliminated between Eqs. (VI-1) and

(VI-3).
AR L o 4 T
v,&,,,f-?a? ,_ZL, I" rue £ T (VI-4)

WhenV .4L = 0, the species continuity equations can be written as

follows:

e Ty = 9 Je (VI-5)
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Since Pe = PI = - l—\a it is possible to write Eq. (VI-5) in the form

shown below:
r; =Y. J/rna . (VI-6)

This equation can be substituted into Eq. (VI-4) to obtain the final

relation for FZ:

A

[ %:+Ke K.I)V/sz—v’”” e V- I ]
le| Ht . T (VI=T7)

/an/ne

When the reaction rate is fast enough so that //-' —_— V. J<<1,
FNa YVE
then the non-linear term of Eq. (VI-7) can be omitted.

When the reaction-rate is extremely fast, so that the gas is at
equilibrium at all points, in some cases it is possible to neglect the
second term of Egs. (VI-7) compared to the first term. Great care
must be exercised, however, whenever this is done, as it involves
the mathematical complication of dropping from a differential equation

the highest order derivative, a process known as a singular perturbation,

The above procedure is applicable only when W. 4= 0 in the

AT YV + N e Ve ) =0
p
where (d/dt) is the Euler derivative. The usual method of dealing with

gas, or more generally, when p (d/dt) (

problems involving species production is to solve for J and j in terms

of Fl and F5 o These expressions for J and j are then substituted into

the species conservation equations

p(d/dt){ el (sz—rrve) % - Y.

:-V.J-Ema r:;

Y YVL +Mvcﬂ%}

p (d/at) { :

and these equations are then solved for the species number densities,
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ng and n, o, by applying appropriate boundary conditions.
The equations representing particle and energy diffusion have
now been reduced to a point where it is possible to solve them for some
simple models. The only model that will be discussed in detail is the
two dimensional motion of charged particles through a gas that has
zero mass motion. Gradients can exist only in one dimension. A one
dimensional magnetic field can exist in the direction perpendicular to
the surface T whith the particles move. This model can be applied to

either a cylindrically symmetric volume of plasma or to a rectangular

box of conducting gas.
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VII. RADIAL PARTICLE DIFFUSION

In this section the problem of the radial flow of ions and
electrons from an axisymmetric volume of plasma will be discussed.
The results, however, are applicable to one dimensional configurations
as well. Eqs. (III-13) will be used rather than Eqs. (III-11) for the

following study, and are reproduced below:

NAve + K abe xB = -<xF +.e; VII-1)

(ﬁ'l-é) At g — X Ay B = K(E“ FL)-FE' Ale (VII-2)

For convenience the following definition has been made:

ol

il

¥ {(ﬂ-{-é) m - € } (Vil-1la)

Since the general problem of charged particle diffusion is very com-
plicated, as is indicated by Eq. (III~14), the restrictions listed below
are imposed:

(1) The gas can have a uniform velocity component parallel to
the magnetic field only.

(2) No radial electric current can flow.

(3) The applied magnetic field has only an axial component.

The tangential velocity components of the ions and electrons are

calculated first:

(ALede = {(BHeNseer, ~(ter ) ¥ By (vIL-3)

(Mt)e’z { G(MQ)Y‘“ YL(MI)Y}X B; (VII-4)
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The conditions for zero radial current can be written as follows:

€(Ave), = () (VII-5)
Substituting this relation into Eqgs. (VII-3) and (VII-4) the tangential

particle diffusion equations reduce to those shown below:

(A e)e LY B}(Me‘)v

(wez)g == 98, B; (arz)y

The radial components of the ion and electrons diffusion velocities is

{i

(VII-6)

next computed. After some algebra and the use of Eq. (VII-5) they

reduce to the following:

i

(n- € +x 58 By J(we),” X(wwedy Be = - <(F),

(B+¢-1+=¥8 B;)(«wz)yi-x(u,); Be=x(F,-FR.,) V&

This is an acceptable form of the radial flow equations for some applica~
tions. In general it is better, however, to replace the axial velocity
components by the axial force system. These relations, which are
obtained by calculating the axial velocity components of Egs. (VII-1)

and (VII-2), are shown below

(weery=-¥(B+e-NF Y- (R - (¥ wer, Bel
~  (VII-8)

(MZ)S’:' 4 (ﬁ, fi'é)(ﬂ);-h?(a);'f/@, Y (’WI)Y Be
Substituting these equations into the radial flow Eqgs. (VII-7),the

following relations are obtained:
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{B+1-€+¥@(Bs+BI N (wwe), +{(8+ €1 Fig + FazlxvBe
=-«(F  (vi-9)
{Bre-1+r<p(BirBY 1), + {(8,+1-&) Fi - Faglur Bo

= < {(F)y ~(F]
Since(,bcz)ge(«“e)yEq. (VII-9) implies a relation between(F ), and

(F,)y - If we eliminate(Fl)Y from Egs. (VII-9), the following ex-
pressions for the ion, atom, and electron radial velocities are obtained:

o (F?-)y +{(ﬂ+ﬂl XF; )}-—ﬂl(E‘)J—i ¥ Be
Berf + -6+ (g e+ 8)xr(BotBy) (V1I-10)

(o), =

(), = €(Ae)

MWa (Aa) = - vI( )y
The coefficients in the various terms of the first equation of Eq. (VII-10)

can be put into a more familiar form using Egs. (A-61l, 62, 63).

Omitting second order terms, Eq. (VII-10) can be written as follows:

- _ 3 (4’7’/ﬁT b pma i va X
vy = 1L Ma, f"“’ (,,,Uaf,,,ut) (VII-11)

a? MWe MV [ j 05, E 86
Ole 7 Ke-K)ZE nT + 5P =2
Y/en) Wa +( thRe K I\; +A@.T/ru,z (,+a_c)
o@zaé'*abea.oﬁ (& )1 g C (Bo*+ Bz )
obe,q_ ¢+dza *—T (Wa o) (wr +vac)

There are a number of interesting features to the above equations that

can be pointed out.
(1) The flux rate J ,, is dependent upon three forces, the

gradient of the product (nenl/na) , the gradient of the temperature, and

the pinch force.
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(2) The radial electric field that is induced can affect the flux
rate Jy indirectly through its influence on the radial distribution of
ions and electrons, which is determined from Eq. (VII -9).

(3) The manner in which an applied axial magnetic field affects
the flux rate Jy in Eq. (VII -11b) can be written in a more conventional

form when 1’11 < < o as follows:

|+ "g“" i ::%“ D 1o Dea, (/'—E:—'r Y (B« B;) (VII -12)
€a Za

The influence of charge concentration ¢ near a wall can have a very
pronounced effect upon Eq. (VII -12), changing the magnitude of the
coefficient of BQZ + B 2 by as much as the mass ratio me/ma . In
order to obtain the highest reduction in the radial ion and electron
flux to a surface by the application of a transverse magnetic field, the
ratio ne/nI should be made as small as possible on the surface.
Although the above equations were not intended to be applicable

in cases where T,>>T it is found that they can be easily modified so

I
that they are. Comparing them with equations derived by B. Lehnertzo,

for the radial diffusion of charged particles across a magnetic field out
of a glow discharge, it is found that with suitable approximations the

equations in that report and those derived above are identical except for

Dza€ +Dea
abea e + Dzo

The equations derived in the above sections will now be applied

the term in Eq. (VII -12).

to the analysis of an axially symmetric electric discharge. A suitable
form of the energy equation is first derived and then a similarity solution

for some types of high intensity electric discharge is obtained,
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VIII. THE ENERGY EQUATION

In regions of the gas where the mass velocity is zero, the

steady-state energy equation is

v.Woz > Jo Fe (VIII-1)

¢ MY
The external forces Fi are defined by Eq. >(II-7) and are reproduced

below:

F_&=e;{E+(,u,+,wo-)x B’; | (VIII-2)

These equations can be combined as follows:

Je
o= el E-( I Je (VIII-3)
v W ( M e )

An alternative form of Eq. (VIII-3) is the following:

v-W o= }'-E
v-(w+ ExH)=0

When Eq. (IV~10) is introduced into this expression the final form of the

(VIII-4)

energy equation is obtained:

{(% + Ke-l<z)0%a\7"~ (F+Ke) ,-ﬁ- £} T-VH T
(VIII-5)

+ {(-3_‘-+ Ke-Ke) AT+ Vil o T = 4-E

N a

One important feature of this equation is that the magnetic field
does not appear explicitly in any terms, in particular the coefficient

( ﬂ(J__O) is independent of the magnetic field by definition. This



result leads to the following statementé:

(1) When a gas is fully ionized the only influence an applied
magnetic field can have on the heat transfer rate is through the changes
induced in the electric current in the gas.

(2) When a gas is partially ionized, the magnetic field can
influence the heat transfer rate by modifying the currents of charged
par’;icles only. If‘no currents of electrons or ions are present in the
gas, the applied magnetic field cannot affect the energy transfer rate.
When a plasma is in contact with an electrically insulated wall the energy
transfer rate to the wall can be reduced by the application of a magnetic
field parallel to the wall only by slowing down the ambipolar diffusion
of the ions and electrons from the hot gas to the wall. Examining
Egs. (VI-5), a secondary effect is seen to exist, in that the temperature
gradient can be influenced by the charged particle flow rate. In general,
these two effects have a tendency to cancel each other, as a reduction
of the ion and electron flow rate allows more recombination to occur in
the layers adjacent to the wall and thus increases the temperature
gradient. If the mean recombination time is very long compared to the
transit time of the charged particles across the boundary layer at the
surface, then a transverse magnetic field should significantly reduce

the heat transfer rate from a partially ionized gas to a wall.
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IX. EQUATIONS GOVERNING THE BEHAVIOR
OF CYLINDRICAL ELECTRIC DISCHARGES

WHEN NO RADIATION OCCURS

In this section the arc column will be studied in detail. Using
the results of the previous sections the equations of momentum and
energy conservation are set up in radial coordinates, since changes of
the variables in the z and 6 direction are assumed to be negligible,
These equations are second order, non-linear differential equations
for the temperature and pressure as functions of radius. A similarity
solution is first developed for the case where the thermal and electrical
conductivities can be expressed as a power function of the temperature.
A generally valid solution is then constructed for cases when the thermal
and electrical conductivities are arbitrary functions of the temperature.
When no mass velocity of the gas occurs and there are only
radial gradients present in any of the discharge variables, the following
set of four equations describes the phenomena that occur in the discharge
and outside it where the electrical conductivity is negligible. The energy

equation is given by Eq. (VIII-5), which is reproduced below:

(AT +K. Kz),&.meu\/;} I:f = 9{3,‘0 LN Bo Ez (IX-1)
/"‘o

The expression for the diffusion of charged particles is obtained by

combining Egs. (VII-11la) and (VI-7).

,Ozae-iwaea D L (’el Z/w‘,wac(3;+3;“)
Ia Ca

Agaé‘ +561a (/)’Ua_‘(‘ WZ)?(’VUJ_'(‘M/“C)

ob vV rYlia. vi/a, VI
La (Ma+mz)z
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= = { S AT HKe-Ko) AT+ 1e1Vs AT _ 65, E, Bo
{Z T } Ay vz AT(rac)

(IX-2)

+ AT L 7 A J(Yjv)}

lel Ay loavearuar Ay

The induction equation shown below can be used to eliminate the magnetic

field from the above equations

A, ;; = :’; j% (v Be) (IX-3a)
The relation between the axial forces and the current density can be
obtained from Eqs. (VII-8). When the charge concentration is less than 1 O/o
and the only axial gradient is that of electric potential, these equations
can be written as follows:

?} ‘:l.f‘:__S_E. (EZ'+MIY Be)
+ac

This equation indicates that the outward ambipolar diffusion of charged
particles tends to increase the current density in the outer sections

of the discharge. In general the term Uy Bg< < E at high pressure and
hence it can be neglected or introduced into the equation as a modification

Mo T
to the electric conductivity by substituting By =

Es

?3’ - ,_/OLoMtYYO\’
2

In low pressure, high current electric discharges it is possible for the

term AL, BQ to be of the same order of magnitude as E} , in which
case some interesting non-linear effects could be expected to occur,

e.g., a high percentage of the current could be concentrated in the
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outer radial regions of the discharge. In the present analysis it will

be assumed that 44 Iv Bg << E} , so that the induction equations

can be written as follows:

Ao 05p E'X— =

)
|+ ac g

j—é’;(y Be) (IX-3b)

The momentum equation completes the set necessary to describe.
the system. fully.

Oif = - 6.:il"__ E; Ba (IX-4)

A l+ac

No attempt will be made to solve these equations as they stand. There
are, however, three regimes in which solutions can be obtained with
ease by making simplifying assumptions.

(1) Low pressure, low current discharges. These discharges
are usually termed glow discharges and are characterized by a high
electron temperature relative to the gas temperature and by a low
ionization level, (ac > > 1). The radial pressure is essentially constant
and the radial electron temperature distribution is quite constant.
Although the above equations were derived for a gas in which only
slight differences between electron and atom temperature occurs,
they can be applied to a glow discharge with only a minor modification
to Eq., (IX-1).

(2) High pressure discharges where the electron density is at
its equilibrium value over the temperature range considered.

When the reaction rate is fast enough so that equilibrium is
e stablished very rapidly, the last term of Eq. (IX-2) can be neglected

and the flux Jr can be expressed in terms of the temperature gradient
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and electromagnetic body force. This situation probably occurs in
most arcs that are cold enough to have atoms present in the discharge
column. However, in the outer layers of the discharge, where the
electron density is low, this approximation is not likely to be valid,

(3} When the gas becomes fully ionized, the terms involving J
become zero. The resulting equations are of particular interest because
of the manner in which the electromagnetic pinch forces become
significant.

The Eqs. (IX- 1-4) will now be applied to discharges of classes

Z2 and 3,

IX.1l. High Pressure Discharges

When the gas is always near equilibrium it is possible to use the

Saha equation to replace (nenl)/na as follows:

3, —lel Vs
e MWz . R g 2T e /QT—)z e T

YVa, 2 -/ﬁvl

V; T
\/Z,@/We,m/::(i_{_lel z\ ¥
v Ya 2 /&T) T

By using this relation in Eq. (VII-1la) the mass flux of charged particles
can be expressed in terms of a temperature gradient and the radial
electromagnetic force

T, = - Dra WO e MWI
(rva + vz)2 (IX-5)

5 _ eV AT s p Es Be
f(z t e Ket 35170 +m4é7“<:+ac>§
,8;_¢ & + @ea ﬁ ((ev)lm z;r,/a e (B;w‘- B;)
I+ Dea € + A1a ,ée& I«fr (rvz +va c)(/’vﬂl"“/"uz)a‘
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For convenience the following definition will be made:

L 3
'81“ € ’88& u@za,"&“ca Al Sz'm)"‘m/a_c( Bo +B} ) = | 40eTer T,
Bea € +Bza RT r + 0 C) rua+ vz)

|+

The three equations that determine the radial temperature distribution

can now be written as follows:

(I+WeTe wz Tx) (S Ke-KprtarVay L AT (1X~6)
_%WMQMQWIJ; (Z' ¢ - AT )T v
(e + vz 0z, E; Be
/}’U[,,kT(l-{-d.C)
5 _K +lel\/r_ /AT = JT Be Ej_{_ (IX-7)
(T+Kc Y RT )/}'rla\TY %IMOQY v
otsp By o 1 A By (IX-8)
I+ac YJ:( )
Jo can be eliminated from the first two of the above equations:
X bR
{Q{T_b.,. Ve VL p@za_/n)/%(%‘”(e"l(r_*@i\‘é) z ___JT
(rva + vy |+ we Te wzTz A
(IX~9)

:—{l-{-(%"“(e‘KI +’i\¢)/aa a?p 614/}01/;4/1 E‘L BQ

(l+weTe wr T2)( I+ &) mmatave)® ) Ao

The term/x. o a’ép ,(9 can be called the magnetic Reynolds number

Ia
for this problem. When the pressure is over one atmosphere this
term is always less than 10“3; hence it can be neglected. However,
when the gas pressure is less than one millimeter of mercury this
term must be included. For convenience the coefficient of (dT/dr) is

put equal to ?(

The term involving the magnetic field can now be eliminated to
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give the final form of the energy equation:

—'—f’i-(v?(z@f)Jr 0sp Efzo (IX10a)
Y Av Ay | +ac

Equations (IX-3) and (IX-4) can be combined to eliminate the magnetic

field from the pressure equation

._.’...ﬂp ﬁé _J 0‘5 ,g O“LEL [ J—— -
y};(vjf) J;(’Z"ﬁ'fc)’f* S(T-rfc/:: =0 (IX-11a)

Ay

3

S s - T\
In the vicinity of r = 0, let % = ?{o (T/TO) 5 o\ip = (a}.p)o (7“_‘;) 2‘
Equations (IX-10) and (IX-11) can now be non-dimensionalized to give

the following relations:

(IX-10b)

73
j&{h p }' z(f.(,é,,, g )JW + ¢ o = O (IX=11b)

L

7

I_:@' ‘ﬁ-z ™y B_L = ./Dfa(o?}’)o X. 7::. (IX-12)

Te ’7% ’{7;7(0 %&”(7 1+ ) feo ?
(1+5Y(@sp o

The subscript zero refers to the value of the variable on the axis. The
factor {1 + ac) becomes significant only when the ionization level drops
to below 0.1 per cent, i.e., in the outer transition region between the
discharge core and the gas of zero electrical conductivity.

In general, 9(/ ?{o is a function of the pressure as well as
temperature, hence Egs. (IX-10b) and (IX-11b) must be integrated
simultaneously. The only parameter appearing in the equations is (@,
which depends upon the tempera‘tufe and pressure at the center of the

discharge. If @ is small it can be seen that the pressure throughout



the discharge is relatively constant.

IX.1l.1l. Solution of Equations when 9\// ﬂ(o =

The significance of @ can be seen more clearly if %//‘9{0 =
6
5P —

CG_.SP )o
true when the gas is fully ionized (s = 5/2) or when a strong axial

P : o
and © throughout the discharge. These relations are approximately
magnetic field is applied to inhibit the radial diffusion of charged
particles in the gas when it is partially ionized, in which case 5= //2
Under these conditions, the energy and momentum equations can be
combined to give an integral relation between the pressure and the

temperature as follows:

T, K, 0° A9 __ E; Be
x, ° T T

.&:—FSEBe
fapy P ey

Combining these equations, the following differential equation is

obtained:
Mo l3p)e Ko T j ( HJH - dr -0 (IX-132)
I+ A+5) 4o A v |
This equation has the general solution shown below:
s+ cp(l- 'M” ) = 1 =17 (IX-13b)

S+ P+

The temperature distribution can be obtained quite accurately
by means of a series solution in which only the first three terms are

retained,
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4

1+ s
(1’79: ) (IX-13c¢)

| 2
“‘—
e = 1=+

A
41+ 9)

Eqgs. (IX-13b and c) are the general solution to the radial pressure and
temperature profiles in cylindrically symmetric electric discharge in

w hich radiation is not significant as an energy transport or energy loss
mechanism and in which the thermal conductivity can be represented by

a function of temperature of the form
K~ K (LD
(= K%
These relations indicate that when ¢ >

j+ A+ s

L+ S
the outer edge of the discharge will drop to zero for some finite value

the pressure at

of @, This is the condition that has been popularily called the pinch
discharge. Since the present problem has been formulated as a steady~-
state discharge in which the electrical energy dissipated in the discharge

is transferred radially outward to a wall or some heat sink by conduction,

|+ L +s

l+s
no heat conduction can occur outside of the region where p= 0. The gas

solutions with ¢ > cannot be considered ag valid, since
must then necessarily heat up and the problem becomes a non=-stationary
one. The only singular solution that occurs is when @ —s o and the
temperature distribution becomes constant. This ¢ase is not considered to

be a physically acceptable solution, since the discharge must pass through

all of the range of ¢ from ’+l ’P: s to w. Under the conditions
+
imposed upon the discharge the values of @ are hence restricted to a
range of from 0 to L+ A+ s
I+ S

The temperature distribution can be obtained by solving

Eq. (IX-10b) with the boundary conditions of



57

de

a.;.l:() at Vl=0

(partially ionized gas) is as follows:

B

The solution when s =
3/2
4] = Jo{vl) {IX-14)

where JO(-yl) is the zero order Bessel function. When s = 5/2 (fully
ionized gas) the equation must be integrated numerically or solved
approximately. A numerical integration gives the curve shown in

Figure 1 which is compared with a series solution shown below:

7
9/2~.—.~1-(~-‘-21~)‘2’+_2—§(:ig-)4 (IX~15)

The temperature distributions for a discharge when s = 3 and s = 5 are

also plotted.

The total current is obtained from integrating the current deunsity

over the radius and is shown below;

KT
] 2 3/2
© (IX-16)

il

2 P
dmry 6B fimy)

This expression is plotted in Figure 2. The electric field is given by

the equation shown below:

2w T, %o
(L +s)1I

E} f{‘ql) (IX=17)

The radius of the discharge is a function of the temperature on the

axis and the current as follows:

B bt

1+ Ing
1 { To 7ﬁa(‘r«s‘p)o w (»ll

(IX-18)
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The magnetic field is found to be given by the same expression that

results when the current density is constant:

(Be ), = _3_7-/: (IX-19)

IX. 2. Solution in the Region where the Gas Electrical Conductivity is Zero

Outside the discharge region, the solution of Eq. (IX-10a) and

(IX~-10b) are as follows:
1+S

%o _ o o n
o = 0 +72'{a("q }m Ao =, (IX-20)

+ S
= (aé’ g y . (IX-21)
0(71 T

T o= T (IX-22)

L

If the heat sink is maintained at a finite temperature QW , then the
distance between the outer edge of the discharge and the wall is given

by the following equation

3 h
/gyv tb’.f - - & - @w =3 (IX-23)
Y" "}1, { 4 e } -
J'Vl (a¥)

This equation indicates that under some conditions the discharge can be

very close to a cold wall.
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IX. 3. General Similarity Solution

In a partially ionized gas the thermal conductivity is not a
monatonic function of the temperature, but has a peak at the temperature
where the gas is 50 per cent ionized, For this reason the above
solutions to the radial temperature distribution equation do not suffice
and a more general similarity solution is required. The procedure
indicated below will give a similarity solution for arbitrary temperature

dependences of the electrical and thermal conductivity. Put

e (T)= 6:(Te) 0 (&)
o/'K(T)aQT‘—‘ To K(Te) Z__) ;g =

7 (1) (IX. 24)

T
JAD (AT = KT e (TVAS - Py -
° /g((T;) /& (9‘) =

i(n\ *%(z)are normalizing constants and have values of approxi=

mately 1-4 and 3-5, respectively. The expression for the radial

pressure gradient is obtained at once from Eq. (IX-13):

f_e, (_/(/‘a U"(}o\ q’((TA) T/%(g} _ ) = 0O (IX-25)
AT .

This expression integrates to the following relation:

b = 1-T, = Ao 0{T) K(T) Te (IX-26)

Lo /k(.{;) ‘700

Since the only pressure that can be controlled is Py - the pressure at
the outer edge of the discharge, it is better to define the parameter

é in terms of Py - When this is done the following relations hold:
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e = 1+ F(T) = |+ M T KT To
Z;T» (T fo

¢, (1X-27)
o I+ ¢,

These relations remain valid as long as Py > 0. When the relations

(

(IX-24) are substituted into Eq. (IX-10), the following equation results

a.To KTo) (N 4 a, ©(8) =0
U'(TO)E-} ?(T’) YJY{Y 4(\,3 © % + A (IX-28)

Put E3 ~/ | :\V(
{q,m:,wz ’K(mz(/z
o (T},)? (To)

The radial temperature distribution is now determined by the following

equation;

Lhldaet e @0

Since there is no simple relation between g(8) and 0(0) in general, it
is now assumed that the radial distribution of each of these quantities

can be represented by a power series solution.

2 4 ¢ ¢
ge = |- 2, (F) + ax) - @ (F)r+a« (P
z
(o) =1~ /8-,(3:_2_) "I‘/g’v-(") -—/é’g(:ﬂ')

A relation between the a, and bi can next be obtained by substituting

(IX-30)

Eq. (IX-30) into Eq. (IX-29) and identifying the coefficients of terms

to the same power as n as follows:
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/@,-.- 4—2'_} ; A = ?% ; /e’m'*:(m-k:)z-““*‘

1 ] &,
.2 4 ¢ e
?{e(n\}= 1“4'(:24_-) + Q2 (L) - “3(%’ + Qa () (IX-31)
2 4
gl6 - - 4a, asz (M — 1644 n
{600] = (- 220LyTy Qe (L) - 1644 (Y

The constants a, can now be determined from the known temperature
dependence of g(0) and 07(8). The constant ay has been introduced

as a stretching factor for the radial coordinate. The simplest value

it could be given is 1, but when this is done the electrical discharge
region of the solution is not similar and the electrical conductivity
becomes negligible at some arbitrary value of M o The similarity
solution that will be chosen is the case where the electrical conductivity

statement

is assumed negligible at | = 2. This/Aimplies that the following relations

among the constants are valid:

(1-6Ya, = 4a,-9az +tlba s«

= |-a,tA. - A3z +_ A4 (IX-32)

(To) /KT AT
P

o

{

fH

The number of constants a; that are used in the solution depends only
upon the amount of information concerning g{ & ) and 06 ( & ) that it
is desirable to include. A first rough approximation to the solution

can be obtained by using only the values of 0~ (8) and g(8) at =0
and M = 1. In this case the only constants that need be evaluated are

Z

al and aZ .

is rather inaccurate when compared to some numerical integrations.

These can be determined from Eqgs. (IX-28). This solution
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However, when the constants a and a, are retained the

12 %2 230
above polynomial solution agrees to within better than 1 per cent with
the numerical integration. The additional equations necessary to
determine these constants are obtained by specifying the ratio of the
slopes with respect to temperature of the electrical conductivity, o~

and the thermal conductivity integral g, at, = 0 and \E- = 1.0. The

following equations result:

{oe 0‘(9)/ (9)} = (Q:.. )G = 4%

wee &
a«"‘ (%) = T K@) Lo
7o/ J}’ ) ; ! o"(vz)3<m'xcr.){ 77

Using Eqgs. (IX-28) and (IX-29) it is now possible to solve uniquely for

lin‘terms of 0"(@(1)1, g { 9(”& , (oY/g")

(g—‘/g')‘ , all of which depend only upon T, the temperature on the

(IX-33)

i

the parameter a

axis of the discharge and T the temperature at the outer edge of the

1 3

discharge. The value of ay is the smallest positive root of the equation

shown below:
o_l
24(1-}.)- {I‘H—S’cr" +2(1«?.)(-3—, ), } a,
(IX~34)

+{ L \+(§”)(a-”’s} 5% )(ff al=0

The complete similarity solution for the discharge is now given by the

following four equations:

%2 - l+§l(ﬂ)=l+/a°/‘2<(;;:7«n)_r" (IX-35)
i o %,
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l

Y (IX=37)

_[a, g (T %l/z I
K(To) o (To) To b 4w PCTs

(Bo) =el = 2/41,,/(72){0)«73) o(To) T } % (1X~38)
27 Y /8 ?(To)

The similarity between these equations and Egs. {(IX-13a), (IX-17),
(IX-18), and (IX~19) is to be noted.

Some criterion must be established to determine the outer
edge of the electrical discharge. A glance at Eqgs. (IX-34) and (IX-36)
indicate that as long as G“l , the electrical conductivity at the outer
edge of the discharge divided by that at the center, is less than .05
it has less than a 1 per cent influence on any of the parameters. It is
possible, therefore, to define the outer edge of the discharge by either
the point at which 0"‘1 = . 05 or by some definite temperature T1 . such
that 0"1 <., 05 for all values of To under consideration. In this paper
the outer edge of the discharge will be placed at a definite temperature
Tl , where the electrical conductivity is 50 {(mhos/m). In choosing
this value, discharges of less than approximately 10 amperes current
are excluded from consideration.

The expressions for (()"‘/g‘)0 and (a--'/g')l can be expressed in

terms of T and T _ if we assume that 0= TB/Z in the vicinity of T

_1e'Vr ,
and that 0 &= e zZ4T in the vicinity of Tl . When this is done

the following relations are obtained:
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(9-:’) =3 IX~-39)
g1 'e 29(Te) (B

(9:_’) - €1 \/?:_ T; m(ﬂ) %(To) (IX—40)
FO2AT T el K (T 9(Te)

In the region outside of the discharge, the energy equation

integrates to the following expression:

- a(eu) - 3-(6)
Avn = 3 2 25 K(T)

g (7o) K(T\

This equation can be simplified to the expression shown below:

T
Mo Vv - /Zyy _ (T K(T) K(TyAT
i RO £ 7{ (Dx-41)

There is still one aspect of the general physics of the arc
column that has not yet been introduced into the similarity solution.
When the parameter é 1 becomes significant, two phenomena occur.
The first effect is that a radial pressure distribution develops and the
thermal conductivity 9( and the electrical conductivity § become weak
functions of the radial pressure as well as of the radial temperature
distribution. The second, and more interesting effect that occurs, is
that the tangential magnetic field begins to reduce the radial ambipolar
diffusion of the charged particles and hence causes a pronounced
feduc‘tion in the thermal conductivity in the outer regions of the electric
discharge, It is not possible to introduce these non~linear effects
exactly into the similarity solution shown above. However, it is

possible to do so in an approximate manner under certain restrictions.



65

When the ambient pressure is quite high, of the order of one atmosphere
or greater, the temperature on the axis must be over 40, OOOOK before
é 1 becomes significant. This implies that the gas will be partially
singly ionized only in the very outer regions of the discharge. We

shall now assume that the electrical and thermal conductivity are
independent of the pressure to a first approximation in the regions of
the discharge where the gas is completely singly ionized and that in the
region where the gas is partially singly ionized the pressure is equal

to the ambient pressure Py and that the tangential magnetic field is
constant at its maximum value (B4 )1 , given by Eq. (IX~38)., With

these assumptions, the electrical conductivity 0= (T), the thermal

KT) To
9(Te)

, are once again functions of T, only. The

conductivity integral , and the radial pressure

o (1) X(T) T
A4 (Ta)

expression for the thermal conductivity must now be modified, however,

integral

to include the influence of the self-generated magnetic field. The
expression shown below gives a rough first approximation to the manner

in which the self-generated magnetic field of the arc affects the thermal

conductivity integral: r
/0{ - W:r- YL T
AT = /%, AT+ '
o/ RAT =) % +az9wdh(f et JRVAD ST 1y 4o

_ KX®) T a (%) § (T
&)

In order to remove the denominator from the integral, it has been

evaluated at the Temperature T.g where the gas is 50 per cent ionized.

r
Since K?{~ O(J_N)J'T'caa be an appreciable fraction of ‘?((?IAZTT; 5
D

even up to values of T_ of 100, 000°K, the magnetic field can cause the
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integral of the thermal conductivity to decrease as the temperature To
rises over some range of T,. Eq. (IX-36) indicates that when this
occurs, the power dissipation capability of the arc decreases as TO
rises. Egs. (IX-36) and (IX-37) indicate also that over this range of
TO the arc will have a negative characteristic, i.e., the potential drop
per unit length of arc column will fall as the current is increased.

In the next section the characteristics of an argon gas column
will be evaluated for a discharge operating at an ambient pressure of

one atmosphere.

IX. 4. Similarity Solution for an Arc Column in Argon at One Atmosphere

Ambient Pressure

The various parameters that were derived from the similarity
solution in the previous section will now be evaluated for an electric
discharge in argon. The solution requires first the evaluation of the
electrical and thermal conductivity coefficients of the gas over the range
of ;cemperature under investigation. In Appendix I, the transport
coefficients for argon are evaluated over the temperature range of
6, 000°K to 20, OOOOK° Because of the formation of multiple charged
ions at temperatures of over 20, 000°K in argon it is necessary to
examine the transport properties of a three particle system consisting
of electrons, ions, and doubly charged ions before the similarity
solution can be carried to higher temperatures. In particular, the
contribution of the diffusion currents to the thermal conductivity, if
any, is not a priori evident. Since a study of these effects would entail

a congiderable amount of analysis, the similarity solution will be
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evaluated for argon only up to a temperature of 20, 000°K on the axis

of the discharge. At one atmosphere ambient pressure the self-
generated magnetic field of the discharge has a negligible effect at
temperatures of less than 20, OOOOK, hence any influence of the magnetic
interaction parameter § 1 will be ignored in what follows:

The outer edge of the discharge will be defined as the position
on the discharge radius at which the gas temperature had dropped to
6, 000°K.

The first step in constructing the solution is to integrate the
thermal conductivity coefficient over the temperature to obtain the
value 'of g(To). Values of g, and 0"1 are next computed by dividing
the values of the thermal conductivity integral and the electrical con-~
ductivity evaluated at 6, 000°K by their respective values at To . The
values of (o-"/g’)oand (m'/g‘)' are then computed using Egs. (IX-39) and
(IX-40) or some equivalent expressions., With these values it is now
possible to compute a, from Eq. (IX-34). Egq. (IX-36) can then be
used to calculate f(To) and hence the power dissipating capability per
unit length of the discharge. The evaluation of the current divided by
the discharge radius and the product of the axial electric field times the
discharge radius is then straightforward using Eqs. (IX-37) and (IX-36).
If we specify that the discharge is to operate in a cylinder of radius
Y w and at a wall temperature of T, the logarithm of the ratio Yw/Yl
can then be computed from Eq. (IX-41). This equation has been
evaluated for a wall temperature of 1, 000°K. The results of these
calculations are shown in Figures 3 and 4.

Figure 3 indicates that the power dissipating capability of the
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arc column is only of the order of several kilowatts per cm. of length
at temperatures of the order of 20, 000°K on the axis of the discharge.
Since most arc jet heat transfer devices are capable of transferring as
much as 50 ~ 100 kw of electric power to argon gas through a discharge
that is only several centimeters long and operating at atmospheric
pressure, there appears to be some experimental evidence to indicate
that the analysis is incorrect. Several alternatives present themselves
as possible explanations for the discrepancy:

{l) The arc operates with a temperature along the axis of the
column that is much higher than has been thought, perhaps as high as
100, 000°K.

(2) The values of the electrical and thermal conductivity of the
gas that have been computed are in error by as much as an order of
magnitude.

(3) The majority of the energy is transferred to the gas through
some mechanism other than heat transfer out of the column,

(4) The assumption of equipartition of energy among the species
is incorrect,

There is considerable evidence to indicate that the third
alternative is the most likely explanation, the most convincing of which
is the experimentally determined fact that the heat transfer capability
of an arc is practically independent of the arc lengthg. There is
also some evidence to indicate that the electron temperature is con-
siderably above the gas temperature in some heat transfer devicesg°

Figure 4 indicates that confined arcs have falling characteristics

only over a very limited current range, after which the arc potential
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drop rises gradually with increasing current.

An experimental curve for the E - I characteristic of a confined
arc in argon is also plotted in Figure 4. This curve is taken from
Reference 30 and represents measurements taken by Maecker and his
co-worker in Germany. In general, the analysis predicts values of the
electric field that are about a factor of 2 low over most of the current
range (5 - 200 amps). It was originally thought that this discrepancy
between theory and experiment might be due to the value of the thermal
conductivity that was used. In the evaluation of the thermal conduction
coefficient the term that appeared most likely to be in error was the
energy transferred by ambipolar diffusion because of the difficulty in
determining the momentum transfer cross-section for atom-ion
collisions. For this reason, the similarity solution was reevaluated
with the ion-atom cross~-section put equal to the atom-atom cross-
section instead of being 3. 20 times as large as in the original evaluation,
The E - I curve resulting from this evaluation is also plotted on Figure
4. Although there is some reduction in the difference between the
theoretical and the experimental curve, there is still a wide enough
divergence to indicate that probably some other factor, rather than the
thermal conductivity, is responsible for the discrepancy. A systematic
investigation into the various factors that could be responsible indicated
that the most likely candidate was the electrical conductivity coefficient.
The value that has been computed appears to be somewhat too high
probably by about a factor of two. A much more thorough investigation
into this problem is required before this discrepancy can be resolved.
Since such an investigation is not in line with the basic aims of the

present study, we shall not discuss this problem further here.
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X. SHEATHS

Whenever a plasma comes into contact with a solid wall a
layer develops in the gas through which some separation of charge
occurs so that a steady state may be set up, The details of the structure
of the layer are quite complicated and have been extensively studied
only for isothermal layers. The basic effect of sheaths of interest in
this report is the manner in which they affect the electrode action.
Before the electrode mechanisms can be studied, however, it is
necessary to investigate some of the properties of sheaths that occur
between a hot plasma and a cold container when no electric current is
flowing from the gas to the container. Since the sheath thickness is
very small when the electron and ion densities are appreciable, the
sheath will be considered as a one~dimensional structure, even for
cylindrical surfaces.

The only condition under which sheath structure can be studied
exactly is when there are no fluxes of particles or energy occurring,
so that thermodynamic relations may be used. In order to extend the
analysis into regions where fluxes are occurring the relations
obtained from irreversible thermodynamics can be used with confidence
as long as the energy change of a charged particle over a mean free
path due to the electric field is small compared to the gas internal
energy ( ﬁlﬁ-g—y—-— <1) . When the electric field is strong enough
so that this condition is not fulfilled, then an alternative approach must

be sought.
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X.1l. The Equilibrium Wall Sheath

The simplest sheath will be that one which occurs when the
electron diffusion and ion velocity perpendicular to the surface are
zero. This condition can be obtained in principle by applying an
arbitrarily large magnetic field parallel to the wall and by not allowing
any electric current to flow through the wall from the gas.

From Eqgs. (III-11), the sheath equations are given by the

following expressions:
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The boundary conditions that are to be applied are given by the
equilibrium concentration of electrons and ions in the plasma where

n, =0, and at the wall. At the wall:
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In the plasma where the electric field is essentially zero the other

boundary condition can be placed on the sheath:
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Throughout the sheath the Saha equation is valid:
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When Egs. (X~1) are combined with Eq. (X-4) it is found that the only

solution is as follows:

T=TW=T°
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The subscript zero refers to conditions in the plasma where the

electric field is zero. The structure of the sheath can be determined

from Poisson's equation and the momentum equation as follows:

d*V = - ‘-ée—l (w;-«w:)

A s
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The general solution to this problem has been given by Fowler18 for

(X-6)

the two cases of n.,<<n, and n, = 0 when the electric field is zero
where V = Vo in the plasma. In non-dimensional variables the solution

is given as follows:

o

| tanh w/4 | = e

f is the non-dimensional distance from the wall.

(dw/d§ ) = ¥ 2 sinh w/2 (X=7)

—— l
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In Figure 5 the quantities w and {(dw/d ) are plotted as a function of
f . The plot shows the well-known result that potentials greater
than kTO/[ e| can be supported only over distances of the order of the
Debye shielding distance. From Egs. {X-2) and (X-3) it can be seen
that the gas will be fully ionized everywhere only when the two conditions
shown below are maintained:
V. <X
lel Vz

3
20z P 2Umne AT /1",&7" >> )
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Since these conditions are rarely met with in high pressure electrical

discharges the discussion that follows will be applied only to isothermal
sheaths in which the i(.)nization level is low. The two quantities of
interest are the potential drop across the sheath with its sign and the
electric field at the wall. The potential drop across the sheath is

given by the following relation:

V(, -\[ = \21 Y+ 2w An ZWI <2frrme4@_ %

' 2 lel
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2 (s00 7’ | 570
The electric field at the wall can be found from Egs. (X-7) and (X-~4)

together with the curves of Figure 5,

Eq. (X-8) indicates that for most gases in contact with metal
walls the potential drop across the wall sheath is practically independent
of the temperature and that the wall is several volts positive with

respect to the gas across the isothermal sheath.
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X.2. The '"Gas'' Sheath

Since the gas is usually much hotter than the container walls in
problems of interest in this report it is necessary to determine the
potential drop and other parameters that occur across the regions
where the gas temperature drops from the free stream value to the
value at the wall. This drop occurs across a boundary layer in most
cases that has a thickness dependent upon the Reynolds number of the
gas flow. Typical boundary layer thicknesses are 10“1 - 10.=2 cm. for
the flow of several gms/sec. of gas through pipes of a cm. cross-section
and several centimeters length, This length is several orders of
magnitude larger than the Debye sheath thicknesses that occur,
hence it is possible to postulate the existence of a double sheath, one
in the gas that is due to the temperature drop alone and an isothermal
wall sheath that matches the properties of the gas to those of the wall.

If the reaction rate of the ions, electrons, and atoms is fast enough
it can be assumed that the electron density is always at its equilibrium

value. When no electric current is flowing through the sheath the

potential drop across this gas sheath can be determined by using the

n kT
first of Egs. (X-1) and Eq. (X-3), provided mi-ﬁm-— << 1. This

expression is given below:
ViV = R (L) (T3-T)] + Ve b T :
= 2 (2 L Ke)(Tq- + Vo (X-9)
T e (2 +Ke)(Tg- T 2 Tow
This equation indicates that the hot gas develops a potential that is
positive with respect to the cold gas layer,

From Eqs. (VII-8) and (VII-9) the potential in the vicinity of a
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wall in contact with a hot gas has, in general, the form shown in Fig-
ure 6. In practice, the temperature gradient will extend up to the wall
and the wall and gas sheaths will then interpenetrate. Qualitatively and
in many cases quantitatively, this will not materially affect the argument
as given above.

These potential wells that develop near the walls prevent the
passage of a current if two walls are insulated and have a small potential
difference imposed across them. The sketch in Figure 7 indicates how
the potential distribution changes as the applied potential drop across
the electrodes is increased. From these curves it can be seen that
walls are effectively the plates of a condenser. The image forces from
the positive charge accumulation on the cathode eventually can neutralize
the negative charge of the gas near the cathode surface in the wall sheath
so that the potential well disappears and the potential rises monotonically.
On the other hand, it is very difficult for the image forces from the
positive charge accumulation on the anode to penetrate into the gas far
enough to neutralize the positive charges of the gas sheath, hence the
potential well near the anode remains. This indicates, that if the
gas is close to equilibrium at all points, that an electrical discharge
cannot exist under the conditions postulated. As the potential drop
acorss the electrodes is increased the electric field immediately
outside of the anode becomes very strong and eventually more and more
electrons pick up sufficient energy over one mean free path so that
they can ionize an atom upon collision. Once the electron production
rate reaches a critical value the equilibrium analysis is no longer

valid and the development of the discharge from this point on can only
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be postulated. Until current starts to flow, the average electron

energy or temperature does not rise above that of the gas. However, the
energy distribution function does not remain Maxwellian but becomes
anisotropic in the direction of the electric field, as indicated in Figure
8. In general, electron and ion production near the anode surface
proceeds by an avalanche once the critical production rate per unit
volume has been reached, This leads to the concentration of the

current density at the anode into a narrow column in order fo puncture
the sheath. In order to build up a steady state charge distribution in

the column through which the current is flowing, that is opposite to

that over the rest of the anode surface through the region where the gas
temperature falls from the column temperature to the wall temperature,
the discharge now develops a new degree of freedom and the electron
temperature rises above that of the gas. The electron temperature
must stabilize itself at a value where the electrons can produce ions in
the anode fall region at the same rate as they are carried into column by
the electric field. If some or most of the ions that are produced in the
anode fall region can be blown out of the anode fall and allowed to
recombine so that they do not enter the arc column, this provides a
very useful mechanism for transferring energy from the electric field

to the gas.
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XI. ENERGY TRANSFER PROCESSES

IN ELECTRIC DISCHARGES

Using the results of the analyses carried out above, it is now
possible to discuss in some detail the energy transfer mechanisms that
occur in plasmas. In particular, in this section we shall be concerned
w ith one problem of immediate practical interest, namely, the manner
in which electrical energy can be efficiently transferred from an
electric arc discharge to a gas stream. This topic is the central
problem of arc heater designs and up until now has been attacked from
a purely empirical point of view. The discussion which follows should
be considered as only a rather preliminary and incomplete enquiry
into this fascinating subject, where a great deal more analytic work is
necessary before we can hope to have a sound understanding of all the
relevant physical processes that are occurring.

The particular application of the arc heater determines to some
extent the desirable performance characteristics of the interaction
between the arc and the gas flow. The following list indicates most of
these characteristics that are needed at one time or another:

(1) The electric energy should be transferred to the gas with
as high an efficiency as is possible.

(2) The gas should be heated to as high a temperature as is
possible,

(3) The gas flow should be uniformly heated.

(4) The gas flow should be as free as possible from unevenness,

vorticity, and turbulence.
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(5) The electrodes should not be allowed to become hot enough

locally to either vaporize or erode.

| In general, there is an intricate interaction between the gas
flow and the electric discharge, hence it is necessary to study the
configuration of the arc and gas flow system in order to determine the
relative significance of the various mechanisms at work. We distinguish
between three energy transfer mechanisms as follows:

(1) The dissipation of electric energy in the column and its
transfer by thermal conduction and charged particle diffusion radially
outward.

{2) The transport of charged particles out of the arc column
and electrode attachment regions by gas flow; their recombination
energy then heats up the gas outside the arc.

{(3) The transfer of charged particles out of the arc column and
electrode attachment regions by means of electromagnetic pumping and
their injection into the gas flow so that they recombine and heat the gas.*

In the remainder of this chapter, the following three configurations,
involving the above mechanisms, will be investigated:

(1) The gas flow is axial along the axis of the electric discharge.

(2) The gas flow is similar to that in (1) but has a tangential
velocity component, This configuration is commonly called the vortex-
stabilized arc heater.

(3) The arc is radial in an annulus through which gas is flowing.
The arc rotates around the annulus due to its interaction with an applied
axial magnetic field. In this configuration, the flow is mainly across

the arc, rather than along it.

% See Appendix 3,
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A complete analysis of any one of the above three configurations
is still far beyond the capabilities of techniques developed in this paper
and elsewhere. The various regimes of operation can, however, be
outlined and their relative merits in the overall scheme of arc heaters

qualitatively assessed.

XI. 1. Axial Gas Flow Along the Axis of a Discharge

Figure 15 shows schematically an electrode configuration that
has come to be known as the wall stabilized arc. The anode can be
contoured in an arbitrary fashion, and is usually brought close to the
cathode around the tip in order to have a near sonic gas velocity in
this region. Independent of the electrode shape, there are five critical
areas of interaction between the flow and the discharge as indicated in

Figure 15,

XI. 1. 1. The Cathode Attachment Region

This region is usually characterized by the high excess positive
ion concentrations that occur and by the electron temperature rising
substantially above the temperature of the heavy particles. Because
of the high ion concentration and subsequent strong electric field
near the cathode surface, current is carried to the cathode by field
emission as well as thermionic emission, The establishment of a strong
field requires that the area of attachment of the discharge on the cathode
be small, so that there results a large divergence of the current
density downstream of the point of attachment due to the excess gas

pressure at this point caused by the electromagnetic forces. Because



80

of this effect large quantities of charged particles are pumped from
the cathode attachment region into the column so that a high rate of
charged particle production must be maintained there. In addition,
efforts are usually made to force the gas to flow at close to sonic
velocity over the cathode tip by constricting the anode channel at this
point. The axial flow velocity of the gas near the cathode can be high
enough so that the ions are swept along with the neutral particles and
flow against the electric field. This results in once again necessitating
an increase in the ion production rate in the cathode attachment region
in order to maintain the discharge. Most of the charged particles
formed due to the action of the above two processes enter the gas flow
and thus add to the enthalpy of the gas as long as most of the electron-
ion recombinations are due to three body collisions rather than
radiative collisions., Experience has shown that it is possible to
produce as many as 1022 ions/sec. in the cathode attachment region.
This process consumes electric power at a level of from 20 to 50

kw at the production rate quoted above. A reasonable percentage of
the overall arc potential drop can hence occur over the cathode attach-
ment region. No effort has been made to analyse the attachment region
because of the dominant role played by the excess temperature of the
electrons, which has not yet been incorporated into a comprehensive

treatment of the transport properties of a plasma.

XI. 1. 2. The Inlet Heating Region

A wide and varied group of phenomena can occur and many

have been observed to do so in this region. Provided that the channel
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diameter is not too large, the arc conduction channel increases from
the diameter at the point of attachment at the cathode to a diameter
fairly close to that of the anode. The similarity solution indicates

that as the arc channel increases in diameter the temperature on the
axis of the discharge decreases, consequently reducing the power
dissipated per unit length of channel and the electric field strength
along the channel. The asymptotic radius of the conduction channel
depends primarily on the electric current I and the channel radius

T For small values of I/rW the discharge will not come near to fill-
ing the channel, and the temperature on the axis of the discharge is
barely enough to make the gas electrically conducting, There will be
some critical value of (I/rw)cr , such that the thermal conduction to the
walls will be unable to stabilize the column for values of I/rW below

the critical value. In this regime, bouyant forces and small irregular-
ities in the gas flow will exert a strong influence on the discharge. Under
some flow conditions the discharge has been seen to thresh about in the
channel randomly, * Although fluctuations in the arc potential are

high when operating in this mode, this is a fairly desirable type of

* Private communication with M. Thorpe of Thermal Dynamics.
Thorpe's measurements indicate that this mode of arc operation
resulted in efficient energy transfer from the discharge to the gas
and also that the anode point of attachment moved randomly over the
surface of the cylinder, so that no local hot spot developed. The rapid
random motion of the discharge throughout the channel mixed the
heated and unheated gas'quite well so that the emergent gas did not
have a pronounced radial enthalpy profile, as occurs when the gas
flows through the stabilized discharge.,











































































































































































































































































































































































