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Figure 5.12: Axisymmetric-flow curvature components at ¢ = 0.175734 for S = 4 x 1074
The solid line corresponds to k = k1 + x3. The dashed line corresponds to x; (two-
dimensional mean curvature) and the dashed-dotted line to k. N = 4096 and At =
2w 1075,

flow for S =4 x 107* at t = 0.175734 and for S = 8 x 107* at ¢ = 0.176129 when the
finger tip reaches around 0.086. The finger width varies very little away from the neck
and an asymptotic shape is conceivable based on the similar behavior observed in the
Hele-Shaw flow.

Next, we consider the second initial data. The initial interface is now given by the

conformal mapping [42]

Bw

f(w) = aw + I—:ZJ—O_LU.

(5.30)

Here f = z 414y and the coefficients «, 3, and wy are determined by the following system

of equations

af+o® = ri+1/2, (5.31)
g 2
— 5.32
(—wgp v = ™ (5:92)
0 Brwa = 47, (5.33)

2
1 —wj
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Figure 5.13: Comparison of the interface finger in the axisymmetric flow for two different
values of surface tension, S = 4x10~% at t = 0.175734 and S = 8 x 10~ at t = 0.176129.
N = 4096 and At = 2 x 1078 for S = 4 x 107%. N = 4096 and At = 2.5 x 107° for
S=8x10""

with 71 = 0.7 and r9 = 0.1. After solving numerically (5.31), (5.32), and (5.33), we get
a == 0.9902, 8 =~ 0.0094, and w ~ 0.78799. The mapping f generates a slightly perturbed
circular profile in the z — y plane. The point sink is, as before, at the origin. This is
one of the sets of initial data considered by Nie and Tian [42]. In the absence of surface
tension, the Hele-Shaw interface separates into one big and one small circle. Nie and
Tian refer to this as the “big and small circle” data. One reason we choose this initial
interface is that the fingers will not form at the poles and thus, the quadrature maintains
its accuracy better.

Figure 5.14 presents the Hele-Shaw interface at various times with surface tension
S = 0.002. Two long fingers form and approach the sink at the same pace. Each
finger develops a corner at its tip when it touches the sink. In our computation for
the axisymmetric flow, we start with N = 256 points and we are able to use all the
modes of the numerical solution before we double the number of points. Figure 5.15
pictures the axisymmetric flow interface at various times for S = 0.002. Similar to
the Hele-Shaw flow, the interface forms two long fingers which are drawn into the sink.

We stop our computation at ¢ = 0.283179. At this stage we use N = 4096 and At =
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Figure 5.14: Evolution of the ”big and small circles” initial interface with S = 0.002 for a
Hele-Shaw flow. The interface profiles, from the outer perimeter inwards, correspond to
the times ¢ = kx0.05 for k =0,..,6,t = 0.342+k x0.04, for k = 0, .., 4, and ¢ = 0.355388.
N = 4096 and At =1 x 107 for the last stage of the motion.
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Figure 5.15: Evolution of the fluid interface in the axisymmetric flow for the slightly
perturbed sphere corresponding to the two-dimensional "big and small circles” initial
data with S = 0.002. The curves, from the outer perimeter inwards, correspond to
the times ¢ = 0,0.05, 0.10, 0.15, 0.20, 0.25, 0.279, 0.2815, 0.2825, 0.283, and 0.283179.
N = 4096 and At =5 x 1077 for the last stage of the motion.
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5 x 10~7. Continuing the computation requires using N = 8192 points and turns out to
be prohibitly expensive as the number of iterations to solve for v also increases.
The three-dimensional perspective of the fluid interface at ¢ = 0.283179 is shown in

Fig. 5.16.

(a) (b)

-0.5 -0.5
Z X

Figure 5.16: The fluid interface for the slightly perturbed spherical initial surface corre-
sponding to the two-dimensional "big and small circles” for § = 0.002 at ¢ = 0.179876.
(a) Three-dimensional perspective. (b) Cut-away plot.

The sequence of pictures presented in Fig. 5.17 contrasts the differences between the
Hele-Shaw and the axisymmetric flow interfaces. Note that the central bulb is wider in
the axisymmetric flow but the fingers are thinner.

We now decrease the surface tension to the value § = 5 x 10~*. Figure 5.18 shows
the axisymmetric flow interface at different times as it evolves. Due to the growth of the
round-off error noise, and to the interface singular behavior, well resolved computations
for such small values of surface tension are extremely difficult. We compare the profile
of the interfaces for § = 5 x 107% and § = 2.5 x 10 in Fig. 5.19 when they reach
around the same level in y. The oscillation next to the fingers is likely to be due to the

influence of noise. Figure 5.19(b) shows the close-up plots of the two fingers. We shift
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Figure 5.17: Comparison of the axisymmetric flow at ¢ = 0.283179 with the Hele-Shaw
flow at ¢ = 0.3542. (a) Axisymmetric flow. (b) Hele-Shaw. (c) Both interfaces; solid line
axisymmetric flow and dashed line Hele-Shaw flow. N = 4096 and At = 5 x 10~7 for

the axisymmetric flow. N = 2048 and At =5 x 1078 for the Hele-Shaw flow.

0.5F

0.8

Figure 5.18: Cross section interface profiles showing the evolution of the axisymmetric
flow for the slightly perturbed spherical initial data for § = 5 x 107 at ¢ = 0.2625,
0.2725, 0.2735, 0.2745, 0.2755, and 0.276152. N = 2048 and At = 2 x 1076 for the last
stage of the computation.
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Figure 5.19: Comparison of the interface profiles for the axisymmetric flow with S =
5x 107% at ¢t = 0.2745 and S = 2.5 x 10~* at ¢t = 0.275. (a) Cross section profile. The
solid line corresponds to § = 5x 10~* and the dashed line corresponds to S = 2.5x 107°.
(b) Close-up look at the interface fingers. The inner curve is for S = 2.5 x 1074, but it
has been translated to align with the S = 5x 107 fingers. N = 2048 and At = 2x 1075,

the fingers for S = 2.5 x 107% in z direction to align with the S = 5 x 107 fingers to
ease the comparison. For § = 5 x 104, the narrowest width for the finger is about 0.1,

and it is about 0.06 for § = 2.5 x 10~4.
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Chapter 6

Conclusions

In the first part of this thesis, new formulations and new methods are presented for com-
puting the motion of a curvature driven three-dimensional filament and surface. These
numerical methods have no high order time step stability constraints. We applied our
methods to compute the motion of two-dimensional vortex sheets with surface tension,
motion of three-dimensional filament by curvature, the Kirchhoff rod model, anti-parallel
vortex filaments and simplified three-dimensional water wave model on Gaussian waves
and gravity waves. Our numerical results convincingly demonstrate that our methods
remove the severe time step stability constraint associated with explicit discretizations
for both two-dimensional and three-dimensional interfaces.

In the second part of this thesis, we numerically study the two-dimensional Hele-Shaw
problem with suction and three-dimensional axisymmetric flow through porous media
with suction. We find several interesting phenomena as surface tension is decreased for
both flows. Fingers form and quickly develop into wedges, in two dimensions, and cones,
in three dimensions, as they approaches the sink. An asymptotic shape of the fingers
is observed at the late stages of the interface motion and the angle of the wedge and
cone at the tip of the finger is selected in the limit as surface tension tends to zero.
Moreover, for sufficiently small values of surface tension, a well-defined neck develops
at the top of the finger. The developing finger bulges but, being drawn strongly by the
sink, quickly evolves into the wedge or cone. We also observe that the axisymmetric flow
develops narrower fingers than those found in the Hele-Shaw counterpart. The additional
azimuthal component of the mean curvature simultaneously enhances the definition of

the finger neck and smoothes the interface there.
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