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k determines the shape of the region of attraction since k determines the shape of the ball
By, with the metric d.

2. We explain some advantages of using (L, A) instead of other quantities, such as
orbital elements (a,e,i,Q,w) or equinoctial elements (a,h,k,p,q) (see Battin [1987] for
definitions of those elements). First, (L,A) is globally well defined whereas orbital ele-
ments become singular on circular or equatorial orbits. Second, L and A are R3-valued
and R® has a nice (Lie-)algebraic structure, namely the cross product x as well as the dot
product -, and the property

(axb)-c=-b-(axc) (A.27)

fora,b,c € R3. (It is not accidental that L and A are R3-valued. See Cushman and Bates
[1997] for more details). Notice that we have exclusively used the usual Euclidean norm
|||l on R3 in the definition of the metric di and the Lyapunov function V in order to make
use of the algebraic structure of R®. In particular, the property (A.27) was very useful in
the analysis of the set where dV/dt = 0 in the application of LaSalle’s invariance principle.
It will be difficult to analyze dV/dt = 0 if one uses orbital elements or equinoctial elements
to define a Lyapunov function as a sum of squares of differences of elements, because the

elements do not have useful algebraic structures.

A.3.2 Global Orbit Transfer

The basic idea of the global orbit transfer is to use a finite number of intermediate (target)
orbits to transfer between two arbitrary elliptic orbits. We will show a way of choosing
intermediate target orbits to achieve the global orbit transfer. By proper choice of inter-
mediate orbits we can also avoid undesirable orbits. The essence of the following argument
lies in the combination of Proposition A.3.1 and the path-connectivity of the set D defined
in (A.8). We first show that D is path-connected. Any two points (Lo, Ag) and (L, Aj)
in D can be joined by a path ¢:[0,1] — D C R* x R3, for example,

(Lo, (1 = 3t)Ag) 0<t<1/3
ot)={ (d(3t—1),0) 1/3<t<2/3
(L1, (3t —2)A1) 2/3<t<1,

where d : [0,1] — R® — {0} is a path connecting Ly and L;. The existence of d(t) is
guaranteed by the path-connectivity of R® — {0}. Hence, D is path-connected.

Choose two arbitrary elliptic Keplerian orbits (Lo, Ag) and (L1, A;) from D where
we want to transfer from (Lg, Ag) to (L1, A;). By the path-connectivity of D, one can
choose a path ¢ : [0,1] = D C R® x R? connecting (Lo, Ag) and (L1, Aj). Recall that J in
(A.19) is open and D C J. There is [ > 0 such that Bg, (c(s),1) € J for all s € [0,1] (for
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example, take any number less than the distance between the compact set ([0, 1]) and the
boundary of J or just apply the Lebesgue number lemma to ¢([0,1]) and J (see Munkres
[1975] for the Lebesgue number lemma). Take any positive number [ less than . By the
uniform continuity of ¢, we can find a subdivision of [0, 1}, say sg,...,sny with so = 0 and
sy = 1 such that for i = 0,..., N —1 the set ¢([s;, si+1]) is contained in By, (¢(si41),1)ND.
In particular, c(s;) € By, (c(si+1),!) N D. Notice that Bq,(c(si+1),!) N D is a region of
attraction of c(s;;1) with the controller F( - ; c¢(s;+1)); this follows from Proposition A.3.1
since By, (c(si),1) C Baq,(c(si),l) C J for each i. Hence, we can drive the trajectory
(r(t),%(t)) from the orbit (Lg, Ag) to the orbit (Ly, A;) through the intermediate target
orbits {c(s;) | 4 = 0,..., N} by using the controllers {F( - ;c(s;)) | i = 1,...,N} of the
form (A.17) sequentially. The trajectory lies in 7~ !(K) where

N
K = <U Bdk(c(si),l)> NnD.

i=1

A lower bound of ||r(¢)]| of the total trajectory (r(t),#(t)) is given by

: ||
min {# AT (L,A) € K} (A.28)

and an upper bound is given by
max {—HI—JUQ—— ‘ (L,A) € K} (A.29)
n— A

Remark A.3.3. Above, we just showed the possibility of global orbit transfer. There can
be several ways to achieve global transfer. For ezample, one can use different radii for each
region of attraction, By,. Also, one can use different k’s for each region of attraction. A

discussion on k was given in a remark following Proposition A.3.1.

A.3.3 Special Transfer: Transfer to Circular Orbits

The Lyapunov function suggested in § A.3.1 is not the only available Lyapunov function
for local orbit transfer. We here suggest another Lyapunov function for the transfer to
circular orbits.

Notice that a circular Keplerian orbit is uniquely determined by its angular momentum
L because the Laplace vector A is zero for circular orbits. The corresponding energy E
is determined by L since u? + 2E||L||> = 0 by (A.6). Let Ly and Er be the angular

momentum and the energy of a given target circular orbit. Define a function V on TR}
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by
V(i 6) = ZHILGE) - Ll + 3(BG ) - Br)? (A.30)

with £ > 0. Then one can compute
C;—‘:(r, r) =F . (kAL x r + AET),
where AL := L(r,r) — Ly and AFE := E(r,t) — Ep. Take the following form of controller
F(r,r,t) = — f(r,t)(kAL x r + AFET) (A.31)

with f(r,r) > 0 an arbitrary positive function. This choice is such that

av

—- (1) = —f(r,)|[FAL x r + AEF||? <0. (A.32)

One can find [ > 0 with I < &||Ly||2 such that €; :== V~1([0,{]) is a compact subset of %
by (A.6) and Corollary A.2.3. Notice that §); is positively invariant by (A.32). Let M be
the largest invariant subset of the set {(r,r) € ; | dV/dt = 0} = {(r,¥) € & | F = 0}.
Let (r,r) be an arbitrary trajectory in M. Then it is an elliptic orbit because F = 0. Let
L and E be the angular momentum and the energy, respectively, of the orbit (r(t),r(t)),
which are of course, constant in time t. By definition of M, the trajectory (r(t),r(t))
satisfies

kAL x r(t) + AE¥(t) = 0. (A.33)

The constant value AF is either zero or nonzero. If AE = 0, then AL x r(¢) = 0 by
(A.33), which implies AL = 0 since the constant vector AL is parallel to the vector r(t)
which sweeps an ellipse. Hence, the trajectory (r(t),r(t)) is the target orbit if AE = 0.
We now suppose AE # 0. The inner product of (A.33) with r(¢) gives £(t) - r(¢) = 0,
which implies that (r(t),£(¢)) is a circular orbit. Since r(¢) and r(t) are perpendicular to
each other and r(t) sweeps a circle, it follows from (A.33) that AL is parallel to L, which
implies that L is parallel to Ly. Since we chose [ less than %HLTHQ, the vector L cannot
be in the opposite direction of L by definition of €;. Hence, L and Ly have the same
directions. Let e, := L/||L|| = Lz /||Lr||. Recall the general formulas for energy and the

magnitude of the angular momentum for a circular orbit of radius r as follows:

B=-, Ll =), (A.34)

where the second formula is derived from (A.12). Let r be the radius of the circular orbit
(r(¢),7(t)) and 77 be that of the target circular orbit. By (A.34), the equation (A.33) can
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be written as

(V7 = /r7) (k\/ﬁ(eL X))+ M;.:;T—\/r_ﬂg == (A.35)
Notice that (er x r(¢)) is in the same direction as () and that r # rr since we assumed
APFE # 0. The left hand side of (A.35) is not zero, which gives a contradiction. Therefore,
the trajectory (r(t),r(t)) is the target circular orbit. We have shown M consists of the
target orbit only. By LaSalle’s invariance principle, any trajectory starting in §2; remains
in ©; and asymptotically converges to the target orbit with the control law (A.31). As a

remark, we note that the control law (A.31) can be used in the global transfer too.

A.4 Example

For illustrative purposes, we give an example of a transfer from low-Earth orbit (LEO)
to geosynchronous orbit (GEO). The initial LEO is a circular orbit with radius 7000 km
and inclination 28.5 deg. The target GEO is also circular with radius 42,000 km and
inclination 0 deg. The maximum thrust level is 9.8 x 10~°km/sec®. These data are from
pp. 362-374 in Chbotov [1996]. We use canonical units in simulations; 806.812 sec =
1 canonical time unit, 6378.140 km = 1 canonical distance unit, 9.8 x 10“3km/sec2 =1
canonical acceleration unit, and the gravitational parameter ;1 = 1. In the following, all

units are canonical unless otherwise indicated. The initial point is given by

zo = (—0.70545852988580, —0.73885031681775, —0.40116299069586),
vo = (0.73122658145185, —0.53921753373056, —0.29277123328399),

which corresponds to the initial point in the time-optimal case of Chbotov [1996]. The
angular momentum and Laplace vector of the target orbit are given by

Lt = (0,0, 2.56612389857378); Az = (0,0,0).

We use the Lyapunov function in (A.14) with £k = 2. To meet the constraint on the
magnitude of the thrust, we choose f in (A.17) such that the control law F becomes

1 : . '
e )= | GO0 HIGED] < eFma
’ G(r,r) 3 .
Fmax ”G(l‘,l‘)“ lf “G(r’ r)“ 2 6IT‘I‘I’IZ).X)

where Fihax = 0.01, € = 0.00001 and

G(r,r) = — (kAL xr + L(r,¥) Xx AA+ (AA X ) xX1r).
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time-opt. transfer | Lyap. transfer
sim. time | 16.14 hr 18.87 hr
af 42,000.001 km 41,974.952 km
ef 0.00097 0.00462
if 0.999359 deg 0.202893 deg

Table A.1: Comparison of the time-optimal transfer and the Lyapunov-based transfer.

One can easily check that |F(r,f)|| < Fihax- Figure A.1 shows a plot of the simulation
results for time 13.4 x 27r. For comparison of the time-optimal transfer in Chbotov [1996]
and our Lyapunov-based transfer, we list the final simulation results in Table A.1 — semi-
major axis ay, eccentricity ey, and inclination iy — where all the data are in real units, and
the data of the time-optimal transfer are from Chbotov [1996], in which the time-optimal
controller has constant magnitude Fi,,x during the entire transfer. When comparing these
two results, one should take into account that our controller is in a simple and analytic
form, whereas the time-optimal controller is numerical and computationally challenging.
Also, we can improve the simulation result by choosing different values of k or inserting
intermediate target orbits. Hence, these results are sufficient to show that this simple
scheme produces a transfer comparable to those generated by much more complex and

numerically intensive approaches.

Figure A.1: Lyapunov-based LEO-to-GEO transfer in canonical units. The initial and
target orbits are dotted - -- and dashed ——, respectively. The initial and final points are

marked with o and *, respectively.
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A.5 Conclusions and Future Work

In this work, we have rigorously shown that mechanically motivated Lyapunov function
techniques can be used to systematically produce easily implementable, asymptotically
stable controllers for orbit transfers between elliptic Kepler orbits.

For long duration, low-thrust transfers, it may be necessary to take into account the
Jo effect, that is, the effect of the bulge of the earth. We believe that our techniques can
be extended to that case, at least in the context of the most important correction terms.
This would rely on results on the geometry of the perturbed Kepler problem.

A second direction for future research would be to optimize our method. Although
we made no attempt at systematic time or fuel optimization in this paper, it would be
interesting to pursue this by exploiting, for example, the freedom in the constant k£ that
appears in the Lyapunov function or the freedom in the choice of the function f(r,r) that

appears in the control law.
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