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Measured DC characteristics (Fig. 9.11 (b)) are in excellent agreement with predic-
tion. Compared to Q,-PWM and ZV experimental circuits, the circuit in Fig. 9.10 has a
lower number of elements, and their parasitic series resistances are lower. In particular,
since voltage stresses in ZV-QSW converters are low (just as in PWM converters), a 50V
device (IRFZ40 MOS transistor with a rated ON-resistance of 28m(1) is used instead of
a 100V device (IRF540 with an ON-resistance of 85mf2). Thus, a closer match between
measurement and prediction is obtained compared to experimental results for Q,-PWM
and ZV converters.

With the S-switch ‘implemented as a MOS transistor, mode I; can be verified by
comparison of recorded waveforms in Fig. 9.12 (a) and ideal waveforms of Fig. 9.4 (b).

Control circuitry provides constant-frequency signals (p; and pg) to drive the S-switch
and S-switch transistors. Control over the conversion ratio is accomplished by varying
the duty ratio of the signals p; and py. An excellent agreement between measured and

predicted DC characteristics is demonstrated in Fig. 9.12 (b).
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Figure 9.11: Recorded waveforms (a) and measured and predicted DC characteristics (b)
for the experimental ZV-QSW buck converter operating in mode I;.
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Figure 9.12: Recorded waveforms (a) and measured and predicted DC characteristics (b)
for the experimental ZV-QSW buck converter operating in mode I3.
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Chapter 10

Zero-Voltage, Multi-Resonant Converters

In this chapter, a study of Zero-Voltage, Multi-Resonant (ZV-MR) converters is pre-
sented.

In Section 10.2 it is shown that an operating mode with all zero-voltage transitions is
not unique. Three such modes, (I, II,III);, are found for the implementation with one
controllable, current-bidirectional switch. In addition, there are four operating modes
with all zero-voltage transitions, (I, II,III,1IV)s, if both switches are controllable.

Variable-frequency control is applicable in modes (I,II,III);. DC analysis of Sec-
tion 10.3 reveals that a closed form solution for the equivalent duty ratio does not exist.
Thus, DC characteristics and boundaries of the operating regions are computed numeri-
cally. The combined operating region for modes (I, II, III); is bounded, but it includes
the zero-load axis. Analitical results are found for the DC characteristic at zero load,
minimum equivalent duty ratio attainable at zero load and maximum normalized fre-
quency f.

If both switches are implemented as controllable current-bidirectional, control at
a constant switching frequency is possible. DC analysis for all four operating modes
is carried out in Section 10.4. The combined operating region for modes (I,II,III),
includes the zero-load axis, and up to some maximum normalized load, all equivalent
duty ratios 0 < m < 1 are accessible. In mode IV, the range of attainable equivalent
duty ratios is more restricted.

Existence of operating modes with all zero-voltage transitions and corresponding DC

characteristics are verified experimentally in Section 10.5.



156

10.1 Operating States

In a ZV-MR converter, there are three resonant elements: a resonant inductor L,., a
resonant capacitor C, (in the CIS position - in a loop with the S-switch and possibly
elements of CU{V,}) and a resonant capacitor Cy; (in the CIS position — in a loop with
the S-switch and possibly elements of C U {V,}). Define the parameter z as a ratio of

the two resonant capacitance values,

(10.1)

By the same argument as for ZV converters, L, is in a loop with both switches and DC

voltage V¢, so that
dip,

v tvat —t =1 (10.2)

The cut-set of Proposition 3.7 must now include both C, and C,;. Kirchhoff’s voltage

law for the loops that include a resonant capacitor and a switch yields
vi=vc, + Vo and vg=vc,, + V1. (10.3)

Here, V and V; are some DC voltages. Therefore,

. dvg . dvg
1t+-‘70—+1d—23—d-0——5. (104)

Finally, since L, in a ZV converter forms a cut-set with the S-switch and possibly
elements of £, this cut-set must also include Cy1 in a ZV-MR converter. But then, there
must be a cut-set that includes the resonant inductor L,, the S-switch, the resonant

capacitor C, and possibly elements of L. For this cut-set, we have
it + dvt/dH = iL' + I, (10.5)

where I is some DC current. State variables selected for description of operating states
of a ZV-MR converter are the S-switch voltage v;, the S-switch voltage vy and current

t,, defined by ;
iy =i+ 7';‘- : (10.6)
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In terms of the state variables, Eqgs. (10.2) and (10.4) become

di,

vt+vd+'£ = 1)
£,+id—x%‘1 = 6.

Now, description of the operating states follows in a straightforward manner:

state: v; =0, vg = 0.

Equations:
di .
d—é: 1, ¢(0) = I,
Solution:
ty=Ipn+0.
state: v; =0, 14 = 0.
Equations:
di .
Ti'er' = 1-vq, ’r(0)= nf
dvd ) i,- i
W = Tzt 0=
Solution:

. 0 . 0
iy = 5+(Inf—5)cos-\/—5+\/§(l——V,if)sm\/—E,

0 1 6
— ' — e — — — 1 —_—
va = 14+ (Vyy l)cosﬁ—l- \/:'E(I"f 5)sm\/5.

state: 1 =0, vg = 0.

Equations:
di .
- = l-v (0 =1Ipm,
dv ;
E?t ir, v(0) = Vin.
Solution:

iy = Ippcosf+ (1 —Vy,)sind,

v¢ = 14 (Vs —1)cosf + Ig,sinf.

(10.7)

(10.8)

(10.9)

(10.10)

(10.11)

(10.12)

(10.13)

(10.14)

(10.15)

(10.16)

(10.17)

(10.18)
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OFF-OFF | state: 1; =0, 14 =0.

Equations:
di .
EoL = l-v—vg, (0) = Iy,
dvt
—d—G— - ‘r:vt(o)—vffa
dvg 5 1,
- = Gt vwa0)=Vy
Solution:
1 )
1
1+z
+ \/ (ff—1+ ) sin 9,
5
vy = 1+ (1—fo+szf)—TG+
+ ——(fo+V;f—1)cos To+
+ q—FIHz(ff 1+ )Sm\/ Ly
. ) i+z
r = 1ia +(ff—1+ ) cos 6+
+ 1+ ——(1-Vyr —Vys)sin Zp.

10.2 Operating Modes

(10.19)
(10.20)

(10.21)

(10.22)

(10.23)

(10.24)

As for other QR converters, operating modes with lossless transitions are studied for

two distinct implementations of the switches S and $.

10.2.1 Implementation with a Single Controllable Switch

Assume that S is a controllable, current-bidirectional switch and that the S-switch

is a diode. Since both switches are in loops with resonant capacitors, every turn-OFF

transition is at zero voltage. By assumption, the S-switch turn-OFF transitions are

controllable as long as 1; > 0, while the diode turn-OFF transitions occur when current 14

drops to zero. Every controllable turn-ON transition is necessarily at non-zero voltage.
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ON-ON OFF-ON
©
e— —©O)— —
ON-OFF OFF-OFF
@

Figure 10.1: State transition diagram for ZV-MR converters with a single, controllable,
current-bidirectional switch.

From the state transition diagram shown in Fig. 10.1, it appears that a large number
of operating modes with all lossless transitions are possible. However, it can be shown

that a viable operating mode cannot include the following two sequences of states:

— | OFF-ON | — | OFF-OFF | — | ON-OFF | — (10.25)

and

— [ON-ON|— [ON-OFF | — [ON-ON | — . (10.26)

If the OFF-OFF state is entered from the OFF-ON state, the initial conditions are: Iy = §,

Vis > 0 and V}, = 0. In the OFF-OFF state with these initial conditions, the relation
v = 60 + zvg + fo (10.27)

can be obtained from Eqgs. (10.22) and (10.23). If sequence (10.25) is possible, then for
some # > 0, the S-switch and diode voltages are v; = 0 and vy > 0, respectively. This is
in contradiction to Eq. (10.27), so that the first part of the assertion is proved.

If the ON-OFF state is entered from the ON-ON state, the initial conditions are I,y = §
and V,;, = 0. By eliminating the time variable from Eqgs. (10.13) and (10.14), it follows
that _

z(vg— 1)+ (G, -8 ==z. (10.28)
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The only point where vq is zero is for ¢, = § or, equivalently, for 14 = 0. Thus, once the

ON-OFF state is entered from the ON-ON state, the periodic sequence

.+- — [ON-OFF | — [ON-ON] — - - (10.29)

can be interrupted only by turning the controllable switch OFF, which brings the con-
verter to the OFF-OFF state. In conclusion, (10.29) is the only periodic sequence of states
in which the sequence (10.26) is traversed. Since the S-switch is ON forever, this is not
a valid operating mode and the second part of the assertion is proved.

By exclusion of sequences (10.25) and (10.26), possible operating modes with lossless

transitions are reduced to the following three:

mode I: -++ —|ON-ON|— |ON-OFF | — | OFF-OFF | — [OFF-ON | — .- -

mode II: --- — |ON-ON|— |ON-OFF | — [OFF-OFF | — [ON-OFF | — --- , (10.30)

mode I[II: --- — |ON-ON|— |OFF-ON | — | OFF-OFF | — [OFF-ON|— - - -

In each of these three modes, only one transition (the S-switch turn-OFF) is controllable
and, consequently, only variable-frequency control can be applied.

One can now qualitatively describe the operation in modes I; and II;. Assume that
initially a ZV-MR converter is in the ON-ON state. Current ¢, ramps up linearly until it
reaches 6 at § = 6;, when the diode switch turns OFF. The subsequent ON-OFF state lasts
until the S-switch is turned OFF at § = 0. This transition is controllable and it transfers
the converter to the OFF-OFF state. Subject to initial conditions for the OFF-OFF state,
the next state can be either OFF-ON, if the diode voltage reaches zero before the S-switch
voltage does, or ON-OFF, if the S-switch voltage drops to zero first. In the first case, the
switching cycle is completed when the S-switch voltage drops to zero at § = 64 and the
ON-ON state is entered again. In the second case, the ON-OFF state terminates when the
diode voltage drops to zero. These two cases correspond to operating modes Iy and I];,
respectively.

For a description of operation in mode III;, assume again that the initial state is ON-
ON. Transition to the OFF-ON state is achieved by turning the S-switch OFF at § = 0,
before the diode switch ceases to conduct. The converter stays in the OFF-ON state until

the diode switch turns OFF at § = §2 and the next state, OFF-OFF, is entered. With the
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initial conditions Iyy = 6, Vyy > 0 and V}f = 0, the OFF-OFF state is followed by the
OFF-ON state. The OFF-ON state is entered at § = 63 when the diode voltage drops to
zero and the diode switch turns ON again. The cycle is completed at § = 64 when the
S-switch voltage drops to zero and the ON-ON state is réentered.

Typical waveforms illustrating operation of a ZV-MR converter in each of the three
operating modes are shown in Fig. 10.2. While the S-switch current is negative, the
state of its transistor is irrelevant, as indicated by the hatched area in the waveform of

the transistor control signal p;.

10.2.2 TImplementation with Two Controllable Switches

If both switches are implemented as controllable current-bidirectional, the augmented
state-transition diagram is shown in Fig. 10.3. Sequence (10.25) cannot be part of a valid
operating mode by the same argument as before. However, since 1,1 can now be greater
than &, sequence (10.26) cannot be excluded. This enables an additional operating mode

with all transitions at zero voltage,

mode IV: .-« —|ON-ON|— | OFF-ON | — [ON-ON| — [ON-OFF | — - -- . (10.31)

In all four operating modes, there are two controllable transitions so that control at
constant switching frequency is possible.

Operation in modes Iz, II; and II], is essentially the same as in modes I, II; and
III;, respectively. The only difference stems from the fact that now the S-switch can be
turned OFF at any current 14 < 0.

In mode IV, one can assume that initially both switches are ON so that current ¢,
ramps up linearly. The next state, OFF-ON, is entered by turning the S-switch OFF at
6 = 6,. In the OFF-ON state, the S-switch is held ON until the S-switch voltage returns
to zero at § = 0;. The second ON-ON state is terminated by turning the S-switch OFF at
6 = 03 so that the ON-OFF state is entered. Finally, the converter returns to the initial
ON-ON state at § = 4 when the S-switch voltage reaches zero and the switching cycle is
completed.

For any of the four operating modes, part of the switching cycle between two con-

trollable (turn-OFF) transitions (relative to the switching period) can be defined as the
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Figure 10.2: Typical waveforms for a ZV-MR converter operating in modes I (a), II;

(b) or 111 (c).
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ON-OFF [_ S — | OFF-OFF
©

Figure 10.38: State transition diagram for ZV-MR converters with two controllable,
current-bidirectional switches.

control variable D,:

62/6, , in modes I and I3,
D.=4 —02/6,, in mode III,, (10.32)
(62 + 63)/0,, in mode IV;.
Typical waveforms in a ZV-MR converter are shown in Fig. 10.4 for modes I3, I,
and III; and in Fig. 10.5 for mode IV;. In each case, hatched areas in waveforms of
transistor control signals, p; or p4, label intervals when the state of the transistor in a
current-bidirectional switch is arbitrary because the antiparallel diode of the switch is

ON.

10.3 Variable-Frequency Control: DC Analysis

DC analysis of ZV-MR converters is complicated by the fact that the operating mode
with all transitions at zero voltage is not unique.

Assume that a ZV-MR converter operates in mode I; or in mode II;. At the end of
the ON-ON state, the initial conditions for the next ON-OFF state are known: I,y = §,
v, = 0. Since transition from the ON-OFF to the OFF-OFF state is controllable, 8; can
be treated as a known parameter. Given 02, the initial conditions Iy; = i,(02) = ty2,
V}; = v4(62) = vaz for the OFF-OFF state are found by direct substitution in Eqs. (10.13)

and (10.14). A closed form solution is not possible for the equations vg(f3) = 0 (mode



164

§ 2
'

A

' n.m." i

1 1
N
L S

] ] ]

1 ] [}

! 1

] 1

' 1

' 1

i 1
N v
e —————

F
AN
I
w|l||¢. i
LY

N. -4 D “

1 ! I

1 ' '

] ]

] 1

1 ]

] ]

1 ]

S A ¥
e 2
oo

1 QW.. H
TR B
=] & !
et
S

T

AN

] ! ]

i ]

] ]

] ]

S ¢

)

c
MR converter operating in modes Iz (a), Il

)

b

)

Figure 10.4: Typical waveforms in a ZV-

a

(b) or III; (c).



165

i

f=20.4
D. = 0.8
6=1.25

m= 0.56

it

ig

Vi

Vd

Pt

Pd

e 5

' 1

- ] !

D i

I 1

1 1

i '

e et H

* 3 ]

] ) ]

1 I 1

' I i

1 nmu. 1 '

1 ' 1

P g

e

Y <)

=

1 ! "

X

H ' 1

H ' '

1 ! "
oY

3 i

-l H

e" 1

S S 57

Figure 10.5: Typical waveforms in a ZV-MR converter operating in mode IV;.



166

I) or v4(f3) = 0 (mode II;) in the OFF-OFF state. For a given set of parameters, the
solution has to be found numerically, and details of a numerical procedure are given in
Appendix B.3. Once the solution for 83 is found, initial conditions for the following state
are known.

Suppose that in the OFF-OFF state the diode voltage drops to zero at § = 63, while
vig = v4(fs) > 0. The converter operates in mode I;. The succeeding OFF-ON state
lasts until the S-switch voltage reaches zero at § = 6,. With known initial conditions,

It = 1,3 and Vy, = w3, the solutions for 64 and 1,4, if they exist, are given by
1 — U3 w ifs,3>0

1
64 = arctan + arctan ——— + ,(10.33)
ViZs+ (1-vs)? =1 Trs 0 ifis<0

/il + (1 —v3)? - 1. (10.34)

trq
If the converter operates in mode I, the OFF-OFF state is followed by the ON-OFF state.

If the solution to the equation vz(f4) = O in the ON-OFF state exists, it is given by

1 1— 43
04 = +/z|arctan — + arctan - . (10.35
! \/—< Vs =62 +z(vgs — 1) —z fr3 — 5) ( )
irg = 8=1/(irs—8)? +2(vas —1)? - . (10.36)

With the initial condition I, = 1,4, duration of the ON-ON state is
01 =6—1,4. (10.37)

Assuming that 63 is a given parameter, all other state durations and initial conditions
can be determined. Finally, the equivalent duty ratio m can be found by averaging the

diode current over one switching period. For mode I,

1 62
=1~ - 10.38
m=1" %0, (10.38)
while for mode I,
2 .
me=1— L0200 25 (10.39)

26 6,

No-load operation

Under the no-load condition (§ = 0), it is possible to solve the OFF-OFF equations

explicitly. For § = 0 in the OFF-OFF state we have vy = v; + vg2/z. Since vgz > 0, the
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S-switch voltage (v;) drops to zero before vy = 0 and therefore, the converter operates
in mode II;. In this case, closed form results can be obtained for f and m as functions

of the parameter 03,

27
f6=0) = % o (10.40)

ﬁsin—%-}-%cos% z
20, + 03 1+z’

m@E=0) = 1-2 (10.41)

where

05 = 2\/1_-—:? {7(‘ — arctan (\/W;tan %)} . (10.42)

The minimum possible equivalent duty ratio at zero load, given by

1
1+z’°

Momin (6 = 0) = (10.43)

is attained for §; = 0. The switching frequency resulting in m(§ = 0) = m,;,(6 = 0),

1+
fma.z = z (10.44)

is the maximum normalized frequency for the entire combined operating region for modes

I1 and II1.

Conditions for operation in modes [; and I

> 0 for all §. Thus, duration

In the ON-OFF state with I,y = 6§ and V,y = 0, v4
of the ON-OFF state, §; > 0, can be determined externally by controlling the S-switch
turn-OFF. Choice of 0 affects the resulting frequency f and the equivalent duty ratio m.
The effect that can be easily comprehended is that increasing 02 contributes to lower f
and larger m, just because the S-switch ON-time is longer. Thus, one would expect that
both m and f are monotonous functions of 6;, and that m is a monotonously decreasing
function of normalized frequency f for § = const. However, the effects of §; on m and f
through altered initial conditions for the next state are not as obvious and may result in a
quite opposite trend. Incieed, it has been found by simulations of a ZV-MR converter [16]
that control-to-output DC characteristics may become non-monotone as the switching

frequency is decreased.
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For § = const., the equivalent duty ratio increases monotonously as the switching
frequency is decreased down to some minimum switching frequency, f,,. The minimum

switching frequency (f,,) is determined by one of the following events:
Lm(f=fm)=1

2. some condition for operation in modes I; and II; is not satisfied so that lossless

transitions are not possible for f < f,,; or
3. m starts to decrease with decreasing f below f,,.

In the first two cases, the operating point is at the boundary of the operating region. The
third case is not encountered in QR converters with two resonant elements. Although
it is inside the operating region with all zero-voltage transitions, the non-monotone part
of the control-to-output DC characteristic is not acceptable in practice. Positive and
negative slopes in the control-to-output characteristic render impossible closing a stable
feedback loop. Therefore, the valid operating region for ZV-MR converters in modes I3
and I is taken as part of the operating region in which characteristics are monotone.

The OFF-OFF state terminates with v4(3) = 0 or with v;(f3) = O for any viable set of
initial conditions and parameters. Thus, the only condition for operation in modes I; and
IT; emerges from the succeeding OFF-ON or ON-OFF state. For mode Iy, solution (10.33)
exists if

tZa+ (1—vs)?>1. (10.45)
Furthermore, the OFF-OFF state must not be re-entered before § = 4, or
1, <8 for 0< 6 <0,. (10.46)
For mode II;, solution (10.35) exists if
(rs — 86 +z(1 —vs)? > z. (10.47)

This is also sufficient to guarantee transition to the ON-ON state since initial condition 1,3
has to be less than zero, and the S-switch can be turned ON to prevent possible transition
back to the OFF-OFF state if 1,3 = O for some # < 3. Finally, ¢,4 found from (10.33) or

(10.35) is always less than § so that 64 is necessarily non-negative.
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Figure 10.6: Combined operating regions for a ZV-MR converter in modes (I,II); with
Z as a varying parameter.

Using the results of DC analysis, conditions for operation in modes Ij or II; can be
verified for any given § and 6.

Boundaries of the combined operating region for modes I; and II; with monotone
control-to-output characteristics are shown in Fig. 10.6 for different values of the pa-
rameter z. The available operating region in the load-to-output plane widens as z is
increased. Also, the minimum possible value for the equivalent duty ratio at no load

decreases with z as predicted by Eq. (10.43).

Operating Mode II];

For operation in mode IIIj, it is necessary that 1,3 < §. The maximum possible
value for the equivalent duty ratio in mode II]; is on the boundary curve that separates
operating regions of modes III; and II;. It can be shown that the maximum does not
exceed m = 0.1 for any value of the parameter z. Since this is a very restricted region

in the load-to-output plane, mode III; can be ignored for all practical purposes.
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Figure 10.7: Load-to-output DC characteristics of a ZV-MR converter operating in modes
(I, 11);.

DC characteristics

DC characteristics of frequency-controlled ZV-MR converters are shown in Figs 10.7

and 10.8 for z = 3.

10.4 Constant-Frequency Control: DC Analysis

10.4.1 Operating Modes I; and I];

DC analysis equations of Section 10.3 for ZV-MR converters in modes I; and II; are

directly applicable here with three adjustments:

1. the initial condition for current i, at the beginning of the ON-OFF state is set to

"rl 2 5,

2. duration of the ON-OFF state is determined by the control variable, §; = D.f,,

0, =2n/f = const.,
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1.0 1

Figure 10.8: Control-to-output DC characteristics of a ZV-MR converter operating in
modes (I,11);.

3. duration of the initial ON-ON state is determined so that switching frequency is

constant. Therefore,

0, 0p — 03 — 03 — 04, (10.48)

17, = $4+806;. (10.49)

An expression for m is obtained by averaging the S-switch or the S-switch current over

one switching cycle:

" 662 + z(6 — 4,2) + 101(5,1 + 5ra)

0.
™ (10.50)

and .
6— E(’rl + ‘r4) 0,

o (10.51)

m=1.0-

in modes I, and II;, respectively.
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Conditions for Operation in Modes I; and I1],

The S-switch turn-OFF is effective if 1; > 0. Similarly, the S-switch turn-OFF prompts

the state transition if {4 < 0. In terms of current t,, these two conditions become

v

tr1 6, (10.52)

ipg > O. (10.53)

Since period §, is fixed, one must check to see if duration of the ON-ON state is non-
negative,

6,>0. (10.54)

The remaining conditions, (10.45) and (10.46) for mode I3 and (10.47) for mode II;, are

carried over from the analysis of ZV-MR converters in modes I; and II;.

10.4.2 Operating Mode 1],

In mode III;, the S-switch is turned OFF before the S-switch. The OFF-ON state is
entered with the initial condition Iy, = 1,; and its duration is determined by the control

variable,

02 = —D.f,. (10.55)

Initial conditions for the succeeding OFF-OFF state are found by direct substitution of 6,
in Egs. (10.15) and (10.16). Steady-state equations for the rest of the switching period
are exactly the same as corresponding equations for mode I3.
The equivalent duty ratio m in mode III; is found by averaging the S-switch current
over one cycle,
_ ity

= ———"0,. 10.56
m=g 0,5 01 ( )

Conditions for Operation in Mode II1I;

If the S-switch current is negative at & = 6, when the S-switch is turned OFF, the

state transition does not occur. Hence, for operation in mode IIly, it is necessary that

i1 =14y > 0. (10.57)
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In the OFF-ON state, the S-switch must be turned OFF before v; reaches zero and the

diode must not cease to conduct before § = ;. The conditions are given by

0, < 2(m — arctani,), (10.58)

iy > 6. (10.59)

The succeeding OFF-OFF state is necessarily followed by the second OFF-ON state in

which the S-switch voltage must drop to zero for some 6§ = 84 > 0. This is possible if
2, + (1 —v3)? > 1. (10.60)
As in modes I; and I3, duration of the final ON-ON state must be non-negative,

6, >0. (10.61)

10.4.3 Combined Operating Region and DC Characteristics in Modes I,
II2 and IIIz

Operating regions and DC characteristics for modes (I,II,III), are combined to-
gether. Two design parameters affect the extent of the combined operating region —
normalized switching frequency (f) and the ratio of resonant capacitance values (z). Let
us first examine the extreme values of the equivalent duty ratio, m = 0 and m = 1.

In a ZV-MR converter with two controllable switches, m = 0 is always attainable
simply by holding the S-switch ON indefinitely. The question is whether m = 0 can be
attained while simultaneously operating in one of modes Iy, II; or I1I;, for some control
duty ratio D,. To achieve m = 0, the converter must operate in mode III; with D, <0
adjusted so that duration of the OFF-OFF state is zero. Mode III; is effectively reduced

to the periodic sequence

-+ — [ON-ON|— [OFF-ON|— -, (10.62)

where duration of the ON-ON state is §; and duration of the OFF-ON state is 0 + 04. If

this periodic sequence is possible with all lossless transitions, ; must satisfy

6, = 27r(% — 1) + 2arctan %1— . (10.63)
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A non-negative solution for 6, exists iff
f<1. (10.64)

In conclusion, m = 0 axis is a boundary curve for operation in mode III; if the normal-
ized frequency f is less than or equal to 1.
The other extreme, m = 1, is attained in mode II; with 3 = 0. Mode II; reduces

to the periodic sequence

«++— |ON-ON|— |[ON-OFF | — - .- . (10.65)

Duration of the ON-ON state, 1, must satisfy
1 6
b1 = 21r(},— —/z) + 2¢/z arctan 2 (10.66)
The equation can be solved for non-negative 6; iff

f< \/iz (10.67)

Thus, if normalized frequency f and parameter z satisfy the last condition, m = 1 is
part of the boundary curve for mode I1I,.

In the é direction, boundaries of the combined operating region for modes (I, I, II),
are found numerically.

The plots in Figs. 10.9 and 10.10 reveal the roles of parameters z and f with respect
to boundaries of the operating region. In all cases, the combined operating region for
modes (I,II,III); encloses the no load axis and spans full range of equivalent duty
ratios up to some maximum load 6pmaz. In general, 6,4z is higher for lower frequency
as illustrated by the plots in Fig. 10.9. It is interesting that §,,,, is smaller and that
the operating region shrinks for larger z, contrary to the trend found in the study of

operating regions for modes (I, I1);.

DC Characteristics

DC characteristics in the load-to-output and control-to-output planes for z = 1 and
f = 0.9 are shown in Figs. 10.11 and 10.12. Numerical procedures used to compute DC

characteristics are discussed in Appendix B.3.
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Figure 10.9: Boundaries of the combined operating regions for modes (I,II,III); with
normalized frequency f as a varying parameter.
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Figure 10.10: Boundaries of the combined operating regions for modes (I,II,1I1I); with
the ratio of resonant capacitors r as a varying parameter.
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Figure 10.11: Load-to-output DC characteristics of a ZV-MR converter operating in
modes (I,I1,111),.
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Figure 10.12: Control-to-output DC characteristics of ZV-MR converters in modes
(I, II,1II),.
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10.4.4 Operating Mode IV,

The operating region for mode IV, overlaps in part with operating regions for the
other three modes. In contrast to modes (I,II,III);, the controllable period D.6,
extends over two adjacent states, OFF-ON and ON-ON. Inevitably, compared to the other
three modes, implementation of the control signals is quite different. Furthermore, the
OFF-OFF state is never entered in mode IV;. These are the reasons that mode IV; is
considered apart from operation in the other three modes.

Suppose, as before, that current ¢, is equal to 1,; at the end of the first ON-ON
interval. With the initial conditions Iy, = 1,1 and Vj, = 0, the equation v;(f;) = 0 in

the succeeding OFF-ON state can be solved for #; and 1,5:

6 = 2(x — arctant,1), (10.68)
iy = —ip1. (10.69)

The next ON-ON period is entered with the initial conditions Iy, = t,2 and Vy, = 0.

Duration of the state is determined by the control variable §, = D 0,:

s = 6.—6,, (10.70)

13 = fp2+0,—02. (10.71)

With the initial conditions I,; = 1,3 and V,y = 0, the solution to vg(fs) = O in the

ON-OFF state is given by

64 = 2/z(m — arctan fﬂ\/%—é) , (10.72)
trg = 20 —1d,3. (10.73)
Finally, the ON-ON state lasts until the end of the switching period so that
0y = 6,—0.—04, (10.74)
ty1 = tpq+0p—0.—04. (10.75)

If conditions for existence of all solutions for state durations 6; and currents ,; are

satisfied and furthermore, if the system of Eqgs. (10.68) through (10.75) has a solution,
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Figure 10.18: Operatling regions for a ZV-MR converter in mode IVy for various values
of the parameters f and z.

Again, 8, is larger for lower f and smaller z.
The operating regions for mode IV; in the load-to-output plane for different values
of the parameters z and f are shown in Fig. 10.13. It is interesting that the operating

regions collapse abruptly for loads exceeding 6; and 6.

DC Characteristics

As an example, DC characteristics are found numerically for one particular pair of
values for parameters  and f, both in control-to-output and load-to-output planes. The
characteristics are shown in Figs. 10.14 and 10.15. Numerical procedures used in the

analysis of mode IV; are outlined in Appendix B.3.

10.5 Experimental Verification

An experimental ZV-MR converter is shown in Fig. 10.16. Parent PWM topology
is the second-order buck converter with M(D) = D. Resonant capacitors C, and zC,

are placed directly in parallel with semiconductor switches, while L, is placed so that
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Figure 10.14: Load-to-output DC characteristics of a ZV-MR converter in mode IV,.
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Figure 10.15: Control-to-output DC characteristics of a ZV-MR converter in mode IV;.
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Figure 10.16: An experimental ZV-MR buck converter.

ity = ir,. For implementation with a single controllable switch (position 1), z =~ 3, while
for implementation with two controllable switches (position 2), z s 1.

Recorded waveforms that illustrate operation in modes I; and II; are shown in
Figs. 10.17 (a) and (b). They can be compared to idealized waveforms of Fig. 10.2 since
both sets of waveforms are found for approximately equal operating conditions. There
are no significant discrepancies between ideal and measured waveforms because all major
parasitic reactances are effectively absorbed by the resonant elements. The agreement
between predicted and measured DC characteristics in Fig. 10.18 is also satisfactory.
It is interesting, however, that for lower loads, measured output voltage is higher than
predicted. In order to verify if the error can be ascribed to losses in parasitic series
resistances of resonant elements, measurements are repeated with a resistor of 0.1Q
placed in series with C,, zC, or L,. In all cases the output voltage was higher with the
resistor than without the resistor. For example, dots in Fig. 10.18 denote the results
of the measurement with 0.1Q) in series with C,. This experimental verification shows
that the commonly accepted perception that higher losses necessarily imply lower output

voltage is not true in general.
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Figure 10.18: Measured and predicted DC characteristics for the experimental ZV-MR
buck converter operating in modes Iy or II.

Operation in modes I3, Il; and III; is confirmed by comparison of ideal waveforms
in Fig. 10.4, with experimental waveforms shown in Figs. 10.19, 10.20 and 10.21.

p: and py are constant-frequency, variable-duty-ratio signals used to drive the tran-
sistors in the controllable, current-bidirectional switches S and S’, respectively. Control
signals are synchronized on the raising edge. By adjusting the two duty ratios, the con-
trol variable D, is set to a desired value. In practice, one switch can be operated at a
fixed duty ratio, while control over DC conversion ratio can be achieved by varying the
duty ratio of the other switch. As shown in Fig. 10.22, DC characteristics predicted for
operation in modes (I, II,III), are close to measured characteristics.

Existence of mode IV; and corresponding DC characteristics in the load-to-output
plane are verified in Fig. 10.23. Waveforms p; and p, are constant-frequency, constant-
pause signals. Control over the conversion ratio is accomplished by varying the phase

shift between p; and py.
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Figure 10.19: Waveforms in the ezperimental ZV-MR buck converter operating in mode
I,.
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Figure 10.20: Waveforms in the experimental ZV-MR buck converter operating in mode
II,.
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Figure 10.22: Measured and predicted DC characteristics for the ZV-MR buck converter
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Chapter 11

A Comparison of Quasi-Resonant Converters

Existence of numerous QR converters generated by the synthesis method of Chapter 6
poses a problem of how to select and design the most appropriate topology with respect
to a given set of requirements. The problem is augmented by the fact that for each QR
topology there are many operating modes with substantially different DC characteristics,
possible control strategies, stresses oﬁ switching devices, dynamic responses, etc. With-
out attempting to encompass all relevant issues, this chapter is aimed toward a better
understanding of trade-offs encountered in comparison and design of QR converters.

A qualitative comparison of QR topologies with respect to switching losses is pre-
sented in Section 11.1. Only one of the QR classes, namely, ZV-MR, provides, at least
ideally, elimination of all major loss mechanisms that plague PWM converters. Other
QR topologies offer partial reduction of switching losses.

In Section 11.2 we turn to the design of QR converters, i.e., to the problem of how to
select the values of resonant elements. Based on results from Chapters 7 through 10, we
consider properties of QR converters affected by the choice of resonant elements — avail-
able operating region, frequency range and switch stresses. Main practical contributions
of this section are analytical and numerical results as well as guidelines that could be
used by a prospective designer to compare various topologies, select and finally design
the one best suited for a given application. A simple design example is used to illustrate

implementation of the analysis results in comparison of various QR topologies.

11.1 Switching Losses

A qualitative comparison of QR topologies with respect to switching losses is sum-

marized in Table 11.1. Entries zv and zc denote switching transitions at zero voltage and
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QR Switching Transition Topology

Topology S-switch S-switch Insensitive to:
ON—OFF | OFF—ON | ON—OFF | OFF—ON Lp Ci | Cy

Qn-PWM zC zv zv zc - | - -
Qs-PWM zc zv zv zc - -1 =
YAY% 2v zv zc zc ViVl -
ZC zc zc zv zv Vi1V
ZV-QSW zv zv zv zv -V Vv
ZC-QSW zc zc zc zc V|- -
ZV-MR zv zv zv zv Vivi Vv
ZC-MR zc zc zc zc vVii-1 -

Table 11.1: Comparison of QR converters with respect to type of switching transitions
and sensitivity to major parasitic elements.

zero current, respectively. All QR classes studied in Chapters 7 through 10 together with
dual classes are included in the comparison. By the duality principle applied to switching
transitions, one can conclude that if a switch turns ON at zero voltage in a converter,
the same switch turns OFF at zero current in a dual converter. Thus, transitions for
converters in Q,-PWM and Qy-PWM classes are identical, while the S-switch and the
S-switch have interchanged types of transitions in ZV and ZC classes. Fiﬁally, ZV-QSW
and ZC-QSW and likewise ZV-MR and ZC-MR have complementary sets of transitions.

Table 11.1 also summarizes sensitivity of QR topologies to major circuit parasitic
reactances that cause a substantial part of switching losses in a PWM converter: the
S-switch junction capacitance C;, the S-switch junction capacitance C; and the parasitic
inductance L, distributed in the loop with the switches. A topology is insensitive to a
parasitic element if the position of the element agrees with the position of the like resonant
element. If a topology is insensitive to a parasitic element, switching loss mechanisms
associated with the element are effectively eliminated. The parasitic element can be
absorbed by the resonant element or even used alone as the resonant element.

If a switch undergoes a transition at zero current but at non-zero voltage, the topology

is necessarily sensitive to the parasitic junction capacitance of the switch, since the energy
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stored in the capacitance is lost in every switching cycle. Therefore, transitions at zero
current are less favorable than transitions at zero voltage.

With respect to transitions and sensitivity to parasitics, ZV-MR topologies are clearly
superior to other QR converters. ZV-QSW topologies also exhibit all zero-voltage tran-
sitions, but switching losses associated with the parasitic inductance L, in the loop with
the switches are not eliminated. In converters with an isolation transformer, leakage
inductance of the transformer appears in the position of L, so that the ZV-QSW class
and other classes sensitive to L, may be suitable for very high-frequency operation only

in applications where a transformer is not utilized.

11.2 Operation Region, Frequency Range and Switch Stresses

The most widespread application of DC-to-DC converters is in DC voltage regulators.
Typical design specifications for a voltage regulator include the output voltage, the range
of input voltages and the range of output currents. In the normalized load-to-output

plane, these specifications can be translated into

m:nin <m< m:naz (11'1)
and
amaz — * 11 2
L (11.2)
ms
where m} . (m},,.) is the required equivalent duty ratio for maximum (minimum) input

voltage and minimum (maximum) load, while 4* is the required load range.

Since the choice of the absolute switching frequency f, is not related to the selection of
resonant components, we may assume that f, is also given. For the design of frequency-
controlled converters, we assume that the maximum switching frequency is given.

The first design consideration is that the required operating region, defined by condi-
tions (11.1) and (11.2), must fit into the available operating region for the selected QR
class and operating mode.

Since in the load direction only the load range 4* is specified, the position of the

required region within the available region may not be unique. In particular, if the
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available operating region includes the zero-load axis, §,,,, can be chosen arbitrarily as
long as it is within boundaries of the available region.

The design problem of selecting values for resonant elements is equivalent to the
problem of selecting or computing parameters f and §,,;. An exception is the class
of ZV-MR converters where there are two resonant capacitors, so that an additional
parameter is the ratio z of the capacitor values. Once the parameters f and 6,,,; are

determined, values of the resonant elements are given by

f (Iout)maz 1
27rfa (Vg)min amaz ’
f (Vg)mc'n

L, = — Y%7 E§ . 11.4
r 27rfa (Iout)maz mas ( )

Here, it is understood that the normalized frequency f and the absolute frequency f,

Cr (11.3)

correspond to each other. If the converter is controlled by varying the switching fre-
quency, the maximum value for f, is usually specified, so that the maximum value for f
should be determined and used to compute C, and L,.

Although importance of different criteria for selection of design parameters may de-
pend on the particular application, in general, minimum switch voltage/current stresses
and minimum frequency range are of major concern. Voltage and current stresses dictate
the choice of semiconductor components with obvious implications with respect to cost
and availability. A large frequency range for frequency-controlled converters is undesir-
able primarily because of difficulties in handling the generated noise and because of the
problems related to filtering the variable-frequency ripple.

Voltage stress (Vpeqr) is defined as the maximum of the peak instantaneous switch
voltage over all operating points in the operating region. Voltage stress is normalized to
Voss, which is ideally equal to the voltage stress in the PWM parent converter. Thus,
not only a common ground is established for comparison of QR converters but also, the
comparison is made with respect to the parent PWM converter. It is important to note
that the comparison does not depend on what particular PWM parent topology is used,
as long as it is the same for all QR converters under consideration. The same conclusions
extend to the comparison of current stresses if the maximum peak current Ip.qx is re-

normalized to the maximum load 8mqz. Again, current stress Ip.qk/8maz can be compared
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directly to the current stress of the PWM parent converter, where it is ideally equal to
one. Current stress is important not only for the proper choice of switching devices but
also as an indication of the amount of conduction losses in the converter circuit.

In succeeding sections, various design trade-offs involving the operating region, switch
stresses and/or frequency range are discussed and compared for QR classes and operating

modes of Chapters 7 through 10.

A Design Example

For various QR topologies and operating modes, design trade-offs are illustrated using
the same design example in each case. Assume that the specified output voltage, input

voltage range and load range result in the requirements

My, = 04, (11.5)
mt.. = 08, (11.6)
7 = 5. (11.7)

The first design concern is to select parameters so that the required operating region fits
into the available operating region. Then, in order to equalize conditions for comparison,

the remaining free parameters are selected so that the stress product (V x I'), defined by

V x 1) = Vo 225 (11.8)

maz
is minimized whenever possible. Results of the comparison are summarized in Table 11.4,

at the end of this section.

11.2.1 Q,-PWM Converters: Mode [;
Operating Region

Qn-PWM converters have the most restricted available operating region among all
studied QR topologies. If the load range is critical, the best possible design approach is
to choose the normalized frequency f so that the load range is maximized for m = mg,,..

This frequency,
f= fﬁ(m:na::) ’ (11'9)
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f | Vipeak | Iipeak/Omaz | Vapeak | ldpeak/Omaz
0.2 8.3 2.0 8.5 2.0
0.4 5.1 1.9 5.3 1.9
0.6 3.6 1.9 3.9 1.9
0.8 2.6 1.8 3.0 1.8
1.0 1.9 1.8 2.4 1.7

Table 11.2: Switch voltage and current stresses in a Q,-PWM converter operating in
mode I.

can be found from plots in Fig. 7.4.

Switch Voltage and Current Stresses

For a given frequency f, switch stresses are found at the operating point corre-
sponding to the maximum normalized load é (at the right-hand corner of the available
operating region). Values found numerically for several normalized frequencies are shown
in Table 11.2. Voltage stresses increase rapidly with decreasing frequency f. Taking into
account the positions of the available operating regions, this implies that Q,-PWM con-
verters are not practical for applications where low equivalent duty ratios are required.

Design ezample: the maximum possible load range for m = m,,,, = 0.6, correspond-
ing frequency f5(0.6) and 6mqz can be found from plots in Fig. 7.4. At m = 0.6, the
available load range is approximately equal to the required range 4* = 5. However, for
lower m, the available range diminishes, and at m = 0.4 it is only 2.5. Voltage and

current stresses displayed in Table 11.4 are found numerically for § = émaz.

11.2.2 ZV Converters: Mode I;
Operating Region

The minimum normalized load for ZV converters operating in mode I is equal to 1.
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Switch Voltage and Current Stresses

The S-switch peak current is equal to 6,4z, 80 that its current stress is equal to 1,
just as in PWM converters. The diode current stress is equal to 2. This can be easily
inferred from the solution for current ¢4 in the OFF-ON state. The diode voltage stress
is ideally equal to 1. However, the S-switch voltage stress, reached in the OFF-ON state

for a maximum load, amounts to

Viveak =1+ bmaz . (11.10)

Frequency Range

The required frequency range can be computed from the analytical expression found
for the equivalent duty ratio (m = 1 — G1(6) f). Minimum frequency corresponds to the
maximum load and maximum m, while maximum frequency corresponds to the minimum
load and minimum m. Thus, the frequency range is given by

fmaz — 1—mpin Gl—l('Y*)
fmin Gl_l(l) 1- m:naz

(11.11)

Design Considerations

Since 8., > 1 and since both the S-switch voltage stress and the frequency range

increase with 6,4z, design of ZV converters in mode I; reduces to

bmaz =" . - (11.12)
Design example: maximum load is 6,4, = 5 and all entries in Table 11.4 follow from the
results of this section.
11.2.3 ZV Converters: Mode I1];
Operating Region

From the results of Section 8.4, the required operating region can be encircled by the

available operating region if f and 6,4, are chosen such that

1- ng(‘smax) = My, (11'13)

1 - fGg(max (6 + 6.)) ; (11.14)

I
3
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Switch Voltage and Current Stresses

From the conditions stated above, voltage and current stresses can be computed for
the required operating region. From the solution for the state trajectories in the OFF-ON
state, one can determine the transistor peak voltage. Then, the S-switch voltage stress

is found at the operating point with minimum m and maximum value of the sum § + 6.,

-1 1- m* . 2
Vipeah = 1 +1/1+ [Gg (—f—mm)] . (11.15)

As in mode I, the S-switch voltage stress is ideally equal to 1.
Peak current for the S-switch is attained in the ON-ON state, while peak current for
the S-switch is attained in the OFF-ON state. Both switches experience current stresses

for maximum load and minimum equivalent duty ratio. It follows that

Itpeak _ Gg—l ('1;'_’};1&)

= S 11.16
bmaz  GL! (1—_"}11111) ( )
and
1—=1(1-m? . 2
Idpea.k =1+ \/1 + [G3 ( f )] . (1117)
Omaz G’3_1 (}:"}_:r.u:g)
Design Considerations
Except for the constraint
f<l-m,,, (11.18)

normalized switching frequency is a free parameter. The minimum possible S-switch
voltage stress is obtained for f — 1—m; ... However, current stresses become infinitely
large as f approaches the limit. If, on the other hand, f — O, current stresses tend
to lower limits, but the S-switch voltage stress blows up. Thus, within the limits, it is
possible to make a trade-off between voltage and current stresses by varying parameter
f.

Design example: Using expressions found for switch stresses, switching frequency f
is determined so that Vipeak Itpeak /Omaz is minimized. The inverse of G§(:) is computed

numerically. The results are displayed in Table 11.4.
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11.2.4 ZV-QSW Converters: Mode I;
Operating Region

The available operating region in mode I; is unlimited in the load direction and it
includes the zero-load axis. Therefore, for a given load range, 6,,4; can be treated as a
free parameter. In the m direction, however, the operating region is limited to equivalent

duty ratios 0.5 < m < 1.

Switch Voltage and Current Stresses

With respect to voltage stresses, ZV-QSW converters are unique among QR topolo-
gies. As in ideal PWM converters, voltage stress is equal to 1 for both switches and for
all operating points in the available operating region.

The S-switch peak current is equal to the current t,, = ¢ at the transition from
the ON-ON to the OFF-ON state. If a lower bound is imposed on normalized frequency
f, current stresses for the S-switch and the diode occur at the operating point where
f = fmin, m = 0.5 and 6§ = 6;qz. From DC analysis equations of Section 9.3, it follows

that the S-switch current stress is given by

Itpeak 3r
——————=l+w1+ 11.19
Omaz 46maz ( )

where 8,4z is related to the minimum switching frequency through

s
fmin = =,
3% 1 26pmaz [1 +/1+ =]

It can be inferred that current stress decreases with increasing 6,4, Or, equivalently, with

(11.20)

decreasing the lower bound on f.

The diode peak current is given by

Lipeat = \/1 - 2m + I 1. (11.21)

The diode current stress is the same as the S-switch current stress, and it occurs at the

same operating point.
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Frequency Range

Minimum (maximum) frequency is attained at the operating point with maximum
(minimum) m and maximum (minimum) load. The required frequency range can be
depicted directly from the load-to-output characteristics or computed numerically from

fmaz — f(smin,m:nin) .
fmt'n f(smaz, m:naz)

(11.22)

It increases with increasing 6,4, or, equivalently, with decreasing the lower limit on f.

Design Considerations

For a given load range and limits on conversion ratio, the design parameter 8,,,;
can be varied to reach a favorable trade-off between current stresses and the frequency
range. It should be noted that increasing ,,4 results not only in an increased frequency
range, but also in relatively shorter OFF-OFF states which, in turn, may diminish the
benefits of zero-voltage switching if duration of the transition states become comparable
to switching times of employed switching devices.

Design ezample: Since optimization of the stress product would lead to an infinitely
large frequency range and PWM-like transitions, instead, 6,4z is selected with respect
to the current stress vs frequency-range trade-off. Since operation below m = 0.5 is not

possible, parameters in Table 11.4 are computed for m) ;. = 0.5 and m;,,, = 0.7.

11.2.5 ZV-QSW Converters: Mode I
Operating Region

In mode I, the operating region is a bounded portion of the load-to-output plane,
symmetrical around m = 0.5. The maximum possible load 6,47 corresponds to m =
0.5 and can be found from Eq. (11.20) with fm, replaced by the selected frequency

f. However, assuming that limits on the conversion ratio are given, intersections of

*’

m = m},,, and m = m},. with boundary curves of the operating region determine the

actual maximum possible load, lower than émaz-



197

Switch Voltage and Current Stresses

As in mode I, voltage stress is equal to 1 for both switches. The S-switch current
stress is attained at the upper-right corner of the required operating region, for maximum
load and maximum m. Similarly, the S-switch current stress is attained at the lower-
right corner, for maximum load and minimum m. Upper bounds for stresses can be

found from Egs. (11.19) through (11.21) by replacing fyn, With f.

Design Considerations

As in mode I3, current stresses are lower for higher 8,,,; or, equivalently, for lower

f. Once f is chosen, a corner point of the required operating region,

(5maz:m:m'n) or (5maz,m:naz)’ (11'23)

has to be placed on the boundary curve of the available operating region in order to
minimize the current stresses. Since the absolute switching frequency is given, the only
relevant trade-off is between too short transition times and too high current stresses.
Lower f contributes to lower current stresses but possibly higher switching losses as
transitions get shorter. Both conclusions are in agreement with the notion that, as
frequency f is decreasing, mode Iz approaches the ideal continuous conduction mode of
the PWM parent converter.

Design ezample: Normally, the choice of f would depend on the speed of utilized
devices and the desired absolute frequency fs. Since no specific assumptions were made,
the design example is used to illustrate how stresses in mode I3 can be quite comparable
to stresses in mode I;. Selected frequency f is between the limiting values determined

for mode I.

11.2.6 ZV-MR Converters: Modes I; and I;
Operating Region

The available operating region for ZV-MR converters in modes (I, II); depends only

on parameter z. For z = 1, the region splits into two regions, one for m > 0.5 and § < 1
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and the other for m < 0.5 and § > 1. By increasing z, the operating region expands, as

illustrated in Fig. 10.6.

Switch Voltage and Current Stresses

In order to find voltage and current stresses for switching devices, we assume that
6 = bmaz = const. and seek the maximum of the peak voltage or current as frequency is
varied.

The S-switch voltage, v;, assumes its peak value in the OFF-OFF state of mode I.
Since current t, is equal to the derivative of v; in this state, time 0, for which peak voltage
is attained, can be found as a minimum positive solution of ¢,(6) = 0. Then, equations for
the OFF-OFF and the preceding ON-OFF state are solved for the peak S-switch voltage as
a function of 62, which is the duration of the ON-OFF state. An exact analytical solution
can be found for the maximum of the peak S-switch voltage. The solution yields the

S-switch voltage stress as a function of maximum load 6,,,; and parameter z,

Vipeak = VI + Smas [71' —arctan Vz? — 1 +/z(z — 1)] =z + p(z)bmaz - (11.24)

142

Function u(z) is equal to n/2 at z = 1 and decays rapidly toward 1 with increasing z. If
p(z) ~ 1 is taken, the error in calculated Vipeqk is less than 10% for z > 2 and 0 < 6§ < 3,
or for z > 3 and all § > 0. Since for z < 2 the available operating region becomes fairly

restricted, a simple expression,

thca.k ~ \/E‘}' Omaz ’ (11.25)

can be taken in most practical designs.
The diode voltage stress,

Vdpeak =2 ’ (11.26)

can be found by inspection of the solutions for the state trajectories in the ON-OFF state.

The S-switch current stress,

Itpeak

vz (11.27)

)

5maz 6maz

is found at the operating point for which current 1, at the end of the ON-OFF state attains

its maximum value.
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The diode current stress occurs in the OFF-ON state, in mode I;. Assuming that the
S-switch peak voltage occurs at the same time as the OFF-OFF to OFF-ON transition and
by taking Vipear as the maximum possible S-switch voltage, an approximation for the
diode current stress is determined:

Idpeak ~ 24 \/E—' 1

5maz 5maz

(11.28)

Within practically negligible errors, the result for the diode current stress is in agreement

with results obtained numerically from DC analysis equations.

Frequency Range

Maximum frequency (at minimum load and minimum m) and minimum frequency
(at maximum load and maximum m) can be computed numerically from DC analysis

equations or, better, inferred directly from the load-to-output DC characteristics.

Design Considerations

All peak voltage and current stresses (except Vipeqk, which is constant) increase
with parameter z. On the other hand, the operating region expands with z. Therefore,
minimum z for which required operating region can be fully encompassed by the available
operating region should be selected in the design.

Since the zero-load axis is included in the available region (except if conversion ratios
less than my,;,(6§ = 0) are required), 8pmqz is a free parameter. Value of the parameter
bmaz affects trade-offs among the voltage stresses, the current stresses and the frequency
range. Higher 8,4z results in lower current stresses but in higher voltage stresses. For
a given load range ~*, the frequency range increases with 6,,,z, as is evident from the
load-to-output DC characteristics for frequency-controlled ZV-MR converters.

Design ezample: parameter z is set to 2. From Egs. (11.25) and (11.27), it can be
shown that §mqz = +/Z minimizes the S-switch stress product Vipeak Itpeak /maz- Only the
S-switch (transistor) stresses are taken into account since Vgpear = const., and the diode
peak current is usually of less concern than the transistor peak current. All values in
Table 11.4 are computed using the results of this section except that the exact frequency

range is found numerically. It should be noted that the available operating region exceeds
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the required operating region. Stresses computed for the available operating region can

be regarded as upper bounds for stresses in the required operating region.

11.2.7 ZV-MR Converters: Modes (I,I1,I1II),
Operating Region

For loads up to some maximum value §p,2(f), the available operating region covers

all possible equivalent duty ratios provided that

f < min(1, (11.29)

)

7z
The maximum load 8,,42(f) increases with decreasing f while for f increasing above 1,
the operating region diminishes quickly. For z decreasing below £ = 1, only a modest
expansion of the operating region is obtained with a penalty of increased voltage stress
on the S-switch. One can also note that in a transformerless ZV-MR converter, z = 1 is

the most convenient choice since identical transistors (with presumably equal parasitic

capacitances) can be used for both switches. Henceforth, it is assumed that z = 1.

Switch Voltage and Current Stresses

For z = 1, voltage and current stresses for switches S and S are the same although
they do not occur at the same operating point. The fact that both switches have the same
stresses for z = 1 follows intuitively from symmetry of switches in a ZV-MR converter
circuit or from symmetry of state equations and solutions for the switch voltages v; and
vq. Thus, assuming that £ = 1, we can consider only one switch. An analogous analysis
of stresses for the other switch would lead to the same results.

A plausible assumption for estimation of the S-switch voltage stress is that maximum
of the average (DC) voltage and maximum of the peak voltage occur simultaneously (at
the same operating point). In a loop consisting of L,, two switches and V,;r, the S-
switch supports the maximum possible DC voltage (equal to V,ss) for m = 0. The
peak voltage calculated under this condition can be taken as an approximation for the

S-switch voltage stress. For m = 0, duration of the ON-ON state must satisfy

6, =2 <% - 1) + 2arctan % . (11.30)
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[ | Vipeak(m =0) | Vipeak | Smaz 1—5'%':
06 45 45 | 29 | 16
07 3.7 38 | 22 | 17
0.8 3.1 3.2 | 17 | 19
0.9 2.6 2.7 | 13 | 21
1.0 2.0 23 | 1.0 | 24

Table 11.8: Switch voltage and current stresses in a ZV-MR converter operating in modes
(I, II,III); for z = 1.

For any f < 1, a solution for 8; can be obtained by simple iteration of Eq. (11.30). Then,
peak voltage,

0 2
Vipeak(m =0) = 14+4/1+ (7‘) , (11.31)

is taken as an estimate for the voltage stress Vigeqr. The exact values for the S-switch
voltage stress are computed numerically for various frequencies f. Surprisingly, it is
found that the S-switch voltage stress occurs always for zero load and close to, but not
exactly at, m = 0. Nevertheless, discrepancies between the estimate Vip.qr(m = 0) and
the numerically computed values are marginal (except for f close to 1), and entirely
negligible for f < 0.7. For f > 0.6, comparison of Vipear(m = 0) with numerically
computed results is shown in Table 11.3, together with numerically computed values for

the maximum load 84z(f) and the S-switch current stress.

Design Considerations

Voltage stress decreases, while current stress increases with increasing frequency f.
The full range of equivalent duty ratios (0 < m < 1) can be obtained if f < 1.

Design ezample: Parameter z is set to 1. From results in Table 11.3, a minimum
stress product is obtained for f = 1. However, since for f > 1 the available operating
region collapses, f = 0.9 is chosen to provide a safety margin with respect to component
tolerances. Since the available operating region exceeds the required operating region,
stresses displayed in Table 11.4 are upper bounds for stresses in the required operating

region.
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11.2.8 ZV-MR Converters: Mode IV,
Operating Region

For ZV-MR converters operating in mode IV3, limits for the equivalent duty ratio

are

mmin(xy f) = \/;f ’ (11-32)
Mmaz(z,f) = 1-f. (11.33)
The available load range is from zero to some maximum load 8pmqz(z, f,m). Of practical
interest is the maximum load for which the limits m,,;, and m,,,, are attainable. Thus,

we can take

8maz(z, f) = min(6; 62), (11.34)

where §; and §; are found from Egs. (10.79) and (10.81), respectively.

Switch Voltage and Current Stresses

In the operating region for mode IV3, the S-switch voltage stress is attained for
M = My, and maximum load, while the S-switch voltage stress is found at the operating

point where m = my, 4, and § = bpqa;. Voltage stresses are given by
theak = 1+ vV 1+ 5,2naz ’ (11.35)

62
Vdpeak = 1+V1+—m:—z. (11.36)

Switch current stresses,

Tpeak _ y | Vomas ¥ 2 (11.37)
5ma:c 5maz ’
Tapeak 1| VOmae ¥1 (11.38)
5maz 6maz ’

are found from solutions for the state trajectories in the ON-OFF state (for the S-switch)
and in the OFF-ON state (for the 5’-switch), at the operating point where m = my,q; and

6 = bmaz-
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Design Considerations

Parameters f and z can be chosen to fit the required operating region into the
available operating region in mode IV;. By lowering the normalized switching frequency,
the available operating region extends in both m and § directions. However, voltage
stresses increase accordingly. Parameter = can be lowered to decrease the lower limit
on m. However, the $-switch voltage stress increases at the same time. Lowest current
stresses are achieved if the available operating region matches the required region as
closely as possible.

Design ezample: Parameters f and z are set to 0.4 and 1, respectively, in order to
enclose but not exceed the required operating region. Then, 8,5z = 6; = 83 is calculated

from Eq. (10.79), and stresses in Table 11.4 follow from the results of this section.

11.2.9 Converters with a Single Controllable Switch Versus Converters with

Two Controllable Switches

Introduction of QR converters with two controllable switches is motivated by the
possibility of constant-frequency control. Increased complexity of the converter circuit
is an evident disadvantage. At this point, it is appropriate to note that the idea of
using controllable switches as rectifiers is not new. However, it was proposed in a com-
pletely different context. The technique of synchronous rectification in PWM converters
is offered as a means of reducing conduction losses on rectifiers [34,35]. The concept is
becoming more viable with the introduction of MOS switching transistors with extremely
low ON-resistance. Conduction lossés on rectifier diodes are particularly detrimental in
low-voltage (V,ut = 5V') power supplies for digital electronics. Since standards requiring
even lower voltages are being introduced, the efficiency of switching power supplies can
be maintained only if lower-voltage-drop rectifiers are used instead of currently available
diodes. Thus, if increased complexity is justified by possible reduction in conduction
losses, the advantage of ioperating QR converters at a fixed frequency can be regarded
as an important additional benefit.

As shown in Table 11.4, where switch stresses are computed for one particular design

example, a converter with two controllable switches may exhibit higher voltage and/or
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# | Topology Mode Parameters

1 PWM CCM -

2 | Qu-PWM I f=0.68, bmas = 2.3

3 YAY% L fmaz =061, 6pqz = 5.0
4 Zv II, f=032, 6pmaz = 1.9

5 | ZV-QSW I frmaz = 0.7, 6maz = 1.8
6 | ZV-QSW I f=0.33, 6paz = 1.5

7 | ZV-MR (I,1I), fmaz = 1.00, 8oz = 1.4
8 | ZV-MR | (I,IL,III); | f =0.90, mez = 1.3

9 | ZV-MR v, [ =0.40, oz = 2.8

# | Vipear | 22 | (V X Dt | Vipear | 2225 | (V x I)g | fme=
1 1.0 1.0 1.0 1.0 1.0 1.0 1.0
2 3.2 1.8 5.8 3.5 1.8 6.3 1.0
3 6.0 1.0 6.0 1.0 2.0 2.0 3.2
4 5.2 2.2 114 1.0 3.3 3.3 1.0
5 1.0 2.5 2.5 1.0 24 2.4 2.9
6 1.0 2.5 2.5 1.0 2.5 2.5 1.0
7 2.8 2.0 5.6 2.0 2.3 4.6 1.4
8 2.7 2.1 5.7 2.7 2.1 5.7 1.0
9 4.0 2.1 8.4 4.0 2.1 8.4 1.0

Table 11.4: Design example: a comparison of QR converters.
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current stresses. ZV converters operating in mode II; and ZV-MR converters in mode
IV, have substantially higher stresses than their variable-frequency counterparts oper-
ating in modes I; and (I, II);, respectively. On the other hand, ZV-QSW converters
in modes I; and I; and likewise ZV-MR converters in modes (I,II); and (I,II,III),
exhibit quite comparable switch stresses. In addition to possible operation at constant
switching frequency, ZV-QSW converters in mode I and ZV-MR converters in modes
(I,I1,III), feature significantly extended operating regions in the m direction. Finally,
we note that (just as in current-bidirectional PWM converters) operation at zero load
and bidirectional power flow are possible in QR topologies with two controllable, current-

bidirectional switches.

11.2.10 QR Versus PWM Converters

Compared to PWM converters, all QR topologies exhibit considerably higher volt-
age or current stresses (or both) with several detrimental consequences. Using the same
switching devices, a PWM converter is capable of processing power that is usually an
order of magnitude higher than the power that can be processed by a derived QR con-
verter. Conversely, if the same power is processed, switching devices with substantially
higher voltage and /or current ratings are necessary in the QR topology. Moreover, higher
current stresses indicate that conduction losses are inevitably higher in QR topologies,
not only on switches but also on other converter components that carry resonant cur-
rents. Since efficiency is of prime concern in power converters, the choice between PWM
and QR topologies in a specific application is reduced to a trade-off between conduction
losses and voltage stresses on one side and switching losses on the other side. Either
experimental comparison (as in [27], for example) or a study based on detailed quanti-
tative estimation of circuit parasitics and power losses [28] has to be made in order to
decide whether a PWM or a QR converter topology is better for a given set of design

constraints and requirements.
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Chapter 12

Conclusions

Synthesis of DC-to-DC converters in the two largest families — PWM and Quasi-
Resonant — is undertaken in this thesis. Generation of converter topologies is based
on formal definitions of the converter networks and on the recognition of underlying
topological properties derived from defining assumptions. Thus, rather then rely on
intuition or various circuit manipulation techniques, one is able not only to construct
complete classes of converters, but also to examine pertinent properties systematically.
Once all possible topologies with features for comparison are exposed, the problem of
selecting the one best suited for a given application becomes well defined. Original
contributions of the thesis are summarized as follows:

1. General properties of PWM converter networks:

Based on the rigorous definition of PWM converter networks in Chapter 3, several in-
teresting properties of PWM networks are uncovered. The properties interrelate the
network complexity and attainable DC conversion ratios. Thus, a PWM (voltage-to-
voltage) converter must have an even number of switches (Proposition 3.2) and the
same number of inductors and capacitors (Proposition 3.3), if, in addition, there exists
a unique solution to DC model equations. The DC conversion ratio M(D) is a ratio
of polynomials in duty ratio D. Degree of the polynomials cannot be grater than the
number of inductors/capacitors or half the number of switches in the converter network
(Proposition 3.4). Both the possibility of coupling inductors and the property of contin-
uous terminal currents imply lower upper bounds on the degree of polynomials in M (D)
(Propositions 3.5 and 3.6). The constraints imposed on the PWM networks are used to
justify the choices for the number of elements that need to be considered by the synthesis
procedure constructed in Chapter 4.

PWM converters with two switches come with a particularly interesting property:
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voltage and current stresses on switches are the same for converters that share the same
conversion ratio |M(D)|. Moreover, the stresses can be found directly from the known
denominator of M(D) (Proposition 3.9).

2. Synthesis procedure for generation of complete classes of PWM converters:
The synthesis procedure constructed in Chapter 4 guarantees that complete classes of
converters that satisfy a set of prescribed requirements are generated. The procedure
is developed in detail and is executed via a computer program in order to generate
all second-order and fourth-order topologies. The input requirements include the DC
conversion ratio, continuous terminal currents, possible coupling of inductors and the
number of switches. In particular, the number of switches implemented as transistors
can be specified. Outputs of the procedure are complete converter networks that include
switches and switch implementations.

8. Generalization of a unified approach to analysis of converters derived from two-
switch PWM converters:
An immediate consequence of Proposition 3.9, given by Eq. (3.48), can be used to de-
vise a simple unified analysis method! for two-switch, PWM-derived converters. The
only prerequisite for application of the method is that the converter under study and a
two-switch PWM converter share the same DC network. Generality of the method is
fully utilized in the unified DC analysis of PWM converters in discontinuous modes (Sec-
tion 5.2), and in the unified DC analyses of various classes of Quasi-Resonant converters
(Chapters 7 through 11).

4. A systematic approach to synthesis and topological characterization of Quasi-
Resonant converters:
Synthesis of Quasi-Resonant converters in Chapter 6 is based on the proper definition
which, in this case, simply formalizes the fact that a Quasi-Resonant converter is a two-
switch PWM converter with added resonant elements. Thus, topological properties, DC
conversion properties and the unifying analysis method are carried over from well-known
and well-understood PWM converters into much less comprehended QR arena.

After all possible topological positions are examined, six classes (in dual pairs) of QR

1The relation (3.48) was conjectured and the analysis approach was first proposed in [20].
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converters with a single resonant capacitor and a single resonant inductor are uncovered,
two of which have not been identified before. QR converters with more than two resonant
elements can be generated recursively, by adding a resonant element to an existing QR
topology.

Most importantly, the synthesis method puts into order and properly defines all
known and newly uncovered QR topologies. The topological definitions of QR classes
are instrumental for the application of the unifying analysis method.

5. Results of tmmediate practical interest:

— Novel, single-transistor PWM converters are found with conversion ratios suitable
for applications requiring large step-down, large range of input voltages and/or large
range of output voltages. In particular, two single-transistor topologies with M (D) = D?
and three with |[M(D)| = D?/1 — D are uncovered.

— PWM converters generated by the synthesis procedure are compared with respect
to conduction losses on converter elements. The comparison tables can be utilized in the
process of selecting the most appropriate topology for a given application.

— Two new classes (named Quasi-PWM) of QR converters with two resonant elements
are uncovered. In Q-PWM converters, transistor turn-ON and diode turn-OFF are at
zero current, while transistor turn-OFF and diode turn-ON are at zero voltage. Control
at constant switching frequency is possible with a conventional (single-transistor, single-
diode) implementation of switches. A major deficiency of Q-PWM converters is that the
operating region in the operating mode with all zero-voltage/zero-current transitions is
very restricted. Q-PWM converters can also be viewed as PWM converters operating in
the discontinuous inductor current mode and the discontinuous capacitor voltage mode
simultaneously.

— Converters in all QR classes can be controlled at constant switching frequency if
both switches are controllable. For each QR class under study in Chapters 7 through 10,
this option is examined in detail. Converters with two controllable, current-bidirectional
switches in ZV-QSW and ZV-MR classes are particularly interesting since they exhibit
similar switch stresses as their single-transistor counterparts, but in addition to constant-

frequency control, they feature significantly extended operating regions in modes with all



210

zero-voltage transitions. Finally, it should be noted that if the technique of synchronous
rectification is used in order to reduce the conduction losses, additional benefits of having
a controllable rectifier in a QR converter come virtually without penalty.

— A number of new analytical and numerical results are derived for classes of QR
converters and operating modes of most practical interest. The results that can be used
for comprehensive comparison, selection and design of QR converters include DC char-
acteristics, boundaries of operating regions, switch stresses and a discussion of pertinent

design trade-offs.
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Appendix A
2L1C Converter Cells

A 2L1C converter cell is shown in Fig. A.1 as a three-terminal device. DC conversion
ratios for six possible input and output terminal designations are listed in Table A.1.

All converter cells with a single capacitor, two inductors and four switches are listed in

1— 2L1iC ceil —%

lo

Figure A.1: 2L1C converter cell

input 1-0 (2-0| 2-1 0-1 1-2 0-2
output 2-0(1-0] 0-1 2-1 0-2 1-2
conversion ratio | M(D) Kl‘%ﬁ)’ oy | 1— M(D) MMDD—l %

Table A.1: DC Conversion ratios for siz possible terminal designations of a converter

cell

Table A.2. The list is an output of the computer program that implements the synthesis
procedure described in Chapter 4. Entries in Table A.2 have the following format:

# $11k1—t252k2.5 p2 p1Po/ g2 4190 1O C . (A1)

Assuming that input is between terminals 1 and O, while output is between terminals 2

and 0, (f11k1,%¢272k2.8) is the pair used to represent positions of elements in the cell and

P(D) _ p2D*+p1D+ po

= A.
Q(D) ¢:D*+ @D+ q (A.2)

M(D) =

is the conversion ratio. Entries I and O denote continuous (c) or pulsating (p) input or

output current, while C denotes possible (y) or not possible (n) coupling of inductors.
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Appendix B
DC Analyses of Quasi-Resonant Converters:

Numerical Procedures

Numerical procedures used in DC analyses of Quasi-Resonant converters in Chapters
7, 9 and 10 are outlined in this appendix.

In most cases, the problem is reduced to solving an equation of the form n(§) = 0,
where n(€) is a continuous function of £, defined on some interval (&, £). If there exist
¢' and £" in (&, &) such that n(¢')n(€") < O, there is at least one &, € (¢, €") such
that n(&;) = 0. If £; is unique, it can be found numerically by the bisection method. In
each iteration, 7 is evaluated at £ = (¢' + £")/2, and then ¢’ or £" is set to £, depending
on the sign of n(£). Thus, the interval is halved in each iteration and the procedure is
terminated when the desired accuracy is achieved. The bisection method was chosen for

its simplicity of implementation and also since computational time was of no concern.

B.1 On-Resonant, Quasi-PWM Converters

Boundary Curves of the Operating Region for Mode I

Suppose that normalized switching frequency (f) is given. According to conditions

derived in Section 7.2.1, the operating region for mode I; is given by
my1(6) < m < myp(6), (B.1)

61 <6< bp2. (B.2)

Curves my; and my intersect at § = 653 < land at § = 83 > 1. For 651 = 6p2 = =1,
the operating region for mode I; shrinks to a single point. At that point all conditions of

Section 7.2.1 become equalities, so that corresponding frequency f* and the equivalent
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duty ratio m* follow from the results of DC analysis in Section 7.2,

4r
x
o= T3 ~ 1.1, (B.3)
3r+1
x
m' o= 3 0.84. (B.4)

At 6 = 6, conditions (7.32) and (7.34) become equalities. Together with results of DC

analysis, this implies that 6f; is a solution of

V1-62 6 1 V1-62
—-52—+arctan1—_——6—z—0p+g+———6—§—=0. (BS)

71(6) = © — arctan

11(6) is a monotonously decreasing function of §. Furthermore, since n;(§ — 0) — +o0

and 3(1) = 3r/2+1—- 0, <0, for f < f*, a unique §5; can be found by the bisection
method.

At & = by2, conditions (7.33) and (7.35) become equalities. It follows that §y; is a

solution of

2

+ arctan

1
6 5V62 -1

By comparison of 91(6) and n3(§), one finds that

—0,+6+6V62—1=0.  (BS6)

n2(6) = » — arctan

1
bpa = 5 (B.7)

For 6 € (641,1), mys1(6) and myy(6) are found from Egs. (7.24) and (7.30), using the
fact that conditions (7.32) and (7.34), respectively, become equalities. Since it can be

shown that mg;(6) = my1(1/6) and my2(8) = my2(1/6), boundary curves are computed
simultaneously for § € (1, §;3).

Switching Frequency for Maximum Load Range

For a given normalized frequency, f < f*, the available load range, 63/8; varies with
m. If f = const., the equivalent duty ratio for which the maximum load range is attained
is equal to the minimum of my,(6) over (6s1,8s2). Since mysy > myny for f' > f", the
converse is also true; i.e., the frequency f for which m = min(my;) is the frequency
that maximizes the load range for this particular m. Thus, the inverse of the optimum

frequency fs(m) is found as the minimum of my;, while the minimum and maximum
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loads are found as intersections of my;(6) with min(my;). In particular, the minimum
load, 6; < 1, is found from

mf1(5) - min(mfz) = 0, (B.8)

using the bisection method, while the maximum load, §; > 1, is equal to 1/6;.

B.2 Zero-Voltage, Quasi-Square-Wave Converters

Variable-Frequency Control: mode I;

The first step in computation of load-to-output characteristics for f = const. is to
determine the maximum equivalent duty ratio, mme; = m(6 = 0). 0 is set to O2min and
m is varied so that f(§ = 0) matches f. It is easy to verify that f(§ = 0) in Eq. (9.24) is
a monotone function of m. Furthermore, since f(6§ =0) - Oform — 1and f(6§=0)=1
for m = 0.5, equation

f(6=0—-f=0 (B.9)

can be solved for mym,,, by the bisection method for any given frequency f € (0,1).
Once myfma; is determined, m is swept from mpin = 0.5 to mysmaz. At each point, 65 is
adjusted so that the normalized frequency is kept constant. Again, the bisection method
is used to solve for 83, given m and f.

The starting point for computation of control-to-output characteristics for each § =
const. is m = 1, f = 0. Then, m is swept from 1 to 0.5, while at each point 6§ is
regarded as a function of #; and the bisection method is used to find 6, that results
in the predetermined load current §. Existence and uniqueness of the solution can be

established easily.

Constant-Frequency Control: Mode I,

Assume that the normalized switching frequency f = const. is given. The upper
part (for m > 0.5) of the maximum-load boundary curve for mode I3 coincides with the
f = const., load-to-output characteristic for mode I;. The lower part (for m < 0.5) is

symmetrical around m = 0.5.
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In order to compute a load-to-output characteristic for a given control D,, maximum,
Mumaz(D.), and minimum, My, (D,) are found as points on the boundary curves with
(61+62)/6, = D,. This is possible if D;y < D, < D.2, where D.; and D,z are maximum
and minimum control duty ratios on boundary curves. Then, my,2(D.), Mmin(D.) are
found using the bisection method with m as an independent variable along the boundary
curves.

Points on load to output characteristic are computed by sweeping m between the
limits. At each point, the minimum current, ¢}, and the maximum current, ¢4, are found
such that all conditions for operation in mode I, are satisfied for ¢}, < 13 < ¢}. Denote by
f2new(f2) a function that maps current i3 from the beginning of a cycle to current {2 at
the end of the cycle. For i3 € (14,¢%), the function is well defined by use of DC analysis

equations of Section 9.4. Using the bisection method, equation
1(i2) = fz2new(i2) —12 =0 (B.10)
can be solved for 12 provided that
n(i3)n(iz) < 0. (B.11)

Since m is between m,,;,, and My, all points are inside the operating regioﬁ for mode
I, and existence of a solution is guaranteed. Uniqueness follows from the fact that 5(13)
is 2 monotone function of 2. With known initial condition for 13, a steady-state solution
for all states and all #; follows directly from the DC analysis equations. Finally, § is
determined from Eq. (9.34).

For a control-to-output characteristic, limits for the equivalent duty ratio, mpn(6)
and My, (6), are found at intersections of boundary curves with a § = const. line.
This is possible if the maximum load for m = 0.5 is greater than the given 6. Since
Mmin(6) = 1 — Mpmaz(6), the solution for one intersection is sufficient and it is found
using the bisection method.

Points on control-to-output characteristics are computed by sweeping m from the
lower to the upper limit and by adjusting D. so that at each point the resulting load
current coincides with given 8. The bisection method is applied with D, as an indepen-

dent variable. The upper and lower limit for D, are determined as control duty ratios
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found at limiting points for m. At each value of m and D., a steady-state solution is
computed as described above in the case of load-to-output characteristics. Existence of
the solution is guaranteed by the fact that each point on the curve is in the operating

region of mode I,.

B.3 Zero-Voltage, Multi-Resonant Converters

OFF-OFF State: Numerical Solution

In general, the solution for the OFF-OFF state is the minimum angle variable 8* > 0
such that either vg(6*) = 0 or v;(6*) = 0, or both. Since v4(f — o0) — —o0, it follows
that 6* always exists. Except for particular values of initial conditions, it is not possible
to solve for §* analytically. A numerical procedure is described in this section.

Zero crossing of voltage v() (v; or vg) is necessarily between angles 6’ and 6”. Here,
9' is equal to zero, or it is a point where v(f) attains a local maximum, while 6" is a
point where v(0) attains its local minimum. Since dv;/d§ = ¢, and dvg/df = i, — §,
points where extrema are attained can be found as zeros of ¢,(§) =0 and ¢,() — 6§ = 0,
respectively. From Eq. (10.24), zeros can be found analytically for any set of initial
conditions.

Assume that, as explained above, two points closest to zero, #' and 6" are identified
such that

v(8')v(6") < 0. (B.12)

Then, equation v(f) = O can be solved by the bisection method and uniqueness of the
solution follows trivially.
It may happen that v;(8) = O cannot be solved. If this is the case, §* is the solution

of vg(8) = 0. Otherwise, 6* is assigned to smaller of the two solutions.

Variable-Frequency Control: Modes (I,1I);

Control-to-output DC characteristics for § = const. are computed by sweeping 6
from 02y, to a maximum value f2pmqz. Angle 2.y is determined as minimum 63 for

which all necessary conditions for operation in modes I; or II; are satisfied. 0; =
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02maz corresponds to the minimum frequency fmin(6) as discussed in the DC analysis
of Section 10.3. Both 03,,,; and 03, are found by applying the bisection method with
a criterion that is not a sign of the function but is a flag that indicates whether or
not all operating conditions are satisfied. Maximum frequency, fmaz(§), and minimum
frequency fmin(6), corresponding to 62 = 0z, and 02,4, are tabulated as functions
of 6. Moreover, equivalent duty ratios determined at limiting values of f; are used to
generate boundary curves my,;,(6) and my,,;(6) shown in Fig. 10.6.

Control-to-output characteristics are computed by sweeping 8, between 03,,;,, and
02maz in DC analysis equations.

Computation of load-to-output DC characteristics is more involved since frequency
f is a predetermined constant. Intersections of f = const. with tabulated functions
Smin(6) and fmaz(68) yield minimum, 8, (f), and maximum, 8mqz(f), load currents for
which operation in modes I; or II; is possible. If fmin(0) < f, 6min(f) = O, unless
fmaz(0) < f, so that operation at the given f is not at all possible. At each point
8 € (bmin(f),0maz(f)), frequency f is regarded as a function of independent variable
62. The bisection method is used to solve for §; that results in a frequency equal to
f. Finally, the equivalent duty ratio is calculated using Eq. (10.38) or Eq. (10.39), as

appropriate.

Constant-Frequency Control: Modes (I,I1,III),
Steady-State Solution

Suppose that f)arameters z, f, § and D, are given. The problem is to find a steady-
state solution for ¢,, v, vg, and ;. At the end of ON-ON state, the initial conditions for
voltages are known: v;; = 0, and vg; = 0, while ¢,; > O can be regarded as an independ-
ent variable. DC analysis equations of Section 10.4 can be used to find current s,; at
the end of the switching cycle. Denote by fy1pew(tr1) the function that maps current #,;
from the beginning of a cycle to current i,; at the end of the cycle. Function tripew (1r1)
is defined on interval (i},,¢",), assuming that necessary conditions for operation in mode

I, II; or III, are satisfied for each ¢,; € (¢};,1F;). Equation

’7("1'1) = ’.rlnew(irl) -4, =0 (B.13)
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can be solved for ¢,; by the bisection method, if n(¢};)n(i}s) < 0. Uniqueness of the
solution is confirmed for all sets of input parameters used to obtain the boundary curves
and DC characteristics of Section 10.4. However, uniqueness of the solution in general is
taken without proof. Once a steady-state solution for t,; is found, all other states and

the equivalent duty ratio follow from the results of the DC analysis in Section 10.4.

DC Characteristics

Control-to-output DC characteristics are found for given z, f and 6§ by varying D,
from D pmin t0 Depaz. For all D, within the limits, there exists a steady-state solution.
Load-to-output DC characteristics are computed for given z, f and D, by varying §
from zero to some maximum value §,,4z, where a steady-state solution ceases to exist.
Omaz and m computed at § = 8,4, define points on the boundary curves shown in

Fig. 10.9.

Constant-Frequency Control: Mode IV,

Suppose that z, f, § and D, are given, and consider current 1,4 as an independent
variable. Assume that for ¢,4 € (i4,1l,), conditions (10.77) necessary for operation in
mode IV, are satisfied. Denote by t,4new(tr4) the function that maps the current at the
beginning of a switching cycle to the current at the end of the switching cycle. It can
be verified that n(tfy4) = franecw(tra) — tr4, defined for ¢}, < ¢,4 < 47, is a monotonously
decreasing function of ¢,4. Therefore, assuming that ¢}, and ¢, can be found, n(i;4) =0

can be solved for 1,4, provided that

n(irg)n(ivs) <O. (B.14)

Once current ¢,4 in steady state is found, all states and the equivalent duty ratio follow
from the DC analysis of Section 10.4.4. DC characteristics are computed in the same

manner as for modes Iz, II; or I11;.
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