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5. High Energy Scattering and 

the Unbroken Symmetry of String Theory 

The effect of modifying the vacuum on high energy scattering of strings is ex­

amined. The fixed-angle asymptotic behavior depends sensitively upon the choice 

of string vacuum. However, the underlying high energy symmetries of string theory 

seem to be independent of vacuum modifications. 

5.1 Introduction 

String theory [1] is a unique candidate for the theory of quantum gravity. To 

understand the stringy nature of quantum gravity, there has been recent interest [2-

4] in string dynamics at energies far beyond the Planck scale. Diffractive scattering 

(s - 00, t = fixed) was studied in refs. [2] and [3] and it has been found that 

the dynamics exhibits an effective strong coupling physics. Thus, it is necessary to 

sum over contributions at every order in the string perturbation expansion. Fixed­

angle scattering has been studied in ref. [4] (s _ 00 , t _ 00, sft = fixed) and 

exact results of high energy scattering amplitudes were obtained to all orders in the 

string perturbation expansion. This result enabled Gross [5] to observe that in the 

ex' _ 00 limit there exist underlying symmetries of string theory that are not yet 

fully understood. A set of linear recursion relations was derived among scattering 

amplitudes involving different mass string states, which are exact to all orders of the 

string loop expansion in the limit ex' _ 00. 

String theories are usually analyzed in some specific vacuum such as the flat 

26- or IO-dimensional space-time with no other non-trivial field condensates. This 

is certainly not the unique vacuum of string theories. Recent efforts to compactify 

string theories either on a Calabi-Yau space or some other consistent conformal field 

theory provide more realistic vacua. Whatever the modified vacua may be, they 
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must be interpreted as different minima of the string field theory effective potential~ 

In analogy to point particle field theories, we may expect that symmetry break­

ing through modification of the vacuum depends only on long-distance (or, more 

properly, infrared) physics. It is not yet clear to what extent we can interpret com­

pactifications through a Kaluza-Klein type mechanism or conformal field theories 

as infrared physics of the underlying dynamics. If one temporarily accepts this to 

be the case, one may expect that ultraviolet (or short-distance) physics such as high 

energy scattering will not be directly affected by the details of a particular vacuum. 

M. B. Green [6] studied the above issue (in a somewhat different context) and his 

results suggest that, contrary to our expectations above, vacuum structure (infrared 

physics) and high-energy scattering (ultraviolet physics) are not disconnected at all. 

The high energy behavior around two different vacua are drastically different in 

the lowest non-trivial order of string loop perturbation expansion. Even though the 

results of ref. [2-4] imply that one must sum to all orders of the string loop expansion 

in order to get the correct high energy behavior of scattering amplitudes, Green's 

results suggest that one should re-examine the relation between vacuum structure 

and ultraviolet string dynamics such as in the high energy scattering discussed above. 

We will return to this issue later. 

In the next section we discuss general features of vacuum stability and string 

symmetry breaking. Next we study high-energy fixed-angle scattering of bosonic 

string tachyons. From this we will infer the relation between string vacua and high 

energy scattering behavior and draw our conclusions. For concreteness, we consider 

the model of open and closed bosonic strings only. For technical simplicity, we will 

concentrate only on the lowest non-trivial order corrections to high-energy fixed­

angle scattering amplitudes coming from the modification of vacuum structure. It 

would be interesting to also study the equally important higher order terms and 

extensions to superstring theories. In particular, we are interested in understanding 

the modification of the supersymmetric vacuum into a non-supersymmetric one. 

* Although this is not as straightforward in a theory that includes dynamical gravity as in a 
theory where the space-time geometry is rigid . 
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5.2 Vacuum Stability and String Symmetry Breaking 

In point particle field theory, the criterion of whether a candidate vacuum In) is 

a true vacuum or not is the stability of the effective potential around that vacuum 

In). We denote by <I>(x) a generic quantum field and r[<I>o(·)] an effective action of 

the given theory. Here, 

7. ( ) = (nl<l>(x)ln) 
0/0 x (0.10.) (5.2.1) 

is an averaged classical field configuration in the vacuum In). In order for In) to be 

a true vacuum, the effective action must satisfy 

[8r/8~]-_ - = o. 
¢J-¢Jn 

(5.2.2) 

If the L.H.S. is nonzero, one constructs a new corrected vacuum In') by adding 

tadpole insertions to cancel out the non-vanishing L.H.S. of eq. (5.2.2). In string 

theory, conventional vertex operators Va (x) correspond to small fluctuations around 

a given (flat, for instance) space-time background condensate. In principle, one 

may calculate a string effective action rst.[~o(·)] from some string field theory. The 

stability condition, eq. (5.2.2), amounts to saying that 

(nI8<1>(x)ln) = (nl<l>(x) - <1>10.) (5.2.3) 

= L9a (nWa(x)ln) 
a 

= o. 

In the second line, we have identified string field fluctuations with the vacuum average 

of linear combinations of vertex operators with couplings 9a ~ Therefore, vacuum 

stability is satisfied if 

for all a. (5.2.4) 

This is the first-quantized string notion of the condition eq. (5.2.2), and as such we 

may evaluate this one-point amplitude perturbatively in the string loop expansion. 

* A subtlety is that in general we must include contributions of auxiliary field vertex operators. 
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Then eq. (5.2.4) becomes 

where 

00 

L (Va)g . II:XE(g) = 0 
g=O 

(8)g = j(Dg.DX/M).8.e-SfIGt, 

Sflat = J d2(J'Jggab8aXI' . 8bXv . 'fJl'v· 

n g 

(5 .2.5) 

M denotes a symmetry group volume of the path integral, and appropriate powers 

of the string coupling constant II: are inserted in accordance with the requirements 

of factorizability and unitarity. XE = 2 - 29 is the Euler characteristic of the genus 

9 world-sheet. 

In open and closed bosonic string theory, eq. (5.2.5) is satisfied in the lowest order 

for closed string states on a sphere, S2, and for open string states on the boundary 

of a disc, D2, due to invariances of S2 and D2 under the projective symmetries 

SL(2,C) and SL(2, n), respectively. However, in the next orders of the string loop 

expansion, one-point amplitudes are not zero in general. Aside from the the subtlety 

required to define massive state asymptotic configurations, this is also the case for 

supersymmetric strings in general. The Fischler-Susskind mechanism [7] modifies 

the space-time structure of the vacuum, but, as we will discuss later, it is not the most 

general way to modify the vacuum. Actually, we will find that the Fischler-Susskind 

mechanism does not change the high-energy scattering behavior at all. 

A generic "stringy" symmetry breaking is induced by insertions of tadpoles of 

zero momentum. In the first quantization method, we cut a disc D2 out of the original 

world-sheet configuration and assign a string wave function around its boundary 

8 D2 = Sl. On 8 D2 = Sl, X I' ( (J'a) satisfies the Dirichlet boundary condition 

XI'( (J'a) I = Xl' (constant). 
8D2=Sl 

(5.2.6) 

Define T(X) to be the wave function of a zero momentum point-like string state 
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which is a superposition of point-like string states satisfying XI'(u, r) IX) = Xl' IX). 
T(X) can be thought of as the coupling of the point-like string state to the vacuum 

In) , so it is a tadpole amplitude. If the vacuum In) is shifted to In') via a tadpole 

amplitude T(X), 

0= L L KXE(g) • ga . <n'lvaln')g 
a 9 

= L L L K;XE(9) • [T(XW . ga . (n!Valn)g,t· (5.2.7) 
a 9 

Each term of the R.H.S. of eq. (5.2.7) is an amplitude corresponding to a genus 9 

Riemann surface with an insertion of the vertex operator Va and t insertions of the 

tadpole amplitude T(X). Accordingly, scattering amplitudes in the new vacuum are 

defined by 

N 

iA(Pb . .. ,PN) = (27r)D 8(D)(Pl + ... + PN)[IT (27r)D-l(2P?)]-1/2 
i=l 

. L L K;XE(9) [T(X)]t (VII (pI) ... VIN(PN ))g,t· (5.2.8) 
9 t 

In order for eq. (5.2.7) to be consistent with factorizability and unitarity, T(X) must 

be proportional to K~ ( There are N tachyons and t tadpole insertions so a general 

loop diagram is proportional to KN +t-2 K2g , and KN +t is absorbed into the vertex 

operators and tadpole amplitudes.) 

* Each puncture increases the Euler number of the surface by one unit. 
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5.3 High-Energy Fixed-Angle Scattering of Open Strings 

We will now explicitly calculate high-energy fixed-angle scattering in various 

vacuum configurations. In the end we will obtain an explicit answer for scattering 

N closed string tachyons in the modified vacuum in the high energy limit. Let us 

first consider the four open-string tachyon amplitude on the disc, which is the lowest 

order diagram. The well-known Veneziano amplitude with U(l) gauge group is 

_ r ( -~s - 1) r ( -~t - 1) r ( -~u - 1) 
r (~ + 2) r G + 2) r (~ + 2) 

ex (stu)-3 exp[ -(s log s + tlog t + u log u)] as lsi, Itl, lui -+ 00. (5.3.1) 

Modification of the tree level amplitude due to a tadpole insertion is described 

by an annulus diagram A2 with one Neumann boundary condition and one Dirichlet 

boundary condition. The Dirichlet boundary of the annulus takes a fixed value in 

the target D = 26 space-time, corresponding to the emission of a point-string state. 

The Neumann boundary corresponds to the freely moving ends of an open string. 

1 2 N 

= T(X) J dq [fib((q))] J IT d<Pi (}(<Pi - <Pi-I) 
o q 2 q ;=2 

(5.3.2) 

Our notations are as follows: the Neumann boundary of the annulus is fixed at unit 

radius, the Dirichlet boundary is at radius q, which ranges from 0 to 1, 'Y = log ( q) / i7r, 
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N is the number of tachyon vertices on the Neumann boundary, the ith tachyon vertex 

with momentum Pi is situated on the unit circle and labeled by angle 27rcPi, which 

may range from 0 to 211", D = 26 is the space-time dimension, (h, (h denote classical 

Jacobi theta functions, while h, 12, and 14 are 

00 

h(q) = ql/12 II (1 -In), 
n=1 

00 

(5.3.3) 
n=1 

00 

J4(q) = q-l/24 II (1- q2n-l) . 
n=1 

The high energy scattering limit ex' -+ 00 is controlled by q '" 1, as we will see, and, 

to this end, we make a Jacobi transformation of eq. (5.3.2). The result is 

(5.3.4) 

where w = exp(211"2)/log(q))"r' = -1/"cPi = -4>d,. It is convenient to introduce 

.. _ Jh((4>i - 4>j)/2I,'/2) 
G'J - -z O2 (( 4>i _ 4>j )/21,' /2) 

_ Vzi - VZ; 00 (1 - w n
/
2 [Jzi/Zj + JZj/Zi] + w n

) 

- Vzi + VZ; 11 (1 + w n / 2 [.;z:r;; + v0Tzi1 + w n ) , 

(5.3.5) 

where Zi = exp[27ri4>iJ. Note that the annulus has a rotational symmetry (only 

differences 4>i - 4>j appear), so we use this freedom to set 4>1 = O. Thus, the integral 
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in eq. (5.3.4) is now over the range w < ZN < ZN-l < ... < Zl - 1. We define 

variables 

for 2 ::5 i ::5 N 

and 

(5.3.6) 

Letting these new variables range from 0 to 1 automatically implements the angular 

orderings of vertex operators and makes the duality explicit. 

We will now study the fixed-angle high-energy limit of eq. (5.3.4). Define Sij = 

-Pi· pj and Si = -Pi· Pi+l where N + 1 is identified with 1. Treat particles 1,2 as 

incoming and the rest as outgoing, so the center of mass energy squared is s = Sl. 

The high energy scattering limit we are interested in is s -+ 00 and Sij = AijS -+ -00 

for i =f j and Sij =f s, where Aij are essentially the fixed-angles. We will compute the 

S -+ -00 limit and analytically continue to S -+ 00 to obtain physical amplitudes. 

Substituting eq. (5 .3.6) and eq. (5.3.5) in eq. (5.3.4), one finds that the amplitude is 

dominated by the end-point where all Ui -+ O. Saddle point evaluation of eq. (5.3.4) 

at this endpoint shows that eq. (5.3.4) is peaked only for i + 1 = j, 

N 

II[Gijfa·p;·Pi rv II[Gi,i+1]-2a· S;. (5.3.7) 
i<j i=l 

Note that N + 1 is identified with 1 in eq. (5.3.7) . Finally, eq. (5.3.4) becomes 

(VT(P1) . .. VT(PN )~en 

N 
(5.3.8) 

= T(X)[r(5j4)]N II(2a'S;)-5/4. 
i=l 

This is the N-point amplitude generalization of high energy (a' -+ 00 limit) 
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fixed angle scattering of the four-point amplitude. We note that eq. (5.3.8) has a 

power-law decrease different from the exponential decrease of conventional scattering 

amplitudes so that, when ci -+ 00, amplitudes with tadpole insertions dominate over 

those without the insertions. 

5.4 High-Energy Fixed-Angle Scattering of Closed Strings 

Similarly, one may consider the effect of tad poles on closed string tachyon N­

point amplitudes. Again it is necessary to examine carefully an annulus diagram 

with mixed Neumann and Dirichlet boundary conditions. 

The Green function is found to be 

(5.4.1) 

where 

The N -point closed string tachyon amplitude is, with Zl = real, 

(1Ir (p) ~ (p ))closed = T(X) J1 dq [!l(q)] [!I(q2)] 8N 
T 1 •.. T N A2 q !f(q) J4(q2) 

o 

(5.4.2) 

Using the Jacobi transformation, we parametrize vertex operator positions by 

so that 

G . . _ i81((vi - vj)/2ICT'/2)) 
'J - 82((vi - vj)/2ICT' /2)) 

(5.4.3) 



and 
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Vzi - VZ; 00 (1 - Wn
/

2 (Jzi/Zj + JZj/Zi) + Wn
) 

= Vzi + VZ; 11 (1 + w n / 2 ( JziTij + .;z;r;i) + w n ) 

Gi' = i(h((Vi - Vj)'/211'/2) 
1 02((Vi - Vj)' /211' /2) 

_ Vzi -.jZj 00 (1 - w n
/
2 (.jzi/Zj + .jZj/ Zi) + w n

) 

- Vzi +.jZj 11 (1 + w n / 2 (..fiJij + ~ + wn ) • 

(Note that (v') =j:. (v') since /' is an imaginary variable.) 

(5.4.4) 

(5.4.5) 

We now look for a saddle point of eq. (5.4.2). We find it convenient to make a 

change of variables 

so that 

/1i = (zi/Zi_l)1/2 

iii = (ii/ Zi_l)I/2 

for 2 ~ i ~ N, 

for 2 ~ i ~ N, 

/11 = .jW/ZN 

iiI = .jw/ zN = /11, 

-. _ . (/1i+l . /1i+2 .. . /1N/11) 
/1, - /11 - - - - . 

/1i+l . /1i+2 ... /1N/11 

(5.4.6) 

(5.4.7) 

A steepest descent saddle point is at /11, ... ,/1n --+ 0 , just as in the open string 

case. To see this, we keep terms only up to linear order in /1i and iii in the scattering 

amplitude, 

(Y- (p ) Y- (p ))closed "" T(X) Jl dq [If (q)] [it (q2)] 8N 
T 1 ... T N A2 q3 If(q) J4(q2) 

o 

N d2 N 

J II /1i 5/4 II - -a·S · 
. . l/1iI21/1il . IGj,j+1.Gj,j+11 J. 

1=1 1=1 

(5.4.8) 
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The last integral is approximated by 

N N J II d2Ilillld-3/4 II 1(1 + 21l;)(1 + 2iL;)I-a
·
S

,. 

i=1 ;=1 

(5.4.8) 

In the limit that 0:' Si -+ CX), we find that lJ.lil, ... , IJ.lN I -+ 0 is the saddle point while 

no saddle point exists in the angular directions. So we may integrate the angular 

variables directly over the range. The amplitude eq. (5.4.8) then becomes 

T(X) U J d2Ildllil-3/4 U exp[-2Re{lli+iLda' Si] = T(X)[r(5/4)]N A U[a'Si]-5/4 
I 1 I 

(5.4.9) 

where 

",/2 N 

A = J JI dOi[2Re(ei8i + ei8i+2iC8i+l+ .. +8N+81)]-5/4. 

-",/2 1=1 

This is the desired high-energy scattering amplitude formula. 

A striking feature of the result above is that the saddle point is such that all the 

vertex operators approach the Neumann boundary. This means that if we calculate 

mixed amplitudes with both open string tachyons and closed string tachyons, the 

high energy behavior is essentially the same as eq. (5.4.9), since the saddle point 

evaluation of the amplitude is again dominated by contributions coming from the 

Illi I -+ 0 limit in which the closed string vertex operators approach each other. More 

generally, had we considered scattering amplitudes with arbitrary combinations of 

open and closed string states (for example, a scattering process involving gauge 

bosons and dilatons), we would have gotten the same answer except for the details 

of the respective vertex operators. Therefore, at least to this order, the scattering 

amplitudes are recursively related in a similar manner to the results of closed bosonic 

string theory that Gross derived [4,5]. It is important to notice that our lowest 

order recursion relations are independent of the string tadpole amplitude T(X), and 

therefore the choice of vacuum. Of course we don't know whether this is true in 
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the next order or to all orders in general. But the lowest order result suggests that 

in the high energy limit open and closed string amplitudes have similar polynomial 

behavior. It would be worthwhile to explore whether this is the case even after we 

include higher order terms of the string loop expansion. 

5.5 Conclusion 

We will now address the issue of the relationship between high energy scatter­

ing and symmetry breaking. The sensitive dependence of high energy scattering 

amplitudes on the choice of vacuum that we have found means that the ultraviolet 

and infrared behaviors of string dynamics are not independent. The stringy tadpole 

is a singular mapping from 8D2 = 3 1 of the world-sheet to a single point X ll in 

space-time, and the non-locality of this mapping is perhaps the reason we find the 

non-exponential high-energy asymptotics of the scattering amplitudes in eq. (5.4.9). 

The stringy tadpoles considered in this paper are effectively static ( no momentum 

transfer) string condensates, so particles are expected to scatter with large-angle 

deflections. Following the procedures in the papers of D. Gross [4,5], we can find 

exact recursion relations among the scattering amplitudes in the case of symmetry 

breaking phase. It seems that we get exact recursion relations similar to those found 

by D. Gross even after the symmetry breaking. Thus, we learn truly high-energy 

dynamical information that is independent of the vacuum selected. The point is 

that, unlike point particle field theories, scattering amplitudes do depend upon the 

choice of vacuum. Different vacua are described by different tadpole amplitudes, and 

the prescription amounts to a modification of the · scalar field content of the string 

field expanded in mass levels. 

This conclusion may seem contradictory to the usual concepts of low energy ef­

fective Lagrangians of string theories. If the characteristic energy scale one focuses 

on is much less than that of the string tension, only mild fluctuations in the string 

field or, equivalently, massless mode dominance is expected, and we get low energy 

effective Lagrangians involving only massless modes (graviton, antisymmetric tensor 

field, dilaton and gauge bosons). If space-time is curved slightly (for instance through 
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the Fischler-Susskind mechanism [7]), do the above arguments mean that the tiny 

bit of difference in curvature makes high-energy scattering behavior drastically dif­

ferent? The answer to this is no. The important point is that the Fischler-Susskind 

mechanism is not the most general "stringy" symmetry breaking. It is possible to 

explicitly calculate N-point scattering amplitudes in a slightly curved background 

generated by the Fischler-Susskind mechanism, and the tadpole included there only 

shifts the dilaton field background. When one uses perturbation expansions in a 

curved space-time background, the high-energy scattering behavior in that back­

ground agrees with the scattering behavior in conventional flat space-time. This 

is what we would expect from low energy effective action concepts. The Fischler­

Susskind mechanism is still not fully stringy, because only the finite number of fields 

associated with the massless particles acquire vacuum expectation values. 

Our tadpoles are non-local on the world-sheet, hence really stringy, whereas the 

Fischler-Susskind tadpole is local on the world-sheet. As mentioned above, this non­

locality on the world-sheet is crucial to the drastically different high-energy scattering 

behavior. Whereas a point-like modification of the vacuum will not affect ultraviolet 

dynamics, a stringy modification (as in our case) results in a change in ultraviolet 

dynamics. 

Our explicit calculations suggest that the relations among high-energy asymp­

totic scattering amplitudes are independent of the choice of vacuum. (Gross notes 

in refs. [4, 5] that this is an unbroken phase of string theory, where all the particles 

are gauge fields.) This raises many related questions: Is there a low energy effec­

tive action description of string field theory when we modify the vacuum? Can we 

find a truly stringy four-dimensional vacuum of string theory? Does conformal field 

theory compactification allow a truly stringy solution such as monopoles or vortex 

configurations? Further research into these issues could help to acquire a deeper 

understanding of the vacuum structure of string theory. 
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Appendix 5.A Jacobi Theta Functions 

The four Jacobi theta functions, (h for k = 1 to 4, satisfy the heat equation 

(5.A.l) 

They are defined by 

00 

Ol(vlr) = i I: (_1tq(n-~)2 ei7r(2n-l)v 

n=-oo 
00 

= 2J(q2)qt simrv II (1 - 2q2ncos27rv + q4n), (5.A.2) 
n=l 

n=-oo 
00 

= 2J( q2)qt COS7rV II (1 + 2q2ncos27rv + q4n), (5.A.3) 
n=l 

n=-oo 
00 

= J(q2) II (1 + 2q2n-lCOs27rv + q4n-2), (5.A.4) 
n=l 

n=-oo 
00 

= J(q2)qt II (1 - 2q2n-lCOs27rv + In-2), (5.A.5) 
n=l 
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where 

(5.A.6) 

and 
00 

f(q2) = II (1 - q2n). (5.A.7) 
n=l 
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