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ABSTRACT

A unified theory of the the-rmo—mechanical behavior of
viscoelastic media is developed from studying the thermodynamics
of irreversible processes, and includes discussions of the general
equations of motion, crack propagation, variational principles, and
approximate methods of stress analysis.

The equations of motion in terms of generalized coordinates
and forces are derived for systems in the neighborhood of a stable
equilibrium state. They represent a modification of Biot's theory
in that they contain explicit temperature dependence, and a thermo-
dynamically consistent inclusion of the tiline-temperature super-
position principle for treating media with tempera_ture—dependent
viscosity coefficients. The stress-strain-temperature and energy
equations for viscoelastic solids follow immediately from the general
equations and, along with equilibrium and strain-displacement
relations, they form a complete set for the description of the thermo-
mechanical behavior of media with temperature-dependent viscosity.
In addition, an energy equation for crack propagation is derived and
examined briefly for its essential features by applying it to a specific
problem.

The thermodynamic equations of motion are then used to
deduce new variational principles for generalized coordinates and
forces, employing convolution-type functionals. Anticipating various
engineering applications, the formulation is phrased alternately in

terms of mechanical displacement, stresses, entropy displacement,



and temperature in thermally and mechanically linear solids. Some
special variational principles are also suggested for applications
wherein the nonlinear thermal effects of temperature dependent
viscosity and dissipation may be important.’

Building upon the basic variational formulation, it is next
shown that when these convolution functionals are Laplace-transformed
with respect to time, some convenient minimum principles result
which can be employed for the approximate calculation of transformed,

T vis coelastic responses. The characteristic time dependence of exact
and approxirﬁate solutions is then derived and used in relating error
in approximate viscoelastic solutions to error in the associated
elastic solutions.

The dissertation is concluded with a study of some approximate
methods of viscoelastic a.nalysis. First, the important problem
of inverting complicated Laplace transforms to physica.l“time-d_ependent
solutions is resolved by advancing two easily applied, approximate
methods of transform inversion. -These inversion methods and
variational principles are then used in some illustrative, numerical,

examples of stress and heat conduction analysis.
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PART I
GENERAL EQUATIONS OF IRREVERSIBLE THERMODYNAMICS

WITH APPLICATIONS TO THE THERMO-MECHANICAL
BEHAVIOR OF VISCOELASTIC SOLIDS

1.1. Introduction

The thermodynamics cf irreversible processes (TIP) has been
used by several workers to develop a macroscopic theory of linear ir-
reversible phenomena., Probably the most unified and elegant treat-
ment was presented by Biot (1, 2); we shall not attempt to iist many
of the other papers dealing With the subject, since a relatively com-
plete list can be found in reference Z. Biot derived the linear equations
governing a general, inhomogeneous, thermodynamic system which is
in the neighborhood of a stable equilibrium state. In addition, he
clearly illustrated their utility when he .used them in deriving the
stress-strain equations of an anisotropic, isothermal, viscoelastic
solid (1); presenting a unified treatment of thermoelastic damping (3);
studying the behavior of porous media (4); and deducing variational
principles (2,5). While Biot's emphasis has been on the mechanics
of solids, the general equations could also be applied to other irrever-
sible phenomena, such as reacting gases near an equilibrium composi-
tion.

One of the primary objectives of this dissertation is fo establish
the relation between temperature and deformations in viscoelastic media
by using TIP. As a motivation for the theoretical development which is
given in Part I, let us consider certain aspects of the theories proposed

by Biot and some other investigators which relate to the treatment of
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thermal effects. The initial Biot formulation (1) permitted the thermo-
dynamic system to have a non-uniform temperature distribution, but
temperature variationé were treated as hidden coordinates (i.e., the
temperature at the geometric boundary of the system was maintained
at a constant reference temperature). As a consequence, _for examiﬂe,
it was not possible to use the results to deduce viscoelastic stress-
strain equations with explicit temperature dependence., Later, Biot
generalized his theory to admit temperature variations at the boundary
(2) and arrived at an analogy between thermal and mechénical variables.
In particuiar, i“c was shown that a small excess temperature (actual
temperature fninus the ‘reference temperature) applied to the boundary
plays the role of a generalized force, while its conjugate coordinate

is entropy displacement (heat flow into the system divi&ed by the
reference temperature). However, in addition to the assumption that
the excess temperature is small, it is implicit in this analogy that
temperature rise due to the second order term in the energy equation
(Rayleigh Dissipation Function) must be neglected. Another res;trictive
as sumption which was introduced in his formulafion is that the viscous
properties of the system are independent Qf temperature. These as-
sumptions made By Biot are valid within the domain of a ‘Completely
linear theory; however, they are impract‘ical for some applications.
For example, if one were to use this analogy in deducing the coupled
thermo-mechanical equations for a viscoelastic solid, important effects
would be neglected, For, not only are the viscous properties of a vis-
coelastic solid usually ’very sens-itive to temperature, but transient

deformations maintained over a long enocugh time may produce a sig-
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nificant temperature rise as a result of dissipation.,

Recently, Hunter (6) and Chu (7) have dealt directly with the
derivation of the stress-strain-temperature equations and the associated
energy equation of isotropic, wviscoelastic solids. Even though they have
relaxed certain of the above mentioned assumptions on thermal effects,
the applicability of their results is restricted since all of the implica-
tions of TIP were not utilized. - For example, Hunter assumes that the
specific heat and thermal expansion coefficient are algebraic factors
rather than integral (or aifferential) operators, while Chu only con-
siders particulalrly simple stress-strain laws, In another paper
Eringen (8) also im;roduces some explicit thermal effects in a étudy of
more general systems, however he tacitly makes thé same assumptions
cited above in regard to Hunter’s work, and assumes fﬁrther that vis-
cosity is independent of temperature.

In Part I-A of this dissertation we shall use TIP as a means
of deriving equations of motion in terms of generalized coordinates and
forces, but proceed with the th'ermodynanﬁc formulation differently than
Biot and Eringen in order to: 1) obtain explicit temperature dependence
in the equations, 2) allow for temperature-l-dependent viscous properties,
and 3) include the ‘effec:t of dissipation on temperature (or heat flow).

The results will be arrived at by studying the behavior of a thermody-
namic system with a spacewise uniform temperature which is not neces-
sarily constant‘in time, rather than with an arbitrary temperature distri-
bution as permitted by Biot. It will be seen that the equations of motion
reduce to those derived Ey Biot when thermal effects are omitted. |

Following the derivation and solution of the equations governing
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the behavior of a thermally homogeneous system, we present an exposi-
tion of Biotfs linear thermodynamic theory (2); this presentation will
serve the dual purpose‘ of contrasting the features of his development
with ours and providing background information which will be needed

in Part II.

The second half of Part I is concerned primarily with using the
results obtained in the first half to deduce the stress-strain-tempera-
ture equations and energy equation of anisotropic viscoelasticity, This
objective is readily accomplished by interpreting a viscoélastic material
element as a closed thermodynamic system at a uniform temperature,
and then assoc.iating mechanical strains and stresses with the general-~
ized coordinates and forces. When these equations are combined with
the infinitesimal strain-displacement relations and equiiibrium equa-
tions, a complete set of field equations is obtained for the coupled
thermo-mechanical, small deformation behavior of viscoelastic solids.
The set is, in general, nonlinear due to the dissiPation function in the
energy equation and the assumed temperature dependent viscosity.

It should be emphasized that the relations between stress,
strain, and temperature are deduced directly from TIP, without intro-
ducing spring-dasﬁpot models in the development. However, it is shown
that for most practical cases all moduli, coefficients of expansion, and
specific heats are integral (or differential) operators which can be repre-
sented by the well-known mechanical models consisting of Maxwell ele-
ments in parallel or Voig]: elements in series. This analogy was pointed
out by Biot (2) for isothe‘rmal moduli, but the proof for the specific

heats and thermal expansion coefficients is believed to be new. Recent
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experimental work by Kovacs and others (9, p. 411) substantiates the
deduction for thermal expansion of several polymers.

The situation in which this Voigt or Maxwell representation is
not thermodynamically admissible occurs only when the temperature
is transient and the viscous properties of the material are such that
the time~temperature superposition principle (9, p. 209) is not obeyed.
In such a case, a mechanical model can still be used to represent the
behavior, however an array of springs and dashpots is needed which
is more genefal than the simple combinations of Maxwell and Voigt
elements, As a practical matter, however; it is known that the super-
position principle applies to most linear viscoelastic metals and non-
metals, and is also predicted by simple molecular models (9, p. 201;
10).

Providing the time-temperature superposition principle is ap-
plicable, there is another interesting implication of the thermodynamic
analysis. To be specific let us suppose that a relaxation modulus of a
giveﬁ material is found to obey this superposition principle, in which
the relation between time and temperature is given by a certain tem-
perature dependent "shift factor. ® Then the implication is that all
other mechanical and thermal propérties {moduli, thermal expansion
coefficients, heat capacities) which are associated with the same mole-
cular processes also obey this superposition principle and have the same
shift factor. It may be noted that experimental work by Kovacs, Marvin,
and others (9, p. 223 and p. 414) confirms this deduction for the bulk
and shear moduli and thé thermal expansion coefficients of some poly-

mers. Birefringence in polymers, of interest to photoelasticians, is
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another property which is expected to have .the same shift factor since,
just as stress-strain behavior, it is dire'ctly related to molecular con-
figurations (ll). For example, it is anticipated that the time-dependent
strain and stress optical coefficients reported by Theocaris and
Mylonas (12) for one temperature, have the same time-temperature
superposition behavior as the corresponding moduli.

To conclude Part I, we indicate how lTIP could be used to intro-
duce rate éffects into finite deformation and crack propagation prob-
lems. Equatiohs are-postulated which enable one to make a finite
deformation analysis providing the free energy function is 1<f10wn. In
addition, an energy equation for viscoelastic solids is proposed which
can bé used in predicting the propagation of a crack if its direction of
travel is known. The equation is examined briefly forvits essential

features when applied to a special problem.

A, GENERAL THEORY

1, 2. Derivation of the Thermodynamic Equations for Systems at

a Uniform Temperature

We consider now a thermodynamic system of unit mass which
has a prescribed, space-wise constant temperature. Its thermodynamic
state is assumed to be defined by n state variables q (generalized
coordinates), and by either temperature or internal energy. If the
system is not spacewise uniform except for temperature, the state is
defined by subdividing the system into cells sufficiently small that

properties can be considered as uniform in each cell; this can be done
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as long as it is not necessary to make the size of each cell comparable
with atomic dimensions. Extensive properties such as total entropy
and internal energy are evaluated by a summation of local values over
all cells. The coordinates q; are very general and can represent
such varied quantitieés as mechanical strains, molecular configurations
in a polymer, location of interstitial atoms in a metal, chemical com-
position of reacting gases, etc. A generalized force Qi’ conjugate

to the variable q;s is defined by the condition that Q.8q. is an incre-
ment of external work per unit volume done on the system.

While the equations of motion which are derived in this section
are quite general in that they are applicable to linear systems satisfy-
ing the above assumptions, we shall use them later only for deducing
the thermo~mechanical equations of a linear, anisotrc_)pic, viscoelastic
solid, For this specific situation, six of the coordinates q; G = Liswns )
are associateci with the six independent components of the infinitesimal
strain tensor, eij' The remaining (n-6) va riables q; (i=7,00.,n)
are used to represent "internal degrees of freedom, ¥ and are called
hidden coordinates. Hidden coordinates are defined by the condition
that their conjugate (externally applied) forces are always zero. The

Bmolecular configuration®

in a polymer is an important example of a
hidden coordinate. With q (i =1,00., 6) as the strains, eij’ the incre-~
ment of work done on an element of unit mass in a small change éSqi

is (13, p. 82)

-1 -1
PTQ;8q; = P oy bey, (1. 1)

where o"ij is a component of the stress tensor and p is the density.



.

Consequently, we shall later associate the generalized force Qi
{i=1,e..,6) with the six independent components of the stress tensor.
TIP will now be applied in order to obtain the equations govern-
ing the behavior of the system defined above as it passes through non-
equilibrium states, . “First, we must calculate the rate at which en-
tropy is produced as a result of irreversibility in orderrto apply
Onsager’s Principle, which will be stated later. This calculation
requires th‘at .the basic hypothesis of TIP be used (14); namely, the
entropy of a system which is sufficiently close to equilibrium can be
defined by classical thermodynamic variables, = ~Assuming that the
entropy of a system of unit mass, s, is an explicit function of internal
energy, u, and the generalized coordinates, 90 the change in entropy

Sfesjedie

is

b3
By equilibrium we will mean classical thermodynamic equilibrium,

which some authors prefer to call thermostatic equilibriums.

>i<>'cThe legitimacy of this hypothesis has been investigated by several
workers, For example, Prigogine (15) has used the kinetic theory of
gases to show that for transport processes, the domain of validity of
this assumption extends throughout the domain of validity of linear
phenomenological laws (Fourier?s law of heat conduction, Fick's law
for mass diffusion, etc.). In the case of chemical reactions, he has
shown that the reaction rates must be sufficiently slow so as not to
perturb the Maxwell equilibrium distribution of velocities of each com-
ponent to an appreciable extent; this excludes only reactions with ab-
normally low energy of activation, Thus, for most processes, the
assumption that the entropy can be defined by classical thermodynamic

variables is expected to be valid even quite far from equilibrium.
e €
“FUnless specified otherwise, we shall use the tensor notation that a

repeated index is to be summednout, €. g

ds _ N ds _
55 ) =dqi-2 (55 ) v
= i=1 LUy

u 4
Th

I

and ?
Qidq_lz / Qidqi
i=1 1



aflid

_ ( ©s ds \
ds = (-g'a') du + (é'aﬂ ) 1 dql (1. 2.)
q1 1°u,q

:
where q denotes all coordinates Quroeosdy with exception of q;e

From the First Law of Thermodynamics the increment of heat, dh,

added to the unit mass is
dh = du -~ P—lQi dqi (1. 3)

When dqi = 0 the incremental process is reversible and from the
Second Law of Thermodynamics Tds = dh, so that, using equations 1,2

and 1.3, we have
s
T(H-au) 21 (1. 4)

where T is the {instantaneous) absolute temperature of the system.

This permits the entropy change to be written as

Tds=du+T(a§-§)

i

r dqi (1. 5)
u, ql '

“which is Gibb®s equation in generalized form. It is convenient to de-

QR
%

fine the state function as

= p-ngR) =T (-g—g ) (1. 6)

4
14, qi

and call QiR) a reversible force., With this notation, equation 1.5

becomes

T ds = dua = p”ngR) dq, (1.7)

Imagine now that the system is immersed in a large heat reser-
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voir which has the same temperature as the system. Assuming that
the combined system consisting of the reservoir and actual system is

insulated, the entropy change of the reservoir is ds_ = = dh/T, Con-

R

sequently, the incremental entropy change of the total system, ds’, is

3

g
ds = ds +dsR= ds - -+ (1. 8a)

which is the entropy change due to irreversibility, This entropy change
is readily evaluated for the system under consideration by subtraction

of equation 1,3 from 1.7, to find

(R)

i

¥ 1

ds::pT

(Q. - Q) da; (1. 8Db)

i
which, when divided by the time increment dt, yields the desired ex-

pression for the rate at which entropy is produced,

o 1 .
5 = P_T Xi qi ‘. (1. 9a)
where
= (R) '
Xi— Q:.L - Qi (1. 9b)

-
4

" and the dot denotes. differentiation with respect to time, s is termed
the entropy production per unit mass and Xi the irreversible component
of force applied to the coordinate e This force may be viewed, for

Byviscosity® in the

example, as an internal force which arises from
system and resists the motion of ;e
The important principle of TIP is now introduced, namely

Onsager’s Principle, which can be stated as follows (14): If the entropy

production is written in the form
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§ =X. 4 . (1. 10)

n
and the forces X, are proportional to the "fluxes® q;, that is,

] 1 .
_Xi =bijqj 1=1,..,j.,n (1. 11)

then the matrix of coefficients bi*J is symmetric. Equation 1.1l can be
written in the notation of 1. 9 by setting

on 1 bFI’ 1 .
Xi = 5T X.l : i TPT bij ; (1.12)

so that we obtain the set of equations for the s

(R),

Qi= Qi +bij(T)qj; 1 = T B e v 50 (1.13)

with bi' = bji’ and the matrix bij may be a function of temperature.
Another property of the matrix bij is deduce& by applying a
corollary of the Second Law of Thermodynamics, which states that for

all possible processes (16)
§ ,
ds =0 c ‘ (1. 14)

Substitution of equations 1.13 into 1. 9 and using this property of the

¢
entropy change, ds , yields

= 2 > y
= =5 bij §5 = 0 for q,9; > 0 {1.15)
which implie's that bij is a positive semi-definite matrix.,” The equality
sign is needed in order to allow for reversible processes, e.g. elastic

deformation,
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Strictly speaking, linearity between fluxes and forces must be
introduced as an assumption, rather than as information given by
Onsager’s Principle. However, this linearity has been found to be
generally true for the thermodynamic systems sufficiently close to
equilibrium; indeed, most systems exhibit this property quite far from
equilibriurn.,=J< Of course, the ultimate justification of this assumption
and its domain of validity depend on the ability of the resulting eqﬁations
1. 13 to predict experimental observations,

A more useful form of these equations is obtained by using
definition 1, 6 to express Qi(R) as a function of q; and T, To do so,

we introduce the Helmholtz free energy, £, which is defined as
f=u- Ts 3 (1.16)

Substitution of f into equation 1,7 yields

df = - s dt + p-ngR) da, (1.17)
which implies
-5 = k—g—f,:-[‘> ’ (1. 183.)
qi '
p—lggR) - gf ) ; (1.18b)
) 9 /o q
et

Use of identity 1.18b permits equations 1,13 to be written as

“Chemical reactions and the mechanical behavior of metals appear to
be the only important exceptions, However, even in these cases
linearity exists when the systems are sufficiently close to equilibrium

((19, 10).
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' of ’ :
Ql = P(—a—q—>T, q"!' biJ(T)qJ H ‘1—1,2,...,1’1 (1.19)

which is a set of n equations of motion for the s under the action
of prescribed forces, Qi’ and temperature, which are not required to
be constant in time.

It should be emphasized that the set 1.19 is expected to be valid
for many systems which are not even close to equilibrium. ‘However,
through a coﬁsideration of the free enérgy we now wish to specialize
these equations to a general system which is in the neighborhood of a
reference state, defined as the state in which all forces Qi are zero,
the temperature is T'r, and the system is in thermodynamic equilibrium.
By expanding the free energy in a Taylor series and neglecting powers

higher than second order one obtains

2
1 -9 f
)G+( )q —(——————)q.q.
2 quaqj B
: Z
o f i
+0(ggpr) 9+ 7 ( ) 8 {20
i r
where 0= T - Tr; cii and f are arbitrarily taken as zero at the
reference state, denoted by the subscript r,
Some useful properties of the coefficients in the series 1, 20

will now be enumerated. First, it is observed from equations 1.19

that, by definition of the reference state,

of . o
—BE) =0; 1=1’2,ooo’n (1°21)

In addition, definition 1.16 and identity 1l.18a show that

N
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| . 2

 du - 8s B 9 f

(37 "T(BT) bl 2) (1.22)
T q _

and

- of
(-é—T = - SI‘ . (1:. 23)
T

in which (du /@ T)q is the specific heat at constant generalized co-
i
ordinates, cq, as seen from equation 1,3, Furthermore, within the

region of validity of expansion 1,20, the specific heat is a constant
given by
2
90 f
Cq = - TI’ (E,I,_Z ) (la 24)

If we also make the definitions,

i quaqj = ij ji

> {1.25)
0 ( o~f = - B
4 §T8qi - - i
the free energy expansion becomes
1 0 “q .2
f= - Sre +—275-;- aququ - F; qul - ZTr e (1. 26)

Further information about the free energy can be deduced by
first combining the energy equation 1.3, definition 1,16, and l.8a, to

find

df = = Tds'- s dT + p_lQidqi (1. 27)
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Under the assumption that a stable equilibrium state exists at the tem-
perature T _ (which is not necessarily equal to Tr) with all forces
e

zero, the constant temperature behavior of f is found in the neighbor-

hood of this state by integrating 1. 27 with dT =0,

: %4 A
f-f =T (s_-sh+ p7 Q. dq, (1. 28)
e e e L 1

qie

where the subscript e refers lto the equilibrium state. Consider

first the limit case of reversible processes (e.g., motion of an elastic
body) so that s; = s2 and the state function f is equal to the work done
in displacing the system from equilibrium., Mechanical stability re-
quires this work to be positive and therefore f is a minimum at the
equilibrium point. For the actual case in which processes are ir-
reversible, we can determine the nature of f by applying the classical
thermodynamic result (16) that the entropy of an isolated system is a
maximum at a stable equilibrium point. If the case is considered in
which Qi = 0, the system of interest and its reservoir make up an

3
isolated system; hence at equilibrium s is a maximum and l. 28 shows

T,

that f is a minimum. Thus, the equilibrium state is distinguished by

“When the reference state is defined such that the system is under forces
which are not all zero, it is necessary to work with the Gibb's free
energy, g. Ior example, in the case of a gas whose reference state
is at a pressure pg, the Gibb's free energy is

g=1f+p_v P (a)

where v is the specific volume. It is seen that this casts equation
1. 28 in the form

-1
QiP dqi (b)

H 4 . qi
g, = Te-(se" ') ok
e
where the force conjugate to q,, (= -v) is (p - p_)p. We see that g,
rather than f, is a minimum at the reference state.
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the conditions

of - B
'a—ql-) =0 i =2liseesn (1.29)

and for stability

2
(aq aq ) dq. qu 0; dg;dg; >0 (1. 30)

s
in which the derivatives in equations 1. 29 and 1. 30 are evaluated at
an equilibrium state that is not necessarily at the reference tempera-
ture Tr"‘ It should be observed that f retains this behavior even when
forces Qi are applied, since it is a function of state variables and
therefore does not depend explicitly on the external forces., " Also, we
have included the equality sign in 1,30 in order to allow for the condi-
tion of neutral stability (non-unique equilibrium state) with respect to
some configurations. It will be seen later that this inclusion leads to
steady flow under the action of timewise constant forces,

Substitution of expansion 1, 26 into equa‘;_ion 1. 29 for the equili-
brium condition yields an expression for the equilibrium configuration,

Q.o thus

aijqje = S[Si | (1. 31

Also, inequality 1. 30 requires for stability at the equilibrium state
= .
aijdqidqj = 0; dqidqi >0 (1.32)

which implies that aij 'is a positive semi-definite matrix,
Let us now substitute the free energy expansion 1, 26 into

equations 1.19, thus deriving linear equations of motion for the system
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when subjected to mechanical and thermal perturbations:
aijqj +bij(T)qj = Qi + Bie; p T 1 S, (1. 33)

where a.. = a..,
ji

o
1) 1]

nite, It is important to observe that aij is constant, but the matrix

= bji’ and these matrices are positive semi-defi-

bij’ which represents the ¥

viscosity® in the system, can be a strong
function of temperature, and therefore time-dependent when the tem-
perature is tfansient. These equations reduce to those derived by
Biot (1) if the temperature is fixed at its reference value, © = 0,

Thus, it is observed that two of the three objectives stated in
the introduction have been accomplished; that is 1) the equations of
motion 1, 33 contain explicit temperature dependence, and 2) the viscous
properties are permitted to be temperature dependent.. The third ob-
jective, which is to bring in the effect of dissipation on temperature .

(or heat flow), is reached in section 1.4 in a study of the energy equa-

tion,.

1, 3. Solution of the Equations

The basic thermodynamic equations 1,33 will now be solved to
obtain q; as an explicit function of the thermal and mechanical loading.
A standard, convenient method of solving these equations involves the
determination of a transformation which simultaneously diagonalizes
aij and bij (i. €« , uncouples the equations of motion). It is well-
known that this fransformation can always be found when the matrices
are independent of time. (18), which is the case for our equations if
either bij is independent of temperature or the temperature is

constant in time. However, it is not actually necessary that the matrix
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b.lj be constant, but only that each element be proportional to the same
function of time; this follows from the fact that a change of time vari-

able can be made which reduces the differential equations 1. 33 to ones

with constant coefficients. Namely, if

: 3
by; = F(T)by; (1. 34)

0
where bij is independent of temperature, we can define a "reduced

¢
time® variable t by
7 :
at = St (1. 35a)
F[ T{t)]
or :
: . du
£ S\ . ' (1. 35b)
0 F[ T{(u)]

which casts equations 1. 33 in the form
dq

! -
§95.F by, E?Q- = Q. +p,0 (1, 36)
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In the remainder of Part I it will be assumed that 1. 34 is appli-
cable in order that the solutions, which are derived by diagonaliiation,
will be valid under transient temperature conditions, Further, as a
matter of convention, we shall assume that F(T) > 0,*
The details of solving equations l. 36 will not be given since the
results c‘an be written down simply by analogy with Biot's solutions (1).

Thus, we deduce that the solution of equations 1. 36, in operational

notation, is

“It will be seen later that F(T) is equal to the well-known polymer
shift factor, a (17). 'Since the use of a reduces the time and tem-
perature into one variable, t, this reduction is often called the time-
temperature superposition principle. :
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o ..
qi=Siij +ai 0; Igd = 1y By wnma B , (1. 37a)
Wher.e*_
cis) i <
S.. = Z 13 NS S (1, 37b)
J I TSFp Fp
(s)
ci8lp,
al Ev ) {1..37¢)

1
<~ 1+7 Fp

“This operational notation is purely formal, and can be defined by means
of the solutions of first order differential equations. For example, if
in equation 1, 37b we set

c(S Q, (t)
(s) _ :
o e A (a)
1+ TSFp '
then the first-order differential equation is
dq.(s)

qi(s) + ’r;F —_— = C(S)_Q(jt) , (b)

which has the solution

.t
Tr}T (Jorrten 2 (§, rritar)

0 = = : § % clEq (v v |avic
' 0

v B R Tl (o °

where the Cs are constants to be determined from initial conditions
(CS= 0 if the system is undisturbed at t=0), Thus the operational
form {a) is to be 1nterpreted as the 1ntegra1 operator in (c), Similarly,

C..Q;';(t) t C Q(v)ﬂv
7o - ), FrTer *C e

A second interpretation can be made in terms of the Laplace (or
Fourier) transform. If we denote the reduced-time transform of a
function, y(t%), as

(o0] i 0 i "
Fph = | e yteha | (e)

where the symbol p represents the transform parameter, then S..
and o.i‘ (with Fp replaced by p ) are transfer functions relatlng']
transformed forces, ., and temperature, 6, to transformed generalized
coordinates q.. In view of the generality and simplicity embodied in
the operationai notation in 1, 37, we shall use it throughout this disser-
tation.
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and
dt

The summation B‘ is extended to all distinct, finite, roots, Tgo of

ot S .
the vanishing determinant,

, .
[aij - = bij {=0 (1. 38)

Also, since the implied summation in equation 1, 37a extends over all
non-zero forces, the operator Sij‘ relates each coordinate to the forces
applied to (k) observed coordinates, with the number of hidden co-
ordinates being (n-k) However, the operational coefficient of thermal
expansion, as, defined in equation 1, 37c contains; a summation over
all indices j =1;2;000, N |

Some important properties of the coefficients in equations 1,37
follow from the symmetry and positive semi-definite character of the
matrices aij and b;j. It can be shown that

ngs) . cjff) i Cy=Cy ‘ - (1. 39)

and that these matrices are independent of temperature and are positive
semi-definite. In view of 1,39, Sij ‘is symmetric. Furthermore, the
constants 'r; (which we ShE;ll]. call retardation times in analogy with
their significance in the stress-strain equations of polymers) are real
and nqn-negativeo A zero retardatiqn time occurs when kb:J[ =0,
which corresponds to a reversible process (e.g. elastic deformation).

The coeffici ents cij correspondr to an infinite ;r'etardation time,
which occurs when laijl = 0. It is seen from equation 1,37b that the .

existence of Cij leads to steady-flow (coordinates which increase
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linearly with time) under the action of constant forces. Also it can be
shown from the equilibrium condition 1. 31 that such ste:?ldy—flow terms
do not occur in the operational coefficient of expansion, o.;).

We would now like to invert solution 1,37 and express the
applied forces in terms of observed coordinates and temperature.
This inversion is most easily done by returning to the original equations

1,36, which can be represented in matrix form as

r 10 N B ¥
1?11‘—‘ Mk J?1,1<+1‘ T *T*ln %G Qt B0
L | 1 |
1 \ .
Sy et S | By fg ~o e Brnl | « e Qt By o
Bl % S P 11®
L
1 | ‘l |
l l = :
J| ' 1 M [ \
| . | {
- - l
! o ‘ !
An, 1 - | gn ' F-z'ne
L | - N L i L |
(1. 40)

: t
where Aij = aij + pr;.j with Fp = d/dt » and the coordinates
£

matrix relating the (n-k) hidden coordinates to k observed coordi-

& o are hidden, The subsystem M 1is a symmetric square
k+l n y ¥ 4

nates and temperature. This submatrix can always be diagonalized,
in accordance with the previous discussion, and therefore we can as-
sume that the hidden variables gs, s =kt+l,.4.;n, are the normal

coordinates associated with the matrix M, which becomes

M = A (1. 41)
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?
The elements of M are AS = ag + prs. The non-negative character

of free energy and entropy production requires (assuming F(T) > 0):
a =0; b =0 {1.42)

Whenever &, = 0 or b; = 0, certain coefficients in 1.40 must
vanish in order to satisfy this non-negative requirement on free energy
at constant temperature and entropy production, This condition on the
coefficents can be seen by writing these functions with the diagonal

submatrix; from equation 1. 26 we have for 0 = 0,

k n
Fu i ? zy y +) agct=0  (1.43)
-231_ L 1_]1_] iy ISIS £, Tetal °
ij=1 i=1 s=k+l s=k+1

and from equation 1,15,

k , %& = -
o&"_ ¥ 6 o \ ? g S\ nz
s*Tprz BogHads + & 2" 2 blslsi-ubgs =0 (l.44)
ij=1 i=1 s=k+1 aTe-i]

where the summation signs are now used 'in order to distinguish be-
tween summation over hidden and observed coordinates, If b: is
‘zero, then all coefficients b;s corresponding to this (s) value must
also be zero as a result of this non-negative character of entropy pro-
duction, | Similarly, if an a vanishes, then all corresponding coef-
ficients a,  must also vanish, In addition, a; = 0 implies from
the equilibrium condition- 1, 31 that the corresponding thermal coeffi-
cient Bs must be zero,

With these points in mind, we can use 1,40 to solve for the
normal coordinates §S in terms of the observed coordinates and

temperature; these expressions are then substituted into the first (k)
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equations in 1. 40 to obtain the external forces as explicit functions
of observed coordinates and tempe rature.

This procedure leads to
the following result:

. |
= . = :
Q=) Tya -6 =l (1. 452)
=

where

(1. 45Db)
Fp +—
pS
= FpBES)
Mg = Z — *3B » (1. 45¢)
o Fp &g
pS
with the definitions
Di(‘].s)-;— ¢§s)¢§3) (1. 454)
D.. = a, -z li 2] (1. 45¢e)
j j S
S ’
i  §
P e PisPas
D,.=b,. - = (1. 451)
S S ¥
b?
{s) 2is is 1/2
Y Tr T T @ (1.45g)
= al £ b - ,
S S
b!
a %
B!s) - lei - - == J (1. 45h)
s b
S
. SBS
B, =P —? - . (1.454)
1 1, /s, a -
S
s 5
H b‘a
. B e
Ps © 3
S

(1. 455)
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where s is not summed unless indicated, and we have the symmetry
property

Ty;= Ty . : | (1. 46)

The matrices corhposing Tij are positive semi-definite, It is clear
from the definition 1, 45d that this property is true for D(;)., The non-
negativeness of the matrix Dij is shown‘by setting 6 = 0 and changing
qj very slowly. The work done in this process must be non-negative,

ic eeg
q. '
g ' Qdq, = $D.aq =0 ° (L. 47)
.

frornlwhich it follows that Dij' is non-negative, Similar'ly, fzhe power
input - Qicii must be non-negative for high rates of change of q;;
therefore Dizj has this same property.

The constant p;, defined in 1. 45j, is called the relaxation time
associated with the sth hidden normal coordinate. These constants
play a role which is similar to that of the retardation times 'T; ;
however, 'r: and p: are generally not equal since the latter repre-

4 ¢
sents the eigenvalues of the submatrix M while the quantities T

are eigenvalues of the entire (n x n) matrices.

l.4., The Energy Equation

In this section we first derive the energy equation in terms of
temperature and observed generalized coordinates. The coordinates
are then replaced by generalized forces by using results from the pre-
vious section. It will b‘e seen that by expressing the energy equation as

a function of observed variables, we are led to the concept of opera-
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tional specific heats. We further show that when the energy equation is
linearized, the total heat added to the element and the femperature
perturbation act essentially as conjugate coordinate and forc;e, re-
spectively,

Let us rewrite the energy equation 1.3 by assuming that the

internal energy is a function of (n) generalized coordinates and tem-

perature: i
dh= ¢ dT +| (au - ola, |aq (1. 48)
q bq. / T i i °
17T, q;
where
_ { du
cq = (a—T)q | (1. 49)

Making this same modification of equation 1,7 yields

- _ { Bu dT 1 du
ds = ﬁ)q 'T‘+T[ _qu>

3

- p'ngR) }dqi (1. 50)
T’ ql

Since the entropy is a state function we can write

3 .
1 87u  _ 8 |1 ,0u _.-1.(R)
T 3q8T ~ BT {“’I“' ( 8q,” P %4 )J (1. 51)
and obtain,
Su (R) o1 (R)
ﬁ-_p,Q*'T_(p Q ) =P (R - Q) (1. 52)

14
Use of identity 1,18b, expansion 1, 26 for the free energy, and equation

1.13 from Onsager?®s principle casts 1.52 in the form

du w1, _ ~1 -1 o
3q, " ° e T (. 33)
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If this equation is substituted into the energy equation 1.48 and we

divide by dt and p;l we find
H = qu + Tﬁiqi - 2D (1. 54)

where it was convenient to introduce the Rayleigh Dissipation Function

defined as

I

¥ L

b.. 9.9 . ; : _ (1. 55)

D :
1 17]

and capital letters are used to denote quantites per unit volume of the

reference state, i, e.,

o . i -1 (1. 56)

il
-
gl
O
il
-
¢}

It is seen from equation 1.15 that D is proportional to the éntropy

production per unit volume,
1 o I I .
D= > TS ' {l.57)

Equation 1. 54 can be written in terms of the reduced time, t?,

by multiplying it by - F, thus

FpH = cc'lee + TP, Fpq, - 2FD (1. 58a)
or, explicitly
dq. 1 dq. dq.
dH do i i
_r=cq—=+T{5i—z——bij—T—1'L (1. 58b)
dt dt dt - dt dt

Let us now eliminate the hidden coordinates from'l. 58 by writing
them in terms of observed coordinates and temperature by’ using the

last (n-k) equations of 1,40, With normal coordinates és for hidden
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variables we find

k 2,
I(F')—l N O s _Es_/_l?i-;-z—tpe (1. 59)
¥ P TPy = 7/, BiFPy E,F il 9 °
i p+
i=1 s ; pw.

s
where B? is the thermal expansion operator defined in equation 1,45c,
and

(1. 60)

-@N
Il
g

ot
S

in which the summation is extended over all values of s corresponding

to zero relaxation times, - Substitution of 1, 59 into 1. 58a yields

y 2
P Bs/.bs
FpH = | C_+ T+ T ) ——— |Fpo
4 s Fp & —
pS
k )
+ TZ s?qui ~ ZFD ’ (1. 61)
i=1

D can also be expressed as a function of observed coordinates and
temperatﬁ‘re by using equation 1.40. It is interesting to observe that
if we neglect the second order dissipatibn function D and assume
G/Tr << 1, the operational coefficient operating on p6 defines an

operational specific heat for fixed observed coordinates, i.e.,

.0 §H
C = (..___
66 :

. qi(]-:}-a IR RE] k) > .
: 1
) B, /by
— T
T FPt=y

Ps

_ 2
=C_+T B“+T_ (1. 62)

q

‘The symbol 6 is used since this specific heat is not an exact differ-

ential. All coefficients in this operational specific heat are non-
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negative since a = 0 and b; = 0.

The energy equation can also be eritten in terms of applied
forces in place of observed coordinates, This is easily done by using
lequations 1. 37 in order to replace all of the generalized coordinates

appearing in equation 1, 58a. Carrying out the substitution, we find
 k .
) o
FpH = [Cq+Tf31a1]FpG + TZ (Li Fin— 2FD (1. 63)

i=1
where cr.? is defined in equation 1.37c. Again, by neglecting the dissi-
pation function and setting T = Tr’ an operational specific heat at

constant applied forces is obtained,

. (s)
6H o
cl= _-) =C +7T Ba’=C_+T y ¥ (1. 64)
Q (66 Qi 'q rFiti q r/_; l+'r;Fp

‘where y(s) = Biﬁjci(jS)' CS

1. 62, and the coefficients are non-negative since ngs) is positive semi-

has the same form as the specific heat

definite, i, e;. .

o 1 ﬁiﬁjcg’? =0 - (1. 65)

It is of interest to invert equatior;s l. 61 and 1. 63 so as to obtain
temperature difference, 0, as a function df heat flow and observed
variables. This step is easily carried out by anaiogy with the solu-
tions in section 1.3, if, in equation 1. 54 we neglect D and evaluate
T at the reference yalue, Tr" Under.the assumption that this lineari-
zation is valid, integration yields
T v g
0= EHq_ -,-C;; Zl B,a; ' (L. 66)

Upon - substitution of this expression into the general equations 1.33
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there results

T

r o
[aij+ ‘C_q 61‘33] qj + bijqj = Qi + Bi 2

o|m

s i=1,2,00.,n (1. 67)

The matrix Tr /Cq[ Biﬁj] is symmetric and non-negative, so that 1, 67
has the same properties as the original equations 1.33. As a conse-
quence, all of the results of section 1.3 are applicable if we replace

T
i . .
@ by I—I/Cq and aij by ai.-f- E—q; Biﬁj. It may be noted in this regard

J
that by letting H = 0, the adiabatic operators are obtained,
Thus, in analogy with equation 1. 59 we find
k \ 2 0
o B ol b
_ o) sH’ "sH 2 H
P = /, P4 ¥ [E — 1 BH] = 5

i=1

where the subscri.pt (H) denotes the coefficients associated with the
new set of hidden normal coordinates. These coefficients are not the
same as in 1. 59 since the hidden coordinates must now be chosen such
that they are normal with respect to the matrices in equations 1. 67,

Substitution of equation 1. 68 into 1. 66 yields

qu =H - T_B;q;
2

ﬁsH
BSZH sH - H
= [(Cq— TTS )+Tr-y(F 7 )]C‘“
"; sH - EJ P q

ps.I—I
k , , .
. Trz ﬁi‘;{ a (1. 69)

where the summation Z is extended ‘over all values of ‘s (k+l = s = n)

S
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for which  a_,.# 0. The term (qu T, Z BSH/aSH) is positive since
-8

a low rate of heat addition, with qi =0 (i=1,.00,k), must produce a
temperature rise. Therefore all coefficients appearing in the operator
on I—I/C‘.cl are positive, A similar result is obtained when the observed
coordinates are replaced by the applied forces.

It is interesting to note that the operator on H/Cq has the
same positive property and form as the_diagonal operators Tii
appearing in equations 1. 45 (except for the matrix D:j)" In this regard
the heat added to the element plays the role of 2 ®coordinate® whose

" is the temperature perturbation 6. This same

conjugate "force
property exists in connection with the linearized energy equation

1. 63 in integrated form,

k
_[C +T Ll+~er 1o +T Z (1. 70)

Comparison of this expression with 1. 37 shows that temperafure again
appears as a force, with heat added as the conjugate coordinate
(except for the matrix Cij)i, We can therefore write 1, 37 in the general

form
q; = 7 S..Q.; i=1,2,0..,00H fl. 1)
od

and its inve“rse 1.45 (with 0 replaced by’ H/CCl in accordance with

equation 1. 67) as

Q. =Y T.. q. ; i=1,2,..., k4 (1.72)
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where temperature is included as one of thé forces, and heat added
as its conjugate coordinate. From different considerations, Biot (2)
observed a similar role of the thermal vai‘iables for systems with é'
non-uniform temperature, However, it must be emphasized that this
is not true unleés 8/T << 1 and the effect of dissipation on tempera-
ture is negligible, i, e., when the energy equation is linearized. In
addition, even with this linearization, the analogy is not corﬁplete
because of the existence of the matrices D;. and Cij in equationé

l. 45b and 1.37b, respectively.

ls. 5 Mechanical Models

Biot (2) has pointed out that the bperational equations 1. 37 and
1. 45 for the isothermal case (B = 0) can be represented by mechanical
models consisting of Voigt elements in series (Kelvin model, figure
1. 1) and Maxwell elements in >parallel (Wiechert model, figure 1. 2),
respectively. We shall now show that by making an intuitivé modifi-
cation of these models, they can also be used to represent non-iso-
thermal behavior. Also, it will be seen that the operational specific
heats, for example, have these same mechanical analogs. .

Consider first the series arrangement of Voigt elements, each
consisting of a spring and dashpot, as shown in figure 1.1. The vis-
cosity of each dashpot is denoted by Ty and the compliance of the cor-
responding spring is ks.

It is assumed that each spring extends linearly with tempera-
ture in the absence of force so that the force-displacement law for the

th ; ;
s spring is
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Figure 1.1, Kelvin Model
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Figure 1. 2, Wiechert Model
q a "
s S.
Qs = E—_E—e | ‘ : (1. 73)
k s s

where QS  is the force in the sth spring and 9. is the correspond-
k
ing displacement., Also, the force in the sth .dashpot is

s
T

Q. =m.Fpa, (1.74)
where we assume that n; is a constant while F(T) is the témperature
dependence. Using the assumption that the total force (Q = st-i- QS )
in each Voigt element is the same, and that the total displacement ofpq
the model is q = z Qs we derive, operationally, the force-displace-
ment—temperaturesequation: | |

k a
q=[y B }Q+[7‘+Je (1.75)
£ L LeriEp

— -
1+’rS.Fp n Fp
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where the retardation time has been defined as T; =T k.. This result

A

e ow

is identical in form with equation 1. 37, which verifies the model repre-
sentation if we let q(t) be an observed generalized coordinate and
Q(t) be a generalized force. The correspondence between coefficients

is obvious,

(. 76}

C.(.S)='k ; C..:-L- i Cgis){:'i.=o.
ij s ij ’1" 15 T s

It is also observed that we can think of the thermal expansion operator,

' a
= S SS9 ‘ (1.77)
"‘SJ 1+’rSFp

a ,

and specific heats 1, 62 and 1, 64 as being represented by their own
Kelvin model (but without a free dashpot 7nf) for which 6 is the applied
force.

In view of the remarks made previously about the coefficients
in equation 1. 37, compliances, ks, and viécosi‘cies, ni, correspond-
ing to diagonal components, i, e. Cii and Cgis), are positive, How-
ever, this property is not required by; thermodynamics for the off-
diagonal operators,

The force-displacement—temperature equation associated with
the Wiechert model shown in figure 1. 2 can be derived in a similar
fashion, Denoting the modulus of the- sth “spring by m_, the viscosity
by F‘q;, and the coefficient of thermal expaﬁsion by a_, we obtain

the following relations:
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i ! _ ns
b = ms[ 1 - asG] L Ps™ m_
m M s
Q=49 , *ag (1.78)
m n
and
Q= Z Q
s
s
where qq and q, are the displacements in the sth spring and
m n

dashpot, respectively. The expressions 1,78 combine to yield

™ m_Fp m_a_Fp
t 8 5 8
Q=|m_+mnFp + —_———— |g -lm a + _ |8
e 1 e 1
~ Fp +— 8 Fpt—
Ps Ps

(1. 79)
This equation has the same form as the general operational expression
- 1.45; consequently, as before, a formal c‘:orrespovndence between model
parameters and thermodynamic derivatives can be made. In addition,
thermodynamics requires that the spring moduli be positive only
when they are associated with a model representing a diagonal term
of the matrix Tij' Furthermore, the operator |

o_ 7 N B
B = meCL ¥ £, —-—-——Fp +_1— (1.:80)
[

p

s
I
can be represented by its own model but without the dashpot (n ).
It can be noted in passing that if all expansion coefficients are

equal, i.e. a = a, and 1‘]‘ = 0, then équa.tion 1. 79 becomes

i:m +Z Fm ki }{:q-ae]  (1.8))

P+—r
g

=
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With Q = 0, the strain is simply proportional to temperature change,
The assumption of equal expansion coefficients would appear to be
physically reasonable for isotropic viscoelastic solids, for example,
However, the beha\}ior resulting from such an assumption contradicts
experimental findings, at least for polymers near the glass transiti§n
temperature {9).

As a final remark, it is clear from the figures that if the
Kelvin and Wiechert models are used to represent the same system,
they must exhibit the same basic behavior, For example, if steady
flow and instantaneous deformation occur in a viscoelastic solid, then
the Kelvin model must have a free spring and dashpot. The operator
equation becomes

ks 1 a
qz{:y —-_ﬂ——— +‘k0+ : :lQ+ [CLO +z ——?i—-—:} §] (1,82)
“;" 147 Fp n Fp > lér Ep

where ko and a, correspond to the free spring for which 'r:j = 0,
z
The equivalent Wiechert model must be such that m = 0 and n =0,

which casts the inverse operator equation in the form

m_Fp m_a_Fp
Qn[7 o : ]q-[z B e Sl ]e {1, 83)
‘ ~ Fp+-— Fp +—
S i S ?
pS pS

1. 6, Generalization to Systems with Non-Uniform Temperature

We shall now derive the linearized equations for a closed
thermodynamic system whose temperature may now vary from point
to point, This section therefore is an exposition of Biot¥s thermodynamic

theory {2).
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It is assumed that the system is in the neighborhood of a stable
equilibrium point, so that its thermodynamic state is completely de-
fined by n wvariables ;e As before, these coordinates are very
general, but we shall now include local temperatures {(and later heat
flow) in this set of variables., In addition, generalized forces Qi
are defined somewhat differently than before, in that Qiﬁqi is to
represent total work, rather than work per unit volume. The system
is to be divided into cells in order to specify its state if it is not
uniform, It is clear that such a system is, for example, the thermo~
dynamic model of a viscoelastic solid whose mechanical and thermal
properties may be non-uniform,

The derivation follows a pattern which is similar to the one
used in section 1. 2; namely, entropy production is firs>t evaluated in
order to apply Onéager"s principle, and then the form of an energy
function is determined for small departures of the system from a refer-
ence state,

To begin, we assume that the system has its geometric bound-
ary fully cover.ed with one or more heat reservoirs, in which the
temperature of the ith reservoir is Ti" Later, it will be necesdsary
to assume that Ti is close to a reference value Tr’ and therefore
we shall introduce for convenience the temperature giifferenc:e Qi de-
ﬁned as 0, = T;- T_. The total system consisting of the actual system
and all of the reservoirs is assumed to be insulated. The entropy
change of this total adiabatic system during any incremental process

is
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ds = dS, + z ds, (1. 84)
1

where dSi is the entropy increase of the ith reservoir and dST
that of the system of interest. It should be noted in this regard that
the system®s entropy, Sps» 1is the total value which is calculated by
summing over all cells. Conservation of energy is expressed as
= Q.dq. + ; o
dU ., QquJ > d,hl (1. 85)

1

where UT is the system?s total internal energy and dhi the incre-
ment of heat injected into the system by the ith reservoir, By
hypothesis, the reservoirs undergo only reversible processes, hence

we can write

- — _ :
dhi- —dSi(Tr+ei) = dSiTr(l + T ) (i not summed)
(1. 86)
and solving for S ds. ,
) 1
1
= dh, = ' 6,dh,
TerSiz -_—ei—- =-Z/dhi+__é-i_——_ (1. 87) '
T T

Substituting equation 1,87 into 1, 84 and using the energy equation 1. 85,

we find
' eidhi
- dUT+ Qquj -+ T ; (1. 88)
BRRE
T

y
T dS, = T _dS.

The state function V is now defined,

V.=U,.-T.S {1.89)
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which Biot calls the generalized free energy. Let us assume that

ei/Tr << 1, so that equation 1,88 becomes

S 0.dh. : :
T S = = dVoy, +Zgjdqj + 1Trl (1. 90)
J
or, per unit time
7 ) ] b,
T Sp=- Vot Qd; +8 -Tlr | (1. 91)

Biot calls the quantity ﬂi/Tr the entropy flow Si’ and its time integral

Si: hi/Tr entropy displacement., This title is scmewhat misleading
since }.li/Tr is the actual entropy flow only when ei = 0, However,
this name will be retained even with 0 # 0 for lack of a better term.
The function 'S,fI, is the entropy of an adiabatic system and
therefore éIT is the entropy production for which Orisager’s principle
is applicable; In accordance with the remarks in section 1, 2, we must
first express the riéht-hand side of equation 1, 91 such that it is in the

form

T 5 = quj ' (1. 92)

where (ij are thermodynamic state variables, ;t is cléar from equation
1. 91 that it is necessary to include the entropy displacement, Sy= hi/Tr’
in this collection of variables. Since entropy displacement defines, in
effect, the net heat addition, it is necessary to be able to express V

as a function of local heat addition rather than local temperature. ’i‘he
restriction under which heat addition is a state‘variable can be deduced
by referring to the ene‘rgy equation 1, 54, It is observed that by neg-

lecting the second-order dissipation function, D, equation 1,54 can be
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integrated and then used to replace the local temperature dependence -
of VT by 1;163.1: addition,

In the remainder of this section we shall assume thaf entropy
displacement, hi/T’ rather than temperature, is included in the set
of generalized coordinates, Furthermore, equation 1, 90 shows that
Oi plays the role of an external folrce conjugate to the variable hi/Tr’

which allows us to incorporate the excess temperature ei into the

set of generalized forces., With this association, equation 1. 91 can be

written
of 2 5 :
T Sp=-Vp it quj (1. 93a)
or
T . = b : ,
S = ( - Tﬁ;— + Qj)qj 7 {1.93b)

where the implied summation extends over all mechanical and thermal
variables.,

Onsager®s principle is now used (see equations 1,10, 1.11) by
assuming linearity between the Tforces® Xi and ¥fluxes® rjli which

appear in the entropy production 1. 92, thus

8VT 5
, — em— T . = Lo o 1v 4
& 9q; X = Py (1. 94)
where
I o |
ij ji

from which it follows that

o i ° ° 5
= = = ‘ 1. 95
TrST bij % ZDT 0 (1, 95)
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The reference state is defined as in section 1, 2; namely, the
equilibrium state for which Qi Wy = 0. For motion in which Qi= 0,

we have from equation 1. 93a

T S. ==Y . (1. 96)

H
Since the entropy of an isolated system, ST, is a maximum at equili-

brium, VT is 2 minimum. This minimum character of VT in the

neighborhood of the reference state exists of course even when

Qi # 0 since V., is a function of only state variables. Hence, V

T i iy

is a quadratic function of q; when terms higher than second order

are neglected in a Taylor series expansion, thus

1 .
V= 734%9; . e (1. 97)
where >
d VT
By 2| ) = A,
1 aqiqu q.=0 I*

i
and aij is a positive semi-definite matrix,
The linear equations of motion are now easily derived by sub-

stituting the free energy 1. 97 into equation 1, 94, which yields

aijqj +bijqj = Qi i =15 B w0 (1.98)

where bi' = bji’ aij = a}i, and both of these matrices are positive semi-
definite,
These equa tions are of the same form as equations l. 33 which

were derived for a system at a prescribed, spacewise, uniform tem-

perature. However, the matrices aij and bij in 1, 98 are not equal
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to the corresponding matrices in 1, 33; this observation follows from the
fact that the thermal variables, entropy displacement and temperature’
perturbation, are now iﬁcluded in the sets of generalized coordinates
and forces, Furthermore, if ‘.bij in the set of equations 1,98 is tem-~
perature dependent, this set is non-linear unless the temperature is
prescribed throughout the thermodynamic system. Also, the simple
temperature dependence 1,34 is not realistic if the temperature is not
spacewise constant. In view of these complications, it is assumed that
bi' in 1. 98 is a constant matrix, or, what is equivalent, we retain only
the constant, -reférence value in a Taylor series expansion of bij(T)°
With this latter assumption, all of the results of section 1,3
are applicable for the solution of equations 1, 98 after setting F =1,
‘Bi = 0, and dropping the primes on pz a;nd 'T;. In additiOn,. it is ob-
served that the analogy between thermal and mechanical variables,r
which was deduced in section 1,4 after linearizing the energy equation
(see equations 1,71 and 1. 72) is consistent with the results of the present
section, |
Finally, we should add that Biot has indicated that the theory
in this section is applicable to more general systems, such as open
systems and éystems with electrical energy (2). The extension is

made by simply choosing the correct generalized "forces™ and "co-

ordinates™ as was done with temperature and entropy displacement,
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B, APPLICATIONS TO VISCOELASTIC SOLIDS

1.7. The Stress-Strain-Temperature Equations

a, Anisotropic continuum. In view of our earlier remarks

in section l. 2 on the association of stress and strain with generalized
forces and coordinates, the results of section 1.3 can be used to de-
duce the stress-strain-temperature equations of a general visco-
elastic, anisotropic solid, This straightforward procedure of obtaining
the most general, thermodynamically admissible, viscoelastic equa-
tions is to be contrasted with the work of previously mentioned authors,
€o go Hunter (6), in which TIP was not fully utilized,

Denoting the three orthogonal coordinate axes by X Xoy Xas

we let

Q= oyp0 Q= 0550 Q3= 0330 Q= 0,30 Q= 0375 Qp= 0y,

(1. 99a)

dy= €y Gp™ Spps g™ €330 Gy F285q, Qg™ 2egq. g 2,
where

e..=e.. and &y A, . (1. 99b)

ij Ja LV B
With these definition, equation 1,45 becomes
. zll g  _g° @ , (1.100a)

Ty SRV ] pv
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in which the operational moduli are

;. ; FpDij(S) %
ij _ 3 wr_o i %
z = . B +D Y Fp . (1.100Db)
v . ] i; v A%
s Fp + o | :

S

and the thermal expansion operators are

& y FPBS,)

ﬁp'v = &, ;;“TZ o Bp’v , (1\,100(:)
g : )
pS

where p; > 0, The operators satisfy the symmetry property

Zij _ Zij - ji

v v v
{1.101)

as consequences of the symmetry of Uij and eij" TIP also requires

that they satisfy the property

ij _ S uv '
Z“v = Zij {1,102}

The inverse of these operators can be obtained in a similar

fashion by using equations 1,37, This allows us to write

Ed

For many viscoelastic materials there are a large number of relaxa-
tion times which are closely spaced., This permits the series in
equation 1,100b to be approximated by integrals

ij
.. o FpH™ {p) dp 4 .
ij = (Th% ij ij
ZH-V = g . + Di-"" o DP—" Fp (a)

0 =%
(Fp p)p

in which I—Il“]v (p) is called the relaxation spectrum. Thus, the inter-
nal coordinlé"te space is replaced by the mathematical model of a
continuum, in the same sense that a macroscopic system is repre-
sented by a continuum.



e = AY & .+ a°% 0 (1.103a)

where the operational compliances are

. gt G

Al = B + F'fl’f fFoH {1,103b)
W& 147 Fp B
0 al?) ; |

a = z _u-—-'%—-—— o apy (1. 103 c)
b 1+ Tst

where "T; > 0, and the same symmetry properties exist as shown in
equations 1,101 and 1,102, We have removed from the summation in
1,103b and 1.103c those coefficients corresponding to zero retardation
times, These coefficients, C;ig and a;v, provide the solid with
instantaneous elasticity, ¥ i.e., instantaneous straining under the
action of timewise step change in stress or temperature. They are
thermodynamically admissible when we require only that entropy
production be non-negative, rather than positiyeo

- The coefficients C]ijv give rise to strains which change linear-
ly in time under constant applied stress, i.e, Fsteady flow® These
coefficients occur when the free energy change can be zero for some
configurational motidna

It should be observed that the operators in equations 1,100 and

1,103 are the most general ones which are permitted by thermody-

’ 5 . . . o
namics, For example, the operational coeifficient of expansion, O.HV,

cannot contain a term ap,v /Fp such as appears in the operational

, t
compliances; similarly, BZV is not allowed to have a term .B]_WFP-

Furthermore, the simple operational form is less general than would
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be obtained by means of a purely mathematical approach to linear
viscoelasticity. In order to illustrate this point, consider the general

linear relation between stress-strain and temperature

[Z ailj]fs) ps }rij =[ z biif)s) ps} eij - { z c(ilps ]9 (1. 104)
s s s

where

d
P=3F -

i

Solving for the stress, under the assumption of time independent co-

efficients, we obtain

(1,105)

where the elements of the matrices P:LJV and yov are to be expanded
in partial fractions., However, as pointed out by Biot (2), these partial

fractions may be quite different from those in equations 1,100 because:

l, The roots —1—- of [? al{fs) ps J may be complex conju-
Vs ._; M
gates. This condition can arise in the thermodynamic

results only when hidden variables possessnon-random
kinetic energy, which we have neglected from the start.

n
2, There may be fractions of the type ( : T ) correspond-

ing to multiple roots.

3, The matrix PIJV is not necessarily symmetric, i.e.

pH 3 pt
i ij
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Additional properties of the matrices in the operators Z:EV
and A:fv follow immediately from the properties of the general ones
relating Qi’ a5 and 6. For example, all constant matrices compos-
ing Z|1J,Jv and A:;flv are positive semi-definite. However, for stability,

it is required for all tensors Yij # 0 that

s > B . - . ) 3
L Z piils) L pli 4 p'il }Y.,Y >0 (1.106a)
[Fh% WV RV 1) MV
3 _
and

[ ?CIJ(SH cH +ct -‘ Y..Y >0 (1. 106b)
T wv Y 1j v
S .

which implies that ZEV and A;ijv are positive definite (rather than
semi-definite) when F¥p is real and positive, These requirements
1.106 follow from the observation that if it were possiblle to find

Yij # 0 such that expression 1,106a or 1,106b vanished, then IZEVI

or [Al‘] ] would vanish for all Fp,
v

b, Isotropic continuum. The stress-strain equations for a

linear isotropic material are obtained from the general relations
1.,100a and 1.. 103a just as in elasticity. That is, we réqhire the
relation between stress, strain and temperature to re;nain invariant
under all rotations of the coordinate axes. | This implies that there
are only two operational moduli or compliances and one thermal ex-
pansion operator. Using notation analogous to that used for elastic

bodies we can write

. o]

where
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and u{p) and M\(p) the operational equivalents of the Lame elastic
constants. These opé rators, as well as the one for thermal expansion,

are obtained from equations 1,100 and 1,103, We have

~ (s)
F !
(p) =Z —PE ot +p Fp \, (1.108)
Fp +— ‘ ;
P

_

with a similar representation for \(p), and

{s)
B°=§ —FEBE 4+ o (1.109)
= Fpt— ‘
P

S

The coefficients in p(p) are positive since wu(p) corresponds to the

diagonal term Zgg (13), however this positiveness is not requlred

for \{(p).
It is often convenient to have the operator corresponding to
the bulk modulus, which is defined by

_5_} = K(p)2#- 8% (1.110)

where ©=¢, + ¢ from which it follows that

L oy Tom

K(p) = %— rp) + Mp) (1.111)

With simple pressurization, © and are the only observed conju-

gate variables, and hence K(p) must be of the form

(s) ;
K(p) = Z FPE. . B +EK'me (1.112)
Fp +-—~

Ps
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in which all coefficients are positive. The inverse of equation 1,110

is written

= B(p)§§'+ o ' (1.113a)
where
-1 B(S) B r

B@=[Nﬂ]=§;m—rmw%F+B (1.113b)

: 1+7 Fp . ~F
(@] o . G.(S) 1
a = B(p)p~ = 25 s 40 (1. 113¢)

1+7 _Fp

with all positive coefficients in the operational bulk compliance B(p).
A similar result is obtained for the operational tensile modulus and
compliance by letting the one-dimensional stress and strain be the

. observed conjugate variables,

1. 8. The Coupled Thermo-Mechanical Field Equations

a., Anisotropic continuum, For a complete description of

the thermo-mechanical behavior of viscoelastic solids it is necessary
to include the equations of strain-displacement, mechanical equilib-
rium, and heat conduction along with the stress-strain-temperature
~and energy equations considered above. We shall assume that strains

: £
are small so that the strain-displacement equations can be written as

e

A comma before a subscript denotes differentiation with respect to
the corresponding orthogonal cartesian coordinate, e.g.,

aui
Y57 5%,
and .
Boy, Ggy OBqp B
e » = = + +
ij, ] ij 8X1 sz 8x3



B, # ok la o FH ' (1. 114)

where the displacement components (ul, Uss u3) are referred to an
orthogonal set of cartesian axes. (xl,xz,x3). The equilibrium equa-

tions are

c.. .+F.=0; (1.115)
1ds 3 i

where Fi is the body force per unit volume. Also, the experimental

law of heat conduction for a general anisotropic body is

K., = - b, @ o (1. 116)

where ﬁi is the heat flow per unit area in the x, direction and Kij
is the thermal conductivity tensor. TIP can be usedrt'o show that Kij
is positive definite and symmetric (14).. The net amount of heat flow

into an infinitesimal element of unit volume is

W - : (L.117)

Ayl

so that from equation 1.116

H = (K. .0, . 4 1.118
By ; (1.118)

" We have omitted interaction coefficients which give rise to coupling
between the irreversible processes of heat flow and deformation, such
as included by Eringen (8). This omission is done on the basis of
Curie's symmetry principle which states that macroscopic causes do
not have more elements of symmetry than the effects they produce (19);
while heat flow is a vector, the thermodynamic variables considered
in section 1. 2 are assumed to be tensors of rank two (e. ge stra:ms)
and scalars (e.g. hidden coordinates),
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Under the assumption that the time-temperature superposition prin-

ciple is valid, we can write the erergy equation 1. 6l as

_ G o _
F(Kije,j)’ = C_Fp0 + Tp;; Fpe,, - ZFD (1.119)

{

where CZ is the operatribnal specific heat at zero strain defined by
equation 1, 62, Bioj ig given by 1.100c, and D is the dissipation func-
tion which can be expressed in terms of stress or strain rates and
_temperature by means of equation 1,40. The energy equation can also
be expressed in terms of stresses by using equation 1. 63.

Equations 1,114, 1,115, 1.119, and the stress-strain tempera-
ture equations 1. 10.0, together with appropriate boundary conditions,
form a complete set for calculation of the sixteen dependent variables
o‘ij, eij’ Uy and 6, It should be noted that they are nonlinear if pro-
perties are temperature dependent or if the dissipation function is

retained.

b, Isotropic continuum. The equations of isotropic visco-

elasticity are easily obtained from the preceding ones. The strain-
displacement and equilibrium equations 1,114 and 1,115 remain the same,
'of course, while the energy equation 1.119 becomes
F(Ke,j)? = C‘;Fpe + Tp°Fp - 2FD {1.120)
J
and the streSS-s‘;rain-temperature equations are given by 1,107,
. We would like to conclude this section by considering a few
practical points in regard to solving the general seﬁ of viscoelastic

equations. First, a simplification may be achieved through a change
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of variables given by

" t

_ dv
t= ) FTwET ol
0 i

which was suggested by Morland and Lee (20) for the uncoupled prob-
lem. Under this substitution all spacial derivatives transform accord-

ing to

b} 0 o] ot
8. _8 .8 4 (1.122)
0%, 5y’ ¢! 0%

and the stress-strain-temperature equations and specific heat have
operators with constant coefficients. Because of the second term
appearing in equation 1.122 this transformation may or may nof simpli-
fy the calculation, depending on the particular application. For ex-~
ample, if the temperature is transient, but independent of His then
the spacial derivatives 1.122 in the new coordinates Xi, are the sarﬂe
as with X3 in this case the equations are much simpler in the primed
variables tl and xi',, If, however, the temperatgre is independent of
time, but a function of Xy, the ériginal sysfem {t, x.l) is more con-
venient,

It is often possible to neglect the terms in the energy equation
1.119 (or 1.120) which are due to straining and to take the specific heat

sk
as an algebraic factor, rather than an operator. These approximations

sk

The effect of rate-of-temperature-change on the specific heat at
constant pressure has been studied experimentally by Davies and
Jones {21). Using several polymers and super-cooled liquids, they
found that the specific heat is rate~dependent with moderate rates, if
the temperature is near the glass transition temperature. Further-
more, for all substances studied, it was observed that for sudden
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permit the temperature distribution to be obtained from the classical
heat conduction equation. The mechanical equations for stresses and
displacements are then solved with this result. These latter equations
are linear in this case, but they have variable coefficients due to the
function F(T) if the tempefature is not constant.

The error introduced through the assumption which makes the
temperature distribution independent of the stréining can be readily
estimated for some problems by cornpaﬁng the limit case of adiabatic
deformafion with isothermal deformation. The dependence of the
energy equation on eij (except for D) and the operational charaéter
of GZ results from the free energy derivatives [Si, as can be seen
from equation 1. 54, These are analogous to the coefficients which
occur in elastic bodies in that they represent "reversible" coupling,
These coefficients are known to produce only small temperature changes
(with small strains) in steel and poiymers (6), for example,. The dissi-

pation function, however, may produce considerable fempe rature

temperature changes, the short time (high rate) value of specific
heat was approximately one-half the long time (low rate) value. The
-theoretical expression for the constant pressure (or force) specific
heat, which is given by equation 1, 64, is consistent with this latter
observation; namely, the positive property of all coefficients predicts
that the short time value will always be smaller than the long time
response to sudden changes in temperature,

It has also been found.that the coefficient of expansion of many
isotropic polymers has the same quantitative behavior near the glass
transition temperature (9). Such similar behavior is not surprising
in view of the close thermodynamic connection which exists between
the heat capacity and thermal expansion operators, as exhibited by
the relation 1, 64 in generalized notation, specifically

(o}

O

=C_+T_B.al
q rTivi



changes if deformation rates are non-zero for sufficiently long times. .
But for simple loading conditions, such as uniaxial creep under constant
load, a temperature rise due to dissipation of only a few degrees is

typical for small-strain, adiabatic deformation of polymers (6).

1.9, Extensions to Large- Deformation and Crack Propagation

Theory
This section. deals with the role of thermodynamaics in problems
of finite viscoelastic deformation and crack propagation. Since the dis-
sertation is concerned mainly with small deformation behavior, our
discussion will be brief. However, it is hoped that the comments

suggest a fruitful approach to the solution of such problems.

a. Large deformation theory. The thermodynamics of irre-

versible processes provides a natural means of incorporating viscous
rate effects into the large deformation theory of solids. Indeed, if
the imposed strain rates are not too high it is reasonable to assume
that the linear rate law 1.1l is applicable, regardless of the magnitude
of deformation. Such an assumption was used by Biot (22) when he
indicated how the stress-strain equations given in section 1, 7 can be
used in an incremental formulation of large strain problems.

An alternate approach is to work directly with the equations
of motion 1.19, for a unit mass, namely

a=p(E) +bids i=L,n (1.123)
i aq, T, qi“ ij % .

where the matrix bij may possibly be a function of temperature and

generalized coordinates, If the free energy density, f, and the tem-



perature and coordinate dependence of bij were known, these equations
could be used to deduce the stress-strain-temperature equations of

large deformation viscoelasticity.

b. Crack propagation theory. An energy equation will be de-

rived which should be useful in the study of isothermal, viscoelastic
crack propagation., ZFirst it must be realized that equation 1,123 is
not only valid for a homogeneous system of unit mass, but with a
modification of the notation can be applied to an arbitrary, inhomo-
geneous system at spacewise constant temperature.

Let us now multiply equation 1,123 by di’ sum over all vari-
ables, assume a constant temperature (in time as well as space), and

thereby obtain the energy equation,

° @ il

Qiqi = FT + bijqiqj {1.124a)
or, equivalently
Qiqi = FT o ZDT (1.124Db)

o

where Qicii is the total rate of work input to the system, FT is the

rate of change of total Helmholtz free energy (including molecular or

atomic bond energy), and D., is the total dissipation. This equation

T
is applicable, in particular, to an inhomogeneously strained solid with
propagating cracks when the kinetic energy is negligible. On the other

hand if the fracture takes place at high speed, it would be necessary

to include the kinetic energy KT’ giving in this case

0,4, = Fp + 2D, + K, (1.124c)
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An illustrative example: We shall now illustrate the
useful ness of equation 1l.124c by using it to predict slow"
crack motion in a specific problem, Anticipating'a fracture problem
currently being investigatgd by Knauss (23), consider the geometry
shown in figure 1.3, An infinitel? long, thin, plate of viscoelastic
material, containing a semi-infinite crack along thé x-axis, is clamped

along its upper and lower edges.

o _
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Figure 1.3, Crack Propagation in a Long Sheet

It is desired to find an expression for tﬂe steady-state crack
‘velocity,- ‘¢, which is attained after the grips are pulled apart and then
held étationary. It should be noted, howe.ver, that this steady-state
assumption is made only for simplicity, and is not required by equa-
tion 1.124c.

In this stationary state the rate of change of kinetic energy is

zero and the rate of change of free energy is |

[

Fp=Ec-E_c (1.125)

“We define a slow moving crack as one in which the effect of stress
waves on crack velocity is negligible.



aibif=

where Eoo is the (constant) elastic strain energy per unit length in

the sheet at large, negative values of x, and Es is the surface (bond)

2
energy per unit crack length (both surfaces of crack), In addition,
since the grips are fixed the rate of energy input is zero, Thus, ac-

cording to l.124c, the crack velocity must satisfy the equation

0= —(EOO— Es)c & ZDT (1.126)

which, in this form, is valid for large strains,

Before considering a calculation of D let us assume that

T!

the velocity, ¢, is small, and use l. 126 to determine its value. Since
DT vanishes when the velocity is zero, and is also positive definite,

the dissipation function can be approximated at small velocities by

. 1.2 ' =
Dy = 5bc” . : (1. 127)

where >

. 0D
# 5 \“'Z‘T)
ac c=0

which, when substituted into equation 1.126, yields the stable, steady-
aedde
state velocity

*A tacit assumption used in writing equation 1,125, which must be em-
phasized, is that all bond-breaking is associated with the formation of
one crack; hence, in order for this expression to be reasonably ac-
curate, little or no fracture should occur away from the line of the
crack. When this assumption does not apply, one can still consider
Eg as containing all of the broken-bond energy, however it probably
will be velocity dependent. '

**It is easy to show that when E = Eg this velocity is stable, while
c = 0 1is not stable. Such a proof is made by examination of equation
1.126; when the right-hand side is positive for small positive velocity
perturbations, Ac, about a solution, c, this solution is stable since
the maintenance of such a perturbation requires positive external work.
On the other hand, a negativeright-hand side implies an instability
since the velocity could increase without the help of an external energy
source, :
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€ e | E_ = K (1.128)

as well as the solution c¢ = 0 which is unstable when Eoo > Es;_the con-
dition Eoo: ES corresponds to the well-known Griffith criterion for
initiat_ion of crack growth in elastic bodies. Thus, if the elastic energy
per unit length far ahead of the crack tip remains slightly larger than
the surface energy absorbed per unit crack length, the crack will run
at a low velocity given approximé.tely by equation 1.128.

When the velocity is not small enough to permit the quadratic
approximation to DT’ it becomes necessary to make an explicit calcu-

lation of D,, in order to examine the propagation characteristics. We

T
shall not attempt here to make more than an approximate calculation
of the dissipation using a simplified model and small étrain theory.
Consider therefore the crack shape shown in figure 1.4, in which the
actual (dotted lines) shape is approximated by the solid, straight lines,
and the distance L may be a function of the crack speed c. It will be

assumed that the field for x < 0 is unaffected by the crack, and has

the constant strain components,

Figure 1.4, Idealized Crack
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e =e ,e =0; x<0 (1.129a)

while for x> 0 we shall assume that the strain ey is independent of

y, but has the approximate x dependence,

- = p =
(1 L)eoo’ 0=x=1L

e Four
Y
{1.129b)
e =0 ; o =
¥
and
o = i 'S0 {1 129¢)
X 2

In addition, all shear strains will be neglected in the calculation of
DT-
With the strain components given by 1.129a, plane stress, and

the further simplifying assumption of incompressibility, the stress-

strain law is

4
o*Y = 3 meey (1.130)
so that the strain energy per unit sheet length becomes
_ 2 2 -
Eoo = 3 hmeeoo . (1.131)

where m is the equilibrium (long-time) uniaxial tensile modulus,
and the sheet thickness is arbitrarily taken aé unity.

The dissipation will be calculated using the general Wiechert
model, figure 1.2, (but without the free dashpot, 7) to represent the
uniaxial tensile response of the sheet. The dissipation per unit volume

is given by

4 .2 o
2D = -3-2 n el o | (1.132)

s n
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The dashpot strain rates, és y can be evaluated most easily by using

1

the steady-state transformation, = @ dix- , so that

dt
. de 2 d
2 87 )
Z T‘s( - (1.133)
s
In order to evaluate deS /dx in terms of the strain components given
n

by equation 1.129b, the model equations given in section 1.5 are used,
but with d/dt replaced by c(d/dx). Carrying out this calculation,
and integrating the result over 0 = x < o0, we finally obtain the total

energy dissipation,

4 c:z'heZ cp —L/cp .

_ o) s 8 .

ZDT_..?-.._._.._..._ZTIS[I- (1-e )} (1.134)
I = L

in which it is assumed that pg and L are finite and non-zero, but

it is not required that I, be independent of velocity. First, consider

the low speed (cpS/L << 1) and higher speed (cpS/L >>‘1) limit cases.
The dissipat.ion at low velocities is

: 4 czheiO cps
2D = —— N 3 << 1 (1.135)
T 3 L s 1L .
= ¢

so that from equation 1.127 we calculate b = 4heozo Z ns/3L, and the

s
velocity is given by equations 1.128 and 1.131, thus

—32—hm ei‘o - Es cp
c : <<1 (1.136)
4 hem zﬂs CL
s

which is stable when the numerator is positive (see previous footnote).
cp
Another interesting limit case is when LS >>1, in which

case the dissipation is
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2 .2 2 g Noohy OB
2D 1= § chel (m - m )- g hLel, Z et —=>>1 (1.137)
s
where we have defined the "glassy" modulus = ‘as
m 22 m_ +m ' {1.138)
g s e
s

Substitution of 1.137 into the energy equation 1.126 yields

m
3— hLe2 Z o
9 lou} p
S 8 cp
¢ = 3 >> 1 (1.139)
2 ' :

2z
3 heoo(mg—Zme) +E‘S

which is a stable solution when the denominator does not vanish., It
is observed that, regardless of the value of Es and € o the velocity
is never unbounded when mg == Zme, which is the case for polymers

below their glass transition temperature; in fact it is usually true that

s
m_= 1O3m (9). ¢
g e
cp cp

For cases other than low (_L—Ei << 1) and higher ( LS >> 1)
speeds, the velocity must be calculated from the equation
cP —L/cps -g— hmeego— E
CZ n [1 - = (l-e )} = 5 r (1.140)
' 4he
s @
3L

“It should perhaps be noted that for brittle materials m ® m , and it

is theoretically possible to make e, such that the dendminator in

1.139 vanishes, and therefore have c¢c— ®. Furthermore, it is recalled
that under our assumptions kinetic energy does not put an upper limit
on the speed since it does not enter into the energy equation 1,126 under
steady-~state conditions; the kinetic energy affects only the crack ac-
celeration. The unboundedness occurs because the assumed dissipation
is too small to absorb the strain energy ahead of the crack, and conse-
quently this energy must go into increasing the kinetic energy. Of
course with sufficiently high crack speeds in real materials, there

will be enough energy transfer through stress wave action to put an
upper limit on the speed.
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It can be easily shown that for each s,

cpg --L/c:pS Lng Lfn‘s
Cns_l S (1-e ):|—' EF;- =——asc™ ® (1. 141)

and that this function increases monotonically from zero, with increas-
- ing ¢, to the limiting value LmS/Z. Therefore, ‘the sum in equation
1.140 increases monotonically with ¢, so that there is at most one
solution to equation 1.140 for each set of physical constants and strain.

Furthermore, as long as

—%hm ez =
G = ;"0 ]z‘iz =%‘—m-m) (1.142)
4he ‘ e
(e6) 5
3L

there will be one finite, stable, velocity ¢ which satisfies equation
1.140. Criterion 1.142 can be written as

3 E
mg— Zme > - > > (1.143)

he
00

with % hmeeio > Es s whi_ch is the same condition needed to preveﬁt
vanishihg of the denominator in equation 1.139, as it should be. As ob-
served earlier, we see from this inequalit.:y tha.t-when rng > Zme the
velocity will never be (maj:hematically)» infinite, regardless of the
magnitude of the a}ﬁpli_ed strain e_.

The crack propagati'on‘model will not be pursued further here,
but this example dov«.as indicate a simple ‘method for incorporating a

dissipation mechanism into the criterion for slow fracture of visco-

elastic media.
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PART II
VARIATIONAL PRINCIPLES FOR IRREVERSIBLE SYSTEMS
WITH APPLICATIONS TO THE THERMO-MECHANICAL
> BEHAVIOR OF VISCOELASTIC SOLIDS

2.1, Introduction

The important role of minimum principles in mechanics is
well established. In the area of static, elastic stress analysis, for
example, variational methods have been applied to appropriate energy
functionals in order to generate approximate theories and numerical
solutions to varying degrees of accuracy. The potential energy (13)
is used to obtain approximate displacements, while if only stresses
are desired the complementary energy (i3‘) clan be used. Hemp (24)
has extended these priﬁciples to problems in thermoelasticity for the
case in which the temperature field is unaffected by déformation.
Inertia can be included in the elastic problem by using Hamilton's
principle (25)...

While ‘much of the interest in variational principles for solids
has been with these reversible proceéses, several notable papei-s have
appeared recently dealing with the fhermodynamic development and
appliéation of principles for systems with irreversibility. Biot (2,5)
has shown that the general equations of lineyér irreversible systems,
equations 1, 98, can be obtained from an operational-varié.tional
principle. This basic principle was applied to heat conduction (3),
thermoelasticity (3), and isothermal viscoelasticity (5). Rosen (26)
utilized a principle of minimxﬁn ent;rOPy produétion to derive station-
ary functions for heat conduction and viscous fluid flow., Besseling

(27) obtained variational principles which are ‘directly applicable to
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the nonlinear plasticity and creep problems of metals, The distin-
guishing characteristic of all thése variational principles for irrever=
sible systems is that the stationary functionals db not contain an inte-
gration with respect to time; hence, time and its derivatives are
treated more or less as known parameters in the variation. An im-
portant implication therefore is that the stationary point of these
functionals is not a true mini;;num, but is minimum only when time
derivatives are not varied. This restriction on the admissible vari-
ations is to be contrasted with Hamilton's principle for reversible
dynamic processes in .which Both time and space are treated alike.

Besseling believes that this special role of the time variable
in a basic variational principle resﬁlts from the defective treatment
given time in classical non-relativistic thermodynami’c{‘s, while Rosen
states that this role probably results from the fact that analyses of
irreversible problems are approximate because of the statistical
methods used.

One of the purposes of this chapter is to show, however, that
the general equations of linear systems are the Euler equations of a
variational principle which is analogous to Hamilton's principle in
that it consists of a time integral which has definite thermodynamic
significance., In order ‘to obtain this variational principle we have
introduced a function.a.l which is a convolution integral with respect
to time. It is shown that this new concept treats time dependence as
an initial value problem in the;sénse that varied paths have to satisfy
only initial conditions.’

The above mentioned Euler equations 1.98 are differential
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equations for generalized coordinates which are conjugate to specified
generalized forces. It is also of practical importance to establish a
functional whose Euler equations solve the inverse problem; namely,
integral equations for unknown forces that are conjugate to prescribed
coordinates. It will be seen that the coordinate principle represents
an extension of the potential energy theorem for displacements in
linear elastic bodies to general linear irreversible systems, while
the variational principle for generalized forces is an extension of the
complementary energy theorem, We shall derive this "complemen-
tary" principle directly from the original one for coordinates. The
principle for coordinates and the oné for forces are called "homo-
geneous" variational principles,

Following this development, we apply the results to the deter-
mination of functionals whose Euler equations are the field equations
for the thermal and mechanical behavior of linear solids., It will be
seen that all of the functionals can be deducéd directly from the basic
thermodynamic ones by calculating the appropriate free energy and
dissipation functions., That such a unified tre-atment is possible can
be attributed to the fact that linear solids must obey the same equa-
tions whi;h are common to all processes satisfying the assumptions
of TIP.

In order to illﬁstrate the essential features of applying the
basic principles, we consider first the simple heat conduction prob-
lem using the analégy between thermalll and mechanical variables dis-
cussed 'in.Part I, - It will be recalled that the excess‘ temperature

(difference between actual and reference values) applied to a boundary
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plays the role of a force whose conjugate coordinate is the "entropy
displacement” (total amount of heat which has flowed in through this
boundary divided by the reference £emperature). ' Thus, by applying
the coordinate principle we arrive at a variational principle for the
entropy displacement field, while application of the complementary
theorem leads to one in terms of temperature. This temperature
principle is similar to the one given by Rosen (26), but derived in a
different manner.

Following this simple example, we derive variational princi-
pleskfor the linear thermo-mechanical behavior of viscoelastic solids.
By linearity we mean that all thermodynamic variables are related to
one another through linear differential or integral equations, Since
temperature (or entropy displacement) is one of the vériables, it must
be sufficiently close to a reference value so that all properties (in-
cluding viscosity) can be taken as.constants with respect to tempera-
ture. Furthermore, strains must be small enough to use the linear
strain-displacement relations, Linearity imposes another restriction
which limits the coupling between: fempera.ture and deformation to
reversible effects; it is necessary to assume that the influence of
viscous dissipation on temperature is negligible,

A principle which is homogeneous in displacements (mechani-
cal and entropy displacements) and one which is homoge'neods in stresses
(mechani-cal stresses and temperatufe) are deduced. Further, varia-
tional principles for fnixed mechanical and thermal variables are
given; hamely, oner‘for' mechanical displacement and temperature,

and one for mechanical stresses and entropy displacement. It will be
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seen that the stress and mixed variable principles can be derived
direc‘tly from the original displacement theorem, in accordance with
the general theory. In addition, it is shown that a generalization of
Reissner's principle (28, 29) for mechanical displacements and
stresses to thermo-viscoelastic.ity is obtained as a direct result of
tHis change of variables, and that Reissner's principle is essentially
the complementary theorem in which Lagrange multipliers are used
with the equilibrium equations. |

Another point of interest is concerned with the relation that
existrs between the thermo-elastic and thermo-viscoelastic variational
principles when the above linearity assumptions are valid, It is shown
that Laplace time-transforms of the functionals associated with visco-
elastic and eléstic principles are identical in form, with the only dif-
ference being that the viscoelastic one contains operational quantities
in place of elastic constants. Thus, an approximate (or exact) trans-
formed thermo-viscoelastic solution can be obtained from a transformed
elastic solution by simply replacing elastic constants with appropriate
operatoré, This is an extension of the correspondence rule deduced
by Biot for isofhermal, anisotropic viscoelasticity (2), as well as the
one stated by Lee for exact solutions with isotropic media (30).

An additional item, which is of importance for the calculation
bf approximate solutions, is that the two homogeneous principles for
mechanical and thermal stresses and diéplaéements are true minimum
principles when the Laplace transform parameter is real and positive.
However, the two non-—lllomogeneous principles (i. e, the one for me-

chanical displacements and temperature, and the one for mechanical
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stresses and entropy displacement) have this minimum property only
if the temperature field is prescribed, so that the thermal variables
are independent of mechanical stresses and displacements.

Following the discussion of principles for linear behavior, we
suggest how these principles can be modified to include temperature
dependent properties as well as the inﬂgence of viscous dissipation.
However, we were not able to deduce full variational principles, but
only ones in which ce;rtain artificial constraints are required in the
variational process. Perhaps further investigation will yield principles
in which such constraints are not required. Nevertheless, it is indi-
cated briefly how these modified principles can be used in approximate

. analyses,

2.2, Basic Homogeneous Variational Principles for Linear Systems

a., Principle for generalized coordinates. We consider the

same thermodynamic system defined in section 1, 6, whose state is
specified by n generalized coordinates q;e The equations governing

thé behavior of the system were shown to be

a,.q. +b.q, = Q (1, = 1,25 000,n) (2.1)

37 ij7j i
where g

a,, = a., and bis = B (24 2)
1] Ji 3. )1

and both matrices, aij' and bij’ are assumed to be constant, An

equivalent representation of equation 2.1 is the Lagrangian form

L =0, . o b ' (2 BY
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where it will be recalled that VT is the generalized free energy de-

fined as

with

UT total internal energy
ST = total entropy \
T

r

= reference temperature

which is a non-negative quadratic function for small departures from
the reference state,

- b =
VT = aijqiqj =0 (2. 5)
Similarly, the dissipation function, DT’ is a non-negative function

.-
which is proportional to the total entropy production S

T ’
| Lo g ny
Dp= > TrST =0 , (2. 6)
and is given by
D, = = b.g.q: =0 (2. 7)
E A e *

Biot (2) has indicated that equation 2.1 can be obtained from
an operational-variational principle in which an operational form of

the dissipation function is introduced as

| : ' ? ‘
DT = & biquiq' (2.8)

p -is the time derivative, d/dt, which must be treated like a constant

1 .
parameter in calculating the variation of DT' The equations of motion
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2,1 are then equivalent to
i ! I
&1 = 6{VT+ D..- Qiqi} = 8Vt 8D~ Q,8q,= 0 (2.9)

for all arbitrary variations of q; and: with all Qi prescribed.,

Use of the time derivative in this fashion is purely formal and
does not lead to a variational principle that has a physical significance
analogous to Hamilton's principle, in the sense that this latter pziinciple
consists of a time integral of certain energy functions., Of course,

" as pointed out by Biot, this operational notation is compact and there-
fore is convenient to use in applications because of its simplicity,
However, we will now discuss a variational principle which does not
require this operatiOn.él notation, but does contain 2.9 as a special
case. This more general one will be seen to have a w.ider range of
application iﬁ the approximate soluﬁons of linear problems,

First we introduce the ,functional Iq(t) given by the convolution

time integral,

t . . ” .
£ ke

Iq(t) = S‘O[ VT + DT- Qﬂ (’r)q_e (t-7)] d7 (2.10a)
wheré
| B d ‘ 4

VT = aijqj('r)qi(t—'r) 3 - (2.10b)

s deym .
DT ol bij T qi(t'-'r) : {2. 10c)

Before procéeding with the statement of the theorem, a few remarks
will be made in regard'to the term. Ql (T)q.(! (t-7). Equations 2.1 con-
tain all coordinates neceded to define the thermodynamic state, includ-

ing those which are specified in a parficﬁlar problem. However, only
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' those which are not specified (and whose conjugate force must be given)
should be included in the term Q,(7)q, (t-7), while VT and DY are
to contain all coordinates. Also, since the generalized forces Qj

are defined in such a way that Qg (7)‘5% (7) ‘is the virtual work of
forces external to the system, there may be a large number of coordi-
nates whose conjugate force is identically zero, particularlyv if the |

system 1is an inhomogeneous collection of cells representing the ther-

modynamic model of a continuum. The theorem is now stated:

Considering a linear irreversible system as

defined above and assumed to be at rest in its
reference state q;= 0 for t= 0, the actual path
followed by the state variables 9 is determined
by making Iq(t) stationary with respect.to all”
small variations 6q.1 of the unspecified coord_inates
from the actual values. That is, the Eulerl-equa—

tions of
_ S.t : 3 £ ) _
81, = . {8l VL + DLl - Q)(7)6q,(t-7)}dT = 0 v KR, 11

are equations 2.1

aﬁjqj + bquj = Q 7 -(-2.12)

where the index { ranges only over those values
corresponding to unspecified coordinates while j

indicates summation over all n coordinates.

We shall prove this theorem by showing that the stationary

condition 2,11 requires thaf qJ. satisfy 2,12. The variation is obtained
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by letting qi(t) — qi(t) af qu(t) in 2,10a with qi(O) = qu(O) =0 and

dropping terms of second order in 6qi(t) :

t s
61, = -125‘0 {aij [qi('r)éq.(t-v') ;2 6qi(7)qj(t-'i')]
déq.(7) dq,(7)
+b. [ — a;(t-7) e 8q,(t-7)]} dr

t
- g Q, (7)8q, (t-T)dT
0 :
Using the symmetry of aij we find
Svt 1=
. 6q.(T .t-'rd'r:a..S..'r&.t—'rd'r
a5, St i ) %im8ay(e-m)

Also, by integrating the factor of b.j by parts, using the symmetry
of b 5 and applying the initial condition 6q. (0)— qg: (O)-— 0 vyields
Svt dﬁqi(‘T) Svt dqi(T)
bl_] ’ -—a—q*:—-—* qj(t-'r)d'T = le " TT_— 6qi(t~’f)d7'

Since qu =0 for i# £, the variation equation 2,11 becomes

dq.(T)

61 S) {aﬂ_]q () + !ZJ —c—l-,‘J_—— - B, (1')}6(:112 (t-7)dT = 0 (2.13)
Because 6q£(t-'r) is arbitrary, the Euler equations are 2.12, which
proves the theorem, Furthel;, it can be easily shown that the second
vériation of Iq is not positiv¢ definite, which implies that the value
of Iq in terms of the actual 4 is not necessarily an absolute mini-
mum.

As a converse theorem, it can be stated that the actual path
followed by the proceé’s is such as to make Iq stationary with respect

to all small variations of unprescribed state variables satisfying zero
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initial conditions,

If the state variables are not initially zero but have some other
prescribed value, the variational principle can be extended to this case
by making either a shift of the time origin or adding - % bijqi(t)qj(o)
to the functional Iq.

In addition if some coordinates contribute kinetic energy {in
the macroscopic sense), the internai energy will be composed of the
usual static terms plus the energy lzmljnilc;] ‘(mij: mji); hence, the

functional to be used for the variational principle is

3

t iz e
IqT 2 go {TT + VT+ DT— QE ('r)qu (t-7)}dr 28

e 3
where VT and DT are defined by 2.10b and 2,10c, and

* 1 da fo=7)  da,le
j o da(t-7) dr

= m.
i

TT‘?

The stationary condition on IqT yvields the Euler equations

q.+b,.4. +ta,.q.=Q 2.15
S 2;% 23% £ _ ( )

~ with the initial conditions q,(0) = di(O) = 0,

It is impoi'tant to observe that the convolution variational
principle treats time dependence as an initial value problem, as it
actually 'is; whereas in Hamilton's principle g, must be prescribed
at two different end points in time, which corresponds to a boundary
value problem in this respect.

To show thg co;respondence'betwleen the functional Iq‘ and
Biot's‘ IT, equation 2.9, we take the Laplace (orr Fourier) transform

of T i 2.10:
. g
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o & Lyt

I(p)=§ I ()e P'dt; I =0for t=0 (2.16)

q p 4 q :
in which the transformed variable is denoted with a bar. The trans-
form as a function of the complex parameter p is the Laplace
transform, while if we let p —~ iw (w = frequency) then definition
2.16 becomes the Fourier transform of Iq. Using the product rule

of transform theory with equation 2,10, we find

L }Z—[aij?ii(p)aj(p) + bijpa'i(p)gj(P)] - 0, (p)a, (p) (2.17)

i
Comparing this with I in 2.9 it is clear that if the variables in 2.9
are interpreted as being transforms of the physical quantities ;s

and the time operator p as the parametér p, then

T (») = I'(p) : (2.18)
Furthermore, a property which is of considerable practical
importance is that the stationary point of Iq(t) makes Iq(p) an abso-
lute minimum when p is real and positive, This positive definite
nature of Té will be discussed in Part IIl in regard to obtaining ap-
proximate solutions, |

. In deriving the following variational principle for forces, as

5

T
and D:; by ﬁsing a property of bilinear functions. Namely, multiply-

well as principles for a continuum, it will be helpful to evaluate V

ing 2.1 by q(t-7) yields

; ‘ dq.(T)
aijqj('r)qi(t-'r) + bij di q;(t-7) = Q,(7)q,(t-7)

so that

2[ Vi + DE] = @ (m)q,(t-7) | (2.19)
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It is important to note that Qiqi in 2.19 consists of all state variables,

whether or not a4 is prescribed in a particular problems,

b, Principle for generalized forces. A change of variables in
2,10 will now be made in order to obtain a variati‘onal principle whose
Euler equationsv are the inverse of equations 2.1, We shall call this
a "complementary" or "force" principle in distinction to the previous
one for coordinates or "displacements.” The words "force" and
"displacement"” are used in more general sense than meaning just the
mechanical quantities, as will become clear in the section 2.3 on
applications, It will be seen that this variable change leads to a
"complementary! vari‘ationa.l principle in analogy to the well-known
complementary energy principle of elasticity, Strictly speaking,
the derivation of the complementary principle from the one for coordi-
nates is heuristic and hence must ultimately be rigorously ju.stified
on the basis that it leads to the correct Euler equations. However,
it will be seen later that the procedure followed in the derivation here
is very useful in deducing the‘ appropriate functions for a continuums,

Let us first write

Qiqi = quk i Qﬁ q ' (2.20)

where 1 =i=n, and k ranges over those indices corresponding to
specified coordinates, while £ indicates summation over the speci-

fied forces. Substituting equation 2.20 into Iq, equation 2,10a, yields

t "
= S.O[ (Vf‘r+ D~ Q(7)g,lt-m)) + Q, (7)q, (t-7)] d7 (2. 21)

I. is now defined as the negative of Iq,

Q
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. | o
Ig= - I = S‘O{[Qi('r)qi(t—'r) ~ (Vo # Df;)] - Q) (t-m)}dr (2.22)

which can also be written as

t .

In(t) = go {V",}+ Dfl‘,- q, (T)Q, (t-7)} dT (2. 23)
where identity 2,19 has been used., The function V=':[, + D?I‘ in equation
2.23 is to be expressed in terms of Qi by solving equations 2.1 and
then substituting the result, qi(Qi)’ into identity 2.19. In view of the
discussion in sections 1.3 and 1. 6, the solution to equation 2.1, for all
coordinates, is given by equation 1,37 after setfing 'r;F = TSE constant

and dropping the terms Bie; thus,

o Sy
qiz{z l+'Tp'+ = ]Qi (2.24a)
s e d
Y
and - VT DT ecomes ey
| <« c¥lamn  c..o.n
¥ep¥F ol " ENIAN 4]
Vot Do =50t 'r)[ TF7.p e ]
" s . ' ;
_ (s) |
o, t
= 1 4y =tles (T T
= > Qi(t,-T)Z -’T_S—e .S'S.o e Qj(v) dv
s
¢ . ,
+ Cij go Qj(v)'dv | : | (2, 24Db)

It should be nofed that equation 2, 24a is valid for all coordinates,
q» while only those with index k (p;escribed coordinates) are needea
- to determine the unknown forces Qk' Therefore, on the basis of the
above relation between IQ and Iq we expect the Euler -equatior;s of

the variation of 2. 23 to be
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l

Ci(tsi) ~t/T tl v/T t ‘ _
z _ ) e s g e SQ.(V-)dv + Ck.S‘ Q. (v) dv (2. 25)
o 0 J J 0 J

The complementary force theorem can now be stated:

Considering a linear system as defined above and
assumed to be at rest in its reference state at t=0,
the actual path followed by the forces Qk’ which
are conjugate to the specified generalized coordi-
nates .q,, is determined by making IQ stationary
with respect to all small variations 6Qk from. the
actual values; that is, the integral equations 2,25

are the Euler equations of the variation
t s de
6In= S; {S[VT+DT] - qk('i')cSQk(t~'r)} dr =0, - (226}

where IQ is defined by equation 2. 23,

By COmpieting this variat.ion,\the Euler equations are found to be
equations 2. 25.

It is clear that the converse theorem is also true, i.e., the
vériation 2. 26 vanishes as a result of 2.25, In addition, it can be
shown that thé actual value of I'Q is not an extremal, but is jﬁst a station-
ary point. However, as with Tq for p real and positive, TQ is an
absolu_ter minimum for the actual path.

It is noted from equation 2, 22 that the name "complementary"

principle is appropriate since
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IQ(t) + Iq(t) =0 ' {2, 27)

for the actual solution.

Another point of interest concerns the physical meaning that
can be attached to the convolution functionals 2.10a and 2. 23 in con-
trast to the standard form used for reversible processes, e, g. Hamil-
ton's principle. A basic fact is, of course, that energy is degraded
in any natural (irreversible) process. For example, if a viscoelastic
body is loaded by mechanical forces, but is not in thermodynamic
equilibrium, the motion of the state variables is such that mechanical
.energy is converted continuously into thermal energy, with an associ-
ated entropy increase. However, by using products of forward and
backward running coordinétes and forces in energy functionals, this
irreversibility is remove& in the sense that these functionals have the

stationary property during the entire process,

2,3. Application of the Basic Homogeneous Principles to Viscoelastic
Solids

While the general variational principles developed in section
2.2 apply directly to a system defined by n thermodynamic state
variables, it is the purpose of this section ‘to use them to formulate
variational principles for the thermal and mechahical behavior of
solids whose thermodynamic staté is, in general, described by an
infinite number of these variables, As mentioned eqriier, a differ-
ential mass element of a continuum can be iﬁterpreted as being a
uniform cell whose thermodynamic state is defined by m .variables,

say; and that this interpretation is valid as long as spacewise changes



.

of variables are small relative to characteristic atomic or molecular
distances., The total system is then defined by a set of m wvariables
which vary continuously throughout the body. Consequently, the
thermodynamic functions, VT and DT’ and the external energy
supplied to the system are given by volume and surface integrals
with integrands consisting of a sum over the m variables of each
cell,

It will be seen that this method of deducing continuum princi-
ples, in which thermodynamic functions are suggested by the discrete
cell analysis, has ‘sevc‘aral advantages. For one, the determination of
- variational principfes is straightforward even though they are not at
all obvious by simply examining the field (Euler) equations, In addi-
tion, this method provides functionals which are expressed in terms
of thermodynamic invariants, and consequently the functionals are
independent of the particular coordinate ‘system used. Another ad-
vantage is that the Euler equations are guaranteed to be consistent
with thermodynamics,‘

We now proceed to detérmiheboth “displacgment" and "force"
(or stress) principles for anisotropic media; first for pure heat con-
duction and-then for the combined thermo—ﬁechanical behavior of
viscoelastic.media. It will be assumed that inértia effects due to
straining ai-e negligible and that all val;iables vanish at the time origin.
If this is not the case- in any particular problem, the appropriate
functional can be modified as -cliscuésed in section 2. 2. We{ also as-~
‘sume that the geometrilc boﬁndaries of the solid do not change with

time except for small deformations and that all properties are inde-
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pendent of temperature.

a. A simple E}cample—,-heat conduction.

a} Principle for entropy displacement: The thermody-
namic state of a solid which is assumed to experience only thermal
energy changes is defined by the absolute temperature, T, at each
point, However, it has been shown that the variational principle Z.11.
applies if entropy displacement, ré.ther than temperature, is used as
the thermodynamic variable, . That this can be done follows from the

conservation of energy statement

—r

divh =h., ,=-C8 (2. 28)

i1
where
. o - o

h = (hl, hZ’ h3) = heat flux vector

C = specific heat, per unit volume (assumed independent
of temperature)
The relation between entropy displacement, E = (Sl, SZ’ SB)’ and tem-

perature is then obtained by integration, 7
B B g _ (2. 29)

where the entropy displacement is defined as.

1 Ct - h. : . ,
r+vo0 r

It is clear from equation 2, 29 that Si completely specifies
the temperature, and hence the thermodynamic state of the body. It

[}

is interesting to observe that the temperature is only a function of
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—

div S and therefore is independent of curl E. This property is
analogous to the role of mechanical displacement, —L;, since the rota-
tion of material elements, curl -G, has no effect on the thermody -~
namic state of each element. |

Let us now evaluate the terms Vj; and DT in Iq" equation
2.10, by using identity 2.19. Biot (2) calculated these functions from

their thermodynamic definitions; however, for our purposes it is

easier to use the identity
_S‘A eniSi dA = Qiqiz Z[VT+ DT] (2. 31)

where n, is the outer unit normal to the exterior surface A, and the
variables t and T are implied. In writing equation 2,31 we have
used the thermo-mechanical analogy discussed in Parf I, section 6.
In this, the bouﬁdary temperature 0 acts as a generalized force in

the sense that
-SlAeni(SSi dA = Qiéq_i 7 S - {2.32)

is virtual work (or energy addition) done on the body; the negative sign

i ' b33
accounts for the definition that n, is an outer normal. Since VT

and D=',:I, “are volume integrals of density functions, they can be deter-

mined by applying the divergence theorem to the surface integral in

2.31, This provides the identity

g on.S.dA =S. [0S, .+ 9’15{] dB ' (2. 33)
A i ! B 1,1 ; . . o

where B denotes volume integration.

From equation 2. 29 we have
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98, 1= =~ 18 ¢ | (2.34)

In order to express the second term in the volume integral in 2,33 as
a function of entropy displacement, we must utilize the law of heat

conduction given in Part I, eqluation 1,116,

K.0,.=-h ==T..; K.-=K., (2.35)
S 1 b4k ij J2 ‘

which can be inverted to find

6,. = - T_\..S. | (2.36)

where )\ij is the thermal resistivity matrix defined as
oo = [Ke ]t B - (2.37)
ij ij °
which is assumed to be independent of 0. Using equation 2,36 we

now have

B 8, = = T %..5.8 | . (2.38)

iti o s ol T B |
Substitution of equations 2,38 and 2,34 into identity 2,33 and

using relation 2, 31 yields

T T
A ® T - 4 >
VT + DT = gB{ C Si, i(T)Sj, i(’c---'r) + > )\.ijSi(T)Sj(t-—'r)} dB (2.39)
On comparing this with equations' 2:5; 2:7; and 2,10,' the generalized
frée energy density, V (per unit volufne) is identified as
Tr Z

which can also be expressed as a function of temperature by means

|

of the energy ‘equation 2. 29,
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= el (2.41)

The dissipation density, D, is observed to be

. ST
— r B
D= - )55, (2. 42)

or, in terms of temperé.ture,
Kij ‘ ‘
D= zﬂT—r—e, 16,_] (2. 43)
The functional Is for entropy displacement, corresponding to

Iq in the general theory, can now be written by substituting equation

2,39 into equation 2.10a,

t T ' £l
_ r _ Y __I: - - 3
| I, = gOSlB { -c Si, i(T)Sj, j(t TV + = )«.ijSi(T)Sj(t '1_')} dBdT

" ,
+S C ©(7)n.S.(t-7)dA dr (2.44)
OUA 1 1

0

where AG is the portion of the surface on which © = © is prescribed,
and Sin'l must satisfy the boundary conditions on Aé ~where heat_ﬂow
is p;escribed. ‘This latter requirement arises from the fact that qa,
in the general theory must satisfy cohstraints, which are the heat flow
boundary conditions. In order to simplify the notation, we shall use
the usual notation for éOnvolution integrals,

@ - t L

fg= S. H(r)g(t-7) dr (2. 45)

0 : :

where f ana g are functions of time. Two useful properties of the

product f*g are

3% 0

* = # %
fg=gf ; (f+g) h=fh+gh (2.46)
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In this simplified notation, the functional 2.44 becomes
Tr 35 TI‘ . 3
s =§B {32 5;,;5,: "7 M5 S;) 4B

+‘§ ©™n.s, dA (2.47)
A 11
0

The variational principle for entropy displacement can be stated as

§1 =0 (2. 48)

for all arbitrary variations of Si consistent with its boundary condi-
tions. - It can be shown that the Euler equations of 2.48 are the heat

conduction equations

1 . . '
[ -C—,_Si’ i]’j 2 xjisi in B (2. 49)

and the natural boundary condition is

B, 3= " on Ay (2, 50)

That these are indeed the experimentaily correct equations for entropy
displacement is verified by substitution of equation 2, 29 into the law
2.36, "

The Euler equations of 2.48 can be obtained in the same form as

the general equations 2.1 if we first write

Si = Sij(xi)qj(t) (2, BL)

£

In passing it may be recalled that even though the principle 2.48 was
derived from thermodynamics under the assumption of G/Tr <<1,

it may have a wider range of applicability; this follows from the fact
that the temperature range for which it is sufficiently accurate rests
ultimately on the accuracy of its Euler equations in satisfying experi-
mentally observed behavior, ‘ ‘
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where the quantities Sij(xi) are assumed functions of Xis consistent
with the boundary conditions on Si’ and qj(t) are unspecified func-
tions of time. Substitution of 2. 51 into the variational equations 2.48
yields differential equations for the q‘j which are identical in form
with the basic relations 2.1.

B) Principle for temperature: In numerical applications,
once the entropy displacement is found from equation 2,48, the tem-
perature distribution can be calculated from the energy equation 2. 29,
This procedure is similar to the one followed with the potential
energy theorem of elasticity, wherein displacements are first calrcu—
lated from the var-iational principle, and then stress-strain equations
are used to find stresses, However, as in the elasticity problem, in
many cases it may be more desirable to obtain temperé.ture ("stress")
directly from a v;ariational principle, This can be done by using the
complementary function 2, 23 for heat conduction, in which © corre-
sponds to the generalized force Qi’ Equation Z. 4] provides us im-
mediately with Vj; as a function of temperature. The function D:.I‘

is found by combining equations 2,38 and 2, 35,

0,
% B . L
D =SDdB=-— ge,.S.= 0, .K.. ——dB (2. 52)
T B 2 g i1 2.Tr B i)

The functional for temperature, Ie, can now be written by making the

appropriate substitution in 2. 23, thus

0,
15‘ (€ o* 1

--ee+__e [K ——-]}dB
2 B Tr Tr P i

+g 6'n.S.dA (2. 53)
1 % .
Ag ;
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where AS is the portion of the boundary where heat flow is prescribed,

It will probably be more convenient to use the time 'derivative of Ie

in applications,
° ~ 1 ® e ’k .
T lg = ?SB {Ce s + e’ir[ Kije,j]} dB
+§ 0 n.h.dA (2. 54)
A

S
%,

The temperature distribution is found from the variational equation

,616 =0 ; {Z. 55}
for all variations of € which satisfy the boundary conditions on 'Ae.
It can‘b.e easily verified that the Euler equation of 2,55 is

Cé = [K..0,.] in B | | (2. 56)

. - 1) J ’i . . ! £ =
and the boundary condition is
niKije'j = - hini on AS (2:.57)

Since these are also obtained by} combin;ng equations 2, 29 and 2.35,
the variational principle is valid under the same conditions as is the
entropy displacement principle. It may be noted in passing that equa;-
tion 2, 56 for an isotropic, homogeneous s’olid takes the well-known

form

(2. 58)

e
@,
"
<
@

=FThis variational principlé is similar to Rosen's (26); however, he
does not include a time integral so that © must be held constant in
making the variation.
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Let us now show that identity 2. 27 is valid for the application at
hand. Let -e(xi, t) be the actual temperature distribution, and Si
the corresponding entropy displacement for a body with niSi pre-
scribed on Ag and O prescribed on A,. Adding functionals 2.47

and 2. 53,
~t S S¢ S
I 21y = ZSO[VT + DT] dr +§Ae n,S dA (2.59)

Since (V:;, + Di}) satisfies equation 2,31 we arrive at the simple result

that for the "exact" solution,

I(t) + Ie(t) =0 . - (2.60)
The same complementary property can be expected in other appli-
cations as a consequeﬁce of the fact that the underlying thermodynamic
equations of motion are the same for all liﬁelar s;ystems. In fact, this

simple example of heat transfer illustrates well most of the essential

features found in other applications,

b. Thermo-viscoelasti¢ity. In this section variational principles

. for the linearized equations of thermo-viscoelasticity will be derivgd;
It should be recalled that the thermodynam‘ic linearity assumption re-
quires material properties to be independent of temperature and the
effect of dissipation on tefnperature to be neglected., Ewven though
these assumptions are often too restriétivé for thermal stress prob-
lems, several important sub—eases..can‘ be obtained from the general
linear ané.lysis. For e:;ample thermoelasticity, viscoelasticity (with-

out temperature), and heat conduction appear as special cases.
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a) Principle for mechanical and entropy displacements:
We proceed as in the previous example by evaluating V,;, + Dé in
terms of displacement with the aid of equation 2.19. For the Cése
of both mechanical and thermal pe rturbatiqns we .have
.
Q.q. = g‘ TiuidA+ \ FiuidB -S eniSidA : (2. 6la)
YA B A
where Ti is the surface force per unit area, F_l the prescribed body
force per unit volume, u, the mechanical displacement, and the
variables t and T are implied, The entropy displacement integral
is written in-terms of density functions by utiliziﬂng equation 2,33,

The integrals representing mechanical energy can also be expressed

as volume integrals by means of the divergence theorem. We find (13)

g T.u.dA +S\ F'.uidB =§ [, .+'F'i]u.dé +S c..e..dB (2. 61lb)
A bl B 1 B T]?Jl E g i i
‘where eij is the strain tensor,
‘ 1
€. = > {u. . +u. .) {2 B2)

. EY 5
and Uij the stress tensor. Since V,;, and D’I‘ are defined as functions
of state variables, they must be evaluated under the condition of mechani-

cal equilibrium; this requires (neglecting inertia),

oy F F. 290 in B g (2. 63)
ij,j ~i :

Substitution of equation 2. 6la into eqtiation 2:19, after making use of

equations 2,33, 2.6lb, and 2. 63 yields

E]

B B
2(V, + D) = .SB{‘Tijeij_' 8s; ; - 0,8 }dB (2. 64)
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The last term in equation 2, 64 can be expressed immediately
as a function of entropy displacement by using the heat conduction law,
2.36, to obtain equation 2.,38; the assumption that the heat conduction
equation is unaffected by deformation was discussed in section 1. 8.
Also, the operational stress-strain-temperature equation 1,100a,

is used to obtain
o..e..= [Z¥ e Je.. -[B20]e.. (2. 65)

In the previous example it was possible to evaluate the second
term in ‘equation 2, 64, GSi i through the use of the energy equation
2

2.29. However, we must now utilize the linearized version of equa-

tion 1,119, which can be written as

.H=-T., .=C% +T_p°

i .. e (2. 66)
: Al 1 e " ij

1]
or

_ (e} f-l o, -1 _0
8= - Tr[ ce] Si,i,f Tr[ ce] Bij €5 (2. 67)

where, in eciuation 1,119, we have set p'S= Pg = constant, D = 0, and

integrated with respect to time. The inverse of the specific heat

'

operator, [Cg] _1, is of the form

(s) '
d'p
[cOll=a_ + > —— (2. 68)
(S e - p+

in which de and dgs) are positive constants; this property is ob-
tained by comparing equation 2. 67 and the earlier equation 1. 69. It

-1 0
By

is also seen from equation 1. 69 that [CZ] has this same form,

but the coefficients are not necessarily positive,
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IL.et us now substitute equations 2. 65, 2.67, and 2. 38 into
identity 2. 64 to find,

£

Ft b+ % : v ¢ e . * e
- M o :
23)0 (Vp+Do)dr = XB{ [ zij ew] eijfT-r[ cee] + Trxijsi sj 1dB .

(2. 69)
in which the convolution notation 2,45 is indicated and we haife used

the fact that

£ O
]

[ij 0] *eij = g [ﬁij e (2. 70)

This identity can easily be verified by operating on it with the Laplace
transform., Elimination of the temperature from equation 2. 69 and
substituting the result into equation (2.10a) yields the functional to

be used in the variational principle:

| C Py 1% ol—l o] * o]
Las ® TZ'JB{[Zij St ot Tl B Brey il L8 ¥ B el

» 3 B b
+ T \..S5. 5.}dB -S T.“u.dA-S. F. u.dB
s T A 1 Jg i
T
N +S‘ ©'n.5.da - (2. 71)
o I |
) Ae :

where the force vector 'I_'i is prescribed on A-T and tempe'ra.ture G

is prescribed on A Also, the strains must be expressed as functions

eﬂ
of displacement by using eqﬁation 2,62,

The equations for mechanicdl and entropy displacements are

determined by the Statio;iary condition

Sl,=0 o {212

for all arbitrary variations of u, and S.l compatible with their

boundary conditions. By carrying out the variation we find that the
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Euler equations of 2. 72 are the three equilibrium equations;

ij o ,0 o, -1 o,-1.0 _ ’
[va b LRy 15 ]ui,jv+ TGy R 10" FH‘ 9 mB
(2.73)
and the three heat conduction equations
co\..8.-8, ..-p%u =0 in B (2. 74)

&1y 1 g 1] Y B, V]
This same set of equations can be obtained directly from the stress-
strain-temperature equations, energy equation 2. 67, and heat con-
duction equation 2,36; on the basis of this remark as well as the fact

that the natural boundary conditions of the variation 2. 72 are

' _ 0 ;,~0,-1 0,-1 _
njo-ij(u s ) { [ I'B]J,'Vﬁ'j (Ce) ] ep.v+ Tr(ce) .ﬁijsp., I‘L}nj— Ti
c%s - on AT (2.75)
e
Si, g2 = Tr on AG _ ‘ (2.76)

we conclude that the variational principle is valid within the region
of validity of the field equations 2,73 and 2. 74.

Some special cases of the variational principle 2,72 will now
be considered. For viscoelasticity without thermal effects,set 8 = 0
in equation 2, 64 and use the res uit to write

'Zy . € dB SF udB (I 'I‘ u.dA ' (2. 77)
v A

B
in which the stress tensor is to be expressed as a function of the
strains through the operator equation appropriéte for the desired

degree of anisotropy. In order to obtain the functional for the case

in which there are strains due to temperature, but the temperature
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field is prescrirbed, it is necessary to.first write equation 2. 64 in
terms of strains and temperature, This situation will be considered
later in connection with "non-homogeneous' variational principles,

The functional for adiabatic deformation’is obtained immediately
from equation 2. 71 by setting Si = Si,i = 0, Furthermore, the vari-
ational principle for thermoelasticity is deduced from 2. 71 by simply
replacing the operators Zix.jV’ Ceo and B?j with their corresponding
elastic constants. It is alsolclear that the functional for pure heat con-
duction results by equating the displacement field to zero,

In view of the remarks on the general principles in section 2. 2,
the variational principle 2 72 can be formulated in terms of the -

Laplace transforms of displacement. This is done by transforming

Ius with the help of the convolution theorem, thus

— 1 PV 0,-1, = o— 2 ==
= : +
I ZS-B {z.1j © i T_(C.) (Si,i+Bijeij) +Tr>\ijpSiSj}dB
g T5.dB +§ B3, dAt-S‘ TE A (2. 78)
1 X L 1 : L L
B Ag B

where all time derivatives in the operational coefficients are replaced
by the transform parameter p. It can be shown that fhe stationary

poiﬁt of '_IU-S isg actually an absolute minimum for p real and positive,
Furthermore, it is clear that the Kuler equations and natural boundary

conditions of
61, . =40 : 1 (2.79)
us _ ‘

are the same equations one obtains by transforming equations 2, 73,

2.74, 2.75 and 2, 76.
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Thus, it is seen that the thermo-viscoelastic variational prin-
ciple in terms of transformed variables is formally identical with the
one for thermo-elasticity. This leads to a correspondence rule in
which an approximate (or exact) transformed viscoelastic solution
can be obtained directly from a transformed. ”associé.ted" elastic
solution as calculated from a variational principle; it is only necessary
to replace all material constants by the appropriate operators, e.g.,
Ziiv(p). This same rule extends to all principles which we shall de-
rive from the basic thermodynamic ones. The correspondence rule
stated here is a generalization of the one shown by Biot for isothermal
viscoelasticity (2).

Before we discuss the complementary principle, let us ex-
amine briefly an alternate method of calculating V,; + D;, i, 8, ; use
of the thermodynamic definitions for the generalized free energy and
entropy production directly. This will show more clearly the close
correspondence between the basic form of the variational principle
given in section 2.2 and the one 'derived in this section,

First, the generalized free energy density, V, (per unit volume)

is obtained by relating it to the Helmholtz free energy density, F,

We have the defini_tioris

V=U-TS ' ' (2. 80a)
FEU-(G+Tr)S=V-GS ' (2.800b)
Reference to equations 1.18a and 1. 26 shows that
. _ : ’ C e2.
T o COF, _ 1 q
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where CCl i;*, the specific heat (per unit voiume). It is implicit in
the expression that the local thermodynamaic state is defined by
excess temperature, O, and the n coordinates Ay six of which
(ql, Apsees s qé) are the mechanicallstrains eij' Therefore, the

total free energy is
1 Cg 2
= —2—‘ng {aijqiqj + Tr 0°} dB (2. 82)

Since the variational principle must be written in terms of eﬁtroPy
displacement, rather than te.mperature, it is necessary to use the
linearized energy equation 1. 66. Elimination of temperature differ-
ence, é, provides us‘ with the appropriate form of the generalized

free energy,
2
5 o399 +—— (S, s+ Byq;)"} dB (2. 83)
Cl

The entropy production per‘ unit volume separates into non-
; ) %
thermal and thermal components. The thermal component leads:
to the dissipation per unit volume given by equation 2.42

5 L.

=_7T
D=5 ;555 (2. 84)

The non~thermal contribution to dis cipation is obtained from equation

1. 55,

= 1 2 : :
D =5 bijq-lqj (2. 85)

Thus, we can write the total dissipation function as

“This follows from the as sumption that the thermal contribution to
entropy production is of a different degree of symmetry than the
other causes; as dlscussed in section 1. 8.
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E *1 P . ®
Dp == gB {bijqiqj + Trxijsisj} dB (2. 86)

sk b

It is now pos'sible to substitute VT and DT’ corresponding to
the functions giv'enA by equations 2. 83 and 2. 86,directly into the vari- |
ational principle 2.1l. We thereby obtain a variational principle for
hidden cobrdinates as well as the observed variables of mechanical

and enti‘opy displacement,
I =0 (2.87)

with the definition

E
_-1 P T Sk
Los '“ZS.B {layya5t bysa) gy + <, (5, ot By 5 o+ Byay)
+ T _\,.S.S.}daB
rijtiT
sk sk sk ) )
- § T.uid_A - § FiuidB -H-S‘ ® n.S.dA (2. 88)
A1 o n iTi

where the strains eij [= g (i=12,..., 6)] are to be expressed as

functions of the mechanical displacements using equation 2. 62. It
can be shown that:the Euler equations of 2. 87 are‘.not only the mechani-
cal equilibrium and heat conduction equations, but also (n-6) equations
for hidden coordinates as given by equation 1. 40. If, however, we
initially eliminate the hidden coordinates from e!‘quation 2. 88 by
solifing the (n-6) equations, then the functional 2. 88 becomes identi-
cal with the first one we derived, equation 2. 71.

B) Principle for mechanical stresses and temperature:
The complementary principle for stresses and temperature will now
be deduced from the baéiic functional 2. 22. While it was possible to

use the simpler form 2. 23 in deriving the heat conduction pririciple,
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it cannot be used now. This stems from the fact that when we intro-
duce .equation 2.19, [ Z(VT +. DT) = Qi('r')qi(t—'T)] » it is tacitly assumed
that the internal stress field is in equilibrium. The additional term

which must be added if this is not the case is

S‘[(cr.. + F.Ju, dB
B sl |

as secen by referring to equation 2. 6lb. Thus we have

Q.q; - (Vp + Do) = gB['”ij,j‘* ri] u,dB + (Vo + D) (2.89)

where VT + DT is to be written as a function of stress and tempera-
ture with the help of equation 2. 64.
For the mechanical component,' use is made of the stress-.

strain-temperature equation 1. 103a derived in Part I, so that

o [ A o
Wijeij - Uij[ Aij WHV] + cm'ij[aije] (2. 90)

In order to express the first thermal integrand in equation

2. 64 in terms of temperature we use the energy equation 1. 63. After

linearizing and integrating with respect to time we find,

-
. Iy o
Si,i = - ———Tr 0 - e s A (2.91)

o . o
where C(rr is the constant-stress specific heat operator whose form

is given by equation 1. 64. Therefore

[cge] + 0 a%wij] (2.92)

_©
“esi,i B
g

The second thermal term is found immediately by using the heat con-

duction law 2. 35,
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-0, .5, = [K.. ] (2.93)

Now that VT + DT is known as a function of temperature and
.stress, we can substitute equation 2. 89 into equation 2. 22 to obtain

[

the complementary functional IUB,

i _ . b3 -}_— K HV E3 o
1@6 _SB[ @, 5t Fi] u,dB + > S‘B{Wijmij u;-pv] + 20 [aijcrrij]

9* o e’i e’J
+- [Cgel + = [K;; —= 1B
F o
X Sk
-g U,o,.ndA + 6 n.S,dA (2. 94)
Jda 11l AS 171
1L

where; displacements Ui are prescribed on Au and the entroPy-idi-s-
placement (i. e., heat flow) is given on AS. The mechanical dis-
placemeﬁt field, -ui, can be eliminated from thisb functional by requir-
- ing that all admissible states of stress in:the variational principle
satisfy the equilibrium equations. This is accomplished by expressing
the stresses as deriva;tives of certain stress fuﬁctions (31). How-
ever, an equivalent procedure is to interpret continuous functions

u, as Lagfange multipliers associated with side condition,

«Tij,j-bFi:O - in B ‘ (2.95)

This latter method will be used since it leads to an easier proof.
As the complementary principle we state that actual stress
and temperature distributions are determined by the variational

equation
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81 o =0 o (2.96)
where all admissible stresses satisfy the stress boundary conditions,

?Fijnj = Ti on AT (2.97)

and all admissible temperature fields satisfy the boundary conditions
on Ae. Performing the variation with stresses and displace‘men’cs
varied independently we arrive at the Euler equations, which are the
six compatibility conditions
e & = l 1

Aij ,@-H” + o,ije 2(u. A4 ou, L) o in B (2.98)

the three equilibrium conditions,

s +F. =0 in B ; i (2.99)
and the conservation of energy statement,
- -

TS j = O o :
[Kij—-p ],:.L cﬁewrraijarii in B (2.100)

In addition, the natural boundary conditions of the variation are the °

conditions on the Lagi'ange multiplier u.,

u, = U, on A | (2.101)
i i u

nK,.—JL = - T _S.n, on A. _ (2.102)
i7ij p Al S

Equations 2.98 - 2.102are a complete set for calculation of

the stresses and temperature field. It is clear that these are the
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correct equations; the compatibility condition 2 98 relates stress-
dependent strains to displacement-dependent strains, while equation
2.100 is simp'ly the linearized energy equation 2. 91 combined with heat
conduction law 2. 35. ; |
It is interesting that if the equilibrium equations are not

ideﬁtically satisfied in the variation, application of L.agrange multi-
pliers with the equilibrium equations gives a principle for displace-
ments as well as stresses and temperature. In ‘fact, it will now be
shown that this principle is an ext‘ension' of Reissner's principle for
elastic stresses and displacements (28) to thermo-viscoelasticity,
except for the cdnstraint on boundary values. The functional 2. 94

is cast in Reissnef's form by using identity 2; 6lb in order to replace

the first integral in this functional. We find

_ 1 E sk P'V
tou T 2 XB{‘“ij‘-“i, 1% ger} # g Ay Wl 1B
1 S‘ T, u,dA +§ F,u dB (2.103)
B, = = b . _

T
where the thermal terﬁs have been omitted for simplicity. As before,
Ti ‘is the prescribed stre‘ss vector on AT and‘ Fi is the presci-ibed
‘body force. Reissner's pr‘inciple for viscoelasticity can be stated as
follows: f
Among all displacements which saﬁsfy the dis-
-placement boundary conditions and among all

siress si:a.tes, the actual stresses and displace-

ments are determined by the variational
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equation

81 =20 7 o (2.104)

in which the stresses and displacements are

varied independently.

As Euler equations we find the six stress-displacement compatibility

conditions,

p,'V = E'.. 1 1
Aij @-HV > (ui,j + uj’ i) ‘ in B ~ {2.108)

and the three equilibrium equations

o,. .¥F. =0 in B (2.106)
IJ,J 1 )

The natural boundary conditions are on the stresses,

Wijnj = Ti on AT (2.107)

These field equations and boundary conditions are sufficient for cal-
culation of the six stresses and three dis?la_cément components. It
should be noted that the admissible dis_placemer:).ts in 2. 103 must
satisfy their boundary conditions, while thé stresses are not re-
stricted. However, just the converse is true in the functional 2. 94.
Nevertheless, from a practical standpoint, in using these principles
to generate approximate solutions it‘probab'ly will be desirable to
chocose stresses and displacements which satisfy their respective
boundary conditions. In this case, the two principles are identical.
In conéluding this section on the complementary principle,
it should be remarked that it has properties which are similar to

those of the displacement principle 2. 72; i. e., concerning special
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limit cases, the correspondence rule, and an absolute minimum point.
As an example of an. important limit case, consider the situation

occurring most frequently in practice in which the temperature change

due to stresses is negligible, so that the femperature is preécribed

variable in the functional 2. 94 (i. e., it is calculated prior to makiﬁg

the stress analysis by using the equation for heat conduction). In

this case, the pure thermal terms in 2. 94 do not affect the variation

and can therefore be omitted. Thus, the functional becomes

I@@ = S‘B [“Tij,j + Fi] uidB

1 ! = pv ; % o ES
+ 75‘]3 {Uij EAij UHV] + 20 [o'ijw_ij] }dB - SA Ui Uijnj dA
u

! | - (2.108)
in which © is to be held constant when calculating the variation.

In regard to the minimum property, it can be shown that the
exact stresses and temperature make —i@_e(p), cwith\p real and
positive, an absolute minimum with respect to all stresses satisfying
' the equilibrium equations 2. 95 and stress boundary condition 2. 97,
and all temperature fields satisfying the boundary conditions on tem-

perature. It should be added that in proving this minimum property,.

: 2 . v ,
one must use the thermodynamic relations between P g 0..0., and C;

Y ij
which are given in generalized coordinate notation in Part I.

This minimum character does not exist if the varied states of stress

do not identically satisfy the equilibrium equations and stress boundary

conditions. Thus, the transform of the functional in Reissnexr's
principle, equation 2.103, is just stationary on the positive real
p-axis.
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2. 4. Determination of Non-Homogeneous Variational Principles

from the Homogeneous Principles for Linear Systems

So far in the applications we have utilized two basic variational
theorems which are homogeneous in displacement and stress variables;
i. e. equation 2.1l for .rnechanica.l and thermal displacements, and
equation 2. 26 for mechanical and thermal stresses. In addition, it
was shown that the stress theorem could be derived directly from
the original one for displacements by making a change of variables.
Furthermore, in section 2. 3b this change of variables led to a non-
homogeneous principle for mechanical displacements and stresses by
retaininé the equilibrium equations with Lagrange multipliers. An
analogous principle for temperature and entropy displacement could
have also been deduced in the-heat conduction example; in this case
the heat conduction law 2. 36 would appear with a Lagrange multiplier.

Thus, it seems reasonable that a pr’iﬁciple could be derived
for the calculation of all functions, Ujs Ty 0, ‘;z’a.nd S.. Indeed,it
can be shown that all of the above méntipned principles are sPécial'
cases of this more general one. |

We shall not here derive this general principle, but examine
briefly t;\rvo additional variational principles which are.also special
cases. It will be seen that the;)r are of practical importance and
represent companions to the homogeneousl thermo-viscoelastic
principles in section 2. 3b. The first one considered is for mechani-
cal displacements and temperature and the second one is for mechani-

cal stresses and entropy displacement.
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a. Principle for mechanical displacements and temperature.

The functional is derived most easily by means of a heuristic argument
usiﬁg generalized variables. Let quj be divided into mechanical
variables qur -and-thermal variables qSQS. In analogy to the

derivation of equation 2. 22 we obtain the func¢tional
(v ) -
= . { Vo t = Y d quk Qiqi}dT (2.109)

- where the index k indicates summation over prescribed thermal
'céordinates, and index- i indicates summation over prescribed
mechanical forces. The. terrﬁ in the square. Brackets is to be written
as a function of mechanical coord}inates and thermal forces. |
We now identify the thermal energy QS és with its continuum

representation
Qq, = - S'A on.S, da (2.110)

and firsfuse identit“y) 2. 33 as well as 2. 64 in determining the displace-
ment and terripera.ture dependence of (V.;. + Df[.- qSQS); the procedufg
for éliminating the mechanical stresses and entropy displacement is
similar to what we have followed with the previous cases. When

the resu}ts of this calculation are substituted into equation 2. 109 the

functional for displacement and temperature is obtained,

*

_wS{[z ‘H] e -29[;3 ]~%—r[cze]

I.LV v

9 o s % ‘ &
-T—l[K ]}dB-—g T.u.dA- \' F,u.dB -g ‘0 n.S.dA
1 1 1 1 1 1
. A B Ao
(2. 111)
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where Ti ‘is prescribed on -AT and Si is specified on AS. The
displacement and temperature fields are determined by the stationary
condition

) Iue =0 (2. 112)
in which all a;dmissible displacements and temperatures must agree

with their respective boundary values on A ~and A, The Euler

equations are the three equilibrium equations,

z¥ . - Bl.e, . = ; 1
5 h, w5 ﬁu F +F; =0 in B (2. 1L3)
‘and the energy equation
B'j ‘ ‘
[KIJ-—I-)— .] ! =G 0 + Trﬁueu in B (2. 114)
with the natural boundary conditions
zhVy _ @© - ' :
1z 55 %, v ﬁﬁe]nj T, on A {2.118)
B’j
_ n[KlJ—p—] = - T _S;n, on Ag (2. 116)

It is easily verified that these eqﬁatidns are the complete, correct set
. for the description of the displacement and temperature distributions.
An important limit case of 2. 112 is vrhen the temperature field
is prescribed, and thérefore is assumed indepenrilent of displacements.
The variational principle for this condition is obtained by omittincr the
pure thermal terms in equatlon 2. 111 and holding the temperature £1xed
in the variation 2.112. With the temperature prescribed, it can be
shown tha.*:_ among all displacements satisfying the displacement

boundary conditions, those which satisfy the equilibrium equations
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make _iue an absolute minimum when p in on the positive real axis.

However, if the temperature is a function of the displacement, Iue

is only stationary. 3

b. Principle for mechanical stresses and entropy displace-

ment. The functional for the mixed variables of mechanical stress

and entropy displacement is derived in a similar manner. We find
that the field equations and natural boundary conditions for Wy and .
Si are obtained from the variational equation

51 =0 : (2.117a)

where

R ) !
IWSH.SﬂB[ 1J,J+F] udB+ S {la 13 p.v] Tij

w I [(c;)'l( :, +d13m'1J)] Ts i, 4 oiljn'll]] T, s [x s ]}dB

S' UarndA— @nSdA (2. 117b)
R -)A

11

in which U; is given en A ‘and ® is speg:ified on Ae. The admis-
sible stresses and entropy displacements in 2. 117 must satisfy the
boundary conditions on AT and AS, respectlvely. Furthermore,

as with the complementary principle, the displacements éppearing

in the fir'st integral are Lagrange multipliers which drop out if all
valiied states of stress are chosen such that the equilibrium equations
are identically satisfied.. We find that the Euler equations are the six

compatibility conditions,

BY g o,-1 o o | Y )
[Aij Tr(Cn') a.pv 1_]] O'P.v T (C ) 0‘1.] - p Z(ui,j+ uj, i) (2.118)
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and the heat conduction equation

2 e o,-1 o 7
'1‘r>\ijsj _—[Tr(CW) (SP’P_ + B .rw)] i g {2.119)

with the natural boundary conditions

u, = Ui on Au (2.120)
oy=1 o _ v
TI(CO“) (SP--H+ apv@.pv) =-@® on Ae (Z: 121)

which form the correﬁt, complete, set for the calculation of stress and
'ent:L"opy displacement fields.
When tlﬁe entropy displacement is prescribed,the exact stress
‘state makes the functional Tﬂ_s(p) an absolute minimum (with p real
. and positive) with respect to varied stress states which satisfy equili-
brium and stress coundary bonditions. As with the previous non-
‘homogeneous principle, thié minimum property éoes not exist in the
general coupled thermo-mechanical problem. Furthermore, it is
clear that the adiabatic limit case is obtained by setting S,=0 in the

functional 2.117.

2.5.. Comments on Special Variational Principles when Dissipation

and Temperature Dependent Viscosity are Considered

It has been emphasized that the previous variational principles
are valid only f01; thermodynamically linear syéterﬁs, and that this
assumption requires the dissipation fﬁncfion in the energy equation
and the temperature dependence of ﬁaterial properties to be neglected.
There does not a.pp;aa.r, at this time, to be a variational principle

which can be used for these nonlinear effects in the general thermo-
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‘mechanical problem,' without imposing 'artificial constraints on
admis;ible variations. However, by slightly modifying the functionals
in the linear variational principles and imposing certain Conétraints,'
some useful results can be obtained. As illustrations of the method,
let us briefly consider two cases. |

First, we shail indicate the necessary modifications of the
mechanical displacement—temperature. principle preserﬁ:ed in section
2. 4a in order to include dissipation, but retain all other as sumptioﬁs.
The only Euler equation which is changed is the energy equation 2. 114.
It is seen from e;quation 1,119 that the energy equation with dissipation
-is |
Dm

. |
[,Kij PJ],:i =CJ6 + Tr@%eij ~ B ‘ (2.122)

where Dm is the mechanical dissipation per unit volume, equation 2. 85,
which is to be expressed as a function of temperature and strains. Thus,

if the integral

D 3k .
zS {2 J 8 dB (2.123)
a ,B' _P ) y

D

is added to the functional IuB’ and —= is held constant in the variation,

the energy equation 2.122 will be obtained as one of the Euler equations.
. It is 6bse‘lrved that this procedure treats 2 E—H—l as if it were a known»
thermal energy source.

Now, consider the case in which the temperature field is pre-
scribed and the'viscositylis temperature dependent, but with the time-

tempera.ttire superposition p_ri‘nciple applicable. If the temperature

is constant in time, the two functionals © , 2.108 for stresses and
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2. 111 for displacements, can be used directly without modification.

On the other hand, when the temperlature varies with both time
and space, these original principles must be modified in order to
obtain the correct Euler equations. The necessary modifications
are determined by examination of the effect of the temperature on
the Euler equations and boundary conditions. If the variable transfor-
mation 1. 121 is‘ used to change from real time to reduced time, the
time dependence of material properties is removed; however new
terms with time-dependent coefficients are introduced thr ough the
spacial derivatives, according to equation 1. 122. Consequently, the
Euler equations and boundary conditions, as functions of reduced
time, wiil contain terins which are identical with those for a problem
without temperature dependent viscosity, as well as terms which arise
from the spacial variation of tempe/rature. Thus, variational princi-
ples for mechanical variables can be obtained immediately from the
previous ones, 2.108 and 2.11l, if the necessary terms are added to
the functionals (as was done with the dissipation function considered
abqve) and these terms are treated as known quantities in the variation;
of COurSE,'ti'le se modified functionals depend on reduced timé, rather
than physicai time.

- ' Another approach is to use full operational-variational principles,
such as sﬁggested by Biot (3). These can be employed for the most
genéral case of couple‘d thermo-mechanical behavior. The appropriate
functionals are obtained by simply removing the convolution integrals

4

from the functionals in the previous sections, and adding the dissipation
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function,if desired. Variation of these functionals will lead to the
correct Euler equations and boundary conditions if all time deriva-
tives, p, dissipation, and all temperature dependent properties are
-‘treated as known quantities. Once the variation is carried out and
the Euler e.quatiOns are obtainéd, the se fictitiously constrained
quantifie's are to take on their actual significance.

Finally, as a practical point, it should be added that even
though the modified principles suggested in this section appear to be
- quite artificial, it is possible to use them to calculate approximate
solutions. This follows from the fact that the stationary condition
makes the approximaté Euler equations orthogonal to certain weighting
functioﬁs; thus, the use of these principles is closely related to the
well—knowln methods of Galerkin and Kantorovich (13),,‘ Consider,
for exdmple, the problem of calculating an approxirﬁa‘te solution in
which the solufion is assumed iI:l the form bf a series of prescribed
spacial.fﬁnctions with arbitrary; time dependent coefficients. By
substituting the series into the appropriate functional and carrying
out the variation Wifh reépect to the coefficients, a set of integro-
differential e-zquations for the coefficients is obtained. The ease with
wh—icl"l these resultirig equations can be sblv,ed relies, of course, on fhe
barticﬁl#r problem, and the practica.lity_ of such a procedure will

depend upon further study.
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PART III

MATHEMATICAL PROPERTIES OF SOLUTIONS OBTAINED
FROM LAPLACE TRANSFORMED VARIATIONAL PRINCIPLES

3. 1. Introduction

.There are several ways in which the preceding variational
‘principles for viscoelastic media can be used fo obtain approximate
solutions. For example, the methods of Rifz and Kantorovich (13),
commonly used with the minimum principles of elasticity, could be
applied to the éqnvolutionl principles; time dependence would be treated
just the same-as spaciai dependencel. However, for many cases, the
simplest procedure will be to take the variation of a Laplace trans-
formed functional an& thereby obtain an approximate or exact trans-
formed solution; the time dependence is then found by inversion of
the transform. Of course, the final step of inverting the transforms
may prove to be extremely difficult if standard, exact methods are
used. "The.refo're, it will often be expedient to use approximate inver-
sion _tec_hniques; this subject is discussed later in Part IV. Discussion
of the convolution principles, in relation to their uéefulness for the
calculation of approximate vgriational solutions, is. also deferred to
Part IV, where two examples are given tc; illustrate the essential
features.

In this Part, transformed variational principles will be studied.
First, we shall deduce the general form of time dependence of exact
and approximate soluﬁons: which are obtained from certain transformed
principles;'all pr‘escribé;d'loads and displacements (thermal and me-

chanical) are assumed to be step functions of time applied at t = 0.
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This analysis is then used in a discussion of the relation between
errors in approximate and exact viscoelastic and elastic solutions.
Thg conclusions reached in Part III apply to respoﬁses calculated
lfrom those principl(_as whose transform on the positive, real p-axis
attains an absolute minimum fqr the exact solution; namely, the
homogenéous principles 2. 72 and 2. 96 for both mechanical and ther- -
mal variables, and the non-homogeneous principles 2.112 and 2. 117
with the thermal variables prescribeé throughout the body. . The
‘remaining p;inciples given in Part II do not fall within the scope of
the present discussion.

While all resulté established in this ZE"art apply directly to
bodies subjected to step inputs in time, they can be also used to
obtain the behavior for arbitrary time-dependenf displé.cement and
load prescriptions; one needs only to employ the Duhamel-super-~
position integi-a.l.‘ .Furthermore, for simplicity, but without loss of
generality, we have omitted all thermal ?ariablés in the actual
calculations. ' |

Before summarizing the results, let us discuss briefly the
motivation for our study of time dependence. A clue to th.e .fact that
definite statements can be - made about the time dépendence of solutions

'is provided by the general thermodynamic equations 1. 98
Ryl + bijqj =Q (3.1)

With zero initial conditions, the transformed solution to these equations

is given by equation 2. 243
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_,_'Z‘ Cg) %4 g
9 = I+ 7_p * P 3 (3. 2)

s

If, for example, all forces are prescribed as step functions of time,
g =
0 E<0
Q =1 (3-3)
Q. ,t>0
i
- where the 5i are.constants, the time dependence of q; can be written
immediately as.
: <Ef 7 5
o =Z Cg;)(l e "8, +0,.08¢ (3. 4a)
8

or, if steady flow does not occur

' “tfT_ '
o =Z c§;)(1 -e P83, (3. 4b)
-]

Thus, as was initially c;bserved by Biot (5), aparrtr from the steady flow
term (C'iijt) the time’ depen_.der}ce of all coordinates is given by a
series of decaying exponentials. By interpreting the observed coordi-
nates as mechanical displacements in viscoelastic media, it is expected
that the actual displacements would have the same time dependence
if all a.pplied loads are step functions of time.

In section 3. 2 it is shown thaf approximate displacements
likewise have this property. Also, it is prc;ved that this behavior
extends to mixed boundary conditions and to exact vand approximate

stresses obtained from the above mentioned variational principles.
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We should mention that a rigorous proof is made for only those
response.s which are represented by a finite sum of spacial functions

" with time dependent coefficients. HoWever, on the basis of certain
physically reasonable arguments, it is Postulatéd that this exponential
behavior applies to all viscoelastic responses.

After establishing the time dependence of solutions, we use the
results to examine the error between approximate and exact visco-
elastic solutions. It is shown that uniform convergence for certain
~ranges of elastic constants, of a sequence of approximate, associated,
elastic solutions to the exact solution, implies that the corresponding
sequence of approximate viscoelastic solutions converges (in the mean)
to the exact function; this argument rests on the assumption that certain
infinite series and improper integrals !are a‘bs'olutely éorwergent or
else that the transient responses are quadratically integrable over
0 <t< oo.

Knowledge that the time dependence of stress and displacement
solutions is of the form 3. 4 has-additioﬁal practical importance. For
exarr;ple,, it is known a priori that all of the singularities of Laplace
transformed solutions are on the non-p 0 sitive real axis. Thus, in
order to invert a transformed solution exactly, it is only necessary
to study behavior on this axis rather than the entire complex p-plane.
Also, the fo1;m 3. 4 lends itself readily to an approximate inversion

method which Will be discus‘sed in Part IV.
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3. 2. Time Dependence of Solutions for Step-Displacement and Step-

L.oad Inputs

a. Displacement response. In this section we shall use the

transformed displacement variational principle to calculate time de-

pendence of displacements which are given by the series
= ¢la) 5
u, = 3 (xi)qa(t) =) Ui(xi)H(t) ; (3. 5)

In this expression summation over a-(=1,2,...,N) is implied,
fga)(xi) .are functions of the coordinates x; and vanish on the por-
tion of the boundary Au where displacements are prescribed, By
are time~dependent genera..lized coordinates, and Ui (= ﬁiH) is T;he
prescribed displacement vector for which H(t) is the Heaviside step

function,

0, t<0
H(t) = (3. 6)
, t>0 ‘
It is not required that these displacements satisfy the equilibrium
equations o-r stress boundary conditions.
Let us now apply the Laplace transformed variational principle
2. 79 in order to calculate Ea(p) when the f(ia) are given functions,
For simplicity thermal effects are neglected and zero initial con-
ditions are assumed. The appropriate displacement functional is
"'I' st \ (et R }dB-—S‘TGdB—g T.a.dA (3. 7)
u 2 ij i v el o et i °
B B’ -

where -T_i' and Fi are'prescribed forces given by
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_ Tx) _ F(x)
T, = i T o= (3. 8a)
1 p 1 p
and the transformed displacement vector is
5 =iy +Ei ’ (3. 8h)
B, e « 8h
Also, from 1.100b
ij(s
ij * PR Jv( ) 1] 'ij
zY = —F_ +pY +pD (3. 9a)
v 1 A% Y
P
s PS

where each matrix in 3. 9a is positive semi-definite, i.e. for all eij

ij(s) . ij s iy TS L %5
DI-W e}-weij = 05 Dp.vep.veij = 0; D]._I,V ep.veij =0 (3. 9b)

but the matrix made up of the sum of those in 3. 9a is positive definite,

0; e..e..>0 7 (3. 9¢)
1] 1)

ij(s) ij i,
[ Z D}.W o DMV+ DMV ] epveij
s

We now write Tu as a function of aa by using the transformed

strain-displacement relations

T e o=
eij = > ( ui,j + uj’ i) : (3.10)
to find \ . =
- . 1 ij . (a)= ij (B = BV
R A R
F i o{a)= ’fji ' E‘i (a)= Fﬁi
-§ s Y rl-—)dB-S‘ e (1Y fljdA (3.1
B P i a p & P i a P
T
where ' .
(a)- 1 ra) c(a)y '
ejy = z[fi’.j+£j’i] . (3.12)
~ _ 1. ~
Eij = Z[Ui?j +UJ.,1] | {3.13)
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The generalized coordinates can be found by minimizing —Tu
with respect to each Ea' This leads to the following N linear

algebraic equations,

- 1 ~
C S
i, —gp 8 _ (3.14)
in which the following definitions are employed,

D ‘LJ(S) Dij
caﬁEXB{Z R dimg +D”}e(“) (Pl (3.15a)

wv T ij
S

1_](5
pD 2 1
- E ij ij (B
S { + D”v + pr}EHV‘e i dB (3.15b)

It is noted that the singularities of E)B are simple poles (or

branch cuts if P & ps(xi) ) on the negative real p-axis, but if the

~

boundary conditions are all on stress, Q. is independent of p.

B

Also, from the symmetry of lejv we have C__=C

af Ba’

tional moduli in equations 3.15 have been left in the volume integrals

The opera-

since properties may be functions of Xo We shall now establish the-
dependence of Ea on p, and thereby obtain the time dependence of
displacerr"ments.
First, the followi.ngvtheo‘rem w0l B proved:
Theorem I - The singularities of EG occur oﬁly on the non-
positive real p-axis,
The proof will be made by showing that the determinant of C

apt1Cqpl

does not vanish when p is complex or real and positive. Let p=utiv
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and substitute this into 3,15 to find

.Caﬁ = R‘M3 - iVIaB _ . (3.16)
where
O U C
R = '[Z s 2 P +D13}e(“?a(f’)dB (3.17a)
(1..(3-— 2 2 1) wv
& S (u+—L) +v2 +v
s
| pii(s) D il
I = pv + [ad (CI,) (B)
ap {Z 2 T }eiJ e dB (3,17b)
s (ut—) +v
Fa \
and
IGB = IB“ 5 Raﬁ = Rﬁa (3.17¢)

It is noted by reference to equations 3,9 that RGB is positive definite
when u > 0, but it is indefinite when u < 0; also Io.ﬁ is positive semi=~
definite for all u and v,

Let us'as.surne that Icaﬁl = 0 and determine the permissible
values of. u and v. This means that a non-trivial (real or complex)

solution vy, can be found such that

(Raﬁ - iVIaﬁ)ya

If the complex conjugate of ¥ is denoted by ?0’, multiplying equation

=0 | (3.18)

3.18 by Y and summing yields

Raﬁyo}'ﬁ = ivIapyu:;ﬁ (3.19)

Since R and I_, are real symmetric matrices, Raﬂyo;ﬁ and

ap ap

I BYU‘??‘ are real numbers; in addition, the latter one is non-negative,
a
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First, assume that I But equation 3.19 cannot be satisfied

aﬁyayﬁ> 0

unless ‘v is zero since the left~hand side is real while the right-hand

side is imaginary. Now, suppose Iuﬁyc;ﬁ = 0 which can be seen
from equation 3,17a to imply that ’
v (o) (B)
R = dB 3,20
ap’a¥p T )y u‘v °ij S IBYaYg (3.20)

But equation 3, 9¢ requires that this be a (non-zero) positive number
and therefore equation 3.19 cannot be satisfied, Thus, the determinant
of Caﬁ cannot vanish unless p is real,

It only remains to show that there avre no zeros of [Caﬁ'[ on
the positive real axis, That this is indeed the case follows immediately
- from the fact that Raﬁ is positive definite when u> 0., Theorem I

is therefore proved for the most general stress-strain relations which
are thermodynamically admis‘sible.

Further information about the singularities of aa will now be
_obtained;_ However, in the following discussion we shall assume that

the relaxation times, p,» are independent of X. This assﬁmption

permits C (defined by equation 3,15a) to be written as

ap
(s) C :
» ap ap _
Cup—z I tFes . (3. 21)
s Pyq :
with the definitions
F(S) e S. {DIJ(S) (: (B)} dB i | (3. 222a])

pt ) (B
Fop= g {D Jv (:v (E]}dB : (3. 22b)
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F;ﬁ o ‘SﬂB{ ;j (:3 (B)} dB (3. 22¢)

and the equation for Ea becomes

ors)
[Z—& + F ﬁ-l“pF 5:‘ 9. =

p+-——

15 o) 5 (3. 23)
The following theorem will be proved:
Theorem Il - When the relaxation times, ps, are constant
the singularities of Ea are simple poles except
at the origin where a double pole may occur,
For the present let us assume that 'E)B is constant. Also let

a=1,2,.00e,N and s =1,2,..., M, so that we can write equation 3, 23

as
M
Gogdy= =25 T (®+2-) - (3. 24)
apla™ P P,
s=1
in which each element of Gaﬁ is at most a polynomial of order
N{M+l). Theorem I implies
R m
=a T e+ L) T (3. 25)
1 Yr
r=1

where G . and Y, are real positive constants, m_ is the multiplicity

of the r'® root (p=- -\-/-1—- ), and m_ = N(M+l)., It follows that
r
r=l

—cIa can be expressed as a ratio of polynomials in p given by

b
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(G)
a¥’ p -
af 0

_B
ﬁ(p+y_1_)mr (P )
= &

The ratio multiplying 5;3/P can be written as a sum of partial fractions

(3. 26)

if ;che order of the numerator is lower than that of the denominator;

if they are of equal order then Ea will contain an additional constant
term multiplying aB/i)° That either of these conditions is' always
satisfied can be shown to follow from equation 3. 23 by letting p— co,
If ]D:‘-,j l > 0, then from equation 3, 22c we 'l.lave lF;fé] > 0, and equa-

tion 3. 23 shows that Ea must behave like l/p?‘ as p —™ oo; hence

~ L as p— - (3.27a)

! ; . 11
If, however, lFaﬁI = 0 (which can only occgr if !DW‘E[ = 0) then

J o
aaﬁp

m ~ constant as p— © (3. 27b)

R
1 i
T:[ gl

Consequéntly, it is always possible to write Eo. as the partial fraction

series
= B v A
Q s . ;
E E a
P [Z o+ +’S°5] b
r=1 j=1 P ¥y

where Sgé and S are real symmetric matrices.,

ap
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The order of the poles of EG can be determined by examining
the behavior of 'Eia in conjunction with equation 3,23 as p approaches
aﬁ[' Consider, then, p=¢€ -;1;— ﬁnd [e] << 1; with
p close to e only the term in equation 3, 28 which behaves like

€ need be retained, thus

the roots of IG

_ Qﬁs(tg | gff)
Qg = m, = m, 7 (3. 29)
pe pe

‘Multiplying equation 3. 23 by q 8 and summing over B, and then sub~-

stituting equation 3. 29 for EQA yields

-~ (s) =

F F ¥l (t)
Z 1 = #F BQBgB - (3.30)
s p. PS

where p=€-——-1— and

t
(s) _ F(;é SI) (Bt) > ; - (3.31a)
= = Faﬁggt)g(pt) >0 | . (3. 31b)
_— Fuﬁgg gg) > 0 (3. 31c)
The right-hand side of equation 3. 30 has a zero of order rﬁt, whose

value must agree with the left-hand side. However, the latter can

have only simple zeros at all poles of Ea since its first derivative

can never vanish in the finite p plane, which is

(s)
-E _——TF +fz ] <0 (3.32)
s (P+F—) P
S

Thus m, = 1 for all finite and infinite values of y.. It is to be noted
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that this conclusion ‘applies even when a root ' is equal to one of the

relaxation times p_. Reference to equation 3.30 shows that this

F(S) = 0 (this requires [Dij(s)[ = @)

uv

aﬁl
~ . . 1oy -
= 0 (which requires , leyl = Q).

_ equality can occur only if

Also, equation 3. 23 indicates that the determinant lG has a zero

at the origin if and only if lFaﬁ]
If this latter condition exists Ea has a double pole at the origin,

~

Theorem II is thus proved for the case in which Q_ is:

P

constant. Furthermore, the previous considerations lead to the follow-

ing time dependence of the generalized coordinates:

] v :
1. When [DLJv|>0, ,[DM13[>0:

=9 /), ¥ Sggh-e D) (3. 33a)
r=1
% 7
2. When [DY ][> 0, | apl“0=
N(M 1)
=0 Z S(r)(l-e_t/ Ty +s (3.33b
9q BL Yy aP , af : )
r=1
| !
3. When [Faﬁ[ = lFaB[ =
N(M+1)-1
sl N (x), "V *
&y 7 Q_ﬁ Z Yrsap(l'e ) + Sap it Sa,Bt J (3.33¢)
: r=1 _
The restriction that the 5[3 are constant can be easily re-
moved. When (3[3 are of the general form given by equation 3,15b,
with Ps constant, then Ea containssimple poles at . as well as

s

: "

at - ;1-— % qa(t) therefore has time dependence similar to that shown
T

SRR S— :
This can be shown to be true even when (-1/pg) is a zero of ‘[Gaﬁ |
by using the fact that F(s) vanishes in such a case.
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in equations 3.33, except there will be additional exponentials with
time constants p _, Also the correspondence between the vanishing
of a given determinant and the time dependence indicated in cases 1,
2, and 3 above will not necessarily be the same. For example, if
%i and FN‘i in equation 3.15b ‘are zero and Difiv = 0, then —cia will.

- contain at most a simple pole at the origin; hence it will not have the

term proportional to time which is shown in equation 3.33c.

b,  Stress response, Stresses which are derived from the

transformed complementary principle can be shown to have time de-
pendence similar to that of the displacements discussed above. We
consider stresses that are given by

Loy = R0, 0 ¢ Tk H B (3.34)

in which a 1is to be summed out (a=1,2,...,N), f(ic}) (= f(jc;)) are

given functions of the coordinates X, which vanish on A_, where

T
stresses are prescvribed, Qu are time dependent functions which we
shall call generalized stresses, a._nd on AT the vector ;i'njH is equal
to the prescribed surface force, Te It is further assumed that for
each a, the f(;f) satisfy the equilibrium eéuatiOns |

#2) -0 (3.35)
1JsJ
and the stresses .;,jH(t) satisfy the equilibrium equations with pre-
¢ 1

scribed body forces 'JEN‘iH(t), hence

..  FF =D (3.36)
i, i .

It is not required that the stresses ‘Tij satisfy compatibility or the
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boundary conditions on displacement.
The Laplace transform of the complementary functional,

equation 2,94, is {with temperature neglected for simplicity)

=1 ( = = o ,
0-— > g {Al_] i }J.V}dB S.A U.o,..n.dA (3.37)
u

where Tfi is the transformed, prescribed surface displacement
E. (x.)
T, = . : S (3.38)
p .
"and the operational compliance matrix Al;"jv is given by equation 1.103a

'A'lj _Z C:,_JV(S) +C;,Jv +CIJ | (3. 39
v - 1+Tsp ‘p IJ.V ’ ' )

s
“and each matrix composing A:;,jv satisfies the same properties as those
composing Z;.v given by equations 3.9b and 3. 9c.

The generalized stresses are obtained just as the generalized
coordinates’wer‘e in the‘previous discus>sion. Namel&, the transformed

stresses,

- _Hduy= .71 .
O"ij = flJ QG. " T ) 4 d (3.4:0)

are substituted into "fo;- and then the stationary condition 670_ =0

" provides.us with a set of N algebraic equations for the 'ﬁ-a, which is

=Ly .
Baﬁa,-a. = 59 | (3. 41)
- where we define ,
Gl i » |
S' { Z o ) (0P gp (3. 42a)
SP P py pY o1
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cJ( 1.] ’
q5 § Ulf](Lg3 anA g {Zlﬂ"p }f(ﬁ)o;k dB (3. 42b)

The similarity between the present set of equations 3. 41 ar_ld‘
equations 3. 14 which occur with the displacement principle is evident. '
However, an important difference is in the factors % E;Lnd —1—2 on
the right-hand side which multiply the prescribed quantities qB and
ﬁb; it is seen that Gﬁ cannot have a double pple at the origin. . Thus, '
in analogy with the previous theorems I and II we can state two com-~
panion theo_rernsL:

Theorem III - The singularities of _Q_q occur only on the

non-positive real p-axis.

Theorem IV - When the retardation times, Tos are
constant the singularities of qu are
simple poles.

The time dependence of the generalized stresses is therefore

/ ,
e -t/\ :
Q (t) = Z el e L (3. 43)
a a : a
- : v
where T(::.) and To. -are constants and the Xr are positive constants.

Since a double pole at the origin does not occur there is no term

proportional to time.

£
There is another point which should be mentioned concerning the
behavior of Eﬁ at p = oo. Itis noted from equations 3. 4l and 3. 42

that if U # 0 and IC 13 = (0, then _QB is a non-zero constant at

p= co. Since this leads to an infinite (delta function) stress at t =0
‘we shall rule this out in all of the following work by assuming

[C'l'] | > 0. However, the analysis could be extended,; if desired, to
Y +

1nc:lude this singular behavior.
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c. Generalizations. Strictly speaking, the theorems in

sections 3. 2a and 3. 2b apply to a restricted class of stresses and
displacements. To reiterate, theorems I and IIl are rigorously valid
for only those approximate and exact solutions which can be expréssed
as finite sums of terms, each of which is a simple product of a space
dependént function and a time dependent function. Except for this
restriction, they are valid for the most geheral stress-strain rela-
tions ‘coﬁsisten‘t with thermodynamics; it should be noted that the
integral representation (see first‘footn.ote in section 1. 7a) in which
z is feplaced by SXOO can'be; used also. Hovlvever, theorems II and
v require, in _additign to the restriction cited abové, that the finite
Sum z representation of the stress-strain relations be used.
Furthe%more, the relaxation and retafdatiozi times must be constant;
this requirement can actually be modified in that these time constants
need be constant only over finite regions of a body, since the total
volume integrals in equations 3.15 and 3. 42 then separate into inte-
grals each having constant values of 7, or p_.
When the above menf»ioned conditions are satisfied, we showed
that the tinﬁe depen&ence_; of— all solutions is given by a serievs of de-
caying exponentials, with possibly a term proportionalltc time. - In
“this section we shall discuss the time depéndence of generalized
coordinates and stresses: when the restrictions are removed. The
most general behavior which ié expected‘will be first postulated and
-‘ then the statements will be justified, to some extent, on physical

grounds and by showing that the correct result is obtained for special
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cases,

Consider now the following postulates for r;tresses and dis-
placeme.ﬁts in media which are subjected to loa!ds and displacements
that are step functions of time. Exact solutions as well as approxi-
mate soiutipns obtained from the transformed variatiénal principles
are 'applic.able.

Postulate I - ‘i‘hermodyxxamica_lly admissible displacements
and stresses in .bounded media can be repre-
sented by finite or uniformly convergent infinite
series as given By equations 3.5 and 3. 34,
respectively.

This postulate appears to be reasonable since one expects
that a theifmodynamically admissible stress or displa.cément field
can always be approximated arbitrarily well by a finite number of
spacial Afuh_ctions (Fourier series, for example), eéch with a time
dgpe,ﬁden;: coefficient. Also, it is e:’.ipebcted that when the body is un-
bounded, the discrete sum is replaced by an integral {(e. g. Fourier
integral).

Postulate,i-l --The most general time dependence of the

generalizéd coordinates is

q, = 500 sa('r)e'“t/"_'qr 8 b s'at (3. 44a)
2 ” _ _

"and the generalized stresses is

(0 0]
Q z§ Ia(v)e‘t/"dr + T _ (3. 44b)

a 1

where Sa(‘J‘) and Ta('r) are spectral distri-
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butions of the variable 7 ‘which may consist
entirely or partly of Dirac-delta functions.
It is clear that the finite degree of freedom cases considered

in sections 3. 2a and 3. 2b are obtained imfnediately by setting

s (7) = Z st (7-y,) (3. 45a)
X
T (1) = z TE:‘) sr-\) _ (3. 45b)
CL .

where &(7) is the Dirac delta function,

87) =0, v# 0 ;

S.oo 6(7)d7>=

=00

(3. 4.6) '

Thus, the forms 3. 44a and 3. 44b for the g'eneralized,frariables
appear to be a natural extension of the earlier results to problems
for which finite sums are replaced by integrals and infinite sums.
As additi onal justification of the post.:ula.'te, let us examine
the case in which certain orthogonality properties exist; it will be
sufficient to consider just the stress principle. Suppose that-the
spadal functions f{;”) in equation 3. 34 satisfy the orthogonality

property (see equations 3. 41 and 3. 42)

-

g {AlJ f£eBap =B 5

pvij 8°ap Bo.ﬁ (B not summe d_-) [ 473,).

where 60.[3 is the Kronecker delta

1, a=8 " '
o [ s (3.47b)
ap 0, a# B . .
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' and the finite sum (§ ) in A:I]v is to be replaced by an infinite
o 5
integral j ). With this orthogonality property the set of equations
: 0 - .

3. 41 reduces to the uncoupléd set

\

BT, = %Eﬁ LB o, il o (3. 48)

B

The time dependence of _Q-B is obtained immédiately from Stieltjes
transform theory (32) (assuming certain reasonable convergence
properties of the improper integrals)y and it is found to be the same
as given by equation 3. 44b. . |

With the postulates appearing to be valid, we now turn to an

error analysis which makes directuse of them.

3.3. Relation Between the Error in Approximate Viscoelastic and .

Elastic Solutions

It will be assumed in the following calculations that all infinite
series and improper integrals are absolutely convergent in order to
perform the necessary operations, such as interchanging order of
integrations. Strictly speaking, such an assumption should be verified
for each particular problem but we shall not pursue this point any
further. Use of Postulates I and II in connection with the series 3.5
and 3. 34 yields the most general time dependence of both approximate

and exact displacements and stresses,

vCO ~
u ='SO f§a)sa(-r)e‘t/'fd«r + (S % T)) « (%8t (3. 49a)

Oy5 = §0 fg;)Ta('T)e-t/TdT' + (Taf(i?)-&o'ij) ' (3. 49b)
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where, by assumption

., =w,.. =0 Jfor t<K0 _ {3. 49c)
1 ij o o
For the preséntlet us omit the steady-flow term in u., and

concern ourselves with a representative exact solution

Y= g (T)e / Tar's Y (o) (3. 50a)

[

and approximate solution

e e} »
¢—g o (11e™ ar + y_(oo) | (3. 50b)

where , Y(oo), and ¢(7) are implied functions of X which repre-
sent the corresponding functions in u; or crij; i.e., Y is to be
interpreted as either a stress or displacement in order to simplify
the notation. It will also be convenient to define the transient com-
ponent of the solutions as Ay = L|J-— Jfoo). Let us now integrate the

square error, 672: = (AL]Je - A¢a)2, over all positive time to find,

5 Q0
¢ =§0 [oy(7) - o, rr)][Aw—)-Aw Dlar  (3.50)

where A_m ( —1—?_) dénotés the transiént component transformed with |
respect fo the transform parameter %, = p, and it is aésumed that
62,< . Now with p on the positive real axis, pl U(p)](=pAdl+{w) )
is identical With an elastic solution whose_elé.stic moduli or com-
pliances are numerically equal to- Z:;,Jv or Ai'j_v. Furthermore, y(oo)
is én elastic solution with moduli which are equal to ZE" evaluated

at p = 0. Therefore, an important implication of equation 3. 51 is
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that if ma(?l;) is one solution out of a sequeﬁce of approximate elastic
‘solutions whi‘ch is known to converge unifor.mly to the exact solution
(with respect to 'ela.stic. constants whose values raﬁge over the values
ta;ken by Zlij}_ or A:Ljy on the real interval Os r < @), then the
corresponding sequence of time-dependent solutions converges (in the
mean) to th.‘e exact solution. An equivalent statement is that the
integrated square error in the time-dependent solution is "sm:_a.ll"
when the error on the real p axis is sufficiently "small'; oz
0< P < co.

The foregoing conclus.ion can,Be readily modified to allow for
the presence of a steady-flow term in the displacements, equation

3.49a. It is only necessary to redefine qJ as
B 2 (o) e R
= g pr)e™/ Tar + Yoo} + 4t . (3. 52a)
Jo . S _
and qu as

Ap=g-yoo) -yt | (3. 52b)

With the exception of lIJa, the convergence of L]Ja to lj;e is established

By the p'r;evious. results. However,‘ the sequence of val_ues' for 4;; |
will also éonvergé to the correct value if a-sequerice of assdciated.
elastic solutions with. cofnplia.nces equ;l t-o C;jv (see e‘quation' 3. 39)I
has this behayior. ‘This follows from the fact thé.t the long-time

(p — 0) value of Lp is the same as an elastic solution with compli-

ij )
pv'p=0"

ances e_quai to (pA
The problem of rela.fing error in timeé dependence to error



o

on the positive real p-axis can be approachea in another way.
Erdelyi (33, 34) has derived Laplace inVer_sion formulas from whiéh
it is possible to expand Aq;(t) in an infinite series of orth.og-onal
functions, whose coefficients contain Ay(p) evaluated at a discrete
nufnber of positive, i-ea,l values of p. The only assumption needed
is 'thaf AY(t) be quadratically integrable, i.e.
OO0 - ; .
S [ Ay(t)] % at < o ’ (3.53)
, ~0
whi‘ch is satisfied by Aq;e and Aan if the integralsin equations 3. 50
are a.Bsolutely' convergent. These inversion formulas. lead to tile same
conclusion deduced from equation 3. 51; namely, a "small" error on
the positive real p~axis implies a "small" integrated squé.re error in
time. |
It is clear that the error estimate, equation 3. 51, cannof

actually be ulse&' in practice since it requires knowledge of an exact
solution. Rather, it only indicates that a sufficiently close approxi-
mation to an associated elastic solution leads to a good approximate
viscoelastic solution. It is felt that a stronger statement of what
is meant by "sufficielnti_ly close™ must ‘conjle from a étudy of nﬁmerical

examples. Illustrations along these lines will be discussed in Part IV.
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PART IV

APPROXIMATE METHODS OF TRANSFORM INVERSION AND
NUMERICAL APPLICATIONS OF VARIATIONAL PRINCIPLES

‘ 4; 1. Introduction

Some numerical examples are given in this Part which illustrate
the use of variational methods in obtaining approximate viscoelastic
solutions. It has already been mentioned in Part II how a transformed
viscoelastic solution can be easily derived from an associated elastic
problem by applying the correspondence rule. Howeverx as the re-

sulting transform is often very difficult to invert, particularly when |
realistic material properties are used, we shall first proceed to
develop two methods of approximate inversion, each of which can
often be used as a check on the other,followed by specific illustrations
of the variational process. |

The first one considered in section 4. 2 is a modification of
Alfrey's rule (9), and the second one is a collocation method which
is based on the characteristic time dependence deduced in Part IIL
With both techniques it is necessary to know only an associated elastic
solution numerically for certain ranges of elastic constants and nu-
merical values of the operational properties (e.g. moduli) for real,
positive values of p. It will be seen that a time dependent solution
can be calculated with very little effort once these numerical quantities
have been determined. Ekamples in which the resulfs of these approxi-
mate inversion methodg are compared to exact inversions are pre-

sented in an expanded version elsewhere (35).
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In addition to the usefulness of the first. method for inversion,
for those problems in which it is applicable it also shows that if the
associated elastic solution is approximate, the "qué.lity" of the visco-
elastic response is essentially the same as that of the elastic problem.

Section 4. 3 gives two numerical examples using transformed
variational principles. In the first we derive the approximate trans-
formed displacementsin a thin plate with mixed boundary conditions.
The transform is deduced using an elastic solution obtained from
the potential energy principle. This example serves two purposes.
For one, the transform, though a very complicated function of an
operational Poisson's ratio, is eésily inverted to illustrate the sim-
plicity of the approximate methods given in section 4. 2. Secondly,
the type and location of all singularities of the transformed solution
are examined. The .findings are not used to calculate the exact in-
version (of the approximate transform) numerically, but to show that.
the analytical form of time dependence agrees with that predicted from
Postulates I and II in Part III,

As the next example, we use the complementary energy prin-
ciple to calculate approximate stresses in a long, symmetrically
loaded cylinder. Two different approximate solutions are obtained
and both the elastic and viscoelastic responses are compared with
the exact stresses. This comparison serves to illustrate the relation
between elastic and viscoelé.stic errors which was discussed in Part IIL

To conclude our discussion on numerical applications of vari-

|
ational principles, it is suggested in section 4. 4 how convolution
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principles can be employed when it is not convenient or possible to
use the Laplace transform method. This latter situation arises when
assumed solutions are nonlinear functions of generalized coordinates

and is illustrated by a one-dimensional heat conduction problem.

4. 2. Approximate Methods of Laplace Transform Inversion

a. Direct method. Of the two inversion techniques to be dis-

cussed, the simplest one is called the "direct method". It will be
shown to yield good results when the derivative of the time dépendent
solution with respect to logarithmic time, log t, is a slowly varying
function of log t. A médification of tlﬁs r;lethod is also suggested in
order to handle functions for which the dérivative of their logarithm
has this slowly varying property. )

“The problem Which_ we pose is to find an approximate repre-

sentation of a viscoelastic response, U(t), from the integral equation
: o h co -pt ) ’ ;
- p) = S Y(t)e Prat . ; (4.1)
0 ;

where Y(p) is the Laplace transform of Y(t) and is known at least - _
numerically for all real, non-negative values of the transform
- parameter, p. Letus represent pJ(p) as a function of log p and

define -
fu) = pUp); u= log p | | (4. 2)
f(v)= ¢tt) 5 v=logt | ‘ (4.3)

w=u+vVv . (4. 4)
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which renders 4.1 in the form

A o _1oW ' :
) =1010 § f(w-uw)10¥e 10 aw (4. 5)
N ~
where In= log  and- log = log,,.
; : w_-10% A 3
The weighting function, 107e » 18 drawn in figure 4.1

which shows that it is practically a delta function if £(v) changes
slowly enough. This behavior implies that an approximation to f(v)-

A . W
can be obtained directly in terms of f£(u) by replacing (1n lO)lOWE:":P0

d . ¥ exle
- with &(w - Wo), i.e. a Dirac delta function located at the point W s

which will yield an approximate inversion formula

fw - w) = Fu) (4. 6)
The point W is somewhat arbitrary in view of the spread of the
wéighting function, which is about two decades. However we shall
now caléu_late the "best" value to use when f is closely apbroxi—

mated by a straight line in the two-decade interval, Jw- Wo[ RL

To do so, we first expand f(v) in a Taylor seriés about the point

f(v) = f(vo)'-i' f'(V.O)(V-vO') + 1?f"(vo)(v-'vo)2'-!-. . (4.7)

where primes denote differentiation with respect to v. Substitution

of this expression into 4. 5 yields

A ' 0 10" '
flu) ~ f(vo) + (In 10)f {v ) S (w-wo)lowe- dw (4. 8)
-

*All figures for part IV follow the text.
q‘It ‘should be recalled that a delta fuzac)tion is defined such that

6(w—wo) =-0 if w# wg; _mﬁ(w-wo)dw =1
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where only the constant and linear term in 4. 7 have been retained.
It is seen that the approximate inversion formula 4. 6 is obtained if

the integral in 4. 8 vanishes. This condition locates w, at the

10V

centroid of the area under the curve 10%e” s which is
0 - C
w =S. (log t)e tat = In 10 s A
o
0
where C is Euler's constant
-
C = - f (In t)e_tdt ~ 0.58 (4. 9b)
0

When this value for w_ is substituted into 4. 6 and the re-
sulting expression is written in terms' of the original functions U(t)

—_ 3¢
ard py(p) by using 4.2 and 4. 3, we find

= [ple) | o - (4.10a)
p=e /t

where e C ~0.56. Due to the skewed form of the weighting function

it has been found that a somewhat better formula is

Y(t) ~ |pd(p) |  (4.10b
‘[p P]p=0.5/t : :

P :
' It is important to recognize that 4.10 was derived using an
assumption about the exact inversion y(t), rather than p{(p). Since

in practice this solution will not be known, one must assume that if

¥The fact that the weighting function is essentially zero except for a
two decade interval suggests that this inversion will be good at those
times in which the solution (as a function of log t) is linear, or nearly
linear, for at least two decades. If there is a strong curvature, but
it is somewhat removed from this linear region, this curvature
should not produce a significant error in the linear portion..
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da(pm(p) )/ d{log p)2 is small for p = 0 then Y(t) behaves similarly.
In the event that log py(p) is essentially linear for several

decades of p when plotted against log p, so that pm(p) ._':'Apm, it

ca.rlllbe easiiy verified for m <1 that an approximate invers.iOn'for-

mula is

wt) = [pWp)] (4. 11)
p= '

a/t
where . & . g
L _ —l/m_ = © m -x-
a= (]_"(l-—m)] ; T(l-m) = S\ x e dx

) 0
While this fqrther, approximation is valid for many practical situations,
it should be recognized that the approximation is poor when m is
close ,fo + 1

Finally;_ we should remark that there does not appear to be
an easy method of quantitatively estimating the error involved in this
direct method. However, there are some qualitative techniques
which can be used. As one, the approximate solution could be
transformed nume riqallsr or analytically, and then compared to the
original transform for p = 0. If the approximate solution is physically
acceptable, and its transform is rela.tivelsr Wclose" to the original One;,
it is reas‘onablejto assume that the error in time dependence is small.
Another check on the direct method can be made by comparing the in-

version to the result of the method which will be discussed next.

b. Collocation method. We would now like to discuss a second

technique which is not as simple as the direct method, but it has other

advantages. For one, it is not restricted to functions whose derivative



-138-

is slowly varying with respect to logarithmic time. In addition, the
time dependence is given by a simple series of exponentials which
cén be used readily in the Duhamel integral for the calculation of
responses to prescribed loads and displacements that are not step
functions. Thirdly, the accuracy of the inversion can be improved
by adding more terms to the series.

In Chapter 1II it was argued that with prescribed quantities
as step functions of time, the transient component of both exact and
approximate solutions obtained from minimum principles can be

expressed in terms of an integral
o
Ay =S so(*r)e"t/'r dr ' (4.12)
0 :

Assuming that this integral is absolutely convergent, a Dirichlet series

n

at ) ~t/y; .
L]JD = Z Sie . (4. 13)
i=l ' -
: ‘ k
can be used as an approximation to the solution AY(t). * The present
method makes use of this series for which the y; are prescribed posi-
tive consta‘nts, -and the Si are unspecified coefficients to be calculated

by minimizing the total square error between Ay and ALL:D.

The total square error is

%Actually, a necessary and sufficient condition on AY(t), in order that
it can be expanded in a Dirichlet series, is that it be quadratically
integrable (33), i.e

g (A4)“dt <
Jo

which is less re str1ct1ve than requiring that it be glven by the absolutely

convergent integral 4. 12.

2
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0o 2
:So (ap- Ayp) at (4. 14)

with the minimization yielding

2 - noo -t/y. '
1 9E™ _ (" _ i TR
-3 73 _o_go (A - Ayp)e dt; i=1,2,...,n (4. 152)

i

so that n relations are obtained between the Laplace trarnsforms of

© A and AL evaluated at l/yi,
AP(1/y;) = AHL/¥) i=L2....m0 | (4. 15b)

" A more convenient form is obtained by multiplying these by yi-l,

which yields

.,[-pATp'D(g)] - /Yl— [pAT(p) ]P l/v i=1, 2 co.yn (4. 16a)

or explicitly

> =

J:

= [pam(p)] s i=1,2,...,n (4. 16b)
14 -\71- p=1/v; | ‘ |

-

These equations are sufficient for éalculating the coefficiénts Sj and
hence dependence of the transient component AY{t). To obtain the
total solutioﬁ, equation 3.52a, the constants ' and (o) are
evaluated exactly by e‘xafnining the behavior of pl{p) and pz‘m(p) as
p tends to zero. ' .

Thus, we see that the total square error is minimized by col-
locating the p-multiplied transform of the Dirichlet series 4.13 and

an associated elastic solution, pAl(p), at n points p =1/yi. With
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this elastic solution given numerically or graphically for 0 = p < co,
. .
suitable values of y; can be prescribed simply by inspection, )
With regard to the error involved in this approximate method,

it is of interest to calculate the total square error, EZ, by using 4.14, "

ENN B s ) toretren g g o

i=1

which becomes
: I
fo's I )
E2=§0 p(7) {Aw(;l)- sTo b far ) si{am(%) - A$D(-<11-i)} (4.18)
i=1 ' = :

It is important to recognize that the summation in 4,18 does not neces=-

sarily vanish unless exact values of AJ (i) are collocated with
i
A¢D(§L)° Since, in practice, AIL-(%-) can be evaluated only within
I i :
certain numerical accuracy, this summation is generally not zero.

Consequently, if an approximate inversion has been obtained with n
terms, and it is desired to reduce the square error by using additional
terms, if will be necessary in some cases to evéluate the transforms
Am(?}—) and AﬁD'(YL.) with increased accurracy. When the transforms
are ;alculated withlenOugh numerical accui‘acY, equation 4.18 shows
that if they are ¥sufficiently close® for 0= p < oo, the total square

n

error of the approximate time dependence is "small, ™

*Of course, it is possible to determine the parameters vy; by minimiz-
ing the square error 4.14 with respect to each one. However, this
procedure leads to a nonlinear set of equations in which the slopes of
AJp and A are collocated at the (initially) unknown points 1/yji.
Thus, it generally will be desirable to choose enough values of vy; so
that the slope condition is (closely) satisfied using only equation 4,16,
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4,3, Numerical Applications of the Transformed Variational Principles

a., Displacement principle-Kantorovich method. We shall now

solve, approximately, a two~-dimensional mixed boundary-value prob-
lem. The method of Kantorovich (13) will be used in conjunction with
the potential energy principle to first calculate approximate elastic
displacements u and v. The clastic constants will then be replaced
by fhe appropriate viscoelastic operators and the boundary pressure
by a transformed pressure. On the basis of the correspondence rule
this procedure yields the approximate, transformed viscoelastic solu=-
‘tion, The inversion of this solution will be accomplished by using the
approximaté methods in section 4. 2,

Consider now the thin plate shown in figure 4. 2, which is loaded
by a uniform tensile stress, . T, on the edges x = + a,l and clamped
along the edges y = + b. It is assumed to be in plane stress and com-
posed of homogeneous, isotropic, material.

a) Elastic solution: The elastic potential energy V

oL is

VE =§ WdB - (‘ T.u.dA (4.19)
) 11,
B A
T
where W is the strain energy density and all other symbols have been

defined in earlier sections;, The stationary condition, 6§V_= 0, is used

E

" to determine approximate displacements which are taken in the form

b'(l - nz)f(p) ' : - (4. 20a)

o]
]

b(l = n%)nglp) (4. 20Db)

i

-
where we define the dimensionless variables

n = (4. 20¢)

ol
-
©
1l
oK
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It is seen that u and v both satisfy the displacement boundary con~
ditions (as required by the variational principle) and have physically
reasonable dependence on y. f{p) and g(p) are unspecified functions
which are calculated from the Euler equations and natural boundary
conditions of 6VE= 0. These equations for f and g could be ob-
tained by substituting equations 4. 20 directly into equation 4.19 and then
taking the variation. However, the same set results from the simpler

procedure of substituting them into the general stationary condition (13)

6V = 0= - XB(Uij,j)suidB +5A (o—ijnj- Ti)éuidA (4. 21)
: T

in which the stresses are to be expressed in terms of the displacement

by using the stress-strain equations,
S 2pv . |
TR aij19<+ Zp,eij (4. 22)

For the problem at hand, the variations Sui are,

§u=b{l - 1°)6f; 6v = b(l - n°)nég (4, 23)
the equilibrium equations, Uij 5 are
8<rx a'rx_ ‘80'y a'rx ' 7

r

where A\ is the aépect ratio, N= % » and the applied surface force,
Ti’ is Tx =0 e Substitution of equations 4, 23 and 4., 24 into the
stationary condition 4. 21, and noting that 6f and &g are arbitrary,

yields the Euler equations

1 Bo'x or >
g +x=EL Y1 =) dn=0 - (4. 252)
0 ©oan ,



1 toxey a’J'X 3
S‘ ()\......__Y.+ apy)(q-‘r])c’mzo (4. 25Db)

and natural boundary conditions

( Bydin = 0 4. 763

_JO‘“x|p=1"°b’(1' n%)dn = | (4. 26a)
1 " »

‘yv |  (m=nJdn =0 (4. 26b)

0 *¥ p=1

By expressing the stresses in terms of displacements, u and v,
and pérforming the indicated integrations, we obtain two differential

. equations corresponding to equations 4.25

‘8 i 2 - 2 by gV =
(gg)f w4 R o R - EEE
'(l‘vl) 4 w 4 2 ;_ i

Z 1058 "58-pEx i FrIf=0 ' il

where primes denote differentiation with respect to p, and the boundary

conditions at p = 1,

3.34v+3v2

’ 5 "o

(2 +v ) O i S = RCL~a) (4. 28a)
3-34v+3v2 8l1-v) v

foi =l £V =0 (4. 28b) -
14727 (1+v) 14707 (14v).

It is also required, on the basis of the symmetry in this problem, that
f is an odd function of p while g is even.
" The solution of these equations leads to the diéplacements,

1 N 1 o ;
o-ob = (1-v)p1(1 | ){ sinh )s.o,zp, + qals1nh )\.alpj (4. 29)

(=)
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g 2
O'Zb = (1"“)5171(1"712)[(“3 +a40.2)azcosh )\azp
(T)
- (a -i-a4 1) 1qalcosh )\alp} (4.30)
where
a, = %\J¢+ \’Ll}z— 6720 ; a, = %\f«p - VtIJZ— 6720

2

q. = "3134v-3v A _ 4(l-v)
37 T 421W) © % T 2T
(4. 31)
o = 171340430 ., - sinh \ap [7+2“2(° 3 Fo49)
1-v 1~ sinh 7\.(11 7+2(11 (03 +a401)
| 1, 25
B

= [Z-V(a3+a4alz)][q)lalcosh )\a]]- [Z-V(a3+a4a§)}[azcosh kaZ]

and the involved dependence upon the Poisson% ratio is especially to be
noted, As a typical result, u~/(o'0b/p.) is plotted in figure 4,3 against
v for 0.3 =v=0.5 and =0, p=1, \=1,

B) Viscoelastic solution: To illustrate calculation of
the viscoelastic sblution, it is sufficient _to consider just the u-dis-
placement with =0, p =1, A =1, The transformed response is
found immediately by the correspondence rule, With the stress 7,

as a step function of time, its transform is o-o/p and we have

Up) = o b J_(I-f—) a(p) (4. 32)

where it is convenient to introduce the operational shear compliance,
J(p) = 1/pd{p), and the dimensionless function G(p), which depends on

p through only Poisson's ratio according to equation 4, 29, viz.,

s

,G(p) = (l-v)ﬁ1{ v-sinh a.2+ qolsinh O'l-} (4. 33)
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in which we have set | A=p=1, n=0,

Since /1; is numerically equal to the elastic displacement shown
in figure 4,3, for engineering purposes it could be taken as a constant
and evaluatéd as some average value of Pois-son's ratio. Then, recog-
nizing that J(p)/p is the transform of the creep compliance in shear,

Jc(t), which can be measured experimentally, the displacement would

be simply
ult) = crobGJc(t) (4, 34)

" Furthermore, for typicgl polymers, Jc(oo)/JC'(O) 2 1000 so that in
| this case the error due to taking U as a constant would be vefy small
relative to the total variation of uf(t).

However, sinceIOne of our objectives is to illust.rate the sim-
plicity of the approximate inversion methods by inverting a transform
which is a very involved function of material properties, we shall con~
sider here the p-dependence of G. In order not to mask this dependence
by the large variati‘on of J(p), T will be invefted separately. Also,
it will be sufficient for our burposes-to calculate just the time dependence
due to, the variation of u because the total solution can alw#ys be ob-
tained by using the inversion rule for transform products, which pro-

vides the result

u (t=7) dr | ‘ (4. 353)

u (p) = wp) . ‘ (4.35Db)



-146-

which is the function that will be inverted.b& the approximate methcl)ds.

These .methods require that v(p) _be calculated for 0 = p < o,
We shall assume that th\e bulk modulus is constant and evaluate v(p)
from the well-—kﬁown relation for isotropic bodies (13)

v({p) = 3K- 2pi{p) = _  3KJ(p)-2 (4. 36)
P) = IR = ZBRII AT - Pag

in which J(p) is to be calculated from experimental shear data obtained
on glass-filled polyisobutylene under constant frequency sinusoidal
loading (36), Such a test provides the frequency dependence of the so~-
called complex shear compliance, which is equal to the ratio of the
Fourier tr;a.nsformed strain to.the transformed stress., The real p-art ‘
of the complex compliance, J'(w), is plotted in figure 4. 4.

One possible way of determining the operationél compliance, -
- J(p), is to éxpres’s J(p) as an integral of J'(w). The integral is derived
by firét writing the 'c-reep compliance as a Fourier siné traﬁstrm of
J'(w) (32) and then taking the p-multiplied Laplace transforl;n of the

creep compliance., Omitting the details of this calculation we find

Ip) =3, +22 y J—L“-’-)——G dw; Real p=0 - (4.37)
024 o2
where J . = ‘Ji(oo), which was numerically integrated for p real and

G
. £
positive, and the result is shown in figure 4.4, It should be noted that

i T
this integration is quite laborious because J (w) varies over many

decades of frequency. In fact, it was found that an alternate model-

“The similarity between the curves occurs because the integrand in
equation 4.37, when expressed in terms of log w, contains a weighting
function which is similar to the one in the Laplace transform, figure
4.1,
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fitting scheme (37) provided the same results with much less effort.
Substitution of J(p)} from figure 4.4 into equation 4.36 yields the
operational Poisson's ratioc which is shown in figure 4.5, with K
chosen such that v(p = o) = 0.3,
The transformed displacement p‘l;.-v(p) is now readily obtained
for p real and positive by combining the curves in figures 4.3 and 4.5

and recognizing the fact that

- _ u
pu,(p) = m (4.38)

The direct method of inversion.yields immediately
‘uy(t) = [P, (p)] (4.39)
D= Dy B/t
whose transient component, Auv = g, o uv(oo), is plotted in figure 4. 6.
An alternate approximation will now be calculated by the col-

location method. An approximate solution is assumed in the form

S -t/y. -
u. (t) = So +2 Sie i (4. 40)

v
- i=1

where, by definition

T
g = "t/Yi
Auv = S.e
D

and

5 = [-puv—] = 0,285
p=0

The coefficients, Si’ are calculated from the system of equations
4,16b, with pA-u“v replacing pAY(p). Examination of pAu
in figure 4.6 indicates that a five-term series (n=5) will provide a

good approximation with



¥ = 1o~ (4+H)

Substitution of these time constants and values for rpAE

& e .
p 11 ToT
e & 3
Tel 2 I1
1 1 1
T.0T Thi z
-’ 1 1
I.001 I.01 T, 1
g 1 1
1,000 T.001 I, 01

i=1,2,...,5 (4. 41)
v
p=1/y;
‘—y i '_— —
. . Fé 102 +0. 20
TooT TO001 R .
1 1 )
T TOOT 5,10 +1, 20
1 1 S.x10%| = |43.30 | (4,42
1T 0T c = | +3. - 42)
1 1 2
7 -ﬁ' S4X10 +6. 25 i
1 1 2
T 5 55X10 +8, 20
I I A R I
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into 4,16b yields the following system of equations:

Because of the relative magnitude of the matrix elements, this system

can be easily solved by iteration to yield the time dependence

Au, = +1o'z[o-. T~
L i

+ 4, 69e

u, (t) =0.285

D

"

E4t 2de

8

=107t

“= 0, 60e

6
+ 2.72e

-109t]'

=107t

-107¢

(4. 43)

which is plotted in figure 4. 6. It was found by adding two additional

terms to the series 4.40, with. v =10

time behavior of Auv
D

*

-8.5

andlo"9

"

, only the short

In view of this, as well as the reasonably good agreement with the

was affected slightly as shown in the same figure.

direct method, it can be assumed:that the Dirichlet series 4.43 repre-

sents a good approximation to the exact inversion.

y) Behavior of the transformed displac:errient: Let us

now determine the form of time dependence of the u-displacement



~149 -

by examining the singularities of its transform, and thereby determine
whether or not it agrees with the behavior 3. 50 deduced from Postulates
I and II, In order to simplify the analysis, we shall consider the semi-
infinite plate shown in figure 4,7.

For this geometry, the transformed displacement is found

from equation 4. 29 and written as

W/o b = JS’) alp) (4. 44)

with /1\1(1)) given by

x x
e P g A—
lp) = (1-v)B, (=7 >{ ‘P igpe ! b} (4. 45)
where we have defined
o = 7+2a (a3+a az)
2 2 2
7+2a1 (0.3-]-0.40,1)
(4, 46)
1. 25

B2.=[2,v ta o _](,02 [-Zva-}-ua)Ja

and all a, (= lses o 4) are given in equation 4, 31,

First, the singularities of a(p) which are seen to depend on p
only through Poisson's ratio, ‘will be found, The square roots appear-
ing in a |

1 .and a, give branch points at

v = -13.95 -2.13, 36.3, 2.33, 1, + (4. 47)

A
Also, after a considerable amount of algebra, it is found that u(v)

diverges only at the values
v = 2.33, '=2.76, -1 (4, 48)

which are simple poles in the V-plane,
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All of these singularities will now be shown to lie on the negative
real axis in the p-plane by using the relation 4.36 and analytical repre-
sentations of K(p) and u(p) as derived from thermodynamics. Sub=

stitution of equations 1.108 and 1,112 into equation 4. 36 yields

Z 3K(S') (1-2v)- Z}L(Sl) (1+v)

T
/ (p + =)
S . ?s‘

+3K (1-2v)~ 2p'(14v) = 0 (4. 49)

~where Py can be a positive real number or infinite and all coefficients
K(S‘), M(s‘), K' and p.' are positive. This équatiorl must hold for all
values of Vv, and in particular the real values given by equations 4.47
and 4,48, Setting p = r +is and equating the imaginary component of

4,49 to zero gives the restriction on s,

.. SZ 3K(S')(1_2vo) - Zp(g)(l +v_)

. (r +—1-~)2+52
S Psl

(4. 50)

Since all singular points occur for v:= -1 and V> lz- it is clear that
s mmust vanish at these points. Also, by setting the real part of 4.49

: A
to zero we find that r must be negative at the singularities of u(p).

- A '
Thus, all poles and branch points of u(p) occur on the negative real
p-axis,
) A '
In order to determine the behavior of u(p) in the neighborhood

of each singularity (exgept vV = + ) we calculate dav /dp from equation

4,49 to find .

z 3k (1-2v) - Z}L(S')(l—i-v)

g
e 1 g P ley) s
dp 2 3k (€)1 4 (8) g o
—_— +3K tp
i
s (P"‘—'p'

]
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which does not vanish at any of the values, V., in equations 4.47 and
4,48, Thus, in the neighborhood of each of these values (except
v = + o)
wse BLy . ¢ % g der t 4,52
P - A P —po) + higher order terms (4. 52)

@]

so that at e‘ach- A the behavior of 4 with respect to p is tile same

as with respect to v; hence, all poles of /L\l(p) are simple, and thé

charaéter of the branch points of 13.\(1# (p) ) is the same as fér jx\l(v).
As indicated in equation 4.47, it is found that 4 has branch

points at v = + co; furthermore, it can be shown'that

A 1 ‘ ; ! ,
u~ ~— as VvV — + oo ‘ ‘ (4. 53)
7= 2
To examine this in the p-plane, ‘we solve.equation 4,49 for v, which
yields .
(s) (s) 1 '
Z 3’_I.<___“i'_2“_ + 3K = 2
P Bt :
s Py 7
vV = ) ‘ 4,54
N C R € . T
2 Z T +3K +yu
i, P
s PS’

It is seen that the poles of V(p) occur only when the denominator
vanishes, and that these are simple poles since the derivative of the
denominator does not vanish in the finite p-—-plaﬁe. Thus, at each of

the singularities of v, P, say,

2 |
u~\p-p, as p— >, (4. 55)

S

In order to compiete the examination of u, equation 4,44, we

have only to determine whether or not the poles of J(p) fall on the
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poles of G(p). Tue form of J(p) is obtained from equation 1,103b,

(s) .
J(p) = z l_-i-iq:? +% (4. 56)

s
where J(s), J, and T, are non-negative.  We shall also make use of
the inverse of the bulk modulus, B(p) = K(p)—l, as given by equation

1.113b,

5(8)
B(p)A—K-G;) Z +7_p * % (4. 57)

where B(S and B are non-negative. Substitution of equations 4. 56

.and 4. 57 into Poisson's ratio, equation 4, 36,‘ yields

1T « 28
=237 T B)
S‘ 33{s) _ ,p(s) 430 - 7B
7 < ]. +‘Tsp P
i \ (4. 58)
[Z 378) L gls) 57 4 B} v 4
2! =
1 <+ Tsp P
S

Now if p= - 1/'1'1_, which is a pole of J(p) if J(r)# 0, then Poisson's
ratio must satisfy
1 330 280

bkl 3747 4 gl) or 3307 (1-2v) = ZB(T)(l‘H’)_ (4. 59)

Here, at each pole of J{p), Poisson's ratio is restricted to the interval
-l <y = 12 which is free of the singularities of 4(p).

To summarize, it has been shown that all singularities of u(p)
are on the nonr-negative real p-axis and that all poles aré‘ simple. ex-.
cept at the origin where a double pole occurs if J in equation 4. 56

does not vanish. With this information, the time dependence can
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be calculated by means of the Bromwich- Wagner Inversion Integral (38)

given by

=5 eP'i(p) dp (4. 60)

where & > 0. Since it is clear from the above examination that u(p)
behaves like 1/p or l/p2 as p — o, the Bromwich contour, indi-
cated by, BR1 in the inversion integral, can be deformed to the contour,
BR,, shown in figure 4.8 (38). Writing the integral 4. 60 along BR,

leads to the time dependent solution uf(t):

= . il -uit : .
u(t) = S. e S{u)du + Zsie +St . (4. 61)
0 i
where this integral results from branch cuts along the negative real
axis and the series represents contributions from the poles. Further-
more, it can be shown that the-integral is absolutely convergent for

0 =t< o, Thus, the time dependence of u(t) is in agreement with

the general behavior predicted by Postulates I and IL

b. Stress principle - Ritz method. As another illustration of

the cofrespondence rule, we shall apply the Ritz method, in conjunction
with the complementary energy princ.iple, to cbmpute two approximate
stress distributions in an elastic cylinder and then use the results to
obtain viscoelastic stresses. In addition, the approximations will be

compared to the exact solution.
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a) Elastic solution: Consider an isotropic, homogeneous,
cylinder in plane strain with - the outer boundary rigidly supported and
the inner boundary loaded by a pressure, p., applied stepwise at

t = 0, as shown in figure 4. 9. The exact elastic stresses are easily

found to be
2 b’

radial: o =-p; tA, (A - ;Z) (4. 62a)

| 2 b?
tangential: og_ = - p, t A ()\ ;—2- ) | (4. 62b)
where

\ = b : & 1 - 2v
a

= o F
e 44 )\2 (1 _ 213 i
and the shear stress, 7.9 is identically zero because. of symmetry.

The approximate stresses are not reqﬁired to satisfy com-

patibility, but they must fulfill the equilibrium c.on'dition,

d&rr T.-0g :
+ = i "
ar T £ o (4. 63)
and the stress boundary condition, c.=-p; at r=a, Two sets of

s

stresses satisfying these conditions are:

o =-pyre(Ag-1) (4. 64a)
g = - Py - (zx ,E- 1) ' (4. 64b)
g™ By * fs(l' 2 T R B
vop= - Py t B " | | " (4. 65Db)

with Tig = 0 in both sets. The coefficients, a and B, are determined.
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; %
- by minimizing the complementary energy V " with respect to each

one. For a cylinder in plane strain, the complementary energy is

. ‘
= S‘ wW(2wr) dr
a .

2 b
_zu(l-v)S‘{1 z . .2 v
= i -Z(Ur +o—9) -1 % rdr (4. 66)
where W is the strain energy density,

. *
Substitution of stresses 4. 64 into V , carrying out the integration,

and minimizing, i.e.

w =t
yields
. ( - 1) p.
B 1 i ' . (4. 67a)
1 2
- S (g - e N ()
4N
Similarly, for approximation 4. 65
(jl LT mp |
B = , (4. 67b)
n A+ { 2")(>~ 1*

lSubstituting these expressions for a and P into the respective stresses,
we obtain the elastic stresses which are, along with the exact solution,
shown in figure 4.10 for v = 0,45 and \ = 2.

1 B) Viscoelastic solution: We turn now to calculation of
the viscoelastic stresses. On the basis of the correspondence rule,
the ﬁme dependent stresseé are obtained by a:eplaciﬁg Poisson's ratio,
stresses,a.nd internal .pressure in equations 4, 64, 4.65, and 4. 67 by
~ transformed quantities and then inverting.

For specification of an operational Poisson's ratio, a constant
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bulk modulus, K, is assumed along with an operational shear modu-

lus given by

o

" |
w(p) = — 8 (4. 68)
N p +

: T :
which corresponds to a Maxwell model, Substituting K and u(p)

into equation 4.36, Poisson's ratio becomes

2

(3 - &= )rp +3

2v(p) = (4. 69)

(3 +—§:—n )Tp +3
where we.shal_l take ;J.m/K = 0, 6 in order that v (p = ) = 0,25. The
pressure is taken tb be a step function, of magnitude Pis applied at
t= O‘ so that Py appearing in fhe elastic solutions is to be replaced

by pi/p. Making these substitutions for v and P; and then inverting

" yields the approximate time-dependent stresses:

Lo /Py = -1+ 0.416(2 % n T s S t/"fr (4. 70a)
oo /Py = -1 +0.416(4 £ - 1)e=0- 325t/ (4. 70D)
04g/Py = -1+ 0.980(L - le-l;-)e_o' 284t/r (4. T1a)
vgp/Py = -1 +0.980 e 284t /7 (4. 71b)

Furthermore, it is easy to verify that the exact stresses are given by

2

- . be . -0,278t/T.
o‘re/pi = -1+0,167(4 - = )e i (4. 72a)
j r
2
_ b -0.278t/T
0qo/P; = -1 +0.167(4 +? Je (4. 72b)

All of these stresses are plotted in figure 4.11 for r/b = 0.7,



-157-

It is seen from the equations that the time dependence is in complete
agreement with Postulates I and II." Furthermore, the graph shows that
the quality of approximation (B) is better than that of (a) for both the

viscoelastic and elastic solutions, which is not unexpected in view of

the remarks _rnade in section 3. 3.

4.4. Numerical Applications of Convolution Variational Principles'

The ease with which approximate viscoelastic solutions were
calculated in the previous two sections suggests that for most linear
problems it is not essential to use‘the convolution principles.. How-
ever, we shall now discuss two classes of problems for which it may
be either more éonvenient or else necéssary to use them instead of
the transformed principles and related approximate {or exact) inver-

sion methods.

a. Comments on the dynamic problem. In wave propagation

and vibration problems the time dependence of a response may be a
rapidly changing and oscillating function of logérithmic time, ¥ In
suc.ha’casle,the direct method is not expected to yield good results.
The collocation method can still be used, in principle, if the transient
reéponse is quadratically integrable. However, many exponential |
terms may be needed to- obtain a satisfactory solution, which will

possibly require an extremely accurate evaluation of the transforms

(see equation 4.18). Thus, while the approximate transform may be

0
ES

This behavior is actually more of an exception than a rule for visco-
elastic wave propagation problems. In fact Arenz (39) is currently
applying the direct and collocation methods to one- and two-dimen-
sional problems with considerabl€e success.
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relatively easy to obtain, inversion may be impractical to perform.

In view of this possible complication, a simpler procedure
might be to assume approximate solutions which consist of prescribed
‘functions of time along witix some arbitrary parameters., These
parameters could be calculated from the condition that the appropriate
convolution functional be stationary,

Let us briefly illustrate this with the displacement principle, °
equation 2,111, With temperature neglected for simplicity, but with

kinetic energy included (see equation 2.14) we have

t , : du, (t,-7) du.(7)
= 1 1 e WV :I _ il i
I, > S‘O S\B{ [Zi_j eHV(T) eij(tl T) e d(tl—?) s }dB dr

t ot
1 1
- S;) S.BFi(T)ui(trT)dBdT = SO S.A

Ti('r)ui(tl—'r)dA dr
T,
(4. 73)

where t

1 is written for the upper limit on the time integral to em-

phasize the fact that we must restrict ourselves to a definite interval
of time, IStS t;, in the approximate method. Assume displace-

ments repreéented by the series
- c £ 3 :
u, = Ca fi _(Xi’ t) + Ui ; (4. 74)

in which fgo’) are specified functions of X, and t that vanish on Au,

the Ui are prescribed boundai-y displacements, and the Ca are
arbitrary constants which are to be determined from the stationary

condition

1l
(@]

_ 61u (4. 75)
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for all arbitrary variationé SCG. By carrying out the integrations in
equation 4. 73 and the variations, a system of linear algebraic equa-
tions is obtained for determination of the constants C,- It can be
shown that the matrix of coefficients which multiply C‘1 is symmetric;
this is a consequence o.f:' the syi’nmetry of Zli'?"' and the property of

the convolution integral that

(0f)*g = £ (Og) (4. 76)

where O 1is an operator (e.g. an element of Zli].v), and f and g
are time dependent functions. It is important to reiterate that Iu
is made stationary for just the interval 0 =t= tl’ and hence the re-
sulting solution will not be valid for times larger than. tie

b. Heat conduction example, There is another class of problems

in which the transformed prin-'ciples (or correspondence rule) cannot be
used. Namely, that class foz.’ which the assumed solution is a non-
linear function of the uhspeciﬁed genéralized cé)ordinates. This
application will be illustrated with a one-dimensional heat conduction
problem., |

Consider the isotropic, homogeneous, semi-infinite solid
shown in figure 4.12. At t = 0, the face x =0 is suddenly brought to
a constant temperature 90. It is assumed that the temperature, 0,
is zero for t< 0,

For comparison purposes, let us first give the exact solution

which is derived by solving the heat conduction equation
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= (4.77)

e
cE
|

with

@
I
o

for t<0, x=20
G=80 fors= 0, €3 0

00 as x—~ o0, t>0

where C is the specific heat per unit volume and K is the heat con-

" duction coefficient. The solution is well-known and is given by

L5
...E _ 5 e dg . (4. 78)
9 =
x /2|5
For the approximate solution a simple form is assumed which

satisfies the temperature boundary conditions at x =0 and x = co:

D D@
B

- o-¥/alt) O (4.79)

o]

where q(t) is a generalized coordinate that is to be determined by
using the variational principle, equation 2.55. For the particular

_case considered here, the variational principle is .

e 81s [g (c—-e +K%(; -gg)dx] . (4.80a)

wh1ch is equivalent to

r t oo 2
1 20(T) 970(T) : "

Substitution of the temperatu\re 4.79 and the variation,

e .
50 = e */%q (4. 81)
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0
<

into equation 4, 80b and recognizing that &q is arbitrary yields=

1 1
[e'e] X +
S‘O d%(:) 2 % XJ o (q('r) q(tl-T))dX = B (4. 82)

Performing the integration over x the Euler equation for q(7)
is obtained, thus

2C dg(1) _ 1 1

K ar o qm @ ag- ) (4. 83)

in which t is to be treated as a constant parameter. This is solved

by first noting that it can also be written as

dq(t, -T)
2C 1 1 1
R d(tl‘ T) — q(7) * Q(tl'T) ; v 58

Taking the ratio of 4, 83 and 4. 84 we find

-dq(t;- 7) = dq(7) | (4. 85a)

which integrates to

alty- 7) = qlty) - alm) T (4. 85b)

When this is substituted into the differential equation 4. 83 and the
result integrated we find

N
e T -
2 2 A K 1
q (1":;‘1): T 3 (4. 86a)
- a ()

in which the non~dimens ional variables are defined,

“It is interesting to observe that the weighting function,

1 1
—R +
e (q(T) q(tl-’r)) o
is a symmetric'functioﬁ with respect to the point 7= tl/Z as the time
variable T ranges over the iqterval O=T7T= tl.
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N
g0 . s

IR

(4. 86Db)

a—-r’-l =

~ A
so that 0 =T =1, Setting 7 =q =1 in equation 4. 86 yields the value
for q(tl):

(3Kt

alt)) = = (4. 87)

Using this value for q(tl) in equation 4. 86a provides an expression

directly relating /(i and ?,

PQ-29 =37 (4. 88)

which is plottéd in figure 4.13. The values for a can now be used 'in

the solution if the temperature 4.79 is written as

e A gan R -
.G.E = e“x/q('r) (4. 898.)
o - ’
where
A X .

This approximate solution is plotted in figure 4,14 along with the exact
temperature, which, in terms of the variables % and T is
<]

.,
<]
o

0 2
-2 % ap T (4.90)

Vo 0.866(%/(%)

It is of interest to compare the approximate temperature given
above with one calculated using &6(7T) as a weighting function in equa-
tion 4, 80b in place of 69():1—7). - Such a procedure is analogous to the

way in which a spacial weighting function is employed in Galerkin's
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method (13). Using equation 4, 79 and &§0(7) in equation 4.80b we find

oo | o 2%
dg _ 2 K q _
v(o (25" - Ex)e Tax=o0 (4. 91)

which yields the differential equation

483 = & (4.92)

This is easily solved to find

g = \_Z_ICE:I (4. 93)

so that the approximate temperature is

5] i ~ -
°p . 1.225 (R/(#) | » 5 Bk
s |

which is also shown in figure 4,14,
It is observed that for T < 0.8, ea is closer than GB to the

exact solution, except at small values of Z. Be__éause of this, Ga

appears to be the best approximation in the sense that

1n~oo 2 . lhoo > “ ’
S‘S. (6 —6)dxd7<§§ (6 ,- 6 )7dx dT (4. 95)
odg & ® oo P &
It should be adcied, in this regard, that the stationary condition on the
convolution functional, eéuation 4,80, mi’nimizes the transform, TE)’

with respectv to. -c_i for p real and positive. " In contrast, condition 4, 91

is not associated with the minimization of a functional.

“It is of interest to mention that the same result is obtained by applying
the direct method of inversion to the exact transformed solution of
equation 4. 77.
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Although further study on the use of convolution variational
principleé is needed, this section does suggest that they are useful

tools for approximate analysis.
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Figure 4. 2. Clamped Plate with Uniform Tensile
Stress on the Ends
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Change in Poisson's Ratio
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Figure 4.7. Semi-Infinite Clamped Plate with Uniform
Tensile Stress on the End
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RIGIDLY SUPPORTED OUTER BOUNDARY

Figure 4.9. Internally Pressurized Cylinder
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Figure 4.10. Radial Dependence of Elastic Stresses
in Cylinder
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Figure 4.11. Time Dependence of Viscoelastic Stresses
in Cylinder

Figure 4.12. Semi-Infinite Solid for Thermal Analysis
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Figure 4.13. Time Dependence of Generalized Coordinate

Figure 4.14. Time Dependence of Temperature



