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FOREWORD 

An article entitled "Temperature Gradients in Turbulent Gas 

Streams. Effect of Viscous Dissipation on the Evaluation of Total 

Conductivity, " co-authored by E . C. Venezian and B. H. Sage, and 

based on the material presented in Part I of this thesis, has been 

accepted for publication by the "A. I. Ch. E. Journal." 



ABSTRACT 

PART I 

Values of the total conductivity for air in tur1:lUlent flow were 

originally reported without regard to effects of viscous dissipation, 

The reported values were corrected for such effects by utilizing measure­

ments taken at the time of the original investigation. The total conductivity 

obtained by taking into account dissipation effects was found to be indepen­

dent of the average temperature gradient with which measurements were 

made. 

PART II 

The heat transfer characteristics from a O. OOl-inch p.iameter 

platinum wire in the boundary flow about a I - inch copper cylinder were 

measured at Reynolds numbers, based on the cylinder diameter . of 

about 1750, 3500. and 7100. The results are presented in terrns of the 

Nusselt number for the wire as a function of position for the three 

Reynolds numbers investigated. Comparison of the measured Nusselt 

numbers with values predicted from calculated velocity distributions 

indicate that, in the vicinity of the cylinde r wall, the Nusselt number 

is not a unique function of the Reynolds number based on the wire 

diameter. 
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PART I 

TEMPERATURE GRADIENTS IN TURBULENT GAS STREAMS 

EFFECT OF VISCOUS DISSIPATION ON THE EVALUATION 

OF TOTAL CONDUCTIVITY 
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INTR ODUC TION 

In the period from. 1947 to 1956 a series of m.easurem.ents was 

m.ade at the Chem.ical Engineering Laboratory of the California Institute 
~ 

of Technology (1, 2, 3, 4, 5, 6. 7, 8. 9, 10, 11, 12)~ to determ.ine the 

total viscosity and total conductivity of air in turbulent flow as a function 

of the flow conditions. An additional objective was to obtain experim.en-

tal data for an evaluation of the analogy between heat and m.om.entum. 

transport proposed by Reynolds (B), and for various m.odifications of 

this analogy (14, 15, 16). The present work consists of a supplem.ental 

evaluation of the experim.ental data by taking into account the effect of 

viscous dissipation in the calculation of the total conductivity. 

Following VOn Karm.an (14), the total viscosity m.ay be defined as; 

E = -m. 
Ti p 

dU/ dy 

The total conductivity is defined by a sim.ilar expression: 

E 
-c 

= ---q.!..--

C ot CT pay 

(1) ** 

( 2) 

From. these quantities, the eddy viscosity and conductivity are defined 

by the equations 

E = E - v m. -m. 
(3) 

E = E K c - c 
( 4) 

~ 

·'Num.bers in parentheses indicate references listed on page 30. 
~:=: ~~ 

Definitions of the sym.bols used are given on page 32. 
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The statement of Reynolds' analogy is usually (14. 16) expressed 

by the equation 

EO = EO m c (5) 

In postulating the analogy between momentum and energy transport. 

Reynolds (13) used equations which are not wholly consistent with 

modern concepts ; however. if these equations are interpreted at the 

microscopic level a more proper statement of the analogy would be 

EO =yE m c ( 6) 

Since the modified analogies of von Karman and Martinelli are based 

on equation 5. it appears reasonable to refer to this as the "modified 

Reynolds' analogy. " and to reserve the name "Reynolds' 'analogy" for 

equation 6. 
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EXPERIMENTAL METHODS 

The experimental methods used in the determination of the total 

viscosity and con ductivity hav e been discussed in considerable detail 

(I, 2, 3, 5, 6). To aid in the understanding of the analysis a brief sum­

mary of the equipment a n d methods is given. 

A schematic diagram of the system is shown in fig . 1. The 

equipment consisted of a closed-loop wind-tunnel formed by two 

polished copper plates, A and B, 13. 5 feet long and 13 inches wide. 

The distance between the plates was approximately O. 7 inches but 

varied slightly with the experimental conditions (1) . A blower, C, 

with variable speed drive was used to supply air at v arious gross 

v elocities to the channel. Heaters and refrigeration coils, D, were 

provided for conditioning the air prior to entry into the c hannel through 

the conv erging section, E . Each plate was supplied with an oil bath, 

these baths were independent, so that the temperature of the heat 

transfer medium could be adjusted to giv e the desired temperature at 

the upper and lower copper plates . Each bath was prov ided with a 

thyratron-controlled immersion heater for fine regulation of the tem­

perature . 

The upper plate was provided with two calorimeters, F and G, 

for the determination of heat flux. T h e construction of these calorim­

eters, as well as their operation. is discussed in detail by Page (5) 

and Cav er s (6). In principle, the surface of the calorimeter was main­

tained at the same temperature as the copper plate immedi ately adjacent 
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Figure 1: Schematic Diagram of Equipment 



to it by proper adjustment of an electrical heater inside the calorim­

eter. The current and potential difference across this heater then 

gave a direct measure of the heat flux. 

In order to obtain accurate information on the temperature 

distribution in the flowing strea=r a platinum resistance thermometer 

was provided. This thermometer could also be used as a hot-wire 

anemometer for the determination of velocity profiles. A Pitot tube 

was also used to determine velocity distributions over the central 

portion of the channel. and served as a standard for the calibration 

of the hot-wire anemometer. Figure 2 shows these instruments in­

stalled in the channel. 

Besides the temperature and velocity distributions the data ob­

tained included the separation between the plates. the heat flux at the 

upper wall, and the pressure gradient along the channel. The con-

* ditions under which the tests were performed are listed in Table I. 

* Tables are presented on page 35. 
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Figure 2: Hot Wire AneIlloIlleter and Pitot Tube 
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ANALYSIS 

The total conductivity as de fined by equation 2 is based on the 

local heat flux which, in general, is not equal to the heat flux at the 

boundaries. Since inform.ation on the local heat flux was not available, 

this flux was originally as sum.ed to be equal to the heat flux at the 

upper wall (5, 6). The heat flu~ however, is a function of position 

if the viscous dissipation in the stream. is considered. 

The coordinate system.s used in this analysis are shown in 

fig . 3. For steady, two- dim.e nsiona1 flow which is uniform. as regards 

m.om.entum transport and nearly uniform. as regards energy transport, 

the energy equation may be written as (17, 18): 

where 

dq = 
cry 

..t. _ - at 
'I' a-C u -p x ax 

3 3 
au 2 x 

if>=TJ{-) ay + TJ L L 
i=l k=l 

I I 

au. au . 
1 1 

aX
k 

{ a~ 

(7) 

(8) 

Since the temperature in the tests considered* decreases with decreasing 

distance from. the lower plate, equation 8 m.ay be inte grated directly to 

* 

a-C u at )dy 
p x ax 

(9 ) 

Test 61 constitutes an exception to this statem.ent. The m.odifications 
required in the analysis, however, are m.inor. 
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For the conditions of interest. it can be shown (19. 20) that 

where 

3 3 , , , 
- ,-, 8ux 

p u u -­x y 8y = ~L L 8u. 8u. 8u
k __ 1 ( __ 1 + __ ) tjJ 

8x
k 

8x
k 

8x
i 

-

tjJ = 

i=l k =l 

, 
" ,8u 8u u y x 
8y ~Ux ( 8x + 8y 

8 ' , 
) - - u (P 

8y y 

From equations 8, 9, and 10, it follows that 

(10 ) 

(11) 

S y [8U --r--r 8u • • X" x 
q = q + (TJ- - P u u ) - + a 8y x y 8y 

- 8TJ tjJ - CTC u 8- dy (12) P x x 
Yo 

For the restricted case under consideration. the Navier -Stokes 

equations may be written in the form 
, , 

8(u u ) 
y z 0 

P 8y = 

8(~' )2 
Y 

8y = 0 

I I 

8(u u ) 
x y 

P 8y 

(13) 

(14) 

= 0 (15 ) 

The derivation of these equations is available in the literature (17, 21) 

for the case of constant viscos ity. The extension to the case of variable 

viscosity is immediate. When equation 13 is integrated with respect to 

y, and the boundary conditions of zero velocity at the walls are used, 

there is obtained 

- ,-, 
u u = 0 y z 

(16 ) 
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Upo n differentiating equation 14 with respect to x, there results 

(17) 

Since the flow has been assumed to be uniform and fully - developed, it 

follows that 

a(u' )2 
Y = 0 8y 

Combining equation 17 with equation 18 yields the result 

(18 ) 

(19 ) 

ap 
which implies that the derivative ax is independent of y. Making use 

of this result. equation 15 may be integrated to give 

where 
aU: x = (11 - ) 
ay y=O 

Combining equations 12 and 20, there results 

,y [
- aU: . . ap x 

q = qa + (7' ob + ax y) ay + lj; -
~ y -

o 

- at ] a-C u ,,- dy 
p x ux 

(20) 

( 21) 

(22) 

Data for the determination of the local heat flux by equation 22 
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is not available from the experiments of interest. However, there is 

sufficient data in the literature to e stimate the relative importance of 

t he terms of the integrand at a Reynolds number of about 50,000. An 

average value of the first term in the integrand, as obtained from the 

data of Page (5), is 0.15 Btu/cu. ft. /sec. This term vanishes at the 

center of the channel and assumes its largest value at the wall. The 

local value of ljJ may be obtained from the data of Laufer (21, 22. 23) 

the maximum value of this quantity is no larger than 0.001 Btu/ cu. ft. / 

sec., and occurs close to the wall. The data of Mason (4) indicates 

that axial temperature gradients of at most O. 05 of/ft. may be expected, 

under these _con ditions the value of the third term in the integrand is 

of about 0.007 Btu/ cu.ft. / sec. 

From this data it is apparent that neglecting the last two terms 

in the integrand in equation 23 would introduce an error no larger than 

5%in the value of the integral. With these approximations, the value 

of the local heat flux is related to experimentally determined quantities 

by the expression 

where 

q = q + a 

q · =SY(7 
J ob 

Yo 

..0.... aU: 
+ ap)~ ax ay dy 

dy (23 ) 

( 24) 

(25) 
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Equations 2 a nd 23 m.ay be used for the calculation of the total 

conductivity from. the a v ailable experim.ental data. In the present case, 

however. v alues of the total conductivity uncorrected for v iscous dissi-

pation 

::~ 

EO = 
-c 

cr-C (Cit 
pay 

( 26) 

were available, and the calculations were facilitated by rewriting equation 

2 in the form. 

-qa 
(1 + 

qa 
EO = -. ) -c 

cr-C (at ) qj 
pay 

(27) 

,'. qa 0 ' 

(1 + = EO --c . (28) 
q. 

J 

The quantity q . was calculated by equation 25 using experim.ental 
J 

v alues of the velocity gradient and of the pressure gradient whenever 

pos sible. When this data was not available, the velocity distribution was 

assum.ed to be the sam.e as that for tests at essentially the sam.e Reynolds 

num.ber. The pressure gradient. when not a v ailable from. the experim.ents, 

was calculated from. established correlations (10). The therm.al flux at 

t h e upper wall, q , was available for all the tests used. 
a 

The v alues of the correct~d total conductivity in the region 

0.1 -'S; y/y -'S; 0.9 are presented in Table II, together with the v alues of o • 
q . 

the uncorrected total conductivity and ?f the factor (1 + + )'. Figure 4 
q. q 

show s the v ariation of the factor (1 + _ J with position i~ the channel 

qa 
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for a Reynolds number 

'S' 'Yo u dy 
o x 

Re =------ (29) 

of about 54. 000, using the average temperature gradient. b.t/y • as a o 

parameter. The variation of the maximum v alue of this factor with 

Reynolds number and a v erage temperature gradient is shown in fig. 5. 

The data presented in Table II was smoothed with respect to 

Reynolds number and position. The values so obtained, which represent 

the average of values obtained at different values of the average tem-

perature gradient, are listed in Table III and depicted in fig. 6. Table 

IV presents the standar'd error of estimate of the experimental data from 

the smooth values. 

IT 
e = 

The standard error of estimate is defined as 
N 

\(f .-f .)2 o exp. l sm. 1 

[ i=l 

1/ 2 

N - 1 
] (30) 

Cavers (6. 11) reported v alues of the total conductivity in the 

~c i.o 
v icinity of the walls in terms of the parameter ~ This par am-K i. . 

eter is expressible as a unique function of 

i. (1 - .... ) u,.i 
.t ~ 0 

+ y = o 
v 

prov ided the dimensionles s velocity u / u," is also a function of y + 

alone, and provided Reynolds I analogy holds with 

y = Pr 
m 

( 31) 

(32) 
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":"c i.o 
Values of the total conductivity parameter K T corrected 

for viscous dissipation are given in Table V. Figur e 7 shows the effect 

of the distance parameter on the total conductivity parameter at the 

upper and lower wall. The full curve shows the line of best fit to the 

data corrected for viscous dissipation. and the dashed curves repre-

sent the line of best fit to the uncorrected data (11). Data for both upper 

and lower walls is shown in fig. 8. The corrected and uncorrected 

data are represented by the full and dashed curve. respectively. Table 

VI records the coordinates of the lines of best fit to the .corrected data, 

and the standard error of estimate of the experimental points from 

these lines. 
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DISCUSSION OF RESULTS 

Effect of the Correction on the Total Conductivity 

The effect of the correction on the total conductivity can be seen 

m.ost easily by com.paring the two parts of fig. 9. The upper part of 

the figure shows results obtained at Reynolds num.ber of about 54, 000 

by neglecting the effect of dissipation on the heat flux. The total con­

ductivity appears to be a function of tem.perature gradient as well as 

position, since the data at the average tem.perature gradients of 200 and 

1000 of 1ft. differ by about 30 %, which is larger than the experim.ental 

uncertainty of 7% estim.ated from. uncertainties in the individual m.easure­

m.ents (2, 3, 5, 6). The corrected values are shown in the lower part 

of the figure, in this case no clear relation exists between the total 

conductivity and the tem.perature gradient. Neither corrected nor un­

corrected values of the total conductivity appear to be sym.m.etric 

about the centerline of the channel, although the lack of sym.m.etry is 

less m.arked for the corrected results. 

In order to obtain a definite m.easure of the average tem.perature 

gradient on the values of the total conductivity, a com.plete "ariance 

analysis (24) would be desirable, but unfortunately the data available 

is not sufficient for such an analysis. Nonetheless, it is possible to 

obtain a m.easure of the significance of the trends by m.aking som.e 

assum.ptions. Tests 196 and 197 are replicates of Tests 32 and 33, re­

spectively; as regards to Reynolds num.bers, and these four tests are 

at essentially the sam.e average temperature gradient. These tests 
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were therefore used to determine the significance of asymmetry and 

it was found that at the temperature gradient of about 1000 of/ ft . the 

asymmetry was not significant for either corrected or uncorrected 

v alues of the total conductivity. The data, however, is not sufficient 

to establish whether this result is applicable at lower temperature 

gradients. 

Since asymmetry is not significant at high temperature gradients, 

and since the previous analysis indicates that the correction is nearly 

constant near the center of the channel, it is reasonable to assume 

that this effect is absent near the center of the channel. Making this 

assumption, it is possible to obtain a variance analysis by considering 

values of the total conductivity at y / y = 0.40 and y / y = 0.60 as repli-o 0 

cates. Such an analysis was performed, and it indicated that the effect 

of temperature gradient is significant about the 10/0 level in the uncor-

rected results, but is not significant in the corrected results. Thus the 

qualitative observations mentioned earlier are confirmed by this analysis. 

In view of the foregoing discussion, it is of interest to eliminate 

the asymmetry from the smooth values reported. For this reason, 

Table VII and fig. 10, containing smooth, symmetrical values of the 

total conductivity corrected for viscous dissipations are" included . 

Comments on Reynolds' Analogy 

It is of interest to determine the validity of Reynolds' analogy, 

as defined by equation 6,. and of the modified Reynolds' analogy defined 

in equation 5 in view of the corrections for viscous dissipation. Figure 11 
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depicts the ratio of the eddy viscosity to the eddy conductiv ity corrected 

for viscous dissipation, the ratio is given as a function of the position, 

for four Reynolds numbers, and at a temperature gradient of about 

200 of/ ft. In the preparation of this figure data of Pag e (5) was used 

in addition to data presented in this work. 

The eddy Prandtl number 

E 
m 

= -E-
c 

(33) 

varies appreciably with position, and appears to va r y somewhat with 

Reynolds number. Figure 12 shows the average value of the eddy Prandtl 

number as a function of the reciprocal of the Reynolds number. This 

average was defined by the equation 

= 1 S 0.95 
(PrE lave 1'f.9 0 . 05 

E 
m 

-E­
c 

(34) 

This somewhat arbitrary definition was necessary because the uncer-

tainty in the ratio becomes v ery large as the walls are approached, and 

the ratio is indeterminate at the wall. This figure indicates that the eddy 

Prandtl number does not vary in a systematic way with Reynolds number, 

and for all the measurements considered is within 100/0 of the molecular 

Prandtl number . This is probably within the experimental uncertainty 

of the measurements. 

It therefore appears that although the eddy Prandtl number varies 

with position in the channel, on the average it satisfies the equation 
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(Pr c ) = Pr \. ave :rn (35) 

ApproxiInate values of the average eddy Prandtl nUInber obtained froIn 

t he data of Sleicher (25) for flow of air thr ough a pipe are als 0 shown in 

fig. 12, and appear to contradict these conclusions. This discrepancy 

is probably due to the fact that Sleicher neglected the effect of viscous 

dissipation in calculating the eddy conductivity, this assu:rnption leads 

to a calculated average eddy Prandtl nUInber which increases with in-

creasing Reynolds nu:rnber (28). 

Equation 35 is probably applicable to gases in general, but should 

not be applied to systeIns whose molecular Prandtl nUInber differs ap-

preciably £rOIn unity. The data of Isakoff and Drew (26) and of Brown, 

AInstead, and Short (27) indicates that for Inercury at Reynolds nUInbers 

of the order of 500, 000 the eddy Prandtl nUInber decreases toward 

unity and is not independent of Reynolds nUInber. 
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CONCLUSIONS 

The total conductivity based on the local heat flux has been shown 

to be independent of the average teITlperature gradient, to within experi­

ITlental error. On the other hand, the values of total conductivity ob­

tained froITl the experiITlental data by neglecting the effect of viscous 

dissipation depend on the average teITlperature gradient. 

In practical applications, ther efore, the total conductivity ITlay 

be considered as a function of position and of Reynolds nUITlber and the 

heat flux ITlay be evaluated with due consideration to viscous dissipation. 

However, when teITlperature fields are to be calculated under conditions 

which closely reseITlble the experiITlental ones, it is probably easier 

to regard the heat flux as constant and to use values of the total con­

ductivity cOITlputed without regard to viscous dissipation effects, but 

giving due consideration to the dependence of these values on the average 

teITlperature gradient. 

At Reynolds nUITlbers between 9, 000 and 50, ODD, the data indicates 

that the eddy Prandtl nUITlber varies with position in the channel, but on 

the average this quantity is independent of Reynolds nUITlber to within 

100/0. Under these conditions, the average value of the eddy Prandtl 

nUITlber for air ITlay be considered equal to the ITlolecular Prandtl nUITlber 

to within experiITlental error. 
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NOMENCLATURE 

Roman Symbols 

C 
P 

f 

1. 

1. o 

N 

q 

q . 
J 

P 

Pr 
m 

isobaric heat capacity, Btu/ (lb . )tF) 

a function 

distance from c enterline, ft. 

distance from centerline to wall, ft. 

number of experimental points 

thermal flux, Btu/ (sq. ft. )(sec .) 

local thermal flux increase due to viscous dissipation, 
Btu/ (sq. ft. }(sec. ) 

pressure, lb. / sq. ft. 

molecular Prandtl number = v /K 

Pr eddy Prandtl number:: E / E 
E m c 

CPr) average eddy Prandtl number, defined in equation 34 
E avg 

Re Reynolds number 

t temperature, of 

.6.t temperature difference between the plates, of 

u 

x 

y 

+ y 

z 

instantaneous local velocity. ft. / sec. 

friction velocity = (.,. / p)I / 2 
o 

Cartesian coordinate along the axis of stream, ft. 

Cartesian coordinate normal to wall, measured from the 
lower wall , ft. 

distance parameter 

separation between plates, ft. 

Cartesian coordinate parallel to wall and normal to axis 
of stream, ft . 



Greek SyITlbols 

E 
c 

E 
-c 

E 
ITl 

E 
-ITl 

K 

v 

p 

T 

TO 

Subscripts 

- 33-

a constant 

eddy conductivity. sq. ft. / sec. 

total conductivity. sq. ft. / sec. 

eddy v iscosity. sq. ft ./ sec . 

total viscosity. sq. ft. / sec. 

ITlolecular viscos ity. lb. sec. / ft. 2 

therITloITletric conductivity. sq. ft / sec. 

kineITlatic viscosity. sq. ft. / sec. 

density. lb. sec . 2/ ft . 4 

spe cific weight, lb. / cu. ft . 

standard error of estiITlate defined in equation 

shear 

shear 

2 
stress, lb. / ft. 

2 
at the wall. lb. / ft. 

dissipation function, Btu/ (cu. ft. )(sec. ) 

turbulent energy transport function, defined in equation 11 

a at upper plate 

b at lower plate 

exp experiITlental value 

i , k dUITlITly variable s 

SITl SITlooth value 

x in x direction 

y in y direction 

z in z direction 



Superscripts 

* 

-34-

time-averaged value 

fluctuating component, difference between instantaneous 
value and time-averaged value 

value uncorrected for viscous dissipation 
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TABLE IV. STANDARD ERROR OF ESTIMATE OF THE DATA 

CORRECTED FOR VISCOUS DISSIPATION 

Test 

40 

200 

195 

41 

199 

32 

196 

44 

198 

33 

197 

FROM THE SMOOTH RESULTS 

4 
cr x 10 

e 
2 

ft /s ec 

4.14 

2.23 

2.30 

10.92 

6.12 

8.40 

7. 14 

11. 15 

7. 12 

3.25 

6.48 
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TABLE V. CORRECTED VALUES OF THE TOTAL 
E 1 

CONDUCTIVITY PARAMETER, ;- T 

Upper Wall Lower Wall 

+ E 1 + E i 
-c 0 -c 0 

y KT y KT 

Test 60 0.25 1. 00 0.27 1. 00 

0.51 1.00 0 . 54 1. 0 0 

O. 76 1. 01 O. 81 1. 01 

1. 02 1. 01 1. 08 1. 01 

1. 27 1. 01 1. 35 1. 01 

2.20 1. 02 2. 70 1. 02 

5 . 10 1. 05 5.38 1. 04 

10.26 1. 61 10. 70 1. 60 

15.46 2. 56 16.00 3 . 52 

20 . 67 4.33 21. 31 6.13 

25.87 6.48 26. 60 7 . 86 

Test 61 0.26 1. 00 0.25 1. 00 

0.52 1. 00 0.49 1. 00 

0.79 1. 01 0.74 1. 01 

1. 05 1. 01 0 . 98 1. 01 

1. 31 1. 01 1. 23 1. 01 

2. 61 1. 02 2. 46 1. 02 

5.21 1. 11 4.94 1. 04 

10. 36 1. 78 9.93 1. 24 

15.49 3. 01 14.96 2.48 

20.62 4.95 20.00 4.46 

26. 19 6.94 25.04 5.93 
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TABLE V. (Continued) 

Upper Wall Lower Wall 

+ EO 1 EO 1 -c 0 y+ -c 0 y K"-l- K"T 

Test 147 O. 21 1. 00 0.22 1. 00 

0.40 1. 00 0.43 1. 00 

0 . 63 1. 01 0 . 67 1. 01 

0.84 1. 01 0.89 1. 02 

1. 05 1. 01 1. 12 1. 02 

2. 10 1. 02 2.23 1. 0 8 

4.21 1. 05 4.46 1.34 

8.47 1. 24 8 . 87 1. 73 

12 . 76 1. 86 13.26 2.28 

17.05 3. 60 1.7. 64 2. 96 

21. 35 5.01 22.01 3.94 

32.13 9 . 19 32.90 7. 50 

Test 148 O. 19 1. 00 O. 21 1. 00 

0.38 1. 00 0 . 40 1. 00 

0 . 58 1. 01 0.62 1. 00 

0.78 1. 01 0.83 1. 01 

0.97 1. 02 1. 04 1. 01 

1. 95 1. 06 2.07 1. 02 

3.92 1. 15 4.14 1. 12 

7.85 1. 50 8.25 1. 53 

11. 83 1. 94 12.30 2.08 

15.80 2 . 50 16.36 2 . 93 

19. 80 3.36 20.41 4 . 21 

29.80 7. 35 30.52 8. 59 
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TABLE V. (Continued) 

Upper Wall Lower Wall 

+ Ii' 1 + ~ 1 
-c 0 0 y TT y TT 

Test 40 10.72 3. 71 10 .88 2.49 

21. 47 7. 70 21,73 4.67 

32.24 11. 59 32.60 8 . 16 

Test 140 0.57 1. 00 

1. 14 1. 01 1. 21 1. 01 

1. 71 1. 01 1. 82 1. 02 

2 . 28 1. 01 2.42 1. 03 

2.85 1. 01 5.02 1. 06 

5.72 1. 05 6.03 1. 49 

11. 50 1.92 12.01 2.43 

23.10 5 . 19 23.92 6.15 

34 .74 11. 25 

Test 141 0.57 1. 00 0.61 1. 0 1 

1. 14 1. 01 1. 22 1. 01 

1. 71 1. 01 1. 82 1. 02 

2.29 1. 01 2.43 1. 03 

2.86 1. 01 3 . 04 1. 07 

5 . 74 1. 35 6.06 1. 34 

11. 52 2. 10 12.06 2 . 36 

23.17 4.47 24.85 6.43 

34.85 8. 02 
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TABLE V. (Continued) 

Upper Wall Lower Wall 

+ € 1 + € 1 
- c 0 - c 0 

y TT y 
K T 

Test 41 12.66 2.94 12 . 86 2.77 

21. 13 6.07 21. 44 4.50 

T es t 143 1. 0 1 1. 0 1 1. 08 1. 08 

2.03 1. 01 2. 16 1. 09 

3.05 1. 03 3 .24 1. 09 

4.07 1. 04 4.31 1. 10 

5.10 1. 06 5.39 1. 12 

10.24 1. 99 10.73 1. 94 

20.57 4.81 21. 36 7. 58 

Test 144 1. 02 1. 01 1. 09 1. 08 

2.04 1. 0 1 2. 17 1. 09 

3.07 1. 02 3.26 1. 08 

4. 10 1. 04 4.34 1. 10 

5 . 13 1. 05 5.41 1. 22 

10.31 1. 73 10.79 2.60 

20.70 4.68 21. 49 6 . 52 
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TABLE V. (Concluded) 

Upper Wall Lower Wall 

+ E 1 + E 1 
-c 0 -c 0 

y 
K T y "KT 

Test 145 1. 46 1. 0 1 1. 56 1. 18 

2.93 1. 02 3 . 12 1. 18 

4.41 1. 03 4 .6 7 1. 23 

5.88 1. 04 6.21 1. 52 

7.36 1. 06 7 . 75 1.96 

14.82 2.9 5 15.45 5.06 

29. 74 9.11 30.82 10. 58 

Test 146 1041 1. 01 1. 50 1. 18 

2.82 1. 02 3 .00 1. 18 

4.23 1. 03 4.49 1. 17 

5 . 65 1. 04 5. 98 1. 19 

7.08 1. 06 7. 46 1. 69 

14.15 2.94 14.87 4 .92 
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TABLE VI. SMOOTH VALUES OF THE TOTAL 

CONDUCTIVITY PARAMETER, CORRECTED 

FOR VISCOUS DISSIPATION 

Distance Total Conductivity Parameter 
Parameter 

+ Upper Wall Lower Wall Mean y 

1.0 1. 010 1. 015 1. 015 

2.0 1. 035 1. 050 1. 050 

3.0 1. 080 1. 100 1. 100 

4.0 1. 135 1. 165 1. 165 

5.0 1. 205 1. 250 1. 250 

6.0 1. 290 1. 365 1. 360 

7.0 1. 385 1. 500 1. 495 

8.0 1. 500 1. 660 1. 645 

9.0 1.630 1. 850 1. 810 

10.0 1. 780 2.050 1. 995 

11. 0 1. 945 2.255 2.185 

12.0 2. 140 2. 465 2.390 

13.0 2.340 2.670 2.595 

14.0 2.560 2.885 2.820 

15.0 2. 795 3. 120 3.060 

16.0 3.065 3.370 3.320 

17.0 3.375 3.640 3.595 

18.0 3.745 3.925 3.890 

19.0 4. 140 4.235 4.215 

20.0 4.540 4.560 4 . 560 

21. 0 4.945 4.945 4.945 

cr 0.5581 0.6021 0.5854 
e 
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PART II 

THERMAL TRANSFER FROM SMALL WIRES IN THE 

BOUNDARY FLOW ABOUT A CYLINDER 
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INTRODUCTION 

The problem of heat transfer from small wires is of particular 

interest because this transport phenomenon is the basis for the techniques 

* of hot-wire anemometry (1,2). The determination of temperature in 

regions of large temperature gradients also requires knowledge of the 

heat transfer from small wires (3,4). Although the heat transfer from 

wires in boundary flows is of particular interest, no systematic research 

has been done on this problem, and it is usually assumed (1,2) that the 

heat transfer from a wire is dependent only on the local velocity of the 

fluid stream. 

It appears, however, that this assumption is not valid. Recent 

work on the boundary flow about spheres (3,5) has indicated that such 

an assumption is not valid in three-dimensional flows, probably due to 

flow parallel to the wire axis induced by the three-dimensional gradients 

(3, 5) . A mathematical model (6) predicts that in two-dimensional 

boundary flows the heat transfer from a wire will depend on the local 

velocity and on the ratio of the distance between the wire axis and the 

wall to the wire radius. 

In order to gain some understanding of the phenomenon of heat 

transfer from small wires in boundary flows an investigation of the heat 

transfer from a O. OOl-inch wire in the forward half of the boundary flow 

about a I-inch diameter cylinder was undertaken. In this investigation 

the wire was maintained parallel to the axis of the cylinder, so as to 

* Numbers in parentheses indicate references listed on page 12,0. 
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retain as much as possible the two-dimensional character of the flow. 

Furthermore, the cylinder was maintained at the same temperature 

as the air stream so the flow was nearly isothermal. It is hoped that 

the results of this study can serve as a basis for comparison for future 

work treating non-isothermal and three-dimensional flows, so that 

eventually some understanding of the problems involved may be obtained. 
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THEORY 

The problelll of convective heat transfer frOIll bodies i=ersed 

in a fluid can be approached by considering the equations of continuity, 

Illornentmn, and energy. These Illay be written respectively in the 

forlll: 

DO" -m = -0" \7 . u 

. 3 

* (1) 

Du. 
1 

P 158 
ap I a [ au. au. 

F + . (' J = .-. - 1] - +-
1 ax-: j ax. ax , ax. 

2 
-",0 .. \7 

.:> IJ 
(2) 

1 j =1 1 J 1 

i :::: l~ 2, 3 

(3 ) 

If these equations could be solved silllultaneously for the boundary and 

initial conditions of the physical situation, and using the equations of 

state of the fluid under consideration, a cOlllplete description of heat 

transfer in boundary flows could be obtained. Solutions of this type are 

extrelllely difficult to obtain even when the differential equations are 

silllplified and the properties of the fluid are expressed in terllls of 

elelllentary functions of telllperature and pressure. 

It is possible, however,_ to obtain solutions to approximate 

equations of transport, and these are useful for purposes of cOlllpari-

son with experilllental data. Since these solutions are discussed in detail 

in the literature, only the Illain results will be Illentioned. 

* Definitions of the sYlllbols used are given on page 122. 
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Description of the Flow Field About a Cylinder 

For Reynolds numbers large compared to unity it is customary 

to divide the flow field into two regions (7,8), in the outer region or 

core the fluid is considered to undergo potential flow (9) whereas in the 

inner region it is assumed that the flow is governed by Prandtl's 

boundary layer equations (7,8, 10) which are an approximation to equa-

tion 2. The solutions are well-known for the case of a cylinder in an 

infinite stream. 

In the region of potential fl ow the tangential and radial velocity 

components are given respectively by the equations 

u 
rp 

2 
r 

---z ) sin 4r 
r 

cos 4r 

From these equations the magnitude of the velocity is found to be 

lui 
l' 

r 4 2r2 
o 0 

= Uoo(l + 4 + --y cos 
r r 

1/ 2 
2lj.r) 

( 4) 

(5 ) 

( 6) 

In the boundary layer, the velocity components are expressed 

in terms of non-elementary functions: 

- . .. ) (7 ) 

( 8) 

where 



r n =(-
r 

o 
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_ 1)(Re)1/ 2 

The functio"s f. and df./dn are a vailable in the literature (7,8). 
1 1 

Heat Transfer FroITl Wires at L ow Reynolds NUITlber 

When the dissipation function, cp, is negligible and the fluid 

properties are constant, equation 3 ITlay be written as 

-­u . \7 t 

(9) 

(10) 

This equation can be solved in closed forITl if it is as sUITled that the 

velocity is constant in the flow field. This appr oxiITlati on,. which cor -

responds to Oseen's approxiITlation for the case of ITlOITlentUITl transport 

(11), has been solved by Cole and Roshko (12). Under these conditions 

the Nusselt nUITlber is given by 

Re Pr 
00 

I ( w 

Nu = 2 L ( _l)n n 4 
Re Pr 

n=O K( w 
n 4 

(11) 

Piercy, Richardson and Winny (6) have obtained a solution of 

equation 10 assuITling the flow field is that of potential flow in a region 

bounded by an infinite flat plate and a cylinder, with t he flow at infinity 

parallel to the plate . T he teITlperature of the plate was the same as 

that of the approaching fluid. The s olution to this probleITl is not ex-

pected to apply at values of the P ec1et number, Re Pr, larger than 
w 

unity,. or when the distance between t he wire and the p l ate is of the 
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order of one wire diaIneter. Within the liInits of applicability, the 

solution agrees fairly well with experiInent (6). Figure 1 shows the 

predicted dependence of the Nusselt nUInber on the Peclet nUInber and 

distance froIn the cylinder. 
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SOME PRELIMINARY CONSIDERATIONS 

Definitions of Reynolds Number 

Many definitions of Reynolds number have been used in the 

literature (7, B,13, 14). In the present discussion the tenYl "Reynolds 

number" is used to denote the Reynolds number based on cylinder 

diameter and free-stream conditions, as defined by the equation: 

Re = 
00 

2r U p 
o 00 00 

"'100 

(12) 

The Reynolds number based on wire diameter, local velocity, 

and properties of air at free-stream conditions is referred to as "wire 

Reynolds number . " It is defined by the equation 

Re = w 

d up w 00 

"'100 

Definition of Heat Transfer Coefficient 

(13) 

The heat transfer coefficient is usually defined as the ratio of 

a heat flux to a temperature difference. For the present case it is 

defined specifically as the ratio of the electrical power dissipated in 

the wire, per unit area of wire surface,. to the difference b etwe en the 

mean temperature of the wire as determined from the electrical re-

sistance and the free- stream temperature: 

h = 
~e (14) 

(t-t)1i"dr l w 00 w 
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Definitions of Nusselt Number 

For any given conditions, a general definition of Nus selt number 

can be given in terms of the expres sion: 

Nu 
a 

hd 
w 

= ~ 
a 

The subscript a in equation 15 is used to indicate that the thermal 

(15 ) 

conductivity of the fluid, k , is evaluated at a temperature t , which 
a a 

is a function of the temperatures t and t and is selected so that w 00 

the Nusselt number defined by equation 15 depends on only one param-

eter. The use of such composite temperatures, t , results from the 
a 

empirical observation that the Nusselt modulus based on free stream 

conditions depends not only on the wire Reynolds number but also on 

the temperature difference between the wire and the free stream. 

This dependence arises from the non-linearity of the equations which , 
govern the transport. 

The definition of t as a function of the variables t and t 
a w 00 

is not unique (13, 15) since it depends on the specific parameter used 

for purposes of correlation. Thus if it is desired to obtain a relation 

between the Nusselt number and the wire Reynolds number based on 

properties at the free- stream temperature the dependence of t on a 

t and t will not be the same as that obtained by correlating the 
w 00 

Nusselt number with a Reynolds number based on properties at some 

other temperature, such as the mean wire temperature. 

In order to maintain a close correspondence between the quan-

tities measured in the laboratory and the parameters derived from 
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them, the Nusselt number based on free stream conditions was used. 

This quantity is called "experimental Nusselt number, " and is defined 

as 

Nu e 

hd 
w 

=~ 
<Xl 

(16) 

Since, however, the experimental Nusselt number was found to 

* vary with wire temperature, and "adjusted Nusselt number, 11 Nu , was 

defined. This is the Nusselt number that would have been measured 

if the experimental conditions had been a wire temperature of iSOoF. 

o and a free stream temperature of 100 F. The method used to obtain 

this quantity, is described in pages 84 to 87. 

Various authors (1,12, 16,17) have indicated that the Nusselt 

number as calculated from the heat transfer coefficient defined .by 

equation 16 is not useful for purposes of comparison among different 

wires. In order to obtain a value of the Nusselt number which is inde-

pendent of the dimensions of the wire, two effects must be taken into 

account: 

a) ~the effect of ·non-uniform wire ten,perature due to finite 

wire length (1,12), which depends on the ratio of length to 

diameter of the wire, and 

b) the effect of temperature jump at the air-wire interface (16, 

17) due to molecular mean free paths of the general order 

of magnitude of the wire diameter, which] depend on the ratio 

of molecular mean free path of the fluid to wire diameter. 
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For this r e ason a third definition of Nusselt number was used: 

* Nu = SNu 
00 

(17) 

The quantitative aspects involved in the determination of the correction 

factor S are summarized in Appendix 1. Since this definition of the 

Nusselt modulus is the one of more general application, the unmodified 

term "Nusselt number" will be used to name it. 

Discussion of Some Constants Used 

The values of the properties of air us e d in the present work are 

given in Table 1.* This data was obtained from a critical survey of the 

literature by Sage and co-workers (18), and from a recent publication 

of the National Bureau of Standards (19). The values of the properties 

of air given in these publications are in good agreement. These 

prop.erties are defined in t e rms of a British thermal unit (Btu) of 

-3 
0.947831 x 10 absolute joules (19), accordingly, this value of the 

conversion factor was used throughout. 

Assumptions Made in the Analysis 

In reducing the experimental data to obtain final results some 

.assumptions were made. An estimate of the effect of these will be 

given in the following paragraphs. 

One assumption was' that the radiant transfer between the wire 

and the surroundings is negligible . Assuming that the surroundings 

are a black body at 90 of and that the emissivity of platinum is 0.04 

* Tables are presented On page 126. 
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(13), the heat flux by radiation is found to be O. 0016 Btu/sq. ft. sec. 

for a wire temperature of 200 of. This is consistent with a value 

measured by Short (5) of O. 0035 Btu/ sq. ft. sec. at a wire temperature 

of 238 OF. Under the same temperature conditions, the lowest heat 

flux encountered was approximately 3. 00 Btu/ sq. ft. sec., so the error 

introduced by this assumption is less than O. 1 %. Only at very low 

wire temperatures, when the transport by convection between the wire 

and the air stream was very small, would the assumption of negligible 

radiant transport introduce a significant errOr. 

In calculating the difference in temperature between the wire 

and the air stream, it was assumed that the bridge current used in 

determining the resistance of the wire at fre e-stream conditions did 

not materially affect its temperature. The change in wire temperature 

calculated from the conditions under which measurements were taken 

was of 0.05 OF, if radiant transport was neglected. If radiant trans­

port was taken into account this was r educed to about O. 02 OF, which 

is near the precision limit of the measurement of temperature by 

means of the wire. 

Finally, it was as sumed that, when significant oscillations oc­

curred, time-averaged values of the measured quantities gave a good 

representation of steady- state conditions. 
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EQUIPMENT 

. The measurement.s of heat transfer coefficients from a small 

wire in the boundary flow about a cylinder were carried out in an air 

stream emerging from a rectangular jet. The equipment w ill be 

described in several sections, each pertaining to one part of the total 

equipment used. 

Air Supply 

Except for minor modifications, the air supply equipment used 

in the present inve stigat.ion has been described by other workers (20, 

21). The main difference between the sys tem that they described and 

the one used is that the duct was redesigned to eliminate a bend close 

to the duct opening. Figure 2 shows a schematic diagram of the air 

supply equipment. It consisted of a blower, A, from which ai r was 

pumped, through a Venturi meter, B, into a system of 12 x 12 square 

ducts. The duct led from the blower to a jet opening, C, 3 inches wide 

and 12 inches long, preceded by a smooth converging section. In this 

way, a flat velocity profile was obtained at the duct opening as shown 

in fig. 3. The data used in the preparation of this figure are given in 

T able II, the values of the velocity were obtained from corresponding 

values of the Nu s selt number by the correlation of Collis and Williams 

(16) . 

The duct and converging section were p r ovided with heaters 

which could be regulated independently sO as to control closely the tem ­

perature of the a i r stream. For finer control of this parameter, the duct 



--
-------. ", 

- 68 -

, 
·-1 , , 
\ - - --- -\ 

\ 
( 

'.'--------~ ._-- i 
,J 

r--Ll 
~-J 
'\{ ,-r-, 

i : . I 
'-'-' ;--1 

I \ 
I \ 
! \ J , , ! 

\ 
I 
\ 

!----------, 
I I 

---1 ! ',- - i 
, 

i i 
! ( , 
I , , 

\ ---.-J 

s 
C'iI ... 
an 
III .... o 
u .... 
~ 
S 
<II .c 
U 
til 

'" III ... 
=' an .... 
'" 



9 . 0 

i 8 . 0 
." u 
o 

.-< ., 
:> 

7.0 
-1. 5 

Q 
6 

- 69 -

. 

- ¢ Q -p-
'-¢---8-+-6 6 

Q~-r-Q-9-

I in. ab ove jet opening 

2 in. above jet opening 

liro = 7.817 it/ sec . 

-1. 0 -0.5 o O. 5 1. 0 

Distance from Centerline of Jet, in. 

Figure 3: Velocity Profile of Unobstructed Jet 



-70-

was provided with a control heater, operated through a thyratron 

circuit by a resistance thermOlneter. The details of this temperature 

control system have been described by Corcoran and co-workers (ll). 

The temperature at eleven points in the duct could be determined by 

means of 40-gauge copper-constantan thermocouples; two copper 

constantan thermocouples, O. 003 inches in diameter, were available 

for the measurement of duct temperature. The air temperature at 

the Venturi meter ~and upsJre.am,- of. the converging section 'could be 

determined by means of platinum resistance thermometers shown at 

D and E,respectively,in fig. l. 

Copper Cylinder 

Figure 4 shows a diagram of the copper cylinder. The core, 

A, consisted of a ll-inch copper tube with a machined double-lead 

thread, B, 1/8 inch wide by 1/8 inch deep and of 1/4 inch pitch. Each 

lead of the thread was provided with a ribbon heating element, C, 

insulated electrically from the core by means of alundum insulation. 

Three thermocouples were installed in thermocouple wells, 

D,. located at the mid-point and two inches on either side of it. The 

thermocouple leads were insulated from the core by means of glass 

capillaries and were cemented . so the thermocouple junction was flush 

with the outside of the core. The thermocouple leads were brought to 

the exterior through the hollow center of the tube. 

The core was covered by a copper shell, E, O. 030 inches thick 

and 1. 000 + 0.003 inches in external diameter. The core and shell were 

soft-soldered by tinning both, sliding the core into the shell and placing 
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the assembly into an oven at 400 of (23). 

For purposes of s~pport the copper section was continued at 

both ends by about 12 inches of bakelite tube of the same external 

dimensions. The electrical leads were passed through the opening 

in the bakelite and connected in a terminal box mounted on one end of 

the bak ellte extension. 

The cylinder assembly was mounted on machined aluminum 

clamps and aligned so that its axis coincided with the centerline of 

the jet. Alignment was accomplished by use of a depth probe mounted 

on a jeweler's milling attachment. A spirit level was used to ensure 

that the cylinder axis was parallel to the plane of the jet opening. The 

distance between the cylinder axis and' the jet opening was approximately 

2 inches. 

Wire Assembly 

The wire assembly consisted essentially of a supporting probe 

and a traversing gear. The probe, shown in fig. 5, consisted of two 

tapered platinum needles, A, of about 0.03 inch diameter at the base, 

attached through bakelite supports, B, to a steel head, C. The steel 

head was bolted to a 0 . 25 inch steel shaft, D, which could be secured 

to the traversing gear. The platinum needles were supplied with 30-

gauge platinum wires, E, welded close to the base to provide current 

and potential terminals for measurements . These leads were fastened 

to the bakelite supports and extended about 6 inches along the support­

ing shaft, at which point they were connected to copper leads extending 

into a contact box near the duct . 
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Figure 5: Diagram of the Probe 
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The wire itself was welded onto the tips of the needles. The 

wire used was pure platinum Wollaston wire 0.001 inch in diameter. 

A microphotograph of a section of wire is shown in fig. 6 together with 

a microphotograph of a calibrated scale taken at the same focal distance. 

Dimensions of the wire as determined from these photographs agreed 

to within experimental error with the nominal value quoted by the manu-

facturer. Throughout this investigation wires were obtained from the 

same spool. 

The traversing gear used to position the wire consisted of three 

milling attachments such as are used by jewelers . The position in a 

plane perpendicular to the cylinder axis could be determined with pre-

cision by means of two dial gauges with O. OOl-inch divisions . A photo-

graph of the probe and traversing gear is shown in fig. 7. 

Wire Measuring Circuit 

A diagram of the measuring circuit used for dete =ination of the 

heat transfer characteristics is shown in fig . 8. It consisted of a Wheat-

stone bridge with two adjacent arms composed of fixed resistors of 4 

and 40 ohms. The arm adjacent to the 40 ohm resistor consisted of a 

variable resistor, R , whirih could be used to balance the galvanometer, 
v 

G. The fourth arm was composed of two standard manganin resistors 

having nominal values of O. 5 and 0.05 ohms, and of the wire itself. The 

standard resistors were provided with potential terminals which could 

be connected to a White potentiometer or to a K-2 type potentiometer, 

for the determination of the potential differenc e acros s these elements . 
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Fig. 6a: Microphotograph of a Wire 

I 
I , I 

Fig . 6b: Microphotograph of a Calibrated Scale 
(smallest division 1 micron) 
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The current leads from the wire assembly could be connected into the 

Wheatstone bridge circuit by means of a commutator switch, and the 

potential leads could be connected to either of the potentiometers men-

tioned earlier. The power supply consisted of two 6-volt DC batteries 

connected to the bridge through a control resistor, R , which served 
c 

to regulate the current through the bridge so that the wire resistance 

could be maintained at any given value as determined from the setting 

of the balancing resistor, R
v

' and balance of the galvanometer. 

The potentiometer connections then permitted the simultaneous 

measurement of potential difference across the hot wire and a standard 

resistor. In this way the resistance of the wire and the input of electri-

cal energy to it could be determined accurately. The commutator 

switch connecting the wire to the bridge circuit could also be used to 

connect the wire to a G-l type Mueller bridge, with which the resistance 

of the wire at the temperature of the air stream could be measured. 

When the wire was connected in this position, the bridge circuit was 

closed through a 7 -ohm resistor so that current would be maintained 

through the bridge; in this fashion transient behavior of the batteries 

and bridge components was minimized. 
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EXPERIMENTAL MEASUREMENTS AND REDUCTION OF THE DATA 

The purpose of the present section is to indicate briefly the ex­

perimental methods employed and the procedures used to calculate final 

results from the experimental data. Since the measurement of the heat 

transfer characteristics of a small wire in a boundary flow requires 

several auxiliary measurements, these also will be discussed. For the 

sake of clarity the experimental measurements and the reduction of the 

data will be divided into several sections: measurement of flow condi­

tions, calibrations of the wires as temperature measuring devices, 

determination of the heat transfer coefficient, determination of a method 

for adjusting the heat transfer coefficient, and determination of the heat 

through characteristics in the boundary flow. 

Measurement of Flow Conditions 

During the course of experimental work, it was of importance to 

ensure that steady state operation of the equipment was obtained. , For 

this purpose the equipment was started about 5 hours before the beginning 

of a test. During the stabilization period measurements of duct tem­

perature at the 15 points at which this variable could be measured were 

obtained at frequent intervals. The temperature of the Venturi meter 

and duct resistance thermometers were followed closely. In addition, 

the pressure difference across the Venturi meter was observed in order 

to ensure that stable control of this variable had been attained. Similar 

measurements were taken before and after each test, and also at approxi­

mately 40-minute intervals during the period in which actual measure ,. 
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ments of the heat transfer from the wire were being made. 

The data pertaining to conditions at the Venturi meter was 

sufficient to permit the determination of mass flow rates of air. From 

these,> and the measured temperature and pressure at the duct opening, 

it was possible to compute the average velocity at the jet by the equation: 

m 
=X 

ZbT 
-p- (18 ) 

The average velocity thus obtained was used to calculate the Reynolds 

number by equation 12. 

The temperature of the air at the jet opening was obtained from 

the readings of the resistance thermometer, as this instrument retains 

caliEDration for much longer periods than copper constantan thermo-

couples. However, the indications of the thermocouples in the duct 

were taken into consideration in determining whether steady state had 

been attained before the beginning of the test. Table III presents the 

conditions under which the experimental data was obtained. 

Calibration of the Wires 

In order to obtain accurate heat transfer data, the resistance of 

the wires must be known as a function of temperature. Ideally this in-

formation should be obtained by determining the resistance of the element 

at the three fixed points used in precision thermometry: the ice-'Point, 

the normal boiling point of water and the melting point of sulphur. How-

ever, since the wires were approximately 1. 25 inches long, immersion 

in baths would have required extensive insulation to eliminate appreci-

able gradients. 
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The procedure followed was to deternrine the resistance of 

the wire while in the air duct, using air temperatures of approximately 

80 0
, 100 0

, and 120 of; this variation represented the maximum tem-

perature range obtainable with the equipment. The temperature of 

the air during these calibration tests was measured by means of a 

standard platinum resistance thermometer installed at the duct opening 

within a few inches of the wire under calibration. 

Due to the relatively small range of temperatures that could be 

attained with the equipment the second derivative of resista,nce with 

respect to temperature could not be determined with precision. In 

order to obtain a significant quadratic fit for the resistance as a function 

of temperature, additional information was obtained from data on labora-

tory resistance thermometers (24). As shown in fig. 9 a plot of the 

derivative 

d(R/R ) o 
a = at (19 ) 

normalized to a value of unity at 100 of, versus temperature indicates 

that the derivative of this quantity is constant: 

(20) 

A value of the derivative dR/ dt at 100 of and an estimated value of 

the ice-point resistance were obtained by the method of least squares 

(25) . From this data the value of a at 100 of could be estimated. 

With this information. each datum point could be used, in conjunction 

with equation 20,to obtain new approximations to the ice-point resistance. 
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Successive approximations were made until consistent values were 

obtained in two c onsecutive trials. 

The resistance was expressed as a function of temperature by 

the equation: 

( 21) 

Table IV presents the important properties of the wires used, as well 

as those of pure platinum calculated from data of- Mueller (26) and of 

Wenner and Lindberg (27). The resistance per unit length for pure 

platinum was calculated by assuming that the wire was circular and 

0.00100 inches in diameter. The agreement of the data obtained with 

that of pure platinum is good. 

Determination of Heat Transfer Coefficients 

Under steady conditions, the electrical energy dis sipated in the 

wire per unit time is giv en by 

q = E I -e w w 
( 22) 

Since the current through the wire is equal to the current through the 

standard resistor, equation 22 may be expressed in the form 

E 
s 

q = E 
-e w Rs 

Combining equations 14 and 23 it follows that 

3e 
h = (t - t }1Tdwl 

w CD 

)/ (t - t ) 
W CD 

(23) 

( 24) 
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In order to obtain data for the calculation of heat transfer c oef-

ficients, the potential difference across the wire, 

standard resistor, Es' were determined. 

E , and acroS s the w 

The potential differences m.easured, with the known resistance 

of the standard resistor, were used to calculate the resistance of the 

heated wire: 

E 
Rw= ~R E s 

s 
(25) 

This value was used in conjunction with equation 21 to obtain the wire 

tem.perature, tw' while the free stream. tem.perature, too' was calcu-

l ated from. equation 21 using the resistance of the wire as m.easured with 

a Mueller bridge. 

Determination of the Adjusted Nusselt Num.ber 

As defined in page 64, the adjusted Nusselt number is the value 

of the experim.ental Nusselt num.ber which would have been obtained if 

the m.easurem.ents had been carried out with a wire tem.perature of 

o 0 
150 F and a free stream. tem.perature of 100 F . In order to determ.ine 

the relation between the adjusted Nusselt number and quantities m.eas-

ured in the laboratory, it was necessary to establish the dependence of 

experim.ental Nusselt num.ber on tem.perature difference. wire Reynolds 

num.ber, and position relative to the cylinder. Since the free stream. 

tem.perature did not differ m.aterially from. 100 of, it was not necessary 

to investigate this additional variable. 

T ests 359, 376, and 377 were conducted with the purpose of es-

tablishing this dependence, by varying the pertinent param.eters. The 
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data obtained indicated that the change of experimental Nusselt number 

with temperature difference was of the order of 0.0005 per degree, and 

that the effect of other variables was of a smaller order of magnitude. 

Since the variation of experimental Nusselt number with temperature 

was found to be essentially linear, as shown by some typical results in 

fig. 10, it was found convenient to account for this dependence by deter-

mining an baverage n temperature at which the thermal conductivity could 

be evaluated to give a Nus selt numbe r independent of the temperature 

difference between the wire and the free stream. This was found to be 

Hence the adjusted Nusselt number was defined as 

Nu * = Nu ( koo )(~12. 5 ) 
e k l / 4 ~00 

(27 ) 

In order to obtain a quantitative measure of the success of equa-

tion 27 in ·determining a value of the Nusselt parameter at reference 

* conditions, the derivative d(Nu )/d(~t) was obtained by the method of 

least squares (25) ·for all the points obtained. The results, which are 

presented in Table V, iridicate that the variation of the adjusted Nusselt 

number is of the order of 0.00005 per degree. The dependence of ad-

justed Nusselt number with temperature is illustrated in fig. 10. 

The results appear to indicate a slight variation of adjusted Nusselt 

number with temperature difference, but this is too small to determine 

with any certainty. Furthermore, since the difference· between adjusted 

and experimental values of the Nusselt modulus is of the order of 0.5%, 
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even a m.oderate error in the m.ethod of interpolation would introduce 

only insignificant error in the final result. For these reasons it was 

decided that no further study of the relationship between these two 

param.eters was necessary. 

Determ.ination of the Heat Transfer Characteristics from. Wires in the 

Boundary Flow 

a) 'Determ.ination of the cylinder coordinates relative to the wire 

coordinates. - An accurate description of the dependence of Nusselt 

num.ber on the position of the wire in the boundary flow, requires that 

the position of the wire relative to the cylinder be known. In order to 

obtain this inform.ation, the traversing gear was m.oved slowly to bring 

the wire toward the cylinder along a horizontal line. When the wire 

was close to the cylinder, a sm.alllight source was directed toward the 

expected point of contact so as to be nearly tangential to the cylinder. 

The traversing gear was then carefully m.oved until the tips: oftthe plati­

num. needles, their reflection in the cylinder, and their shadow along 

the cylinder surface coincided. Sim.ilar inform.ation was also obtained 

for vertical approach of the wi re to the cylinder. This technique was 

found to give a sensitive indication of position, and results obtained in 

this way were reproducible to within 0.002 inch, which is the sam.e m.ag­

nitude as the variation in cylinder diam.eter as obtained from. m.icrom.eter 

m.easurem.ents. It should also be noted that both probe needles were ob­

served, so the uncertainty mentioned gives a measure of the lack of 

aligmnent between the wire and the cylinder axis. 
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b) Determination of the Nusselt number field. - In order to deter-

mine the Nusselt number field in the forward part of the boundary flow, 

coefficient of thermal transfer from the wire was determined at several · 

points along horizontal and vertical traverse lines. Approximately 10 

traverses, five horizontal and five vertical, were completed for each 

of three Reynolds number, so that the heat transfer coefficient was 

known at about 200 points for each Reynolds number. The experimental 

results are listed in Table VI. 

Typical results for nominal Reynolds numbers~ of 7100, 3500, and 

1750 are shown in figs. 11, 12, and 13 respectively. From the results 

obtained, through large-scale graphical methods, the distribution of 

Nusselt numbers in the boundary flows were obtained. The complete 

fields for the three nominal Reynolds numbers mentioned above are 

presented in figs. 14, 15, and 16 respectively. 

From these figures, in turn, the variation of Nusselt number 

with radial position was determined. This dependence is given in 

Table VII, and shown in figs. 17, IS, 19. and 20, for angles of 0
0

, 30
0

, 

60 0
, and 90

0 
from stagnation. The standard error of estimate of the 

experimental data from the smooth curves, defined as 

N 

I 2 
(Nu. - Nu . ) 

1 Sl 

[ i::;;l 
IT = e 

N - 1 

1/2 

] (2S) 

is given m Table VITI. 
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DISCUSSION OF RESULTS 

Accuracy of the Measurements 

Because of the complexity of the measurements, an estimate 

of the accuracy of the results cannot be made conveniently without 

recourse to assumptions or empirical observation. Thus the error in 

the determination of temperature difference depends not only on the 

accuracy with which resistance measurements were made, but also 

on the accuracy of the calibration of the wire as a temperature 

measuring device, and on the relative accuracy of the instruments 

used to determine the resistance of the wire. 

The relative accuracy of the Mueller bridge and the K-2 type 

and White potentiometers was determined by measuring the resistance 

of several precision resistors by two methods, one using the Mueller 

bridge and one using the two potentiometers. In this way it was es-

tab1ished that the instruments were consistent to within 0.030/0. Hence 

this value may be assumed to be the error involved in the difference 

in resistance of the wire as measured by the two methods. The error 

in a single resistor measurement with the Mueller bridge may be 

determined from the data presented in Table IV as about 0.0007 ohm 

absolute. 

The derivative of resistance with respect to temperature was 

determined from measurements by means of the Mueller bridge in 

o the range of 80 to 120 F. In this interval the change in resistance was 

of about 0.52 ohms, so the maximum error in this difference was 
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0.3%. The error in temperature difference is of the order of 0.05%, 

so the error in the derivative may be as large as 0.35%. However, 

since the derivative of resistance with respect to temperature was 

established from more than two points, the error in this quantity may 

be taken as 0.10%. 

From this data, the error in the temperature difference between 

the wire and the free stream was about 0.2 of. This constitutes an 

error of 0.4% of the nominal temperature difference of 50 OF used in 

the dete rmination of the Nus selt number field, but in some of the 

measurements used in establishing the dependence of experimental 

Nusselt number with conditions the cerror may be 4%. 

The error in the measurement of power input to the wire may 

be estimated as 0.1%, so that the error in the electrical measurem·ents 

may be expected to be 0.5%. 

The largest uncertainties are those in the dim'~nsions of the 

wire, since the length and the diameter were known only to within 1%. 

On this basis, the calculated heat transfer coefficients are known to 

within 2.5%, and the Nusselt numbers to within 1.5%. It should be 

remarked, however, that the consistency of the calculated resistances 

at the ice-point per unit length indicates that the errors in the dimen­

sions may have been, fortuitously, lower than estimated. 

Besides the errors in the quantities immediately relevant to 

the calculation of the Nusselt number, error in auxiliary measurements 

also affect the uncertainty with which the distribution of Nusselt number 

is determined. The error in the determination of position of the wire 

relative to the cylinder may be considered as 0.003 in. if the variation 
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of cylinder diameter is taken into consideration as well as the repro­

ducibility of the point of contact. 

The error in determining the Reynolds number is small com­

pared to the variation of Reynolds number from test to test. This 

variation will be considered in the next section. 

Reproducibility of Results 

In general, the results were found to be reproducible to within 

experimental error. Values of the Nusselt number obtained at a given 

position during the same test, on different tests, and even with dif­

ferent wires, agreed to within the estimated error for most of the 

conditions investigated. 

Values obtained at a nominal Reynolds number of 7100 at angles 

from stagnation. greater than 450 constitute an exception to this gener­

alization. In this region differences in the Nusselt number determined 

at a given position in different tests were of the order of 5%, as may 

be seen in the data for x = -0.360 in fig. 11. 

In cont<rast to this behavior, the data closer to stagnation at 

a nominal Reynolds number of 7100, as well as all results at the lower 

Reynolds numbers, were considerably more reproducible. This may 

be seen by comparing the curves in f igs. 11, 12, and 13 which contain 

duplicate sets of points, and is also evident from a comparison of the 

standard errors of estimate given in Table VIII. 

The variations in Reynolds number from test to test do not, by 

themselves, account for this lack of reproducibility . This may be 

inferred from the dependence of Nusselt number on Reynolds number (12, 
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13,16) and from the fact that, with comparable variations in Reynolds 

number, the results are reproducible under all other conditions. It 

therefore seems reasonable to ascribe the variation of Nusselt num­

ber to variation of the flow field in this region caused by the slight 

changes in Reynolds number. 

Characteristics of the Nusselt Number Field 

The Nusselt number fields shown in figs. 14, 15, and 16 may 

be divided into two regions. Close to the cylinder the Nusselt number 

increases rapidly with radial distance, and curves of constant Nusselt 

number are roughly parallel to the cylinder wall. At larger distances 

from the cylinder-, the variation of Nusselt number with radial position 

is relatively small. 

The region close to the wall may further be subdivided. For 

angles between 0 and 70
0

, the lines of constant Nusselt number in this 

region intersect lines of constant angle only once; at larger angles, 

however, lines of constant Nusselt number have two intersections with 

lines of constant angle. This behavior indicates that the Nusselt num­

ber is rapidly increasing in the immediate vicinity of the wall. This 

effect, which may be seen from the traverse curves illustrated in 

figs. 11, 12, and 13, is not confined to this region, but also occurs 

in the outer region at small angle s from stagnation. It is believed 

that this behavior is due to convection from the wire to the cylinder 

wall. 

The appearance of the Nusselt number field in the vicinity of the 



-103 -

wall is indicated in figs. 21, 22, and 23 for the three Reynolds numbers 

studied. The use of logarithmic coordinates for the radial distance 

from the cylinder wall allows a clearer picture of the field to be given. 

The lines of constant Nusselt number, for values of this parameter 

lower than about 0.75, appear to consist of two detached segments, 

one in the region upstream of 30
0 

and one in the region downstream 

o 
of 70 • As mentioned earlier, the second segment intersects lines 

of constant angle twice. This behavior implies that:the .. forward seg-

ment of this curve terminates at the cylinder wall or, more rigorously, 

one wire radius away from the wall. 

For the higher Nusselt numbers shown in figs. 21, 22, and 23, 

the curves consist of a continuous segment over the region investigated. 

At intermediate values of the parameter the curves may be continuous 

or consist of distinct segments, however this cannot be dec~ded on the 

basis of the experimental data; more accurate determination of the 

distance between the wire and the cylinder would be required to 

establishthe behavior of these lines. 

Comparison of the Results With Theory 

The Nus selt number at any point in the flow field may be calcu-

lated from equation 6 or from equations 7 and 8, by making use of 

available correlations for Nusselt number as a function of Reynolds 

number. The correlation used in this work is that obtained by Collis 

and Williams (16). Values obtained in this way will be referred to as 

theo retical. 
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The theoretical description" of the Nusselt number distribution 

is subject to several limitations, these will be summarized before a 

quantitative comparison of experimental and predicted results is pre­

sented. 

The velocity distributions described by equations 4, 5, 7, and 

8 correspond to a cylinder in an infinite flow field. Thus they do not 

correspond closely to experimental conditions, in which the projected 

area of the cylinder was one-third of the area of the jet. Neverthe­

less, it is expected that reasonable agreement would be obtaiined in the 

region of stagnation. 

A second limitation is that the boundary layer description is es­

sentially an asymptotic solution for large Reynolds numbers (7,10). 

The Reynolds numbers ~used in this investigation are in the moderate 

range, so that the terms neglected in solving the equations of motion 

of the fluid are of the order of 1 to 5% of the terms retained (7). 

The theoretical predictions obtained in this way correspond 

to the physical situation only in as much as the assumption made in 

hot-wire anemometry, that the Nusselt number depends only on the 

wire Reynolds number, is valid. Such predictions for the Nusselt 

number as function of radial distance are shown in figs. 24 and 25 

for angles of 0 and 30
0 

from stagnation. The results computed from 

potential flow theory are in fair agreement with experimental results. 

The curves obtained from boundary layer theory are not in agreement 

with the experimental results and, if the curve for a Reynolds number 

of 7098 at 30
0 

from stagnation is excepted, the trends of the predicted 
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and experimental curves differ appreciably. For the particular curve 

mentioned, the agreement is not good, but the trend of the experimental 

curve is very similar to that of the theoretical one. 

The lack of agreement in the vicinity of the cylinder wall cannot 

be ascribed wholly to limitations in the theoretical description of the 

flow field . Regardless of the detailed description, it is well established 

that the fluid velocity tends to zero at the wall and, under such condi­

tions, the Nusselt number should be monotonic.aUY· increasing with 

radial distance if a one-to-one correspondence between Nusselt number 

and wire Reynolds number exists. The experimental data shown in 

fig. 24, as well as that presented in figs. 11, 12, 13, and 20, indicates 

that the curves are not all monotonic increasing in this region. Thus, 

by implication, the assumption that for a given wire Reynolds number 

there is one Nusselt number is not valid near the cylinder wall. 

Two reasons may be advanced to account for these discrep­

ancies. Firstly, as shown by Piercy, Richardson, and Winny (16) con­

vection to the wall tends to increase the Nusselt number above that which 

would be obtained in the absence of a wall at the same wire Reynolds 

numbe r. Secondly, thermal transpo rt by natural convection become s 

appreciable in the immediate vicinity of the wall (6,16) and tends to 

raise further the Nusselt number. 
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CONCL US IONS 

Experimental data on the heat transfer characteristics of a 

O.OOI-in. wire in the boundary flow about a one-inch copper cylinder 

indicates that the Nusselt number may be considerably different from 

that ,pred~ct.ed by using calculated velocity fields and correlations 

from the literature. These differences , which are most pronounced 

near the cylinder wall appear to be due to the increased importance 

of convection to the wall and of natural convection. 

The experimental data obtained does not allow the formulation 

of conclusions as to the relative importance of these two effects. Data 

for this purpose could be obtained in several ways, such as by per­

forming similar experiments using a cylinder constructed of material 

of low thermal conductivity. Under such circumstances the relative 

importance of convection to the cylinder wall would be greatly de­

creased, and the effect of natural convection could be determined. 

In applying the results that have been presented it should be 

remembered that they were obtained with a cylinder temperature es­

sentially equal to the free stream temperature. It is expected that if 

the temperature of the cylinder differs appreciably from the free 

stream temperature the relative importance of convection to the wall 

will significantly alter the heat transfer from the wire at small radial 

distances. 
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APPENDIX 

The purpose of this appendix is to discuss briefly the nature of 

the corrections applied to the adjusted Nus selt number , and to sum­

marize the quantitative aspects of these corrections. 

The adjusted Nus selt number was defined in terms of the electri­

cal power addition to the wire and the temperature difference between 

the wire and the air stream. This definition would apply rigorously if 

the ratio of the length of the wire to its diameter were infinite, if there 

were no radiation losses, and if the fluid were a continuum. 

In the laboratory, however, these conditions are not obtained, 

and suitable corrections must be applied in order to obtain a value of 

the Nusselt number which will be independent of the geometrical dimen­

sions of the wire. 

The effect of radiation has been discus sed, and it was shown that 

the largest errors involved in neglecting the transfer by this mechanism 

were of the order of 0.1 %. The following discus sion will therefore deal 

with effects of finite wire length and non- z ero mean free path of the fluid 

molecules. In the course of this analysis it will be assumed that the 

fluid properties are constant, and that all properties of the wire, except 

its resistance, do not vary with temperature. These assumptions are 

justifiable because the corrections are small, so that the second order 

corrections which would arise from a more rigorous treatment are 

negligible.. It will also be as sumed that the convective heat flux from the 

wire is the same at all points on the wire surface. 
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Effect of Finite Length. 

Consider a wire such as that shown in fig. AI. If the resistance 

of the wire is assuITled linear in teITlperature, then 

R", R [I + a(t - t )] 
00 - 00 

(AI) 

If the teITlperature varies along the axis of the wire, the ITlean resistance 

is given by 

[I + a(t - t )] dz 
00 

(A2) 

and for constant heat capacity and density, the mean teITlperature 1S 

given by 

1 S1 /2 
t '" T t dz 
w .r. -1 / 2 

COITlbining equations A2 and A3, there is obtained 

If ;: R [I + a(t - t )] 
w 00 - w 00 

The input of electrical energy to the wire is 

• 2 
q ;: r R [1 + a(t - t )] 
-e 00 w 00 

So the adjusted Nus selt nUITlber is given by 

* Nu = 
r2R [1 + a(t - t )] 

00 w 00 

rr1k (t -t ) 
00 w 00 

(A3 

(A4) 

(AS) 

(A6) 

assuITling that the ITleasureITlents were carried out with a ITlean wire teITl­

perature of 150 OF and an air teITlperature of 100 of. 
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If radiation is neglected, the energy equation for the wire m.ay 

be written as (1.4,5) 

4koo 
-Z-(Nul' 

d k 
w s 

(A7) 

In equation A7 the param.eter Nul' is the Nusselt num.ber based 

on the convective heat flux, If the m.easurem.ents had been m.ade with 

an infinite wire carrying the sam.e current and at a constant tem.pera-

ture tl" the Nusselt num.ber Nul' could have been determ.ined from. the 

equation 

Z R 
I (T)[l + a.(tl' - \n)] 

11"k (t, - t ) 
00 -'- co 

Com.bining equations A6 and A S there results 

where 

and 

* ::: Nu 

13 = a.(t - t ) w w co 

1 + 13l' 

1 + 13 w 

(AS) 

(A9) 

(AIO) 

(All) 

If equation A7 is solved (ZS), and the results are com.bined with 

equations A S, AIO, and All, a description of the variation of tem.perature 

difference along the wire is obtained (I): 
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I cosh 2z !.. (13 / 13 )1 / 2 ] 
£ s w £ 

t - t ::: (t - t ) L I - ---,----""'--
a £ a cosh !.. (13 / 13 )1/2 

s w £ 

s = 
d 

w 
T 

1 +13 1/ 2 k 1/ 2 
( Nu w ) ( k s ) 

£ 00 

COITlbining equations A3 and A12, there results 

Equation Al4 iITlplicitly defines a function such that 

(AI2) 

(Al-3 ) 

(A14) 

(A15 ) 

For sITlall values of s, a good approxiITlation of this function is given 

by (1) : 

its) = 1 - loIs (AI6) 

If the paraITleter s were known, the ratio f3 w / f3l' could then be 

found, and froITl a knowledge of the wire characteristics and its ITlean 

teITlperature, the value of the Nusselt nUITlber Nul' could be obtained 

by equation A9. In general sucae ssive. ,approxiITlations ITlust be ITlade be-

cause s, as defined by equation Al3, involves the paraITleter Nul'. How-

ever, if the correction is sITlall, the e rror introduced by using the adjusted 

Nusselt nUITlber in the calculation of 5 is extreITlely sITla11. 
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Effect of Temperature Jump 

When a surface at a temperature t is immersed in a gas , the 
w 

temperature of the gas at the interface , 

e quation (29) ; 

at 
a 

t . :: t -g(arr) al . w r l :: 0 

where 

2-a ~~ g ::: 
a y+l Pr 

t ., may be determined by the 
al 

(A17) 

(A18) 

In equation A1 8 , a IS the accomodation coefficient, y is the 

ratio of the isobaric to the isochoric specific heat, A is the mean free 

path of the gas molecules, Pr is the Prandtl number of the gas, and c 

is a constant which depends on the kinetic model used for the gas, but 

differs only slightly from 0.50. For platinum in air, the value of g 

is very nearly twice the mean free path of the molecules (16,17) so the 

temperature of air at an air platinum interface is given approximatel y 

by 

t . = t al w 
at 

- ZA(-,) 
ar r '=O 

The convective flux is given by 

(A19) 

(A20) 

if the temperature difference between the wire and the free stream is 

considered as the driving force. However, if the driving force is taken 

as the difference in temperature between the air at the interface and the 
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air at free streaIn conditions, the heat flux Inay be expressed as 

NUn ,(t . - t ) 
.< ,I\, al 00 

k 
00 

d 
w 

COInbining equations A20 and A21 there results 

t - t 
w 00 

t . - t 
al 00 

Finally, cOInbining equations A19 with A22, there results 

(A21) 

(A22) 

(A23) 

ExperiInental results (16) have shown that the paraIne ter Nul., A. 

is independent of wire diInensions, whereas the paraIneter Nul' is not, 

thus supporting the hypothesis that the difference in teInperature be-

tween the air at the interface and the air in the free streaIn should be 

considered as the driving force for convective heat transfer. Equation A22 

has also been derived froIn the differential equations of transport (17). 

DeterInination of the Correction Factor 

In view of the experiInental support (16) for the validity of the cor-

rection for teInperature jUInP, the paraIneter Nul' A. is the Nusselt , 
nUInber of greatest interest. Accordingly, the values of the Nusselt 

nUInber used in this report are corrected for both finite length and teIn-

perature jump, that is 

Nu 
00 

(A24) 
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In the text, the Nusselt number , Nu ,was defined by equation 17 
00 

(A25) 

Combining equations A9 , A23, A24, and A25, the correction factor, 

£, is given by 

13 w 1+131' 

~ T+jj 
£ w 

(A26) = * i3 w 1+i31' 
1 - 2 A-

d Nu ~.~ 
w 1. w 

Equation A26 thus describes the £a~tor £intern::;.s oiqualnUties whic h canbe 

calculated from experimental data. 
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NOMENCLATURE 

Roman 

a accommodation coefficient 

A area of jet opening, sq. ft. 

b specific gas constant 

B l • B 2' B 3 constants in equation 21 

c constant in equation A18 

C isobaric heat capacit y. Btu/ lb. OF 
p 

C isochoric heat capacity. Btu/ lb. OF 
v 

d diameter,. ft. 

D 

E 

substantial derivative operator, -ie + u· '\7, 

internal energy. Btu/ lb. 

-1 sec. 

E potential difference across standard resistor , volt absolute s 

E potential difference across wire, vote absolute w 

f a function 

F body force , lb. / cu. ft. 

h heat transfer coefficient, Btu/sq. ft. sec. OF 

I current, amperes absolute 

I modified Bessel function of the first kind of order n 
n 

k thermal conductivity of the fluid. Btu/ sq. ft. sec. (oF/ ft.) 

k thermal conductivity of wire, Btu/ sq. ft. sec. (oF / ft.) 
w 

K modifie.d Bessel function of the second kind of order n n 

.£. length of wire. ft. 

m total material flux. lb. / sec. 

Nu Nusselt number 



Nu 
e 

Nu s 

P 

Pr 

q 

r 

r o 
f 

r 

R 

R o 

s 

t 

t 
0. 

u 

u 

v 

x 

y 
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experim.ental Nusselt num.ber 

sm.ooth value of Nusselt num.ber 

pre s sure, lb. / sq. ft. 

Prandtl num.ber 

heat flux, Btu/ s q. ft. sec. 

convective heat flux, Btu/ sq. ft. sec. 

total electrical powe r input, Btu/ sec. 

radial distance from. centerline of cylinder, ft. or in. 

radius of cylinder, ft . or in. 

radial distance from. wire surface, ft . 

resistance of wire, ohm. absolute 

resistance of wire at ice-point, ohm. absolute 

resistance of standard resistor, ohm. absolute 

Reynolds num.ber 

param.eter defined in equation A13 

o tem.perature, F 

o 
arbitrary average tem.perature, F 

average tem.perature defined in equation 26 

o 
absolute tem.perature, F 

local velocity,. ft . / sec. 

bulk velocity, ft. / sec. 

specific volum.e, cu. ft. / lb . 

Cartesian coordinate ln direction of flow, m.easured from. 
cylinder axis , ft. or in. 

Cartesian coordinate in horizontal direction, m.easured 
from. cylinder axis, ft. or in. 



z 

z 

Greek 

a 

e 

p 

cr­
e 

cr­
v 
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Cartesian coordinate parallel to cylinder axis, measured 
from the centerline of the wire, ft. 

compressibility factor 

derivative of normalized resistance with respect to tem­
perature, d(R / R )/ dt, (oF}-l 

o 

parameters defined in equations All and AID respectively 

ratio of heat capacities, cp/ cv 

Kronecker delta 

viscosity of fluid, lb. 1ft. sec. 

time, sec. 

mean free path of gas molecules, ft. 

correction factor 

density, lb. sec.2/ ft . 4 

specific weight, lb. I cu. ft. 

standard error of estimate 

sample estimate of population variance 

dissipation function. Btu/ cu. ft. / sec. 

angle from stagnation, degrees or radians 

distance parameter defined in equation 9 

Superscripts 

---- vector 

* adjusted to reference conditions 



Subscripts 

a 

ai 

b 

1. 

n 

p 

r 

s 

w 

a. 

l\J 

1/ 4 

100 

112.5 

<Xl 
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air 

air at air-solid interface 

boundary layer 

dummy variables 

corrected for finite length 

index 

potential flow 

radial component 

platinum 

wire 

evaluated at t 
a. 

corrected for mean free path effects' 

tangential component 

evaluated at t l / 4 

evaluated at 1000F 

evaluated at 112. 5 of 

evaluated at free - stream conditions 



Temperature 

of 

100 

120 

140 

160 

180 

200 
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TABLE I 

PROPERTIES OF AIR 

Thermal Conductivity 

Btul sec. fi (oF 1ft) 

4.347x10 
-6 

4.480 

4.614 

4.747 

4.881 

5.014 

Absolute Viscosity 

lb. sec. Ift2 

3.98xl0 
-7 

4.09 

4.29 

4.30 

4.40 

4.50 
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Number 

1 
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4 

Pure Pt 

a) 
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TABLE IV 

CHARACTERISTICS OF PLATINUM WIRES 

R 
° 

ohm abs. 

6.3 8 90 

6 . 1009 

6.066 1 

6.3933 

CT 
V 

Bl xl0 
2 

- 6. 8 71 

-6. 8 66 

-6. 8 66 

- 6. 8 11 

-7. 09 5 

N - 1 

3 7 
R /i B2 xl0 B3 xlO 
° 

(oF) -1 (oF) - 2 ohm abs. 
ft. 

2. 153 -1. 79 59.0 

2.152 -1. 79 59.0 

2. 152 -1. 79 58. 7 

2. 134 -1. 77 59.0 

2 . 213 -1. 8 1 59. 1 

a 
N (f 

v 

ohm abs. 

12 0.0009 

3 0.0005 

9 0.0009 
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TABLE V 

VARIATION OF THE ADJUSTED NUSSELT NUMBER 
WITH TEMPERATURE DIFFERENCE 

* Test Traverse Position Number dNu 104 

of Points 
d6t x 

-x y 
(oF) -1 in. ino 

359 1 0.896 0 .000 5 -1. 05 
359 1 0.696 0.00 0 5 -1. 90 
359 2 0 .596 0 . 00 0 4 O. 14 
359 2 0.546 0 . 000 4 -0.22 
359 2 0. 521 0 .0 00 5 1. 33 
359 3 0.000 0.857 3 9. 57 
359 3 0 . 0 0 0 O. 757 3 8.88 
359 3 0.0 00 0.657 3 2.87 
359 4 0.000 O. 557 3 -4. 59 
359 4 0.000 0.507 3 -0 . 18 

376 1 0 .886 0.000 4 0.00 
376 1 0.68 6 0.000 4 -0.22 
376 1 0. 536 0.000 3 0.54 
376 2 0. 8 66 0 .200 3 -1. 34 
376 2 0.686 0.200 3 -0.95 
376 2 0.486 0. 200 3 -2 .0 0 
376 2 0. 461 0.200 3 -7. 16 
376 3 0 . 286 0.9 19 3 -11.17 
376 3 0. 286 o. 719 3 -1. 46 
376 3 0 .286 o. 519 2 -0. 74 
376 3 0. 286 0.449 2 2.32 
376 3 0.286 0.429 3 -11. 03 

377 1 , 2 0.886 0.000 4 -0.99 
377 1 , 2 0 .786 0.000 4 -0. 58 
377 1, 2 0.686 0.000 4 -0.27 
377 1 , 2 0.586 0. 000 '1 0.06 
377 1,2 0. 536 0.000 4 O. 93 
377 1, 2 0 .511 0.000 4 1. 30 
377 1, 2 O. 501 0.000 4 1. 08 

Average -0 . 57 
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TABLE VII 

SMOOTH VALUES OF THE NUSSELT NUMBER 

A) Re co = 70 98 

Polar An~le Nusselt Number 

Distanc e f rom 0° 30° 60° 90° 
Cylinder Surface 

ino 

0.00 2 - 1 . 160 0 . 693 
0 .004 (0 . 68 2)a 1. 062 1.228 0 . 661 
0 . 00 6 (0 .676) 1. 198 1. 299 0.641 
0 . 008 (0 .669) 1. 280 1.354 0.624 
0 . 01 0 (0. 664) 1 . 363 1. 41 0 0.614 

0. 012 (0 .658 ) 1. 403 1. 450 0.607 
0 . 014 (0.656) 1 . 409 1. 4 8 5 0.609 
0.016 (0.658 ) 1. 41 0 1. 516 0.615 
0 . 0 18 (0.661) 1. 41 0 1 . 543 0.628 
0 .020 0.667 1. 41 0 1. 564 0 . 647 

0 .025 0.684 1. 410 1. 601 0 .750 
0 .030 0.708 1.409 1. 621 0. 901 
0 .035 0.730 1. 406 1. 625 1. 043 
0. 040 0 . 752 1.402 1.624 1. 169 
0 .045 0.774 1. 396 1. 622 1. 279 

0.050 0.796 1. 391 1. 619 1. 371 
0 . 0 55 0. 8 15 1. 38 7 1. 616 1 . 440 
0 .060 0. 833 1.38 2 1. 614 1. 4 9 1 
0. 0 65 0 . 8 50 1. 377 1. 611 1. 532 
0 .070 0. 8 64 1. 372 1. 607 1. 566 

0 . 0 75 0 . 880 1. 367 1. 602 1. 594 
0 . 080 0. 8 94 1. 361 1 . 599 1.611 
0. 08 5 0. 909 1. 357 1. 594 1. 61 8 
0 . 0 90 0.923 1. 353 1 . 58 9 1. 621 
0.095 0. 938 1.349 1.58 4 1. 614 

O. 100 0. 9 52 1. 346 1. 579 1. 625 
0.200 1. 123 1. 352 1. 492 1. 611 
0.300 1. 204 1. 366 1. 453 1. 590 
0 . 4 0 0 1. 237 1. 3 8 1 1. 426 1. 58 2 
O. 500 1. 256 1. 397 1.404 1. 558 

a) Values in parenthesis are extrapolated. 
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TABLE VII (Continued) 

B) Re ::: 3526 
CD 

Polar Angle Nusselt Number 

Distance from 0° 30° 60° 90° 
Cylinder Surface 

In. 

0 . 00 2 0.609 0.963 0.994 0.753 
0.0 04 O. 593 0. 999 1. 048 0.662 
0.006 0.588 1. 033 1. 099 0.603 
0. 00 8 0 .58 4 1 . 069 1. 140 0.578 
0 . 0 10 0.580 1. 102 1. 188 0.563 

0.0 12 0.577 1. 13 8 1. 227 0.557 
0.0 14 0.576 1. 167 1. 259 0.557 
0.0 16 0.576 1. 175 1. 28 6 0.560 
0. 01 8 0.578 1. 176 1. 307 0.571 
0.0 20 0.58 1 1. 175 1. 322 0 . 587 

0 . 0 25 0.598 1. 173 1. 340 0.672 
0 . 0 30 0.612 1. 171 1.350 0 .799 
0.0 35 0.628 1. 169 1. 355 0.915 
0 .040 0.643 1. 167 1. 359 1. 016 
0.045 0.658 1. 165 1. 361 1. 103 

0. 0 50 0.670 1. 163 1. 362 1. 175 
0 .055 0.68 5 1. 161 1. 363 1. 234 
0.060 0.697 1. 159 1. 362 1. 278 
0.065 0.711 1. 157 1. 361 1. 312 
0 . 0 70 0 .723 1. 155. 1. 357 1.334 

0.075 0 .736 1. 153 1. 353 1. 347 
0.080 0 .748 1. 151 1. 350 1. 351 
0.085 0.759 1. 149 1. 347 1.354 
0.0 90 0. 770 1. 147 1. 344 1.354 
0 .095 0.781 1. 146 1.342 1.354 

O. 100 0.792 1. 144 1. 340 1.354 
0.20 0 0.943 1. 141 1. 311 1.342 
0.300 1. 016 1. 156 1.293 1. 332 
0 .400 1.044 1. 171 1.277 1.324 
0.500 1. 060 1. 179 1. 264 1. 316 
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TABLE VII (Concluded) 

C) Re :;:: 1757 
00 

Polar Angle Nusselt Number 

Distance from 0° 30° 60° 90° Cy1inde r Surface 
In. 

0.00 2 0.560 0. 801 0.78 6 0.68 3 
0 .0 04 0.550 0. 8 16 0. 8 13 0 . 63 8 
0 . 006 0.542 0 .8 23 0 . 840 0.603 
0 . 008 0.536 0. 84 8 0. 8 62 0.578 
0. 0 10 0.532 0. 8 62 0. 88 7 0.563 

0. 012 0 .528 0. 8 78 0.909 0 . 557 
0 . 0 14 0.526 0.896. 0. 932 0.554 
0 . 0 16 0.524 0. 9 10 0.953 0.558 
0 . 0 18 0. 524 0. 9 16 0.972 0.565 
0 . 0 20 0.526 0. 9 20 0 . 9 90 0.578 

0 . 0 25 0.534 0 .921 1. 024 0 . 58 2 
0 . 030 0 . 544 0.922 1. 041 0.696 
0 .035 0,554 0.922 1. 049 0.753 
0 .040 0.564 0. 921 1. 050 0. 807 
0. 045 0 . 574 0.920 1. 052 0, 8 58 

0 . 0 50 0.58 3 0. 9 19 1.054 0.904 
0 . 0 55 0.593 0.91 9 1. 054 0 .945 
0.0 60 0 . 602 O. 91 8 1.054 0 . 97 9 
0 . 0 65 0.61 0 0.91 8 1. 052 1. 005 
0 . 0 70 0,61 8 O. 917 1. 0 52 1. 021 

0 , 0 75 0.626 0.916 1. 052 1. 034 
0.080 0 .634 0. 9 15 1. 051 1. 045 
0 .08 5 0.641 0 .915 1. 0 50 1. 050 
0 .090 0 .648 0. 914 1. 04 9 1. 052 
0 .0 95 0.654 0.913 1. 047 1. 052 

0.1 00 O. 661 0 .913 1 . 046 1. 052 
0 .20 0 0.760 0. 909 1. 026 1. 046 
0 . 300 0. 8 20 0.914 1. 011 1. 040 
0 . 40 0 0. 8 53 0.924 1. 002 1. 033 
0 . 50 0 0. 8 71 0.93 8 0.995 1. 027 
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TABLE VIII 

STANDARD ERROR OF ESTIMATE OF THE RESULTS 

A) Re 
00 

:: 7098 

Test Traverse N u- e 

348 1 28 0.0624 

2 13 0.0350 

3 12 0.0 184 

4 12 0 .0161 

5 9 0.0568 

350 a 1 27 0.0124 

350b 1 12 0.0048 

2 20 0.0060 

3 13 0.0045 

4 16 0.0034 

5 13 0.0186 

352 1 13 0.0166 

2 10 0.0899 

3 13 0 .0587 

4 9 0.0111 

5 12 0.0109 

6 8 0.0050 

359 1 10 0.0349 

2 13 0.0097 

3 11 0.0205 

4 8 0.0 89 7 

All tests at Re :: 7098 28 2 0 . 0353 
00 



-162-

TABLE VIn (Continued) 

B) Re = 3526 
00 

Test Traverse N IT e 

363 1 11 0 . 0122 

2 11 0.0024 

3 15 0 . 0096 

4 13 0.0038 

5 11 0.0087 

6 11 0.0163 

369 1 14 0.0020 

2 13 0.0071 

3 11 0.0042 

372 1 6 0.0047 

2 8 0.0054 

3 9 0.0043 

4 8 0 . 0037 

373 1 9 0.0032 

2 12 0.003 1 

3 10 0.0011 

4 7 0.0018 

5 9 0.0048 

376 1 12 0.0047 

2 15 0.0491 

3 13 0 . 0372 

4 7 0.0312 

All tests at Re oo = 3526 235 0.0197 
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TABLE VIII (Concluded) 

C) Re '" 1757 
00 

Test Traverse N (f 
e 

377 1 14 0.0056 

2 14 0.0086 

379 1 3 0.0083 

2 9 0 . 0016 

3 11 0.0016 

4 12 0.0026 

5 11 0.0013 

6 11 0.0026 

380 1 13 0.0018 

2 14 0.0062 

3 12 0.0007 

4 13 0.0007 

5 11 0.0024 

6 4 0.0010 

All tests at Re = 1757 148 0.0039 
00 
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PART III 

PROPOSITIONS 
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PROPOSITION 1 

Conventional models for stationary stochastic queues assume 

that the mean rate of arrival of customers to a service facility is inde-

pendent of queue length. It is proposed that models which take into 

account the fact that mean rate of arrival is dependent on queue length 

are of more general applicability and of greater usefulness. 

Conventional models (1,2) for stationary stochastic queues at-

tempt to describe the waiting-line characteristics of a service facility 

by assuming that customers arrive at a mean rate, A, which is inde-

pendent of queue length. If the mean service rate, fl, is greater than 

the mean rate of arrival, the probability, 

is given by 

P 
n 

and the gross income per unit time is 

I = CA 

P , of a queue of length n 
n 

(1) 

(2 ) 

Thus, by assuming that the mean rate of arrival is independent of queue 

length, a solution is obtained which predicts that gross income is inde-

vendent of service rate; and therefo r e , that the optimum service rate 

is the one that costs least. In order to obtain a more realistic evalua-

tion of servicing policy, it is customary to assign a cost to customer 

waiting time (1), and to obtain in this manner a profit function dependent 

on the servicing rate. 
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In constructing a model for the description of queue character-

istics it should be recognized that, for a competitive enterprise, pro-

spective customers are likely to seek service elsewhere if the queue 

at the facility is long. Therefore the mean rate of arrival of customers 

should be considered a function of queue length in order to obtain a 

model of more general applicability. 

is used, 

If a simple description of this dependence, such as 

mean rate of arrival 
I 

= A. " o ~ n < N 

= 0, n:;?! N 

the probability of a queue of length n is found to be 

'n ' 
(~.) (1 - ; ) 

J.L J.L 
, 

p = n 

= 0 n > N 

and the gross income per unit time is given by 

(3) 

(4) 

(5 ) 

Thus the gross incQme predicted by this model increases as the rate 

/ . 
of servicing increases, and it is not necessary to int r oduce costs ex-

traneous to the model in order to make the servicing policy amenable 

to analysis. 

Finally,. the parameters introduced in the description of mean 

rate of arriv a l as a function of queue length, such as the value of N 
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in the m.odel described, m.ay be established by observ ation of the queue, 

by sam.pling opinion of custom.ers, and from. estim.ates of m.anagem.ent. 

Hence , by reconciling these independent estim.ates , these values can 

be assigned with considerable certainty. 
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PROPOSITION 2 

It is proposed that an effort be tnade to detertnine the electronic 

energy levels of a tnetal in the solid state near the tnelting point and 

in the liquid state near the freezing point in order to elucidate sotne 

aspects of the solid-liquid phase transition. 

Phase transition frotn solid to liquid is traditionally regarded 

as a change in the n order" of the .crystallattice at the intertnolecular 

level (3). However, it tnay be inferred £rOtn infortnation available in 

the literature (4~ 5, 6) that intratnolecular changes tnay occur in the 

vicinity of phase transition or in the process of change of phase. 

Such changes are probably caused by the norder-disorder" 

characteristics of the tnaterial (5) near the transition point, but it is 

possible that the point of transition is detertnined by intratnolecular 

changes. A detailed knowledge of the distribution of energy atnong 

the electrons in the solid and liquid states in the vicinity of phase 

transition would probably lead to tnore definite conclusions as to 

whether transition is detertnined by intratnolecular changes. 
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PROPOSITION 3 

It is proposed that in general-purpose digital corn.puters a corn.­

rn.and to halt operation is not necessary and that srn.all general-purpose 

corn.puters could be rn.ade rn.ore effective by replacing the "halt" corn.­

rn.and by one rn.ore useful in prograrn.rn.ing. 

The logic of general-purpose corn.puters usually includes an 

explicit corn.ma.nd which halts arithrn.etic and logical action by setting 

the corn.puter in a closed cycle during which all registers and rn.ern.ory 

locations rern.ain unchanged (7). Apart frorn. the explicit corn.rn.and 

structure, however, every corn.puter has non-addressable logic which 

inhibits the perforrn.ance of "forbidden" operations by setting the corn.­

puter in a sirn.ilar cycle. Thus a prograrn.rn.ed halt could be obtained, 

in the absence of an explicit corn.rn.and, by use of a "forbidden" operation 

such as division by zero. 

In order to use this method of halting the action, a few mern.ory 

locations may be required. In small general-purpose corn.puters, 

which usually have 16 to 32 commands, the availability of an additional 

comrn.and for arithmetic or logic would rn.ore than compensate this 

loss of a few rn.emory locations out of the usual 4000 to 5000 available. 
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PROPOSITION 4 

It is proposed that the rate of condensation of a one-component 

vapour may reach a maximum as the temperature of the condenser 

surface is decreased while maintaining constant vapour temperature . 

Nusselt (8) derived an expression for the heat transfer coeffi-

cient from an inclined plate to a condensing vapour. The solution, 

which is valid for laminar flow of the condensate film, may be ex-

pressed in terms of a mean value of the heat transfer coefficient: 

(1) 

From this expression. which has been verifie d experimentally (9.10), 

the mean rate of condensation may be expressed as 

(2) 

In equations 1 and 2 the latent heat of the substance. A. is a function 

of the vapour temperature, tv' whereas the specific weight, CTf , 

thermal conductivity, k f , and v iscosity, 11f' of the condensate film 

are functions of an n average" film temperature. The average film 

temperature, t f , may be taken as (9) 

(3 ) 
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By differentiating equation 2 at constant v apour temperature 

there results 

From equation 4 it follows that a local maximum at constant v apour 

temperature will exist provided 

4 
t-:t v s 

= 0 

Figure PI shows the locus of equation 5 for water. The calculated 

(5) 

results indicate that the rate of condensation will go through a maxi ­

mum only when the vapour temperature is above 300 of. Below this 

temperature the predicted surface temperature is below the freezing 

point, so the ana lysis of Nusselt is. not applicable. E xperimental 

( 4) 

results to confirm the existence of a local maximum are not available. 
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PR OPOSIT ION 5 

It is proposed that experiments in two-dimensional. non-iso-

thermal, laminar flow be conducted in order to establish whether the 

relation between shear stress and velocity derivatives obtained under 

such conditions is the same as that for isothermal flow. 

The momentum equations for a fluid may be written in terms of 

stresses (11,12,13) in the form 

Du . 
3 

117 •. 1 
= F. L J1 i = 1, 2, 3 (1) PDF + a-x.-1 

j =1 J 

In order to solve these equations it is often assumed that the stresses 

are given by (12, 13) : 

7 . . 
J1 

and 

au. 
1 = 'Tl (- + ax. 
J 

au. 
-aJ ) ·, x. 

1 
i '" j 

j \]. i7 J + 'Tl *\] 

(2 ) 

u (3) 

It has been verified experimentally (14) that many fluids satisfy 

equations 2 and 3 under isothermal conditions. Under such conditions, 

the phenomenological coefficient 'Tl. known as the viscosity of the fluid, 

is a function of temperature and pressure . 

Combining equations 1, 2, and 3, there results 



3 

8P + \' 
- 8x. L 

1 
j=l 
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8 
8x. 

J 
[ 

8u. 

,,(2 8x~ 
1 

2 -.".o.:\} 
J IJ 

i = 1, 2, 3 (4) 

Equation 4 is often applied to probleIns of non-isotherInal flow (11,13,15), 

even though experiInental verification of the validity of equations 2 and 

3 for this case is not available . 

If equation 4 is restricted to the case of steady, unifor=, 

laIninar , two-diInensional flow between parallel pLates, it can be 

siInplified to 

(5) 

F 8P 0 
2 - 8x

2 
= (6) 

FroIn equations 5 and 6 the validity of the representation of the shear 

stresses Inay be verified if the pressure gradient, teInperature, and 

velocity fields are Ineasured in experiInents which satisfy the restrictions 

Inentioned above, provided the dependence of viscosity on teInperature 

is known for isotherInal conditions and the cOInponents of the body forces 

are known. 
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NOMENCLA TURE 

gross income per customer serviced 

a -­substantial derivative operator. 88" + u -1 sec. 

F component of body force in x. direction. lb. / cu. ft. 
1 

h mean heat transfer coefficient. Btu/ sq. ft. sec. of 
m 

I total gross income 

k thermal conductivity, Btu/ sq. ft. sec. (oF / ft.) 

.£ length of condenser surface. ft. 

m 

n 

N 

p 

p 
n 

t 

--u 

U. 
1 

Greek 

rate of condensation. lb. /sq. ft. sec. 

number of customers In a queue 

maximum numbe r of customer s In a queue 

pressure. lb. / sq. ft. 

probability of a queue of length n 

temperature. of 

local velocity vector. ft. / sec. 

component of loca.1 velocity In 

Cartesian coordinates. ft. 

x. direction. ft. / sec. 
1 

0.. Kronecker delta 
IJ 

" viscosity. lb. sec. / sq. ft. 

* " bulk viscosity, lb. sec. / sq. ft. 

e time. sec. 

A. mean rate of arriv al of customers 

A latent heat of v apourization, Btu/ lb. 
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Subscripts 

i, j 

f 

s 

v 

Superscript 

-177-

mean rate of service 

2 4 
density, lb. sec. 1ft. 

specific weight, lb.lcu. ft. 

components of stress acting in x . direction on a plane 
perpendicular to x . direction, Th./sq. ft. 

J 

angle between plate and horizontal 

dummy variables 

condensate 

condensate surface 

vapour 

proposed model 

vector 


