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Summary

Some results, following Gibbs and~furnachan, on the
general thermodynamical propertles of a continuous and
isotropic medium are reviewed in Part I. These discussions
lehd to the formulation of various thermodynamic functions
for a themowalastic solid in small strain, The cxpression
for the free enerpgy is useful, in partieular, for approzie
mate solutions of thermal utresé problems involving elther
steady or translent heating. Also in Part I, a father gene
ersl condition is esteblished under which the inertie offect
due to transient thermal expansions may be neglected., Con-
ditions under whiech temperature distributions may be calou-
lated independently of stresses and strainsg sre also given;
Attention 1ls given to the order of approximations Iiavolved
in such simplificetions. ‘

The general results in Part I are applied to two prow
blems in Part II end Part III, The problem of thermal shoelk,
a type of failure due to sudden heating or eooling,’is
gtudied in Part II. The anelytic resulte obtained there
are compared with the experimentel rezults on thermel shoek
carried out by H.,4,C.L. investigators on clroular eeramic
and ceramal dloa, The correlation hetween theory and
experiment 1ls eonsidered satisfactory.

Thermal stresses in thin oylindrical shells and plates
are formulated end diseussed in FPert III. It is assumed that

the temperature varles only across the thilclness, and the



Young's modulus may béf%rbitrary functilon of temperatura.

A convention regarding the cholcoe of the reference surface
is introduced, by means of which the prasent theory becoumes
sonpareble to the ordinary theory of plates and shells,
Méthods based on similerity cousilderations are devised such
that the resulting stresses and streins In e shell or plate
gaused by temperature gradient end external loads can bhe
predicted by experimenting with a similaer specimen &t &
wniform temperatnra, These considerations are motivated

by the necesalty to overcome the difficulties both in ane~
lytic caleuletions and experimental measurements of atresses
and straine &t elevatéd temperatures, especi:lly when
transient heating and co.plicated loads are involved, 3uch
'8 situation arises, for exemple, in the combustion chawher
of a rocket enpgine, where stress2s produced by supporting
seats are often too corplicated to compube by purely

enelytical methods.,




Part 1
Some Gencral Remarks on the Thermodynamic

progperties of an Elastie S0lid under Thermal Stresses



I, Come Generzl HResults of Strain Anslysis

The ceordinates of esch point of a continuous mecium in
& reference state will be lienoted by X' . In this coordinste
system fuj shell be used to denote the metric tensor, in
any other state of strzin, & new coordinate system gd wiil be
empioyed. }% will be used to denote the metric tensor in ithis
coordinute system, Then in genersl

Lad_;?c((,xl ))

A AR AR L (Lal)
These functions will be assumed to hive coniinuous derivetives,

-Thﬁn*

A'jdv- aoiA%‘ 5 _

: { [y 1.2)

Aﬂ' = Bd&a ) ( L
where o > y¥
a . = PPT

; 2%t &

by = ;Z; ’ (1.2)

| a%f| and | by beinz recirrocsl metrices, It cen be

shown by mesns of ccordincte transformetions that the a% are
contravariant vectors with resypect to yd s and covariznt
vectors with respect to %° . On the other hand the by zre
covariant vectors.in gd , and contraveriant vectors in 1°¢ .
The italic and Greek indices therefore indicéte the tensorial
characteristics of the various quantities, Let ds. be the
length of an infinitesimal element d%° at 9° in the reference
‘state, and let 45 Gse its length in the deformed state, Then
(Ref, 1)

summation convention with respect to dummy indices will be
followed throughout the text,



JSI-J‘S: = 3%4‘{'&3‘3— {1(5&"‘;3“" (l.‘i:‘

zives Uhe change in leagth of this infinitesimul elementi,
The last eguation may be written, by meuns of equations (1.8)

:nd (le®) in either of the following two wayss

483452 = (Gap-hij b L;;)A‘j‘*dg@, (1.5)
ASEJSOL'-; (3d[3a°.f.q(j' flq)dﬂ'bd'x, (loﬂ’}

L)Liké ic clearly « scelar with respect Lo Xt s and a
coveriznt tensor (symietrie) with resvect to jd « <+fhe strain
tensors éaP are then defined as

| bup = L (Jap~heitibp). (1.7)
éaﬁ are thus invariznts with respect to coordinete trius-
formstions of X° , Similarly, the strein tensor with respect

to 1; can be defined ss

b @ 7 / 25
e.‘,j:"‘i(adpqta‘, ‘ﬂoj) (}—v\jf
Therefore N g
ClS‘L‘ 450 = l(.‘d() J'—j JL,P
o (1,9)
di_ds.,l: 2 e cdx
s jdarda (1.10)
Moreover S
& = @bl b!
d[& jlj LP 5
o 1.11
2;", = éd(sa-l. Q?: g ( )
wnd € + hiya by 4]
= (26€; 5

Strain Invaric

Since édF is & symmetric tensor of the second rank, three
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indepcendent invarients may be formed. They shall be denoted

by I., 1. and I, Thus

o
1‘-"— C‘d H
o B
L = 35 €p o > (1.1%)
S 3‘-_"6.(3&‘:&:-

Eimilerly, three invariants mey be formed from the e,

(1.14)

In the neighborhood of 4" , there exict three directions
aslong which (ds<™-ds’) /cis1 attaing maximum or minimum values,
These directions are called the rrineipsl directions of strsin,

in the Y  coordinates. Let ) be a unit veetor at 4~ , Then

499
/\d='d—?§

stationary velue is, according to equation (1,9),
5( ed(sxi“,\(h -0
with the restrietion that
ﬁd(; A%AP = 1
Let 4\ be the Lagrange multijlier, Then
(&dpk“-_mgdpAf)sAF=o

” .
which reduces to the following three equations, since fA ere

+« The condition that cléf—‘lsn”/ds2 zttain a

arbitrary; o

Evp - N 9a A =0
Ledp = ep (1.15)
These three homogeneous equatlions mey be solved {or N Pro-

vided that their determinant vanishes identically, i.e.
- i (1.18
1 &0‘(5 _[\— g d@‘ =0, \ )



In gencrel three distinet roots exist. It is easy to show thot

none oI these Yoots may be complex, for if A is & complex root,

ther 1ts conjugeste A must wlso be a root, Cubstituting A

wod A into sguebions (1.15), two sets of A may Le deter-

mined,., Moreover, if A% corresyonds to A, the conjugate

ot A% , Damely A s Wusl Le the solution corresyouding to

A e Hence, by equations (1.15),
(ug - N gop) Ao |
(Edp ~fL33@) Ad =0

Consracting the first set of these equatlons by 'Rﬁ s the

second set by Aﬁ y and subtracting the resulting two eyuations

one obtalins,

:

ftjd(s/\d)u\{s— N Gap AT Y (:at[a AR éa[s iy
which, on account of the symmetry of ?dG end 649 s reduces

to
?d(s)\d)—\(})(f\-dﬂio

*
hNow, if one puts A# = 25357 » then

Jup AR = gugatal 4 Jup b b
which is not equal Lo zero, Consequently A-N=0 , It
follows that A cannot be complex,
When equation (1,168) possesses distinct roots, N,
Ne 5 Ay, it cun be shown by exsctly the same method used
in the last paragraph that

gd@/\‘l‘n/\fiﬂ =0 y TS

‘3&(5/\02”1&, =1, ¥Y=&

o
"
&



where }d, 1s the unit veetor corresponding to v .

Con~-
sequently, the three princirsl directions of strein are
mutually rerrendicular,

when eyuztion {(1.18) has multirle
roots, there i:s some indeterminancy in the three sets of

;rinciral directions, However, three mutually porriendicular
rrineiral directions ecan slways be constructed, Eguation (1,18)
may be written ulternstively as
o a
l EP‘Ag(’}“'o
Tyxpunding the determinent and wmeking use of the strain in-

variants defined previously, one obtains

3
| T
Ao T, +4 (TN +(LT-2T5- 2 =0,
Hence

{1.17)
T = My + Nas + A-(s) T S 5
To= NNy 4 A Doy + Ao Mo = L(T-T1) , =
3 (1.18)
—53‘-'- Na, J\-(n.[\-(g.,) =~-({T, T, ~2 T3 ~ _-"F(:‘) .
j' } _51-

s 3, are, of course, &lso strzin inveriznts. The
sume ¢nalysis mey be carried out with respect to the %
coordinste system. Using the subscript

o to differentiate
the rresent case from the one Just discussed, one cbtoins

\Q%"Ao&’;‘zo 4

(e —NehidAg=0

. (1.19)
A: - f\.t I ""—lz'. (Io:‘ Ioz)j\-0+ (IWI")_)'I”* —:_‘):D )

-jhg| ] .A-pu) + Ab(.'l-) + -.A-D(S) i IO\

(™
Q
o
n

\ T
Nowy Moy + Nowy Loy + -A-D('S) Now = = [Io- I“") )
.[\guy Ao(l) AO(}) o

3
- &I T = B h _.io_()
Oy -0 o3 -



The above snalysis shows that one may use any three
strein inverients wnd the three rrineiral directions of strain
to specify the stste of strein st zny point, DLepending on
wnether the Bulerizn or Lagrangiesn roint of §iaw is assunmed,
either set of strein invaricnts and grincipal directions may

e used,

IX Thermod;

It-Will be azssumed that the th&rmodynamic state of the
continuous medium is uniquely determined by its state of swrein,
und 1its temperature, Hence all the thermodynamic functions of
such & medium must be exprressible in terms of ég@ (o €:;)
and ihe temperature, but nothing else. As stated 1n the
rrevious section, in plece of éd@(ﬂ'eq) any three inde-
rendent strein ianveriznts and the corresroanding tihree princi-
ral directions mey be used, If in addition & materisl 1s
isotropic, then the thermodynamic funetlions cenanot have
rreferred directiomal properties., In this cese, all of the
thermodynamic functions cen only depend on tﬁé strein in-
veriznts, if  is the free energy (Kef, &) per unit mess,
then in genersl,

A=W (T, ,Te, Ty, T (241)

o= \V:’\Ykio\‘-[m,xog,—r\.

Other thermodynamical functions can be similerly expressed.

The stress-strein relation can be derived f{rom the



free energy ~V for arbitrary struins end temperature,

If 5 denotes the entropy rer unit mass, and w denotes the
work done per unit volume of the msterial, then, according
to thermodynsmlc principles,

% = ST 4+ L Sw (2e%)
where ¢ is the deasity, vhen $w 1s expressed in terms of
stregies znd strzine, then the sbove equction con be shown to
give rise to the stress-strain relation,

To find the exprression for $w , consider now the varia-
tions in the ex;ressions.fax sbraing ceaused by smell voriastions
83d . 1In this veristion the X° are kert constent, Therefore

¢hi, =0 3 Sda‘=0 . Moreover, sll varistions in ten-
sorial guantities must De ¢alculated covariantly, That is,

if Tf:f is a tensor, then §71° L

-t Bt i, sk
ST = "D ys 84

where f?&' denotes covariant differentiction. From this it

is defined as

follows that Sja@==0 + uwith this understahding it cen
be recdily shown that
D&Yy Y -
SASl-: ( D_.j‘g + Zad)éjddap . (&uu:‘
But S(ds&);o « Thus, by equation (1.10), one obteins
DY D -
5 o ( Da: * ;'.aio?) o a(? : (».4}
$imilerly, by equutions (L,9) and (£,3) one obtains
psYa . DEYp DS’j . BY
S éa(;, = I‘; ( 9‘3“ ¥ ?.f—) ésp’l s Dyp - (iceB)
The results in eguations (k.,4) and (u.s) zre ussful in deriving
the generul ecuatlons of stress-strein relations, If 'ﬁg“ ‘f;, o

then $4%=c , showing that the virtucl disrplzcements are rigid



_ 3 D 844
body wotlions, In purticulcr =0 iz the condition

DHP

for rigid body translation,

Virtual Sork

fhe stresses in & deformed medium may be exrressed zs a
symcetric tensor of the second order, It shall be denoted by
¢ + 1its covariant znd mixed formscazn be obtzined by con-
ireciion with the metric tensor jbp in the usual menner, If
the meterial is in stetic equilibrium, end if noc body forces
‘exist, tue tovtal virtual work £W due to surface tructions is
gieally glven by
N

SW = S'“J‘-']'V = S‘Ed(ss“gd(ls(s , 45[5,: J% ewfn A‘JPJ‘JY

where ASF is the elomentary surfuace, ?‘ 13@' s &nd Q@aPn
is the permutsation symbol, The volume ena surfeace integreals
are io be extended throughqut the volume and surfsce of the
meterisl., By the divergence theoren,

SW o= | %%i(fwadv ¥ fr"’@%%fdv
fince the material i: in equilibrium, §W-=¢ for any rigid

body motion, In perticular $W-=0 when 2?;;::: by ecustion
(4%)e Conseguently,

o

oypP ’

«i1d, hence, iu genersl g S
_ap D8Yo i, DSYd péYy
¥ (ADLjf-’ =—% Ld@L‘D‘j@ + D_‘jae).

bw =
ol - .
Since T P is symmetric, by means of 2cuations (x.4) one

obtadns o



Substituting this into ecuation (z.£), one obtains

. S = —ssT 4+ L PRI se (2.7)
or 2¥ 9P &
g §T (“

Because V¥ 1s &« function of I and the strain inverisnts only,
the &bove eguation gives the relation between stresses and
sﬁraihs at various temrperatures, Hence it may be régarded &8
the stress-strain relation. TIo find the stress-strain relstions
in terms of 64@ 'y consider the variestion of WV with resrect

to 6;@ « Clearly, when T is held constant, sqf=%54¢ + Thus

Ad _ e.t D$Y
“bbd[s d(s ¢ DYE
Making use of eguation (£.5) nﬂd noting that :EL? is

symunetric in lﬂws one obtains from the last equetion

| B

2% Dé)id‘ é R L <43 D8Y
'D@Pkpﬂ@ Pnj ) = P DYE

Since the derivatives Eg%? are arbitrsry, the last equation

glves N
ol oM o DV .
"t = s Lb&@"l&ﬂb&%) (%.8)

This equation. then relutes éaF and TP , With temperature
as ¢ perzmeter, It clearly expresses the stress-—-strain relation,
Thus if V 1s known the stress-stresin relstion cen be found by

direct differentistion, HNoreover, since ‘%% = -3

» &nd
Az D -TR s the entrory S and internzl energy U can &lso

be evealuated very easily, In isothermal rrocesses 6\y=—$8vr 5
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thus » plays the scme role &s the strain energy function
in ordinary elasticity. Nany attempts have been made in the
rest to find & genersl expression for ¥ , However, on
account of the fact that when the strains cre large most

| materials exhiblt irreversible rhenomena such as yilelding,
these attemyts have not been successful, excert in a few

isolated cases, (Ref, &)
I1I. Eguatio kot

Ihe eguations of motion of & continuous medium zre nost
convenliently expressed in terms of the Bulerian coordinates
jd « W“hen the medium is in motion, eguations (1.1} must be

written as
# ~ H“’('X‘,Zl; /X31 ’t)

4

o= (gL (¢.1)

The Lagrange ccordinates *' are of course inderendent of
the time 1 . The velocity vector is clesrly v°-: %gi by
the first set of equations (u.1). Replacing ﬁflby jd in
%g s one obtains the exrression for the velocity fleld
in gj, , i -

v v (gL g t) (2.2)
Hewton!s law of motion for the continuous media can there-
fore be exyressed &s

{ ¢~P ldJSP « [ Fpandy = g%gfiﬁadv

where Ay is an arbitrary rarallel vector field, 5% denoctes

o
the substantial derivative % +v“0%-d " o%ggu“'mv: {fg'%}\ddv’
since ¢dv is constant following the path of motion, &nd %%:o.

% The totzl derivative of x* with respect to t 1s zero.



il

Consequently by the divergence theorem, the last equation

- } ? F - ? D o
D ‘3 ﬁ D t- ('4 '-.}

IV, Coatinuity Condition :

In terms of the bulerian coordinstes, the law of con-

servation of mass msy be written as;

éifpdv =0
But ,;’E]Jv: fvydsy = f %{,—5“ . Hence
D%jfdv:. SI;—EJV + j?%-;-:clv:o

for esny arbitrsry bulk of the medium, Therefore the con-
tinuity equation becomes,

Dy pv® |
'S-:t * ? Dzd o . (‘J.4‘)

V. The Euergy Equations

If 1t is assumed that the medium is in quasi-equilibrium,
then the thermodynemice functions zre well detefmined st all
times. The eguation of energy balaunce may then be written as

§e7Pugdsp + [Fuudv+ Fleadv = Zfpodv « F S;Lw"'wév :
where the first two integrals on the left hend side of the
eguation denote the rate of work done on the medium, the
third term denotes the razte of heat in-put, ({ being the heat .
in-put per unit mass, The two terms on the right-hand side
denote respectively the rates of increazse oi internal energy
sna kinetic energy. By means of the divergence theorem and

‘the equations of eguilibrium, the last equation reduces



immedizstely to

D& _ o2V _Jp pud
P or Y or T Dy P (5.1)
_dp DVUL
But ol 59 P is the rute of increcse of strain work.
(section II). Since 50:.%5w + Tds s the last ecustion
_ becomes pa e
E——_E :T D‘t

(54)
Hence, the fundumeilizl relstion between eniropy and hest
input 1is reestabiished, his result could have been written
down imsediately since only quasi-equilibrium processes are

considered,

VI. _Passasge to the Legrengian Coordinste System when the
Displecements and Otrains ere very tmall

when the strains and uisplocements sre small, the
Lagrsngisn coordingte system is the wost convenient one to
emprloy. In this cuse one puts
ldb': X"»rui
wi = wAiglaYhat, %) (6.1)
¢end there is no longer any need to use Greek indices, “hen

the metric tensor jij may be exrressed s

~y = %

ﬂij = {‘ﬁi(11+ w!, x*+u’, xiru®s , (b.:&,’
.= 80yt B s

J‘ \bgt‘:‘}

. . 2ut
Yiher< the differeatial coefficients sx; &re by assumction

: % ' ) 1 U
small quantities, Their products :nd terms such &s «w ==
sre sccordingly neglccted, By meens of (1.3) €; cen be

evaIuated by exponding 35 in & Taylor series snd neglecting



: 2ut
rroducts of small terms W g « Une obtains
V[ DU DU, i =
@y = 2 L5 v ) - (6.44)

By equstion (1.11), it can be verified that
)

24
&y = &;i + € 2% t €0

2u?
2%x¢

{645)
Haﬁce, to the present order of approximstion ¢;= €; , and
there is no longer cny need to distingulsh the two sets of
strain tensors, Similerly, one obtalns \

- Poli-00 8= T = To (8.8)
To the same order of zorroximation as in (6.5), the stréssu
strain relation may be written as

e ’

VIii,  Thermpodynamic Funetions and Stress-Strain Reldtions
Tor an sSlestic, lsotropic katerial

If the strains are small, most solids &re elustic in
any isothermel change of state, OSince the change in volume
is small, all thermodynamic functions may be bzsed on
sypecific values per unit volume, as in (6,7). For an iso-
tropic, elustic materisal in small strain, the most general
form for the free €nsrgy rer unit volume 1is then

WV =a+bi + <1, +d1} {7.1)
where &, b, ¢, d may be functions of temperature but not of
strains, It is clear that the above exrression corresponds
to &« power series expension in the ej , where the third and
nigher order terms htve been neglected, Since only small
strains are consldered, by ecuation (6.7)

(7.8)

5 : . L&
Ty = bej + cet 4+ >4
J
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The coefficients m, b, ¢ can be evaluated as follows:

&) when the materiucl is cllowed to e.pund freely as the
temperature is reiséd, one must have dsT:=(+pdss |, where
is the linear strain aue Lo thermel exywnsion, snd is cssumed
vo be small so thet its scuare may be neglected, It follows
then thet e§==@8§ + oreover, Tj =o , Consequently
ecuation (7+£) yields one relstion between b, é, d at aay

temyerature,

b+(5(°+f=d)=o. 7.58)

b) If the materisl is under ypure tension F in the
direction of the unit vector A, , then T A, A):F and
Ifﬂ,;Aj'=o M A% being aay unit vector normal to Ai .
If & iz the Young's modulus and v the Polssons ratio, then
by definition,
‘ - ‘tf; AT;{\;T oy = e;‘}\o.‘/‘l;. -3 . (7‘4)
i Arids - e A AL - f

Hdow ' 8 «®
* i F = b+ C€~) /\'T/\Tg + z&eu y
o = b +C€3’/\,°/\o£ + 3-4211: .
Hen g 0
SRS 8 c () AL Ari-el ApAz)
es AR A ‘(3
L8 F—-o,6 ej—»>ps , and one obtains
& ' ap
C = T_':;; . Rp/.cf‘b}

By & similzr method, one obtains

E AEY .
vb =T G’ { W * Uw)(hz\?)?i ' (?g‘.ﬁ‘:‘;}

Bcusbions (7.0a,b,¢) then ensble one to exyress b, ¢, d in
torms of the smpirieal mutericl constents E V. B which
i1 general are functions of temperature, Introducing the

Lame constant A , and the rigidity modulus p s b, cy d may

be most conveniently exrressed us



ib

C=ap ,d= A, b=-plu+32)

Consequently,
Wosas BRE T 4apTe + AT (7.4)
T.‘: = - P(l,u-H)&)Sf + ;Pe?' + )\e?,“ Sf_ (7’5)

It mey be remsrTked that in evaluating a, b, ¢ by the zhove
rrocedure, the reference state 1s assumed free from stress
and strain,

In the exgression for Y the funetion z(¥) rewcins to
be determined, Defore doing this, it i: convenlsnt first to

give the exrression for the specific ensrosy and internsal

energy per unit volume, Since = -5% » one obtains
& o .{_L( £ AA Ket dT} ;o ‘L{p(:./u'flk)}‘ | (7.8)

Similarly, because Y =U-5T , where U is the specific internal

energy rer unit volume,

3, x4 1 4 Pl(rpur3A) T
Ve - £ 18 LR - g LM+ L8 ST (747)

If ¢y is defined zg the syecific hest per unit volume when

' 44
strains ere kept &t zero, then, ulnce <u= J7|ei = T §_4eﬁo,
J
it follows from (7.6) that
¢ da
\I"Td_rl

Consequently, if Cv is determined, a(I) can be obteained by
guedreture, l.e., )
4 TC«- "
a(m) = '(dT‘S ’T‘AT $ &7 ¥
If one puts ¢. & =0 at the reference state where both

stresses and strains vanish, then

»

2, . )
== (T dr-popesn - peld AL N (7.8)
s= (T8’ + el g{popn}-{2 (€' AA vefel By (7.9)
U= - d j dT +-r! _1’ PR {-L(e?;f'ddf\.h) (7&10)

Lo % 4 Plapn+3A)
+eje; [—-)—eud‘_.__L.-_.}



Then

25 % © 5
ds = ,.S‘_FJT + E‘C‘I\ -+ .;?;‘1411. 5
where ¥s dA 4
B ondh o« Lipepn}
s
——— il - 55 14—&-
21z aT
25 Co oot dTA 4" 4t
2= ¥ - {ETE anghl ¢ Tnipereat.

For most solids in smoll strain
| T 1 d*A d? A
B

Cy T

is an extremsly small number., lience one zay simply pue

88 . =
27T T °

with this appr-mlumation, the expression fords becomes

is - Gar e fn P e Etpeewlidel - 2ldtde
L]

For any sdisbatic rrocess, the heating and cooling efifect
due to strein cun be easily exawmined by neans of the ebove

equabtlon. For excuple, i1f the mazterizl is expuncged in an

]

sdicbatic process such that - g% s 58 2 then
) ) 3 »
é—l ¥ dA 1[(1 N] 15‘_&_1 .
T et n e g |- ¢ Slerel- 3531 (741%)
;3 .

VIII, Z2Sqguations of Motlon wnd the snerzy dguation for
cmall uvlsrlacements

Let the X' rerresent & rectewuler Cortesisn cocrdinate

system., Then if L 1s a cherzeteristic lecngth of the solid



7

may be made dimen:sionless through division by

L. Let be a characteristic time interval of the systeam.

ine B R i
th_l:._ , W = T ,T=¥D.

By small édisplacement, it is me:nt that if X° is mezsured in

the scale L, t in the scale +,, ¥' are very smell guantities,

i ; o 2w
in comperizon with unity. This implies thst %ﬁ;+ J~§% =yt

¥ e L " 4 ‘ =
20 1y are all egmall, and sre of the szame order as
DAY > 2T
. 2 i 5 o*
w¥ « Consequently =T, 1is of the sams order as W R
El - { 9 A 3 \‘/
The seceleration term- §>%£" way now be clunlified as W
followst
In Cortesian coordinates
Dyt 2yt ;2L
cail = gl o
? Dt fn(“"e)( 2t =+ ’0‘33)
vt . vt oAt
= ?o(.l‘fg)(‘s’__t + U’ ,a—;‘g:‘j_)]
ol { 'alif pi ¥ 3\r‘* > 2*'7[
“+.r 2T T il Dy
25 IR LY
1 = v ] . 7 3 s
Clearly -;T} iz of order 1 or smuller since dj“=42”LS]*;;;
Thus the only importent term contributing to aceceleration is
|5 "u_* Dt
- ‘_C'-" Fa _D_-E‘T- = fa ,at'l- 3

‘ 2T
Similarly, the resultant force by vtreuw €8s, »y; for small
. g . %

displ-cement =nd strain, can be anproximsted by 55 , and

the contribution of baay force fFC(T,¢333,t)' by T FElaixh X, 4)

5 2F"¢ . :
provided %%j are not of grester order than F'. Thus for
small digplacements, the ecuations of motion become
2T z .1y .
e + = —
BA) kg fo ot

In curvilinear coorédinates they clearly are

pTY ; >t 3
5 TR L A el
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¥ith the same order of approximation (replacing g% by X )
the encergy equation becomes
2Q 25

where Q,5 may be considered us the specific heat 1input per
unit volume, since the change in ¢ is of higher order than is

considered here, If the empirical relation

2Q 2 4p 2
2t ° {I’Dﬂkﬂ Y T

15 used, where 4 1s the coefficient of heat conduction, equation
(8.2) becomes

Tg\kf, ,D-;'T T—— : | (5.2)
Substituting (7.11) in (8.8), one obtains, for an isotropie

and elastic medium

gk B oGP 2T ‘i_/_\_ % be<
E ,Dr’!(a "DQ’T cd 7t + T{ I.I + ——[?( r(#!ﬁ)] -—J - TQ ’D ’ _t (8 4)

VIII. Thermal Btress-Problem:

¥hen stresses and stralins are due to uneven thermal
exp=neion both the energy ecuation and the enuilibrium equsation
may be considerably slaplified. Consider first the energy
equation. Let the materizl be heated by an external'agent at
temperature T, « Then it is physically clear that eé will
be of the order 47T, , where < 1is & very small number of the
order of the linear thermal expsnslon coefficient. Hence, one

may putb
—\':’TOT* 5 A:/\a/\* ’ }(=)\°}(*

p= P, k- kA,
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Similarly nut

‘ ¥ ¢
€, =dT, ¢ ;

izre the starred quantiities ure so chosen that thelr magnl-
tudes zre of order unity. Lot a Cartesian coordinate system
be used such that L is the characteristic linear dimension of

the system. Then put

if. X _ o+
ﬂ S : T“ba b

:nere £, 1s 2 characteristic time of the system. Then ejuation
(8.4) becomes

.

¥ K - * ¥ 50 "b*.
2 430 o CUL‘{al +Agd‘1:,[ D_é’_u{ Fedd® 4 [F)’(,Fﬂ;/\*)]f—z-r e";f—_Ili_-* _.e_!] .

27 L dav¥ Tdrt ¥T

i
Tha narzneter Ao

g in general a swall cuzntity in com-

nzrison with unity*, Hence, regarding the starred cusntities

az of order unity, the terms multirlied by the smnll dimension-
less »orameter may be neglecteds Hence the energy equation

reduces to the ordinury heat conduction equation, l.e.,

BLIRCAY ¥ ¥ LA N 8
5 'ox‘k{‘ a0 Yot (8.5)

he coleulsation of femderature is thus independent of

in
[
H
a
H
w

RIRE - - 3o
*  For cteel E=30xblid, ¥=3 ,cdbavle 1n/a’F, < =360 in-tb /i °F &
this parameter, Ad'L/cr =29s0*1, « If T 1s of the order 1000 F,

N> Tofcr ~2qxio ¢ .
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or strain, From the above ecuation it ulso appears that
the characteristic time governing the heat eéuation should

be taken as

[
o= K. (8.8)

Eeduction of the eouilibrium equctions can be discussed slong
the same line, when stresses and strains are produced pri-
marily by uneven temperature distributions. <Clearly one may

nut

&

2 . 5 *(
T‘, = AO&T‘:‘C*J ? k' = odTolLk

¥ : n " i
vwhere T ' , ' are of order 1., Introducing these dimen-

sionless quantities into the equation of equilibrium (8.1)

#*
one obtains , in Cartesian coordinates,
2TH  we kT 2w

2% T AsGr LT PT™

It will be recognized thmt.L(%fis the characteristic time

of wave wotion in the solid., This is in genersl much smaller
than the characteristic time for heat conduction. In & time
interval of the order ﬁﬁf either a large number of waves
have occurred, or the wave motlon has already disappeared.

In either case no net effect due to motion is felt. HMathe-

¥, ¥
20 2
matically this means that since —57 and <% may be reason-
e K"

ably regarded us of order unity, then if is very small

Aoyt (5

.. ® F° is put egual to zero for the sake of argument, If
F' is a static force, the conclusion in this section 1s still
vzlid.



the inertia term on the right-hand side of the last eguation

msy be dropped, i.e.
4 3
dT Y
2 9% ’

or, more generally, s
DT .

YT (8.7)

Str&ins produced in solids by thermal éxpansion are
smull, fHence, for the nroblem of thermallstrBSSEE, the
theory of small strain is valid. The analysis made in the
lost seetion shovs, furthermore, that the temperature distri-
bution can be caleulated Independently of stress and strain,
by means of the ordinary heat conduction ecuation, (8.5).
Then the stresges, strains, and displzcements ca2n be determ-
ined using the statie equilibrium ecuations (8.7), the stress-
strain relztions, esuations (7.5), and the relztions between
strains ené displucements, ecuations (6.4). Aside from the
caleulation of temperature, which must be determined first,
the thermal stress sroblem {gc identical with the ordiﬁary
elasticity problem, except that in the latter case A and M
are usuelly regarded as constant. For the ?robiem of thermal
stress, € , m , ¢ must be experimentally determined as

funetions of teaperature.

IX. The #¥inimum tnergy Prineiple as Applied to Thermal Stress
froblem : '

From the thermodynazmic point of view, i the solid is

in theraodynumic equilibrium, thermally as well as mechani-



cally, its stete of equilibrium may be determined by purely
thermodynamical considerations, For instance, one requires,
for the mechanieal and thermodynamical equilibriuvmof an iso-
lated system, thet the total entropy of the system be a maxi-
mame The b&qas of adigbetic and ilsothermal changes of state
heve been fully discussed by Gidbha(Ref, 4). However, for
the study of thermal stresses where temperature gradient
exists in a condusting medium, thernodynamical arguments bee
come invalid, because thermal equilibrium is not realized as
a yreault of thé conduction of heet. Hence, if one wishes to
formulate a verietional problem for thermal stresses, one
mst rely on mechanical considerations only, namely the con~
oept of virtuel work, For the discussion of thermal stresses
it has been shown that the following equations of equilibrium
derived for small strains are adequate,

DD
ox’

* F;fzo

>

when the glven body forces F' and the given surface trac-
tions TV are static. Let W bhe the displecements satige-
fying both the equilibrium equations and boundary conditions

Tor e given temperature distribution., It 1s assumed that the
displecements u. are specified on 3' of the entire surfa ce

8" end the surface tractlons are specified on the rest of 3%,
Iet SW., be arbitrary and small variations in w , compa-
tible with the given conatraints. Then $u; are clearly zere on
3!, Contrasting the equilibrium eguations by Su. and inte-
grating throughout the volume occupled by the solid, one



obtains :
S —c;j'l«)—él—*-.;,jv- SFC?SWJV - S‘t”&u;JS; =0
6,

. Dyug .
Tow, 1*’5% z dw = é*\T + Consemently, if the temperature

T 1s kept constent in the variation, the last condition is
eculvalent to

é{ J9 dv - [ Fpucdy - friiwds;f=o , (9.1)

since 7, TY are given, and sdv, §4s, are quantities whose
varistions ere of higher order than those of others in the
theory of small gtreins. (9.1) is then the neceasary and
sufficient conditions for the mechanieal equilibrium of the
system, If the expression in the bracket of the last equations
is denoted by & , then G reaches a stationary velue

- at the egquilibrium gtate (mcchanical but not necessar!ily there
mal), If the expression for the free energy Y dsrived
previously is used, it cen be shown thet 3 actually

recches a winimum value. For

(¥l iy - [ 0 oy

s

where R= plse5r(§el) + £ AGety
Tlenoce , _
5% = Rd'v | -
But T > 0, unless sei =0, Therefore & 1is an ebsolute
minimum when meochanical equilibrium is esteblished. This
result may be steted in words es follows: of all di.éplaem-
ments satisfying given boundary aenditions, those satisfying

the equilibrium conditions wake ¢ e minimm, for each
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temperature distribution. It may be recalled that within
the present order of epproximation, for eash problem the
temperature distributlion may be determined from the heat
oonduction equation,

The sounterpart of thils result when the temperature is
uniform evarywhiere is well lmown. The present result is an
extension of the minimm energy principle in ordinery elas-
tioity. It may he used as a bhasis for spproximete solutions

of thermal atress problems,
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Part II

Resistance to Thermzal Shock



RESISTANCE TO THLREAL SHOCK

Intraoduction

Resistance to thermal shock 1s the strength of . the
material against failure durlng ranicé heating or cooling.
The current interest in high temperature designs using
ceramlc and ceramal materials, which are relatively wesk
in thermal shock in cémparison with metals, necessitates
4 closer examination of this composite property. To help
the search for better materials, it is important to determine
the physical and mechanical properties of the ﬁaterial
which contribute to high thermal shock resistance, W. G.
Liduman and A. R. Bobrowsky (Ref. 1) arguecd that the resistance
to thermal shock 1s pro?ortional to the value of g?él ’
where % 1is the coefficient of heat conduction of the
material, O, the ultimate strength, o the coefficient
of linear thermal expansion, and E Young's wmodulus of elas-
ticity. It is the purpose of thls part to give & more
complete theory of resistance to therm&l'shock, together
with a comparlson with experimental data,

The failure of material is the result of high stress.
In rapld heating or cooling, the stress is generated by
the non-uniforu temperature and hence non-uniform expansion.
Then, the oroblem of resistance to thermal shock 1s really
the problem of computing the thermal stress under such
conditions, In order to correlate the theory with experi-

ment, the particular case analyzed is that of a plate
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heated or cooled rapidliy,. For this simple shape, the
computation is quite easy. In fact, the sroblem of thermal
stress in a plate is already known (ef. Ref. £), while the
temperature distributions in the plate have also been cal-
culated before (ef. Ref. 3). The specific task of this
discussion iz then to bring these ¢lements together and
properly interpret the results for & clear uncderstanding

of the problem of thermal shock,

Iherwmal vitress in a Flat Plate

Conslder a flat plaete with & uniform thickness much
sualler than 1ts lateral dimenslons. Thenif cooling and
heating of the plate take place through heat transfer at
the surfaces, the tﬁﬁperature of the material 1s different
at different distznces to the plate surface, but for the
greater part of the plate the tempersture is ilndependent
of ths location in the plane of the plate, If the medlan
nvlune of the plate is taken as the x-y plane (Fig. 1), then
the temperature T is a function of z only. Let G6x, Gy,

G, and €x, ey ,ez be the normal stresses and normal
straing in the %, y and z Cirections respectively. The
shearing stresses zné shearing strains obviously vanish
in this problems The relations between the stresses and
strains are

ex = é{cx—rmy+6}ﬁ-+ev,

ey = L{0y -V 4T} + er, (1)

n
tw
1]

%{qz-wmy+¢p}+ er,
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where €1 1is the thermal strain due to thermsl expansion,

and E,¥ are Young's modulus and Polisson's ratio. [ and v

may be Tunctions of temperature. Due to the lack of shear-

ing stresses and applied surface forces, ©G; 15‘1dentically
zero by the equilibriuw of forces in the z-direction.

Now treat the case where the temperature is syumetrical
with respect to the median plane of the plate. Then the
only deformation the plate can undergo is & uniform latefal
expansion, Thereéfore ey=ze, and both are constants. Then
&, =6, . Assume that the plate 1s not restrained at the
edges, then net tensile force at the edges must vanish or
ﬁhen b 1s the half-thickness of the plateﬁ%ﬁzao. By

usiug these relations, it cén be easily deduced that,

and, hence ,

= Ao e.,} ()

These eguations show that givenltemperature distribution
in the plate, the stress and strain at any point can be
easily calculated, provided E , ¥, er are known

functions of temperature. 1f E .V are c¢onstants and
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take €4 =4dT where T is the change in temrerature from
the initially uniform state and ® the constant coefficient

of thermal expansion, Equation (3) reduces to

b
Ed |
=0, —15r sz-T} .
y 1=V Zb'lb (4)
By introducing the dimensionless parameters
I
- _Z . T, sA_1 1
E—_b ) T_T. ) T 2_['1-&;’
® & (1-V)
= & ET, ’

where TO is any convenient reference temrerature, Equation (4)

simplifies to

% T =T o (5)

Hence the reduced stress is equal to the difference
between the average reduced temperature and the local
reduced temperature.

For the more general case, where the temrerature in
the plate is not symmetric with respect to median rlane
but still independent of x and y, we need only make the change

ex = e = e + fp2 (8)
where € and P are two constants so far undetermined.
While the conditions 6=0; and (3=0 , remain true. That
2 linear variation of €x across the thickness is correct
follows from the symmetry consideration imposed by our

assumptions on the uniformity of temperature with respect
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to x and y, and the absence of external constraints. In
addition to conditionns of vanlshing average tensile stress
serogs the thickness of the plate, there is the further
condition of vanishing bending wmoment, due to the assumption’
of free edges of the plate.

The stress—-gbrain relations are now

j- v

ey = ej = ——E— 6y + eT 5
(7
ez - = "'2'?'; Wx + €1- .

In view of later developasnt in this paper, it is counvenient
to take the thickness to be b lastead of £b as in the previous

v

case., Then the force and wmowment conditious become

bk
LY ' . | ( 8)
[ o 2dz = ©
~bh

By integrating now the first of Bguations (7) with respect
to 2z, und, by using means of (8), the following equations

far the two unknowns e and result

*I?/I. b/a b/2 B &
E z e Al
€ j dez * F[ TT}JE —.I%‘*fdi >
LA ~bh ; (2)
h/l b/:. 2 b/'l.
¥ E2' ., _ [ _Eerzj,
= g e P ["9 ig J |-V
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Herv again, e, and, hence, ex,8y,0x,0 and € &re deteralned
when the temperature distribution is known, unc-when E,)ﬂ:ew
functions of teaperuture. If e=dT , and if E ,
vV, o are conatant, the foliowing eqguation for the re-

?

duced stress is readily obtained

7£Y

¥ = % ¥ * ;

= T +1‘-'.E{TGJ§—T ) (10)
-~V

Q

where, as before |

- Y2
¥ _ oy (-V)
T oETe
L
Because for this casse the thickness of the plate

is tutésisé. Therefore wvhen T is symmetric with respect

to z,JE?%J;=o;then Bgquation (10) reduces to Fquation (5).
' To actually cowpute the thermal stress in & plate

one needs to know the tewperature distribution. Ear this
parpose, consider two specicl cases: As the first'case,
teke a plote heated or cooled uniformiy on both sides by

a constant heat source. As the second case, conslider a
plate uniformly heated or cooled on one side, znd insulated
on the other. As far as tewmperature distributlion is con-
sidered, only the second case needs to be computed, since
at the medlian plane of the plate in the first case there
is no haat trangfler dus to the symuelry of the temperature
distribution und the medlan nlane can bhe considered as

insulated. Thisg 18 the rezson that the thickness of the



£
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symmetric case is taken to be £b and the thickness for the

second case 1s taken to be b,

Iransient Temperature Distributiont

Proceed now to the calculstion of the teuperature
distribution in zn infinite plate with one side uniformly
heated or cooled and the other side insulated, Take b as
the constant thickness, and x snd y-axis of & Cartesian
coordinate system in the middle plane. For small straln,
ls.ev, vhen the shape and slze of the plate are only slightly
changed by thsrmsl strain, the ordinary heat conduction
ecuation may be used, If fo1s thﬁ coefficlent of heat
conduction, h the surface conductivity at z = ~b/8, ¢ the

gnecific heat per unit volume, and if %, h, ¢ are constants,

the heat conduction eguation is,

A g;z:’LLTJTQ

The boundury conditions are,

& 2L o Bl T-Td |, BE=blE ;
3Z
T -0 , ®= blz,
3=

where Te=const. is now tesken =s the temperature of the heat
source. Initially we consider the plate to be &t uniform
temperature T = 0, The above equations may be written in

)

dimensionless form if we 1ntroduce,
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Tex « %,

*_1‘_‘?_ R =X (11)
-.cb‘- > 1\.[;

# is the so-called resisteance ratio, and £ the Fourler number.

Thus IS R
g
% *
and R%= |- at 5=-1/2 _ (1%)
and %’ =0 at %=1/
7 - at =
~¥*=0 4 =0

The solution to the above equation 1s well known (cf. Ref. &),

They are written dovn here for reference:

e 2
Z_QW":F cosNiz-E)

* (-]
T = _Eo Nk (I+R+R‘r‘:)§'mnk
= * = &N t
T =1- S ’ (1€
E: . & e R+R"7:_) )
if2 - R ; i ; )
| 5= - 3 26 g eotne = sing,
e o )« Cl4 R+ RY%) S e

where 7, are roots of the transcendental egustlion
R fany = 1 (14)

for swall values of [, Equations (1&) may be expressed

asym_toticilly as (ef. Hef. 4) ,
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%ibzw—i—‘ M&'-{ t+3 " R}

1+% ek
T*-; @»fc\L%J+eAF€{T§- .
_eﬁt%—z)+%=mg<[-z:; + &) 4 o(f*e™)
% i :
o Hopere®oh(F) +o(fFeH) (15)

-i/g_ 1z i 4 L
(“Pyiy =17 erof- e Wl [ B) s o(f3e9) |

where ede U 1is the complimentary error function, deflined as

b
efe w =1~ -&ufu =(%§ ol il
w

Comoutation of Thermal Stresses

For the plate with both sldes hested it follows from

Egquations (5), (1&) aznd (15) that

ge 29_"7':? )
o*= ¥ e ) (16)
ko 9 QaRarm) U st e
1 7 1+3
24 * i -%
¢*= =R Reede () -ede () - e (5
':-""*i 1+ :‘:“fi; -3
ve R ReiZEb v T TRAIZ T
+ o (45
where now ~]1% % e 1 . It is to be noted that, since

0’*=T§* ~T% ,

T#* being sywmetric znd wmonotsnic to elther side of the
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z-axis, maximum stress must occur at Z=z2] and X= 0.
In the case of heatling, 1.e,, T > 0, O # at ZT=31 will
be a compression and that at 2 = 0 a tension. The converse
is truec during cooling. Consequently in the follovwing
-numerical computation, stresses are 'camputeé only at 2= -1
and % = 0, |

Maximum tensile and compresslive stresses in the plate
are coanuted &ccofding to Fouations (16) and (17), for
various velues of R. The result is plotted in Figs. £ and
0. In the following paragraphs the approximate formulas
for maximum stresses at £ = t 1 and ¥=o0 for very small
and very large values of R are given. :

By Ehuatians (1e) and (17), at £ = 21 ,

oo '7:{ ;
¢ = Z e e8)
T )

(19)

Yhen R = 0, & * ébviously reaches its maximum at .f = O,
Hence it 1s expected that for very small H, Ecuation (19)
should be adeqguate for computational purposes. To determine

maximum & *, set

26 %
»$ =8,



Equation (18) then gives
| - I TE
| o
=A™ L ek () (20)

Hence, given J%/R , one can compute R and hence determine f.
The applicability of Fquetion (£0) is of course limited to
snall values of £, since it is an asymptotic solution.

For four decimal point &ccuracy, f 1s limited to values
below O0.1l. Corresponding to this value of £, R ~ 0.3%.

It c2n be seen from the structure of Eguation (£0) that

as R decreases to zero,J?/R must increase to infinity,

although £ itselfl decresses. 1In fact, .
fﬁ R R \4 R =
ede(fe) = & <= 131 (7 2@ o]

To this order of approximation |
1 - _,;iﬁz___
- *L“.f:) . (£1)
It can be ghown that when R < 0.005, the zbove formula 1s
adequate for four pluace accuraecy in f. When f is known,
it 1s but a simple matter to culculate 6 #*, To see the

influence of R on G-*m&x,ccmpute the latter and, to the

first order of approximation in R, obtain

* ' /.
G-ma.x:'—l"‘/\‘%'Rl (

On the other hand when R — o , f also increases as

b
ae)
~r

R increases. Hencerne way use Fguation (18), the first
two termg of which glve accurate answers up to four signifil-

cant figures, when f is larger than 0.10. After a similar
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analysis &s outllined previously, one obtains, for wa ifmum

G *at E=21,

. 3 1, =
G—* = M_Q-7°{L\- l‘:—;)
max — ‘+R*Rt,);- " ?‘ >
where 7. » ]y are the first two roots of R7txua7=:l , and

,‘F___ | Do ( I+ R4RNo R,rl,t-t)

-0 [+ R+RNE  1-RYe

Now, for large values of R,

v - ~-%
/ R 3/i-'r o(R )

’ " ~  _L -2 T
To=R = % 7:'77+ #ﬁ SR O(k )'(EE)

)

By wmaking use of these results, one obtains to the first

order of anproximation,

* J
§max = g , B> 7 (24)

This result may bLe used when R > 10, to yileld answers of
two‘significant figures.

At the point % = 0, preliminary calculations show
that vhen R = 0, f = 0.108, for maximum & *, Hence the
Fourier series solution (18) may be used for small as well
ag large values of R, when numerical solutions are not
carried beyond four significant figures. While Fquations (23)
correspond to large values of R, one nust use, for small

values of R,

B %gcr+n) + O(R*)

M

2

By e
§§(|+RJ + O(RY) | (e5)
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Accordingly, for ¢ ¥, at & = 0, the following relations
hold ,
. oX t . “q
6 max ™~ ‘R ¢ LA (76)
q/8
-+ 32 (TM-2) bT+5% o
o (1= ——R), R=>0,

Cimay ~ oy A
max "7 gyt (awa)e =2

(#7)

Comparison between Equations (22), (£4), (28), (#7) shows
that the ratio of maximum stresses on the surface to that
at the center is about £ to 1l vhen B =00 , and is aboﬁt
10 to & when B — O.

For the plate with one side heated and the other side
insulated, the maximum stresses are computed for & =-1/2
and £ = 0. The results are plotted on Figs. & and 3.

It should be noted that in the present casge the maximum stresses
at ¥ =-1/2 or E = O may not be the sbsolute maximum
stresses in the whole plate, for given R. However, this _
deviation is not considered to be important, snd the computed
maximum stresses are representative. -

For coumparison with the previous cage, the following
result 1s given for o %, .. &t X% =~ 1/8, when # is very
small,

> 32 Y
e = -1+ R (28)

Tue to the difference in the'definitiqn in the thick-

ness of the plate, for the same plate, R in thie case is
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oﬁly one~half of the R in the previous ocase, Ig. (28)

then shows that the thermal stress at the surfece iz smaller
when only one side of a plate is heated, as is to be‘expected,
sinece bending of the plate sonstitutes e relief of the

thermal gtresa,.

tpplication to the ‘valuabion of Thermal Shock Resistivity

of Certain Ceramie and Ceramsl laterials

An experimental method (Cf. Hef. 1 and 5), currently
used by Hah.Cedhe Tor the evaluation of the thermal shook
properties of eeranic and ceranmal materials 1s conduoted
in the following way: A gpeoimen 2 inches in diameter and
1/4 ineh in thickness is subjected to repeated oyoles of
heating end cooling untll fracture ocours. HNeeting 1is
performed in a furnace of controlled tempersture, anﬁ ¢ool=
ing in an air strsam at about room temperature, The speci=-
men was first aubjected to 26 temperature oyoles with a
furnace temperature of 1800°F, If it survived this ﬁreatw
ment, 25 éyclea were repeated in succession with furnace
temperature at 200008, 220007, and 2400C0F, excepting when
fallure ococurred. The reaults obtained at the N.i.Ceiie Lewis
Flight Propulsion Laboratory afe tabulsted in Table I.

Teast vesults showed that all spcoimens failed by ,
tension during cooling, with the exception of stabilized

zireonlum diloxide which failed Ly shear, llence only tensile
strengths are given in Table I. A correction on the value

of tenslle strength for stebilized ziroonium has slready
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o

1
L.

pean axde in the ta
W. G. Lidman and A. R. Bobrowsky reported (Cf. Hef, 1)

that the increase of thermal shoeck strength was accompanied

Tk 4
by 2n inercase in the ratlo -5 , where @ !s the fracture

tengile strenghth of the mabterial under consideration. This

correlation was qualitative and, in s0 fsr as the psaraneter

Sk
o E
Towever, the previous results on the caleulation of maximum

is not dimensionless has only limited applications.

stress in & plate can be used to determine a more satisfactory
correlation between the thermal shoek tegt results and the
physical parameters of the materinl,

| The deciding factor whether a brittle material fails

or does not fail is clearly the ratio of the failure strength
to the actual stress. If the ratio exceeds one, 1t will
fail, and vise verss. Horeover, general fatligue tests

show that when & specimen 1s repeatedly stressed through
cycles, the numbef of eycles thst the specimen can survive
bears & statistical relation to this ratio. This relction,
however, may vary from matericl to material and becoues

less definite wh&ﬁ the stress cycles are operated close

to the failure strength. Apalied to the phenomens ol thermal
stressesg, the sbove considerations should still be true,

if all changes in physical and mechanical sroperties due

to change of teumperature are properly taken care of. Hence
one still can take this ratio as the critsrion for thermsal

shock evaluations, and write



S = C:." ' C (28)

wvhere § now stands far the maximuw thermal stress actually

rescied In th=s specimen. When 5 ls less than unity, we can

predict with certainty that the specimen will fuil. & can
be called the thermal shock resistivity.

To find the meximam stress in the c¢ircular plate
tested by R.a.C.h., the results of the previous sectlon for
a plate heated on hoth sides can be annlied with the follow-
ing assumpilons:

(1) The plate 13 infinite in extent, and constant in

thickness,

() The physieal parsneter E, , d , X, ¢, h are

gonstant,

(2) The plate is heated (or cooled) uniformly on both
sides by the sume heat gouree {or sink). The time
curation 1s such that at the end of each temperature
cycle, a uniform temperature ie re-cstablished in
the nlate,

{4) Saell gtrain.

Azplied to our present problem, assumptions (4) and (2)

are justified by the very nature of the experiment. Assump-

tion (2) is made on account of the faet that iittlz informa-

tion is available on the variation of ¥, v , d , ¥ , ¢,

and h vith resasect to temserature. Assumption (1) scens

warranted in view of the uncertainty introduced by ossuuap-
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tion {£), in zddition to the fact that the test specimen was
reasonably thin.

The theoretical results in the previous section computed
for a plate heated or coosled on both sides may be expressed

as ,

o ETo o
= re——
) e max

(20)

where © 4is the meximum stress at Z = % b. These points
are chosen simply baecause at these points, maximum stresses
occur both during cooling and heating. By the cdefinition
of 8, fg. (£9),

S e b (l"')’ ) G-o | .
- o ETe U‘,::x (E’l)

& depends only on It znd another dimensionless narameter

)T . b e :
ﬁﬁ%;f-. The desendence of & on # is not, in general, linear,

a8 cshown in Figure £. However, as Gia:&;% s when R becomes
suflfleiently large, say R > 10, 1t 18 seen that & is, then,
proportional to R or f% . 'Ihus, when plateg of the same
thickness are tested in identical ways, we have,

Lyt
5 @ o E

for large values of . This is the relsation ﬁaed by Lidman
and Bobrowsky. As noted tefore, the above relation is
sufficicently acecurate for two significant figure computa-
tians;'when g > 10.

To couwpare the test results, given in Table I, with

our thermal shock resistivity, take h to bhe the same for



all the specimtas, since they were tested under 1d@ntic&1
conditions, The value h = 50 B.t.u./FO f£t.% hr gives a

satisfactory correlation. We zlso put o = L/Z, end take
BOPF as the room tempersiture., In the followlng table, the
thermal shock resgistivity theoretically evaluated is compared
with the test results.

In Table II, excepnt for ceramal, only data given in
Teble I have been used, together sith Figs. 2,3, and Eq.
(61). For ceramal, at 20000F, ., iz taken to be ©8,000
lhfin.?, which 1s the mean value of the two tenslle strengths
st 1BOOCF and 2200°9F, Where two different vailues for &
are given, two values for B sre evaluated. The reason that
the tensile #treagth =t high tempersture ig used insteud

the tensile strengith at low temperature hﬁcjﬂ'* claar,

Ha

&
if one recalls that none of the specimens falled by compres-
sion during the test, and the aaxloum stress occurs slwvays
‘on the surfuace.

The sgsertlon that whether ihe sveelmen will or will
not gurvive eny thermal cycle will depend on the value of
£, 1a satis ;wutor ly confirued by the gorrelation between
experimental results and camﬁutatiunﬁ based on our simpll-
fied theocry. The valueg of § for tifanium_carbide at
SON00F, LE0N00F, nnd D4000F are probably too high, since in
the czleunlation lhe ultimate tensile strength =zt 1807°F
1z used instead of its exset vealues at these high temnedratures,
¥ of deta., The ssme counment goes for § at

owing to the la

e
£0000F, calculated for  beryllium oxide.
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Concluding Hemarks
On the strength of thls correlation with experlments

presented in the previous section, one may conclude that

for the type of experiment on thermal shacké, described
above, the uguestion of immediate failure upon application

of & temperature gradient can be satisfactorily znswered

by caleulating the thermal shock resistivity 5 according

to the present simple theory. When 8 is swaller than unity,
one can be gulte sure that the specimen will suffer immediate
failure.

The guestion as to how many cycles a specimen can under-
go, before fallure eventually occurs, remains open. The
H.A.C.hs test procedure described above can not be used as
the basis of such an analysis, since the thermal cycles
were stopred &s soon as £5 cycles were completed without
fallure. Yet, from the practical point of view this cuestion
18 of greater interest thanm that of lumwediate fallure.
Ceramic and ceramal materials aré used generally for machine
parts that have only a limited life. Hence in the study of
thﬁ.relatiunéhip between the number of c¢ycles N and thermal
shock resistivity, the primary interest is in low or medlumly
high values of N, in contrast to the usual fatigue tests

[

on metals, Perhaps an empirical relation between § and N

of the following type,

m($=1)

N==e 5 #»1 4

- y



a7
nny be eonsiracted, vhere m is = positlive number to bhe

P
course, can he used oniy in a gtellstical sense. £ great
denl of devistion is to be expected vhen £ 1s close to unity.

It may alsdo be pointed out that the thermal shock
resistonce io by no meons tn Intrinsic property of & meterlal.

8 rether strongly n tha

ik

stance depen

l-p.i
=
.u

21 shock res c

menner, in which heat is susplied, nd the form of the
spsolinen, 35759@3 from ths influgnce of b z2nd h on S »
secording to the simple theory deseribed azbove. This fact
Llimite greatly the ugefulness of th rinl shock experiments
carried out on speclsl speclmeng and under spsaciazl conditions
to no more than an evalustion of the c¢omparative merits of
various materlals against thermzl chock. Such tests cannot
nredict the performnance 2f any rarticuler design sutjected

& grecified heatine or coosling condition. For zny specific

¢eslegn, tnay thermal stress induced in the wmaterizl by the

non-unifora ad unsteady heoting and cooling must be first

known strensth of the material

-

t n\."_'f' Then :lt}] -!\:"1‘-.

under repeated stres the performsnce >f the degign can be

o
A

o

vecertained. This iz the rotionsl theory »f thﬁrmal shock
resistence. It is the orimary surpose of this paper to
cemonstrate what fundumental physicsl parameters are essential
to the constructlion of a rational theonry, by viiich the thermal
shock phenowmenon may he analyzed Tor any given naterinl, of

any shape and under any service condition.
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Thermal Furnzce Tezperature
Meterial Shack Room Trmperature (60°F)

Fwvaluation "
1800CF  £000°F  £92000F  £400°F
5

Ceramal kxp, £5 & £5 £5
80% TicC
20% CO s Db Col 1.5
Titanium Exp. e5 £5 £5 £1
Carbide = Sed 3.0 2.7 25
Beryllium Expa 25 3 e e
Oxide & 1.9 1.086 s e
Zircon Fxpe e 1 - — -—
S O L 45 e - -
0.54
| &
hagnesium Expe 0.14 e - o
Oxide S .28 — e e
94% Zirconium EXDa 0
Dloxide 6% 8 0.10 - - —

Calecium Oxide
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Fart IIIX

Thermal Stresses in Thin-Walled
Cylindrical Shells and Plates



I, Thermal Stresses in & Thin Cylindriecal Shell:

-

ﬁ&lations'bet&een Sectional Forces and Moments and Strzins in

THeE Hererence osurloce

If & thin cylinder is slightly deformed the geomeiry of the

deformed cylinder may be described by the strains snd changes

shell, In the usual thecry ol thin shells where the temperature
is uniform, the reference surface is convenliently teken as Lhe
niddle surface. when temperature grsdients gre present, however,
it is not always exredient to make this choice, &s will be seen
rresentlys #ccordingly the position of the middle surface shall,
for the moment, remain unsprecified,

when the dis;lacements in & thin shell are sufficiently
smzll, elements which are normel to the reference surface prior

to deformation way be sssumed to remain normal, On sccount of

the thinness of the shell 1t may also be assumud that the
stresses normal to the shell zre zero, External loads normal
to the. surface are then sustained by bending wmoments snd shear-
ing forces., Jith this understending the strein throughout the
ahell‘may be expressed in terms of displacemenis in the refer-
ence surface,

Let x, ¥, Z be & logel Cartesisn coordinste system with
origin on the cylindricel reference surfece such thet x points
in the axizl directiion of the cylindrical shell, y 1s in the
circumferentizl direction, and Z is normzl to the reflerence

surface and points toward the center, 4also, let u, v, w be
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displacements along the directions x, y, and 2 , Then the

strains 1in the reference yplane may be expressed as (Cf, Hef, 1)

2u (1.1)

N
'M*R'ag;

= —_— -

;o\= ‘%_L;_( ' e;‘”_ flzf?:g ,g Tx‘;’: (XA
where & ey’ are the normal streins, T,  the shear strain,
d6 the angle extended by & circumferentisl element, and R

is bthe radius of the reference surface,  The above relstions

sre true for small streins and disyplacements. The corresgpond-

ing strain components in sny other surface are

_ou W _ 1 W _ 2V TW
%= 33 -%55n o @ f3e-R ~wlve v3p . )
Z D W (1.%)
L2 ok o B 2w DV
T"Y”ﬁ*ﬂae Zgl[wae+ > )
By Hooke's Law, since G; = 0 by assumption,
E
Cx = T:‘Tl {(ex-l' )79,) ﬂ-(\*“l)-)e«r}
E
Ty = = | L8y & VE) = (17) @ ;
4= T [ tey+ven T} (1.8)
3
L e Txy )

where E is the Young's Modulus, 7 the Polsson's ratio, and
¢+ the thermal exyension strein, The secticnzl forces and

moments defined by

Ny= [Sxdz | Ny=[oydz | Nyy=|Toyiz (L.4)

Mx=_gq‘xzd.}5 ) Mj;-—-fﬁ‘)i':cli‘: J Mxy="STXyEJi’.J

may be exrressed in terms of uw, v, and w (Fig, 1). 4ll inte-
gretioﬁs with respect to Z from here on shall be understood to
extend throughout the thickness of the shell. |

Before carrying out the integration, an additionsl assump-

tion will be made, It shall be assumed that . 7 , the Poisson's



&

e

rutio 1s constant and independent of tewpersture, This essump-
tion is Justifiable since Y generally does not differ signifi-
eantly from 1/o, Then, from equations (1.£), (1.3) and (1.4)
one obtalins,

RT])

wdW 2 1
Ny = D ey +We;°’) N T + Y'[]{t'é% + ?"-é-,?....“f.l) ~ Ny

20 1
wole @y Fw 20 5
M= e vy - vk e v k3 <M
where
’ 'Dh“= T:}—'v_;gEZR&Z s M=o, |'v 2.
|
Ne = 27 (Eerds | |
| (1.8)
M.‘. o gEGTZJE

Similer expressions for the other sectional moments and forces
may be obtained, N- and M.,are the forces and moments reculred
to keepr ull streins identically zero, as is seen from the

expressions for Ny and My « In fact, when 41l strains are iero

b
Wiy % By » By and Ny= Ny=-N; o« D' is equel to 7%ﬁ
. 3
end D" 1s equal to G%Eﬁ , when E is constant, In sccord-

snece with the terminology used in the theory of plates and
shells, D’ shall be ecalled the sectionel modulus, D’ is
taken to be egual to zerc if E is constent and 1f the middle
surface 1s taken as the reference surface,

3ince the position of the relference surface can be freely
chosen, within the aprroximstions of small displecement, one
can moke D equal to zero by proyperly choosing the reference
sufface, This simrle device not only mekes the formsl analysis
- of thermcl stresses 1in Flates and shells simpler and more comw
parable to that of the o:dinury theory of plates and shells,
but also is physicslly significent., Let x', y!', 2’ be another

Cartesian coordinate system with origin on the middle surface



iy

but otherwlse sluilarly oriented as the x, y, z coordinate

system., Let the origin ol the x, y, 2 cocrdinute be located

‘ |' -t i “ L
&t Z, Z, Can now be determined by the condition D' =0, For

(0

B = -—‘-—-—JEEJ% = — Ibbez'&z’- Zaj_ti:'c‘cli")

I-v2 I—y# b
. Pl
Eence, , bl w
EZd=
2! = bk
= = bz -
J gdz {1.8)

“bh
shen the temrerature distribution is known across the thickneSﬂ,
both jiEdf and ijz%z’ can be computed, Therefore 2. is &
well determined guantity for each temperature distribution,
Conseguently, this reference surface can be chosen for each
rroblem, However, it must be remembered thut this choice of
reference surface is possible only when the temperature dis-
tribution is uniform slong axiul and circumferential directions,
If the tempcrature distribution is not so, then ¢ surface on
which D"=o0 will not be cylindrical and therefore can not
serve the purpose of z reference surface,

Suppose that the temperature decreuses as Z or Z. increases,
I'hen, since B generally decreases with increase of lLempersiure,
Z. will be positive. That is, the reference surface is
shifted from the hotter side toward the cooler side, Fhysically
this can be interpreied to miean & decrease in the efleciive
thickness of the shell, since the hotter side now takes up a
smeller- share of the load_th&n it otherwise would, if E daid
not decre.se with increuse of temperature,

vilth this sgreement on the choice of reference surface
the expressions for secticnsl moments and forces are greatly

sinplified, At this stage, it is convenient to express all
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equatians in dimensionless forms by introducing the following

dimensionless parameterst Let L be a

the eylindrical shell, and define

g=T ,w=¥ w3

E= L . m= R

I\Fg:-—ET)-:-'- , Ny= 2lo: ,Mgf—%’% » Ny = ]:la:: ,
My 25 M9=J§5 »-Msv:l%%% L D“ﬁ
ey = €x , ey= &y > Tgy= Ty

characteristic length of

{1.%)

Then, the reduced sectional moments and forces are related to

¢ , v , w by the following equutionst

N;:;-g..ynw+m’%\g—f\ﬁ ,

Ar,)-_-v?,%-anw«#n%%*”T,

,ﬁozithﬂ(%§+ﬂ%%),

My = %1 4+ ny %%1'+ I 4 Mo

My = v%z +1:%1+n13% % W

Mgq = ﬂuﬂ")(nﬁ%—r%).
Bguat s of Eouilib

The usual equatlions of eqguilibrium for shells
expressed in terms of sectionsl forees and moments
simply from & considerstion of the geometry of the

middle surface, Since the geometry of deformation

‘ (1.8)

when
are derived
deformed

of any

other surface parallel to the middle surface is similer to
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that of the middle plane for small disrlocements, the equilil-
brium equations sre also similar. If the temperature distri-
bution is uniform in the axisl direction end circumferentisl
directions, the reference surface chosen by putiing 0"’ =0

is actually parallel to the middle surfzce, Hence, when this

is the csse, the¢ equations of eguilibrium cen be writﬁen'dawn
imaedictely. There are‘only‘five équations of eguilibriuvm—-
three for eguilibrium of foreces, only two for the equilibrium of
moments, since zll moments are in the plane of the reference

surface according to the apyrroximate theory (CP. Ref, 1),

3
g NE_,_____;_’? @3“__1_}@,113’.’_

n AL 53gr T m 7:52"@'](35 a‘gae) N?(agae '?'E]‘o )
%ﬂ e ‘#%ﬁé‘a"" i 5h - QE(%’E,“‘Yagae) * N‘%’]\% - 3%)
+Qr}(i+h;§—‘g+n%‘r“—’a) =0
‘7‘—;2—%3+%%2+2N‘i’)[%§+5‘_§—5) Nif’:;," +)r’1“+“?’i "le—)—r: ’ (1 )
L
%%ﬂ » S0 + M S 4 ’”57(1,;:9 “E2) + 4 fBy=a
g SRR *#MJO%& (ma ) - wps=o
vhere
Q5= 5 &= 5
A S LA (1.190)

‘ail Oy, Gy are the sectional shearing fOIBﬁS!'F the normal
rpressure (oprposite to 2 ), Equation (1.8} und (1.9) ere now
the fundamentzl eguatiéﬁs to be sclved for Ny , ¥, Nyy 5 M
My s MZ?’ Qr 5 @ ,?.V,andw,

Some Simple Solutions of Thermal Stresses in Thin Cylindrical
“SrerYs -

Consider now & thin cylinder with non-uniform temperature .
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distribution only &cross the thickness, If left free, the wall

of this cylinder will deform in an axially symmetrical manner,
but remalns straight except at points very close to the ends.
This can be shuwn‘readily. Since the problem iz axially

symmetrical, <Y =0 , &nd all guantities must depend only on & .

Fquations (1.8) and (1.9) zre reduced now to

Ng = ﬁ-“w-m, K (&)
PRI (p) (Ll.11)
Mg = T2 + My, _ (e)
My =7 $E + M, - ()
and
%%__is+,q§£_.#o§%‘.‘°§,=o, (e)
i%gg+%ﬁ%ul+ﬂ-,,=a i (£)  (L.12)
L4 e myae rkpag=o . - (®

Ngyg. Mg,y , @y are clearly zero by symwetry. Furthermore
Ng=0 , gince there is no load acting on the eylinder. By
neglecting M,$y in (g) as small, the following eqﬁation for

w is obteined from (£) and (g) ,

d*w
L
For a long cylinder, with free end at E=o , the boundary con-

4+ PU-.}‘)n‘u}: -nfsu—r))v'} %

ditions are Mz=o, Qg=0 , @and ANy=0 , The solution for 2z¢ 1is,

M o 4
= HIJ(‘V.'I“F} 1 e (sinis - cossy)
where
y st = W L)
Hence,

/(Zg = M, { |- 2-58(60555, + 5;‘;455)? )
My > My |~ vetS(cossy +smisd
@f = FZMT% Q—‘EBM 5y ' (1-15)

1 .
JV‘, = 2 M~ e”“f‘;(tosS; -$smégd)



681

¢ is a positive number of.the order ﬁﬁ . Theiefore, these
results show that if the cylinder is long and thin, (.e. 3%? >
the thermal bending moment czuses only a local disturbance in
the deformation of the ghell as a whole. For most parts of tha‘
shell, the deflection w 4 and alsa ¢ are caused entirely by

Ay + This result maey be interpreted to mean that in the ecal-
culation for the general deformation of a shell, the effect of

My  is only of secondary importancet

Another simple result 1s the following. To keep the
heated cylinder perfectly straight, such that
w435 , W=0 , ua:-§§ (1.14)

where K , %. are respectively the axisl and normal strains in

the reference surface, the following end conditions arc required
M; = /k, + I’sz—,}r‘r
M§=M1 (1.15)

together with a normal load
M= vk + K - N3 _ | (1.18)
Under this condition, then, throughout the shell
Ng= T +vhka -Nr
#Hy = "Ry K=y (1.17)
Mg = My = My
whereuss, Qg 4 Q) 5 Ny, » M5)=0. The interesting fact about this
is that to arrest the bendlng of the cylindrieal w:sll, the

presence of N and I (stability considerations are excluded).

d for Linearizing the Fundamentsnl Fquat

For a wvery long and thin cylinder where thermal stresses

# Instead of negleoting A%?? entirely, one may keep #- 5§ .
It ecan then Be shown that the above conclusion remains
true if /R Ls sufficlently lavge.
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ceused by & radial temperature gradient are present, the dis-
rlacements are GSsentially uniform both in the asxizl direction
( ¢ = const.) und in the radizl direction ( w = const.), as
shown in the last section, If in addition a uniforam normal losd
end & uniform axial lowd are also present, the long cylinder
clearly «will remain straight, provided the axisl load does not
reuich eritical conditions, However, when loads other than those
Just mentioned sect on the eylinder, the cylinder generally will
be distorted from its straight rosition. The magnitude of such
distortions derends on the reletive msgnitudes of the disturb-
ing loads and the stresses already present due Lo the combined
effect of thermsl stress, the uniform normal losd end the exial
force. If the disturbing loads sre sufficlently smsll, these
small distortions can be studled as smull devietions from the
stralght state. Thus a parhurbétion*prcoedure cen be set up
by #nich the fundamental eguations for the cylinder may be
linearized, 4s & result, the disrlucements, stresses, and
strains are msinly czused by thermul exraasion, the uniform
normsl load &nd the uniform axizl loed, whereas only small
fractions of them are due to the additionsl external lozds,
which shall be called the perturbation loads, Likewise, the
normal loads and axial load shall be czlled the rrimary loads,

For a cylinder of finite length there is no a;riori reason
to sssume that the end disturbances can be studied as small
rerturbations., This derends entirely on the boundary conditions
rrescribed at the ends, However, if the prescribed end con-
ditions are such that they differ only slightly from the

stralght ecylinder under the primary loads, then the sume per-
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turbations rrocedure arplies z21lso &t the ends,
It is shown in the lest section that the state of strain

(@)

due to the rrimery losds [ and Iﬂ; csn be completely character~
ized by 4 and 4k . (Equations (1.11), (1.15), (1.18), (1.17).
Accordingly, the variocus quantities associated with %, znd %,
shall be dencted by a superscrirt (0), and all perturbstion
quantities caused by the alisturbing loads shall be denoted

by the scme letters with superscript (1). Yhe perturbation
gucntities are small hy'assum;tion 50 that their products may

be neglected ia comparison with the primery guencities, Hence

ons can put,

Lf = chﬂ) 5 Lf&l) ) "\t’-_—_-_ '\kll, i W = ‘O(a}“_ b\:)(” .
Ny= NOs N M=o Ny, Ngps Ny ,
g« Ny TN y® Ry Ty ’ (1.178)
/VZ; = M{;,'f' M; J MJ‘ M:;”"'Mrsu ) M;,': M‘gj 5
Q;’ & @;U: : Qj’- Q;‘J : i_, = ]-rm: - PUI ,
such thatl
V/k 1t ,kz. - NT = ]4“ "
oor vk - Nes NS
w) ) ) (0 l.lr?b _
Mf) " [.,:o 3 M; 5 M, = My, ( )

cfw) - ’k;’é . "f’m = — —4-:-5: g
following tha res.lts in equations (1,14), (1.1%), (1L.18) and
(1.17), Substivuting these into ecustion (L,8) and (1.%), snd
neglecting products of perturbation quantities, which are

assumed small, the following ecuations can be obtained
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N;: g—glﬂvnww‘; "ﬂ’%%u )
ﬁ{')n: ithﬂ(%%l-»ﬂ%%”)_ (l.ld)
;
My = %;+nW%§ "3
Mt = (e m (22 L2 m)
and T ) . 0 5? o bga‘et};"' = ‘:'J (a) "a"}"w "
T ap * A cvay * e ey 1 eah) s K G -3g),
v%%%— —n'z—fjj-ru?;—‘-:-‘-z +J-U-V)l:-g1';'; """T?ECE;;%)
+ %{u—r) (:;f;‘; + 3’,;*;—:]+vf—,‘i; + m‘?‘;‘;’; *"1%,
=-UhN s s 3E (1.19)
w0 3.0 w o) ¢ o
2(-Vim (TBPS—,‘,‘-;B; +’%%—:;) 4 _1';( %’—% + 1;’:’.%% % nm"ngt-:e)
+“(v%§, +1?17:f-£—; 411"%:’-3 -@(f;—’-fgu-‘nm“'+ n%%m) + pf’m

2 () . 4 1, . (n
= CEpN- M TS e (B + 35
One remarkable result shown by eguations (1,18) 1s that fMgm
and aﬂfﬁonly arpear in combinction with -#pnf". Irenslated

into rhysical quantities,

M;m M M, j e.Ezdz
T T B ©
—::Pﬁgtm '#F”‘Ew A N R NGO~ 7)

For transient heating from an initislly even temperature,

etE is either all negative or all positive scross the plate,

Hence, by the msan value theorem

| 5 e o] S,

=¥

where €< 1, Generally, for sudden heating, ¢ is much smzller

than unity, Now if | Ny”| 1s larger than  £IN.| then the

w) .
terms involving My and M, may be drorred.



o
(]

Gt

A Possible ﬂethod for Determininﬁ mxperimentally the Combined

If one neglects e%k%J in comyparison with Aﬁwon account

of the smallness of the thickness b, equations (1.19) become:

1 (i) o Lo T ¢y
LI pudis ol +§Lwﬂ(31— 24) =

© 3y w”
-,,52 2E0e ; aeag+”39* ; ST

7 352 " 7%/

A 2

) 'DU >y 'b th
‘:’_b—!)-%g-ha & ".".E’g{ -+ ;_L.;‘_L"'V) ( +7" z;'&Q
+ % om (282 +v°‘°"' ¢ HEEO 2
e 506 T87) TV oges T Ty T 567 ]
) _LN-UJ'! "DW (lnn&{))
DEF 2
Yo u) 5 (1) 4 83 )
D0 > 2 W ?‘O 3
200 n (5vap + ?5%6)-+4-(%;¢ +““a;mwf*”’3§%@)

4. o «
+n(v3“ B8 2y pf—i'nﬁ+ﬂzﬁ)+fp’

2g00 T " pe Y 5eT
- L2 4 mpry (7’\*" LA

Por a cylinder'with uniform temperature cnd ne initial strain,
ér = 0 and, hence, Ny, M= G, All the rrevious ecuations
remain true by putting An,M.= 0, end by ldentifying the
reference surface with the middle surface, To differentiate
the cold eylinder problem from the previous one, all qguantities
having to do with the‘coid shell will be disﬁinguished by & |
ber (=), ©w2e Ny s N3z » €te, Consider now a similar rerturb-
ation procedure., The equutions for %( , ¥ and ©" will be
excctly the ssme as eguation (1.:0), Hence, the perturbation
displacements obey the szme eguatlions, lMoreover, equations
relating N, Y, Ny s, My, ”%9 &nd derivatives of

¢" 5 " and o are identical to eguatioms (£.8). Thus,

within the present order of apjroximation, Uhere is comrlete
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similarity between the perturbation disrlecements, sectional
forces and moments of & heated oylindrical shell and those of
an unheated eylindrical shell, |

The dimensionless purameters in ecuations (1.:0) are n
znd f , where n describes the geometry, snd  describes the
elasgtic property of the shell at various temperstures, + 1s
assumed to be constant for the materials under cconsideration.

Now if & cold shell is chosen that makes A= 8 , end n = n
and if it is losded by an end force A; = Ay , & normasl load

P@= r!® , and 4f in sdddtion =67, then simllarity between
the two sets of linearlized equutions requires that
{ & 4" ") =& (9", ¥, &")

— =y — (1) o D Tyl TR o) W oy ) 7 s il
( /V;"; Mg ,N5‘7,, M;( ,M7,M5;,Q5,Q9 )"—“‘ é (N; ,A‘rg ;N.‘f’ ,M; ;M];M})JQ;:@, )

everywhere in the two shells, provided these coaditions are
met on the boundaries. In general, N:~, TI'”, [ can be
estimeted for & given rroblem. Hence A3, 7' are known
snd [ may be sultably chosen, Using the boundury conditions
for the originsal shell rroblem, the boundery conditions for
the perturbstion gusntities cen be calculuted, onee A3, r'”
have been estimated, Conéequently, the boumniery coanditions
for thu'perturbaticn equations of the cold cylinder may be
calculated. These and the boundery conditions sstisfied by
Ny® and T them add ur to form the complete boundary con-

ditions for the cold shell, Hence, if the displacements,

seetional forces and moments for the cold shell under this

It can be shown that for au axlally symmetric problem, 1t
is not necessary to assume thuat 5 pA”274, in order o estabiiah
the similarity relztions, because &, now occurs only in one
combination with gy « It is then rossible to make this
composite guantity equivalent to A .
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sgt of boundary'conditions sre known, one muy trace the
above procedure backwards snd calculute, in a very simple
menaer, the displzcements, sectional forces and moments of
the originsl problem, Theoretically, this is not very interest-
ing, for it is juﬁt ag essy or Jjust as difficult to solve a
cold cylindrical shell problem 63 it is to solve & hezted one,
Experimentally, however, there is a real advantage in so far
as the difficulties for messurements of stress and strein at
higzh znd trensient temperatures can be avoided by doing an
exreriment on & cold specimen,

Before entering into & more detailed discuséion of the
practical usefulness of this suggested scheme, the procedure
outlined in the preceding paragrarh will be formulated first:

(1) For a given cylindricel shell, with known boundary
conditions ( B. ) and known temperature distribution’ escross
the thickness, first evaluzte IL,P o The radius of the middle
surfaece may be used to eveluate n,

(k) lake an estimate of N~ and 7 3 and then determine " s

() lModify the original boundary conditions by deducting
the contributions due to Ay , M, , [ , For examrle, if the
edge moment is initially Mg , it should be reduced by the
gmount M, , Denote the new set of boundary conditions by ( B ).

(4) Choose & thin cylindrical shell such that

=B,

= L .,

R Y

(5) 4pily vo this cylinder &t corresponding roints normsl
loads such that T =¢T . Specifically, if W, T , F , denote
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distributed, line, and point loads, then

!
n

£ LW /Dlm

h ;

/
(B gy fo®
[i32=¢e®/LDd? .
(6) How add the boundury conditions contributed by
B A P
e o ,
to the set of boundory conditions e(B) The notation
meansg thet all boundury conditions (BJ) are to be magnified
by the factor € . 7The new boundary conditions resultiing from
the sabove addition are the boundary conditions to be apilied
on the comparison or cold shell, |
(7) If the local strains are measured on both surfaces
of the compurison cylinder, then the local strazins at corres-

ponding points can be computed in the {ollowing manner:

L 5"
DX = -3 &

dow, using the notations in (l.l?a) and (1.17b)

'ex:

2 2w
ex = 4k, + l'%%,‘ 3 _z: —5%)
.But % 4 5 = w)
‘f'uj = E4 7 = € ' ( (f - ‘r ) k]
o w BB s g0 (& 7o
where ¢ - ~ (o) By e 2
-4, ©7 e R w0

A, , % Dbeing the axial and circumferentisl strains, Mdoreover,

since N¥“= N5 & pid, RN , by eguations (1.,17b)

P Ny 2 Nt
Ki= kl T DO (wy) o= K- D () -

By means of these eguztions,

Ny ?i_fﬁ _Z_ L
x = 4{_[([- t) + t D(O)U_t,r) 'g L 2% )

js ovtained, uow if ex¢1 and & denote the strains on the
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inner and outer surfaces of the cold cylinder ( 2 --% and
Z=-2 ), then by equations (1.,2)

'an - -

-a—t'g' # ( Exer + exh))

o L T,

25> = '.‘:’"' [ €x417 ~ €x {47 =
Hence

i N+t (3 & 2 ko= :
ex=H(-3)+ ¢ e "éii(eﬂ'l* exen) - = T (€1~ exm\l )
Similarly
N 6 3 zL (g 5
ey= K,t-¢) + —épt,,;ﬂ,.‘ + -‘g{—{-[e)«m +ey ) - —;-rbrl‘?,tnﬂ‘-’ytﬂ)} i
(Loka)

Try = 'i‘{"i (vxr:’,-] +?x1b1) - —,E:—:F;-( Txy a1~ ¥ry i'l)}

where 2z 1is referred to the reference surface (not the middle
surface) in the heated shell.

For £ = 1, eguations (l.ix) become

ex = %k
N+ = =5 z L= ) .
Y = S 3 €1 +€yn1) - T 'E{e)'m _87“1) (1,%3)

n

T)r) < (?}(yi-] + ?xytﬂ') - = -%*(ix) {2 —-?xym)

The terms 4 (& +&m) , £ (& + &), +(yor + hym) clearly

express the strein ln the middle plane, and -%-{éguq-,éxu{f

—%fénﬂ-éjmf . = {Txyng ~ Txyoad are'the three curvatures.

when ey , é, 5 ?W are measured on the surfaces of comparison

cylinders, then & , € , Ty, may be directly calculsted at

any point. The stresses cun then be computed according to (1e14).
Consider now the following example, & long cylindrical

shell. of mecan redius 5 in, and wall thickness 1/4 in., is made

of the high temperature allay, Tinken 16~55~6, (Nominal

composition Cr, 18%, Ni 25%, Mo 6%). (Hef. &) 1In the elastic
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range, the Young's Modulus is plotted as a funetion of tempera- -
ture 1n Flg. 2. Assuming that the inaer surface is suddenly
heated to & temperature T &and the outer surface is insulated,
all the rertinent data concerning the heated shell may be
calculated in the following menner, 1t 1s assumed that To 4s
1000‘F,f=§% = 0 and ifz 4%%- = 0,09, where 4 1s the thermal
conductivity, h the surface conductivity, b the thickness of
the rlate, t time, and ¢ the srecific heat per unit volunme,

8

o mey be taken ss 9 x 107 in/in, and ¥ zs 0,k¥88, Under

this particular set of conditions, z., »7 , o* , N, and
M- -can be easlly calculat;d if the temperature distribution
is first computed as in & flat plate because the thick-
ness to radius ratio is small enough, The temperasture distri-
bution is rlotted in Fig. €. Using this curve and the curve
/€, at various temperatures, 2z, , oY , o , N: , M: are
compubed graphically., (Fig. 4). fhe results sre:
For R=ik-o, =009 o= fxlo P in/in®F . R=§ in , b= 0250,

Z, =~00386b ( ©)

kK

»” = 6.908 —%_‘3‘—;:,( -'—“E:g%*) ;

D™= pokuba :E_",I,’j . B -%‘g?‘)

Ny = quz.f%g}E » (23 E%?%L),
M= 0 156 E”iﬁfz ! aoquié;%él),

where E, is the Young's kodulus at room temperature end is
guual to kB.x X 10° 1g/in.®. PFor E-= constant the equivalent
values for Zo e Dw’, o , Nt and M; sre written cut in
the brackets ss shown in the sbove tabulstion, Substituting

th- numericsl values for b ,To , Eo , o and Y one obtilns
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N, = 36,200 |L/l'n , Mqy= %5, 1bo Ib.
In order to make use of the linearized & roximztion for com-

rerison with a cold cylinder, the condition is that

My
| lenpl << !
By assuming that | Ms/RNY'[ & 0,05, one obtains

wa) = 4+ 20,boo ilp/(rf‘ )
If this axial force is produced by internal pressure p, then
b2 §.280 1b/in*

That this pressure should be so large iﬁ due to the fact
that R is assumed to be zero, In Fractical agprlications R is
never egual to zero. As a result, M. is generally much smzller
then in this particular example,

To choose & comparison cylinder for this Froblem, one

must meke

- N _ s
where f= U35 ,n=g, IfL=1I, k=8, then z little

computation shows that

*
¥ & I‘?-v—bl:';
Consequently,
147 12
b = T
Then

b = o0182b,

& result which is inderendent of the Young's Modulus of the
comperison cylinder, 1t also shows that the effective thick-

ness is decreused, s is to be expected.



Two roints must now be discussed regarding the practical
arrlicability of the above scheme of comparison, It has been
rointed out that the linearization procedure may become invalid
when the edge conditions are unfavorable, Then the above
scheme of comparison, strictly spesking, does nét aprly. How-
ever, this point may be disposed of by saying thot the error
iavolved 1is rrobably significant oaly in the immediste neighbor-
hood of the boundary, aand the information derived from & com-
rarison cylinder may still be useful from the engineering roint
of view. -

The second goint &lso has to do with the boundury conditions.
It i3 seen from the previous discussion thet il the heated
cylinder hss & hinged edge, & definite moment, a deflnite
redial displacement und a definite axial load must be.a;plied
at the corresponding end of the compsrison cylinder, <o aprly
sn exial load 1s experimentally simple, but it is difficult
to'produce & given radisl disrlacement and especially difficult
to ¢, ply & definite moment on the edge. It apreers to the
author that this roint must remaln & serious difficulty with

regard to the usefulness of the rresent theory,

a Thin Plat Plotes

The formulution of the general thermal stress problem in
& thin flst rlate can be done in the saiue man.:er as that of a
shell, #gain, the temperature distribution is &ssumed to vary
only escross the thickness, the the reference surface is taken

in such & way thut 5LFEJZ= 0., 7o illustrate the use of the
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free energy ¥ discussed in Pert I, the geaersl equations of
ecuilibrium shsll be derived in this section by the energy
method,

Let x, ¥, 2 be a Carteslan coordinate éystem such that
x, ¥ are in the reference plene and Z is normal to them, Then
for small strains, Sz , Txz , yz may be assumed to be zero, Con-
sequently, the stress-strain relations end free e¢nergy ¥ may be
written as*

€x = Jg(“_x-”ry) + €y

E} = ‘—lé (ry "Yg\x) + €r 5 (:;"l)
(1+»)
Try = 'J—lg"“ Txy

s = . E E 2 erECex + ey)
. V-a +Lrer = %.T—_y"ii[e"+c7}1“1(""'3(€ref‘#rx)')}‘ e ;

The strain exrression may be written in two parts, ome corres-
ronding to extension in the reference plone and the other
corresponaing to bending about the reference plane, Thus one

may wrilte / "
% " f i”
x 2 €x +Zz€ , €y=¢8 +2¢& , ny’-'ij‘*ﬁrxy.

It is well known that 1f extension in the reference plsne due to

bending is included

(DU VDWW I u g 2wt Podu U | W oW -
ex = 53 +2l53) 5 & ﬁ*z(q)’nf%‘g*ﬁ*ﬁﬁg'(b-b)
Similzrly, - Fawr T P .. 2
2 7 ex e ._ﬂ-a'-z 5 e)t == -Dal. 5 Txy - -brjgia b

where U, Vv, w ure the displacements in the x, y, 2 directions
respectively, with these expressions for the streins, recelling
thet SEZJE = 0, snd thet Y = constant, one obleins

- ‘ ! "
Itg_r—a. +—,LL-|—E—),.Q:)C]2 = A 4 M s

vee rPart I
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where g = L g"”ﬂ (&) +ey )= 2-v) (ex e;r - _'TT.’;}} ~(ef +e3) N

17 e ¥ W u
"= L ot ’{ (ex tey) = 20-v) (ex"e, = ')'j -(ex’ «e-;)M

o) ()

» D 5 N, , My have been identified previously. Let b be
the normal load on the plate (regarded as nEgative in the positive
direction). Then the virtual work donc by pis - §[(Pwdxdy .
The work done at the ends gives rise only to boundary terms,
which do not affect the form of the equilibrium equations,

Hence, the eyuilibrium ecuations may be obtained by setting*
S (f(w't w”+ hw)dxdy =0 (2.1)
for arbitrary variatlons in the u, v, w, while T iz kxept con-

stant ut each point. UNow,

5“1“0‘31&1 = gg 'PS'“J’A):&] .
S SS wudqéy = 3” %i:z![ ( 'p_‘_}.l _%J) —2(4= ni'ﬁ_i {—(%Yﬂdﬁé) + Sff MT(?’t{"’-aoT)A'XAy.

- “ D“’(D +_—\4c£u:cl9;dy

DAY

In the last expression, the boundary terms have not been written
out, since they will eventually cancel out on account of
boundary conditions. To obtain s{{w'dxdy, it is convenient
to m&ké u&é of Nx s Ny 5 Ny, defined previously us the sec-
tional normal forces and shearing forces. It can be shown that,
aside from,boundury terms,

_sgfw’ézdy H(ﬁ_ﬁ' +”ﬁxy);,q49;dy + H ('D-;:-i” t "%”)8\7&1 dy

N;,)qkr (’O_D_h_iy +ﬂ%xy)%.?;iswakéy.

(oNx 2
74 DX

“{ N, e A N’)‘MWI * N7 .1

® . Part __I’ (9.2)0
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By (x4+9) the equilibrium equations'ére therefore,

DNy DNxy .

2K 24 !

PNsy 2Ny o, , (%)
X ?

oty P 2-4r AT

D (EL"';{L) “_1’+NX'51_:+2N”W+N)' 24 -

These are the sawe eyuations as one would obtain for &« plate
et constant Lemperature, confirming the fact thaet forwnlly the
eguations of eguilibrium cannot change; The bnly effect of
tempersture is on Lhe form of the stress-struin relstions,

One now lantroduces Alry's stress function F such that

1 L5 T,
. BE ¥ 4 I il ==
NX: DY > Ny= > A 5 N)“j - 01??“) .

Recalling that N« , Ny , Ny, &re not independent but are

connected by the compatibility relation,

‘fEx ?\'3, _ ‘b‘_(x, ?l(_&" W & ('Bi’k" )1
DY * P o 2x2Y T oox* Ch \px Yy >

obtained from (£,2) by elimineting u, v, one obtains the

following two fundamental euetions,

1 LS -
) " ©)(  Tw > W DA
(2 +20) F = -y o”f (C2y- FRFEL

‘| e 3"
“+ o 1 S
o, 3 2 2E Yo ., TETE, TRV, (£.4)
b (5§=+;§1)W=-1> AT S 7 L VR x 9]

Ny 5 Ny » Ny o Mxs M, My, ere of course given by,

Np = 87 2 2 (3

Ny = 3Vh 5% + 55 IS

ny = tbtp,(l—!")(’g% + 2—‘5 “+ _z:’_ur?_gir) ,

My = My v s (D ) (2.5)
My = Mg F ¥ (v%’, + -D%r,) ’

Mxy = u-nn“’-—%‘%—
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Introducing the following non-dimensional quahtities,

‘il A LT PLLE NS TR
'ﬁ’%%,»%’EMJ ) gx:

Mg L Mys Sy My -
T=%%';,MT %JWT'%I?IT’

*_ ¥ <

D L2 e¥ Ll (Lynf(2e gy Te T
(Fw e = vy {i 20t 28 el
1 + L. A g [
£ I~ 'OLF-"D"N > 412_1 YF 2w (_1“‘5)
(GgrZt o= p (-0 S5 5 - St poe)
where % '
N-_'i_# N__-b_\ﬁt N‘g;-_z’*
YT TR 7 239y > (£e7)
snd @ % W y Pl *
W
Ny = 12 + {(;g)+rﬂ7 + T(Eq)"Aﬂ',
-]
20,
ij :Yf—g, +-E(?;~)1'+ ?-Di +4+( "ﬁ;) -Ny
- ? 2w VW
Ar;p— —kll—f)(’%—i & -5'-;({ 1--—66—) :
M; = MT + _,%'l';\. = o f_%“;—JL > (ztd)
2 -b‘L
M']: MT + (—%‘“'):. o 1;’;1- ;
g2
3y =0 ﬂbgar)

The yroblem of & flat plate having & thermal gradient of

the present iyre i: therefore reduced to the solutidn of

eguation (x.6).

]

As remarked previously, these ejuetions ure

formally the same as 1f no thermel gradient 1s present. . The
real difference, however, lies in the fsct that eguctions (L.5)

arfe Ne lLonger numogeneous,
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Fo use the energy method for apsroximste solutions,

(Ref., 3), an arrrorriate expression for w which satisfies the
boundary conditlion involving « may be assumed with undetermined
constants, Then by meens of the flrst of equations (£.6), F
mey be solved, From (£,7) and (%.8) the strain components may
now be determined. Using this information [fw'dxdy | ({ w”dxdy
can be caleulated, The princliple of winimum thermodynemic
rotential then enables one to obtein ecustions conanecting the
undetermined coefficients, The difficulty of the plate problem
is in the solution of the bi-hurmonic equations, such that ell
the arzropriate boundury conditions are sstisfied, The situztion
is more complicated when a temperature gradient exists, beceuse
it results in more complicated boundary conditions zs shown by
ecuations (5.8).

Ia the present discussion no abttempt shell be mude Lo solve
the problem analytically, The obJective shzll be to discover,
if possible, éome similarity rule by mesns of which the stresses
und strains in & hezted plete mey be rredicted from tests made
on cold specimens, One could proceed, in o similar mencer as
in the case of thin cylindricel shells, by & rerturbstion rro-
cedure, However, as in the cuse of & shell the edge
conJitions Tor the comperison plate may be difficult to
secure €xrerimentaily. On the other hind, there is o much
simpler method which can be used for plates 1f one iz willilng
to use & curved plate of constant curveture. It is cleér that
if the heatéd plate is free from external constreints end lozds,

i1t will bend into ¢ srhericzl shure, together with lateral
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axtensions, when & temperature gradient exists and is in the
dirsction norﬁal to the plate, Under such conditions the
sectionul forees end moments must all venish, although locel
stresses may exist, In the ayproximate theory of rletes only
the sectiontl forces and moments are 1mportaﬁt. Consequently,
& hected plate, wfter free expansion, m&ay be regarded as a
curved plate of constant curvature, i.e., as if no locul stress
existss, so far as the calculation of deformation &nd streins
is concerned., From this point of view, to outain & comparison
rlate one need only choose & curved plate of arrrorrizte curva-
ture, somewhat over-sized to allow for the lateral . expansions,
~To determine the disyplacements ol free expansion, it should
first be noticed that M. is generally small, fherefore extension
of the reference plane due to w mey be neglected, This mesns
that the non-lineur terws, (373), (32)°, 39)(35), may be drorred
from the expressions (t.8), Hence, putting all the sectional
moments end forces to zero and integrating, one obtainsg

Lo
2

T

% ' N‘ . s
;+7L) 2 ‘f"' |+f g 3 ’1”: + r ? ' (k‘.’f.gj

w= =

the displacement at ¥ = 7 = O being taken us zero, The curva-

ture of the deformed plate is clearly given by - f% . Prut

u,r (o)

now ¢ ¢7rg" , s ¥ , 0= 9%+ 0" , where ¢, 37 ,
are given in syuations (£.9), end substitute them

into (w.8). The resultant aquations are

1, -., . tr) _E‘E 'B( ujw) 1}__ }(‘0 ouu) *'iff 'b‘-(k)u-;‘d“)f
2% vn]) = P{ i ?5? ST 3321 5 Py 5

(5=

bl. . "- ‘11 ll.) L() M
(o;, 1)F ==V )i 1,1',',,]) [——,J:“p.) ) + M, (7’5" ro?‘ ?f (£410)

- " Ly
& U"\“J{(‘:,;:,J) {:;’.)(3‘;») + My (1‘;"’"07 )u} } 5
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since M, 1s assumed to be small, The relations comiecting
N% s Ny s Nyy 2 My 5 My , Mg, and W', fm , ¥ reuwsin the

N " *
seme w5 (~e8) if M , Mr in these exgressions are put to zero,

l.e.,
2" w2 2y v [ 2w
Ny» 55+ (55055 - £(55)
I J) ) 'Bm“’i—
2y 8y o2 & £ (5E)
Ny = = +J-£( q) 3 = % ?
29 5
0,3 (L7 ,a ‘?uf ?‘-\JUJ fb mu)
N;,}—-“g_'“—"f)(ﬁ +—-l—"+,6—' "—‘i) k]
My = 290 4 o307 (xa11)
s @;1 "D?"' 9
2w e
M? = Y ——S—I “* __?',_ 5
1T )
D W
Mgy = (=) gy

The set of equstions (£.,10), (<.11) will be reéognized to be
the same equetions for @ slightly curved plate, Hence, one
may imcedigtely conclude thual the problem of & hestea plate

of the present tyre may be comyered with that of a curved plate
such thut f=P.§=P,en1’—%¥§= %— s where the barred quaniitles
are referred to the comgarison cylinder, = being ths curveture

R
of the compurison cylinder., The boundary conditions for the

¢ = §-9° , =%+ , together with similer relutions

betwesan their derivatives.

% Stretching of reference plane due to M, being neg-
lected,

N
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