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As expected, the same steady state is reached as in the first simulation (Fig. 2.2d). In reaching
steady state, the two spectra must cross. This happens at ¢ ~ 40, when both spectra are identical,
with slopes equal to —3, and with outer scale energy equal to ~ 0.3. The time to reach steady state
is considerably longer in the constant flux simulation than in the constant energy one. Steady state
is reached at ¢t ~ 250, as opposed to ¢ ~ 50 in the previous simulation. This may be attributed to
the fact that most of the flux that is input at large scales is continuously being lost at small scales.
Therefore, the constant flux simulation is less efficient at growing the spectra than is the constant
energy spectra.

In sum, these two simulations show that the pinning of the spectra occurs very quickly. In
addition, both the evolution of the spectra towards steady state, and the behaviour in steady state,
can be understood with simple heuristic arguments. However, there is one exception: the relation
between the ratio of the fluxes and the spectral slope, €' /et — 1 ~ a, the coefficient of which (i.e.,

1) can only be obtained by considering the steady state kinetic equation.

2.6.3 Decaying Turbulence

For our third simulation, we allow the spectra to decay without injecting any energy. The initial
condition is the steady state spectra from the previous simulation, see Figure 2.3. At the outer scale,
the cascade time of the down-waves is ~ 1/e'(kout) ~ 1, s0 e¥(kout) decays on this timescale. More
precisely, from the values plotted in Figure 2.3, et oc exp(—0.5¢t) at fixed k.

The cascade time of the up-waves is much longer. Initially, t{,, ~ 10 at the outer scale; as et
decays, t!,, increases exponentially. So e (kout) does not evolve. Nonetheless, t/,, is smaller at small
scales, and there is some evolution of el at large k.

The spectra appear to evolve in a self-similar manner, with the spectra remaining pinned at
their dissipation scale. The end result is that the energy in the down-waves disappears, while
the energy in the up-waves is nearly unchanged. Decaying weak turbulence is unstable: an initial
imbalance between up and down waves is magnified exponentially. A similar instability occurs in
strong turbulence, as suggested by Dobrowolny et al. (1980) in the context of the solar wind, and

as seen in numerical simulations of strong turbulence (Maron and Goldreich 2001, and Cho et al.

2002).

2.7 A Model of the Kinetic Equations: Coupled Diffusion

Equations

It is instructive to consider a very simple model of the kinetic equations. In this section, we develop

a model in the form of two coupled diffusion equations. Investigation of these model equations



68

100,

10—10

10-20

10-%0

100 10t 102 108 10%

Figure 2.3: Decaying Simulation of Kinetic Equations
Spectra of et (dotted lines) and e' (solid lines) at the following times: t = 0,25, 50, 75, 100, 125 (from
top to bottom).
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illustrates that the pinning of spectra is quite general; the only requirement is that the cascade
time of one type of wave be inversely related to the energy of the other type. A second reason for
considering model equations is that they can be simulated much faster and more easily than the
kinetic equations. Finally, by contrasting the kinetic equations with the model equations, we can

gain insight into the behaviour of the kinetic equations.

2.7.1 Derivation of Coupled Diffusion Equations

Our model equation is

et =2 &t (2.52)

where €' is the flux. Since the energy of the up-waves is proportional to the integral of et over d*k,
ke' is proportional to the energy per unit k. For €', we choose a form that depends on the following
quantities evaluated at k: et, ef, and Oret. By contrast, the kinetic equation depends on e' and
et evaluated at a range of wavenumbers, so our model equation is much more local in & (in fact, it
is exactly local). For the cascade time of the energy in the up waves to have the correct form (eq.

[2.16)), i.e., ths = (A/wi)2(va/A) ~ (k*et) =1 (va/A), we choose

A 0
et — 68 (BT
€ vAe k % (k e ) , (2.53)

where 3 is a constant that we specify below. Of course the above relation for the flux gives the
correct steady-state scaling: efet oc k=¢. The evolution equations for et are the same as for e' (eqgs.
[2.52] and [2.53]), with 1’s and |’s interchanged.

With e oc k=G+9) et o k~(3-%) we can relate the steady-state fluxes to the energies:

& = f(a)[kGeT(k)el(k)]% , (2.54)
& = fale B () (2.55)

where
flay=2+a-5. (2.56)

These relations are analogous to equations (2.32) and (2.33). To make the analogy closer, we choose
£ so that f has the same dependence on « as does f in the limit that the cascade is nearly balanced
(i.e., |a| < 1). Since €'/&* = f(a)/f(-a) ~ 1+ a/(1 — /2) in this limit, we see by comparison
with equation (2.35) that we should choose 3 = 0.

Collecting results, our model equations are two coupled diffusion equations:

—(elkﬁ%ka) — vk2e® (2.57)
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9. A

10 d
2 (kS =ke') — vk3et 2.58
ot vAkak(e Bkke) HEET (2.58)

after including dissipative terms.

These equations, while much simpler than the kinetic equations, share many of the same features.
Since the cascade time of the up-going waves is inversely proportional to the energy of the down-
going waves (and vice versa), the argument for the pinning of the spectra in weak turbulence (see
§2.3.3) applies here as well. Moreover, in steady state, these diffusion equations suffer from the same
degeneracy as does the kinetic equation: the constancy of €' and €' is insufficient to determine the
scaling of e! or et separately. This degeneracy is partially broken by the dependence of the fluxes
on the slopes (egs. [2.54] and [2.55]); we have chosen this dependence so that it is the same as for
the kinetic equations in the limit that the cascade is nearly balanced (|a| < 1). In the following

section, we present numerical simulations of these equations.

2.7.2 Numerical Simulations of Coupled Diffusion Equations

We run two simulations of the coupled diffusion equations. As with the kinetic simulations described
in §2.6, the first simulation has fixed energy at the outer scale, and the second simulation has fixed
flux. And, as before, A/v4 is set to unity, functions of k are evaluated at k = 2i/8 4§ =1,...,100,

and the viscosity is v = 3 - 1075.

Fixed Energy at the Outer Scale

For our first simulation, we fix e’ (kout) = 1 and e*(kout) = 0.1. The evolution is shown in Figure
2.4. Tt is very similar to the evolution of the kinetic simulation (Fig. 2.1). As before, the spectra are
pinned quickly. And since, by design, the predicted steady state relations for the diffusion equations
are the same as those for the kinetic equations (egs. [2.45]-[2.50]), the steady state behaviour of
the two simulations are nearly identical; compare Figures 2.4d and 2.1d. Nonetheless, there are
two differences worthy of note. First, the slopes of e’ and et do not have a spike near k = kout-
The presence of such a spike in the kinetic simulation is due to the extrapolation of the spectra to
k < kout (see footnote 8). Since the diffusion equations are exactly local in k, such an extrapolation is
unnecessary, and so the behaviour is much smoother near k = kq,. Second, dissipation is important
where the cascade times are ~ tqiss/15 (see bottom panel of Fig. 2.4d), instead of ~ t4iss/3 as for
the kinetic simulation. Therefore, we should use an effective viscosity veg = 15v in the predicted
steady state relations. In particular, the prediction for « (see eq. [2.46]) becomes @ = 0.17 with this
Voff -

From the output of the code in steady state, the fluxes are e’ = 0.308 and ' = 0.260. Thus
€' /et — 1 = 0.18, while the predicted value is «, i.e., 0.17.
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Figure 2.4: Simulation of Diffusion Equations with Fixed Energies at the Outer Scale
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Figure 2.5: Simulation of Diffusion Equations with Fixed Fluxes

Fixed Flux at the Outer Scale

For the second simulation, we inject energy at k = koy at a fixed rate, equal to that found in steady
state in the previous simulation; i.e., e’ = 0.308 and % = 0.260. For the initial condition, we divide
the previously found steady state value of ' by 10, and we multiply et by 10. The evolution is

shown in Figure 2.5. It is very similar to that found in the corresponding kinetic simulation (Figure
2.2).
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2.8 The Bottleneck Effect

The bottleneck effect appears in numerical simulations of both hydrodynamic and MHD turbulence
(e.g., Borue and Orszag 1995, Biskamp 2000). A trick that is commonly used in simulations is
that the viscous term is modified from the diffusive value vk?v to v,k™v, where n is typically 4 or
8, and v, is the hyperviscosity; the resistivity is modified in a similar manner. This trick makes
the dissipation lengthscale slightly smaller. Thus a smaller part of the spectrum is subjected to
dissipation, and more of the true undissipated spectrum can be observed for a given dynamic range.
Although this trick does work, and the dissipation lengthscale is made smaller, there is a problem:
the spectrum on scales slightly larger than the dissipation scales is made flatter. The energy, in
effect, is backed up. This is the bottleneck effect. It can be particularly problematic in simulations
of strong MHD turbulence, where the energy backup can affect lengthscales considerably larger
than the dissipative scales (Biskamp and Miiller 2000, Maron and Goldreich 2001, although Cho
and Vishniac 2000 show a less extended backup).

This motivates us to investigate the bottleneck effect in weak turbulence. If the bottleneck effect
appears, its interpretation will be simpler than in strong turbulence. We perform two simulations
of the kinetic equation, one with hyperviscosity of the form v4k*, and the other with vgk®. In
each simulation, we fix the energies at the outer scale, e (kout) = 1, e*(kout) = 0.1, and allow the
spectra to reach steady state. The steady state spectra of kSefet are shown in Figure 2.6, offset for
clarity. Also shown is the simulation with ordinary viscosity described in §2.6.1. From this figure it
is apparent that weak turbulence suffers from the bottleneck effect; the effect becomes larger with
increasing hyperviscous exponent.

The bottleneck effect can be understood as follows. Consider an up-wave on a lengthscale slightly
larger than dissipative scales. It is cascaded by down-waves that have slightly different lengthscales
than its own. Hyperviscosity gives a sharper dissipative cutoff to the down-wave spectrum than
ordinary viscosity. Therefore a hyperviscous simulation has fewer down-waves in the vicinity of the
dissipation scale, and the cascade time of the up-wave is longer. For the up-wave energy flux to be
independent of lengthscale, a longer cascade time implies a larger energy. As a result, the spectrum

is flatter on scales slightly larger than dissipative ones. Falkovich (1994) has a similar explanation

of the bottleneck effect in hydro turbulence.

2.9 Discussion

In this chapter we described imbalanced weak turbulence and solved the steady state cascade. In a
future paper, we will extend the result to the strong cascade. One of our ultimate goals is to use the

theory of imbalanced strong turbulence to explain turbulence in the solar wind, where imbalance is
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Figure 2.6: The Bottleneck Effect

Three spectra, offset for clarity; the top spectrum has viscous and resistive terms vgk®, the middle
has v4k*, and the bottom has vk2.
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observed.

Although strong turbulence is more generally applicable than weak, the latter is a simple and
useful model. There are a number of issues in strong turbulence that are not understood. Weak
turbulence can be used as the first step in explaining them. For example, in this chapter we found
that the bottleneck effect appears in weak turbulence, where its interpretation is straightforward.
There are a number of other issues that we intend to investigate in weak turbulence as a prelude to

understanding them in strong turbulence; for example, turbulence in the presence of a high magnetic

Prandtl number and reconnection.

2.10 Appendix: Kinetic Equation in Weak Turbulence

2.10.1 Preliminaries

The kinetic equations describing weak turbulence were derived in Galtier et al. (2000) using the
theory of weak turbulence. In this appendix, we present a more physical derivation.

We consider the evolution of w' in a plane that is transverse to 2 and moving with velocity
vaZ, ie., with fixed 2T = 2 — vat. (Recall that £ is in the direction of the mean magnetic field.)

Changing variables from z to 2" in equation (2.8) gives

2 wt = —wb-V i wt + VLVI2(VJ_'LUJ':VJ_'(UT) . (2.59)
ot z,y,2T

In weak turbulence, the parallel length over which disturbances are correlated, A, is small; in par-
ticular, in the time that an up-wave crosses a down-going wavepacket, At ~ A/vy4, its distortion is
less than unity: Awl/wl ~ (wi/vA)A//\ < 1 (eq. [2.15]).° Therefore, wT undergoes small uncor-
related changes each At ~ A/vy4, and its evolution is analogous to a random walk, with step-size
Aw] ~ wl (w}/va)A/A < 1.

If, at fixed 2T, w¥ is a known function of time, then the evolution equation for w™ is linear in
w?. Nonlinearity arises because w' modifies w¥ (through eq. [2.10]); this modification backreacts
on wT through equation (2.59). Nonetheless, in weak turbulence the backreaction is unimportant
for the random walk of wT at a fixed zt. Every At ~ A/uva, the backreaction changes w] by
~ wI[(wf\/vA)A//\][(wT\/UA)A//\], which is smaller than AwI by the small factor (wf\ Jva)A/A L 1.
Furthermore, since this backreaction is uncorrelated on timescales larger than A/v4, it only effects
a small change in the step-size of the random walk. Therefore, this backreaction can be neglected,
and it suffices to consider equation (2.59) as though it were linear in w.

Our goal in this appendix is to quantify the random walk; the resulting equation is the kinetic

equation. Before doing so, we solve a simpler problem: a one-dimensional linear oscillator, de-

9We neglect the factor of 2 associated with the fact that the relative velocity of up and down waves is 2v4.
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scribed by a linear equation with random forcing. The extension to weak turbulence will then be

straightforward.

2.10.2 A Toy Problem: the Linear Random Oscillator

We consider the evolution of a simple random oscillator :

%1/)(15) =iA(t)Y(t) , (2.60)

where 1 is a complex scalar and A is a real random variable; the factor i ensures that the energy
|h(t)|? is conserved. Our goal is to calculate the evolution of (1(¢)), where angled brackets denote
an average over an ensemble of A’s, not over time.'® We assume that the values of A at two different
times are statistically independent of each other whenever the two times are separated by more than
the correlation time, Tcorr. (We make this more precise in footnote 11, below.) For simplicity, we
take A to have zero mean ((A(t)) = 0); the extension to A with non-zero mean is trivial. Finally,
we assume that the statistical properties of A—such as Teorr and Apms = ({A?))}/2—vary only on
timescales much larger than 7¢..r. Note that 1) corresponds to w;r\ in equation (2.59); A corresponds
to wﬁ, or, more specifically, to w:L\//\; and Teorr corresponds to A/v4.

There are two limiting regimes for the random oscillator, depending on whether A;msTeorr is less
than or greater than unity. The former case corresponds to weak turbulence, the latter to strong
turbulence.

We consider ApmsTeorr < 1. The change in 1 within the time 7eopr is of order Ayms7eorr?, which
is much smaller than 1. Since A is uncorrelated on timescales larger than 7corr, ¥ undergoes small
uncorrelated changes each 7¢orr, and thus its long-time evolution is a random walk. Intuitively,
we expect that the time evolution of the statistical properties of ¢)—in particular, (¢)— can be
represented by a differential equation. Our goal in this section is to derive the differential equation,
and to understand the approximations that are made in deriving it.

The solution of equation (2.60) is simply
h(t) = (0) - exp(id’) (2.61)
where At = fot A(t")dt'. We expand as follows,
P(t) = 9(0) - (1 +iAt — (AAH +..), (2.62)

where (AAY)t = fot A(t) fotl A(t")dt"dt'; note that (1/2)(A?)? = (AAY) is an identity for any A(t).

10For a textbook discussion of the linear random oscillator, see van Kampen (1992). His derivation of the equation
governing () is more rigorous than ours.
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Equation (2.62) may be thought of as an expansion in powers of A; as we discuss below, the
dimensionless expansion parameter is really the ratio of the correlation time to the cascade time.

We evaluate ((t)) as follows. Since A(t) is unaffected by 1 (0), A(t) and 1(0) must be uncorre-
lated:

(W(®)) = ((0)) - (1 +1(A) = ((AA)) +(..)) - (2.63)

Since (A) = 0, (A') = 0. Next, we consider ((AA?)!). The values of A at two different times
“statistically overlap” only when the two times are separated by less than the correlation time;
ie., (A(t")A(t' + At)) is non-zero only if At < Teorr. Thus (AA?) ~ A2 o
((AAY)") = AlpsTeorrt M

Therefore

Teorr When ¢ 2 Teorr, and

(d’(t)) = (’([J(O)) (1 - A?msTCOFrt) ) Tcorr ,S t ,S Tcorr/(ArmsTcorr)2 . (264)

Equivalently,
d
at (¥() = _AfmsTcorr (¥() - (2.65)

This equation is the main result of this section. Its interpretation is as follows: since 1) changes by
At ~ ArmsTeorr® in the time 7eorr, then after N steps, each e long, the change in v is vV NA.
Thus for order unity changes in 9, (/A)? steps are required. The resulting time is the cascade
time:

Tcas = (w/Aw)zTcorr e 1/(A?ms7—corr) ) (266)

as in equation (2.65), and Tcorr/Teas ~ (ArmsTeorr)? < 1. Although (1(t)) decays to zero on the

timescale Tc,s, the energy |1|? remains constant; the cascade of (1)) is analogous to phase mixing.
We may now proceed to derive the kinetic equation in weak turbulence. Before doing so, we

consider the linear random oscillator in more detail. If the reader is satisfied with the above derivation

of equation (2.65), the following subsection may be skipped.

The Validity of Perturbation Theory and Goldreich and Sridhar (1997)

Goldreich and Sridhar (1997) incorrectly claim that perturbation theory fails in weak turbulence,
i.e., in their intermediate turbulence.!? We explain their claim and its resolution in the context of
the linear random oscillator. In the process, we clarify the validity of the perturbation expansion.

We consider the terms neglected in equation (2.64). For example, the fourth-order term is

UFor the expression ((AA!)!) ~ Aims®Tcorrt to be approximately valid, we see how fast A must decorrelate:
(A(t")A(t' + At)) must go to zero faster than 1/At for large At > 7Tcorr; otherwise, ((AA?)t) rises faster than the first
power of ¢, and our derivation is invalid. In addition, any order unity constant that multiplies the right-hand side of
this equation can be absorbed into the definition of 7¢orr, S0 in the following we set ~ to =.

12A note on terminology: the turbulence that we and that Galtier et al. (2000) call weak, Goldreich and Sridhar
(1997) call intermediate. They call it intermediate precisely because of their claim that perturbation theory is invalid.
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(@) / (1(0)) = ({A[A(AAY)!]t}Y). In this quadruple time integral, A is evaluated at four different

times. Whenever two of these times are separated by less than 7o, the values of A at these two
times “statistically overlap,” and hence can give a non-zero contribution to the total integral. When
two of the times are separated by less than 7o, and the other two times are also separated by less
than 7¢orr, but the first two times are separated from the second two times by more than 7cor, then
this gives a contribution of () / (1)(0)) ~ (A2, sTcorrt)? = (t/Tcas)?.

Since () / (1(0)) = — A2 Teorrt = —t/Tcas, the contribution of the fourth-order term is as
large as the second-order term after the time ¢t = 7¢,5. Similarly, if we consider the contribution to
(™) / (4(0)) from correlating pairs of A, the result is ~ (¢/7cas)"; so all terms are of comparable
value when t = 7,5, and it seems that the lowest order term is inadequate. This, in effect, is the
claim that Goldreich and Sridhar (1997) make in the context of weak turbulence.

It is incorrect; although equation (2.64) for (¥ (t)) is only valid for ¢ < 7¢as, equation (2.65) for
(d/dt) ((t)) is approximately valid for all times, with corrections of order powers of Tcorr/Teas <K 1.
Since 1 (t) undergoes small uncorrelated changes every timestep of length 7corr, we expect on physical
grounds that the evolution of its statistical properties should be governed by a differential equation
that is invariant under time translations.!® Equation (2.65) is the only such equation whose small-
time behaviour is given by equation (2.64). Its right-hand side may be interpreted as the lowest
term in a perturbative expansion in Tcorr/7cas.- All of the contributions to (¥(t)) that are of order
(t/Tcas)™ must be derivable from equation (2.65). For example, if A% Tcorr = 1/7cas is constant, then
equation (2.65) has the solution (1(t)) / (¥(0)) = exp(—t/Tcas) = 1 — t/Teas + (1/2)(t/Tcas)?® + - - ..
Terms of order (t/7cas)™ in (1)) are generated from the lowest order term.

We can solve the one-dimensional oscillator exactly when A(t) is Gaussian, and thereby illustrate
the validity of equation (2.65). If A(t) is a zero-mean Gaussian random variable, then so is A, and

(exp(iA')) = exp(— ((A")?) /2).1* Tt follows from equation (2.61) that

(1(t)) = (¥(0)) - exp(— ((AA4H)")) . (2.67)

Equivalently,

d
Z W) =- (AAY) (¥) (2.68)

which agrees with equation (2.65) when (AA!) = A2 Tcorr-

Although we are mainly concerned with the limit A, nsTeorr <€ 1, we conclude this subsection
by briefly discussing the opposite limit, AymsTeorr > 1, which is particularly interesting because it
corresponds to strong turbulence. Perturbation theory is inapplicable because 1) does not undergo

small uncorrelated changes every 7co.r. Rather, its cascade time is ~ 1/ A5, which is much shorter

131t should be invariant on the timescale Teorr; Arms and 7eorr are effectively constants on this timescale.
14Proof: a zero-mean Gaussian z has probability distribution P(z) = (2rz2,,,)~1/2 exp(—22/2z2,); so (exp(iz)) =
2, P(z) exp(iz)dz = exp(—z2,4/2).
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than the correlation time of A. Therefore A is nearly constant in the time that () cascades. The
inapplicability of perturbation theory makes strong turbulence difficult, if not impossible, to solve.
Nonetheless, we can solve the one-dimensional oscillator in the strong limit. Equations (2.67) and
(2.68) are still valid, but (AA?) ~ A2 .t, so () x exp(—AZ, ,t?), and equation (2.68) is not invariant

under time translations.

2.10.3 Derivation of Kinetic Equation

We take the Fourier transform of equation (2.59) by transforming in z and y (but not z). We denote

the Fourier transform of wT by wi:

'wk = /d z wt exp(—ik-z,) , (2.69)

where k is purely transverse (k. = 0); similarly, 'w';; is the Fourier transform of w".

Since 'w;; is perpendicular to both k and 2, it only represents a single degree of freedom. Hence
it is convenient to use a scalar potential 1/),2, defined by w; = i(ié)(ﬁ)'l/);;, with k = k/k. Similarly,
wt = i(EX2)¢;€- The Fourier transform of equation (2.59) is then

ol k0 = [ 0 A pho (2.70)

where

v (1)
Ay plt) = ag k(0 = (21) £« Sk _I:Lpl'

We suppress the functional dependences of 4T and * on 2T because this equation is evaluated

(2.71)

at fixed z'; in the following, we replace the partial time derivative by a total derivative, with the
understanding that z' is fixed.!®
We use angled brackets to denote an ensemble average, in a plane with fixed zT. We define the

spectral energy densities e’ and et as follows

(VR ) = et (k, )0k + ') (2.72)
(v Ok (1) = e, )3k + k) | (2.73)

(wh i)
(wk ) -wi, )

where (k) is a two-dimensional Dirac delta-function that is required by homogeneity (i.e., by the

assumption that (w® (xL) - w®(zL + Az,)) is independent of x 1 ); note that e’ and e are real.

15Since wt is real, w; = (wzk)‘, where * denotes the complex conjugate, and so wch = (wzk)*; similarly,

w,t = (y* ))"- Note that Ay , = A* p and ag gy =a’, ., as required by the reality of wt . The differential

energy in up-waves within the k-space area dzk is proportional to dzk|w;|2 = d2k|1/1;c|2. So App = —A;) f and
U p = —a; ko 38 required by the conservation of up-wave energy. '
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From §2.10.1, %* (and hence Ak,p) can be viewed as evolving independently of 9T, since the
backreaction is negligible at fixed z'. Therefore, equation (2.70) is similar to the simple random
oscillator (eq. [2.60]), with Ak,p a random function that has correlation time A/v4. We solve it in
the same manner, using perturbation theory. Since <¢L> = 0, we derive the evolution equation for

the bilinear quantity <¢£¢£,>; from equation (2.70),

GOk = [ Epag vl vhl+ (e o k) (2.74)

where (k + k') represents a second term that is the same as the first, but with k and k' interchanged.

We expand in Ak,p3 to zeroth order,
[z/),Tczp;c,](O) = constant . (2.75)

To first order,
WhvRID = [ @l LB + (e s k), (2.76)

where A}, p= f(f Ay, p(t)dt'. To second order,

[} ¥11® = / d2pd2q{(Ak,pAz,,q)t[w}c,wa]‘f” + (Ak,ijc,,q)t[w},wgl‘°>} +(ke k). (277)

The sum of these last three equations is directly analogous to equation (2.62) for the simple oscillator.
Using the same reasoning here as we did for the oscillator in deriving equation (2.65), we take the
time derivative of the expected value of equation (2.77); we get, after setting (AA4%) = (A/va) (AA)
(with the appropriate subscripts on A), and after using equation (2.72) and integrating out the delta

functions on the right-hand side:

d A
’ 2 - 2 1.2 1 ’
ok +k )——dte (k,t) e /d p{ <Ak,pAp,—k’> el (k',t) + <Ak,pAk’,_p> e' (p, t)} + (ko k).
(2.78)
We use equations (2.71) and (2.73) and e (k,t) = ef(—k,t) to re-express this as

d A ;
= ot — 5" 2 1 —et 20d (ko —
2° (k,t) _2’UA /d p(e'(p,t) —e (k,t))|ak’p| e*(k —p,t) . (2.79)

Since each upgoing plane with fixed 2z interacts with many statistically independent downgoing
waves before cascading, it is reasonable to assume isotropy in planes transverse to 2; after inserting
equation (2.71) for ay, p and changing variables,

d A 0o 2w ‘ 1
d—eT(k,t) = —k2/ dkyky? (e (ky,t) — eT(k,t)) / df sin20cos20w : (2.80)
T VA 0 0 k

1
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where

ky = (k? + k4?2 — 2kky cos6)1/2 . (2.81)

We have redefined A to absorb the factor of =, i.e., A/r — A. Thus far, we have only considered
a single plane with fixed z'. If we assume that the turbulence is homogeneous in z, the z-average
of the above equation is trivial. Similarly, we re-interpret angular brackets to denote z-averages in

addition to an ensemble average.

2.10.4 Steady State Fluxes

In steady state, we set the right-hand side of equation (2.80) to zero. We try power law solutions,
el (k) oc k=B+er) eb(k) oc k~(G+) | in which case the right-hand becomes
A

k
[GT(ko)el(ko)kg+a1+al _] kZ/ dkaT3 (kT—(3+OIT) = k—(3+m)) (1 — (kT/k)aT‘i"”) :
VA 0

2w —(54+ay)/2
/ df sin® 6 cos® 0 (k2 + ky? — 2kk4 cos 9) e (2.82)
0

Note that the square-bracketed term is independent of ky. The above expression follows after
breaking the k4 integral into two pieces: one from 0 to k, and the second from & to co. Then, the
change of variables ky — k?/kt is made in the second piece (a Zakharov transformation), so that its
limits are now from 0 to k. Finally, this second piece is combined with the first.

In steady state, equation (2.82) must vanish, so
Q| = —ay . (283)

Since w] ~ (k%e")1/2 oc k=(1+21)/2 and similarly for wY, equation (2.83) is equivalent to wlw oc A
(eq. [2.19]). The vanishing of d;e* in steady state yields the same relation as equation (2.83), and
so does not give new information.

The flux associated with e is given by integrating the right-hand side of equation (2.80) over
d?k from 0 up to any particular k. The steady state flux is thus given by integrating equation (2.82),

with ay = —ay. The result of the flux integration is

& = f(an) [¢"(ho)e kg ] (2.84)

where f(ay) is a dimensionless function of as:

1 2m
flay) = 27T/ dza® lnm(z‘_(3+a7) -1) df sin® § cos® §(1 + z* — 2z cos f
0

—(5—at)/2
0 )

. (2.85)

A technical note: although equation (2.82) vanishes in steady state, its integral over d?k gives a
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factor of a4 + ) in the denominator, which also vanishes in steady state. This 0/0 ambiguity can
be resolved by considering the limit as a4 + @) — 0 (L’H6pital’s rule).

Equation (2.84) and the corresponding equation for e*, are equivalent to those used in the
heuristic discussion (eqgs. [2.32] and [2.33]).

Galtier et al. (2000) plot the function f(«) after numerically integrating the steady-state flux
integral.!® They show that —1 < a < 1, that the steeper spectrum always carries more flux
(i.e., f(a)/f(—a) is a monotonically increasing function of «), and that in the limit that o — 1,
€' /et — 0. (Clearly, this also implies that in the limit o — —1, €' /et — 0.) In §2.3.4, we explain
the physical reason why —1 < a < 1. When this condition is violated, the cascade becomes nonlocal.
Galtier et al. (2000) find infinite fluxes when these inequalities are saturated because they consider
an infinitely extended spectrum, which leads to unphysical results when the cascade is nonlocal.

As discussed in §2.4.2, in steady state we are primarily concerned with the case that the up- and
down-going fluxes are comparable, so |a| < 1. In this limit, we linearize f about a = 0, yielding
approximately

fla) = f(0)-(1+0.5a) , |lof <1, (2.86)

This result is used in §2.4.2 to calculate the energy spectra given the fluxes €' and e*.

6 More precisely, their figure 2 is proportional to [f(a)f(—a)]~1/4, and their figure 3 shows f(a)/f(—a).



83

Bibliography

[1] Biskamp, D. 1995, Nonlinear Magnetohydrodynamics (Cambridge: Cambridge University Press)
[2] Biskamp, D. 2000, Magnetic Reconnection in Plasmas (Cambridge: Cambridge University Press)
[3] Biskamp, D. and Miiller, W.-C. 2000, Phys. Plasmas, 7, 4889

[4] Borue, V. and Orszag, S.A. 1995, Europhys. Lett., 29(9), 687

[5] Cho, J., Lazarian, A., and Vishniac, E. 2002, ApJ, 564, 291

[6] Cho, J. and Vishniac, E. T. 2000, ApJ, 539, 273

[7] Dobrowolny, M., Mangeney, A., and Veltri, P. 1980, Phys. Rev. Lett., 45, 144

[8] Falkovich, G. 1986, Phys. Fluids, 29, 701

[9] Galtier, S., Nazarenko, S. V., Newell, A. C., and Pouquet, A. 2000, J. Plasma Phys., 63, 447
[10] Galtier, S., Nazarenko, S. V., Newell, A. C., and Pouquet, A. 2002, ApJ, 564, L49

[11] Goldreich, P. and Sridhar, S. 1995, ApJ, 438, 763

[12] Goldreich, P. and Sridhar, S. 1997, ApJ, 485, 680

[13] Iroshnikov, P. 1963, Soviet Astron., 7, 566

[14] Kraichnan, R. 1965, Phys. Fluids, 8, 1385

[15] Lithwick, Y. and Goldreich, P. 2001, ApJ, 562, 279

[16] Maron, J. and Goldreich, P. 2001, AplJ, 554, 1175

[17] Montgomery, D. and Matthaeus, W.H. 1995, ApJ, 447, 706

(18] Montgomery, D. and Turner, L. 1981, Phys. Fluids, 24, 825

[19] Ng, C.S. and Bhattacharjee, A. 1996, ApJ, 465, 845

[20] Ng, C.S. and Bhattacharjee, A. 1997, Phys. Plasmas, 4, 605

[21] Shebalin, J.V., Matthaeus, W.H., and Montgomery, D. 1983, J. Plasma Phys., 29, 525

[22] Sridhar, S. and Goldreich, P. 1994, AplJ, 432, 612



84
[23] van Kampen, N.G. 1992, Stochastic Processes in Physics and Chemistry, Chapter XVI (Ams-

terdam: Elsevier Science Publishers)

[24] Zakharov, V.E., L’vov, V.S., and Falkovich, G. 1992, Kolmogorov Spectra of Turbulence I
(Berlin: Springer)



