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Theorem 5.10 (The First Main Result). If K({-)/K is cyclic, then

BP5 < B(K(Gr),§) ™ Cr (K, §') N

where S' is the set of primes of K((r) over primes in S', which is a given
subset of primes of K containing all the finite primes in S and satisfying

l‘r#CEK,SUSW;
rw = Y(Clk sus,,) + #(S U Se) — 1,

and f is the conductor of Py in P.
This is Theorem 5-C.

Corollary 5.11. Assume that K((r)/K is cyclic. Then

BP1, BP2 < B(K(Gr), $)™ " Cr (K, 8) [] N(xp)
peS

The above theorem and corollary complete the proof of Theorem 5-A.

Next, consider the case when m = 27, r > 3 and K ((»r)/K is not cyclic.
We need a stronger statement than Proposition 5.6 and Corollary 5.7.

Recall that, s is the largest integer such that 7os = 2 Re((os) is in K,
So={p |2 —1,%(2+ ;) are not squares in K }

and

i

i 2 T
ap = (1 +()” = (V=Impst1)” = nois



124
Proposition 5.12. Letl =2, m = 2". Assume that K ({>-)/K is NOT cyclic.

(1) When So € S, Let W € K5 a subgroup in K* of rank rw, and let W
be the Z-essential closure of W in K({ar).

Let q be a prime of K in Sy, not in S and
i=Vgn...nV,

separating H%{T(czr) : W/II%(QT), and V; is selected, as in Proposition 5.4, for

-Kl = K(CT");
S":={p a prime in K1,p dividingp € S'}

where S” be a given larger set of primes of K such that #Clk s1ys,, is odd.
Then V = (V NIg) NV separates I¥ - W/I* and Nfy < Nfy, Ng*, where
A is defined such that 1+ ¢* < Uz,
(2) When Sy £ S, let V1 be chosen above, and let q be a prime with divisor
q1 in K(v/=1) such that q; is inert in K (Cyr).

Then V = (Vi N1k) NV, separates 12" - W/I* U qol%".

Propositions 5.6 and 5.12 play a crucial role for our method, and we will

prove them together.

Proof of Prop 5.6 and Prop 5.12.

Keep the same notation as in Proposition 5.6 and Proposition 5.12.

We need to prove that V = (V; NIg) NV, separates 15 W/Ik or 1% W/I% U
1% aj. Equivalently, it suffices that I'%V separates W/W" or W/W*" U aqW"

since W is Z—essential. See Section 5.1.
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Note that W c K, and S’ is the set of primes of K; = K (¢ir) above the

primes in S’. Here recall that S’ is some given set of primes of K containing
Sf such that ZT#CKK,S’USOO-
Let W be the Z-essential closure of W in K- 1§'. Assume a € W N ]IQV.

Then a € I%V; C Ik," V4. Thus by Proposition 5.4.
a e Wnlg'"Vi cW¥

Write a = b" for some b € K((r),

bo = b,b1,by, ... ,bir_1 are all ["-th roots of a in W, and b; = b}, for all 1.

Case (O): K(¢r) = K. Here the assertion follows from Proposition 5.4.

Case (I): K(¢r)/K is cyclic of degree > 1 and some prime q of K is inert
in K(¢r).

Since a € I,V C I%V,, we have a € qulr as1+q = (1+q)" in K as
g 1. Thus one of b; lies in K.

However, for any i, K(b;)/K C K((r)/K and q is inert in K({)/K, thus
q is also inert in K'(b;)/K, and b; & K¢ if b; ¢ K*.

Since for some 7, b; is in ch, this b; must be in K*. So a € K*". Hence

a € WY since W is Z—essential in K*.

Case (II): K(¢ar)/K is not cyclic and S € S. Let g € So — S and X an
integer such that 1+ q* C U, .

Since the 4-group subextension K (v/—1,v/2 +12)/K of K;/K does not
collapse when localized at g, the decomposition group G4(K;/K) is the same

as G(K1/K) (see Proposition 1.11 in Section 1.3).
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Therefore, we have a € K for a € W2 NI V.
Then a = b;*" for some b; € K.
However, b; ¢ K* = b; ¢ K as Gy = G. We conclude that some b; must

be in K%, So a € K** . Hence a € W?'.

Case (IIT): K({or)/K is not cyclic, and Sy € S.

We will prove:
WNIx S W UaW?.
As we have already had (from Case (1))
WNIE S W NI oV < W

while W* denotes the Z-essential closure of W in (K(v/=1))*. Thus the
remaining is a result of the following lemma (also see Proposition 1.11), which

in fact is proved in Chapter 1. O

Lemma 5.13. Let K be a number field, and s the largest integer such that
nes € K. Assume that K((t/K) is not cyclic.
Put ag = 1mps%" = (\/—17725)2t_1 =1+ Czs)2t and assume that a = b* for

a€ K> andbe K(v/—1)°. Then

t t
a € K*% UaoK™?
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Now we work on Problem V' in the case when K((-)/K is not cyclic.

Let us study the proof of Theorem b5.10. If we have found V separating
WI? /T¥, and P(m,S) = K*™ holds, then everything in the proof still works
when K((>r)/K is not cyclic. This happens in the case Sy Z S, when we
select V* = V5 N V; where § is the conductor of F in P, and V} is selected as
in Proposition 5.12.

Note that in this case, the fact P(m,S) = K* comes from Proposition

1:41.

Then it remains for us to consider the special case. Recall that in the special
case, Sp C S. Also, we need the condition aj € Fp.
Recall that aj has local components ag at the primes in Sy and 1 elsewhere.

Also note that ag € K™ for p ¢ Sy, hence ag - I*" = aj - I?".

Lemma 5.14. Let m = 2". Assume that K((,)/K is not cyclic, Sy C S
and af € Py. If Vo separates WI™/I™ U agl™, where the conductor of Vo does
not involve any prime in S, then V* = Vo N'V; separates P/ Py, where f is the

conductor of Py in P.

Proof.
The proof of this lemma is almost the same as the proof of Lemma 5.9.

Similarly, For any =z = (z,) € P N WI™V*, write

zt=a+-Z™ R, aeW,Ze€l,R=(R,) e V"
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Without loss of generality, assume that

z, € Ok, pesS

It is clear that x € V4 by the same reason as in the proof of Lemma 5.9.

Thus since Vy D V* separates I™W/I™ U aol™,

TR =aZ™ € VonWI™ C I™ U aqoI™

Taking the local components on both sides at any p ¢ S, and being aware
that z, = 1 outside S and aol™ = agl™. We have R, € K™ outside S.
Also, it is clear that a € I™ U agl™ and thus a € K™ for any finite p ¢ So.

So a € P(m,So), hence a € K*X™UagK*™ by Proposition 1.11 (see Section

1.3).
Set
w=][[R,eP
pes
and ' = Rw™1.

As Ry, € K} for p ¢ S, we have v’ € I™.

Note that

zwl=zR %W e (™Ua™NPCP

and

weV*NPCcViNPCRH
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We have z € P,.

O

From this lemma, we have P N K*XI™V* = PN WI™V* C B, where V* =
VoN'V;, Vp is found via Proposition 5.12 such that V4 does not involve primes
in S and Vj separating W - 12" /ag - 12" UI?", and f is the conductor of Py in P.

Furthermore,

rw+1

Nfy+ £ By(K (Gar), S') - Cyr (K, S") - Nf

Then we get the following main theorem of the special case. Here we abuse
the notation; we denote Cy- (K, S) as the least bound of the norm of the finite
prime in K (if K ({sr)/K is cyclic) or K (1/—1) (otherwise) which is not dividing

any primes in S or 2, and is inert in K (o).

Theorem 5.15. If m =27, K({3)/K not cyclic, So & S and af € Py, then

rw+1

BP5 < By(K (), S') . Cor (K, S') - NY.
pr()ESO—S;é@, then

BP5 < By(K(G), )™ - po* - N¥,

where \ is the smallest integer such that 1 + po* C Llf{:o.

This is Theorem 5-D.
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Corollary 5.16. If K((y)/K is not cyclic, Sy € S, and

H Xv(ao) = ]-a
VESH

then
BP1,BP2< By(K((),§)™ ™ - Oy (K, 8) - NF,

where rw = ¥2(Clk sus,,) + #(S U Sx) — 1, and | is the product of the con-
ductors of xo.

IfﬁoESg—S#@, then

rw+1

BP1, BP2 < By(K(Gr), §)™ ™ - po* - V¥,

where X\ is the smallest integer such that
1+ po* C U, .

The above theorem and corollary complete the proof of Theorem 5-B.

5.5 Proofs of Theorem G and Corollary H

In this part, we will plug in the results in Section 2.4 to prove Theorem G
and Corollary H of page xvii.

Theorem G can be directly deduced from Theorem 5—-A and 5-B. In fact,

rw+1

C(K,S") is absorbed by B(Kj,S") . Also, note that if (SS’) holds, then
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A <e(po/2)(r+1) (r > 2) since

14+ pg(PO/z)(""-l-l) - u}z{lo

where e(po/2) is the ramification index of pg over 2 (see Proposition 1.2 and

rw+1

its proof). Thus, Npo" is also absorbed by B(K1,S")

Corollary H is easy to get from Theorem G as Q has class number 1 and
rw+1=|SUS|. It gives a good least bound of N such that p is not an I-th

power and [" | ¢(N).
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Chapter 6 Results assuming GRH

From now on, we assume GRH (Grand Riemann Hypothesis) which asserts
that for a number field L, the Dedekind zeta function {; has no nontrivial
zeros beyond the critical line Re s = % for a number field L. Proving such an

assertion is of course far beyond reach at the moment.

We will prove Theorem I which answers the effectivity problem of the
Grunwald-Wang Theorem in the general case assuming GRH.
Also, a sharp result for the quadratic extension case assuming GRH will

also be given.

6.1 S—versions of the Chebotarev Density

Theorem with GRH

In this section, we will prove two distinct results which are the S—effective
versions of the Chebotarev Density Theorem with GRH. They are analogies
to the results in [L-O77], [L-M-O79] and [KM94].

Throughout this section, for any number field L, d; denotes the discrim-
inant of L, and d; /i denotes the relative discriminant of L over a subfield

K.

Theorem 6—A. Let L/K be a Galois extension of number fields of degree n,

S a finite set of primes of K. If we assume the GRH, then there is a prime
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ideal p of K such that (1) p is unramified in L, and p is of degree 1 over Q;

(2) p ¢ S; (3) p does not split in L; and (4)

1 2
Ngjop = Co { (E log dL) + log NS}

where Cy 1s an absolute constant.

This result is an S—analog to the main theorem in [KM94|. It is slightly

stronger than the S—version (Theorem 2.6.) in the basic paper of Serre ([Se81]).

Theorem 6-B. Let L/K be a Galois extension of number fields of degree n,
S a finite set of primes of K, and C a conjugacy class in Gal(L/K). Assuming
the GRH, then there is a prime ideal p of K such that (1) p is unramified in

L, and p is of degree 1 over Q; (2) p ¢ S; (3)
(1)
b
and (4)
Ngjgp < Co {(log dr)? +nlog Ns}

where Cy s an absolute constant.

This theorem is an S—analog of the main theorem in [L-O77].

Now we prove Theorem 6-A and 6-B. Keep the notations as in Chapter

2. Assuming GRH, we need only to use the first kernel function k(s).
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Lemma 6.1. Assuming GRH, we have

2
ki(p) = Y ka(p)| = (log 2)" + O(a7") log dy
p
where the sum runs over all the nontrivial zeros p of (1(s).
The proof is standard (see [KM94], [L-M-O79]). We give an argument for

completeness.

Proof. Consider the sum over nontrivial p = 3 + iy. Assume that y >> =z,

we have
-1
ICCIED RIS B
z o= p=4 ¥
0o ,.—1
0 / %dn(r; 1)
12 T
<<z '(4+2logdy)
<<z tlogdy,
Done. O

Now we begin proving Theorem 6-B by applying the standard model in

Section 2.2. From Lemma 2.8 and Lemma 6.1, we get

’I’LIl Z kl(l) = Z |k1(p)\ — Cg {’I’LLkl(O) + kl(—%) log dL}

o

2
> (log %) + O(z™) logdy, — csz2logdy,

- (]og %) ® 4+ Ol Y o
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Furthermore, I; — I; is bounded by the following;:

L-L= S11+ S12+ 51,3

—0( — (1og )logdL>

+ 0 ( (]og ) log NS)
g <nK (log ¥) (log y))

xlogx
Here n = [L: K].

If Np > y? for p € Pi(C,S), i.e., for p satisfying (1)—(3) in Theorem 6-
B, then I; = 0. Then set z = a(logdL+ \/(nlogNs)) and y = Pz for

sufficiently large 3 and a > (log ﬂ)z.

Recall that n = [L : K] and ny, = [L : Q], we have,

1
L| =0 ——( logd
n|l| (oﬂ(logdL)z(Ogﬁ) og L)

+0 ( m(log A)log Ns)
0 (i doe2logs +log2))

xlogx

is bounded as n;, << logdy. As f3 goes to infinity, we get (log 8)*+0(1) = O(1)
which also goes to infinity, contradiction.

So Theorem 6—B holds.

Next we will prove Theorem 6-A. We need to use a different model which

is the same as in [KM94].
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Let

1 2-+ioc0 }{
Ty = -y :
K I b i CK (S)kl (S, z, y)dS

On one hand, by using Lemma 2.8,

I = (1og %)2 =" ka(p) + Olnichks (0) + kl(—%) Tog

where the sum runs over the zeros of (x(s).

By Lemma 6.1, assuming GRH,
2
Fio = (1og %) + O(z " og di).
Furthermore,

Jg = Zlog(Np)l%l(Npm; Z.Y)-

pym

Let

Jx = log(Np)ki(Np; 2, ),
p¢S

where Zp¢ S' runs over the primes unramified in L of degree 1 and outside S.
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Thus

Je — Ji = Si1+Si2+S13

=0 (% (log %) log dL)
+ 0 (;1—2- (log %) log NS>

&5 <nK (log ¥) (log y))

xlogx

Set z = a(Llogdy, + /log NS)Q, y = Bz and assume that a > (log §)**.

Then it is easy to check that

Jx — Jx = O( )

1L
(log B)°
If Np > y? for all p satisfying (1) and (2) in Theorem 6-A, then

@—lkgo
n

Thus

(%) oes + 0o )™ + O((og ) ™) <0

as ””n;llogd,; << i
If B3 is large enough, this inequality will fail.

Thus, there is a p satisfying (1) and (2) with

2
Np <<y?> << O ((%logdL) +logNS> 2
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Done. O

6.2 Results with GRH

First of all, we do some calculating. Throughout this part, S denotes the set
of primes of K((;r) over the primes in S.

Recall that If (; € K,

the least bound for Nq such that

Bi(K, S, a) := (i) g a prime of K not splitting in K (\/a);
(ii) gtland q & S.
Bi(K,S) = max  Bi(K, S, ).

acKS o (Ks)l

The next symbol has multiple meaning;:
If K(¢r)/K is cyclic, then
the least bound for Nq such that
Cr(K,S) = (i) q, a prime of K inert in K ((r);
(ii) g{p and q ¢ S.
If K({r)/K is not cyclic, so that | =2 and r > 3.

the least bound for Ng’ such that
Cor(K,S) := (i) ¢, a prime of K; = K(v/—1) inert in K({or);

(ii) g’t2 and g’ ¢ S’ while S’ ={p’ |p € S}.

(1) Calculation of By(K(¢r),S) (with GRH).
Set Ky = K((r). For any o € Klg which is not an [-th power in K;. Let

I+ = K1(Va). From Section 2.4 we know that logdr. < [Kq : Kllogdx +
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rng(K; : K]logl and, by Lemma 2.10 on Page 68,

logdy, +llog Nz, < [K; : K|{llogdg + (I — 1)log N, + (r + 1)l ngk log}

where T} = {p| [{vs(a)}, To = S — T, and Tp the set of primes of K,
dividing ! which does not ramify in L; = K;(\/«).

Thus assuming GRH, and applying Theorem 6-A one gets

Bi(K1,5,a) = Bi(K:1,T; U Ty, o)
<< {[K: : K]log dx +log Ny, — log Ny, + (1 + ) nk[K; : K]logl}?
+ llog Ny, + llog Ny,

<< {[K; : K]logdk +log N5 + (1 +7) ng[K; : K]logl}?
Thus we have
Bi(K1,S) << {[K: : K] (logdx + log Ns + ng (14 r)logl)}* (6-2-1)

(2) Calculation of Cj-(K, S) (with GRH).
From Section 2.4, in any case, we can apply Theorem 6-B for K;/K. So

we have

Crr(K,S) << {[K:1 : K] (logdg + rnglogl)}* + [K; : K]logNs  (6-2-2)

Plugging in the results above in Theorems 5-A and 5-B, one can easily
get Theorem I. (Note that we assume that if | = 2 and K ((2r)/K is not cyclic,

then Sy C S)
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6.3 The Quadratic Extension Case with GRH

First we recall Question Z (Section 3.1):
Let S = {p1,p2,... ,pm } be a finite set of finite primes.
Find «, such that py,pa,... ,pym 1 @, and 4 divides o — 1 if p; = 2 for some

1, and

€; = 0 or 1 given.
a?—
Define () = (—1)_2_1 be the quadratic residue symbol of « in Q.

Thus

1 ifa=1 (mod 8)
—1 ifa=5 (mod 8)
Also find the least bound of such |a].

The answer to this question with GRH is the following;:

Assuming GRH, we can find such prime « such that

| € 1428 + 21511 1og, Ng)?

<< (2 ]og, NS)2
We can also find such a with —« is a prime, and

o] << (2%!log, Ns)®
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Proposition 6.2 (Assuming GRH). Form =2, K = Q, all x, forv e S

finite, are unramified. Then
BP1,BP2 << (21og, Ns)*
Proposition 6.3 (with GRH). Let m =2 and K = Q. Then

BP1, BP2 << (2%10g, Ns)* - [ N(x»)

p

This is Theorem J.

Proof of Question Z and Prop 6.2., with GRH.

Let

Q(y/p:) ifp;=1 (mod4)orp; =2;
L=

Q(v/=pi) ifp;=3 (mod4).

and Ly = Q(v/-1)
Put L = [IY, Li, so that Lemma 3.1 applies.

Note that

G(L/Q) = HG(Li/@)

Thus, by [L-O77], there exists a prime number p corresponding to a given
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element in G(L/Q) under the Artin reciprocity map such that

p < c14(logy dr)?
< 1429 + 2191+ log, Ni)”

<< (2¥10g, NS)2

where from Lemma 1.18 (see Section 1.5),

S|

|
log, dr, H log, d, 1
Wé ——2—§1—|—§log2NS

=0

asdp, =p; if 2 | p;, dp, =4, dp, =8 if p; = 2.

Furthermore, we will describe below the conditions (2) and (2'), and prove
that if (2) holds then (5) — (—1), and that if (2') holds then (gﬂ) = [-AF,
So that, by the discussion above, we can finish the proof of the answer to the
Question Z with GRH.

Condition (2):

é5’4):(—1)E ifp;=1 (mod4) or p; = 2.




143
Condition (2'):

(Li/K):<ipi> (=) ifpi=3 (mod 4);

p p )
(=1 ifp;=1 (mod4) or p; =2.

(4)-(3)-

In fact, (2) implies p =1 (mod 4).

Thus by Prop 1.20 on page 39, and the Gauss reciprocity formula, we have

( ) (Ep_) (L/K)—( 1) ifp;=1 (mod 4);
g =(5 = 15)
:(szK>_( ¥ if p; =3 (mod 4);
(

(3)-()- () wns

Moreover, (2') implies p = 3 (mod 4). Thus by Prop 1.20, and the Gauss

reciprocity formula, we have

(5)-(2)-(3)

_ (Eﬂ) = (=1)f ifp;=1 (mod 4);

(2)--(2)-(2) - (=)

1)t = (—-1)¢ if p, =3 (mod 4);

= 'n
<;p>:(z%):( Z/OK)=(—1>E if ps = 2.
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Now Prop 6.2 is clear. The proof is the same as Prop 3.3 (see page 73). O

Proof of Prop 6.3.

Without loss of generality, assume that co € S. Use the reduction process
(2) as in Lemma 3.5.
By Prop 6.2, we can find a quadratic character ¥ such that x|, = xp- Xo|; 1

for all p € S and
N() = Niz << (2*!log, Ns)”

Thus note that

p if p # 2, oo;
f(X")p) =
1,400 8 ifp=20r .
Thus
f(xo) divides oo - H f(Xp)
peS’
Therefore,

N(x1) = N(X)N (xo)

<< (2%log, Ns)* - 8T N(x»)

peES

<< (2"10g, Ns)" - [T N ()

pES
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