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So a E P(m,0). Since K((zr)/ K is cyclic, a E K xm by Proposition 1.9 (see 

Section 1.3). 

Set 

and w' = Rw-1 . 

Note that 

and 

w E V* n P c Vi n P c Po 

Hence we have x E Po. 

o 

When K((zr)/ K is cyclic, Assumption 0 holds, and thus we may choose Vo 

as in Proposition 5.6 separating wnm /nm
, so that 

- rw+1 , 
Nfv* Bz(K((zr), S') Czr(K, S )Nf 

Furthermore, wnm V /nm = K X nm V /nm separates P / Po by the lemma above. 

We get the following 
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Theorem 5.10 (The First Main Result). If K((lr)/ K is cyclic, then 

( 
- rw+l I 

BP5 ~ Bl K((lr), S') Clr(K, S )Nf 

where 5' is the set of primes of K ((lr) over primes in S', which is a given 

subset of primes of K containing all the finite primes in S and satisfying 

and f is the conductor of Po in P. 

This is Theorem 5-C. 

Corollary 5.11. Assume that K((lr)/ K is cyclic. Then 

BP1, BP2 ~ BI(K((lr), 51 fw+1 Clr (K, S') II N(X,,) 
"ES 

The above theorem and corollary complete the proof of Theorem 5- A. 

Next, consider the case when m = 2r, r 2: 3 and K ((2r ) / K is not cyclic. 

We need a stronger statement than Proposition 5.6 and Corollary 5.7. 

Recall that, s is the largest integer such that T/28 = 2 Re((28) is in K, 

So = { P I 2, -1, ±(2 + T/28) are not squares in K"x } 

and 
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Proposition 5.12. Let l = 2, m = 2T. Assume that K((2T)j K is NOT cyclic. 

(1) When So g S, Let W ~ K S' a subgroup in KX of rank rw, and let HI 

be the 7l-essential closure of W in K ((2T ). 

Let q be a prime of K in So, not in Sand 

separating IlJ;((2T) . HI jIlJ;((2T) , and Vi is selected, as in Proposition 5.4, for 

KI = K((2r), 

5' := {j) a prime in KI,j) dividing jJ E S'} 

where S' be a given larger set of primes of K such that #CRK,s'usoo is odd. 

Then V = (V n IlK) n VqA separates Il2T . W jIl2T and Nfv ~ Nfvl N qA, where 

A is defined such that 1 + qA ~ U'fq' 

(2) When So ~ S, let Vi be chosen above, and let q be a prime with divisor 

q I in K (J=I) such that q I is inert in K ((2T ) . 

Then V = (VI n IlK) n Vq separates Il2T . WjIl2T U aoIl2T. 

Propositions 5.6 and 5.12 playa crucial role for our method, and we will 

prove them together. 

Proof of Prop 5.6 and Prop 5.12. 

Keep the same notation as in Proposition 5.6 and Proposition 5.12. 

We need to prove that V = (Vi nIlK ) n Vq, separates IlkWjIlk or lIkWjlIk U 

Ilkao. Equivalently, it suffices that lIkV separates WjWZT or WjWtT U aoWZT 

since W is 7l-essential. See Section 5.1. 
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Note that W c K S' , and 8' is the set of primes of KI = K((ZT) above the 

primes in 8'. Here recall that 8' is some given set of primes of K containing 

8f such that l t #C£K,S'USoo ' 

Let W be the Z-essential closure of Win K/". Assume a E W n lI~V. 

Then a E 1I~ Vi c lIK/ VI ' Thus by Proposition 5.4. 

Write a = bZT for some b E K((ZT), 

bo = b, bl , b2, ... ,bZT-I are alllT-t h roots of a in W, and bi = b(IT for all i. 

Case (0): K((ZT) = K. Here the assertion follows from Proposition 5.4. 

Case (I): K ( (ZT ) / K is cyclic of degree > 1 and some prime q of K is inert 

in K((ZT). 

ZT ZT ZT ()ZT Since a E lIK V C lIK Vq , we have a E K: as 1 + q = 1 + q in K q
X as 

q t l. Thus one of bi lies in Kqx. 

However , for any i , K(bi)/ K c K((ZT)/ K and q is inert in K((ZT)/K, thus 

ZT 
Since for some i , bi is in KqX, this bi must be in K X. So a E K X . Hence 

a E W ZT since W is Z- essential in K X. 

Case (II): K((2T)/ K is not cyclic and 8 0 ~ 8. Let q E 8 0 - 8 and A an 

integer such that 1 + q.A c Uk . 
q 

Since the 4-group sub extension K (,;=I, y'2 + 'r/2' ) / K of Kd K does not 

collapse when localized at q, the decomposition group Gq(Kd K) is the same 

as G(Kd K) (see Proposition 1.11 in Section 1.3). 
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Therefore, we have a E KqX2T for a E W2T n nkVq>.. 

Then a = bi
2T for some bi E Kqx. 

However, bi tj. K X =? bi tj. K q
X as Gq = G. We conclude that some bi must 

Case (III): K((2T)/K is not cyclic, and So ~ S. 

We will prove: 

As we have already had (from Case (I)) 

while W* denotes the Z-essential closure of W in (K ( yCI) ) x . Thus the 

remaining is a result of the following lemma (also see Proposition 1.11), which 

in fact is proved in Chapter 1. o 

Lemma 5.13. Let K be a number field, and s the largest integer such that 

7]28 E K. Assume that K ((2t / K) is not cyclic. 

Put ao = 7]282t-1 = (yCI7]28 )2
t
-
1 

= (1 + (28 )2t and assume that a = b2t for 

a E KX and bE K(yCI) X • Then 

o 
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Now we work on Problem V' in the case when K((lT)/ K is not cyclic. 

Let us study the proof of Theorem 5.10. If we have found V separating 

wn2T /n2T , and P(m, S) = Kx m holds, then everything in the proof still works 

when K((2T)/ K is not cyclic. This happens in the case So ~ S, when we 

select V* = Va n Vf where f is the conductor of Po in P, and Va is selected as 

in Proposition 5.12. 

Note that in this case, the fact P(m, S) 

1.11. 

KX comes from Proposition 

Then it remains for us to consider the special case. Recall that in the special 

case, So ~ S. Also, we need the condition a(; EPa. 

Recall that a(; has local components ao at the primes in So and 1 elsewhere. 

Also note that ao E Kpx m for jJ (j: So, hence ao . n2T = a(; . n2T . 

Lemma 5.14. Let m = 2r. Assume that K((m)/ K is not cyclic, So C S 

and a(; E Po. If Va separates WlIm /nm U aolIm, where the conductor of VA does 

not involve any prime in S, then V* = Va n Vf separates P/ Po, where f is the 

conductor of Po in P. 

Proof. 

The proof of this lemma is almost the same as the proof of Lemma 5.9. 

Similarly, For any x = (xp) E P n WlImv*, write 

x = a· zm. R, a E W, Z E lI, R = (Rp) E V* 
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Without loss of generality, assume that 

It is clear that x E Vo by the same reason as in the proof of Lemma 5.9. 

Thus since Vo ::) V* separates IImw /IIm U aoIIm, 

Taking the local components on both sides at any p tf. 5, and being aware 

that xp = 1 outside 5 and aoIIm = a(jTIm. We have Rp E K{m outside 5. 

Also, it is clear that a E TIm U a(jIIm and thus a E Kpxm for any finite p tf. So. 

So a E P(m, So), hence a E KxmUaoK xm by Proposition 1.11 (see Section 

1.3) . 

Set 

and w' = Rw-1. 

Note that 

and 

w E V* n P C Vf n P c Po 
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We have x E Po. 

o 

From this lemma, we have P n KXIImV* = P n WIImV* ~ Po where V* = 

Vo n"\lf, Vo is found via Proposition 5.12 such that Vo does not involve primes 

in 8 and Va separating W . II2T / ao . II2T U II2
T

, and f is the conductor of Po in P. 

Furthermore, 

Then we get the following main theorem of the special case. Here we abuse 

the notation; we denote C2T (K, 8) as the least bound of the norm of the finite 

prime in K (if K ( (2T ) / K is cyclic) or K (v=I) (otherwise) which is not dividing 

any primes in 8 or 2, and is inert in K((2T). 

Theorem 5.15. If m = 2T
, K((2T)/ K not cyclic, 8 0 ~ 8 and ao E Po, then 

If'po E 80 - 8 =J 0, then 

where ..\ is the smallest integer such that 1 + 'po>' C Uk . 
Po 

This is Theorem 5- D. 
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Corollary 5.16. If K((2r)/ K is not cyclic, So ~ S , and 

II Xv(ao) = 1, 
vESo 

then 

where rw = i2(CfK ,susocJ + #(S U Soo) - 1, and f is the product of the con-

ductors of Xv· 

If Po E So - S =1= 0, then 

-, rw+1 >. 
BP1, BP2 ~ B2(K((2r), S ) . Po . Nf, 

where A is the smallest integer such that 

The above theorem and corollary complete the proof of Theorem 5-B. 

5.5 Proofs of Theorem G and Corollary H 

In this part, we will plug in the results in Section 2.4 to prove Theorem G 

and Corollary H of page xvii. 

Theorem G can be directly deduced from Theorem 5-A and 5-B. In fact, 

C(K, S') is absorbed by B(Kl' §'fw+l. Also, note that if (SS') holds, then 
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). :::; e(po/2)(r + 1) (r> 2) since 

where e(po/2) is the ramification index of Po over 2 (see Proposition 1.2 and 

its proof). Thus, Npo>' is also absorbed by B(K1 , §lfw+1 . 

Corollary H is easy to get from Theorem G as Q has class number 1 and 

rw + 1 = IS U ScxJ It gives a good least bound of N such that p is not an l- th 

power and lr I ¢(N). 
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Chapter 6 Results assuming GRR 

From now on, we assume GRH (Grand Riemann Hypothesis) which asserts 

that for a number field L, the Dedekind zeta function (L has no nontrivial 

zeros beyond the critical line Re s = ~ for a number field L . Proving such an 

assertion is of course far beyond reach at the moment. 

We will prove Theorem I which answers the effectivity problem of the 

Grunwald- Wang Theorem in the general case assuming GRH. 

Also, a sharp result for the quadratic extension case assuming GRH will 

also be given. 

6.1 S-versions of the Chebotarev Density 

Theorem with GRH 

In this section, we will prove two distinct results which are the S-effective 

versions of the Chebotarev Density Theorem with GRH. They are analogies 

to the results in [L-077J, [L-M-079] and [KM94]. 

Throughout this section, for any number field L, dL denotes the discrim­

inant of L, and dL / K denotes the relative discriminant of L over a subfield 

K . 

Theorem 6-A. Let Lj K be a Galois extension of number fields of degree n, 

S a finite set of primes of K. If we assume the GRH, then there is aprime 
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ideal p of K such that (1) p is unramified in L, and p is of degree lover Q; 

(2) p tf. S; (3) P does not split in L; and (4) 

where Co is an absolute constant. 

This result is an S-analog to the main theorem in [KM94]. It is slightly 

stronger than the S-version (Theorem 2.6.) in the basic paper of8erre ([8e81]). 

Theorem 6-B. Let Lj K be a Galois extension of number fields of degree n, 

S a finite set of primes of K, and C a conjugacy class in Gal(Lj K). Assuming 

the GRH, then there is a prime ideal p of K such that (1) p is unramified in 

L, and p is of degree lover Q; (2) P tf. S; (3) 

(L~K) = C 

and (4) 

where Co is an absolute constant. 

This theorem is an S-analog of the main theorem in [L-077]. 

Now we prove Theorem 6- A and 6-B. Keep the notations as in Chapter 

2. Assuming GRH, we need only to use the first kernel function kl (s). 
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Lemma 6.1. Assuming GRH, we have 

kl(P) - 2:: !kl(p)! = (log ~r + O(x-l ) logdL 
p 

where the sum runs over all the nontrivial zeros P of (L (s). 

The proof is standard (see [KM94]' [L-M-079]). We give an argument for 

completeness. 

Proof Consider the sum over nontrivial P = (3 + i--y. Assume that y » x, 

we have 

Done. o 

Now we begin proving Theorem 6- B by applying the standard model in 

Section 2.2. From Lemma 2.8 and Lemma 6.1, we get 

nIl :2: kl(l) - 2:: !kl(p)!- C6 {nLkl(O) + kl(-~) logdL} 
p 

:2: (lOg~r +O(x-l)logdL-c~x-21ogdL 

= (log ~r + O(x- l
) logdL 
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Furthermore, 11 - 11 is bounded by the following: 

Here n = [L : K]. 

= 0 (n~2 (log;) 10gdL) 

+ 0 (:2 (lOg;) log N s ) 

( 
(log ~) (log y) ) 

+0 nK 1 x ogx 

If Np > y2 for P E g(C, S), i.e. , for p satisfying (1)-(3) in Theorem 6-

B, then 11 = o. Then set x = a (logdL + J(n log Ns)) and y = (3x for 

sufficiently large (3 and a > (log (3) 2. 

Recall that n = [L : K] and nL = [L : Q], we have, 

nlhl = 0 ( 1 2(log(3)10gdL) 
a 2 (log dL ) 

+ 0 (n a2(n l~g Ns) (log (3) log Ns) 

+ 0 (nL (log (3) (log (3 + log x)) 
xlogx 

is bounded as nL < < log dL. As (3 goes to infinity, we get (log (3)2 +0(1) = 0(1) 

which also goes to infinity, contradiction. 

So Theorem 6- B holds. 

Next we will prove Theorem 6-A. We need to use a different model which 

is the same as in [KM94] . 
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Let 

1 12+iOO 
(' JK = -2 . _(K (S)kl(S; x, y)ds 

1f~ 2-ioo K 

On one hand, by using Lemma 2.8, 

where the sum runs over the zeros of (K (s ). 

By Lemma 6.1 , assuming GRR, 

Furthermore, 

Let 

p,m 

I 

JK = L log(Np)kl(Np; x, y), 
p~S 

I 

where 2:p~s runs over the primes unramified in L of degree 1 and outside S. 
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Thus 

Set x = a(~ logdL + VlogNs)2, y = (3x and assume that a 2:: (log(3)2+~. 

Then it is easy to check that 

If Np > y2 for all p satisfying (1) and (2) in Theorem 6-A, then 

Thus 

-1 1 
as ~logdL« C;. 

If (3 is large enough, this inequality will fail. 

Thus, there is a p satisfying (1) and (2) with 
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Done. o 

6.2 Results with GRH 

First of all, we do some calculating. Throughout this part, § denotes the set 

of primes of K ( (ZT) over the primes in 8. 

Recall that If (z E K, 

the least bound for N q such that 

Bz(K, 8, a) := (i) q a prime of K not splitting in K(.ya); 

(ii) q f land q tf. 8. 

Bz(K,8) := max Bz(K, 8, a). 
aEKS ,ar{.(KS)1 

The next symbol has multiple meaning: 

If K ( (ZT ) / K is cyclic, then 

the least bound for N q such that 

CZT(K,S) := (i) q, a prime of K inert in K((pT); 

(ii) q f p and q tf. 8. 

If K((ZT)/ K is not cyclic , so that l = 2 and r :2: 3. 

! 
the least bound for N q' such that 

C2T(K, S) := (i) q', a prime of Kl = K( yCl) inert in K((2T); 

(ii) q' f 2 and q' tf. 8' while 8' = {p' I p E 8} . 

(1) Calculation of Bz(K((ZT), 5) (with GRH). 

Set Kl = K((ZT). For any a E K/ which is not an l-th power in K 1 . Let 

Ll = K ( .. I a). From Section 2.4 we know that 10 d < K : Kllo dK + 
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r nK(Kl : K]log l and, by Lemma 2.10 on Page 68, 

log dL1 + llog Nyo :::; [Kl : KJ {llog dK + (l - 1) log NTl + (r + l)l nK log l} 

where Tl = {p I l t vp(a)}, T2 = S - Tl , and To the set of primes of Kl 

dividing l which does not ramify in Ll = Kl(...ya). 

Thus assuming GRH, and applying Theorem 6-A one gets 

BI(Kl,S, a) = BI(Kl , T2 U To, a) 

« {[Kl : KJ logdK + logNY1 -logNyo + (1 + r) nK[K1 : KJIogl}2 

+ llog NY2 + llog Nyo 

Thus we have 

(6-2-1) 

(2) Calculation of C1r(K, S) (with GRH). 

From Section 2.4, in any case, we can apply Theorem 6- B for Kd K. So 

we have 

Clr(K, S) « {[Kl : KJ (logdK + rnKlogl)}2 + [Kl : KJIogNs (6-2-2) 

Plugging in the results above in Theorems 5-A and 5-B, one can easily 

get Theorem 1. (Note that we assume that if l = 2 and K((2r)/ K is not cyclic, 

then So c S.) 
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6.3 The Quadratic Extension Case with GRH 

First we recall Question Z (Section 3.1): 

Let S = {Pl,P2,'" ,PM} be a finite set of finite primes. 

Find a, such that PI, P2, . . . ,PM t a, and 4 divides a - 1 if Pi = 2 for some 

i, and 

Ei = 0 or 1 given. 
",2_ 1 

Define (~) = (-1) -2- be the quadratic residue symbol of a in Q2. 

Thus 

(~) = 
1 if a _ 1 (mod 8) 

-1 if a = 5 (mod 8) 

Also find the least bound of such lal. 

The answer to this question with GRH is the following: 

Assuming GRH, we can find such prime a such that 

lal ~ c't4(2Is1 + 21SI-1log2 NS)2 

« (2lsl log2 NS)2 

We can also find such a with -a is a prime, and 
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Proposition 6.2 (Assuming GRH). For m = 2, K = Q, all Xv for v E S 

finite, are unramified. Then 

Proposition 6.3 (with GRH). Let m = 2 and K = Q. Then 

BP1 , BP2« (2 1S1 10g2 N S)2 . II N(Xp) 
p 

This is Theorem J. 

Proof of Question Z and Prop 6.2., with GRH. 

Let 

Q(yIPi) if Pi = 1 (mod 4) or Pi = 2; 

Q( V-Pi) if Pi = 3 (mod 4). 

and Lo = Q( v=I) 

Put L = TI~o L i , so that Lemma 3.1 applies. 

Note that 

G(L/Q) = II G(Li/Q) 
i 

Thus, by [L-077J, there exists a prime number P corresponding to a given 
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element in G(L/Q) under the Artin reciprocity map such that 

P ~ C'14 (log2 dL )2 

~ C' 14 (2 1S1 + 21SI+1log2 N S) 2 

where from Lemma 1.18 (see Section 1.5), 

Furthermore, we will describe below the conditions (2) and (2'), and prove 

that if (2) holds then ( -! ) = (-lr, and that if (2') holds then ( :;; ) = (-lr. 

So that, by the discussion above, we can finish the proof of the answer to the 

Question Z with GRH. 

Condition (2): 

if Pi = 3 (mod 4); 

(~) = (_l)E if Pi = 1 (mod 4) or Pi = 2. 

( Lo~K) = ( ~1 ) = 1 
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Condition (2'): 

( Li~ K) = ( ±;i ) = 
(_1),+1 if Pi - 3 (mod 4); 

(-lr if Pi - 1 (mod 4) or Pi = 2. 

( LO~ K) = ( ~1 ) = -1 

In fact, (2) implies P = 1 (mod 4). 

Thus by Prop 1.20 on page 39, and the Gauss reciprocity formula, we have 

( ; ) = ( ~ ) = ( Li~ K) = (-1 r 

( ; ) = ( ~ ) = ( -;i ) 
= ( Li~K) = (_1) 0 

(;) = (~) = (Li~K) = (-lr 

if Pi - 1 (mod 4); 

if Pi = 3 (mod 4); 

if Pi = 2. 

Moreover, (2') implies P - 3 (mod 4). Thus by Prop 1.20, and the Gauss 

reciprocity formula, we have 

if Pi - 1 (mod 4); 

if Pi = 3 (mod 4); 

if Pi = 2. 
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Now Prop 6.2 is clear. The proof is the same as Prop 3.3 (see page 73). 0 

Proof of Prop 6.3. 

Without loss of generality, assume that 00 E S. Use the reduction process 

(2) as in Lemma 3.5. 

By Prop 6.2, we can find a quadratic character X such that xlp = Xp· XOI;l 

for all pES and 

Thus note that 

Thus 

Therefore, 

p if p =I- 2,00; 

1, 4 or 8 if p = 2 or 00. 

f(xo) divides 00· II f(xp) 
pES' 

N(Xl) ;£ N(X)N(Xo) 

« (2 lSl log2 NS)2 . 8 II N(Xp) 
pES 

« (2 lSl log2 NS)2 . II N(Xp) 
pES 

o 
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