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ABSTRACT

Part I presents several sets of comparisons of semi-classical,
quasi-classical and exact quantum reactive scattering calculations for
collinear chemical reactions. The possibility of modifying the standard
quasi-classical method according to a quantum criterion is investigated.
The systems studied are H+ H,, F + H,, and F + D,. In addition,

a theoretical investigation of the semi-classical S matrix is made.

Details of a quasi~classical current density analysis of the
H + H, reaction are presented and a comparison with exact quantum
results is made.

A direct test of two versions of the vibrationally adiabatic
theory of chemical reactions is made in Part II for the H + H, reaction.
The adiabaticity of the symmetric stretch motion of the H, transition
state is focussed upon. In addition, a determination of the completeness
of adiabatic basis sets for scattering calculations is made.

The theory of electronically non-adiabatic chemical reactions
is presented in Part III. Quantum calculations of the collinear
H + H, — H, + H' reaction are described. A model and a realistic
potential energy surface are employed in these calculations.

_A fictitious electronically non-adiabatic H + H, collinear chemical
reaction is trea.ted quantum mechanically. Two potential energy sur-
faces and a coupling surface are developed for this purpose.

The reaction Ba(*S) + ON,(X!Z) — BaO(X'z) + Ny(Xz* ),
BaO(aSH)+ N, (XLE ) is studied quantum mechanically. The singlet

and triplet potentlal energy surfaces are devised as is a spin-orbit
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coupling surface. Electronically adiabatic and non-adiabatic transi-
tion probabilities are calculated as a function of the initial transla-

tional energy of the reagents.
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INTRODUCTION

A theorefical description of molecular reaction dynamics
requires two, usually independent, efforts. The first effort is con-
cerned with the construction of the potential energy surface(s) de-
scribing the various molecular reaction channels; this is within the
domain of molecular quantum mechanics calculations. The second
effort deals with the solution of the equations of motion of the nuclei;
this is the domain of molecular dynamics calculations.

An ab initio approach to molecular quantum mecllanics and

molecular dynamics calculations does of course lead to predictions

aboqt the reaction dynamics which will agree exactly with experiments.
However, such. an approach is in general not feasible (or perhaps even
desirable) due to the great numerical difficulties involved in doing
exact calculations. As a result of this, many, varied approximate
approaches to chemical reaction dynamics calculations have been
developed. A description, examination, and comparison of several
approximate approaches to various aspects of molecular dynamics
calculations (on a single potential energy surface) is presented in this
part of the thesis, Also, and most importantly, a éomparison between

calculations based on the approximate methods and the exact quantal

one is made.
The format of this part of the thesis consists of a presentation
of seven manuscripts, four of which have been published, and two

Appendices.



~Paper I.1 presents a comparison between exact quantum and
quasi-classical reaction probabilitiés for the collinear H +H, exchange
| reaction. Also pre.éented is a comparison of thermal rate constants.
The calculations reported in this paper as well as all others are for
collinear collisions only. This has been done, first, so that the many
calculations reported could be feasibly done. Second, the testing of
approximate methods for collinear collisions does contain enough
reality so that the conclusions reached will probably be valid for
three-d.imensionallcalcula,tions. Third, many atom-molecule reactions
do proceed througil a collinear transition state, at least at low collision
energies. |

Paper I.2 examines the possibility of making a modification of
the quas‘i-'-classical trajectory mefhod by selecting initial conditions of
the trajectory ensemble according to a quantal criterion. This sugges-
tion, made by Careless and Hyatt, is shown to be inéonsistent with a
general condition of scattering calculations.
The semi-classical expressions for transition probabilities

given in new scattering theories developed by W. H. Miller and R. A.
Marcus are derived in paper I.3. The derivation is based on a coor-
dinate representation of the Feynman propagator and is given in terms

of a general diatom internal coordinate. Also, a new derivation of the
classical limit of the Feynman propagator is given.

An extensive comparison of quasi-classical, semi-classical,

and exact quantum transition probabilities for the H +H, exchange



reaction is given in paper I.4. A difficulty associated with the semi-
classical method is revealed and stressed. Also, the idea of reverse
quasi-classical trajectory calculations is introduced as a means of
improving the agreement between exact and quasi-classical results.

A comparison of quantal and classical current density, stream-
line, and current density profile plots is made in paper I.5 for the H+
H, exchange reaction. An examination of the regions of configuration
space sampled by the classical and quantal current densities, etc., is
made for five values of the collision energy.

In papers I.6 and I.7 extensive comparisons are made between
quasi-classical, uniform semi=-classical, and exact quantum reaction
probabilities for the F +H, and F +D, exchange reactions, respectively.
The utility of reverse quasi-classical trajectbry calculations is stressed,
as is the fact that forward and reverse quasi-classical transition proba-
bilities do not obey microscopic reversibility.

A symmetry property of a transition probability discussed in
paper I. 2 is derived in Appendix 1. The analytical continuation of the
semi-classical S-matrix into the complex plane by means of a simple
power series representation is discussed in Appendix 2. The expres-
sions obtained are very similar to those given by Miller previously.

Also, some numerical results are presented.



I.1 CLASSICAL AND QUANTUM REACTION PROBABILITIES AND
THERMAL RATE CONSTANTS FOR THE COLLINEAR H + H,
EXCHANGE REACTION WITH VIBRATIONAL EXCITATION *

*
This paper appeared in Chemical Physics Letters 12, 1 (1971).
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CLASSICAL AND QUANTUM REACTION PROBABILITIES

AND THERMAL RATE CONSTANTS FOR THE
COLLINEAR H + H, EXCHANGE REACTION
~ WITH VIBRATIONAL EXCITATION*

JOEL M. BOWMAN AND 'ARON KUPPERMANN

Division of Chemistry and Chemical Engineering**

A. A. Noyes Laboratory of Chemical Physics

California Institute of Technology

Pasadena, California 91109

Classical trajectory calculations for the collinear H + H,
exchange reaction were performed using the same potential energy
sﬁrface previously adopted for exact quantum mechanical calcula-
tions. Reactions of both ground state and vibrationally excited
state reagent were considered, over a relative kinetic energy range
sufficient to produce vibrational excitation of products. At energies:
close to threshold the classical and quantum mechanical reaction
probabilities differ sufficiently to cause a major difference in the
corresponding thermal rate constants at low-temperatures.

Effective reactiion thresholds differ by 0. O'I’Veror gr‘ound state
and 0.09 eVior excited state reagent, At energies substantially above
threshold the quantum reaction probabilities oscillate around the

corresponding classical ones. However, some classical curves

* This work was supported in part by the United States Atomic
Energy Commission, Report Code No. CALT-767P4-87.

**Contribution No. 4330
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also show oscillatory behavior, suggesting caution in the assign-

ment of oscillations in the quantum curves to quantum effects.
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Comparisons between exact classical and quantum mechanical

calculations for the collinear H + H, exchange reaction have been
previously reported. Mortensen [ 1] studied this collinear reaction
and three of its isotopic variations classically and quantum mechani-
cally. McCullough and Wyatt [2] reported a time-dependent quantum
and classical calculation of thi.s collinear reaction at four energies.
In neither of these comparisons was the energy sufficiently high for
a detailed comparison of the role of vibrational energy in classical
and quantum calculations to be made.

In this paper we present such a comparison. We have per-
formed quasi-classicaltrajectory calculations [ 3] and compare the
results with the exact quantum calculations of Trtmlar and
Kuppermann [4]. The corresponding total reaction probability from
the ground a,nd first excited vibfational states of H, is compared,
as well as reaction probabilities into individual vibrational quantﬁm
states of products. The relative collision energy was varied from
0.20 to 1.28 eV and 0.07t00.70 eV for collisions of the ground
and first excited vibrational state of the diatomic reagent,
respectively. At these energies the first three vibrational states
of product H, are accessible. The potential energy surface used,

" identical in both the classical and quantum calculations, was a
Wall-Porter [ 5] type,- fit by Truhlar and Kuppermann [4] to
the ab-initio H, surface of Shavitt, Stevens, Minn, and Karplus

[6] and scaled to give the "correct' barrier height of 0.424 eV [7].
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In a quasi-classical trajectory calculation one can choose to
guantize thé initial vibrational energy of the reactant diatom, but
the final diatom energies are not quantized. One can, nevertheless,
for purposes of comparison with the quantum mechanical results,
assign a quantum number to the final diatom in several ways. We
choose the following one. If AE(n) = E(n+1) - E(n) is the quantum
inechanical energy difference between vibrational states n + 1 and
n and E‘él is one of a continuum of classical final diatom vibrational
energies such that E(n) < Egl < E(n+1), we assign to this diatom the
quantum number v = n if E(n) < EXI < 1AE(M), orv = n+ 1 if E(n) +
L AE(M) < E‘él <E@+1). If E; < E(0), we setv =0. Using this

assignment we can obtain the probability PB for reaction from the

i
iE vibrational state of the reactant to the jgll- vibrational state of the
product from the quasi-classical trajectory calculations. This .
method of assignment optimized the agreement between classical and
quantum results.

In Fig. 1 we exhibit the classical and quantum total reaction

probability, PE

, for reactant H, in its v = 0 vibrational state as

a function of relative collision energy. In this figure és well as in
Figs. 2 and 3, the classical points are accurate to plus or minus
0. 63 or better due to the statistical fluctuations associated with

the trajectory calculation method [3]. The T1 and T2 marks on
the abscissa correspond to relative collision energies at which

vibrational excitation of H, to its v = 1 and v = 2 siates respectively

becomes energetically possible. As the collision energy exceeds
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0.30. eV, both the classical and quantum reaction probability start to
decrease with increasing energy. The classical curve drops
monotonically, whereas the quantum one shoWs marked oscillatory
structure and appears to oscillate about the classical curve. At
energies between 0,28 and 0.30 eV the two curves are in good agree-
ment, but at energies less thé,n 0.28 eV, they diverge slowly.

The exact threshold eﬁergies at which Pg =0 is zero for
the quantum case and must equal or exceed 0.151 eV (at which value
the classical kinetic energy at the saddle point is zero) in the
classical one. However, if we arbitrarily define an "effective"

A 0.01, it is

threshold kinetic energy as that corresponding to P
-0.19 eV for the quantum calculation and about 0. 26 eV for the

classical one, corresponding to a difference of about 0.07 eV

(1.6 Kcal/mole).

In Fxg 2 we have plotted the classical and quantum total
reaction probability, Pll{,' for reactant H, in its v = 1 vibrational staté
as a function of relative collision energy. The mark T_Z designates the
energy at which excitation to the v = 2 vibrational state becomes
energetically accessible. At collision energies between 0.40 and
0.70 eV, the classical reaction probability displays, as before, the be-
havior of the 030111at10n~averaged gquantum curve. F¥From 0.20 {o
0.40 eV, the two‘re_‘actlon probabilities show semi-quantitatively the
same trend. At energies between 0.13 and 0,20 eV the dip in the
classical reaction probability is qualitatiﬁely similar to, though
more pronounced than, the one in the quantum reaction probability.

We note that this curious oscillation in the reaction probability is

manifestly not a quantum effect as it appears classically also. Thus,
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one should be cautious when assigning oscillations in quantum results

to quantum effects. At energies less than 0.13 eV the two curves
show, as for the v = 0 case, a rapid decrease with decreasing
energy, but in the present case they differ more from one another.
In this case the quantum Pi{ = 0. 01 effective reaction threshold is
0.02 eV and the classical one about 0.11 eV, althcugh even at zero
relative kinet'ic‘ energy the total energy (0.79 eV) is sufficient for
the reaction to proceed. Therefore, some kinetic energy is still
necessary for the reaction probability to be appreciable, more in
the classical case than in the quantum one. The difference in these

effective threshold energies for v = 1 is now 0.09 eV, compared to

0.07 eV for the v = 0 case.

In Fig. 3 we have plotted four reaction probabilities, Pgo,
Pl%, Pﬁ, and P?Zversus collision energy. The P&, Pl%’ and

Pﬁ,classica.l curves show decreasing monotonicbehavior with
increasing ene-rgy for collision energies greater than 0.30 eV and

the corresponding quantum curves show pronounced oscillatory
behavior about the classical ones. At the energiesﬂ just above thresh-
old the classical Plf({) and P?I curves show very rapid variation with
energy. This indicates a very abrupt variation in the extent of
non-adiabaticity in the reactive collisions. This effect is not seen
quantum mechanically. We are uncertain as to how much credence
should be given to this portion of the classical curves because of

the way in which quantum numbers were assigned to classical

vibrators.
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For example, the classical reaction probability P?zis substantial
at energies less than TZ,"becaﬁse of this method of assignment.
~ Again we see threshold differences of 0,07 to 0.09 eV.

Truhlar and Kuppermann [ 8] have recently calculated the
thermal rate constant for this coliinear reaction from their quantum
reactidn probabilities. Using the same expression for the rate
constant, but replacing the quantum reaction probabilities with the
corresponding classical ones, we calculated the classical thermal
rate constant. Figure 4 shows a plot of the ratios of the classical
to quantum rate constants as a function of 1/T fbr températures
ranging from 150 to 1200°K. Table I shows this comparison more
quantitatively. The classical activation energy, derived from the
classical rate constant, is 0,30 eV, and the quantum activation
energy is 0.299 eV [ 8]. The quantum results were reported with
an accuracy of 2% or better and the present classical ones are
accurate to about 10%. The two rate constants are seen to approach
each other at high temperatures and to diverge significantl'y at
temperatures below 250°K. The small difference in the guantum
and classical reaction thresholds is responsible forrthils marked
low temperature.difference. '

In summary, we have found that at the higher collision
energies considered here, ‘there is qualitative agreement between
the classical and the oscillation-averaged quantum reaction probabilities
discussed here. Quantitatively, however, a difference of a factor of

two is not uncommon. In addition, a marked difference exists between
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classical and quantum rate constants due to the difference between
the corresponding reaction probabilities near threshold. We feel
that, although these results were obtained from collinear calculations,

the qualitative conclusions will still hold for 3-dimensional reactions.



(1]
(2]

[3]

(4]

[5]
(6]

[7]
(8]
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FIGURE CAPTIONS

Classical (open circles) and quantum (full circles) total
reaction probability, POR, for the collinear reaction
H+H, (v=0)~ Hy(v=0, 1, 2) + Hasa function of
relative collision energy EO.

Classical (open circles) and quantum (full circles) total
reaction probability, Pi%, for the collinear reaction
H+H, (v=1) - H, (v=0, 1, 2) + H as a function of
relative collision energy E;.

Classical (open circles) and quantum (full circles) reaction

R

probabilities P ij as a function of relative collision

energy Ei'
Ratio of classical to quantum rate constant as a function

of 1/T.
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Table I. Exact quantum k __ (T) and classical cl(T) rate constants

gm
in em/(molecule-sec) and their ratio.*

T(°K) k,; (T) kym (T k ¢1(TV/k g (T)
200 0.86(-2) 0 .201(0) 0.43(-1)
300 0.19(1) 0 .585(1) 0 .32(0)
400 0.31(2) 0.593(2) 0 .52(0)
500 0.17(3) 0 .266(3) 0 .64(0)
600 0.52(3) 0 .752(3) 0 .69(0)
700 0.12(4) 0.161(4) 0 .74(0)
800 0. 22(4) 0 .290(4) 0 .76(0)
900 0.37(4) 0 .463(4) 0.80(0)

1000 0.55(4) 0.677(4) 0 .81(0)
1100 0.77(4) 0.928(4) 0.83(0)
1200 0.10(5) 0.121(5) 0.83(0)

* The numbers in parentheses are powers of ten which multiply

the numbers preceding them.
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I.2 QUANTUM INITIAL CONDITIONS IN QUASI-CLASSICAL
TRAJECTORY CALCULATIONS. "

b 3
This paper appeared in Chemical Physics Letters 19, 21 (1973).
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' TRAJECTORY CALCULATIONS. *

JOEL M. BOWMAN,'” ARON KUPPERMANN, and GEORGE C. SCHATZ
Arthur Amos Noyes Laboratory of Chemical Physi(:sJr

California Institute of Technology, Pasadena, California 91109, USA

Received

The quantum distribution of initial conditions suggested recentlﬂ* by

Careless and Hyatt as a means of "phase-averaging' classical trajectories

is shown to lead to reaction probabilities which depend on the initial distance
between the reagents even when this distance is éufficiently large for the cor-
responding mteraction’energy to iranish. We used that distribution to calculate
reaction probabilities for the collinear H + H, exchange reaction on a potential
energy surface for which quasi-classical and exact quantum results had been
previously obtained. The dependence of the resulting reaction probabilities

on the arbitrarily chosen value of the initial atom~molecule separation was
substantial. We conclude that the use of such quantum distributions for initial

conditions is physically unacceptable.

* This work was supported in part by the United States Atomic Energy Com-
mission, Report Code No. CALT.-767P4-101.
** Work performed in partial fulfillment of the requirements for the Ph.D.
Degree in Chemistry at the California Institute of Technology.
T Contribution No. 4596, '
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1. INTRODUCTION

In a recent paper [ 1], Careless and Hyatt reported reaction probabilities
from a classical trajectory study of the collinear H + H, exchange reaction
on an LEPS surface. In addition to the standard "'phase-averaging™ (i.e.,
averaging over the initial reagent molecule's vibrational phase) in which the
initial internuclear distaice ul reageui H, (treaied a classical Larmonic oscil=-
lator with zero-point vibrational energy) is selected according to the classical
distribution function (CDF'), they phase-aw}eraged according to a quantum dis-
tribution function (QD¥ ), the probability density of the ground vibrationil |
state. The total reaction probability they obtained from the QDF oscillated
with energy around the one obtained from the CDF. This, as they observed,
was rerﬁiniscent of the oscillations of the exact quantum reaction probability
curve ardund the standard quasi-classical one obtained for an H, surface dif-
ferent than but similar to theirs [ 2], and suggested that the use of the QDF
may be a way to introduce quantum effects in classical trajectory calculations.

In this paper we investigate the properiies and usefulness of the QDF-clas-

sical trajectory method.

Let F c(r) and Fqo {r) be respectively the CDF and QDF of the initial inter-
nuclear distance, r, of a reagent diatomic molecule in a bound state having a
quantized vibrational energy. Let the corresponding classical turning points
be e and rp, ... By definition the quantities K'(r) and X~ (r) are set
equal to one if the trajectory corresponding to r is rea_ctive and to zero other-

wise. 'The superscript +(-) corresponds to the reagent initially expanding
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(contracting). The CDF and QDF total reaction probabilities of this molecule
with a third atom in a linear world, PC‘ and PQ respectively, are given by [ 3]

P, = .frmax dr[K*(r) + K" (@) ] F,(r) / zfrm'”‘ drF,(r), a=cQ. (1)
Tmin Tmin

The CDF is normalized according to

frmaxdr B ft) = 1

Tmin

but due to barrier penetration the corresponding QDF integral for the éame
intégration lix‘nits is less than unity.

The CDF and QDF total reaction probabilities can also be obtained by
sampling the initial diatom internuclear separation from the CDF and QDF
respectively and determining the fraction of trajectories leading to reaction.
This technique is equivalent to the one given by Eq. (1), and as a consistenéy

check of our numerical results both were employed for some calculations.
3. CONDITIONS ON INITIAL DISTRIBUTION FUNCTIONS

Let x stand for an internal coordinate of the diatomic molecule. It can
be the internuclear distance, r, or the angle variable, g [4]. The distribution
function F(x,t) of x at time t should satisfy the condition that as long as the
third atom is not interacting with the molecule this function does not have an
explicit time dependence, i.e., [ 3F(x,t)/ ot ]x = 0. If this is not the case
the resulting reaction probabilities would in general be a function of the initial

atom-molecule separation, R, even though at this separation the interaction
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A

energy vanishes [5]. Such a result would not be physically meaningful[6]. We
will show that [ 9F/ Bt]x vanishes if and only if at an arbitrary initial time t,
F(x,t,) is the classical distribution function [Fc(r) or FC(Q)] and therefore
that any other initial distribution function, including the quantum one { FQ(r)
or FQ(q)], is not acceptable. '

Let p, be the momentum canonically conjugate to x (i.e., either the
cartesian momentum p,, for z - r or the action variable n [4] for x = g).
Let p(x, py,t) be the density function (at time t and point (x, px) of phase
spac’:e) representing an ensemble of isolated diatomic molecules. The dis-

tribution function F(x,t) in x-configuration space is related to p by

P ) = [dp plx, Py, ) (@)

where x and p, are taken as usual to be independent. From this we get
_OF,  _ ap
(Ft)x = Jpy ( H't_)x,px

The quantity (9p/ ot), py describing the rate of change of p with time at a
fixed point in phase space, can be obtained from Liouville's theorem [7 ] accor-
ding to which do/dt vanishes. As a result

dpx ]

a i) dx ]
(§), = -fdpx[(ﬁ)px,t S+ <a%x>x,t ot (3)

It is now convenient to use angle-action variables, i.e., x=q and py = n.

The corresponding equations of motion are [4 ]

W .w; B (4)
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where w is the positive constant angular frequency of the vibrational motion

of the molecule. Therefore,
g=wt+c ; n=m (5)

~where ¢ and m are integration constants, the latter being uniquely determined
by the energy of the molecule [ 4]. Let the ensemble of molecules being con-
sidered be restricted to iie “on the energy sheil” (i.e., have energies in the

range) E to E + dE. Then, in view of Eq. (5) we may write
pla, n, t) = f(g, t) 6(n-m) . (6)
From this and Eq. (2) we have that
F(q,t) = f(q,t) (7)

and with the aid of Eqs. (4), (6), and (7), Eq. (3) becomes

), -~

This is the general partial differential equation which any distribution function
F(q, t) on the energy shell must satisfy. In addition F should be normalized in

the g-range 0 to 27 corresponding to one vibration period, i.e.,
27 .
fo dg Fig,t) = 1 . (9

Since we wish to find the conditions under which F(g, ;) must be equal
to FC(q), we first obtain an expression for the latter. By definition Fc(q) dg
is equal to the fraction of time spent by an isolated diatom in the range g

toq+dg, i-e.,
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= &
F(a)dg = Z

where 7, the molecular vibration period, is related to w by
T = 21 . (10)

The last three expressions together with Eq. (5) furnish

Fla) = g5 - (11)
The theorem we wish to prove is that a necessary and sufficient condition

for [3 F(q, t)/at]q to vanish for all q and t is that F(g, t,) be 1/2r (i.e.,

FC (q@)). That the condition is necessary follows from Eq. (8) by setting

[@ F/at]q equal to zero. According to the resulting expression, F is inde-
pendent of both q and t, i.e., it is a constant whose value, due to the
normalization condition (9), must be 1/2g. Therefore, F(q, t) at all times,

and in particular at time t,, must be equal to 1/27. To show that the condition
is sufficient, we assume that F(q, t,) = 1/27 and,solve Eq. (8) subject to this
initial condition. It follows that [a"F(q, to)/atn ]q‘vanishes at t = t, for all n.
Therefore, a power series expansion of F(q, t) in the variable t around

t = t, furnishes F(q, t) = F(q, t,) = 1/27 from which we conclude that [aF/at]q
vanishes at allq and t, Q.E.D.

If we now change from the angle-action variables (g, n) to the cartesian
ones (r, pr), the distribution function F(q, t) transforms into F(r, t) and it is
straightforward to prove that a necessary and sufficient condition for
[eF/ot], to vanish at r and t is that for an arbitrary t, we have F(r, t,) = F(r).

Indeed, since

F(r,t) |dr| = F(qg,t)dgq
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we get from Eq. (4)

w
= Flg,t) —— 12
F(r,t) = F(g,t) | (12)

where v is the cartesian velocity given by

) = 2 {% [E-v@)]},

it being the reduced mass of the diatom and V(r) its potential energy function.
(The absolute value signs were introduced to force F(r, t) to be positive.) On
the energy shell n is a constant and therefore r'is a function of g only. Thus,
a necessary and sufficient condition for [2F/0t], to vanish is that [? F/Bt]q
vanish, i.e., that F(g,t,) equal 1/2r., Due to Egs. (12) and (10) this is

equivalent to
1 1 i
B t,) = 7 [@| (13)
Since the classical distribution function Fc(r) must, by definition, satisfy

- @t

Fc(r) dr =

we get finally that

F(r, t;) = Fy(r)

Thus, we have proved that the one and only initial distribution_lea,dihg
to an F(r, t) which has no explicit time dependence is the classical one,
Fc(r), and therefore this distribution function is the only physically
acceptable one. For any other initial distribution, including the éwz_mtum

one, the resulting reaction probabilities will be periodic functions of the
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atom-molecule separation, R, with period Vr, where V is the initial relative
velocity. This is an immediate consequence of the fact that the diatom's
internal motion is periodic with period 7. Furthermore, the function PQ(R)
will be symmetric about a point R due to the fact that FQ(q) is symmetric
about the point q = 7.

Although these conclusions were derived for the particular case of a
collinear atom-molecule exchange reaction, their generalization to three

dimensions and fo more complicated reactions is straightforward.

4. NUMERICAL RESULTS AND DISCUSSION

In order to determine the magnitude of the dependence of the total
reaction probability on R for the QDY we computed PQ as a function of the
initial relative kinetic energy, E,, for several values of R for the H + H,
exchange reaction, with the H, molecule initially in its ground vibrational state.
The potential energy surface used was a Wall-Porter fit to the scaled SSMK
surface [8], and was the same one for which exact quantum and quasi-
classical reaction probabilities had previously been obtained [9, 2].

We aléo performed some calculationsd using the CDF by both the
sampling method described at the end of Section 2 and by the integration method.
The latter is a modification of Eq. (1), obtained by replacing the initial H,
internuclear distance variable r with the angle variable, q. The resulting

expression is

Pe = 2 (Aa)y/2n (14)

where the (Aq)i represent the lengths of the regions in gq-space which lead to

reaction. Most of the QDF calculations were made using the integration
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method with Eq. (1) unaltered. For one energy the sampling technique was

also used. |

For an initial relative kinetic energy, equal to 0 64 eV PC and PO
vy‘lwaré obtained by these methods for four values of R between 4. 621 bohr ;md
4,621 + 7Vbohr (6.592 bohr) and the result\s are given in Table 1 for a set of -
100 trajectories per value of R. As seen the CDF results are independent of
R as expected whereas the QDF ones depénd significantly on this variable.
Furthermore the latter dependence is periodic with period 7V and the integration
and.sa_mpling methods of calculation give the same results (to within the
accuracy of either calculation), as predicted. In Fig. 1 we have plotied PQ
(computed from Eg. (1)) as a function of R over the range 4.78 bohr to
4.78+ 7Vbohr (6.75 bohr) and for E; equal to 0.64 eV to illustrate the nature
and magnitude of the R-dependence. The rangé of the abscissa has been chosen
so that the symmetric shape of the curve is clearly displayed. The point of
symmetry, R, (5.76 bohr in the present example) is calculated from the
expression R = R, + % [(as +a,)/2 -7 ] where q, and g, are the limits of the
q region over which all trajectories are reactive for R = R,. The range of PQ
for this energy is 0.50 to 0.83 compared to the value of 0. 65 for Pc . This
is a substantial dependence of PQ on R.

In Fig. 2 we have plotted, as a function of E;, the QDF total reaction
probability at three values of R and the CDF total reaction probability. In
addition, for comparison purposes, we display the exact quantum curve
obtained previously for the same surface [9] The QDF results again clearly
exhibit a substantial variation with R, even though the range of values of PQ

for each E, indicated in the figure is not the maximum one [1d].
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Depending on the arbitrarily chosen value of R some of the PQ versus
E, curves can displa.y an oscillatory behavior. However, the position and
amplitude of these oscillations are themselves dependent on R, and appear in
general unrelated to those of the exact probabilities, as displayed in Fig. 2.

We conclude that, in the absence of a reasonable criterion for choosing
the initial atom-molecule separation, the use of a quantum distribution of
initial conditions to pﬁase-average classical trajectories is neither theoretically

justifiable nor physically acceptable.



33

Table 1
Classical (CDF), PC’ and "quantum" (QDF), PQ, total reaction probabilities
at four values of the initial atom-molecule separation, R, for an initial

relative kinetic energy of 0.64 eV,

rc . rQ
R (bohr)
Integrationa) Samplingb) :Integrationc) Samplingb)
4,621 0.65 0.65 0.76 0.76
5.278 . 0.65 0.66 ! 0.53 0.54
5,935 0.65 0.66 . 0.68 0.70
6.592 0.65 0.66 - 0.76 0.76

a) Method using Eq. (14).
b) Method described at the end of Section 2.
¢) Method using Eq. (1).
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FIGURE CAPTIONS

"Quantum" (QDF) total reaction probability, PQ, as a function of
the initial atom-molecule separation, R, for an initial relative
kinetic energy of 0.64 eV. The arrow indicates the position of the
symmetry point, R = 5.76 bohr. The error bars are a measure of
the uncertainties associated with the number of trajectories (100)

used for each R.

Exact quantum (dashed-dotted curve), quasi-classical (CDF) (solid
curve), and "gquantum' (QDF) (triangles, circles, and squares) total
reaction probabilities as a function of initial relative kinetic energy,
E,. The initial atom~molecule separations, R, for the latter are

given in the figure insert.
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1.3 SEMI-CLASSICAL S MATRIX THEORY OF REACTIVE AND
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1. Introduction

Semi-classical expressions for the scattering matrix pertinent to
molecular collisions based on exact classical trajectories have been given
by Miller [ 1], Marcus and co-workers [ 2], Levine and Johnson [3], and Eu[4]. It
was argued that such semi-classical expressions would yield results in
agreement with exact quantum ones for molecular scattering processes. A
semi-classical scattering theory in which the relative motion is treated
classically (exactly) and the internal motion quantum mechanically has been
developed by‘ Pechukas [ 5a] and Pechukas and Davis { 5b].

Miller has dealt mostly with closed forms for the semi-classical S
matrix which result in a hierarchy of éxpressions of increasing range of
validity termed the "'classical, " "primitive, " and "uniform" approximations
[1b]. They are appealing in their simplicity and ease of interpretation.
| Applications of these expressions to model non-reactive collisions [ 1b, ic]

gave encouraging results and stimulated interest in its applications to reactive
collisions[6,7, 8] . Additional results of numerical calculations we have performed
for the collinear H +H, and F +H, systems will be published elsewhere [9,10].
Marcus [2a] and Connor and Marcus [ 2b] developed their theory by
focussing attention on the JWKB solution to the scattering wavefunction and
l extracting the semi-classical 8 matrix from it. The many points of contact
with Miller's theory indicate that the two theories are esgsentially equivalent.
Wong and Marcus [ 2c¢ ] have applied their theory to the inelastic scattering
of a particlle by a harmonic oscillator and found excellent agreement with the
quantum results of Secrest and Johnson [ 11]. .
Johnson and Levine [3] gave an expression for the semi-classical

S operator and proceeded to give its matrix elements in terms of either
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JWKER or exact wavefunctions for the unperturbed initial and final internal
states of the system. This expression differs from Miller's and Marcus'
and co-workers' and it represents an approximation to the semi-classical
S matrix.

These previous treatments of the semi-classical S
matrix have focussed on an action-angle-variables description [ 12a] of the
internal diatom's coordinates and momenta. Miller and co-workers have
modified their theory to include other coordinates and momenta [ 12,6 ].

In the present paper we give a unified derivation of a semi-classical
8 matrix for collinear reactive and non-reactive collisions between an atom
: and a diatomic molecule in which a generalized internal coordinate and
momentum are used to describe the motion of the latter. The uniform,
primitive, and classical semi-classical approximations for the transition
probabilities are rederived in terms of these variables. A new integral
expression for the semi-classical § matrix is also derived. This expression
is of limited use;.-however, in some cases it is the only expression having
some validity. In addition,we give a new derivation of the classical limit

of the propagator in the Appendix.

2. Theory

Let us consider, for convenience, thé collinear collision of an atom
with a diatomic molecule and derive an expression for a semi-classical S
matrix for reactiﬁe and non-reactive transitions. This derivation can easily
be exteqded to collisions in three physical dimensions.

The exact S matrix for atom-molecule collisions is [ 13a]

Spne = Jim, K s ia® @8 =12 C
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where X g(t) is some non-interacting state of the system describing separated
collision partners in arrangement channel B and ¥ a(t ) is the scattering
state which for t'— - describes the non-interactine reagent state Xna{t' ).
For collinear collisions n® and mB are, respectivély, the vibrational quantum
numbers of the reactant and product diatoms.

For arrangement channel 1(2) we define R'® as the distance from the
atom A(C) to the center of mass of the Idia.tom BC{AB) and denote the internal
diatom coordinate as x'® which is left general (i.e., it can be the inter-
nuclear distance, 'theanéle variable or some other convenient internal coor-
dinate) for most of the discussion. In terms of these variables, the time,
and the propagator K(R? xPt; RY x®'t')} eq. (2.1) can be written as’

[13a] | |

Smina = Lm SIS dRPaxPar® ax® xx o(RY = KRS = tRY =¥ /)
t'—~e0

% U@ F xF¢) wp =12 (2.2)

where K is the amplitude for the system to propagate from space-time point
RY x¥’'{' to space-time point R’? x? t.

A semi-classical approximation to (2. 2) results if semi-classical
expressions for X (RS th), a(Ra’ ®r ') and K(RBXBt RY x%7 ') are

used. The first one can be written as
K@t = @ omuely @3

and an analogous expression holds for Xna. The wavefunctions ¥°¢ and nmﬁ
are defined in eqs. (2.5), (2.12) and (2. 15) below. Let us now define an
interaction region which extends from Rff {before collision) to R'? (after col-
lision) such that for R®" and Rﬂ greater than Rf‘ and R? respectively the

interaction between the atom and the diatom is negligible. Tet us also define

i In reference [13] p. 300, K(R,r, ;R ¢, t') =iG* t;R) r} t') where
G' is the retar ded Green's function. K is also cal ed t’he Feynman propagator.
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two times t;, and t, which are required to satisfy the "boundary conditions"
R%(t,) = RY and RA(t,) = R, where RY(t) and RP () are given by the classical
equations of motion, .Thus for times t’ < t, and t > t, the partners propagate

freely. We take the semi-classical approximation to Smﬁnd to be

B B a a
- RT+L . > — -, o R, +L -
$%¢, -1um [ [ ad [ ax®f  dr
mPn®  f—co rB <O RO
T min min °

- (2.4)
v S0P, oK, HRY, S, )

% BEE ol L, o, € S I AP, ™ IR,
n

In this expression, KSC(Rgt, ;R t') describes the propagation associated
with the relative motion of the separated clollisio.n partners before collision,
KSQ(R'?, xE t;;R% x& t,) the propagation associated with the motion occurring
during the interaction, and I{S‘c(]c'{‘f,3 t ;R‘?, t,) the propégation associated with
the relative motion thereafter. Only the second of these semi-classical
propagators contains the internal coordinates. The finite integration limits
associated with these coordinates correspond to the classical turning points
of thediatom before and after collision. The integrations over R% and Rﬁ are
performed with these variables considered independent of t’ and t respec-
tively. We stress that in our description the quantitieé Roa and RP are
fixed parameters and the times L a:nd t, are functions of the other parameters
which define the trajectoi'ies. Ultimately the semi-—classicé.l S matrix must
not depend in a significant way on the choice of the parameters R:;T and RB.
The wavefunctions ¥S¢RY, t') and ‘Irsc(Rﬁ,B t) appearing in the last

two expressions are normalized over lines of length £ and are given by

¥SCRY, 1) = £7F exp [1(PY R - EZy ¢/ )/ ] @.5)
eREt) = e Zexp[1 (PRRE -EZ 5 1) /R]
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where Pg’ and PI% are the relative momenta of the system before and after
collision respectively and E:a and Efmg are the associated kinetic energies.
The semi-classical propagators KSC(R‘?, to;R?” t') and KSC(R‘?t ;R’?, t,), also
normalized over lines of length ¢, are given by [ 14b]

KRS, t3RY' ) = 47 exp{1[ pf (R - R*) - EX(t,-t)] /n} -
k®IRE L) = 0% e {1[ 0], ®°- &) - 5§ ¢-1)1 /1)

where pE = p2(t,) and B -y t,) are the ta icall -
PR, Pr(t) PR, = PR (t,) ar momenta canonically con

jugate to R® ‘and RP at times t, and t; respectively. They are given by

o
g = n® S = pY®Y-RY)/ G - t)

pR-= W ® - R/ - 1)

where p'(p?) is the reduced mass of the A + BC (C + AB) system. Eﬁ (Ei)

is the relative kinetic energy of the system before (after) collision.

According to eq. (2.6), KSR t, RY, /)| and [KC(®RP, t;RP, t))|? are constants.
The reason for this is that A and BC do not interact for distances

RY greater than R? before collision and C and AB do not interact for
distances R'B greater than R.';B after eollision; hence, the probabilities

lKSC(R?, s ;‘R‘,g“"c')|2 and |KSC(R'?t ;Rf, t,) |* for the system to propagate

from one space-time point to another in these regions are constants. The

semi-classical propagator associated with the interaction is given by [ 1a, 15, 16]

-y 1
KSR, = 3R, X0 t,) = (i) = [ou, /0xf]7 exp [1gg () o, R, 5, 10) /]

(2.7)
where [6]
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25% (RE 8 1R 8 1) = 352, RY =D 15 R, 8 t0) + (L o R w0,
(2.8a)
with
t s .
o = J ‘at L[RY®), R*@®), x*®), x*®)] . (2. 8b)

L

1, is the classical Lagrangian of the system and the integrand is associated
with a classical trajectory of total energy E passing through the space-time
poi_ntsl (Rf, xf,x, t,) and (R?, e t;); F, is the classical generating function
which describes the change of coordinates (R% x%) to (R‘?, xfg ) at time t,[12b].
The partial derivative Epf:0 / 8}&‘3 (in eq. (2.7)) involving the momentum ca- .
nonically conjugate to x?® at time t, implies that Rg!, R'?, ng‘, t,, and t, are
the variables whichremain constant. A derivation of eq. (2.7) is given in
the Appendix.

Let us now perform the integrations indicated in eqg. (2.4). It is con-

venient to éxpress the Lagrangian in (2. 8b) as
LERYR? =¥ x% = p% R+ o x* - HRY pZ, =¥ p) @.9)

where H is the classical Hamiltonian and pg and pg are functions of R‘,x ita
a)'ca

and X, We rewrite eq. (2.8b) with the aid of eq. (2. 9) (assuming that

H is time-independent) as
| t, . - :

B = fto aERORY® + o Ox*O1 - Bt -to)
and define a new quantity tﬁgg by

t, ' .
o= [ HFRORT® + pHOXO] + F®E = RY xM0g, - (2.10)
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Eq. (2.8a) then becomes

SC

ﬁa = qbgg = E(t1_t0) ;
¢Ba [(E(mﬁ)+E§nﬁ)t1 - (E(na)+ Ega)to] ’ (2.11)

il

The semi-classical wavefunctions 11;%, and 7781,::,8 of eq. (2.3) can be written as

ha (655 t) = Yig (<o) exp[ -1 E@ ™)t /B]
(2.12)
mﬁ(xu t ) [3 (Xﬁ) EXP[ IE(mﬁ)t /ﬁ] s

where tp (xo ) and 1!/ (x ) are the JWKB wavefunctions given by eq. (2.15)
B

below. The quantum numbers n® and m specify the vibrational state of the
diatom before and after collision respectively and E(n%) and E(mﬁ) are the
corresponding semi-classical energy eigenvalues [ 17]. The total energy of

the system E can be written as
_ a X . By, mbB
E = E(n )+En3§ = E(m”)+ E g

Inserting egs. (2.5), (2.6), (2.7), and (2.12) into eq. (2.4) we obtain .

REw £ x®  RCu
$5% g lim [ arff Tad Tax@ [ Y
o - OO
m'n £ R,B xﬁ <@ R
4 i min min 0

n“‘exp[i(pﬁl_pgmﬁfﬁ]¢*Sc(xﬁ (27ik)"2
x [apgo /a}E }z eXp[lq‘_)ﬁc (Rl s X‘?: tnRoa’ Xg: to)/ﬁ] (Xo )
x 2 exp[i(PR’ - pgo)na'/h]exp{i [cafﬂs “ Eff) t +(Ek -EW)] /)

exp[i(pfy RS - PR B/A] - o (2.19)
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As described previously, the quantity qbgg in this equation is determined
by a trajectory of energy E which passes through the space-time points
(R:,x, xg, t,) and (RE xﬁ t,). Only four independent variables are needed to
specify a trajectory for a two-dimensional configuration space. They can be
chosen as Roa, xg‘, R? and x‘?. Alternatively, the total energy E and the three
variables Rg, xg’ and R? can be used. The elapsed time t,~t, is determined
from these conditions and will not be taken as an independent variable. The
functions pg(t), pg(t), p%(t) and pfi (1) (the momentum canonically conjugate
to x‘e(t)] are also determined by the same conditions, and éherefore so are
pﬁo, pgo, p%l and pgl.

It is convenient to replace the set of variables E, Rgf xf,x and R? used
to specify a trajectory by the equivalent set E, Rg", pﬁo and pgl and to choose
the latter two variables according to a criterion suggested by eq. (2.13). We
see that the integral of £~ exp[i(Pgo- pg’ R /1i] over R¥’ appearing in
that equation is equal to unity if pgﬂ = PaR' and zero otherwise. Similarly if
1:‘%1 = P% the analogous integral over 'Rﬁ is equal to unity but it is zero other-

wise. Thus, we require that

bR, = PR’ (2.14a)

g = Pf : ' (2. 14b)

The set of variables E, Roa, pﬁo = ng pg = PﬁR is then the one to determine
1

the trajectory (or trajectories) for which the q%% of eq. (2.8) is calculated.

We now focus attention on the integrations over xg

and x{a remaining
in eq. (2.13) and examine the consequences of conditions (2.14). To do this

we note that nso‘j(xg) and wri‘fg (x{a) are given in general by [ 1a, 17]
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= - 1
L BZFQ(XQ: na) =
‘PS;(KO‘I) = (2rik) 2 —;@%—T exp[iF,(x%, n*) /]
n x5'an
= s (2.15)
1
= « gy g
1 [0'RGd, mP)
¢:B(X’?) = (27iK)"2 : (:»‘al exp[in(X?s mP) /i ]
xk mP

where F:,(xg!, n%) and Fz(x?, mﬁ) are generating functions which in this case
are solutions to the time-independent Hamilton-Jacobi equation [12¢ ] for the

motion of the isolated diatom. These functions have the following important

property:
3 F,(x%, n?)
— e T (2.162)
axf]! Xo

an(X?! mB)

- pb
= P
oxb . o

(2. 16Db)

where Pgo ig the internal momentum of the isolated diatom, which depends

on the latter's vibrational quantum number n® (or energy E(m®)) and internal
coordinate xgx. For examplé, it xf is the angle variable qf,! then

Fz(qf, n®) = qfnah and Pf:o becomes independent of qf,” and equal to the

action variable n®#. p;: , as yet unspecified, is some value of the momentum

variable and is relafed fo ‘35;; according to

scC

3}
% _ o . (2.17)
axf,l *o

However, condition (2, 14a) coupled with the conservation of energy equation

requires that
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a (s 4
Py = Py . (2.18)

For example, if xf,l is the diatom internuclear distance roa, and ,ua and p.¢

are respectively the reduced mass of the atom~diatom system and the reduced

mass of the diatom we have

2 2

()’ (pr ) ®2y (@)
= FVEES) = ——5— +——— + V) =

2 Zua 2u 2”'(!

which together with eq. (2.14a) yield eq. (2.18). If xoa is the diatom internal
coordinate qg' it can be shown that eq. (2.18) holds with the positive Sign on
the right-hand side only. For the case in which both signs are permitted,

we will exercise our limited remaining freedom of choice of pgo by picking
the positive sign. "I_'he reason is that for this choice. we get from eqs.

(2.16a), (2.17) and (2. 18)

B[qb Rlsxﬁf! 1sRn » Xo ’t ) + Fz(xg',na)]
axg’

= 0 ’ (2.19)

which is the condition for being able to evaluate the x5 integral in eq. (2.13)
by the method of stationary phase [18]. Doing this, and for the moment

deferring ithe performance oif the integraticn over R‘3 we obtain

RO xB
= B el B /5 10* 5 (xP) (2uiti) 2
S ga= lim f dR f dxj 27 exp[l PR R /Tl]z,b (x4 )(2n i)
mn L -=c0 R'B - : :
= “min

x [002/oxB 1? expfi[F,:Z, n%) + & (RBxB, 1, RE, 38, )]/ﬁ}

x exp[i(PE'RE - p& RO/ ] exp[-1(ef - ED gt/m] (2.20)
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where x is the value of x‘, which satisfies eq. (2.19).. It is obviously a
function of x’3 and the other independent variables appearing in that equation.
The quantity [8q, /axﬁ]?-m (2.20) results from the product

[Bpx JoxBE - [0g% /ox& IE - [axf,‘/ap 12 and the fact that [12b]

0 Fz(xgls na) N

a
an® )

S b osl
As stated previously, the set of variables E, Rf,l, Pg', Pg determine

the trajectory or trajectories we wish to consider. One way of finding these

trajectories is to pick Ra subject to the conditions given after eq. (2.3),

R to give the desired initial relative translational energy, xE‘ anywhere in
the range xmm to Xm - and Pgﬂ to yield the desired total energy. We then
solve the classical equations of motion for the trajectory corresponding to
these initial conditions. Then, at the time for which RP = R'le (where R'lB is
chosen according to the conditions given after eq. (2.3)), we verify whether
or not eq. (2.14b) is satisfied. The entire allowed range of x,,a is scanned
with several possible kinds of results. |

Case a. There may be a continuous range of values E, from xflto xo“u,
which furnish trajectories satis Iy‘ing tie above conditions. Let the cor-
responding range of x‘B have lower and upper limits x‘?ﬂ and xlﬁu, respectively.
.These can replace the lower and upper limit of the integration range of xﬁ
in eq. (2.20) which then becomes, after the integral over R‘? is performed

(according to the remarks in the paragraph following eq. (2.14b))



B
i
= i B, *SC z
Smﬂna_ jﬁ dxt 9 B( By(2nin)~
Xlﬂ_
[8q%/axP |8 exp[i6¢(wB, ¥8, t;RY, @, t,)/6] , (2.21)

where

SC(RUX?, tuRo ,3\0 s t) = (RB Xis tl:R Xu s to)

+ Fy(x®, x*) + PL'RY - PERS
Since xff can be considered a function of xf,x which is a function of qoa, we may

change the integration variable in eq. (2.21) to qoa. We get the following

expression for the semi-classical S matrix in terms of the initial angle

variable.
a
q u .
5 = f ’ *Sc(xﬁ)(zﬂlﬁ)_g[axﬁ/aqo JZexp[i6°¢/M] . (2.22)
mﬁna qcfﬁ_ -
0.

Inpractice, the conditions for this case are expected to be met rarely if at all.
However, we have found situations for which a large number of values of
"'f,” (as opposed to a continuous range of such values) exist which furnish

trajectories satisfying all of the required conditions mentioned above L7, 9

|_....|

For such situations, eq. (2.22) may be a useful approximation.

Case b. There are two trajectories which satisfy the required con-
ditions. In this case we proceed to evaluate the integral over x'? in eq. (2.20)
by stationary phase in a fashion analogous to the procedure carried out for
the xoa integration. The points of stationary phase are simply those values
i‘? of x'? such that pﬁl = Pg . At this point we should notice that if only two

trajectories exist which satisfy the required conditions, then there are only
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two allowed values of ng and correspondingly two allowed values of xj?.
Under these conditions, what do the integrals over these variables mean?
What is really implied is that we are considering an infinitesimal range of

values of pg around P2/, as well as a similar "shell" of p% around P%.
1

R
These shells result in continuous infinitesimal ranges of xfj“ and x'? around
the xo and E‘f Since these are points of staticnary phase for the integrals
over xf;“ and x‘?, we are justified in using this technique to obtain these integrals.
The most general stationary phase technique that can be applied in this case
(two points of stationary phase which may or may not be coalescent) is the
uniform method [1b, 1c, 2a, 2b]. This technique consists of expanding the
phase of integrand about the stationary phase point to third order in the inte-

gration variable., The expression given by Miller [1b, l¢ ] can be applied here
with the result that

S:;:%ga = exp{i[a, +A, +(e, +e,)n/4]/2 }n%z %{pl [Ai(" z) +ie, Bi(" z)
+ pE[Ai(-— z) - ie, Bi(—z)]} s (2.23)

where

_}3 :
= [¢Ba Ruxnt ;Rf, }_{;1, to) + Fz(i‘?’ n&) - F2(§{13, mﬁ) i Pg’R?

a 2 .
- PRRY /6 (2.24)
B fa. -5
[2nh |om” /BqS |qu]_] 2 , (2. 25)

€, = sign(Al-Ag)

e; = sign[(amﬁ/aqé‘)qu_], i=1,2
J
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5 2
z=[}|a -8

Ai(-z) and Bi(-z) are respectively the regular and irregular Airy functions
[19]. The qgg (j =1, 2) are the two values of the initial angle variable which

give rise to the two acceptable trajectories L iﬁf and_ig are the corresponding

usc .
yields the

. mﬁ n®

following uniform semi-classical (USC) expression for the transition

values of x&g and xoa. The square of the absolute value of S

probability

i Tl L
PUSC, = (0, +pn2#AY(-2) + (b - po)'n2?Bi(-2) . (2.26)
mn ‘

In the asymptotic limit of |A, - A,| > 1 the USC expression for the

scattering matrix becomes the "primitive" one, i.e.,

gPsC - p, exp[i(A, +e,n/4)] + p, expli(A, +en/4)] . (2.27)
mPn® .

This expression can also be obtained from eq. (2.22) by using the usual

primitive stationary phase approximation [ 18], From eg. (2. 27) we obtain

the primitive semi-classgical (PSC) transition probability

PSC

mﬁna = Pi +P§ + 2(P1P2)%COS [(a, +en/4) -~ (A, +en/4)] . (2.28)

B

A classical semi-classical (CSC) expression for the

. ‘
" transition probability results if the "interference term' 2{p,p,}? cos[(A; +e,m/4)

- (A, +e,7/4)] is omitted:

CSC z 2 |
P = p;+D; - (2.29)
mﬁna 1 2

In effect by employing the method of stationary phase we have constructed

a semi~-classical 8§ matrix on the gquantum number shells dnﬂ!dm‘3 in



accordance with the unitarity conditions [1a, 20]

o4

an®s* . s = 5(mP -TP)
mﬁna ﬁﬁna

Bg* P
fdm Sm'BnaSm‘Bﬁa e

In summary, to obtain S° Cﬁ o 2t 2 given total energy E for given initial and

m'n

final quantum numbers n® and r'n'B, we go through the following steps:

1.
2.

We choose Rff and R‘? according to the criteria given after eq. (2.3)

We calculate the semi—classicghenergy eigenvalue E(na), and from it

and E the initial relative momentum B

We pick a value qgl between 0 and 27, obtain the corresponding xg [12a],
and from it the potential energy Va(xoa). Then using energy conservation,
we obtain the initial internal momentumn Pg (there can be two of these).

(]
We integrate the classical equations of motion for initidl conditions

rRY, pﬁo = Pg', x& and pgo = Pgo.

At the time for which RB = RQB we calculate the final internal energy of the
diatom and from it the corresponding (not necessarily integral) action
variable MB 2

Using .the above procedure we allow qca to scan the entire range 0 to 29
and obtain the function MB(qoa) and determine the value(s) qg]- of qgM for
which MP equals the integer mP . If two such values (j = 1, 2) exist and

it MP (qoa) is continuous and differentiable at these values we calculate P .
according to eq. (2.25),

We calculate ¢§; from eqs. (2.8) and ¥, as indicated after eq. (2.15).

From these and eq. (2.24) we calculate A]..
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At this point we have all the information needed to calculate the semi~
classical scattering matrix elements according to the several expressions
given.

‘ Case c. There is one trajectory satisfying the required conditions.
In this case we have only primitive and classical semi-classical expressions
for the transition probabilities; both given by

T
Case d. There are no trajectories which satisfy eqs. (2.14), In this

case the transition n® = m18 has been termed "classically f01'bidden" (in the
semi~classical sense) and the semi-classical S matrix vanishes according to
the remarks made before eqs. (2.14). We prefer to call the transition ”dynamiéally
inaccessible.” Since we are deal'mg with .reactive and non-reactive collisions it
is important to distinguisﬁ between [two subcases here. One occurs when
there are no trajectories starting in arr.angement channel 1(2) and ending in
arrangement channel 2(}). The other occurs when there are such trajectories
but none for which the initial and final guantum numbers have the desired
integral values. Relatively simple analytical continuation techniques have
been developed to deal with the latter case [1b, 1d, 2a, 2b]. These techniques
involve finding complex root(s) qg! to the equation mP = P (qoa),l where m?
is integral, by analytically continuing the function P (qg) by means of a
Taylor series or Fourier series expansion into the complex plane. Such
anaiytical continuation is expected to be valid if the complex roots are not
"too far' from the real axis, i.e., the transition is not "very forbidden'.
They have recently been applied to the F+H, — FH+H and F+D, — FD+D

reactions [10]. In the event that the transition of interest is highly forbidden
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or to deal with the former case Miller and George [22a] and Stine and
Marcus [23] have developed techniques to integrate the classical equations
of motion in complex space. These techniques have been applied to model
inelastic collisions [23, 24] and to the H + H, exchange reaction [22b, 25].
Throughout the present treatment we have impliéitly assumed that the
classical trajectories were real-valued. The inclusion of complex-valued
trajectories is, however, totally consistent with our treatment of the semi-~
classical 8 matrix.

Returning now to the expressions (2.22), (2.24), and (2.26) we con-
sider possible choices for the variables x? and x&. As pointed out by Rankin
and Miller [ 6 ] the choice ra(,B) in the reactive case leads to some simplification
in the expreSsidn for qbgg since Fl(Rﬁlg, r’f, R?? rf‘;) (see eql. (2.8a)) is
identically zero. This follows from the fact that the transformation from the
(R%, r%) system of coordinates to the (R‘3 ) P } one is a point trans-
formation [12b]. As a result of this simplification and also because of
cqmputational convenience we have done all our calcuiations with x® ®) equal

to ra(ﬁ). The 'ra(ﬁ)-depe'ndent quantities in eqs. (2.24) and (2. 26) are given

by
o0 6l o R B tht‘ df[I%(t)f?q(t) +pf I W]
= f: dt[p%(t)f{ﬁ(t) + pfi(t)iﬁ(t)] i
F,0% rd) = sign[P3GM] [ : ar {2 [B%) - VG 1}
min

Fz(mﬁa r‘ls)

It

g : .
sig‘n[Pg(r‘?)] f;; drﬁ{z-_u.B[E(mB) - Vﬁ(rﬁ)]}i ,

T min
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where Ko (g) and Va(ﬁ) are respectively the diatom's reduced mass and
internal potential function in arrangement channel a(3). i

Aj given above in the (R?, r“), (R‘B, rﬁ) coordinate systems contains
spurious discontinuities due to the fact that the functions sign {Pg (r?)] and

sign [Pg(r'?)] contained in the F, generating functions given above are dis-
] p 8

continuous functions of r, and r}, respectively.
a8
which equals (2n®+1)7h . Thus, the effect of the jump is equivalent to one

The value of the jump at the discontinuity is equal to 2F,(r

extra vibration of the molecule. We can obviate this discontinuous behavior
if A]. is modified as follows:
tl . .
Ay = ft‘, df pRORY() + pf (DF* ()] + Frg (agy), n]
- fsign[P2 ()] - 1}@® + )t - Frf(ad), mP)

+ {sign(PBrf) 1- 1} (P 4 )t + PERE - PERE . (2.30)

Comparison with previous results

The USC, PSC and CSC expressions for the transition probabilities
given by egs. (2.24), (2.26) and (2.27), respectively, had been given pre-
viously by Miller [1b, lc] for non-reactive collisions for which x® = %,
Their applicability to reactive collisions had also been estabiished [ 1a,6].
The integral representation of the Seﬂii—classical S matrix given by eq.

(2. 22) bears a close resemblance to the ones given by Miller [ 1b] and Marcus
and co-workers [ 2a,2b). There are significant differences, however.

In addition to being derived for reactive as well as non-reactive collisions,
our representation is valid for any choice x* of the

internal  diatom coordinate, be it the internuclear



58

a, the angle variable qa, etc. Furthermore our representation

distance r
is valid so long as every trajectory emanating from within the range qg’ﬂ to

_q?u satiSfiés eq. ‘(2. 14b) (in addition to eq. (2.14a)). The previously given
expressions carry no such stipulation. However, Marcus and co-workers note
that their integral expression is RB-dependent uxﬂess:eq. (2. 14b) is satisfied.
Johnson and Levine have also given an approximate integral expression for the
semi-classical S matrix [ 3] but it is substantially different from ours, Their
expression does not contain the factor [ax'?/aqf,!]% and éq. (2.14b) is not
explicitly required in their treatment.

In summary, we have rederived the uniform, primitive, and classical
semi-classical expressions for transition probabilities in reactive and non-
reactive collisions of an atom with a diatomic molecule. Our derivation and
resulting expressions have been given in terms of a general internal diatom
coordinate. In addition to offering additional insight into this semi—ciassical
7 theory the new derivation has unified the treatment of reactive and non—reactive
collisions. A new integral_ representation of the semi-classical S matrix, of
limited applicability, has also resulied from the present derivation.

With a‘semi—classical S matrix theory,available it remains to extensively
test it against exact quantum and quasi-classical trajectory calculations. For
reactive enllisions such tests have been done for the collinear H + II, [7,8,¢]

and F + H,(D,) [10] reactions.
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App_endix

The classical limit of the propagator K(RP, xP, B T LY

The usual derivation of the classical limit of the propagator K(R'?, x?, £l

Rf ; xf,x, t,) starts from the Feynman path integral representation of K [14a].

Since the representation given by eq. (Al) below is more familiar, we derive
in the present appendix the classical limit of the propagator from this

representation,

First consider the non-reactive case, i.e., @ = 8. The propagator

is given by [13b, 14c ]

KRY, 37, t;R, x5, t)) = 20 6, (REXT)OL(RY, x)exp[-iE(t,-t,)/B] . (A1)
n

The 911 are the exact eigenfunctions of the total Hamiltonian of the system and
the En are the corresponding energy eigenvalues which may be discrete and
continuous. (The summation actually designates a summation over the discrete
values of n and an integration over the continuous values of n.) We can
clearly obtain a semi-classical expression for K(R?, =%, tl;Rg', xna, t,) by
replacing the 6 and E by their well-known (JWKB) classical limits [1a,17].

For a collision in which E is only continuous we have
KO RY. x%, taRY, x0, t,) = [dE 627 (RY, x0*5C (R, x{)exp[-iE(t:-t,)/M]). (A2)
The S%C are given, without normalization, by [17]

65 (R, x%) ~ expling (R, x¥)/i] (A3)

where the phase g is a real quantity which is a solution of the time-
independent Hamilton-Jacobi equation [12c]. Defining the quantity
sp®R®, x%,t) by
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Sp(RY, x%,t) = ny(R* x%) - Et
we see that ) j
s .
K C(R?: x?’ ti;Roa: Xt?to) s f dE exp{i [SE(R?: X?: t,) - SE(R?, xg!, t,) 1/}, (A4)

S(R?, x%, t), which is a solution of the time dependent Hamilton~Jacobi

eciuation, is given by [12¢ ]

t .
Sp(®R%, x%, 1) =fn dt L[RE®), x%(E),T] ,

where L is the Lagrangian for the system. The integration is taken over

a classical trajectory passing through Ra(t) and x™(t). Thus, we have

ft’“ & LR, 320, 1)

sg®Y, xf, t,) - Sg R, x¢', 1)
: 0

sSC a o o
q’aa(R1 s Xy tﬁRoas Xooty)

i

With this result we can rewrite eq. (A4) as follows:

K5°RY, x¥, t3RY, x5, t)) ~ [ dE exp[i®5° (R, x{, tyRY, x§, t))/6] . (A5)

Given the space time points (Rf,! ,xoa, t,) and (Rf! xf, t,) there may or may not

be a classical trajectory which connects them. If no trajectory exists

KSC

= 0; however, if such a trajectory exists, there is one value of the total
energy E associated with it. Thus, the integrand in eq. (A5) is non-zero only

on the energy shell E to E + dE with the result that

KR, =¥, trY, xf, 4) ~ expli 630 @%, 25 turS, a0, t)4] . (46)
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7 |
This result is identical to the well-known expression for the classical limit

of the propagator [14a]. In our application of the semi-classical propagator,
RY and RY are fixed and x¥ and x@ are the quantities which vary. The nor-
malization factor for K°¢ can be found from a method given by Miller [1a]

(also see reference [26]) wherein the following is required:
Jdxg K5 REXT, tiRY, xg 5 1)K O (RY, 17, tyRY, x 1) = 6 -x{")  (ATa)
JSaxX KSFRY, 2T, tiRY, 18, KO RE, 28, tRY, x5, t)= 0 -x7) . (ATD)

The result is, as given previously [la]

Bl

S : -
1 &0t Y, tuRE, &, 1)

2xih ax%oxy

e R T I

x exp[i ®5° (RY, xT, t;RY, =0, t)/M] . (48)

Given this expression for thé semi-clagsical propagator for non-
reactive collisions the semi-classical propagator for reactive collisions can
be derived directly. ' For the moment let @ and B denote different arrange-
ment channels, The propagator describing the reactive collision

K(®E, 8, t;RY, x2, t,) can be written symbolically as
R o .
(B, = Rt 1) [BE, =D (49)
whereR (t;, t,) isthe time=-evolution operator. Inserting the identity operator
T= ffarfax? |RE, x¥)(RE, xT

into eq. (A9) we obtain
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KR, 2, t;RY, x0,t) = [fdrR® &x®(RE, 8 |RY, x&)

X (RY, x| K(t,, t,|RY, x%) . (A10)

The classical limit of this expression can be found once the classical limit
of the transformation matrix element (R’i3 ; x? |Rff :;0a> is known. Using the

powerful tools developed previously we have that [26, 1a]
(ROE [RIxY)  ~ expliF,(RE, f, RY, x)/8]) (a11)

where F, is the classical generating function associated with the change in
coordinates (R?, x%) to (R?, xﬁ; ) [12b]. Thus, performing the integrals in eq.
(A10) by stationary phase and applying the unitarity conditions analogous to
the ones given by eqs. (A7a) and (A7h) we obtain

o]

1 9 QSC (RI: Xl ) t1:R to)
2rih axPax?

KSC(RE;’ X{?, t15Ro ] xo 3 t )

X exp[ub (R 1,tl,Ro,x0 t,)/R] , (A12)
where
Lo (&%, 1,t1, Soxsh &) = 807 (Alal, tiRg =0 v )
+F1(R";,XT, Rr,x1) . (A13)

If we now let @ = 1,2 and 8 = 1, 2 as done in the text, eq. (A12)
becomes the expression for the semi~classical propagator for reactive and

non-reactive collisions once we rewrite eq. (Al3) as
o
ﬁa(Rli x1 » tlsRo s X(:; s to) = (Rl ’ x1 ’ tl’RO ’ Xo s to)

" F;(R‘?, o REEM0g, (A14)
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Combining eqs. (A10) and (A12) and noting that [12b]

2. SC o
?

ey Rl

8

axPax®  axk

we have the expression for the semi-classical propagator for reactive and

non-reactive collision given by eq. (2.7) in the text.
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I.4 COMPARISON OF SEMI-—CLASSICAL,' QUASI-CLASSICAL AND
EXACT QUANTUM TRANSITION PROBABILITIES FOR THE
COLLINEAR H + H, EXC HANGE REACTION. *

* This paper appeared in the Journal of Chemical Physics 59, 6524 (1973).
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Comparison of Sem1—013551ca1, Quag—Clgﬁgga’.‘ln and Exact Quantum

Transition Probabilities fqr the Collinear H + Hg. Exchange Reaction*

JOEL M. BOWMAN ~ AND ARON KUPPERMANN

A. A, Noyes Laboratory of Chemical PhysicsT

California Institute of Technology, Pasadena, California 91109

(Reé eived )

Using the classical (CSC),' primitive (PSC) and uniform (USC) semi-
classical expressions for transition probabilities given by Miller and co-
workers;' we have calculated the reaétive and non-reactive 0 ~0 and
0 —1 transition probabilities for the collinear H + H, ex change reaction.
Comparison with previously calculated exact guantum and quasi-classical
results for the reactive and non-reactive 0 -0 transitions reveals that the
semi-classical approximations are not very good, expecially the CSC and -
PSC ones, All three semi-classical probabilities for the reactive 0 —0
transition exéeedunity in the collision energy rahge from 0.0 to 0.2 eV
above the quasi-classical reaction threshold. This feature coupled with
the failure of any of the semi-classical approximations to produce the markerd
quantum effects present in this traﬁsition causes these results to be less
accurate than the corresponding quasil-claséical ones, For the reactive and
non-reactive 0 —1 transitions the USC results are in qualitative agréement
with the exact quantum ones and are better than the standard quasi-classiéal
. results, However, the reverse quasi-classical results are alfnost as good
as the USC ones for these transitions. A probable reason for the

inability of the USC expression to produce the strong oscillations
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observed in the exact quintum results is that the latter

are due to interference between direct and resonant (i.e.,

compound state) processes whereas the present formulation of the
semi-classical method does not encompass such phenomena. A
comparison of the total reaction probabilities obtained by the USC 7
and quasi-classical methods with the exact quantum one indicates
that the USC result is more accurate than the quasi-classical one,
except at collision energies less than 0,50 eV. This improved
accuracy is due to a partial cancellation of errors in the contributing

0—0 and 01 USC reactive transition probabilities.

1. INTRODUCTION

There has recently been much progress in the development of a semi-
c_:Iassical theory of reactive and non-reactive atom—inolecule scattering. 1-6
The central theme of this theory is derived from the superposition principle
of quantum mechanics. One assumes that "quantum effects' in heavy particle
(e.g., atoni-molecule) systems are due primarily, if not solely, to the
interference of s;atfering amplitudes. It has been shown that the classical
limit of the scattering matrix is obtained from information cdntained in the
exact classical trajectories describing the atom-molecule scattering. The
phases of th:e ‘_§ matrix elements are given by the action accrued along
trajectories whose boundary conditions correctly describe the scattering
process of interest and the absolute values of those elements are obtainable

from the phases. la

ib

In a numerical application of his theory, Miller™ computed the

transition probabilities for the translational to vibrational energy transfer
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in collinear coilisions of an atom (He) with a harmonic oscillator (H,}). He
found, tvpically,‘ two classical trajectories satisfying the correct boundary
conditions. This feature gave rise to "uniform' (USC) and "primitive' (PSC)
semi-classical expressions for the transition probabilities. A ''classical”
(CSC) semi-classical expression also resulted by ignoring the interference
term in the primitive semi-classical expressions, The agreement between the
CSC and PSC results and the exact quantum ones of Secrest and J ohnscm'7
was not very good. However, the USC results gave excellent agreement.
Furthermore, a "rainbow' phenomenon caused the CSC and PSC results to
diverge at certain energies, whereas the corresponding USC results were
well-behaved, Rankin and Miller!® stufied the collinear H + Cl, ~HCI + Cl
reaction semi-classically. They found that the final quantum number of the
product molecule was an anomalously random function of the initial phase angle
of the reagent molecule, and this precluded the use of the USC, PSC, and CSC

1f, 1g, 1h

expressions. Miller and co-workers have treated the collinear and

three-dimensional H + H, exchange reaction at collision energies below the
quasi-classical reaction threshold by employing complex-valued classical
trajectories. They compared their collinear results with two different "exact"

8,9 8 10

In one” a Porter-Karplus™  potential energy surface

quantum calculations.
.was used, whereas in the otherga hafmonic-typ.e approximation to this surface
was employed. These exact quantum calculations differed from one another |
by a factor of two or more over the energy range of interest and therefore the
most appropriate comparison is with the former calculation. K
No extensive comparison between semi-classical, exact quantum
and quasi-classical transition‘ probabilities for a chemical reaction has yet

been made. In this paper we preseht such a comparison for the reactive
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and non-reactive transition probabilities for the collinéar H + H, exchange
reaction. The—‘qua.ntum results we compare with are those of

Truhler and Kupperma:fm12 and Schatz and Kuppermarm13 and the quasi-
classic all ones are those of Bowman and Kuppermann.14 The potential
energy s_urfécé used in all these calculations was a Wall-Porter fit15 toa
scaled SSMK surfac:el6 and is described in detail elsew'here.l2 The range |
of total energies considered, 0 to 1.30 eV, includes energies for which
vibrationally excited reagent and/or product H, are present. Some of the

results of the present paper were presented in a preliminary form prev.‘lou,sly.lr7

2. CALCULATIONAL PROCEDURES!

2.1 Semi-classical Expressions '

Thé theoretical basis for the semi-classical method is described in

la,1b, 1e, 6 We summarize here the procedure followed in

detail elsewhere.
our calculations.

Let us consider the collinear A +BC —~ AB +C reaction. We define
Ra(ﬁ) to be the distance from the atom to the center of mass of the diatom
in arrangement ch_annei a(B), ,whereA‘a, B=1,2, Arrangement channels 1
and 2 are A +BC and AB +C, respéctivelv. AC +B is excluded by the
collinear nature of the reaction. The break-up arrangement A+B +C is
also excluded. The relative momentum variable conjugate to Rﬂ'(ﬁ ) is
Pg(ﬁ). The internal diatom angle variable is qa(,B ) and its conjugate
momentum is Ma(ﬁ)_ The diatom internuclear distance coordinate and
momentum are respectively ra(B) and Pg(ﬁ ). Consider a reactive or
non-reactive transition from fhe reagent state M% = n® to the product

state MB = m'B, where n® and m‘3 are given integers. To investigate this
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transition semi-classically at a given total energy E a search of classical
trajectories is carried out as follows. At time t, the initial atom-molecule
separation is fixed at some large value, Rf’, such that the interaction
energy is negligibly small, Pg is obtained from the relative collision

- energy El?a through the usual expression

a1
PR, = ~[28gFpal®

where kg 18 the reduced mass of the atom-diatom system in the a
arrangement channel. E is équal to Ef& + E@%), where E(na') is the semi-
classical diatom energy eigenvalue. The initial value of the angle variable

qf is made to scan unifofmly the range O to27 ﬁnd the corresponding

initial value r® of r® is obtained from the relationship’®2

o O
PR L T) _

an%

For a Morse oscillator an exact analytical expression for the function

roa = rg‘(qoa) is availablele and was used in our calculations. Fz(na, r) is
the classical generating function which is the solution to the time-independent
Hamilton-Jacobi ‘Equation.lgb The initial momentum Pffo can be

1
obtained from n%®, q%, and r using the expression =

0 Fz(na, ra)

Brg'

o
b
Ty

from which one obtains

B% - sign( - o) {2 [B6) - V¥ D)},
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where p.a is the reduced mass of the diatom and V& is its internal potential

energy function. The quantities RS, Pgo, rg’ and PY thus chosen furnish

the initial conditions needed to integrate Hamilton's ezluations of motion.
This integration is performed and the variables Rﬁ (a), P'?{(a), rﬁ(a) and
| Pg(a) are obtained as a function of time. At time t,, when RF(® i5 equal
to some large value R?(a), the quantity Mﬂ = M‘B (qﬁ‘E ;na, E) is calculated

(for fixed values of n® and E) and root(s) to the equation
Mﬁ(qg‘;na, E) = mP (1)

are sought for. Several possible outcomes exist.
The usual outcome is that there are two isolated, though perhaps

coalescent, roots to Eq. (1). The uniform semi-classical (USC) expression

th yibrational state

for the reaction probability to form product AB in the m
‘ 1b, le, 2b, 6

from reagent BC in the nt!! vibrational state is given by

i L 2 S X 'L 1
PUSﬁCa = [pZ+p?] nzzA;(—z) + (pZ - p?) uzaB;(-z) 4 (2)
m" n’ .
where
-1
p 2qh aMﬁ(qoa?“a:E)-’ ' | j=1,2
s 1 T =
1 i g% o ’ ’
. » s Mo
‘ ]
and

2 = [%151'A2| ]-5 .

The subscript j labels the two values of q% which give rise to the two

trajectories such that M‘3 = mﬁ. The Aj are calculated from the

corresponding trajectories byle" b
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t
= 1 %‘ {fto dt[Pg(t) %;IE@ + P‘:(t) %IF@ ] (calculated along

the jthl trajectory) + Fz(r? (ty), v Pg(to)Ra (t,)

- (B t), mP) - PRIRA)) )

‘Ai(-—z) and By(-z) are respectively the regular and irregular Airy functions.'®

This A.‘i given by Eq. (3). is a discontinuous function of qff since the function
sign[Pf,' @ (q¥)] contained in the F, generating function is a discontinuous
function. The spurious discontinuities introduced by this feature can be

eliminated in several ways. The one we adopted is to nﬁodify A]. as follows: 6

4
- PR (1) + Fyr®(t), 1) - [sign(P2E®) - 1](0® +$)an
- F,rP(t,), mP) + [Sig’n(Pf.(rlB)-l).](mﬂ +Ah) . (4)

In the limit of IA1 - Az-[ > 1, Eq. (2) becomes asymptotically equal

to the primitive semi-classical (PSC) expression given by

19

P ar. ..
P %Ca =Pyt Py T "‘il’n"z)
mn

—~
on
~

sin(a, - A,)

1
By omitting the "interference' term 2(p,p,)? sin(4, - A,) in Eq. (5) the

classical semi-classical (CSC) expression results, viz.,

2O, - pp, ®

In-another case, only one trajectocy may yield a root to Eq. (1).

As a consequence the USC, PSC and CSC expressions all become equal to
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Pmﬁna =P - (7

A third possibility is that no (real-valued) classical trajectory yields
the desired root. In this case, in the absence of analytical continuation
techniques 1b,1c, 2bor the inclusion -of complex—vaiued tnajectorieslf' 1g, 1h; 2f

it is found that

m n

In the calculations we report in section 3, no attempt to analytically con-
tinue by power series techniques or by employing complex-valued trajectories
was made. |

- A fourth and very rare casé is one in which a continuous range of
values qoﬂ to q y1elds roots to Eq (1)\ In this case we have shown that

the seml-classmal £ matrix element is given by6
quu * =L 1 , |
ﬁ%p- mﬁw%uﬁmm>ﬂmﬁmfkaMmm1, (®)
: m
where

-t
_ J; 1 dt[ (t‘) an P‘-‘-{t} dr J + Fz(ro (qo ), )
0

+$mﬁm-%@ﬁm

“yfC B (i‘,_B ) is the JWKB wavefunction for the diatom in arrangement channel 8.

The reaction probability is then

sC - SC
P'3 a= ,Ba

2
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No calculations of reaction probabilities based on Eq. (8) are reported in
the present paper, although we shall see a situation where it approximately
applies. |

In reporting our results of calculations we adopt the following

convention:

P

il
H
™
=]
R
+
™

R

nm
vV o _
Pom

2.2 Numerical Methods

CSC, PSC, and USC PY, Py, P&, and Py, transition probabilities
were calculated as a function of energy for the collinear H +H, — H, +H
reaction using the same potential energy surface employed in the exact
 quantum and quasi-classical calculations. by el

The classical trajectories needed for the semi-classical calculations
described in section 2..1 were computed as follows. An initial atom-
molecule separation R, of 4.6 bohr was chosen, for which the corresponding
interaction energy vanishes. Typically 100 values of q, uniformly spaced
in the interval 0 to 27 were chosen, thereby generating 100 trajectories per
' energy. The integration of Hamilton's equations was performed using a
fourth order Runge-~Kutta~-Gill initiator and an Adams-Moulton fourth order
predictor, fifth order cn:irrea-ctor.20 The associated action Aj [see Eq. (4))
was checked by testing its invariance with respect to the initial and final
integration times t, and t,. The same results to within a few parts in 10*
were obtained using either the reagent or product coordinate system. This,

coupled with the general result that action differences lAl - A2| for two
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trajectories were generally less than unity resulted in transition probabilities.
precise to £ 0.01. Computational time for one trajectory and its associated

action in double precision arithmetic was 3 to 4 seconds on an IBM 370/155,

2.3 Behavior of Act’i\g‘gﬁ]’)it}:e\{ence as a Function of Initial Phase

P P N o]

In order to illustrate the difference's between A given by Eq. (4) and
A given by Eq. (3) we have plotied these two As as a function of g, for a total
energy E of 1,053 eV in Fig. 1. There, ‘and more quantitatively in Table I,
the continuity of A given by Eq. (4) and the discontinuous behavior of A given

by Eq. (3) is demonstrated. We always used Eq. (4) to calculate A
3. RESULTS:

3.1 General Features of the Semi-Classical Transition Probabilities

As discussed in section 2 the location of root(s) to Eq. (1) of section 2.1
neces-sary in order to compute the CSC, PSC, and USC transition probabilities
requi_res a scan of the final action number m of the product versus the initial
angle variable q, of the reagent. (For simplicity in presentation we have .
omitied the superséripts on the variabies m and gy and will use lower case
m in place of upper case M.) A typical result of such a scan is shown in
Fig. 2 for trajectories computed at a total energy E of 1. 253 eV and for the
reagent in its ground vibrational state. Several important features may be
noted. Firétly, the reactive branch (solid curve) and the
non-reactive branch (dashed curve) each have two roots
to the equatien m = 1, i.e., two trajectories leading to a final H, with

internal energy E(1). Secondly, we note that there are no reactive tra-
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jectories for which m = 0 in spite of the fact that this state is energetically
accessible. In this case the semi-classical CSC, PSC, and USC reaction
probabilities are set equal to zero, as stated in section 2, and the cor-
responding transition is usually termed '"classically forbidden"lb’ 2a at

this particular energy. The non-reactive transition 0 —0 is "allowed, "'
however, since there are two trajectories corresponding to it. Another
feature of interest is the fact that these curves almost reach the value m = 2.
The reactive and non-reactive transition 0 -2 are strictly forbidden for

lack of sufficient energy. Thus, we prefer to term the 0 —0 reactive transi-

tion dynamically inaccessible and the transition 0 —f (f> 2) energetically

inaccessible to stress the fact that the corresponding transition probabilities

vanish for different reasons.

3.2 Comparison of Semi-Classical, Quantum, and Quasi-Classical

.myﬂgggﬁ Proba}gilities

For the quasi-classical trajectories we define the vibrational quaﬁtum
number of the final H, molecule as f{:ollows.21 Let AE(n) = E(n+1) - E(n)
and F‘vcl he the continuous classical vibrational energy of that molecule.

If E(n) <E%; <E(n) + 3AE(n) or E(n) + 3AE(n) sE{; <E(n+1) we set
v=nor v =n+l, respectively. If E‘él‘:sE(O), we set v =0, The quasi-
classical transition probability to state v is then defined as the fraction of
the trajectories leading to H, in that state.

Fig. 3 shows the USC, exact quantum, and quasi-classical P?a
transition pl:obabilities as a function of the total energy E and the initial

translational energy E,. The arrows on the lower abscissa designate the
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total energies at which excited vibrational states v = 1, 2 become energetically
accessible. The quasi-classical resulls have been.compared to the exact
quantum ones in some detail elsewhere, 14 The USC values are 2 better
approximation at total energies greater than 1.0 eV, but deviate rapidly

from the exact quantum ones as the energy decreases below 0. 85 eV.

Further, the strong oscillation occurring around E = 0,95 eV in the exact
quantum curve isbarely perceptible in the USC one. Inaddition, thedramatically
sharp behavior in the quantum reaction probability at E = 1,27 eV is not
produced by the USC result. (This guantum effect was not present in the
quantum results used in our preliminary comparison. 17) No USC results

are given for total energies less than 0. 78 eV because the m versus (o curve
was nearly horizontal at these lower energies and hence preclude the use of
the USC, as well as, the CSC and PSC, express.ions. This feature is illustrated
in Fig. 4 where a plot of the final action number m versus initial p'hase angle
qo is shown for E = 0. 553 eV. m is seen to deviate only slightly from zero
for both the reactive and non-reactive curves. Thus, practically every
trajectory yields a root for the 0 —0 transition and hence contributes about
equally to the corresponding transition probability. As a result, the assump-

1b, 6 are violated and

tions which lead to the USC, PSC, and CSC expressions
these 'express jons cannot be used. 'The behavior of m(q,) shown in Fig. 4
is approximately like the one for which the integral representation of the S
matrix given by Eq. (8) of section 2 is valid. Hence, this may be the only
valid expression of usefulness. By contrast, at this energy the quasi-
classical result is in g*ood agreement with the exact quantum result. In
Fig. 5 we give the CSC and PSC results for the P?o transition probability

along with'the exact quantum ones. We note a divergent behavior in the CSC

and PSC results at total energies around 1. 25 eV. This behavior is easily
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understood by inspection of Fig. 2 from which it can be surmised that at an
energy slightly less than 1,253 eV the reactive m versus q, curve is tangent
to the line m = 0 and hence |3q,/om | m =0~ =. This fact causes the PSC
and CSC results to diverge. The USC result, however, is well-behaved and
in fact is in reasonable agreement with the exact quantum result. This
rainbow phenomenon has been observed and discussed by Miller. b
In Figs. 6 and 7 we give the USC, exact quantum, quasi-classical
and CSC, PSC,‘ and exact quantum Py,, transition probabilities, respectively.
The highly oscillatory nature of the quantum curve is not reproduced by
the USC curve which in addition deviates from it rapidly as the energy
decreases below 0. 58 eV.‘ The USC results do, however, show an increase
with energy for E >0. 85 eV in agreement with the average trend of the
exact results. This behavior is also exhibited by the quasi-classical results
which in addition are well~-behaved at low energies. The CSC and PSC curves
are even worse approximations to the exact result than the USC one.
The USC, exact quantum, and quasi-classical PELI transition prob-
abilities are plotted in Fig. 8. The overall structure of the quantum curve
is qualitatively reproduced b& the USC one but not by the quasi-classical
one. A difference of approximately 0.08 eV (1.9 kcal/mole) in the effective
threshold energies of the quantum and USC results can be seen. ‘I'he quasi-
classical curve exhibits an unreasonable threshold behavior, i.e., non-zero,
PE‘; at total energies less than E(1) (0. 7945 eV). This results from the
definition of the quasi- classiﬁal transitionprobability we have used, for which
the energy at which v = 1 becomes accessible is E(1) - % [E(1) - E(0)]. This
unreasonable threshold behavior of the quasi-classical P,F,i1 transition probability
can be removed by introducing the quasi-classical Pﬁ, transition probability

which we can consider as the reverse P& transition probé.bility. Since the
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guasi-classical PE{I and Pﬁ, transition probabilitiés are not eqﬁal, whereas

the semi-~classical and exact quantum ones are (see next section) we have
investigated the quasi-classical Pﬁ, transition probability also. As seen in
Fig. 8 this transition probability gives results in substantially better agree-
ment with the exact PE{I ones than the quasi-classical Pljl transition probability.
Indeed, the Pﬁ, quasi-classical results are only slightly worse than the

USC PE ones.

Fig. 9 shows the USC, exact quantum, and quasi-classical P,X
fransition probabilities. Here again, substantial gualitative agreement is
found between the USC and the quaritum results. As expected, the quasi-
classical éurve shows the correct average behavior but none of the structure
of the quantum one, and shows improper threshold behavior. A difference
in threshold energies of approximatély 0.08 eV is again observed between
‘the USC and exact results. | We have also plotted the reverse

PYI (i.e., the PX transgition probability) transition probability and note that

although the threshold behavior of the PX, result is more reasonable than the
Pyl result with respect to proper threshold behavior, its _spikey behavior
is grossly incorrect. '

The total reaction probability P? which is simply the sum 2 Pslf
is displayed in Fig. 10 where we compare the USC, the quasi-clasfsical, and
the exact quantum resuits. While the quasi-classical curve looks much like
an averaged quantum one, the USC curve bears some resemblance to the
exact one for total energies exceeding the v = 1 threshold. This latter
béhavior is surprising since the strong oscillation present in the exact Pﬁt,,
transition probability at energies slightly above the v = 1 threshold is not
apparent in the correspond:’mg'USC one. Nevertheless the oscillation in

the exact quantum total reaction probability at ener'gies around 0.90 eV
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15
appears in the USC result even though not in the quasi-classical one. This
seems to be due to é fortuitous cancellation of errors in the uniform 0 -0

and 0 —1 reaction probabilities.
3.3 Microscopic Reversibility and Conservation of Flux

The semi-classical CSC, PSC, and USC transition preobabilities all obey

microscopic reversibility, 23

The exact quantum ones do also, of course,

but the quasi~classical ones do not. We illustrate this property numerically

in Table Il where the quasi-classical and USC results are given for two energies.
The semi-classical collision probabilities in general do not sum up to

unity and may differ from it by as much as 25%. In Fig. 11 we have plotted

the sum of the USC collision'probabilities over the total energy range 0. 68 eV

to 1,28 eV. In some of this energy range this sum is lessthanunity. This correlates

partly with the fact that for certain energies one or more contributing transition .

probabilities is zero since the corresponding transition is dynamically forbidden.

For example, in the energy range 0. 85 eV to 0.91 eV the reactive and non-

reactive 0 —1 transitions are dynamically forbidden. If the corresponding

transition probabilities were calculated by the use of complex. trajectories or

annlytical continuation one might guess that, in analogy withthe present reaction

threshold behavior, they would increase montonically with increasing energies

for energies in the above range. This expectation is consistent with the observed

monotenic decreése in the present calculations, since we have not included

such  methods in the present calculations. For E between .91 eV and
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. 953 eV the rapid rise of the USC sum to a maximum of 1. 34
is due to the abruptness with which these 0 —1 transitions become dynamically
allowed. The quasi-classical total reaction probabilities are automatically

normalized and the quantum results are always within 2% 'of‘unity or better.

4. DISCUSSION

4.1° The Reacrt‘m Threshold Re ioE

The threshold behavior of the reactive 0 =0 transition, important
for thermal rate constants, is not described properly by any of the semi-
classical expressions used. In section 3 it was shown that at total energies
around 0. 55 eV the USC, PSC, and CSC expressions for the PE‘O transition
probability did not apply. However, a possibly more serious shortcoming
of the form of the semi-classical theory used in the preéent paper is that it
furnishes a zero reaction probability at any energy for which no quasi-
classical reactive trajectory exists. This is certainly the case in the H + H,
surface here considered for total energies less 0. 424 eV--the energy of the
saddle point. At these energies the reaction proceeds totally by tunneling.
Recently Miller and Georgelf’ lg have formulated an approach to this kind
of tunneling and applied it to the collinear H + H, reaction at energies below
the classical threshold for the Porter-Karplus surface.lf’ l%tine and Marcuszf
have applied complex-valued trajectories to a model collinear inelastic
scattering calculation. These approaches make use of complex-valued

A has shown that tunneling can be described semi-

trajectories. Freed2
classically by transforming the classical propagator in space-time variables

into a space-energy representation involving an integration over time which
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is allowed to be complex, In our calculations no attempt was made to deal
with such non-classical trajectories, Thus, the USC, PSC, and CSC P‘?o
probabilities were also set equal to zero for total energies between 0. 424 eV
and 0,52 eV. Similarly, the semi-classical Pg, transition probabilities
vanish in the total energy range 0.6 eV to 0.7 eV since no non-reactive
quasi-classical trajectories were found in this range,

The extension of semi-classical theory, such as the one made by
Géorge and Miller, to include non-classical trajectories is necessary if the
reaction threshold behavior is to be better described. In order to acertain
the accuracy of their approaéh,‘ we have compared their results for the collinear
H+ H, exchange reactmn1g with the quantum ones for the Porter-Karplus
surface. (Whereas all other calculations presented so far were done with
Wall-Porter fit to SSMK surface. 12) In Fig. 12 we have plotted the ratio of

-the complex~trajectory semi-classical reaction probabilities ch to the

1" P%Q as a function of tra.nslatipné.l energy E,. It

accurate quantum ones
can be seen that over the energy range of 0.02 to 0.2 eV, of importance for
tunneling process, the semi-classical reaction probabilities equal in average
71% of the accurate ones, indicating__ that for this collinear system the complex-
trajectory method usecillg underestimates the effect of tunneling. The sieep
rise in the pIS‘C/P%Q ratio above E, = 0.2 eV shown in Fig. 12 may be
indicative of the same kind of divergent behavior as the one shown in Fig. 3

by the USC P?o curve,

We have also calculated the collinear rate constants corresponding to
the ch and P%Q above by a numerical integration of the apprepriate
expression, 12 The corresponding rate constant ratio kSC(T)/kEQ(T) is
plotted in Fig. 13 as a function of 1/T. It can be seen that in the temperature
range from 100 to 300 K this ratio varies from about 0. 65 to about 0. 73. " This
is a significant improvement over the corresponding quasi-classical ratio

calculated from the same collinear reaction on a slightly different potentiall
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14 The fact that these ratios are less than unity is a

energy surface.
manifestation of the fact that this complex-trajectory semi-classical method
underestimates tunneling, as just pointed out.

4.2 The Reactive and Non-Reactive 0 0 Transitions Above the Reaction

Threshold Rgg‘ig‘q‘

P~

It has been noted in section 3 that the reactive 0 =0 transition becomes
dynamically inaccessible at total energies greater than 1.25 eV, In this case,
there are no real roots of the equation m = 0, and therefore Eqs. (2), (5),
and (6) of section 2 are not applicable. Hence the USCJ PSC,' and CSC
PEQ transition probabilities are equal to zero for these energies, as stated
in section 2 and depictéd in Figs. 2 and 4. In fact, this result is not 2 bad
approximation to the exact quantum values, which at energies between 1.3 eV
and 1.5 eV have an average value of about 0.08. At total energies slightly
below 1. 25 eV the PSC and CSC P?,, transition probabilities diverge for the
reason given in section 4.2, whereas the USC curve shows a behavior quite
similar tothat of t he exact quantum one. This is a manifestation of the
improvement obtained in going to the uniform approximation.

The oscillations in the exact quantum curves are not well reproduced
by the semi-classical ones especially for the PY,, transition probabilities,
as indicated in Figs. 5 and 6. The USC results, however, are in much better
average agreement with the exact ones than are the PSC and CSC results,
Clearly the aftempt by'the present semi-classical theory to introduce the
quantum effects present in these transitions for this collinear reaction
has not succeeded. Apparently such quantum effects are not of a simple
interference nature. Indeed, recent life-time calculations done on the same

24

. potential energy surface”” indicate that the marked quantum oscillations
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at total energies of 0. 90 eV and 1. 28 eV are due to the interference of

resoﬁant (compound state) and direct parts of the pertinentg matrix elements.
We might say that the present semi-classical theory is aimed at approximating
the direct part of the exact E matrix. If this is the case, an illuminating
comparison would be one between the present semi-clasgical transition
probabilities and quantum transition pfobabilities modified s0 as to exclude
(approximately) the effects of the resbnant component of the g matrix elements.
We expect thét the result of such‘ a comparison would show better agreement
between the USC and such modified quantum transition probabilities. A
composite theory including an approximate treatment of thé resonant com-
ponent and a semi-classical treatment of the direct component of the scattering

matrix may be expected to yield a significant improvement.
4.3 The Reactive ah’c‘iﬂ'ligftj.:‘ljlngggﬂy‘g 0 ~1 Transitions

. The USC tlireshold energiesfor the 0 —1 reactive and non-reactive
transition probabilities are about 0.08 eV higher than those for the exact
quantum calculations but show a similar steep rise as the energy increases
above threshold.

The oscillatory behavior of the exact quantum curves is qualitatively
displayed b'y the USC curves especially for the reactive transition, except
at E = 1,28 eV where a sharp resonance occurs. There is much better
overall agreement between the USC and exact quantum results than was the
case for the 0 —0 transition.

Whereas for the 0 —0 transitions, the quasi-classical results were
in better agréement with exact quantum one than the USC results (especially

for the reactive case), the reverse is true for the 0 —1 transitions, This
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is particularly so in the threshold region, due to the arbitrariness of the
quasi-classical definition of the findl state quantum number, as mentioned

~ towards the end of section 4. The reverse Pﬁ, quasi-classical results do
not suffer from this defect, which partially explains the significént improve-
ment in ﬁs ing this quantity as an approximation to the accurate quantum PE.
However, this does not explain why the Pg QC results are better than the

PE‘I ones substantially away from threshold.

5. CONCLUSION

The uniform, primitive, and classical semi-clagsical reactive and
non-reactive 0 -0 and 0 —1 tré.nsition probabilities for the collinear
H + H; —H, + H reaction do not in general agree closely with the exact guantum
results. As ekpected, the USC approzimation is better than the PSC and CSC
ones. The low energy divergent behavior of the _reactiv;e and non-reactive
0 -0 USC, PSC, and CSC transition probabilities is greatly in efror. By
contrast, the corresponding quasi-classical traj ectory results are generally
in much better agreement with the exact quantum ones,

Agreement between the USC and exact quantum results for the 0 —1
transitions is much better than for the 0 -0 ones. The 0 —1 USC threshold
energies are about 0. 08 eV greater than the correct ones, but as the energy
increases above the respective thresholds the- USC and exact quantum curves
show a similar steep rise. Iﬁ addition there is qualitative agreement between
the USC and exact results. The standard‘qua.si—élassical results are in poor
agreement with the exact ones and as a result the USC results give substantial

improvement over the former ones. However, the reverse
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quasi-classical résults also give significant improvement over the usual
quasi-clagsical ones and in fact are not much worse than the USC ones,
A possible explanation for the inability of the semi~plassical results
" reported herein to produce the pronoﬁnced quantum effects in this reaction
lies in the importance of resonant processes for this reaction. These
processes were found to be present in the exact quantum results and the

present semi-classical theory does not take such phenomena into account.
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TABLE 1. Action difference Aand final action number m versus

initial phase angle q, in vicinity of discontinuities.?

Type
Ay of m ARG ahd
’ Collision :
0.07359 Reactive 1,057 -10.88 -20. 66
0.07372 Reactive . 1,056 -20. 68 -20.68
3.15995 Reactive 1.141 -17.52 -17.52
3.16300 Reactive 1.142 « ¥ 4 -17.49
4,01125 Non-Reactive 0.9012 -15.175 -24,56
4.01251 Non-Reactive . 0.8994 -24,58 -24.58
6.21810 'Non-R_eactive 1.021 - -21.26_ -21.26
6.23562 Non-Reactive 1.022 -11,69 -21.25

2phe total energy E is 1.053 eV.

bThe action difference Ais in units of h,

€a given by Eq. (3).

ds given by Eq. (4).
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TABLE II. Microscopic Reversibility of Semi-Classical Transition

Probabilities
E = 0,953 eV E = 1.033 eV
pR (usc) 0.40 | 0.37
PR (UsC) 0.41 0.37
Pg (quasi~classical) | 0.18 : 0.21
Pi{, (quasi-classical) 0.38 ‘ 0.45
Py, (USC) 0.30 0.19
PY (USC) o Cos 0.18
PX (quasi-classical) ' 0.10 ‘ ‘ 0.‘17 |

PX (quasi-classical) .. 0,08 ‘ 0.07
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22'1'0 show that the semii~classical expressions obey microscopic
reversibility it suffices to demonstrate that A,-A, = A;~A, and that
|7'1 = |an“/aqf|"‘ (see Egs. 2,5,6 and 7). From Eq. 4 it is
and hence A,-A; = A -~A,. It

| omP/ 2"
clear that upon time-reversal Aj - - Aj
has been shown previ.ouslyla that the Jacobian factor ] amB o aqooz[ %=

is equal to & ¢(m,ﬁ n%/ amP an®|. The phase

function cb(mﬁ, ncﬂ can be differentiated with respect to n%or m'6

in either
order. This fact coupled with the properties that |8¢(m'8, n®)/ 0% | = ¥
and |a¢>(m3, nn)/ am'B | = q‘? gives the desired equality between '
|anf/2qQ|™ and [an®0qf |, |

23K. F. Freed, J. Chem. Phys., 56, 692 (1972).

24

(1973).

G. C. Schatz and Aron Kuppermann, J. Chem. Phys. 59, 000
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FIGURE CAPTIONS

Fig. 1. Corrected (circles; Eq. (4)) and uncorrected (squares;
Eq (3)) action A as a function of the initial phase angle q,
for reactive (R) and non-reactive (V) trajectories. The
total energy is 1.053 eV. For initial phases for which only
circles are indicated, Eqgs. (4) and (3) furnish the same
value of A.

Fig. 2. = Reactive (solid curve) and non~reactive (dashed curve)
final action number, m, as. a function of. initial phase
angle, q,. The total energy is 1.253 eV.

Fig. 3. Uniform semi-classical (solid curve), exact quantum
(dashed curve), and quasi-classical (dashed-dotted
curve) Pf{n transition probabilities as a function of total
energy, E, and initial translational energy, E,.

Fig. 4. Reactive (solid curve) and non-reactive (dashed-curve)
final action number, m, as a function of initial phase
angle, q,. The total energy is 0.558 eV.

Fig. 5. Classical semi-classical (solid curve), primitive semi-
classical (dashed-dotted curve), dnd exact quantum |
(dashed curve) PE,, transition probabilities as a function
of total energy, E, and initial translational energy,

5

Fig. 6. Uniform semi~classical (solid curve), exact quantum

(dashed curve), and quasi~-classical (dashed-dotted
A%

curve) P, transition probabilities as a function of

total energy, E, and initial translational energy, E,.
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Fig. 9.

Fig. 10.

Fig. 11.

Fig. 12,
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Classical semi-classical (solid curve), primitive semi-
classical (dashed-dotted curve) and exact quantum (dashed

curve) PXO transition probabilities as a function of total

energy, E, and initial translational energy, E,.

Uniform semi-classical (solid curve), exact qﬁantum (dashed
curve), quasi-classical (dashed-dotted curve) Pﬁ transition
probabilities and quasi-classical {dotted curve), PE, transition
probability as a function of total energy E and initial trans-
lational energy E,. | ' _
Uniform semi-classical (solid curve), exact quanium (dashed
curve), and quasi-classical (dashed-dotted curve) Py, transition
probabilities as a function of total enefgy E and initial trans-
lational energy E,. | ' .

Uniform semi-classical (solid curve), exact quantum (dashed

curve), and quasi-classical (das_hed'-—dotted-curve) totallreaction

' proba_bility P? as a function of total energy E and initial trans-

lational energy E,. _

Total uniform semi~classical collision probabilities as a
function of the total energy, E.

Ratio of complex~trajectory semi-classical reaction probability
ch'(ta.ken from Ref. 1g) to exact quarntum i'eaction probability
PgM (taken ffom Ref. 11) for very low initial traﬁslational
energies E,.

Ratio of cbmplex-traje_ctory semi~-classical rate constant kSC(T) :

to exact quantum rate constant kEQ(T) as a function of 1/T

(lower abcissa) and T (upper abscissa).
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I.5 COMPARISON OF QUASI-CLASSICAL AND QUANTUM
PROBABILITY CURRENT DENSITIES, STREAMLINES,
AND CURRENT DENSITY PROFILES FOR THE COLLINEAR
H+ Hy REACTION.
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COMPARISON OF QUASI-—C LASSICAL AND QUANTUM PROBABILITY
CURRENT DENSITIES, STREAMLINES, AND CURRENT DENSITY
PROFILES FOR THE COLLINEAR H + Hy REACTION.

1. Joirgduetion

Classical and quantal calculations of reactive scattering
usually focﬁs on guantities which can (at least in principle) be
observed experimentally, e.g. cross~sections, transition rates,
branching ratio's, rate constants, etc. These are ''asymptotic"
quantities, that is they are the results of the chemical reaction
after it has occurred. The information content of these "asymptotic
observables' is only a part of the total information that, in
principle, is available. The complete characterization of a chemical
reaction, which includeé the asymptotic observables as well as infor-
mation about the transition region, is contained in a classical or
quantal calculation of the chémical reaction. However, only a small
number of such calculations has made use of all of the available
information. Mortensen and Pitzer in their classic paper 6n the
collinear H + H, reaction presented figures of the probability density
obtained from the wavefunction describing the reaction at the total
energy of 10 kcal/mole, Dion gt__a;l_:2 in a model collinear quantum
calculation computed the probability density and the current density
for the reaction at one energy. In a time-dependent treatment
of the collinear H + H, reaction, McCullough and Wyatt3 presented
classical and quantal time-dependent probability densities and

current densities at several values of the time variable for one energy.
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In that study, the classical calculation was very different from the
one we shall describe below. There a quantal wavepacket was
integrated in time using the classical equations of motion. Although
such a hybrid classical-quantum technique may yield interesting
results, it is of questionable validity.*

In the study reported here, we compare time-~independent
quamta.l5 and quasi-classical current densities, streamlines, and
current density profiles for the collinear H + H, reaction with
reagent H, initially in the .ground vibrational state. The quantum
reaction probabilities have been reported previously6 as has a
comparison with quasi-classical calculations. L The potential
energy surface employed in all the classical and quantum calculations

is a Wa,ll-Porter8 fit to the scaled SSMK surfaceg and is described

elsewhere. 6

2. Classical and Quantum Probability Current Densities

The generation of the quantum probability current density, j ,
follows directly from the wavefunction, ¢; according to the well-known

expression,
=g (¥ Y- 9y ]

However, the expression for the classical probability current density
-is not well known. Therefore, we shall develop the appropriate
expression for the classical probability current density.

Let x, and x; be coordinates defined as follows:
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n ] m

A,BC 2 B
Xy =T ; Xg=(=2=—) [rpp+ ——— rpn~l, (1)
7 BC 3 “BC AB mp + mC BC
where 'BC and r,pg are the internuclear distances of the A + BC
collinear configuration. In terms of the coordinates x, and x; and

their conjugate momenta, the classical Hamiltonian of the A + BC

system is given by

2 2
H = PX2 ! sz + V(x;,%y) - (2)
2lgc
The reduced masses, e and “‘A, BC» are tl}e usual ones, namely
PBc ~© mm_lilng‘ » HA BC T mmf(;ler?C)
| B C 2 A B C

V is the Born-Oppenheimer potential energy function which describes
the classical and quantum motion of the A + BC system. The choice
of coordinates given by eq.' (1) was made so that the Hamiltonian
(eq. (2)) would involve a single mass. Henée, We can describe
the A + BC motion by a single mass point (of mass pLBC). This is
important in the concept of the probability current density which
by definition describes the motion of a single mass point in configu-
ration space.

Suppose that the entire configuration space encompassing the

A + BC reaction zone is specified by dimensions

Xpo = X = Xpf 5 Xgo = X3 =Xy - (3)
(These dimensions define the area over which the interaction potential,

Vi =V(xg, %5) - V(xp, =) = V(x,,X,) - V(=,x,), is not vanishingly small.)
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In the ensemble-averaged sense (to be described in detail below) let
p (x,,X%,) be the probability density of finding the mass point in the
interval x, to x, + dx, and x, to x, + dx,, where x, and X, are restricted

accdrding to eq. (3). We now introduce a time-independent,

ensemble-averaged, velocity vector written symbolically as
-~ P
Wie,x) =W (20 % + Wy (39K, (4

where ?cz and ?;:3 are two unit vectors which span the configuration
space. Then, in terms of p and ¥,the classical probability current

density vector is defined as

1, xg) =p (%, %) Wi, x) . (5)

As an example of the utility and meaning of eq. (5) consider
the motion of an A + BC system governed by a zero interaction

potential. In this case V(x,,x,) can be written as

Vix,z) =V (%), | (6)
where Vu(xz) is the diatom potential function describing the internal
motion of AB. Vu(xz) can be a hafmonic potential or the Morse
potential, for example. As a consequence of eq. (6) the x, and x, motions

are uncoupled and we have that

p (%, %) =P (x;) PL(xy), (7a)

and
Ve = U () 5 U5 =V () (7b)

Since the x, motion is "free,' i.e. it is subject to zero force, the
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probability of finding the coordinate x, with some particular value

must be a constant independent of x,. Hence eq. (7a) can be written

as

Q
p(x,%) =p (%) . (8)
The density po(xz) describes the distribution of values of x, of a harmonic,

Morse, etc. oscillator. Thus, from eqs. (5), (7), and (8) for this

example,
j=0 (%) Uy, (=) %, + P’ (x) Ve (9%, (92)
=iy %+ g X - (9b)

Let us now examine the components of j, j, and jX , Separately.
3

First, we demonstrate that sz is identicall::: zero. To do this we stress
that the distribution function p ° (x,) is a non-negative function (single-
valued of course) of x, only. Thus, the scalar function ¥, (x,) must

be identically zero if the assertion that jx?_ is zero is correct. That
U'Xz (x,) is zero is trivially true if the definition of V-Xz is made clear.
For the internal motion of molecule AB an ensemble of classical
trajectories (at a given total energy) can be generated as follows. The
range of classically allowed coordinates is sampled according to the
distribution function pn(xz) . Then the magnitude of the momentum, P.xz,
is determined by the energy equation and its sign is chosen to be plus
or minus. With x, and IIPX2 so0 determined the classical tra,jectory‘is

uniquely specified. In this way an ensemble of classical trajectories

- (for the isolated AB molecule) is generated. In scanning the set of
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initial conditions it is clear that P, and hence U'Xz is a double -valued
function of x,. That is, for each value of x, there exists two values of
PXz (U‘Xz), namely PXZ(U'Xz) and "sz( U’Xz)., Furthermore, it must
be true that at any and all times the ensemble of classical trajectories
produces a distribution of coordinates identical to the initial one. 2
‘This is due to the periodic motion of the AB‘ molecule. Thus, the
ensemble-averaged value of U’XQ(XQ) will be the same as it was
initially. (This is of course implied by the fact that IJ'X2 is time=~

independent.) We have already seen that at a given value of x,, U’X‘)

&

takes on two values, U—Xz and - U'Xz. Hence, their average is identically
zero; true for all x,. Thus, we have demonstrated that sz is identically

zero and hence

; 3 ) .
A (erxs) = ]X3 Xz - (10)
Finally, since U‘X (x,) is a constant (due to the force free motion of
3
the x, coordinate) we have the following simple expression for the

classical probability current density:

16,70 =p (RIVy K, (11)
Several interesting things are to be noted about eq. (11).
First it indicates that the bound motion of the AB molecule contributes
no vector component to the total current density. This is in complete
agreement with the general rigorous quantum result. Second, the form
of eq. (11) is identical to the quantum result, if the classical probability
density function, ,o0 (x;), is replaced by the corresponding quantum

probability density function. Third, the probability current density
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given by eq. (11) obeys a conservation principle. Stated briefly the
conservation principle requires that the following be true for the
classical and quantum probability current densities. For any
closed contour, C, which encircles the reaction zone, j must

satisfy the following expression:5

$ jlex) L =0 . (12)
C

It is straightforward to show that for chemical reactions for which
the break-up channel is energetically closed, eq. (12) implies, for
a certain class of lines (examples of such lines will be given in

Section 4), the quantity -
f ., A ' .
i (%5 %) - ndt (13)

is a constant, independent of the particular line. 2 Furthermore,

the quantity given by (13) is proportional to the total reaction probability. S
If the expression for j given by eq. (11) is substituted into (13) it is
easily shown that the result is indeed a constant, equal to U"X r for

any line (satisfying a criterion to be specified in Section 4).

In summary, we have shown, somewhat sketchily, that our
definition of the classical probability current density (given by eq. (5))
makes physical sense and obeys a conservation theorem for the
example of an A + BC collision with no interaction. We shall use the
fact that the classical probability current density for a chemical

reaction obeys the same conservation condition, expressed by eq. (12),

to check the accuracy of our numerical results given in Section 4,
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The calculation of the quantum current density is described in
detail elsewhere. 8 The calculation of the classical probability current
density, according to eq. (5), requires the computation of the classical
probability density, p, and the ensembl e-averaged velocity vector, U~
The methods used to calculate these quantities and some convergence
tests of the results are given below.

The region of (x,, x;) space of interest is given by eq. (3).

In our calculations

" Xg = 5.456 bohr; x5, = 0.0 bohr,
Xp¢ = 4.2 bohr; x,4 = 0.0 bohr

This region of configuration space is divided into a grid of n rectangles

(n is typically 55), each with dimensions

AX, = (X3p = X30)/0; A% = (X5 - %o )/n
The calculation of p and \[at the center coordinates of each rectangle
is performed as follows. An ensemble of classical trajectories
(consisting of typically 500 trajectories) is generated by sampling the
complete set of initial conditions for a chemical reaction (cf. reference 4).
A large number of points, N, in the (x,, x;) configuration space is
thereby generated with the time step At a constant. Typically, N =~ 10°.
A trajectory is "followed" as long as it remains within the boundaries of
the region of configuration space defined by eq. (3). Thus, for the jth

rectangle, with center coordinates (x3j, ij), p(ij, ij) is given by
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P (gj, %) = Ny/N (14)
where Nj is the number of points located within the jth rectangle.

Associated with each of the Nj points is a velocity vectar qx'ji with

components U‘ and U'X . The ensemble-averaged velocity at
%ji 3j1
coordinates (xgj, xsj) is given by
N.
T
v (X3],X2]) =N Z U’Xz ) (15a)
I i=1 i
o
_ 1
Vi) x- L Vi 1)
V=1 -
and
A A
';'(X:;]?ij) 2 U'Xz(xsjy ij )Xz i u;ia(xsjaxzj )X3 . (16)

Thus from eq. (5) the classical probability current density is given by
i(ij: Xz]) = ,O(X3j, Xz:!) l!:(X:;j: XZJ )5

where p and Ware given by eqs. (14) and (16) respectively.

In order to achieve an accurate, converged result for j tWo
limits must be approached. First, the grid dimensionality, n X n,
must be made quite large (in principle it must be « X = to yield exact
results). However, that is obviously not sufficient to give a converged
i- In order to gét accurate results the number of classical trajectories
must increase concomitantly with the increase in dimensions of the
grid. In our calculations a finite grid was used, of course, and the
number of trajectories performed yielded a probability current density

which had converged to within 10% or better,
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Clearly, a coarse grid requires fewer trajectories to reach a 10%

level of convergence. However, coarse grids tend to average results
more and interesting details in the actual j (which we are approximating)
become "washed out. "

In Table 1 we give some indication of the nature of the convergence
properties for the probability density p(x,,x,) for batches of 100, 200,
and 300 trajectories for an initial translational energy E, of 0.28 eV.

It is seen that with 300 trajectories p changes by 10% or less of the o}
calculated with 200 trajectories. The grid dimensions, 30 X 30, are
somewhat coarse, however.

A study of the convergence of p for three grids, 20 X 20, 40 X 40,
and 80 X 80 is made in Table 2 at E, =0.28 eV. As expected the |
coarsest grid, the 20 X 20 one, shows the best convergence followed
by the 40 X 40 and the 80 X 80 grids.

The convergence of the current density at E, =0.28 eV is
investigated in Table 3 for a 30 X 30 grid and with ensembles consisting
of 200 and 300 trajectories. As can be seen the results change by 10%
or less in going from 200 to 300 trajectories.

Thus, the convergence studies given above indicate that 300
trajectories should yield probability current densities and probability
densities which are converged to within 10% of the the accurate result for
30 X 30 and 40 X 40 grids (corresponding to Ax, = O.i - 0.2 bohr and
Ax, =0.05 - 0. 1 bohr). In Section 4 where the results are presentéd,
we will comment on the extent of the averaging out of the details of the

classical probability current density.
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For most of the calculations reported in the next section
300 - 500 classical trajectories were performed in calculating the
classical probability current density,and grid dimensions were either
40 X 40 or 55 X 55. Also, a simple five-point bivariate interpolation
scheme was devised in order to generate the classical current density
for all values of x, and x;. A description of this scheme is given below.

Let j (j ) evaluated at the five points depicted below be denoted

by sz'—uo’ Jx20,~1 %0,1, szlm, and szo o» and let h and k be the

separation distances as indicated. ‘Then j ;; (xo + ph,yo + qk), where
(0,1)

I N I

(-1,0) (0,0) 10,1)
k

: (03 _1)
p and q have values between 1 and -1, is given by

1-gq)(1+p)(1+q) .
x, %o + Py +ak) = (1-p)(1—q)(1+p)(1+q)3x20, . ( lg 150

2 XZO;!I 2 X;=150
- 2 ]XEOJ"].

In our calculations, the components of j(x,,x;) Were interpolated directly

from the components determined at the appropriate five sets of center

coordinates.
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There are, in addition to probability current densities, two
other quantities which we have calculated and which yield some insight
into the details of chemical reaction. They are streamlines and
current density profiles. Both quantities are derivable from the
probability current density. Streamlines, which are used in studies
of fluid flow are defined as lines which are tangent to the direction of
the fluid current density vector. 1 They are useful in visualization of
the "flow" of the system. A detailed discussion of the relationship of
streamlines to the probability current density vector will be given
elsewhere. ? The second quantity, current density profiles, are
defined by the expression below. For a given line £ in (x,,x,) space,

the current density profile, J " along the line is given by

I =0 j(%,x%) . I . (17)

The unit vector n is normal to line £ and is oriented to the left of the
line. A plbt of J along a series of lines can reveal a great deal of |
information about the distribution of the probability current density
vector field. In addition if the end points of the line are deeply

embedded in classically forbidden regions of space then the total flux,

y’ , given by

§=Jas (18)
g =4 n

is a constant, independent of the location of the line. This is a conse-

quence of the statement that probability (or fluid) is neither created nor



121

destroyed in the chemical reaction. The nature of these lines is
made clear in the figures.

Calculations of classical probability current densities, stream-
lines, and current density profiles have been performed at total energies,
E, of 0.5719 eV, 0.62 eV, 0.7540 eV, and 0.8978 eV. Classical
current density profiles for the total energy of 1. 0331 eV have alsobeen
calculated. The results are shown in a seriés of figures with the
corresponding quantum results displayed for comparison.

In Figures la and 1b are exhibited thé classical and quantum
probability current densities respectively, for E = 0.5719 eV. Also,
- shown are some H; potential energy contours. In contrast to the
smooth quantum result; the classical result is oscillatory and turbulent.
Especially striking in the ‘clas-sical result; is the "pinching' of the
classical j in the region near the saddle point (denoted by the plus
sign in the Figures). At this energy the classical and quantum reaction
probabilities are 1.0 and 0. 94 respectively, The contour lines labeled
E are the boundaries defining the classically allowed region of configu-
ration space. As can be seen the classical results do remain confined
to this area as they should. However, the quantum results are not
restricted to this classically allowed regioh of space, and indeed a
significant amount of tunneling is present where the qﬁantum J1is
"cutting the corner.'" A detailed discussion of this type of quantum
tunneling is presented elsewhere. . In Figures 2a and 2b the
corresponding classical and quantum streamlines are displayed. Very

similar information about the classical and quantum flow as seen in
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Figure 1 is seen here. The classical and quantﬁm current density
~ profiles are given respectively in Figures 3a and 3b for five lines
which are normal to the minimum energy path. Here the great
contrast in the shapes of the classical and quantum profiles ipdicates

that different regions of configuration space are sampled by the twb

sets of results.

In Figures 4a and 4b the classical and quantum probabil ity
current densities are given, respectively, for E = 0.62 eV. At this
energy the classical and‘qualntum reaction probabilities are both unity.
The "pinching" in the classical result is still= present and, as in the
E =0.5719 eV result, the "flow'" rate through this region of pinching
is high, as evidenced by the length of the classical probability current
density vectors. This is a cons'equence of the conservation principle
given by expression (18). The same features are also seen in Figures 5a
and 5b. The differences in the classical and quantum results at
E =0.62 eV are striking, and perhaps somewhat surprising since both
calculations give a unit reaction probability. This means that the
areas under all of the classical and quantum current densify profiles,
given in Figures 6a é,nd 6b respectively, are the same. Yet, as seen
from thosé figures, the distribution of the current density profiles
are very different.

Focussing on Figure 65,, the classical current density profile
along the line x, = 5.46 bohr is seen to have a shape very similar to the
classical probability distribution function for a harmonic oscillator. 12

Indeed it should (or more precisely it should for a Morse oscillator),
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since for unit reaction probability the current density in the reagent
asymptotic region (x; = 5.46 bohr is in this region) is given rigorously
by eq. (.11). Furthermore, the ""'sharpness' of the numerical result
gives an indication that the grid we have used in these calculations
(55 X 55) is not "washing' out important details of the classical
current density.

| For E =0.7540 eV the classical and quantum probability
current densities are given in Figures 7a and 7b respectively. As
previously (cf. Figures la and 4a) the classical result exhibits a
pinching effect, however, it is seen to occur in the p.roduct side
of the saddle point. This contrétsts with the classical result at
E =0.5719 eV where the effect occurs in the reagent side of the saddle
point. At E = 0.62 eV the classical pinching occurs essentially at the
saddle point (displaced -somewhat towards the plateau region).

The corresponding classical and qﬁantum streamlines are given
in Figures 8a and 8b respectively. There the oscillatory structure
of the classical "flow' is clearly seen. The structure in the reagent
channel is due to inelastic sczittering which, of course, changes the
vibrational energy of reagent H, by a continuous amount. No such
inelastic scattering is possible in the quantum case since the v =1 state
of H, is not.energetically accessible for E less than 0.7945 eV.
The classical and quantum current density profiles, given in

Figures 9a and 9b respectively, show structure which becomes much
more pronouhced at higher enefgies. The classical results for the

lines passing through and in the reagent side of the saddle point reveal
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that some normal components of the probability current density
point toward the regeant arrangement channel. This phenomenon is an
indication of vortices in the probability current density. This behavior
is also seen (though greatly attenuated) in the quantum result given in
Figure 9b for the profile along the line passing through the saddle point.

In Figures 10 - 12 classical and quantum probability current
densities, streamlines, and current density profiles are given for
E =0.8978 eV. At this energy vibrational excitation of reagent and
product H, is possible. For this reason, appé.rently, the classical and
quantum probability current densities show some similarities, as can
be seen in Figures 10a, 10b and especially well in ila and 11b. In
Figure 10a a vortex in the classical probability current density has been
included. This vortex is not accessible to any current density vector
(or streamline) which originates in the asymptotic region of configuration
space. That this vortex is present in the classical result can be deduced
from Figure 12a. There it is seen that the current density profile along
- the line passing through the saddle point reveals a circulation of the
probability current density vector field. Also, we note the similarity
in the quasi-classical and quantum current density profiles gii_ren in
Figures 12a and 12b especially for those lines in the product channel.
The changing position of the peaks of the classical and quantum profiles
suggests that the probability flow is ""sloshing'' through the produci::
arrangement channel.

Classical and quantum current density profiles are presented

in Figures 13a and 13b, respectively, for E = 1.0331 eV. As can be
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seen from these figures vortices are present in both the classical and
quantum results. As previously found for E = 0.8978 eV, the classical
and quantum results show similarities for the lines which pass through
and toward the product side of the saddle point. Of particular interest
are the results for the line passing through the saddle point. In sharp
contrast to the q'ﬁantum and classical resultsat low energies,

e.g.,E =0. 5719 eV é;nd E =0.62 eV,the peak of the profiles is shifted
towards the hard wall of the potential surface. Previously the peaks
were located towards the plateau region. Evidently at the high total
energy of 1.0331 eV the quasi-classical and quantum probability current
densities are '"bob-sledding' high on the repulsive wall.

The quantum probability current density and streamlines for
E =1.0331 eV are presented in Figures 14 and 15 respectively. There
the vortex in these results is prominentiy displayed.

In summary, the comparison of classical and quantum probability
current densities, streamlines, and current density profiles reveals
great differences between the two sets of results for energies below
the threshold for vibrational excitation of product (and reagent) H,.
Classically such excitation can occur at any energy. This obvious defect,
inherent in the quasi-classical calculations, seems chiefly responsible
for the sti'iking differences mentioned above. Substantiation for this
conclusion is provided by the higher energy comparisons. There, the
quasi-classical and q;.lantum results show some similarities in overall
oscillatory structure of the probability current density vector fields.

Such structure is apparently due to the vibrational excitation of the
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product (and reagent) H,.

The high energy quasi-classical and quantum results contain
vortices in the probability current density vector field. Although the
s‘ignif.icance of these vortices, if any, is at present unclear, the fact
that they appear in both the classical and quantum results has been
established. Perhaps it can be said that these vortices create turbulence
in the probability current densities, impeding flow and hence that they
are responsible for the decline in the total reaction probability

(quasi-classically and quantum mechanically) at the higher energies.
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Table 1. Convergence of classical probability density.?

B W W W W W e e e

x, (bohr) x4(bohr) 0 (100)° p (200) 0 (300)
1.19 5. 456 0.6163(-2)¢  0.6625(-2) 0.6730(-2)
1.33 5. 456 0.5821(-2) 0.6017(-2) 0.6738(-2)
1,47 5. 456 0.6527(-2) 0.7431(-2) 0.7705(-2)
1.61 5. 456 0.1637(-1) 0.1552(-1) 0.1449(-~1)
.19 4.001 0.1000(-1) 0.8892(-2) 0.8216(-2)
.33 4.001 0.7800(-2) 0.8097(-2) 0.7634(-2)
.47 4.001 0.5958(-2) 0.6894(-2) 0.7383(-2)
.61 4.001 0.1426(-1) 0.1400(-1) 0.1363(-1)
.75 4.001 0.1585(-1) 0.1630(-1) 0.1511(-1)
.43 4.001 0 4548(-4) 0.2804(-3) 0.2752(-3)
.57 4.001 0.3866(-3) 0. 6778(-3) 0.6920(-3)
.1 4.001 0.1796(-2) 0.1776(-2) 0.1627(-2)
.85 4.001 0.3343(-2) 0.2734(-2) 0.2595(-2)
.99 4.001 0.3525(-2) 0.3809(-2) 0.3609(-2)
I8 4.001 0.3752(~2) 0.4276(-2) 0.4521(~2)
1.47 2.7886 0.4753(-2) 0.4837(-2) 0.4379(-2)
1.75 2.7886 0.2008(-1) 0.2206(-1) 0.2550(-1)
2.03 2.7886 0.2706(-2) 0.2524(-2) 0.2052(-2)
2.31 2.7886 0.1978(-2) 0.2162(-2) 0.1879(-2)
2.59 2.7886 0.1137(-3) 0.7011(-4) 0.6290(-4)

41nitial relative kinetic energy is 0.28 eV. The grid is 30 x 30.

b

in calculating p.

The numbers in parentheses are the total number of trajectories used

€The numbers in parentheses are powers of ten which multiply the
preceding number.
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Table 2. Convergence of classical probability density for three grids. -

20 x 20
%, (bohr) X,(bohr) p (10())b p (200) p (300)
3.5 3.522 0.788(-2)° 0.912(-2) 0.101(-1)
3.5 4.215 0.148(-3) 0.759(-4) 0.509(-4)
2.9 3.406 0.826(-2) 0.913(-2) 0.917(-2)
2.9 ~ 3.868 0.337(-2) 0.378(-2) 0.340(-2)
1.5 3.291 0.128(-1) 0.129(-1) 0.130(-1)
1.5 4.446 0.196(-1) 0.197(-1) 0.191(~1)

40 x 40
x,(bohr) x,(bohr) p (100) p (200) p (300)
3.5 3.522 0.692(-3) 0.913(-3) 0.953(~3)
3.5 4.215 0.840(-2) 0.862(-2) 0.820(-2)
2.9 3.406 0.180(-1) 0.168(-1) 0.158(-1)
2.9 3.868 0.180(-1) 0.202(-1) 0.2086(-1)
1.5 3.201 0.619(-3) 0.261(-3) 0.381(-3)
1.5 4.446 0.626(-2) = 0.487(-2) 0.422(-2)

AThe initial translational energy is 0.28 eV

bThe numbers in parentheses are the total number of classical trajectories

used in calculating p.

€The numbers in parentheses are powers of ten which multiply the
preceding numbers.
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Table 2. (Cont.)

80 X 80
x,(bohr) X,(bohr) 0(100) p (200) p (300)
3.5 3.522 0.424(-4) 0.976(-4) 0.153(~3)
3.5 4.215 0.339(-3) 0.401(-3) 0.277(-3)
2.9 3.406 0.614(-3) 0.629(-3) 0.634(~3)
2.9 3.868 0.256(~2) 0.193(-2) 0. 500(~2)
1.5 3.291 0.466(-3) 0.488(-3) 0. 574(-3)
1.5 4.446 0.176(-2) 0.150(-2) 0.138(-2)
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FIGURE CAPTIONS

Quasi-classical probability current density for

total energy E = 0.5719 eV (initial translational
energy E, =0.2991 eV) for the collinear H + H,
reaction. Minimum energy path is indicated by a
long~dashed curve and the plus sign gives the location
of the potential surface saddle point. Equipotential
energy contours are given (in eV); contour labeled E
is one of value equal to the total energy E. The
coordinates x, and x; are defined in the text.
Quantum probability current density for the total
energy E =0.5719 eV. See caption of Figure la for
explanation of other symbols used.

Quasi-classical streamlines for total energy

E =0.5719 eV. See caption of Figure 1la for explana-
tion of other symbols used.

Quantum streamlines for total energy E = 0.5719 eV.
See caption of Figure la for explanation of other
symbols used.

Quasi-classical current density profiles along five
lines which are normal to the minimum energy path.
The total energy E is 0. 5719 eV. See caption of

Figure la for explanation of other symbols used.
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Figure 3b: Quantum current density profiles along five lines
which are normal to the minimum energy path. The
total energy E is 0.5719 eV. See caption of

Figure la for explanation of other symbols used.



Figure 4a:

Figure 4b:

Figure 5a:

Figure 5b:

Figure 6a:

Figure 6b:

134

Quasi-classical probability current density for total
energy E = 0.62 eV. See caption of Figure 1a for
explanation of other symbols used.

Quantum probability current density for the total
energy E = 0.62 eV. See caption of Figure la for
explanation of other symbols used.

Quasi-classical streamlines for total energy

E =0.62 eV. See caption of Figure la for explana-
tion of other symbols used.

Quantum streamlines for total energy E = 0.62 eV,
See caption of Figure la for explanation of other
symbols used.

Quasi-classical current density profiles along five
lines which are normal to the minimum energy path,
The total energy E is 0.62 eV. See caption of
Figure la for explanation of other symbols used.
Quantum current density pfofiles along five lines
Which are normal to the minimum energy path.

The total energy E is 0.62 eV. See caption of

Figure la for explanation of other symbols used.



Figure Ta:

Figure Tb:

Figure 8a:

Figure 8b:

Figure 9a:

Figure 9b:
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Quasi~classical probability current density for total
energy E =0.7540 eV. See caption of Figure 1la for
explanation of other symbols used.

Quantum probability current density for the total
energy E =0.7540 eV. See caption of Figure la for
explanation of other symbols used.

Quasi-classical streamlines for total energy

E =0.7540 eV. See caption of Figure ia for explana-
tion of other symbols used.

Quantum streamlines for total energy E = 0.7540 eV.
See caption of Figure la for explanation of other
symbols used.

Quasi-classical current density profiles along five
lines which are normal to the minimum energy path.
The total energy E is 0.7540 eV. See caption of
Figure la for explanation of other symbols used.
Quantum current density profiles along five lines
which are normal to the minimum energy path. The
total energy E is 0.7540 eV. See caption of Figure la

for explanation of other symbols used.



Figure 10a:

Figure 10b:

Figure 1la:

Figure 11b:

Figure 12a:

Figure 12b:
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Quasi-claésical probability current density for total
energy E =0.8978 eV. A vortex is also shown. See -
caption of Figure la for explanation of other symbols
used.

Quantum probability current density for the total
energy E = 0.8978 eV. See caption of Figure 1a for
explanation of other symbols used.

Quasi-classical streamlines for total energy

E =0.8978 eV. See caption of Figure la for explana-

tion of other symbols used.

Quantum streamlines for total energy E = 0.8978 eV.
See caption of Figure la for explanation of other
symbols used.

Quasi-classical current density profiles élong five
lines which are normal to the minimum energy path.
The total energy E Is 0.8978 eV. See caption of
Figure la for explanation of other symbols used.
Quantum current density profiles along five lines
which are normal to the minimum energy path.

The total energy E is 0.8978 eV. See caption of

Figure la for explanation of other symbols used.



Figure 13a:

Figure 13b:

Figure 14:

Figure 15:
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Quasi-classical current dens_ity profiles along five
lines which are normal to the minimum energy path.
The total energy E is 1.0331 eV. See caption of
Figure ia for explanation of other symbols used.
Quantum current density profiles along five lines
which are normal to the minimum energy path.

The total energy E is 1.0331 eV. See caption of
Figure 1la for explanation of other symbols used.
Quantum probability curfent density for the total
energy E = 1.0531 eV. See caption of Figure ia
for explanation of other symbols used.

Quantum streamlines for total energy E = 1 0331 eV.
See caption of Figure la for explanation of other

symbols used.
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1.6 EXACT QUANTUM, .QUASI-C LASSICAL AND SEMI-CLASSICAL
REACTION PROBABILITIES FOR THE COLLINEAR F + Hy —
FH + H REACTION.
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Probabilities for the Collinear F + E[g ~FH + H Reaction.:'c

T i
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(Received
Exact quantum, quasi-classical and semi-classical reaction
probabilities and rate constants for the collinear reaction F + H, —
FH + H are presented and compared. The exact quantum results
indicate a large degree of population inversion in the FH product with

PR R

oz and P, being the dominant reaction probabilities. The energy

dependence of these two probabilities at low translational energies are

R

quite different. P,, shows an effective threshold of 0.005eV which

can largely be interpreted as resulting from tunnelling through a

vibrationally adiabatic barrier. POIS{

has e. much larger effective
threshold (0.045eV) apparently resulting from dynamical effects.
Quasi-classical probabilities for the collinear F + H, reaction were
calculated by both the forward (initial conditions chosen for reagent

F + H,) and reverse (initial conditions for product H + FH) trajectory
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methods. The results of both calculations correctly indicate that

PDI; and POE should be the dominant reaction probabilities. However,
the threshold behavior of the quasi-classical forward POE disagrees
strongly with the corresponding exact quantum threshold energy
dependence. By contrast, there is good agreement between the re-
versed trajectory results and the exact quantum ones. The uniform
semi-classical results also agree well with the corresponding exact
quantum ones indicating that the quasi-classical reverse and the
semi-classical methods are preferable to the quasi-classical forward
method for this reaction. The important differenceé between the
threshold behavior of the exact quantum and quasi-classical forward
reaction probabilities are manifested in the corresponding rate con-
stants primarily as large differences in their activation energies.
Additional exact quantum results at higher total energies indicate that
threshold effects are no longer important for reactions with vibra-
tionally excited H,. Resonances play an important role in certain
reaction probabilities primarily at higher relative translational

energies.
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The reactions F + H, (D,, DH) -~ FH (FD) + H (D) have recently
been the subject of several experimental studies in which very detailed
rate constants and cross sections for these reactions have been
~measured. Relative rate constants into specific vibrational (and
sometimes vibrational-rotational) states of the products have been
measured by both infrared chemiluminescence1 and chemaical la,ser2
techniques and, quite recently, both methods have been used to study

f,

‘the temperature dependences of these relative rates. Angular
distributions for specific product vibrational states of the F + D,
reaction have been studied at several incident energies by a crossed
molecular beam appara.tué. . In addition, there exist several (usually
indirect) determinations of the overall bulk rate constants for the

F o+ Hy reaction4 and more recently studies of isotope effects

for the F + H,, F+ D,, F + HD and F + DH series.5 A very
important application of these reactions has been to the fluorine-

2a,6

hydrogen chemical lasers , Where F + H, - FH + H serves as the

main pumping reaction.

Complementing these experimental studies have been several
789 7,10,11

?

quasi-classical trajectory studies on F + H, and

i, 9

F+ D,

F + DH (HD
12

and one recent semi-classical study on collinear
¥ Dy The results of the quasi-classical studies have generally
been in reasonably good agreement with the detailed rate constants
obtained by infrared chemiluminescence and chemical laser experi-
ments but in much poorer agreement with the angular distributions

obtained by the molecular beam experiments. There also exists some
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disagreement between experiment and the classical calculations on the

b

rotational distribution of the detailed rate constants, "~ and on isotope

effects, . Additional theoretical developments have been the character-
ization of the product state distributions by temperature-like param-

eters, 13 and the establishment of a relationship between these param-

14

eters and certain details of the potential energy surface. All of

the classical theoretical studies have employed semi empirical poten-

tial energy surfaces .7—1 1

15

An ab initio potential energy surface has
also been calculated™® and the semi-empirical surfaces are in reason-
able agreement with it.

Aside from possible defects in the potential energy surface
used, the most impdrtant sources of disagreement between the quasi-
classical trajectory calculations and experiment are: (a) electronically
non-adiabatic effects, and (b) quantum dynamical effects. The first

16,17, 18 1t ts

problem has been discussed by various investigators
importance is not completely understood at present and we shall not
consider it here.

In this paper, we study the importance of quantum dynamical
effects in the F + H, — FH + .H reaction by comparing the results of
. accurate quantum mechanical solutions to the Schrdédinger equation for
the coliinear collisions to the results of the corresponding quasi-
classicai and semi-classical calculations., In the following paper
(hereafter referred to as II), we make the analogous study for the
F + D, reaction and also examine exact quantum results for F + HD(DH).

19, 20:'mdicated that quantum effects

19

Results of our preliminary studies

were quite important in the collinear F + H, reaction™ ” and, in fact,
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the disagreement between the quasi-classical and exact quantum
reaction probabilities at low reagent relative translational energies
was quite large. In the present paper, we give a more detailed
analysis of the reaction probabilities for F + H, as calculated by four
different methods: an exact quantum mechanical solution, the quasi-
classical forward and quasi-classical reverse trajectory methods and
the uniform semi-classical method. We also present and compare
the corresponding rate constants obtained from the results of these
four methods. In addition, we examine resonances, tunnelling and
energy partitioning in this reaction, and examine the results of exact
quantum calculations at total energies for which two vibrational states
of the reagent H, are accessible.

In all cases, we restrict our considerations to collinear colli-
'sions of a fluorine atom with a hydrogen molecule where the two
hydrogen atoms are considered to be distinguishable. The resulting
cross sections are in the form of dimensionless probabilities of
reaction between specific vibrational states of the reagents to form
products in specific states and are not directly comparable with
experiment (although certain other quantities l5uch as final state
distributions can, with caution, be subject to such a comparison. Our
justification for studying collinear dynamics lies mainly in its use as
a predictive model for the energy release behavior in actual three
dimensional colliSi.ons21 and as a testing ground for approximate
theories of chemical dynamics.22 Exact quantum dynamics is cur-
rently feasible for many types of collinear reactions and thus the

importance of quantum effects in chemical reactions can readily be
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established within the collinear restriction. How these quantum
effects will be modified in fwo or three dimensional systems has not
yet been fully established but some progress has been made towards
obtaining exact quantum solutions to these problem523 and better

converged results will soon be available24

for the H + H, coplanar
exchange reaction.

In section 2 the potential energy surface used in our calcula-
tions is described. In section 3 we compare the quantum, quasi-
classical and semi-classical reaction probabilities for F + H, and in
section 4 we compare the corresponding rate constants. Reaction
probabilities for F + H, in the higher total energy range where two

reagent vibrational states are open are discussed in section 5 and in

section 6 is a short summary,
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2. Potential Energy Surface

We used the semi-empirical LEPS potential energy surface
of Muckerman25 (his surface 5). This surface is intermediate in
character between his surfaces 2 and 3 of reference Tb and was
chosen to optimize agreement between his three dimensional
trajectory results and experiment. o Using Muckerman's notation,
the parameters describing the extended LEPS surface are D, (HF) =
6.1229eV, B, (HF) = 2.2187A™", R, (HF) = .9170 A, A (HF) -
0.167, D, (H,) = 4.7462eV, B, (i) = 1.9420 A", R, (H,) = 0.749 A
and A (H,) = 0.106. The exothermicity is 1.3767eV (31.76 kcal/mole)
and the barrier height 0.0461eV (1.06 kcal/mole). Figure 1 shows an
equipotential contour plot of the collinear surface along with the
minimum energy path. The coordinate system for the plot (and for
all calculations) is chosen to diagonalize the kinetic energy with a

single reduced mass and is defined by:26

' 1
Pp g * L HH
r
Xy = ———— (rygp + Ty Tay)
Pup
" 1
'’ HH
X, = —=— {Torer)
Ky HH KH

where THE is the shorter of the two HF bond distances inthe H-H-F
linear geometry. The analogous coordinate system appropriate for

the product arrangement channel (FH + H) is:
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o _ M, FH i(r , MuF,
g - W, FH _HF
'U'HF HH mH
M 7
' F 5
*% SRS . | (rgp)
HH,FH

These coordinate systems have the advantage over other827 in that
the transformation between the (x,”, x,”) coordinate system appro-
priate for reagents and the (z,", z,’) system appropriate for the

products, is orthogonal.

Since the vibrational spacing in H, is about 12 kcal/mole and
that in HF is 11 kecal/mole, four vibrational states of HF are nor-
mally accessible for thermal distributions of reagent H, due to the

exothermicity of the reaction.
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3. antum asi-Classical and Semi-Classical Reaction

3. 1 Exact Quantum Reaction Probabilities
3. 1. 1 Numerical Method

We used the close coupling propagation method of
Kuppermann28 to solve the Schridinger equation for the collinear
system F + H,. The method involves dividing the configuration
space depicted in Fig. 1 into different regions and then propagating
though a given region in a coordinate system appropriate to that
region. In particular, rectangular coordinates were used in the
near asymptotic regions aﬁpropriate to reagents and products and
polar coordinates in the strong interaction region with the origin of
the coordinate system chosen in the classically inaccessible plateau
area corresponding to dissociation. A basis set of pseudo vibra-
tional eigenfunctions describing motiontransverse to the direction of
| propagation was used for expanding the wave functions. These
eigenfunctions were calculated by a finite difference procedure, 29
and the basis set was changed often during the propagation to insure
an efficient representation of the wave function. Contributions from
continuum vibrational channels are not included in this method. The
integration of the coupled Schrédinger equation was done with an
Adams-Moulton 4thr order predictor -- 4th order corrector method
(with a 4th order Runge-Kutta-Gill initiator). The procedure for
extracting the probability matrices from the asymptotic solutions is
similar to that used by Truhlar and Kuppermann. & Convergence
of the final reaction probabilities was carefully checked by observing

the effect of varying the location of the origin of the polar coordinate
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system, location of the end point of the integration, 30 number bf
closed vibrational channels, number of integration steps, and
number of grid points in the finite difference eigenfunction deter-
mination. Using 12 to 15 vibrational channels throughout the inte-
gration, we obtained a scattering matrix for which unitarity and
symmetry were deemed adequate (flux conservation to 0.5% and
symmetry to 5% or better) in the reagent translational energy range
(relative tov = 0) th = 0.0 to 1.10eV. The computation time for a
13 channel calculation on an IBM 370-158 computer was approximately
32 min. for the initial calculation in which a large amount of energy
independent information was stored on disk for subsequent use and
9 min. per energy thereafter. |
3. 1. 2. Results

We define the probability of reaction from an initial state v
(of the reageﬁt H,) to a final state v’ (of the product HF) by the
symbol P R

VV’ .
for the phrase '"v—y’ reactive collision.') The total reaction

(This symbol will also be used as a shorthand notation

probability PVR from a given incident state v is the sum of Pv]i:}’ over

all accessible v. The exact quantum (EQ) reaction probabilities

Pofg 5 Pol} and POR for F + H, in the translational energy range

E, = 0.0 to 0.4eV are presented in Fig. 2. The reaction prob-

OIE and PORl . which are also allowed in

this E, range, are plotted in Fig. 3. We see that POI?) and POR1 have

abilities for the transitions P

an energy dependence very similar to Pofg , but with much smaller

- 5 s
values (P,ﬁ e~ 6x10 p}.ﬁ, PDI}, ~1x10 PDI.E).
R

P, and P‘,R3 contribute appreciably to P‘,R in the energy range con-

As a result, only
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R R

- 1
sidered. As was pointed out ch'eviousljs;r,9 P, and P, have remarkably
different threshold behaviors. We shall define the effective threshold

energy ET for the v—yp’ transition as the difference between the (lowest)

energy for which the corresponding PVI}}, is equal to, say, 1% of the
maximum value attained by this quantity and the energy at whichthe v—v'
R

process becomes energetically possible. With this definition, P, has an
effective threshold of 0.005eV while for Polz (which is energetically for-
bidden until E;=0.013eV) ET is 0.045. Note that while the barrier
height is 0.0461eV, the zero point energy of H, is 0.268eV, so the
transition PQR2 is classically allowed even at zero translational energy.
Likewise the 0—3 reactive transition is classically allowed as the

HF (3) channel opens up at E, = 0.013eV. One possible explanation

for why the effective threshold of Pﬁ is greater than zero is that

the exchange of energy between motion transverse to the reaction
coordinate a.nd that along the reaction coordinate is not efficient

(at least in the entrance channel region of configuration space where
the saddle poinf lies). Truhlar and Kuppermann have shown22 that

a more realistic estimate of the effective barrier height in H + H,,

is obtained from vibrationally adiabatic theory. The vibrationally
adiabatic barrier (for zero curvature and using the harmonic approxi-
mation) for F + H, is 0.26eV which is still appreciably larger than

the effective quantum threshold energy for POR2 (0. 005eV) although it
R

o2 quasi-classical threshold energy (.025eV)

is quite close to the P
(see section 3.2.2). This difference between the quantum and quasi-
classical threshold energies could in part be due to tunnelling

through the one dimensional adiabatic barrier, within the framcework

of an adiabatic description of the quantum dynamics in the neighbor-
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hood of the saddle point. In II we shall see that the results for

F + D,, F+ HD and F + DH support this conclusion. The high
R

3

threshold energy for P,, is not easily explained as resulting from
one dimensional adiabatic barrier tunnelling and is probably due
to a dynamical effect as will be discussed in section 3. 2. 2.

The sharp spike in the POI: curve at energies slightly above
threshhold is reminiscent of the Feshbach type internal excitation
resonances observed in the collinear H + H, reaction.>! A dis-
cussion of other resonances in the F + H, reaction is presented in
section 5.

Simultaneously with the reactive transition probabilities, we
have calculated the nonreactive ones corresponding to the collisions
F + Hy,(0) = F + H,(0) and FH (v) + H ~FH(v') + H. The probabilities
for the first of these non-reactive processes are simply the difference
between unity and the total reaction probability POR (@aslongasv =1
of H, is closed). The transition probabilities for the H + HF(¢')
inelastic (v’ # v) processes are all quite small (generally less than
0.01) up to E;, = 0.4eV and vary relatively slowly with energy.
Unitarity of the scattering matrix then forces the elastic probabilities
for H + HF(v) collisions to be roughly equal to the difference between
unity and the probability for the F + H, (0)=~ FH(v) + H reactive
process. The behavior of the inelastic transition probabilities for
nonreactive H + HF collisions contrasts strongly with the corres-
pondihg inelastic transition probabilities for collinear H + FH
collisions. 32 In the latter case we find that the probability of an

inelastic collision is comparable in magnitude to the elastic transition
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probabilities and, in addition, the probabilities of multiquantum
jump transitions are often greater than the probabilities of single
quantum jump transitions. A more complete discussion of the

results for collinear H + FH will be given in ref. 32.
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3. 2 Quasi-Classical Reaction Probabilities
3. 2. 1 Method
The classical trajectory calculations were carried out in the

=8 W The initial phase angle

same way as in a previous H + H, study.
variable for the vibration of the ground state of H, was varied uniform-
ly over a grid of typically 100 points in the interval 0 to 2¢. The final
action number of the product HF was computed for each reactive tra-
jectory and assigned a quantum number by rounding off the action num-
ber to the nea‘rest integer. Thus, the transition probability Poff,r was
defined as the fraction of reactive trajectories with final quantum
mumber ',

When this procedure is carried out in the direction
F + H, (v=0)~FH (»') + H we term the quasi-classical transition
probabilities ""Quasi-Classical Forward" (QCF). For the reverse
reaction the quasi-classical transition probabilities are termed
"Quasi-Classical Reverse' (QCR). Quantum mechanically, the
forward and reverse probabilities are rigorously equal at the same

0 Therefore,

total energy, but quasi-classically they are not.
either of the two quasi-classical results, QCF or QCR, could be
used to represent the probabilities for the (forward) reactive
collisions. Since there is presently no a priori way of deciding
which of these two procedures will give results closer t‘o the EQ
ones, we have used them both and corresponding results are

presented below.



| 181
3. 2. 2 Results

In Fig. 4 we plot the QCF and EQ reaction probabilities

R R

P,,, P,; and P? versus the translational energy E;, as well as

the corresponding exact quantum ones given in Fig. 2. Out of the
100 trajectories, none yielded HF with v =0 or 1 (i.e.,,Poli{ = P{E = )
- probably to within 0.01 or less). There are two importanf points

to be noted in comparing the EQ and QCF results. First, both the
exact quantum and the quasi-classical results predict roughly the

same amount of vibrational excitation in the HF product on the

average. Indeed, if we deline fv as the fraction of the total energy
which ends up as vibrational energy in the product HF, then in Fig. 5
we see that fv is roughly 0. 81 and nearly independent of E; in the
QCF results, and fluctuates between 0.66 and 0.89 with an average
value of 0.79 in the EQ results. From this, we conclude that the
quantum and quasi-classical dynamics agree (on the average) with
respect to partitioning of product energy between translatibn@l and
vibrational degrees of freedom. Second; despite this average

agreement, there are very significant differences between the EQ
R

3

and QCF reaction probabilities particularly with respect to the P,

R

threshold and the P{,I;/ P,, ratio. In Fig. 6 this ratio is displayed

as a function of E; for both the EQ and QCF results. As has been

pointed out previously, L3 the lack of agreement between the individual

1; and POI; can be partially explained as

transition probabilities P,
arising from the reasonable but nevertheless arbitrary way of
assigning a discrete quantum number to a continuous product vibra -

tional energy. However, the large differences in the energy
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dependences of the EQ and QCF Pﬁ, (v=2, 3) suggests that this is
probably not the whole explanation and that other significant
differences exist between the classical and quantum dynamics in
this system. In addition, this arbitrariness in the definition of a
product quantum number is not present in the total reaction prob-
abilities PF , yet the differences in magnitude aind energy dependence
of the EQ and QCF results are still very significant.

In Fig. 7 are plotted the QCR and EQ reaction probabilities
POI;I, PO]_;? and P(I,:{ versus E;. The transition probability P0§ is non-
zero at zero reagent translational energies. This can occur because
of the convention of rounding classical vibrational quantum numbers
to the nearest integer.zo’ ey B | |

The QCR results in Fig. 7 are in much better agreement with
the quantum probabilities thén are the QCF results in Fig. 4. This
is true not only of the total reaction probabilities P?, but also of the

individual transition probabilities especially POE{ . The fact that the

threshold behavior of the Polj transition can be described correctly
by a quasi-classical method suggests that the 0. 045eV effective
threshold energy in POE(EQ) is a dynamical effect related to motion
through classically accessible regions of configuration space. The
fact that the reverse rather than the forward trajectory method
produces the best agreement with the exact quantum results must be
regarded as an empirical observation at present. Tt would be
interesting to further analyze the quasi-classical results from the
viewpoint of what regions of configuration space are being sampled

by the QCR and QCF trajectories and with what velocities, and how
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well the current density fields derived from these trajectories agree

35 The

. with the corresponding exact quantum current densities.
good agreement between the QCR and EQ results suggests that the
QCR procedure should be applied to a three dimensional trajectory
calculation. If the differences between the one dimensional QCR and
QCF results are also found in three dimensional calculations, this
could be indicative of the presence of important quantum dynamical
effects in the three dimensional reaction. Wi]kins36 has completed

a three dimensional QCF study of the reaction FH (v) + H ~H,(»') + F
| (v varying from 1 through 6). His results can be considered to be
QCR calculations for the reaction F + H, (v’ )~ FH () + H. He has

9a

also published QCF rate constant calculations“™ for the latter reaction

with v’ = 0. It would be very interesting to compare the correspond-

ing (QCR and QCF) cross sections. Perry et al3'7

have recently
published a three dimensional comparison of the QCR and QCF Cross
sections for the endothermic I + H,~HI + I reaction at one total
energy. They found that microscopic reversibility was approximately
obeyed at this energy but made no detailed study of the energy
dependence of the cross sections and did not investigate threshold

effects.
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3. 3 Semi-Classical Reaction Probabilities
3.3.1 Method
For most energies, uniform semi-classical reé.ction
praobabilities were calculated according to the procedure described

in reference 3. However, for translational energies E, greater

than 0.10eV the transition PGE was computed by a simple analytical

continuation technique, 35 similar in spirit to that of Miller. ol

This was necessary in order to obtain a non-vanishing value of this

transition probability since in the above energy range, although

energetically allowed, it is dynamically forbidden. 54> 39

it was found that P(,? was ill-determined near threshhold in that a

In addition,

plot of final FH vibrational action number m; versus initial H,
vibrational phase angle (q,) revealed discontinuous behavior for mg
near the value 3. 40, 41 We managed to overcome this difficulty at
several energies by doing the semi-classical analysis for the reverse

reaction, i.e. H+HF (v =3)~H, (v = 0) + F.42

For this reaction,
the results were considerable less ""ragged’ for m f approximately
equal to 0 than they were for the forward reaction at m¢ =3. A
more complete discussion of this procedure is given in paper II for

the F + D, reaction.
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3. 3. 2 Resulis

The semi -classical reaction probabilities POIZ{ and Polj

for

F + H, are presented in Fig. 8 along with the corresponding exact
quantum probabilities. In the absence of considering complex-
valued trajectories (in complex phase space at complex times),
vanishing quasi-classical reaction probabilities inmplies that the
co'rreSponding semi-classical ones also vanish. Therefore,

POI} (USC) = Pol,:} (USC) = 0. From the appearance of the reaction
probabilities in Fig. 8, we see that the qualitative agreement between
the EQ and USC results is quite good. There are large differences
between the magnitudes of the USC and EQ probabilities at certain
energies, but such differences are not usually too important for the
resulting collinear rate constants (see section 4). Of more serious
consequence for such rate constants is.the small difference between
the threshold energies of the POE curves. As pointed out in section
3. 2. 1., this threshold difference of about 0.020eV could be partly
due to an adiabatic tunnelling effect and it may be possible to improve
the agreement between the EQ and USC results by using complex

trajectories. i, ad
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3.4 Comparison of EQ, QCF, QCR, and USC Reaction Probabilities

In Figs. 9 and 10 we compare the exact quantum, quasi-
classical forward, quasi-classical reverse and semi-classical
reaction probabilities P(,R2 3 P(,R3 and P(I,{ for ¥ + H, as a function of the
reagent translational energy. Note that the QCR results resemble the
USC ones much more than the QCF results do. Obviously, the USC
threshold energy must be larger than or equal to both the QCF
and QCR threshold energies. However, we cannot presently put
forward an a priori reason that would have permitted us to predict
which of the latter two energies is greater nor which of the quasi-
classical reaction probabilities should be closer to the USC ones.
It is also very interesting to note that the QCR results resemble
the EQ ones more than the USC ones do. One should, however,
be cautious not to generalize this observation. As shown in paper

II, the reverse behavior is found for the F + D, reaction.
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4, EQ, QCF, QCR and USC Rate Constants for F + H,
The detailed y—p’ rate constant for a one-dimensional bi-

molecular reaction such as F + H, (v)=FH (v') + H is defined as

Il

R R
LS (T) (VV va’ (Vv))T

fo £y (VV) v, B (VV) av, ,

where Y, is the initial relative velocity of the reagents F + H, (V)
and fT (VV) is the one~-dimensional Boltzmann relative velocity
distribution function. Changing the integration variable from

Vu to the initial relative reagent translational energy Ev this

; 2
expression becomes 2

kR (T) = L L[fm PR, € )e"
vy’ - (2””F,HHKT)3 o vtV

Ev/ RT

dEVJ.
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Note that for one-dimensional systems, number densities are ex-
pressed in molecule/ cm so that a bimolecular rate constant has

the units cm/ (molecule - sec.).

Using the reaction probabilities presented in Fig. 7, we
have calculated the rate constants k,_,lz and kOR2 from the EQ, QCF,
QCR and USC reaction probabilities. Arrhenius plots of these rate
constants are presented in Fig. 11. We see that for k01§ all plots
are nearly linear at high temperatures. Because of the extremely
small effective threshold energies of POIE , the Arrhenius plots of

R
Koz

are only linear at low temperature (< 500 K). At high tempera-
ture, the temperature dependence of koR2 approaches T% which is
characteristic of a reactioh with zero activation energy. Arrhenius
activation energies E, and E, " and pre-exponential factors A,, and
A,;, which were determined by a least squares fit to thé 200-400 K
results and to the 900-1200 K results, are given in Table I. It is
clear from Fig. 11 and Table I that kX (QCF) has an activation
energy which is significantly lower than the activation energies of
knR3 (EQ, QCR or USC). This is an obvious consequence of the
different effective threshold energies of the reaction probabilities
(Fig. 9) and illustrates how these threéhold differences can affect
the detailed rate constants. As might be expected from Fig. 9,

kol§ (QCR) and ki (USC) are in quite good agreement with k?s (EQ).

=3

The relative agreement among the corresponding three k.,

rate constants is much less satisfactory at low temperatures, the
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difference between kiv (EQ) and kiv (USC) is mainly determined by
the 0.02eV difference in the threshold energies of the P(]j:; reaction
probabilities. Since PE; (QCR) has its effective threshold at zero
translational energy, k& (QCR) has a smaller activation energy
than kﬁ (EQ) which in turn has a smaller activation energy than kﬁ
(QCF or USC). The total rate constant kOR which is essentially due
to the contributions of kofsi and kolz does not exhibit simple Arrhenius
behavior because it is the sum of two Arrhenius.expressions which
are of equal magnitude near T = 1000 K, but which have quite
different activation energies. Note that the experimental activation
energy (which is 1.71 kcal/mole)45 seems to represent an average
of the present EQ values of-EZl2 and E(:. |

In Fig. 10 we plot the ratio ko% 3 kg as a function of tempera-
ture. The large difference between the temperature variation of the
QCF ratio and that of the EQ, QCR or USC ratios is again a conse-
quence of the difference in the reaction probabilities in Fig. 9. It is
interesting to note that the three dimensional quasi-classical forward
trajectory method yields a rate constant ratio which is nearly
independent of temperature, 98, in agreement with the one dimensibnal
QCF results presented here. An experimental measurement of the

2e
temperature dependence of kolg 4 koRz seems to agree reasonably well

with the thre.e dimensional QCF resultga

and consequently disagrees
with our EQ result. This may indicate that the strong difference
between the activation energies of kg and kOR2 observed here are
largely averaged out in three dimensions. On the other hand, for the

F + D, reaction, the agreement between experiment and the quasi-
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classical results is not as consistent as it is for F + H, (to be discuss-
ed in paper II), so it is possible that the averaging process in three
dimensions does not completely destroy the important differences
between the results of quantum and classical mechanics as reported
in this paper.
R R . R R .

In contrast to the k., / k,, ratio, k;, (EQ) / k;; (EQ) is nearly

constant in the temperature range considered here. This agrees with

2e

the temperature variations of both the experimental™ and three

dimensional QCF %

results, although the absolute magnitudes of the
ratios are quite different ( ~ 90 for 1-D versus ~ for 3-D). We also
found that kOI} (EQ) / kDR0 (EQ) is nearly independent of temperature

with a value of roughly 210. Therefore 1«:0R]l (EQ) and korf, (EQ) are

respectively about 2 and 4 orders of magnitude smaller than kOI.E (EQ).
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5. Exact Quantum Reaction Probabilities for Vibrationally Excited
Reagents

In order to observe the effect of vibrational excitation of the
reagent H, on the resulting reaction probabilities, we extended the
range of our exact quantum calculations to total energies of 1.4 eV.
In Fig. 13 we plot POI;‘, POE{ and PE, the three largest reaction
probabilities for F + H, in this energy range, as a function of energy.
There are several important points to note about this figure.

First, the transition PE has virtually zero effective threshold
energy but otherwise has a similar translational energy dependence
to that of POIS{ (which has the same V' - v value as PII}). The absence
of a significant threshold energy in Pll;{ indicates that the dynamical
effects responsible for the appearance of a significant effective
energy threshold in POIS{ are no longer significant in PII}.

This will lead to lower activation energies and higher rates of reaction
for reagents which are initially vibrationally excited. The similarity
between Pll;{ and POIS{ implies that for the most significant reaction
probabilities, an increase in the vibrational ehergy of the reagent
results in a corresponding increase in the vibrational energy of the

~ product. This agrees with experimental observations for F + D,. 1f

Second, the reaction probabilities Polc? and PE} have sharp
peaks at E; = 0.425eV and 0.823eV respectively. An analysis of the
energy dependence of the scattering matrix elements corresponding
to similarly shaped reaction probability curves in the H + H, collinear

31, 46

reaction showed that narrow peaks (or dips) in the reaction

probabilities were the result of the presence of internal excitation
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(Feshbach) resonances. These resonances are associated with
excitations of virtual states of the intermediate triatomic complex
(FHH in the present case). From Fig. 13 we see that the contri-
butions of the direct processes seem to be rather small in regions

of energy where the resonance processes are important. This
results in only small interference effects between direct and com-
pound state contributios to the scattering amplitude and the resulting
reaction probabilities have nearly symmetrical peaks as a function

of energy near the resonance energies. The resonance widths are
about . 0l1eV and only one non-negligible transition probability seems
to show resonant behavior at either of the two resonance energies.
There seems to be a correlation between the appearance of an
internal excitation resonance and the opening of a specific vibrational
state of the product (as in the resonance at 0.823eV, which is close
to the opening of the v = 5 channel in HF at 0.839eV). This indicates
a correlation of the resonance state with the reaction products rather
than with the reagents or with the transition state. We shall analyze
this phenomenon further in paper II when we examine the high energy
F + D, reaction probabilities.

Although the total E in Figure 13 extends to 1.16eV only, we
have done calculations up to E = 1. 4eV but found all reaction proba-
bilities in this higher energy range to be less than 0.01. This
behavior seems to be related to "centrifugal' effects associated to
the angle between the x'l, and z; axes (i.e., the skew angle between
the asymptotic portions of the minimum energy path for the potential

of Fig. 1) and will be further discussed in paper II.
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6. Summary

Many of the dynamical effects presented in this paper will
be further examined in paper II to where we will relegate a more
extensive summary of quantum effects in the F + H, reaction. In
this paper we have seen that there are very serious differences
between the results of quantum and standard quasi-classical mechanics
for collinear F + H,, most notably in the energy dependence of the
reaction probability Polz near threshold. These differences in the
behavior of the reaction probabilities result in important differences
in the detailed thermal rate constants. The fact that the quasi-
classical forward reaction probabilities and rate constants disagree
quite strongly with the exact quantum results is of great significance
since nearly all the trajectory studies done to date on this reaction
have been of the quasi-élassical forward type. For the present re-
action, both the quasi-classical methodé provide us with more accurate
ways of approximating the exact quantum results. This suggests that
it might be of interest to use these methods in three dimensions.
Indeed, it may be possible to use the results of collinear calculations
such as the ones presented here as a guide line when choosing an
approximate method for doing three dimensional calculations.

Additional exact quantum results for F + H, show that
threshold effects are no longer important when the reagent H, is
initially vibrationally excited. The dominant transitions appear to
be those which channel additional vibrational energy in the reagents
into additional vibrational energy in the products. Internal excitation

resonances are found to play an important role in the reaction prob-
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abilities at certain translational energies. There seems to be a one
to one correspondence between the energy at which a resonance
occurs and the energy at which a related product vibrational channel

opens.
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TABLE I. Arrhenius Rate Constant Parameters for F + H, = FH + H(a)
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Temp.

Range  EQ QCF QCR Usc
92 200-
E, 400 K .411 791 .230 766
o= 200-
E, 400 2.279 .853 596 2.495
200- |
Az 400 1.620x10°  2.424x10"  1.669x10" 1.486x10"
200-
Aos 400 2.667x10" .4992x10" .377x10°  4.621x10°
02 900-
E, 1200 .293 750 .086 .390
" 900-
E, 1200 92.628 . 444 .869 2.368
900-
Aoz 1200 1.459x10" .558x10" .628x10" 1.182x10"
© 900-
Ags 1200 4.433x10" . 464x10° .689x10"  4.499x10"
(a) Ko (T) = A ; €xp (- Egi / RT) where

an1 is in keal/mole and A; isin

em/ (molec -

sec).



196
REFERENCES

(a) J.C. Polanyi and D.C. Tardy, J. Chem. Phys. 51, 5717
(1969); (b) K.G. Anlauf, P.E. Charters, D.S. Horne, R.G.
MacDonald, D.H. Maylotte, J. Polanyi, W.J. Skrlac, D.C.
Tardy and K. B. Woodall, J. Chem. Phys. §_3_, 4091 (1970);
(¢) N. Jonathan, C.M. Melliar-Smith and D. H. Slater, Mol.
Phys. 20, 93 (1971); (d) N. Jonathan, C.M. Melliar-Smith,
D. Timlin, and D.H. Slater, Appl. Optics 10, 1821 (1971); (e)
N. Jonathan, C.M. Melliar-Smith, S. Okuda, D.H. Slater and
D. Timlin, Mol. Phys. 22, 561 (1971); (f) J.C. Polanyi and
K.B. Woodhall, J. Chem. Phys. 58, 2298 (1973); (g) H.W. Chang,
and D.W. Setser, J. Chem. Phys. 58, 2298 (1973).

(a) K. L. Kompa and G.C. Pimentel, J. Chem. Phys. 47, 857
(1967); (b) K. L. Kompa, J.H. Parker and G.C. Pimentel, J.
Chem. Phys. 51, 91 (1969); (d) O.D. Krogh and G.C. Pimentel,
J. Chem. Phys. 51, 5717 (1969); (e) R.D. Coombe and G.C.
Pimentel, J. Chem. Phys. 59, 251 (1973); (f) W.H. Green and
M.C. Lin, J. Chem. Phys. 54, 3222 (1971); (g) M.J. Berry,
J. Chem. Phys. 59, 6229 (2973).

(a) T.P. Schaefer, P.E. Siska, J.M. Parson, F.P. Tully,
Y.C. Wong and Y. T. Lee, J. Chem. Phys. 53, 3385 (1970);

(b) Y.T. Lee, invited talk at the VII International Conference
on the Physics of Electronic and Atomic Collisions, Amsterdam,

1971.



10.

11

12.

13.

197
See compilations by N. Cohen, Report No. TR-0073(3430)-9,

The Aerospace Corporation, El Segundo, Calif. (1972) and
Report No. TR-0074(4530)-9, The Aerospace Corporation,
El Segundo, Calif. (1974).

A. Persky, J. Chem. Phys. 59, 5578 (1973).

(a) D.J. Spencer, T.A. Jacobs, H. Mirels and R.W. F. Gross,
Int. J. Chem. Kinetics 1,493 (1969); (b) T.F. Deutsch, Appl.
Phys. Lett, 10, 234 (1967); (c) S.N. Suchard, R.L. Kerber,

G. Emanuel and J.S. Whittier, J. Chem. Phys. 57, 5065 (1972)

and references therein.
(a) J.T. Muckerman, J. Chem. Phys. 54, 1155 (1971); (b)
ibid., 56, 2997 (1972).

(a) R.L. Jaffe and J. B. Anderson, J. Chem. Phys. 54, 2224
(1971); (b) ibid., 56, 682 (1972), (¢) R.L. Jaffe, J.M. Henry
and J.B. Anderson, J. Chem. Phys. 59, 1128 (1973).

(a) R.L. Wilkins, J.Chem. Phys. 56, 912 (1972); (b) R.L.
Wilkins, J. Phys. Chem. 77, 3081 (1973).

N.C. Blais and D. G. Truhlar, J. Chem. Phys. 58, 1090 (1973).

A. Ding, L. Kirsch, D. Perry, J. Polanyi, J. Schreiber, Disc.

Far. Soc., in press.
P.A. Whitlock and J. T. Muckerman, to be published.

(a) A. Ben-Shaul, R.D. Levine, and R.B. Bernstein, Chem.
Phys. Lett. 15, 160 (1972); (b) A. Ben-Shaul, R.D. Levine,
R.B. Bernstein, J. Chem. Phys. 57, 5427 (1972);



14.

15.

16.

17.

18

19,

20.

21.

22.

23.

198
(c) A. Ben-Shaul, G.L. Hofacker, and K. L. Kompa, J. Chem.

Phys. 59, 4664 (1973).

G.L. Hofacker and R.D. Levine, Chem. Phys. Lett. 15, 165

(1972), also unpublished results.

{a) C. F. Bender, S.V. O'Neil, P.K. Pearson and H. F. Schaefer
I, Science, 176, 1412 (1972); (b) C.F. Bender, P.K. Pearson,
S.V. O'Neil and H.F. Schaefer I, J. Chem. Phys. 56, 4626
(1972).

D.G. Truhlar, J. Chem. Phys. 56, 3189 (1972).

J.T. Muckerman and M.D. Newton, J. Chem. Phys. 56, 3191
(1972)

J.C. Tully, J. Chem. Phys. 60, 3042 (1974).

G.C. Schatz, J.M. Bowman and A. Kuppermann, J. Chem. Phys.
58, 4023 (1973).

J.M. Bowman, G.C. Schatz, A. Kuppermann, Chem. Phys. Lett.
24, 378 (1974).

(a) P.J. Kuntz, E.M. Nemeth, J.C. Polanyi, S.D. Rosner, and
C.E. Young, J. Chem. Phys. 44, 1168 (1966); (b) J.C. Polanyi
and W.H. Wong, J. Chem. Phys. 51, 1439 (1969).

D. Truhlar and A. Kuppermann, J. Chem. Phys. 56, 2232 (1972).

(a) R. Saxon and J. Light, J. Chem. Phys. 56, 3874 (1972); (b)
ibid., 56, 3885 (1972); (c) G. Wolken and M. Karplus, Absiracts
of Papers, VII International Conference on the Physics of Elec-

tronic and Atomic Collisions, Amsterdam (1974).



24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

199
A. Kuppermann, G. Schatz and M. Baer, to be published.

J.T. Muckerman (private communication).

L.M. Delves, Nuclear Phys. 20, 275 (1960).

G. Glasstone, K. Laidler and H. Eyring, Theory of Reaction

Rates, McGraw Hill, 1941, p. 101; M. Karplus and K. Tang,
J. Chem. Phys. 50, 1119 (1970).

(a) A. Kuppermann, Potential Energy Surfaces in Chemistry,
ed. W.A. Lester (University of California at Santa Cruz, August

1970) pp. 121-129; (b) Abstracts of papers, VII International

Conference on the Physics of Electronic and Atomic Collisions,

Amsterdam, 1971.

D.G. Truhlar, J. Comp. Phys. 10, 123 (1972).

The reaction probabilities were found to be independent of the
location of the endpoints of the integrations in each arrangement
channel before the potential had completely reached its asymptotic
value. However, the translational energies computed at the points
of termination of the integrations were slightly smaller than their
correct asymptotic values. The results reported here have been

corrected by the difference (less than .0002eV).
G.C. Schatz and A. Kuppermann, J. Chem. Phys. 59, 964 (1973).
G.C. Schatz and A. Kuppermann, to be published.

J.M. Bowman and Aron Kuppefmann, Chem Phys. Lett. 12, 1
(1972).



34.

35.

36.

37.

38.

39,

40.

4]1.

42.

200

J.M. Bowman and Aron Kuppermann, J. Chem. Phys. 59,

6524 (1973).

A. Kuppermann, J.T. Adams and D.G. Truhlar, Abstracts of
Papers, Eighth International Conference on the Physics of
Electronic and Atomic Collisions, edited by B.C. Cobic and

M.V. Kurepa, Belgrade (1973) p. 149.
R.L. Wilkins, J. Chem. Phys. 58, 3038 (1973).

D.S. Perry, J.C. Polanyi and C.W. Wilson, Chem. Phys. Lett.
24, 484 (1974).

J.M. Bowman, unpublished Ph.D. Thesis, California Institute
of Technology, 1974.

W.H. Miller, Chem. Phys. Lett. 4, 431 (1970); J. Chem Phys.
53, 3578 (1970).

C.C. Rankin and W.H. Miller, J. Chem. Phys. 55, 3150 (1971).

J.T. Muckerman (private communication) has also found

similar statistical behavior for the F + D, reaction.

This procedure is obviously valid if the function m; (qp) is

differentiable for both the forward and reverse trajectories
since under these conditions, semi-classical reaction prob-
abilities (contrarily to quasi-classical ones) rigorously obey

microscopic reversibility. $2

As a result, when one of these m (qo)
is differentiable and the other not, it is reasonable to associate
the semi-classical reaction probability of both the forward and

reverse reactions to the differentiable m (ao).



43.

44,

45.

46.

201
W.H. Miller and T.F. George, J. Chem. Phys. 56, 5668 (1972);
J. Chem. Phys. 57, 2458 (1972).

For the H + H, reaction, the complex trajectory method yields
reaction probabilities differing by less than 30% from the exact

quantum results for energies less than the barrier (ref. 32).

G.C. Fettis, J.H. Knox and A. F. Trotman-Dickenson, J. Chem.
Soc. 1064 (1960).

R.D. Levine and S. F. Wu, Chem. Phys. Lett. 11, 557 (1971).



202
Figure Captions

Equipotentizil contour plot of the FH, collinear potential energy
surface used in all calculations reported here. Energies given
are relative to the minimum in the H, diatomic potential curve,
Coordinate system is defined in text. Heavy line denotes the

minimum energy path with saddle point indicated by a cross.

Exact quantum reaction probabilities for collinear F + H, as a
function of relative translational energy E; and total energy E
(relative to minimum in H, diatomic potential energy curve).
(a) Total reaction probability P(,R from v = 0 of H, (b) Reaction
probabilities P, and P,? (defined in text). Vertical arrow in
abscissa indicates the energy at which v = 3 of HF becomes
accessible. o

Exact quantum reaction probabilities Polf and Polo:{ (similar to

Fig. 2).

Quasi-classical forward and exact quantum reaction probabilities
for F + H,: (a) PDR, (b) POI; and POI;“. Dashed line indicates QCF
results with their associated statistical errors indicated by

vertical bars. Solid line indicates EQ results (as in Fig. 2).

Fraction (fv) of the total reagent energy (in excess of product zero
point energy) which ends up as vibrational energy in the product
HF as a function of the reagent translational energy E; and total
energy E. Solid line indicates EQ results and dashed liné QCF

results. Other notation analogous to Fig. 2.
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Ratio of reaction probabilities Pof; / POI; versus translational
energy E, and total energy E. Solid line indicates EQ results

and dashed line QCF results. Other notation analogous to Fig. 2.

Quasi-classical reverse and exact quantum reaction probabilities
for F + Hy: (a) PR, (b) P,X and PR. Dashed line indicates QCR
results with their associated statistical errors indicated by
vertical bars. Solid line indicates EQ results (as in Fig. 2).
Uniform semi-classical and exact quantum reaction probabilities
for F+ H,: (a) PR, (b) P,X and P,}. Dashed line indicates USC
results, solid line EQ results as in Fig. 2. |

EQ (solid), QCF (short dash), QCR (dash dot) and USC (long dash)
reaction probabilities Polg (@) and POE{ (b) for F + H, (from

Figs. 2,4, 7-8).

EQ (solid), QCF (short dash), QCR (dash dot) and USC (long dash)
total reaction probability PDR for F + H, (from Figs. 2,4, 7-8).

Arrhenius plot of EQ (solid), QCF (short dash), QCR (dash dot)
and USC (long dash) rate constants for F + H,: (a) kDI;, (b) kol,},

1;{ for F + H, as a function of

Ratios of rate constants k°1§ / k&,
temperature. EQ (solid), QCF (short dash), QCR (dash dot), and
USC (long dash).

Exact quantum reaction probabilities POE, POI: and PE for F + H,
at translational energies higher than those in Fig. 2; Arrows near
E, = 0.44eV and 0. 84eV indicate the opening of v = 4 and 5 respec-
tively of HF while that at 0.51eV indicates the energy E, at which

v = 1 of H, becomes accessible.
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Exact quantum, qﬁasi—classical and semi-classical reaction
probabilities and rate constants for the collinear reaction F + D, —
FD + D are presented. In all calculations, a high degree of popula-
tion inversion is predicted with P,,:I} and Plf being the dominant
reaction probabilities. In analogy with the F + H, reaction (ref. 1,

preceding paper), the exact quantum 0 —3 and 0 —4 probabilities

show markedly different energy dependence with P(,? having a much
R

4

smaller effective threshhold energy (ET =0.014 eV) than P,
(0.055 eV). The corresponding quasi-classical forward probabilities

R
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and PMR are in poor agreement with the exact quantum ones,
while their quasi-classical reverse and semi-classical counterparts

provide much better approximations to the exact results. Similar
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comparisons are also made in the analysis of the corresponding EQ,
QCF, QCR and USC rate constants. Additional quantum results at
higher energies are presented and discussed in terms of threshold
behavior and resonances. Exact quantum reaction probabilities for
the related F + HD —FD + H reactions are given and aﬁ attempt to

explain the observed isotope effects is made.
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- In the preceding paper1 (hereafter referred to as I) we
compared the exact quantum (EQ), quasi-classical forward (QCF),
quasi-classical reverse (QCR) and uniform semi-classical (USC)
reaction probabilities for the collinear F + H, — FH + H reaction.
The results of all four methods agreed in their prediction of a high
degree of population inversion in the products of this exothermic
reaction. However, the QCF probabilities were found to differ
substantially from the corresponding EQ results in threshold behavior
and energy dependence. This could have important consequences
regarding the validity of the standard three-dimensional quasi-
classical method which has been used on F + H, (D,) and wnich is
the three-dimensional version of the QCF method. We found much |
better agreement between the exact quantum pr.obabilities and both
the quasi-classical reverse and the uniform semi-cléssical results
thus indicating that either of the last two methods might be preferred
to the quasi-classical forward one in three-dimensional calculations.
In this paper we present the analogous EQ, QCF, QCR and
USC results for the collinear ¥ + D, reaction over roughly the same
range of translational energies as was used in I. In addition, exact
quantum probabilities for the reactions F + HD (DH) — FH (FD) + H (D)
are given. We also study the importance of tunnelling and resonances
in F+ D,, F+ HD and F + DH. These calculations were done in order
to assess the effect of isotopic substitution on the magnitude of the

quantum effects and on the validity of the approximate methods.
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The potential energy surface used in these calculations is

identical to that described in I. 2

In addition, most of the numerical
techniques are the same as was used in I and will not be described
again here except to note changes made.

In Section 2 we discuss the EQ, QCF, QCR and USC reaction
probabilitiés for F + D, and the corresponding collinear rate constants
are presented in Section 3. Section 4 contains a study of the'behavlior
of the reaction probabilities at energies sufficiently high to excite the
first two vibrational states of reagent D,. In addition, we discuss
resonances in this reaction, giving specific comparisons between
the results of the exact quantum, and approximate methods in the
vicinity of these resonances. Section 5 contains a description of the

EQ reaction probabilities for ¥ + HD (DH) and in Section 6 we

present a summary of conclusions.

2: .Quantum, Quasi-Classical and Semi-Classical Reaction Probabilities

2.1 Exact quantum reaction probabilities

Since the vibrational spacing in D, is roughly 9 kcal/mole
and that in FD is about 8 kcal/mole, and the reaction is exothermic
by 32 keal/mole approximately,. at least five vibrational levels of
DF are accessible when D, has an initial quantum number v = 0. By
coincidence, the v = 3 and 4 vibrational levels of DF have nearly the
same total energies as the v = 2 and 3 vibrational levels of HF,

respectively. This results in remarkable similarities between these

two reactions despite the significant difference in the corresponding
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reduced masses =0.548). As in I, we will designate
(g, Hz/ ¥, D, ) g

by PVI} the reaction probability for a reagent initially in state v to

form product in state v/, and by Pf the total reaction probability

from initial state v (i.e. z 2 In Figure 1 we present the exact

quantum reaction probablhtles PMR, Pof and P, B

vy o )-
for F + D, at
relative translational energies (E;) in the range 0.0 to 0.25 eV. The

corresponding probabilities Po§, POF and Pogqare plotted in

R R

Figure 2. It is apparent from these figures that P;, and P, are the

most significant contributors to P[,R in this E, range. The POI;{, Poff
and Poit curves are all very similar in appearance to the P03 one, but
with greatly reduced magnitudes (P02 ~ 8.8 x 10" PE. P PGIE ~5x 107
POE, Pofj ~6x 10'6P 5)- There is a very significant difference
between the threshold behavior of P(,I? and fhat of PO];:: quite analogous
to what was observed in I for the reaction probabilities Pulj and P01§
of F + H,. As in I, it is convenient to define an effective threshold
energy E, for the v — v’ reaction as the difference between the
(lowest) energy for which the corresponding Pvf}, is equal, say, to 1%
of the maximum value attained by this quantity and the energy:at
which the v — v’ process becomes energetically possible. Table I
contains the values of ET for several important reaction probabilities
for the reactions of F with H,, D,, HD and DH as well as the correspond-
ing vibrationally adiabatic zero curvature barrier heights EV AZC
(described in I). From it we see that for F + D, the value of Ep for
P03 (EQ), 0.014 eV, is appreciably lower than the EVAZC value of

0.032 eV. This can be interpreted as an indication of the extent of
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vibrationally adiabatic one-dimensional tunnelling (see paper I) in

this system. The value of E, for POI; (QCF) of 0.030 eV is very
close to EV AZC" This suggests that the chemical motion for this
system is nearly vibrationally adiabatic in the approach coordinate

in the sense that the local action number for the motion transverse

to the reaction coordinate should vary relatively little between the
separated reagent region and the saddle point region. The correspond-
ing values of Eq, and Ey 5~ for POE (EQ) of F + H, are 0.005 eV and
0.026 eV, indicating somewhat more tunnelling in this system than

in the F + D,, as expected. The effective threshold energy of POI}

(F + D,) Ep = 0.055 eV is similar to that of POI: (F + H,) (0.045 eV).
The near coincidence in energy between the v = 3 and 4 vibrational
levels of FD and v = 2 and 3 of FH is probably responsible for the
very similar appearance of the corresponding EQ reaction probabili-
ties. (Compare Figure 2 of I with Figure 1 of the present paper.)
There are, however, differences in the maximum values of certain
analogous reaction probabilities especially POI;(F + D,) and POI§

(F + H,) (which have maximum values of 0.66 and 0. 44 respectively).
We shall see in Section 4 that the differences between analogous reac-
tion probabilities for the two reactions become even more important
for E,> 0.25 eV.

2.2 ansi—classical reaction Rrobabilities

In Figure 3 are plotted the QCF and EQ reaction probabilities

Pofi, P(,l} and PP for F + D,. No reactive trajectories yield DF with

v’ =0 or 1 but there is a small probability of reaction to v’ = 2 (always
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< 0.1 and ﬁnishing for E, > 0.12 eV). The corresponding QCR
reaction probabilities for the same energy range (0.0 < E, < 0.12 eV).
are plotted in Figure 4. In Figure 3 we see that there is a very large
difference between the threshold behavior of POE (EQ) and Polj (QCF).
In analogy with the F + H, P,X behavior, ' we find that the quasi-

classical reverse POE{

of F + D, (Figure 4) has a threshold behavior
which is much closer to the exact quantum one than is the QCF
threshold. Unlike P[,-I; (F + H,), the energy dependence of PCE(F + D,)
is predicted somewhat more accurately by the QCF method than by
the QCR method. The EQ and QCF total reaction probabilities PR
(Figure 3) are in somewhat better average agreement than are the
EQ and QCF total reaction probabilities in F + H, (Figure 4 of I).
This seems to indicate that the differences between quantum and
classical dynamics are less severe for F + D, than for F + H,.
However, at least for collinear reactions, these differences are

still quite significant.

In Figure 5 we plot as a function of E, the fraction f < of the
total energy which appears as vibrational energy of the DF product
for the EQ and QCF calculations. It can be seen that f,(QCF) is
nearly independent of E, and has an average value of 0.79. The
corresponding EQ curve has a more pronounced E, dependence but
about the same average value over the E, range considered. We find
that the average value of f_ is almost the same for both F + H, and

F + D,. This independence of isotopic substitution agrees with the

corresponding experimental result2 and with the predictions of
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three-dimensional trajectory calcula,tions4 although our value of

fV (0. 79)- which ignores rotational degrees of freedom is somewhat
higher than the experimental result (0. 66)3. This general average
agreement between the EQ and QCF fv versus E, curves indicates
that the dynamic processes governing the average energy disposal
between vibrational and translational degrees of freedom of the
products can be well approximated by the classical trajectory method.
However, one should keep in mind that this is not so for the distribu-
tion of this vibrational energy among the available vibrational states,
i.e., that large differences between product state population ratios
obtained from the EQ and QCF methods do exist, as indicated in

Figure 6.

g. 3 Semi-classical reaction probabilities

Figure 7 shows the uniform semi-classical reaction probabili-
ties P(B and PUI,} along with the corresponding EQ results. It was
noted in paper I (Section 3. 3) that'raggedness' in the final action num-
ber function m(q,;v, E) as a function of initial vibrational phase q,
caused difficulties in calculating USC transition probabilities at the
threshold of the F + H,(0) — FH(3) + (H) reaction. The same problem
occurred for the 0 — 4 transition in the F + D, reaction. We were
able to overcome this difficulty by using the reverse final action
number function, n(q,;m, E), which was found to be smooth for the
values n =0 and m = 4. The justification for using this procedure was
given in I. The curves for the forward and reverse values of m for

this 0 — 4 transition at an energy E = 0.3107 eV (E, = 0.12 eV)
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are given in Figure 8. When all the relevant semi-classical quantities
are well-behaved (”non—ragged”).functions of q,, the USC transition
probabilities obey microscopic reversibility5 and it is not necessary
to calculate botﬁ the forward and reverse results. However, as the
example above demonstrates, when ''raggedness' exists, it is advis-
able to consi.der the forward and the reverse results. In our example,
the reverse results are the preferred ones since there is no ragged-
ness in the region corresponding to D + DF(4) — D,(0) + F. These
were the ones used in calculating POE (and PO]? for the F + H, reaction)
in its threshold region. The USC PDP} transition probabilities at

E, =0.08 eV and 0.085 eV were calculated in the statistical approxi-
mation. 4 At these energies the reverse reaction showed that the

4 — O transition was dynamically forbidden. However, since statis-
tical (i.e., ragged) behavior was evident in the forward reaction we
did calculate a non-zero value for Pul:f at the two energies just
mentioned.

The USC probabilities in Figure 7 are in much better agree-
ment with the corresponding EQ results than are the quasi-classical
ones. As was the case with the QCF PO];? threshold, there is a small
difference between the POI:? (USC) and POI; (EQ) threshold energies,
but t_he USC result may be improved by using complex trajectories. 7
The oscillations in Py, (USC) in the E, range 0.10 eV - 0.25 eV do
not have any analog in the quantum results. One might expect that
the raggedness in the plot of final action versus initial phase (see

Figure 8a) could be an indication of resonant behavior in this energy
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range, but the quantum results of Figure 1 do not substantiate this.
In Section 4 we discuss the possible relationship between resonances
in the EQ results and '"'raggedness'’ in the USC ones.

One significant aspect of the comparison between the USC and
EQ results in Figure T is that the maximum values of the EQ and USC
reaction probabilities P(,l;{ and,PO];:f are nearly identical. This con-
trasts with the results of both the QCF and QCR calculations which
generally tend to underestimate the maximum values of the probabilities
(Figures 3 and 4). The significant improvement in the quality of the
results obtained in going from the quasi-classical to the semi-
classical approximation suggests that an equivalent improvement may
occur for the three-dimensional F + D, reaction and that the semi-
classical results may be quite reliable {for this case. However, we
must stress that the utilization of uniform rather than primitive semi-
classical techniques is essential to the success of this method for the
collinear reaction and thus it seems likely that an analogous uniform

procedure will be required in the three-dimensional problem.8

2.4 Comparison of EQ, QCF, QCR and USC reaction probabilities

In Figure 9 we compare the reaction probabilities P(,I;f and Poff

of F + D, as calculated by all four methods EQ, QCF, QCR and USC.
Figure 10 presents the analogous comparison for the total reaction
probability P?. It is apparent from both figures that the USC method
gives the best agreement with the EQ reaction probabilities for this

reaction.
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3. E F, R and USC Rate Constants for F + D
The rate constants k£ and kol,} obtained from the EQ, QCF,

QCR and USC reaction probabilities Pex and P& for F + D, are

plotted in Figure 11. The expression for these rate constants is the
same as the one given in I. 1 The corresponding Arrhenius parameters
obtained from fits to the rate constants in the 200 to 400 K and

900to 1200 K temperature ranges are listed in Table II. The
difference between k& (QCF) and k. (EQ) (which results from the
different threshold properties of the POI}'S in Figure 9) is quite
noticeable and leads to a 0.8 kcal difference between the correspond-
ing high terﬁperature activation energies in Table II. In analogy

with our F + H, study, 1 ihe QCR and USC rate constants koff and
corresponding activation ene'rgies Eoi agree with the EQ ones better
than do the QCF quantities. The similar comparison for the rate
constants kﬂl} is much less satisfactory. The low temperature differ-
ences between the various kclj's are determined to a large extent by
the different threshold energies of the corresponding reaction proba-
bilities P,X. The transition probability P&k (QCR).has zero threshold
energy and thus the largest rate constant at low temperatures, while
the EQ, USC and QCF POI'B{’S have successively higher threshold
energies and therefore sﬁccessively iower rate constants. (See
Figure 9b.) This illustrates that the low energy (< 0.03 eV)
behavior of the reaction probabilities (or cross sections) can be

exceedingly important in determining the low temperature (< 300 K)

behavior of the corresponding rate constants for these reactions.
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The ratios k(,f} /kor:,{ are plotted as a function of temperature in
Figure 12. We see that the QCF ratio is nearly temperature inde-
pendent while the EQ, QCR and USC ratios increase monotonically
with increasing temperature, approaching the QCF ratio at high
temperatures. These k}}/kﬁ ratios are quite similar in appearance
to the kf}/kofz{ ratios for the F + H, reaction given in Figure 12 of I,
but the F + D, ratios actually increase somewhat more slowly with
temperature than do the F + H, ones.

The QCF ratio ko /kox is 0.63 at 300 K in approximate
agreement with the experimental value? of 0.66. The results of
three-dimensional classical trajectory calculations indicate that this

10 If this is also true

ratio is not strongly temperature dependent.
experimentally then, in analogy with F + H,, we would have evidence
that the collinear model overestimates the effects of threshold differ-
ences on reaction rates to different product vibrational states. We

10,11 have measured the

might note, however, that Lee and coworkers
ratio of cross sections 0,,/0,, at three different energies and they find
that it increases rapidly with increasing energy from 0.75 at

E, =0.034eVitoc 3.5at E, = 0.11 eV. If we consider the analogous
collinear ratio Polff /'P(,P.; (Figure 6) we find that it also increases rapidly
with increasing energy (much more rapidly than Lee's cross section
ratio) from near zero at zero translational energy to roughly a value

of 4.3 for E, ¥ 0.12 eV. The ratios of cross sections from three-

dimensional QCF trajectory calculations over a family of several

potential energy surfaces do not reproduce this energy dependence
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(Ref. 10, Table VI). This may indicate that the differences between
quantum and quasi-classical results are still significant in three
dimensions and, indeed, are observable in experiments which are at

least partially state selected such as cross section measurements.

4. Higher Energy Reaction Probabilities for F + D,

Figure 13 shows the higher energy exact quantum reaction
probabilities B, PR, PR, PR and PR for F + D, in the transia-
tional energy range E, = 0.25 to 0.70 eV. Those transition probabil-
ities not plotted are all small (usually < 0.02). POIj (QCR) is also
plotted in Figure 13 in the energy range 0.25 to 0.42 eV for reasons
to be discussed in detail below. This figure is analogous in many
ways to Figure 13 of I, although the close correlation between the
reaction probabilities of F + H, and the related F + D, ones (see
end of Section 2.1) becomes less important as the energy is increased.
Nevertheless, many of our remarks concerning the F + H, reaction
probabilities deséribed in I are also applicable here. We note that
the transition probabilities PE in Figure 13 and POI;_t in Figure 1 have
similar translational energy dependences except near threshold. This
confirms our statement in I that reaction probabilities for reagents

initially in ¥ = 1 are virtually insensitive to the presence of a barrier

in the F + H, (D,) reagent channel. In addition, PII:; is significantly

larger than the other Plzf{’ with v’ < 5 over the energy range considered.
This implies that the additional vibrational energy in the reagents is
being predominantly channelled into additional vibrational energy in

the products. 13
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‘The transition probability POIE exhibits a rather unusual energy
deperidence. As shown in Figure 11, it remains quite small (< 0.01),
even though energetically allowed, until the total energy becomes
high enough to excite v =1 of D, at which point it rises suddenly to a
peak value of 0. 34 before finally levelling off at about 0.13. It is
not obvious how. simple resonance or threshold theories can explain
this unusual behavior since the effective threshold is apparently
related to the opening of a vibrational state not involved in the transi-
tion asymptotically. One possible explanation for the influence of the
p=1 sfate of D, on this transition probability can be formulated by
observing that the inelastic 0 — 1 transition probability for F + D,
is quite appreciab1e13 (0.10 to 0.25) and, as noted above, P'll;{ is quite
large'. This suggests that the 0 — 5 reactive transition occurs almost
exclusively with v = 1 as an intermediate state. It is also significant
that it is not sufficient for this state to be accessible via virtual transi-
tions but rather it must be open asymptotically. This seems to indi-
cate that a high degree of vibrational excitation must be maintained
over a considerable region in configuration space. This would only
be possible if the v = 1 vibrational state is open and hence there is no
enhancement of P-‘,l? when the state is closed.

For the transitions Poff at E; =0.327 eV and PE at E, = 0.599 eV
we see peaks. in the reaction probabilities suggestive of internal excita-
tion resonances. ht In contrast to the resonances observed in I in
F + H,, the direct processes in F + D, still seem to be quite important

in the vicinity of the resonances. The resultant interference between
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the direct and resonant contributions to the scattering amplitude leads
to characteristic oscillations in the reaction probabilities in the
vicinities of the resonance energies quite similar to what was ob-
served in the H + H, reaction“’ 15 As in the F + H, reaction, we see
an approximate correspondence between the appearance of a resonance
and the opening of a specific vibrational state of the product DF.
(v=5atE, =0.29eVand v =6 at E, =0.59 eV). This implies that
the virtual states of the triatomic complex may have energy levels
resembling product states more than reagent states. The relation is
probably complicated, however, since the correspondence between
the resonance energy and the energy of the associated product vibra-
tional level is not always in the same direction (i.e., the resonance
energy is sométimes greater and sometimes smaller than the corre-
sponding vibrational energy as can be seen in Figure 13 of I and

' Figuré 13 in the present paper).

It is interesting to note that the QCR reaction probability POI‘?
depicted in Figure 13 seems to "average out' the quantum oscillations
in PO];;{ (EQ) in the vicinity of the 0. 327 eV resonance. It is also of
interest to examine the semi-classical results at this energy. Rankin
and Miller have reported extensive statistical behavior in the final
action number function, mg, for the H + Cl, collision. 6 From this
behavior, they inferred that a converged quantum treatment of that
reaction would yield internal éxcitation resonances. However, as
Figure 14 shows, me, at the resonance energy, is a smooth function

of q, with about the same degree of ''raggedness' as seen previously
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away from resonance in Figure 8b. We have also observed non-
statistical behavior of mg 1o at the energy of the sharp 1.28 eV

14 Thus, we can conclude

resonance for the collinear H + H, reactioh.
that statistical behavior of m, is at best a sufficient but not necessary
condition for the presence of quantum mechanical internal excitation
resonances. This conclusion is in qualitative agfeement with the one
reached by Duff and Truh][arl'7 who found no evidence from their
semi-classical study of the H + H, reaction of the resonant behavior
present in exact quantum calculations.

5. Exact Quantum Reaction Probabilities for the Reactions F ¢ HD

We have also calculated the exact quantum reaction probabili-
ties for F + HD — FH + D and F + DH — FD + H hereafter designated
F + HD and F + DH respectively. In three dimensions, these two
reactions represent different product arrangement channels of the
same collision system. In collinear collisions, however, they must
be considered entirely separately. This implies that coupling between
these two product arrangement channels is ignored in our collinear
calculations.

The largest reaction probabilities for the two reactions are
plotted in Figure 1518 as a function of the reagent translational
energy E, (relative to v = 0 of HD) in the range 0 to 0.25 eV. For
F + HD, the only reaction probability greater than 0.025 in the energy

R R R

range studied is Py, while P,,, P,; and PDE are the major contribu-

tors to the total reaction probability in F + DH (Pol;{ is always less than
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0.10). From Figure 15 it is apparent that the reaction probabilities

Pofj and IPOIE of F + DH are very similar in shape to the corresponding

R R

probabilities Py, and Py, of F + D, (Figure 10), although the sharp

differences between the threshold energies of POI}

and PFE (F+ D)
are reduced considerably for POP} and PGES{ (F + DH). In contrast, the
results for F + HD do not show a strong resemblance to those for

F + H, (Figure 2 of I). Instead, we see that POI_} (Figure 15) consists
of one very sharp (width ~ 0.0005 eV) spike near 0.012 eV and then
remains quite small (< 0.02) for the remainder of the energy range
studied. P(,]‘;{, which is energetically forbidden until E, = 0.039 eV

is quite small throughout the energy range considered here. The
rather dramatic differences between the results for F + HD and

F + DH can probably be explained as resulting from the difference in
the mass of the atom being exchanged in the collinear triatomic colli-
sion system. The small mass of the H atom in F + HD in comparison
with that of the D atom in F + DH results in much more important
pseudo-centrifugal barriers in "turning the corner'' in the former
reaction than in the latter. That this ‘should.be the case is apparenf
from a comparison of the skew angles (defined in I) for these two
systems. Fo.f F + HD, this angle is 37.3° while for F + DH it is 56.7,
thus indicating that the curvature along the reaction path should be
much larger for F + HD than for F + DH. Only at low translational
energies do the centrifugal effects become small enough to render

F + HD dynamically allowed. For ¥ + DH, on the other hand, the

centrifugal effects are not important in the energy range studied and
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thus we observed very large reaction probabilities throughout that
energy range.

From Figure 15, we can also conclude that the rate constant
for formation of DF is predicted to be greater than that for formation
of HF (except at very low temperatures (< 150°) where the slightly
smaller effective threshold of F + HD becomes important). This

19 that the rate of H atom

disagrees with the experimental result
transfer is a factor of 1.45 faster than that for D atom transfer

at 298 K. The disagreement can prcbably be explained by noting

that the distance of the H atom from the center of mass of HD is
about twice that of the D atom from the same center of mass. This
means that H sweeps through a larger voiume of space fhan D when
HD rotates and thus is more "visiblé” to the attacking F atom. Since
the barrier height is quite low at most orientations of the reagentslo,
one would expect that H should be preferentially abstracted. For
collinear reactions, this three-dimensional effect is ignored and we
find, instead, that dynamical effects such as pseudo-centrifugal
barriers are important in the reaction. These éentrifugal effects
favor reaction with the D atom and thus explain why the collinear
results differ from the experimental ones. A similar argument has
been used to explain the J dependence of three-dimensional quasi-
classical cross sections for the same reactions4a‘. One might add
that for a reaction with a high barrier, which simultaneously favors

reaction through collinear geometries, the three dimensional effect

should be less important and the collinear results should be more
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representative of the experimental results. This has indeed been

observed for the Cl + HD (DH) reactions. 40

We shall now summarize the differences between the results
of the exact quantum, quasi-classical and semi-classical methods
for Studying' the F + H, (pa,pe_r I) and F + D, reactions. The most
important of these differences may be categorized into three divisions:
vibrationally adiabatic tunnelling, resonances and threshold dynamical
effects. These effects may, however, be coupled to one another to a
lesser or greater extent.

Vibrationally adiabatic tunnelling seems to be most significant
at very low energies especially for F + H, and for those transitions for
which at threshold there are no strongly restrictive dynamical effects
(of the type occurring in Pol.:; for F + H,). Such tunnelling appears
to be responsible for important differences between EQ and QCF rate
constants at low temperatures (Figures 11a in I and also 11a in this
paper). The semi-classical complex trajeétory method (which was not
studied here) may be able to describe tunnelling quantitatively?’ X
Excitation resonances seem to be very important at higher translational
energies aﬁd will therefore not be significant in thermal experiments.
They may be important in beam and hot atom experiments if these reso-
nance effects carry over without strong attenuation into three dimensions.
The current semi-classical theories do not seem to furnish a computa-
tionally practical description of the interference .effects associated with

these resonances. 18 Threshold dynamical effects are very significant
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for collinear F + H, and F + D, and this leads to important differences
between exact quantum and quasi-classical reaction probabilities and
rate constants for thermal distributions of reagents. These threshold
effects are partially classical in nature since we found that the QCR
method was capable of describing roughly the proper threshold
behavior within .a completely classical framework. An important
result of this paper was the demonstration that the uniform semi-
classical method provides a greatly improved description of threshold
behavior of the quantum results in comparison with the QCF method.
How important these threshold effects will be in three dimensions is
not entirely clear from an analysis of existing expefimental and
theoretical studies, but it appears that the effects are at least
partially attenuated by the averaging that inevitably occurs in experi-
mental measurements. They may, however, still be important for

experiments which are sufficiently state selected.
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Table I. Effective threshold energies (ET) for the most significant
reaction probabilities in the F + H,, F + D,, F + DH and

F + HD reactions.a

F + H, F + HD
E(Pox(EQ) 0.005 0.010
E(Po(QCF)) 0.025 N.C.P
Ep (P15 (EQ) 0.045 0.071
E (P (QCF)) 0.012 N.c.P
Eyazc 0.026 0.028

F+D, F + DH
ET(P{E(EQ)) 0.014 0.011
E.{Pox(QCF)) ~0.030 N.c.P
Ep(Pos (EQ) 0.055 0.022
E1(Pos(QCT)) 0.030 N.C.P
. 0.032 0.028

1 Al energies are in eV.

B No QCF calculations were done for this transition.
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a

Table II. Arrhenius rate constant parameters for F + D, »FD + D.
Temp. Range EQ QCF QCR USC
E, 200 - 400 K 0. 676 0.935 0.266 0.852
E,"" 200 - 400 2. 167 0.990 2. 576 2. 471
Ay, 200 - 400 2.551x10° 2.443x10°  1.884x10  2.340x10"
A,, 200 - 400 2.775x10" 1.686x10°  2.502x10 3.269x10"
E. 900 - 1200 0.361 0.912 0.416 0.611
E,' 900 - 1200 2.108 1.343 2.742 2. 344
A,, 900 - 1200 2.104x10" 2.674x10°  2.402x10" 2.082x10"
A 900 - 1200 3.240x10° 2.604x10"  3.261x10" 3.365x10"

o
s

a

ol
E, isin keal/mole and A
0

1

is in em/(molec - sec).
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Figure 1:

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Exact quantum reaction probabilities for F + D, as a
function of relative translational energy E, and total
energy E (relative to minimum in D, diatomic potential
curve). (a) Total reaction probability Pc,R and (b) Reaction

probabilities Pgi and Pox.

Exact quantum reaction probabilities P(E, Pl,ll? and P,,?
for F + D, (similar to Figure 1).

Quasi—classical forward (dashed curve) and exact quantum
(solid curve) reaction probabilities for F + D,: (a) POR Y
(b) P,)l? and POI:.

Quasi-classical reverse (dashed curve) and exact quantum

(solid curve) reaction probabilities for F 1D,: (a) P(,R.

(b) P,X and PX.
Fraction (fv) of the total reagent energy (exclusive of

product zero point energy) which ends up as vibrational

‘energy in the product DF plotted as a function of the reagent

translational energy E, and total energy E. Solid line

indicates EQ results and dashed line QCF ones. Other

Figure 6:

notation analogous to Figure 1.

Ratio of reaction probabilities Pol;{ ’d POP: versus translational
energy E, and total energy E. Solid line indicates EQ
results and dashed line QCF ones. Other notation analo-

gous to Figure 1.



Figure 7:

Figure 8:

Figure 9:

Figure 10:

Figure 11:

Figure 12:
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Uniform semi-classical (dashed curve) and exact quantum
(solid curve) reaction probabilities for F + D,: (a) POR,
(b) P, and P,R.

(a) m, versus (, for the forward reaction F + D,(0) -~
FD(mf) + D, total energy E is 0.3107 eV, (b) m, Versus

0o for the reverse reaction D + DF(4) — D, (mf) & B,

total enefgy E is 0.3107 eV.

EQ(solid), QCF (short dash), QCR (dash dot) and USC (long
dash) reaction probabilities POE{ (a) and POIE(b). (From
Figures 1, 3-5.)

EQ(solid), QCF (short dash), QCR (dash dot) and USC (long
dash) total reaction probabilities POR for F+ D,. (From
Figures 1, 3-5.) |

Arrhenius plot of EQ (solid), QCF (short dash), QCR (dash

dot) and USC (long dash) rate constants for ¥ + D,: (a) korj,

(b) kX,

Ratios of rate constants kolf/kgfg for F + D,; EQ (solid),
QCF (short dash), QCR (dash dot), USC (long dash).
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Figure 13: Exact quantum reaction probabilities at translational

R R

energies higher than those in Figure 1. (a) Py,, Py,

and P, (b) PE and PE. Also shown in (a) is the QCR

R
Py,

curve (dashed). Arrows near E, =0.29 eV and
0.59 eV indicate the opening of v = 5 and 6 respectively
of DF while that at 0. 37 eV indicates the energy E, at
which v = 1 of D, becomes accessible.

Figure 14: m, Versus g for the reverse reaction D + DF (4) —
D, (mf) + F at the resonance energy 0. 5107 eV (correspond-
ing to E; = 0.32 eV).

Figure 15: Exact quantum reaction probabilities POI; for F + HD, and

R
Py,

and POE for F + DH as a function of relative transla-
tional energy E, and total energy E (relative to minimum
in HD diatomic potential curve). Arrow near 0.04 eV

indicates the energy at which v = 3 of HF becomes accessible.
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SUMMARY

The comparisons between standard forward quasi;classical
calculations and the exact quantum ones for the H+H, and F +H, (D,)
reactions reveal several important areas of disagreement. Low
energy tunneling, especially in the H +H, reaction, is of course not
reproduced by the classical calculations. This failure of the quasi-
classical method is responsible for the factor of twenty-five difference
in the corresponding thermal rate constants at 200°K (with the classical
result less than the quantum one, of course). Another significant
difference between the two sets of results is in the energy dependences
of the reaction probabilities. The classical ones tend to be smooth
and, in general, monotonic functions of the energy. The quantum ones,
however, oscillate markedly about the corresponding classical ones as
a function of the energy. In fact, the quasi-classical forward results
resemble the averaged quantal ones. The arbitrary way of assigning
final "quantum'' states in the quasi-classical method results, in
several cases, in gross disagreement with quantal results at energies
in the vicinity of the energetic threshold for a given transition.

The attempt to reproduce quantum oscillations with the semi-
classical expressions for transition probabilities was largely. unsuc~
cessful. The semi-classical interpretation of quantum oscillations as
simple interference effects apparently does not apply to the reactions

considered. It has recently been shown that most of the quantum
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oscillations are due to resonant scattering which interferes with direct
scattering. Thus, we conclude that the semi-classi.cal theory used is

~ capable of treating the direct scattering but at best it offers only an
averaged description of resonant scattering.

The semi-classicél theory does provide a unique and logically
consistent way of quantizing initial and final states of the reactants and
products, respectively. Evidently, this is responsible for the fact that
the semi-classical transition probabilities are in qualitative agreement
(at least) with the quantum ones near the threshold energies. This is
a significant improvement over the quasi-classical forward results.

An extension of semi-classical utilizing complex-valued trajectories in
complex time was not incorporated in our calculations. Hence, the
semi-classical results do not show any improvement over the quasi-
classical ones with regard to collision processes which proceed by
tunneling in classically forbidden regions of configuration space.

The invesfigation of reverse quasi-classical results revealed
manyl interesting, 'if not totally understood, results. First, it was
found that the differences between forward and reverse results could
be substantial, especially for energies in the vicinity of energetic
_ thresholds for certain transitions. Second, one of the two sets of
quasi-classical results was in much better agreement with the exact
ones than the other. The implications of this result for three-dimen-
sional trajectory calculations could be very significant. A comparison

of the quasi-classical reverse and forward results for the F 4 H,
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reaction suggests strongly that the three-dimensional forward trajectory
calculations are not as accurate as the reverse ones might be.

The investigation of the possibility of using the quantum proba-
bility distribution function to phase-average classical trajectories
proved that the procedure is illogical. It was shown that such a sampl-
ing technique resulted in transition probabilities which were (symmetric)
functions of the initial atom-molecule separation distance.

A comparison of exact quantum and quasi-classical current
densities, streamlines, and current density profiles revealed some
interesting differences and similarities between the two sets of results.
Due, apparently, to the fact that classically the H, molecule can be
vibra‘cionally excited at é,ny collision energy, the classical current
densities exhibit an oscillatory pattern. In contrast to the classical
behavior, the quantum current densities are non-oscillatory for total
energies below the threshold for vibrational excitation of H,. For total
energies above this threshold the classical and quantum results do
show some similarities in structure as well as in the regions of configu-
ration space sanipled by the respective current densities. An
interesting and striking difference between the classical and quantum
current densities is seen at a total energy at which both the classical
and quantum feaction probabilities are equal to unity. The classical
result shows a sharp "pinching' near the saddle point of the potential

surface whereas the quantal results shows no such effect.
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Appendix 1: Symmetry Properties of the "Quantum' Total

Reaction Probability, PQ(R)

In paper 1.2 it was noted that the
"quantum' total reaction probability, PQ(R), is a symmetric
function of ¥ (the initial atom-molecule separation) with respect
to some value of R, denoted by R. It was noted that this symmetry
resulted from the fact that the quantum distribution function, FQ(q),
is symmetric about the point q = 7. We prove this property in this
appendix.

We wish to prove the following theorem. If the quantum

distribution function, FQ(q), is symmetric about q =7, i.e.,
Fo + ) = Fglr - ), | 1)

‘then for some value of R, denoted by R, PQ satisfies the following:

P~(R + a) . PQ('R - a), (2)

Q

where a is some arbitrary displacement from R. Without loss in
generality, let us assume that for a given value of R, R,, there
corresponds an interval in g-space, q, - ¢q,, such that every trajectory
with the initial conditions R = R, and q, = q = q, is a reactive one.

 In general, the midpoint of this interval, (q, + q,)/2, does not eqﬁal T

but differs from it by an amount §, given by
5:"‘((11+q2)/2- (3)

Let us now displace the interval g, ~ q, by the amount 6. A new

interval, q,' - q,', results with the property that



267
(a," + q,")2 = 7. , (4)
This new interval has a corresponding R, denoted by R, and given by
R =R, + Vb/w, (5)

where W is the initial relative velocity of the atom-diatom system,
w is the angular frequency of the periodic motion of the isolated diatom
(with a given internal energy initially). Equation (5) results from the

fact that asymptotically g(t) and R(t) are given by

q(t) = ge + wt

R(t) =R, + /'t
and hence

Ag/w=At
and thus

AR = VAq/w,

which is a general statement of eq. (5). We now show that R given by
eq. (B) is the point of symmetry of the function PQ(R). By definition

PQ, in g-space, is given by (see eq. (1) of paper I1.2)
T 2w

Po= |/ 41K @ Fola) + J da K (a) Fgla) /27

At R = R, this expression becomes
P

Po(Ro) qf dq Fgfa)/2m,
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and for R = R it becomes
gy’

Po(R) =q{ dq Fgla)/2m. (6)

Consider now arbitrary displacements from R by amount + a. This

corresponds' to displacing the interval q,' - q,' by amounts +A, where

A=aw/lF.

Thus, to prove that PQ(F +a)+ PQ(F - a) it suffices to show,
according to eq.(6), that

q2'+A qz‘-A
J  aqFg@/em = aqFgla)/em. 0
q'+A q,'-2

To prove the validity of eq. (7), we note that the following

integrals have integration ranges placed symmetrically about q =n:

q2'+A qz'—A
[ dq F~la), J dq Falq), 8
2ia q Q(q) i q Q(q) (8)
and thus
- q__2‘+A
J dq Fo(a)/27 = | dq F(q)/27 (9)
qlv_A Q il Q _
and
s le"'A
[ dq Folq)/2w = [ dq F(q)/27. (10)
A0 e - g

Note that we have made use of the symmetry of the integration range

of the integrals given by eq. (8) and the fact that FQ(q) is symmetric
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about 7 to arrive at eqs. (9) and (10). Let us now add the left hand
side of eq. (10) to the right hand side of eq.(9) and similarly add the

right and left hand sides of egs. (10) and (9) respectively to obtain:

q,'+A qz'—A
J  daFg@/em =) dqFqla/en. (11)
q,'+A q'-A

This equation is identical to eq.(7) and hence we have proved that
PQ(R) is a symmetric function of R with respect to some value of
R, R. Indeed, in paper I.2(Figure 1) the symmetry of PQ(R) was

demonstrated numerically.
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Appendix 2: Analytical Continuation of the Semi-Classical

S Matrix

In this appendix we describe the analytical continutaion method
used to calculate certain semi-classical S-matrix elements for the
F + H, and F + D, reactions described in the preceding papers.

As discussed in the preceding papers (especially see paper 1.3

the roots to the transcendental equation
m‘8 = mB(qg;na, E) (1)

are sought in the semi-classical analysis. That is, at fixed values of
n® (the action number of the molecule initially) and E (the total energy)
roots, q%i, are sought; mB (the action number of the molecule in
arrangement channel 3 finally) is a specified integer. An‘ interesting
situation arises when there are no real roots to eq.(1) at some
particular E. As discussed in paper I.3 the semi-classical S-matrix

element S is apparently zero. However, a more interesting and

B a
fruitful alil:rgrﬁative is to seek complex roots to eq. (1), This approach
was first developed by Miller and cowvtv'orkers1 and Marcus and
co-workers. . In its simplest form, the idea is to make use of the
properties of the function mB (qu ) (we suppress the .na and E variables
hereafter) on the real q¥ axis. I there is some value mP - mB(aﬂ)
which differs from the desired value by a "small' amount then the
complex root(s) is expected to lie "close' to the real q5 axis. If that

is the case, then this complex root can be found by simply analytically

continuing the function m(qf) into the éomplex qf-plane by means of
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a power series representation. Note that even if the complex
root(s) lies "far" from the real qoa axis it may be found in general
by an analytic continuation of m(qoa) (if indeed one exists). We shall

not pursue this more general approach which has recently been

1d, le 2b

considered by George and Miller and Stine and Marcus

In Figure 1 we show examples of typical behavior of the

function m(qoa ) at energies for which no real roots are found (for the

F + H, and F + D, reactions). There it is seen that the values mB =

and m‘3 = 3 for the respective reactions are dynamically forbidden.
We now develop the theory for the analytical continuation of

the semi-classical S-matrix. The expression for the S-matrix for

a dynamically allowed transition is given byla’ 2a
@ 3
. Gl %% exp[iA(mB;na)/ﬁ] .

S = 9AE B
mBna T o m

(2)

Thus, the analytical continuation of Sm Bn o 18 accomplished by continuing
the amplitude and phase of SmBn ® into the complex plane.

First we consider the analytic properties of a function of a
complex variable near the real axis. Let f(z) be analytic in a

neighborhood of z = z,. Then we may write:
£(z) = £(zo) + £'(Z0)(Z=20) + I''(20)(z-2,) /21 + .
where, as usual

£'(2o) = lim [£(z) - £(z,)] /(z - 2,).
Z ~Zg

If we take z - z, along the imaginary axis we have that
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£'(z) = U (20) + 1 U (z0)

where W (z) and U"(z) are respectively the real and imaginary parts of
f(z) and where y denotes the imaginary axis. Taking z —z, along the

real axis we have that
f'(zn) = u-x(zo) i iU’X(Zo)

Now, we wish to consider the difference z - z, to be along the
imaginary axis, i.e., z - 2y, =i(y - y,). Using the latter expression
for f'(z,) (and the obvious extension to higher derivatives) we have
- - - -2 2
£(z) = f(z,) + (U X(Zu) + 1U'X(Zo)]1(Y"Yu) B [u'XX(Z“) + 1U’XX(ZD)]1 (y-Yo) /2

U o Z) + 1 (20)]1°(3Y0) /6 + . ..

Equating real and imaginary parts of the right and left hand sides of

this equation, we have

U(z) = U(zo) - W (205 - o) - U (2a)(y - ¥o) /2 + UV (2) - 7a) /6 + ...
@) =W (zo) +U L(20)(y - ¥o) = V(23 - ¥o) /2 - A (20)(y - ¥0) /64 ... -

Now, consider the equation
f(Z) =m , , (3)

where m is real and where we stipulate that f(z,) is a real number, n.
Thus, U (z) =0 ahd,in addition, we see that U‘X(zo) =0 (to second order in
¥ - Vo). Thus, from the above equation for (L(z), we have the

following for the first non-vanishing contribution to f(z):
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£(z) = m = U(2o) ~U(20)¥ - T0) /2.

Hence, the imaginary part of the root to eq. (3) can be found

trivially. Letting 7 =y - y, we have that
2
f(z) - f(zg) =m-n =l T /2

and thus,

N~

resl2(m -/ U] . (@

Let us now consider if what we have done makes sense for our later
applications. First, the point z, is to lie on the real axis. Thus, .'

Vo = 0. The condition ax(zn) = 0 is seen to be satisfied by our final
action number function (cf. Figure 1). Also if ux =0 occurs at a
minimum then uxx> 0 and clearly m - n < 0 and if CLX = 0 occurs

at a maximum, then LLXX< 0Oandm -n >0. Thus, eq. (4) is guaranteed
to make mathematical sense. We see further that there really are two

roots to eq. (3); they are complex conjugates of each other given by
*
Z =Xo+ iTand z =x4 - 1i7.

This is a consequence of the Schwarz Reflection Principle.3
Let us now apply these results to the analytical continuation of
S 8 a Let mBVof eq. (1) Dbe f(z), and let m be its desired value.
m"n
B

Further‘, let n be the minimum value of the function m”~ which occurs

for q¥ = qy. From eq. (4) we have

(=

r = £[2(m - n)/ -mPaa@]” . (5)
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Thus, according to eq. (2) and the above equation, the amplitude

“of S B w J 3 a,isgivenby
m'n m'n

Do

I 4 q=l2mnm® gq@hrl © . (6)
m n

Note that J ;3 o 18 the same for each of the two roots q,, = q,, T

To analytlcally continue the phase of SmBn - A(m na), we note
that A will in generallbe complex in the complex g-plane (of course
A is real on the real qg‘ -axis). Making use of the previous results,
in particular the expansions of {£(z) and (#(z) just before eq. (2), |

we have

ReA (mP(@? + i7),n% = A @2) - Aqa@E)7/2  (Ta)

ImA(mB(a% +i7),n%) = -Aqqq 7'3/31 ; (7h)

Note we have rﬁade use of the fact that A q(aan) = 0. Thus, we have
established the analytical continuation of the amplitude and phase of
5 2 up to order T . This is expected to be adequate for 7<1.
-For T > 1 the power series expansion approach becomes inaccurate
and a more direct method of analytical continuation is required. Al Lty Bl 2

To proceed from S 3 a to the corresponding transition

probability we make use of the "uniform'" semi-classical expression

Boz

(for classically allowed transitions)lb’ 0 given by
1 i
2 2 2
PUSC — (3, + 3)° w|x|” A%+ (3,-3) 7|x| Bi(-x) . (8)

J, and J, are the amplitudes of S 8 _a corresponding to the two roots,

Ai(x) and Bi(x) are respectively the regular and irregular Airy functions 10
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and x is given by
2
3
X = [%(Al - Az)J ’
where A, and A, are the phases of S 3 o for the two roots. As shown
n

previously, J, equals J, and A, - A, =2i ImA, =2iImA,. Thus,

[\

2

3 3
x=[§— ImA,] i
2

3
£ —[g-lm Al
Thus, eq. (8)
1
UsC .2
PﬁazfiJﬂaw]xl Ai([|x] . (9)

m''n m'n

6

and from this we obtain the "primitive' semi-classical expression for
the transition probability,
PSC
P o e =1 g4 exp| -2ImA,] . - (10)
m'n m-n :
In our calculations the functions m’3 (q%) and A(q%) were
determined in the neighborhood of an approximate ﬁao at ten or twenty

points. These "data' points were then fit by a cubic spline curves.

These curves were then used to determine the location of the "true"



271
b s o ¥
d% and the quantities m & q((_lo ) and Aqqq(q ks
In the table below (Tablel) we give the values for the pertinent
quantities contained in egs. (9) and (10) for the energies and
reactions indicated. From that table we see that the PSC and USC

transition probabilities differ sighificantly when Im A< 1, however,

they are equal (within error limits) for ImA> 1.
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Table 1. Numerical values of quantities pertinent to the analytic
continuation of semi~classical transition probabilities

for the F+H, and F+D, reactions.

F+H,(0)— FH(2)+H, E=0.378eV  F+D,(0)— FD(3)+D, E=0.411eV

as 3.41711 2. 2571
mP@@?) 2.01638 | 3.0166

T ©0.0896 0.0989

m @3 4.08 + 0.04 3.40 £ 0.03

_a

2 4qq @) 14530 + 3000 938 + 100

I 5 a 0.660 0.688

m n ;

TmA 1.74+0.40 0.14 +0.01
PP%Ca 0.02 £ 0.01 0.51 + 0.02
mnn

P 0.02 + 0.01 0.25 + 0.01
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Figure Caption

Figure 1: Final action number m, versus initial phase angle q, for
the F + H, reaction (a) and the F + D, reaction (b) for

total energies E of 0.378 eV and 0.411 eV respectively.



5

3.0

25

2.0

4.5

4.0

5.5

3.0

2.5

281

QO/ZTr

Figure 1

- (a)
[ L
-]
o
a)'O\’Xe KoK
L]
o .
F+ Hg(O) —- FH(mf) + H
| | [ [ | | |
(b)
L+ ]
®
[ ]
L
e
XX
—
9
e
° F+ D»(0) == FD{ry) + D
I | | I 1 | |
0.0 0.2 v 0.4 o5




- 282

PART II

A DIRECT TEST OF THE VIBRATIONALLY ADIABATIC
THEORY OF CHEMICAL REACTIONS
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INTRODUCTION
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INTRODUCTION

The primary source of the‘ great difficulty in solving the
Schrodinger equation for collinear, coplanar, and three-dimensional
chemical reactions is the multidimensional nature of the partial
differential equation to be solved. For the collinear case, the
Schrddinger equation is a two-mathematical dimensional partial differential
equation. A great simplification in this equation results if the two inde-
pendent variables, i.e., two nuclear coordinates can be decoupled from
each other. If sucha deboupling exists then the partial differential
equation can be rewritten as two- uncoupled ordinary differential
equations. These equations can be solved with comparative ease.
Unfortunately such a decoupling does not rigorously exist. However,
with the introduction of so-called natural collision coordinates, R. A.
Marcus formulated reactive scattering in a manner suitable to approx-
imate uncoupling of the two degrees of freedom '(in collinear co_llisioﬁs).

The resulting theory borrowed much from_ the simple ideas of
H—irschfelder and Wigner on vibrationally adiabaticity in chemical
reactions. This approximate theory has been cast into two forms;
one is termed tﬁe vibrationally adiabatic zero-curvature theory and the
other is the vibrationally adiabatic theory. |

In paper II.1 the vibrationally adiabatic zero-curvature theory
ié tested by making use of exact scattering wavefunctions describing

the collinear H+H, exchange reaction. An energy scan of the results
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is made to ascertain fhe range of validity (if any) of the approximate
theory. In addition, the test is performed in several regions of
configuration space to determine where the theory is 'reliable. Aiso,
the factors which contribute to the failure of the theory are investi-
gated. The work reported in this paper was carriéd out in collabora-
tion with Dr. John T. Adams, Professor Donald G. Truhlar (and of
course Professor Aron Kuppermann). |

. A test of the vibrationally adiabatic théory including curvature
is presented in paper II. 2 for the symmetric stretch motion of the
transition state of H,. The results are compared with the zero-
curvature ones given in paper II.1. A numerical difficulty inherent in
the adiabatic theory including curvature is pointed out and is shown to
detract significantly from the potential usefulness of this theory. As
previously the test makes use of exact scattering wavefunctions for the
H+H, reaction, The results are presented as a function of the
collision energy for reagent H, in its gfound and first excited vibra-

tional state.
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II.1 A DIRECT TEST OF THE VIBRATIONALLY ADIABATIC
(ZERO-CURVATURE) THEORY OF CHEMICAL REACTIONS
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A DIRECT TEST OF THE VIBRATIONALLY ADIABATIC (ZERO-
CURVATURE) THEORY OF CHEMICAL REACTIONS.

1. Introduction |
Numerical techniques have recently been developed to calculate

exact quantum scattering wavefunctions describing collinear é.tom-

molecule reactions. With the availability of such wavefunctions it is

possible to rigorously test old approximate theories of chemical

reactions and to stimulate the development of new ones. One approxi-

mate theory that has received much attention is the historically impor-

tant vibrationally adiabatic (VA) theory of chemical reactions. The idea

of vibrational adiabaticity in chemical reactions was first intrdduced

in 1939 b'y.Hirs.chIeldér and Wigner. 1 I potn the classical and quantum

versions of this theory, it is assumed that the motion of an atom-

‘molecule system could be described by two separable degrees of

freedom (for the collinear case) referenced to a "reaction path."

- Motion transverse to this path was assuined to adjust instantaneously

so as to maintain its quantum state (or in the classical case to inaintain

its constant of the motion) as the reaction proceeded along this path.

In the separated reagent and product limits this transverse motion is

simply the vibration of the corresponding molecule. More recently,
this idea was quantified by Marcus2 who introduced ""natural-collision
coordinates" and expressed the quantum and classical hamiltonians in
terms of these variables. Actual calculations of reaction probabilities

and cross sections based on the vibrationally adiabatic theory have

been performed by Child, 3 Wyatt, 4 Truhlar and Kuppermann, 5 and
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Diestler and Karplus. 8 In the latter two calculations the vibrationally
adiabatic zero-curvature (VAZC) results were compared with exact
guantum ones for the collinear H+ H, — H, + H i-eaction. Wu and
Levine7 also examined the validity of the VA theory in exact quantum
calculations using a model potential energy surface. Comparisons
between exact classica.l trajectory and classical vibrationally adiabatic
theory calculations have also been done by Marcus and co-worlf:ers8
and Tweedale and Laidler. ¢ McCullough and Wyatt in a time-
dependent wave packet treatment of the collinear H + H, reaction made
a time-dependent i:est of the VAZC thedry at one en’ergy; 1 In addition
t.o its historical significance the VA theory of chemical reactions is

11,1 It has been sh(')wn.

closeiy connécted with transition sta_té theory.
that the validity of VA theory is a siifficient cohdition for the valiciity

of transition state theory. L In a more modern context the suitability

of a VA or VAZC basis set in performing exact quantum reactive
..sca"ctering calculations using close-coupling techniques is also of
interest. |

A direct test of the VAZC theory is made in the present paper.

We use exact‘scattering wavefunctions calculated previousiy5 for the
collinear H + H, — H, + H reaction to determine the extent of adiabaticity
in the reagent, strbng intéraction, and product regions of configuration
space. The total energy range considered, 0.2778 eV to 1.0331 eV,
allows for ground and fi'rst excited vibrational states of the reagent and
product H,. A preliminary acéount of some of these results has already

been reported. 13
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2. Theory

Natural-collision coordinatesz-q‘ (s, x) are defined with
respect to a curve C ﬁvhich passes smoothly from the reagent configu-
ration, through the strong interaction region, and to the product
configuration. The two-dimensional configuration space in which C
is defined can be chosen in a variety of ways. As previouslysa’ 13 we
have chosen the transition state normal-mode coordinate space with

c oordinates]‘4 15

p.=v3/2 (rap * T'pe - 2T0),

a=(1/2(pe - Tap)

where r AB and rpe are internuclear distances in the collinear A-B-C
system and r AB =Tpc = Yo is the location of the saddle point of the
potential energy surface. The potential energy surface employed in our

calculations is a Wall- Porter16 17

fit to the SSMK surface”  with a scaled
barrier height of 0.424 eV. 15

The curve C is the minimum energy path
in the (p, q) coordinate system, i.e., it is the path of steepest descent
from the saddle point p = ¢ = 0 to the reagent and product regions of
space. The coordinate s is defined as the distance from an origin on

C to a point Q on‘C and x is the shortest distance from any point to Q.
The origin is chosen at the saddle point with the negative sense for s

in the reagent region and the positive sense in the product region. For
all points lying between the point r AB “TBC = 0 and C the x coordinate

is positive and negative otherwise. (Asusual 0 <r < )

“AB(BC)
In terms of the variables (s, x) the collinear Schrdinger equation
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for a total energy E is given by 2a,4

;zhg %_ %(%%p%%(n%n V(s,x) - E] Ux,s) =0. (1)

The quantity 7(s, x) is given by
n(x,8) =1 + k(s)x,

where k (8) is the curvature of C at the point (0,s). The reduced mass
L is equal to 2/3 MH in the p, q coordinate system for the H+ H, reaction.
The collinear potential energy fuhction V(s,x) is co'nveni'ently decomposed

- as followsza’ 4

V(x,s) = Vi(s) + Vu(x,8), V,(0,8) =0

2a,4

As previously ¥(x, s) is assumed to have the form

¥(x, S)' = W(s) plx;8) . (2)

Substituting (2) into (1), separating the variable x and s, neglecting
terms which couple these variable and setting the curvature k(s) equal

- to zero the following VAZC translational and vibrational equations are

obtained.22: 4
K d
[T“— o dsT * V.(s) + Ei(s) - E|ly(s) =0 (3)
[ -'le dz v & E— . - .
Ta dxe * (x, s) i(S)]qb(x,s) =0 (4)

In the translational equation (Eq. (3)) E is the total energy of the system

and £ i(s) is the local vibrational energy eigenvalue determined by the
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vibrational eqﬁation (Eq. (4)). For s — -°°€i is the vibrational energy
corresponding to the ith vibrational state of the reagent. ‘The approxi-
mate VAZC reaction probabilities as a function of E are obtained from
the solution to Eq. (3). For the collinear H + H,(v=0) — H,(v=0) + H
reaction such approximate reaction probabilities have been computed
and compared with exact results. wghl _
~In the present baper we present'a, direct and detailed test of the
VAZC theory by focussing on the validity of Eq. (4). According to that

‘Pexact(x, s)

equation for any value of s the exact scattering wavefunction
is proportional to (i_)i(x;s)-. Without any approximation, however, we may

exact 18
Y

express as follows:

o0

W) =) Cpe)dyxie) (9
' i=0

The superscript I references the exact scattering wavefunction to a
given initial vibrational state of H,, namely the Ith vibrational state.
Considering s as a parameter (according to Eq. (4)) and according to

the definitions of s and x we can consider Eq. (5) to be a representation
exact

of th along cuts transverse to the minimum energy path. Along these
cuts it is convenient to normalize w;exact and to introduce the real
quantities QL il by |
“ , ‘ - \
aye)=ley@ /Y leg@ | . (6)
: i=0 ‘

Thus, as a consequence of Eq. (5) the VAZC theory predicts that
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a}{AZC(s) =B Loy 1, s o

for all values of s. By making use of previously calculated exact
scattering wavefunctions for the collinear H + H, reaction we can com-
pai'e the exactly calculated Q.;1, given by Eq. (6), against theagAzc,
given by Eq. (7), at different values of s and the total energy E. The
results of this comparison constitute our test of VAZC theory. Prelimi-
nary results for the cut defined by s = 0 (the symmetric stretch motion

3

of the transition state) have already been reported. 1 A test of the VA

theory including the curvature terms is given in paper II.2,

3. Numerical Methods and Tests

The eigenfunctions and eigenvalﬁes of Eq. (4) were computed by
a finite difference boundary valﬁe method (FDBVM)z. 19 Essentially th‘is
amounts to replacing the second derivative of qbi, gi? cpi, of Eq. (4) by
its finite difference approximation and requiring the resulting algebraic
equation to be satisfied at each of a grid of points which span the physi-
cally allowed domain of the variable x. This set of algebraic equations
‘plus appropriate bound state boundary conditions transform Eq. (4) into
a matrix‘eigenvalue-eigenvector equation. The eigenvalues and eigen-
vectors of this matrix equation are the approximate eigenvalues and
eigenfunctions of Eq.(4). In our calculations a 75 point grid which
corresponded to a step size of 0.05 bohr was used. This step size was
shown previously to yield eigenvalues accurate to within less than 0.5 per-
20

cent for a very similar kind of problem.

The lines labeled by -0.15, +0.15, and the p axis all penetrate
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deeply into classically forbidden regions of space and as a result the
expansion of z[z?xa'(:t given by Eq. (5) is well-defined since IP?XaCt and
the basis functions ¢>i(x ;s) satisfy the same boundary conditions.
However, the lines labeled by -1.60, +1.60, -2.50 and +2. 50 would
not penetrate deeply into classically [orbidden regions of space 'before
passing through classically allowed regions of reagent and product
Space. This feature is inconsistent with the spirit of VA theory. As a
result these lines were truncated at points in the classically forbidden
regions of the plateau where the potential along these lines was a
maximum. As seen from Figure 1 the potential energy is greater
than 2.0 eV at the end points of these as well as the other lines.

In Table 1 some results for these truncated lines will be compared with

the corresponding untruncated ones.

As a numerical test of the expansion of w?xaCt given by Eq. (5)
we used the fact that for a complete set of orthonormal functions
‘ oQ
(q,%xact I ‘I,;:xact> _ § ]Cﬂ l2 . (8)
i=0

The integration is performed along a given line and for regions of the

exact

line where llrl. is non-negligible. For a finite number of functions

q)i(x;s), N, we have that
exact.| .exact, > 12 '
O R 2 % eyl (9)
i=1

That is, the expansion given by the right hand side of Eq. (5) converges

(in the mean-square sense) [rom below its limit. In Table 1 the conver-
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gence of the expansion given by Eq. (5) for ,;exact is examined for the

lines labeled by -1.60, -0.15, p-axis, +0.15, +1.60 for total energies

E of 0.5080 eV and 0.8978 eV. There it can be seen that the convergence

property given by Eq. (9) is indeed obeyed and thé.t for N =7 convergence

better than 5 parts in 10° has been achieved. Also in Table 1 we have

compared results for the truncated and untruncated lines labeled by
=-1.60 and s =+1.60. There it can be seen that there are very

small differences between the two sets of results.

4. Results and Discussion

The test of VAZC theory performed consists of an examination
of the energy dependence of the aﬂ(s) coefficienté given by Eq. (6).
These coefficients are caldulated for five 1ines_coi'responding to five
values of s which pass through the reagent, strong interaction, and prod-
uct regions. of configurati‘on space. The exactly computed coefficients
aﬂ(s) are then compared with the a.}’IAZC(s) ones (given by Eq. (7)) and
the results give a test of VAZC theory as a function of the collision
energy and the distance along the minimum energy path, s. The lines
labeled by -2. 50 and +2. 50 have been included in Figure 1 to indicate
the asymptotic regions of the (p,q) configui-ation spacé. The aﬂ
coefficients were not calculated for these lines since necessarily for
E < £, =0.79 eV VAZC‘t.heory is rigorously (a;nd trivially) correct.
For E > 0.7945 eV the exact a‘iI coefficients for these lines can be
calculated from the coi'responding transition probabilities and S-matrix
elements.

Figures 2 - 6 present results for reagent H, in the ground



295

vibrational state. In Figure 2 the coefficients d;m and &,, are given for
the cut at s.= -1.60 bohr as a function of the total energy E (lower
abscissa) and initial relétive kinetic energy E, (upper abscissa). All
other ai coefficients é.re less than 5 X 107 and hence é.re not incl_uded
in the figure. The (inner) arrows labeled T,, Tl; and Eb designate
reépectively the total energie_s equal_to the ground and first excited
vibrational energy levels of H, and the classical barrier height. The
(outer) arrows labeled T and T,° designate respeétively the total
energies equal to the ground and first excited vibrational energy levels
of the potential enérgy surface along the cut indicated (measured with
respéct to the energy of the separated reagents). As .ca_n be seen for
this cut there is excellent agreement with VAZC theory for E less than
T,. This is not too surprising since this cut is near the reagent asymp-
totic regioh and as noted above VAZC is rigofously correct in the
asymptotic region for E less than T,.

The energy d_lependence of the coefficients Lgo,%a, @pp, and &,
is depicted in Figure 3 for the cut at s = -0.15 bohr. The label V(s)
indicates the valué of the potential energy surface at the point
V(0,s). The coefficient @,, is seen to be greater than 0.8 for E less
than 0.73 eV. This compares reasonably well with the VAZC coefficient |
QYAZC _1.0. At total energies greater than 0.8 eV, however, the
VAZC theory is greatly in error. Considerably more non-adiabaticity
is present in these results for a,ll eﬁergies than wés found in Figure 1
foi' s = ~1.60 bohr. This is expected since tlhe s = -0.15 bohr cut is

located in the strong interaction region.
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In Figure 4 the extent of adiabaticity is exarﬁined for the .
symmetric stretch mbtion of the transition state corresponding to the
cut at s = 0.0 bohr. Here thel results show less agreement with VAZC
theory tﬁan_the results shown in Figures 2 and 3. However, for E
between 0.46 eV and 0.75 eV the &4, coefficient is greater than or
equal to 0.8. As E decreaseé from the value V(s) (the classical
barrier -height) the extent of non-adiabaticity increases. This fact seems
to correlate wit.h probability current density calculationszl which reveal
that in this energy range a substantial amount of tunneling occurs as the
current density vectoré field ""cuts the corner." "Cutting the corner”

clearly requires sevefal vibrational functions qbi(O,x) in the expansion
of %éxa("t(o,x) as seen from the results in Figure 4.

Figure 5 shows substantial non-adiabaticity in the results for
é = +0.15 bohr especially for E less than thé classical barrier height
Eb and for E greater fhan T,S. Here as in the three previous figures
four coefficients at most (at any given energy) contribute substantially

to the summation

The energy depemdence of the coefficients Q4 and A, , is given
in Figure 6 for the cut at s = +1.60 bohr. The essentially exact adia-
baticity exhibited by &, for E less than T,® confirms the expectation
that in the near asymptotic regions of config'uration space the H, system
propagates with nearly zero interaction, o '

In Figures 7 and 8 coefficients & i, are presented as a [unction
| ‘
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of energy along five cuts. Here reagent H, is initially in the v = 1
vibrational state. Although the coefficient (,, is the dominant one for
all cuts, a substantial amount of non-adiabaticity is pfesent. For the
cuts at + 1. 60 bohr the Qpl coefficient is the only significant one in
addition to the @ ,, coeffieicnt. However, in the strong interaction
region the coefficients @,,, @,,, and A, are non-negligible indicating
that :,blexa'Ct(x, s) has a significant overlap with the ¢,(x;8), ¢,(x;s), and
¢,(x;s) vibrational eigenfunctions for the cuts at + 0.15 bohr and 0.0

bohr.

5. Summary and Conclusions

Thé vibrationally adiabatic (zero-curvature) theory of chemical
reactions has been tested for the collinear H + H, exchange reaction.
The theory is shown to be qualitatively valid in the sensé that the
coefficients &,, and @,, (corresponding to H, initially in the v = 0 and
v =1 states respectively) are the dominant ones for most energies
considered. However, at low initial translational energies, where
tunneling is significant, a substantial amount of non-adiabaticity is
found. Also, at energies for which vibrationally excited products can
be formed the adiabatic theory expectedly breaks down.

The expansion of the exact scattering wavefunctions lpoexaCt

(x, s)
exact - - p i ;
and ¢, (x, s) in terms of ""vibrational' eigenfunctions along any of
five cuts transverse to the reaction path is converged to better than
4 :
1 part in 10 for a seven term expansion and to better than 1 part in 10°

for a four term expansion. This suggests that the VAZC vibrational
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eigenfunctions might form a good basis set for describing the collinear

H + H, reaction.
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Figure 2:

Figure 3:

‘Figure 4:

Figure 5:
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Potential energy contours (solid curves) in normal-mode

coordinate space p,q of the Wall- Porter fit to the scaled

SSMK surface. Minimum energy path (thicker solid
curve) and six normal cuts (long-dashed lines) are also
shown. The corresponding. values of s, in bohr, ranging
frorh -2.50 to +2. 50 are indicated. The p-axis (s = 0)
is an additional normal cut. r,. a,nd'rBC are inter-
nuclear distances in the linear A-B-C triatomic system.
Coefficientsa_io for the cut at s = -1.60 bohr as a
function of the tofa,l energy E and initial rela.five
kinetic enérgy Eo. See text for definitibn of other
symbols used in this figure.

Coefficients aio for the cut at s = -0.15 bohr as a
function of the total energy E and initial relative
kinetic energy E,. See text for definition of other
symbols used in this figure.

Coefficients diu for the' cut at s = 0.0 bohr as a
function of the total energy E and initial relative
kinetic energy E,. See text for definition of cher
symbols used in this figure. |
Coefficients . = for the cut at s = +0.15 bohr as a
function of the total energy E and initial relative
kinetic energy E,. See text for definition of other

symbols used in this figure.
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Figure 6: Coefficients @; for the cut at s =+ 1.60 bohr as a
function of the total energy E and initial relative
kinetic energy E,. See text for definition of other
symbols used in this figure.

Figure 7: Coefficients @; for the cuts at (a) s = 0.0 bohr, (b) s =
-0.15 bohr, and (c) s = -1.60 bohr as a function of the
total energy E and the init.ia'l relative kinetic energy E,.

Figure 8: Coefficients ah for the cuts at (a) s =+ 1. 60 bohr, and
(b) s =+0. 15 bohr as a function of the total energy E

and the initial relative kinetic energy E,.
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.2 THE EFFECT OF THE CURVATURE CORRECTION ON THE
'VIBRATIONALLY ADIABATIC THEORY OF CHEMICAL
REACTIONS .
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THE EFFECT OF THE CURVATURE CORRECTION ON THE VIBRA-
TIONALLY ADIABATIC THEORY OF CHEMICAL REACTIONS.

In a previous ﬁaper., a direct test of the vibrationally adiabatic
theory of chemical reactions in the zero-curvature approximation
(VAZC) was made for the collinear H + H, reaction. 1 In addition to
this test, comparié;ons between exact quantum and VAZC reactive
transition probabilities have been carried out for the collinear H + H,

reaction. 2,3

A VAZC analysis was also performed on a time-dependent
quantal treatment of this reaction. 4
Much less information is available on the value of the vibra-

tionally adiabatic theory including curvature (VA). 4,0

This théory is
internally éonsistent', making no ad hoc assumptions a‘bout the curvature
of the reaction path as the VAZC theory does. It is clear that the
assumption of zero curvature has been made for computational convenience
only. Indeed non-zero curvature is an essential feature of the theory of
chemical reactions. A calculation of reaction érobabilities and reaction
cross sections within the VA approximation has been performed by
Wyatt. S This represents the only attempt to use the VA theory in a
ca_lculation of reaction probab_ilities. | |

In the present paper we make use of exa_ct quantum scattering
wavefunctions calculated pr(-:‘wiously2 for the collinear H + H, reaction

to test the VA theory and to compare VA and VAZC results. The test

and comparison are made for the symmetric stretch motion of the H,
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transition state.

In Section 2 a review of VA theory is presented and the relevant
equations are given and discussed. Also, the details of the test of the
theory are given. The numerical methods employed in our calculations,
and a numerical examination of the VA vibrational potential are given
in Section 3. The results and discussion are given in Section 4 and

conclusions are presented in Section 5.

2. Theory
2.1 The adiabatic equations

In térms of the natural-collision coordinates (x, s) introduced
by Marcus4 and indicated in Figure 1 and defined in the corresponding

figure caption, the colli_near Schrddinger equation is given by

2
“-2_% [%BQS—(}—}B%—)+%%(1;E%)+V(X,S) - E] ¥(x,s) =0, (1)

V(x, s) is the Born-Oppenheimer potential energy surface for the
collinear configuration, uis the reduced mass of the three particle
system and E is the total energy. The quantity 7 is related to the curva-

ture « through the equation
% =1 + k(8)x. (2)

The coordinates (x, s) are referenced with respect to a curve C (as shown
in Figure 1) constructed in some orthogonal coordinate space. The
coordinate x is the shortest distance from any point P to a point Q on the

curve C (with the sign convention given in Figure 1) and s is the distance

from an origin on C to Q (with the sign convention given in Figure 1).
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r'I‘ﬁhe origin of C is faken at the saddle pbint of the potential surface.

As previously, ,%,6 we have chosen the normal-mode coordinate

space (p,q) definedq’ -

p. : (V3; 2)(rAB + rBC = er)’
q= (1/2)(rBC - rAB)’
n=1(2/3) MA

fbr a collinear A + BC — AB + C reaction.

It is convenient to decompose the'potential' ehergy function as

fOllOWS4’ D

V(x,8) = V(s) + V,(x,8), | (3)
VE(OJ S) == 05

and .to write ¥(x,s) as
¥(x,s) = Yle)Blx, 5) . o | (4)

Upon. substitution of eqs. (3) and (4) into eq. (1) and separating the

variables the following equations are obtained:

2 2 2 2
3%; ggz + Vy(s) - %g’{- E(S)] §(s) =0,

[1_2;_1_1___&3_(“;_ cE(8) + 1 K /Bu-Vi(s) V(x,s)—E] (x,s)

X) {1+ rx)2

- 8ix, &)z, 5).

S is the operator which couples the s and x motion and hence is'respbn-
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sible for non-adiabaticity in this formulation. It is given by4’ 3

' 2
_k almjz Blmj Iny dlnr
S=gmz  (g5+2 ) 75 TBQ_EE'L

By setting S equal to zero we obtain the general adiabatic equations

(which include the curvature term).

4 v -BE. e(s)]¢(s) -0, - (5)

i

=4

5

The quantity € (s) (the "local translational energy”5) which appears in

é’l

2 c(s)+ - V,(s)
L8 pptly (;Bj G+ Ve -E |8 =0. @

eqs. () and (6) is a separation constant and enters the theory as a
parameter upon which the vibrational energy eigenvalue depends (when
the curvature «(s) = 0). To see this explicitly the function ¢ (x,s) is

4.5

introduced; ™’ ¥ it is defined as

Uiz, 8) = Vix, ) + L els) - V(&AL + kn)°

Also, let x, be the minimum of {{(x,s). Then adding and subtracting

(L(x,,8) to eq. (6) we obtain for the vibrational equation

Ez%" }—)5%(?7 -(%:) + DL(X,S)_~U(x0,s) - E‘ir(s)] 9 =0, (1)

where E;(s)_ is the ith local vibrational energy eigenvalue and the total

energy is given by
E = E_(s) + U(x,, s). | (8)

Thus, by inspection of eq. (7) it is evident that this equation contains
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€(s) as a parameter when «(s) = 0.
Before proceeding with further manipulation of eq. (7) we note

that in the asymptotic limits, defined by 8 — + =,
k=0, x4 =0,
and
| Uz, s) = V,(x,5) - €(s).

As a result of this, eq. (7) becomes

B%_%{g + V,(x,8) - Vy(%,8) - E‘i,(S)] =0 (9)

eq. (5) becomes

E‘Z%a%f + V,(s) - E(s):l Y(s) =0, (10)

and the total energy is given by
B = E‘ir(s) + €(g).

Eqs. (8) and (9) aré the zéro-cufvature vibrational and translational
equations, respectively. The assumption that they are valid for all
values of s is made in the VAZC theory.

~ Returning tb the solution of eq. (7) we note that this eigenvalue
equation can be put into standard Sturm-Liouville form9 by multiplying
it by -2 un /h’z. The function 7(x, s) can be identified as the weight

10

function and it is assumed to be positive. With this assumption we

define the function (i)i by
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% > %o, | (11)

and then eq. (7) becomes

2 2 | ;
[:Z‘-} g2 + U s) - Uxg,s) - Ef,(sﬂ b;(x,8) = 0. (12)
The real-valued functions (P_i and @i satisfy the following orthonormality
conditions:
[ axgy(x,8) di(x,8) =0, | (%)
-[ k()] ™ |
[ dx (x,s) @j(x,s) 7(x,8) = 45 ' (13b)
~[x(s)]™
“where 5ij is the standard Kronecker delta function. The lower limit

of intégration -[ k(s)] " is imposed by the requirement that the weight
function 7(x, s) be greater than or equal to zero in the range of integra-
tion. Frdm eq. (2) this range is seen to be -[k(s)] " = x = «. In |
practice the upper limit of the above integrals is some value of x, X
such that V(Xu,‘ s) is much greater than the total energy of the H, |
system. We examine the choice for Xy in more detail below. The
functions &, (and hence qbi) form a complete orthonormal set of
functions over the integration range given above,

"To find the eigenvalues and eigenfunctions of eq. (12) for a
given value of the total energy E requires a numerical search procedure.

This is so because the function €(s) occurs both in the eigenvalue

equation (eq. 12) and in the total energy equation (eq. (8)). In the
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following section a déscripticnn of the search procedure is given.

2.2 -Projection coefficients and the test of vibrational adiabaticity

According to our assumptidns about the completeness of the

vibrational eigenfunctions <I>i(x, s=0) (and qbi(x, s=0) we assert that

the exact scattering wavefunction w;exact(x’ s=0) can be represented as
’ =le]
t _
Y1 2N x,8=0) = )\ Cyp ¥;(x,=0). (14)
i=1

The subscript I indicates the initial vibrational state of reagent H,,
e.g. for reagent H, initially in the v = 0 vibrational state I = 0. The
coefficients CiI are determined in the standard way, namely

Xu

CiI = f dx lpIexact(X’ s=0) 5 (x, s=0) ‘I’i(X, s=0). (15)
[-x(s=0)]"" ‘ : |
Making use of eq. (11) we also have that
xu

CiI = f dx w{exact(x, §=0) n%(x, s=0) cpi(x, s=0). ' (16)

[f’f(SZO)]—l

Expression (16) is the one employed in our calculations. We then define

the coefficientsa-ﬂ as follows:
B 2, exact exact, |
Ay = [Cyp /™ g2, | (17)
According to the vibrationally adiabatic theory outlined in Section 2.1

Yy = Cpp 2(x,8) | (18)
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and hence

VA _
Q™ =8y - (19)

The test we have carried out consists of calculating the exact
coefficienfs .aiI (eq. (17)) from the exact scattering wavefunctions and
comparing the results to ‘the VA prediction given by eq. (19) as a
function of the collision energy. In addition, we compare the coefficients
given by eq. (17) which have the curvature term properly included in

the VA Schrédinger equation to those calculated in the zero-curvature

approximation. 1

3. Numerical Methods

3.1 Solution of the vibrational eigenvalue problem

To solve the vibrational eigenvalue equation (eq. (12)) for'a
given total energy E requires an iterative search procedure. The
value of €(s=0) is changed with each iteration until the total energy
equation, eq. (8), is satisfied. As mentioned previously this iteration
procedure is necessary since the parameter €(s=0) is contained in both
the eigenvalue equation and the energy equation through the poténtial
W(x,s). Typically six iterations were done to find the value of
€ (s=0) which yielded equality of eq. (8) to several parts in 10*,

| The eigenvalues and eigenfunctions were solved for by a finite
difference boundary-value method. This method is described briefly

in paper II.1 and in greater detail elsuev;rlrlere..11
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3.2 The potential Uls,x)
By definition

U(x,8) = V(x,s) + [e(s) - V,(8)] /(1 + kx)* .

This function has a second order pole at
x = -fx1™

and the singularity is positive if €(s) > V,(s) and negative if
€(s) < Vi(s). o

Consider first the case when €(s) > V,(s) and as a relevant
example let s = 0. In Figure 2 the potential { (x, 0) is given for the H,
potential surface used in our calculations. This surface, V(x,s), isa
Wall-Pbrter fit12 to.the scaled SSM.K s.urfacel3 with a barrier height |
of 0.424 eV. 5 It is described in detail elsevsrhere-.2 Several values
of €(s=0) are considered to indicate the nature df the singularity.
The total energies which corre‘spond to the values of €(s=0) in
.Figure 2 are included in Table 1. As seen UL.(x,0) becomes very large

as x —-|k(s=0)] " and x > 1.0 bohr . The value of x,, chosen for

our calculations was X, = 2.07 bohr. Thus, the boundary conditions
¢)i(X=Xu, S:O) = 0, - : . (203,)
¢ (x=-[ k(s=0)] ™", 8=0) = 0 (20b)

which were imposed in solving the eigenvalue equation (eq. 12) are

seen to make physical sense for €(s) > V,(s).
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For €(s=0) = V,(s=0) { (x,s=0) is equal to V(x,s=0). This case is
also shown in Figure 2, From Table 1 it is seen that for €(s=0) =
V,(s=0) = 0.424 eV the corresponding total energy E is 0.549 eV.

For x = X, and €(s=0) > V,(s=0) Li(xu, s=0) is substantially greater

than the cor'responding total energies. However, for €(s=0) = V,(s=0)
U_(x=-'[x(s)]"1’ 0) = 0.892 eV which is not:much greater than the |
corresponding E. Hence, the boundary condition given by eq. (20b) |

is only marginally correct for this case, We see no way to overcome
this numerical difficulty without choosing for the curve C a path different
from the minimum energy path.

The approximate ha.ture of the boundary condition given by
eq. (20b) mentioned above becomes a serious problem for
€(s=0) < V,(s=0) as seen in Figure 3. Clearly, the boundary condition
given by eq. (20b) seems incorrect. However, as seen from Figure 3
for €(s=0) greater than 0.35 eV the negative singularity is quite sharp
and the potential U(x, s=0) rises rapidly to a large positive value relative
to the total energy. This situation suggests that the correct eigen-
functions oscillate rapidly in the vicinity of the singular point
x = [-k(s=0)] " and then decay exponentially to zero for x = [-«(s=0)] '-5
for 6 less than 0.15 bohr. Thus there is some justification for eq. (20b)
for total energies greater than around 0.50 eV. This procedure as
well as a more detailed justification for it is given in Appendix A of
reference 5. As implied above, this procedure is eXpécted to be a

reasonable one for |e(s) - V,(s) | not very large.
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4, Results and Discussion

As discussed in Section 2 one boundary condition on
;pi(x, s=0) was that it equal zero for x = -Jk(s=0)]"". In our calculations
k(s8=0) = 1,76 bohr™*. Thus, x = -0, 568 bohr and the corresponding
values for rp and rp are 2.167 bohr (rAB = rp for the s=0 cut
for Hy). To investigate the consequences of this imposed boundary
condition on the completeness of the basis set { ¢,(x, s=0)} (and hence
{ Gbi(x, s=0)}) the convergence of the expansion given by eq. (14) was
examined for all energies considered in our calculations. Some repre-
sentative results are given in Table 2 for total energies E of 0,572 eV
and 0.852 eV and for reagent H, initially in the v = 0 vibrational state.

There it can be seen that although the summation

N
! 2
Y, IC |
i=1
has essentially converged for N = 10 the representation of 'Poexact by

the expansion given in eq. (14) is not very good. Evidently ‘poexact

is non-negligible for r AB(rBC) greater than 2,167 bohr. Thus, the

eigenfunctions {CIJi} do not form a complete set of functions over the

exact

space spanned by ¥, This is in sharp contrast to the result found

for the VAZC eigenfunctions which were seen in Paper II.1 to give an

excellent representation of woexactu The definition of a“iI given by

eq.(17) in terms of (ybIeXMt, / lpIexact
seen above between .Plexact and its representation given by eq. (14).

Thus, the fact that the expansion of ¥ ¢t

) anticipated the differences

is incomplete is manifested
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in the fact that the summation of a-ﬂ convergés to a number less than
one, (At some enefgies the summation of a.ﬂ exceeds unity.)

In Figure 4 the VA and VAZC coefficients A,, are given as a
function of the tota_l energy E (lower abscissé,) and initial relative
kinetic energy E, (up_per abscissa). The T;?, TP, and V(s) arrows
indicate the values of fhe ground and first excited vibra.fional states of
the symmetric stretch motion and the value of the potential energy along
the minimum enérgy path respectively. The T,, T,, and E, arrows
correspond to the values of the ground and first excited vibrational
states of H, and the classical barrier height ‘respectively. For E less
than 0. 67eV the present VA results and the VAZC ones are quite |
similar in magnitude and energy dependence, As mentioned in
Section 3.2 the procedui'e used for handling the negative singularity in
the potential U(x, s=0) was justified for total energies greater than 0.5 eV.
As seen in Figure 2 calculations have been made for E below 0.5 eV.
Theré is no real justification for this other than to offer some comparison
with the VAZC results. For E greater than 0.6 eV, however, the VA
result shows significant improvement over the VAZC result. This seems
to indicate that some of the non-adiabaticity present in the VAZC calcu-

lations can be accounted for by the inclusion of the curvature term in

the correct VA Hamiltonian, That this is reasonable can be argued
from inspection of Figure 2 where the potential U-(x, s=0) is plotted for
several values of €(s=0). As €(s=0) increases and hence as E increases
(cf. Table 1) the minimum of {{(x, s=0) is seen to shift to smaller values

of r AB(rBC)° Thus, the VA eigenfunction ¢, (x,s=0) has its peak shifted
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in that direction. Thus, the VA description of the scattering wave-
function shows that as the energy increases the wavefunction increasingly
samples the hard wall of the potential surface. This description is the
quantum version of the '"oob sled" effect and is borne out by calculations
of the quantﬁm probability current density vector..14 (The VAZC theory,
however, is a ''static'’ one in the sense that the VAZC vibrational
eigenfunctions dd not change with the total energy.) Indeed, as seen
~in Figure 3 the location of the negative singularity in (L (x,s=0) for E
less than 0. 54 eV suggests that the correct VA eigenfunction would
“cut the corner' as the exact scattering function does in this energy
range. Thé fact that the VA result is worse than the VAZC one in
this energy range may be due to the manner in which we handled this
negative singularity,

The VA and VAZC coefficients &,, are compared in Figure 5 as
a function of the total energy E and the initial translational energy E,.
The VAZC result shows greater adiabaticity than does the VA one, This
may be in part due to the fact that the representation of wlexact given by
eq. (15) is significantly in error as seen from Table 3 where the conver-

gence and completeness of the expansion of 'Plexact

is examined for
E, =0,063 eV and 0.144 eV. A comparison of Tables 2 and 3 reveals

that the representation of ‘plexact in the basis {it'ni}- is worse than it is for

exact

Yo
: exact . ; : 2
The wavefunction y, is probably more diffuse in the (p, q) coordinate

space than lpoemct is and hence it is expected that the representation in

. This is due to the imposed boundary condition given by eq. (20b).

the basis set {tI)i} of the former wavefunction would be worse than the
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latter one. Thus, although the coefficient C,, might be the dominant
one in the expansion given by eq. (14) the VA @, could still be small

compared to unity according to its definition and the above discussion.

5._Conclusions

The .attempt to improve upon results of a previous test of VAZC
theory by including the curvafure term in the VA vibrational Hamiltonian
has been mainly.unsuccessful. This is due primarily‘ to several numerical
difficulties present in th_e VA theory. A negative singularity in the VA
potential occurring fbr total energies E less than 0. 549 eV make the
calculation of exact VA vibrational e1genfunct10ns impossible, In
addition the boundary cond1t10n that gb ([ k(s=0)] "%, s=0) = 0 causes
these VA vibrational elgenfunctmns to be an incomplete basis for expan-

exact. This incompleteness

sion of the exact scattering wavefunction :,I/
is more serious for Ipexact than it is for Y SXact,

The adiabatic poténtial which includes the curvature term is
energy dependent due to the parameter e€(s). This energy dependence
which enters through the curvature term causes the VA wavefunction
to shift towards the hard wall with increasing energy in qualitative |
accord with the exact quantum result. b

A possible way to improve the present VA results might be to
choose a reaction path with less curvature at the saddle point than the

minimum energy path chosen in this study. This would help to remove

the incompleteness of the VA vibrational basis set.
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Table 1. Relationship between the total energy E and
- the "local kinetic energy' € for s = 0.0 bohr?®

for reagent H,(v = 0).

€(eV) E(eV)
0.424 0.549
0.439 0,572
0.476 0.620
0.555 0.700
0.623 0.762
0.682 0.762
0.682 0.808
0.797 0,898
0.857 0.939
0.907 0.973
1.001 1.033

& This cut corresponds to the symmetric stretch motion of Hie
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Reaction path, C, for the Wall- Porter fit to the scaled
SSMK H, potential surface in normal-mode coordinate
space (p,q). Also shown are the natural collision coordi-
nates (x, s). _

Potential U(x, 0) for four \}é,lues of the local translational
energy €as a function of x and one internuclear distance R.
For s =0 R, =R,. Note the positive singularities for these
values of €. |

Potential W(x,0) for four values of the local translational
energy € as a function of x and one internuclear distance R.
For s =0 R, =R,. Note the negative singularities for these
vé.lues of e..

Curvature and zero-curvature coefficients @,, for s = 0.0

as a function of the total energy E and the initial transla-

‘tional energy E,. The significance of the arrows on the

lower abscissa is given in the text.
Curvature and zero-curvature coefficients @, for s = 0.0
as a function of the total energy E and the initial transla-

tional energy E,.
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SUMMARY

The results of the test of the vibrationally adiabatic zero-
curvature theory presentéd in papér II.1 revealed that the theory is in
qualitative agreement with exact quantum results over a limited range
of collision energies. For total energies below the ehergetic threshold
for vibrational excitation of H, it was found that the reaction is vibra-
tionally adiabatic in the near asymptotic regions of space. In the
‘strong interaction region significant non-adiabaticity was fouhd,
especially at the very low collision energies where tunneling is sub-
stantial. Thus, we concluded that tunneling is non-adiabatic. For
energies above the energetic threshold for vibrational excitation the
adiabatic theory. expectédly breaks dOWn.

An investigation of the use of vibrationally adiabatic zero-
curvature basis sets to represent the scattering wavefunctions along
five cuts was performed. It was found that _convergence- of.the repre-
Sentatibn was rapid at all the energies considered.

| In paper II. 2 the attempt to improve the zero-curvature results
of II.1 by including curvature in the calculations was mainly unsuccess-
ful. The chief reason for this seemed to be due to numerical difficulties
inherent in the curfrature treatment. Depending on the value of the total
energy the potential function has a positive or negative singularity at
the local radius of curvature. In addition to presenting some numeri-

cal difficulties in the calculation of the vibrationally adiabatic basis
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sets (especially for the negative singularity) the domain of the inde-
pendent variable was restricted. This restriction caused the vibra-
tionally adiabatic basis sets to be incomplete over the domain of
configuration space spanned by the exact scattering wavefunction.

This contributed to the inability of the curirature correction to improve
the zero-curvature results. In addition, the representation of the
exact wavefunction by the vibrationally adiabatic basis sets (including
curvature) was not very good. At higher collision energies, the

accuracy of this representation was found to deteriorate substantially

over the lower energy results.
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PART III

THEORETICAL STUDIES OF ELECTRONICALLY NON-
ADIABATIC CHEMICAL REACTION DYNAMICS
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ELECTRONICALLY NON-ADIABATIC REACTION DYNAMICS

The field of electronically non-adiabatic (ENA) reaction dynamics
is a rapidly developing one. 1 An example of an ENA chemical reaction

which has been studied extensively experimentally Pl

H' + D, (x'1 Z:g+) — HDF (:);22"«;) + D( 1S) '

Many other reactions, expecially chemiluminescent ones, are known
to be of the ENA type. "In particular, reactions with barium atoms
such as |
‘Ba('s) + NO, — BaO(A' %) + N,(x z,")
Ba(lS) + Cl, — BaCl, + photon ‘

have recently been studied under single collision conditions. 7-9

Many
oxygen atom reactions may well be of the ENA type. Indeed, it has

been speculated that the reactions

o(’P) + Br, — OBr'+ Br
3 *
O,( P) + Ba —BaO + O

may involve a singlet as well as the triplet surface. 10,11,12

Theoretically, although much' interest is developing towards
describing ENA reactions, not very much has been done. A classical
trajectory surface-hopping technique based on semi-classical atom- ,
atom theory has been developed and applied to the H™ + D, reaction. 13,14

An elegant semi-classical theory of ENA chemical reactions has also
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15,16 17,18

been developed and recently applied to the H + D, reaction.

In addition the possible role of several potential surfaces in the

19

F + H, reaction has been questioned™™ and explored within an approxi-

mate classical trajectory surface—hopping‘ method. 20

The fact that ENA reactions are r'ecéiving increasing interest
has stimulated us to perform.exact quantum studies 6f some model
collfnear ENA chemical reactions. In addition it is quite likely that
insight gained in studies of ENA reactions u}ill be apﬁlicable to the
subject of radiationless transitions and unimolecular decay from an
excited electronic state. 4

In the next six sections the general quantum theory of ENA
reactions is presented. Following that ‘are manuscri;ﬁts describing
our calculations. The first manuscript presents Some results we
have obtained for the collinear H' + H, — H, + H' reaction in which
only the ground state surface was-cbnsidered. 'The results are of
sufficient interest to merit their presentation even though the study
involves only a single potential surface. The second manuscript
gi\ves results on model (fictitious) H + H, studies on two potential

energy surfaces coupled by a third "spin-orbit" surface. The third

manuscript contains results for our study of the reaction.

Ba(') + ON,(x 2)—> BaO + N,
BaO + N,

This reaction is of current interest as a possible candidate for an
electronic transition chemical laser. Details of the relevant two-

state differential equations for the collinear reactions as well as the
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scattering analysis are given in several Appendices.

2. The Adiabatic Regresentation of Electronicallz Non-Adiabatic

Chemical Reactions

In the fully quantum treatment of the electronic and nuclear
motion (described by sets of coordinates r and R respectively) the

complete wavefunction ¥is written as follows:
WR,1) =) xmRIYR) . | (1)
i

This expansion assumeé that for each value of R the Xi(?JB) form a
complete set of functions dver the space spanned by the wavefunction
V. The tPi can be thought of as expansion coefficients at a fixed R in
the expansion of ¥. As R changes these expémsion coefficients change,
hence 1,111 becomes a function of R. Indeed, the assumption that a com-
plete orthonormal set of electronic functions exists for each R is a
non-trivial one. However, if such sets exist then they must be related
to each other by a unitary transformation. The so-called adiabatic

X i_(£ ;R) are a pa.rticulaf set of electronic wavefunctions which satisfy
an eigenvalue equation specified below. The nuclear wavefunctions
1[/1(13) describe the scattering properties of the system from a given
initial quantum state to all possible final quantum states. Since our
interest is centered on chemical reactions in which the electron
motion is always bound, only electronic wavefunctions which describe
such motion are included in expansion (1). This condition further
assumes that virtual electronic continuum states can be ignored.

In this section we focus on electronic eigenfunctions xia which are
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the molecular wavefunctions obtained in the Born-Oppenheimer e

approximation and they satisfy the following eigenvalue equation:
el a Gin . By | '
H™(r;R) x; (r;R) = E/(R) x;"(x;R) . (2)

The Hamiltonian H! is the piece of the total electronic and nuclear
Hamiltonian which describes the electronic motion for ""clamped"

nuclei. HE!

depends parametrically on the nuclear coordinates R
(in most cé,ses on R only) dﬁe to the nature of the usual elecfron-
nuclear iﬁteractions. In addition, He}L is required to contain all of the
electron interactions to be considered in the problem, e.g., spin-orbit
interactions. In a later section the possibility of excluding such
interactions in HE! but including them in the total Hamiltonian will be
considered. | o

The Xia defined by eq. (2) adjust to the nuclear motion
(for infinitely slow nuclear motion) and hence are termed adiabatic
states, Furthermore the eigenvalues Ei(B) form a family of adiabatic
potential energy hypersurfaces which govern the nuclear motion

(cf. below) and obey the '"non-crossing' rule.,23

Thus, the representa-
tion of ¥given by (1) for the Xx; set of functions is termed thé adiabatic
representation.

To examine some of the consequences of this adiabatic represen-

tation on the equations describing 4’1(3) we write the full electron

nuclear Hamiltonian H in terms of the nuclear kinetic energy operator

T, and g as

H=T +H91 (3)
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and note the ¥ must satisfy the Schrédinger equation for a total energy

E
(H- E) #(R,1) =0. (4)

Then, inserting expansion. (1) for ¥ into (4) and making use of (2) we
have that
A . ’ a_
2 [ Ty + ByR) - El x;" (@ R) %;(R) = 0. ()
i
: *
To develop coupled equations for the y¥; we multiply (5) by xja and

integrate with respect to r. Making use of the fact that the x j can be

taken as orthonormal (since H, is Hermitian) eq. (5) becomes as

YL By X o LE{® - Els w®) =0, (8)
i |

o~
It TN is written as

Ty =@w™'P - b o o

A
where P denotes the sum of nuclear momentum operators and where M
denotes a collective mass (a coordinate system R such that (7) is valid
can constructed), then (6) becomes

= A2 - ) ’ Fa) _ A
Z{(ZM) TG [P X+ M 1<Xj]§|xi>el-g+ 545(2M) “P1 y(R)
1

+ [E{(R) - E]6,} #;(R) = 0. (8)

)
The first two terms of eq. (8) involving matrix elements of P and f’2

are responsible for coupling the upi(g). These quantities are called
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the Born-Oppenheimer (BO) coupling terms. In tﬂe example below
their explicit form is given..

A very important point to note is that the BO coupling térms
are Hermitia.n with respect to their operation on the nuclear coordi-
nates. Since this is not obvious from their form we shall demonstrate
this in the example given below.

Cbnsider now a collinear reactive collision of an atom with a
diatomic molecule, A + BC —AB + C. In the Delves mass-weighted
coordinate system25 ‘the tﬁro nuclear coordinates _describing the A, BC
arrangement channel are denoted by xl and x, and their conjugate
momenta are designated by P and P N In terms of the internuclear

distances TAB and I'pe and the nuclear mass MA, M B’ and MC these

coordinates are given by

1
Ha. BC |2 Mg
x = (=) [fpn+ 5 rprl >
1 MRC AB MB+MC BC
' Mo |3
X, = 1 Foge
* By o' BC
where
ha BC = M, (Mg + MC)/(MA + Mg + M)
‘and
e = MpM¢/(Mp + M)

For the product arrangement channel a pair of coordinates, denoted

by z, and z,, are analogously defined. In terms of the variables X5 Xp
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and their conjugate momenta eq. (8) becomes

: ' 2 2 :
-1 a 2.9 b5} a -1 a . 3 9
7;‘\{[(2“) (x;" -1 oxz+oxr ) Xy ot B X5 ]-lﬁ('a"'—xl 3‘:1+,a——x2 %) Doy
i :

‘ - 2 2 2
-l R+ g R Wk, x) + 0yl - B (B + ) + By, ) - E]
: lpi(x17ﬁ2) =0, . (9)

Consider now the two-state approximation to eq. (9). That is,
the summation over i is restricted to two terms. Within this approxi-

mation eq. (9) can be written explicitly as

2 2 p- )
[" 2"‘(5%;2 '*’%2"2) i Tu’f(xl, xa) & E1(X1:x2)"E] ‘Pl(Xl;Xz)

=i (TJ.2’ + Ty ") IPZ(Xl, X,) (10a)

2 2 2 ;
[ g (e + a2) + Too (0, 3) + Eal,, %)< ¥ (x,, %)

1

== Ty + To") Y (x,, %) (10b)

where in notation introduced previously =

g A g

and
2 2 i
" _ h d d c A
Ty' =2 il + g g 2102

The diagonal terms T,,” and T,,” are absent from eqgs. (10a) and (10b)

since they are rigorously zero. To see that,consider the ideﬁtity
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a ; e
7%, (X X k1= 0

which leads to the result that

(x; ,‘9‘%" l Xi‘é‘f 0.
Equations (9), (10a), and (10b) are well known, however, few cal-
culations have actually been barried out with them. This may be
due in part tothe difficulty in obtaining the BO coupliqg terms Tij’ '
and Tij " for atomic and molecular systems by ab initio methods.
Accurate ab initio bound state calculations of the vibrational motion
of HZ"L and H, have been carried out utilizing equations analogous to
eqs. (10a) and (10b)?7'29however, to our knowledge no scattering
calculation has been performed which makes use of these equations.
Many scattering calculations have bee;n done in the spirit of these
equations but making semi-classical approximations to them.

The Hermiticity of the BO coupling terms is undoubtedly
known, especially by those who have used the above formalism in
bound state problems. However, since this property is not self-
evident we prove it for the above collinear example. Consider first

the identity

0 =
%, X1 ,X2 >el
This implies that
9 1. ¥ 2
(X2 "5;{1“ 1)(1) == (X "3’}‘{1‘“ ] Xz>el (11a)

and similarly
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. - *
d d
Ka lggdXadyy == Ol [xaly) - (11b)
For future use it is convenient to define the guantities

== d "-‘
_ 2 L
G1] = (Xi l_axz _]Xj>el_’ i1 =12 . (12b)

The assertion that the BO coupling terms are Hermitian is given

by the equality

: *
Wi [T’ + Too” W gy = W [T’ + T " W0y (13

where the integration is with respect to the variables x, and x,.
Consider first the 1ntegrals lnvolvmg the operators T,,’ ;

Wy ]le' ]‘Pﬁ‘)N' By definition

]W2>N

2
W, ]lef ]sz)N: & %‘ Yy JFlz a}acl + Gy, 8x2

Examining the term @, [Flz.—afg_ ]%)Nwa ha.ve that
W lFl.zga{: N’z fdxz fdxl Y (X1: Xz) FIZ(X17XZ) Wz(xla %) .

Since the integrations over x, and x, are independent we can perform

the x, integration by parts to obtain,
u

X
del_ l,bl* (%1, %) Fig(x;,%5) 3‘%‘ \Dz(xp Xz) = ‘pl*(xp X2) Foalx, %) Yo%, %,) ] 1

i
fdxl Yo%y, )] Fra(x,,%,) ax Wl (Xl’ X,) + ¥, (Xz: XQ)QEQ ]

The first term on the right hand side of the above equation vanishes

since the BO coupling term F,, vanishes for large' values of the
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scattering coordinate xlu and for small values of the coordinate xll

either Fy, or ¥, and y, or both vanish due to the repulsive nature .

of the potentials E,(x,,x,) and E,(x,,x%,). Thus
s
0 % 8 e oF *
W IFIZ X, H‘z)N: - Wy ’Flz 9%, ]IPJ.)N - @, 173'5]{?_ w"i) N (14a)
and by similar reasoning |

*
') IGZI.Z a_iz_ H’z)N: - W, le* 5%2" w/l);"' W, l-aa%;z— HIQ;I . (14b)

Now making use of eqs. (11a) and (11b) egs. (143.) and (14b) can be

Written as

W [ Frogg Wy W [Fow g Wy + G 1552 W (152)
and

(‘PL i.Glzg%z“ H’z)N: W, IGzl'a%l‘ "\l’1>;+ (%{%%221 ]4‘1); . (15b)

Thus, we have the important result that

2
W [ Tua’ ) = W [Ton” ) g = B Gl [+ B0 gy, (16)

and hence the operator T,,” is not Hermitian (unless 9F,,/0x, and
9G,, /0%, vanish).

From the definition of F,,

BF, _ @ 21,
0x, 0x, (XZIBX1 b‘1>el

2
DKo |9 ' 0
= 5 Fgﬁ”eﬁ Oz gz X400 g (17a)
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and similarly

0 d 0 0
00 - (2xe 20 1 G, [ ) - (17b)

Thus, eq-. (16) can be written as
glon o T ® B e 1 e 18 5% 0%
W T’ o)y = W [T W) - T W [l 22 1200 o 22 1R o

2 2 f
3 0 *
(X.z lm +.'3§2_2 ]X1> el] hbl)N . (18)
To complete the proof of the Hermiticity of the BO coupling terms
we make use of the following identity
3’ & -
3?{? (X1 ’x2>el_ 0
to establish that
h g & b 0%s 19Xin* L 8Xe 19Xp *
- Y _— _— I e _Kz. _K_L
T (X1 'ax12+ 0%, ]Xz)el T [ <3X1 ’axl >e1+ (g%':‘ I'g%:) el]
2

2 2
0 d *
+ %—1 (X2 ’gx—lz * 5%z lx1>el " (19)

Thus,

2 2 2 2
h d 0
-~ 95 W, l (X1 JEX_IZ + WXQ ,Xz) el IIP2>N = h? (‘Pz I (-axhl laxhl >e1

2 2 2 :
X, 19 * h ) (K d ¥
+ GREIED W + o el el + a2 I g W0y - (20)

Now we add the left and right hand sides of eq. (20) to the left and

right hand sides of eq. (18) respectively to secure
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2 - g o?
-gp Wl o+ o XD er W) g+ W [T’ [ g =
2

3 : % 2 2 i
W T’ [0 = 3 @l (e It 22 [k o W0y - (21)

This is the desired result which according to the definitions of Ti].”

given after eq. (10b) can be rewritten as

W ]ler + Tpp" "pz>N = W, |Ts + Ty,” l'Pl);r . (22)

Thus, we have shown that the BO coupling terms Tij’ + Tij " are
Hermitian and that separately the quantities Tij" and Tij ” are not in
general Hermitian. The latter point is very important for rigorous
quantum calculations. In semi-classical descriptions of the two-state

problem the 'I‘ij ” term is absent in the formalism 40-32 and hence there

may be a temptation to omit it in the rigorous quantum description .33
However, unless its omission is carefully justified it may result
in a non-Hermitian coupling which will produce a non-unitary

scattering matrix. o

3. The Diabatic Representation of Electronically Non-Adiabatic

Chemical Reactions

In the previous section the adiabatic representation of electroni-
-~ cally non-adiabatic chemical reactions was presented. The crucial
point which gave rise to this representation is expressed by Eq. (2).
In other words the electronic wavefunctions xia were required to be
- eigenfunctions of the full and complete electronic Hamiltdnian, He_1 |

at all internuclear separations. Such eigenfunctions are also termed

molecular wavefunctions.
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If instead of using these exact solutions to eq. (2) a different
sef of electronic wavefunctions is employed in the expansion of
¥R ,r) then the representation is termed diabatic35 and these
electronic wavefunctions are denoted by the symbol )Lid. Clearly,
this description of the diabatic representation is quite vague and
hence obviates the possibility of a unique diabatic repre‘sentation.
For example the );_id might be chosen in the following ways. They
might be eigenfunctions of Hel for the isolated atoms (and/or mole-
cules) and then "frozen' at all other atomic (and/or molecular)
internuclear distaﬁces; Such frozen orbitals would not satisfy
eq. (2) in general. Another, more realistic possibility is that the

x.d are allowed to change somewhat as the nuclei are moved,

€136 s diabatie

however, not so as to be exact eigenfunctions of H
picture though not unique does produce a set of coupled equations
for the diabatic nuclear wavefunctions t]/id(B).37 The procedure to
develop these equations is identical to the one used in the previous
section. However, eq. (2) can no longer be used. Thus, in place

of eq. (6) we have the following set of coupled equations

Z[uf[r IxDer + B - Elg® =0, (22)

i

where
el _ d 1, d
B = o g,

The use of approximate electronic wavefunctions has resulted in addi-
_tional coupling (through the matrix elements H?il) in the coupled equa~-

tion for the Wid when compared with the adiabatic representation
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(cf. eq. (4)). At this point, without justification, we assume that
Cda Ld s A | .
X 1Ty I 031 Ty (23)
and eq. (22) becomes simply

el d

Z[(?‘.N - E)6y; + Hy 1y~ =0 . | (24)

3 : : ‘

A justification of eq. ‘(2 3) has not been made in the literature and the
_fact that this is even assumed (when it ééri:ainly is) is given on.ly
casual notic’:e.31" 3%\'po'ssib1e source of justification might be offered

if the xid are frozen orbitals. | By definition these atomic orbitals
change little with R and hence derivatives of these functions with
respect to R might be very small. Therse coupled | | |
equations are simpler in structure than afe ones given by (4), since
the coupling is of simpler and 'cleaner' nature than the one in (4)
which involves nuclear kﬁietic energy an.d velocity operators. However,
the simplicity of eq. (24) rests on the validity of eq. (23). Indeed it
might be argued that in the presence of a complete expansion of the
total wavefunction é[f(g, £) in some diabatic representation by
introducing sbme coupling .thrlough the H?il matrix coupling

(xjd ﬁN fxidglmight be reduced. In the time~dependent impact param-
eter approximation to (22) it is argued that the nuclear velocity

24

coupling is negligible for high energy collision. Further, eq. ‘(23)

may serve as a guiding principle in choosing a "good" diabatic _
representation xid, That is, one seeks the xid for which eq. (23) is

best satisfied. In any event, it has recently been shown that a unique
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diabatic representation can be found such that eq. (23) can be satis-
fied em:.a.ctly?8 We return to a consideration of this approach in the
next section.

Let us consider again the example of a collinear A + BC —AB + C
collision described in the previous section. In the two-state approxi-

mation eq. (24) becomes for this example the following

2 2

[-%1(%12 + o) + B (%) - Bl 9(x, x0) = B G, M, ) (252)
2

8

[" g’ﬁ (B%f;ﬁ o '55{;’2') H‘le(xls X,) - E] 'pzd(xp Xz) = ngll(xl, xz)lhd(xl, 0 (25b)

The functions Hle,L1 and H.le are called the diabatic potential curves

(surfaces in the present example) and in many cases of interest
these curves cross. This is not in violation of the non-crossing rule
since the diabatic electronic wavefunctions Ai d are not eigenfunctions
of He1

The Hermiticity of the coupling terms in egs. (25a) and (25b) is

practically self-evident. By definition

Hle 6 'Hel ' X2d>

and

|

Hr?ll = <de lHel IX1d>

el

and since H ™ is Hermitian we have that

el X®,
Hy =Hy .

Thus, the following matrix elements are equal
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W, [Hle l%)N = (Y, IHSLI Wﬁ);

and thus, Hermiticity is established.

Another approach to a diabatic representation is to employ the
adiabatic representations for those regions of space where the BO
coupling terms Tij’ and .Ti j'” are negligible, However, when these
coupling terms are not small, i.e., in the vicinity of a pseudocrossing
point the representation is changed via a unitary transformation to
some diabatic .re.presentation (again perhaps one which best satisfies
eq. (23)).31

In concluding this section we reiterate that the coupled diabatic
equations given by eq. (24) are not rigorbus since the approximation
given by eq. (23) must be introduced in order to obtain the simple
form for the coupled equations given by (24). Thus, the description
given in this section of the diabatic representation has shown that
the adiabatic and diabatic descriptions are not rigorously equivalent,
with the adiabatic description being the exact one. In the next
section we outline a recent attempt to develop equivalent diabatic
and adiabatic fo:c'm:«:llisms,,?’8 | |
4. On the Equivalence of the Adiabatic and Diabatic Representations

of Electronically Non-Adiabatic Chemical Reactions

In the previous section the non-uniqueness of the diabatic
representation proposed was pointed out. Also, it was shown that
in the absence of a justification of eq. (23) the diabatic formalism was

not equivalent to the rigorous adiabatic one (outlined in Section 2).
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However, recently it has been shown38 that the two representations can
be made equivalent by a procedure which uniquely determines a
diabatic representation and in which eq. (23) is essentially satisfied.
An outline of this procedure is given below.
Let us consider a compact notation for the coupled equations

in an unspecified representation, i.e., adiabatic or diabatic.

-
Let the matrix P be defined as follows: 38

= I

By = & By iy » | - (2)
where 'ﬁN is the nuclear momentum opei-ator and let ﬁbe a

generalized momentum matrix operator

-

Y
i :.I_)+_.I_pN

Ik

(27)

where I is the identity matrix. The dimensionality of these momentum
matrix operators should be large enough to ensure the completeness
of the set of functions Xk That is, for further manipulation it must
be assumed that

_ .
% x| =1 28)
k 0

where 'l\is the identity operator. Finally, a potential matrix Uis

defined, which in our previous notation is given by
el , '
@ = O H [xy0)- (29)

-
Then in terms of £ and U and the total energy matrix I1E the coupled

equations can be written as
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[em™ P f+u-IE]y-=-0. (30)

In view of eq. (27) the preceding equation can be re-written as

y

e AN
[1$N+ em™ (P~ P+

P+By - P)+ M BBy + U-IE]y=0.(31)

Y in eq. (30) and (31) represents a column vector consisting of the
nuclear wavefunctions ¥, . Equation (31) is the rigorous set of coupled
equations that any diabafic or the adiabatic representation of the xpk
must satisfy. In fact eq. (31) is identical to eq. (22). The matrix

I_@ is simply the diagonal nuclear kinetic energy operator matrix,

N
"™ —
2Mm) ™t E + P is a diagonal matrix whose elements are given by

[(ZM)—i_:_P_ # E]k o (X] lﬁN lxk)eif)jk, ;

; -
and the coupling matrices (ZM)“II::N . fand M™P- fN are

-1 = = _ B .
[(2M) pN ;E] ik = (X] ITN ’Xk>e1 j=Xk
=0 j =k .
and

= : -1 = e .
—'];-)-.pN]jk:(M) <xj|P‘Xk>e1. pN i=k

=0 i=k

M

The form of the coupled equations given by (30) is very useful
since it allows for a véry transparent adiabatic or diabatic trans-
formation. The requirement that the potential matrix U be diagonal
for all internuclear distances leads directly and rigorously (as long

| as eq. (28) is satisfied) to the adiabatic representation. In this case



360

eq. (30) (or more clearly eq. (31)) becomes identical to eq. (8) of
Section 2. If, however, the requirement that the é matrix operator
be diagonal for all internuclear distances is made then the U matrix
will in general remain non-diagonal and the diabatic representation
results from thié lﬁroéedure. Note that _this 'procedure is somewhat
less r‘estrictivé than éq. (23) which states that ?éis identically zero.
Thus, the coupling in the diabatic,representation is solely through
the potential matrix U.

The above procedure clearly established that the adiabatic and
diabatic representations are equivalent rigorous descriptions of
electronicaily non—adiabé.tic collisions ,w.ithin the framework outlined
above. In the following séction we shall restrict the discussion to the
two-state apprbximatioxi and explore the relationship between the
adiabatic and diabatic representations within this approximation.

Specifically, the‘equivalenc.é of the two methods is examined.

Rpproximation
For the sake of simplicity and with no loss in generality for our
purpose consider a collinear atom-atom electronically non-adiabatic
collision. We shall assume that two adiabatic electronic eigenfunctions
yield a complete expansion for the electronic coordinates for all
internuclear distances. The coupled equdtions for the adiabatic nuclear

wavefunctions are given, according to egs. (9), (10a), and (10b)
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[- 35 dar + Bal®) + T ") - Bl = =(Tos’ + T )¥u(®)  (322)
[- gﬁ a(_j?— ¥ Ez(x) + 'T22”(X) = E] ¢12(X) = "(Tzlr o Tzlﬂ)’s(’l(x) (32b)

4 0 ]’ and T “are the BO coupling terms defined in Section 2, E is the

total energy, i is the reduced mass of the system and x is the inter-

nuclear distance. Explicitly in the two~state approximation

2
T, =- Pﬁ Fol®) 3% - (332)
Tl2
To' = =7 Fialx) dx , - (33b)
2 B
" h
Tiz =~ P a@_ F12(X) ’ (339)
v B | -
T21 —2—“ Z(X) s E (33d)
and
2
" n h 2
T," =Ty = a0 Fio (x) . (33e)

Eqs. (33c), (33d), and (33e) are valid only within the two-state
approximation. They are derived in Appendix 1. Substituting egs. (33a-
33e) into eqs. (32a) and (32b) and multiplying the latter two equations

by -2 u/hz we obtain the following two coupled equations

2

[d_(;(—z’ - U,(x) - Flz2 i kz] Y (x) =[2F, Ei% + d—dF;;'Z]tpz, (34&).
2 ' ;
[a‘;—z - U) - Fyy + K 1) = -[2F,, % + %{w]xpl, - (34p)
where
2 uE,(x)

Ul(X) m——ﬁg— s i=1,2
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and

The coupling operators which appear on the right hand sides of eqs. (34a)
and (34b) are Hermitian. Their Hermiticity has already been established
in Section 2 for a more general example, i.e., one for Which.eqs. (33c-
33e) were not assumed. This Hermi’cicitjar can also be proved for this
special example by the same methods employed in the general proof
given in Section 2. In any event, eqs. (34a) and (34b) are the correct
and rigorous (within the two state approximation) adiabatic equations.

Let us now consider the diabatic representation within the two-
state approximation. . As in the general discussion of Section 3 we
assume that the géneralized momentum ajDis diagonal and in addition

for this example it can be shown that a diabatic representation can

be found in which E vanishes for all internuclear dista,nces.?’8 Thus,
the diabatic coupled equations are
L d . d d
R & - Bl = - i (352)
*d d d
[- 8 e+ Ha - Bl = - @0 - (35b)

According to the equivalence relationship established in Section 4

(for a complete expansion) diagonalization of the matrix
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should yield the adiabatic equations (34a) and (34b). In fact it does;
the details of this diagonalization as well as the explicit relationship
between the y_d matrix and the BO coupling terms of eqs. (34a) and
(34b) are given in Appendix 2.

6. Adiabatic and Diabatic Coupling Between Electi-onic States of
Different Spin

In the absence of spin-orbit, spin-spin, etc. coupling the total
eleétron spin of a molecular system is a good quantum number.
Since the BO coupling terms contain no spin variablés the quantities
Tij' and Tij ” vanish identically when x.ia and x ja correspond to
different (orthonormal) spin-states. If the chemical reaction of
interest involves a transition between these two states then the
spin-orbit coupling must be introduced. If this coupling is small
compared with the other terms in oy then the rigorous quantum
calculation may be easier to perform in the diabatic representation
in the following sense. Ordinarily, to find the diabatic representation
equivalent to the adiabatic one requires a knowledge of the BO coupling
terms Tij’ and T, j " and then diagonalization of the E matrix
(according to the results of Sections 4 and 5). However, in the
ccase of a small spin-orbit coupling v°9it should be a good approxima-
tion to assume a diabatic representation generated by the xia which

are eigenfunctions of Hel without the spin-orbit coupling. The diabatic

potential y_d for a two-state expansion would have the general form
0
d H,, v?z

_-[_I_ =
0]
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This direct approach might be particularly useful in chemical reactions
since BO coupling termé. are in general difficult to calculate ab initio
as are exact spin-orbit eigenfunctions. Also, in studies of chemical
reactions for which no ab initio_ information is available on the rele-
vant electronic states it may be easier to approximate the coupling
in the diabatic representation. |

In our calculations described in papers III._l2 and III. 3 the dia.batic
representation was chosen for collinear reaction studies involving
spin-orbit coupling between a singlet and triplet state. Such an

approach has also recently been used in calculations of

F(2P%) +H > FCp)+ Ht. 39
T
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1.1 EXACT QUANTUM C‘A.LCULATIONS OF THE COLLINEAR
H' + Hy(X' 3 g = HZ(X12g+) + H" REACTION.

1. Introduction

Considerable effort has beén expended on experimental teg
and theoretiéals’ . studie.s of the "simplest” chemical reaction,
H' + }12(X12g+) — }12(X12g+) + H'. This reaction is of interest for
a variety of reasons. First, since it is a two electron problem
severallg_b_ initio_ pbtential energy sﬁrféices have been calculated and

-4 These surfaces

are available for the collinear configuration.
contain a well in the saddle point region corresponding to the stable
H," molecule. The effect of this well on the reaction should be
prominent in the experiments as well as the calculations. Second,
the electronically non-adiabatic channel H2+(X22g+) + H opens for
collision energies greater than 1.83 eV relative to the ground state
reaction. Future quantum studies will involve the excited
state 'potential surface describing the H2+ + H channel and the coupling
to the ground state H' + H, channel. In addition the effect of this
excited state surface on the ground state scattering when the former
surface is energetically closed is of substantial interest. In order to
assess this éffect requires a calculation of the scattering on the
ground state potential surface with and without the coupling to the
virtual excited potential surface. |

In the present study we have calculated the reactive and non-
reactive transition probabilities for the ground state reaction

H + H,(v) — Hz(v' ) + H' over a range of initial translational energies
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of 0.0 to 0.8 eV for one study and 0.0 to 1.2 eV for another one.
The reactive transition probabilities are denoted by Pljv, . The
potential surface used in some of our calculations is the semi-

10 This surface is

empirical DIM one of Preston and Tully.
depicted as a function of the two internuclear distances in Figure 1.
The R, and R, saddle point is located at internuclear distance
R, = R, = 1.53 bohr and the energy at this point is -3.391 eV.
This verjf deep Well supports thirteen symmétric stretch vibrational

states. This potential surface was modified in a second study by

adding to it a gaussian function of the form
2 2.
D expl-[@(R, - Ro) + (R, - Ro) I} .

The valueé chosen for D, @, and R, were respectively 2. 391 ev,
0.5 bohr™?, and 1. 53 bohr. The résultiﬁg potential surface is
depicted in Figure 2. chomparison of these potential surfaces is
made for the line R, = R, and along the reaction coordinate s in
Figures 3 and 4 respéctively. A small barrier of around 0.12 eV
is seen in the entrance and exit channels for the modified potential’
surface. |
Exact quantum calculations were perfor.rned u.sing the -modified
and unmodified potential surfaces. The close-coupling method of |
K_uppermann was used6 and 20 to 25 expansions functions were
required to obtain unitarity of the scattering matrix to better than
2% and symmetry to better than 5%. _
| The reaction probability PP(,{0 is displayed in Figure 5 as a

function of the initial kinetic energy E, for the modified H:,,+ surface.
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Several features are of interest. First, the effect of the 0.12 eV
barrier in the entrance channel is undoubtedly responsible for the
low enérgy threshold behavior. Second, the presence of two sharp
resonances in the reaction probability at E, of 0.236 eV :'mdl

0.406 eV is striking. Since these résonances occur well below the
threshold for excitation of vibrationally excited products, we specu-
late that these resonances are shape resonances11 associated to the
well in the potential surface. Finally, we note that .'PoR0 reaction
probability is always greater than 0.8 in the'energy range studied.
This means of course that very little product is formed in a vibra- |
tionally excited state. This result may be of some interest for the
coupled' H + H, reaction. Based on a trajectory surface hopping

€, 40 concluded that vibrational excitation

model Preston and Tully
of the ground state products H, would be necessary to surface hop
with a non-negligible probability. Our results indicate that H, is
formed vibrationally unexcited. Sinée a relatively large cross section
is found for the HD" producfl it might be that the qua.nturﬁ mechanism
for this non-adiabatic transition does not require vibrational excitation
of the ground state produéts. - |
Results for the unmodified DIM H3+ surface are shown in
Figure 6. There it cé,n be seen that .the ‘Pl‘?o transition probability
undergoes many resonances, only some of which are well-resolvéd.
In all 153 energies were run in the range 0 < E, < 0.82 eV. The
threshold for this reaction is extremely steep. At the lowest transla-
tional energies considered, E, = 0.004 eV, the reaction probability

is 0.921. A reasonably accurate characterization of the energy
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dependence of reaction probability PE{O would be to say that it exhibits
resonant behavior superimposed on a background of unit probability.

13,14 S 5

The behavior of the reaction probability is statistical
result of the many resonances. At higher translational energies,
i.e., E, greater than 0.6 eV, the reaction probability P?o remains
large in qualitative agreement with the results found for the
modified H3+ surface.

The energy range around 0.05 eV has been expanded in
Figure 7 where it can be seen that PE{O exhibits very éharply reso-

nant behavior. Hei-e we may be seeing the effect of several over-

lapping resonances.
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Figure Captions

Figure 1:

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6: .

Equipotential contouré of the ground state H3+ DIM poten-
tial energy surface for the collinear configuration. R, and
R, are the nearest neighbor internuclear distances.
Equipotential contours for the modified ground state H,'
potential energy surface for the collinear configuration.
Comparison .of the modified (@ = 0. 5 bohr™?) and unmodi-
fied (@=0) H3+ potential surfaces along the cut R, = R,.
Comparison of the modified (@=0.5 bohr™?) and unmodified
(@ = 0) H," potential surfaces along the (same) minimum
energy path.

Reaction probability 1313 as a function of initial relative
translational energy E, for the modified H," pdtential
surface. T, and T, indicate the values of E, for which

the v'=1 and v’ =2 vibrational levels of H, become
energetically accessible.

Reaction probability P?o as a fuﬁction of initial transla-
tional energy E, for the unmodified H3+ potential surface.

T, is defined in Figure caption 5.
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Figure 7: Reaction probability P?o for the unmodified H3+ potential

surface in the vicinity of E, = 0.04 eV.
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I0.2 MODEL CALCULATIONS OF ELECTRONICALLY
NON-ADIABATIC H + Hy— Hy + H, Hy + H,
REACTIONS.
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III.2 MODEL CALCULATIONS OF ELECTRONICALLY NON-
ADIABATIC H + H‘Z i HZ + H, Hz* + H REACTIONS.

1. Introduction

The subject of electronically non-adiabatic (ENA) chemlical
reactions is very new and not well understood, There have beén
several trajectory surface hopping calculations on the reaction

1

H' + D, — HD + D+, HD" + D " as well as an attempt to perform

difficult collinear semi-classical calculations on this system. .
No quantum calculations of a chemical reaction involving more than
one potential energy surface has been reported. The need for
such calculations is becoming obvious in view of current experimental
interest in ENA chemical reactions. 3
In this paper we present some results of an exact quantum
study of a‘ model H + H, ENA chemical reaction. A diabatic repre-
senta.tion4 is employed and the coupling between the two intersecting
potential surfaces is affected by a fictitious spin-orbit coupling
surface. We examine the effect of the location and strength of the
coupling surface on the various branching probabilities. These prob-
abilities are defined as follows. IPII}V, is the probability for the
reaction H + Hy(») — H,(»') + H and - ZI:}R;) + is the probability for
the ENA reaction H + Hy(v) — Hz*(v") + H where H2* denotes the

electronically excited H,.

g. Theory and Calculations

In terms of the two mass-weighted Delves coordinate-s5 x, and

x, the two coupled Schridinger equations describing the ENA reaction
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are6

2 & . 2 o : _
[‘ %( axlz + aa_xgz) + Vi(x,%,) - E] Y (x,%,) = "Vlszo (%1, %) ¥y (Rys X

2 2 2 ;
h ;0 ) :
[- ZT-L( X2 F @2) + V(%5 %) - E] ¥a(x,, %,) = -V (%, %,) ¥, (%4, %)
where V, and V, are respectively the ground and excited electronic
potential energy surfaces, VLS;O is the spin-orbit counling surlface,
and E is the total ene'rgy.' The equations are Solved by an extensi.on

7,8 and the details afe

of the closéwcoupli_ng method of Kuppermann
given elsewhere. Thé total number of expansibn functions used in

the closé—couplihg soluti.oh for Y, and ¥, was 20 to 24. This number

of functions was required to obtain unitarity of the S-matrix to better
than 1% and symmetry to 5%. The model H + H, syStem Was chosen

in part because this number of expansibn functions did not reqﬁii‘e an
exorbitant amount of computer time. The first step in which péten-
tial matrix elements are generated and stored on disc required approx-
imately 27 minutes of IBM 370/158 CPU time and thereafter in step 2

approximately 5 minutes of CPU time was required per energy.

The initial translational energy range considered is 0.0 < E, <1.0eV.

3. Potential Energy Surfaces
The potential energy surface V, is a Wall- Porter9 fit to the

scaled SSMK H, surface'? 11

and is described in detail elsewhere.
V, is in shape identical to V, with constant displacements of 0.2 bohr
in the internuclear distances variables R, and R,. Also, V, is

displaced from V, in energy by 0.3 eV. The purpose of these displace-
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ments is to produce two potential surfaces which intersect. Equi-
potential contours of these two surfaces are plotted in Figure 1 and
2, .H3(x) denotes the grouﬁd state surfacé V, and H,(a) ‘denotes the
excited state surface V,. The curve which crosses an equipotential
line is the '"seam' of intersection along which the two potential
éurfaces cross. From .general theoretical considerations it is
expected that spin-orbit coupling potential will be localized somewhat
near this crossing seam.

The mathematical form of the coupling surface V52 we have

used is given by

; : ; 2 :
Y Sech[B(Rzo = Rz)] exP[‘a(Rm - R)) ]5 R, > Ry
0 ' L) R2 <R20 73

12 =

@ = 8.0 bohr™*
'8 =1.1bohr™"
y =0.05 eV |
R,, = 1.704 bohr .

In Figures 3 and 4 we present equipotential contour plots of VSO

for
R,, = 3.2 bohr and R,, = 2.2 bohr respectively. As seen from these
figures V,io is localized near the crossing seam but in a limited

region of configuration space. This choice for Vlsz0 was made to mimic
the form of a reaiistic coupling surface for chemical reactions which
do have strongly interacting potential surfaces, e.g.,F + H, — FH + H,

and Ba + N,O — BaO + N,. The parameter R,, was given two values

in order that the effect on Y QPEV , of the location of the coupling
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surface relative to the strong interaction region could be assessed.
Finally in Figure 5 we present a plot of the potential surfaces
along a cut of constant R, showing the intersection of the ground and

excited H, internal potential curves in the asymptotic region of space.

The zero-point energy of the ground and excited H, molecule
is 0.2728 eV and 0. 5728 eV respectively. Thus, relative to the
energy of the ground state reagents the excited state channel is endo -
thermic by 0.3 eV,.. Unless otherwise stated, the results presented
below are for the coupling surface locdlized in the product exit
chan_nel. | | |

Iﬁ Figui'e 6 the total reaction probabilities 1’I2Pfoz and lPI'o{ |
are plotted as a function of the total energy E and the initial transla-
.tional enérgy E, for the coupling surface shown in Figure 3. It can
be seen that Y ZPIE rises rapidly from its energetic threshold denoted
by the iimer arrow labeled 0. The inner arrow labeled 1 denotes
the energetic threshold for .formation of product Hz*(v’f =1) and the
‘outer arrows labeled 1 and 2 indicate the energetic thresholds for the
formation of product H,(v ' = 1) and H,(» ' = 2) respectively. | In addition
it is seen that the magnitude of the v 2P1§ transition probability is
roughly one order of magnitude lower than the eiectronica.lly adiabatic
probability IPIE 3

| In Figure 7 we present the total reaction probaibilities Y EPE{
and IP}? as a function of E and E, for the coupling surface shown in

Figure 4. Here the - ZP}} reaction probability exhibits a striking
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threshold delay. This is in sharp contrast to the results seen in
Figure 6. Also in comparing these two figures we note that the
value of UZPE in Figure 7 is on the average twice the value of
“’PR in Figure 6. The differences in threshold behavior in the
two Y 2P§ results may be explained by a semi-classical, time-
dependent mechanism for ENA transitions. The reagents H + H,
approach on the ground electronic surface and begin to react,

i.e.,, R, = R,. Suddenly the effect of the coupling potential is felt.

Let us suppose that this effect is merely to cause a certain fraction

of the reagents to "jump' from the ground state surface to the

excited one. After this jump occurs the products exit on the excited
surface. For the coupling given in Figure 3 it can be guessed that
this jump occurs for R, greater than 3.2 bohr and less than say

4.0 bohr. An examination of Figure 2 reveals that the value of the
potential function for the above region of configuration space is less
0.7 eV (in fact it is between 0.4 eV and 0.5 eV). This means that

for this coupling the system jumps to a classically allowed region of
configuration space at and above the energetic threshold of 0. 573 eV.
The results for the coupling surface given in Figure 4 show that this is
obviously not the case. The energy in the region of the jump for that
coupling is greater than or equal to 0.7 eV as seen from Figure 2.
This energy does exceed the energetic threshold and hence the system
must tunnel through a classically forbidden region of space to reach‘
the Hz*(v ’ =0) product channel. This is in accord with results of
Figure 7.

Another interesting feature of these model two-state calcula-
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tions which can be explained by the above semi-classical, time-
dependent mechanism is seen in Figure 8. There two ENA transition
probabilities ~ PL, and PR are plotted as a function of E and E,.
Here, the coupling surface (the one depicted in Figure 3) is located
in the reagent arrangement channel. In particular we note that the
v ZPE, curve has a delayed threshold. This can be accounted for by
an explanation similar to the one given previously for the delayed
threshold of the UzPﬁ, curve of Figure 8. Namely, the reagents
jump to the excited surface, propagate in a classically allowed
region of space until the system nears the saddle point region of the
upper surface. There the energy is around 0.7 eV and the system
must tunnel in order to form Hz*(v' = 0) product.

The transition probability v ZPE, exhibits a rapid rise from its
energetic threshold. This is easily understood since the total enefgy
available to the H + H, reagent at the threshold, 0.795 eV, permits
the system to propagate in classically allowed regions of space on the
upper surface to form Hz*(v = 0) product. As before we note that
the reaction probabilities are never greater than 0.05,

In order to investigate the factors which influence the magni-
tude of the ENA transition probability we calculated 1,2P§° for the
coupling surface shown in Figure 3 as a function of the coupling
strength y at E = 0.898 eV. The results are shown ianigu_re 9.
There it can be seen that as the value of ¥ is increased from 0.005 eV

122

to 0.05 eV, PED increases by two orders of magnitude and that when

v increases from 0.05 eV to 0.15 eV,l’zP},q0 increases by almost one

order of magnitude. This nearly quadratic depe_ndence on v indicates
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the strong sensitivity of the magnitude of the ENA transition proba-
bility on the coupling strength. We speculate, based on these and
other similar calculations on a very different system, that the relevant
parameter with which y correlates is the vibrational energy level
spacing in the molecule. That is, in order for an ENA transition
probability to be large, i.e., the same order of magnitude as an
electronically adiabatic one , ¥ must be of the same order of magni-
tude as the vibrational energy level spacing of the molecule.

For H, (and H2* of course) this energy spacing is 0.52 eV.

E. Summary and Conclusions 4

We have calculated electi'onically adiabatic and non-adiabatic

- reaction probabilities for a model fictitious H + H,.— H, + H, H: + H
tv&o state reaction. The location and strength of a fictitious spin-

orbit coupling surface was varied to determine the effect on the magni-
tude and energy dependence of several reaction probabilities.

It was found that the threshold behavior of certain transition
probabilities could be understood on the basis of a simple semi-
classical, time-dependent picture of the electronically non-adiabatic
process. Also, based on some limited cé.lculations, it was speculated
that the coupling strength has to be of the same order of magnitude
as the vibrational energy level spacing of the product (or reagent)
molecule in order for the electronically non-adiabatic transition
probabilities to be of the same order of magnitude as the electronically

adiabatic transition probabilities.
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Figure captions

Figure 1:

Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6:

Equipotential contour plot of the collinear H, ground state
potential energy surface as a function of the two inter-
nucleaf distances R, and R,. The curve which crosses
the 0.7 eV contours is the seam of intersection of this
surface with the excited state H, potential surface.
Equipotential contour plot of the collinear H, fictitious
tfiplet excited state potential energy surface as a function
of the two internuclear distances R, and R,.

Eqﬁipotential contour plot of a model spin-orbit coupling
potential as a function of R, and R,. |
Equipotential eontour plot of a model spin-orbit coupling
potential as a function of R, and R,. | .

Ground and excited state H, potential curves as a function
of the internuclear distance R.

Electronically adiabatic a'nd non-adiabatic total reaction
probabilities J”POR and 2P(,R as a function of the total
energy E and the initial translational energy E,. Calcula-
tions were done with the coupling surface shown in Figure 3

and located in the product exit channel.



Figure 7:

Figure 8:

Figure 9:
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Electronically adiabatic and non-adiabatic total reaction
probabilities IPOR and Y ZPF as a function of E and E,
for the coupling surface shown in Figure 4. This surface
is located in the product exit channel.

Electronically non-adiabatic transition probabilities
“2P°1§ and = 2PU1$ as a function of E and E,. Calculations
were done with the coupling surface shown in Figure 3
and located in the reagent entrance channel.

Dependehce of the electronically non-adiabatic transition
probability Y EPUE on the coupling strength y for

E =0.898 eV.
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1.3 QUANTUM CALCULATIONS OF THE ELECTRONICALLY
NON-ADIABATIC REACTION Ba + ONy — BaO' + Ny,
BaO + NZ'



404

III.3 QUANTUM CALCULATIONS OF THE ELECTRONICALLY
NON-ADIABATIC REACTION Ba + ON, — BaO' + Ny,
BaO + NZ‘

1. Introduction
The study of simpie bimolecular chemiluminescent reactions
has recently increased gregtly both experimentally and theoretically. L
Suc.h‘reactions can be Written schematically as follows:
(i) A+ BC = AB +C
(ii) AB" — AB + hw
(iii) A+ BC - AB+ C

In step (i)‘ atom-molecule reactants A and BC undergo a chemical
reaction in which an electronically exCited molecule AB*‘ is formed
(reactions yielding AB + C* are also well-known); in step (ii) the AB
molecule relaxes to its ground electronic state by the emirssion of a
photon. Step (iii) is included to stress the fact that there are channels
which compete with ‘step (i). Indeed, thé competition between step (i)
and other processes such_ as step (iii) is an impdrtant factor in the
development of an electronic transition chemical laser driven by a
suitable chemiluminescent chemical reaction. _ This possible develop-
ment is at least partly responsible for the recent vigorous interest
in chemiluminescent reactions.

- The ab initio calculation of the reaction c‘ross;‘-sections for
steps (i) and (iii) requires several ‘independent efforts. First, the
Born-Oppenheimer potential energy surfaces for these reaction

channels must be known. Ab initio calculations of such surfaces are
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a very time consuming and expensive task. Second, the quantities
which couple these surfaces together must be calculated. These
terms are also véry difficult to calculate. Finally, the chemical
dynamics calculations must be carried out in order to obtain the
reaction cross-sections, rate constants, branching ratios, etc.
However, ab initio calculations of cross—sections‘for' such reactions,
1@y three—dimensional quantum reactive scattering calculations are
not yet feasible and thus the need for approximate reliable methods
to calculate the reaction dynamics is clear,

A classical trajectory surface hopping scheme has recently
been developed and applied to the H + D, — HD" + D reaction.z’ 3
In addition a semi-classical description of electronically non-adiabatic
reactiohs based on the Feynman propagator has been formulated. el
It also has been applied to the H + D, —HD' + D reaction. .

As a means of assessing the accuracy of these approximate
methods a quantum scattering program has been developed_ to calcu-
late transition probabilities for collinear electronically non-adiabatic
reactions. Exact quantum calculations for collinear reactions can
be compared with approximate collinear calculations. Thus, within
this collinéa,r framework a rigorous test of the_ approximate theories
can be carried out.

We have performed exact quantum calculations of a model

chemical reaction based on a reaction of much current interest,

Ba('S) + N,O(x »™)
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Unfortunately there is neither ab initio or accurate semi-empirical
information about th_e relevant potential energy surfaces or the
coupling surface. Thus, within the collinear restriction, our calcula-
tions are ab initio from the dyhamics point of view but highly approxi-
mate otherwise. We have developed model potential surfaces and
coupling for this reaction.

Chemiluminescence from the reaction of Ba + N,O was first

7a and Jonah, Zare, and Ottinger, L

reported by Ottinger and Zare
who performed a crossed-beam experiment and assigned the emitted
light to the electronic transition BaO (A'S 1) — BaO(x'Z"). However,
the emission spectrum revealed an undérlying complexity which was
speculated to be caused by a triplet state emission of BaO*. 7
Supportive evidence for this idea was presented bjr Jones and Broida8
who monitored the chemiluminescent intensity and spectral character-
istics as a function of the pressure of an inert carrier gas. The
results were interpreted by Jones and Broida8 and by Field, Jones,

and Broida9 who suggest the following mechanism for the reaction:

Ba(lS) + N,O(x'z%) — Bao(asér) + Nz(x‘z:‘é) (1)
BaO(a’r) + M — BaO(A'Z") + M (2)
BaO(A'Z ") — BaOx'=") + hw - (3)
BaO(a’r) — BaO(x'Z ") + hv/ . (4)

This mechanism in addition to accounting for the complex emission
spectrum also is consistent with the observed pressure dependence
(on M) of this spectrum. In addition to reaction (1), the competing

reaction
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Ba(’s) + N,O(x'z™) — Bao_(xlzf*") % Nz(xlz)g)

must be considered in a theoretical investigation of this chemilumines-

cent reaction.
Very recently two groups have observed chemiluminescence

10,11 .

from the Ba + N,O reaction under low pressure conditions
have concluded that the observed emission is from the A'>" state.
Thus, it appears as though the mechanism given by (1) - (4) may be
somewhat oversimplified. Evidently BaO(A'=") is formed directly
in the reaction along with BaO(a’r). Our quantum calculations are
based on the two-surfacé reaction implied by the Field, Jones, and

Broida mechanism

_'/aBaO(a&n) + Nz(xlzg)

Ba('S) + ON,(x'=")
- ’ T Bao(x'Z") + N (x'Z})

In Section 2 we present and discuss the model potential surfaces
and coupling surface used in our calculations. Section 3 contains a
brief description of the two-state theory and equations as well as some
details regarding the calculations. Results for the coupled two-state
calculation are presented and compared with those for the uncoupled
calculations which we have alsolcar_ried out in Secﬁon 4. 1In addition

an examination of the non-reactive processes
BaO(x'=",v) + N, — BaO{a’m,v’) + N,

is made and discussed. In Section 5 a summary and conclusions are

given.
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2. Potential Surfaces and the Coupling Surface

2.1 Thex’ >" and a7 potential surfaces
The ground state reaction BalS) + N,0(x'Z") — BaO(x'z") +

12 Due to the large

_ Nz(x"lzg) is exothermic by approximately 4 eV.
reduced mass of BaO this means that at zero collision energy there
are more than fifty vibrational states open. This many states make
the present available close-coupling integration schemes unpractical
even for collinear collisions. In order to achieve feasibility in the |
quantum calculations we have reduced the exothermicity of the reaction
io 0.2 eV. Even with such a drastic reduction in the exothermicity
there are four vibrational states open at zero initial translational
energy and six open at_O. 1 eV initial transiationai energy for the
ground state reaction. Also, we treat the N, molecule as a2 mass-
point (with mass of N,). This seems reaéonable since apparently N,
plays a spectator role in the reaction.'

An LEPS13 surface was devised for the singlet ground state
reaction in accord with the above criterion for exothermicity. The

14 and hence

dissociation energy of N,O — Nz(xlz;) + O('D) is 3.64 eV
the dissociation energy. of BaQ (fictitious) is 3.84 .e-V. The r , and B o
values of BaO(x12+) were chosen so that the curve crossing between

the x'=" state of BaO and the a’n state would resemble the oine computed
by ab initio methods. — We return to this point in the discussion of the
a’m state. The construction of this ground state potential surface
assumes that the ground state singiet state of Ba('S) + NZO(X12+)
correlates diabatically with the singlet ground state of BaO(x l)3"“) +

9

Nz(x"‘ZE). The LEPS parametei's for this surface are given in Table 1.
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A three—dirﬁensional perspective plot of this surface is presented in
Figure 1, however, we defer a discussion of this figure to the discus-
sion of the a®r surface. |
The a®w state of BaO(a®n) + Nz(x'-lz“;) is assumed to correlate
diabatically with the a°r state of Ba('$) + N,0(a*n).® The _ and g,

values of BaO(a’n) were estimated to be 2.50 Aand 1.55 A" respective1y15

and the dissociation energy was estimated to be 2.63 eV. 18 These
estimates do not agree very well with thé assignrﬁents made recently
by Field 12 however, since our calculations are essentially of a
model type we feel that this fact is of minor relevance to our purpose.
An LEPS surface was constructed for this a’w state and the
parametérs are given in Table 2. As seen frofn that table a fictitious
N,O(a’#) molecule with a dissociation energy of 1,0 eV is "created' .
by the surface. Thié was done for two reasons. Fii'st, it facilitated
the construction of a facsimile of a non-reactive surface (using the
LEPS expression). Second it was thought that with the scheme used to

17,18 on this surface would be more

integrate the Schrédinger equation
efficient than on a purely non-reactive one.

Three-dimensional perspective plots of these LEPS x 15" and
a’m potential surfaces are given as a function of the Ba - O and O - N,
internuclear distances in Figures 1 and 2 respectively. The a’w
surface is displaced in energy by 1.63 eV above the it s,
This was done to create a somewhat realistic curve crossing of the
surfaces in the asymptotic limits of separated reagents and products.

We return to this point later. These surfaces do cross along a seam.

This seam is shown in Figures 3 and 4 where equipotential plots are
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shown of the model x'=* and a’r surfaces as a function of the O - N,
internuclear distance R; and the Ba - O internuclear distance R,.

The points plotted along this seam i.ndicate a 0 1 eV incremental
increase in’ the value of the potential surfaces along the seam relative
to the value at the crossing point in the BaO + N, asymptotic limit
(0.03 eV). It can be seen that the potential energy remains essentially
constant along the portion of the seam located in the product exit
channel. The value of the potentials at the "corner' of the. seam
increases rapidly from approximately 0.23 eV to 0.53 eV. The total
energy considered in our calculations does not exceed 0.16 eV, thus
the portion of the seam extending from thé "corner'' to the Ba + ON,
asymptotic limit is embedded in a classically forbidden region of
configuration space. This fact is relevant to the form of the coupling
surface chosen and described below. Finally, we note that the

-model a’m sufface resembles ét nonreactive surface (which it should
rigofously be).

Plots of the x'=% and a’r potential surfaces, hereafter referred
to as V, and V, respectively, in the Ba + ON, and BaO + N, asymptotic
limits are given in Figures 5 and 6 respectively. Both sets of curves
cross and in a manner qualitatively similar to the correct ones. et 1%

In Figure 7 a vibrational energy level diagram for the x5
and a’7 states of BaO is presented. The zero of energy is referenced
to the minimum of the potential surface V, in the Ba + N,0O asymptotic
limit. At zero collision energy of the Ba + N,O reactants the total

energy is equal to the zero-point vibrational energy of the
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molecule (according to the model surface V), 0.0496 eV. Thus,
as seen from Figure 7,at this energy there are four open vibrational
states for the x'z" state of BaO and one open vibrational state for the
a7 state. | |

, Based on the fact that many more vibrational states are open
in BaO(x'=") than in BaO(a’7) at all collision energies in the real
system (and mimicked in our model system) we felt intuitively that
reactions to pfoduce BaO(a’n) efficiently would also produce vibra-
tionally excited ground state broducts as well. Thus, we tried to
make the V, surface of the "attractive' or "'mixed energy-release
type”lg by a suitable variation of the A parameters in_ the LEPS expres-
sion for V,. We did not succeed in doing this without also introducing
spurious 0.05 eV to 0.1 eV hollows in the Ba + ON, entrance channel.
Thus, as seen from Figure 1 the V, surface is of the "repulsive" 1:3,rpe19

and is not expected to produce vibrationally excited BaO(x 12+) (for the

uncoupled calculations).

2.2 The spin-orbit coupling surface

The coupling between the x'Z" and a’7 states of the BaON, system
is due to a spin-orbit interaction. As a reasonable form for the model
spin—orbit coupling surface it was assumed (based on first order per-
turbation arguments) that this coupling should be relatively large near
the crossing seam and that it should decay in the direction transverse
to the seam. Also, we require that this coupling vanish in the reagent
and product asymptotic limits. Although this is not rigorously true it

is assumed for two reasons. First, the uncoupling of the scattering
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equations is necessary if the usual chemical scattering analysis is to
be carried out. Second, from a meéhanistic point of view we assume
that the chemical interaction of the reagents coupled with the spin-
orbit interaction is. primarily responsible for the formation of product
BaO(a’r). Thus, in this sense it is the spin-orbit interaction in the
region of chemical interaction that is of interest. Roughly speaking
then we consider the spin-orbit coupling surface devised as an inter-
action coupling sufface, e.g.,the spin-orbit interaction produced by
"Ba-0- I\T2 system minus the BaO spin-orbit interaction.

In Figur.e 8 Wé. have plotted some equipotential contours of
the spin-orbit coupling surface v5° used in our calculations. It is

given by the simple expression

VSO = P SeCh[B(Rz = Rzo)]eXP['a(Rl = R10)2] ;- Ry > Rye (1)

0 RZE RED

and the values of the parameters v, B8, x, R,,, and R,, are given in
Table 3. As seen from Figure 8 this coupling surface does not follow
the direction of the seam except in the product BaO exit channel. This
was done for convénience and simplicity. However, as noted earlier,
the seam penetrates into a classically forbidden region of space
immediately after "turning the corner" and entering-the reagent
entrance channel. Thus, the coupling surface shown in Figure 8 ils
probably a reasonable representation of the effective spin-orbit
coupling. A three-dimensional perspective plot of this surface is shown

in Figure 9.
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The value of v chosen, 0.05 eV, is essentially a guess based
on the strength of the spin-orbit coupling in BaO. 1% Furthermore,
other studies indicate that in order for the surface coupling to be
effective » must be of the same order of magnitude as the vibrational
energy spacing of the product molecule20 (for our model BaO(x =% or

a’m) this spacing is roughly 0.06 eV).

Q . Theory and Calculations
5_31 .1 The two-state cou;gled eguations

The two- state‘ coupled "Schrédinger' equations which govern

the nuclear motion are given in the Delves coordinate system21 byzz’ %0

2 2 2
h , 0 d
[' Z'E(axlz + 'a—x";é) + V1(X1rxg) = E] l’/l(Xl, Xz) = “VSOWz(Xl,.-Xz)
ﬁ2 82 : 82 .
["‘ m(axlz + E—}'{z'é) + Vol ) - E]lpz(xnxz) = 'VSOW1(XUX2)
where
U F
- (B 'R, L BC Ry,
1
1
x, = ((BC—)R,
A,BC-
and |

ty pe = MpA(Mp + M)/ (My + Mp + M), ppg = MpMe/(Mp+Me)

for the A + BC arrangement channel. For the AB + C arrangement
channel an analogous set of coordinates z, and Z,, is defined. The
procedure used for solving these two coupled partial differential equa-

tions is an extension of the close-coupling propagation method of
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Kuppermann. 17 Details regarding this extended method and the R-S
scattering analysis ai'e given elsewhere. 24
3.2 Calculations

For the Ba + ON, calculations typically 16-18 pseudo-vibrational
states were used in the expansion of W, (%, %,) and 8—10_pseud0-
vibrational states in the expansion of ¥,(x,,x,). The calculations
were done on an IBM 370/155 computer in single precision arithmatic.
The compute.time for the first step in which energy independent matrix
elements are calculated and stored on disc was typically 160 minutes.
Thereafter the time per energy was typically 20 minutes. The results
were deemed converged when the S-matrix was unitary to better than
2% and symmetric to within 5%.

Calculations were done on this system of coupled equations
with V5° given by (1) and with V5% = 0. Results for both sets of

calculations are reported in the next section. The notation for a

transition probability and the corresponding process are given as follows:

Ba + ON,(v) — BaO(v’) + N2 : LPIE,,

Ba + ON,(v) — BaO*(V”) + N, : 1,2P5{V "
* )

BaO(v) + N, — BaO (v’') + N, : ' 2Py‘lf

The initial translational energy range scanned relative to the ground

state reagents was 0.0 to 0.11 eV.
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4._Results and Discussion

4.1 Uncoupled Ba + ON, — Ba0O + N, results

. v o B B LR oo B
The reaction probabilities Pgo, Py,, and P,, are presented

in Figures 10 and 11 as a function of the total energy E and the initial
translational energy E, for the uncoupled surfaces. The inner and
outer arrows on the lower abscissa indicate the tota,l. energies at
which the vibrational state v’ of BaO* and BaO respectively become
accessible. The reaction probabilities lPOE, PR, and 1P013 are all
less than 3 x 10~° over the energy range considered. These uncoupled
results show that the IP[,? transition is dominant at low collision
energies and the reactive transitions 0 — 1 and 0 — 2 become appre-
ciable ‘consecutively with increasing ehergy. This behavior is
characteristic of a repulsive energy surface and based on remarks
in Section 2.1 it is not unexpected. Also, we note that the total
reaction probability is greater than 0.8 over the collision energy
range of 0.0 to 0.11 eV. This may be a bit surprising since the
skew angle for this system is 41°.

The energy dependence of these reactive transition probabilities
exhibits marked oscillatory structure. Since the reduced mass of this
Systexﬁ is so large if might be reasonable to assume that these rapid
oscillations are semi~classical in.nature and hence that semi-classical

theories of reactive scattering could reproduce them.25

* : -
4,2 Coupled Ba + ON, = BaO_, BaO + N, results

. g Sae . 2os B L. B
The reaction probabilities Py, Pg,, and P,, are plotted

as a function of E and E, for the coupled system in Figures 12 and 13.
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1
A comparison of the coupled and uncoupled P,,? results reveals

striking similarities between them. Evidently the 1P0§ transition

is very weakly coupled to the excited state surface. The 1P0I1t and anE

coupled results do, however, appear to be strongly coupled to the

upper surface as a comparison between Figures 13 and 11 indicates.

The lPol;{ transition is the most strongly coupled transition in two

senses. First, the attenuation of the magnitude of fhe cbupled lPozB
probability over the uncoupled one is largest (in absolute terms).
Second, the energy dependence of this éoupled probability is most

affected by the coupling. Interestingly, the coupled lPof; has a 1owef'

effective threshold energy than does the uncoupled 1P0121.

The electronically non-adiabatic transition probability v 2P0]§
is presented in F'igure 14 A éomparison of this result with the

coupled and uncoupled lP‘,E results shows some striking similarities.
%The energy dependence of the l,zPo? curve in the range 0.09 eV = E
=0.12 eV is Quite similar in structure and magnitude to the coupled

1PD§ curve. However, for E between 0.12 eV and 0.15 eV there is a

strong resemblance in the energy dependence of the UzPolj curve and
“the uncoupled lPOE one. There is an energy displacement in the peak
height locationsof these oscillating: curves, however. |

As a result of the similarities noted above and as seen directly
from Figure 14, the thi'eshold energy for the 1’2P0§ transition proba~
bility is considerably above its energetic threshold (0.028 eV). The
magnitude of this transition probability is large indicating that for

*
collision energies greater than 0.05 eV the reaction product BaO is

formed with approximately the same probability as the ground state
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product BaO, on the average. That this would occur with the 0.05 eV
spin-orbit coupling stfength is not obvious. It was previously fou_nd'

in model calculations on a fictitious two-state H + H, reaction that a
0.05 eV "spin-orbit" coupling strength gave electronically non-adiabatic
transition probabilities which were an order-of-magnitude smaller

than the electronically adiabatic ones. 20

g P 1'2_ R 1v2_R
The reaction probabilities P, and Py, are not shown
122
since they are small compared to ’ PO.I,{ over the energy range
considered. 1’2P013 never exceeds 0.04 and Z'PGI; never exceeds

0.008.

j.g.3 Coupled BaO + N, — BaO* + N, results

An interesting process Which our calculations can be applied
to is the vibrational relaxation of BaO in collisions with N, (treated as
a structureless mass point) to yield BaO in a lower vibrational state
or BaO*. We present some results on the relative efficiency of the
V - T versus V - E (V - T meaning vibration to translation and V - E
meaning vibration to elé_ctrbnic excita'tion) transfer of energy in the
BaO + N, collisions.

Consider first the transfer of vibrational energy in the processes

*
_3Ba0O (v")+ N
T BaO(r¥") + N,
In Figure 15 we have plotted the energy dependence of the transition

1
probabilities 1P4Y, 1P4¥, UEPX , and ,2P4¥. All other transition
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‘ FRPTTOIE. . b B
probabilities P,/ , P,y7, and P,,m are smaller than 0,03 in the

energy range shown in this figure except at E = 0,0845 eV where

the probability lPX equals 0.176. As seen from this figure either the
V - T or V - E transfer process is not very efficient for BaO(v = 4).
However, the V - E transfer is substantially more likely than the

V - T one. At higher collision energies the V - E process does
appear to be increasing in probability.

Analogous results are seen in Figures 16 and 17 where the

energy dependence of the transition probabilities LP:X, 1P3\2r : Y 2P3y,
V2pY and " P is plotted. The P, probability is roughly the

same in magnitude as “ 2P3¥, although the latter probability is
larger at the lower energies. Fdr E greater than 0.12 eV the transi-

1 1>2 .
tion probabilities Psg and PSY are both appreciable. However, over

much of the entire energy range considered the sum Z’ v 2P3 Y
is greater than the sum F” 1P3,,‘£ indicating as before t!l;at the Vf- E
process is more efficientuthan the V - T one for this system.

| Finally, we consider V- Tand V - E processes for the |
transfer of energy in BaO(» = 2). The transition probabilities leg
and 1P2Y are plotted in Figure 18 as a function of E and Y 2P2y and
- 2P2Y are plotted in Figure 19. In this case the total transfer of
vibrational energy is more efficient than for BaO(v =3 or v = 4). At
the lower energies leY and Y 2P¥, are large and approximately equal
whereas at the higher energies the transition probabilities Y 2P2Y and
IP?X (as seen in Figure 16) also become significant contributors to
the vibrational energy transfer. Thus, in this case both V - T and

V - E processes contribute about equally and significantly to the
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vibrational energy transfer of BaO(v =2) in nonreactive collisions.
We also note that the reactive transition probability l_PzE{ (= lP(,I;
given in Figure 13) is significant at the higher energies and hence
this reaction channel is effective in fransferring vibrational energy
from BaO(v = 2). This is not an important consideration in collisions

of BaO(v = 3 or v = 4) with N, because the reaction probabilities lPSE{

and 1P4§ are less than 0.06 over the energy range considered.

§. Summarg and Conclusions

The electronically adiabatic and non-adiabatic reactions

Ba('s) + N,O(x'Z") - BaO(x'z™) + Nz(x*zg)
and '

Bals) N20(X12+)"/’ BaO(a’n) + Nz'(xli)g)

T3 Baox'zh) + Nz(XIE;)

have been studied within the collinear frame\&ork and with N, treated
‘as a mass point. Model LEPS potential enérgy surfaces coupled by a
model spin-orbit orbit interaction potential have been employed.
The ground state potential surface is of the repulsive type. This
probably accounts for the fact that there is little vibrational excitation
of the product BaO(xlE+) in the uncoupled calculations for collision
energies less than 0.1 eV. The lack of vibrational excitation except
at collision'energies greater than 0.1 eV seems to correlate with the
threshold energy of approximately 0.1 eV for the formation of
BaO(a’m, v’ =0) in the coupled calculations. That is, vibrational exci-

tation of BaO(x'%) and the formation of BaO(a®r) seem to be related
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processes. Also, BaO(a’r, v’ =0) is formed with a substantial
reaction probability (->~' 0.4) at collision energies greater than 0.10 eV.
This implies that the spin-orbit coupling Strength of 0. 05 eV is
effective in causing large electronically non-adiabatic transitions in
this system.

A study of nonreactive vibrational energy transfer in collisions
of BaO(x'2", v =2,3,4) + N, to form BaO(x'=",v’) + N, or
BaO(a’,v”) + N, was also carried out. The total energy range con-
sidered was the same asthe one considered in the Ba + N,O studies. It
was found that for v = 4,vibration to electronic energy transfer was
more efficient than vibration to translation transfer, For v =3 and
V=2, thever, the two transfér processes were found to be comparable
in efficiency. The fact that the ground state surface is reactive also
enhances the vibration_t.ran‘sfer for v =- 2 since the reaction probability
to form Ba + N,O is appreciable at the higher energies considered.

The energy dependence of all the transition probabilities
studied showed marked bscillatory structure. This feature would
make a comparison between the exact quantum results and approxi-
mate semi-classical ones very interesting. _Much of the motivation
behind doing exact quantum calculations on model systems is to stimu-
late comparison and development of approximate results and theories.
This may accelerate progress in obtaining accurate three-dimensional
cross-section calculations from approximate methods on real chemi-

cal systems.
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Table 1. LEPS parameters for the singlet ground state Ba - O - N,

potential energy surface.?

BaO(x > ON,(x =) BaN,?
D (eV) 3.844 - 3.644 3.64
r; . (bohr) 4.4598 - 2. 6778 4.4598
B, (bohr ™) ~0.170856 1.0 0.70856
A, 0.220 | 0.08 0.08

i

2 The expression for the generalized LEPS function is given by
2 2
V=Q +QL+Q, - (af +a) +a)" - alal - alal, - a’al),
where _ ‘ P |
F g - - = - ”‘
Qi = [Di/4(1+ &1)]{(3 + Ai)e}'*:p[ zﬁi(ri rie)] (2 + 6Ai)exP[ 6i(ri Tie ]}
and where i refers to a given diatom pair.
R The parameters given in this column are meaningless for collinear

collisions.
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Table 2. LEPS parameters for the triplet excited state Ba - O - N,
potential energy surface.
BaO(a ) ONz(aa'.'r) BaN,
Di(eV) 2,63 1.0 2.63
r. (&) 4.7244 3.7795 4.7244
B;(A7) 0. 8202 0.7938 0. 8202
A 0.15 0.45 0.15
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Table 3. Parameters for the model spin-orbit coupling surface. %

y =0.05eV

B =1.1 bohr™

@ = 8,0 bohr™?
R,, = 4.8516 bohr
R,y =4.0 bohr

a VSO =y sech| B (R, - Rzn)]eXP[“a(Rl - Ry, )zj s Ry > Ry
= 0 3 R2 = Rgo
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Figure Caption

Figure 1:
Figure 2:

Figure 3:

Figure 4:

Figure 5:

Figure 6:

Three-dimensional perspective plot of the ground state
singlet potential energy surface of BaON,.
Three-dimensional perspective plot of the excited state
triplet potential energy surface of BaON,.

Equipotential contour plot of the ground state singlet
BaON, potential energy surface. The crossing seam is
also shown. |

Equipotential contour plot of the excited state triplet
BaON, potential energy surface. The crdssing seam is
also shown. |

Potential energy curves of N,O as a function of the inter-
nuclear distance R.

Potential energy curves of BaO as a function of the inter-

nuclear distance R.



Figure 7:

Figure 8:

Figure 9:

Figure 10:

Figure 11:

Figure 12:
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Vibrational energy spectrum of the BaO(xl =, BaO(asﬂ),
and ONa(x1 %) molecules.

Equipotential energy plot of the model spin-orbit

coupling potential surface as a function of the two inter-
nuclear di'stances R, and R,. The crossing seam is also
shown.

Three~-dimensional perspective plot of the model spin-orbit
coupling poten_tial.

Reaction probability lPDE{ for the uncoupled reaction as a
function of the total energy E and the initiaf translational
energy E,. The significance of the arrows is given in the
text.

Reaction probabilities Pgy and P2 for the uncoupled
reaction as a function of the total energy E and the initial
translational energy E,. |
Reaction probability lPolj for the coupled reaction as a

function of the total energy E and the initial translational

energy E,.



Figure 13:

Figure 14:

Figure 15:

Figure 16:

Figure 17:

Figure 18:
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Reaction probabilities 'Pox and P2 for the coupled

reaction as a function of the total energy E and the initial
translational energy E,.

Reaction probability Y EP(,E{ for the coupled reaction as a
function of the total energy and the initial translational
energy E,.

Non-reactive probabilities IPX 3 1P4¥, I,ZPX, and 2P4¥
for the coupled system as a function of the total energy E.
Non-reactive probabilities P,Y, Py, and P,Y for the
coupled system as a function of the total energy E.

Vand“2 v

Non-reactive probabilities 4 2P31 P,, for the

coupled system as a function of the total energy E.
1
Non-reactive probabilities P2¥ and IPBY for the coupled

system as a function of the total energy E.
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A%

1
Figure19 : Non-reactive probabilities ’szy and 2P21 for the coupled

system as a function of the total energy E.
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ﬁx endix 1: Born-Oppenheimer Coupling Terms in the Two-State
Approximation

In this appendix eqs. (33c) - (33e) are derived. The derivation
makes use of the assumption that the two-state expansion is complete.

By definition,

~ d
I a
Ty =33 X e Xy

Thus, to derive egs. (33c) and (33d) we must show that

X
&1 | [xa), = S | (A1)
dF

-G (A2)

According to its definition above

_ 2
X2 J%’E‘]Xlél

, 1.d ; .
%};c” - <%§:*]a§ IXadt X l;f;rr |X2)g1- (A3)

The term (%2}% ,gi—%{f’*)elis identically zero in the two-state approximation.
This follows from the fact that

xi ]agi X% © (A4)

which state that ng x; has a non-zero projection with the state X5
only (j = i). Thus, eq. (Al) is proved and eq. (A2) follows from
eqs. (11a) and (12a). This completes the proof of eds. (33c) and (33d).

To prove eq. (33e) we note that from (A4)
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so that

- <“<‘:r‘ IT:T“ (X ]a-z- Ix iy - (A5)

However, we know that

dx ;
ax - FijXy

and we have the result that |

2

2
&; I X -Fyy - (A6)

'Finally making use of eqs. (11a) and (12a) we have the result that

2

2 2
(X1 lag;*z‘ le>61: X laggi‘ le)el: - Fys

and hence
2

4 ”n h 2
Ty," =Tp" = QTLFIZ

which is identical to eq. (33e).
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Appendix 2: The Transformation From the Diabatic to the Adiabatic
Representations in the Two-State Approximation

To transform from the diabatic equations (35a) and (35b) to the

adiabatic ones (34a) and (34b) requires a unitary transformation, C,

of the basis functions de and de_ This matrix transformation can
be written as 38 |
xl_a cos o sin o xld
- (A7)
x2a -sin & cos & xzd

where the unitary matrix diagonalizes p_d(x) at all x. Hence, the
quantity @ is a function of x. Before proceeding, we rewrite the

diabatic equations in matrix form as follows:

no|d b ] o dl
-5 | 0o | H,, H,, 1 0]y,
o - E =0
2
d ‘ d
B 0 a;{z" H,, H,, 0 1 Y,
| (A8)

The unitary transformation of this equation by C leaves the identity
matrix unchanged and by design it diagonalized the U matrix. Thus, it
remains to invesﬁgate .its action on the kinetic energy operator matrix.
By the theorem of i‘epfesentation theory40 the transformed kinetic

energy operator matrix, T', is related to the original one T by

T’ mCTCT p ' (A9)
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where QT is the adjoint of C. Since C is real, Q_T is simply the

transpose of C, gt. Thus, we have three matrix multiplications to

perform to obtain T’ , namely

—*cos @ (x) sin a(x) 1 ;T’XT 0 cos o(x) -8in a(xﬂ _
| r (A10)
-sin a(x) cos a(x) 0 sin a(x) cos a(x)
o aié] L =

It is straightforward to show that the resulting matrix is

G & ) g
g r 2 d d d
-22uh T = |~y + axz ‘E{Y»f Z'y(E)
(Al1)
2
Q¥ 5,0 NI
ax * ¥ax Y+ 3xz
Thus, the transformed coupled equations are given by
) hZ d2 h2 2 d hz d d d
- o7 @ * oh + Ba® - EIYE =g [+ 2v g 19, (A12a)
2 2 2 2 2
h h d i
[- o5 g + ok + B0 - Elgg =- 2‘3[% sy fiwd  (al2p)

E,(x) and E,(x) are the eigenvalues of the gd matrix and within the
two-state approximation they are identical to the adiabatic potential
curves of eqs. (32a) and (32b). From inspection of eqs. (Al12a) and
(A12b) and egs. (32a) and (32b), in order to establish the equivalence

of these sets of equations it must be demonstrated that
Y,: F, . ) ) (AIS)

The general proof of eq. (Al13) involves much algebra. We shall
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demonstrate that it is true at the crossing point of the two diabatic

curves H;, and H,,.

The function yis related to @ by

_do
y_ai )

where « is determined by the eigenvalue equation which results from

the diagonalization of the _I:T_d matrix and is given by
tan 2a(x) = 2H,,(x) /[ H,,(x) - H,,(%)]
Hence, at the crossing point
y = 4 (H,,-H,) /4H,,
For the two-state approximation it can be shown trivially that

Fi = 00 g B %% /[ Ey®) - E,()]

and from the diagonalization of U that

1(2) _1‘]"‘2_—22 ( ) ¥ ¢ (Hy,- Hz) + H,,?

Thus, at the crossing pomt
E, - E, =2H,,
and hence from eq. (Al6)

F]_z s (Xla la% Hel ]X2a> /2ng-

From eq. (Al) we can express xla and xza in terms of de and x,

(A14)

(A15)

(A16)

(A17)

(A18)

d
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and if we substitute the resulting expressions into (A18) we obtain
Y : d;d 1 d 1

F,, = sin @ cos a((x, ]EﬁEHe %D - Xa fac:—{ H®" |xo))

2 ' 2
+ cos o ()gﬂ%He1 |x2d> - sin” & (x5 la% B® |x1d)

(A19)
Making use of the fact that
dyd qelj.d _d , dygel;d .. 1.
O g BT I =g o0 1B [ 5 1,5 =1,2,(A20)
we can rewrite (A19) as
F,, = sin o cos o adg(Hu‘sz) +cos & - sinzw".}ﬁHLB : (A21)

From eq. (Al4), at the crossing point, we have that
cot 2a =0

which from the identity

2 2
cos & - sin o _
Sin Wcos @ ~ cotde

implies that

2 2
cosa-sina =0

and further that
sin ¥cos @ =3 .

Hence from (Al15) we have the result that

d .
Fiz = dx (Hy, - Hp,)/4H,,
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which is identical to (A15) establishing that at the crossing point

Fiog =9

This equality is valid for all values of the internuclear distance.
Thus, we have demonstrated that the diabatic and adiabatic

representations are equivaleht in the two-state approximation.
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Appendix 3: The Coupled Differential Equations for the Two-State

RtgmsNalecule Chomuga’ Hedction

In this appendix we develop the close-coupling technique used
to solve the coupled partial differential equations (2 5a) and (25b) for
the electronically non-adiabatié chemical reaction A + BC — AB + C,
AB* + C. As a relevant example we assume that these equations
describe the non-adiabatic coupling between a singlet and triplet
electronic state denoted respectively by the numbers 1 and 2._ .

According to the remarks of Section 6 H,, is the -matﬁx element
of the spin-orbit coupling V5° in the basis set )\ ; Which are eigen-
functions of 1®! without ¥5°. Thus, we rewrite the coupled eqs. (25a)

and (256b) as

2 2 2

[' 12;1!—_,‘ (ag—lz + g’%’;ﬁ) + Vy(x;, %) - E] ’1’/1(}(1, X,) :‘V1szo Yolxy, X,) (A22a)

2 2 2
[—- %—L(gg-qg + aixz"g) + Vz(xlr Xz) = EJ lpz(xp XZ) = 'Vlszo lpl(xl:xz)- (Azzb)

V, and V, are the potential energy surfaces corresponding to the
singlet and triplet electronic states and Vlszo is the matrix element

x: (V%0 o o1+ We require that in the limit of separated reagents and

products
S0 ‘
Vie (X1,X,) 7~ 0 (A23)
Xl — GO
S0, |
Vo (2,,2,) Y~ 0 . : (A24)
Zl — GO

This means that the equations (A22a) and (A22b) uncouple when the
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chemical interaction is over. This may not always be rigorously
true as fhe discussion in paper III. 3 points out. However, we shall
assume that it is true in order to avoid complications in the scattering
analysis of eqs. (A22a) and (A22b) presented in Appendix 4.

In the asymptotic regions of space describing the sepé.rated

reagents and products eqs. (A22a) and- (A22b) become

2

[- (g_‘z aX mm ) o V (x5) - ]WJ;(XL’XZ) =0 (A25a)
[- 55 G2 + 352) + Va(x0) - E] 9y(x,,%,) = 0 (A25b)

and analogous equations exist in the (z,, z,) coordinates describing the
rearrangement cha_nnel..' We have made use of the fact that

. ' 0
Vi(x2,X3) N Vo (%), 1=1,2
Ky = O

~as well as eqs. (A23) and (A24). The potentials Vio (x,) describe the
unperturbed internal motioﬁ of the BC molecule in the ith electronic
state. Thus, the general solutions to eqs. (A25a) and (A25b) are
given by -

) Lt
X, -ik. x;

ki i ’ (3,)
[A e + B.e | ¢ (xg), (A26a)

II'VJZ

'Pl(xuxz) T
Xl———> oo} [~le] (1) ; (1)

K. ; Xy (1)
Y [a].e J +bse U ¢y (x) , (A26b)
j=N1+1 |
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N2 - L (2)
ik, x4 -k X% 0 @)
2 [cpe + Dje 16,7 (x), (A27a)
i=1
Ys(Xy, Xp) 7 L3
X, — o0 2 (2) _ ‘
i Ky Fy )
2. lege + dse 16 (x) . (A27h)
j=N2+1

. " 1g)
The BC vibrational functions gbil and <f>j2 satisfy the following

eigenvalue equations

2 0 ' g |
[ % a%g +V, (k) -E 10t (%) =0, (A28a)
2 2 5
h d 0 () (2)
[- 75 @ * Valxd -&3.2 16" (=) =0 . (A28b)
From these equations and eq. (A25a) and (A25b) we have that
e |
o) hk*
Ei +_2—f1_ s i=1,...,N1
£ 74
f.} hz’{il .
E]_ —“'-2—“—- ’ 1=N1+1,...,°0
_ (512
= G5} lekiz
i +"‘—2—"—u 3 1 =1; 5N2
2 (2)2
(3) 5
El ——2—1_1——'— . i=N2+1,...,"°

The numbers N1 and N2 refer to the number of open vibrational
channels of BC in electronic state 1 and 2 respectively at the total
energy E. The number of closed vibrational channels is in practice
finite, not infinite as indicated above. For future use we define M1

and M2 as the total number of channels included in the expansion
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(A26) and (A27) for the BC molecule in electronic stateé 1 and 2
respectively. Thus; the corresponding number of closed channels
is M1-N1 and M2-N2. An analogous set of equations applies for the
rearrangement channels AB + C and AB* + C.

The close coupling approach to the solution of eqé. (A22a) and
(A22b) proceeds by expanding y/, and ¥, analogously as in eqs. (A26)
and (A27) as follows

Ml G " L '
Y, = ? gil (Xl)(»bil (Xz) ‘ (A29)
i=1
Ml - Mz {(2) " (3)
Yo = ) g (x)o; (x) . (A30)
j=M1+1

Substitution of eqs. (A29) and (A30) into egs. (A22a) and (A22b) yields

M1 ﬁz_ a2 a2 : s -
Y I- gplage o) + Vi) - Blgg )y (%)
= | | M1+M2 .
Q (3 (2)
=) -Veg e (x), (Alla)
j = M2+1
M1+M2 5 & "

h d d (2} (2)
}1 [ - m(axlz - aXzz) + Vo(xy,X,) "E]gﬂf (x,) (ib] (x,)
j=1+M1 :

M

(1) (1) ¢
=Y Vi, x)e (x)é; (x,). (A31D)
=1

Making use of eqs. (A28a) and (A28b) we rewrite eqs. (A3la) and
(A31b) as follows
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e 5 3 ks T4¥  tad
1 1 1
? 1{‘ P} '5‘;12 + [Vl(xuxz) V (x,) )] - (E - E )}' g; _Cbi
i=

M1+M2 _
=) -fo(xl,xz)g; 2)¢>j(2) , (A32a)
j =Ml+1
M1+M2 LR i A S
Z { P axl =+ [ Va(x,,%,) - V(%)) - (B 'EJ )f gj- j
j=MLl+1

()
- f VS°(x1,xz)g ¢; . (A32D)

" g (2)
Now we multiply the left hand side of these equations by c,bkl and d)l *

respectively and integrate with respect to x,. Making use of the
( )
orthonormality of the functions {d)k } and the functions {(f) :

eqs. (A32a) and (A32b) become

M1

2 2
h d (1) I (1) (1) (1)
Do-op a8 Owit Vg - (B-&; gy By =
s
M1+M2 -
S0, 2
= 5‘, (-Vi )kjgj ’ _ (A33a)
j=1+M1 -
M1+M2ﬁ2 2 (o (2) (2)  (2)_
d 2 I 2 2 2 _
z\ - ZTL dx,2 g] 51] + (Vz )llg] - (B - E )g ] 1] -
j=M1+1
M1 -
SO 1
= 7 (+V1 )11 3 (A33b)
i=1
where,

W ) = Saxoy Vi, x) - Vit 6 (), K, i=1,

» M1
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(VD) = Jady” Vi, %) - Vi) 16" (%), Li=leML, ..,
M1+M2

and
Q) (2) E=1,.u.,ML
(Vlszo)kj = fdxz(pk (xz) Vlszo(xlsxz) ¢’J (Xz)':
j =MI1+1,...,M1+M2
(2 (1) 1 =M1+1,...,M1+M2
(V) = Jaxa,* (x) VER(x, )0, (),
| ‘ i=1,...,Ml
We now generalize the notation and write the coupled equations
(A33a) and (A33b) in matrix form. First, we note that ¥, and i,
given by eqs. (A29) and (A30) are only two of a set of 2(M1 + M2)
linearly independent solutions to the coupled '"Schrodinger' equations

(A22a) and (A22b). Indeed, we have in general

M1
() (1)

Wi, x) =) ¢ (%)g,(x), m=1,...,Ml (A34a)
i=1
M1+M2

n (2) 2)

IPZ (Xlrxz) = 7 qb] (Xz) ng (Xl): n-= M1+13 & ALy M1+M2 (A34b)

j=1+M1 |

As usual, we have written down only M1 and M2 of the 2M1 and 2M2
set of solutions. We generate the full set by performing forward and

backward integrations.. Our remarks to this pbint apply to both sets

of integrations independently. We return to this point later. Substi-
tution of eqs. (A34a) and (A34b) into eqs. (A33a) and (A33b) leads to

the following equations
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M1
(1)

I (1) (1) (1)
? ZT»L dnglm Sit (Vi)y8yy - (E-&; )8im O
M1+M2
= ¥ (v )k] o (A35a)
j=1+M1

B d (2) . ¥ (2) (2} (2)

M1
(1)

=% (-V )11 - . (A35b)
=1 |

These equations can be written as a matrix differential equation.

. Indeed, making the following definitions

2 | .
ﬁ‘g(vll)ij ; i,j=1,...,Ml
fziéy‘(vgl)l] 3 1,] = 1+M1, ot ,M1+M2
(1)
EH(E'E_]'_ ki ? lak:]-? JMl
[Efjll = '

(2) '
?ﬁ%(E—E.j oy s G, =1+ML,..., ML+M2

i=1,...,Ml

j=MI1+1,...,M1+M2
2
S
By

j=l, .. Mk
i=1+M1,...,M1+M2



d (1) 5 &
a-i{_]_-i gl] ij ? 1’J=1$"-3M1
dz @ i=MI1+1,...,M1+M2
— g.. O..
a2 % Vi i=1,...,Ml
(G5 = | |
d2, () 1 :1,...,M1
ax2 & i ‘
dx,* "u "y 7 i =1+ML, ..., ML+ M2
2
d (2) _ L.
a—x‘l‘zgij oij ) 1,] =1+M1,...,M1+le
and
(1) - .
gi] ] 1,] =1,---,M1
(2) i=Mil+l,...,M1+M2
gij b .
i=1,...,M1
@93 | Ci=1,...,Ml
ST L
i=1+M1,...,M1+M2
(2)
gij 3 i,j =1+M1,...,M1+M2

eqs. (A35a) and (A35b) can be written as
G"+ (K - WG =0. (A36)

This matrix differential equation is integrated in the variables

(x,,%,) up to a point xf near the region of strong chemical interaction.
A sta.ndard fourth order Runge-Kutta/Adams-Moulton integrator was
used for this purpose and the choice of linearly independent initial
conditions as well as a stabilization of the soiution matrix was made
as described previously. 1 |

We now examine the extension of the technique of changing
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basis functions <i>i(l) and 4)1(2) during the propagation of the solution
;hatrix developed for the one state reactive scattering-program. 1
SuppoSe at some point x,' (greater than x':) new bhasis functions
@,;1) and t.i')i(z) are used in the expansion of ¥, and y,. These func-

tions are eigenfunctions of the following reference Hamiltonians:

2

’ (1 0
["’ gl_ﬁ aq}zz—g + V(x5 %) - Eil (Xl')] @il (x,)=0 (A37a)
1;]2 d2 ' (2) (2) :
[- gpaxe * Va('s %) - E; (x,"] 2" (x) =0 (A3TH)

In order for the matrix .differential equation (A36) to be integrated
"néw” initial conditions for G and G' must be established. This is
accomplished by the requirement that at the interface x, =x,' the

total wavefunction and its first derivative must be continuous. Equality

requires that
el .- - el - -
X1(£ Xy f ): Xz)'pi(x1’(. )9X2) + X2(£ ;XlT( ),X2)¢2(X11( )sxg) =
el + g8l + +
1™ M il ) 4+ Rl T el Y ) 4 (A38)

where the (+) and (-) superscripts denote that the approach to x,' is from

above and below respectively. Since x, and x, are electronic functions
* 5

we can multiply eq. (A38) by x, and integrate with respect to £e1

to arrive at

floe ™ vl =gl o . (A39)

Similarly, by multiplying (A38) by x: ~and integrating with respect to

I‘e-1 we secure
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'J"z(xl'(-):xz) = ‘Pz(xl'(-!-) sXy) s (A40)

We note that eqs. (A39) and (A40) are the same for any number of
coupled electronic states. Substituting into eq. (A39) the appropriate
expansions of ¥, in the bases ¢>i‘1’ and éi‘l’ yields

M1

Z @“’(xz)glm(x;*")—T 6" (g (') L (adD)
j=1

1)
(For convenience we have retained the notation g in the new expan-

ij
sion of ¥, ; this should not lead to any confusion). Multiplying the

(1) :
left and right hand sides of eq. (A4l) by fbkl (x,) and integrating with

respect to x,, we obtain

M1 :
(1} - (1) (1)
fem 7)) =) Sy gy (), k=1, ML (A42)
: 4

where
(1) (1) (1)
S =Jaed ()9 (x) , ki=1,...,Ml

In an exactly analogous manner we have that

(2) ML (2) (2)
A2 = 2 2
g, ) = ) s e T, (A43)
n = M1+1
where -
(2)
Bix = fdx2 ¢ (Xz) t/) (xz) , 1,n=Ml+1,...,ML+M2 .

Now let us examine the consequences of requiring continuity of the

total wavefunction at x = x,'. Continuity is guaranteed if
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ow = ¥ i
F}E]_(Xl ¢ ), Xz) = TXl(xl [+):X2) . (A44)

Thus, according to eqs. (A38) and (A44)
d % (- d = a - d. (-
F)?l_l(xl . ))‘#1 + X1 '3%;‘(3'1'( ) + 'a'}éz(xl . ))1,112 + X2 5‘;%:‘(}‘:1 71 =
0 a 1 a '
AL )+ X ") + A2 )Y 4, TR ). (Ad6)

However, from eqs. (A39) and (A40) this equation becomes

= d X 1 j 1 :
X1 'a—}'(dﬁ'(xl'( )) £a ng}%' (XL § ) = = X1 —‘k‘l‘(xl (+)) i+ Kzg_}%z'(xl (+))- (A46)

‘ *
Proceeding as before, we multiply eq. (A46) by x, and integrate with

1

; *
respect to £e and then multiply by x, and integrate with respect to

re1 to arrive at

%}%L(Xlr(-)) ___g_}%]_(xlv("')) (A472)
Pz, = g (M) (A4Tb)

From these equations and eqs. (34a) and (34b) we have that

de! (1) M1 g(1)
g (1)
km (xlt’)_Zs‘—J—e(1<+’) , k=1,...,ML (A48)
j=1
(2> M1+M2 (2)
dg _ (2) dg,
_a;_r:l_(xl" M = ? Shi -——dx—(xl"ﬂ),l =1+M1, ..., M1+ M2

Eqs. (A42), (A43), (A48), and (A49) can be cast into matrix form as

follows
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G(x," ) =8G(x,"™) | (A50)
G'(x," ") =8G'(x,"*) (A51)

where from its definition the matrix S is clearly block diagonal.
We consider next the change of independent variables at the
% :
point x, = x, . Polar coordinates are int:r'oclucea:l1 and the two coupled

partial differential equations are given by

2

2 2
[- 55 Geogr* 2er + 5 3) + Valr, 9) - Eliy(r, @)
= -V y,(r, @), (A52a)
.1 9 9 10
{- 271(;2 W + 352 + }‘w) + Vz(r: @) - E]ll/z(r,qo)

= -Via ¥a(r, ¢) (A52b)
Making the usual change of functions, .
Ve, 9) = B(r,9) , (30)
rz

eqs. (A52a) and (A52b) can be rewritten as
-hz(1 82—“"’1+ 1 $ (r, @) + 1 gz—¢1)+(V-E)§br
2-1_1 r5'72 22 41‘5 7 ELNS 8 r‘] 73 Bre 1 -

== Vlio @2(1‘: @) /rl /2 ; (A53a)

2 2 .2
R 1 2% 1 : K _ ®
”21_1(—572—1. T +4r5/2 f1)2+r—172-15—2r2)+(V2 E)r—1—72-

= -y80 g 1/ (A53b)

i
Multiplying these equations by r#, we obtain
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2 2 2

B 1 3 i |
“ I agr Dt (- g - DO =V R, S
K1 9 0 ‘hz * 8
‘ ; " 0
-z—ﬁ(;'z—g'qo—z +ar2)@2+(V2'W“E)‘P2:“V12 (I)l . (A54b)
As usual, we expand ¢, and @, as follows:
L 1) (1)
1 1 :
oM, @) =) ¢ (g, (@) , (A55a)
i=1
M1+M2 ( ;
2
o (r, @) = 7, (r)g () . (A55b)
j:M1+1

Inserting (A55a) and (A55b) into (A54a) and (A54b), multiplying through
. ) A2

by r and doing the standard multiplying by qbkl (r) and qblz (r) and

integrating with respect to r we obtain the following coupled differen-

. (1) (2)
tial equations for gim(c,v) and &im (‘P).' |

M1 2 .
dq4 a L 1
7 - 2T1 do® Bim ki * glm [ ki~ i - 8 Okl
teel - M1+ M2 o
. 2
S i )k] i (A56a)
j=M1+1
M1l+M2 5 ‘ 2
. d L2y _ (2) 7 -
) - 35 der Eim O15t Bym [ (Udyy - By - g0y
j=1+M1 : A
i) (1) '
= f 5 )11 ey (A56Db)

We have made use of the followmg in deriving these equations:
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2 (2) :
2 d . (2)  (2) |
ﬁ 2 2 - -
-5 ‘d’f;— + (Vu(r, @,) "Ej )qu =@ , i=1+M1,...,M1+M2

where V,(r, ¢,) and V,(r, ¢,) are reference potentials referred to a

particular value of ¢, ¢, and
‘ (1) 2 S (1)
(U = Jard 0TV, ) - Ve, 00019, (1) , Kk, i=l,..., M1

Uy = Jare,” @[ Vi(r, @) - Valr, @0)16,7 (), Li=leM1, .., MLeM2

(1) 2 (1) (1)
By =Jare @r (B-€, )¢ (0 , k,1=1,...,M1
(2) g (2) @)
Elj = fdrqblz (r)r (E - E.]-2 )¢j2 (r) , 1,j =1+4M1, ..., M1+M2
() 2 L {a) :
Uy = Jaro, @V @ 90" (), k=1,...,Ml
j=1+M1,...,M1+M2
(2) (1)
(UED)y = Jaro, " @) erSO(r, P, (r), 1= Ml1+1,..., M1+M2
| i=1,...,Ml

As previously, this set of coupled differential equations can

be cast into a matrix equation
G"(@) + (K - 1)G =0 (A57)

where all of the matrices are the one analogous to those defined in
equations preceding eq. (A36) with the exception of the 52 matrix.

It is given by
2 '_2 1. .
[-Ii]ij _'ﬁl; Eij B Ioi]‘ ’ i,j=1,...,ML+M2

’ (1) " (2)
The procedure for changing expansion functions <;bi and cpj at a

value of ¢ = @' is identical to the one given previously by eqs. (A42),
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(A43), (A48) and (A49).
The matching of the wavefunction at the boundary x = xf and
equivalently by ¢ = 0 proceeds as follows. At this boundary we

require that

1 © =0, : P
% 0™y o) @-‘i%j—rl + xET% %) ‘A%%Oi‘li
T ; r

0 0 1 0
= % ®ixy 5 Wiz, %) + xe (i, %) YKo, Xp)

*

Multiplying this equation first by x, and integrating with respect to
*

£e1 and then multiplying by x, and integrating with respect to £el

(and recalling that (¥, ]X2> o = 0) we arrive at

AP0 T) - Y (x10,%) | (A58)

i) =0, 1
i

= PalZis o %a) (A59)

Each of these equations is identical to the equation found in the pre-
vious collinear formulation for electronically adiabatic chemical
reactions. Inserting the expansions (A34a), (A34b), (A55a), and (A55b)
into eqs. (A58) and (A59) we have

Ml (1) ED) Nl (1) (1)
1 1 1 i !
TV B @000 (©) = g (i) ®y (mao - ) (A60)
r i=1 . j=1
M1l+M2 M1+M2

(2) (2} (2) (2)
T ) Bk (009 () = T g ()P (ke - 1) . (A1)
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Note that the origin of the polar coordinate system is the point

!

(x,,%,) * and we have made use of the fact that

X, =Xz - I COS @

£ Ko = L (for ¢ =0).

(1)
Proceeding as usual, we multiply eq. (A60) by qbk1 (r) and eq. (A61)
(2)
by ¢n2 (r) and integrate with respect to r, subsequent to multiplying

1
both equations by r2. Doing this, we secure

(1) e / (1) ‘
1 1/2 (1, o0
Eam(@=0) =7l g () (a62)
j=1
. M1+M2 -
2 1/2 $2) o
(9 =0) < 17 lrn{ g (%) (A63)
=1+M1-
where
1/2 1 2 ’
rk]/ fdr <i>k (r) r / ] (r) ; k,j=b; .., M1
T (2)
r22 - faro @ 129,71, n1eleMi, ..., MLoM2

We similarly maitch the derivativgs (being careful with the formula
X, = X0 - I' cOos @) and obtain:

(1) M1 (1)

dg

2 (p=0) - l-rﬁ{z —dl—( D (A64)
(2) M1+M2 P

Tp=0) = T -’ R(x) (A65)

1=M1+1
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where

Jar ¢, (r)r3/2 Y, i,jel,...,Ml
3/2
riJ =

3/2

(2)
Jare" @ ¢, i,j=M1+1, ..., M1+M2

Equations (A62) - (A65) in principle establish the initial (;onditions

for propagation of the coupled differential equations (A56). However,
(D)

it is more convenient numerically to use basis functions ¢i ' and

(2) 1
¢, referenced to a ¢ > 0.

Thus, overlap matrices between this
basis set and the one referenced to ¢ = 0 must be computed. With

this modification the final equations for the initial conditions are

given by
1 M1
(1) 0 M (1) 1/2 (v
€im (¢=0) = F i Sik ki &jm (%0)
ji=1 k=1
i=1,...,M1
(1} M1l M1 ( | (1)
i 1. 3/2
TRw-0-7 7 sy oy gl
j=1 k=1
ik M1+M2 M1+M2 by i
2 2 2
€m(?=0) = 7,1 | 71 Sn1 rlp/ €pm (X10) >
p: ]_:
n=1+M1, ..., M1+M2
dg(z) M1+M2 M1+M2 ( ) 3/2
2
M (p-0)= % ) - —C,P—(m)
p=1 1=1

With initial conditions established the integration of eq. (A56)
can be carried out. Details regarding further propagation in the re-

arrangement coordinate system (¢',r") and (z,,z,) are very similar to
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the ones given above and are not considered further. The entire
procedure generates M1 + M2 linearly independent solutions to the
two-coupled Schri dinger equations (A22a) and (A22b). Another set
of M1 + M2 linearly independent solutions is generated by performing
a "back integration.! That is, the above procedure is repeated except
it is begun in the product arrangement channel. Details regarding this
procedure are given elséwhere. 1

In Appendix 4 the asymptotic scattering analysis is presented
for the two-state problefn. Since it is an extension of the single

state analysis the description is brief.
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Appendix 4: R and S Matrix Scattering Analysis for the Electronic

Chemical Reaction

As discussed in Appendix 3 a total of 2(M1 + M2) linearly
independent solutions of the Schrédinger equation are generated for
the electronic two-state A + BC — AB + C, AB* + C collinear
chemical reaction. The fechnique.s used to obtain the R matrixl and
from it the S matrix1 fro.m this set of sblutions are outlined in this
appendi;}...

Since the R-S analysis developed for the electronic two-state
problem is a straightforward extension of the one-state analysis
given previouslyz"4 we give the details only Qf the modifications of
the one-state analysis and simply quote one-state results. lAlso, a
current density analysis of the two-state wavefunction is made and the
necessity of a complete electron-nuclear uncoupling is pointed out in
order for the following R-S analysis to be valid.

- The G matrix defined by eq. (A36) of Appendix 3 has dimensions
(M1 + M2) x (M1 + M2). Let us denote the G matrix obtained in the
forward integration by G' and in the backward integration by G~. The
jth column of G"¢7?, G}L‘"’ has the following elements asymptotically

(in terms of real func:tions)l"3
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D;rj(") sin (ki(l)xl) 9 ‘5;:1;(-) cos (k.{“xl),
i=1,...,N1
C;j(_’exp(xi‘l’xl) ¥ G;Ji“’exp(- K1 x,),
g'{j‘_’(xl,xz) ~— PR T R, ¢ |
Xl s Fo- — -
Gl R T (2)
| Bij .~31n(]n~:i2 X,) + Bij cos(ki2 Xi)s
i=Ml+l,..., M1+N2
+e= -+ (-
Aij( ’exp(—xi‘z’xl) +Aij‘ ’exp(rf]fz’xl)
i=MIL+N2+1,...,M1+M2
_ ’ - r
Ji:j( 'sin(k{1) z)) + TiFj‘ ‘cos(k{t’ z,),
' i=1,...,N1
H O exp(k(V z,) + HE e -xt0 z)
ij i Wiy TR &T B
g{'j(—)(zl,zz) N i=N1"+1,...,M1
Zy — ®© - ! U
F‘;j‘ )sin(ki‘” z,) + Fig( ’cos(ki‘z”zl),

i=Ml+l,..., ML+N2’
!
E;j‘ ’exp(xi‘z’ zl)+Ei§‘ ’exp(-fci‘z"zz),
i=MI1+N2’, ..., ML+M2
i=1,...,M1+M2

N1 and N2 are the number of open vibrational states of the reactant
molecule BC in electronic states 1 and 2 respectively and N1’ and N2’
are the number of open vibrational states of the product molecule AB
in electronic states 1 and 2 respectively.

In order to construct the R matrix from the matrices of coeffi-

cients given above requires the construction of a super matrix 6.
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This matrix consists of an assembly of many submatrices of certain

of the above coefficients. The submatrices are.

(DF), = DHC o= Spwsnlls
= ij ij ? "
: j=1,...,M1
| 1
(D’+(w)) =D+(_) 1 ] :N
= TRy :
j=Ml+l, ..., M1+M2

i = N1+1,..., M1
(T, =l et
= g j=1,...,Ml

i=Nl¢l,..., M1
(¢’ vy, =iy | 1 N+’ d
= Y . W j=Ml+1, ..., M1+M2

= 1ess s NE
ST Sl AU o ol ¢ .
@y =T

2 j=1,...,Ml
L r
(), = £ 1»—1,...,le :
LU j =Ml+1,..., M1+M2
- £ !
T = s 1~N1'+1,...,M1
= o 7 j=1,...,Ml

s .o { =l . ns BT
s i W - L _
- oy " j=Mlsl,..., ML+M2

P - i=Ml+1,...,M1+N2
(B ), =BLY

4 j=1,...,M1

i=M1i+1 ..., M1+N2
(B’ T¢)., =BT |
- o j=M1+1,.,.,M1+M2

i = M1+N2+1, ..., M1+ M2
(A+‘"’).j =AFe
—_— 1 ?

1 j=1,...,M1
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(A_.-.-I-(-))ij =A“i"j(') ,

(_E-H-))ij = -i[-j(—) ’

rr() - (™)

+(=) Il G
(E )ij—Ei]' ’

reF =y i

j
i
j
i

]

= M1+N2+1, ..., M1+M2
=M1l+1,...,M1+M2
=MI1+1,..., M1+N2’
=1,...,Ml

= M1+1,..., M1+N2’

= M1+1,...,M1+M2

= M1+N2’, ..., M1+M2
= Ly ¢ w1

= M1+N2’,...,MLl+M2
=Ml+1,...,M1+M2

In terms of these submatrices, the 8 matrix is given by

ot D Dp*
¢ g g
AN S
E-F .I'_I_ gt
|y Bt
A" AT AT
F F~ | il
¢ & op

i’
H' ~
B'"
AT
F -

E'"

(A66)

This matrix has dimensions 2(M1+M2) x 2(M1+M2) and for the

. N - . =1 4 . .
R-matrix analysis its inverse 6 = is required. A matrix, ¥ some-

what analogous to b is now defined. It is given by
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i—l
+

1
2

+

el 1O
+
o
o |9
+

—

+

o]
+
| IUJ! |
e/
+

=
BR
|

-

L

J

~
1

1

(A67)

-
|

and has dimensions (N1 + N1’ + N2 +N2P) x 2(M1 + M2). The sub-

matrices are exactly analogous to the ones given above with the

upper bar inserted. The penultimate step is to form from Q_l a

matrix C which consists of the open columns of 5" only and has dimen-

sions 2(M1 + M1) x(N1 + N2 + N1’ + N2). Finally, a diagonal

z
(N1 + N1’ + N2 + N2’) x (N1 + N1’ + N2 + N2’) matrix K2 is defined by

lPk(J,)i%

1
k(l)!i:'a'

=
H_
N

1l

1
k(2)t2

o 3
k(27 2
s ol

where,

1 1

(1Ezy _pnEz

(lﬁl )1] ‘kil 5ij ’
1 5 1
(1yrxzy stz

(245 =Ky %

1 1
(E(z)iz)ij = ki(z)izaij ,

1 1
(2)7£2) _pt2)rEz
(122775 = k™72 0,

j 2

j’

(A68)
i=desses N1
i=1,...,N1’
i=MI1+1,...,M1+N2

i=ML+l,. .., M1+N2’

and ki, k. ‘2’ are given just after eq. (A28b) of Appendix 3 and k{*’’

and ki‘2’ " are the analogous quantities for the rearrangement channel.
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5ij is, in this context, the Kroneker delta function. Then in terms of

i
C, 8, and K? the R-matrix is given byz’ d

roj

1 ’
R=K*JCK (A69)

The R-matrix has dimensions (N1 + N1’ + N2 + N2’) x (N1 + N1’

+ N2 + N2') and in terms of it the S-matrix is given byl“3
$=(@-1iR(L+iR) . (A70)

Finally, the probability matrix P which gives the probability for the
system of reactants in a given initial state i to undergo a transition
to a final state f, e.g. reactive and electronically non-adiabatic is
given by

Pyp = |8 AT

We consider now a current density analysis of the scattering
wavefunction given in the traveling wave representation. Thus,

e e ) | 1 C i)
flexitx, kil ikt x,

2
& . ¢;1’(x2)+_fl(g_¥7>) 5,78
1= 1

| : _
I x, %) o X2 m, X)L

N1+N1'+N2 k(l) _‘:'_;_ ik(z)

FX
o0 ()] + x2aix,x) Y o) Sy Tl (x,)
i=NL+N1"+1 1

(AT2)
where I denotes the initial state 6f the reactants and i. denotes the final
state of the reactants. Eq. (A72) is the scattered wave for non-
reactive scattering which is sufficient for consideration of the properties

current density vector '(rel,x ,X,). Note we have dropped the closed
AL 10 X5
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channels since they necessarily make a zero contribution to

el
3 BB} s

By definition j\(y\el, X,,X,) is given by5

I

el

: *
e m,m) =R, (Y - (am3)

where in the collinear case
Vorlx 4%, AV (AT4)
N oxt ox, 2 ~el’

& is a dimensionless mass ratio chosen so that the definition ofj

given by (A73) is correct. We assert that the contributions made by

L
0X,

and x, motions are presumed to be bound. Thus, we need consider

X, and @V to j are identically zero. This is so because the £91

the £E~— x, term only. Performing the necessary differentiations and
1 .

multiplications yields the following terms;

N1 Nl k(l) ”‘k(l) l_
ol 1k X 1’(X)! + } Y. ik (Fn)) (k——c ) 8;
1 1! “ -1 o 3 ]I il
; = ]”‘
k1) - (1)
el( k )X 1¢51)¢S1)} +
k(l) 1 Kkl 1 l(k(z)_k(zl) ¥
c K * X
X252 Y Y ik (o) ) TSy Spe ) PP
i,§=N1+N1’ +1 SECK

- ' * .*a-a‘ ’ *aﬂ -;rr
)\?)\g{ JL+_X3X?{ }'+xf‘ "J:l:f'{ }’+X?E§f{ i %

a*aﬁz ’r a*a '-Jrr ‘
{ }” ’er‘g Xll }- T

In order to secure the scattering flux, these terms must be integrated

with respect to £e1 and x,. Doing the x, integration first yields for the
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guantities multiplying xf‘*Xf‘ and xg*xza very familiar expressions

for the flux associated with electronic states 1 and 2 separately and

we note that the remaining terms are non-vanishing. Finally, we
consider the £e1 integration. Making use of the fact that the xf’ form an

orthonormal set of functions we have that

N1  N1+N1'+N2
% : 2 g
i(xl):ﬁ[_kfl) " 7 kl(l)_ ISiI] + ? kl(l) _]S].I] ]+
i=1 j = NL+N1’ +1

h 0 & re -, 8"3' e
Al GG Rl - e g P s

o a ‘a '
ol b a2 b

Very c.u.r'iously we see that J contains terms in addition to the usual
expected contributions, i.e., the terms given explicitly; ' terms
which contain Born-Oppenheimer coupling terms {cf. eq. (12a)
of Section 2). It has been shown previously that the terms

a Sxia G - ; : a ax;” "
(Xi 'a—x‘; )elvarush identically, however, the terms (xi [»5—;2—)(?1(1 = j)
do not in general vanish. In fact we have that{ }//7 ={ /77"
and from previous results (eq. (11la) of Section 2) that (X? f%}x}‘?él:

a
A1 TNy
5.2 laxl >el’ hence we have that

N1 N1+N1’+N2
h 2 . 2
1= IL[—kil’_+ b3 kil’ !Sill B >, kit lsj_I' I+
i=1 j=N1+N1’+1

f a|od % | rrer
TLZIm (X]_ Iﬁ'}zéf)el{ } .
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do not necessarily

a
Thus, we stress that the terms involving (x2 l_lizgx J e
1

vanish. However, we can argue that they do indeed vanish since if
they do not this implies that the two-state coﬁpled .eqﬁations would
remain coupled asymptotically. This we have assumed does not
happen and, interestingly, we find here that this assumption must be
reiterated in order for the scattering analysis we have performed to
be valid. Thus, the vanishing of (xla l%‘?—é 1::tsg,fmp'cotically is not a

new assumption, although it is an essential one for our scattering

analysis. Therefore, /.f[(xl) becomes simply

. N1 N1+N1'+N2

2 2 2

I®) g e LKV + 0 KISyl ) K I8y ']
i=1 j=N1+N1’+1 -

A similar analysis of J can be made in the rearrangement channel

with the resilt that

" N1’ N1+N1’' +N2+N2’

; 2 2

J(z,) Z, — © Ii[ ). ki“ lSkI! % 7‘ kfl) ’SH{ ]
k=N1+1 1=N1+N1'+N2+1 '

From conservation of flux we must have that
/J\(Xl—a-x’+£}'\(zl—>oo):0 ’

and as a result that

N1+N1’ +N2+N2'

L s

{d

This confirms one property of the S-matrix. 1



484

References

1.

(1]

N. F. Mott and H. S. W, Massey, The Theory of Atomic Collisions
(Oxtord, London, 1965), pp. 388 - 394.

(a) D. G. Truhlar and A. Kuppermann, J. Chem. Phys. 56, 2232
(1972); (b) D. G. Truhlar, Ph.D. Thesis, ‘California Institute of
Technology (Pasadena, California, 1970), pp. 214 - 218.

A. Kuppermann, to be published.

D. J. Diestler and V. McKoy, J. Chem. Phys. 48, 2941, 2951 (1968).
L. M. Delves, Nuclear Phys. 20, 275 (1960).



485
PROPOSITION I
Abstract

Exact quantum calculations of the collinear H + H, —H, + H'
reaction using a realistic and modified potential energy surface have
revealed sharp resonant behavior in the reaction probability. We argue
that the reaction is vibrationally adiabatic, and hehcé that these
resonances are due to the presence of a one-mathematical dimensional
potential well along the reaction coordinate. We propose to calculate
these resonant energies and widths approximately by making use of
several bound-state stabilization methods (which have been successfully
tested previously on one-dimensional well problems) to compute the
resonant wavefunctions and energies. Soine preliminary results are

presented.
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Exact quantum calculations of the collinear H + H(v=0) —
H,(v'=0) + H' reaction have revealed striking resonant behavior in
the energy dependence of the POI§ reaction probability. 1 In one set
of calculations, using a modified H;" potential energy surface, two
resonances oc.cu_r at collision energies of 0.236 eV and 0.406 eV.
" The respective widths are approximately 0.01 eV and 0.005 eV.
Another set of calculations, making use of the realistic Preston and
Tully DIM H3+' potential Surface,.2 were performed and many resonances
were found. The calculation of the rea.qtion probability in both cases
required much computer time due to the many basis functions used in
‘the close-coupling type solution of the i%wo—-mathematical dimensional
Schrddinger equation. Since the H, surface (unmodified) contains a
deep well (-3.39 eV) relative to the separated reagents and products
it seems reasonable that it is the major source of the resonant behavior.
The modified surface has a well depth of 1.0 eV,
In natural collision coordinates (for collinear collisions) the
H,” motion can be decomposed into motion along and transverse to a
reaction coordinate. 3 In the adiabatic approximation it is assumed

4T Thus, the

that these two degrees of freedom are uncdupled.
two-mathematical dimensional scattering problem can be reduced to

a one-mathematical dimensional one. Negleéting curvature of the
reaction path the Schridinger equation for the scattering motion, given

in terms of the reaction coordinate s, is

- bk + V(9 + E4(9) - Bl () =0 . (1)
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V(s) is the potential energy along the reaction coordinate, £ ,(s) is the
local vibrational eigenvalue of the motion transverse to the reaction
coordinate, uis the reduced mass of the H3+ system (in a suitable
mass-weighted coordinate system) and E is the total energy of the H3+
system. The potential V(s) is shown in Figure 1 for the H3+ DIM surface
(labeled by a=0.0) and for the modified surfﬁce (labeled by o = 0. 5).

Within the adiabatic approximation we propose to compute the
resonance energies and widths associated with modified and unmodified
V(s) potentials given in eq. (1). Such a calculation would represent
the first attempt to find the resonances and widths associated with a
chemical reaction in this way. Before outlining the details of the
methods proposed to do this, a justification of the adiabatic approxi-
mation is made. . _ _ |

The reaction probability P0§ for both the modified and unmodi-
fied potential surfaces remained substantial, i.e., greater than 0,6
and 0.8 for the two surfaces respectively even though other reactive
channels were open. This, indicates that the reaction is reasonably
adiabatic asymptotically and hence gives some justification for assuming
a high degree of adiabaticity in the strong interaction region as well.

A stabilization method to compute the resonances and widths for
one-dimensional scattering equations (of which eq. (1) is an example)
based on the finite-difference boundary-value method (FDBVM) has
recently been given by Truhlar. 8 Briefly, the method calls for the
discretization of the second order differential equation (1) by a finite
difference approximation, making the wavefunction obey an arbitrary

boundary condition at some value (in our case two values) of the inde-
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pendent variable (typically the boundary conditions are §(s,) = ¥ (s,) = 0)

and then solving the resulting eigenvalue/eigenvector equation. The

bouhdary conditions are then changed a few times and a scan for
""stable' eigenvalues is made. Such eigenvalues correspond approxi-

9 have shown

mately to resonance energies. Also Hazi and Taylor
that the width associated to a given resonance I can be approximated
by the following expression:

de. 2€,

il 0 (2)

ds, s, + (Zh?%k /uT)

where €; is the ith stable eigenvalue and k, = (2p€) %/h'. Truhlar has
made use of (2) with success with the FDBVM. e
Another independent method (thoﬁgh related to the above one) to
calculate resonance energies and widths was proposed by Hazi and
Taylor. 9 In this method, which we propose to use also, a basis set
of N, L2 functions is chosen appropriately for the problem under con-
sideration. The Hamiltonian is diagonalized within this basis set and
eigenvalues and eigenfunctions are obtained. The number of functions
in the basis set is then changed several times and, as before, stable
eigenvalues are sought. Expression (2) can be used to calculate T'.
For the potentials shown in Figure 1an appropriate L2 b_asis set would
be harmonic oscillator wavefunctions. 11
In Table 1 we present some preliminary results on eigenvalue
stabilization for the unmodified potential V(s). The potential V(s) was

determined at 150 points and then a spline fit was made at a total of

700 points. The FDBVM was used to find eigenvalues for four sets of
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boundary conditions. The step size in the finite difference discretiza-
tion was 0.035 bohr. This should yield accuracy in the eigenvalues

- shown to 2 - 3 significant digits. As seen in the table (and indicated by
asterisks(*)) there are four stable eigenvalues: (0.030, 0.028, 0.027,
0.024), (0.041, 0.040, 0.043, 0.043), (0.106,0.101, 0.096, 0.088),

and (0.139,0.138, 0.139, 0.139). Taking the average for the four sets
we conclude that four resonances should occur in thé _H3+ system at
collision energies of 0.027 eV, 0.042 eV, 0.098 eV, and 0.139 eV.

The exact quantum results, though not very well resolved, show
resonances at approximately 0.014 eV, 0.03 eV to 0.04 eV, 0.100 eV,
0.140 eV, and higher energies. There appears to be some encouraging
agreement between the approximate and exact results. However, we feel
that more aippr.oximate calculations are réquired, especially on the modi-
fied V(s) potential. In that case there are two very well resolved exact
quantum oscillations which afford an excellent opportunity for testing

the approximate methods described above,
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Figure Cagtions 492

Figure 1: Comparison of the modified (@ = 0.5) and unmodified (@ = 0. 0)
H3+ potential energy surfaces along the reaction coordinate,

i.e., the (same) minimum energy path.



493

HIVd AOHANT WAWININ ONOTV 3FONVLISIJ

(A9) ADH AN

Figure 1



494
PROPOSITION II
Abstract

It is proposed that a three-body Ar potential energy surface be
calculated within the Thomas-Fermi-Dirac method as modified and
extended by Gordon and Kim. This potential energy surface, heretofore
unavailable, would be useful in assessing the importance of non-separable

three-body forces in the theory of liquids.
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It is well-established that for liquid Ar both microscopic as
well as thermodynamic properties are appreciably affected by a non-
separable three-body potential. This was convincingly demonstrated
in reéent molecular dynamics calcuations by Barker, Fisher, and
Watts. A In these calculations several thermodynamic properties of
liquid Ar were calculated, thése included the total energjr and pressure
as a function of temperature and volume. Agreement with experiment
was good when a three-body potehtial was included in the calculations.
Sherwood and .Prausnitzz’ 4 in numerical calculations of the tlﬁrd
virial coefficient for Ar found th_::it three-body contributions were signi-
ficant although they did not obtain very good agreement with experiment.
To quote from their conclusion section: "The third virial coefficient
is more sensitive to the shape of the potential function than is the
second coefficient.... The calculated contribution from nonadditive
attractive forces [the ones congidered by Sherwood and Prausnitz]| is
very significant.... The size of the correction raises the question
of the importance of three-body repulsive forces [i.e., short range
forcesj . < "3
The three-body.potential uséd by Sherwood and Prausnitz and

.Barker et al. is of the Axilrod-Teller form4
Viag =V (1‘121'231'13)_"3(1 + 3 cos ©, cos 6, cos O,),

where Tij are the distances between any two Ar atoms and 9i are the
interior angles of the triangle formed by the three Ar atoms. The
parameter v is related to the polarizability of the Ar atom « and the

long range two-body C, parameter by the express,ion5
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p=45aC,

This potential is the lohg-range three-body potential and cannot be
expected to be accurate when there is some overlap between any two
Ar charge densities. Therefore, the potential at short range must be
calculated from a different approach. A full Hartree-Fock or confi-
guration interaction calculation would be prohibitively costly and
probably unnecessary. We propose to calculate the short-range
and the long-range Ar, potential energy surface within the Thomas -
Fermi-Dirac (TFD) method6 as applied by Abrahamson and co-workers7
and as recently modified by Gordon and Kim. 8
In calculations of the short-range Ar, potential Abrahamson
assumed that the total electron density p could be written approximately
as the sum p =p, + p, where p, is the (known) charge density asso-
ciated with the ith isolated unperturbed Ar atom. With this assumption
the application of the TFD method is relatively simple. . Comparisons
‘with experiments and other potentials indicated that the TFD potential
with the assumed form for p gives an accurate representation of the
short-range repulsive part of the Ar, potential. Ta Recently, Gordon
and Kim, 8 making the same assumptions as previously about the
additivity of the densities p ;, extended the TFD idea by including a
correlation term in p taken from the uniform electron gas model. 10
The Ar, potential they obtained included the attractive well and overall
was in reasonably good agreement with results from previous semi-
empirical calculations and molecular beam experiments.

We propose to use the TFD method as extended by Gordon
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and Kim to calculate the Ar, potential energy surface. Briefly,
to calculate the interaction energy at a given value of the internuclear
distances R,,, R,;, and R,; requires an integration of the energy

density which can be written as

E(pi23) = Eé(Pms) + ET(pIZS) "‘ Eex(‘0123) * Ecorr(pms)

Ec’E E ,and E

7 Bex are respectively thQ bulk coulomb, kinetic,

~ Tcorr
exchange, and correlation energies. The interaction energy is

given by
| ' j 3 3 3
V(Ryz, Ris,Ryg) = Jdr; dr, dry E(py,,)n(123)

where r, is thé radius vector of the ith Ar nucleus and pi(ii) is the asso-

ciated electron density. In the expression above for the interaction

energy the nine-fold integration indicated above can be reduced to at

most a three-fold integration. Such integrations can be carried out

efficiently using the quadrature methods of reference 8. To generate

an extensive Ar, potential energy surface in this way would not

require substantial amounts of computer time. Also, an accurate

Ar density is available from Hartree-Fock claculations on Ar. 11
Once the Ar, potential is generated the non-separable three-

body térm would be determined by subtracting from the Ar, potential

the summed two-body potentials. The resulting three~body potential

could be compared to the Axilrod-Teller one and possibly spliced on

to it to generate a complete short-range and long-range three-body

potential.
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In addition to a re-calculation of the third virial coefficient the
two- and three-body radial distribution functions g2’ and g‘*’ could be
calculated for liquid Ar. The experiments of Mikolaj and Pings]'2
revealed a linear dependence on the density of g2’. This indicated
that the three-body potential in liquid Ar was non-negligible. Rushbrooke
and Silbert13 and Rowlinson14 then extended the hyper-netted chain
theory and the Percus-Yevick theories of liquids to include triplet

potentials. Thus, the ab initio calculations of g2’ and g3’ is possible

given that the three-body potential is known.
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PROPOSITION III
Abstract

It is proposed to make use of vibrational adiabaticity in three-
dimensional classical trajectory calculations tb decrease the computer
time for such calculations by as much as a factor of five. Such a re-
duction is necessary if quasi-classical forward and reverse reaction

cross-sections are to be calculated efficiently.
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The classical trajectory method has been used as reliable
guide to the details of bimolecular reactions, e.g. reaction cross-
section, vibrational. energy distributions, etc.1 However, the
expense in computer time is quite large. As an example, consider
the computer costs of the recently studied reaction F + H, (D,) —

FH (D)+ H (D).2 Typically, for each value of the collision energy and
for H, in a given rovibrational state 500 - 1000 trajectories are
performed. A reasonably cofnplete study including several rotational
states for the ground vibrational state and a scan of 10 collision
energies would require = 2 x 10" trajectories. The time to compute a
trajectory varies according to the computer used. Howevei', the way
in which trajectory calculations have been carried out has been unvarying
since 1965, 8 A time of 5 seconds per trajectory on a CDC 6600 has
been reported. ae In another studyze the time was 20 seconds per tra-
jectory on a CDC 7600, due mainly to the procedure for calculating the
FD, potential surface. Taking the former time as typical, a total of

~ 10" seconds = 3 x 10 hours of CDC 6600 time is required to make an
adequate stud;r of the F + H, (D,) reaction.

There are obviously two factors which cause the éomputer time
to be so exhorbitant. The first is the number of trajectories to be
performed and the second is the time per trajectory. The former factor

is probably immutable. However, there are several ways to improve
the second one. The time per trajectory is essentially determined by
the length of the trajectory. For reactions like F + H, the integration

is typically started when the F - H distance is of the order of 10 bohr
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and terminated at roughly the same distance. Thus, a trajectory
length of .say 18 bohr is probably typical. The rationale for choosing
the initial and final distance is based on there being a negligible inter-
action potential between F and H, at these distances.

We propose to reduce the computer time per trajectory by a
factor of five by decreasing the length of the trajectory by a factor of
five. We assert and propose to test that the F + H, reaction is to a good
approximation vibrationally adiabatic except in a small region of
configuration space where the curvature of the reaction path is large.
This region of space is roughly 3 bohr along the reaction coordinate;
hence a factor of 6 decrease in the length of the trajectory results and
a concomitant decrease in computer time.

We would perform the trajectory calculations by starting and
terminating the trajectory just before and after the region of strong
non-adiabaticity. The final vibrational and rotational action variables
would be calculated. From the fact that the reaction is adiabatic
away from the région of the numerical integration it would be straight-
forward to perform the asymptotic scatterihg analysis even though the
trajectory might be many bohr interior to the actual asymptotic region.
A speed-up of classical trajectory calculations by a factor of five
would help to make reverse quasi-classical trajectory calculations?'
feasible. In these calculations perhaps several times as many trajec-
tories would have to be performed as compared with standard forward
quasi-classical trajectory calculations. However, as recently shown

4

in collinear calculations of the F + H, and F + D, reactions™ the differ-

ences between forward and reverse results can be significant and hence
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both should be done.

Several studies of vibrational adiabaticity in classical trajectory
calculations have beeh carried out for the H + H, reaction. %8 Although
the focus was on vibrational adiabaticity of the product H, some results
were given as a function of the reaction coordinates. The results
generally indicated that although the reaction was not frery adiabatic
the vibrational action showed little variation with s outside of a region
of roughly 2 bohr straddling the saddle point of the potential energy
surface. @ Such results are encouraging, however, not necessarily
applicable to a highly exbthermic reaction like F + H,. Thus, a
vibrational adiabatic analysis should be carried out for this reaction
and to determine if a speed-up of a factor of five in performing the
classical trajectories can be achieved. | If it can, we would propose
to do the reverse three-dimensional quasi-classical trajectory calcu-
lations on the F + H, reaction by making use of the vibrational adia-
baticity in the reaction except near the saddle-point region of the
potential energy surface.

Finally, we note that while the above procedure may be valid
for the .vibrational degrees of freedom it may not be for the rotational |
ones. Depending on the desired output of the calculation this might
not be very important. However, it should be studied and the extent

of adiabaticity determined.
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PROPOSITION 1V
Abstract

It is proposed to solve the classical equations of motion perti-
nent to electron scattering by H and He at intermediate collision
energies, i.e., Ec 2 30 eV. Such an approach is capable of describing
direct and exchange collisions. A study of the transitions H(l"’S, +e —
H(2%S) + e~, and He(1'S) + e~ —He(2's) + e, He(_ﬁas) + e is proposed
and the possibility of utilizing semi-classical quantization of initial

and final states is explored.
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The use of classical mechanics in electron scattering by atoms
has been very limited. Approximate classical impulse treatments of
the ionization of H(1S) and (2S) by electron impact have been given. 1-3
Agreement with first-order Born claculations was good for collision
energies greater than several Rydbergs. To our knowledge no other
modern classical treatment of electron scattering has been attempted.
This is a little surprising since there is presently no universally
applied quantum approach to electron scattering. This is especially
true for the intermediate collision energy range, e.g. 50 eV - 100 eV
where first-order Born treatments are not reliable. Recent interest
in the Glauber4’ 2 and other so-called Eikonal .f:tpproximations6 points
clearly to the interest in a reliable, efficient means of doing inter-
mediate range electron scattering calculations., Unfortunately for
a system with more than two electrons, e.g. e  + He these Eikonal
approximations become rapidly inefficient.

The deBroglie wavelength of a 50 eV and 100 electron is 3. 3 bohr
and 2. 3 bohr respectively. It may be argued that these wavelengths
are small compared to the distance over which the coulomb potentials
changes appreciably, i.e., say greater than 10 - 20 eV for much of
the effective range of these potentials. Thus, a purely classical
approach to the scattering of electrons might give a reasonably accurate
description of some aspects of electron scattering in this intermediate
energy range. This assertion is based on two facts in addition to the
rough WKB criterion just given'.‘T One is that within the classical frame-

work the scattering of the electron by the full and rigorous interaction

potential can be calculated exactly for all impact energies. This in-
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cludes direct and exchange (reactive) scattering. An exact quantal
treatment of the scattering has not been carried out except at very

low energies and for elastic scattering8 because of the great numerical
difficulties.

We propose to carry out exact classical trajectory calculations
of the total and differential cross-sections for the following collision
processes:

e + H(18) — e  + H(28) (direct and exchange)
e  + He(1!8) — e + He(2!8), e + He(238)

These calculations will be quasi-classical in the sense that the H and
He atoms will be initially in approximate semi-classical 1S and 1S
eigenstates respectively. The prescription for forming the H atom 1S

9 45 is the fact

state from the Bohr-Sommerfeld rules is well-known
that the resulting energy eigenvalues are in exact agreement with the
rigorous quantum ones. A description a 14 Bohr-Sommerfeld of the

M8 misis 16 wes found Hiat the Bolm-

He(11S) has recently been given.
Sommerfeld energy eigenvalue is 4.3 eV greater than the exact one.
Quantization of the final state of the H or He atom is not proposed for
reasons discussed later. A crude assignment of a final state can be
made in the following way. A classical trajectory which transfers an
amount of energy AE to the atom contributes to the atomic transition
closest in energy to the energy of the initial atomic state plus AE.
More sophisticated methods of assignment are possible based on a

calculation of the action variables n’ and k1 1for hydrogen and (approxi-

mately) for He also. Since the collision energies we propose to consider
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are much in excess of the thresholds for the transitions given above,
we feel that the results of the trajectory calculations will not be very
sensitive to the scheme used to assign final states.

Our interest in the collision process e  + He(11S) — e~ + He(2!S)
is motivated by the very interesting experimental results which show a
rising differential cross-section (DCS) for scattering angles greater
than 45°. Between 0° and 45° the DCS decreases monotonically by
three orders of magnitude. 12 This striking behavibr of DCS is not
predicted at all by a variety of methods used to calculate the 1!'S — 228
trahsition, e.g. Born af)pfoximation. The Glauber approximation

13 does reproduce the qualitative behavior of the observed

caléulations
DCS, however, the quantitative agreement is poor. It is probable
that the behavior of this DCS is a dynamical effect not associated to a
quantum effect such as a resonance since the shape of this DCS is seen
at impact energies of 29.1 eV and 40 eV. Thus, we feel confident that
the classical approach outlined above will reproduce the experimental
results, at least qualitatively.

We have examined the possibility of applying the semi-classical

theories of Miller and Marcus14t

to the electron scattering processes
give'n above. These theories provide a rigorous semi-classical
description of both the initial and final states. Hence, the difficulty
associated with "quantizing'' the final in the quasi-classical approach
is overcome. However, an investigation of these methods revealed

a serious conceptual problem associated with the usual Bohr-Sommer-

feld description of the H(18) state (an analogous problem exists in

Miller's description of the He(1'S) stat-elo.) To illustrate this difficulty,
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consider the Bohr-Sommerfeld description of the H(1S) state. As is

well known this state results from the quantization rule11
p 6~ kh, k=1 (1)

where p 4 is the classical angular momentum of the electron. The

quantization associated with radial motion is given by15

Sgprdr:n'h, n =0 (2)

where b, is the radial momentum and _‘f signifies an integration over
one complete oscillation. The trouble is associated with the eq. (2).
Since n’ = 0 it appears as though the r-motion can be ignored. This is
the origin of the idea of circular Bohr orbits. In fact it cannot be
ignored, as a rigorous semi-classical description of the wavefunction
immediately indicates. The correct semi-classical wavefunction is
needed in the semi-classical theory. 18 Unfortunately the semi-
classical wavefunction coupled with eq. (2) predicts that the probability
of finding the electron with any value of r between its classical turning
points is a non-zero constant. Clearly, this makes no physical sense.
Indeed, the source of the problem is the fact that Bohr orbits violate
the se'mi—classicél uncertainty principle, [pr, i'] =ih. According

to the Bohr theory [pr’ r|] =0. Thus, the quantization condition (2)
must be modified to take account of the uncertainty principle (perhaps
by replacing n’ by n’ + 3 ) if the semi-classical method is to be used

in electron scattering applications to hydrogen and helium collisions.
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PROPOSITION V
Abstract
An exact quantum study of the collinear reactions

FCP, /D) + B, — HF + H
F(zPl/z) + H,— HF + H
F(p, ) + Hy — F(P, )+ H

is proposed. We intend to make use of our existing quantal program
to perform the calculations and to compare the results with the approxi-

mate pseudo-semi-classical ones of Tully. Also, an approximate quantum

factorization of the problem is suggested.
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The reaction of F with H, is of great interest since it is the
pumping reaction in the HF chemical laser. This has stimulated
much experimental and theoretical work in understanding the details
of the F + H, reaction. |

It has recently been pointed out that in the absence of spin-
oribt coupling only one collision in three of F + H, has a chance of
leading to reaétion. 1 This is due to the fact that only one of the P
orbitals of flourine bonds with the H atom to give a reactive potential
energy surface.2 Thus, the reasonable suggestion that rate constants
and reaction cross-sections computed by trajectory methods should be
scaled down by a factor of three was made,. 1 This statistical argument
is based on a neglect of spin-orbit coupling in the fluorine atom and
hence the argument is only approximately valid. &

Very recently approximate semi-empirical "diatomics-in-
molecules’ calculations of the relevant F + H, potential energy surfaces
and the spin-orbit coupling between them have been reported. £ The
reactions represented by these surfaces are:

(i) F(Pys)+ H, — FH+ H

(ii) F(zPl/z) +H,—» FH+H
(i) FCP, /) + Hy = (P, ) + H.

Reaction (i) can proceed (electronically) adiabatically, .however,
reaction (ii) cannot. It must non-adiabatically ""jump" to the electronic
surface associated with reaction (i). The coupling which affects such a
non-adiabatic transition is the spin-orbit interaction between F(zP3 /2)

and F(2P1 /2), enhanced by collisions with H,. Reaction (iii) is included
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since it represents a non-reactive collision which is nevertheless
electronically non-adiabatic.

We propose to calculate, quantum mechanically, the transition
probabilities for reactions (i) - (iii) for collinear collisions. We shall
make use of a computer program recently developed5 to perform the
calculations. There are several reasons for performing such a
calculation. First, no quantum calculations of electronically non-
adiabatic reactions have been reported. Second, several approximate
semi-classical dynamical theories of such reactions have recently
been c:levelopedﬁ“8 but remain untested against exact quantum calcula-
tions. An approximate version of one of these theories has been
applied to reactions (i) - (iii) recently. 9 A third reason has to do with
the nature of the spin-o_rbit interaction. The coupling is apparently
Mlstrongest in the near asymptotic region of the reagent channel. 4
This suggests that the quantal description can, to a good approximation,
be divided into two steps. The first would involve a calculations of
the "jumping'' probability amplitude which would be unrelated to the
reaction probability amplitude. Then, given the amplitude to be
"found" ih a particular surface the calculation of the reaction probability
could be carried out. Symbolically, the amplitude for reaction (ii)

could be written as
T =0 Tg b (1)
]

where t‘ji represents the amplitude to make an electronically non-
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adiabatic transi.tion from the initial state i to any intermediate state
j, i.e., a vibrational state of H, and 'rf]. represents the amplitude for
reaction to occur from the jth state to the final state f of the product
HF. Such a factorization could be tested by exact qﬁantum calculations
and if found valid, would be an extremely useful representation of
electronically non-adiabatic chemical reactions. |

Another point to be explored by exact quantum calcula.tiohs is
the choice of representation, i.e., diabatic or adiabaticw in which
the non-adiabatic coupling is to be expressed. The diatomics-in-
molecules approach can be formulated in either representation; the one
chosen in reference 4 is the adiabatic one. In this representation the
non-adiabatic coupling is affected by nuclear momentum operators

11 Such coupling is usually

acting on the electronic wavefunctions.
difficult to calculate in ab initio molecular quantum mechanics compu-
tations.of the electronic wavefunctions, whereas the diabatic coupling
is usually less difficult to calculate. Thus, we propose to do our
quantum calculations in both representations. A possible difficulty

in using the diabatic representation arises, however, due to the fact
that the diabatic coupling does not vanish in the limit of infinite
separation of the F and H, reagents. In a similar context, Mies has
argued for a mixed diabatic-adiabatic representation, 1= wherein the
coupling at infinity does vanish. WQ propose to investigate the possi-
bility of using such a representation and hence avoid this coupling at

infinite separation of the reagents. Another motivation for performing

the quantum calculations in both the adiabatic and diabatic representa-

¢
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tions is to see in which representé.tion eq. (1) is a better approxima-

tion.



517

References

.

.CDGD-JGUI#WNI—*

—
= O
- .

12,

D. G. Truhlar, J. Chem. Phys. 56, 3189 (1972).

N. C. Blais and D. G. Truhlar, J. Chem. Phys. 58, 1090 (1973).
J. T. Muckerman and M. D. Newton, J. Chem. Phys. 58, 3191 (1972).
J. C. Tully, J. Chem. Phys. §E, 5122 (1973).

J. M. Bowman and A. Kuppermann, unpublished results.

J. C. Tully and R. K. Preston, J. Chem. Phys. 55, 562 (1971).
W. H. Miller and T. F. George, J. Chem. Phys. 56, 5637 (1972).
T. F. George and Y.-W. Lin, J. Chem. Phys.

J. C. Tully, J. Chem. Phys. 60, 3042 (1974).

F. T. Smith, Phys. Rev. 179, 111 (1969).

See, for example, ref. 10 and references cited therein.

F. H. Mies, Phys. Rev. 7, 942, 957 (1973).



