


































































































































































































































so that 
x'(p) 
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g(p) 
2 • 

p 
( 4.20) 

Finally, from Equation ( 4.18), 

1 d (g(p)) _ g'(p) _ 2 g(p) _ 1 (((p) _ 2 g(p)) 
p dp P2 p3 P4 P2 P2 

{4.21) 

From Equation (4.20), it follows that x(p) = O(p2
) for small p and that x(p) -1-

logp/(2;r) asp -1- oo. 

Going back to the velocity field which solves Equation ( 4.13), one obtains 

u,,.(x, t) - -G(x) * ( (v'w ),,.(x, t) I\ ez) 

-
2
~ j log ('x x'I) ((v'w)cr(x', t) I\ ez) dx' 

- -x,,.(x) * (v'w(x, t) I\ ez) 

- L ~wP f x,,.(x - xP) f}xP ds (4.22) 
P lcP(t) 8s 

- L ~wP f 9cr(x - xP) (x - xP) ((x- xP). 8xP) ds. (4.23) 
P lcP(t) Ix - xPl 2 8s 

Equation ( 4.23) is obtained from Equation ( 4.22) through integration by parts. It 

should be preferred to Equation ( 4.22) in numerical computation because it is usually 

cheaper to evaluate numerically. A list of typical regularization functions is given in 

Table B.2. It is seen that the evaluation of x(p) is indeed more costly than the 

evaluation of g(p) because it involves the evaluation of a logarithm. 

Again, the velocity field u,,. is not obtained from taking the curl of a stream­

function but is obtained from solving Equation ( 4.13). Consequently, there is no 

guarantee that u,,. is divergence free. It turns out that, because the boundaries CP(t) 
are closed curves, u,,. is divergence free when (1 is a constant for each boundary. 

Notice that, at large distances compared with (1, the velocity induced by a point 

on a regularized contour is the same as if the contour were singular since 2;r g(p) -1- 1 

as p-1- oo. 

Again, as in the classical method of contour dynamics, the evolution equation 

for the contour CP(t) is taken as 

a 
OtXP(s,t) = Uc,(XP(s,t),t). (4.24) 

Of course, other schemes can be used. For instance, if the filaments are convected 

with some average velocity and if the smoothing (,,.(x) is used as average operator, 

one obtains, following Leonard (1980), 

fj
fjxP(s,t)=((,,.(x)*u,,.(x,t))I . (4.25) 
i X=XP(a,t) 
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As was the case for the three-dimensional method of filaments of w, Sec­

tion 2.2.2, the core size O' of the filaments of Vw I\ ez does not have to be a constant 

for all filaments and all times. Each filament can be assigned its own core size O'P 

which may depend on time O"P = <7P(t). For instance, one can use the model equation 

d 
- (<7P(t) £P(t)) = 0 
dt 

( 4.26) 

to ensure conservation of the area of vorticity gradient. With that choice, it is then 

wise to symmetrize the evolution equations by using O"pq = O'qp where O"pq is the core 

size used to compute the influence of filament q on filament p and conversely. Indeed, 

this choice leads to exact conservation of total circulation, linear impulse and angular 

impulse. 

Notice that the use of a core size that also depends on the material coordi­

nate s, <7 = <7( s, t) is a poor choice. Indeed, with this choice, the situation is very 

similar to the situation encountered with the method of regularized particles of Vw, 

Section 4.3.3, and the fields (Vw)u /\ ez and Uu are not anymore divergence free. 

4.3 A particle method for the vorticity gradient 

4.3.1 Singular particles of vorticity gradient 

The inviscid version of Equation ( 4.2) is an hyperbolic equation for the vorticity 

gradient which can be solved using a particle method (see for instance Raviart 1985, 

1987). In such a method, one uses particles of vorticity gradient that define the field 

( 4.27) 
p p 

Notice that an isolated particle has no physical meaning. These particles must 

be understood as being a discretization of a contour of Vw I\ ez, i.e., a::P(t) /\ ez is a 

little section of a contour of Vw I\ ez. 
From Green's theorem, the condition of vanishing vorticity at infinity gives, 

0 = f w dl = j V w dx = L a::P ( t) , 1s-oo p 
( 4.28) 

a consistency condition to be satisfied for all times. This condition is equivalent to 

the constraint that, in contour dynamics, the boundaries CP(t) must be closed curves. 

The velocity is obtained by solving Equation ( 4.6) with the particle represen­

tation of the vorticity gradient. This leads to 

u(x, t) = -G(x) * (Vw(x, t) I\ ez) 
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(4.29) 

( 4.30) 

Notice that Equation ( 4.29) is the exact solution of Equation ( 4.6) using the particles 

of vorticity gradient. Equation ( 4.30) is only a direct particle translation of Equa­

tion ( 4.8) and is only "allowed" when the particles are a good representation of a 

contour of Vw !\ ez, 

A few remarks have to be made at this point: 

• The particle representation of Vw!\ez is not generally divergence free as it should 

be. The method is thus inconsistent in some sense because a basis which is not 

generally divergence free is used to represent a field that should be divergence 

free for all times. As time evolves, the particle representation of Vw !\ ez could 

become a very poor representation of a divergence free field. 

• One can reconstruct a divergence free field from the particles by writing 

VwN (x, t) !\ ez = ~ [(aP(t) !\ ez) 8(x - xP(t)) 

-V ((aP(t) !\ ez). V (
2
1
7r log ('x -:P(t)I)))] 

- ~[ (8(x - xP(t)) - 21rlx -lxP(t)12) (aP(t) !\ ez) 

+2 ((aP(f) J\ E!z) · (x - xP(f))) (x _ xP(f))] . 
21rlx - xP(t)J4 

(4.31) 

• The velocity field ( 4.29) induced by the particles field ( 4.27) is also not generally 

divergence free. This is so because it is not obtained from taking the curl of 

a streamfunction but is obtained from solving Equation ( 4.6) on the particles. 

(There is actually no explicit knowledge of the streamfunction in the present 

formulation!). More specifically, 

V-(u(x, t)) = -
2
~ ~ (aP(t) !\ ez). V (log ('x -:P(t)I)) 

--
1 " ((aP(t) /\ ez) · (x - xP(t))) . 
~ ( 4.32) 

21r P Ix - xP(t)l 2 

The divergence of the velocity is small when the particles are aligned as if aP !\ ez 

were sections of a contour of Vw !\ ez, Indeed, if Vw !\ ez is almost divergence 

free, then Equation ( 4.6) guarantees that u is also almost divergence free. 
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• If the curl of Equation ( 4.29) is taken, one obtains the vorticity field 

w(x, t) = 
2
~ ~ aP(t). V (log ('x -:P(t)I)) 

J_ L (aP(t). (x - xP(t))) 
21r P lx-xP(t)l 2 ' 

and if the curl of that vorticity field is taken, one obtains 

v'(w(x, t)) ,\ e, = 2~ ~ v' (a'(!) , v' (10g ex - :•( t)f))) ,\ e, 

2~ ~ [ fx - !,(t)i' ( a'(t) "e,) 

( 4.33) 

-2 (aP(t) · (x - xP(t))) ((x - xP(t)) A aP(t))l (.4.34) 
Ix - xP(t)l4 

This field is divergence free since it is the curl of something. It is however not 

equal to the field given by Equation ( 4.31 ). It is maintained that both fields are 

very much alike when the particles are a good discretization of Vw A ez. 

In a method of particles of vorticity gradient, the evolution equation for the 

particle position and strength vector are taken in accordance with Equation ( 4.2), 

uP(xP(t), t) , (4.35) 

- ( aP(t). vr) uP(xP(t), t) 

1 (xP(t) - xq(t)) ~ - L I () ( )l 2 ((o?(t) A aq(t)) · ez), 21r 9 xP t - xq t 
( 4.36) 

q~p 

where uP(x, t) stands for the velocity field without the contribution of the p parti­

cle. The evolution equation ( 4.36) for the gradient of vorticity does not ensure that 

the consistency condition ( 4.28) is satisfied for all times. The method is thus not 

conservative. One might think that replacing the velocity field ( 4.29) by the almost 

equivalent velocity field ( 4.30) might make the method conservative. Unfortunately, 

it does not. 

4.3.2 Singular particles of vorticity curl 

A method of particles of Vw to solve for Equation ( 4.2) has been presented above. 

Because of the problems encountered with this method one might think of using a 
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method of particles of v'wAez and solve for Equation ( 4.4) instead, it might be hoped, 

with more success. In such a method, 

v'w(x, t) A ez = L ((v'w)P(t) A ez) SP 8(x - xP(t)) = L f3P(t) 8(x - xP(t)). (4.37) 
p p 

The consistency condition is now Lp f3P(t) = 0 for all times. With the same procedure 

as above, one obtains, for the velocity field induced by the particles, 

(4.38) 

( 4.39) 

Again, only Equation ( 4.38) is the solution of Equation ( 4.6) using the particle rep­

resentation of v'w A ez, Equation (4.39) is only a direct translation of Equation (4.8) 

and should only be used as long as the particle representation of v'w A ez is accurate. 

The evolution equations for the particles position and strength vector are now 

taken in accordance with Equation ( 4.4) 

( 4.40) 

(4.41) 

where uP(x, t) stand for the velocity field without the contribution of the p particle. 

This method does not ensure that the consistency condition ( 4.28) is satisfied for all 

times. It is thus also not conservative. Replacing the velocity field ( 4.38) by the 

almost equivalent velocity field ( 4.39) does not make it conservative either. 

The method of particles of v'w A ez is thus neither better nor worse than the 

method of particles of v'w. Notice that the two methods are not equivalent. Indeed, 

Equations (4.2) and (4.4) are only equivalent when v'•u = 0. Consequently, the 

method of particles of v' w that solves for Equation ( 4.2) is not equivalent for all times 

to the method of particles of v' w A ez that solves for Equation ( 4.4 ). Computations 

that start off with the same discretization (i.e., f3P(0) = aP(0)Aez) might not preserve 

for all times the orthogonality between f3P ( t) and aP ( t). The orthogonality is only 

preserved as long as v' •u '.::::'. 0, i.e., as long as the particle discretization of v'w A ez 

remains almost divergence free. 
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4.3.3 Regularized particles of vorticity gradient 

The regularized version of the method of particles of vorticity gradient is now ex­

amined. The necessary smoothing functions have already been introduced in Sec­

tion 4.2.2. In such a method, one uses regularized particles of vorticity gradient that 

define the field 

(Vw)u(x, t) = (er(x) * Vw(x, t) = L aP(t) (er(X - xP(t)) . ( 4.42) 
p 

The consistency condition ( 4.28) remains. The velocity field is now obtained by 

solving Equation ( 4.13) using the particles. This leads to 

Uer(X, t) -G(x) * ((Vw)u(x, t) A ez) 

-xu(x) * (Vw(x, t) A ez) 

- L Xer(X - xP(t)) aP(t) A ez ( 4.43) 
p 

~ I: 9er(X - xP(t)) (x - xP(t)) ((x - xP(t)) · (aP(t) /\ ez)). (4.44) 
P Ix - xP(t)l 2 

Again, only Equation ( 4.43) is the solution of Equation ( 4.13) using the particles of 

vorticity gradient. Equation ( 4.44) is only a particle translation of Equation ( 4.23) 

and is only "allowed" when the particles are a good approximation of a contour of 

Vw A ez. 
The same remarks that were made in the case of singular particles are relevant 

here 

• The particle field (Vw )er A ez is not generally divergence free. 

• One can reconstruct a divergence free field from the particles by writing 

("Jw );;' (x, t) i\ e. = ~ [( a'( t) i\ e,) (,(x - x'(t)) 

- V ( ( aP ( t) I\ e z) . V ( Xer ( X - xP ( t)))) l 
'\"""[( ( P( )) 9er(X - xP(t))) ( P() A ) 7 (er X - X t - Ix - xP(t)j2 a t I\ ez 

+ (2 9er(X - xP(t)) - (er(X - xP(t))) ((aP(t) /\ ez). (x - xP(t))) (x - xP(t))] 
Ix - xP( t) 12 Ix - xP( t)l 2 

( 4.45) 

• The velocity field ( 4.43) induced by the particles ( 4.42) is also not generally 

divergence free. This is so because it is not obtained from taking the curl of 
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a streamfunction but is obtained from solving Equation ( 4.13) on the particles. 

More specifically 

V-(uu(x, t)) - L (aP(t) I\ ez). v(xu(x - xP(t))) 
p 

" 9u(x - xP(t)) (( P( ) • ) ( P( ))) (4.46) - ~ Ix - xP(t)12 Cl:'. t I\ ez . X - X t . 

Again, when (Vw)u I\ ez is almost divergence free, Equation (4.13) guarantees 

that Uu is also almost divergence free. 

• If the curl of Equation ( 4.43) is taken, one obtains the vorticity field 

p 

and if the curl of that vorticity field is taken, one obtains 

V(w,r(x,t))/\ez = I:v(aP(t)•V(xu(x-xP(t))))/\ez 
p 

- I:[g,r(X - xP(t)) (aP(t) I\ ez) 
P Ix - xP(t)12 

- (2 9u(x - xP(t)) - (u(x - xP(t))) (aP(t). (x - xP(t))) ((x - xP(t)) I\ aP(t))]. 
Ix - xP(t)1 2 Ix - xP(t)l2 

( 4.48) 

This field is divergence free since it is the curl of something. However, it is not 

equal to the field given by Equation (4.45). Again, it is maintained that both 

fields are very much alike when the particles are a good discretization of the 

divergence free field Vw I\ ez. 

The evolution equations for the particles position and strength vector are taken 

( 4.49) 

Again, Equation ( 4.50) does not ensure that the consistency condition ( 4.28) is sat­

isfied for all times. The method is thus not conservative. 
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In the same way as for singular particles, one might want to use a method of 

particles of v'w I\ ez instead of a method of particles of v'w. The method presented 

in Section 4.3.1 can easily be translated into a regularized version but still remains 

non conservative. 

What about errors? The method presented here is strongly nonlinear because 

the velocity field depends on the particles. Consequently, a convergence analysis 

is likely to be as difficult as the convergence analysis for vortex particles in three 

dimensions. Moreover, it was shown that the method is not consistent for all times. 

Proceeding nevertheless with a convergence analysis for linear hyperbolic equations 

(Raviart 1985, 1987), one recalls that the error due to solving an hyperbolic equation 

with regularized particles is at best O ( O"r + ( h / (J' r). The exponent m is related to 

the number of derivatives that exist of the smoothing function ((p ). For most of the 

functions used in practice, m is large so that it is essential that the cores do overlap 

(i.e., o- / h > 1 ) for the second term in the error to vanish as a - 0. The exponent 

r is related to the moment properties of the smoothing function, that is ( (p) has to 

satisfy the integral constraint (4.12) together with 

fo00 

((p) pi+:, dp O, 2 :S s :Sr - 1 seven, (4.51) 

loo l((p) I PI+r dp < 00 . ( 4.52) 

In particular, it can be shown that r 2:'.: 2 as soon as J0= l((p)I p3 dp < oo. If, moreover, 

((p) is positive, then r = 2. 

For instance, the Gaussian smoothing (B.9) 

((p) = J_ e_P2/2 
21r 

corresponds tom= oo, r = 2. The low order algebraic smoothing (B.11) 

1 1 
((p) =; (p2 + 1)2 

( 4.53) 

(4.54) 

gives m = oo, r = 0 because Equation ( 4.52) is not satisfied. This function may thus 

be a poor choice because the first component of the error O ( o-r) doesn't vanish as 

O" - 0. The high order algebraic smoothing (B.13) 

2 1 
((p)=;(p2+1)3 (4.55) 

corresponds tom= oo, r = 2. This smoothing is thus as good the Gaussian smooth­

ing. It is however much easier to use than the Gaussian smoothing. Indeed, the 

g(p) and x(p) functions associated with the high order algebraic smoothing are much 

easier to evaluate than the functions associated with the Gaussian smoothing. A list 

of smoothing functions ((p ), and their associated g(p) and x(p) functions, is given in 

Table B.2. 
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4.3.4 Representation of viscous effects by the redistribution of particle 

strengths 

Despite the weaknesses of the method of particles of vorticity gradient, there is one 

feature that such a method allows for and that cannot be achieved with a contour 

method: the possibility of taking into account viscous diffusion. This property is a big 

advantage of the particle method over the method of contour dynamics. Indeed, with 

the method of contour dynamics, contours remain contours for all times and cannot 

undergo contour reconnection unless a sophisticated process of contour surgery is 

employed (Dritschel 1988). 

In the following viscous method of particles of vorticity gradient, the stretching 

term in Equation ( 4.2) will be treated in the manner presented in Section 4.3.3. The 

treatment of the viscous term was already presented in the context of regularized 

vortex particles, Section 3.3. The analysis presented there is still valid in the present 

context, with the following changes due to the fact that a function in two dimensions is 

now considered. Here, the function ((p) has to satisfy the integral constraints (4.12), 

(4.51) and (4.52), together with 

l:,o l('(p)I p2+r dp = 0 • 

The function T/u ( x) is here defined as 

with 

1 (lxl) TJ(T(x) = - T/ -
a-4 O" 

r,(p) = - ('(p) . 
p 

( 4.56) 

(4.57) 

( 4.58) 

With the same steps as in Section 3.3, one obtains, for the viscous method of particles 

of vorticity gradient, 

( 4.59) 

- ( o;P(t) · y'T) Uu(xP(t), f) 

+ 2 v L (SP aq(t) - sq o:P(t)) T/u(xP(t) - xq(t)). ( 4.60) 
q 

Notice that the viscous term is conservative. 

Again, one can develop a viscous method of particles of Vw I\ ez instead of the 

present viscous method of particles of Vw. 
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4.4 The method of filaments of vorticity curl and the method 

of particles of vorticity gradient with respect to the con­

servation laws 

In this section, the behavior of the method of filaments of vorticity curl (i.e., the 

method of contour dynamics) and of the method of particles of vorticity gradient 

with respect to the conservation laws is examined. The conservation laws for two­

dimensional unbounded flows are reviewed in detail in Appendix A. The reader is 

referred to that appendix for a review of some important results. 

Since the conservation laws are used as performance diagnostics when doing 

numerical computations, they are here referred to as diagnostics. 

The linear diagnostics are first examined. With the singular filaments ( 4.5), 

one obtains, using integration by parts, 

n = J w dx = - ~ J X. V w dx = _! L .6.wP I xP. (ez I\ axP) ds 
2 P lcP(t) as 

! L ,6.wP I ez. (xP I\ 8xP) ds 
2 P lcP(t) as 

L .6.wP AP , ( 4. 61 ) 
p 

where AP is the area of the p vortex patch, a constant for all times since the total 

circulation n is conserved, 

J X ( X . ( V w I\ ez)) dx 

- L ,6.wP f xP (xP. aaxP) ds ' ( 4.62) 
P lcP(t) s 

! J X y (x aw + y aw) dx 
2 ay ax 

! L ,6.wP { xP yP (xP aaxP - yP aayP) ds . ( 4.63) 
2 P lcP(t) s s 

With the regularized filaments ( 4.10), the integrals are evaluated using a polar 

coordinate system centered at xP. The above expressions for n and I still hold. The 

expression for A becomes 

( 4.64) 

where 

C = 27l" lXJ ((p) p3 dp. ( 4.65) 
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With the high order algebraic smoothing (B.13), C = 1. With the low order algebraic 

smoothing (B.11), C does not converge so that A is not defined unless n = 0. 

The method of singular filaments of Vw/\ez (i.e., the classical method of contour 

dynamics) conserves n, I and A. With the method of regularized filaments of V w I\ 

ez, these invariants are also conserved provided that aP = aP( t) only and that the 

evolution equation is symmetrized as explained in Section 4.2.2. 

The method of particles of Vw is now examined. For singular particles, one 

obtains, for the linear diagnostics, 

( 4.66) 

( 4.67) 

( 4.68) 

For regularized particles, the integrals are done using a polar coordinate system 

centered at xP. The above expressions for n and I still hold. More specifically, 

(4.69) 

This expression is identical to Equation ( 4.67) if the consistency Lp aP = 0 is satis­

fied. For the angular impulse, one obtains 

( 4.70) 

The inviscid method of particles of Vw does not conserve n, I and A. Actually, 

as seen in Section 4.3.1 and Section 4.3.3, the method does not even guarantee that 

the consistency condition Lp aP = 0 (i.e., f Vwdx = 0) is satisfied for all times. 

As also seen in these sections, the use of a method of particles of Vw I\ ez does 

not improve the situation. For the viscous method, the discretization of the integral 

approximation of the viscous term is conservative with respect to the consistency 

condition Lp aP = 0. Moreover, the integral operator is conservative with respect 

to the total vorticity Lp xP I\ aP, but the discretization of the integral operator is 

not. In fact, the situation is very similar to the situation encountered with the three­

dimensional method of particles of w, Section 3.3. The viscous part of the method 

conserves Lp aP = 0 and almost conserves ( up to a discretization error of the integral 

operator) Lp xP I\ aP. 
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The evaluation of the quadratic diagnostics, Hamiltonian E (i.e., kinetic energy 

when n = 0) and enstrophy £ is much more complicated than the evaluation of the 

linear diagnostics and is presented in detail in Appendix I. That appendix contains 

a lot of interesting information, such as the derivation of two different formulas for 

the evaluation of the energy E of a system of filaments of v'w /\ ez. 
The method of singular filaments of v'w /\ ez conserves E and £. The con­

servation of E and £ with the method of regularized filaments of v'w /\ ez was not 

investigated. The method of singular ( or regularized) particles of vorticity gradient 

was also not investigated, but there is numerical evidence that E ( E) and £ ( £) are 

not generally conserved. 

4.5 Numerical results 

In this section, some of the numerical results that were obtained with the inviscid 

and viscous versions of the method of particles of vorticity gradient are presented. 

The computations that were performed are not of great physical significance but they 

demonstrate the capabilities and weaknesses of this new method. Two problems are 

examined: the viscous diffusion of a circular vortex patch of uniform vorticity and the 

interaction, inviscid and viscous, of two circular vortex patches of initially uniform 

vorticity of the same sign. 

The computations are performed using the high order algebraic smoothing (B.13). 

As seen in Section 4.3.3, this smoothing ((p) has convergence properties that are sim­

ilar to those of the Gaussian smoothing (B.9) (i.e., m = oo, r = 2), but is much easier 

and cheaper to use. Moreover, the r,(p) function which is used for the treatment of 

viscous diffusion is strictly positive. This property is a necessary condition for good 

convergence as seen in Section 3.3. Finally, as seen in Appendix I, this smoothing is 

the only one for which closed form expressions for the semi-regularized Hamiltonian 

.E and the semi-regularized enstrophy £ can be obtained. 

The time integration of the evolution equations for the particles position and 

strength vector is done using the low storage Runge-Kutta scheme of order 3 (WRK3) 

introduced by Williamson (1980). The interaction in between particles is done using 

the O(N2 ) algorithm. 

For both computations, n =/- 0 and I= 0. Moreover, because of symmetry, the 

consistency condition Lp aP = 0 is trivially satisfied for all times. Thus, the only 

nontrivial diagnostics are n, A, E and £. These diagnostics are computed using the 

formulas given in Section 4 .4 ( for the linear diagnostics) and in Appendix I ( for the 

quadratic diagnostics). 



110 

4.5.1 The short time diffusion of a circular vortex patch of uniform vor-

ticity 

This problem is very simple from a fluid mechanics standpoint but it provides the 

numerical evidence that the viscous method of particles of vorticity gradient indeed 

solves for Equation ( 4.2). The initial condition is as follows. The circle radius is 

R = 1.0 . The thickness of the region where v'w is taken to be non-zero is Llr = 
.150. This thickness is discretized using 5 layers of particles, each layer being of 

thickness Llr /5 = .030. The distance h between particles in the radial direction is 

thus h '.:::'. .030. For each layer, N'P = 200 particles are used along the circumference 

so that the typical distance between adjacent particles is also 21r Rf N 'P '.:::'. .030 . The 

total number of particles is N = 1000. The particle strength is initialized with 

a(t = 0) = 100.0/3 for the middle layer and a(t = 0) = 0 for the other 4 layers (2 on 

each side of the middle layer). This choice gives a vortex patch with uniform vorticity 

w0 = (100.0/3) x (Llr/5) = 1.0 and for which the transition of the vorticity from 1.0 

inside the circle to 0 outside is fairly steep. 

Notice that there is no vortex stretching stretching in this computation. The 

particles only have to circle around with the appropriate change in strength vector 

orientation and the appropriate exchange of strength vector magnitude due to viscous 

diffusion. Notice also that the computation has to be stopped when viscous diffusion 

has reached significantly the outer layers. A longer time computation would require 

more layers of particles. This time could not be achieved because the interaction 

between particles is done using the O(N2 ) algorithm. 

The time integration is done up to t = 12.5 with Llt = .05. This time corre­

sponds to roughly one rotation of the vortex patch since uo(r = R) = w0R/2 = .50 . 

The viscosity is chosen so that viscous diffusion reaches the last layer of discretiza­

tion at about that time. The estimate is based on the one-dimensional spreading of a 

Gaussian distribution for the vorticity gradient accross the boundary with (}' 2 = 2vt 

and shows that v = 5.0 10-5 is appropriate. The core size of the particles of v' w is 

taken as (J' = .08, which satisfies the overlaping constraint since h '.:::'. .03 . 

The results are shown in Figure J.57 and Figure J.58. Figure J.57 clearly shows 

the spreading of the vorticity gradient accross the boundary of the vortex patch. 

Figure J .58 provides quantitative information that can be compared with theoreti­

cal results for conservation laws in two-dimensional unbounded flows (Appendix A). 

First, the total vorticity n is nearly conserved, as it should be, with !1(0) = 3.141593 

and !1(12.5) = 3.140923. Notice that the value at t = 0 corresponds exactly, as it 

should, to the theoretical value for the uniform vorticity patch with infinite vorticity 

gradient at the boundary, n = w0 1r R2
. In what follows, this reference state will be 
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referred to as the singular vortex patch. Notice also that the total vorticity begins to 

degrade very slightly at t = 5.0. As was the case with the viscous method of vortex 

particles, Chapter 3, Section 3.5, this degradation of total vorticity corresponds to 

a time when the outer layers are starting to "fill up". More layers would be needed 

for the particles of these layers to be able to diffuse as well (i.e., give some of their 

strength to another layer). 

The diagnostic related to the angular impulse A also behaves as it should. 

Indeed, A/ A( 0) almost follows the straight line predicted by theory, i.e., 

A ( vn ) -4 A(0) = 1 + -A(0) t = 1.0 + 1.974723 10 t . (4.71) 

In the present computation, one obtains A(0) = -.7853982- C <7
2 !1/2 = -.7954513. 

The first term corresponds exactly to the theoretical value for the singular vortex 

patch, namely A(0) = -w0 1r R4 /4. The second term is a correction term that comes 

from the fact that the vortex patch is already diffused a little bit a t = 0 . Numeri­

cally, one obtains, with <7 = .08, A(o) ~1 (0) = 2.138 10-4 which is close to the exact 

theoretical value 1.975 10-4 in Equation ( 4. 71 ). Notice that the particle core size <7 

is not fully specified by the requirements of the convergence proofs. The convergence 

proofs only state that it must be bigger than a typical distance between particles, the 

so-called overlaping condition o- / h > l. The strategy that was adopted is to choose 

the numerical value of <7 so that A initially behaves as it should. There is numerical 

evidence that a choice which is good at t = 0 remains good later on. For instance, in 

this computation, one obtains A(12.5) = -.7971898 instead of the theoretical value 

.7974148. 

The quadratic diagnostics are now examined. The enstrophy for the singular 

vortex patch is £(0) = w5 1r R2 = 3.141593. The numerical values for the semi­

regularized enstrophy are £(0) = 3.016029 and £(12.5) = 2.985759. The enstrophy 

decreases because of viscous diffusion. This decay cannot be compared to a theoretical 

value because the enstrophy does not decay at a rate proportional to the Hamiltonian 

E when n -:/- 0, i.e., when E is not the kinetic energy of the system (recall that the 

kinetic energy is not defined when n -:/- 0). 

The behavior of the Hamiltonian is now examined. ff the streamfunction for 

the singular vortex patch with uniform vorticity is recalled, 

w0 r
2 

w0 R
2 

[ ( r ) 1] 1/J = --- for r < R · lj,, = --- log - + -
4 ' 2 R 2 

for r > R, (4.72) 

one obtains, for the theoretical value of the Hamiltonian, E = ½ J 1/J w dx = -wJ 7r R4 / 16 = 

- .1963495. However, as explained in Appendix I, the Hamiltonian is only defined 
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up to a constant times the square of the total circulation when n =I- 0. One must 

thus expect to obtain numerically that E = -w51r R4 /16 - const (w0 1r R2 )2 where 

const is unknown. In the present computation, three quantities are evaluated: the 

semi-regularized particle Hamiltonian E = ½ f U 17 • u dx given by Equation (I.31), 

the singular particle Hamiltonian E = ½ f u · u dx given by Equation (1.16) ( with 

the choice of the arbitrary length scale a= G'), and the discretization, onto particles, 

of the Hamiltonian corresponding to singular contour dynamics Ecd = ½ f 'ljJ w dx, 

Equation (1.40) (also with a = G'). The numerical results are as follows 

• E and Ecd are equal with E(0) = Ecd(0) = -1.787353 and £(12.5) = Ecd(l2.5) = 
-1. 787526. Thereby providing the numerical confirmation that the velocity in­

tegral E in which the contribution at oo has been discarded is indeed the correct 

expression for the Hamiltonian even when O =/- 0. Moreover, the fact that E and 

Ecd are also equal for all times shows that the particle discretization of v"w I\ ez 
remains a good discretization of a divergence free field. This is to be expected 

since there is no stretching in this problem. Finally, one has, for this problem, 

the numerical value for const = .1612023. 

• The semi-regularized Hamiltonian is .E(O) = -2.182423 and .E(12.5) = -2.182410 . 

• E, E and Ecd seem to be conserved, but this is only due to the fact that the 

time of the computation is short with respect to a global viscous time scale (i.e., 

11t/R2 << 1). The Hamiltonian is indeed not conserved for unbounded viscous 

flows with non-zero total circulation n. For instance, it is easy to show that, 

for the self-similar Gaussian vortex, E = -02 [const + (1/8-:r) log(411t/a2)], so 

that dE/dt = -02/(8-:rt). 

In conclusion, this simple computation shows that the viscous method of par­

ticles of v"w is consistent with the equation it is supposed to solve, at least for some 

time. It also shows that the evaluation of the linear and quadratic diagnostics is 

correct. The method can thus, in principle, be used for the computation of physical 

problems where the vorticity gradient is only localized in some regions of the fl.ow. Of 

course, if it is desired to compute the long time diffusion of a vortex patch, then the 

method is not well suited because the vorticity gradient is then everywhere. Instead, 

one should then use the classical method of two-dimensional vortex particles, and 

add to the method the viscous integral operator that redistributes the circulations 

in between particles to account for viscous diffusion. This viscous method is easy to 

implement. 
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4.5.2 The short time interaction between two vortex patches of uniform 

and same sign vorticity 

In this section, the behavior of the method of particles of Vw is examined on the 

problem of the inviscid and viscous interactions between two initially identical cir­

cular vortex patches of same sign vorticity. This problem is more complicated and 

physically more interesting than the problem investigated in Section 4.5.1. First of 

all, there is a lot of stretching of the patch boundaries to be expected when the two 

vortex patches strongly interact with each other. Moreover, the fusion process of the 

vortex patches resulting in the reconnection of lines of Vw /\ ez can only occur if 

viscosity is present. In fact, the situation is very similar to that encountered with 

the fusion of two identical vortex rings in three dimensions, Section 3.5. In that case, 

the fusion process resulting in the reconnection of vortex lines can also only occur if 

viscosity is present. 

The initial condition is as follows. Both vortex patches are identical and are 

separated by a spacings= 2.0 center to center. The radius of each patch is R = .75 . 

The thickness of the region where Vw is expected to be non-zero is Lir = .125. 

This thickness is discretized using 5 layers of particles, each layer being of thickness 

Lir / 5 = .025. The distance h between particles in the radial direction is thus h ~ .025 . 

For each layer, Ncp = 250 particles are used along the circumference so that the typical 

distance between adjacent particles is 271"' Rf Ncp ~ .019. Thus, there are more particles 

than are initially needed, but this is done because intense stretching is expected to 

occur during the course of the computation. The total number of particles is N = 
2500 . The particle strength is initialized with a(t = 0) = 100.0/2.5 for the middle 

layer and a(t = 0) = 0 for the other 4 layers (2 on each side of the middle layer). This 

choice gives a vortex patch with uniform vorticity w0 = (100.0/2.5) x (Lir/5) = 1.0. 

The viscosity is taken as 11 = 1.0 x 10-4 • The core size of the particles is 

adjusted so as obtain the proper slope for the rate of change of A at time t = 0 ( see 

below). It is taken as o- = .065, which also satisfies the overlaping constraint since 

h ~ .019 .... 025 . The time integration is done up to t = 12.5 with Lit = .05. 

The results of the inviscid and viscous computations are shown in Figure J.59, 

Figure J.60 and Figure J.61. Of course, the inviscid computation is done with only one 

layer of particles. Figure J .59 gives the general picture of the flow. Both inviscid and 

viscous computations are presented. Notice the intense stretching of lines of Vw I\ ez 
in the interaction region between the two vortex patches. Both computations have 

to be stopped because of that intense stretching. The remedy would be to add more 

particles wherever needed but this was not done in the present computations. Notice 

also that the situation as far as stretching is concerned is worse for the inviscid case 
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than for the viscous case. Viscosity helps. Indeed, the viscous interaction between 

particles of opposite strength vector results in the destruction of steep gradients of 

v'w by viscous diffusion, thus leading to the reconnection of lines of v'w I\ ez. If it 

were not for the problems encountered with the excessive stretching, the two patches 

would probably have merged in a fashion similar to the fusion of vortex rings in three 

dimensions. 

Figure J.60 and Figure J.61 provide the quantitative information! i.e., the di­

agnostics. Before commenting on the results, the values of the diagnostics at t = 0 

are first examined. The total vorticity is n(O) = 3.534292 as it should be from the 

theory for the singular patches with n = 2 w0 1r R2
• The diagnostic related to the 

angular impulse A is A(0) = -2.264156 - C u2 n(0)/2 = -2.271622. The first term 

corresponds exactly to the theoretical value for the singular vortex patches, namely 

A( 0) = -( w0 1r R2 / 4) ( s2 + 2 R2
). The second term is a correction term that comes 

from the fact that the vortex patches are already diffused a little bit at t = 0 . Nu­
merically, one also obtains, with the choice u = .065, A(o) ~~ (0) = 1.3540 x 10-4 which 

is close to the exact theoretical value -11 n/ A(O) = 1.5558 x 10-4 
• The enstrophy for 

the singular vortex patches is £(0) = 2 w5 1r R2 = 3.534292. The numerical value for 

the semi-regularized enstrophy is £(0) = 3.381290 . For the Hamiltonian, the value 

at t = 0 can be evaluated using the streamfunction for the singular vortex patch 

with uniform vorticity, Equation ( 4. 72). It is a matter of simple integration to obtain 

E = ½ J tp w dx = -(w5 1r R4 /2)[log(s/ R) + 3/4] = -.8602391. Again, as explained 

in Appendix I, the Hamiltonian is only defined up to a constant times the square of 

the total circulation when n f. 0. Thus one must expect to obtain numerically that 

E = -(w51rR4/2)[log(s/R) + 3/4] - const(2w0 1rR2 )2 where canst is unknown. In 

this computation, one obtains, with the choice of the arbitrary length scale a = a, 

E(0) = Ecd(0) = -2. 794289 and E(0) = -3.293054. The fact that E(0) = Ecd(0) is 

again a numerical confirmation that the velocity integral E in which the contribution 

at oo has been discarded is indeed the correct expression for the Hamiltonian even 

when n f. 0. Finally, for this problem, the numerical value for canst= .1548452. This 

value does not correspond to the value obtain in the previous problem, Section 4.5.1. 

The time evolution of the diagnostics is also interesting. The inviscid computa­

tion seems to do slightly better up tot = 10.0 or so, because the diagnostics are better 

conserved. After t = 10.0, the viscous computation seems to perform better. Indeed, 

the presence of viscous diffusion helps reduce the effects due to the stretching of lines 

of v'w I\ ez by mutual destruction of particles of opposite orientation, and hence helps 

reconnect the vortex patches. For instance, the inviscid computation produces differ­

ent values for E and Ecd whereas the viscous computation still produces almost the 
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same value. This is precisely related to the important stretching not compensated 

by viscous diffusion and is an indication that the particle field of Vw I\ ez is almost 

divergence free for the viscous computation and is significantly non divergence free 

for the inviscid computation. 

In conclusion, it was not possible, in the present computation, to complete the 

interaction of the two vortex patches. It is however thought that it is only a matter 

of discretization, and that a scheme that is able to handle more particles (i.e., a 

O(N log N) scheme) or a scheme that is able to add particles wherever the stretching 

is important should solve the problems encountered with the present computation. At 

this stage, the method is still experimental, and no implementation of such schemes 

was made. 

A little parenthesis on the evaluation of the diagnostics: If, in the problem 

considered above, the sign of one vortex patch is changed, then an entirely new 

problem emerges with O = 0, I =J- 0 and A= 0. Also, since O = 0, the kinetic energy 

is finite and is given by the Hamiltonian E. The time evolution of the two such 

vortex patches was not computed, but the diagnostics at t = 0 were examined. For 

the singular vortex patches, it is a matter of simple integration to show that I= / ex 
with J = w0 s1rR2 = 3.534292 and that E = (wJ 1rR4 /2)[log(s/R) + 1/4] = .6117342. 

These are precisely the values obtained with the numerical evaluation of l(O) and 

E(O) = Ecd(O). The numerical evaluation of the diagnostics is thus also correct for 

problems with O = 0. For the semi-regularized energy, one obtains E(O) = .6077137. 
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Chapter 5 

Summary and conclusions 

Many conclusions that are specific to a chapter are outlined in the result section of 

that chapter. Some general conclusions are however in order. 

• The inviscid method of three-dimensional vortex filaments was investigated, both 

theoretically and numerically. For multiple-filament computations, convergence 

was reviewed. For single-filament computations, the modeling of a physical vor­

tex tube by a computational vortex filament was also investigated. In particular, 

a new regularization scheme was developed that reproduces the dispersion rela­

tion of the rectilinear vortex tube of unperturbed core structure (i.e., Kelvin's 

lowest perturbation mode). 

• The method of three-dimensional vortex particles (i.e., vortex sticks or vortons) 

was investigated, both numerically and theoretically. Both singular and regular­

ized particles were considered, and convergence of the regularized method was 

reviewed. The method has consistency problems because the particle vorticity 

field is not guaranteed to be divergence free for all times. Different evolution 

equations for the stretching of the strength vector were reviewed, and it was 

shown that one choice, the transpose scheme, leads, with the singular method, 

to a weak solution of the vorticity equation. This choice was also shown to per­

form better on the conservation laws for both the singular and the regularized 

methods. 

• A viscous version of the method of regularized vortex particles was developed, 

using theoretical developements due to Sylvie Mas-Gallic. This method accounts 

for viscous diffusion by redistributing the strength vectors between particles. The 

method proved very successful in modeling strong vortex tube interactions where 

viscosity plays an important role such as the reconnection of vortex tubes of 

opposite sign vorticity by viscous diffusion. In particular, the fusion of two vortex 

rings was computed at a Reynolds number of 400, and quantitative information 

was obtained and compared with experimental data. 
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• A new three-dimensional regularization function was proposed. It is referred 

to as the high order algebraic smoothing. This smoothing is algebraic, easy to 

handle in numerical computations and has convergence properties that are as 

good as those of Gaussian smoothing. The associated functions for the evalua­

tion of the streamfunction and the velocity are also easy to handle. Moreover, 

this smoothing is the only one known for which closed form expressions for the 

quadratic diagnostics ( energy, helicity and enstrophy) can be obtained. 

• The two-dimensional method of contour dynamics was reviewed, and it was 

shown that the method is actually a method of singular filaments of the vorticity 

curl. A regularized version of the method was developed. A particle version of 

the method was also presented. These particles are vector elements of vorticity 

gradient (particles that are vector elements of the vorticity curl can equally 

be considered). The particle method is to the method of contour dynamics 

what the method of vortex particles is to the method of vortex filaments in 

three dimensions. The particle method presents the same advantages ( explicit 

treatment of viscous diffusion) but suffers also the same consistency problems 

(the particle vorticity curl is not generally divergence free). Both singular and 

regularized particles were presented, and a viscous version of the method was 

also introduced. It was shown numerically that this method can account for 

the viscous reconnection of lines of vorticity curl (i.e., reconnection of patches of 

uniform vorticity of the same sign) in a manner similar to the reconnection of 

vortex lines in three dimensions. 

• Diagnostics proved very useful in assessing the accuracy of the numerical com­

putations with respect to known conservation laws. Both linear and quadratic 

diagnostics were used extensively. 

• In three-dimensional inviscid flows, vortex tubes retain their identity (i.e., their 

circulation) and move as material volumes. The method of vortex filaments, 

which is based on these simple facts, should be preferred to the method of vor­

tex particles when computing inviscid flows. Vortex filaments are simply more 

consistent than vortex particles because they insure that the vorticity field is 

divergence free for all times. Moreover, they are cheaper to use since they 

only amount to keeping track of computational points on a space curve. In 

two-dimensional inviscid flows, filaments of the vorticity curl also retain their 

identity (i.e., the jump of vorticity across them). The method of contour dy­

namics, which also relies on these facts, should thus be preferred to the method 

of particles of vorticity gradient or the method of particles of vorticity curl. 
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• For viscous flows, filament methods cannot generally be used because filaments 

do not necessarily retain their identity. The viscous method of vortex particles 

can be used in three dimensions and the viscous method of particles of vorticity 

gradient ( or the viscous method of particles of vorticity curl) can be used in two 

dimensions. There is numerical evidence that the explicit treatment of viscous 

diffusion helps solve the consistency problems associated with these vector par­

ticle methods by keeping the particle vector field almost divergence free for long 

times. 

• Addition of computational elements (i.e., remeshing) is necessary where stretch­

ing is important. In filament methods, the remeshing can be achieved by adding 

computational points along the filament itself ( using the parametric representa­

tion of the filament). In vector particle methods, the remeshing can be achieved 

by splitting a strength vector that is too long into two smaller ones. 

• A relaxation scheme that forces the particle representation of the vorticity field 

to be almost divergence free for all times, regardless of viscous diffusion, was 

developed and tested numerically. It was shown that this scheme performs suc­

cessfully when it is combined with the remeshing scheme. This relaxation scheme 

can easily be applied to the two-dimensional method of particles of vorticity gra­

dient (or particles of vorticity curl). 

• All methods investigated in this thesis are m urgent need of fast algorithms 

for the evaluation of the velocity field (from the vorticity in three dimensions 

and from the vorticity curl in two dimensions). In particular, it is believed 

that the combination of the viscous method of vortex particles and of fast al­

gorithms would produce a very powerful tool for the investigation of complex 

three-dimensional flows. 
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Appendix A 

Conservation laws for two- and three-dimensional 

incompressible unbounded flows 

In what follows, the density is taken as unity. 

A.1 Three-dimensional unbounded flows 

In the present section, only three-dimensional unbounded flows with zero vorticity at 

infinity are considered. The total vorticity is therefore zero. 

In inviscid flows, there are three linear invariants associated with the conserva­

tion of total vorticity, linear impulse and angular impulse 

n j wdx = 0, (A. l) 

I ju dx = i j x A w dx , (A.2) 

A j x A u dx = i j x /\ ( x /\ w) dx . (A.3) 

There are also two quadratic invariants associated with the conservation of kinetic 

energy and helicity 

E i ju · u dx = 1 j 1P • w dx , 

1{ j w • udx. 

E is also referred to as the generalized Hamiltonian. 

(A.4) 

(A.5) 

In viscous unbounded flows, the total vorticity n = 0, the linear impulse I and 

the angular impulse A are still conserved, but the kinetic energy E is not conserved. 

Indeed, taking the dot product of u with the momentum equation, and integrating 

over an unbounded volume, it is easy to show (Lamb 1932 and Batchelor 1967) that 

.!!:_ E = - 2 v j e · · e · · dx = - j <I> dx 
dt '1 

'
1 

' 
(A.6) 
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where eij = 1 (t + ~). The function ~ is called the dissipation function. From 

kinematics, it is easy to show (Lamb 1932) that 

~ = v w • w - v V·((u • V)u), 

so that one obtains, for unbounded flows, 

d 
-E = -v£ dt ' 

where 

£ = j w -wdx, 

(A.7) 

(A.8) 

(A.9) 

and is called the enstrophy. The rate of change of the kinetic energy is thus equal 

to (-v x enstrophy) and is always negative. Moffatt (1969) has shown that the 

helicity H measures the net linkage of vortex lines. Consequently, the helicity is 

not conserved in viscous flows because of the possibility of reconnection of vortex 

tubes. Notice that the enstrophy in not conserved in both inviscid or viscous three­

dimensional flows because of the stretching of vortex lines. The rate of change of 

the enstrophy is obtained by taking the dot product of w with the vorticity equation 

(Batchelor 1967). This leads to 

a (WiWi) a (WiWi ) - -- +- --u· at 2 axj 2 J 

a aw; W;Wjeij + VW;-a -a 
Xj Xj 

[ 
a a (w;w;) aw; awi] 

~~~+v -- -- ---ax- ax• 2 ox· ax J J J J 

so that, integrating over an unbounded volume, one obtains, 

d j jaw-aw--£ = 2 w·w·e--dx-2v -'-' dx dt i J IJ ax . ax . . 
J J 

A.2 Two-dimensional unbounded flows 

(A.10) 

(A.11) 

In inviscid two-dimensional unbounded flows with vorticity, there are three linear 

invariants associated with the conservation of total circulation, linear impulse and 

angular impulse 

n j wdx, (A.12) 

I J X A ( wez) dx ' (A.13) 

A - ~ J X A ( X t\ ( we z)) dx -~ j lxl 2 wdx 2 . (A.14) 
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When the total circulation n = 0, then I and A are the linear and angular impulse 

of the system, i.e., I= J u dx and A = ez · J x /\ u dx. When O =f 0, then the linear 

impulse and the angular impulse are not defined because the velocity only decays like 

1/r as r - oo. However, Equation (A.13) for I and Equation (A.14) for A are still 

well-defined, and they are still invariants. 

In inviscid flows, there are also two quadratic invariants associated with the 

conservation of kinetic energy and enstrophy, ( the helicity is zero since w · u = 0) 

E - i j 1/Jwdx, (A.15) 

£ j wwdx. (A.16) 

E is usually referred to as the Hamiltonian. When the total circulation n = 0, the 

Hamiltonian E is indeed the kinetic energy of the system, i.e., E = ½Ju • u dx. 

When n =f 0, the total kinetic energy is not defined, but the Hamiltonian E is still 

well-defined. Notice the difference with three-dimensional inviscid flows for which the 

enstrophy £ is not conserved because of the stretching of vortex lines. 

In viscous two-dimensional unbounded flows with vorticity, n and I are still 

conserved. A is conserved only when n = 0. More specifically, it is easy to show 

(Dritschel 1985) that 

! (-1 j lxl 2 wdx) = -v j wdx- j(x • u)wdx. (A.17) 

The first term is constant since the total circulation is conserved. The second term is 

shown to vanish from kinematics ( using integration by parts). One is thus left with 

d 
-A(t) = -vO(t) = -vn 
dt 

(A.18) 

which gives, for all times, the surprisingly simple result that A increases linearly in 

time, i.e., 

A(t) ( 110 ) 
A(0) = l + -A(0) t. (A.19) 

This result is very useful since it can be used in viscous computations with n =f O as 

a check on the treatment of the viscous term. 

The enstrophy £ is not conserved in viscous flows. Moreover, when the Hamil­

tonian E is the kinetic energy of the system (i.e., when n = 0), it decays at a rate 

which is proportional to the enstrophy, 

(A.20) 

This result is also very useful since it can be used in viscous computations with O = 0 

as a check on the treatment of the viscous term. 
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Appendix B 

The connection between regularized 

three-dimensional vortex filaments and 

regularized two-dimensional vortex particles 

The connection between regularized three dimensional vortex filaments and regular­

ized two-dimensional vortex particles is examined. The problem of interest is to find 

the two-dimensional vorticity distribution that corresponds to the projection, into 

the plane, of a straight three-dimensional vortex filament perpendicular to the plane. 

The results of this appendix are used extensively throughout this thesis. 

In what follows, the subscript "3" is used for regularization functions of three­

dimensional vortex filaments, and the subscript "2" is used for regularization functions 

of two-dimensional vortex particles. 

B .1 The general case 

For a regularized three-dimensional vortex filament, one has 

r / _!_ (
3 
(Ix -x'I) ax' ds', 

le o-3 a 8s' 

(~) ( lc 93 (1 ') ax' I 

u(1 x) = -r I 13 (x - X /\-ads ' c x - x' s' 
(B.l) 

where x' stands for x(s', t) and g3 (p) = fcf (3(t) t2 dt. If the filament is straight, 

then the velocity that it induces is circumferential and is obtained by integrating 

the velocity (B.1) along the filament. If the filament is aligned with the ez axis, 

u(1(x) = u(1(r) e8 , with 

(B.2) 
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where r = (x2 + y2 )½ is the distance to the point at which the filament crosses the 

x-y plane. Making the substitution t 2 = (r2 + z2)/o-2 in Equation (B.2) leads to 

( ) _ (£)? (~) 2100 
93(t) dt _ r 92 (;) 

Uu r - r - o- r/u t2 (t2 _ (r/o-)2)½ - r 
(B.3) 

A two-dimensional velocity smoothing function is thus obtained, 

2100 93(t) 92(P) = 2p ldt. 
p t2(t2 _ p2)2 

(B.4) 

For the vorticity distribution, one obtains, integrating the vorticity (B.l) along the 

filament, Wu(x) = Wu(r) ez, with 

rjoo -;(3 ((r2+z2)½) dz -oo (J" o-

r 2.100 t (3(t) dt = r ..!_ (2 (~) 
o-2 r/u (t2 - (r/o-)2)½ o-2 0-

(B.5) 

A two-dimensional vorticity distribution is thus obtained, 

. 100 t (3(t) ~2(P) = 2 l dt . 
p (t2-p2)2 

(B.6) 

The two-dimensional functions are related through the circulation condition 92 (p) = 
ft (2 ( t) t dt, where 21r92 (p) is the fraction of circulation within the dimensionless 

radius p. The relations that allow one to find the two-dimensional functions, ( 2(p) 

and g2(p), given the three-dimensional functions, (3 (p) and 93 (p), are thus defined. 

The following is a very useful formula that gives g2 (p) directly from (3 (p) (Leonard 

1985) 

92(p) 

(B.7) 

B.2 Some examples 

The three-dimensional Gaussian smoothing 

( ) 1 -p2 /2 
(3 p = (21r)½e , 
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(B.8) 

gives, using Equation (B.7), 

(B.9) 

thus showing that the projection of the three-dimensional Gaussian smoothing gives 

the two-dimensional Gaussian smoothing. 

The three-dimensional low order algebraic smoothing 

3 1 
- ~' 41r (p2 + 1) 2 

1 p3 

41r (p2 + l)i ' 
(B.10) 

gives, using Equation (B.4), 

1 2100 t 1 d -p l l t 
211" p (t2+1)2(t2-p2)2 

1 100 
du p2 

21r o (u2 + (p2 + 1))½ 
1 p2 

21r p2 + 1 ' 
1 d 1 1 
P dp92(p) =; (p2 + l)2 , (B.11) 

thus showing that the projection of the three-dimensional low order algebraic smooth­

ing gives the two-dimensional low order algebraic smoothing. 

The three-dimensional high order algebraic smoothing 

(3(p) 
15 1 
8 7 ' 7r (p2 + 1)2 

g3(p) 
1 p3 (P2 + 1) 

(B.12) 
47r (p2 + 1 )½ ' 
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gives, using Equation (B.4) and [43], 

1 2100 t (t 2 + 1) 1 
92(P) = -p 1 ldt 

21r p (t 2 + 1)2 (t 2 - p2)2 

- 1 p2[roo u2 du+(p2+5) 1
00 

du l 
21r lo (u2+(p2+1))f 2 lo (u2+(p2+1))i 

1 2 [ 1 1 ( 2 5) 2 1 l 
21/ 3 (p2 + 1) + p + 2 3 (p2 + 1 )2 

1 p2(p2 + 2) 
- 21r (p2 + 1 )2 ' 

1 d 2 1 
(2(p) = pdpg2(p) =; (p2 + 1)3' (B.13) 

thus showing that the projection of the three-dimensional high order algebraic smooth­

ing gives the two-dimensional high order algebraic smoothing. 

Finally, the three-dimensional constant smoothing 

(
3
(p) = { 4~ for p <_ 1 

0 otherwise , 

·( ) { -4
1 

p3 for p < 1 93 p = 1f 

4~ otherwise , 
(B.14) 

gives ( 2(p) = 0 and g2(p) = l/21r for p > 1. For p < 1, the use of Equation (B.7) 

leads to 

(B.15) 

In this case, the projection of the three-dimensional constant smoothing does not give 

the two-dimensional constant smoothing, i.e., the two-dimensional constant vorticity 

core. This is a surprising result which shows that one must be careful when making the 

connection between three-dimensional and two-dimensional regularization functions. 

There actually exists a three-dimensional smoothing that leads to the two­

dimensional constant vorticity core and which was found by trial and error (indeed, 

finding g2(p) and ( 2(p) given g3(p) and (3 (p) is easy to do using the formulas of 

Section B.1, but the opposite is difficult !). This special three-dimensional smoothing 

is given by 

{ 

..1. 1 for p < 1 
(3(p) = 011'2 (J-p2)½ 

otherwise, 
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{ 

2;2 (arcsin p - p( l - p2 )½) for p < l 
g3(p) = _l 

otherwise. 
411" 

(B.16) 

Notice that this smoothing can be used without problems in the velocity integral (B.l) 

since g3 (p) is O(p3 ) for small p. Although the three-dimensional vorticity smooth­

ing (3 (p) diverges as p -+ 1, the filament vorticity distribution is well-defined since 

one integrates along the filament as shown in Equation (B.l ).The projection of this 

three-dimensional smoothing is done using Equation (B. 7). It leads to ( 2 (p) = 0 and 

g2(P) = 1/21r for p > 1 and to 

(B.17) 

for p < 1. Thus the two-dimensional constant smoothing that corresponds to a 

constant vorticity core has been recovered. 

The regularization functions that were discussed in this appendix are summa­

rized in Tables B.2 and B.1, together with other regularization functions and addi­

tional information such as the function x(p) and the convergence properties (i.e., the 

exponents m and r). 
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x(P) ((p) = _v72x(p) g(p) = ft ((t) t2 dt m r 

=- <e
2 -r..' <ell' p2 

= - (e ~<ell" 
0 

1 1 .1... 1 I PJ 
00 0 ~ /o2+l)I72 4ir /o2+1)-!>72 4ir /02+1\372 

Low order algebraic; ((p) > 0, T/(P) = -('(p)/p > 0; no convergence since r = 0; 

yields low order 2-D algebraic when projected in 2-D. 
1 {e"+3/2) .!.§. 1 -1. e3 <e~+s~2) 00 2 411' (02+1)372 Bir (o2+1)r72 4ir /o2+1)5 2 

High order algebraic; ( (p), T/( p) > 0; yields high order 2-D algebraic. 

4~ ;erf (/12 ) 
1 -p2 /2 

(2ir)372 e 4~ ( erf ( fe) -
(~)1/2 pe_P2/2) 

00 2 

Gaussian; ((p), T/(P) > 0; yields 2-D Gaussian. 

((p) > 0, T/(P) 10. 

4! sech2(p3) 4~ tanh(p3) 00 2 

((p) > 0, T/(P) 10. 

4~ (;erf (fe) + 1 (5 .i-) -p
2 /2 

(2ir)3!2 2 - 2 e 4~ ( erf ( fe) - 00 4 

1 -p2/2) 
(2ir )1 ]2 e (¾)1/2 p (1 - 2r) e_P2/2) 

Super-Gaussian; ((p), 11(p) 'f 0. 

The functions below have, for p > 1, 
_1_ 0 -1. 
4irn 4ir 

and, for p < 1, 

p,~(3 - p2) 3 -1.p3 1 2 411' 4ir 
Constant; does not yield 2-D constant. 

1 (arcsine+ 1 1 ~ ( arcsinp- 2 ~ p ;J' (l-p2)lf2 -

( 1 _ p2)1/2) p(l _ p2)1/2) 

Special smoothing that yields 2-D constant. 

Table B.1: Three-dimensional regularization functions 
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x(P) ((p) = v2x(P) g(p) = ft ((t) t dt m r 
= (px'(p))' 

0 

4~ log(p2 + 1) 1_1_ ..1._L_ 
00 0 11" (02+1)2 211" o2+I 

Low order algebraic; ((p) > 0, TJ(p) = -('(p)/p > O; no convergence since r = 0. 

4~ (log(p2 + 1) + l:1) 
1_1_ ..1 e~<e~+2> 

00 2 11" 7o2+1)3 211" (o2 +1 )2 

High order algebraic; ((p ), TJ(p) > 0. 

4~ ( log ( f) + E 1 ( f) ) ...Le-P2/2 
2,r 2~(1 - e_P2/2) 00 2 

Gaussian; ((p), TJ(p) > 0. 

¾ sech2(p2) 2~ tanh(p2) 00 2 

((p) > 0, T/(P) 1 0. 

1..il::.e:l ..1 e"<e~+3e"H> 00 3 11" (02+1)• 211" (02+1 )3 

Super-algebraic; ((p ), TJ(p) 1 0. 

4~ (tog ( f) + E1 ( f) -
e-P2 /2) 

...L (2 - £:) e_P2/2 211" 2 ..1.(1-211" 

(1 - 2r) e-P
2
/2) 

00 4 

Super-Gaussian; ((p), TJ(p) 1 0 . 

...L .:!.iJ..el t:(1 - Jo(p)) 00 00 211" 0 

((p), Tf(p) 1 O; spectral like convergence since r = oo. 

The functions below have, for p > 1, 

2~ log p 0 1 
21r 

and, for p < 1, 

}11"(p2 - 1) l ...Lp2 1 2 11" 2,r 
Constant. 

2~ (log(l + (1 - p2)112)-

½{1 _ p2)3/2 _ (1 _ p2)1/2) 

2! ( 1 _ p2)1/2 2111"(1 _ (1 _ p2)3/2) 2 2 

Projection of 3-D constant smoothing. 

_l _e-l/(l-p2
) ..1.(1- 00 2 

1r E2(l) 2,r 

( 1 - p2) E:i ( ~) ) 
. E2(l) 

Only smoothing which is C00 and of compact support. 

Table B.2: Two-dimensional regularization functions 
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Appendix C 

Mathematical derivations needed in the 

development of a three-dimensional velocity 

smoothing that reproduces Kelvin's lowest mode 

dispersion relation. 

The principles that lead to a three-dimensional velocity smoothing that best repro­

duces Kelvin's lowest mode dispersion relation are outlined in Section 2.4.3. 

First, the evaluation of the inverse Fourier transform of Q( l) given by Equa­

tion (2.117) is examined. The parameter c2 is real and positive so that Q(l) is real 

for l real. In what follows, the definition of Q( l) is extended to the complex plane so 

as to be able to evaluate the inverse Fourier transform of Q( l) using integration in 

the complex plane [23]. Q(l) is first rescaled by writing 

where 

1 + /2 log /2 

u = T/ + iµ, T/, µ real and positive, 

u is the complex conjuguate of u , 

e = (1 + (1/4 - 1)/c2)/(2c2
), 

µ2 = (1 - (1/4 - 1)/c2)/(2c2
). 

(C.l) 

Notice that one needs c2 > 1 - 1/4 = .32722 fore and µ to be real. This inequality 

will be satisfied because the best fit to Kelvin's dispersion relation occurs at c2 = 1.43. 

With the above scaling (C.l), it is easy to show that Q(p) = 4 P(2p), where P(p) is 

the inverse Fourier transform of P( l). 
The inverse Fourier transform of P( l) is done by considering each term sepa­

rately, i.e., 

A A A , 1 l2 log l2 

P(l) = P1(l) + P2tl) = c4([2 + u2)(/2 + u2) + c4(/2 + u2)(/2 + u2) ' (C.2) 

where the denominator of each term can be factored as 

(C.3) 
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First, the inverse Fourier transform of Pi ( l) is considered, 

1 1= eilp 

Pi(p) = 21rc4 -oo (l + iu)(l - iu)(l + iu)(l - iu) dl. (C.4) 

Since p > 0, the contour integral on the contour C = C1 + C2 as shown in Figure J .19 

is considered. The integral on the upper half circle C2 vanishes as R -+ oo by use of 

Jordan's Lemma. Making use of the Residue Theorem, one then obtains 

The evaluation of the inverse Fourier transform of P2 ( l) is more difficult. The 

contour C = C1 + C2 + C3 + C4 shown in Figure J .20 is used, and therefore, 

1 1= 12 log /2 eilp P2(P) = - ___ _;;_ ____ dz 
21rc4 -= (l + iu)(l - iu)(l + iu)(l - iu) 

1 [ r= [2 log /2 eilp l 
1rc4~ Jo (l+iu)(l-iu)(l+iu)(l-iu)dl 

(C.6) 

Notice the two branch cuts of the function log /2 respectively on the positive and 

negative real axis. The real part of the integral on C1 is the integral of interest. The 

integral on C2 is shown to vanish as R-+ oo by use of Jordan's Lemma. The integral 

on C4 is done using a small quarter circle of radius t and vanishes as t -+ 0. Finally, 

the integral on C3 gives, with the substitution l = it, 

(C.7) 

The first integral in Equation ( C. 7) is purely imaginary since it is equal to i times 

a real integral. It will thus not be of interest. Use of the Residue theorem for the 

contour integral on C gives 

··•di= - Res ---------- = --1 2i ( l2logl2ei1
P ) 1 (ulogp(-u2)e-pu) 

c c4 (l+iu)(l-iu)(l+iu)(l-iu) l=iu c4 (u2 -u 2) ' 

(C.8) 

where logP stands for the principal logarithm. Combining all the terms of interest, 

one obtains 

A(p) = ~ [ r= __ t_2e_-p_t -dt- ~ (-ul_og_,_P_(-_u2_)_e-_pu)] 
c4 Jo (t2-u2)(t2-u2) (u2-u2) 

(C.9) 
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Adding Pi(p) and Pi(p) to obtain P(p), and recalling that Q(p) = 4P(2p), one 

:finally obtains 

Q(p) = 

The function Q(p) must now be integrated according to Equation (2.114) in or­

der to obtain q(p ), the three-dimensional velocity smoothing that reproduces Kelvin's 

lowest mode dispersion relation. Hence, 

The first and third integrals in Equation ( C.11) are easy to carry out, 

4
~

2 
( 1 - (1 + 2pu)e-2pu) , 

1
_ (u3 (1 + 2pu)e-2pu - u3 (1 + 2pu)e-2pil) 

4(uu)3 

(C.12) 

The second integral in Equation ( C.11) is more difficult and is done by interchanging 

the order of the t and y integral ( assuming it converges uniformly, an hypothesis 

confirmed a posteriori). One writes 

(C.13) 

The first integral in Equation (C.13) is done extending the integral from -oo to oo 

and using contour integration as in Equations ( C .4) and ( C .5). It leads to 

! [00 1 dt _ i1r ( u + u) 
2 lo (t 2 - u 2 )(t 2 - u2 ) - 4 (uu)(u 2 - u2 ) • 

(C.14) 
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The second integral in Equation (C.13) is done using a partial fraction decomposi­

tion of the denominator and recalling the definition of the Exponential Integral of a 

complex argument 

E1 ( z) = :::_ dt , 1
00 -t 

z t 
Jarg zl < 1r • 

It leads to 

1100 e-2pt 
- -----dt 
2 o (t2 - u 2)(t 2 - u2 ) 

= 1 [.!. (- /oo e-2pt dt + loo e-2pt dt) 
4( u2 - u2 ) u lo t + u lo t - u 

+.!. ( /00 e-2pt dt - roo e-2pt dt) l 
u lo t + ii lo t - ii 

= 
4

(u2 ~ u2 ) [~ (-e2puE1(2pu) + e-2puE1 (-2pu)) 

+¾ ( e2puE1 (2pu) - e-2puE1 (-2pu))] 

= 
2

(u2 _ ~ 2 )(uu) ~ (u (e- 2puE1 (-2pu) - e2puE1(2pu))) , 

(C.15) 

(C.16) 

where use has been made of the symmetry relation E1 (.z) = E1(z). The third integral 

in Equation (C.13) is done in a similar way and leads to 

1
00 t e-2pt 

------dt 
o (t2 - u2 )(t2 - u2 ) 

=--- --dt+ --dt- --dt- --dt 
1 [loo e-2pt 1= e-2pt 100 e-2pt 100 e-2pt l 

2( u2 - u2 ) o t + u o t - u o t + u o t - u 

= 
2

(u
2 
~ u

2
) [e2puE1(2pu) + e-2puE1(-2pu) - e2puE1(2pu) - e- 2puE1(-2pu)] 

(C.17) 

Combining the integrals appropriately and making some algebraic simplifications, an 

expression for q(p) emerges: 

4 41rq(p) 
C 

p 

1 
(u3 (1 + 2pu)e- 2

pu - u3(1 + 2pu)e-2pu) 
2(u2 - u2 )(uu)3 

-~ c:~p~ ~~;~ (1 + 2pu)e-2PU) 

+ (u2 ~ u2 ) [2p~ (e2puE1(2pu) + e-2puE1(-2pu)) 

-(ulu) ~ (u (e2PUE1(2pu) - e-2puE1(-2pu))) l 
+ d. (C.18) 
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It can be shown that Equation (C.18) is purely real as it should be. The constant 

d is determined so that 41rq(p) -+ 1 as p -+ oo. A tedious asymptotic expansion of 

q(p), using [1] 

e-z ( 1 1 · 2 1 · 2 · 3 ) 
E1(z)~- 1--+----+··· , 

z z z 2 z3 largzl < 31r/2, (C.19) 

shows that d = 0. An also tedious Taylor series expansion of q(p), using [1] 

larg zl < 1r, (C.20) 

leads to 

(C.21) 

for small p, with 

A 

B = (C.22) 

Notice that q(p) is O(p) for small p, as opposed to classical velocity smoothings that 

are CJ(p3 ) for small p. This point is examined further in Section 2.4.3 

The numerical evaluation of the new q(p) function is challenging in itself. It is 

done using complex variables, with E1(z) computed using a Taylor series expansion 

for small z, Equation (C.20), and a continued fraction approximation for large z, 

with [1] 

E (!) - -1/ z _ao_z___,,,.--,-----
1 z - e 1 a1z ' 

+ a2z 
1 +-1-+---.. 

larg zl < 1r, (C.23) 

with a0 = 1, a2n = n and a2n+l = n + 1. The continued fraction is itself evaluated 

using the method of Pade Approximants [19]. 

Below is a listing of the Fortran program which evaluates the function q(p) for 

any value of the adjustable parameter c2• The values of A and Bare also evaluated 

using Equation (C.22). For c2 = 1.43, these values are A = .8620589 and B = 
-1.176992. 
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C ***~*********************************************************************** 
C 

C 

IMPLICIT COMPLEX*l6 (C,Z) 
IMPLICIT REAL*8 (A-B,D-H,O-Y) 
IMPLICIT INTEGER*4 (I-N) 

READ(S,*)SQC 
READ(S,*)YFIRST 
READ(S,*)YLAST 
READ(S,*)M 
READ(S,*)EPSil 
READ(5,*)EPSI2 
READ(S,*)SWITCH 

c SQC = c**2 coefficient, Yfirst = first value of y for which to compute q(y) 
c YLAST= last value of y for which to compute q(y). M -Total number of points 
c for which to compute q(y). EPSil=accuracy coefficient for the computation 
c of the exponential integral function of a complex argument z using a Taylor 
c series expansion. EPSI2= same but for the continued fraction approximation. 
c SWITCH= that value of abs(z) where we switch from the Taylor series 
c expansion to the continued fraction approximation. The continued fraction is 
c itself evaluated using the method of Pade Approxirnants. 
C 

c The input 1.43, 0., 20., 2001, l.e-13, l.e-13 will generate q(y) 
c from y =0. to y=20. by deltay=.01 with a lot of accuracy. 
C 

C 

C 

RANGE=YLAST-YFIRST 
DELTAY=RANGE/DFLOTJ(M-1) 
PI=3.141592653589793238462643 
GAM=.577215664901532860606512 
Dl=l. 
D2=2. 
D12=1./2. 
D14=1./4. 
ONUL=0. 
ETA=(Dl+((D14-GAM)/SQC))/(D2*SQC) 
ETA=DSQRT(ETA) 
EMU=(Dl-((D14-GAM)/SQC))/(D2*SQC) 
EMU=DSQRT(EMU) 

CU=DCMPLX(ETA,EMU) 
CUSTAR=DCONJG(CU) 
CUSQ=CU*CU 
CUSTSQ=CUSTAR*CUSTAR 
CUCUSTAR=CU*CUSTAR 
CUCUSTARS=CU+CUSTAR 
CUCUSTARM=CU-CUSTAR 
CUSQCUSTSQ•CUSQ-CUSTSQ 

c Computation of the term in y and y**3 in q(y) for small y's. 
C 

C 

Cll•(0.,1.)*CUSTAR 
Cll•Cll*Cll 
Cll•CDLOG(Cll)/(CUSTAR*CUSQCUSTSQ) 

A•ETA*PI 
CA•DCMPLX(A,ONUL) 
CA•(CA*(0.,l.)) /CUSQCUSTSQ 
CACOEF•CA/(D2*CUCUSTAR) 
CBCOEF•-CA 
PLOG•DREAL(Cll) 
CACOEF•CACOEF-(DCMPLX(PLOG)/D2) 
PP=DREAL(Cll*CUSTSQ) 
CBCOEF•CBCOEF+DCMPLX(PP) 
CACOEF•CACOEF+((CUSQ+CUCUSTAR+CUSTSQ)/(D2*D2*CUCUSTARS*CUCUSTAR* 
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CUCUSTAR*CUCUSTAR)) 
CBCOEF=CBCOEF-(Dl/(D2*CUCUSTARS*CUCUSTAR)) 
ACOEF=DREAL(CACOEF) 
ACOEF=(ACOEF*D2)/(SQC*SQC) 
BCOEF=DREAL(CBCOEF) 
BCOEF-(BCOEF*D2)/(SQC*SQC) 
WRITE(6,*)ACOEF,BCOEF 

c Acoef and Bcoef are the coefficients such that q(y)=~ Acoef*y +Bcoef*(y**3) 
c + ..• for small y. 
C 

C 

C 

C 

C 

C 

DO 10 I=l,M 
Y=YFIRST+DFLOTJ(I-l)*DELTAY 
IF(Y.EQ.0.)THEN 
Q=0. 
WRITE(6,*)Y,Q 
GOTO 20 
ENDIF 

Cl=D2*Y*CU 
C2=CEXPINTGl(Cl,EPSil,EPSI2,SWITCH) 
C3=CDEXP (Cl) 
C4=-Cl 
CS=CEXPINTGl(C4,EPSI1,EPSI2,SWITCH) 
C6=CDEXP (C4) 
C7=D2*Y*CUSTAR 
C8=CDEXP (-C7) 
C9=(C3*C2-C6*CS)*CUSTAR 
C10=C3*C2+C6*CS 
B9=DIMAG (C9) 
C9=DCMPLX(B9,0NUL) 
Bl0=Y*DIMAG(Cl0) 
Cl0=DCMPLX(B10,ONUL) 
CTERM1=(C9/(D2*CUCUSTAR))-C10 
CTERMl=CTERMl/CUSQCUSTSQ 
CTERMl=CTERMl*(0.,1.) 
CTERMl=-CTERMl 

C12=C8* (Dl+C7) 
CTERM2=Cl2*Cll 
BTERM2=DREAL(CTERM2) 
CTERM2=DCMPLX(BTERM2,ONUL) 
CTERM2=(-CTERM2)/D2 

CTERM3=Cl2*CU*CUSQ 
CTERM3=CTERM3-(CUSTAR*CUSTSQ*C6*(Dl+Cl)) 
CTERM3=CTERM3/(CUSQCUSTSQ*D2*D2*CUCUSTAR*CUCUSTAR*CUCUSTAR) 

CTERM=CTERM1+CTERM2+CTERM3 

Q=DREAL (CTERM) 
Q=(D2*Y*Q)/(SQC*SQC) 
WRITE(6,*)Y,Q 

20 CONTINUE 
10 CONTINUE 

STOP 
END 

C 

C ************************************************************************* 
C 

DOUBLE COMPLEX FUNCTION CEXPINTG1(Z,EPSI1,EPSI2,SWITCH) 
C 

IMPLICIT COMPLEX*16 (C,Z) 
IMPLICIT REAL*S (A-B,D-H,O-Y) 
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IMP~ICIT INTEGER*4 (I,N) 

GAM=.577215664901532860606512 
D2-2. 
Dl=l. 
ONUL-0. 

ABSZ=CDABS(Z) 
IF(ABSZ.LE.SWITCH)GOTO 10 

c The continued fraction approximation: 
C 

ZETA=(l.,0.)/Z 
C 

ZESTl= (1., 0.) 
C 

K=0 
200 K•K+l 

C 

ZEST2= (1., 0.) 
DO 30 I=l,K 
J=(K+l)-I 
FLTJ=DFLOTJ(J) 
JJ=JIDINT( (FLTJ+D1)/D2) 
AJ=DFLOTJ(JJ) 

ZEST2=(AJ*ZETA*ZEST2)+(1.,0.) 
ZEST2=(1.,0.)/ZEST2 

30 CONTINUE 
C 

C 

C 

TEST=CDABS((ZEST2-ZEST1)) 
ZESTl=ZEST2 
IF(TEST.GE.EPSI2)GOTO 200 

ZT=ZEST2*ZETA*CDEXP(-Z) 
GOTO 300 

c The Taylor series expansion: 
C 

10 CONTINUE 
SIGN=l. 
ZLOCAL= ( 1., 0.) 
ZSUMl= (0., 0.) 
DCOEFF=.01 
K=O 

100 K=K+l 

C 

SIGN=-SIGN 
FLTK=DFLOTJ(K) 
ZLOCAL=ZLOCAL*(Z/FLTKJ 
ZSUM2=ZSUMl+((SIGN*ZLOCAL)/FLTK) 
TEST=CDABS((ZSUM2-ZSUM1)/(ZSUM2+DCOEFF)) 
ZSUMl=ZSUM2 
IF(TEST.GE.EPSil)GOTO 100 
ZT--ZSUM2-DCMPLX(GAM,ONUL)-CDLOG(Z) 

300 CONTINUE 

C 

CEXPINTGl==ZT 
RETURN 
END 

C ************************************************************************* 
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Appendix D 

The numerical computation of an infinite periodic 

vortex filament 

A numerical procedure that was originally introduced by Moore (1972) for the com­

putation of finite amplitude perturbations on infinite periodic vortex filaments is 

described. In the present context, the procedure is modified to account for higher 

accuracy when the core size a is not small compared to the wavelength ,\. The case 

of one vortex filament evolving under its own induced velocity is presented. The 

extension to multiple filaments is straightforward. 

Without loss of generality, a vortex filament with a periodicity vector aligned 

with the x axis, ,\ = ,\ex is considered. Then, if s is defined as a material coordi­

nate ranging from -1 to 1 and covering 2p wavelengths of the filament as shown in 

Figure J.21, one obtains, with x(s' + m, t) = x(s', t) + pm,\ex, 

(.l!.=El) 
u(x(s, t), t) = -r j 00 

g (1 (x - x') /\ ax' ds' 
-oo Ix - x'l3 as' 

[ 

1 (~) ox' 
-r 1-1 ~x - qx'l3 (x - x') /\ 8s' ds' 

00 l ( Jx-(x'+2pm>.er)l) ox' l 
+ L 1 I g ( (1 ,\ A )13 (x - (x' + 2pm,\ex)) I\ !lds' 

m=-oo -1 X - X 1 + 2pm ex US
1 

(D.l) 

m;,!0 

where x - x' stands for x( s, t) - x( s', t). The first integral represents the contribution 

of 2p wavelengths. The second integral represents the contribution of the rest of the 

filament. pis chosen so that there is no need for a cutoff in the second integral (i.e., 

g(p) = 1 / 41r ) . This is done by requiring that 

2p,\ ~a. (D.2) 

If the wavelength of interest ,\ is much bigger than the core size a, then it is sufficient 

to take p = 1, i.e., to compute only two wavelengths with the smoothing g(p). This is 

precisely what Moore (1972) did when computing wavelengths much bigger than the 

core size. Here however, it is desired to be more general and to have the possibility 
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of computing wavelengths of the order of the core size. This is achieved by increasing 

the number 2p of wavelengths computed with the smoothing g(p ). Thus, 

Noticing that the denominator of the second integral is given by 

Ix - (x' + 2pm,\ex)l3 = 

(D.3) 

l 

[Ix - x'l 2 
- 2(2pm,.\)((x - x') ·ex)+ (2pm,.\)2] 2 

, (D.4) 

one obtains 

u(x(s, t), t) 

where 

R(w) 
00 1 
L l ' 
-co [w. w - 2(2pm)w. ex+ (2pm)2] 2 

m;,!0 

00 2pm 
S(w) = L-------­

-00 [w. w - 2(2pm)w. ex+ (2pm)2]f 
m;,!0 

(D.5) 

(D.6) 

(D.7) 

These infinite series cannot be expressed in terms of elementary functions, but they 

can be evaluated numerically. Following Moore, a table of R and S is computed for 

a discrete set of pairs ( w • w, w · ex) and is stored before numerical time integration 

is started. Then, the value of R and S is computed using bilinear interpolation 

for the actual w arising in the computation. The properties R(-w) = R(w) and 

S{-w) = -S(w) allow Rand S to be stored only for positive w · ex. Moreover, since 

lw · exl ~ (w · w)½, R and S are only computed for O ~ lw · exl ~ (w · w)½. This 

allows for additional savings by storing Rii andSii in a single matrix • .\f(m+l)xm with 

~i Af(i + l,j) 

M(m + 1 - i, m + 1 - j), (D.8) 

for i = 1, ... m, j = l, ... m and i ~ j. The range of (w · w)½ for which Rand 

S are computed and stored is the range expected during numerical time integration 

(typically from Oto 2p). 
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Finally, it is important to notice that, although the range of integration lies over 

2p wavelengths (s' E [-1, l]), the dynamics of the filament only need to be computed 

for one wavelength ( s E [- 2~, 2
1
P]), as is shown in Figure J .21. 
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Appendix E 

The numerical computation of an infinite, 

non-periodic vortex filament 

A numerical procedure is described which is used to compute the velocity induced 

by a vortex filament ( eventually on itself) which consist of three portions: two semi­

infinite colinear filament sections aligned with ex and one filament section of arbitrary 

shape that connects smoothly on the two semi-infinite ones ( see Figure J .22). If s is 

a material coordinate along the filament, one has 

00 (~) &x' 
u(x, t) = -r {

00 
~x _ <Tx'l3 (x - x') J\ Bs' ds' 

= -r - --- J\ -ds + - ------- J\ -ds [( 
1 ) 1-1 (x - x') ox' , ( 1 ) j 00 (x - x') &x' , 

41r -oo Ix - x'l3 8s' 41r 1 Ix - x'l3 8s' 

1 g (lx:x'I) 1 &x' '] 
+ L1 Ix - x'l3 (x - x) J\ 8s' ds ' (E.1) 

where x' stands for x(s', t), and it is assumed that the semi-infinite filament sections 

are far enough from x so that there is no need for a smoothing in the Biot-Savart 

integral (i.e., g(p) = 1/41r). The integral for s' between -1 and 1 is handled nu­

merically in the usual way, using, for instance, parametric cubic splines to represent 

the filament section x( s', t) and forcing the splines to connect smoothly on the semi­

infinite sections. The other integrals are evaluated analytically. For instance, the 

velocity contribution of a semi-infinite filament section aligned with ex and ranging 

from x' = -oo to x' = 0 gives, for points with x > 0, 

v(x) = ( r ) £ (x - x'ex) A d I - - -----J\e X 
41r -oo Ix - x'ex 13 

X 

- (I-) (x J\ ex) lo dx' ,l 

41r Loo ((x _ x')2 + (y2 + z2))2 

- (I-) (x J\ ex) 1
00 

dx' 
3 

41r lx (x"2+(y2+z2))2 
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For (y2 + z2 )/x2 ~ t:2, Equation (E.2) is used. For (y 2 + z2 )/x2 < t:2
, it is better to 

use a Taylor series expansion, 

( r ) 1 ( 3 ( y
2 

+ z
2

) ( 5 ( y
2 

+ z
2

) ) ) v(x)=- 41r (x/\ex)2x2 1-4 x2 1-6 x2 (l+···) 
(E.3) 

Using double accuracy, it was found that t: = 10-2 is a good choice for switching from 

Equation (E.2) to Equation (E.3). 

An expression similar to Equation (E.2) can be found for the velocity contri­

bution of a semi-infinite filament section aligned with ex, but ranging from x' = 0 to 

x' = oo. 
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Appendix F 

The evolution equations for a set of vortex 

particles 

The evolution equations for the position and strength vector of a set of regularized 

vortex particles are 

(o:P(t) • V) uo-(xP(t), t), (classical scheme) 

( aP(t). VT) u17 (xP(t), t) , (transpose scheme) 

t (o:P(t). (v + vT)) Uo-(xP(t),t)' (mixed scheme) 

The classical scheme leads to 

d P -a. 
dt ' 

p 8ui p 8 [" 8 ( q) ql al -
8 

= al -
8 
~ lijk -

8 
Xo- X - X ak 

X/ X/ q Xj X=XP 

- L ljjk af a% (8
8 

8
8

. Xo-(X - xq)) . 
g X/ XJ X=XP 

(F.1) 

(F.2) 

(F.3) 

(F.4) 

D fi . - I I/ - ( )112 / . h 2.£.. - ..Li.. d 11· th t l~ - Iliel e mng p - X O' - XmXm O' Wlt ox; - 172 P, an reca mg a pdp - - P3 , 

one obtains 

8 a 
-a -8 Xo-(x) 

X1 Xj 

(F.5) 
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so that finally, for the classical scheme 

iaP = - L J_ [g(p) aP I\ aq + _l_.!!_ (g(p)) (aP. (xP - xq))((xP - xg) I\ aq)l , 
dt q a3 p3 a2 P dp P3 

(F .6) 

with p = jxP - xq I/ a . In a similar way, the transpose scheme gives 

(F .7) 

which leads to 

io.P = _ '°' J_ [-g(p) 0 P /\ o.q + _l .!!_ (g(p)) (a.P. ((xP - xq) I\ o.q))(xP - xq)l 
dt L;: o-3 p3 a2p dp p3 

(F.8) 

The combination of the above two schemes gives the mixed scheme 

In the above formulas, the term ; d~ ( ~) is evaluated by recalling that 

(F.10) 

The above equations are the ones used in numerical computations when using regu­

larized vortex particles. Notice that the case of singular vortex particles is obtained 

by setting g(p) = 1 with ; f P ( ~) = ;f and by excluding the term q = p from the 

above sums. 

For completeness, the equations obtained with the high order algebraic smooth­

ing function (B.12) and with the explicit treatment of the viscous diffusion as ex­

plained in Section 3.3 are given below. Recalling that aP = wP vo/P, the evolution 

equations are 

d 
-Xp 
dt 

d 
-vo/P 
dt 

(F.11) 

0 ' (F.12) 
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1 [ (lxP - xql2 + 20-2) -I: _ 2 Cl'p /\ Cl'q 

41r q (lxP - xql2 + o-2)! 

(lxP xql2 + 7 o-2) 
+3 2 1 (aP · (xP - xq))((xP - xq) I\ aq) 

(lxP - xql2 + o-2)2 

+ 105v o-
4 

i ( vo/P aq - volq aP )] , ( classical scheme) 
(lxP - xql2 + a2)2 

d 
-(l'p 

dt 

1 [(lxP - xql2 + 1a2) = - L 2 ~ aP I\ aq 
41r q (lxP - xql2 + o-2)2 

(lxP - xql2 + 1a2) 
+3 2 

1 (aP · ((xP - xq) I\ aq))(xP - xq) 
(lxP - xql2 + a2)2 

+105v o-
4 

i (vo[P aq - volq aP)] , (transpose scheme) 
(lxP - xql2 + a2)2 

d 
-(l'P 

dt 

1 [3 (jxP - xql 2 + 1a2) ( -I: - 2 
1 (aP • (xP - xq))((xP - xq) I\ aq) 

41r q 2 (jxP _ xql2 + o-2)2 

+( aP • ((xP - xq) I\ aq))(xP - xq)) 

+105v o-
4 

1 (vo/P aq - volq aP)] . (mixed scheme) (F.13) 
(jxP - xql2 + a2)2 
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Appendix G 

The evaluation of quadratic diagnostics when 

using vortex filaments or vortex particles 

In this appendix, the evaluation of quadratic diagnostics such as kinetic energy, helic­

ity and enstrophy is examined when the vorticity is represented with vortex filaments 

or with vortex particles. 

G.1 The singular case 

G.1.1 Singular vortex filaments 

Singular vortex filaments define the divergence free vorticity field w given by Equa­

tion (2.10). The divergence free streamfunction 1/J is solution of '\121/) = -w and is 

given by Equation (2.11 ). The velocity field u is given by the curl of the streamfunc­

tion, Equation (2.12), and is thus also divergence free. 

The kinetic energy is given by 

E = 1 ju · u dx = 1 j ("v I\ 1/)) · ( V /\ 1/J) dx . (G.l) 

Integration by parts leads to 

E 1 j 1/J · (V/\(V/\1/))) dx 

- 1 j 1/) · (-V2 t/J + V('\1·1/J)) dx 

- i J 1/J · w dx 

__!_ I: rprg r r i 
81r p,q Jo, t) lcq(t) lxP - xg I -·- dsds' (

fhcP &x_q) 
as as1 

' 
(G.2) 

since '\121/) = -w and '1·1/J = 0. Notice that the energy is infinite. 

The helicity is given by 

H j u-wdx 

-1 L fP rq / f l (xP - xg) · (axP I\ &x_q) ds ds' .(G.3) 
47r p,q lo(t) lcq(t) lxP - xql3 as as1 
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Due to the presence of the cross-product in the integrand, the helicity is finite. 

The enstrophy is not defined. Indeed, the evaluation of the expression 

£ = j w ·wdx (G.4) 

amounts to integrating the square of the 8-function. 

G.1.2 Singular vortex particles 

With singular vortex particles, the particle vorticity field w is given by Equation (3.2), 

and the divergence free Novikov vorticity field wN is given by Equation (3.10). The 

streamfunction 1/; is solution of '721/; = -w and is given by Equation (3.3). As 

mentioned in Section 3.1, 1/; is not divergence free. Its divergence is given by Equa­

tion (3.8). The velocity field u is given by the curl of the streamfunction 1/;, Equa­

tion (3.4), and is thus divergence free. 

The kinetic energy is given by Equation (G.l). Integration by parts leads to 

E - ½ j 1/; · ('1 /\('1 /\1/;)) dx = i j tp · (-'121/; + '1('1·1/;)) dx 

½ j 1/; · wdx 4 ~ / 1/; · '1('1·1/;)dx, (G.5) 

since '121/; = -w. Notice that, due to the non-zero divergence of the streamfunction 

1/;, the kinetic energy cannot be simply written as 

(G.6) 

where the q = p term has been removed to avoid an infinity in the evaluation of E1. 

Equation (G.6) is often mistakenly used to evaluate the kinetic energy of a system of 

vortex particles. The correct expression is given by Equation (G.l), or equivalently 

Equation (G.5). Aksman, Novikov and Orszag (1985) obtained the correct expression 

for the kinetic energy by considering the Fourier transform of the velocity field (3.4) 

and by integrating Equation (G.l) in Fourier space. They obtained 

(G.7) 

The meaning of Equation (G.7) will become clear in what follows. 

It will be shown that direct integration of Equation ( G .1) in the physical space 

instead of the Fourier space can be done, and that it leads to the same result as 

Equation (G.7). The advantage of integrating directly in the physical space is that the 

procedure can easily be extended to the evaluation of the energy of a set of regularized 
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vortex particles as will be shown in Section G.2.3. Going back to Equation ( G. l ), 

one obtains, using suffix notation 

E = 

where use of the symmetry relation a!, (ix:xPI) = --f;r Cx:xPI) has been made. 

Taking a local spherical coordinate system centered at xP, and defining x - xP = x', 
x - xq = x' + (xP - xq), dx = dx' = dr r dO r sin 0 d</> = -r2 dr dµ d<j) with µ = cos 0 

and z = lxP - xql, one obtains 

J 1 __ l_dx = /21r d</> foo dr 11 dµ r .l. 

Ix - xPI Ix - xql lo lo -1 (r2 + 2rzµ + z2)2 
(G.9) 

This integral does not converge. However, since only the derivatives of this integral 

with respect to z are of interest ( ~ J ... dx = #;,; ;z f ... dx), a converging factor 

that is independent of z can be added to the integral. The following convergent 

integral is thus considered: 

I = 21r /
00 

dr 11 

dµ ( r l - 1) 
lo -1 (r2 + 2rzµ + z2)2 

1
00 [(r2 + 2rzµ + z2)½ l 1 21r -----~ - µ dr 

0 Z 
-1 

21r loo Cr+ zl : Ir - zl - 2) dr 

21r Z fo00 

(It+ 11 - It - 11 - 2)dt 

- 21r z fo1 

(2t - 2)dt = -(21r)z. (G.10) 

Differentiating J gives 

o ( oz d ) 
a P ~ q -d ( -21r z) 

x1 ux1 z 

a (oz) 
-

2
1r ox~ OXj 

21r..!._ ((xf - xi)) 
OXP Z 

J 

21r (bj1 _ (x~ - x1)(xf - xi)) 
z z3 

(G.11) 



148 

so the kinetic energy is finally given by 

l P ( b11 (xf - xr)(x; - xJ)) 
E = 167r ~(<\1bkn - b1nbk1)aka~ JxP _ xql - JxP _ xqJ3 

p'flq 

1 1 ( ((xP - xq) • o:P) ((xP - xq) • aq)) - I:--- O'.p. O'.q + ------------
l61r p,q JxP - xql lxP - xql JxP - xqJ 

p-,,lq 

(G.12) 

The result of Aksman, Novikov and Orszag (1985) has thus been recovered using a 

completely different method. Notice that Equation (G.12) can be written as 

E = _1_ L 1 [2aP . aq 
16?r p,q JxP - xql 

p,,iq 

(
((xP-xq),aP)((xP-xq)·aq) P. q)] 

+ I I I I -a O . (G.l3) xP - xq xP - xq 

In this form, the correct expression for the kinetic energy can easily be compared with 

the wrong expression Equation (G.6). The first term in Equation (G.13) is equal to 

½ J 1/J • w dx. The second term is equal to ½ J 1/J • "v("v ·t/;) dx. This term is negligible 

as long as the vortex particles are aligned as little sections of vortex tubes (i.e., as 

long as the particle representation Equation (3.2) of a divergence free vorticity field is 

good). However, when the particles are not aligned as little sections of vortex tubes, 

then the two expressions (G.6) and (G.13) give different results. As a matter of fact, 

the difference between the two expressions can be used as a diagnostic to check when 

the particle representation of the vorticity field becomes a poor representation of a 

divergence field. This is a numerical tool of great interest because it provides a global 

indication of the consistency of numerical computations. 

Proceeding now with the evaluation of the helicity defined by 

'H = j wN •udx, 

with wN and u given by (3.10) and (3.4), one obtains 

1{, = 

(G.14) 
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The second term in (G.15) vanishes. Indeed, 

(G.16) 

since ti;k-8
8 

-8
8 = 0. One is thus left with the simple formula x, x, 

(G.17) 

Notice that the case q = p is a removable singularity since aP I\ aP = 0. 

Finally, the enstrophy is not defined. Indeed, the evaluation of the expression 

(G.18) 

leads to a singularity because it amounts to integrating the square of the 8-function. 

G. 2 The regularized case 

G.2.1 A note on quadratic diagnostics and regularized filament or particle 

methods 

Quadratic diagnostics are difficult to evaluate when considering regularized filaments 

or regularized particles. For instance, the kinetic energy is given by 

E - ~ J Uu · Uudx = ~ jcv /\tp(T) · (V /\1/.\r) dx 

~ j (V/\(1/J * (u)) · (V/\(1/J * (u)) dx, (G.19) 

where* stands for the convolution product. Integrals of the type (G.19) cannot, in 

general, be done in closed form. Instead, an approximation must be considered in 

which only one term in the quadratic integrand is regularized. One considers therefore 

~ 1 J l J E = 2 u · uudx = 2 (V/\1/J) · (V/\(1/J * (u)) dx. (G.20) 

When using vortex filaments, integrals of the form (G.20) can easily be done in closed 

form as will be seen in Section G.2.2. When using vortex particles, integrals of that 
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form can also be done in closed form, at least for some choices of the regularization 

function ((p ), as will be shown in Section G.2.3. 

E is of course not the energy of the system regularized with ((p ). Actually, 

E is the energy of a system regularized with a function ((p) which is such that 

((p) = ((p) * ((p ). This can easily be seen if one recalls the associativity property of 

the convolution product, and writes 

i!; ½ j (VI\ 1/7) · (VI\ ( 1/7 * ( ((T * ((T ) ) ) dx 

½ j (VI\ ( 1/7 * ((T)) · (VI\ ( 1/7 * ((T)) dx . (G.21) 

The above suggests the following method for computing the exact energy of a system 

of regularized filaments or particles. Given ((p), find ((p) such that ((p) = ((P)*((p). 
The energy is then given by 

(G.22) 

Unfortunately, finding ((p) from ((p) is not always possible. There is actually one 

case for which ((p) can easily be obtained from ((p). This is the case of the Gaussian 

smoothing (B.8) for which the use of the Fourier transform and the convolution 

theorem leads easily to ((p) = ((p/,/2). An exact expression can thus be obtained 

for the kinetic energy of a system of vortex filaments when the Gaussian smoothing 

is used. When vortex particles are used, the Gaussian smoothing is unfortunately a 

case for which Equation (G.22) cannot be integrated in closed form. 

In what follows, all quadratic diagnostics will be evaluated using the approx­

imation in which only one term in the quadratic integrand is regularized. It will 
be understood that this procedure only yields approximate values for the quadratic 

diagnostics associated with the regularization function ((p ), and exact values for the 

diagnostics associated with the regularization function ((p ). 
This section is concluded with the following remark. The approximation in 

which only one term in the quadratic integrand is regularized gives a good approxi­

mation to the exact value in the case of the kinetic energy, a fair approximation in the 

case of the helicity, and a poor approximation in the case of the enstrophy. This is 

related to the strength of the singularity in the integrand. The integral 1 Ju· U(T dx is 

a good approximation to ½ f u(T • u(T dx in the sense that, as the level of discretization 

increases (i.e., as the number of filaments or particles is increased) both integrals con­

verge rapidly to the same value. Integrating J wN · u(T dx is only a fair approximation 

to f w': · u(T dx because the the two integrals converge more slowly to each other as 

the level of discretization is increased. Finally, integrating f wN • w': dx is a poor 
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approximation to J w'; • w'; dx because the convergence of the two integrals is very 

slow. 

G.2.2 Regularized vortex filaments 

Regularized vortex filaments define the divergence free vorticity field Wu given by 

Equation (2.19). The divergence free streamfunction 1Pu is solution of 'v21/Ju = -Wu 
and is given by Equation (2.23) with 'v2x(p) = -((p). The velocity field Uu is given 

by the curl of the streamfunction, Equation (2.31 ), and is thus also divergence free. 

The semi-regularized kinetic energy is given by 

E = ! ju · u dx = ! j .. i. · w dx 2 u 2 '1-'u 

1 fc 1 ( fJx.P • oxq) - L fP rq Xu(xP - xq) 
2 p,q CP(t) Cq(t) OS os' ds ds'. (G.23) 

This energy is finite since x(p) is O(p2) from small p. 

The semi-regularized helicity is given by 

ii = J Uu • w dx 

L fP rq f f 9u(xP - xq) (xP - xq) · (ax.P I\ &xq) ds ds' .(G.24) 
p,q JcP(t) Jcq(t) lxP - xql3 os os' 

The semi-regularized enstrophy is given by 

t = 

ds ds'. (G.25) 

G.2.3 Regularized vortex particles 

With regularized vortex particles, the particle vorticity field Wu is given by Equa­

tion (3.30) and the divergence free Novikov vorticity field w'; is given by Equa­

tion (3.39). The streamfunction 1/; u is solution of 'v21/; u = -Wu and is given by 

Equation (3.31) with 'v2 x(p) = -((p ). As mentioned in Section 3.2, tp u is not diver­

gence free. Its divergence is given by Equation (3.38). The velocity field Uu is given 

by the curl of the streamfunction 1Pu, Equation (3.32), and is thus divergence free. 

As mentioned in Section G .2.1, the quadratic diagnostics cannot easily be inte­

grated, even with the approximation in which only one term in the quadratic integral 

is regularized. There is however one choice of regularization function ((p) for which 

the integrals can be done in closed form: the new high order algebraic smooth­

ing (B.12). This makes the use of this smoothing extremely appealing. Not only does 
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it have good convergence properties, but it also allows one to find closed form expres­

sions for the quadratic diagnostics, a property not satisfied by any other smoothing 

known. 

The evaluation of the quadratic diagnostics when using the high order algebraic 

smoothing (B.12) is thus examined. The evaluation of the kinetic energy is first 

considered, Equation ( G.20) or its equivalent expression obtained through integration 

by parts 

E ~ j 1/J{T · (v't\(v't\1/J)) dx = 1 j 1/J{T • (-v'21/J + v'(v'·t/J)) dx 

~ j 1/J{T • w dx + ~ j 1/J{T • v'(v'·t/J) dx, (G.26) 

since v'21/J{T = -Wq, Again, due to the non-zero divergence of the streamfunction, 

the semi-regularized energy cannot be simply written as 

(G.27) 

Instead, Equation (G.20) must be integrated in closed form. Following the same 

procedure as in Section G.1.2, one obtains 

__ ~ (2-)2 . _ . P q_!__!_ (J (Ix_ xPl
2 + ~a-

2) 1 ) 
E - 2 L) S31Skn S3n8klakan £1 P £1 q 1 I I dx 

411" p,q uxi ux1 (Ix_ xPl2 + a-2)2 x - xq 

(G.28) 

The evaluation of the integral in Equation (G.28) is done as in Section G.1.2. It leads 

us to consider the following integral 

I = 

(G.29) 

with t r/z and a a-/ z. The integrals appearing in Equation ( G .29) can be 
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calculated in dosed form. Indeed, 

so that one obtains 

I = 2,r z (a - (I+ a2)½) = (2,r)z (;-(I+ (fff) 
21r a ( l - (l + 1) ½) , 

with p = z/a = jxP - xqj/a. Differentiating J gives 

(G.30) 

(G.31) 

, (G.32) 

Use of Equation (G.28) and Equation (G.32) finally leads to the following expression 

for the semi-regularized energy 

E = 

It is instructive to compare the correct energy expression (G.33) with the incorrect 

expression (G.27). The first term in Equation (G.33) is not equal to½ J 1Pu · wdx, as 

was the case with singular vortex particles. It is also interesting to note that there is a 

vortex particle self-energy (l/l61r)(a · a/a). The two expressions (G.33) and (G.27) 

give identical results as long as the vortex particles are aligned as little sections of 

vortex tubes. Also, the difference between the two expressions provides a way of 

checking the consistency of the numerical computation since the two expressions are 

different only when "v·w(j =/- 0. 

The success of the above derivation strongly depends on the nice integration 

properties of the high order algebraic smoothing (8.12), such as Equation (G.30). For 
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most other smoothings, the integrals that appear in expressions of the type (G.29) 

cannot be done in closed form. Another smoothing that gives a closed form energy 

expression is the low order algebraic smoothing (B.10), although the result is not as 

elegant as with the high order algebraic smoothing. Using the same procedure as 

above, the low order algebraic smoothing leads to 

E = _1_ L 1 [2! ((p2 + 1) ½ _ arcsinh p) aP. aq 
167r p,q lxP - xql p p 

+! ((p2 + l)½ + 2 1 J. _ 3arcsinhp) 
p (p2 + 1)2 p 

(
((xP - xq). aP) ((xP - xq). aq) - aP. aq)] (G 34) 

lxP - xq I lxP - xq I ' . 

with a particle self-energy of (1/167r)(4/3(a · a/a)). 
Proceeding with the evaluation of the helicity, the semi-regularized helicity is 

taken as 

1f = w · Uu dx . ~ J N 

With wN and Uu given by (3.10) and (3.32), one obtains 

1i = /(~aPb(x-xP)+v(aP•V(41rlxl-xP1))) 

· ( ~Vxu(x - xq) I\ aq) dx 

L aP · (Vxu(x - xq) I\ aq) 
p,q 

(G.35) 

(G.36) 

As was the case for singular vortex particles, Equation (G.16), it is easy to show that 

the second term in Equation (G.36) vanishes, so that the simple formula 

(G.37) 

is obtained. Equation ( G.37) is applicable to any smoothing ((p ), g(p ). Notice that 

the motivation for claiming that the q = p term in the enstrophy formula of singular 

particles (G.17) is a removable singularity is found here. Indeed, any smoothing, no 

matter how small a, leads to no contribution of the q = p term since aP /\ o:P = 0. 
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With the high order algebraic smoothing (B.12), one obtains 

1 (Ip_ ql 2 +1 2 ) il=-I: X X 20" ~ ((xP-x7)·(o:P/\o:q))' 
41r p,q (lxP - xql2 + o-2)2 

(G.38) 

and, with the low order algebraic smoothing (B.10), 

(G.39) 

Finally, the evaluation of the semi-regularized enstrophy 

(G.40) 

is examined. Due to the non-zero divergence of the particle vorticity field, the enstro­

phy cannot simply be written as 

£1 = j w · wa- dx = L (o-(x" - xq)o:P • o:q 
p,q 

(G.41) 

Instead, Equation (G.40) must be integrated in closed form. This leads to 

t = 

(G.42) 

The integrals in Equation (G.42) are evaluated using the same procedure as for the 

kinetic energy evaluation and using also 
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(G.43) 

The first integral in Equation (G.43) leads one to consider 

11 = (21r) (~) r= dr r 1 j
1 

dµ ( r 1 - 1) 
81ro-3 lo (r2 + a-2)2 -1 (r2 + 2rzµ + z2)2 

(
15) a

4 fl t 
- 4 -; lo (t2 + a2)f (2t - 2)dt' (G.44) 

with t = r / z and a = <7 / z. The integral appearing in Equation ( G .44) can be done 

in closed form. Indeed, 

(G.45) 

so that finally 

/1 - .!_ (p2· (P2 + J) + ~ ( 1 -1)) 
- <7 (p2 + 1)½ 2 (p2 + 1)½ ' 

(G.46) 

where p = z/o- = lxP - xql/o-. The second integral in Equation (G.43) leads to con­

sider the same integral I as in the energy evaluation, Equation (G.29). Differentiation 

of I and / 1 gives 

_i__i__i__i_ I - 2_ ( (P2 + J) 8 - ~ (P2 + 1) xP - xq xP - xq ) 
8xf8x{8xf8xf( )-<73 (p2+1)½ kl o-2(p2+1)f( k k)( I i) . 

(G.47) 

Now all the terms necessary to evaluate Equation (G.42) have been obtained. The 

final result is given by 

(G.48) 
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with a vortex particle self-enstrophy of (5/41r)(a • a/o-3
). Again, the succes of the 

above derivation strongly depends on the integration properties of the high order 

algebraic smoothing (8.12), such as Equations (G.30) and (G.45). No attempt was 

made to obtain the expression for the enstrophy when using the low order algebraic 

smoothing (8.10), but it is doubtful that the necessary integrals can be done in closed 

form. 

The derivation of the expressions for the semi-regularized energy E, helicity 

11. and enstrophy £ of a set of regularized vortex particles is now complete. These 

expressions are of great interest in numerical computations, especially the expression 

for the energy E. ·when performing numerical computations, extensive use is made 

of these quadratic diagnostics, together with the linear diagnostics. 
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Appendix H 

Three-dimensional vortex-dipoles 

In this appendix, the use of vortex-dipoles is examined theoretically. The same no­

tation is used as for vortex particles, Sections 3.1 through 3.4. Consequently, many 

derivations that were presented in detail in these sections are not developed here. 

H.1 Singular vortex-dipoles 

Singular vortex-dipoles are reviewed in Saffman & Meiron (1986) and define the di­

vergence free velocity field 

u(x, t) = ~ [-r'(t) 6(x - x'(t)) + v' (-r'(t) · v' ( 4,rlx ~ x•(t) I))] 
~[ (b{x - xP(t)) - 41rjx -lxP(t)J3) ,P(t) 

+3 ((x - xP(t)) · ,P(t)) (x - xP(t))] , {H.l) 
41rjx - xP(t)J 5 

and the corresponding divergence free vorticity field 

w(x,t)=Vt\U(x,t) - I:VA(,P(t)h(x-xP(t))) 
p 

- I: V(b(x-xP(t))) A1 P(t). (H.2) 
p 

The vector 1 P is the strength of the impulsive force necessary to generate such a dipole. 

The physical significance is that an isolated singular vortex-dipole is an infinitesimal 

vortex ring with an infinite self-induced velocity. 

Singular vortex-dipoles that are aligned along a curve are essentially sections 

of a cylindrical vortex sheet tube. The dipole strength I is then proportional to the 

circulation f per unit Lagrangian coordinate (not per unit length!) of the cylindrical 

vortex sheet and to d2, the square of the infinitesimal diameter of the cylindrical 

vortex sheet. On the other hand, 1 =ex Ju dx = f u dS l = M l, where M is the 

volume flow along the curve and / is the distance between adjacent dipoles. Therefore, 

1 cxfd2 cxMl, (H.3) 
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rd2 
J.\1 ex-/-. (H.4) 

When a straining field locally elongates a cylindrical vortex sheet tube, volume 

is conserved so that d2 l = constant. Since I is a material line that gets elongated 

according to dl/ dt = (I • v7) u, this implies that d2 decreases. Recalling that the 

circulation r per unit Lagrangian coordinate is constant, 1 decreases. The evolution 

equations for the vortex-dipole position and strength vector are thus taken as 

U ( Xp ( t) , f) , 

- ( 'i'P(t). v7T) u(xP(t), t) . 

(H.5) 

(H.6) 

Equation (H.6) is the equation that gives the correct decreases of the strength vector 

as will be seen in Section H.4. 

The fact that the self-induced velocity of a singular vortex-dipole is infinite 

makes these dipoles not very useful for numerical computations. The regularized 

version of these vortex-dipoles is more interesting because the self-induced velocity is 

finite. 

H.2 Regularized vortex-dipoles 

Regularized vortex-dipoles define the divergence free velocity field 

Uu(x, t) = E['i'P(t) (o-(X - xP(t)) + v( 'i'P(t). v(x<T(x - xP(t))))] 
p 

E[(cu(x - xP(t)) - go-(X - xP(t))) 'i'P(t) 
P Ix - xP(t)l 3 

+ (3 9o-(x - xP(t)) - (u(x - xP(t))) ((x - xP(t)). 'i'P(t)) (x - xP(t))] , 
Ix - xP(t)l3 Ix - xP(t)l2 

(H.7) 

and the corresponding divergence free vorticity field 

p 

= L v7 ( (o- ( x - xP ( t))) t\ 'i'P ( t) 
p 

- L T/u(x - xP(t)) (x - xP(t)) t\ 'i'P(t) . (H.8) 
p 

A regularized vortex-dipole is a fat vortex ring with the velocity field (H.7) and 

the vorticity field (H.8). Indeed, if a spherical coordinate system centered at xP, with 
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1 P aligned with 0 = 0 and p = r / a is considered, then 

(wu),., - ~1J(p) 1 rsin0, 
(J' 

(H.9) 

Uu - :
3 

[ (((p)- g~:)) i + (3 g~:) - ((p)) ,cosOer] (H.10) 

Figure J.55 illustrates the velocity and vorticity field of a regularized vortex-dipole 

when the low order algebraic smoothing (B.10) is used. A particularly interesting 

case is the case in which the Gaussian smoothing (B.8) is used because this case 

corresponds to the Stokes vortex ring. Indeed, Equations (H.9) and (H.10) give 

( ) 1 -p2 /2 . 0 
Wu 'P (21r )3/2a5 e 1' r sm ' 

1 [( 1 -p2/2 1 ( ( p ) (2)1/2 -p2/2)) 
Uu = a3 (21r )3/2 e - 41r p3 erf v'2 - ; p e i 

( 
3 ( f ( p ) ( 2) 

1
1

2 
-p212) 1 -p212) O , ( ) + 47!" p3 er /2 - ; p e - (21r )3/ 2 e I cos er , H.11 

which are the exact vorticity and velocity fields of the Stokes vortex ring as given 

by Cantwell (1986) (see also Kambe & Oshima 1975) where cr2 = 2 v t and , is the 

linear impulse of the ring. This ring is a self-similar solution of the heat equation in 

spherical coordinates, i.e., 

(H.12) 

Regularized vortex-dipoles (i.e., fat vortex rings) aligned along a curve are es­

sentially sections of a fat cylindrical vortex sheet (i.e., a cylindrical vortex sheet of 

diameter d << a where er is the thickness of the sheet). Here, d is not infinitesi­

mal, but the discussion on the evolution equation for the strength vector that was 

presented in Section H.l still applies. The evolution equations for the position and 

strength vector of a regularized vortex-dipole are thus taken as 

Uu ( xP ( t), t) , 

- (,P(t) · v'T) Uu(x(t), t). 

(H.13) 

(H.14) 

The behavior of a cylindrical vortex sheet tube is completely different from 

the behavior of a vortex tube. A straining field that locally elongates a vortex tube 

locally increases the value of a according to Equation (3.34 ). o: increases so that the 

circulation r ex o:/ l is conserved. Vorticity does not leak away from a vortex tube. 
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On the other hand, a straining field that locally elongates a cylindrical vortex 

sheet tube locally decreases the value of , . The volume flow along the tube thus 

locally decreases since Mex,/ l ("( decreases and/ increases!). The volume flow along 

the tube is not conserved. Fluid is drawn away from the tube at places where the 

tube gets stretched and is entrained toward the tube at places where the tube gets 

squeezed. A cylindrical vortex sheet tube is thus not a streamtube. 

The evolution equations (H.13) and (H.14) conserve linear impulse but do not 

conserve angular impulse. ( Total vorticity 11 = 0 and is thus trivially conserved). 

To investigate these invariants, one first defines the following functions 

(H.15) 

and the following notation 

(H.16) 

and similarly for hPq and ahP~/ ax;. Notice that J pq = rv, hPq = hqp, a fpq / axi = 
-a fqp / ax; and ahpq / axi = -ahqp / axi. Using suffix notation, one obtains, for the 

evolution equations, 

(H.17) 
q 

-Ti a!; [~ f,(x- x'hi + h,(x - x'){(x - x'). -y') (x, - xnL=x• 
~[ v q8Jpq ahvq( v ) ( p q) P 

- L,_ /Iii -a. +-a. Xm - x':n tin X1 - X1 ii 
q x, x, 

+hpq ,l (xf - xlhf + pq (x~ - x':nh:n ,r] 
- L (,P · ,q)- + ((xP - xq). ,P) ((xP - xq) · ,q)-[ 

aJpq ahpq 

q axi ax; 

+hpq ( ((xP - xq) • ,v) ,? + ((xP - xq) • ,q) ,f)] (H.18) 

This gives, for the rate of change of the linear impulse, 
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= 0' (H.19) 

thus showing that the linear impulse is conserved. 

For the angular impulse, one considers 

d d (1 ) 1 ( d ) 1 ( d ) -A=- -I:xP/\ 1 P =-I: -xP/\;P +-I: xP/\-;P 
dt dt 2 P 2 P dt 2 P dt 

(H.20) 

The first term on the rhs of Equation (H.20) is given by 

in general. The second term in Equation (H.20) also does not vanish in general, and 

the angular impulse is not conserved. 

One can also associate to each dipole its own core size O' = O'P. and make use 

of the model equation O'P
2 

/ = constant which ensures volume conservation. Unfortu­

nately, this requires keeping track of the distance/ in between adjacent vortex-dipoles. 

With that choice, the linear inpulse is still conserved provided the evolution equations 

are symmetrized, i.e., O'pq = O'qp, where O'pq is the core size that is used to compute 

the influence of the dipole q on the dipole p and conversely. 

H.3 The vortex-dipole as the limit of four vortex particles 

It is interesting to notice that a three-dimensional vortex-dipole is the limit of four 

vortex particles of equal strength magnitude lnl and configured in a fashion that 

ressembles a vortex ring. This is very similar to two-dimensional vortex-dipoles that 

are the limit of two vortex blobs of same circulation r but opposite sign. 

Without loss of generality, the four vortex particles are taken to lie in the x - y 

plane with positions xP = Xe± ( dx /2) ex, xP = Xe± ( dy /2) ey as shown in Figure J .56. 

Each vortex particle has a vorticity field of the form 

(H.22) 

The limit of the vorticity field when dx = dy = d < < O' is now considered. In that 

limit, the second term in Equation (H.22) does not contribute to the global vorticity 



163 

field. The first term leads to 

Wu(x) = -0'. ey ((1 (x - (xc - (dx/2) ex))+ a ey (u (x - (xc + (dx/2) ex)) 

+aex((1 (x - (xc - (dy/2)ey)) - aey(u (x-(xc + (dy/2)e11 )) 

-(aey)dx :x((1(x-xc)+(aex)dy :y((1(x-xc) 

- v'((u(x-xc)) !\((ad)ez) 

(H.23) 

where,=, ez =(ad) ez is the strength of the vortex-dipole. Notice that ad ::x r d2 

where r is the circulation of the little vortex ring. This fact makes the connection 

with Equation (H.3). 

In the same way as above, it is easy to show that the limit of the Biot-Savart 

velocity field induced by the four vortex particles also leads to the velocity field of a 

regularized vortex-dipole 

(H.24) 

H.4 Two-dimensional vortex-dipoles 

The motivation for examining two dimensional vortex-dipoles is that, in this case, 

one can easily obtain the exact expression for the evolution equation of the strength 

vector. This evolution equation is used to suggest the proper evolution equation for 

the three-dimensional vortex-dipoles. 

In two dimensions, singular vortex-dipoles define the divergence free velocity 

field 

u(x, t) = ~ [,P(t) b(x - xP(t)) - v' (-t(t) · v' (
2
~ log(lx - xP(t)I)))] , (H.25) 

and the corresponding divergence free vorticity field 

w(x,t) = v'/\u(x,t) = L v'(8(x-xP(t))) !\ 1 P(t). (H.26) 
p 

To obtain the expression for the divergence free velocity field (H.25), use has been 

made of the fact that, in two dimensions, v'2 
( 2~ log lxl) = b(x). 

These singular dipoles are not very useful because their self-induced velocity 

is infinite. Each singular dipole is a pair of point vortices of same circulation r but 

opposite sign and that are an infinitesimal distance d apart. \Vhen singular dipoles 

are aligned along a curve, they essentially define a singular vortex-dipole sheet. This 
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sheet is made of two singular vortex sheets of equal but opposite sign circulation 

per unit Lagrangian coordinate (not per unit length!) and that are an infinitesimal 

distance d apart. 

Regularized vortex-dipoles define the divergence free velocity field 

Ucr(X, t) = L [,P(t) (cr(X - xP(t)) - v( ,P(t). v(xcr(X - xP(t))))] ' 
p 

(H.27) 

and the corresponding divergence free vorticity field 

Wcr(X, t) = V /\ucr(X, t) L V ( (cr ( X - xP ( t))) /\ --•? ( t) 
p 

- L TJcr(x - xP(t)) (x - xP(t)) I\ ,P(t) . (H.28) 
p 

Here, (cr(x) is an approximation to the two-dimensional b-function which is usually 

taken as radially symmetric, i.e., (cr(x) = ((lxl/a)/a2 with ((p) a smoothing function 

such that 271" Jo ((p)pdp = 1. TJ(p) = -('(p)/p and TJcr(x) = TJ(lxl/a)/a4
• The 

expression for the divergence free velocity field (H.27) has been obtained by defining 

x(p) such that V 2x(p) = ((p), and Xcr(x) = x(lxl/a). 

A list of the regularization functions that are most commonly used is given in 

Table B.2. 

It is easy to see that a regularized vortex-dipole is the limit of two vortex blobs 

of same circulation r but opposite sign as they get close to each other. Indeed, if a 

pair of vortex blobs at xP = xc ± dx/2 as shown in Figure J .56 is considered, then, 

in the limit ldxj << a, one obtains 

Wcr(x) - [(cr (x - (xc - dx/2)) - (cr (x - (xc + dx/2))] r ez 

- [dx · V ( (cr(x - xc))] fez 

- v((cr(X- xc)) /\ (I'(ez I\ dx)) 

- V((cr(X- Xe))/\ 1 

- -TJcr(X - Xe) (x - Xe) /\ 1 , (H.29) 

where , = r ez I\ dx is the strength vector of the dipole. It is also easy to show that 

the Biot-Savart velocity field induced by the pair of vortex blobs is given by 

(H.30) 

The velocity field (H.27) and the vorticity field (H.28) of a regularized vortex-dipole 

are thus recovered. Notice that d is now finite as opposed to the case of singular 

vortex-dipoles. The only restriction on d is that it is much smaller than a. 
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When regularized vortex-dipoles are aligned along a curve, they essentially de­

fine a regularized vortex-dipole sheet. This sheet is made of two thick vortex sheets 

of equal but opposite sign circulation per unit Lagrangian coordinate r and that are 

apart a distance d < < <7, where u is the thickness of each vortex sheet. The dipole 

strength I is proportional to rd. Also, 1 ex Ml where M is the volume flow along 

the curve and l is the distance between adjacent dipoles. 

The evolution equation for a regularized vortex-dipole can be found by using 

the fact that a vortex-dipole is a pair of opposite signs vortex blobs that are close to 

each other. Then, recalling that r is a constant and that dx is a material line, one 

can write 

! 1 = f ! ( ez /1. dx) = fez /1. :t dx 

r ez I\ (dx · v')u 

ez I\((,/\ ez). v')u 

= - ( 1 · v'T) U , (H.31) 

where the last equality has been obtained by recalling that v'-u = 0 so that ~~ can be 

replaced by - ~~ and conversely. This equation is identical to the evolution equation 

for the vorticity gradient in two dimensions (see Chapter 4, Section 4.1). 

The evolution equations for the position and strength vector of a vortex-dipole 

are thus taken as 

Uu(xP(t), t) , 

- ( 1 P(t) · v'T) U17 (XP(t), t) . 

(H.32) 

(H.33) 

These evolution equations are of course also used when the vortex-dipoles are aligned 

so as to form a vortex-dipole sheet. Recently, Krasny (1988) has used a combination 

of a vortex sheet and a vortex-dipole sheet to investigate the time evolution of a 

periodic shear layer with a wake component 

Notice that a vortex-dipole sheet is not a streamtube. Indeed, a straining field 

that locally elongates a vortex-dipole sheet decreases the value of 1 . The volume flow 

along the tube thus locally decreases since Af ex 1 / l (, decreases and l increases!). 

The volume flow along the dipole sheet is thus not conserved. Fluid goes away from 

the sheet at places where the sheet gets stretched and is entrained toward the sheet 

at places where the sheet gets squeezed. 

It is a matter of simple algebra to show that the evolution equations (H.32) 

and (H.33) conserve the linear impulse I= ½ Lp 1 P but do not conserve the angular 

impulse A=½ Lp xP /1. 1 P. 
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If each dipole is assigned its own core size a = aP which is subjected to the 

area conservation equation aP l = constant, then the linear impulse is still conserved 

provided the evolution equations are symmetrized, i.e., aPq = aqp_ 
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Appendix I 

The evaluation of quadratic diagnostics when 

using filaments of vorticity curl or particles of 

vorticity gradient 

In this appendix, the evaluation of quadratic diagnostics such as the the Hamiltonian 

{i.e., the kinetic energy when n = 0) and the enstrophy is examined when the vorticity 

gradient is represented with filaments of 'Vw I\ ez or particles of 'Vw. 

1.1 The singular case 

1.1.1 Singular filaments of vorticity curl 

Singular filaments of v1 w I\ ez define the divergence free field, Equation ( 4.5). The 

divergence free velocity field is solution of v1 2u = - 'V w I\ ez and is given by Equa­

tion {4.7). 
The evaluation of the Hamiltonian E is delicate. This is due to the fact that 

the integral ½ f 1/; w dx cannot be reduced to an integral that involves only velocity 

and vorticity gradient. Instead, one must solve for the streamfunction and evaluate 

the integral as is. Recalling that, in two-dimensional flows, the expression for the 

streamfunction is given by 

1/;(x) = _ __!_ j log (Ix -x'I) w(x')dx', 
21r a 

(I.1) 

one obtains 

E = -
4
~ j j log ex~ x'I) w(x) w(x') dxdx'. (I.2) 

Notice that, because of the arbitrariness in the choice of the length scale a when 

defining the streamfunction 1/;, it follows that E is only defined up to some constant 

times the square of the total circulation n. Consequently, E is unique only when it 

is the kinetic energy of the system, i.e., when n = 0. 
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With singular filaments of v'w !\ ez, one obtains 

E = _ _!_ L ~wP 1 (L ~wq 1 log (Ix - x'l) dx') dx 
471" p ,AP q ,Aq a 

- _ _!_ L ~wP ~wq f (1 log ( 1x - x'l) dx') dx. (I.3) 
471" p,q J ,AP ,Aq a 

It is necessary to turn the surface integrals in Equation (I.3) into contour integrals. 

It must thus be shown that the integrand can be written as the curl of some vector 

function so that use can be made of Stokes theorem. First, notice that 

where 

and that 

where 

1 F C:1) dx = 1 ez. v'/\ ( a c:1) (ez Ax)) dx 

= fc G c:1
) ez · (x !\ dx), (I.4) 

p G'(p) + 2 G(p) = F(p) , 

1 ez. v'!\ (xH (1:1
) (ez Ax)) dx 

fc x H c:I) ez · (x !\ dx) , 

p H'(p) + 3 H(p) = F(p) , 

(1.5) 

(1.6) 

(I. 7) 

and similarly for f.A y F(lxl/a) dx. Using these identities, it is easy to show that 

1 log c:1) dx = ½ 1 (10g c:1)- ½) ez · (x A dx) , (I.8) 

lxdx ~ fc x ez. (x !\ dx) , 
3 C 

(I.9) 

l x log C:') dx i 1 X (log c:1) -1) ez · (x A dx) . (I.10) 

With this knowledge, Equation (1.3) can be written as 

E = 
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(ez. ((xP - xq) I\ dxP))l I\ dxq 

- _l L ~wP ~wq r r (10g (lxP - xql) - ~) ((xP - xq). (ez I\ dxP)) 
2471" p~ k,k, a 6 

( ( xP - xq) · ( e z I\ dxq)) . ( I. 11 ) 

where dxP stands for oxP / os ds and dxq stands for &x_q / os' ds'. Using the observation 

that the area of the vortex patch Aq is precisely given by ½ ez · fc, xq I\ dxq, one can 

also write, instead of Equation (1.11 ), 

E = _!:._ L ~wP ~wq ez. r [1 dx log ( 1x - xql) (x - xq)l /\ dxq 
811" p,q Jc, ,A., a 

- -
1 L ~wP ~wq Aq 1 dx 

811" p,q ,AP 

_l L ~wP ~wq r r (10g ('xP - xql) - !) ((xP - xq). (ez I\ dxP)) 
2471" p,q Jc, JcP a 3 

- _!:_ n2 . 
871" 

((xP - xq). (ez I\ dxq)) 

(I.12) 

The expressions (1.11) and {I.12) are exact expressions for E when using singular 

contours of Vw I\ ez. It is believed that these expressions are new. 

The evaluation of the enstrophy £ = f w w dx is much easier than the evaluation 

of the Hamiltonian E because the integral can be turned into an integral involving 

only velocity and vorticity gradient. For singular filaments, one obtains 

(
OXP. 0Xq) 
OS os' 

ds ds'. 

(1.13) 

1.1.2 Singular particles of vorticity gradient 

With singular particles, the particle field v7 w is given by Equation ( 4.27) and is not 

divergence free. The divergence free field VwN is given by Equation ( 4.31 ). The 

velocity field is solution of v72u = -Vw I\ ez and is given by Equation ( 4.29). This 

velocity field is also not divergence free. 

The evaluation of the Hamiltonian E is difficult. First, as in contour dynamics, 

the integral ½ f 1/J w dx cannot be reduced to an integral that involves only velocity 

and vorticity gradient. Second, as opposed to contour dynamics, the streamfunction 
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is unknown and so are its integrals. (Only its derivatives such as the velocity are 

known!) Thus, the integral ½ J 1/Jw dx cannot be evaluated. One must consider, 

instead, the velocity integral ½ Ju· u dx which only converges when O = 0 ( in which 

case it is equivalent to½ J¢wdx). 

With singular particles, one has 

E = i ju -udx 

-
8
: 2 ~ (! log ex~ xPI) log ex~ xql) dx) 0 v. aq. (I.14) 

For each pair (p, q), the integral is performed using a local polar coordinate system 

centered at xP. Notice that the integral does not converge at oo (it diverges like 

f 00 t log2 t dt). However, when O = 0, the sum of all the (p, q) pairs integral converges 

since ½ Ju · u dx converges. The contribution at oo may thus be discarded. Defining 

x - xP = x', x - xq = x' + ( xP - xq), dx = dx' = dr r d0, z = lxP - xq I/ a and 

t = r / a, one obtains 

I= j log ex~ xPI) log ex~ xql) dx 

= ~
2 

fo00 

dt t log t fo
2

1r d0 log( t2 + 2tz cos 0 + z2
) 

= 21r a2 ( log z foz dt t log t + 1= dt t log2 t) 

=1ra
2 (logz [t2(1ogt-1/2)]:+ [t2(logt-1/2)2+t2]~) 

7r = 2 a
2 z2 (log z - 1) , (I.15) 

where the contribution at oo is not taken for the reasons explained above. Finally, 

E = _1 I: lxP - xql2 (log (lxP -xql)-1) aP. aq. 
l61r P~ a 

(I.16) 

Notice that the q = p term does not give any contribution even though singular 

particles have been considered. So far, there is no guarantee that Equation (1.16) is 

the appropriate integral for ½ J 'I/J w dx when O -/- 0. It turns out that it is as will be 

shown from numerical examples in Section 4.5. So, although this is somewhat of a 

mystery, it must be true that the process of neglecting the contribution from oo in 

the integral ½Ju• u dx is exactly what needs to be done in order to obtain the correct 

expression for ½ J 1jJ w dx when O -/- 0. 

Proceeding now with the evaluation of the enstrophy, and using integration by 

parts, one obtains 

(I.1 7) 
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Notice that, due to the non-zero divergence of the particle field 'vw !\ez, the enstrophy 

cannot simply be written as 

(I.18) 

where the q = p term has been removed in order to avoid a logarithmic infinity. 

Equation (I.18) is only valid when the particle discretization of 'vw !\ ez is a good 

representation of a divergence free field. If an expression that is valid for all times 

is required, Equation (I.17) must be integrated in closed form. To achieve this, the 

notation f3P = aP !\ ez is first defined. One then obtains 

(I.19) 

The integral in Equation (1.19) is written as 

(I.20) 

where use has been made of the symmetry relation a~; log (lx:xP!) = -fxr' log (lx:xP!). 
Recalling Equation (I.15) for the integral I appearing in Equation (I.20), one proceeds 

with 

( I.21) 
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All the elements necessary to evaluate the enstrophy have been derived. Recalling 

that f3P = o:P I\ ez, one finally obtains 

Notice the difference between this exact result and the approximation (I.18). Of 

course, the second term in the exact result is small when the particles discretization 

of v'L4,1 /\ ez is still a good representation of a divergence free field. It is useful to keep 

track of both expressions when doing numerical computations because their difference 

gives an indication of how consistent the computation is. 

I.2 The regularized case 

For regularized filaments or particles methods, it is necessary to smooth only one term 

in the integrand of a quadratic diagnostic in order to obtain a closed form expression 

for the integral. The approximation of a quadratic diagnostic by smoothing only one 

term in the integrand was discussed in the context of vortex particles, Section G.2.1, 

but applies equally well in the present context. The reader is referred to Section G.2.1 

for the justification of such a procedure. 

1.2.1 Regularized filaments of vorticity curl 

Regularized filaments of v'w I\ ez define the divergence free field (v'w)u /\ ez, Equa­

tion (4.10). The divergence free velocity field is solution of v'2uu = -(v'w)u /\ ez and 

is given by Equation (4.22) with v'2x(p) = ((p). 

The evaluation of the diagnostics is done using the same procedure as for sin­

gular filaments, Section I.LL 

The evaluation of the Hamiltonian is first considered. w is taken constant within 

each patch, but a regularized streamfunction is now considered. The semi-regularized 

Hamiltonian is thus defined as 

E } j 1/Juwdx 

-i j j Xu(x - x')w(x)w(x')dxdx' 
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Again, it is necessary to turn the surface integrals in Equation (I.23) into contour 

integrals. This cannot easily be done for an arbitrary smoothing function ((p ). There 

is however one smoothing for which this can be done in closed form: the high order 

algebraic smoothing (B.13) which has a corresponding x(p) function given by 

1 ( p2 ) x(p) = 41r log(p2 + 1) + P2 + 1 . (I.24) 

Using the relations (I.4) through (I.7), and defining p = lxl/o-, it can be shown that 

1 li ( (p-arctanp) 2) ~ x log(p2+1)dx=- x log(p2+1)+2 
3 

-- e2 ·(x/\dx), 
A 3 C p 3 

(I.26) 

so that Equation (1.23) becomes 

E = 
8
~ ~ ~wP ~wq ez · [q [LP dx i log ('x ~;

912 
+ 1) (x - xq)l /\ dxq 

= _1 "°""' ~wP ~wq f f (! log (lxP - xql2 + 1) + (lxP;xq! - arctan (lxP;xql)) - !) 
241r L..... Jcq JcP 2 o-2 ( !xP-xq!) 3 3 p,q (7 

( (xP - xq) · ( ez !\ dxP)) ( (xP - xq) · ( ez !\ dxq)) . (1.27) 

The evaluation of the semi-regularized enstrophy is now considered. Again, the 

integral for the enstrophy can be reduced to an integral involving only velocity and 

vorticity gradient and is thus easy to perform, namely, 

t - J Wr7 w dx = J u(7 . ('vw !\ ez) dx 

- L ~wP ~wq f f x(7(xP - xq) 
p,q JcP(t) Jcq(t) ( 

&x_P &x_q) ds ds' . 
8s 8s' 

(1.28) 

1.2.2 Regularized particles of vorticity gradient 

With regularized particles, the particle field ('vw ),,. is given by Equation ( 4.42) and 

is not divergence free. The divergence free field (V w )~ is given by Equation ( 4 .45). 

The velocity field is solution of 'v2u(7 = -('vw)(7 !\ ez and is given by Equation (4.43) 

with 'v2x(p) = ((p). This velocity field is also not divergence free. 
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The evaluation of the diagnostics is done using the same procedure as with 

singular particles, Section I.1.2 

For the Hamiltonian, the following semi-regularized velocity integral is exam­

ined: 

E 

(1.29) 

The integral in parenthesis cannot be done in general. Only in the case of the high 

order algebraic smoothing (B.13) could a closed form expression for that integral be 

obtained. Indeed, if that smoothing is considered, 

I= 21r j Xu(x - xP) log ex~ xql) dx 

= a
2 

{'xi dtt (1og(t2 + 1) + -2t
2

) f
2

1r dO log(t2 + 2tzcos0 + z2) 
4 lo t + 1 lo 

= 1ra
2 

[logz 1oz dtt (log(t2 + 1) + t/; 
1

) 

+ 100 

dt t log t (log( t
2 + 1) + t2 : 1)] 

= % a 2 [log z [t2 log(t2 + 1)]: 

+ [t2 logt log(t2 + 1) - i(t2 + l)(log(t2 + 1) - 1)]~] 
7r = 4 a

2 (z2 + 1) (log(z2 + 1) - 1), (I.30) 

where the contribution at oo is again not taken. One thus finally obtains 

E = _1_ L (lxP - xql2 + a2) (log ( jxP _tql2 + 1) - 1) aP. aq . 
321r p,q a 

(1.31) 

Again, it turns out that Equation (I.31) is the appropriate expression for E even when 

n = 0. Numerical evidence of this fact is given in Section 4.5. 

The evaluation of the semi-regularized enstrophy is now considered, 

(I.32) 

Again, due to the non-zero divergence of the particle field (v'w)u A ez, the semi­

regularized enstrophy cannot be simply written as 

Ecd = J Uu. (v'w /\ ez) dx = - L Xu(xP - xq) aP. aq . 
p,q 

(1.33) 
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where the q = p term does not make any contribution since x(p) = 0 (p2) for small 

p. Equation (I.33) is only an approximation to £ that is valid as long as the the 

particle discretization of (Vw )11 I\ ez is still a good representation of a divergence free 

field. The exact expression for £ is obtained by writing, with the same notation as 

for singular particles, 

t J U11 • (VwN I\ ez) dx 

- L X11(xP - xq) f3P · /3q 
p,q 

(I.34) 

The integral in Equation (1.34) is written as 

L f3f /3Z f 21r X11(x - xP) f:la _ f:la log ('x -xql) dx 
p,q uXJ UXk a 

(1.35) 

In general, the integral appearing in Equation (I.35) cannot be done in closed form. 

However, if the high order algebraic smoothing is considered, then the integral can 

be done and is given by I, Equation (I.30). Therefore, 

!:_ u2 ~ (- (xt - xk) z log(z2 + 1)) 
2 0Xp u 2 Z 

J 

_ (b· !i ( 2 +l)+ (xt-xl)(x~-xj)) 
7r Jk2ogz u2(z2+1) (1.36) 

Notice how compact the result is. This is due to the nice integration properties of 

the high order algebraic smoothing. All the elements necessary to obtain the exact 

semi-regularized enstrophy have been derived, and 

£ = _ __!._ L ! (10g (lxP - xql2 + 1) + lxP - xql2 ) aP. aq 
21r p,q 2 u2 lxP - xql2 + u2 

+__!._I:[! log (lxP _/ql2 + 1) aP. aq 
41r p,q 2 u 

(ez. ((xP - xq) I\ o:P))(ez. ((xP - xq) I\ aq))l 
+ I 12 2 . (I.37) xP - xq + u 

Again, the second term in this exact result is small as long as the divergence of 

the particle representation of (Vw )11 I\ ez is small. In numerical computations, it is 

interesting to keep track of both expressions, Equation (I.33) and Equation (1.37), 

because their difference is an indication of how consistent the computation is. 
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I.3 Some important remarks 

A few remarks concerning the above evaluation of the Hamiltonian E ( or E): 

• The evaluation of E with singular particles of Vw does not rely on the fact that 

particles are used instead of contours. Consequently, another exact expression 

for the Hamiltonian when using singular filaments of Vw I\ ez (i.e., contour 

dynamics) was found, and which is totally equivalent to Equation (I. 11 ), namely 

E = _1 I: ~WP ~wq r r lxP - xql2 (10g (lxP - xql) -1) dxP. dxq. 
l61r p,q lcq lcP a 

(I.38) 

Notice how different the two expressions are. It is remarkable that Equation (1.38) 

which involves only dot products of elements of contours ( dxP • dxq) is equivalent 

to Equation (1.11) which involves dot products of relative positions and elements 

of contours (((xP - xq) • dxP)((xP - xq) • dxq)). 

• The evaluation of E with regularized particles of Vw does not rely on the fact 

that particles are used instead of contours. Consequently, an expression for E 
was also found for regularized filaments of Vw I\ ez, namely 

jj; = 

This expression is equivalent to Equation (1.27) since, in general, ½ J '!pc, w dx = 
½ f Uc,· u dx. 

• The converse of the above is not true. The evaluation of E with singular filaments 

of Vw I\ ez relies on the fact that contours are used instead of particles. In other 

words, Equation (1.16) and the discretization onto particles of Equation (1.11 ), 

using a = ez I\ (w dx), 

Ecd '.'.:::::'. -
1
- L (log (lxP - xql) - ~) ((xP - xq) · aP) ((xP - xq) · aq), (1.40) 

241r p,q a 6 

are not equivalent. Equation (1.40) is not equal to E when a particle representa­

tion of V w is understood. Of course, the two expressions are identical as long as 

the particles are aligned as if a I\ ez were a discretization of a contour of V w I\ ez. 
In numerical computations with particles of Vw, it is interesting to keep track of 

both quantities because their difference is an indication of how well the particle 

method is doing. 
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• The same remark applies to Equation (I.31) and the discretization onto particles 

of Equation (I.27), Ecd· 
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Figure J.1: Some three-dimensional regularization functions: low order algebraic 

(short dash), high order algebraic (short chain-dot), Gaussian (solid), e-P
3 

(long 

chain-dot), sech2 (p3) (long dash), Super-Gaussian (medium dash), constant (dot). 
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Figure J.2-. Roots of the dispersion relation for angular mode m +1 (dot) and 

m = -1 (solid) for rectilinear vortex with uniform vorticity core. Circles indicate 

unstable crossing points and crosses stable crossing points in weak strain. (From 

Robinson & Saffman 1984). 
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Figure J.3: Dispersion relation for a rectilinear vortex. Exact result for uniform vortex 

(solid). Vortex filaments using low order algebraic smoothing with /3 = e-3
/
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Gaussian with /3 = (1/2112 ) eh/2- 3/ 4) (chain-dot), constant with /3 = (1/2) e7112 (dot). 
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Figure J.4: Dispersion relation for a rectilinear vortex. Exact result of Kelvin (1880) 

for uniform vortex (solid). Approximation of exact result for different values of c2 

(chain-dot). Exact result for regularized vortex filament using the new simple alge­

braic velocity smoothing q(p) with /3 = e114 (dot). 
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Figure J.5: New velocity smoothings q(p): new velocity smoothing that reproduces 

the approximation of Kelvin's exact result (chain-dot), new simple algebraic velocity 

smoothing with /3 = e114 (dot). For comparison, low order algebraic smoothing g(p) 

with /3 e-3
/
4 

( dash). 
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Figure J.6: Numerical decoupling of the new velocity smoothing q(p ): q(p )/ p (solid), 

qt(p)/p for different values of c (chain-dot). For comparison, low order algebraic 

smoothing g(p)/p with /3 = e-3
/
4 (dash). 
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Figure J. 7: Dispersion relation for a rectilinear vortex. Exact result of Kelvin (1880) 

(solid) and numerical results with new velocity smoothing q(p) (diamond). Exact 

result for low order algebraic smoothing g(p) and /3 = e-3
/

4 
( dash) and numerical 

results (square). 
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Figure J.12: The Hasimoto soliton for different values of the torsion parameter: (a) 

T = 2.0, (b) T 1.0, (c) T = .50 (from Hasimoto 1972). 
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4 (left), new smoothing q(p) (right). 
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g(p) with /3 = e-3
/

4 (left), new smoothing q(p) (right). 
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Figure J.16: Perspective view of the collision of opposite but otherwise identical 

solitary waves on a filament evolving under the full Biot-Savart velocity. (f = 1.0, 

T = .50, aK = .10, new velocity smoothing q(p)). 
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Figure J.41: The fusion of two vortex rings computed with the viscous method of 
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Figure J.51: The "knot" problem computed with the method of regularized vortex 

particles. No remeshing and no relaxation of the vorticity divergence. Diagnostics I, 

A, E (solid) and E1 ( dash), il. 
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Figure J.52: The "knot" problem computed with the method of regularized vortex 

particles. Remeshing but no relaxation of the vorticity divergence. Diagnostics I, A, 

E (solid) and E1 ( dash), ii. 
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Figure J.53: The "knot" problem computed with the method of regularized vortex 

particles. No remeshing but relaxation of the vorticity divergence. Diagnostics I, A, 

E (solid) and E1 ( dash), it. 
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Figure J.54= The "knot" problem computed with the method of regularized vortex 

particles. Remeshing and relaxation of the vorticity divergence. Diagnostics I, A, E 
(solid) and E1 ( dash), i( 
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Figure J.55: Vorticity and velocity fields for an isolated three-dimensional regularized 

vortex-dipole (The low order algebraic smoothing has been used). 
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Figure J.56: ( a) Two-dimensional regularized vortex-dipole as the limit of two 

two-dimensional regularized vortex particles. (b) Three-dimensional regularized vor­

tex-dipole as the limit of four three-dimensional regularized vortex particles. 
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Figure J.57: The short time diffusion of a circular vortex patch of uniform vorticity 

computed with the method of regularized particles of vorticity gradient: Vectors 

o:P I\ ez (left) 'Vorticity contours (right). 
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Figure J.58: Diagnostics for the short time diffusion of a circular vortex patch of uni­

form vorticity computed with the method of regularized particles of vorticity gradient: 

n, A,£, E (solid), E (dash) and Ecd (chain-dash). 
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Figure J. 59: The short time interaction between two vortex patches of uniform and 

same sign vorticity computed with the method of regularized particles of vorticity 

gradient. Vectors aP A ez: inviscid (left), viscous (right). 
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Figure J. 60: Diagnostics for the short time inviscid interaction between two vortex 

patches of uniform and same sign vorticity computed with the method of regularized 

particles of vorticity gradient: n, A, £, E (solid), E ( dash) and Ecd ( chain dash). 
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Figure J.61: Diagnostics for the short time viscous interaction between two vortex 

patches of uniform and same sign vorticity computed with the method of regularized 

particles of vorticity gradient: n, A,£, E (solid), E (dash) and Ecd (chain dash). 




