
















































































































































































































































































































































162. 

Table 4. (continued) ( Z) 

Space Group pc Planes A B 

86 -P4 2./n 2. h+k k +l 1 + 5 -l.n 2.n 1 + 5 
l.n Zn + 1 1 - 5 
2.n + 1 2n -z + 6 
2.n + 1 ln + 1 - 2. t 6 

87 -1 4/m 4 h + k+.t = Zn 1 + 5 

88-I 41/a 4 h+k+l h k 
4n Zn 2.n 1 + 5 
4n Zn Zn + 1 -z + 5 
4n Zn + 1 2n 1 - 6 
4n Zn + 1 2n + 1 -z- 6 
4n + 2 2n 2n 1 - 5 
4n + 2 2.n 2n + 1 -z - 5 
4n + Z Zn + 1 2n 1 + 6 
4n + 2 Zn + 1 Zn + 1 - 2 + 6 

89 - P4ZZ 1 All plane s 1+5+9+13 3+7-11-15 

90 -P4z
1
z 1 h + k = Zn 1+5+9+13 3+7 -11-1 5 

h + k = Zn + 1 1-5-9+13 3 - 7+11-15 

91-P4
1
zz 1 J = 4n 1+5+9+13 3+7 ·11-15 

1 = 4n + 1 -z+8-10+lb 4+6-1 z-14 
1 :: 4n + 2 l-5+9-13 3 - 7-11+15 
1 = 4n + 3 -z-B-10-16 4-6 -1 2+ 14 

9Z-P 4
1
z

1
z 1 Zh + 2k + I. = 4n 1+5+9+13 3+7-11 -1 5 

It = 4n + l - 2.+8+12+ 14 4+6-10+16 
II = 4n + 2. 1-5-9+13 3 - 7+11 -1 5 
II = 4n + 3 - 2. - 8 -1 2.+14 

93 -P4
2
zz 1 1 = Zn 1+5+9+13 3+'1-11-15 

1 :: Zn + 1 1-5+9-13 3-7-11+15 

94 -P4
2
z1 Z l h+k+l = Zn 1+5+9+1 3 3+7 -11-1 5 

h+k+l = l.n + l 1 - 5 - 9+13 3 - 7+11-15 
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Table 4. (continued) (3) 

S;.)ace Group a P lanes A B 
c 

95-P 4
3

22 1 l = 4n 1+5+9+13 3+7-11-15 
l = 4n + 1 -2-8-10-16 4 -6-12-14 
l = 4n + 2 1-5+9-13 3-7-11+15 
l = 4n + 3 -2+8-10+16 4+6-12-14 

96-P4
3
z

1
z 1 Zh + 2.k + l = 4n 1+5+9+13 3+7-11-15 

= 4n + 1 -2.-8-12.+14 4-6+10+16 
= 4n +- 2 1-5-9+13 3-7+11-15 
= 4n + 3 -2+8+12.+14 4+6-10+16 

97-1422 2. h +k+J = 2n 1+5+9+13 3+7-11-15 

98 -14 122. 2 2.k + l = 4n 1+5+9+13 3+7-11-15 
2k + l = 4n + 1 1-7+11+13 3+5+9-15 
2.k + 1 = 4n + l 1-5-9+13 3-7+11-15 
Zk + l = 4n + 3 1+7-11+13 3-5-9-15 

99-P4mm 1 All planes 1+5+9+13 3+7+11+15 

100-F4b:.n 1 h + k = 2.n 1+5+9+13 3+7+11+15 
h + k = 2.n + 1 1+5 -9-13 3+7-11-15 

101-P4
2
cm 1 

1 = 2n 1+5+9+13 3+7+11+15 
I. = 2n + 1 1-5-9+13 3-7-11+15 

102-P4
2
nm 1 h+k+1 = 2n 1+5+9+13 3+7+11+15 

h+k+1 = 2n + 1 1-5-9+13 3-7-11+15 

103-P4cc 1 I. = 2n 1+5+9+13 3+7+11+15 
l = 2.n + 1 1+5-9-13 3+7-11-15 

104-P4nc 1 h+k+l = 2n 1+5+9+13 3+7+11+15 
h+k+l = 2n + 1 1+5-9-13 3+7 -11-15 

105-P4
2

mc 1 l = 2n 1+5+9+13 3+7+11+15 
1 = 2n + 1 1-5+9-13 3-7+11-15 
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Table 4 . (continued) (4) 

Space Group a Planes A B 
c 

106~P4 be 1 h + k l 
2 

2n 2n 1+5+9+13 3+7+11+15 
2n 2n + 1 1~5+9-13 3~7+11-15 

2n +· 1 2n 1+5-9~13 3+7-11-15 
2n + 1 2n + 1 1-5~9+13 3 ~7 -11+1 5 

107 ~I41 .1m 2 h+k+l = 2n 1+5+9+13 3+7+11+1 5 

108~I4cm 2 J = 2n 1+5+9+13 3+7+11+ 15 
l = 2n + 1 1+5-9-13 3+7 ~11-1 5 

109 ~14 1 md 2 2k + 1 = 4n 1+5+9+13 3+7+11+1 5 
2k + l = 4n + 1 1~7+9-15 3+5+11+13 
2k + J = 4n + 2 1-5+9-13 3 - 7+11 -15 
2k + J = 4n + 3 1+7+9+15 3-5+11-13 

110-I4
1

c d 2 2k + 1 = 4n 1+5+9+13 3+7+11+15 
·zk + 1 = 4n + 1 1~7-9+15 3+5-11-13 
2k + 1 = 4n + 2 1- 5+9 -13 3-7+11~15 

2k + 1 = 4n + 3 1+7-9-15 3-5-11+ 13 

111 -P42m 1 All p lanes 1+5+9+13 3-7-11+15 

112- P42.c 1 ' = 2n 1+5+9+13 3 - 7 -11+1 5 
1 = 2n + 1 1+5-9~13 3 - 7+11-1 5 

113-P42
1

m 1 h + k = 2n 1+5+9+13 3-7~11+15 

h + k = Zn + 1 1+5 - 9 -1 3 3 - 7 + 11-15 

114-P4z
1

c 1 h + k+1 = 2.n 1+5+9+13 3-7-11+15 
h + k +l = 2.n + 1 1+5-9-13 3 -7+ 11 -1 5 

115-P4m2 1 All planes 1+5+9+13 3 -7+11-1 5 

116-P4c2 1 1 = ln 1+5+9+13 3-7+11-15 
1 = Zn + 1 1+5-9-13 3-7 -11+1 5 

117 - P4b2 1 h + k = Zn 1+5+9+13 3-7+11-15 
h + k = 2.n + 1 1+5-9-13 3-7-11+15 
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Table 4 . (continued) (S) 

Space Oroup PC Planes A B 

118 .. F4n
2 

1 h + k +l = 2n 1+5+9+13 3-7+11·15 
h+k+l = 2n + 1 1+5-9-13 3-7·11+15 

ll9-I4m2 2 h +k+.t ::: Zn 1+5+9+13 3-7+11-15 

120-I4c2 2 h ... k + l = 2n I = Zn 1+5+9+13 3-7+11-15 
II I. = 2n + 1 1+5 - 9 -13 3-7-11+15 

121 -I4Zm 2 h+k+l = 2n 1+5+9+13 3-7-11+15 

1ZZ-I4Zd 2 Zk + l c: 4n 1+5+9+13 3-7 -11+15 
2.k + J = 4n + 1 1+5+11-15 3-7+9+13 
Zk + l = 4n + 2 1+5-9·13 3 - 7+11-15 
2k +I. = 4n + 3 1+5-11+15 3-7-9-13 

l2.3-P4/m mm 2. All planes 1+5+9+13 

1Z4- P4/m cc 2 1 = Zn 1+5+9+13 
I. = Zn + 1 1+5-9-13 

l25-P4/n bm 2 h k 
Zn Zn 1+5+9+13 
Zn 2n + 1 - 2+ 6 -10+14 
Zn + 1 Zn - z - 6+10+14 
Zn + 1 Zn + 1 1·5-9+13 

1Z6-P4/n nc 2 h+k k+l. 1. 
2n Zn Zn 1+5+9+13 
Zn Zn + 1 2n 1-5-9+13 
Zn + 1 Zn Zn · 2. - 6+10+14 
Zn + 1 Zn + 1 2n - 2+6 -10+14 
2n 2n 2n + 1 1-5+9 ·13 
2n Zn + 1 Zn + 1 1+5-9- 13 
Zn + 1 Zn 2n + 1 - 2.+6+10-14 
2n + 1 Zn + 1 Zn + 1 - z - 6 -10-14 

127-P4/m bm 2 h + k = Zn 1+5+9+1 3 
h + k z: 2n + 1 1+5-9-13 
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Table 4. (continued) (6) 

Space Group pc Planes A 

128-P4/m nc 2 h+k+l = 2n 1+5+9+13 
h+k+l = 2n + 1 1+5-9-13 

129-P4/n mm 2 h k -2n 2n 1+5+9+13 
2n 2n + 1 -2+6+10-14 
2n + 1 2n -2-6-10-14 
2n + 1 2n + 1 1-5-9+13 

130-P4/n ee 2 h+k k+l l - -2n 2n 2n 1+5+9+13 
2n 2n + 1 Zn 1-5-9+13 
2n + 1 2n 2n -2-6-10-14 
2n + 1 Zn + 1 Zn -2+6+10-14 
2n 2n Zn + 1 1-5+9-13 
2n Zn + 1 2n + 1 1+5-9-13 
2n + 1 Zn 2n + 1 -2+6-10+14 
Zn + 1 2n + 1 2n + 1 -2-6+10+14 

131-P 4 2/ m me 2 l = 2n 1+5+9+13 
l = 2n + 1 1-5+9-13 

132-P4 2/ m em 2 l = 2n 1+5+9+13 
J = 2n + 1 1-5-9+13 

133-P42/n be 2 h k l -Zn 2n 2n 1+5+9+13 
Zn 2n + 1 2n -2+6-10+14 
2n + 1 Zn 2n -2-6+10+14 
2n + 1 2n + 1 2n 1-5-9+13 
2n 2n 2n + 1 1-5+9-13 
2n 2n + 1 2n + 1 - 2-6-10-14 
2n + 1 2n 2n + 1 -2+6+10-14 
2n + 1 2n + 1 2.n + 1 1+5-9-13 

l34-P4 2/n nm 2 h+k k+l - -2n 2n 1+5+9+13 
2n 2n + 1 1-5-9+13 
2n + 1 Zn - 2- 6+ 10+14 
2n + 1 2n + 1 -2+6-10+14 
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Table 4. (continued) (7) 

Space Group PC Planes A 

135·P4 2./ m be 2 h+k l -Zn Zn 1+5+9+13 
Z.n 2n + 1 1-5+9-13 
2n + 1 Z.n 1+5-9-13 
Z.n + 1 Z.n + 1 1-5-9+13 

136-P42./mnm 2. h + k + l :: Z.n 1+5+9+13 
h + k + l : Z.n + 1 1-5-9+13 

137 -P4 2/n me 2. h k l -Zn 2n Z.n 1+5+9+13 
Zn Z.n + 1 2n -2+6+10-14 
2n + 1 2n 2n -2-6-10-14 
2n + 1 2n + 1 Zn 1-5-9+13 
Z.n 2n Zn + 1 1-5+9-13 
2n 2n + 1 Z.n + 1 -2-6+10+14 
Z.n + 1 2n 2n + 1 -2+6-10+14 
2n + 1 2n + 1 2n + 1 1+5-9-13 

138-P4 2/n em 2 h + l k+l -2n 2n 1+5+9+13 
2n 2n + 1 -2+6+10-14 
2n + 1 2n - 2-6-10-14 
Zn+ 1 2n + 1 1-5-9+13 

139-14/m mm 4 h+k+l = 2n 1+5+9+13 

140-14/m em 4 h+k+l = 2n,J ==2n 1+5+9+13 
" l =2n+l 1+5-9-13 
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Table 4. (continued) (8) 

Space Group PC P lanes A 

141-14 1/a md 4 h+k+.f h k -4n 2n Zn 1+5+9+13 
4n Zn Zn + 1 -2·5+10-13 

• 4n 2n + 1 2n 1+6+9+14 
4n 2n + 1 2n + 1 -2-6+10-14 
4n + 2 2n 2n 1-5+9-13 
4n + 2 2n 2n + 1 -2+5+10+13 
4n + 2 2n + 1 2n 1-6+9-14 
4n + 2 2n + 1 2n + 1 -2+6+10+14 

142-14 1/a cd 4 h+k+l h k 
4n 2n 2n 1+5+9+13 
4n 2n 2n + 1 -2-5-10+13 
4n 2n + 1 2n 1+6-9-14 
4n 2n + 1 2n + 1 -2-6+10-14 
4n + 2 2n 2n 1-5+9-13 
4n + 2 2n 2n + 1 -2+5-10-13 
4n + 2 2n + 1 2n 1-6-9+14 
4n + 2 2n + 1 2n + 1 -2+6+10+14 
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:,rrigonal and hexagonal syste~s 

We choose to tabulate our (ormulations for the two systems 

separately , but we will discuss them at the same time since they are 

directly related, yet sufficiently different to warrant a separation of 

tables. For both systems the formulations are based on the hexagonal 

coordinates and we have substituted i = -(h + lt) throughout. 

We will again write the trigonometric part of the structure 

factor in the form of triple products of sines and cosines. In addition 

to the triple products defined in table 1 for the tetragonal system, 

we will need those defined in table 5 . 

Twelve orientations of the vibrational ellipsoid are found in 

the hexagonal system; the corresponding scattering factors are listed 

in table 6. Only nine of these scattering factors are needed in the 

trigonal system; the three that appear in the hexagonal system but not 

in the trigonal are £
2

• £
6 

and £
4

• and correspond to rotations of the 

reference vibrational ellipsoid of 6o•. lao•. and 300• about the 6-

folcl axis. The first six of the f's are related to each other by the 

6 -fold rotation axis: the second six are related to the first six by a 

Z-fold axis parallel to !. in the ( 00 1) plane. 

Just as i n the tetragonal system. consideration of bookkeeping 

and computational time has led us to use simple terms for expressing 

the structure factors. The 18 expressions chosen for the trigonal 

system are defined in table 7 and their derivatives are given in table 8. 
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The 24 expressions for the hexagonal system are defined in table 10; 

these hexagonal expressions are direcUy related to identically numbered 

trigonal expressions in table 7. The derivatives of the hexagonal 

expressions are listed in table 11. 

Tablea 9 and 12, in conjunction with the tables of definition, 

allow us to write the appropriate structure factor expression for any 

claas of reflections in any trigonal or hexagonal space group. 

We give three examples to illustrate the use of these tables. 

Consider the reflections with l = 3n.+ 1 in space groups F 3
2

12. In 

table 9, where the trigonal space groups are tabulated, we find 

A = ( 1 + 13) • t( 5 + 9 + 17 + 21) + ./3/2 ( 7 • 11 - 19 + 23) 

and B = ( 3 - 15) - t( 7 + 11 - 1 9 - 23) - /3/ 2 ( 5 - 9 + 1 7 - 21) 

where ~ and ./"J/ 2 have their usual meanings and the numbers in 

parentheses represent expres~ions defined in table 7. Consider 

any reflection in space group R3 . From table 9 and table 7 , we write 

Fe= A= 6{ £
1
f(c 1-e

1
)- (i

1
+g

1
)1 + £

3
((d

3
-£

3
') .. (j

3
+h

3
)] 

+ 1s ( (dz .. £z')- ( jz-hz>J} 

where f 
1

, £
3 

and £
5 

are scatterin3 factors defined in table 6, c 
1

, e 
1

, 

i 1 and g 
1 

are triple products defined in table 1, and d
3

, £
3 

', j
3

, h
3

, 

d 2 , £
2 

'• j 2 and h
2 

are triple products defined in table 5. To avoid 

confusion with the numbers that define expressions, we transfer the 
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factor of 6 to the left side of the equation and write some of the 

derivativea of F c /6 by consulting table 8. 

1 ::'\ F e . 1 .,- - = 2.TT ( - h{3) • k{7) •1{ 11) 
0 ~X 

Consi der the reflections I. = Zn + 1 in space group P 6
31 

m. 

Consulting tabl e 12 and table 10. we write 

Fe -2 
A = 2' = ( 2. + 6 + 10) = -(f

1
+£

2
)(i

1
+g 1) + (£1- £

2
)(c 1 - e 1) 

-(f3 +f4){j3 +h3) + (£3 -£4){d3 - £3 ') 

-(£5 +f6)(jz +hz.) + (£5 -£6)(dz - fz ') 

Referri ng to table 11 , we write some of the derivatives 

" ~ :c = ( -k(3) + (h+k){7) - h( 11) 1 zn 

1. _<~Fe = ( 
1!" ~ z -2.TT.f 4 + 8 + 12) 

i ~ = -hl ( 1) - kt{S) + {hl + kl. )(9) 
~ B l 3 

For an isotropic atom in the trigonal system , the calculation 

is straightforward . All the scatteri ng factors become equal to 
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2 
fo exp( - B' ~ ) , and the necessary products of table 7 are formed 

).2 

without special considerations. For the hexagonal system. the iso-

tropic case is worth special consideration when setting up a computer 

program; the right hand side of each expression in table 10 is zero. 

(£
1 

- fj ) = 0 for an isotropic atom . 

1 thank Dr. Richard E . Marsh for helpful discussions and 

acknowledge the tenure of a United States Rubber Company fellowship. 
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Table 5. Definition of additional triple products needed Cor trigonal 
and hexag onal s y s tems. C = cosZrr, S = sin21'T, i = -h-k. 

hx iy l.z by ix l.z 

c ., Chx · Ciy Cl.z dz - Chy · Cbt • Cl.z 
2 

e B Shx · Siy · C.tz c I - Shy • Six • C.t z 
2 z 

g "-' Chx • Siy • Sl.z hz - Chy · Six • Sl.z 
2 

i ;s Shx · 
2 

Ciy Sl.z jz - Shy Cix · SJz 

k !! Shx · 5iy • Slz 'z - Shy Six • S.t z 
2 

m s Shx · Ciy · Clz n - Shy • Cix · Clz 
2 2 

o -=- Chx · Siy C.lz P2 - Ghy • Six · C.lz 
2 

q -= Chx · Ciy · Sl.z r2 - Chy • Cix · S.tz 
2 

ix ky .tz iy kx .lz 

c3 :: Cix · Cky Cl.z d3 - Ciy • Ckx· Cl.z 

e3 -Six • Sky · Cl.z £3 
I - Siy • Skx · C.tz 

g = Cix • Sky Slz h3 - Ciy · Skx. • S.t z 
3 

i = Six • Cky S.tz j3 - Siy • Ckx • S.lz 
3 

k = Six • Sky· S.lz 
'3 - Siy • Skx · S.lz 

3 
m =Six· Cky · C.tz n3 - Siy • Ckx • Clz 

3 
o ;: Cix · Sky C.t z p3 - Ciy · Skx · C.lz 

3 

q3 - Cix · Cky · S.t z r3 :! Ciy • Ckx · Sl.z 
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Table 6. Definition of scattering factors for trigonal and hexagonal 
systems (£

2
. £

4 
and £

6 
do not occur in trigonal) 

2 2 2 
£1 = £

0 
exp- (B 11h + B

22
k + B

33
J + B

12
hk + B

13
hJ + B

23
kl) 

2 2 2 £
2 

c £
0 

exp- (B 
11

h + B
22

k + B
33

J + B
12

hk- B
13

hJ - B
23

kJ] 

2 2. 2 2 2 
£
3 

= f
0 

exp - (B 
11

k + B
22

(h + k + 2hk) + a
33

1 - B 
12

(k + hk) 

+ B 13kl - B23(hJ + kl)] 

£
4 

c £
0 

exp - rB
11

k
2 

+ B
22

(h2 + k
2 

+ 2hk) + B
33

1 2
- B

12
(k

2 
+ hk) 

-B13kl +B23(hl +k1)) 

2 2 2 2 2 
£
5 

= £
0 

exp - (B 
11

(h + k + 2hk) + B
22

h + B
33

J - B 
12

(h + hk) 

-B 
13

(hl + kl) + B
23

hl ] 

£6 = fo exp- (Bll(h2 + k2 + 2hk) + B2lh2 + B33i2- Bl2(h2 + hk) 

+ B 
13

(hl + kl) - B
23

hl ] 

2 2 2. 
£7 c fo exp - (B llk + B22h + B33l + B 12hl< + B 13k.C + B23hl) 

2 · 2 2 
£8 = £

0 
exp - ra 11k + B

2
lh + B

33
J + B 

12
hk - B 

13
kl - B

23
hl) 

. 2 2 2 l 2 £
9

=r
0

exp-[B
11

(h +k +2hk)+B
22

k +B
33

J -B
12

(k +hk) 

- B 13(hl + kl) + B23k.C ) 

2 2 2 2. 2 
£
10

=£
0

exp-[B
11

(h +k +2hk)+B
22

k +B
33

J -B
12

(k +hk) 

+ B 13(hl + kl) - B23kJ ) 

£11 = f
0 

exp - (B 
11

h
2 

+ B
22

(h
2 

+ k 2 
+ Zhk) + a

33
1 2. - B 

12
(h

2 
+ hk) 

+ B
13

hl - B
23

(hl + kl)) 

£12 = fo exp- (Bllh2 + BZ2(h2. + k2 + 2hk) + B33l2- B 12(h2 + hk) 

-B 
13

hl + B 
23

(hl + kl)) 
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Table 7. Definition of combinations of triple-products and 
~tcattering factors for the trigonal system ( see 
Table s 1, 5 and 6 .). 

r
1

r (c
1 

.. e
1
)- (i

1 
+ g

1
)1• 1 

fl[ (ql- kl) + ( rnl + o l)] ~ 3 

f3( (d3 - £3') - (j3 + h3)1;;!! 5 

f3( (r3 -1 3) + (n3 + p3)] !II 7 

fs( (d2 - f2 ') - ( j2 + hz)J • 9 

f
5

[ (r
2 

-1
2

) + ( n
2 

+ n
2
)] a 11 

f7( (dl - i.J. ') - (jl + h 1)]. 13 

- rsrj l + hl ) + (d1 - £1')] a 14 

f/ (r
1 

-1
1
)+(n

1
- p

1
)1•15 

z
8

r(n
1 

+ o1)- (r
1 

- t
1
)1• 16 

£
9

[ (c
3 

- e
3

) - (i
3 

+ g
3
)1 • 17 

- f 10( (i3 + g3) + (c3 - e3)] !II 18 

f9( (q3 - k3) + (m3 + o3)] e 19 

f·lo(rn3 + o3) - (q3 - k3)J • 20 

f 11 [ ( c 2 - e 
2

) - ( i 
2 

+ g 
2
)] • 21 

- 12[(i2 + g2) + (c 2 - e2)1 • 22 

£11 [(q2 - k2) + ( m2 + 02)1!! 23 

f 12[(m2 + o2) - (q2 - k2)1• 24 
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Table 8 . Derivatives of the expres$ions defined in Table 7 for 
the trigonal c.;ystem. 

0 0 0 - o -o -o -o -o -o 
211' 0 X ' ' -- • ' ' - ' • ' 2.11' 0 y zno z oB 11 oB

22 oB33 oB 12 oB l 3 oB 
23 

Multiplicative. 
constant Exp . Multiplicative constant x 1st column 

X y z Bll B22 B33 B12 Bl3 B23 

hz kz ) 

1 - h - k -I. 3 ~.- hk h.t kl 

3 h k I. 1 h2 k2 l l hk hl kl 

5 - k -i -I. 7 kz s 2 
kl I. -t -v 

7 k i I. 5 kz 5 ' 2 - t k.l -v 

9 -i -h -I. 11 s h2 1. 2 -t - v hl 

11 i h I. 9 s h2 1. 2 -t - v hi. 

13 -k -h -I. 15 k2 h2 l 2 hk kl hl 

14 k h -l 16 k2 hz l 
2 hk -kl -hi. 

15 k h I. 13 kz h2 1 2. hk kl. hi. 

16 - lt -h I. 14 k2 hz 1 2 hk -kl -h.f 

17 -i -k -I 19 
,, 
~ 

kz 1. 2. -t -v k.t 

18 i k _, 
20 s kz 1.2 -t v -kl. 

19 i k I 17 s kz 12'. -t -v kl 

l.O -i -k I 18 .3 kz 1 2. - t v -kl 

2.1 - h -i -1 23 h2. s 1l -t hl -v 

2.2 h i -1 24 h-2 s 1.1.. - t -hl v 

2.3 h i I Zl 
2. s 1.2 -t hl h - v 

24 -h -i I 22 2 s 2. 
-hl h I -t v 

i = - h - k h 
2 + k 2. + 2hk = 5 • k 

2 + hk = t, 
2 

h + hk. = u, hl + kt = v 
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Table 9 . A tabulation of the trigonal space groups according to 
index paritie~. 

Space Group 

143-P3 

146- R3 

147 -Pj 

148- Rl 

149-P 312 

150- P321 

151-P 3
1

12 

155-R32 

P lanes 

1 A ll plane s 

1 l = 3n 
l = 3n + 1 

1 l = 3n 
l a 3n + 1 

A 

1+5+9 

1+5+9 
1- ~ (5+9) =f 

/3/2( 7 - 11) 

1+5+9 
1- t ( 5+9) + 

/'3/2{7-1 n 

B 

3+7+11 

3+7+ 11 
3 - t ( 7+11) + 

/'3/Z ( S-9)-

3+7+11 
3 - ~ (7+ 11) :,: 

/3/2 ( 5 - 9) 

3 -h + k + l = 3n 1+5+9 3+7+ 11 

2 All planes 

6 All planes 

1 All planes 

1 All p lanes 

1 l = 3n 
l = 3n + 1 

1 l = 3n 
l = 3n + 1 

1 l = 3n 

l = 3n + 1 

1 l = 3n 

l = 3n + 1 

1+5+9 

1+5+9 

1+5+9+13+17+21 3+7+11-1 5 -1 9 - 23 

1+5+9-14-18-22 3+7+11+16+20+24 

1+5+9+13+17+21 3+7+11 -1 5-19 - 23 
1 + 13 -t ( 5+9+17 +21) 3-15 -~ 7+11-19 - 23) 

T./3/2(7 -11-19+23) !_./3/2(5-9+17 - 21) 

1+5+9-14 -18 - 22 3+7+11+16+20+24 
1 -14 -~5+9 -18 -22) 3+16-~7+11+20+24) 

!f../'3/ 2{7 -11+20- 24) !!'J/2( 5 - 9 - 18+22) 

same , as l = 3n, 
P3 12 

sameasf=3n:;: 1, 
P3

1 
12 

same as l = 3n, 
P3 21 

same asl= 3n=f 1 , 
P3

1
21 

3 -h + k + l = 3n 1+5+9-14 - 18- 22 3+7+ll+l6+20+24 
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T able 9. (continued) ( 2) 

Space Group PC Planes A B 

156-P3ml 1 All plane s 1+5+9-14-18-22 3+7+11-16 -20-24 

157-P 31 m 1 All planes 1+5+9+13+17+21 3+7+11+15+19+23 

158-P 3cl 1 I. = 2n 1+5+9-14-18-22 3+7+11-16 - 20 - 24 
l = 2n + 1 1+5+9+14+18+22 3+7+11+16+20+24 

159 - P 31c 1 l = 2n 1+5+9+13+17+21 3+7+11+15+19+23 
l = 2n + 1 1+5+9-13 ... 17 · 21 3+7+11-15 - 19 - 23 

160-R3m 3 -h + k + l = 3n 1+5+9-14-18- 22 3+7+11 -16 - 20- 24 

161-R3c 3 -h + k + l = 3n; 1+ 5+9 -14-18- 22 3+7+11 -16 - Z0-24 
l = 2n 
l = Zn + 1 1 + 5+ 9+ 14+18+ 2 2 3+7+11+16+20+24 

162·P 3lm 2 All planes 1+5+9+13+17+21 

163- P 31c 2 l = Zn 1+5+9+13+17+2 1 
l = 2n + 1 1+5+9 -13-17 - 21 

164 · P lml 2 All planes 1+5+9-14-18- 22 

165 · P 3cl z l = 2n 1+5+9·14-18-ZZ 
l = Zn + 1 1+5+9+14+18+22 

166-R§m 6 All planes 1+5+9-14-18-22 

167 - RJc 6 -h + k + l = 3n, 1+5+9 -14 · 18- 22 
l = Zn 
l = 2n + 1 1+5+9+14+18+22 
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Table 10. Definition of combinations o f triple products and s cattering 
factors for the hexagonal system (see Tables 1, Sand 6). 

( ~ 1 + f 2)( c 1 - e 1) - ( f - f )(i + g ) • 
1 2 1 1 

1 

-(£ 1 + £2)(i 1 + g 1> + (f - [ )(c - e ) s 1 2 1 1 
2 

(£1 + £2)(q1 - k 1) + ( f1 - f2)(m 1 + 0 1) 5 3 

(£1 +f2)(m1 + o 1) + ( f 1 - f 2 )( q 1 - k 1) • 4 

(£3 + £ 4)(d3 -r;> - ( f3 - f4)(j3 + h3) I! 5 

-(f3 + £4)(j3 + h3) + ( f • f )( d • f I ) 8 
3 4 3 3 

6 

(£3 + f4)(r3- .t3) + (£3 • f4)(n3 + p3) a 7 

(f3 + f 4)(n3 + p3) + (f - f )(r - .t ) a 
3 4 3 3 

8 

(£5 + £6)(d2 .. f~) - (£5 - f6)( j2 + h2) 5 9 

-(£5 + r6)(j2 + h2) + (£5 - f6)(d2 .. £~) s 10 

(£5 + £6)(r 2 - 1 2) + (fs - £6)(n2 + p2) a 11 

( fs + £6)(n2 + p2) + (£ - f )( r - J ) • 
5 6 2 2 

12 

(c., + f s>< d 1 - c 1 > - (£7 - fs)( jl + h1) 9 13 

-(£7 + f8)(j 1 + h 1) + (£7 - f8)(d 1 - f i) • 14 

(£7 + f8)( r1 ·l1) + (£7 - £s)(n1 + p l) • 15 

(£7 + f8)(n1 + p1) + (£7 - £8)(r 1 • 1 1) !!! 16 

(f9 + f 10)(c3 - e3) - ( f9 - f 10)(i3 + g3) • 17 

-(f9 + £10){i3 + g3) + (£9 - f lO)(c3 - e3) :z 18 

{f9 + f 10)(q3 - k3) + {£9 - f 10)(m3 + 0 3) 111 19 

(£9 + f 10){rn3 + o3) + ( i9 - f 10)(q3 - k3) s 20 

(£11 + f 12){c2- ez) - (1_1 - £12)(i 2+ gz) ';!!! 21 

-{fll + f 12)(i z+ g2) + ( fu - f12)(c2 - e2) • 22 

(€11 + f td(qq -kz) + (fll- f12)(m 2 + o2) = 23 

( f 11 + f12Hm 2+ 0 2 ) + (fn-fl2)(q 2-k z) = 24 
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Table 11. Derivatives of the expressions defined in Table 9 for the 
hexagonal system. 

~ a . ~ Ma Ma Ma Ma Ma Ma 
-and- ------,- _...._, ...,__. -and-
Zn~x Znay Znl~z aB11 ~Bzz' aB33 ~B1Z ~B 13 ~BZ3 
Mult. Mult. constant Mult. 
con st. Term 8 11 BZZB33B12 Term Constant Term 
X y B13 BZ3 

1 -h - k 4 M3 hz kz 12 hk 1 h1 kl 2 

2 -h Mk 3 -4 hz kz ,z hk 2 h1 kl 1 

3 h k z 1 hz k2 12 hk 3 h.f kl 4 

4 h k 1 2 hz kz ,z hk 4 h1 kl 3 

5 -k -i 8 - 7 kz s ,z -t 5 kl - v 6 

6 -k -i 7 - 8 kz s ,z - t 6 kl -v 5 

7 k i 6 5 kz. s ,z -t 7 kl -v 8 

8 k i 5 6 kz s .fz -t 8 kl -v 7 

9 -i -h 12. -11 '5 hz 12 - u 9 -v h1 10 

10 -i -h 11 - 12. s hz ,z - u 10 -v h.f 9 

11 i h 10 9 s hz 12. -u 11 -v h.f 12. 

12 i h 9 10 s hz '2 -u 12. •V h1 11 

13 -k -h 16 -1 5 kz. hz. ,z. hk 13 kl hl 14 

14 -k -h 15 -16 kz hz. ,z hk 14 kl hl 13 

15 k h 14 13 kz. h2 ,z. hk 15 kl h1 16 

16 k h 13 14 kz. hz. .12 hk 16 k1 hl 15 

17 -i - k 2.0 -19 s kz J2 -t 17 -v k.l 18 

18 -i - k 19 -zo s lt2 ,z. - t 18 - v k1 17 

19 i k 18 17 s kz ,z - t 19 -v k.l 2.0 

2.0 i k 17 18 s kz. '2 -t 20 -v kl 19 

21 -h -i 24 - 2.3 h2 s '2 - u Zl hl -v 2.2 

zz -h -i 23 - 24 h2 s '2 -u 22 h1 -v 21 
23 h i 22 21 hz s ,z. - u 23 hl -v 24 
24 h i 21 22 h2 s ,z -u 24 h1 -v 23 

i = -h-k 2. 2 2 2 h + k + Zhk = S , k + hk = t, h + hk s u, h1 + k1 = v 



181 

Table 12. A tabulation o£ the hexag onal space groups according to 
index parities. 

Space Group PC Planes A B 

16S-P 6 1 All planes 1+5+9 3+7+11 

169-P6
1 

1 f = 6n 1+5+9 3+7+11 
l = 6n + 1 2 -;{+6+10) 4 -t(8+1Z) 

~/2{8-12) +~/2{6-10) 
f = 6n + 2 l-t{5+9) 3~7+11) 

+..S/ 2{7 -11) -.13/ 2 (5-9) 
I. = 6n + 3 2+6+10 4+8+12 
I. = 6n + 4 1-t{5+9) 3--1{7 -11) 

-~/ 2 {7 -11) +/3/2 ( 5 -9) 

' c 6n + 5 z -t{6+10) 4-~(8+ 12) 
+..iJ/2 (8 -lZ) -/3/z (6-10) 

170-P 6
5 

1 l = 6n as for l = 6n 
in P6

1 
I. = 6n + 1 as for l = 6n + 5 

I. = 6n + Z 
in P6

1 
as for I. = 6n + 4 

I. = 6n + 3 
in P 6

1 
as for l c 6n + 3 

' = 6n + 4 
in P6

1 
as for I. = 6n + 2 

in P 6 

' = 6n + 5 as for f c 6n + 1 
in P6

1 

171-P6
2 

1 ' = 3n 1+5+9 3+7+11 
I. = 3n + 1 1-t {5+9) 3 -t {7+11) 

!. Ill z {7 -11) =t= /)/Z(S-9) 

172·P6
4 

1 ' = 3n as for I. c 3n in P6
2 

' & 3n + 1 a s for l = 3n =f 1 in P 6 
2 

173-P 6
3 1 l = Zn 1+5+9 3+7+11 

I. = ln + 1 Z+6+10 4+8+1Z 

174-P~ 1 All plane s 1+5+9 4+8+12 

175-P6/m z All planes 1+5+9 
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Table 12. {continued) {2) 

Space Group PC Planes A B 

176-P63Im 2 t = 2n 1+5+9 
J = 2n + 1 2+6+10 

177 - P 622 1 All planes 1+5+9+13+17+21 3+7+U-15 -19 ·23 

178 -P6
1

22 1 t = 6n 1+5+9+13+17+2 1 3+7+11-15 -19-23 
t c: 6n + 1 2 ·22 -i {6+10-14 -18) 4+24-t{8+12+16+ZOJ 

-lli2{8-1Z+l6-20) +Ill 2{6 -10-14 +18) 

t = 6n + 2 1+21-i(5+9+13+17) 3 - 23 -~{7+11-15 -19) 
.. /3/2(7 - 11-15-19) · Ill 2( 5 - 9+13-17) 

t = 6n + 3 2+6+ 10-14 -18 · 22 4+8+12+16+20+24 

l = 6n + 4 1+21-j-(5+9+13+17) 3 - 23 -t{7+11-15 -19) 
-/31 2( 7 -ll-15+19) +./'3 / 2(5-9+13-17) 

l = 6n + 5 2 - 22 -i( 6+10-14 -18) 4+24-t( 8+12+16+20} 
+Il l 2( 8·12+16-ZO) -Ill 2( 6 -10-14+18) 

179-P6r.:22 1 l = 6n as for l = 6n, P6
1

22 
:> 

l = 6n + 1 as for l = 6n + 5, P6
1
22 

l = 6n + 2 as for l = 6n + 4 , P6
1

22 
l c 6n + 3 as for I. c: 6n + 3, P6 122 
t = 6n + 4 as for J = 6n + 2 , P6

1
22 

I. = 6n + 5 as fort c 6n + 1, P6
1

22 

180-P6 2.2 1 t = 3n 1+5+9+13+17+21 3+7+11-15 -19 - 23 
2 

l = 3n + 1 1+21-~5+9+13+17) 3 - 23 - -i(?+ll-15 - 19) 
!_./312(7 - U -15+19) ':f./'3/ 2( 5 - 9+13-17) 

181-P 6
4

22 1 t = 3n as for l = 3n, P 6 22 
t = 3n + 1 

z as for t c: 3n =F 1, P 6
2
zz 

182.-P 6
3
zz 1 t = Zn 1+5+9+13+17+21 3+7+11-15-19-2.3 

t = Zn + 1 2+6+10 -14 -18 - 22 4+8+12+16+2.0+2.4 

183-P 6mm 1 A ll planes 1+5+9+13+17+21 3+7+11+15+19+23 

184- P 6cc 1 l c 2.n 1+5+9+13+17+21 3+7+11+15+19 +23 
t = Zn + 1 1+5+9-13-17 -21 3+7 +11-15 -19 · 23 
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Table 12. (continued) (3) 

Space Group PC Planes A B 

185-P6
3
cm 1 I. = 2n 1 + 5+9+13+17 + 21 3+7+11+15+19+23 

I. = 2n + 1 2+6+10+14+18+22 4+8+12.+16+2.0+2.4 

186- P6.,mc 1 I. = 2n 1+5+9+13+17+2.1 3+7+ll+l5+l9+2.3 
:J 

I. = 2n + 1 2+6+10 -14-18 · 2.2. 4+8+12. -16- 20 -2.4 

187-P6 mZ 1 All planes 1+5+9+13+17+2.1 4+8+12-16-2.0·2.4 

188-P~cz 1 l = Zn 1 +5+9+13+17+2.1 4+8+12.-16-Z0-2.4 
I. = Zn + 1 2.+6+10+14+18+2.2. 3+7+11-15-19-23 

189-P 62m 1 All planes 1+5+9+13+17+21 4+8+12+16+20+2.4 

190-P 62c 1 I. = Zn 1+5+9+13+17+21 4+8+12+16+20+2.4 
I. c Zn + 1 2.+6+10 -14-18-2.2 3+7+11-15-19 -2.3 

191-P6/m mm 2 All planes 1+5+9+13+17+2.1 

192- P 6/m cc 2. I. = 2n 1+5+9+13+17+2.2. 
l = 2n + 1 1+5+9-13-17-21 

193-P 6 3/m em 2 l = 2n 1+5+9+13+17+21 
I. = 2n + 1 2+6+10+14+18+22. 

194-P 6 3/ m me 2. I. = 2n 1+5+9+13+17+2.1 
l = 2n + 1 2+6+10 -14-18 - 22. 
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Structure-Factor and Least- Squares Calculation 

for Cubic Systems with Isotropic Vibrations 

A set of expreeslons is presented for calculating structure 

factors and least- squares coefficients for cubic structures with ho-

tropic temperature factors. The expressions will complement those 

presented by Hybl and Marah ( 1961) for the orthorhombic system; 

however , we wUl not now carry their treatment of anisotropic temper -

ature factors into the cubic system. Based on these expressions, the 

Burroughs 220 computer has been programmed to perform structure -

factor least- squares calculations for any cubic space group; to direct 

the course of calculations for a particular space group, the computer 

must }{now only the space group number. 

All of the geometrical structure factors for the cubic system 

have been reduced to sums of triple products of sines and cosines . 

A total of 48 different triple products are utilized; these triple products 

and the 16 sums of 3 triple products are defined in table 1. The 

triple products are divid ed into two groups , 1 and II. Space groups 

of symmetry T or Tb require expressions in group I only; further­

more , the derivatives with respect to the parameters x , y , and z {and, 

of course , B ) of any triple product in group 1 {or II) are other triple 

products In group I( or ll) multiplied by,! Zn (~) , 
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The sums in group 1 are directly relat ed t o sums in group U: 

C transforms to D , E to F . 0 to H . 1 to J •••• etc •• simply by inter -

changing hand k ( see table 1). The derivatives of a sum can be 

written down immediately by inspection of table 2 when the derivatives 

of each triple product are listed. For example , the derivative of C 

The geometrical structure factors for each set of conditions 

on the indices for every cubic space group are presented in table 3 

in terms of the sums of t riple products defined in table l. The pre -

aentation follows that of the International Tables ( 1952); in cases where 

the International Tables give a choice of origins, the origin is taken 

at a center . Corrections in 0 
7 

and Oh 
7 

have been made as directed 

by the errata sheet. 

For our program we have utilized the similarities in the struc -

ture factor expressions for different space groups . For example , the 

1 z 3 
structure factor expressions for T • T and T are the same except 

for a different multiplicity factor; the :o.same applies for space groups 

T 
3 5 1 3 5 1 2. 3 1 

h and T h , 0 • 0 and 0 • T d , T d and T d , and Oh • 

9 
and Oh • Some pairs of space groups whose similarities have 

4 5 
been utilized are T and T • 

4 7 6 7 
Th and Oh , 0 and 0 • 

8 6 
0 and T d , 

6 10 
Td and Oh , 

7 8 
and Oh and Oh . There 

are other similarities which we have utilized, and we are sure there 

are some which were not exploited. We give one example to illustrate 
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the use of the tables. Consider reflectiona h + k: Zn + 1. k +I. = Zn+l 

in space group Tb 2 (for one atom in a general position): 

= -8(2n) (h cos(Zn hx) cos(Zn ky) sin(Zrrl z) 

+ l sin( Zn hy) cos(Znkz) cos(Znlx) 

- k sin(Znhz) sin(Znkx) sin(Znly) 1 

We get Fe from table 3. I from table 1, and the derivatives from 

table 2. 

I thank Drs. Richard E . Marsh and 3ten Samson for helpful 

discussions and encouragement. 
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Table 1. Definition of tripl e products and sums of triple products. 

C = cos2n S z sin2n 

Group I hx ky 1 z hy kz 1x hz kx £ y 

C- Chx · Cky · C1z + Chy · Ckz · C1x + Chz · Ckx· C1y - c
1 

+ c
2 

+ c
3 

E- Shx·Sky · C.fz + Shy• Skz · C1x + Shz · Skx· C1y 

G - Chx· Sky· S1 z + Chy·Skz·S1x + Chz·Skx· S1y 

I ~ Shx· Cky · S1 z + Shy · Ckz · S1x + Shz·Ckx· S1y 

K::: Shx· Sky · S1z + Shy · Skz·S1x + Shz · Skx · S1y kl+k +k 
2 3 

M= Shx·Cky · C1z +Shy · Ckz·C1x +Shz · Ckx· C1y - m
1

+m
2

+m
3 

0- Chx·Sky · C1z + Chy·Skz · C1x + Chz · Skx · C1y - o
1 

+ o
2 

+ o
3 

Q- Chx·Cky· S1z + Chy · Ckz·S1x + Chz · Ckx·S1y - q
1 

+ q
2 

+ q
3 

Group II hy kx 1 z hz ky 1x hx kz 1 y 

D- Chy·Ckx·C1z + Chz · Cky-C1x + Chx · Ckz · C1y - d
1 

+ d
2 

+ d
3 

F - Shy · Skx · C1z 

H - Chy · Skx· S£ z 

J - Shy· Ckx· S£ z 

L Shy·Skx·S1z 

+ Shz • ;>ky·C1x 

+ Chz · Sky · S1 x 

+ Shz · Cky · S1 x 

+ Shz · Sky·S£x 

+ Shx· Skz · C1 y 

+ Chx· Skz · S1 y 

+ Shx· Ckz · S1 y 

+ Shx· Skz · S£y 

fl+fz+f3 

h 1 + h2 + h3 

j 1 + j2 + j3 

11+12+13 

N Shy·Ckx·C1z + Shz · Cky · C1x + Shx·Ckz·C1y - n
1 

+ n
2 

+ n
3 

P "' Chy·Skx·C1z + Chz · Sky · C1x + Chx · Skz·C1y - p
1 

+ p
2 

+ P
3 

R = Chy·Ckx· S1z + Chz·Cky·S1x + Chx·Ckz·S1y - r
1 

+ r
2 

+ r
3 



Table 2. Derivatives of triple products. All derivatives to be multi­
plied by 2n. For example, read hml = 2TT hml. 

~rOUf 1 
X y z 

Groue 11 X y z 

c 1 -hml -kol -.f ql dl -kpl -hnl -fr 1 
e.z -lq2 -hm2 -ko2 dZ •fr2 -kp2 -hr2 
c3 -ko3 -Jq3 •hm3 d3 ·hn3 •Jr3 -kp3 

el hol kml -lkl £1 +knl hpl -ill 
e2 -lk2 ho2 kmZ £2 ·li Z knZ hp2 
e3 +km3 -lk3 ho3 £3 hp3 -113 kn3 

gl -hkl kql lol hl krl -h.ll fpl 
g2 loZ. -hkZ -kqz h2 .fp2 kr2 -h.t 2 
g3 kq3 lo3 -hk3 h3 -hl3 lp3 kr3 

il hql -kkl lml jl -kJ 1 hrl lnl 
i2 lm2 hq2 -kkZ j2 .fn2 -kl2 hr2 
13 -kk3 1m3 hq3 j3 hr3 fn3 -kl3 

kl hgl kil J el fl kjl hh1 ffl 
kZ le2 hg2 ki2 12. l£2. kj2 hhZ 
k3 ki3 ·te3 hg3 13 hh3 l£3 kj3 

m l bel -kel -.Hl nl -kfl hdl -1j 1 
m2 -.liZ hcZ - ke2 nZ -.t jZ -k£2 hd2 
m3 -ke3 -li3 hc3 n3 hd3 -lj3 -k£3 

ol -hel kcl -l gl p l kdl -h£1 -lh1 
oZ. -Jg2 -he2 kc2 P2 -Jh2 kd2 -h£2 
o3 kc3 -f g3 - he3 p3 -h£3 -Jh3 kd3 

ql -hil -kgl lcl rl -khl -hjl +ldl 
q2 feZ -hiZ -kg2 rZ ldZ -khZ -hj2 
q3 -kg3 fc3 -hi3 r3 - hj3 fd3 -kh3 

Note the cyclic relationship . 
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Table 3. A tabulation o f the cubic space groups according to index 
parities . 

Space Group 
.,. 

PC Planes A B 

T
1
-P23 4 All planes c -K 

T
2

-F23 16 h, k, l all even or all odd c -K 

T
3 

-123 8 h+k+l = Zn c -K 

T
4

•P 2
1

3 4 b+k k + l -Zn Zn c -K 
Zn Zn + 1 -G M 
2n + 1 2n -I 0 
Zn + 1 Zn + 1 ·E Q 

T
5 

-12
1

3 8 h+k+l = h k 
Zn, Zn Zn c -K 

2n 2n + 1 -I 0 
Zn + 1 Zn -E Q 

Zn + 1 Zn + 1 -G M 

A 

Th 
1 

- P m3 8' All planes c 
2 

8 h+k Th • P n3 k + l 
Zn Zn c 
Zn Zn + 1 -E 
Zn + 1 Zn -G 
Zn + 1 Zn + 1 -1 

3 
Th -Fm3 32 h, k, l all even or all odd c 
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Table 3. (continued) (2.) 

Space Group pc Planes A 

Th 
4 

-Fd3 16 h+k k+l l + h - ~ 4n 4n 2.C 
4n 4n + 2. 4n + 2. -2.E 
4n + 2 4n 4n + 2. -2G 
4n + 2 4n + 2. 4n -21 
4n 4n 4n + 2 C·E-G+I 
4n 4n + 2 4n C-E+G-1 
4n + 2 4n 4n C+E-G-1 
4n + 2 4n + 2 4n + 2 -C-E-G-1 

5 
Th -1m3 16 h+k+.f = 2n c 

6 
8 h+k k + l Th - Pa3 -Zn Zn c 

Zn Zn + 1 -G 
2n + 1 2n -I 
Zn + 1 2n + 1 -E 

7 
16 Th -Ia3 h +k +l = h k 

2.n 2n 2n c 
2n 2n + 1 -1 
Zn + 1 Zn -E 
Zn + 1 2n + 1 -G 

A B 

o 1
-P432 4 All planes C+D -K+L 

0
2

-P4
2
3z 4 h+k+.f = 2n C+D -K+L 

h+k+.f = 2n + 1 C-D -K-L 

o 3 
- F432 16 h, k. l all even or all odd C+D -K+L 

o4
- F4

1
3z 16 h. k, l h+k+l 

all e ·en 4n C+D -K+L 
all odd 4n + 1 C-L -K+D 
all even 4n + 2 C-D -K-L 
all odd 4n + 3 C+L -K-D 
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Table 3. (continued) (3) 

Space Group PC Planes A B 

0
5

-1432 8 h + k + J = 2n C+D · K+L 

o 6 
· P4

3
32 4 h k l h+k+l 

( 1) - -2n 2n 2n 4n C +D - K+L 
( 2) 2n+l 2n+l 2n+ l 4n+l C-L - K+D 
(3) 2n 2n Zn 4n+2 C-D - K -L 
(4) l.n+ 1 2n+l 2n+l 4n+3 C+L - K -D 
(5) 2n+l z~+1 2n 4n -G-J M · P 
(6) 2n 2n 2n+1 4n+1 -G+P M -J 
(7) 2n+l 2n+l 2n 4n+2 -G+J M+P 
( 8) 2n . 2n 2n+l 4n+3 -G-P M+J 
(9) 2n 2n+l 2n+l 4n -1-F 0 -R 

( 10) 2n+l Zn 2n 4n+l ·I+R 0-F 
( 11) 2n 2n+l 2n+l 4n+2 -I+F O +R 
( 12) 2n+l 2n 2n 4n+3 -1-R O+F 
( 13) 2n+l 2n 2n+l 4n -E-H Q - N 
( 14) 2n 2n+ l 2n 4n+l - E +N Q -H 
( 15) 2n+l 2n 2n+l 4n+2 - E +H Q+N 
( 16) 2n 2n+1 2n 4n+3 - E -N Q+H 

0
7 

-P4132 4 ~ 06 parity condition ,:,ee • 

( 1) C+D - K+L 
( 2) C+L -K-D 
(3) C-D - K -L 
( 4) C-L - K+D 
( 5) -G·J M · P 
( 6) - G -P M+J 
(7) -G+J M +P 
( 8) -G+P M ·J 
( 9) -1-F 0 -R 

( 10) -1-R O+F 
( 11) -I+F O+R 
( 12) -I+R O-F 
( 13) · E -H Q - N 
( 14) - E -N Q+H 
( 15) -E+H Q+N 
( 16) - E +N Q -H 
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Table 3. (continued) (4) 

Space Group PC Planes A B 

o 8 
-14 132 8 h k 1 b+k+l -Zn 2n Zn 4n C+D - K+L 

Zn Zn+l Zn+l 4n ·I-F 0 -R 
Zn+l Zn Zn+l 4n -E-H Q-N 
Zn+l 2n+l Zn 4n -G-J M - P 
2n Zn Zn 4n+2 C -D -K -L 
2n Zn+l Zn+l 4n+2 ·I+F O+R 
Zn+l Zn Zn+l 4n+2 - E +H Q+N 
Zn+l 2n+l Zn 4n+2 -G+J M +P 

1 -
Td - P43m 4 All planes C+D - K-L 

2 -
Td- F43m 16 h . k, 1 all even or all odd C+O -K - L 

3 -
Td- I 43m 8 h + k +t = Zn C+D - K -L 

4 - 4 h+k +l Td- P 43n = 2n C+D - K -L 
h+k +l = ln + 1 C -D -K+L 

5 - 16 Td - F43c h, k, 1 all even C +D - K-L 
h, k, I. all odd C-D - K+L 

T~ -I 43d 8 h k l h +k+l 
2n Zn 2n 4n C+D - K -L 
Zn Zn+ l Zn+l 4n -1-F O +R 
Zn+l Zn Zn+l 4n - E -H Q+N 
Zn+l 2n+l Zn 4n - G-J M +P 
Zn 2n Zn 4n+Z C-D - K+L 
Zn Zn+l Zn+l 4n+Z -I+F 0 -R 
Zn+l Zn Zn+l 4n+2 - E+H Q - N 
Zn+l Zn+l Zn 4n+2 - G+J M-P 

A 

Oh' -P m3m 8 All planes C+D 
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Table 3. (continued) (5) 

$ ':>ace Group PC P lanes A 

2 8 h k .f Oh - Pn3n -2n 2n Zn C+D 
Zn 2n+ l Zn+ l - G -H 
Zn+ l Zn+l Zn - E - F 
Zn+ l Zn Zn+l -I-J 
Zn+ l Zn+l Zn+ l C-D 
Zn+l Zn 2n -G+H 
Zn Zn Zn+l - E +F 
Zn Zn+ l Zn -t+J 

3 
8 h + k + l = 2n C +D oh - I--m3n 

h +k + .f = 2n + 1 C -D 

4 -
8 Oh -Pn3 m h +l-. k +f 

Zn Zn C+D 
Z.n 2n+l - E - F 
Zn+l Zn - G -H 
2n+l Zn+ l -1-J 

5 
Oh - Fm3m 32. h , k, l all even or all odd C+D 

6 
.f a ll even 0 - Fm3c 32 h , k, C +D 

h 
h , k, l a ll odd C - D 

7 
16 Oh - Fd3m h+k k +.f l+h - 2(C+D) 4n 4n 4n 

4n 4n+ 2 4o+2 - 2(E +F ) 
4n+2 4n 4n+ 2 - Z(G+H ) 
4n+2 4n+2 4n - Z(I+J) 
4n 4n 4n+2 (C-E -G+I 

+D - F -H +J ) 
4n 4n+ 2 4n (C-E +G-1 

+D - F +H - J ) 
4n+2 4n 4n (C+E -G-1 

+D +F -H -J) 
4n+2 4n+ 2 4n+Z -(C+E +G+l 

+D +F +H +J) 
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Table 3. (continued) (6) 

Space Group pc Planes A 

0 8 -Fd3c 16 h+k k+l l+h 
h - 2(C+D) 4n 4n 4n 

4n 4n+2 4n+2 -2(E+F) 
4n+2 4n 4n+2 -2(G+H) 
4n+2 4n+2 4n -2(I+J) 
4n 4n 4n+2 -(C -E+G-I 

·D+F -H+J) 
4n 4n+2 4n -(C+E-G-1 

-D- F +H+J) 
4n+2 4n 4n -(C -E-G+I 

':o'+F +H-J) 
4n+2 4n+2 4n+2 -(C+E+G+I 

·D-F -H-J) 

9 
Oh -Im3m 16 h +k+l = 2n C+D 

0 
10 

-Ia3d 16 h k l h+k+.f 
h - C+D 2n 2n 2n 4n 

2n 2n+l 2n+l 4n -~- ~--
2n+l 2n 2n+l 4n -E-H 
2n+l 2n+l 2n 4n -G-J 
2n 2n 2n 4n+2 C-D 
2n 2n+l 2n+l 4n+2 -1+!? 
2n+l 2n 2n+l 4n+2 -E+H 
2n+l 2n+l 2n 4n+2 -G+J 

' p is the factor by which A and B must be multiplied to give 
c~ntribution of entire unit cell. 
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IV. I propose that the trial structure defined below be used as a 

etarting point in a refinement of the crystal structure of the v 
1
-phase 

compound of the nickel-cadmium system. 

Space group Td 
1 - P4 3m 

Atomic parameters 

4 Ni in 4{e) a , a, a ; with a = 0 . 1~6 

4 Cd in 4{e) b , b , b; with b =-0. 169 

6 Cd in 6(£) c, o, o; with c = 0. 342. 

lL. Cd in 1 L.(h ) d , d, e; with d = 0 . 312. 

e = 0. 047 

1 Cd in l ( b ) .?.,1:~ 

4 Ni in 4(e) f, f. £; with f = o. 314 

(_• Ni in 6(f) g.,~ ; .... with g = 0 . 799 

lG Cd in 1G(h) h,h ,i; .... with h = 0.796 

i = 0 . 547 

14 Ni and 35 Cd (~8. 6 at. % Ni) 

Lihl and Buhl (1) reported the v 
1 

phase of the nickel-cadmium 

system to be homogeneous between about i.9 and 2.9. 5 at. % Ni with a 

y-brass type structure . I propose that the structure is essentially 

defined by the trial structure given above; the trial structure is not 

a v -brass type. 
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In an ingot whose overall composition was approximately 

55 at. % Ni. 1 found a cubic crystal with a cell edge o! a
0 
~ 9. 7 .A. 

which corresponds very closely to the value for a
0 

of 9. 675 A reported 

by Lihl and Buhl for the y 
1 

phase. I have obtained an almost complete 

three-dimensional set of intensity data from equi-inclination Weissen­

berg photographs. The intensities were estimated with great haste. 

corrected for Lorentz and polarization effects. and correlated to obtain 

a list of structure factors on the same scale. 

The first structure-factor l eaat-squares refinement cycle on 

the basis of the proposed trial structure gave an agreement index of 

R = 0. 29; and a second cycle reduced this to R = 0. Z6. An electron­

density map of the ( 110) plane was then calculated, and the map 

indicated no serious error in the trial structure. A t a corretJponding 

stage (R = 0. 28) in tho refinement 'of "Ni
5

z n
21

" (2). an electron­

density map was calculated which immediately indicated the error 

in the trial structure. 

I must admit that the obs erved structure factors used in these 

calculations are p robably of poor quality because of the haste in which 

they were obtained. Furthermore, the trial structure that I have 

proposed may be based on an incorrect composition. The occupancy 

of possible _p ositions was a s signed to g ive an o verall composition of 

approximately 29~ as reported by Lihl and Buhl. A n expe'rimental 
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composition has not been obtained by me; however, these preliminary 

calculations indicate no change in the assigned occupancies. 

In spite or this, 1 assert that the geometrical structure is 

essentially correct. As indicated above, the electron- density map 

contained no spurious peaks; furthermore , there was a negative peak 

at the position where one would expect a peak if the structure were a 

y-brass structure as reported by Lihl and Buhl. A y-brass type trial 

structure was constructed after the above calculations were carried 

out; a few least squares cycles have brought the agreement index only 

toR c 0. 40. 

References 

1. F . Llhl and E. Buhl, z . Metallkunde, 46, 787 -791 (1955). 

2. This thesis, P art m. 
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V. I propose that the crystal structure of ''Cu
9
Al

4
" be carefully 

investigated to determine its structure and to determine its ideal 

composition. 

The crystal structure and composition o£ "Cu
9

A1 4u are very 

important since "Cu
9
Al

4
11 and Cu

5
zn

8
• y brass, seem to have given 

rhe to the class of electron compounds known as they-brass type 

compounds. Ekman (1), using the powder method, found several alloys 

to be isotypic withy brass. He assigned them ideal compositions wl-Jich 

give the ratio of valence electrons to atoms a value of Zl/13. He felt 

that this ratio of electrons to atoms was instrumental in determining 

a y-brass type structure, since the only two y-brasa structures known 

at that time were "Cu
9
Al

4
" and Cu

5
zn

8
, which both exhibit an electron: 

atom ratio of Zl: 13 if copper is assumed to be univalent, zinc divalent, 

and aluminum trivalent. Since that time, many alloys have been 

reported as y -bra. sa types, and all have ideal compositions , which 

give electron: atom ratios of Zl: 13. Hume-Rothery and Raynor (2) 

state: "Thus. the so-called 'y - brass ' structure occurs at an electron; 

atom ratio of Zl: 13. 11 This sort of statement is commonly called a 

Hume-Rothery rule. They list 26 alloys with a y-braas type structure. 

Because of the work reported in parts U and IU of this thesis. "Ni
5
Cdzt" 

and "Nt
5
zn4 '' can be removed from that list. I have examined the 

literature, drawing analogies to "Ni
5
Cd

21
" and "Ni

5
zn

21
11 where it 
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seemed appropriate, and 1 have concluded that there is sufficient evi• 

dence to remove 14 other alloys from that list, reducing the number 

from Z6 to 10. 1 am willing to admit that five of these can occur with 

y-brass type structures at electron:atom ratios of 21:13. It seems 

that the classification of y .. brass compounds will break down under 

careful scrutiny. 

I assert that "Cu
9

A l
4

" became such and has persisted as such 

on the basis of fallacious reasoning and in contradiction to known 

experimental facts. ln doing so, I necessarily assert that they-brass 

classification was based on unsound logic from the very beginning. 

My reasons are pointed out in the following analysis of Bradley's 

determination (3) oi the crystal structure of "Cu
9
Al

4
" . All of the 

quotes are from his paper. At the time Bradley wrote this, the 

copper-aluminum phase with which he worked was called the 6 ·phase. 

Bradley derived the crystal structure of "Cu
9

A l
4

" in the 

following manner. Powder photographs of the 6- Cu-Al phase were 

similar to those of Cu
5 

·Zn
8

. However, the differences in the photo­

graphs were sufficiently marked to indicate that "the structures are 

n_ot quite the same in every respect." The relative intensities of the 

Cu
5 

Zn
8 

photographs were not in every sense the same as those of 

corresponding lines of the 6 - Cu-Al photographs . There were, more• 

over, additional lines on the 6- Cu-Al photographs corresponding to 

reflections with h + k + J = Zn + 1, indicating that the unit cube h 
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primitive and not body centered. He states, with his emphases, 

"intenaity changes cannot be accounted for by supposing that the 

positions of the atoms have suffered a slight displacement, the effect 

cl. which would be to produce a slight change in the least deviated 

reflections and a much larger change in the most deviated reflections. 

This is just the reverse of what one observes. It is therefore safe to 

conclude that the atoms, as a whole, occupy almost identical positiontt 

in the two alloys. 11 I don't follow his reasoning in the first sentence, 

but I want to emphasize "slight' ' instead of "displacement." Here he 

makes hie first fallacious assumption, that any displacement is a slight 

one; he does not consider that there may be major changes ln a few 

of the positions. 

He reasons further that the primitive cell can be based on 8 

independent sets of atoms, constituting 52 atoms in the unit cube as 

in Cu
5
zn

8
. 

The 8 sets and their coordinates are: 

4e 1 at a, a, a; etc., and 4e 1 ' at!+ a,f +a,t +a; etc., a= 0. 10
3 

4ez at b,b,b; etc., and 4e
2

• at t + b,; + b,! + b;ete., b = 0.16
7 

6f at c,o,o; etc., and 6f' at t + c,i',t; etc., c c 0.35
8 

lZh at d,d,e; etc., and lZh' at i + d,t + d,t + e• etc., d = 0. 30
5 

A s one can see, he has preserved the body-centering translation, as 

far as the geometry is concerned; we will soon see that he makes this 
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a primitive structure by assigning the aluminum atoms to two sets 

which are not related by the body-centering translation of ~tt. 

However. this is where he makes a second fallacious assumption. and 

a serious one. Any change in occupancy from a perfect body-centered 

cell will destroy the geometrical translation o£ ~tt. Yet this highly 

ideaUzed model h recorded as structure type oa
3 

and several alloys 

have been assigned the same structure {4). He is justified in making 

crude calculations on such a proposal. but be is not justified in dis­

tinguhhing between small differences, which he does immediately. 

Bradley next turns to the problem of fitting the aluminum atoms 

into the eight possible sets of atoms. Thh ia the crucial part, £or 

this is where the ideal compoaltion h fixed and where, hence, the 

electr~atom ratio of 2.1: 13 may have been conceived. though another 

investigator had to dellver it. 

Because the composition of the alloys with which he worked 

varied from approximately 31-35.3 at. · o/o Al {he later fixed the homo­

geneity range as 31.3-35.3 at. %Al {5) ), he assumed the ideal com­

position to correspond either to Cu
9
Al

4 
{30. 8 at. o/e Al) or to Cu

17
Al

9 

(34. 6 at. % Al). He Usts the possible ways of building up the structure, 

using the 8 sets of atoms given above: 
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a) for cu
9

Al
4

, Cu
36

Al
16 

( 1) 4e
1

, 4el I, 4e
2

, 4e 1 
2 

(2) 12h, 4e
1 

(3) 12h, 4e 1 
1 

(4) 12h, 4e
2 

(5) 12h, 4e 1 

2 

(6) 6f, 6£', 4e
1 

(7) 6£, 6£'. 4e
2 

b) for Cu
17

Al
9

, Cu
34

Al
18 

(8) 12h, 6f 

(9) 12h. 6£1 

For Cu
34

A1
18

, he has not considered the possibilities, 

( 10) 6£, 4e
1

, 4e 1 '• 4e
2 

(11) 6£, 4e 
1

, 4e 
1

1
, 4e 1 

2 

( 12) 6f, 4e 
1

, 4e
2

, 4e
2

• 

( 13) 6£, 4e 
1 

1 
, 4e 

2
, 4e 

2 
1 

• 

This oversight marks his third fallacious assumption; he 

considers only 9 of the 13 poasible arrangements. 

He then eliminates aU but (3) and (4) a9 possible solutions. He 

does this by calculating quantities proportional to the intensities for the 
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powder Unes representing reflections from planes with h + k + l : Zn + 1; 

he does this so that he has to consider only the differences in scattering 

between copper and aluminum. The bash for his rejection of (8) as 

a possible atomic arrangement is worth considering. I lht the 

observed intensities for the 13 powder lines which he considered and 

the quantities proportional to the intensities, calculated on the basis of 

structures (3) and (8). 

~hz Observed Cu~Al4 Cuj-(,19 Intensity ( ) 

3 2 8 

5 m . 10 5 

9 m . Z3 39 

11 3 

13 0 1 

17 1 

19 4 4 

Z1 1 8 

zs 1 

27 w. 7 8 

Z9 v.w. 4 1 

33 v. w. 10 12 

35 2 2 

(1 assume that m. la for medium , w. is for weak, v. w. is for 

very weak, and the dash(-) is for unobserved.) 

1 cannot see how one could reject (8) a a a possibility , con-

sidering all the assumptions that were involved. Yet, on this very 
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calculation rests the determination of the second y - brass type com -

pound, "Cu
9
Al

4
." Furthermore, the homogeneity range was very 

carefully determined as extending from 31. 3 to 35. 3 at. o/o Al ( 5). 

The c o mposi tion corresponding to cu
9
Al

4 
is 30. 8 at. %Aland lies 

outside the homogeneity range , and the composition corresponding to 

Cu
17

Al
9 

is 34. 6 at. o/o Al and lies within the range. Yet as late as 

1951 , Bradley persisted in referring to the y -brass type compound 

"Cu
9
Al

4
" (6). 

On the basis of the method that was used to derive the ideal 

formula cu
9
Al

4 
and on the basis of the experimentally determined 

composition,! demand that "Cu
9
Al

4
" be stricken from the lists of 21: 13 

compounds and propose that a very careful determination of its structure 

and composition be undertaken. 

Bradley assumes that the differences in the atomic arrange ­

ments between Cu
5
zn

8 
and "Cu

9
At

4
" are very small and proposes a 

highly idealized structure for "Cu
9
Al

4
. " He calculates intensities 

for a few powder lines for most of the possible atomic arrangements 

for this idealized structure and on the basis of the resulting small 

differenc es decides in favor of a composition which is not in the range 

of homogeneity. To coin a phrase from Hybl and Marsh {7 ), "this 

cascade of errors culminates" in another Hume - Rothery rule. 



Z06 

References 

1. W. Ekman, Z . physik. Chern ., ~· 57 • 77 (1931). 

z. w. Hume - Rothery and G . v. Raynor , The Structure of Metals 

and Alloys , (1 956), London: The Institute of Metals . pp. 196-197. 

3. A . J. Bradley , Phil. Mas·• ! • 878-888 (1928). 

4 . W . B . Pearson, A Handbook of Lattice Spacings and Structures 

of Metals and Allo~s , (1958), New York: Per gamon P ress. 

5. A . J. Bradley, H . J. Goldschmidt, andH. Lipson , J. l nst. 

Metals . 2_!. 149 -161 (1938). 

6 . A . J. Bradley , Nature , 168, 166 (1951). -
7. A . Hybl and R. E. Marsh, Acta Cryst., 14, 1046 · 1051 (1961). 


