


























































































































































































































































































































































































































































































































Table 4. (continued) (3)
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5nace Group oc Flanes A B
95-P432.Z 1 2 = 4n 1454+9+13 347-11-15
f =4n+1 -2-8-10-16 4-6-12-14
1 =4n + 2 1-549-13 3-7-11+415
£ =4n+ 3 -2+8-10+16 446-12-14
96-P432.12 1 2h + 2k 4+ 4 = 4n 14549413 3+7-11-15
=4n+1 -2-8-12+14 4-6+10+16
=4n + 2 1-5-9+13 3-7+11-15
=4n + 3 -2+8+12+14 4+6-10+16
97 <1422 2 h+k+41 =2n 14549413 3+7-11-15
98-14122 2 2k + 4 = 4n 14549413 347=-11=-15
2k + 2 =4n + 1 1-7+11+13 3+54+9-15
2k + 8 =4n + 2 1-5-9+13 3-7+11-15
2k + 4 =4n + 3 1+7-11+413 3-5-9-15
99-F4mm 1 All planes 14549413 3+7+411+15
100-F4bin 1 h+k=2n 14549413 3+7+11+415
h+k=2n+1 145-9-13 3+47=-11-15
101-P4Zcm 1
2 =2n 14549413 347+11+415
2 =2n+1 1-5-9+13 3-7-11415
102-P42nm 1 h+k+£2 =2n 145+9+13 3+47+11+415
h+k+2=2n+1 1-5-9+13 3-7=11415
103-P4cc 1 1 =2n 14549413 347411415
2 =2n+1 1+5-9-13 347-11-15
104-F4nc 1 h+4k+£ =2n 1+54+9+13 347411415
h+k+2 =2n+1 145-9-13 347-11-15
105-P42mc 1 £ =2n 1+54+9+13 3+7+11+15
2 =2n+1 1-549-13 3-7+11-15



Table 4. (continued) (4)
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Space Group o Flanes A B
106-F4 bc 1 h+k £

Zn 2n 14549413 347411415
2n 2n + 1 1-549-13 3-7+11-15
2n +-1 2n 145-9-13 347-11-15
2n + 1 2n + 1 1-5-9413 3-7-11415
107 <14:m 2 h+k+£2 =2n 1+54+9+13 3+47+11+15
108-I4cm 2 £ =2n 145+9+13 347411415
£ =2n+1 145-9-13 347-11-15
109-14, md 2 2k + £ = 4n 14549413 347411415
2k + 2 =4n+1  1-749-15 345411413
2k +2 =4n+2 1-549-13 3-7+11-15
2k + 8 =4n+ 3 14749415 3-5+11-13
110-14 cd 2 2k + £ = 4n 14549413 347411415
2k+2 =4n+ 1  1-7-9+415 345-11-13
2k +4 =4n+2 1-549-13 3-7+411-15
2k+2 =4n+3  147-9-15 3-5-11413
111.P42m 1 All planes 14549413 3-7-11415
112-.F42c 1 £ =2n 145+9+413 3.7=11415
£=2n+1 145-9-13 3-7+11-15
113-p<‘£21m 1 h+k=2n 14549413 3-7-11415
h+k=2n+1 145-9-13 3741118
114-P:1'21c 1 h+k+4 =2n 14549413 3-7-11+15
h+k+4£€=2n+1 145-9-13 3-7+411-15
115-Fim2 1 All planes 145+9+13 3-7+11-15
116-FPdc2 1 4 =2n 145+49+13 3-7+11-15
£=2n+1 145-9-13 3-7-11415
117-p4b2 1 h+k=2n 14549+13 3-7+11-15
h+k=2n+1 145-9-13 3-7-11415



Table 4. (continued) (5)
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Space Group Planes A B
ue.pina h+k+4=2n 14549413 3-7+411-15
h+k+2=2n+1 145-9-13 3.7-11415
119-I14m2 h+k+4=2n 14549413 3-7+11-15
120-14¢2 h+k+f=2n £ =2n 14549413 3-7+11-15
£ =2n+1 145-9-13 3-7-11415
121-142m Bl dd = dn 145+49+13 3-7-11415
122-142d 2k + 4 = 4n 14549413 3.7-11415
2k+8 =4n+ 1 145411-15  3-749+13
2k +2 =4n + 2  145-9-13 3-T+i1+18
2k+ 0 =4n+3 1+45-11415 3-7-9-13
123-P4/m mm A1l planes 14+5+9+13
124-F4/m cc 2 =2n 1+5+9+13
£=2n+1 145-9-13
125-FP4/n bm h k
2n 2n 1+549+13
2n 2n+ 1 <246-10+14
2n + 1 2n 2-6+10+14
2n + 1 2n 4+ 1 1-5-9+13
126-F4/n nc h+k k+1¢ 1
2n 2n 2n 145+49+13
n 2n + 1 2n 1=-5-9+13
2n + 1 2n 2n -2«6410+14
2n + 1 2n 4+ 1 2n «-246-10+14
2n 2n 2n + 1 1-549-13
2n 2n + 1 2n+ 1 145-9-13
2n + 1 2n 2n + 1 -24+6+410-14
2n + 1 2n + 1 2n + 1 -2=6=-10-14
127-P4/m bm h+k=2n 14549413
h+4k=2n+1l 145-9-13
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Table 4. (continued) (6)

Space Group Pe Planes A
128-F4/ m nc 2 h+k+2 =2n 1+5+9+13
h+k+4=2n+1l 145-9-13
129-FP4/n mm 2 h k
Zn Zn 14549413
2n 2n + 1 -2+6+10-14
Z2n + 1 an -2-6=10-14
2n + 1 2n + 1 1-5-9+13
130-FP4/n cc 2 h+k k+1 ]
2n 2n Zn 14549413
2n 2n + 1 2n 1-5-9+13
2n + 1 2n 2n -2=6=10-14
2n + 1 2n + 1 2n -246+10-14
2n 2n 2n + 1 1-5+9-13
2n z2n + 1 2n + 1 145-9-13
2n + 1 2n 2n + 1 -246-10+14
2n + 1 2n + 1 2n + 1 -2=6+10+14
131-F42/mmec 2 2 =2n 1+5+49+13
2 =2n+1 1-5+9-13
132-P42/mcm 2 £ =2n 14549+13
£ =2n+1l 1-5-94+13
133-P42/n be 2 h k 1
2n 2n 2n 14549+13
2n 2n + 1 2n -2+6=-10+14
2n + 1 2n 2n «2-6+10+14
2n + 1 2n + 1 2n 1-5-9+13
2n 2n 2n + 1 1-549-13
2n 2n+ 1 2n + 1 «2-6=10-14
2n +1 2n 2n + 1 -246+10-14
2n + 1 2n + 1 z2n + 1 145-9-13
134-FP42/nnm 2 h +k k+ £
2n 2n 1+549+13
2n 2n + 1 1-5-9+13
2n + 1 2n -2=-6+10+14

2n + 1 2n + 1 -2+6-10+14



Table 4. (continued) (7)

Space Group
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135-.r4 2/ be

136-P42/mnm

137-P42/n mc

138-P42/n ecm

139<14/m mm

140-I14/m cm

2

4

4

2n
2n
2n
2n
2n
2n
2n
2n

+ +

+ +
[eere—

b

Planes A
h+k 2
2n 2n 145+49+13
2n 2n + 1 1-549-13
2n + 1 2n 145-9-13
2n + 1 2n + 1 1-5-9413

h+k+2f =2n 14549413
h+k+2=2n+1 1-5-9413

k y

Zn 2n 1+54+9+13
2n + 1 2n -2+6+10-14
2n 2n «2=(el0-14
2n + 1 2n 1-.5-9+13
2n Z2n + 1 1-549-13
2n + 1 2n + 1 -2=6+10+14
2n 2n + 1 «2+6-10+14
2n + 1 2n + 1 1+5-9-13
h+12 k+1

2n 2n 14+549+13
2n 2n + 1 -246+10-14
2n+ 1 2n -2=6=10-14
2n + 1 2n + 1 1-5-9+13
h+k+£2=2n 14549413

h+k+£f =2n,8=2n 14549413
2 £=2n+l 145-9-13



Table 4. (continued) (8)
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Space Group Pe Planes A

141-I141/amd 4 h+k+4{ h k
4n Zn 2n 14549+13
4n 2n 2n =2«5+10-13
4n 2n + 1 2n 1+6+9+14
4n 2n+ 1 2n «2«6+10-14
4n + 2 2n 2n 1-549-13
4n + 2 2n 2n -2%5+10+13
4n + 2 Z2n+ 1 2n 1-6+9-14
4n + 2 2n + 1 2n 246410414

142-I141/acd 4 h+k+1¢ h k
4n 2Zn 2Zn 1+5+9+13
4n 2n 2n «2«5=-10+13
4n 2n + 1 2n 1+6-9-14
4n 2n + 1 Zn -2-6+10-14
4n + 2 2n 2n 1-549-13
4n + 2 Zn 2n -245-10-13
4n + 2 Zn + 1 2n l-6-9+14
4n + 2 Zn + 1 2n «-246+10+14
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Trigonal and hexagonal systems

We choose to tabulate our formulations for the two systems
separately, but we will discuss them at the same time since they are
directly related, yet sufficiently different to warrant a separation of
tables. For both systems the formulations are based on the hexagonal
coordinates and we have substituted i = -(h + k) throughout.

We will again write the trigonometric part of the structure
factor in the form of triple products of sines and cosines. In addition
to the triple products defined in table 1 for the tetragonal system,
we will need those defined in table 5.

Twelve orientations of the vibrational ellipsoid are found in
the hexagonal system; the corresponding scattering factors are listed
in table €. Only nine of these scattering factors are needed in the
trigonal system; the three that appear in the hexagonal system but not
in the trigonal are fz. £6 and f4. and correspond to rotations of the
reference vibrational ellipsoid of 60°, 180°, and 300°® about the 6-
fold axis. The first six of the ,f's are related to each other by the
6-fold rotation axis; the second six are related to the first six by a
2-fold axis parallel to a in the (001) plane.

Just as in the tetragonal system, consideration of bookkeeping
and computational time has led us to use simple terms for expressing

the structure factors. The 18 expressions chosen for the trigonal

system are defined in table 7 and their derivatives are given in table 8.
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The 24 expressions for the hexagonal system are defined in table 10;
these hexagonal expressions are directly related to identically numbered
trigonal expressions in table 7. The derivatives of the hexagonal
expressions are listed in table 11.

Tables 9 and 12, in conjunction with the tables of definition,
allow us to write the appropriate structure factor expression for any
class of reflections in any trigonal or hexagonal space group.

We give three examples to illustrate the use of these tables.
Consider the reflections with4 = 3n + 1 in space groups P3212- In
table 9, where the trigonal space groups are tabulated, we find

A=(1+13)-8549+17+21)+ /3/2(7 - 11 =19 + 23)

and B =(3-15)-%74+11-19-23)-/3/2(5-9+17 - 21)

where # and /3/2 have their usual meanings and the numbers in
parentheses represent expressions defined in table 7. Consider

any reflection in space group R3. From table 9 and table 7, we write

Fce=A= 6{f1r(cl-e1) - (1,4g))] + £,0(a,-£,") = (i,+b,)]

+£.1(d,1,") - (i,-b) 7]

e Ty

]
ifsajsyh

where fl' f3 and fs are scattering factors defined in table 6, ¢

i1 and g, are triple products defined in table 1, and d3

are triple products defined in table 5. To avoid

3'
§F oz
dzc fz » Jz and hz

confusion with the numbers that define expressions, we transfer the
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factor of 6 to the left side of the equation and write some of the

derivatives of Fc/6 by consulting table 8.

5

2 T2 = 2n [-n(3) - K(7) -i(11) ]

- r - - -
= 2nhf, fq, -k JH{(m +0,)] - 2mif  [(r 2, )+(n +p,)]

+ 2n(htk) £, T(r -2 ) +(n, +p,))

¥

1 Fc
3 ’B,

= -h%(1) - k¥(5) - (h% + k% + 2 1K) (9)
1

Consider the reflections £ = 2n + 1 in space group P 63/ "

Consulting table 12 and table 10, we write

Fc A
== = (2+6+10)= -(£l+f2)(il+gl) + (fl-fa)(cl-el)

-(f3+f4)(j3+h3) + (f3 -fé)(d3 -f3 )

-(£5+f6)(j2+h2) + (fs-fb)(dz-fa')

Referring to table 11, we write some of the derivatives

" [-k(3) + (h+k}7) - h(11) ] 2n

i:zc = -2mg(4+ 8+ 12)
PSS = -he(1) - 14(5) + (he + a)(9)
13

For an isotropic atom in the trigonal system, the calculation

is straightforward. All the scattering factors become equal to
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fo éxp(-B' sin’8 ), and the necessary products of table 7 are formed

XZ

without special considerations. For the hexagonal system, the iso-
tropic case is worth special consideration when setting up a computer
program; the right hand side of each expression in table 10 is zero,
(ii -ij) = 0 for an isotropic atom.

I thank Dr. Richard E. Marsh for helpful discussions and

acknowledge the tenure of a United States Rubber Company fellowship.
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Table 5. Definition of additional triple products needed for trigonal
and hexagonal systems. C = cos2m, S = sin2n, i = -h-k.

hx iy 1z hy ix 1z
<, = Chx - Ciy * Cl= de = Chy « Cix * Clz
eZ!!th - Siy - Ct= fz' = Shy - Six - Cfz
8, ~ Chx -« Siy - Siz hz = Chy - 3ix - Stz
iZEth'Ciy-S!z jZEShy-Cix-Slz
kZ!th-Siy- Stz ‘2. = Shy « Six - Sfz
mZE'th-Ci)r'CIz n, = Shy « Cix - Clz
o, = Chx - Siy - Ct= P, = Chy - Six » Cis=
q, = Chx - Ciy - Stz r, = Chy * Cix * S8z

ix ky 1z iy kx £z
g = Cix - Cky - Clt=z d3 = Ciy » Ckx - Clz
e3-'5ix- Sky - Cfz f3' = Siy - Skx - Clz
B = Cix * Sky * Stz h, = Ciy - Skx - 51z
i3=~=51x'Cky'Slz j, = Siy * Ckx - S5f=z
k3 = 3ix - Sky * Stz 2., = 5iy * Skx - Stz

1]

o]
W W w W W w

Siy + Ckx + Clz
= Ciy * Skx - Clz
= Ciy - Ckx * Stz

msﬁs Six - Cky - Clz
3 = Cix - Sky - Cilz
q3 “ Cix - Cky * 54z

o

"
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Table 6. Definition of scattering factors for trigonal and hexagonal
systems (fz. f, and £6 do not occur in trigonal)

4
f.=f exp-[B, .h°+B_k°+B_2°+B,  hk+B _h +B__kt]
Rl 11 22 33 12 13 23
2 2 2
£, =1 exp - [B, h +B_ k" +B 4" +B hk - B ht -BzSM]
. 2 2. .2 2 2
£3-f0 exp—[Bllk +Bzz(h +k +2hk)+B33! Blz(k + hk)
+Bl3k1 -323(M + k)]
£ =f exp - TB. k% +B_ (h% +k% + 2bk) +B_ .22 - B, _(k° + b))
a™ R 11 22 33 12
-B Kt + B, (at +kt))
. g, 2 2 2 2
f5-f° exp-[Bll(h +k +th)+Bzzh +B33I Blz(h + hk)

'Bls(h‘ + ke) + B, ,ht ]

2 2

2 2 2
£, =f exp-[B“(h +k +2hk)+Bzzh +B__¢ 'Blz(h + hk)

33
+Bl3(h.l + ki) -sthl ]

2 2 2
+B?_2h +B3t + B th +Bl3k1 +523M]

3 1
f =f exp-TB, k° +B_h’+B_4°+B, hk -B, ki -B_ht)
1 22 33 12 13 23

: 2.2 2 2 2
= - [ -
f,=f exp _Bu(h +k +2hk)+BZZk +3331 Blz(k + hk)

- =f exp - CB“k

-313(}\1 + ki) +B23k1 ]

_ 2 2 2 2 2
f10 = £, e%p = (B (h° 4 k% + 2hk) + B__k" + B 4% - B (k" + hi)
+313(h1 + ke) -Bz3k1 ]
2 2 2 2 2
= -r -
f11 fooxp ‘Bllh +BZZ(h + k +th)+3331 Blz(h + hk)

+B,,ht -st(m +ke)]

3
2 2 ;. 2 2
foexp-[B“h +Bzz(h + k +2hk)+B33t -Blz(h + hk)

]
"

12
'Bl3h‘ = Bas(h‘ + ke)]
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Table 7. Definition of combinations of triple-products and
scattering factors for the trigonal system (see
Tables 1, 5 and 6.).

flr(cl o (i.1 +g)l=1

fl[(ql - k) + (ml + ol)] s 3

£,00d, -, - (G; +b)1= 5

:'3[(r3 - 13) + (n3 + p3)] s 7

tld, -1, - (i, +h )] =9

fs[(rz - 12) + (nz + pz)] = 11

f,?[(dl - :‘l') - (jl + hl)] = 13

-£8l'jl + hl) + (d1 - f1|” s 14

1'7"(1'1 - ll) + (n1 - pl)] a 15

ESI'(nl + nl) - (rl -11)] = 16

falley = o) - (i +g,)1® 17

.'iw[(i3 + g3) + (c3 - e3)'_| s 18

£9[(q3 - k) +(m, +0))= 19

f‘m[m3 + 03) - (q3 - k3)] = 20

211[(c2 -#,) - (i.a tgy)l=z2l
"lzt(iz + gz) + (c2 - ez)]‘l 22

f“[(qz - kz) + (mz + ozﬂ =2 23

fl_,_[(m2 +0,) - (q’3 - kz)'li 24
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Table 8. Derivatives of the expressions defined in Table 7 ior
the trigonal system.

3 3 3 -3 -3 -3 -2 -3 2
- r ’ L » 3 ’ ’ . s
Zn3x ' 2ndy’ Zmez|3B,, 3B, ' 3B, ‘3B ‘3B 3B,
Multiplicative
constant Exp. Multiplicative constant x 18t column
» Y = B, B,, By B, By; B,
1 -h -k -t 3 e ¢ 1% vk wE ki
3 h k8 1 Ok 1% ok m
5 k- -f 7 k° 5 PG S ¥ S
2
7 ki 1 5 2 5 4§ 4 K
9 d <k =t 1 3 W 2% a4 sy W
11 i h g 9| s n 22 4 v m
13 A S 15 ¥ n¥ 4% hk W W
14 h -t 16 kKX w12 bk -k -ne
15 h o2 13| K n¥ 2% mk ok
16 A b 2 12|l ¥ OB* 4% pk <k M
17 4 -k -2 19 5 ¥ 12 a4 o W
18 i X -2 20 s S R v -kt
19 i 1 17 s kK 2% 4 v
20 4 -k g 18 3 B LS v il
21 ch i -2 23 | n® s 22 4 m ev
22 h i -1 24 e s 24 -t -nme v
23 i t 21 h 5 1% <t nt -v
24 k. 2z K¢ 8 £ -t -nt ¢
i = ah=k h2+k"‘+2hk=s, k2+hk= ty

h"+hk=u, hf + k8 = v

2
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Table 9. A tabulation of the trigonal space groups according to
index parities.

Space Group Pe Flanes A B
143-F3 1 All planes 145+9 3+7+11
144-P3, 1 2=3n 14549 347+11
£=3n+1 1- 3 (549) = 3- & (7+411) +
/3/2(7-11) /3/2(5-9)
145-P3, 1 £ =3n 14549 3+7+11
£ =3n+1 1- % (549) + 3- E(7+11) ®
/3/2(7-11) /3/2(5-9)
146-R3 3 «h+k+§ =3n 14549 3+7+11
147-P3 2 All planes 14549 S
148-R3 6 All planes 14549 s
149-F312 1 All planes 14549+13417421  3+47411-15-19.23
150-,321 1 All planes 14549-14-18-22  3+47+11+16+20424
151-r3 12 1 2=3n 14549413417421  347+11-15-19-23
£=3n+1 1413-3(549417+421) 3-15-8(7+11-19-23)
F/3/2(7-11-19+¢23) +/3/2(5-9+17-21)
152-p3,21 1 2=3n 145+9-14-18-22 3+7411+16420+24
£=3n%1 1-14-#(549-18-22) 3+16-¥7+11420+24)
¥/3/2(7-11420-24) +/3/2(5-9-18+22)
lSS-PSZlZ 1 £ = 3n same: as £ =3n,
P3 12
£ =3n+1 sameasll=-3n=F 1,
P3 12
1
154-P3221 1 2 =3n same as £ = 3n,
P3. 21
2 =3n+1 samaasll=3n¥1.
P3_21
1
155-R32 3 -h+k4+2 =3n 14549-14-18-22  3+7+11416+20424
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Table 9. (continued) (2)
Space Group pc Planes A B
156-F3ml 1 All p]_anes 1+5+9-14-18-22 3+7+11-16-20-24
157-P31lm 1  All planes 14549+13417+421 3+7+11+15+419+423
158-F3cl 1 2 =2n 14549-14-18-22 3+7+411-16-20-24
£=2n+1 145+9+14+18+422 3+7411416420+24
159-F31c 1 2 =2n 14549+13417+21 3+7+11415419+23
£ =2n+1 1+549<13:17-21 347+411-15-19=-23
160-R3m 3 -h+4k+f=3n 14549-14-18-22 3+7+11-16-20-24
161-R3c 3 -h+k+£=3n 1+5+9-14-18-22 3+7+11-16-20-24
£ = 2n
£ =2n+1 14549+14+18+422 347411416420+24
162-P31m 2 All planes 14549+13417421 .e-
163-P31c 2 f=2n 14549+413417421 ——
2 =2n+1 14549-13-17-21 -
164-P3ml 2 All planes 14549-14-18-22 ---
165-P3cl 2 2=2n 14549-14-18-22 c—-
» £=2n+1 145+9+14+18+22 .ee
166-R3m 6 All planes 1+5+9-14-18-22 ---
167-R3c 6 -h+k+2 =3n, 14549-14-18-22 .-

i =2n
£ =2n+1

14549414+18+22
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Table 10. Definition of combinations of triple products and scattering
factors for the hexagonal system (see Tables 1, 5 and 6).

]

-(fl + fz)(il tg) + (fl - :Z)(c1 “e)) =

w

(fl + fz)(q1 - kl) + (fl - i‘z)(ml + Ol) =
(f1 + fz)(m1 + ol) + (fl - fz)(q1 - kl) s 4
(£5 + £, 0a,-03) - (£, - ,)(i; +B,) = 5

~(f, + £4)(.i3 +hy) + (t, - 1'4)(d3 -f)) = 6

(f3 + f4)(r3 - .!3) + (£3 - f4)(n3 + p3) = 7
(53+f4)(n3+p3) + (fs -f4)(r3 -13) = 8
9

(i5 + f())(d2 - f}) - (i5 - £6)(j2 + ha) s
(5 + €0, +b) + (6, - £)(d, -£) = 10
“5*56)(1’2 -12) + (fs —f6)(na+p2) = 11
(f5 + 56)("2 + pz) + (f5 - fé)(rz - 12) s 12
(€, + fs)(dl “B) - (f,’ - fa)(jl +h) = 13
-(f7 + fa)(jl + hl) + (f7 - £8)(dl B f'l) = 14
(£, +E)r; -2)) + (f, - i n, +p)) = 15
(, + £ )n, +p,)) + (€, - fe)(rl -2)) = 16
(£9+f10)(c3 -e3) - (f9 -flo)(i3+g3)l 17
-(£9 + fw)(i3 +gy) + (t!9 - fm)(cav - és) = 18
(f9 ey fm)(q3 - k3) + (f9 - fm)(m3 + 03) =19
(ig + f1g)(my + 03) +(i, - flo)(q3 - k)= 20

(£ + 0oy ep) - (G - fpMi 4 g,) = 21

-(fll + flz)(i2+ gz) + (fu- EIZ)(CZ - ez) = 22
i - -f ) =
(fu - flz)(qq k,) + (f11 12)(m ,t0,) 23
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Table 11. Derivatives of the expressions defined in Table 9 for the
hexagonal system.

2 a2 2 ]2 -2 -2 -2 N
2ndx 2mdy |2nl3z| 3B, "3B ' 3B, " 3B, a—ﬁ’l'; 3B,
Mult. Mult. constant Mult.
const. Term| B“ BZZ B33 BIZ Term| Constant | Term
& 9 Bis By
1 b <k 4 -3 hi _ki 1‘; Kk 1 |m ke 2
2 <h -k 3 | <4 |n® ¥® 4% hk 2 |m k1
3 h k2 1 | 8% %% 22 nk 3 |m w4
4 h k1 2 |n% K* 2% nk 4 |m W 3
5 ok i 8 | 7 |K2 5 2% &« 5 |m v 6
6 <k 4 7 | -8 |k* 5 1% 4t 6 |k v 5
7 kK i 6 5 |k s 22 t 71 |k v 8
8 kK i 8 6 |k* s 2% «t 8 |k v 7
9 4 b 12 |-11 |5 n® g2 w 9 |ov m 10
10 <& -h 11 |-12 |S h%® 2% u 10 |-v nm 9
11 i b 10 |-9 |s n* 2% a1 v h 12
12 i b 9 10 |S 1w° 2% w12 | wm 1
13 <k n 16 |15 | %% w* 2t 13 | he 14
14 <k < 5 <36 |%* ®F 2% 14 | ne 13
15 kK h 14 13 | k* n® 42 15 |k ne 16
16 kK h 13 14 | x* »® 2% 16 |k ne 15
17 -4 -k 20 |-19 |s k% 1% ¢ 17 |-¢ e 18
18 -4 <k 19 |-20 |s k* 2% -t 18 | v W 17
19 i x 18 | 17 |s x® 2% -t 19 |- w 20
20 i k17 18 |5 k% 2% -t 20 v Kkt 19
21  <h i 24 |-23 |n® s 2% - 21 |m v 22
22 h ot 23 [-2¢4 |0n2 5 1% w22 |m v 21
23 h i 22 21 |n® s 1% u 23 M -v 24
24 h i 21 | 22 [ s 4% u 24 |m  -v 23
§ = <hek h2+ k%4 2hkeS, k®+ hk=t, h> +hkweu, ht + ki = v
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Table 12. A tabulation of the hexagonal space groups according to
index parities.

Space Group Pe Planes A B
168-P6 1 All planes 14549 3+47+11
169-P61 1 £ =6n 14549 3+7+11
2 =6n+1 2-3(+6+10) 4-3(8+12)
-/3/2(8~12) +/3/2(6-10)
£ =6n+2 1-8(5+9) 3-%(7411)
+A/2(7-11) -/3/2(5-9)
£ =6n+3 2+6+10 448+12
£ =6n+4 1-#(5+9) 3-3(7-11)
-/3/2 (7-11) +/3/2(5-9)
£=6bn+5 2-%(6+10) 4-%(8+12)
+/3/2 (8-12) -/3/2 (6-10)
170-P65 1 £ =6n as for g = 6én
in P6
£ =6n+l asforgd =6n+5
in P6
2 =6n+2 as for 4 = 6n + 4
in Fé
£ =6n+3 as for 8 = én + 3
in P6
2 =6tn+4 as for ' = 6n + 2
in 76
£ 26n+5 as for £ & 6n + 1
in P6
1
l'?l-P(>2 1 4 =3n 14549 3+7+11
£=304+1 1-8(549) 3-§(7+11)
+/3/2(7-11) ¥ /3/2(5-9)
172-P64 1 £ =3n as for £ = 3n in P6
!=3n_+_-1 asforl=3n$11nP62
173-P63 1 2 =2n 14549 3+7+11
2=2n+1 2+6+10 4+8+12
174-p8 1  All planes 14549 448412
175-FP6/m 2 All planes 1+5+9
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Table 12. (continued) (2)

Space Group P. Planes A B
176-P63/m 2 &=2n 14549 ---
£=2n+1 2+6+10 -
177-2622 1 All planes 145+9413+17+21 347+411-15-19 -23
178-P6 22 1 2 =6n 14549+413417421 347+11-15-19-23
£=6n+1 2-22-% (6+10-14-18) 4+24-§(8+12+16+20)
~/3/2(8-12416-20) +/3/2(6-10-14+18)
£ =6n+2 1421-8(549+413417) 3-23-%(7411-15-19)
+/3/2(7-11-15-19) «/3/2(5-9+13-17)
£ =06n+3 246+410-14-18-22  4+8+12416+20+424
£ =6un+4 1421-3(549+13+417) 3-23-#(7+11-15-19)
-/3/2(7-11-15419) +/3/2(5-9+413-17)
£=6n+5 2-22-4(6+10-14-18) 4+24-3(8+12+16+20)
+/3/2(8-12416-20) -/3/2(6-10-14+18)
179-P6522 1 2 = 6n as for § = 6n, Pbl?.?.
£ =2=6n+1 aafor!=6n+5.P6l22
2 =6bn+2 asfor1'6n+4.P6122
g =6n+3 asfor1=6n+3.P6122
g =6n+4 asfor!=6n+2.P6122
2 =6n+5 asfor!=6n+l.P6122
180-76,22 1 2 =3n 14549413417421 347411-15-19-23
£=3n%+1 1421-#(549413417) 3-23-#(7+411-15-19)
+/3/2(7-11-15419) ¥./3/2(5-9+13-17)
181-p6, 22 1 2 =3n as for £ = 3n, P6_22
£=3n+1 as for § =3n ¥ 1.“P6222
182-?6322 1 2=2n 14549413+417421 347+411-15-19-23
2=2n+1 246+410-14-18-22  448+412416420+24
183-Pémm 1 All planes 1454 9+13+417421 3+7+11+15+19+423
184-Fébcc 1 g=2n 145+9+13417+21 3+7+11415+419423

2 =2n+1 14549-13-17-21 347411-15-19-23
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Table 12. (continued) (3)

Space Group Pe Planes A B
185-P63cm 1 #=2n 145+9+413417421 3+7+11415419423
£ =2n+1 246+10414418422  4+8+412+416420+424
186-P6,.,rnc 1 2 = 2n 14549+13417+21 347+11+15+194+23
7 £=2n+1 246+410-14-18+22  448412-16-20-24
187-P8 m2 1  All planes 145+9+13+417+21 4+B+12-16-20-24
188-r8c2 1 2 =2n 145+49+413417421 448+412-16-20-24
£ =2n+1 246+10414+18422  347+411-15-19-23
189-r82m 1 All planes 1+5+9+413417+421 448+12416+20+24
190-r&2c 1 £ =2n 14549413417421 448412416+20+24
£ =2n+1 246410-14-18-22  347411-15-19-23
191-P6/m mm 2  All planes 1+5+9+13417421 ---
192-P6/m ce 2 £ =2n 14549+413417422 -——
£ =2n+1 14549-13-17=-21 -
193-P63/mem 2 £ =2n 14549+13417+21 cew
£ =2n+1 246410+14+418+22 ——-
194763/ m mc 2 £ =2n 1+549+134174+21 -

2n + 1

Y
i

2+6+10-14-18-22
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Structure-Factor and Least-5quares Calculation

for Cubic Systems with lsotropic Vibrations

A set of expressions is presented for calculating structure
factors and least-squares coefficients for cubic structures with iso-
tropic temperature factors. The expressions will complement those
presented by Hybl and Marsh (1961) for the orthorhombic system;
however, we will not now carry their treatment of anisotropic temper-
ature factors into the cubic system. Based on these expressions, the
Burroughs 220 computer has been programmed to perform structure-
factor least-squares calculations for any cubic space group; to direct
the course of calculations for a particular space group, the computer
must know only the space group number.

All of the geometrical structure factors for the cubic system
have been reduced to sums of triple products of sines and cosines.

A total of 48 different triple products are utilized; these triple products
and the 16 sums of 3 triple products are defined in table 1. The
triple products are divided into two groups, I and II. Space groups
of symmetry T or Th require expressions in group I only; further-
more, the derivatives with respect to the parameters x, y, and z (and,
of course, B) of any triple product ir; group I (or II) are other triple

h

products in group I(or II) multiplied by + 2n | k| .
£
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The sums in group I are directly related to sums in group II:
C transforms toD, Eto F, GtoH, I1toJ, ...etc., simply by inter-
changing h and k (see table 1). The derivatives of a sum can be
written down immediately by inspection of table 2 when the derivatives
of each triple product are listed. For example, the derivative of C

(C = c te, c3) with respect to x is equal to 2n{~-hm l-lqz-ko3).

The geometrical structure factors for each set of conditions
on the indices for every cubic space group are presented in table 3
in terms of the sums of triple products defined in table 1. The pre-
sentation follows that of the International Tables (1952); in cases where
the International Tables give a choice of origins, the origin is taken

at a center. Corrections in 07 and 0h7 have been made as directed

by the errata sheet.
For our program we have utilized the similarities in the struc~

ture factor expressions for different space groups. For example, the

1
structure factor expressions for T , T2 and T3 are the same except

for a different multiplicity factor; the same applies for space groups

1 3 5 1 3 5 1 2 3 |
Th .Th andTh , O, O and O, Td’Td ande.andOh i

5
Oh » and Ohg. Some pairs of space groups whose similarities have

been utilized are ’I‘4 and T5. i 2 and ’I‘h4. i 4 and ©C ‘. 06 and C ,

h h h
8 6 6 10 2 4 7 _ 8
O and Td ” ’I‘01 and Oh . Oh and Oh , and Oh and Oh . There

are other similarities which we have utilized, and we are sure there

-

are some which were not exploited. We give one example to illustrate



187
the use of the tables. Consider reflections h+ k=2n+ 1, k+ 4 = 2n+l
in space group Thz (for one atom in a general position):

Fc = -8 = -8(i1+12+5.3)

== = -8(2) (hq, +4m, - KKk,)
= -8(2m) [h cos(2mhx) cos(zmky) sin(2md z)

+ £ sin(2mhy) cos(2nkz) cos(2nfx)

- k sin(2nhz) sin(27kx) sin(2ny) ]

We get Fc from table 3, 1 from table 1, and the derivatives from

table 2.

I thank Drs. Richard E. Marsh and Sten Samson for helpful

discussions and encouragement.
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Group T
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Definition of triple products and sums of triple products.

S =

hx ky 1z

cos2n

hy kz {Ix

S = sin2m

hz kx

Ly

Chx*Cky-Clz + Chy*Ckz+Céx + Chz+Ckx*Cly

Shx*Sky-Cfz
Chx-Sky- Stz
Shx-Cky-Sfz
Shx*Sky-St =z

Shx-Cky-Cfz
Chx-Sky-Clz

Chx-Cky- Stz

+ Shy*Skz-Cix
+ Chy*Skz-Sx
+ Shy+*Ckz-S£x
+ Shy-*Skz-Sfx
+ Shy-Ckz-Cix
+ Chy-+Skz-Cex

+ Chy+Ckz-SIx

+ Shz*Skx+Cly
+ Chz-Skx-Sfy
+ Shz-Ckx-Sfy
+ Shz-Skx-Sly
+ Shz-Ckx-Cly
+ Chz+Skx- Cly

+ Chz+Ckx-Sfy

lil

i

il

1l

Group II

hy kx 1z

Chy-Ckx-Cilz
Shy-«Skx-Clz
Chy-Skx-Sfz
Shy-Ckx-Sfz
Shy-* Skx-S{z
Shy - Ck%~Clz
Chy+*Skx-Clz

Chy-Ckx*Sfz

hz ky £x

+ Chz-Cky-Cix
+ Shz" Sky- Clx
+ Chz-Sky-S5£€x
+ Shz.Cky-S¢x
+ Shz-Sky-Sfx
+ Shz-Cky-Céx
+ Chz-Sky-Cfx

+ Chz-Cky-Stx

hx kz

Ly
+ Chx*Ckz*Cly

+ Shx-Skz-Cly
+ Chx-Skz+*S8ly
+ Shx+Ckz+S{ly
+ Shx-Skz-Sfy
+ Shx-Ckz-Cly
+ Chx-Skz-Cly

+ Chx-Ckz- Sy

n

1]
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Table 2. Derivatives of triple products. All derivatives to be multi-
plied by 2m. For example, read hml = 2m hml.

x y z

Group 1 Group II x y z
cl ~hml -kol -fgl dl -kpl -hnl -frl
c2 -£q2 -hm?2 ko2 d2 -fr2 -kp2 -hr2
c3d -ko3 -£33 <hm3 d3 -hn3 -4r3 -kp3
el hol kml -kl fl +knl hpl -£21
el -2k2 ho2 km2 £2 -£L2 kn2 hp2
e3 +km3 -4 k3 ho3 f3 hp3 -223 kn3
gl  -hkl kql fol hl krl -ht 1 2ol
ga £02 ~hk2 ~kq2 h2 ip2 kr2 -ht 2
g3 kg3 £03 ~hk3 h3 -ht 3 £p3 kr3
il hql -kkl tml jl ~kf 1 hrl Inl
{2 2m2 hg2 -kk2 j2 n2 -kg 2 hr2
i3 ~kk3 2m3 hqg3 i3 hr3 In3 -k£3
kl hgl kil fel 21 kjl hhl ££1
k2 de2 hg2 ki2 22 212 kj2 hh2
k3 ki3 ‘ge3 hg3 13 hh3 213 kj3
ml hecl -kel -£il nl -kfl hdl -£jl
m2 -£i2 hc2 -ke?2 n2 =£j2 «kf2 hd2
m3 -ke3 -2i3 he3 n3 hd3 -£33 -kf3
ol -hel kel -1 1 kdl -hil -f£hl
o2 ~dg2 <he2 ke2 pd -gh2 kd2 =hf2
o3 ke3 -£g3 ~-he3 p3 ~-hf3 -fh3 kd3
ql ~hil -kgl fcl rl ~khl ~hjl +2d1
q2 2c2 -hiz kg2 T2 242 =kh2 =hj2
g3 ~kg3 2c3 <hi3 r3 ~hj3 243 =kh3

Note the cyclic relationship.
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Table 3. A tabulation of the cubic space groups according to index

parities.
*
Space Group Pe Flanes A B
Tl-PZ3 4 All planes C -K
TZ-FZB 16 h, k, £ all even or all odd C -K
13123 B hakein2n c K
T4-P213 4 h+k k+2
n 2n C -K
2n 2n + 1 -G M
2n + 1 2n -1 O
2n + 1 2n + 1 -E @]
72,3 8 htk+f=h k
2n, 2n 2n C =K
2n 2n + 1 -1 (8]
2n + 1 2n -5 Q
2n + 1 2n + 1 -G M
A
1
Th -Pm3 8* All planes C
Thz-Pn3 8 h+k k+42
2n 2n G
2n 2n + 1 -E
Z2n + 1 2n -G
2n + 1 2n + 1 -]
T 3-Fm3 32 h, k, £ all even or all odd C
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Table 3. (continued) (2)

Space Group Pe Planes A
Th4—Fd3 16 h+k k+2 2 +h
4n 4n 4n 2C
4n 4n + 2 4n + 2 -2E
4n + 2 4n 4n + 2 -2G
4n + 2 4n + 2 4n =21
4n 4n 4n + 2 C-E-G+I
4n 4n + 2 4n C=-E+G-I
4n + 2 4n 4n C+E-G-1
4n + 2 4n + 2 4n + 2 ~C-E-G-I
Th5-1m3 16 h+k+2 =2n C
Thb-Pa3 8 h+k k+12
2n 2n C
2n z2n + 1 -G
2n + 1 Z2n -1
2n + 1 2n + 1 -E
Th7-la3 16 h+k+t= h k
2n 2n 2n C
Z2n 2n 4+ 1 -1
2n + 1 2n -E
2n + 1 2n + 1 -G
A B
1
O -F432 4 All planes C+D -K+L
OZ-P4Z3Z 4 h+k+4 =2n C+D -K+L
h+k+2 =2n+1 C-D -K-L
03-5‘432 16 h, k, 2 all even or all odd C+D -K+L
04-5'4132 16  h, ko h+k+t
all e en 4n C+D -K+L
all odd 4n + 1 C-L -K+D
all even 4n + 2 C-D -K-L
all odd 4n + 3 C+L -K=D
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Space Group pc Planes A B
0’1432 8 h+k+{8 =2n C+D -K+L
06-1:-4332 4 h k £ hik+s
(1) zn 2n 2n 4n C+D -K+L
(2) 2n+l1 2n+4l 2n+l 4n+l C-L -K+D
(3) 2n 2n 2n 4n+2 C-D -K-L
(4) 2n+l1 2n+l 2n+l 4n43 C+L -K-D
(5) 2n+1 2n+1 2n 4n -G-J M-P
(6) 2n 2n 2n+l  4n+l -G+P M-J
(7) 2n+l1 2n+l 2n 4n+42 -GH4J M+P
(8) 2n . 2n 2n+l  4n+3 -G-P M+J
(9) 2n 2n+l 2n+l 4n =1-F O-R
(10) 2n+l 2n 2n 4n+l <I4R O-F
(11) 2n 2n+l 2n+l  4n+2 -I+F O+R
(12) 2n+l 2n 2n 4n+3 -I-R O+F
(13) 2n+l 2n 2n+l  4n -E-H O=N
(14) 2n 2n+l  2n 4n+l -E+N Q-H
(15) 2n+l 2n 2n+l  4n+2 -E+H Q+N
(16) 2n Z2n+l  2n 4n+3 -E-N Q+H
07-P4132 4 See 06. parity condition
(1) C+D -K+L
%z) C+L -K-D
3) C-D -K-L
(4) C-L -K+D
(5) -G-J M-FP
(6) ~G-P M+J
(7) -G+J M+F
(8) -G+FP M-J
(9) -1-F O-R
(10) -I-R O+F
(11) -I+F O+R
(12) -I+R O-F
(13) -E-H Q-N
(14) -E-N Q+H
(15) -E+H Q+N
(16) -E+N Q-H
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Space Group pc Planes A B
8
O -14,32 8 h k 3 htk+g
2n 2n 2n 4n C+D -K+L
Zn 2n+l 2n+1l 4n -]=-F O=R
2n+1l 2n 2n+l 4n -E-H Q-N
2n+l 2n4+1l 2n 4n -G-J M-P
2n 2n - 2n 4n+2 C-D -K-L
2n 2n+1 2n+1l 4n+2 I+ O+R
2n+l 2n 2n+l  4n+42 -E+H Q+N
2n+l 2n+l 2n 4n+2 -G+J M+P
T; - P43m 4 All planes C+D -K-L
T(zi - F43m 16 h, k, £ 2all even or all odd C+C -K-L
T2-143m 8 h+k+2 =2n C+D -K-L
Tj - P43n 4 h+k+2=2n C+D T
h+k+2 =2n+1 C-D -K+L
TZ - Fid3c 16 h, k, £ all even C+4D <K=L
h, k, £ all odd Cc-D -K+L
Tg - 1434 8 h k 3 htk+f
2n 2n 2n 4n C+D -K-L
2n Zn+l 2n+l 4n l=F O+R
Z2n+l 2n 2n+1l 4n -E-H O+N
2n+l Zn+l 2n 4n -G=J M+P
2n 2n 2n 4n+2 C-D -K+L
2n 2n+l Znt+l 4n+2 =I+F O-R
2n+l 2n Zn+l 4n+2 -E+H Q=N
2n+1l 2n+l 2n 4n+2 -G+J M-F
A
O, '=FPm3m 8 All planes C+D
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Table 3. (continued) (5)

Space Group pc Planes A
o 2 5
h -FPn3n 8 h k 1
2n 2n 2n C+D
2n 2n+1 2n+l -G-H
2n+l Z2n+l 2n ~E-F
2n+l 2n 2n+l ~1-J
2n+1l zn+l 2n+l CcC-D
2n+l 2n 2n -G+H
2n 2n 2n+l -E+F
2n 2n+l 2n -I4+J
0h3-Pm3n 8 h+k+4 =2n C+D
h+k +2 =2n+1 C-D
Oh4-Pn3m 8 _lih m
2n 2n C+D
2n 2n+l -E-F
2n+1l 2n -G-H
2n+1l 2n+1l -[=J
OhS-FmSm 32 h, k, £ all even or all odd C+D
Ohb-FmSC 32 h, k, £ all even C+D
h, k, £ all odd C-D
Oh7 «Fd3m 16 h+k k+t 2+h
4n 4n 4n 2(C+D)
4n 4n+2  4n+42 -2(E+F)
4n+2 4n 4n+2 -2(G+H)
4n+42 4n+2  4n -2(1+J3)
4n 4n 4n+2 (C-E-GH
+D -F -H+J)
4n 4n+2 4n (C-E+G-1
+D -F+H -J)
in+2 4n 4n (C+E-G-1
+D+F -H=J)
4n+2  4n+2  4n+2 ~(C+E+G+]

+D+F+H+J)
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Table 3. (continued) (6)

Space Group Pe FPlanes A
Oh8 -Fd3c 16 htk k+g £+h
4n 4n 4n 2(Cc+p)
4n 4n+2 4n+2 -2(E+F)
4n+2  4n 4n+2 -2(G+H)
4n+2 4n+2 4n -2(1+3)
4n 4n 4n+2 ~(C-E+G-1
-D+F -H+J)
4n 4n+2 4n -(C+E-G-I
D -F+H+J)
4n42 4n 4n -(C-E-G+I
“DFF+H-J)
4n+2 4n+2  4n+2 -(C+E+G+H
-D-F-H-J)
Ohg =Ira3m 16 h+k+2 =2n C+D
10
Oh -Ja3d 16 ) k 4 h+k+4
2n 2n 2n 4n C+D
2n 2n+l 2n+l 4n I=1
2n+1l 2n 2n+l 4n -E-H
2n+l 2n+l 2n 4n -G-J
2n 2n 2n 4n+2 C-D
2n 2n+l 2n+1l 4n+2 -1+
2n+! 2n 2n+1l 4dn+2 -E+H
Z2n+1 Zn+1l 2n 4n+2 -G+J

t p_ is the factor by which A and B must be multiplied to give
contribution of entire unit cell.
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IVv. I propose that the trial structure defined below be used as a
starting point in a refinement of the crystal structure of the yl-pha.se

compound of the nickel-cadmium system.

Space group T, - P43m
Atomic parameters

4 Ni in 4e) a,a,a; .... witha =0.1¢6

4 Cd in 4{e) b,b,b; .... withb =-0,169

& Cdin &(f) c,0,0; .... withec =0.342

12 Cd in 14(h) d,d,e; .... withd =0,312
e = 0,047

1 Cdin I(b) %32

4 Ni in 4e) f£,f,f; .... withf =0.314

¢ Ni in 6(f) g,%%;.... withg=0.799

1< Cd in 14(h) h,h,i; .... withh =0.796

i =0.547

14 Ni and 35 Cd (28.¢ at. % Ni)

Lihl and Buhl (1) reported the Y, phase of the nickel-cadmium
system to be homogeneous between about 49 and 49.5 at. % Ni with a
y-brass type structure. I propose that the structure is essentially
defined by the trial structure given above; the trial structure is not

a y-brass type.
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In an ingot whose overall composition was approximately
55 at. % Ni, I found a cubic crystal with a cell edge of 2, ¥ 9.74&,

which corresponds very closely to the value for a_ of 9.675 A reported

0
by Lihl and Buhl for the Y, phase. 1 have obtained an almost complete
three-dimensional set of intensity data from equi-inclination Weissen-
berg photographs. The intensities were estimated with great haste,
corrected for Lorentz and polarization efiects, and correlated to obtain
a list of structure factors on the same scale.

The first structure-factor lecast-squares refinement cycle on
the basis of the proposed trial structure gave an agreement index of
R = 0.29; and a second cycle reduced this to R = 0.26. An electron=
density map of the (110) plane was then calculated, and the map
indicated no serious error in the trial structure. At a corresponding

stage (R = 0.28) in the refinement of "NiSZn " (2), an electron-

2i
density map was calculated which immediately indicated the error
in the trial structure.

I must admit that the observed structure factors used in these
calculations are probably of poor gquality because of the haste in which
they were obtained. Furthermore, the trial structure that I have
proposed may be based on an incorrect composition. The occupancy

of possible positions was assigned to give an overall composition of

approximately 29% as reported by Lihl and Buhl. An experimental
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composition has not been obtained by me; however, these preliminary
calculations indicate no change in the assigned occupancies.

In spite of this, I assert that the geometrical structure is
essentially correct. As indicated above, the electron-density map
contained no spurious peaks; furthermore, there was a negative peak
at the position where one would expect a peak if the structure were a
y-brass structure as reported by Lihl and Buhl. A y-brass type trial
structure was constructed after the above calculations were carried

out; a few least squares cycles have brought the agreement index only

to R = 0. 40.
References
k. F. Lihl and E. Buhl, Z. Metallkunde, 46, 787-791 (1955).

P This thesis, Part III.
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V. 1 propose that the crystal structure of "Cu9A14" be carefully
investigated to determine its structure and to determine its ideal
composition.

The crystal structure and composition of ”Cu9A14" are very
important since "Cu9A14“ and CuSZnB, y brass, seem to have given
rise to the class of electron compounds known as the y-brass type
compounds. Ekman (1), using the powder method, found several alloys
to be isotypic with y brass. He assigned them ideal compositions which
give the ratio of valence electrons to atoms a value of 21/13. He felt
that this ratio of electrons to atorns was instrumental in determining

a y-brass type structure, since the only two y-brass structures known

at that ime were "CugAIA“ and CuSZn , which both exhibit an electron:

8

atom ratio of 21: 13 if copper is assumed to be univalent, zinc divalent,
and aluminum trivalent. Since that time, many alloys have been
reported as y-brass types, and all have ideal compositions. which

give electron:atorn ratios of 21:13. Hume-Rothery and Raynor (2)
state: ''Thus, the so-called 'y-brass' structure occurs at an electrom:
atom ratio of 21:13." This sort of statement is commonly called a
Hume-Rothery rule. They list 26 alloys with a y-brass type structure.

Because of the work reported in parts II and III of this thesis, ”NiSCdzl“

and "NiSZn4" can be removed from that list. I have examined the

"and "Ni_Zn__ " where it

literature, drawing analogies to ''Ni 1 52751

592
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seemed appropriate, and I have concluded that there is sufficient evi-
dence to remove 14 other alloys from that list, reducing the number
from 26 to 10. I am willing to admit that five of these can occur with
y-brass type structures at electron:atom ratios of 21:13. It seems
that the classification of y-brass compounds will break down under
careful scrutiny.

I assert that.“CugAl‘*” becarne such and has persisted as such
on the basis of fallacious reasoning and in contradiction to known
experimental facts. In doing so, 1 necessarily assert that the y-brass
clasgsification was based on unsound logic from the very beginning.
My reasons are pointed out in the following analysis of Bradley's
determination (3) of the crystal structure of "Cu9A14“ . All of the
quotfas are from his paper. At the time Bradley wrote this, the
copper-alu@num phase with which he worked was called the 8§ -phase.

Bradley derived the crystal structure of "Cu9A14" in the
following manner. Powder photographs of the 6 - Cu-Al phase were
sirmnilar to those of CuS—Zna. However, the differences in the photoe
graphes were sufficiently marked to indicate that ''the structures are
not quite the same in every respect.' The relative intensities of the
Cu52n8 photographs were not in every sense the same as those of
corresponding lines of the § - Cu~Al pliotographs. There were, mores=

over, additional lines on the 8§ - Cu-Al photographs corresponding to

reflections with h + k + £ = 2n + 1, indicating that the unit cube is
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primitive and not body centered. He states, with his emphases,
"intensity changes cannot be accounted for by supposing that the

positions of the atoms have suffered a slight displacement, the effect

of which would be to produce a slight change in the least deviated
reflections and a much larger change in the most deviated reflections.
This is just the reverse of what one observes. Itis therefore safe to
conclude that the atoms, as a whole, occupy almost identical positions
in the two alloys.'' I don't follow his reasoning in t.hg first sentence,
but I want to emphasize ''slight" instead of '"displacement.' Here he
makes his {irst fallacious assumption, that any displacement is a slight
one; he does not consider that there may be major changes in a few
of the positions.

He reasons further that the primitive cell can be based on 8

independent sets of atoms, constituting 52 atoms in the unit cube as

in CuSZnB.

The 8 sets and their coordinates are:

‘at® +a,¥ +a,% +a; etc., a = 0.10

4el ata,a,a; etc., and 431 3

492 at b,b,b; etc., and 4e2' at # + b, % + b,% + bjetc., b=0, 167

6f at c,0,0; etc., and 6f' at & + c,#,%; etc., c= 0.358

12h at d,d, e; etc., and 12h' a.t'b +d,2+d, 2 +e;etc., d= 0.305

As one can see, he has preserved the body-centering translation, as

far as the geometry is concerned; we will soon see that he makes this
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a primitive structure by assigning the aluminum atoms to two sets
which are not related by the body-centering translation of #%%.
However, this is where he makes a second fallacious assumption, and
a serious one. Any change in occupancy from a perfect body -centered
cell will destroy the geometrical translation of #3#%. Yet this highly

idealized model is recorded as structure type D8_ and several alloys

3
have been assigned the same structure (4). He is justified in making
crude calculations on such a proposal, but he is not justified in dis-
tinguishing between small differences, which he does immediately.
Bradley next turns to the problem of fitting the aluminum atoms
into the eight possible sets of atoms. This is the crucial part, for
this is where the ideal composition is fixed and where, hence, the
electrontatom ratio of 21:13 may h;ave been conceived, though another
investigator had to deliver it.
Because the composition of the alloys with which he worked
varied from approximately 31-35.3 at. % Al (he later fixed the homo-
geneity range as 31.3-35.3 at. % Al (5) ), he assumed the ideal com-

position to correspond either to Cu (30.8 at. % Al) or to Cu

o™la 17
(34.6 at. % Al). He lists the possible ways of building up the structure,

using the 8 sets of atoms given above:
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a) for Cu9A14, Cu36A116

1) 1
(1) 461; 401 » 4’02: 4ez

(2) 12h, 4e,

(3) 12h, e’

(4) 12h, 4e,

(5) 12h, 4e,’

(6) 6f, 6f', e

(7) 6f, 6f', 4e

2
b) for Cu17A19. Cu34AllB
(8) 12h, 6f
(9) 12h, 6f'

For Cu34A118. he has not considered the possibilities,

) ]
(10) ef, 4e1. 431 . 4e2

1] 1
(11) 6£n 4010 4el » 432

L}
(12) eof, 43‘. 462. 462

] 1]
(13) 6f, 43: . 4020 432 -

This oversight marks his third fallacious assumption; he
considers only 9 of the 13 possible arrangements.
He then eliminates all but (3) and (4) as possible solutions. He

does this by calculating quantities proportional to the in-tensities for the
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powder lines representing reflections from planes with h+ k + £ =2n+];
he does this so that he has to consider only the differences in scattering
between copper and aluminum. The basis for his rejection of (8) as

a possible atomic arrangement is worth considering. 1 list the
observed intensities for the 13 powder lines which he considered and

the quantities proportional to the intensities, calculated on the basis of

structures (3) and (8).

i gt Ol oy
3 - 2 8
m. 10 5
9 m. 23 39
11 - - 3
13 - 0 1
17 - 1 -
19 - 4 4
21 - 1 8
25 - = 1
27 W . 8
29 V.w. 4 1
33 V.W. 10 12
35 - 2 2

(I assume that m. is for medium, w. is for weak, v. w. is for
very weak, and the dash (-) is for unobserved.)
I cannot see how one could reject (8) as a possibility, con=

sidering all the assumptions that were involved. Yet, on this very
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calculation rests the determination of the second y-brass type com-=-

pound, "Cu9A14." Furthermore, the homogeneity range was very

carefully determined as extending from 31.3 to 35.3 at. % Al (5).

The composition corresponding to Cu9A14 is 30.8 at. % Al and lies

cutside the homogeneity range, and the composition corresponding to
Cn”AI9 is 34.6 at. % Al and lies within the range. Yet as late as
1951, Bradley persisted in referring to the y-brass type compound
"Cu9A14” (6).

On the basis of the method that was used to derive the ideal
formaula Cu9A1 4 and on the basis of the experimentally determined

composition,] demand that "Cu9A14" be stricken from the lists of 21:13
compounds and propose that a very careful determination of its structure

and composition be undertaken.
Bradley assumes that the differences in the atomic arrange-
ments between CuSZns and "Cu9A14” are very small and proposes a

highly idealized structure for '"Cu,Al

9 4." He calculates intensities

for a few powder lines for most of the possible atomic arrangements
for this idealized structure and on the basis of the resulting small
differences decides in favor of a composition which is not in the range
of homogeneity. To coin a phrase from Hybl and Marsh (7), ''this

cascade of errors culminates' in another Hume~Rothery rule.
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