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ABSTRACT

A discussion of the ebsolute f-value of atomic trancie-
tions is gilven end the resulting reletion between the ecquiva-
lent width of an gbsorption line end the donglty 1s dexrived,
Thie reolation, referred to as the curve of growth, is oxe
emined in detell over e large range of the doneity factorg
that is, for velues beyond the lineer region. Accurate conpue
tations are made for various values of the retio of natursl
to Doppler broadening and tables presented in the appendices,

An optical quertz cell was designed with g veriable
optical path length, This cell was used in conjunction with
an electric furnace to construet the curve of growth entirely
from the oxperimental data., The curves of growth were then
correlated to the latest vapor pressure data ylelding fevalues
for nineteen resonance lineg of ten elementes,

The linesg studied end the resgulting f-values were (Cu,
\3247 (0.322) and \3274 (0.153)3 Ag, A3281 (0.451) ana A3321
(0.175)3 Au, N2676 (0.76)3 Zn, A3076 (0.992 x 10°%); ca, A3261
(2,05 x 1073)3 Ga, AUO33 (0.095)3 In, A3039 (0.339) andALiol
(0.172)5 T1, N2767 (0.219) and A 3775 (0.108); Sn, 2563
(0.332), A3009 (0.042), and AL75 (0.065)3 and Pb, A2033
(0.229), A3639 (0.106), A3683 (0.243), ond ALOST (0.419).

These resulte are correlated to these of other investipae
tore and commonts made on the connection between the fevalue
and the energy of the transition. For those clements which
Liave @ well-kinown fevalue, the vapor pregsure dete gre Jige
cussed., Corrections to the solar abundences are made on the

bagis of the results obitained.



TABLE OF CONTENTS

SECTION PAGE
I INTRODUCTION X
A. Background 1
B, Definitions i
Ce The Experiment 10
X THE EQUATION FOR THE CURVE OF GROWTH il
A, Analyticel Considerations 11
Be Hethod of Celeulation 12
IXX HETHOD OF CONSTRUCTION ) By 4
A, The Variable Path Length 17
B. GConstruction of Cwrve of Crowth 19
C. The Calculation of the Parameter "a" 19
De. Filtting the Theory =i §
iv DESCRIPTION OF APPARATUS AND
. DISCUSSION OF EXPERIMENTAL ERAQAS 2l
A. The Optical System 2l
B. The Continuum Light Sources,
Filters, and Lenses 26
C. The Optical Cell et
D, The Blectrie Furnace 28
E. The Photoelectric Scanner 33
s Discussion of Specirograph 36
G. Summary of Errors 39
¥ THE RESULTS FOR CU, AG, AND AU 15
VI THE RESULTS FOR ZN AND CD 60
Vil THE RESULTS FOR GA, IN, AND TH 73
Viii THE RESULTS FOR SN AND PR Q2
IX SUMICARY OF THE RESULTS AND COMMENTS
OF ASTROPHYSICAL INTEREST 116
A, Sumery of Lesults 116
Be Hatrix Elementas 116
C. Predictions 118

e Comments on Seoler Abundancesg 119



SECTION

Xilz

TABRLE OF COMTINTS
{Continued)

AN AUXILIARY EXPERINENT

SUGGESTIONS FOR FURTHER RESEARCH
APPESDICES

A, Discussion of Curve of CGrowth

B. Computer Progrem for Calculation
C. Tables of Curves of Growth

BIBLIOGRAPHEY

%
&

123
126
12d
128
133
139

158



TABLE

i9
20
21

LIST DF TABLES

TITLE PAGE
Discorepancies in f«Value Meapuremenis 3
Table of Experimentel Errors 120
tate on Cu L8
caleulations for Cu, A = 327K 1o
Caleculations for Cu, )\lﬁ 32’?5;2 50
Dete on Ag A = 32008 Sh
sete on Az A = 3353K | g5
Calculations for Agm, A= 3?"’:2 56
Geleulations for Az, A= 335%33 Lt
pete and Celculatione on Au A S 25?52 Ids
Date on Zn ol
Gélculat;ians for Zn 65
Data on Cd 69
Caleulations for Gd Th
Data and Calculgtions for G Th
Deta on In 8¢
Caleulations for In, A @ 3030k a1
Calculations for in, A = awli £3
Dats on T1 5
Celeulations for T1, A = 26674 a7

Caleulantions for 71, A = 3??53 19



TABLE
28

Lit)
Aad

25
26
&7

LIST OF TABLES
{(continued)

Data on 8n, >yw 2&6&3

Celeuliations on Sn, )\w aﬂéhﬁ

bete on Excited States of Sn
Galculatlons for Erxclted States of 8n
bete on Pb, Am 20328

Calculations for Pu, )\ﬂ 2333?

ate on Erxcited 8tates of PbL
Calculations for Pb, )\u 3633?
Calculations for PbL, A\“ @0573. jéjﬂg
Summary of l-Values

Table of Predicted l«Values

Couparison of Data to Solar Abundence [ate

Tatles of Cuwrves of Growth for Various
Velues of the Persmeter ¥a®

121



FIGURE
:

LIiST OF FIGURES

R

TITLE

The Polding and Development of an
Absorption Line

The Components of the Data

Construction of the Curve of Growth
Comperison of Various Theories with the Data
Schematic Diagrem of Optical System
Photogzreph of the 8tep Cell

The Electriec Furnace

The Alignment of @ Cell

Schemeatic Diagram of the Photoelectric
Scanner

A Typlicel Line Scan Recording
Photograph of Scanner

Hounting Arrangement of Sceanner

The Curve of Growth of Cu, = 32,74
The Curve of Growth of Cu, = 32704
The Vapor Presaure Curve of Cu

The Curve of Growth of Az, = 312304

The Curve of Growth of Ag, = 3303K

The Vapor Pressure Curve of Ag
The Cuprve of Qrowth of Zn, b 36752
The Vapor Pressure Curve of Zn
The Curve of Growth of Cd, = 32614

The Vapor Pressure Curve of Cd



FIGURE

38
39

TITLE

The

The
The

Curve
Curve
Vapor
Cuarve
Curve
Vapor
Curve
Gurve
Curve
Vapor
Curve
Curve

Curve

> Gurve

Vepor

LIST OF PIQURES
{continued)

of Growth of In, = 3&393
of Growth of In, = ulolﬂ
Pressure Curve of In

of Growth of T1, = 26674
of Growth of T1, = 37764
Pressure Curve of T1

of Growth of 8a, & 28634
of Growth of 8n, = 30094
of Growth of 8n, e 31752
Pressure Curve of Sn

of Growth of Pb, = 20334
of Growth of Pb, = 3683R
of Growth of Pb, = LOS7R
of Growth of Pb, = 36394

Pressure Curve of Pb

Relationship Between and f

Results of Caleculations on Curves of

Growth

PAGE

100
103
104
112
113
iih
115
119

i3e



WERATIYIT TOR

A, (Begkeround - There are two quantitles whilch charactlerlze
an ztomie transition, The first is the entrgy level sepale
ation of the initiel snd final stetes, ond the second is the
transition probabllily between the two ntataé. The wavee
length 1s inversely proporiional to the energy gap and is
almost always known to six or seven significant figures, The
second is the matrix element {usually for = dipole operator)
between initisl and final stetess it 18 iaversely propértional
to the lifetime of the upper state, and is rarely known to two
significant figures.

One basic renson for the diffioulities encountered in the
transition probability measurement is that the wave functions
of the atom are sirongly affected by colliaipna. temperature
effecta, nagnetic flelds, eto., wh;la the enerzgies are not.,

Por example, pressure effects cause the wavelength to shiflt
orly a small fraction of 2 percent while the lifetime may be
shortened by & factor of two., Idkewlse, the nuclear magnetic
moment coauses a hyperfine mplitting whioh may not be detsctable
on the spectrograph, yet it needs to be sccounted for in deterw
mining the transition probabllitles or lifetime, Therefors,
the lack of avallable dets on transition probabilities is
understandable, but thesge 4difficulties encourcge one to attenpt
to £111 this zep in atonie information,

Many sttanpts have been nade to caloulate transition

probabilities, such as the coulomb approximation of
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Baters and Dmmgard.{l) The salfeconslstent fisld nethod was

{2) (4)

apphled by Hargreaves, Bates and Damgara,gB) Hariree,

{3)

and Hisrs, to various transitions, primarily in light
atoms. Receatly, the fevalue of Ph was cnliculsted by
Helliwell‘ék ueging eimple wave functlons, and Atlick(7) patet-}
ussd the random phage method for caleulsting the fevaluss of
six elements., L&11 of this work involves approximating the
weve funotion and then socounting for exchonge and ather
purely quantun meshanlieal effects afterwerds, The generanl
agreemant with experiment is not remarkable, although some
particular caleulations are in sgyreement with experiment,

On the ezﬁarimantalAaids, the methed of total absorpe
tion has been used by &.‘S; and R. B. Ktng,(s) B. B, King
end D, O. Stookberger'®’ and P. B, Esgabraak.‘lo) They have
been eble %o obiein vepor pressure determinetions of sbuow
lute fevaluss for sbout ten elenents, Kepferman and
ﬁasaal‘ll) developed an stomic besm method which hos been
improved upon by Bell, Davis, King, and Ruutly(la’ who
neasured the fevolue of the Mn line }\n 4031 :, and by Bell
and King(13} who messured the Pb line A= 2833 g. Hore
(34) ang 7. tank 15) nove extended
this method %o include other eolensnts,

racently G. Iowrence

Another method, referred to as the Hook ilethed, hos
heen uged by I. S. Rozhdestvenskll snd X, P. Paukin{ls}
end ertended by Ostroveiii and Peakin, *7?



o D
Direct lifetine mecsurements have bheen mnde by
x, 2100k, *®) ottinger and z1eck,(t?
In these experimonts the light is modulated and the phase

and W, D&mtroderiaa)

shift or tine delay of the remitted radiation is sought.

C. H. Corliss and W, R, Bbﬁm&n(al) have attempted to
corrvelate the Lfevalues of seventy elements using an emisslion
mathod.

The verious experimental technigues are not in good
agreement, This fact is broughit out in Table I, in whieh

geveral of the experimental values are compared.

Thege few momples are indlcotive of some of the "better
known fevalues,” It ig, therefors, clesar that much is left
to be done in thie fleld,
The resuliting fevelues or transltion probabilities are
of partieular interest in astrophysics, since the vsrlfioagion

of various thaories of steller and solar composition depends



i
on o knowledze of these constants, The work of Aller,
ot al,(ge) on the sbundances of the elements in the sun, is
ceritically dependent on not only the fevalues but also on o
knowledge of the curve of growth, 7Thot is, the complete reloe
tionship between the spectral line itensity ond the nunber of
atong is required. The fevaluse con be thought of z2p the
ratio of the quantum mechonical omeillotor, sirensgth to the
clasgical haxmonic oselllator strength so that knowledge of
the number of atoms lnvolved in o gpectral line is propore
tional o the Tevalue. Investigations of stellar composition
by Goldberz, idiler, sad Aller'23) gnd by Greenstein and
Cowerkers'2*) similerly require kuowledge of the transitien
probablilitles.
B, Jefinitlong ~ If o beam of light of intensity I, panses
through & gas abgsorption takes pluce at those freguenciles
which exoite the atoms from their iunitial state to a final

gstote. The intensity then has the fovm,
- Kw) X

Tw= 1 ¢e -

where, k{V ) is the absorption coefflicient; a function of the
freguency V , end x is the optical path length. Ve define
ag the nunber of classical harmonile oseillators present in

the atom, therefore, k{)V ) for & resonance line hasg the form,

" g .
ko= Net 22 (v-ve 1o () (2)
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In this squotion HJL is the number of abeorbing atoms ver
unit volume in the initisl stote ond ¥ is the halfewidth of

the transition, The totsl 2bsornilon ceefficlent ig then,

_ N | %
K, = S}k(v)dv TN, T e )

This tolal cbsorpilon voelficlient is Independent of the helfe
width '5’. and therefore, the method of demping doss not aiffeoct
the result., This ig 2 vitel foot in measurenonts beczuse the
instrumentes have luperiect resoluiiony se that, the line shaje
is lost, Vfﬁe total procese ls depicted in FPigure i, where it
can be seéalthmt the natural regononce ghape wilth halfewldth
is exponentislly breoafened by the Foussgien velocity distrie
bution of the oheorbersg, The line is then folded Ly the
gpecitroztach. That is, each Infinitesimal port of the line
ig brosdened by the spevtvogroph wesgolution, The laat curve
in figure 1 shows the line very much troadened by the scaonning
end filterins ol the photoelentyric sensor.

Beoausge of the change in line shape one sgtudies, instend
of kq, the equivelent width V, defined by,

T Lo~ L%}
WAL = go de
[

_ qu* exp[~ g k()x,x)c\xﬂ d\ (4)

]
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This is the eguation relating k(- ) or K( )} to the
egquivalent width, It should be remarked thut the atoms in
the upper state can spontaneously emlt =nd return to the
lower state, Elnstein showed that thermodynemic egquilibe
rium regquires that, 5

Tean Prob(u 24£) 2NnY G

Tran Pro\obl"?“ Tv -

g0 that, equation 3 becoumes

K j _n_&l N _.\ L'E'.Q_ Hu\
- S sz'\'\ - s — 5)

g i | (5
mwm G ""u_ r‘jl

Here, the statistlical weighis g are glven by

:".’ oot 4 + ‘
& Arﬁr
where, } is the total angular momentum. Therefore, ths

curve of growth is given by,

w (o3 ‘ m)/ dx -

\ife VA= expi- ==\ \:fx(x ,Ni__i”a J/\

AN 1 L me (¥(x) )t +(A-N) (6)
A |

Experimentally it is possible to keep the temperature gulte
uniform over the small length of the vapor column, s0 that

the z integration I trivial for pure resonance brozdening.

However, Af we assume that the Doppler effect due to the

temperature distributlion of velocltles 1s
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gousian, then each small increment of the line between
A+AHA  and A=[ N is broadened by the Doppler effect.

Then, the exponent in equation 6 becomes,

L 02 th
2 I e dt |
i ,T-T—' rlo /\o H ) ‘:‘l g,,.. . y x —-——t 2 LK
¥ 2
TYL ) J __" A + e )
O SEM o= (A)\D

Thus, the curve of growth is (sssuming that conditions are

uniform =long the path),

oo | o0 £t
'_i = AW \ - € N;FJ[ ".v s S"~....- 5 (?)
A
where,
. AAg
G = : _
1 /\ L (8)

and the density function C 1s,

E. E
!.Tr Hoz\ t-si__i 11’\__ X_’i . ~\= ‘(Q_T'

The factor ¥ is the density of atoms in the lower state, L
is the totsl optical path length in the gas, /:Ayis the half
width of the Boﬁplar broadening gaussien, the exponentiasl in
the temperature T 1s the Boltzmenn Factor for the relative
ocoupation of the upper state, and [vo is the classical

s T
electron radius equal to ~ /ivAC , The Doppler halfewidth

A Y
’ NS No (4T
™ me S
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and the resonsnce broadening 1s a ceombination of the natural

width and cellision or pressure broadening. Thus,

DAR _ ATNE 9o | Ah

(e ol 4%
A }\D AN >\D Py ﬁ::)\p

It is apparent that the parameter 4 18 not comgtant. It
veries ot 9 end since the pressure brosdening (Unsold,(25)
Lindhalm(zé)} is proportional to PQ{,XHT; » 2% higher
tenperotures 1t becomes nore sitrongly dependent on the tempe
erature, The term | , is the collision orossection.

At the lover end of the tempernture cond pressure ranges
used in this experiment, the pressure broadening ls much

less thon the natural width so that
§ 1 M.*X‘—”L

Typically, the temperature range wes two hundred degrees

out of one thousand degrees, so that, "a" varies by about

ten percent. It wlll be shown that the curve of growth 1is

& slovwly varying function of "a” for valuee of C less then

one hundred, Therefore, 1t is & zood approximation to take

"e" gguals o constants
4The ¥ 4q

b e

One orude method of approximating the f=value would be to

fte

A

determine the value of the parsmeter "=", At higher tempere

etures the dependence of the pressure brosdening on the
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denalty prefoninates, mo that "a" is not a constont.

C. Zhe Sxpreriment « In this research, the curve of growth
ie determined eatirely from sxperimental data, ylelding the
values of HY as 2 funotion of the tempersturs. The value of
£ is ohosen to yisld the best fit to the vapor pressure data
over seversl orders of msgnitude., For the most part, the
lateat vapor pressure dsta of the University of Cazlifornia
Hettalurgy Groupfa?) weas used, In a few cases this useage
was gqualified asnd compared te other data given by Stulle

end Stnke'®®) snd vy zeriey'®®’),

The curve of growth was then, afterwords, Titted with
the best theoretical ourve ugling the value of "a" ealculated
with the resulting fwvalue, and utilizing the known hyperfine
ond isotope splititing (es given in Landholt and Bornutﬂln(BO)).
Thig £it veriflies the theory of the curve of growth, the
detalled caleculations for the nonelinenr portions of the
curve, and furnishes an approximate erosse-check on the
fwyalue,

The date for €d, T1l, Ag, and Pb were taken over = large
encuzh temperature range to detect the change in "a" at
higher pressures, thus, the pressure cosflflclent G?, can
be found 2s a by-product of this experiment.

There has been considerable discussion of the effects
of Zeemann splitting due to the moagnetic flelds present in
the electric furusce, This effect was sought experimentally

tut was not measureable in this experiment.



B « In this sectlon equation 7

will be examined from an analytical standpeint, The equation
relates W /OAp end the demsity factor O, with "a” as =
parameter, That is,

W/phg = W/ L€ )

(13)

The density N appears in two different contexts., The first,
and moat odbvious, 1ls through the variabls ¢ ond the seocond
is in the porameter "a”, Also, the fevalue appears in eech
of the variebles, The tenperaiure dependence is very complie
eated since ¥ is & strong functlon of T and A“Kn ies 2 slowly
verying function of T, Ve apsume that for the lower part
of the temperature range

bL>>cN

8o thet, ’
-

e 4 7 2 .
f.L ~ ‘L.‘.T\QUE)

and we temporarily ignore the ci¥N tern, Ve also take the
averaze tempsraturs. Then W /ANp becomes s funotion of the
gingle veriabls C. In this epproximation, the density ¥
cceurs only in the form ﬂLT"%. The results of this researpgh
ve&iﬁy the validity of these sssumpitions.
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If two different temperatures are choéan and, simmle
taneously, two different Opticaltpath lengths are used,
guch that,

"' 'y
T‘L L| ‘] = ‘\Q'LLZTI (14)
then, to this approximation,
Wi /v = W /A Nes
W A, TR I AG" (135)
Conversely, if eguotion (15) 1s valiad,
} lll
No, LT
N, L, T,

This 18 strictly trme only if,

alhl= a {.Tz)
but, it turns out to be a very good approximation for most
of the experimental conditlons utilized, This assunmption
leads to & family of ocurves of the form of equation 13 for
vorious values oﬁ "a%, The slow change in this parameter
will then be accounted for by the gradual orossing of =n
actual curve of growith from one member of the family to
another,
B, lgthod of Caloulatlon - In most Wrectments the cssumpe
tion "a" equals zero is used beczuge the iimiting solution

(Uhaold(25>) may be expressed in the form

. . =t
oy M N T R ,
W/AN = ) Aw |\ ~exp | e
. A . %
“ G oo ]
= fw LA i MR /
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This rosulting solution hos the wrong csyaptotle form for
large volues of ¢ and is for from correct for cuny czse in whioch
0 48 corester thon unity, In foot, "a" 49 propertional to the
fevalue. In the case of Zn, for example,

azie!
Zn hos the lowast volue of "o amons the elanents siudied in
this work, For Pb on the other hand, tﬁa value ot the low
tamopernture Limit is, 1

Lo~ NG

and, of course, when T Decomes very large, pressure broode

-

ening inecreases thils value,

The next most sophisticcted trestment (x1tehe1(3l)}
is to form o vower series sxpension 2bout L = 0, This
requirﬂa the caleulation of the derivetives with respect to

"a®, That is

W o= W o) +afd W
E.-)\D L)\DU' V) ‘6\1 L>\Llu. 2@

The fivest portisl derivative hag been calculated by Hitchel
and is diseussed in Appendix A, The result may be expressed

in the form 5

1,

2
-

A
2C “ . = i =t
b" k(..uuj'-;‘_"‘:_k..l\“,&k“dt’_ ‘,.h _i
| e o (17)
Thig term goes to serc very strongly ss O —>oc  In
fook ot W = 6 the tern:
TR AT F-‘k:u) S e

where, . dlz'

Flwis=

(T



P
Sunceeding terns become more ALfficult to caleulate and
every odd term oontains a derivative of F(W ), Therefore,
a thorough computation was necessory snd the computetions
done are discussed in Appendix B, In Appendix ¢ tables of
W/B Ny ve, © have been presented for

m =Y ‘
(_"L;: L )(\0 x'\"\:_‘)Li.--‘O

The method consists of integrating

( | h};,,ii__ti— at

IPEUEAL
for ecol value of W and then ocomputing the integral over
W, @ince €h§ integyrands approzch Zers as W get large, it
iz ponsible to cut off scoh of the infinite integrals without
appreciable exrror,

These tobles were necessary in order to fit cny theory

to the deta, Purtbermore, the hyperfine splitting needs to

be sccounted for, The valme of § is actually given by,
zF+i

{ = i

where there are 2F 4 1 degenerate states due to the nuclear
mognetic moment., Murthermore, there may be several lsotopes,
so that

where the summeotion is taken over the k isotopes, HNow in
gome ooses the hyperfine splitting 1s appreciable; 12

ﬁ\}\H.F. -, D)\ D



Theon, the different components each has its owm curve of

growth and
vv/ : 4 o« j -
o SO (NG 5wy (12)
b.a)\p L; A)\D
It is assumed that the amall hyperfine aplitting
L/\" vt : ‘CJ /\
does not affect the f-value. Thus, each of the components
has the seme values of "a® and £. Purthermore, the Boltzmenn
Factors are assumed to be unity and the prelative strength of

the different components is known, il.e.,

f11, =8, &N

It 1s alao an sssumption that the isotoplc composition is

known, &6 that
with the L, 's as the known concentration of the et isotope.
Then,
wo- 5 W (beBCsa, (19)
B)\o ~  MAp _

* 4

In many ceses whare.[zaﬁF is lerger than b the

n
spectrograph: {eileg to resolve the lines. In some ceses, such
as Ti, the scanning system smears the nearby lines togethoer,
even though the spectrogreph resclves them. In thege cases
the compesite curve of growth {equaillion 19) must be used,

In those cases where

[ A o < A)\D



wl o
P is no longer & good guantum nuwiber and the transition must

be trected a8 & single componsnt. The intermediate cases
[’:-}‘H'F. o Z.‘.v}\i'

cause the curve of growth to lle betwoen two theoretical
curves, Thus, 1r oné inegzlineg that the nuclear magnetic
moment is turned on gradually, the curve of growth moves
from the single corponent equation 13 to the composite form
of equatibn 1G. J

It should be remariked that certain authors have
sttenpted to split the eguivalent width W into isotople

parts, and then compute the inveree function

C=C(W/aNg1= ZC (b - a]

Al A\ PR
But 1t 18 clesar thet the density fTunetion is the one for
which the division into components is known.,. On the linesr
portion of the curve of growth the difference is negligibvle,
but, on the noune-lineer portions of the curve of growth this
technique causes e lerge ervor, This fact i illustrated in

paregreph: D of this section end in figure i.



= Tha guartz celis used to

Anld the vapor have three oy four different oniicnl poth
lengiths. At a zZiven teapercoturs the sculvalent width 4
mepguTed for escht prih leagth., {14, Is1,2,3,2 1o The
roanze of L wee ag large as posaldle, so thot,

Lu Lo

Ly
Thus, the vaxrlsoble C 1is “hmwe{i over the some rancs at ench

senperstyrae, The dats cmns‘istﬂ ol four equivalent wldths per
temperatire poini, 1.e., one has

- W | : )
Tor various jsemperctares 7). The ravlos of the Ci 2re known

preclsaly, thet s,

o L+t 3 Lt

C by
e nolnts are then Lplut‘bed on 6 logelog scole as ghown in
Peuare 2 for several temperatures., The malin peint ls that
the ronges of N /I‘.x)\a for the adjascent temperatures overlap
stronzly, Thus, for some velus of L{T})

NCT LAY > N (T ) (20)

LA Y
whleh clearly neans that,
~A0 (T O LT.)
\.ﬁj\ i"(TJ )!A \\:H"\ \— jﬁ'I}}
(21}
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B, Gounstruction of the Ourve « The ocurve of growth iz now
congtructed from the data shown in FPigure 2 by using the
result of equation 21, The four data pointas, at an 20prow
priate tempersture, (with saall velues of W /ANp } are put
on the kmown "linesxr™ portion of the ocwrve of growth ploked
from the tables in Appéndix 8, The wvnlue of "a" ia talken
from the closest guése of the fevalue, The other segnents of
the date are moved laterally to give the best least sguares
overlap, This teohnique is illustrated in Pigure 3, The
methad is not very sensitive to the guess of the value of
"g" gince the varistion between the family of the curves

of growth in the lineear porition is very slight.

, = In the maonner deploted
in Figure 3, the firet cporoximation to the curve of growth
is made, The final step is to account for the change in the
paraneter "a" on the extreme upper part of the curve., A
anall adjustment is made for the change in "a" due to the
gmall chonge in [h)\b « BEguastion 17 for the paridiasl
derivative of k{v) 1s approximated, aand thus the chonge in
wf/f:hy; for o change in "a" is made, This asounts to
fitting the upper poriions of the ocurve on the high slde of
the beat overliap,
After constructing the curve and drawing the "best £it"

gmooth curve through the dats the values of C for each

ore read off and compered to the vapor pressure date, In
gther words Pf is cnlculated for each temperature, and then

the value of 2 is used to yleld a datum point for the
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fwyalue deternination,
D, Pittinc ' w A typleal exomple of a curve of
growth is shown in Figure 4, In this Pigure the outline of
the fiaal curve for Pb.,K = 2833 i is shown as & s0lid line,
The fevalue is suéh thet "a" is closs to 00,0128, Ths theow
retical curves for o single component troneition with
e = Q0,0001 and 8 = 90,0122 are shown also, and obviously
neither its the dota, In order to illustrate the difference
between splltiing W/A/\ znd splitting C into components
{dlsoussed 2t the end of Section II) the ocomposite curves
for the four kumown lsctoplce components split in each manner
are showan, -The ourve with the C spllt (as it Hroperly should
be) fits the datz well for

. . 3
100 & C ¢ 1o

The composite curve for a = 00,0256 1s also showm, and it is
clear that as U vertes from 5 x 102 to 5 x 10° the curve of
growth moves over to the walue for a = 0,0255, Therefors,

if 79 was the temperature for whish C = 5 z 107 then

W +’r)\"‘ +-.‘.: ANy + 107 bATN(T ) 4

ANy

‘..‘-‘ - e ]

P o NN

For Pb, Ty = 940°C and Nf wes 7 x 1012,  The value of

is 3.% x 10~12 cm, yielding

- B
%9 = ﬂ:\ . b X \(‘\ Y

P
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FIGURE 4 COMPARISON OF PB DATA TO THEORETICAL CURVES
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This is the collislon cross section for pressure broadening.
there 18 no other experimental source of this number (known

to the author) for comparison purposss.
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IV DESCR N O P
A, [The Optical System « 4 schematle dlagram of the experie
ment is shown in Flgure 5. A nercury capillary tube lanp
wag focused through a filter so that its imege was in the step
cell, The lenses used were soromate of 30 om and 60 cm foocal
lengths., The long {ocal length gusranteed that sll of the
light passed through the same optical length since the lens
asparture provided an sngular opening of about three desrees,
The second lens focused the image on the spectrograph slit
which wap set at thlrty microns,

Two methods of detectlon were used, The first was by
photographic emulsions which were exposed for ten minutes or
g0, depending on the wave length used., A calibrated neutral
gtep filter furnished by the Hilger Company was used to nake
ealibratioﬁ plates, This method wae used on one b run and
checked agninst the second method., This second method used a
vhoto cell technlque developed for the most part by
Mr., George Lawrente, Having compared the twe methods, the
photo tube seemed far superior and was used for most of the
reseining dota. ‘ _

The stepwcell was placed in the electric furnace and the
entire furnace mounted on & millie~hend traverse, The entire
furnace ossenbly was moved laterally without disturbing the
focused beam, in order to change the optical path length,

The temperstures wers wensured with Pt, Ptel0% Rh
thermocouples calibrated at the Hational Bureau of Standards,

The coils of the electric furnsee were individually coatrolled
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D
o obialn the best tenperature uniforuliy over the cell
Jength.
The entire system was ensily alizned many times throuzshe
out the runs and wes found to be more then adequate for this
experiment,

. ag = For the most of the

lines gtudled, o high pressure, caplllary tube, mercury arc
source was used, The lamp was supplied with about 1 aumperse
at 1000 volts DO from a regulated motor generator set, The
lamp had & gquarts water Jacket supplied with tap weter for
cooling., Terlodically, the water Jacket was flushed out with
dtiute ACL, This dlssolved the salt deposits which ccoumilated
allowing mazimun output intensity, The lamps were furnished
by the E‘E.K.'Laharatoriea, of Panlo Alto, Califernia, The
pressure broadened mercury lines furnished an excellent source,
axcept for the A 4032 line of Zalluim snd the A 2676 1ine
of Gold, The slope of the continium caused an error in
determining Io of less than 27 of the equivalent width,

In 2 few instences o Xenon arc source was used, This
furnished a nmueh smoother continuum but much less intensity.
The lamp operated on 220 Volis AC except for starting., The
are 1tself 1s o point source so that the specirograph slit
could not be filled. The leanp wos manufactured by Osranm
Kommenditgellshaft in Geymany.

The filters used were Corning Glass Co. #Tw39, #T-54,
ond Se57, These filters tronsmitied in the regions 2600 =
3800 X, 33004100 3., and 3600-4600:, respectively. The trane-
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mission in these bands wes groater thaas 70 per cent and the
rojection outside of the baends was very officient,

One vory important point was the placement of the fllters
ahead of the sbaorbing ~ag. Whenever the upper state hag

transition provabllitles to otheyr stlll higher states, the
effective wildth of the upper state 1s modified sccording to
the strength of these higher transitions. By putiing the
filters ghoad of the gas no photons were availlable to induce
these upper trensitlons. In all ceses except Cd and Zn, ihe
fevalues of rll available transitione were much smaller then
those being meoasured, Thereflore, no errors could be introe
duced due bo secondary transitions. The lower f-values of Zn
end Cd mean that the upper stato is very well defined (by the
uncertainty principle). With & vroad band filter, the lines
cd A2881 and Ca AL799 were found. In the cases of Zn and Cd
almost all aveilable tremsitlions were blocked out by the
placement of the filter, so that light, of the correet froe
quency for gtimulating these upper lines, wee absent from the
filtered source.

Both of the lenses usged were Lithlumei’lorice acrowmats,
ground by the optice laboratory of the Mount Wilson Cbservae
tory.

Ca The Optical Cell - The atep ceolls were handmade of optie

cal quality fused guarts furnished by the Amerisil Company.
The body of the cell was made cut of 37ma dlameter tubing and
l.5mm flat plate. ter completing the body and ettachilng

the praded seal for Tilling purpoges, the optical windowe
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were fused on at 1750°C. The entire cell was washed with 5F
HF1 for © minutes to remove the sllicon ozides formusedc. The
waghing didé not adverscly affect the optical transmission of
the cells.

The cells were then cleaned three times with aque regila
and three times with triply distlilled water to rewmove any
resldues., The cells were atisched to the alleglaas vecuum
system, fllled and flushed under a nitrogen pressure, and
evacuated to less thon 107w of Eg. After ovacuation the
cells were heated to 500°C to drive off the absorbes TRses
and sealed orf,

Figure 6 is a photogreph of a typical cell. The optical
path lengths were 0.1l, 0.9, 1.53, and 6.2lcme An ettempt
wes made to have the lengths equally spaced on a logaritimic
scale.

D. The BElectrie Furnace « The furnace congisted of an 10

inch long brees pipe of less than 12 inches inside diameter,
The walls contsined water jJjackets in which ordinary tep water
flowed. The ond plates weore braes and elgc contained water
jackete. They wore gsealed on the furnace with 12-inch “Ow
ringe”, and the guartz windows used 3I=inch "Oerings®. The
furnaeé was evacusted through a mechenical pump to about
10'%@3 of Hy. The pressuwre was cliecked with s Phillips
Gauge. Flgure 7 is & photograph of the furnace and nount,
The heater colls wore wound of /25 gauge molybdenum wire
on an sluminum core, and then were covered with Savercisea #1

alumdum cement. The main heater coll was capavle of carrying
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FIGURE 6. PHOTOGRAPH OF STEP-CELL
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6 amperes at 1300 watts and cach of the trim coils could
cerry 5 awmperes a8t 300 watts. The two trim colls were oppoe-
Bitely wound,

The cell was placed in a8 molyldenum bLaffle inside the
almaimun eors g6 shown in figure §, and ineerted into the
furnace.

The temperature wes nmeagured with three thermocouples of
Pty Pt-10% Rh, furnished by Leeds and Northrup Company and
celibrated by the Tational Bureanu of Standards. The refere
once Jjunction wes in ico water at 0°G. The reference LerPePe
ature was checied perlodically. The esecuracy of the thermo=
couplen wes much better than the ability to obtein uniform
tamperatures. The three thermocounle readings wero kept
within ¥0.59 7Tor slnmost all repdings. This was more than
edequate for ecll of the eluments except Cde. In the cage of
Cd, the density chenges by several per cent pey e depending
on the temmerature, Special cere had to be sxercised in
opdoy to ackieve reliasble data, The E,H,P, was coppared to
e Weston liodel 17199 Btandard Cell using the Rubleon £52904
potentiometer and 315 relvanometer,

Becauvse of sune supnrestions concerninz the Zeemann
effcet, & side experiment wes done. In this experiment Ag
was uscd end the bomperature was about 120¢%, This was the
max Loy tempersture obtainable with full capacity of the
outer coils and with the ecenter coil current down to 0.5
gmperes,. With this errangemont the temperature was sufflclent

to achieve very large velues of w/L%ﬁ. However, therc wos a
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deterioration in temperature uniformity of ¥2°C. Four pleces
of data for the four-step cell were taken. Then the outer
coils were turned off and the sawme temperature achieved with
about 3.5 amperes in the inner”cail, and the date rerun.
Despite the 7«fold increase in the magnetic fleld strength,
the difference betwecen the two sets of datea wes of the same
order ns the random scatter due to the scanning system. These
date were not as conslstent as usual because of the tempera~
ture non-uniformity. The oxpoeriment was repeated several
times wlth negative results, It was therefore concluded that
the Zeemann effect does not significantly affect the curve of
growth,

fe The Photoeleetric Scanner - there are two main advaniages

of this device over the phobtographic methiod. The first is its
abllity to messure much smaller lines and the second is that
the deta can be observed as they are taken., The difflculties
have to do with the Intensity veriation of the lamp during the
scenning period., This effect was greatly diminighed by the
uge of a light chopper.

Fipure 9 1l a schematle diagrem of the detector. Two
aliﬁa are used, separated by about 23. The 'irst is the
megsuring slit and the second g reference slit. The shutter
glternately opens oneof these and simultaneously throws the
electrical switch at a reopetition rate of Leps. The two sige
nals are fed into metched DC amplifiers and the locps chopper
freqguency is filtersd out. The signals and the reference are

gubtracted and the difference recorded on 8 Brown Instrumont
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TYPICAL RECORDING OF DATA

FIGURE 10
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Company pen recorder. At equally gpaced Intervels the trace
wag interrupted and the axplilfled signal interlected so that
the date included both I.«I{A) and i{\). ¥Figure 10 is &
sample recording which illustrates the nolpe in the hese line
and the general shape of tho scenned line. This line had an
equivelent width of 0.75uf, which would be difficult to accu-
rately measure photographically. The photocell was a 952068,

Serial No, 5916, designed [or spectrogreaphie work by the

i

J.3. Corporation of FEnmland., It has a fused quertz window,

The entire eppsratus Iis driven laterally at s constant
spoed of ??.ﬁmg/biﬁuta. Pigure 11 is & photograph of the
scanner and figure 12 shows the scanner mounted on the spec-
trogragh.

The linecarity oi the device was chechked agalnst the
Hilger neutrel filter and agreed within .. The two main
sources of random error are the base line nolsgce which causce
an srroy in determining the bottom of the line, and the rane
dom fluctuations of the lizht chopper repetitiocn rete. These
errors were estimated at 107 by repeating several linee twenty
times and ohserving the scatter of the date. The mein sources
of systematic error are the varlation in scanning speed eand
the scouracy of measuring the aresa under the line, These were
estimated at 3% end 2%, respectively.

», The Spectrograph - The spscirograph was the Institute's

2l=Toot lowlend Specirograph. This instrument has been dew
goeribed by several inveatigétorn. The main problen whilch had

to be studied was that ol scettered light. G. D, Be11(32) in
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his PhD Thesis found the scattered light to be about 30%4 for
the grating then in use, however, he was able to use a fore-
prism to reject the optical light., In order to measure the
scattered light, an exposure was made over a SOﬂx range and
the intensities recorded a% verious values of A, Assuming
that the relative intensities of the source lamp do not
change, a filter which cut off half‘of the range was inserted.
The ratios between points in and out of the trensmission band
were ro-zeasured. The trensmission side of the exposure was
reduced by 30% and the rejection side by 98%. Thus, the
scattered light 1s less than 2%. With the photoelectric
scanner, only the difference between the intensity of the
signal, I{( ), end thet of the reference, I,, is used for
determining the line shape, so that only the denominator Ig
in the equivalent width should be affected. One line st
A=3775% wae scanned using e f7-54 filter which passes 2600-
3%002. The cquivalent width was measured. Then a #S=57
filter was alsc inserted, This filter transmits between
36002 and u&ocﬁ, yielding a combined range of only 3600«
35003. The cbaerved equivalent width changed by leas than
the random error in the scannerj therefore, 1t wes concluded
that scattered light was not a problem with the filtered
beam.
a. Summery of Experimental Errors « The errors which have

heen individuelly discussed are summarized in table 2.




TABLE 2
Sourcs of Jrior Rondom Prror Systematic Rrror
Jontinuum Slope - 23
Seattered Iight e 24
Seoanuing 105 3%
Aves Jeasurement 2% 1%
Temperature 2% -

e

The total R.¥.8. rondeom error was therefore less than about
10.5%., Imourh recdings were taken so that the effect of the
rondom errvors on the resulting fevalue 1is nmuch smoller than
this value. Yhe total systemntic errors were lese than 8,

excent fox 044,
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V. EESULTS FOR _COPPER, SILVER, AND GOLD
A.The Cu A32:7 and A327L lines are a doublet from the uESQ
ground state to the uar state at an energy of 3.80 emd
1,77 &V for the }=3/2 and j=1/2, respectively. There are
two isotopes, nanely 0u53 and cués. with the normal lgoe-
topic concentration belng &9% and 31%, respectively.

The two odd copper isctopes have a nuclsar spin of 3/2.
Thus, the Esé ground state is split into two components end
the 2?3/2 state, which is the upper state of the 3247
transition, 1s split inte four components. The upper state
of the 327) tvemsition is Py which is split into two come
ponents, The selection ruleAF=0, %1 allows for four compoe
nents for sach %§?tope in the,\32h7 transition, Using the
rules for computing stetistical welghts ol the hyperfine
states (Kuhn(BB)), and referving to the tables of Landholt
and Bornuteiniag’ for the hyperfine splitting, one arrives
at the splitiing ah&wn below. The components appear to be

21.4% 214 214%

9.6 :
q.e o q-l) qb 3

L5l [

- , AN

geparated into two major groups, which have spreads of

2.508 (63%) and 3.9k (378). The typleal velue of the
o
doppler width in the experiment was 6.2mA, so that one




) 2=
expecets to be able to treat the)\SEk? line es a two coumponent
line with the ratio of sirengths belng 0.,38:0.62 end splite
ting of about &Gmg between the two components.
The XBZ?h line has the splitting shown below. This line
31.25 3125 31.25%

L 15

1 | AN

is sssentially two components ebout 38m2 epart with an in-
tensity ratio of 3162,

The sxperimental curves of growth for the two lines are
shown in figures 13 and 1, and the experimental data are
shown in teble 3. On esach of the curves of growth, two
theoretical curves are shown., One ie a single component
curve and the othser a two component curve, It is clegr that
the data imply thet the lines do not behave as il they were
completely split. The calculations ror,XBEh? are shown in
table I and yield

£{3247) = 0.322 ¥ c.0Lh :
while the calculations of table & yield
£(327h) = 0.153 ¥ ¢.009

The vapor pressure data used are a combination of rew
gults compiled by The University of California metallurgy
giuup(37). Previous results of Bell, Davis, Kilng, and
Rautly(lz) obtained by the atomic beam method (similar to

the apparatus used by Link end Lawrence} gave 0,31 for the
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kBZ&? line. In this peper the aunthors espleined the higher
results of King and Stockbarger(?) (0.52) on the basis of the
fact that newsr vapor préessure data tend to reduce the ro=
sulte of Xing ané Stockbarger to C.42. This experiment, uSe
ing the most recently compiled date, gave about 0% lower
resulte then thoae ohbtained in 1940, The fact that the
egroement with the atomic bheam apperetus le excellent tends
to support the data obtalined here. The £it to the vapor
pressure dste is shown in Tlgure 15, and is qulte good over
several hundrod degrecs.
3, The two Silver lines are the same doublet as those of
copper. The isotonic eplliting consistg of AglO7 (52%) and
AztO7 (189) with each nucleus having I=}. The isotopic
gplitting and hyperfine gplitting ere each smaller than those
for copper. The curves of growth shown in figures 16 and 17,
indicate that the data lie belwesn the thesoretical curves for
the aplit and uneplit llines., In The case of Sllver, one
might more nearly expect the single component theory to hold
since the A)\m;{“ h)\]}. The date o these two curves of
growth ers presented in tables & and 7.

The vapor pressurce dats used were measured in 1960 by
The University of Californla(z?). Using this lateat avalle
able data, the calculations of tebles 2 and 9 yield

£{3261) = 0,151 % 0,034
£{3383) = 0,175 ¥ o.018

Current experiments of G. Lawrancﬁ(la) on the etomic beam



mlplie
yield values of 0.15 and 0.28, while Hinov and Kohn'#) 1n
gn exporiment on fleme emission =ave 0,39 for the r{3260).
Filipov cobteined results of 03,40 and $.22 by the hoolr method.

Sne lmportant feature of the present experiment is thsat
the relative fevelues are veyry likely rellisble, The toemper-
ature measurements ere guite repcatavle and the ciperiuental
situgtion 18 in equilibvrium, whlle other itechnlques involve
atons in & bean. Therefore, one suspectes that the rolastive
f-valuce measured nere are accurate,

The results of Corliss and Bomsan'®l) (r(:260) = U.o3;
£{3301) = C.23) are provably in error gince they involve a
tesperature normaligation procedure which depends on other
data for its success.

2 The experimenti was attempted for the Gold transition
of the 26?62 line; however, the guartz cells seemod to dew
teriorate rapidly in repard to transaitting in the short
wavelength repgion {2:C0 - E?Qci). Thae filters used were
elso not as officlent se for lonper wavelengths. Four data
points were achiieved, however. They are shown in teble 10
on the following page.

The small dispersion of the doata is believed to Le
Juet 8 fortuitous accident, since the predicted experimental
errors exceed ithe dispersion. UVorliss and Bozumen glve

£ = 0.08 frou an enission wmethod.



TABLE 10
)
Deta on Au Xn 261§A
T8 /At
1368.2 0.021 0077
DelSl 0.076
0.OL6 0,080

L

£ = 0,076 ¥ ¢c,008
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TABLE
Caleulations For The f-Value Of Cu. A=32,7.5] &
E,P,=0,0000 oV

r (°k) c(1), (L) nex10” 10 wrrxic”iS Pfxlo8 leoa f?abs)
1160.2‘ 0.027(2) 0.692 0.804 0.109 0.331 0.329
0.097(3) 0.692 0.804 0.109 0.329

0.365(4) 0.663 0.770 0.105 0.317

1209.3  0.037(1) 2.82 0.340 O.4ly 1.24 0.334
0.101(2) 2.63 0.318 0.433 0.349

0.313(3) 2.28 0.275 0.375 0.302

1238.5 . 0.073(1) 5.63 6.97 0.951 2.91 0.327
0.217(2) 5.72 7.08 0.965 0.332

0.753(3) 5.56 6.89 0.939 0.323

2.65 (L) l.97 6.16 0.839 0.288

1279.4  0.196(1) 15.32 19.58' 2.67 8.48 0.315
0.573(2) 15.30 19.57 2.67 0.315

2.27 (3) 16.99 21.71 2.96 0.349

8.95 (4) 16.98 21.61 2.95 0.348

1331.2 0.716(1) 57.32 76.40 10.4 30.8 0.338
2:03 (2) 55.52 Th. 0L 10.1 0.328

6.60 (3) 50.58 67.45 9.19 0.298

54.05 72.07 9.82 0.319

27.8 (h)

f=0.322%0.01y



For The f-Value Of Cu,

..50..

TABLE 5

Caleulations

A=3273.96 R

E.P.=0.0000 oV

T (%k) c(T), (L) uex10”t0 merx10”13 prx10®  px10®  £{abs)
1176.0 0.075 (3) 0.536 0.630  0.0858 0.510 0.168
0.266 (4) 0.481 0.566 0.0772 0.151
1196.1 0.043 (2) 1.109 1:32 0.180 1,06 0.170
0.146 (3) 1.047 1.25 5 1 B 0.161
0.520 (4) 0,950 1.1l 0.155 0.146
1217.4 0.021 (1) 1.598 1.95 . 0,266 1.77 0.150
0.068 (2) 1.766 2.15 0.293 0.166
0.213 (3)  1.569 1.88 0.256 0.145
0.808 (L) 1.490  1.82 . 0.2,8 0.140
1248.2 0.043 (1) 3.306 L.13 0.563 3.68 0.153
0.420 (3) 3.090 3.86 0.526 0.143
1.95 -(4) 3.639 4.55 0.620 0.168
1263.3 0.061 (1) L.71Y 5.96 0.812 5.19 0.156
0.182 (2) lL.812 6.08 0,829 0.160
0.606 (3) L.489 .67 0.773 0.149
2.32. (4) L.361 5.53 Q:753 0.145
1277.4 0.090 (1) 6.992 8.93 1.22 8.1l 0.150
0.268 (2)  7.118 9.09 1.2 0.152
0.925 (3) 6.88Y 8.79 1.20 0.147
3.65 (4) 6.882 8.79 1.20 0.147

£f=0.153 ¥ 0.009
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8
snleulatlons : »r The f-Valuc )7 Ag. A=3280.68 X
! .P.=0.0000 o
(%) o), (L) ex1e” e prgin® 50008 £l

951.5 0.04l (2) 0.0361 0.034 0.046 0.101 0.1460
0.114 (3) 0.0421 0.040 0.054 0.540
998.0 0.091 (1) 0.173 0,173 0.236 0.530 0.445
0.231 (2) 0.194 0.194 0.26l4 0.498
| 0.495 (3) 0.188 0.188 0.256 0.483
1002.8 0.108 (1) ©C.204 0.205 0.279 0.611  0.456
0.289 (2) 0.238 0.238 0.325 0.532
0.575 (3) 0.219 0.219 0.299 0.489
1028.8 0.192 (1) 0.371 0.382 0.521 1.25 0.417
0.495 (2) 0.422 0.434 0.592 0.47h
0.982 (3) 0.379 0.390 0.532 0.426
1035.5 0.275 (1) 0.533 0.552 0.752 1.80 0.418
0.625 (2) 0.535 0.554L 0.755 0.419
1.52 (3) 0.589 0.609 0.830 0.461
1051.,6 0.475 (1) 0.927 0.975 1.32 3.05 0.0433
0.885 (2) 0.752 0.791 1.08 0.35h
2.20 (3) 0.859 0.903 1.22 0.400

(conttd)
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“hi I Ba
.nleulntions | r the C=Vilar ' Ag, ,X=3280.68 2
. .P.=0,0000
[Py ofpy, U rrie™ L pogreHE peyq oS P:-'_IOB £{
1090.5 1.3301) 2. 64 2.883 3.93 10.1  0.397
2.95(2) 2.593 2.828 3.85 0.389
6.90( 3) 2.74L 2.993 L,.08 0.412
1112.3 2.48(1) L. 980 5.539 7.55 17.2 0.514
bslib{2) 4.836 54379 7.33 0.499
12.2 (3) 4.895 - S.ulh 7.42 0.505
1199.4 20.5 (1) 42.75 51.29 69.9 155, 0.451
47,0 (2) 43.32 51497 70.8 0.457
109. (3) 'L4L5.45 5l.52 4.3 0.480
1334h.4 275. (1) 605.0 807.5 1100. 2550. 0.431
545. (2) 534.1 713.1 972. 0.381
1400. (3) 614.8 827.5 " 1120. 0.439

£=0.451 * 0.034



+oleulptions !

A=3382.89

.P.=0.0000

o bt BT 5 T S 7 L b e prie8®  pi0T  plare
1039.5 0.128(1) 0.241 0.251 0.342 0.220 0,155
0.360(2) 0.302 0.314 0.428 0.195
0.695( 3) 0.261 0.271 0.369 0.168
1059.6  0.198(1) 0.386 0.409 0.557 0.321 0.17h
0.580(2) 0.487 0.516 0.703 0.219
1.24 (3) Iy 0.499 0.680 0.212
1090.5 0.625(1) 1.205 1.91 1.79 0.990 o.léi
1.5 (2] 1.285 1.39 1.90 0.192
3.12 (3) 1.206 1.3 179 0.181
2.3 1.09 {1) 2.13 2.39 3.26 2.09 0.156
2.45 (2) 2.12 2.38 3.2 0.155
5.60 (3) 2.19 2.46 3.35 0.160
1183.7  6.45 (1) 12.9 15.3 20.9 11.3 0.185
11.2 (2) 10.0 11.8 16.1 0.142
28.0 (3) 112 133 18.1 0.160
1250.7 28.2 (1) 58.2 72.7 99.1 52.5 0.169
62.6 (2) 57.0 71.2 97.0 0.185
140.  (3) ST+T 72.1 98.3 0.187
1334.4 91.5 (1) 195.4 261. 355. 235.0 0.151
231.0 (2) 217.3 290. 395. 0.168
480.0 (3) 204.3 273. 372. 0.158

f=0.175 ¥ 0.015
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VI, ZTHE RESULYTS FOR ZINC AND CADMIUM

A. The main resonance lines for 7n and Cd are below the
wavelength region obtaineble in this experiment. Thereflors,
the weak trensitions ula - 11,-3?‘, )\3075 and )\32613, wenre
studied for the Zn and Cd atoms. These ars j®0) to jwl
transiticns.

The isotople composition of Zn is 48,9% @n®), 27.8% @n®9,
W 2116?) 18,6% Cane‘e) and 0.7% of (?.n?o). The even isotopes come
pose most of the total Zn atoms so that the hyperfine split-
ting ol the ux(Zn67)uua ignorved. The isotopic splitting is

given below {due to nuelesar volume offects, presumably).
5—-3.6

18.6 P

|

+2.11 4434w A

The doppler width was spproximmtely h.amz, go thet, one
expects the Zn line to have tho characteristics of a single
component., This expectation was fulfilled as shown on the
curve of growth of figure 19. The data from which the curve
was derived is presented in table 11 and the celeculgtion of
the f-value is given in teble 12. The resulting fevalus was
10te (e3075) = 0.992 £ 0,051

There arc twenty-~four references given in the National
Bursau of Standards "Bibliogrephy on Atomic Transition
Provabilities” 35), aimost all of which desl with relstive
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fevalues. The only absolute f-values are glven by
Soleillet(36) who found 2 x 10'“, end Auslender(37) who ree
ported 1.5 x 19-&. Helliwellt's calenlated £f{ 3076) is equal
%0 2.5 x l(“:-"'}*.

Pipure 20 shows the it of the spectroscople data to the
vepor pressure date which is quite good from 60L°K to 320%&.
The vapor pressure was from the standard rererence(ET) which
agrees very clossly in this temperature region with thaet of
G, Gatlow and A, SchnoidertBS) and is the most recent date
revisod as of 1960, The fit over a 200°K teupereiure range
lends credence to both the vapor pressure data and the
fevalue resulting from the fit. However, this f«value is
lower than all of the previous results., The calculated
values of Helliwell are higher than those of Bates and Dampard
for the 3? - 38 resonance lines and are higher then the exe
perimental results for Cd, s0o that, the disagreement is not
severec,

B. The Cedmium line, >\3261, hae one of the best known
fe-values and has been measured by King and Stockbarger(g)
(2.2 x 107, Kubn'?®) (who found & velue of 1.9 x 1073),
and Koeonig and Ellett{40) (1,9 x 1073 rrom lifetime measure-
ments), Helliwell's calculatian(é) save a value of 3 x 1077,
This cxperiment yielded a measursment of 2.05 x 1073, ‘he
data are presented in table 13 and the calculations in table
1. The curve of growth is presented as figure 21 and the

fit to the curve of vapor pressure data is depicied in



oy
figure 22, The comperison of the results was more than
edequate 1n King and 8itockbarpger's work, as well as in
Helliwell's, and will not be repeated here.
One interssting result of the curve of growih 1s the it
to a theoretical curve., The Cadmium isotoplc composition is
'13%, 16%, and 29.5% in the even 119, 112, end 11 nucleii,

il2

respectively. The isotopic shift of the Ca*}? and call¥

nuclelil is l.émx and E.me from the Gdllﬁ nucleua., The two
odd nucleii have two componenis scparated by 2l.hmﬂ. The net
result 18 a group of three components in the intensity ratio
' 0.L030,3530.25 separated by conslderebly more than the Dopplef
width, The ecurve of growth of Cd does indeed fit the thoory
of several conponents, whilie the Zn curve fit the single come
pouent theory. These ropults clearly indicate the dependence
of the curve of growith on the structure of the line,

The effects ol preasure broadening are also clear. Oun
the upper tail of the curve, the value of ®a® has lncressed
by 100 times for an increage 1in N of about the sawe amount.
C. The gbllity to it each of the Zn and C4 curves of growth
with en expleinable theory, the correlation of the spectro-
seopic data with the vepor preasure data over a falirly large
temperature renge, and the spgreement of the Cedmium f-velue
with the resunlts of other asuthors, lend credence to the Zine

feynliue obtained here.
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TABLE 12

Caléulatiéns For The f-Value Of Zn,

A= 3075.90%

E.P.'-'" 0.0000eV

r (®°x) c(1), (1) nex1o 0 wrrx1ol3 prx10®  px10° #{aba)
60L4.0 0.034 (1) 0.682 0.412 0.562 0.674 0.833
0.088 (2) 0.788 0.476 0.649 0.962
0.187 (3) 0.758 0.458 0.62 0.925
620.2 0,082 (1) 1.68Y 1.04h 1.42 1.46 0.973
0.171 (2) 1.552 0.963 1.31 0.897
C.lh22 (3) 1.733 1.075 1.47 1.007
642.3 0.172 (1) 3.594 2.308 3.15 3.42 0.921
0.401 (2) 3.706 2.380 3.24 0.947
0.862 (3) 3.603 2.31L 3.15 1.026
657.7 0.301 (1) 6.413 4.218 5.75 6.0l 0.952
0.630 (2) 5.890 3.874 5.28 0.874
1.42 (3) 6.005 3.949 5.38 0.891
673.2 0.507 (1) 10.8L4 7.297 9.95 10.2 0.976
1.21 (2) 11l.hh 7.701 10.5 1.030
2.52 (3) 10.78 7.250 9.88 0.969%
696.3 1l.12 (1) 24.36 16.96 231 23.6 0.979
2.61 (2) 25.09 17.47 23.8 1.009
5.82 (3) 25.32 17.63 24.0 1.018

(conttd)
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TABLE l2a

Celeculations For The f-Value Of Zn,

A= 3075,90%

E.P.= 0,00006V

r (°k) o(T), (L) nrx107 0 werx107l3 prx1o?  Pxio®  £(ebs)
722.8 1.85 (1)  L41.36 29.90 140.8 45.1  0.905
3715 (2} 36.75 26.56 36,2 0.803

8.35 (3) 37.02 26.76 36.5 0.810

77L.0 5.85 (1) 134.3 10h4.1 12, 164.0 0.866
13.85 (2) 137.0 106,2 145, 0.885

29.0 (3) 133.2 103.2 1. 0.860

820.8 15.5 (1) 387.1 317.7 432, 482.0 0.897
32.7 (2)  360.9 296.2 Lol 0.839

73.5 (3) 367.1 301.3 411, 0.85L

104F=0.923 * 0.051

* This column is actually 10141‘
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TABLE 1

Calculations For The f-Value 0Of Cd.

T (°%) 6(T), (L) Nexa§ie

h27.6

168.5

497.8

5137

537.6

0.02742)
0.071(3)
0.067(1)
0.162(2)
0.3L8(3)
0.265(1)
0.695(2)
1.60 {3)
0.620(1)
1.h42 (2)
3.60 (3)
1.91 (1)
he25 {2)

10.2 (3)

A=3261.06 £

E.P.=0.0000 eV

nerx10™ 2 Prx107C Px1o?  £{abs)

0.220 0941 1.28  0.630 2.04

0.235 1.004 1.37 2.17

1,281 6.01 8.19  3.90  2.09

1.387 6,19 8.86 2,27

1.203 5.6l 7.69 1.98

5,22 26.0 35.5  18.6 1.90

6.1l 30.5 h1.6 2.23

5.70 28.4 38.6 2,08

12,42 63,7 86.9  L3.2 2.02
12.75 65 89.3 2,06
13.03 66.9 90.1 2.11
39.14 210.1 287.  146.0 1.96
39.02 209.8 286. 1.96
37.77 203.1 277. 1.90

(conttd)
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A=3261.06 &

Caleulations FPor The fe«Fajiue OF Cd.
¥ P 47,0000 c¥

Gim, () Memaeml? memnaotl® pesid®  pmicd  glave
589.8  0.130(1) 2.791 1.646 0.22y 0.113 1.99
0.295(2) 2.839 1.674 0.229 2.02
0.690(3) 2.677 1.579 0.215 1.90
598.8  0.181(1) 3.916 2.345 2.320 0.173 1.86
0.531(2) 5.189 2.960 0.420 2.18
0.997(3) 3.896 2.330 0.317 1.8
623.7 0.405(1) 8.99) 5.85l 0.809 0.397 2.0L
1.08 (2) 10.54 6.572 0.896 2.26
2«85 (3) 8.96 5.598 0,763 1.93
670.2 1.37 (1) 31.35 21.01 2.86 1.0 2.05
3.02 (2) 30.97 20.75 2.83 2.02
.20 (3) 29.78 19.96 2.12 1.9
757.2 26.50 (2)  289. 218.6 29.8 358 Tp .15
69.00 (3)  303. 229.5 31.3 N

B i)

“* Discarded in taking averages.

% This column is actually 103¢.

10°F = 2.05 * 0.11

This group

of data was not overlapping the previous
one in constructing the curve of growth.

#EE This column is actually 1072,
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Vil, THE RESULTS 7F GALLIUN, IWDIUN, AND THALILIU

A, The three elemonts wndor discussion have two differont
multiplets which were studied, The npl EP% - nal 233/2
trensition lince, \30398 of Indium end A27678 of Thallium were
studled. Also, the mp® %Py = mp' 28 transitions, AL0338 of
Galliums A4102R of Indtum, and A37758 of Thellium were mossu~
red

In ell of those transitlons the calculptlons are somoe
what more complicated due to the oxlstence of & nearby exe
cited state, The excited states whlch are the pubstatea of

2?@ ground stete are listed below,

Element Ground State Excited State EoPo{cV)

Ge § = 1/2 4 = 3/2 010
To j=1/2 §= 3/ 027
) j=1/fe = 3/2 096

Even though transitiong from these stetes were not measured,

they affesct the ratlo of N, and the totel N. Thet ls,

- _N=g/
Ng= N g € ﬁﬂhd—?%w < R |

is used whenever more thaen onc stete needs to be considered.

In some articles in the literature 1% ie not clear thet this

was done. In the cese of T1 the temperetures ere low, thuas,
RT<KE.Po

and the approxination EJZ&’E? ig a goodd one.

B. In the case of Gallilum, the experiment was shortelived,

The Gallium eattascked the quartz surfaces in g fow hours,.
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Because of this fact, thegAzd?gK line was unobialinable Lut
- e .-po -
thiree cZate points were achi ¢ for thﬂ,\&ﬂgjﬂ iine. %he data

are shown below in fable 1&,

TABLE it 15
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These cata are too sparse for a really relighle doterw
minetlon ol the f-value bul are pressnied ad tihe besl that
could be obtalned wlth this cell. In sectlon X1 there is
some fiscuasion of how these data could be enlarpred uporn,

A recent determination hes bheen made vy Dstrovekll and
Pewxiﬁ‘lf) uaing the hoolk method {with Speliser and Johnstonts
data which apree with that usad in this erperiment to within

g —
Fti:q

gseverel per cont). Their results were {4033} = 0,189 T 204
which i8 in agreement to within 20n with this resuit if the
vepor pressure dats 18 ad jusivsd,

The mtomic vesmw experliment by J,. Liﬁﬁ(lg} yielded 8 roe-
gult of £ = G,072. In tonls casee, Ltwo comuents are NOCEEsEDrY.
“he first is that the atomwic veaw and lifetime experiments
are independent of vapor preasure. ‘The gecond is that tho

temporature i1s ususlly not critical im uhie experiment,



=7
so that the tempereture moasgured by an opilcal pyrometer 1s
adequete. With the low-lying ozcited level, howevoer, the
tenperature becomes more critical in the statistical caiculi-
tiong dipeussed in paregraph A. In viow of these cosments,
the agreoment between the hoolk mothod and thie one indicates
that vapor presaure leads to an fevaluo whiech is larger than
that given by those methods which are independent of vepor
presaure, which inplles that the vepor pressure date is too
low by about 1L% to 20%.
C. The Indium 30393 line poes from the .‘?}_31 21’1 /2 ground
atate to the 5’:11 293/2 excited states 4t is a j = 1/2 to
3 = 3/2 transition. The isotopic abundances of Indiun are
95, 0% of 5 aaa lLe7% of tntt3,  por the purposes of this

ezperiment only the 1!1115

ia considered. This isotope hee a
nuclear spin of 9/2, which allowa for two componentai noamely,

F=b I = 0,55

Pl I = 0.5
The two componente are soperated by about 33&:3 {which ia
greater than the Doppler width). Table 16 is the experimenw
tel dete and table 17 the ecalculetions for Indium. Flgure 23
ig the curve of growth of Indium. The resulis are

T(\3039) = 0.339 ¥ 0.013
and the theory fite the split line curve quite well.
The splitting of the )\Za,lﬁlg line consists of fouy uajor

couponents ag ahown.
e

= e
238 Jo Lot i 5
AL Je s

|

s
ri

i
w

]
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Table 10 showe & result,

£ = 0,172 ¥ 0,022
and the curve of growth, as depicted in figure 24, indicates
that the line comes closer to a single component eurve,. The
reasons for this are now knoun.

Figure 25 is e vapor pressure greph for In with the
spectrogrephic data shown. The fit is within 10§ of the data
of reference 27, which utiliges the data of J. 8. Andersontil)
and A. P. and Y. N. Lyubimov(4#2), Previous results of Penkin,
et 21{17) | cave o pesult 0.201 * 104, which is in excellent
agreement with this experiment. Their value for‘KBGBG was
0.50 however, which is higher than the results of this exe
periment, They used an equation to f£it the data of Anderson
which secounts for some of the difference.

7o 1ane{15) obtoined the result £{\3039) = 0.2 on the
atomic beam, which is within 18% or so of these results. The
temperature neasurements and statictlical corrections mentioned
in the discussion of Ga might account for the difference
betweoen these deate and the atomlc beam date.

The emission results of the National Bureau of
Stendarde @) zives D495 and 0.235 as their respective
valuee for A3039 and Xthl. However, the agreament with the
atomic bean experiment on the high side, and with the hook
method on the low gilde (Penkints vepor pregsures tended to
be low), indicates thet the results of this experiment ere

reliable.



i I
De The TIA 3778 fevalue how been‘measurcd by the emission
method (0.11) and ke lifetime rethicd (C.12) and some une
published data were taken by Xing (0,112). The magnetsc roe
tatlon measurenments of Kuhn pave considerably hicher resulis.
Por the )\2‘?—67 line, the N.B.S. report gives 0.2l.

The )\2’?6’? line has four couponents which group into two
sub=1linos with relative intensities of 75% and 20%, split by
about SSmx. The date did not include high velues of W/AAp,
80 that the curve of growtl wes not it with e theoretical
one. The data arve included {along with those for XB??S) in
table 1% and the curve of growth iz shown in figuwre 26, Tho
reaulte of the calculeblons in teble 20 glve,

£{A2767) = 0.219 £ 0.020
The A&??S line consiste of six coumponents gs shown

below.

353

17,65 7,65 %
14.7
.35 138

|

—-9p05 - 805 il +20 + ¢1 'ls.'lBrA)\

They arise fvom the two odd isotopes T1203 {29.5%) and 71205
(70.5%), each of which has & nuclear spin of j. The EP% and
23% stetes each has F = O, 1 subelevols, but tic ¥ = 0 to

P = 0 transitlon is not alilcwed.



u? {
e eurve of oromth, shown in figure 27, 1llustretos
once arein the necessliy of eceounting for the hyperline

splivting. Thie regults of tavic 21 are

of the previous resulis
excopt thoge of muhw. The cela it {the vepor pressure curve
of iizupe 20 over a 3007 ranpe, which would be 2iffleult to
<o 1f the vapor pressure dats wore in orror. Therctore, tiho
goroccent between this result, those of the lifetime mepaurce
ments, and the iotal absorptiou data of King, iaplies that
fubn's result was too hich,

E. In the firat two cases dlgcusssd in this sectlon, there
wae some problem in contalnment of the cleauent, Apparently,
hoth Gallium anc Indiwn »nenebrate quartz to gome extont,
After sporoximately ten or twelve hours, ths supnly of the

el=ment would be seriosusly Jeploted, Therefore, only the

carliest part o the czperiment geve pelieble data.
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sanleulationa [ »r The f-Valuc ¢ In. )\“}039.36 %

! JP.=0,0000 oV

e ghey Bl L D et ot i Pfxl?B Px106 f?nznf
9h3.1  0.341(1) 0.523 0.508 0.692 0.020 0.345
0.518(2) .68 0.455 0.620 0.310

3.69 (3) 0.450 0.476 0.650 0.32%

1002.8 1,56 (1) 2.47 2.59 3.54 0.102 0347
477 (2) 2.50 2.63 3.59 0.352

17«3 13 2.35 2.7 3.37 0.345

1095.1 13.3 (1) 22,01 26.51 36.3 1.05 0.343
39.9 (2) 21.83 26.30 35.9 0.341

158.  (3) 22.46 27.04 37.9 0.350

1351.0 158, (1) 289.0 390.5 532.x10 150.0 0.355
468, (2) 281.2 380.4 535.x10 0.357
1413.2 492. (1)  923.4  1305.0 178.x10°2 524,.0  0.340

f(abs)=0.339 ¥ 0.013
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Ar.I. 18

Caleulatlone i ~r The f-Value I In, A=,101.76 X

L . P.=0,0000 :V
(®5) Py, (5 510720 g0 prx1c® pai07 ffa»a‘
911.0 0.090(1) 1.072 0.997 0.135 0.069  0.197
0.279(2) 1.043 0.970 0.131 0.191
1.076(3) 1.035 0.963 0.129 0.188
943.1  0.235(1) 2.851 2.76 0.376 0.199 0,188
0:.702(2) 2.669 2.59 0.352 0.177
3.26 (3) 3.190 3.08 0.419 0.210
1002.1  0.881(1) 10.30 10.8 1.47 1.02  0.14)4
2.74 (2) 10.61 : & N | 1.51 0.148
16.6 (3] 10.69 11.2 1.53 0.150
1095.1  7.89 (1) 100.9 121.5 16.6 10.5 0.158
23.5 (2) 99.6 120.0 16.4 0.156
95.0 (3) 104.5 125.8 i % 0.16L

f(abs)=0.172 * 0.022
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TABLE 20

Caleulatione For The f-Value 0Of T1,

A=2767.87 &

E.P.=0.0000 oV

T (®%) (1), (L) urx107L0 werx10”13 prx108  px107  f£(aba)
749.2  0.822(3) 3.280 2.457 0.335 1.48 0.226
3.24 (L) 3.270 2.453 0.334 0.226

767.3  0.199(1) 6.5l 5.021 0.684 2.72 0.251
0.480(2) 6.256 4.801 0.654 0.240

Y55 (3) 6.248 4794 0.653 0.240

6.82 (4) 6.147 b.717 0.643 0.236

Bi2.0 1.19 {1} H1.73 33.89 h.62 21.5 0.215
2.51 (2) 33.96 28.25 3.85 0.179

8.37 (3) 35.12 29.22 3.99 0.186

34.2 (4) 36.35 30.24 h.12 0.192

f(abs)=0.219 * 0.020
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TABLE 21
e S

(cont'd)

Caleulations ior The f-Value Of T1, A=3775.72 X
L.P.=0.0000 =V
(k) c(m), (L) aex1o 20 urexict3  prxio?  Priof f?ﬂbsj
638.5  0.060(3) 0.152 0.097 0,132 0.011 0,120
0.235(4) 0.154 0.099 0.134 0.122
659.5  0.042(2) 0.358 0,236 0.321 0.030 0.107
0.135( 3) 0. 356 0.235 0,320 0107
0.615(l4) 0,411 0.271 0.370 0.123
694.0 0.200(2) 1.749 1. 51 1.65 0.149 0.111
0.545(3) 1.479 1.026 1.40 0.09
2.15 (4) 1.478 1.025 1.40 0.094
704.3  0.142(1) 3.161 2.225 3.03 0.252 0.120
0.302(2) 2:.175 1.868 2.55 0101
0.905( 3) 2.469 1738 2.37 0.094
3.41 (kL) 2. 357 1.659 2.26 0.090
752.0 0.790(1) 18.17 1l .37 19.6 1.54 0.127
1.66 (2) 15.08 11.93 16.2 0.105
555 (3) 15.65 12.38 16.9 0.110C
22.0 (4) 15.73 12.43 , 3T S T
770.0  1.57 (1)  36.55 28.15 38.3 2.95 0.130
3.59 (2) 33.02 25.43 3.6 0.117
112 {3) 31.96 2L.61 23:5 0.11l
§7.6 (L) 34.9Y 26.91 36.7 0.12}
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TABLE 2la

Caleulations For The f-Value Of Tl. A=3775.72 R

E.P.=0.0000 oV

T (%k) o(m), (L) nrx1o” 0 wrexio”2 prxio?  pxio’ rfaba)
'788.1 2,68 (1) 63,11 49.73 67.8 5.95 0.1l
6.35 (2)  59.07 146.55 63.5 0.107

19.4 (3) 55.95 Il .08 60.1 0.101

71.8 (4) 55.76 bl 17 60.2 0.101

801.9 L4.10 (1) 97.29 78.0 106.5 9.80 0.109
9.50 (2) 89.12  Tl.4 97.2 0.099

30.1 (3) 88.68 ¢ 1 % | 96.6 0.099

120. (4) 88.94 Ti:3 97.3 0.099

912.3 7.05 (1) 198.3 162.5 222. 210, 0.106
' 16.3 (2) 162.6 148.3 202. 0.096
53.5 (3) 165.5 151.0 206. 0.098

218.0 (4) 170.9 155.9 313. 0.101

f(abs)=0.108 * 0.010
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VIII, THE RESULTS FOR TIN AND LEAD

A, The Sn and Pb lines measured were part of a multiplet

Gp 3 .78 3p with only four of the lines present. The
other two lines ere forbidden by the 1 # 0, ¥ 1 rule {(ie.,
j=2-Dj= ) and the j = ¢ to §J = 0 forbidden rule, The
feyalue for Pb, XEQBB is well known, but those for Tin are
net. In the case of 8n, the two execlted levels are at 0.21eV
end 0.025eV which gilves them apprecisvle population at the
temperatures used, For Pb, on the other hand, the levels are
at 0.95eV and l.3¢V for the J = 1 and ] & 2 states, respece
tively. In the temperature range studied, the upper state
population is only a very small frection of the total N.

B, Of the Tin 1lines, only the A2863 line was measured at
high enough W/A)D*a to consider the hyperiine splitting.

Tin consiats of 83,79 of even isotopes 112, 116, 116, 118,
and 122 which have no spprecisble eplitting. The 16,84 oade
fisotopes 115, 117, end 119 have I = §, yielding two compo=
nents separated from the even iéotepea by 46.5mﬁ and -13mx
with 0.33 and 0.67 intensities. These, howover, only awount
to about &% and 107 of the total line. The curve of growth
in figure 29 verifies thet this line is nearly e single
component line, Pigures 30 and 31 show the curves ol growth
of the \3009 (] =1 to j =1) and 3175 (] = 2 to j = 1)
lines, regpectively. The data are proesented in tables 22
and 2, and the calculations in tables 23 and 25, The re-

sulta are



«$3a
r(h2063) = 0.332 ¥ 0.027
£(A3009 = 0.0419 ¥ 00,0013
£{X3175 = 0.0651 % 0.0061
The vapor pressure date used was that recommended by
the University of California Metallurgy Department{(l?)
derived by F. D. Galdos and revised in 1962 by H. L. Orr,.
Proviously, Prokoftev, Naglbins, and Petrova(A3) found
an arc emission valus for 2063 of 0.2;. Recently, J.
Link‘lS) got a result of 0.20, The resull here 1s higher
than either. The Tin result came from g long run during
which several traverses in temperature were mado, and therve-
fore, the only difficulty would secom to be the vapor pressure
data. Link's pesults on the \3000% 1ine were 0.03C, and on
the A31758 1line they were 0.063. His relative f-values mre
not in asgroement with this experiment. The relative f-
values obtained in this exporiment should be the most row
liable, due to the equilibrium conditions involved, The
difficulties lie in the ability to calculate the relative
populations, which depend on the temperature,
€. The Pb, )\2833 line was used as a reference in ssction
IV, parsgreph D. There it was shown, that the curve of
growth {fipure 33) nicely fits the four-component theory.
The data and calculations are presented in tables 26 and 27,
and the result glven there is |
£(\2833) = 0.229 % 0,018

A result in excellent agreemont with this wss previously



Ol
obtained by Bell and %ing'l3), and e calculation by
7, Holliwell®)gives 0.23. Therefore, it is safe to cone
clude the value 0,23 is well established, since all methods
seen to be in excellent agreement.

The data on the other lines of the multiplet (tables 26,
29, and 30) are shown below with those of Bell and King, and
Helliwell,

Vapor Pressure Atomlec Beam Calculations

£(3683) = 0,243 £ 0.030 0165 0.168
£{3639) = 0,106 ¢ C.010 0.092 0,088
£{4057) = 0119 £ 0.023 0.35C 04365

The results tebuleted by Corliss end Boamantzl) are 0,213,
0.007 and 0.146, respectively. In each case the date obtained
in this experiment were higher than those of Xing and Hellie
well. The difference could Le explained on the besis of an
error in the high temperature veapor pressure data of about
10 to 20%. The results of Corliss and Bomuan could be in
error easlily through the temperature callilbration of the aro
source.

The fit to the vepor preasure dste is shown in figure 37
{the curves of growth are figures 3, 35, and 36) and matches
reasonebly well over a LOO°K range so that the current dete
seen to be as reliesble asz the vapor pressure., The resulis of
Xing and Helliwell being in agreement, the lwmplication 1ls
that the vapcr preassure deta are low in the temperature region
above 1000°K,
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Calculations i'nr

The f-Value

—97 -

)f Sn.

A=2863,33 %

L.P.=0.0000 oV

r (%K) o(T), (L) nex1o”M ppexipib prx10®  px107 f(nbu}
1180.7 0.058(1) 0.204 0.339 0.461 0.152 0.302
0.161(2) 0.916 0.325 0.442 0.291

0.455(3) 0.195 0. 323 o.441 0.291

1.14 (L) 0.183 0.30l 0.413 0.271

1219.1  0.180(1) 0.6L6 1.142 1.55 0.481 0.322
0.518(2) 0.643 1.136 1.54 0.322

1.49 (3) 0.650 1.149 1.56 0.324

3.78 (L) 0.616 1.091 1.49 0.310

1225.4  0.178(1) 0.639 1.096 1.56 1.525 0.297
0.504(2) 0.670 1,197 163 0.310

1.61 (3) 0.702 1.253 1.72 0.328

4.55 (4) 0.743 1.326 1.82 0.346

1261.7  0.371(1) 1.349 2.546 3.46 1.18 0.295
1.23 (2) 1847 2.922 3.98 0.337

3.46 (3) 1,528 2.886 3.93 0.333

9.31 (4) 1.540 2.909 3.96 0.335

1332.7 2.04 (1) 7.601 15.40 20.8 5.20 0.400
5.80 (2) 7.480 15.47 20.7 0.398

15.5 (3) 7.0U49 14.29 19.6 0.377

43.3 (4) 7.361 14.93 20.4 0.393

(cont'd)
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TABLE. 23a
Coleculatione 'nr The f-Value Jf Sn, ,X-€863.33 R
L .P.=0,0000 eV
(%) c(m), (L) arx1o it nerx1o M prxao® Px10! rfata)
1386.1 L.hz (1) 16.84 38.22 S2.1 14.7 0.354
32.T (3) 15.14 34.40 L6.8 0.320
99.8 (4) 1730 39.29 53.4 0.36L
14o4.0 8.30 (1)  31.81 7h.67 101.8 20.4  Mo.u99
22.9 (2) 30.38 71.31 97.1 *0.476
61.4 (3) 28.62 67.18 91.6 *0.449
172. (4) 30.01 70.16 96.0 ¥0.471

f(abs)=0.332 ¥ 0.027

* Without using the data at 140L4.0°%K
which 1s on the end of the curve of
growth, and which doesn't overlap
the data at 1386.1.
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TABLE 25

Coleculations For The f-Value Of Sn.

A=3009.1l %

E.P.=0,2098 oV

r (%%) o(m), (L) wex1o ™l nerx1o”M* pexio?  px10®  f(abs)
1341.4  0.124(1) 0.4l 3 1.570 0.257 0.635 0.0405
0.383(2) 0.472 1,683 0.275 0.0433

1.08 (3) 0.468 1.659 0.271 0.0427

2.82 (4) 0.458 1.622 0.265 0.0417

1392.1  0.297(1) 1.103 L.667 0.636 1.60 0.0398
0.945(2) 1.167 5.023 0.685 0.0,.28

2.66 (3) 1.174 1. 968 0.677 0.0L23

7.12 (L) 1177 l4.988 0.678 0.0423

f(abs)=0.0419 ¥ 0.0013
A=3175.05 R
E.P.=0.4250 eV

1,30.0  0.287(1) 1.009 15.60 2.13 3.25 0.0655
0.940(2) 1.135 17.55 2.39 0.0735

2.88 (3) 1.138 17.59 2.140 0.0736

6.69 (L) 1.063 16.43 2.2 0.0689

1499.9  0.930(1) 3.300 L7.1h 6.13 10.8 0.0595
2.8, (2) 3.4,88 119.83 6,79  0.0627

6.60 (3) 3.449 49.27 6.72 0.0622

19.0 (L) 3.070 43.85 5.98 0.055Y

f(abs)=0.0651 * 0.0061
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onleulations '~y ihe - T Ph, /A“2833.06 2
. .P.=0.0000

(%59 efey, (4 e S R Tt A T T r(acn)
736.2  0.440(3) 0.104 0.076 0.105 0.053 0.198
1.51 (4) 0.142 0.105 0.142 0.268
750.1 0.311(2) 0.190 0.143 0.19Y4 0.092 0.211
0.920(3) 0.213 0.160 0.219 0.238
2.40 (4) o.227 0.170 0.232 0.252
782.4 .22 {2) 04 T61 0.595 0.811 0.332 0.244
395 (3] ©0.934 0.731 0.996 ‘ 0.300
6.32 (4) 0.608 0.475 0.6,8 0.195
789.0 1.52 (2) 0.951 0.750 1.02 0.428  0.238
3.95 (3} 0.932 0.735 1.00 0.234
8.91 (L) 0.862 0.681 0.929 C.217
819.4 1.62 (1) 2.307 1.890 2.58 1.22 0.211
3.39 (2) 2.162 1.772 2.42 0.198
23.1 (4) 2.278 1.867 2.54 0.208
824.8 1.90 (1) 2.712 2.228 3.04 1.34 0.227
4.90 (2)  3.133 2.574 3.51 0.262
10.1 (3) 2.450 2.01h4 2.74 0.204
28.2 (L) 2.786 2.289 3.12 0.233

(cont'd)
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¢nleulations Ior ihe f£-Valuc Of Pb, A=2833,06 X

L.P.=0,0000 =V
r (%23 elrl, () x10 M prxaoTHE Pfxl?s Px10/ f?n*x\
846.0 4.25(1) 6.153 54205 7.09 2.85  0.249
9.80(2) 6.36L 5.384 T.34 0.258
19.5 (3) L.799 4. 059 5.53 0.194
50.5 (4) 5.062 L.282 5.84 0.205
869.9 8.30(1) 12.19 10.60 14.5 6.20 0.23L4
17.5 (2) 11.51 10.01 13.6 0.219
50.5 (3) 12.60 10.96 15.0 0.242
104. (L) 10.57 9.20 12.6 0.203
oL1.0 245. (3) 6L.01 60.23 82.1 39.7 0.207
705. (4) 7L.46 70 .07 95.5 0.241
960.9 66. (1) 101.8 97.84 133s 65.4 0.203
175. (2) 120.8 116.0 158. 0.242
395. (3) 103.6 101.7 135. 0.206
4120, (4) 119.5 114.8 156. 0.239
976.1  93.5 (1) 145.2 141.7 193. 99.5 0.194
285, (2) 198.2 193.4 26l. 0.265
560. (3)  147.8 142.9 199. 0.200
1680. (L4) 180.7 176.4 240. 0.241

(cont'd)
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TABLE 27b

Coeleulations Frr The f-Value Of Pb. A=2833.06 X

L.P.=0,0000 &V
(%) o(m), (L) nex10”r wrrxao” pex10®  pr107  f(ava)
1037.5  365.(1) 585.0 606.9 827. 383. 0.216
920.(2) 660.3 685.0 934. 0.24l
2110.(3) 57h.7 596.2 812. 0.212
5250.(4) 582.7 604.5 82l. 0.215
1123.3  1950.(1)  3252. 3653. 4980, 2100.  0.237
L450.(2) 3323, 3732. 5090. 0.242
11100.(3)  3146. 3535 u820. 0.230
28500.(L4)  3291. 3747. 5110. 0.243

f(abs)=0.229 * 0.018
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TABLE 29

Calculations for the f-Value of Pb.

e}

S30u3. 40 A

E.P.= 0.559) eV
T (k) ©(T), (L) Nexlom}C werx10-17  prx1c®  Px10t  f£(abs)
976.1  C.033(2) G LTS C.166 0.226  0.095 0.23
0.087(3) C.176 0.167 0.228 0.210
1039.8  1.59 (L) 1+33 C.$5C 1.29 0.L20 0.307
1095.2 0.776(2) Ip.18 2.02 2«75 1.25 0.220
1.56 (3) 3,46 1.67 2.30 0.154
W52 (1) 3.91 1.839 2.+58 0.206
1139.9 1.76 (2) 16.67 3.68 5.02 2.61  0.192
b33 £3) 8.93 Vo 2 o5 0.170
11.6 {4} 5.72 3.55 k.84 0.105
1152.2 1.85 {1) 16.19 5.57 3.62 3.31 0,230
3.36 (2) 18.75 6.45 B8.77 0.265
7.62 (3) 16.66 5.73 T+51 0.236
1%.6 L) 15.70 B hi T30 C.220
1624 148 11} 19.01 6.19 8.0 3.83  0.220
3.68 (2) 21.21 6.91 9.2 0.2L6
.66 (3) 20.91 b1 9.28 c.2l2
21.9 ({4) 19.52 6.36 8.67 D« 226
13¢3.6 16.54 (1) 226.7 36.11 hg,2 17.0 G.289
36.58 (2) 224.¢ 55.79 158 G207
95.20 (3) 241.3 36.83 50.2 C.295
2h2.5 (i) 230.4 36.69 50.0 0. 290
f(abs) = ¢.2,.3 * G.030
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TABLE 30

o
Calonlations for the fe¥alue ol Pb. %5_4057.81A
T.ei g™ 1,320 oV

. [ad
T (%) e(m), (&) we=2071C wewxaonl? egmace Paich  2(ads)

1203.0 0.570(1) 2.539 D.23% 32.0 P 0. 395
1.42 (2) 2.855 0.26l 36.0 0.4y
3.60 (3) 2.651 C.al45 33.4 0.412
9.25 {4) 2« T33 0. 258 B O.4h2

f(abs)=0.419 * 0.023

\=3639.52 &
E.P.,=0.969L eV
1c35.2 0.182(3) 0. 380 0.281 0.383 0.hl1  0.093
Gl Btl) 0.,08 ¢.302 0.:11 0.100
1162.0; 0.339(1) b .05 1.1.35 1.955 23 0113
0.781(2) l}.715 1.536 2.093 C.121
1.0 (3) 3.979 1.296 1.765 0.102
L.62 (4) 1.172 1.359 1.851 5,107
1303.0 6.13 (1) 85.28 13.58 18.5 17.0 0.109
12.92 (2) 80.70 i2.85 17.5 0.103
35.07 (3) 82.96 13.23 18.0 0.106
86.37 (L) 83.90 13.36 18.2 0.107

£=0.106 * 0.010
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— —VAPOR PRESSURE DATA

1000

|

DATA X=2833.06 A°
i =0229

DATA X =368345 A°
f=0.243

DATA Xx=40587.83 A°
f=0419

DATA X=3639.58 A°
f =0.1006

[ INDCATION OF DATA

WITH LARGE SCATTER

B O © X

TEMPERATURE (CK)
1100 1200 1200

N R

FIGURE 37

VAPOR PRESSURE OF PB VS TEMPERATURE
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SUMMARY OF RISULTS AND COMMENTS OF

A. 2T Bxoa i - A total of ten elenents have
been investizated and fevalues of nineteen lines desteramined,
It is of oconsiderable interest to exwmine the data from the
pulnt'of view that some other fe-valuss could be predicted.
For this purpose we sunmarize the data in Teble 31,

B, Hatxix Hements - The fevalne is provoertlonsl to the
dipole matiiz elament between initiel ond finel stotes.

In the sinplest approximation the woave Tunctlons are sopw

areble go that

(G 12 19y < (RO nes® [Rénde)

Por o given term value the angular functions are the same

a0 that for siallar terms, one expects
2
%{"’L';\\——Z<Ru\nlﬁﬂ-> (23)
w

Goling ahead further with this crude approximation, one

reclizes that in some faghlon the aversge value of the radius,
or nost likely occuring radius, 1z proportional te the energy,
sa that, ]

R, -, & Ew-E

Thus, one might hope to find that for ¢ ziven transition
IGPEN

One would hope to {ind thnt,

Co N3247 & Rg A328]
£ (1) « & (3281)

implies,
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«llle
In order to pursue the mattey further, the values of
log £ wore plotied agalnat log }\, and & line wes drawn Cole
necting points for a given transition in different elementas.
The results are shown in figure 30. In every cese the data
occur in a monotonic fashion, that is, whenever

>\‘ v A2

Purthermore, the slopes are not disslmilar among transitions
with the same Aj. In Tact, the indication is that the

A3 = $1 transitions have a higher slope than the Aj = 0
transitions, which is not surprising since the overlap
integrals are dependent on the angular momentum.

C. Predictions ~ On the basis of figure 30 one could pro-
datet the A, \3944k line. Thie is the same transition as the
ea, A4o33K, the In, Ay201K, ana the 71, A 37758 1ines. The
predicted fevalue is found by drawing the curve between the
above measured transitions and finding the ordinate at

/\" 39&1;2. A 1list of such crude empirical predictions is
given in table 32 and a comparison to the values of Corliss
and Bomn('?'” is made. The predictions are certainly overe
simplified but illustrate a possible method for extending
the knowledge of transition probabilities for use in estina-
ting atomic couposition of radiating bodies.
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TABLE

Prediction of
Element 2:!32 feValue ¥BS Value

Al 391 C.10 0,08

2566 017 0el10
Ge 2h97 0.07 0.22
Au 2428 0.07 0.08

It is spparent that these predlections do not agree well
with the results of Corliss end Bozuman., Not enough thooreti-
enl results are aveileble for a good conparison.

In section XI there are suggestlons for doling further
experimental work to check this scheme of prediction ageinst
experimental evidence,

D. It is the purpose of this paragraph bto review some of
the aestrophysical sipgnificance of the data oblained in the
experiment described,

The reference on soler abundances used ls the paper of
Goldverg, Aller, end imiler(23), In this paper the suthore
have predicted the sbundances of the elements in the sun
bosed on spectroscople data, They have reviewed the litora-
ture and made & oholce of fevalue which they then use, with
8 ourve of growth, to determine the sbhundances. BSince they
are always considering the llnear portion of the curve of
growth, their results are linearly dependent on the fevalue.
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Unfortunately, the lines used by them are not alweys
the ones measured here. In these cases, the Nationel Bureau
of Standards Manogrsph‘al) has been used 4o relate their
cholces to the fevalues measured hero. The method of relate
ing f=-values is chosen because the referencel®l) is the most
complete, if not the woat accurate. The reaulis of this
corparison are ghown in teble 33. Allenr'g, et al, resulis
were corrected to the vmlues £y, while fp are the results
achieved here, and the ratio is shown in the right hand
column.

The most severe dlscrepancles are in Copper, Zinc, and
Tin., In the case of Copper, the authors get a result which
is olipght times lower than those dorived by Unsold., The
regulting correction here tends bto make oven Unsold’s result
geem too hicgh,

The other of the thrse large discrepencies sre listed

below.
Allsp Uneold Covrrected

R ’

log = g.0l .95 6.2l
H
5

log me heko 478 4eB1
"
u

log -2 1.54 0.71
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TABLE 3

COMPARISON OF L~VALUES WITH ALLER, BT AL

Alier Corrected Exp.iegults Ratio
Elem M) af M fo{abs) £o/t5
cu 8092 04,081 3247  0.020 0,322 E )
7933 0.039 327% 04010 0,153 Seeh
Ag 3281 1.77 3281 0.885 Cal451 } L
3383 0,89 3383 O.Lhs 0.175 o
zn 4611 0.152 3076 3.8x10%°  9.9zx10°5 2.61
ca 3261 2,2x10%3 3261 2.2:1073 2.2 =z10™3 1.00
Ga }172 0.T7h2 4033 0. 160 0.095 C.56
In 4511 0.871 10X  0.311 G172 0.55
Sn 3801 1.42 2863 2.25 0,332 0.15
P 3639 0,760 3639  9.280 0,106 »
3653 1.23 3683 o.410 0.243 } v
LOST 1.7 BesT C.348 31115 1.2
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The remaining dlscrepanciles are probably no greater
than the accuracy of the equivalent width measurements and
can be found from table 33.



K, AN AUIILIARY LAPERITENT

There are two main classes of experiuents on fevalue
determination. The firet class provides a density measure-
ment eand a line width. The second gives a relative fevalue
for various lines of a given element, by estimating relative
occupation numbers of various states.

Ags an auriliary experiment a third type was done which
is basicelly different from previous experiments, This ex-
periment does the followings

1, Gives & new method of measuring densgity and
therefore an absolute fe-velue in & menner
similar to the ususl determinations.

2. Offeres a possibllity of measuring the ratio
of the f-values of different elements with-
out measuring density.

3. Glves an ezxcellent means of finding the curve
of growth without isotope gplitting lor come
parison purposes.

The experiment consists of chemically isolating a pare
ticular radioactive isotope (such as Znﬁ5} in such a manner
that all of the other {(Zn) isotopes are absent, and that at
a known time all of the daughter isotopes are absent {(i.e.,
Cu). Then the parent (Znés) isotope i electroplated on an
inert metallic wire such as Pt {which has very ilow vepor
presgures compared to both Zn and Cu). The wire is pleced

in a step cell, evacuated, end sealed off.
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Oonsequently, the radlomctlive decay provess le counted

directly. That is, the § wrsdiction in the process

Zat s "+ % +Y
is counted and & direst meacsurement of the total number of
Zn®> atome is made. This number must be smell encugh so that
complete vaporizastion is possible,

Subsequently, the cell is placed in the eleciric furnoce
and brought up to = sufficlently high temperature thaet all of
the atoms sve in vepor ferm. The W/AMNp values nre mensured
for all four optioel poth lemgthe, Also the W/Ah are
neagured for the Cu line, The expaiiﬁént ie repected ot
intervels of 100 daye or 8o, (Zn65 half»1ife ip zhout 200
anye. }

The results include, then, mecsurements of port of the
curve of growth at variocus times., The following are known
guantitiens |

1, (Zn) at ench time £ 10%

2, ¥{Cu)/u{Zn) £17

3. H{Zn, t1)/8(Zn, t2) £17
If the V//ZMKD is plotted versus C the resulis ares

1. f£{Zn) £20% from the usual method,

2, {g_gu )/£{%n) 2107 from the knowledge of the half
AW

T \ANo!
verious data and from the hal® 1ife,

f ey B9
3, andléi_hJ\ﬁn J from comparison of the

The third of these results is the one which allows a new type
af absolute fevelua deterninstion, If the total ¥ 1s kept



-] 25w
ganll enough to be nesr the linesr portion of the curve of

growth than

f__f_ _ ‘Io >\ N }‘\- L 4 Cope Ofa)
bk Y A (24)
Therefore,
A WL ;TT "to )\ \J L [\ ’
A \Dhe  BAg A (25)

oxr for the parent,

The 3/ term is the aecay constant of the process, For the
deughter atom, the experiment can be checked, i.e.,

A (log WY 2 oh (log U

i E s i" |
[.;t \ ﬁ Ap ,} t \' 1 f__f‘\P)J' (26)

The cxperdmant has Desu sbarted with Zn63 and studied for
cal®%, anl9%, and other iseotopes. The results are obviously
slowly obiained since the best isotopes have the longest
halfe«lives,
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XI. SUGGESTIONS POR FURTHER RESEARCH

A The experiment discussed in Section X is already undser-
way on the 22 s cu®® padiosctive decay schemes., Therc are
conaiderable chemlcal handling problems to be wmet, including
the isolation of the element, and the filling of a step cell
with about 102t etoms. These will, it appears, be only
temporary obstacles. Other igsotopes and their resctions,
which are suitable to this exuperiment, include the following,

Gl 5 pgl0% ¢ p* 4 ¥

at99 o Hgl® 4 7 4 ¥

112%_ g2l & K

> pp20k 4 B

I} 2 gplll 4 o

L catil 4t

L
For the moat part, one muat use cyclotron prepared lgotopes,
made from an 1sotopically pure terget, or one which produces
only one long-lilved product.

Be The limitations on the main experiment have been chiefly
due to two causes. The first ls that meny interesting ele-
ments, such ag the Sodlum family end the Calelum family, rew
act with quartz, and the second is thet quarts deterlorates
repidly above 1100°K. These limitations could be removed by
building a step cell of fused sapphire, which is availasbls -

- bubt difficult to work with.
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The production of a eapphire cell would aliow the exlen=

aion of this work to include the following elamentss

1. Ha, K, Rb, Os

2. Ce, g, 8r

3. Au (A= 2497R)

Lse Se, Y

5. !n, Fe, Cr, Wi
Even without sapphire, one very Iinteresting extension would
be to do the lines of the lower vapor pressure members of
the rare earths. Pure isotopes ere now avalliable and the

spectra are rich end of considerable astrophysicel interest.
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APPENDIX A - THE EQUATION FOR THE CURVE OF GROWTH

In this sppendix the equations for the curve of growth
will be oxamined from the standpoint of the possibility of
numerical computation,

Conelder the equation for the curve of growth, in the

forms: ‘
x = dw%l-oxp-yﬁ(v;a)j {Al)
§ Lo
where,
o
2
ﬁ_\:l'g eﬁm
TE=TND (a3}
3 I YAN Lhp e f g
a = i} ?— - P; [*) ._g.. (AL*_)
LAp tAp brp 82
<o
& woi ] ae~"at (45)
1T_T:Jl"ﬂ +{wet)
The range of the parameter a 1s,
0.0000L « 2 < Oy (AG)

it is customary for investigetors to use the approxie
mation a equals zero, since the solution for this approxi-
mation is well Inown, However, 1t will be shown thet the
solutlion is not sccurate for velues of W/l,, srester than
one=halfl.,.

Ope might hope to expand z(yja) in & Teylor Scries
ghout & = J, Beloare proceeding it should be romarked that

another Torm for G{w;e) due to Reichcéqé) ie poesible,
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if one notices thet, o0

a - w8

k
aet(wat)® b

8o that equation A5 may be written (reversing the order of

o cos{w=-t)z dx

integration) as,
L ) &0
1 £ | _wp® i
G = --_—-l e™®% ! | 7% cos(w-z)t dzids
T < LJ‘ ‘ 4
S8ince, ‘ ~e

coal{w-t)z = {cos wt){cos tz)+{ein wt)(sin tz)
and since,
{ein wt){sin t2) = «{sin wt)(sintz)

only the even term contributes. That 1s,

w o0
G = %’S e=at ja"’fz(coa wt){cos zt)ds At {AT)
2 — €0

Integration over z gives,
o0

{ 2
G ,,% | e=8E«t" ftcos wt)at

=)

Changlng veriables leads to the form,
[ v]

- 2
G = %/‘i e=28%~t" 0 00 out)at

which mey also be written
o>

2.
- Sl ;
G = .2.2....7.}005 2wa a"tatcos 2ut)dt
HI Al J_)GO
C et® 1
+3in 2we | e,t {sin 2wt)dt |

de =

3
= ﬁLFltw;a)wetw;a) { (A8)
J
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with »
Py{wza) = &% cos 2wa 30 {cos 2wt)dt (A9)

Fatw;a) = e’asin awe %e‘tz(ain 2wt)dt (ALC)
4

It is pertinent to notice that

{

Sa‘tg{cos 2wt)at = éﬁ o=w2 (A11)

and W
je"tz(ain 2wt)dt = s""‘e} a"'zdu = H{w) (A12)

o

with
H(w92) = 0le )

Prom the preceeding we can construet the solution as &
Teylor Scries in the verieble & sbout the point a = 0, The
first two teorms can be calculsted but higher terms are very
diffieult. The firat term has boen calculated by many

authors as
- Y

{ﬁ" 21 > 31 3 auo.oaacc) (513)

Ig‘

The second term is derived from,

" |
ax = -5 *\%ﬂ > exp-ye"“zdw (All;)

9 gmop Ty

where H{w) 1s given by Al2. MNitchel & Zemenslky have irie
veatigated H{w) and since H{w) goes to zerc very rapidly as
w incresses, Al converges nicely. In fact, H'(w) is an

even function of w, therefore,
.\"AJ

/ [ .2 e
£ =ik i(e-ﬁe L eB%au) ¢ expeye™™aw  (A15)
a0 ) o
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This term hes been pumerileally worked out by anmld(li}.
“he succeeding terms coontribute eppreciably to the solution
but are veyy difficult to compute.

One could fecilitate the computation of the function
H{w) by solving the anslogue problem., The methicd would be
to solve the differential eguation obeyed Ly the function
Bl{w).

GH

o= = FewH (W) {A16)

This equation is sinmple o solve since the eond polnt values
are known,

It scems more realistic to caleulate equation Al
direcily on & computing machline. The progran for doing this
13 given in Appendixz B and the numerieal results sre given
in Avpendix C.

flgure 2 18 a summery of the pesults of the digital
computer study of the veristion of x veraus y for various

constant values of the paremster a.
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APPE&DIA B « COMPUTER PROGRAM POR CURVE OF QROWTH

1, ALGEBRAIC MANIPULATION
The problem is to compute x where

(28]
{ { i
x = | leexp =yG | dw {Bl)
_/'.L: = J
with
‘”‘ e
Glw) = m- «ﬁwnmmmng ag {B2)
T n +{wet)

It wes decided to evaln&te both of the integrals as differe
ential equationsa.

Yeking use of the equation
ts ol

oo

| £{x)ax = Bif(-x)ff(x)jdx (B3)
e 5k
aquation BZ becomes
% -2 -2
Blw) = 2. |ipl® hap S ot (Bh)

Y
}

T ) aPe(wt)© aca(uat)® |
Prom equation Bl it is obvious that G{w) = G{-w). Using
this result and equation B3 again, x can be written in the
form . BG

x =2 VLl-exp(yG)J dw (B5)
2, NUMERICAL PROCEDURE
At the installation uvased, the Adams lMethod has bheen the

standerd procedure for solving simultaneous non-linear

differential equetions on the IBM 7090, This particular
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Adems routine” controls the computing intervel in such & way
g8 to maintain eny desired pre-sect accuracy. Several vere
silons of this routine have becn coded and two separate ver-
slonsg more uscd in this one problem since an integration
{for G{w)C 1s to be completed at each step of the other ine
tegretion {for x).

Thus, equation BS was written in the form

% = 2|l-cxp(y0) |

and integreted from w = 0 to & w such that the succeeding
stopwise contributlons to the value of the integral would
not change the final value of the integrel in the fourth
place, At each step of this integration, equation Bl was
intepgrated similarly. In the actual program, since z is to
be found for several values of y, it was not necessary to
integrete Bl at each step for each y. On the first peoss
{valking the first value for y) e teble of values, w versus
5{w), wes constructed and additionsl table values wore
computed and alded to the teble only when nelighboring table
velues indlcated thet s linear interpoletion would aeot

maintain the desired four place accurecy.

#pirferential Equations Subroutine DZ CL DRQ,
SHARE Distribution No. 248.
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3. THEZ PROGRAM

The following program was written in the FORTRAN
languege. (A deseription of this language may be found
in any of the peveral FOARTRAN Manuals published by IBi.)
The subroutine which intezrates equation Bl was coded as &
FORTRAN subroutine and the subroutine which integrates
equation BS was coded as a function and is called directly
from the FORTRAN library tape. The program is glven iIn the
remainder of this appendlsx.
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APPENDIX B - PROGRAM FOR 7090 COMPUTER
. XEQ

COMMON A,W,GEE

DIMENSION WT{1500) +GT(1500)

DIMENSION D(25)

N=1

LOCD=XLOCF(D)

EQUIVALENCE (DU1)yN)(DI(2)¢X)4(D(3),YL),(D(%),DYLl,EL),
1(D(5),Y2),({D{6),0Y2,E2),(D(T7),Y3),(D(8),DY3,E3),
2(D(9),Y4),(D(10),DY4,E4),(D(11),Y5),(D(12),DY5,E5),
3(DU13),Y6),{D(14),DYELE6),(DILS),¥YT),ID(16),DYTLET),
4(D(17),Y8),(D(18),DYB,EB),(D(19),Y9),(D(20),0Y9,E9),
5(D(21),Y10),(D(22),DY10,E10),(D(23),Y11),(0(24),0Y11,E11),
6(D(25),Y12),(D(26),0Y12,E12),(Dt27),Y13),(D(28),0Y13,E13),
T(D(29),Y14),(D(30),0Y14,E14),(D(31),Y15),(D(32),0Y15,E15},
B(D(33)sY16)4{0(34),DY16,EL6),(DU35),YL7),(D(36),0Y1T,ELT),

" 9(D(37),Y18),(DI38),DY1B4EL18),(D(39),Y19),(0(40),0YL9,EL9)

EQUIVALENCE (D{41),Y20),(D(42),DY20,E20),(0D(43),Y21),
1(D(44),DY21,E21),(D(45),Y22),(D(46),0Y22,€E22),({D(4&T),Y23),
2(Dt48B),DY23,E23),(D(49),Y24),(D(50),DY24,E24),(D(51),Y25),
3(D(52),DY25,E25),(D(53),Y26),(D{54)DY26,E26),(D155),Y27),
4(D(56)4DY2T,E2T) 4, (D(57),Y¥28),(D(58),DY28,E28),{D{59),Y29),
5(D(60),DY¥29,E29),(D(61),Y30),(D(62),DY30,E30),{D(63),Y31),
6(D(64),DY31,E3L),(D(65),Y32),(D(66),0Y32,E32),{D(6T),Y33),
T(D(68),DY33,E33),(D(69),Y34),(D(T70),DY34,E34),{D(T1),Y35),
BID(T72),DY35,E35),(D(73),Y36),(D(74),DY36,E36),(D(T75),Y37),
9(D(76),0Y37,E37),(D(77),Y38),(D(78),DY38,E38),{D(79),Y39)

EQUIVALENCE (D(B0O)4DY39,E39),(D(8B1),Y40),(D(B2),DY4&0,E40D),
1(D(83),Y41),(0(84),DY%]1 ,E4L),(D(8B5),Y42),(D(B6),DY42,E42),
2(D(8T),Y43),(D(88),DY43,E43),(D(89),Y44),(D(90),DY44,E44),
3(D(91),Y45) ,(D(92),DY45,E45),(D(93),Y46),{D(94) ,0Y46,E46),
4(D(95),Y4T),(D(96),DY4TE4T),(D(97),Y48),(0(98),DY48,E48),
5(D(99),4Y49),(D(100),DY&9,E49) ,{(D(1L01),¥50),(D(102),DYS0,ES0)

EQUIVALENCE (DI(5),DX)

E=2.7182818
JPAGE=2

20 READ INPUT TAPE 7,900,A,DYI

IF (A) 21,910,21

21 JPAGE=JPAGE+1]

WRITE OUTPUT TAPE 6,906, JPAGE
WRITE OUTPUT TAPE 6,902,A
JPRNT=56
J=1

32 WT(J)=0.

GT(J)=0.

J=J+1

IF (J=-1500) 32,332,135

35 Y=DY I

YLG=LOGF(Y)w,43429448

623 x=0.0

JAKEP=1
FLAG=0.

Y1l=0.

629 El=1.E-5
DX'].-'E—T
1=XDESBF{LOCD)
624 JAKE=JAKEP
625 IF (GT(JAKE)) 595,600,595
535 IF (X-WT(JAKE))})609,615,620
609 IF (GT(JAKF)#ABSF(GT(JAKE)-GT (JAKE-1))-,00061611,608,608



-137-

608 JAKEN=JAKE-1
FLAG=1.
XSAVE=X
X=,5#(WT(JAKE )+WT ( JAKE-1))
GO 10 610
611 SI={GT(JAKE)-GT{JAKE-1) )/ (WT(JAKE)-WT(JAKE-1))
G=S)1e(X-WV(JAKE-1))+GT(JAKE-1)
GO TO 617
620 JAKE=JAKE+]
IF (JAKE-1500) 625,625,630
630 WRITE OQUTPUT TAPE 6,635
635 FORMAT (16H1 G TABLE FILLED)
GO TO0 20
615 G=GT(JAKE)
617 OPT=YsG—-,.01
IF (OPT) 618,618,616
616 DYI=2.8(1.-EXPF(-YeG))
. GO T0 103
618 DYL=2.#(YaG-(YaG)es2/2,+(YsG)eed/6,)
GO TO 103"
FIND G(W) BY ADAMS
600 CONTINUE
610 XSA1=WT{JAKE)
XSA2=GV(JAKE)
NA=1
W=X
CALL ADAMS(NA)
GT(JAKE ) =GEE
G=GEE
PLACE NEW VALUES OF W AND G(W) INTO TABLE
638 WT(JAKE)=X
640 XSA3=WT(JAKE+L)
XSA4=GTV(JAKE+1)
WT(JAKE+1)=XSAl
GTIJAKE+1)=XSA2
XSALl=XSA3
XSA2=XSA4
IF (GT(JAKE+L)) 645,6171,645
6171 IF (FLAG) 6172,617,6172
6172 JAKE=JAKEN
FLAG=0.
X=XSAVE
GO TD 595
645 JAKE=JAKE+1
GO TO 640
103 I1=XDESDF(1)
114 GO TO (106,624),I1
106 IF (X-WT(JAKEP)) 710,721,720
T20 JAKEP=JAKEP+1
GO TO 106
710 JAKEP=JAKEP-1
721 IF (X-10.) 308,4302,302
302 TEST=ABSF((Y1l-YYLl)/YY]l)
IF (TEST-.0000005) 401,401,308
308 Yvi=Yl
301 I=XDESFF(1)
GO TO 624
401 XX=Y1
IF (XX-15.)14214421,20



421
431

436

441

900
902
904
906
9210

Viw N
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IF(XX)1441,431,431
XXLG=LOGF(XX)®.43429448

WRITE OQUTPUT TAPE 6,904 XX, Y, XXLG,YLG
JPRNT=JPRNT-1

IF (JPRNT) 436,436,441

JPAGE=JPAGE+1

WRITE OUTPUT TAPE 6,906,JPAGE

WRITE OUTPUT TAPE 6,902.A

JPRNT=56

YLG=LOGF (Y )& ,.43429448+.1
Y=EXPF(YLG*2.30258509)

GO 7O 623

FORMAT (7F10.0)

FORMAT (1H SX,Ell.4/1H )

FORMAT (1H S5X)ELll.4yS5XyELl1o4,12XFT.4,5X,F7.4)
FORMATY (1H166X,1HA,I3/1H0/1H )

CALL EXIT

STOP 7777

END

SUBROUTINE SETUP (TA,YA,NSIGA,NPRINT,TPRINT,NA)
. COMMON A, W,GEE

DIMENSION TA(2),YA(50),NSIGA(50)

YA(l)=0.

TA(2)=1.E-T7

NSIGA(1)=5

RETURN

END

SUBROUTINE DIFEQ (TA,YA,DYA,NA)

COMMON A, W,GEE

DIMENSION TA(2),YA(50),DYA(S50)
DYA(L1)=A=EXPF(-TA(l1)=a2)a(l./(Ava2+{W+TA(L))222)+]l./(Ane2
1+({W-TA(1))=22))/3.1415927

RE TURN

END

SUBROUTINE PRINT (TA,YA,DYA,NA)
COMMON A ,W,GEE

DIMENSION TA(2),YA(50),DYA(50)
IF (TA{1)-10.) 5,5,3

IF (ABSF{{YA(L)-YPRE)/YPRE)-.000001}) 4,4,5
YPRE=YA(1)

RETURN

GEE=YA(1)

NA=0

RETURN

END
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Q.1 T6TE-O1
0.2223E-01
0.2795%€-01
0.3514E-01
D.44)15€E-01
0.554TE-01
0.6963E-01
D.8735E-0C1
0.109%E-00
0.1370E-00
0.1713E-00
0.2137E-00
0.2660E-00
0.3303E-0C0
0.4086E-00
0.5033F 00
0.6167€ 0O
0.7508E 00
0.90T2¢ 00
0.1086t 01
0.1286F 01
O.1504F 01
0.1735¢ 01
0.1972¢t 01
0.2206E 01
0U.2430F 01
0D.2638E 01
0.2R30t C1
0.3005€ 01
0.3167E U1
GC.3318BE 01

0.3462F 01

0.3599¢t 01
0.3730E 01
0.38%6EF 01
0.3978L 01
0.4096F Q1
0.4211E 01
0.4323 01
0.4432t 01
0.4538F Ol
J.4642E O1
0.4745E 01
D.4845t 01
D.4945F 01
0.5041E 01
0.5139¢ 01
0.5235t ©1
0.5330t Gl
0.54264F 01
0.5%17¢ C1
0.5611F 01
0.5T06E 01
0.%803E o0l

ATFENDD: o

-139-

TABLES OF CURVE OF GROWTH

A =
Y

1.0000€-02
0.1259€-01
0.1585E-01
0.1995%E-01
0.2512€-01
0.3162E-01
0.3981E-01
0.5012€-01
0.6310€-01
0.7943E-01
0.1000E-00
0.1259t-00
0.1585€E-00
0.199%€-00
0.2512€E-00
0.3162E-00
0.3981E-00
0.5012€e 00
0.63108 00
0.7943E 00
0.1000€E 01
0.1259¢t 01
0.1585E 01
0.1995€ O}
0.2512E 01
0.31628 01
0.3981lE 01
0.5012E 01
0.6310€ 01
0.7943E Ol
0.1000t 02
0.1259t 02
0.158%€ 02
0. 1995%€ 02
0.2512E 02
0.3162€E 02
0.398lE 02
0.5012€ €2
0.6310E 02
0.7943E 02
0.1000E 03
0.12%9€ 03
0.1585¢ 03
0.1995€ 03
0.2512¢F 03
9.3162E 03
0.3981E 03
0.5012t 03
UG.63108 (3
0.794 3¢ 03
1.0000t 03
0.1259t C¢4
C.15RSt Ue
0.1995¢ 04

0.00C1

LOG X

=1a ¥527
-1.6530
-1.5535
~le4542
=1 3551
-1.25%9
-1.1%72
—100587
-0.9607
-0.8632
-0.T663
-0.6702
-0.5751
-0.4812
-0.3888
-0.2982
-0,2099
-0.1245
-0.0423
0.0358
0.1093
0.1774
0.2394
0.2949
O. 34 36
0. 3856
(.4213
0.4517
0.4719
0.5006
0.5209
0.5393
0.5561
0.5717
0.5861
0.5997
0.6124
O.6244
0.6357
0.6466
Cab65693
D.6667
0.6T62
0O.6853
C.694]
0. 7025
0.7109
C.T1489
CaT267
0. 7343
C.T7417
0. 7491
e 7584
CaTH37

LCG ¥

-2.0000
-1.9000
-1.8000
-1.7000
-1.6000
-1.5000
-1.4000
-1.3000
-1.2000
-1.1000
-1.000¢C
-0.9000
-0.8000
-0.7000
-0.6000
-0.5000
-0.4000
-0.3000
-0.2000
-0.1000
0.0000
0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000
1.1000
1.2000
1.3000
1.4000
1.5000
l.6000
1.7000
1.8000
l.9000
2.0000
2.1000
2.2000
2.3000
2.4000
2.5000
2.6000
2.7000
2.8000
2.9000
3.0000
3.1000
3.2000
3.3000



X

0.5902E
0.6007E
O.6116E
0.6232E
0.6357E
0.6493¢E
Debb4alE
0.680T7¢E
0.6994¢
0.7206E
0.7452E
0.7736E
0.8069¢E
0.8462E
0.8926E
0.9476E
0.1013E
0.1090¢t
O.l181E
0.1289¢E
O.1415E

-140-

TABLES OF CURVE

A
Y

0.2512€
0.3162¢€
0.3981¢
0.5012€
0.6310¢
0.T7943E
1.0000E
0.1259¢
0.1585¢
0.1995¢
0.2512¢
0.3162¢
0.3981¢
0.5012¢€
0.6310¢
0.79413¢E
1.0000¢
0.1259¢
0.1585¢
0.1995€
0.2512¢

04
04
O&
04
G4
04
O4
0%

0.0001

05

05
05

0%
05
0%
05

06
06
06
06

0F GROWTH

LOG x

0.7710
0.7786
0, 7864
0. T94¢&
0.8033
0.8124
0.8222
0.8330
O.B8447
0.8577
0.8123
0.8885
C.9068
0.927%
G.9507
0.9766
1.0055
1.0374
1.0724
1.11G3
1.1509

LaG v

3.4000
3.5000
3.6000
3.7000
3.8000
3.9000
4.0000
4.1000
4.2000
4.3000
4.4000
4.5000
4.6000
4.7000
4.8000
4.9000
5.,0000
5.1000
5.2000
5.3000
5.4000



X

0.1767E-01
0.2222E-01

0.2794E-01

0.3513€-01
O.4415E-01
0.5545€-01
0.6960£-01
0.8731€-01
0.1094E-00
0.1370E-00
0.1712e-00
0.2136€E-00
0.2659E-00
0.3301€E-00
0.4084E~00
0.5031¢t 00
0.6165E 00
0.7505E 00
0.9069E 0O
0.10886t 01
0U.1286FE 01
0.1504F Q1
N<1735E 01
0.1971¢ 01
0.2205F C1
0,26429E 01
C.2637€ 01
0.2829¢t 01
0.3004E Ul
0.3166E 01
0.3317¢ Ol
C.3460t 01
043%970 0l
0.3728Ef 01
3+3853E 01
0.3975t 01
U.e093F 01
0.4208F 01
De@32lt 01
N.4430F 01
0.4%37¢ 01
O.a642t Gl
N.aTabE 01
ND.4aH4KF 01
U.u969F O]
Co2089t U1

Cebl4a9f ul
leH5248F (1
0.%3I5Ct yi
0.954528 N1
{he 9S5SF Q%
Je5642¢ C1

fx T 3E Wl
YoMy ]

=1l

TABLES OF CURVE OF GROWTH

A =
b

1.0000E-02
U0«125%9€E-01
0.1585€E-01
0.199%E-01
0.2512E-01
0.3162E-01
0.3981lE-01
0.5012€-01
0.6310€-01
0.7943E-01
0.1000€-00
0.1259E-00
0.1585E-00
0.1995E-00
0.2512E-00
0.3162E-00
0.3981€E-00
Cc.5012¢ 0O
0.6310F 0O
0.7943E 00
0.1600E 01
0.12%9F 01
0.1985¢ 01
0.199%t 01
0.2512E 01
0.31628 01
0.3981E 01
0.5012¢ 01
C.6310E 01
UsT943F O1IL
0.1000¢ 02
C.1259¢ 02
C.1585¢8 02
0.199%5t 02
C.2512F 0/
0.3162¢ 02
C.3981¢t G2
0.5012E 2
D.6310F 02
Qe 7943 U2
0.1000¢
Gal259¢t
0s 1585t
e 1995t
C.2512¢
Use 3l 62T C
Co 39441
T 901.2¢
Cetn3ILOE
ite T4 Yt
1. )000¢
Nel25 2
e LSS5

i Jio# ¥t

w WL o B
e

P d s e e mow ow

B

C
-

LOG X

-1.7528
-1.65132
~1-9531
-1.4541
=1.3551
-1.2561
~1.1574
-1.0590
-0.9609
-0.86 14
-0. 7665
-0.6704
-0.5T752
-0.4813
-0.3889
-0.2984
—0-21()1
~0.1246
-0.0425
0.0357
0.1092
D«1TT2
0.2393
0.2948
U. 3435
C.3854
U.%211
C.45186
C.aT77
0.50uU%
0.52GT
0.5390C
G.5559
0eb5T714
0.58%9
O.5994
v.6121
0.6241
Cab63586
C.b6404
Ga6508
Cabbt?
La&T6D
Ca685%%
[ SO
Ca TOA2
o #1018
G 1200
B T2066
(.73
o TG&?
o TH &
L IH16
L

LOG ¥

~2.0000
-1.9000
-1.8000
-1.7000
-1.6000
-1.5%000
-1.4000
-1, 3000
-1.2000
-l.1000
-1.0000
-0.9000
-0.8000
-0. 7000
-0.6000
-0.5000
-0.4000
-0.3000
-0.2000
-0.1000
0.0000
0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000
1.1000
1.2000
1.3000
1.4000
1.5000
1.6009
1. 7000
1.8000
1.90090
2.0000
2.1000
2.2000
2.3000
2. 6001
&« 5001
2.6007
2+ 100¢
£ 8@HN
2.9000
5' 0(\.01\,
3.1000
4., 2000
b '¥ET



X

0.6008€
O.b6141E
0.6283¢
0.6439E
0.6611E
0.6B06E
0.7026¢E
0.7280¢
0.757T4E
0.7916¢€
N.8318¢
0.8T91E
0.9351¢E
0.1001¢E
0.1080¢
0.1173¢
O0.1282¢
O.1410¢

TABLES OF

A
Y

0.2512¢
0.3162¢
0.3981¢
0.5012¢
0.6310¢
0.794 3¢
1.0000¢
0.1259€
0.15B5¢€
0.1995¢
0.2512€
0.3162¢
0.3981¢€
0.5012€
0.6310F
N.7943€
1.0000¢€
U.1259¢

~1lig=

= 0,0002

04
Q4
0 4
Q4
O4
O
04
0%
05
05
05
0%
095
0%
05
0s
0%
06

CURVE OF GROWIH

LOG «x

C.T787
0.7883

‘0.T7982

C.B088
C.8203
0.8329
C.B46T
0.8621
0.8793
0O.898%
C.9200
C.9440
G.9708
1.0006
1.0334
1.0692
L.1079
1.1491

LG v

3.4000
3.5000
3.6000
3. 7000
3.8000
3.9000
44,0000
4.1000
4.2000
4.3000
“©,.4000
4.5%000
“.6000
&.7000
4,.B000
4,.,9000
5.0000
5.1000



x

0.1766E-01
0.2222€-01
0.4T94E-01
0.35136-01
O.4414E-01
0.5545t-01
0.6960E-01
0.B8T3LE-0L
0.1094E-00
0.1370€-00
0.17126-00
0.2136E-00
0.2659€-00
0.3301€E-00
0.4084F -0
0.5031€ 00
0.6164E 00
0.7506F 0O
0.9069¢ 00
0.1086E 01
0.1286F 01
0.1504Ef 01
0.1735¢ Ol
0.19728 C1
0.2206F O1
0.2430F G1
0.2638t Ol
0.2830E Ul
0.3006f Ol
0.3168F 01
0.3320¢F 01

0.3463F 01

0.3600E 01
0.3732¢ Ol
0.3859¢ 01
0.3982¢ 01
ND.4101¢ O1
0.4217E 01
O.4331E 01
D.aba2F 1
C.45%28 Ol
U.4659t Gl
D.4THHE O]
ND.&4KT2€ Ol
0.4977E C1
0.5081¢t Gl
0.%190¢ 01
0.5291¢ 01
C.%6l11lt U1
09925t 01
D.564&6E 01
C.5113¢ 01
2.5910f 01
ND.60%Rt (1

<3l 3=

CURVE OF GROWTH

TABLES OF
A =
4

1.0000€E-02
0.1259€-01
0.158SE-01
0.1995E-01
0.2%512&6-01
Ga3162€E-01
0.3981€E-01
0.5012€-01
0.6310€-01
0.7943E-01
0.1000€-00
0.1259€-00
0.1585€-00
0.199%€-00
0.2%912€E-00
0.3162E-00
0.3981€E-00
N.5012¢ 00
0.6310€ 00
UeT1943F 00
0.1000€ 01
N0,1259E 01
0.1585€ 01
0.1995%F 01
0..2512E £l
C.3162E 01
Ce«3981E 01
C.5012¢ 01
0.6310t C1
C.T943F 01
U.1000€ 02
0.1259E 02
C.15858 02
0.1995f 02
Ge2512€8 02
D.3162E 02
0.3981t 02
J.5012t 02
D«6310F (2
D0.T7T943t 02
2.1000€ 03
N 1259t 03
D.1585F 03
Ua 1995F 03
0.2512F 03
N 31628 Q3
Ge 3981t 01
0.5012¢ 03
C.6310F O3
N 7943 03
1.0000k C3
N.1259 04
D.1%85f N«
0.1995t "«

LOG X

= Ya 1929
-1.6%33
-1s5538
~l.4543
= A5 2
~Te 2581
-l.1574
-1.0%89
-0.9609
-0, 8634
-Le. 7665
-C.6T04
il O LV
-0.4814
-0.3859
-C.29H4
-0.2101
-0.1246
-0.0424
0.034%7
0.1092
Q.1 TT3
G.2393
0.2949
C. 3435
0.385%
C.4213
O.4518
0.4779
0.%007
G.5211
0.9%394
0.5563
0« 5720
C.5865
C.6001
0.6129
0.6250
Ge.6366
C. 6475
C.6582
C.66H3
C.b6781
C.6877
G.69170
0. 7060
Ga Tlh2
0. 7240
R B
CeTG24
L{a7518
C.T614
L.TTl&
0.TRZ2Y

LCG Y

-2.0000
-1.9000
-1.8000
~X « 1000
-1.6000
-1.5000
-1.4000
-1 . 3000
~1.2000
-1.1000
-1.0000
~0.9000
-0.8000
-0.T7000
-0.600C
-0.5000
~0.4000
-0.3000
-0.2000
-0.1000
0.0000
0.1000
0.2000
0.13000
Q0.4C00
0.5000
0.6000
0.7000
0.8000
0.9000
1.0G00
1.1000
1.2000
1.3000
1.4000
1.5G00
1.6000
1.7000
1.8000
1.9000
2.0000
2.1000
2.2000
2.3000
2.4000
2.5000
2.6000
2.1000
2.8000
2.9000
3.0000
3.1000
3.2000
3.3001



X

0.6219€
0.6399€
0.6600€
0.6829¢E
0.7092F
0.7396F
0.7752€E
0.8167€E
0.8658E
0.923SE
0.9917E
0.1072E
0.1167E
0.1278E
0.1408E

ol
ol
01
01
01
ol
gl
o1
0l
ol

c2
02

02

-1y~

TABLES OF CURVE OF GROWTH

A
Y

0.2512¢
0.3162€
0.398B1F
0.5012¢F
0.6310€
0. 794 3¢
1.0000€
0.1259¢
0.1585¢

" 0.1995E

0.2512€E
0.3162E
0.3981¢€
0.5012E
0.6310E

= 0.0004

(¢ )
04
04
04
04
O4
04
05
05
05
05

05
05

LOG »

07937
0.8061
0.81935
C.8344
0.8507
C.8690
0.8894
0.9121
0.9374
0.9654
0.9964
1.0302
1.0670
1.1064
l.1484

LCGL ¥

3.4000
3.5000
3.60G00
3. 7000
3.8000
3.9000
4.0000
4.1000
4.2000
4.3000
4,4000
4.5000
4,6000
4.7000
4.8000



X

0.1766E-01
0.,2222¢-01
0.2794t-01
0.3513E-01
O.4413E-01
0.5543€E-01
0.6958E-01
0.8730E-01
0.1094E-00
0.1369E-00
0.1712€E-00
0.2136E-00
0.2659E-00
0.3301€-00
0.4083F-00
0.%9030t 00
0.6163 00
0.7%04E 0O
0.9070E 0O
0.1086E 01
0.1286F C1
D.1%504F 01
D.1736k 0Ol
0.1972F 01
0.2207E 0Ol
D.2431F Q1
0,264%0E 01
0.2832t 01
0.3008E C1
0+317T1e 0Ol
G.3324F 01
0.3468t 01
C.3607E 01
0.3739E 01
0.3867E 01
0.3992€ 01
Ce@l13F O1L
0.4232E O1
O.493488 01
ND.49462E 01
0.4575F Ol
D.4688t O1
C.4«4801¢t Ol
D.4914F 01
0.5029¢ 01
0.5147E O1
0.9269E 01
0.5395€ 01
0.9%27€ C1
D.%67T1E O1
0.5823E 01
0.%993t Cl1
0.61HCF U1l
0.6389F 01

od i

TARBLES OF CURVE (OF GROwIH

A =
b

1.0000E-02
0.1259€-01
0.158S5€-01
0.199%€-01
0.25126-01
0.31626-01
0.3981E-01
0.50126-01
0.6310€6-01
0.7943E-01
0.1000€-00
0.1259€-00
0.1585€-00
0.199%€-00
0.2512€-00
0.3162€-00
0.3981E-00
0.5012¢ 00
0.63108 00
0.7943¢ 00
0. 10008 O1
0.1259¢ 01
0.158B5E 01

. 0.1995¢ 01

0.2512¢8 01
0.3162t 01
0.3981¢ 01
0.5012¢ Ol
0.63108 01
0.7943E 01
0.1000€ 02
0.125%9f 02
C.1585%F 02
0.1995¢ 02
D.2512E 02
D.3162F 02
0.3981F 02
0.50128 02
C.63108 02
0.7943 02
0.1000t G3
0.125%9E 03
0.1%8% 03

.0.199%t 013

0.2512F U3
0.3162t 03
0.3981F 03}
0.50121 03
0.6310F O3
O.7T94 3 03
1.0000 0)
CGel253t 04
0.19%85F L4
01995t 04

LOG x

-1.7529
-1.6533
-1.5538
~l.&544
-1.35%3
-1.2562
=Ll S TS
-1.05%90
-0.9610
-0.8635
-0.T666
-0.6705
-C.575)
-0.4813
-0.3890
=0 2985
“0. 2102
~0. 1247
-0.0424
0.035%8
0.1093
0.1772
C.2395%
0.2950
0.34137
0.3858
U.%216
0.4521
0.4783
0.5012
0.%216
CeB4C1
0.5571
C.5728
C.5874
0.6012
Nabl4a2
(0.6265
.6382
C.6495
CebbUS
0.6TLO
G.b6813
D.6914
0. 7015
C. 7115
Ce?7217
0.7320
C.T425%
C.75 36
Ce 1651
CaTETH
CeT10
N.B80%4

LCG ¥

-2.0000
-1.9000
-1.8B000
-1.7000
-1.6000
-1.5000
-1.4000
’1.3000
-1.2000
-1.1000
-1.0000
-0.9000
-0.8000
-0.7000
-0.6000
-0.%5000
-0.4000
-0.3000
-0.2000
-0.1000
0.0000
0.1000
0.2000
0.3000
0.4000
0.%000
0.6000
0.7000°
0.8000
0.9000
1.0000
1.1000
1.2000
13000
1.4000
1.5000
1.6000
1.7000
1.8000Q
1.9000
2.0000
2.1000
2.2000
2.3000
2.4000
2.50090
2.6000
2.7000
2.8000
2.9000
3.000C
3.1000
3.2000
31,3000



X

ND.6626¢
0.689TE
0.1212¢
0.T576E
0.8007E
0.8510¢t
0.9104&E
0.9802¢
0.1062¢
0.1159¢
0.1272¢
0.1403¢E

01
ol
01
01

01
ol
0l
02
g2
02
02

~1L6-

TAHBLES OF CURVE OF GROwWTH

A

Y

0.2512¢
G.3162¢
0.3981¢t
0.5012¢
J.6310¢
0.794 3
1.0000t
C.1259¢
0.1585E
0.1995¢
0.2512¢
0.3162F

= L.000H

04
04
04
D4
O4
04
04
U9
05
0%
0%
0%

LNG x

R.M21%
0.83n6
0.8581
C.8T79%
0.9035
0.93CC
0.9%92
0.9911%
1.0263
1.0641
l1.1065%
lola71

LEG ¥

3,400
3.%000
3.6000
3.7000
3.8000
4.9000
4.0000
4.1000C
4.2000
4. 3C00
4.4000
4.5000



X

CalT66E-C1
0.2222¢-01
De2T94E-01
0« 3512¢-01
O.4613E-C1

0a5543E-C1.

O.69%8F-C1
Q.8728E-01
0.1094¢-00
0.1369¢-00
0+ 1712800
N.2136E-00
0e26%59E-00
0.3301¢-00
(. 408B4F-00
0.%031F 0OOC
O.6164F 0O
0., 15068 GO
0.9072€ 0O
D.1N86L 0C1
Ge.1286F 01
J.15%05t Ol
0.1737¢ O1
0.1974F 01
0.2209t C1
C./2433% Ol
0.2643 01
0.2B36EF 01
C.3013F O}
0.3177¢ Ol
0.3331t O

0.34T7T7E 01
C.3616E O}
0«3751E U1}
0a«3882F C1
0.40098 01
C.4134F 01
0.42%8F O1
0.4379F €1
0.45%00t 01

C.46228 Ol

D.4745F 01
0.4871f 01
0.5000t C1
0.5134F 01
0.921%E 01
C.%426F Cl
N.%%87F 01
.9765F Gl
J«9961¢ U1l
D.617T9F 01}
O042T7TE C1
C,6T10F G
D, 7037t 01

-147-

TABLES OF

A = (.0ULG

Y

1.0000¢-0U2
C.12%9E-01
Ce.l1585E~-01
0.1995%t-01
0.2512E-01
C.3162t-01
Cs¥I9BLlE-D1
050128 =01
0.6310€-C1
G.7963€-01
0. 1000E-00
D« 12%99t-00
0.158%E-0C
0.1995E-00
0.2512€E-00
D.3162€-00
0.3981lE-00C
0.9012€ 0O
0.6310E Ou
0.7943 00
0.1000€ C1
0.1259t C1I
N0.1585t 0l
0.1995€E 01
0.2512€ Cl
0.3162€E Q1
C.3981¢ Ol
0.5012E 01
G.6310E8 C1
U.79243E 01
Ue lOOOE 02
0,1259E 02
C.l15%R5¢ 02
Qe 1995t 02
G.2512¢F 02
0.3162F Q2
Ue398B1E G2
0.5012t 02
D.6310¢ 02
O.7194 3 02
0. 10008 (3
0.12%9¢t 03
GCe.19%585t 03
0.1995F 03
L2512 G)
D« 31b2E O}
N« 3I9A81F 03
C.5012 03
C.6Y108 03
J. 794 3F 03
1.0000t O3
0. 12598 04
C.1585E ua
C.1995t O&

GROwWTH

LOG x

- La 15 30
=1+6%33
- 149538
~1.4545
=}« 395
=1%:2563
~tal518
~1+0% 9}
-0.96C9
-GeB8863%
=0, THLS
~0.6T0u4
-C.5152
-0« %813
-1le 3IBH9
-0.2981)
-0s 2 1
~0.1244
-C.042)
0.0315%9
C. 1094
N.1776
QaZ3NT
02953
Ce 3441
0.38¢2
C.422)
C.4527
C.4&790
C.50¢0
05225
O.5412
C.5581
GeB5T42
0.5891
Ue.6031
L.b1b64
0.6292
Gebala
Ne69532
C.bb4Y9
(J-é!?t:?
e 6RBTH
C.6990
Ge TILS
Ga T222
CeTI4S
Ga 1412
Ca. THLA
CeTTH)
Qs T9C9
0. 8080
(.8267
(B 16

Eids ¥

2.0000
-1+9000
-1.800¢C
-1.TCO0
-1.6000
-1.5%G00
= 1. @QQf
-1.3000
-1.2000
~1.1C00
-1.0000
-0+.9006
~Ul.8B0COD
-0.7000
-0.6000
-0+.5000
~-U.4000
-0.3009
-0.2000
-0.1000

JU.0C00

V.1000

J.2000

0.3000

0.4000

0.5000

0.600C

Q0.7000

0.8C00

0.9000

1.0000

1.1000

1.2000

1.3000

1.4000

1.5000C

1.6000

1.7000

1.8000

1.9009

2.0000

2.1000

2.200"

Z2.3000

2.4000C

2.5000

2.6000

2.T000

2.80900

2.9000

3.0000

3.1000

3.20900

. 3000



X

D.Tal5t
D.78%8¢t
0.8376¢E
0.8984¢
0.9699F
GeluSat
O.1152¢E
C.1266¢
0.1399¢

ul
01
Ol
01
Ol
02
G2
02
ce

A

U.2512¢
D.3162¢
Ca3981E
045012¢E
0.6310¢
C.T7343¢
1.0000E
0.1259F
Ge.15RSE

-148-
TABLES OF CURVE OF

= 0.,00l6

04
04
04
04
04
04
04
0%
05

LROWTH

LuUG X

Oa BTul
CeB89%)
C.9230
{e9%35
.98¢.7
1.0247
1.0614
L« 10ZS
le 145y

LLL Y

3. &LV
3.5007
3. 6009
3.7000
3.8000
3.9000
4.0000
£.1000
4.2G00



C.l1T66F-01
0el2228-01
Q. T96t-01
0.3512¢-C1l
O.asl3E-01
D.5545¢-01
Deb960€-01
UaBT31E-01
. 1094£-00
D). 137T0F-00
D.1712E-00
N.2136E-00
0.2660F-00
0.3302t-00
0.,4085t-00
0.5033F 00
D.6168t 00

0. 75118 20
0.40778 OO0
D.1087L %1

L.l288F 0l
C+1S0TE il
Gl T39E 41
CHLITTE Ol
Q2212 01
N.24388L 0
.2650EF 0}

lBAGE U]

Q430236 Gl
Je 3188t L]
Ge 33465F 171

e 3434F O
03637t ul
0.37T78F O}
0.3912f a1l
Jek0aS5tL ]
C.a178F U1
Ga% 309 01
Dett&2F 01
Q.8%71F 1
O.4715t 21
C.e858FL 0}
{.5008EF 1
D+5L6TE wl
C5338F C1
0.595525¢ 1
O«9FICF T1
D+59%9F L
Ow bl 9t i1
D+6%1 3t O
O.6853 01
Y.l246F U]
(.1T04t 01
L-d24CE 1

-149-

TABLES OF

A =

1.J3000F-02
Ne1259E-01
D«158%&-01
0. 1995%E-01
0.2512E-=01
D+ 3162801
N.3981¢-C1
0.5012€E-01
0,6310E=-01
O.T943E-01
0.1000E-00C
0. 1299E-00C
U 15858-00
0.1995%t-00
D+25%12€-00
Ne3162E-00
0.3981€-00
0.5%012F 0O
0.63108 NG
0.7943 00U
V. 10008 01
0.1259F 01
.1585¢ 01
C. 19958 O
0:.2%12E 01
N.31626 CI
D« 3981t 01
0.%012c C1]
G.6310t 01
C.l19243t 01
0.1000t 02
T.12%9F 02
O.15985E 02
Cel99%F D2
Ny ZST2E G2
Je ILH2E 02
Ue d981E 02
Ua9012¢ 02
N.63108 02
UeT943F 02
J. 10008 23
e l2859F (3
«1585%5: 03
.1 795¢
25128
V.31 82¢
O« 39RIE O
QD.9%012F 0
63108 O
o T4 3t O
1.3000¢ 03
N1 2597 06
Co195850 04
Coel9I15%F Da

& o

O
e R

L

=1 s

L
l.
L.
1.
L.
1.
l.
0.

.

&

1

bs

“Ue

C.
L
0.

I3
-

G
Ue
0.
U
I8
G
.
£
o 8
G.
n.
0.
Us
Lo
0.
G.
(‘I
O
e
0.
Ca
O
(
L)
(
.

GRUw Tre

We 2

75 3¢
[ Yo R
5% 37
4545
3v53
2561
1974
g% 20
S6E D
H6 44
Té e 4
6703
5152
LA 2
3IAAN
298,
20993
1243
Q4.1
0362
1LOYH
1780
242
29%9
3449
3l
47232
45 419
4HOS
50 4¢
5244
5633
567
5¢ 10
5924
6070
]
344
64 74
665
AT 35
HERAS
6937
7133
121714
Ta 2l
TR KH2
TT%2
T337
A1 1K
RY49
Ho U
BgRe T
Q1 %9

-2« 00U

1.3600

-1 .R000

'

l.7C00¢0C
1.6000
L.5000
1.4000
1.3000

-1.2000

1

l.1000
1.0000
Ua2C00
2«8000
U 700D
0.6000

-J« 5000

|

Jehw OGO
U. 3000
0.2C00
0.100%
U.0000
0.1000
C.2000
U.3000V
V.4000
0.5000
G0.6C00
Ge TLGCO
0.8000
U.2000
1.0000
1.1000C
1.200¢C
1.3C00
l.400C
1.5000
L.600C
L. 7C00
1.8000
l.9000C
2.0000
2.1000
2.2000
2.3000
2.4000
2% 5800
2.6000
2.7C00
2. 800!
Z.9000
1.0000
3. 1000
J.2000
}. 3000



X

D.8B606E
0.9601¢
O.1046E
O.11a6F
0.1262E
0.1397¢

o1
ol
02
02
0z
02

TABLES O

A

Y

0.2912¢
Us3162E
0.3981¢
CeS5012E
J.6310¢
OaT94 3¢

-150-

F

04
U4
04
G4
04
04

GROw T

LG X

(.94 77
C.9823
1.C195
1.09492
11911
l.1451

LOUG Y

3.4000
3.5000
3.6000
3.7000
3. 8000
3.9000



X

N.1766E-01
0,2222€-01
0.2794E-01
0.,3512-01
0.4414F-C1
0.55%44E-01
0.6960E-01
0.1094F-00
0.137T0E-00
Q.1712E-00
N0.2137€E-00
0.26608-00
0.3302t-00
C.4086E-00
0.5035E 00
0.6171E 00
0.7516t CO
(.9084t 0O
0.1088t 01
0.1289F U1
0.1509f 01
0.1743F 01
0.1982t 01l
0.2219€ 01
D.2448t 01

O.2661F 71
0.2858t Ol
0.3041F 01
0.3210F 01

O3371¢F 0O
0+ 35258 O
O 36T 91
D.3823F G1
Ue.d9b68E 1
ND.,allet &}
D.4261F 01
C.oalif O1
Ta24%65F 0O
DauT27F 01

0.4898t o1

C.%080t 01
0«52T9t 0}
Ge9%26t 01
0.5738t 01
O.6010F 1
0.6320F 01
Oe66T7T5E Gl
0.7084t 21
0.75%91 01
ND«8113F 01
N.8758t 01
N«99510t C1
0.1039t G2

T

TABLES OF CURVE 0OF GROWTH

A = 0,0064

¥ L0, LG ¥
1.0000t-02 -1+7530 -2.0C00
0 1259E-01 : ~1s653%1 -1.9000
0., 1585E-01 -1.953H -1.8000C
0.1995E-01 ~latbhes < 1.7000
0s2512F-01 -1.35%2 -1.6000
0.3162E-01 -1.2562 - 19000
0.3981E-01 ~1.1574 -1.4000
0.59012E-01 -1.0589 -1.3000
0.6310€E-01 -0.9609 -1.2000
0.7943E-01 ~ 086 33 -1.1000
0. 1000E-00 -0. 7664 -1.0000
0.12%9E-00 ~0.6703 -0.9000
D0.1985E-00 -0.5151 -0. 8000
0.1995E-00 ~U.4R812 ~0.7000
0.2512E-00 =0s 3BHT -0.6000
0.3162E-00 -C.2980 -0.5000
0.3981lE-00 -0.2096 -0.4000C
0.5012€ €O -C.124C -0.3000
0.6310E CO ~0. 0417 -0.2000
0.7943F 0O Ca03867 -0.100¢
0.1000E 01 O0.1104 0.0000
0.1259E O1 : 0.1788 0.1000
0.1585E 01 C.2412 0.2000
0.1995E 01 0.2970 03000
0.2512¢8 01 Ga3462 0.4000
0.3162€E 01 C.3887 0.5%5000
0.3981F 01 0.6251 U.6000
0.%012€ 01 D.65061 0.7000
0.6310F 01 Gae4830 U.8000
0.7943E 01 C.506% U.9000
0. 10008 02 0.5278 1.0000
N.1259F 02 G.54172 1.1000
0.1985F 02 0.%96%) 1.2C00
0.1995Et 02 0.5824 1.3000
..2512F 02 0.5986 1.4000
0.3162F 02 O.6142 15000
. 3981E O/ Cob295 1.6000
0.5012F 02 Lebb&adS Lo 7CGOC
L. 63LOFE w2 00,6595 1.8000
N. 7943 02 0.6746 1.9000
0.1000¢ 03 C.6900 2.0000
ODel12%9t C1 O 71059 2.1000
G.1585t 03 Qi 12:2% 2.2000
C«1995%E (3 Ou.Tat] Z.3009
0.2512t ©3 CaT5BH 24009
0. 3162t G C.77b9 2.9%000
0.3981F 03 C.BNUT 2.6000
0.5012t 01} (1.8245 2.7000
N.6310t O3 0.85013 2.8000
C. 7943 03 GC.8785% 2.9000
1.0000F 03 0.9092 1.0000
U.1259t 0O« (L9424 J. 1000
D.1585%t U« C.9TH2 3.2C00
Oe¢ 1995E 04 0165 3.3000



w]EPw

TABLES OF
A =
X Y
ND.1141F 02 0.25128 04
D0.12%9t ©2 U.3162E O4
0.1395t 02 0.3981F 04

CURVE OF

J.0064

GROW ITH

LOG ¢

1.0572
1.0999
laloas

LEGL Y

3.4C00
3.500C
$.6000



X

0.1766E-C1
0.2222€8-01
0.2794£-01
0.3513€-01
0.4415E-01
0.5545€-01
0.6961E-01
0.8T733E-01
0.1094E-00
0.1370£-00
0.1713E-00
0.2137E-00
0.2661E-00
0.3305%€E-00
0.4090E-00
0.5041E 0O
N.6180€ 00
0.7529¢ 0O
0.9104¢ 0O
0.1091¢ 01
0.1294t 01
0.1%15€ 01
0.1751¢ 01
C.1993E Cl
0.2235t Ol
D0.2467F 01
0.2686E 01
0.2890¢ 01
0.3079¢ 01
C.3257¢ 01
D.3427¢ 01
0.35%93E 01
0.3157e 01
0.3921€ 01
O0.4086E 01
D.,4255¢ C1
C.4431E 01
J.4615t G
O.4811E 01
0.5023% 0!}
0.5255Et 01
0,552 Ol
0.5799E 01
C.b124E 01
Oe6496E Ol
G.6922F 01
Cuolalot O}
Ga.T7989F 01
0.865%3t Ol
D.2427¢ Ol
N0.1032f G2
C.ll13%¢t 02
N« 1256E 02
0.13938 02

153~

TABLES OF CURVE OF

A =
Y

1.0000E-02
0.1259€e-01
0.1585%E-01
0.1995E-01
0.2512€-01
0.3162¢-01
0.3981E-01
0.5012€-01
0.6310E-01
0.7943E-01
0.1000E-00
0.1259€E-00
0.1585€-00
0.1995%E-00
0.2512&£-00
0.3162F-00
0.3981£-00
0.5012& QO
0.6310€ 00
0.7943E 00
0. 1000 01
0.1259t 01
0.1585E Q1
0.199%c 01
0.2512¢ 01
0.3162t 01
0.3981¢ 01
0.5012¢& 01
0.63106 01
0.7943F 01
0.1000E 02
0.1259E 02
0.1585t 02
0.1995€ 02
0.2512¢ 02
0.3162€8 G2
0.3981t 02
0.50128 ©2
C.63108 02
0.7943t 02
0.1000¢ 03
0.1259¢ 03
0.1%58%t 03
0.199%¢ 03
Q0.2512F 03
0.3162€ 03
C. 39816 N3
0.5%012¢t 03
D.63108 03
Q. T963F 03
1.0000F 03
0.1259t Q4
D.158%t 04
Ge1995F 0

GROWTH

LG &

~le 7529
~l.6932
=1« 8537
~l.4543
"l.. 5551
-1.2561
=L 1573
-1.0589
-0.9609
-C.8632
-0. 7663
-0.6701
-0.5749
-0.4808
-0.3883
-0.,2975%
-0.2090
-0.1233
~U.04CE
0.03717
0o.1118
C.180%
0.2433
U.299%
0.3492
U.3922
OC.%292
C. 4609
L.4884
C.5128
0.%350
Ue.5555%
C.5748
0.5933
C.6113%
U.6289
Cab4b65
C.6642
C.6823
0. 7009
0.7206
GeTH113
Cia 1633
(. TBTO
L. 8127
0.B402
C.8T702
C.9025%
Cs 9372
0.9T44
1.01 3K
1.0554
1.098R
11440

ek Y

-2.0000
-1.9000
-1.8000
-1.7000
-1.6000
-1.5000
-1.4000
-1.3000
-1.2000
=1« 1000
-1.0000
-0.9000
-0.8000
-0.7T000
-0.6000
-0.5000
-0.4000
-0.3000
-0.2000
-0.1000
0.0000
0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000
1.1000
1.2000
1.3000
1.4000
1.5000
1.6000
1.7000
1.8000
1.9000
2.0000
2. 1C00Q
2.2000
2.3000
2.4000
2.5000
2.6000
2.7000
Z2.8000Q
2.9000
3.0000
3.1000
3.2000
3.3000



X

0.1T66E-01
0.2222E-01
0.,27T95E-01
0.3%513t-01
0.4415€E-01
D.55&4TE-01
0.6963E-01
0.8735E-01
0.1095E-00
0.13T7T1€E-00
C.1lT14E-00
0.214%0E-00
0.2665E~-00
0.3310€E-00
0.4097TE-00
J.5049F 00
0.6196E OO
D.7552E QO
O.49141E CO
0.1096k 01
0.1302E 01
0.1527Tt 01
D.1768TE 01
0.201%t 01
Q.22648 U1
0.2%05F 01
Q.2T35F @1
G.2950 C1
0.3153E 0l
G.3347L 01
O 39361 1,1
N.37T26F o1
Na3914t o1
N.«103F ol
C.u311F 21
D.6526F 1
0.4755t Ot
D.5004F 1
052719 ¢l
G.%5848 01
NeH929F 01
D.6319¢ 1
C.tbT&6E Ul
NDeT27T9+ 01
n.rar2t i

18554 i
De93IS0F G
G.102TE 02

.32 2
Ve f 293 H2
De} 398F wd

AL Bl

TARLES OFf
A =
Y

1.0000€E-02
0.12%59E-01
0.1585E-01
0.1995E-01
0.25128-01
0.31626-01
U 3981€-01
0.5012€-01
0.6310E-01
0.7943t-01
0.1000E-00
0.12%9t-00
0.1985E-00
Ue1995E-00
G.2512E~-00
0.3162E-00
0.3981E-00
0.5012€ 00
0.63108 0G
0.7943€ 00
0.1000€ 01
0.12%9t 01
U.1585¢ 01
0.1995¢ 01
G.2512¢ 01
Le3162E 01
U.3981F O}
G.5%012fF 01}
N.6310€ 01
Ve T943F O]
0. 1000F G2
0.12%9¢ 02
0.1585¢ 02
0.1995% 02
0.2512t 02
0.3162E 02
G.3981t G2
0.5%5012¢ 02

U.6310 CZ
Coe TINIE (2
0.1000f O3
Lel299t N3
2. 158%F 03

0.1995F 03
QudSl 88 O3
e 31628 03
0. 3941t ©3
J.5012¢8 03
C.6310F O3
De 7943 01
1.0000€ 3

GROW Tre

LOG x

~le T5293
-1.6%32
-1.5537
-1l.4543
-1.3%%0
-1 2560
~Ee b5 T2
-1.05487
-0.9606
-0.8629
-0.T659
—0.6697
~0.5743
~0.4RO2
-0.3875
~0.2968
-C.2079
-0.1219
~G.0390
00600
C.ll4%
C. 1837
C.2472
C.3043
0.3548
0.3989
Ca4369
(4699
O, 4957
G 52%7
C.54486
0.5710
G.5926
C.b6137
C.63486
C.6%%7
Cub112
G. 6993
o228
N.T7470
0.71273
O BT
O« B30U3
aB6Z1
O.H961
G.9324
Ce9T0H
1.0114
1+0%39
1.09K1
b & 5T

LEGL ¥

-2.0000
-1.9000
-1.8000
-1.7000
-1.6000
-1.5000
-1.4000
-1.3000
-1.2000
-1. 1000
-1.00600
~0.9000
-0.8000
-0.7000
-0.6000
-0.5C00
-0.4000
-C. 3000
-U.2000
-0« 1000
0.0000
0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
U« 7000
0.8000
0.9000
1.C000
L.1000
1.2000
1.3000
1.4000
1.50090
1.6000
1. 7000
1.8000C
1.3000
Z2.0000
2.1C00
2.2000
2.3000
2.4000
2.5C00
2.6000
2.7000
2.8000
2.9000
3.0000



0.17676-01
0.2223E-01
U.2795t~01
0,.,35146-01
UetuéalTt-01
UeH5549E-01
C.6964E-01
D.8742¢-01
0.1096€-00
O.1372¢-00
0.1716E-0G0
O.2143E~-00
0.2670E-00
0.3318E-00
D.4111E-00
ND.507T2¢F 0O
0.6228t 0O
0.7602€ CC
0.9212E 00
C.LI07E DI
0.1317E 01
O.15%&9E 01
0.1798F 51
8.20%57 D1
0.2320¢t (€1
C«257T9E 01
0.2929E 1
0.3068F 11
0.3297¢ ul
0« 3%22€F 0O}
D.3746F 021
0.39760 wul
D.215t 1
D.4468f 1
Naal4lt Ol
0.5038F ol
0.9366t (01
0.%733F 1
D.6la6Et Ol
O.6615t C1
S+ T151F 01
C.TT6%E 01
CG.8472t C1
Ne928st ol
D.10220 42
D.1129t Q2
Q:1252F 22
Oal3I2F C2

-155=-

TARLES OF
& =
Y

1.2000t-02
0.1259¢E-01
0.1585¢-01
0.1995€-01
0.25128-01
0.31628-01
0.3981E-01
0.5012E-01
0.6310E-01
0. 794 3E~-01
0.1000E-00
0.1259E-00
0.1585E-00
G.1995F-00
0.25128-00
0.31626-00
0.3981E-00
0.5012¢ OO
0.63108 GO
U. T943E OU
0.1000¢ 01
U« 12598 01
0.1585¢ 01
0.1995¢ 01
0.2%12¢ 01
Ue 3162 01
2.3981t 01
0.5012¢ 01
GC.56310¢ 0O1
D 1943 01
0. 1000t 02
0.1259¢ 02
0.1585t 02
0.199% O

0.25%12¢ 02
O.3162f 02
f.3981t 02
D.9012¢8 02
C.6310t 02
O.79643F 02
C.1000t O3
0, 12%9¢ 03
D.1%85%t Q3
0. 1395 3
Ns25L2¢% 03
(s 116245 O3
U 1981F 03
G.5%ul2t N3

CURVE OF

0.0512

GROWTH

Lne x

-1 1948
-1.6%131
-1+5%936
~1.454]
-1.3549
~1e 2958
-1:157TD
-1.0584
~0.96C2
~0.8675
-0 71654
~0. 6690
~0.573%
~CeT91
-U. 38061
~C.2948
“0.2057
-0. 1191
~0s0357
0.0441
0:119%
C. 1RB99
Ce2547
SRl 3B
0.3655%
C.411%
O.451¢
0.4848
C5182
(.5468
Q+5T36
CeS5994
(e 624R
Ce 6502
0.6759
0. 7023
CuT297
CaTS04
C.78H6
0.820%
0.8%544
C.B9C2
Ne92HT
L.96TH
1.0044%
1. 0%27T
1.097%
lele 3%

O I P

-2. 0000
-1.9000
-t.8000
~)« TOBD
-1.6000
-1.%000
~-1.4000
-1.3000
~1.200U
-1.1000
-1.000C
-0 9000
Q. BO0C
-0.7000
-0.6000
-V.5000
~U. 4000
-0. 3000
-0.2000
~0.1000
0.0000
Q.1000
0.2000
0.3000
0.4000C
0.5000
0.6000
0.7T000
U.8000
0.2000
{1.0000
1.1000
1.2000
1.3000
1.4000
1.5000
1.6000
1. 7000
1.8009
1.9000
20000
2.1000
2.2000
2: %090
2.400°7
2.5000
2.6000
2 1000



X

0.1767E-01
0.2223E-0!
0.27196E-01
0.3516E-01
0.4419t-01
0.55%92€6-01
0.6973E-01
0.8751E-0C1
0.1097E-00
0.1375€-00
0«1720E-00
0.2149E-00
0.2680E-00
0.3333E-00
0.4134E-00
0.5108F 0O
0.6283E 0O
0.7686E 0O
0.9340E 0O
0.1126E 01
0.134%E 01
0.1589t 01
0.1855E C1
0.2136F 01
D«2426E O1
D« ZTITE D)
0.300%E ©1
0.3288F 01
0.3568E 01
0.3850E Ol
0.4140t C1
0.4445E 01
D.4774E CO1
C.5131F 01}
0.5526E 01
0.596TF 01
D.6463F 01
0.7024t 01
0.7663F Ol
0.8393F 01
0.9226L 01
0g.1018t 02
0.1127¢ 02
0.1251t 32
0.1391t 02

-156-

TABLES UF
A =
Y

1.0000t-02
0.12%9-01
0.158%€E-01
0.199%€-01
0.2512€-01
0.31626-01
0.3981E-01
0.5012€-01
0.6310E-01
0.7943E-01
0. 1000E-0C
0.1259€-00
0.158%E-00
0.199%E-00
0.2512E-00
0.31626-00
0.3981E-00
06.5012E 00
0.63108 0OGC
0.7943E 00
0.1000t Q1
0.1259E 01
0.1585t 01
0.1995€ 01
0.2512€ 01
0.3162€ 01
U.3981E 01
0.5012¢ 01
0.6310E 01
0.7943t 01
0.1000f 02
D.1259¢ 02
0.1585€E 02
0.199%¢ 02
0.25128 C2
0.31628 02
0.3981F 02
0.5012E 02
0.63108 02
0.7943E Q2
0.1000E 03
0.1259¢ 03
0.1585¢ 03
0.1995%¢ 03
0.2%12¢ 03

CURVE OF GROWTH

LOG x

=le 1527
-1.6531
-1.5535%
~1.4540
-l.3547
-1.2555
-l.15066
-1.0579
-G 9596
-0.8617
~0.7644
"Oo 66 77
-0a5719
~0.4771
-0.3836
-0.2917
-0.2018
-0.1143
-0.0297
C.0515
Gel286
0.2010
C.2682
0.3296
0. 3849
Caeb341]
O.4779
0.5169
0e5524
0.5854
Ce6170
C.6479
0.6789
0.7102
C.Ta24
0 TTS7T
C.B8l04
0. 8466
C.8844
"0.9239
0.9650
1.0077
1.0%18
1.0971
1.1435

LG Y

-2.0000
-1.9000
-1.8000
-1.7000
-1.6000
-1.%000
-1.4000
-1.3000
-1.2000
-1.10600
-1.0000
-0.9000
-0.8000
-0« 7000
-0.6000
-Q0.%000
~-0.4000
-0.3000
-U.2000
-0.1000
0.0C00
0.1000
0.2000
Ue 3000
U0.4000
0.%5000
0.6000
0.7000
0.8000
0.9000
1.0000
1.1000
1.20600
1.3000
1.4000
1.5000
1.6000
1.7000
1.8000
1.9000
2.0000
2.1000
2.2000
2.3000
24000



X

0.177T0E-01
0.2229€-01
0.2805E-01
0.3530E-01
O.4441E-01
0.5986E-01
0.7023E-01
0.8B34E-01
0.1110E-00
0.139SE-00
C.1752€E-00
0.2199E-00
0.2758E-00
0.3455E-00
0.432%E-00
0.5402E 00
C.6739E 00
0.8384E 00
0.1040E O1
0.1286F 01
C.1584E C1
0.1940E 01
0.2362E 01
0.2856E C1
0+34258 01
0.4071L O1
C.4792t C1
0.55B85E 01
D.bbab6E 01
0.7376E 01
C.B378E Ol
U.946TF 01
0.1066E 02
0.1197€ G2
0.1343 02

w) B

TABLES OF CURVE (OF GROWTH

A =
Y

1-0000€-02
0.1259t-01
0.1585E-01
0.199%€-01
0.2512t-01
0.3162E-01
0.3981E-01
0.5012€-01
0.63106~01
0.7943E-01
0.1000E-00
0.1259€-00
0.1585%€£-00
0.1995€E-00
0.2512€-00
0.3162€6-00
0.3981E-00
0.5012¢ 00
0.6310F 00
O« 7943F 00
0.1000¢ 01
0.1259¢ 01
0.1585¢ 01
0.1995€ 01
0.2512¢ 01
0.3162F 01
0.3981F 01
0.5012¢ 01
0.63108 Ol
0.7943F 0.
0.1000FE 02
C.1259€ 02
0.1585€ 02
0. 1995%€ 02
0.25%12¢ 02

LOG «

-1.7520
-1.6%19
~-1+55%21
-l.4523
~-1.3526
-1.25%29
-1:1535
-1.0539
~0.9546
-0.8554
—0.T7%64
-0.6577
-0.5994
~0.4616
~-0.3640
~0.2674
~0.1714%
-0.0766
0.0171
0.1094
0.1997
0.2879
0.3734
C.4558
D.5347
0.6097
0.6805
0.T7470
0.8093
C.B6T78
0.9232
Ge9762
1.0276
1.0782
1.1282

LiG Y

-2.0000
-1.9000
-1.8000
-1.70600
-1.6000
-1.5000
-1.4000
-1.3000
-1.2000
-1.1000
-1.0000
-0.9000
-0.8000
-0.T7000
-0.6000
-0.5000
-0.4000
-0.3000
-0.2000
-0.1000
0.0000
0.1000
0.2000
0.3000
0.4000
0.5000
0.6000
0.7000
0.8000
0.9000
1.0000
1.1000
1.2000
1.3000
1.4000



(1)

{2)
{3
i)

(%)
{6)
{7)
{8)
{9}

(10)
{11)
{12}

(13)
{14)

(13)
{16)
(17)

{18)
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