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space where there is chaotic motion), more specifically heteroclinic and homo­

clinic tangles for the open and closed flow, respectively. 10 •17 The boundaries 

of these tangles are defined by the global stable and unstab le manifolds of 

hyperbolic fixed points in a 2D Poincare section which represents the fluid 

at discrete sample times t = n E Z (see Figure 6.1). A particularly relevant 

interface is the one defined by the segment of the unstable manifold associated 

with one of the so-called turnstile lobes, as shown in Figure 6.1. The symbolic 

dynamics construction of Chapter 3 for the entire interface explicitly portrays 

the rich variety of stretch scales, spatial scales, and temporal scales associated 

with stretch processes in the tangles. Faced with a wide variety of stretch 

processes, it is by no means obvious that previous simple mult ifractal models, 

such as one in which the underlying stretch process is modeled by a binomial 

multiplicative process,8 •9 capture the true stretch statistics. For example, con­

sider in Figure 6.2 some stretch profiles for the open and closed flow , i. e., plots 

of stretch versus initial arclength along the interface (refer back to Chapter 3). 

These two profiles are markedly different as a simple consequence of different 

flow geometry and flow parameters (e.g., the hyperbolic fixed point's unstable 

eigenvalue is significantly higher in the closed flow, and there are more fixed 

points in the open flow tangle), which determine the non-uniformity of the 

profiles, as described in Chapter 3. The open flow profile is, loosely speaking, 

evolved from a fairly even mix of scales and a more uniform stretch profile, 

and seems a candidate for Gaussian stretch statistics. In stark contrast, the 

closed flow shows a highly non-uniform stretch profile with very good stretch­

ing highly localized on very small spatial scales. Additionally, the vertical 

dashed lines in the figures denote points on the interface which intersect the 

stable manifold, and hence asymptote to a hyperbolic fixed point , so that as 

one gets closer to these points along the interface, the time interval associated 

with revolution around the homoclinic/heteroclinic core goes to infinity. It 

seems plausible that the stretch statistics are qualitatively different for the 
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two flows, motivating a numerical study. 

6.3 Distributions of finite-time Lyapunov ex­
ponents 

Let P(>.(n); n) denote the probability distribution at the nth cycle (t = 

n E Z) of the finite-time Lyapunov exponent >.(n) = ln(bs(n)/bs(O))/n, where 

bs(n) denotes the length at the nth cycle of an infinitesimal line segment that 

originates along our interface. Studies of finite-time Lyapunov exponent distri­

butions that monitor a fixed number of particles would approximate P( >.( n); n) 

as the percentage of particles per bin width c5>. at a given >.( n) bin. In contrast, 

we employ a point insertion scheme that maintains the covering of our interface 

to within a certain width (chosen to be about one percent of the mean vortex 

separation). When we insert a new point along the interface, its associated 

stretch history is interpolated from the two neighboring points (accurate for a 

dense enough interfacial grid), and the initial arclengths of the line segments 

associated with the inserted and neighboring points are adjusted. The result 

at the nth cycle is thus a partitioning of the interface, of total length St ot(n ), 

into a set of small line elements {bsi(n) I I:i bsi(n) = Stot(n)}, each of which 

has a specified stretch bsi(n)/bsi(O) and initial arclength bsi(O). The stretch 

and initial arclength can vary greatly along the interface; hence, an improved 

approximation of P( >.( n ); n) is given by the percentage of the interface's initial 

arclength per bin width c5 >. in the >.( n) bin: 

1 
P(>.(n); n) = b>. 

i 
>.;(n)E>.(n) bin 

(6.2) 

where >.i( n) is the finite-time Lyapunov exponent associated with the ith line 

element. 

We find for our class of chaotic tangles that high-stretch tails of the stretch 

distributions can range from essentially Gaussian to nearly exponential. This 



-355-

range of behavior is illustrated by plotting the distributions on a logarithmic 

scale and then scaling the vertical axis with division by n, which exploits our 

high resolution calculation at the high-stretch tail (see Figure 6.3). The open 

flow tail, which corresponds to a more uniform stretch profile, is by n = 10 

essentially Gaussian. The closed flow tail, which corresponds to a more non­

uniform stretch profile with extremely good stretching highly localized in small 

spatial scales, appears by n = 10 to be almost exponential. With increasing 

n the closed flow tail, in addition to smoothing out, appears to be flattening 

and extending downwards and to the right. This transient behavior is easily 

understood by the fact that it takes a few cycles for the first few portions 

of the interface to approach the region local to the hyperbolic fixed point; 

hence with increasing n the line segments in this local region will have spent a 

larger percentage of time there and their associated .A( n) increases. The right­

most point in the distribution is thus asymptoting to A ~ 5 associated with 

the linearized flow local to the hyperbolic fixed point. By n = 10 the tran­

sient behavior of the scaled distributions has decayed considerably, so that, 

for example, the n = 9 and n = 10 distributions lie essentially on top of one 

another. One can thus confidently claim in the closed flow example significant 

non-Gaussian behavior on short and medium time scales, and it seems plau­

sible this behavior persists asymptotically under the present scaling. Though 

one might be tempted to draw a definitive conclusion about the asymptotic 

distribution, we avoid this temptation for two basic reasons . First, an appear­

ance of convergence can be deceptive in the context of stretch distributions, for 

the distributions can vary slowly over long time scales; for example, because 

all particles on the open flow interface (except those which intersect the stable 

manifold) asymptote infinitely far away from the hyperbolic fixed points, the 

maximum of the open flow distr ibution asymptotes very slowly to A = 0, and 

asymmetries in the distribution can slowly set in. Hence, comparing a few 

successive iterates for convergence can be meaningless in the context of dis-
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tributions. Second, asymptotic results can depend on choice of scaling. Our 

scaling via contraction of the vertical scale (dividing by n) is consistent with 

that of previous investigators1 •5 (we neglect a small transient term that some 

choose to keep in the scaling). There are of course other possible scalings, 

however, such as the one employed in the central limit theorem, where one ex­

pands the horizontal scale .\(n)--+ (.\(n)- p(n))y'riju(n), with p(n ) the mean 

and u( n) the standard deviation of the distribution. Different scalings can give 

different asymptotic results; for example, a binomial distribution asymptotes 

to a Gaussian over any finite interval of its domain under the above horizontal 

scaling, but not under the previous vertical scaling. This horizontal scaling 

result (in keeping with the central limit theorem) is caused by pushing any 

tail deviations out to infinity, a wise scaling if one wishes to ignore vanishingly 

small probability values. However, in the context of stretching, it is not obvi­

ous that we wish to scale these deviations away, since small probability values 

are associated with high stretch values. Hence the vertical scaling is useful, 

and we are additionally motivated to study the effects of tail deviations in a 

scaling-independent framework, which is the focus of the next section. 

6.4 Asymptotic result 

If a small portion of a physical ensemble has a profound effect on the 

evolution of the ensemble, one should presumably be interested in this small 

portion. The closed flow non-Gaussian deviations associated with the high­

stretch tail indeed correspond to a small percentage of the initial interface 

arclength, as is clear in Figure 6.4. Hence we ask: can these non-Gaussian de­

viations have a significant effect on interfacial evolution? This question can be 

studied in a simple setting that exploits r apid convergence of a single scalar 

quantity, the exponent associated with the growth rate of the total length 

of the interface. Let Ra ( n) denote the total length of the actual interface, 

and £
9
(n) denote the total length of the interface whose stretch statistics are 
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described by the corresponding Gaussian approximation. A measure of the rel­

evance of the non-Gaussian deviations is thus the length ratio f 9 (n)/fa(n). If 

this ratio is significantly less than one, then the non-Gaussian deviations have 

a significant effect on the interface. For the open flow interface the values of 

ln(fa(n))/n and ln(f9 (n))/n are essentially equal over the short-time calcula­

tion (which went ton = 11), as one would expect from Figure 6.3(a); hence, 

one cannot easily conclude that any non-Gaussian deviations are significant. 

For the closed flow, however, Figures 6.5(a) and (b) indicate for fa(n) and 

f 9 (n) fairly rapid convergence with increasing time to the relations 

ln(fa(n)) ~ O.S7 
n (6.3) 

ln(f9 (n)) 
___;:._.::__..:........;...;_ ~ 0.65. 

n 

This would indicate rapid convergence of the length ratio to a time dependence 

fg(n) -0.22n --rv e 
fa(n) · 

(6.4) 

Hence it appears that the length ratio asymptotes to zero, giving strong indi­

cation of the relevance of the non-Gaussian tail in the evolution of the closed 

flow interface. This observation indicates the need for highly-resolved finite­

time numerical studies of statistical distributions; poorly resolved asymptotic 

studies may miss relevant features of the statistics. 

6.5 Models 

Given a numerical observation of non-Gaussian high-st retch tails, and an 

indication of their significance, one would like to have a better appreciation of 

the range of high-stretch statistics. A key feature in determining the statistics 

is seen to be the non-uniformity of the perturbed stretch profiles, which in 

turn is related to the non-uniformity of the corresponding unperturbed stretch 

profiles, as described in Chapter 3, and portrayed again in Figure 6.6. As the 



-358 -

unperturbed profiles become more non-uniform, good stretching is weighted 

more towards the endpoints of the profiles (see Figure 6. 7). As a result, the 

perturbed profiles become more non-uniform, with good stretching weighted 

more towards the secondary intersection points (SIP's) of the profiles (refer 

back to the examples in Chapter 3), entailing progressively better stretching 

associated with progressively smaller spatial scales (smaller initial arclength 

of the interface) , and progressively longer time intervals for revolution around 

the homoclinic/heteroclinic core. 

One approach to understanding the stretch statistics exhibited by inter­

faces evolving in chaotic tangles is to search for elementary models for the 

stretch processes that capture the observed statistical behavior, the goal be­

ing to obtain the simplest model possible which respects the essential features 

of the actual stretch processes. We consider here some elementary models for 

stretch processes under chaotic flows consisting of iterative processes acting 

on the unit interval [0,1]. The domain represents an interface, parametrized 

by initial arclength, and the value defined over this domain represents t he 

stretch experienced by the interface, taken initially to be one throughout the 

domain for all the models . The simplest model, motivated by the horseshoe 

map, would have a single stretch p acting over the entire unit interval. The 

result would be a finite-time Lyapunov exponent equal to ln(p) defined over 

the entire domain, giving for a stretch distribution a delta function centered at 

..\( n) = ln(p ). Such a model is obviously inadequate as a consequence of con­

taining only a single stretch, so we proceed to a more complicated model that 

has two stretches, entailing a binomial multiplicative process (see Figure 6.8). 

Partition the unit interval into two equal ha lves and multiply by p on one 

half, q < p on the other half. Repeat this process to each half, then to each 

resulting quarter, and so on. This procedure is a canonical construction of a 

multifractal, which is heuristically described as a set of fractals, each with its 

own weighting and dimension (see, for example, Feder18 for an introductory 
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account). The result at the nth step is a set of stretches 

(6.5) 

with corresponding domain widths given by the binomial distribution 

{ 
n! 1 . } 

i!(n- i)! 2n; ~ E [0, n] . (6.6) 

These expressions give a set of finite-time Lyapunov exponents 

{-xi(n)= ~ln(p)+(1- ~)ln(q);iE [O,nJ} (6.7) 

with corresponding asymptotically invariant scaled probability distribution in 

the large n limit 

ln(P(.X(n); n)) = -{(ln(O + (1- 0ln(1- 0 + ln(2)}, (6.8) 
n 

where 
e- .X(n)- .X(n)min 

.X(n)max- .X(n)min' 
(6.9) 

as follows from Stirling's formula and sending the transients to zero. The 

Gaussian fit to this distribution, determined by requiring the same curvature 

at the maximum, is 

ln(Pgauss(A(n);n)) = _ 2(( _ !.?. 
n 2 

(6.10) 

The resulting stretch distribution for any p =/= q is shown in Figure 6.9. The 

model obviously lacks the freedom to capture the range of high-stretch tails 

found earlier. For example, there is no way to get a nearly exponential tail 

out of this model in a limiting regime. This model appears inadequate since, 

although it contains two stretch scales, it contains only one spatial scale, thus 

not respecting the possible occurrence of very good stretching distributed over 

very small spatial scales. 
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An improved model might be then to make the division of the domain 

and successive subdomains weighted by some ratio (:3 : (1 - (:3), 0 < (:3 < 1, as 

shown in Figure 6.10. The result at the nth step is then a set of stretches 

(6.11) 

with corresponding domain widths 

(6.12) 

For example, one might take (:3/(1-(:3) oc qfp, so that as the disparity in the two 

stretches increases, the disparity in spatial scales increases, and in particular 

better stretching is associated with smaller spatial scales. Equation ( 6.11) 

again gives a set of finite-time Lyapunov exponents 

{ 
i i . } >.i(n)= ;;-ln(p)+(1- n)ln(q);z E [O,n], 

with corresponding asymptotically invariant scaled probability distributions 

in the large n limit given by 

ln(P(>.(n); n)) = -{~ln(0+(1-0ln(1-0-0n(f3) - (1 - 0ln(1-,8)}, (6.13) 
n 

again from using Stirling's formula and sending transients to zero, and where 

~ is again given by equation (6.9). The Gaussian approximation, using the 

same prescription as in the previous binomial model, is 

ln(Pgauss(>.(n);n)) = _.!_{.!. + _1_}(~ _ (:3)2. 
n 2 (:3 1-(:3 

(6.14) 

The resulting stretch distributions are shown in Figure 6.11 for decreasing 

values of (:3. On the one hand, the results look more promising, for in the limit 

(:3 ~ 0 one recovers an exponential tail. Hence by varying (:3 from 1/ 2 to 0, 

one can vary the high-stretch tail from nearly Gaussian to nearly exponential. 

In the limit ,8 << 1, equation (6.13) gives 

ln( P( >.( n ); n)) ~ ~ln(fj), 
n 

(6.15) 
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valid for e > emin, where emin is some minimum value that vanishes in the 

limit f3--+ 0. If we take f3 ,....._ p-1 in the limit f3 << 1, a reasonable choice for 

a closed incompressible flow and consistent with the numerical observation of 

good stretching localized on small spatial scales, then ..\( n) ~ -eln(f3) (again 

fore > emin, where emin --+ 0 as (3--+ 0) and equation (6.15) gives 

ln(P(..\(n); n)) ~ -..\(n), 
n 

(6 .16) 

an exponential tail with slope minus one. Clearly, however, this weighted 

binomial multiplicative process does not capture the numerically observed 

statistics, since it approaches an exponential high-stretch tail at the expense 

of the domain of the Gaussian hump, and for no parameter values do we find 

a nearly exponential tail with a Gaussian hump defined over a sizable domain, 

i.e., we can find nothing resembling the closed flow distribution. 

We thus again search for an improved model, and a trinomial multiplica­

tive process (with weighted divisions of the domain) seems promising, the 

rationale being that as we let one of the three stretches become very large, 

we will have two other stretches to help us control the Gaussian hump. An 

example of this process is shown in Figure 6.12. In an effort to capture the 

closed flow statistics, we will take p and q to be reasonably small (0(1)) with 

r much greater (r >> 1). We take the width of the r strip to be r- 1 , and the 

widths of the p, q strips to each be (1- r-1 )/2. This process then attempts 

to model a highly non-uniform stretch process, with good stretching highly 

localized on very small spatial scales. The result at the nth step is then a set 

of stretches 

(6.17) 

with corresponding domain widths 

1 (1 -l)i+j 1 } n. - r . . 0 . . < 
{ .1.1( _·_ .)1 2i+i n-i - j;z,JE[ ,n],z +J _ n. 

t.). n z J . r 
(6.18) 
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The resulting set of finite-time Lyapunov exponents is 

{ Aij(n) = !._ln(p)+jln(q)+(1-i__j)ln(r);i,j E [O,n],i+j::; n}. (6.19) 
' n n n n 

Since this set depends on two independent variables i and j, we need an 

intermediate step to get the asymptotically invariant probability distribution 

in the large n limit. We first write 

ln(P(..\i,j(n); n)) 
n 

(6.20) 

followed by 

P(..\(n); n).6...\(n) = (6.21) 
i ,j 

Ai,j (n)EA(n) bin 

Figure 6.13 shows the scaled probability distribution determined by the above 

prescription. Figure 6.13( a) is the result of an effort to obtain ballpark agree­

ment with the closed flow distribution. For example, we take r ::::::::: exp(Au), 

where Au is the unstable eigenvalue of the closed flow hyperbolic fixed point 

at the origin, and p, q are chosen with the aim of obtaining a similar Gaussian 

hump. For this still rather crude model we do not try to account for con­

traction, however, and simply deal with three stretches. At first glance the 

distribution compares well with that of the closed flow. The curvature of the 

high-stretch tails are nevertheless still significantly different, as highlighted 

in Figure 6.14. As in the weighted binomial process, we can make the high 

stretch tail of the trinomial model arbitrarily close to exponential, but at the 

expense of either 

(i) making the width of the Gaussian hump smaller, by decreasing (p- q) / r, 

or 
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(ii) having the peak of the Gaussian hump occur at a smaller -\(n), by de-

creasing (p + q)jr. 

An example of (i) is shown in Figure 6.13(b)- by making (p- q)Jr smaller, 

the high-stretch tail is slightly more exponential, but at the expense of a much 

skinnier Gaussian hump; indeed, non-Gaussian deviations exist for significant 

probability values, which is why we do not try to approximate the distribu­

tion with a Gaussian. For the weighted trinomial stretch process, then, one 

can choose parameter values to obtain approximate agreement with the closed 

flow distribution, but it appears as though small but fundamental differences 

remain. There are several avenues one may pursue with more complicated 

models having multiple stretch, spatial, and even temporal scales. Such av­

enues are best pursued in the context of a more systematic numerical study of 

the stretch models (to obtain a precise idea of what needs to be modeled) and 

more serious effort at constructing models that adequately respect the fairly 

complicated underlying symbolic dynamics. We thus end our study of stretch 

models here, the primary purpose of the chapter being to point out the range 

of high-stretch statistics afforded by the fairly complicated stretch processes 

found in chaotic tangles, the significance of these high-stretch tails, and the 

need for high-resolution numerical studies of stretch statistics. 

6.6 Concluding remarks 

There is a rich variety of stretch, spatial, and temporal scales associ­

ated with stretch processes in chaotic tangles, and this entails finite-time Lya­

punov exponent distributions that show great variation in the nature of the 

high-stretch tails, ranging from essentially Gaussian to nearly exponential. In 

particular, highly non-uniform interfacial stretch profiles (that contain for ex­

ample very good stretching defined over very small spatial scales) can entail 

significantly non-Gaussian high-stretch tails, that have a significant effect on 
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the evolution of the system, such as the rate of interfacial elongation, and 

have direct impact on the multifractal characteristics of striation widths in 

the limit of small spatial scales. Since these deviations may be apparent only 

at very small probability values, high-resolution studies of stretch statistics 

are motivated. 

References 

[1] P. Grassberger, R. Baddi, and A. Politi, J . Stat. Phys. 51, 135 (1988). 

[2) M.A. Sepulveda, R. Badii, and E . Pollak, Phys. Rev. Lett. 63, 1226 

(1989). 

[3] T. Horita, H. Hata, R. Ishizaki, and H. Mori, Prog. Theor. Phys. 83, 1065 

(1990). 

[4) F.J. Muzzio, P.D. Swanson, and J.M. Ottino, Phys. Fluids A 3 , 822 (1991). 

[5) F. Varosi, T.M. Antonsen, Jr., and E. Ott, Phys. Fluids A 3, 1017 (1991). 

[6) R.T. Pierrehumbert, Phys. Fluids A 3, 1250 (1991). 

[7) H.D.I. Abarbanel, R. Brown, and M.B. Kennel, J. Nonlinear Sci. 1, 175 

(1991). 

[8) J .M. Finn and E. Ott , Phys. Fluids 31, 2992 (1988). 

[9) E . Ott and T .M. Antonsen , Jr. , Phys. Rev. A 39, 3660 (1989). 

[10) D. Beigie, A. Leonard, and S. Wiggins, Phys. Fluids A 3, 1039 (1991). 

[11) S. Balachandar and L. Sirovich, Phys. Fluids A 3, 919 (1991). 

[12) A. Vincent and M. Meneguzzi, J. Fluid Mech. 225, 1 (1991). 

[13) Z. She and S.A. Orszag, Phys. Rev. Lett. 66, 1701 (1991 ). 

[14) R. Benzi, L. Biferale, G. Paladin, A. Vulpiani, and M. Vergassola, Phys. 

Rev. Lett. 67, 2299 (1991). 

[15] J.P. Gollub, J. Clarke, M. Gharib, B. Lane, and O.N. Mesquita, Phys. 

Rev. Lett. 67, 3507 (1991). 

(16] E.S.C. Ching, University of Chicago preprint. 



- 365-

[17] V. Rom-Kedar, A. Leonard, and S. Wiggins, J. Fluid Mech. 214, 347 

(1990). 

[18] J. Feder, Fractal8 (Plenum Press, New York, 1988). 



2 

1.5 

y 

1 

0 .5 

0 

1.5 

1 
y 

0.5 

0 

-0.5 

-366-

pl 
(a) 

-0.5 0 0 .5 
X 

Figure 6 . 1 Segments of stable (dashed-dotted ) and unst able (dashed) m anifolds of 

hyperbolic fixed points (solid squares) in ~' and our chosen interface (solid line) for 

the (a) open and (b ) closed flow. T he vortices are at (x,y) = (0, ±1) at t = n E Z, wit h 

magnit ude of circulation r = 0.4(211" )2 and (a ) € = 0.085 · 211" , (b ) € = 0.02 · 27r. 
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F igure 6 .2 Plots of stretch profiles for (a) the open flow at n = 6 and (b) the closed 

flow at n = 5, where s( n) denotes arclength along the interface (increasing from pl to 

p2). The stretch profiles are plots of stretch hs(n)fhs(O) on a common logarithmic scale 

versus initial arclength of t he interface s(O). 
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Figure 6.3 (a) Scaled open flow stretch distributions (solid lines) at sample t imes n = 

4 , 6, 8, 10. The dashed lines are Gaussian approximations, defined by h aving the same 

m ean and standard deviation of the actual distributions. 
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F igu re 6.3 (b) Scaled closed flow stretch distributions (solid lines) at sample times n = 
4, 6, 8, 10. The dashed lines are Gaussian approximations, defined by having the same 

mean and standard deviation of the actual distributions. The Gaussian approximation 

fits the actual distributions well except for very small probability values. 
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.X(n) 

Figure 6.4 The closed flow stret ch distribut ion (solid line ) a t n = 10 agrees well with 

the Gau ssia n approximation (dashed line) for t he range of prob abilities shown . 
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Figure 6.5 Exponents associated with the growth rate of interfacial length. Note that 

the closed flow computation of i 9 ( n) is performed over 40 cycles to ensure convergence. 

This computation is performed with a fixed number of points; we verified that it does 

not affect the statistics associated with the Gaussian approximation i 9 (n) (since ignoring 

the high-stretch tail does not significantly alter the Gaussian approximation). 
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Figure 6.6 Heuristic portrayal of the unperturbed stretch profile approximately repeat­

ing itself on smaller and smaller scales (refer back to Chapter 3, and recall the rather 

cartoon-like nature of this portrayal). 
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Figure 6. 7 As the unperturbed stretch profile becomes more non-uniform, good stretch­

ing is weighted more towards the endpoints, entailing that good stretching will be 

weighted more towards the SIP 's in t he perturbed case. 
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Figure 6.8 The (a) first and (b) second iterate of the binomial m ultiplicative process. 
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Chapter 7 

Concluding remarks 
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The principal theme of this study has been the use of global stable and 

unstable manifolds of invariant hyperbolic sets as templates for studying the 

dynamics within classes of homoclinic and heteroclinic chaotic tangles, focusing 

on transport, stretching, and mixing within these tangles. These templates are 

exploited in the context of lobe dynamic~ within invariant lobe structures formed 

out of intersecting global stable and unstable manifolds. The princip al goals 

have been three-fold. 

(i) Extending the template~ and their application~ to fundamentally larger 

cla~ses of dynamical systems. In particular, we have generalized many 

of the canonical dynamical systems constructs associated with 2D time­

periodic vector fields to apply to 2D vector fields with more complicated 

time dependences, focusing on multiple-frequency time dependence. The 

encouraging result is that most of the single-frequency constructs are ro­

bust, entailing some appealing generalizations. The study offered here is 

of course a preliminary step in what should be fairly promising subject 

matter, with much remaining to be pursued. A variety of other extensions 

have been and remain to be performed. For examp le, the one degree­

of-freedom transport theory has been generalized to classes of multiple 

d egree-of-freedom Hamiltonian systems with hyperbolicity in one degree­

of-freedom and toroidal intersection manifold geomet r y, 1 and a significant 

achievement would be to further extend to more general classes of multiple 

degree-of-freedom Hamiltonian systems. 

(ii) Expanding the description of dynam i cs offered by the t emplates. Prior work 

in the context of lobe dyn amics has b een principally concerned with phase 

space transport associated with ensembles of points uniformly distributed 

throughout phase space . Hence our study of stretching and mixing in the 

context of lobe dynamics can b e viewed as an example of such an expan­

sion. Indeed examples are found even with phase spa ce transport , such 
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as the study of lobe penetration into the action or energy coordinate, or 

equivalently of transport of an ensemble of points that originate on a level 

set of the unforced Hamiltonian. Additionally, though a selling point of 

lobe dynamics studies is the nonstatistical framework, a pursuit of statis­

tical studies within the backdrop of lobe dynamics, such as distributions 

of finite-time Lyapunov exponents, affords another promising example. 

(iii) Strengthening the interplay between dynamical systems analysis and chaotic 

nonlinear physical phenomena. We have been primarily interested in chao­

tic fluid flows and molecular dynamics problems, and there are of course 

many other physical examples, such as kinematic dynamo problems, ce­

lestial mechanics problems, and so on. We stress how basic nonlinear 

physical processes - mixing, stirring, dissociation, magnetic field ampli­

fication, etc. - are inherently and fundamentally related to the underlying 

chaotic dynamics. The interplay between dynamical systems theory and 

nonlinear physical processes is indeed quite fruitful. The global, geometri­

cal approach of dynamical systems analysis motivates new ways of thinking 

about nonlinear physical phenomena, an example being the use of invariant 

manifolds in non-integrable systems to distinguish between qualitatively 

different types of motion, such as bounded and unbounded motion, and 

to identify and study the transitions between the two. Conversely, phys­

ical phenomena motivate new dynamical systems analysis. For example, 

the desire to study chaotic advection under more realistic fluid velocity 

fields motivated the multiple-frequency extension, and the desire to study 

interfacial stretching and the mixing of passive scalars across interfaces in 

fluid flows motivated the horseshoe map extension. Though the dynamical 

systems community has conventionally been interested in asymptotic be­

havior and infinite-time dynamics, the finite-time nature of basic nonlinear 

physical processes, such as mixing and dissociation, implies that much of 
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our study of dynamics is explicitly interested in finite-time dynamics and 

transient phenomena, relatively virgin territory from a dynamical systems 

perspective. 

Though dynamical systems theory can be elegant and insightful, it never­

theless applies to fairly limited contexts, and the general pursuit along the lines 

of (i) - (iii) offers a promising endeavour in the effort to make dynamical sys­

tems theory apply more robustly to descriptions of physical reality. There will 

of course always be fundamental restrictions on a dynamical systems descrip­

tion of nonlinear behavior, but this will be the case for any nonlinear theory or 

method. Though conventional disciplines have a tendency to judge dynamical 

systems theory on what it cannot do for any particular discipline, there is merit 

in judging the theory on what it can do, and seeing how far dynamical sys­

tems theory can go as a framework for studying a wide spectrum of nonlinear 

physical phenomena. 
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