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where 6 = £x-wt, and the slow scales are X = ¢x, T = e¢t. We retain
terms of O(ez) in the Lagrangian and we take |'y] = 62. The form of

the derivatives of A and P is

At = wa sinB + ¢ aTcose,
A = Xa sinb + € a5, cosb,
X X
(V.2)
AY = ancos&
2 = .
Pt = (-wb+e BT):os B+ ¢ (b,I,+wb )sinf

Placing these forms into the Lagrangian and integrating over 2w, we

obtain
€ uoz aF)
g = o(wZ_CZKZ) 2 _wab _ bZ
4 2 4 2
600.)
€
_ 2{ o[ 20 Bl 2 ]_ 1 2
te T a.T-C (aX +aY) " wz (ZbiT—(bT+wE)
€%

3 wz bz)} —l——z .
32 ¢ w
To reduce this to a useful form the Euler equations obtained by variation
of b and b are used to eliminate those variables. Then we are left
with a Lagrangian in terms of a, K and (@ which is used in the normal
way to generate the dispersion relation and wave action. Since we are
looking for plane wave solutions we shall not be concerned with terms

involving W and W hence these are neglected.
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Algebraic difficulty is minimized by observing the form of £
and eliminating b first. We write the averaged Lagrangian in the

form

2 2 2 -
£ = Qla +ZQ2ab+Q3b + e £1(a.,b,b)

Variation with respect to b gives
QZ € .L'] ! a,b,b)
s ( E 2 /

b = 5 S El =
Q, 2Q,

Placing this back into the large terms of £ produces
2

Q
£ = (@ = wo=)a® +e” £ b5 ,
1 Q3 1
and only the significant term of b need be substituted into £1. The
full form of £ is now
€ abz € a b
_ of 2 P )_ 2 2‘ 2 o[ ]_ T
£ = I [w (1+ > c K la"+e I BT - (ax+aY) >
w_ -w
2 2 =
2e w wab € w._ wa 2
1 o p T (—o P T -) 2-2
el R “\T 2z twhb) fub
€pr wo - w wo -w
3 6 4 4
3ye, w, w
4
2 2. 4
32(w, - w))
Variation with respect to b gives
€ wz(w 2+ )
=
5 = - -2 B O a
2 2.2 T
(w, -w)

Placing this into £ produces the working form
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2
€ w "
£ = == wz(l + —-B—)-CZK’“ "
73 z 2
W, -w
€ wzwz(w2+3w )
2 “offi, P o' o .2 2, 2 2“
te” |\t 53— Ryt @gptag) |
(wo W)
3 6 4 4
3ve wp w a
+ . (Ve 35)
32 ( Z_ 2)4

The Euler equations resulting from the variation of & are

wz wz wz(w2+3w2)
2 2.2 [ p "o o k
[“’ (1 + —3 2>'C b Ja'\l * e
w_-w (w_ -w)
(o] (o]
2 6 4 3
2 S¥ eo W, @ a
+ca__+a )+ P =0 |, (V. 4)

r 2
VY s low®?

2
2
3 2 “’p> a}__B_{Z z}azz}_
F)t"{l:“’ 1+ L, ZJ77x c K +‘a"y[° ot J=8 «
wo—w

The consistency relations remain

B aml s BKZ BKL- oK > .

B 3t ey e T % 5y
V.1l.ii Time-Independent Solutions in Two Dimensions

There are convenient solutions which represent plane waves
propagating in one direction without distortion. To obtain these solu-
tions we set time derivatives equal to zero to produce a time-independ-
ent envelope. To have propagation ip only one direction we set K, = 0
and Ky = constant. To satisfy the second equation of (V.4) we must
have a =a(y), and now all of (V.5) are satisfied. The remaining equa-

tion gives the distribution of amplitude transverse to the direction of

propagation. That equation is
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2

2

w

[w2<l + —21‘:-'-——2 >-c2'r€2]a + cza. + 2
W -w

o 643
p )
> d =0

3ve

2
V4w )

This equation describes the time-independent beam found by Townes

[(1]. We write this in the form

3
a -Da+7a” =0 V.6
vy ( )

where
2/ wz \
- w2 W
B )
C W -Ww
(e}
and 3 2 6 4
YeE W w
T = e
2.4

2, 2
4c (W -w )
D may be positive or negative but T has the sign of y and is determined

by the medium.

One integration of (V. 6) gives

- 2 + 4 =

2
a 2 4
%r Da Ta 12\. (V. 7)

and a further integration gives

a
S gy "y i (V. 8)

ao )/;. + Duz- 'ru4/2

The contents of the square root are factored to give

2 Tu4 u2 112
A + D - T = A(l -~ —-—z—)(l - —z ) (V. 9)
o R

2
2 _ b, /p* 2
where Rl,Z = ? + -:-2' +7——-

The form of (V.7) is the same as the equation governing the oscilla-

tions of the polarization (II. 4) and the description in that connection



-96-

applies here also. The solution oscillates between simple roots of
(V.9). It is important to bear in mind that the solutions found in
Chapter II are the fast oscillations while we are dealing here with
variations in the envelope of these oscillations.

The zeros of (V.9) areu = % R1 and u = & RZ' These are the
values of a at which ay = 0 and hence simple roots will be extreme
values of the wave form. The integral (V. 8) diverges as a goes to
the value of a double or higher order root, hence all roots are extreme
values but multiple roots may be reached only in the limit as y = +
and these solutions are not oscillatory. This is the case of ''solitary
waves! which we played down when dealing with the fast oscillations
in Chapter II. In the present context the solitary wave envelope is the
very important case of a localized beam. We itemize the different
cases of values of the parameters T, D and A by the following tables.
The arrows indicate the values of the roots of (V.V9) on the sketch of
the waveforms.

The first table is for the case T > 0, the focusing medium, the

second fer T < 0, the defocusing medium.



D>0

D<o

o

A>o0 A=0 OAY-E A--E  Ac-X2
2T ~ 2 2T
—
i e Eoee or NO SOLUT/ON
—— l[ —— b
—_— 11
2 real roots 4 recl roots 2 double, 4 complex
2 zero roots real roots roots
Case (b} Lase (C)
o
— - { MNO SoLuTIoN
Zveal roots QuadruHe zero root 4 complex
2 ima:. rools roots
Case ()

1 Z Zerd r‘oc«fs

2 imaz. roots

NO soLur/oN

4 complex

roaés

ANe soLvrron

4 complex

roots

NO SOLUTION

4 complex

roots

Table for T > 0




D>0

(o}

(v}
I

D<o

2
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A> 5 A. D DA A
Ziel =50 zm R -0 A<@
WBOUNDED UNBOUNDED UNBCUNDED \
SoLution SoLurion Sovrurion /"
4 oomplex 4 imogq 4 imaa. 2 zers raots
voots rools roots 2 -'-oﬁ. voots
UvBoun bED bF
e . '7T
Sorvrion
4 complex 4 zero voots 2 real reots
rooks 2 inaz. rools
N
Unsounbed —""‘:'—‘/4—“‘ - —
o —\- (o3 3 S —
Sovvrion | S -
i paN e e o
4 complex 2 double, 4 real roats 2 veal roots
roots real roots Z revo vools
Case (d) Case (e)

Table for T <0
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We now give a more detailed description of the bounded solutions

shown in the tables.

Case (a): 7T>0, D>0, A>0; Periodic Wave Form

From (V. 9), Rl'2 >0, R22 < 0. We set SZZ = -RZ2 and for real

a and y we have

-Ry, sa &R

1 1

The implicit form of the solution is

Hg
f du
7 2
f‘ = /1 e
a
By Sy

In terms of Jacobian elliptic functions the solution is

= JE 4

JK(RZ +SZ) R2 '
% = B, en Rl : (V. 10)
. R 5; ’ R12+SZZ

Case (b): 7> 0, D> 0, A =0; Solitary Wave Form

R1 > 0)8 R2 = 0. For reala, y we have

—RISaSRl.

The implicit form is RI

but in this case the solution has the integrated form

a = }/-Z,FI—) sech /D vy . (V.11)



-160-

2

Case (c): T>0, D>0, 0>A> - %_;

2 2
R1 >0, R, > 0. For real a, y there are the regions

Periodic Wave Form

R, £a SR1

2

-Rl <a SRZ

The implicit form is
1
du
= ,/|A| y
u2 /[ ul 1
L

17 By

Written in the form of Jacobian elliptic functions this is

Bén?
a = R,dn ’ y, =2 . (V.12)
2 R,

This completes the cases for the focusing medium. We emphasize that
the preceding waveforms are supported by one type of medium, the

following by another.

2
Case (d): 7T<0, D<O0, A= D ; Solitary Wave Form
2|7|
R, =R, > 0. For reala, yis real everywhere. There are

1 2

unbounded solutions for initial conditions outside the region between
the roots and a bounded, nonoscillatory solution inside that region.

The implicit form is
: a

f du _
= W
D 2

(o] ) (—T—-u)

and it integrates to



2
Case [€) T<0, D20, 2w > A >0; Perioflic Wave Form
2|7
R, >0, R, > 0. For real a, y is real in the regions
a<-R;, -R,<a <R,, a2R, .

The central region has periodic solutions and the implicit form is

a
d
f = = VA y
1 -2, /1-2
> R [ w2
1 2
The form in terms of Jacobian elliptic functions is

RZ

VA 2

E—— Y -——'z' . (V. 13)
2 R,

In review, the focusing medium has solutions which oscillate
through zero in case (a) and about a positive value in case (c). These
oscillatory solutions represent parallel beams propagating without
distortion. The solitary wave form of case (b) represents an isolated
beam propagating without distortion. Townes [1] has named this a
self-trapped beam. In the defocusing medium there is an oscillatory
solution in case (e) which likewise represents parallel beams. The
'solitary wave form is the hyperbolic .tangent of case (d) and is nonzero
at infinity . It cannot represent an isolated beam; hence, self-trapped

beams do not exist for defocusing media.
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In heuristic terms, in the focusing medium a beam tends to
focus due to nonlinearity but to defocus due to dispersion. When
these effects are in balance a beam is self-trapped. In the defocusing

medium both nonlinearity and dispersion cause the beam to spread.

V.2 Waves with Circular Polarization

As we mentioned in the introduction to section V.1, in this
section we shall set up the equations for circularly polarized waves
with higher dispersion. We shall examine the time-independent equa -
tions to find radially symmetric solutions that represent self-trapped
beams.

V.2.i Averaged Lagrangian for Circular Polarization
The near linear Lagrangian as found in Chapter III is

-e°A AP——-€°(222)¢9
L = 5 "B Pz B e 0y
{04 1 p §

2 ZA

£t~ 2)
» X

i,

1 2(
+ iz
2e W it
o p

2 2its 2.2

w P+ L@y ) :

“ T g (Pl)
We now substitute the form of a circularly polarized plane wave propa-
gating in the x-direction into this Lagrangian. Asinthetwo -dimensional

case, the forms found in Chapter III are modified by additional small

terms. The solution that we shall take is

Al = 0 , P, = 0,
A, = asind , P, = bcosd te 52 sinf ,
A3 = -a3cose 5 P3 = b sinf + 653 cos 9 ,

and 6 = Kx-wt. We must also have

¢’—'€d1 Sin9+€¢2c059 .



-103-

dl and qSZ may be determined from the Lorentz gauge
1
V.A = - — dt .
¢

Using the prescribed forms for A we find

2 3
qSt = -€c (aY sinf - aZ cosB) ,
and hence
ecz 2
g = - - (aY cosf + a, sinf)+O(e ) .

This is the same result that we would obtain by placing ¢$1 and ¢2 into
the Lagrangian and varying with respect to these functions. The deriv-

ative terms that are used in the Lagrangian are

AZ,t = - (wa cosB + ¢ ar sinB A3,t = -wa sinb - ¢ ar cosf
AZ,x = Ka cos6+€aXsin6 A3’X=Ka sinf -€ay cos €
AZ,y = eay sinf A3’ - = -eay cosH
AZZ:ea sinf A = -¢€¢a, cosf
I i 2 - 2
¢x= Q(E— KaY mn@-—(—u—wazcose) ¢Y = Ofe) ¢2 = O(e")
PZ,t = wb sinf + e(bT-wEZ)cose + &2 EZ, - sinf
P3, g = -wb cosf + e(bT +w53)sin9 + (-:2 53, T cosf
PZ,y = ebycosf+ ™ 52, v sinf P3, , = €b, sinf + 6253’ 5 cos®

Substituting these forms into the Lagrangian and integrating over 2w,

.We obtain, to O(sz) and O(v).



2 2
€ Ww_ -Ww
2
£ = _Zo_ (wz-czK )a.‘2 + wab - 2 b2
2e w
o°Pp 2
& 2 2 Lo g . cey 2 2 2)
+ez{-—§—[a'T-C (a +a +a. )] s(a Tb3)- (l-w aY+aZ
Z
<& (aybyta b )+ E’2+2b By o= )—wcz’—w('zfz)
- = yrazPz pt2bwby 1B ) -——(B, 1y
4
MR-
4 e W
o P

In the same way as in the case of linear polarization we observe
the form of the Llagrangian in order to simplify the procedure of elim-

inating the extraneous amplitudes

The form of the Lagrangian is

£ =0 af

2
1

+2Q ab+Q b+€£(abb b)

This is identical to the structure of £ in the case of linear polarization

The variation of b and resubstitution produces

2
Q
2 2, 2
& = (Ql--q)a+€ £l 3
Q
where the first approximation b = - o @ is placed into .511. This
3
form is
wz €
- -29- [w2(1+ _ZLZ)_C2K2]a2+€Z{_Zo_ [a,]z:,—cz(ax+a.l,+a. )]
wo )
Czeo L 22 2 >
- 2apby-aghby)- —= (1 - 5=+ — , oyt z)
W o—w
2 ,.4,2 Ve il 1l
[ w~a | wea
1 o ("‘b owp = ]
e e p N (bz,T by )- T" (b +b3) }
owp (o) o p 6 (fat
. °‘$

2 2.4
4(w, -w )
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Variation with respect to 52 and 53 gives

a wza wzwz
T T o~ _
T Tz 7 b, =0
wo'w GOUJP
. 2a 2 2
By T o .
=g F ey e g by =8 s
w, W 2€ow

These are used to eliminate b, and 53 from $£to give

e wz € 2 wz(w 2+3 wZ)
2 2.2 2. 2 ﬁ:
£ = —To[w (1+w—%w2)-c K ]a +e {79[1-!- 2 14
o

2
Z 2.3 ]aT
(W, -w)
& cZaZ " CZ 2 2 2 2 ‘)’63(.060.!43-4
_ _o X o (3_ K _ “b >(a2+a2)}+ o "p .
4 X Z 2 Y Z 4( 2 ‘2)4
wo— wo w

w2 wzuz(w 2+3w2)
2 b 2.8 ( b 4o '\Wo >
W, -w (w0 -w )
2 2 6 43
2 2.2 2 Y W W 2
+ cZ a_ + 9—2—<3--C—§ - a +azz)+ —_OZ—P—Z-Z— = 0
W - 37 (wy -w")
2

(V.14)
2
5%—{[20 (1+—2L2>] %}-F %(CZK a.2
wo w

8 , 2 2 9 . 2 25
1 )+ W(C Kza )+ 5—-2-(C K3a ) =0
The consistency relations are

9w oK _ :
—8-_35_— + 3t = O, yxKk = 0 (V.IS)
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V.2.ii Time-Independent Solutions for Circular Polarization

There are two special forms of time-independent solutions for
circular polarization. These are the two-dimensional beam that was
found for linear polarization and a cylindrically symmetric beam.
Disposing of the two-dimensional beam first we set K1=K, K:2=0 and
take Kand was constants in equations (V. 14) and (V. 15). Then if we
take a = a(y) the only equation not satisfied identically is the first of

(V. 14) which becomes

2 6 4 3
2 2
< e 2,2 & czK @5 YEL W w
w (1 +—§————)-c K ]a+ (3— - a =0
2 2 2 / .
W, -u w_-u vy (w(‘:' Y &

a -Da+Ta =0
where wZ
2
kw1 + —FP—)
w-w
D = e
Sf_(3 e’ pr >
- S =2 Z
2 wz CL‘O-(.O
2
2 2 w
K -w “*‘2?“"2‘)
wo-w
and T = g
2.2 2pnd
2.4 2 K w
(WS -w) (3 S5 - )
w wo—w

This equation is identical in form to (V. 6). While the formulas for
D and T differ slightly, the sign of T is still the sign of . All the
solutions that applied in section V.1 apply here and again self-trapped

beams exist only for the focusing medium.
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The second and more important time-independent solution has
radial symmetry about the x-axis. To obtain this special solution
we set K =K, K, =K, =0 and take w and K as constants. Setting

r T2 3
2 2 2 . : :
+ z , we take a = a(r). When the solution is loclized about

=y

r = 0, this represents a cylindrical beam with circular cross-section
which propagates without spreading or converging. This beam was
also found by Towne§ [1]. Again all equations of (V.14) and (V. 15)
are satisfied identically by this simple form except the first of (V. 14)

which will give the profile a(r). This equation is

2
o 2 2.2 2w
2 22 c ( c K p) 1
[w (1+——-§—Z)—c K]a+ 5= 3 - = 5% (arr+;-a.r)
W - w W W
o o
2 6 4 3
€ w w
+7 2 P a = 0
( 2 2)4 2
wo—w
which we write as
1 3
a +—a -Da+Ta” =0 (V.16)
rr r r
where wz
S R
w -w
(o)
D = 2
2 2.2 2w
C c K
Zz G- 2)
&) w -Ww
762106 4
1S
and T = 2.k
2.2 2w
2 2.4 c K
(wO -w ) (3 b 5 = ) 2)
w w -Ww
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We proceed with the study of the equation

1 3
arr+ -a_ -ata = 0 . (V.17)

We have scaled (V. 16) by the substitution

* £
a'«/ﬁa’
ES
r=«/Dr’

and we then drop the asterisks. In Townes' classic paper [1], he
discussed (V.17) and solved it numerically to produce a solution
symmetric in r and decaying monotonically to zero. Further work
by Haus [12] on an analogue computer produced symmetric profiles
that 'fall from a maximum at r = 0 but cross the zero level a finite
number of times, then decay to zero. His work indicates that there
is an eigenfunction corresponding to zero, one, two, etc., zero
crossings, the higher eigenfunctions having greater amplitude at the 7
center of the beam and greater energy. These cylindrically svmmetric
beams have a bright central spot and periferal rings that decay in
intensity toward the edge. The existence of these eigenfunctions is
critically dependent on the quantities D and T being positive. There

are no such self-trapped beams in defocusing media (T < 0).
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Eigenfunctions of Orders 1to 4

We new derive an approximate analytic solution to (V. 17). The
Lagrangian for (V.17) is
4
_ 2 2 a
& = r(ar +a - = )

where the leading r is just the Jacobian for polar coordinates. & is,
of course, the averaged Lagrangian subject to the restrictions that we
have introduced. We now produce a '"best fit'" for a trial solution.
The nature of the technique involves placing possible solutions into
the variational principle with undetermined parameters. Variation

with respect to these parameters then produces equations for them.

The variational principle for the Lagrangian is
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co
4
2 Z a 1
6J=68{r(ar+a "T)Idrzo (V.18)
(o]

The trial solution that will be substituted is

; (V.19)

where ag, 25 bl’ b.Z are constants to be determined.

Placing (V. 19) into (V. 20) one uses the integrals

o0 2 o 0]
- 3 -x2 1
Sxexdx:é—and Sxe dx = 3
o o
to obtain
2 2 2 ; 2
ay 43.lazb1b2 a, 2y a,a, a,
b= =t 2 " 7 Y 13, pm, Tim,
(b, +b,) 1 1"72 2
1""& {(V.20)
Z 2 3 4 :
4 3
) —1—[ a; . 4a.1 a2+ 6 a; a, . 4ala2 +a2
4_ 4b1 3b1+b2 2(b1+b2) b1+3»b2 4b2

as the quantity to be minimized. Now the solutions to

provide the numerical values for the parameters in (V.19). This is a
complicated system which is reduced considerably by the following

substitutions which allow two quantities to be elirmminated:

The resulting form of (V. 20) is
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a.2 az 2
T = 12 [1+8Cd2+d2]+ 4:) [1+ 14:1 +§._]
(1+c) 1 e
e 2 3 4
1 [1+16d & 124 3 16d +d_]
16b1 3+c 1+e 1+3¢c =
2 4
21 41
= a F, +-— F, -=— F (V.21)
1 71 2 3
1 1
where Fl, FZ an d F3 depend on ¢ and d. Variation of ay and b1
produce
4 3
?_al a
Bay By dop— Fy=rpgoFy =0
1 1
d < F F, =0
- 1 F2 7% f3 °
These equations yield solutions
¥ F
2 2 _ T2 -
a.l = F_3 " bl = F_l (V.ZZ)

which represent the best choices of a; and b1 for given ¢ and d. These

solutions are replaced into (V.Z21) to eliminate ay and bl' The resulting

form

is varied with respect to ¢ and d. Thus
(B Foly Fg - (B Fp)Fg 4=0

(FyFp), Fg = (FF)Fy =0

must be solved for ¢ and d in some numerical way. The results of
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calculation on a desk calculator are
c =4; 7335, d =1,55005

Substitution into (V. 22) produces

a; = . 848763 and b1 = , 249505

Finally the solution has the form

-. 249505 r2 -1.181031 r2

a =.848763 e + 1.315625 e

This result is plotted to compare with the numerically integrated

result.
sl S Numerically Integrated Solution
———_ Approximate Analytic Solution
r—
10—
o 1
0

Order Zero Eigenfunction
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Haus gives the power for the first five modes where power is defined
by

o)
P=Sa2rdr .
o

These values are

Mode Number Power
1 1.86
2 12, 25
3 31.26
-4 58.57
5 94. 23

We note that the power for the lowest mode is very much lower than

the other modes, hence if a large beam becomes unstable it seems
likely that it will break up into beams of the first type. For comparison
with Haus' work, the power of our approximate solution is 1. 869 com-

pared to his 1.86, while Townes' figure is 1. 834.

V.3 Time-Dependent Solutions

Having found some special solutions for the time-independent
problems we proceed with some examples of time-dependent solutions.
These examples will all be stationary solutions; the envelope pattern
will move with a constant speed. The first case will be a one-dimen-
sional wave, all quantities being constant in y and z. We shall then
consider solitary waves that are localized near the x-axis and travel
with constant speed. These are short pulses that are self-trapped

in the nonlinear medium.
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V.3.1i Stationary One-Dimensional Wave Envelopes

We shall deal with both linearly and circularly polarized
waves. Firstly, we consider solutions of the equations of linearly
polarized waves, (V.4) and (V.5), which are independent of y and =z
but vary in a time-dependent manner in the x-direction. If we define

a new variable n by

n = x -Vt

where V is constant, then any wave pattern that depends only upon m
will translate undistorted in the x-direction with velocity V. We take
KZ = 0 and Kl = K and was constants. The second equation of (V. 4)

becomes

2

w
-V{[w2(1+——22-—2>] aa}+2c2Kaa =0 .
N n
wo‘w w

To satisfy this equation we set

The first equation of (V.4) becomes

2 2 2
w (w +3w )
wz(l o+ _'p_ZZ )- [ —V2 1+ wP wo - ) m
4

—w)
3ye¢ w aj
4w &

w
+

6
P
Z

2

O
2
o—w)

This is the equation for stationary waves found by Ostrovskii (1117,
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We write this as

aTm-Da+'ra. = 0
where 2 2 > wz
Fe? - w1+ —2o)
_ W, -w
S % 73
2 2 wpwo+3w)
g =¥ <1+ w2y )
wy -
3vye w6w4
ZEZ4
and T = dlwo -w ) .
2. . 2 2 2.)
2 2 ww(wo+3w
c-V(1+ P )
2 2.3
(o-w)

This is the form of equation (V. 16). Where we had parallel beams in
space in section V.1 we now have a series of pulses and where we had
an isolated beam we now have a solitary wave.

We use the same definition ofn in the equa£ions of circularly
polarized waves, (V.14) and (V.15), and we proceed in the same
fashion. Exactly the same expressions are found for V and D, and
T differs in that :3}—7 is replaced by ¥. In both cases we find that
solitary waves exist only in focusing media.

V.3.ii Localized Solitary Waves in Two Dimensions

We combine the ideas of the preceding parts and obtain station-
ary solutions by setting m = x - vt, but now we seek solutions that are
radially symmetric in the variables 1 and y. The radially symmetric
pattern that results propagates with speed V. If the solution is local-
ized in the radial variable then we have a pulse that propagates with

constant speed. Again we take KZ =0 and K, = K and w as constants.

1
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The second equation of (V. 4) produces the same value of V as found

in section V. 3.1:

l:wz(1+ L—O—:ZE?EZ—)]

The first equation of (V.4) produces

2 2, 2 2
2 w 2 w W (w +3w)
[w <1+ :Ia.VE+ 2 73 ]a
w -w ) m
o~ %y
4 3
2 2 3'y€: ui)w a
+ & a + c a >4 =0
i vy 4w -w®)
2 2 =
2 2 vip Wy w "°c>2+3‘°) * 5
We set r =y+<-—2—E+p2 53 ])n
c (w_ = -w)
o
" to obtain the form
a +-1—a -Da+Ta =0
rr r r
2 wz wz \
where D = K __..2.<1 +___.z..L2_/
(o w -Ww
(o]
2
3'yeow6w4
and S gy
4c (wo-w)

. This is equation (V. 16) which we have found to have solutions localized
about r = 0. There are such localized pulses only in a focusing medium.
V. 3.iii Localized Solitary Waves in Three Dimensions

We make the substitution 11 = x - Vt, where V is the same quan-

tity as in V. 3.1 and V. 3.1ii, in the equations of circular polarization
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(V.14) and (V.15). If we assume radial symmetry between y and n
with no z dependence, then we obtain a similar two-dimensional solitary
wave as in section V. 2.ii., The more interesting case results from

assuming spherical symmetry between 1, y and z. Here we set

2 2 2 wpzwow +3w) 2k sz =
2 [C -V (1+ 2 23 /] "7 {“3"-2— —2—-25](y+z
(wo -w) w W -w
In this variable we obtain
7€2w6w4a3
I:w 1+ >CZK2a+arr+%ar+ ZC.) p24 =0
—w (W™ - w")

for the first equation of (V. 14), while the rest of equations (V. 14) and
(V.15) are satisfied by the chosen form. We have the case of a pulse,

localized about the x-axis, propagating with speed V. We write this

as
a -:--Z—a. —Da+Ta3=O
rr r
wZ
where D = csz-w2<1+_TR_Z>
W ~-Ww
(e}
7"2w6w4
_ o P
and T = > > &
w, -w’)

This equation has been studied in connection with elementary particle
physics. Finkelstein et al.[13] have shown through phase plane argu-
ments that this equation has analytic, symmetric eigensolutions that
are asymptotic to zero at infinity and have one, two, three, etc., zero

crossings as in the case of solutions to (V.17). Schiff et al-[14]
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display the following approximate solution for the lowest eigensolution
obtained by Teshima by Lagrangian techniques in the same manner as

we did in section V. 2.ii with equation (V. 17):

-4,.10r

o
a8 = 2.6060[(e -2 ) 4 (2.33r-1.360)e'4‘1°r:|.

This profile is similar to the lowest eigenfunction solution of equation
(V.17) but it has a higher central maximum and is thinner. The higher
eigenfunctions represent pulses that are ellipsoidal with sets of ever
weakening ellipsoidal shells surrounding them, the whole pattern

moving with constant velocity.
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APP ENDIX

THE QUESTION OF PSEUDO-FREQUENCIES

In Chapter III it was mentioned that a constant electric field
cannot build up if its value is zero everywhere at some starting time
and the potential V(P) is an even function of P. We now prove this
by applying Whitham's procedure [5] including pseudo-frequencies
which represent the slowly varying '""constant' component of the field.

The relevant Lagrangian is (III. 1):
2

€ P
o 2 2..2 2 } 1 { t }
L = —2— {At -C (AX+AY) = AtP + ;_? —2— - V.(P) é (A. 1)
°oP
Following the standard procedure of Whitham, the functions A and P

are considered periodic functions of 8, but the potential A is allowed

to have a secular function added to it. They are written

P

P(6X,Y,T) ,
(A.2)

A = 3(X,Y, T)+A(5, X, Y, T)

where X, Y and T are the slow scales defined by
X = ex, Y =ey, T=¢et .

0 is the fast variable defined so that

QX = KI(X, Y, T, ey = KZ(X, Y, T), et = -w(X, Y, T)

and the secular function ¢ is defined by pseudo-frequencies pl, Bz, 0%

such that

¢ = [51(X, ¥, T, @Y = ﬁZ(X, X, T) @t & 9%, X, T)
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Substitution of (A.2) into (A. 1) produces the explicit form

. |
L o= 2 {rrwag? - e e AgP-cP@, 4k, A%}

2.2
1 el ]
t (ytwA P + > { > - V@) .
eowp
We use Whitham's Hamiltonian formulation to simplify the work. This
method produces integrals of the Euler equations quickly so that certain

variables in the Lagrangian may be eliminated. Omne may differentiate

the integrals we produce to justify the method. Whitham defines

”1 5 e M. - oL , H=P, ”1+Ae”2-1,

&)Pe 5

and then the integrals of the system are

ﬂ sze
| = — (A. 3)
e W
o p
M. - WY+ WA )-¢ 2K (B +K. A )-€ c’K,(B,+K A )4wP = B (A. 4)
g T B, WT ARG B L By iRy TReRe iR 8 RalPs Thallys .

2.2
€ w P
2 2,.2..72 2 2.2 b
€ W
o p
= M . (A. 5)
Zeowp

The integrals (A.4) and (A.5) are used to eliminate P8 and Ae from

(A.3) for use in the following form of £:
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£ = =0 ”dP- M
2T 1

2¢ w

o'p

Substitution gives the explicit form of £ as

" w M
£ —-—2—1;§ i I s (A. 6)
€ W 2 e w
9 P o P
where
2 2 2.2 @22
F=M-ZV(P)+2€O¢Q97P+€OLOP(7 -c Pp)
w 2 2 2
- By B lwy <Pt 8 4,850 T-wP )
w -c K
The Fuler equations are
.SZM = 0
(A.7)
9 0 -
-—5T£w+3;{£nl+5—y—£KZ—O
S’B =0
: (A. 8)
9 9 0
- &t == £, + 5= = 0
st Yyt Ex Bt By e,

Our purpose is to show that (A. 8) is satisfied identically by setting
B=0, y=0, B =0. This condition would leave (A.7) as the set of
equations that was dealt with in Chapter III.

The first equation of (A. 8) is

{B-e [wy-c®(k,B,+08,)]-wP]
1 § w & Ll .

2
so(w -c K) N E

+ boundary terms = 0
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The second is

; [_1_§ —w 1 [.2p .. w2
L2 pr '\/_ET‘IP opy

%o

e B 2 Mo )
+ KZIS—KZ‘I:B = B loy-c ("1‘31+K2‘32))"’~‘Pj}dpf

8{1§ W 1. I 2 2
=y ———— e Y=l C (3
ox 2w wZ JF“\ o P i

P
2
+ C—pr—ﬁz-[B-e( —c? (k. B, +K B )- P]}dp}
022 ¢ o W Y Py T g e

8{1§ w l{ 2 2
i@ 2 e w B
ay 2m wpz ﬁ— o p 2

2 .2
c g Ky %
+ 2—%——2— (B - eo(wy-c (K1[31+K262))—wP]}dP}
w-c K
+ boundary terms = 0

Setting B =0, v =0 and § =0, the integrands in all four loop integrals
become odd if V(P) in the factor F is even, so that each loop integral
is zero. In the terms that we have called '"boundary terms' there is
always a factor of ,/F from the integrand of (A.6). These terms are
evaluated at the roots of F and hence are zero. Thus each term of the

equations is zero and the equations are satisfied identically.
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