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even when the envelope is oscillatory. This case is complicated by 

not having closed fonn solutions. 

V. 1 Waves with Linear Polarization 

When higher dispersion terms are reta.i;:J.ed the system loses 

some of the symmetries that it had without these terms. When waves 

are linearly polarized the direction of polarization becomes a favored 

direction. There can be two-dimensional waves when the direction of 

polarization is the direction in which quantities are constant. Simi-

larly, radial symmetry about an axis can occur only with circular 

polarization. We shall find time-independent solutions for these two 

distinct cases separately, the two -dimensional beams in this section, 

the radially symmetric ones in section V. 2. Then having some famil-

iarity with the features of the system, we shall examine sorne time-

dependent solutions for both cases in section V. 3. 

V. 1. i The Near Linear Lagrangian in Two Dimensions 

We shall proceed in a similar fashion as in Chapter III, substi-

tuting sinusoidal forms into the Lagrangian and then averaging over one 

period. The periodic forms (III. 2) are modified by an additional small 

term which does not appear in the periodic plane wave solutions. 

The Lagrangian in tvvo dimensions is (III. 1 ): 

P 2 p2 4. 8 
o { 2 2 2 2 } 1 { t Wo yP -} 

L = z At -c (A +A ) -AtP+ -y z --2--+-----;r- . 
X y E:W 

0 p 

The form of the periodic plane wave propagati ng in the x-direction that 

we shall use is: 

J\. = a cos e, 
(V. I) 

p = b sin e + € b cos e 
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where 8 = Kx- wt, and the slow s cales are X = E:?5J T = E:t. We retain 

terms of O(s
2

) in the Lagrangian and we take lrl = 

the derivatives of A and P is 

At = wa sin8 + E: aT cos G, 

A = Ka sinG + E: aX cos G, 
X 

A = E:ay case, 
y 

pt = 25 -( -wb +E: T}::os G+ E: (~ +wb )sinG 

2 
E: . The form of 

(V. 2) 

Placing these forms into the Lagrangian and integrating over 2rr, we 

obtain 

2 2 
wab (wo-w ) b2 

--2- - 2 
4E:,. w 

"' p 

2{E: o 1: 2 2 2 2 J aTfi 1 c - 2 
+E: 4~T-c (~+~). - - 2 - ---_,2,.,...(2wboT-(bT+wb) 

4£ w 
0 p 

To reduce this to a useful form the Euler equations obtained by variation 

of band 5 are used to eliminate those variables. Then we are left 

with a Lagrangian in terms of a, K and w which is used in the normal 

way to generate the dispersion relation and wave action. Since w e are 

looking for plan e w ave solutions we shall not be concerned with terms 

involving WT and WTT' hence these are neglected. 
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Algebraic difficulty is minimized by observing the form of S., 

and eliminating b first. We write the averaged Lagrangian in the 

form 

= 
2 2 2 -

Q
1

a +2Q
2

ab+Q
3

b +e .r:
1

(a,b,b) 

Variation with respect to b gives 

b 

2 (" -
e ""! b (a, b, b) , 

Placing this back into the large terms of S, produces 

= 
Q2 

2 

Q3 

and only the significant terrn of b need be substituted into s., 1 • The 

full form of£ is now 

1 ---z 
4 € w 

0 p 

+ 

3 6 4 4 
3ye w w a 

0 p 

Variation with respect to b gives 

f) --

2 2 2 
€ W (W + W ) 

0 p 0 

( 
2 2)2 aT w -w 

0 

Placing this into S- produces the working form 



The consistency relations remain 

ow 
ox + 

or<: or<: 1 2 
ay:-- ox = 0 . 

V. 1. ii Time-Independent Solutions in Two Dimensions 

(V. 3) 

(V. 5) 

There are convenient solutions which represent plane waves 

propagating in one direction without distortion. To obtain these solu-

tions we set time derivatives equal to zero to produce a time-independ-

ent envelope. To have propagation in only one direction we set K2 = 0 

a.nd K 
1 

= constant. To satisfy the second equation of (V. 4) we must 

have a = a(y), and now all of (V. 5) are satisfied. The remaining equa-

tion gives the distribution of amplitude transverse to the direction of 

propagation. That equation is 
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2 6 4 3 

2 3ye w w a 
0 p 

c a + --...,2..----;,2-4-:-----
yy 4(w -w ) 

0 

= 0 

This equation describes the time-independent bearri found by Townes 

[1 ]. We write this in the form 

where 

and 

a 
yy 

D 

,. 

- Da + 1" a 
3 

= 0 

2 

K2 
2 w 

= - 5E2 (1 + E 
2 c w

0 
-w 

2 6 4 3ye WE w 
0 

= 
4 2( 2 2)4 c w -w 

0 

(V. 6) 

2) 

D may be positiv e or negative but T has the sign of y and is determined 

by the medium. 

One integration of (V. 6) gives 

2 a 

+ Da
2 

'Ta4 
- -2- + -;r- = 

and a further integ ration gives 

a 

s 
a 

0 

du 

A 
2 

= y 

The conten ts o£ the square root are factored to give 

2 4 2 2 
A Du 'T"U A(l u u + --2- = - =-z-Hl -R2 

Rl 2 

where 
2 D ~A Rl 2 = ± , ,. ,. 

I 

(V. 7) 

(V. 8) 

(V. 9) 

The form of (V. 7) is the s ame as the equation governing the oscilla-

tions of the pola ri z ation (II. 4) and the description in that connection 
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applies here also. The solution oscillates between simple roots of 

(V. 9). It is important to bear in mind that the solutions found in 

Chapter II are the fast oscillations while we are dealing here with 

variations in the envelope of these oscillations. 

The zeros of (V. 9) are 'lA. = ± R 1 and u = ± R 2 . These are the 

values of a at which a = 0 and hence simple roots will be extreme 
y 

values of the wave form. The integ:>:al (V. 8) diverges as a goes to 

the value of a double or higher order root, hence all roots are extreme 

values but multiple roots may be reached only in the limit as y -• ± ao 

and these solutions are not oscillatory. This is the case of "solitary 

waves" which we played down when dealing with the fast oscillations 

in Chapter II. In the present context the solitary wave envelope is the 

very ilnportant case of a localized beam. We itemize the different 

cases of values of the parameters '1", D and A by the following tables. 

The arrows indicate the values of the roots of (V. 9) on the sketch of 

the waveforms. 

The first table is for the case '1" > 0, the focusing medium, the 

second for 'T < 0, the defocusing medium. 



A >o 

D>o 

~[I 
D=O 

Zreol rooh 

z-..~~ . f"oob 

Co~e (a) 

J><o 

A=O 

=~ 
Zr~~\ l'oot:. 

Zzero roab 

Ca.se (b) I 
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tl 
O> A>--­:z:t - /\; ----4-

--/\; 4 rec.l roots 

Co.se (C) 

-I 

~[ 
Z #oubl1, 

reo.l roots 

Ouc.drup\e. zero .-oot 

-~ No 50LUTIOIJ NO SOLUTIOIV 

. Z zero rooi!> 4 c:ono..p!e~< 4 eo "'fie,. 

Zi ...... ~. roots rooh .-ooh 

T a.ble for T > 0 

rl A<-rr 

I NO SOLUTIO.V 

A CO .... f>l&lt 

.-ooh 

NO ~OLIJTIOAJ 

4c.o~~o.~lu 

roots 

NO SOLUTiON 

4 c.o"'fle.c 

rooh 



Dl. 
A> zrz:t 

W80UiJDf.1J 

50LUTIOAJ 

D>O 
4 c.o .... ~leJ< 

.-oofs 

UWSO<JIJ l>£.1> 

:::,OI..IJTtOiJ 

D=O 
A c.o"i' le ... 

roofs 

Uwao lJI,{P a> 

5oi..VTIO!V 

D<o 

4 c.o .... f>lex 

roots 

uNSouAJD~r> 

50t..UT'/O!V 

4 , ..... .,.~. 

roo~6 
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:z. 
_]2._

1 
>A> o z l't' 

UIJSOVIJl>f.; 

:3;,oL.ur"'OAJ 

4 i-·a· 
roo~s 

-r-
.4 zero roo~s 

-~ --~-0~ - /\/ 0 

--~ - ~'"\ 

Z double , 4 reo.l ro<rl.s 

reol roots 

CQse (d) C o.se (e) 

Table for T < 0 

A=o A<O 

-~ 
Z. :z: eto roo-is 

2 i-·~ · l'oo'l!, 

~~ 
Z nro.l ro<:>tls 

t i""a'l roots 

=~ 
I 

Z re .. l roofs 

Z le"o t'Oot• 
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We now give a more detailed description of the bounded solution:; 

shown in the tables. 

Case (a): '!" > 0, D > 0, A> 0; Periodic Wave Form 

R 2> 2 2 2 From (V. 9), 
1 

0, R 2 < 0. We set s 2 = -R2 and for real 

a and y we have 

The implicit form of the solution is 

R1 

fd!;2 
a ~~-R~~~·s.,2 

1 2 

=JAy . 

In terms of Jacobian elliptic functions the solution is 

( 
J"A (R~ +Si) 

a = R 1 en R S 
1 2 

y, 2 
1 

2 . 
R2 ) 

R1 +S2 

Case (b): '!" > 0, D > 0, A= 0; Solitary Wave Form 

For. real a, y we have 

The implicit form is 

= y 
'1" u<t"-
-~-

but in this case the solution has the integrated form 

/2f) 
a = f T s ech ,JD y . 

(V. 1 0) 

(V. 11) 
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D2 
Case (c): 'T > 0, D > 0 0 >A> - - · Periodic Wave Form , 2,- ' 

R 1
2 

> 0, RJ > 0. For real a, y there are the regions 

The implicit form is 

Written in the form of Jacobian elliptic functions this is 

(v1A1 R 2_R 2 ) Rl dn 
1 2 

a = y, 
R2 R2 

2 

(V. 12) 

This completes the cases for the focusing medium. We emphasize that 

· the preceding waveforms are supported by one type of n1edium, the 

following by another. 

Case (d): 'T < 0, D < 0, A = Solitary Wave Forrn 

R
1 

= R
2 

> 0. For real a, y is real everywhere. There are 

unbounded solutions for initial conditions outside the region between 

the roots and a bounded, nonoscillatory solution inside that region. 

The implicit form is 
a 

and it i n te g rates to 



-101-

a = J ~ tanh ( JT¥ y) 

D2 
Case (e) T < 0, D < 0, >A> 0; Periodic Wave Form 

2 1-r\ 

R 1 > 0, R 2 > 0. For real a, y is real in the regions 

The central region has periodic solutions and the implicit form is 

The form in terms of Jacobian elliptic functions is 

a = 
( 

2 ) JA" R2 
R2 sn R y, -2-

2 R 1 

(V. 13) 

In review, the focusing medium has solutions which os ciliate 

through zero in case (a) and about a positive value in case (c). These 

oscillatory solutions represent parallel beams propagating without 

distortion. The solitary wave form of case (b) represents an isolated 

beam propagating without distortion. Townes [1] has named this a 

self-trapped beam. In the defocusing medium there is an oscillatory 

solution in case {e) which likewise represents parallel beams. The 

solitary wave forrn is the hyperbolic tangent of case (d) and is nonzero 

at infinity. It cannot represent an isolated beam; hence, self-trapped 

beams do not exist for defocusing rnedia. 
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In heuristic terms, in the foc-1.1sing medium a be3.m tends to 

focus due to nonlinearity but to defocus due to dispersion. When 

these effects are in balance a beam is self-trapped. In the defocusing 

n1edium both nonlinearity and dispersion cause the beam to spread. 

V. 2 Waves with Circular Polarization 

As we mentioned in the introduction to section V. 1, in this 

section we shall set up the equations for circularly polarized waves 

with higher dispersion. We shall examine the time-independent equa-

tions to find radially symmetric solutions that represent self-trapped 

beams. 

V. 2. i Averaged Lagrangian for Circular Polarization 

The near linear Lagrangian as found in Chapter III is 

L = 
8 o 2 2 2 8 o 2 2 2 
-2 (A. t- c A. ) -A. tp . - -2 ('f't -c ¢ )-c/J P . 

1; 1 1 X., 1 1 1 2 X. X. 1. 
.K c 1. 1 

+ 1 (P 2 _, 2 P2 2'.(P2~2 ) 2 .tw . + 2 · 1 
2 E: w 1, 0 1 1 

0 p 

We now substitute the form of a circularly polarized plane wave propa-

gating in the x-direction into this Lagrang ian. As in the two -dim.ens ional 

case, the forms found in Chapter III are modified by additional small 

terms. The solution that we shall take is 

Al = 0 ~1 = 0 

A2 = a sin8 P2 = b cose + E: 62 sine 

A3 = -'3cose p3 = b sine + E: b.., 
.) 

cos e 

and 8 = Kx-wt. We must also have 

c/J =E: cPl sine +E: r/12 cose 
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~ 
1 

and r/>
2 

may be determined from the Lorentz gauge 

'V. A = 1 
2 ~t 
c 

Using the prescribed forms for A we find 

and hence 

2 
e: c (ay sine - az cos8) , 

2 
= - ££.... (a cos e + az sine )+0 (€ 

2
) w y 

This is the same result that we would obtain by placing ¢
1 

and ¢ 2 into 

the Lagrangian and varying with respect to these functions. The deriv-

ative terms that are used in the Lagrangian are 

A2 t = - wa case+ e: aT sine , 
A 2,x = Kacose+ e: ax sine 

A 
2, y = e: ay sine 

A2, 2 = e: az sine 

c2 c2 
¢ = e:(- Kay sine--Kazcose) 

X W W 

P 2 t = wb sine+ e:(bT-wtz)cos9 + , 

p 
2, y 

= -wb cos e + e: (bT +wb3 )sine + 

2 
= € by cos e + e: b2 y sine , 

A 3 t = - wa sin8 - e: aT cos e , 
A = K a sine - e: aX cos 8 3, X 

A 
3, y e: ay case 

2-
p = e: bz sine + e: b3 z cos e 3, Z 1 

Substituting these forms into the Lagrangian and integrating over 2'IT, 
. 2 
we obtain, to 0 (e: ) and 0 (y). 
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= 

In the same way as in the case of linear polarization we observe 

the form of the Lagrangian in order to simplify the procedure of elim-

inating the extraneous amplitudes. The form of the Lagrangian is 

This is identical to the structure of S, in the case of linear polarization. 

The variation of b and resubstitution produces 

2 
Q2 2 2 

S, = (Q 1- -Q )a +e: J:l ' 
3 

Q2 
where the first approximation b = 

03 
a is placed into £.

1
. 

form is 

This 



Variation with respect to 

aT 
- -z- -

-105-

6
2 

and 6
3 

gives 

2 
w aT 
-z--z -
w

0 
-w 

2 2 
w -w 
_.!l_z Ez = o 
Ze: w 

0 p 

2 2 
w

0
-w 

---2 63 = 0 
Ze: w 

0 p 

These are used to eliminate 62 and 63 from .S:to give 

2 2 2 2 2 
8 o [ 2 _':'-'_E_ 2 2] 2 2{ 8 o r; j> Wo (wo +3 

W )] 2 
.S: = T W (l+ --z--z)-c K a +e: 2 ~+ 2 2 3 aT 

w -w (w -w ) 
0 0 

22 2 2 3 644 
e: o c ax e: o c ( 3 - c 2 K 2 2 ~ ) 2 2 } 'Y e: o wp w a 

2 4 \ 2 2 2 (ay +az) + 2 2 4 
w w -w 4(w -w ) 

0 0 

The Euler equations resulting from the variation of S. are 

2 2 2 2 2 

[ 
2 wp 2 2]. ( w c.th ( w c + 3 w ) ) 

W ( l + 2 2 ) - c K a - l + ~2 2 '3 a tt 
w -w (w - w ' 0 0 

The consistency relations are 

aw -- + ax 
oK 
at· = 0• 7xK = 0 (V. 15) 
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V. 2. ii Time-Independent Solutions for Circular Polarization 

There are two special forms of time-independent solutions for 

circular polarization. These are the two -dimensional beam that was 

found for linear polarization and a cylindrically symn1etric beam. 

Disposing of the two -dimensional beam first we set K: 
1 

=K, K
2 

= 0 and 

take K: and was constants in equations (V. 14) and (V. 15 ). Then if we 

take a = a(y) the only equation not satisfied identically is the first o£ 

(V. 14) which becornes 

2 ? 2 2643 

[ 
2 W 2 2] 2 ( 2 K: ~ 2 w '\ y e: w w a 

w (1 +--!-2)-c K a+ T 3-~- n;a + ~ p2 4- = 
w -w w w -w YY (w -w ) 

0 0 0 

We write this in the form 

where 

D 

and T 

a 
yy 

= 

= 

2 

c
2

K
2 -w 2 

(1 + 
Wp 

w 2.~w7 ) 
0 

2 ( 2K2 2 w 2 

) c c E 2 3- ---z- - 2 2 w f.J.'o -w 
2 

c
2

K
2

-w
2

(1 + 
Wp 

2 2 w 
0 

-w 

2 2 4 2 c 2 K2 2 W 
2 

(w -w) c (3- -z-- -~ 2 ) 
o w C.t.lo -w 

This equation is identical in form to (V. 6). While the fornmlas for 

D and T differ slightly, the sign of T is still the sign of y. All the 

0 . 

solutions that applied in section V. 1 apply here and again self-trapped 

beams exist only for the focusing medium. 
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The second and more important time -independent s olution has 

radial symmetry about the x-axis. To obtain this special solution 

we set K 
1 

= K , K 
2 

= K 
3 

= 0 and take w and K as constants. Setting 

2 2 2 
r = y + z, we take a= a(r). When the solution is localized about 

r = 0, this represents a cylindrical beam with circular eros s -section 

which propagates without spreading or converging. This beam was 

also found by Townes [1 ]. Again all equations of (V. 14) and (V. 15) 

are satisfied identically by this simple form except the first of (V. 14) 

which will give the profile a(r). This equation is 

which we write as 

where 

and 

a 
rr 

D = 

T = 

2 6 4 3 ye: W W a 
+ 0 p = 0 

a 
r 

( 2 2)4 wo-w 

- Da + '1" a 
3 

= 0 

2 
w 

p ) 
2 2 

w -w 
0 

2 6 4 
2 y e: .,_, w 

0 ~ p 

2 2 4 C
211'2 

(w
0 

-w ) (3 - --"'2- -
w 

2 
2 w ) 1 

- 2 p2 (a + -a ) rr r r w -w 
0 

(V. 16) 
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We proceed with the study of the equation 

1 
a + -a = 0 .rr r r 

We have scaled (V. 16) by the substitution 

* a 

* r 

= 

= 

J~ a 

r 

(V. 1 7) 

and we then drop the asterisks. In Townes 1 classic paper [ 1 ], he 

discussed (V.l7) and solved it numerically to produce a solution 

symmetric in r and decaying monotonically to zero. Further work 

by Ha.us [12] on an analogue computer produced symmetric profiles 

that fall from a maxirnum at r = 0 but eros s the zero level a finite 

number of times, then decay to zero. His work indicates that there 

is an eigenfunction corresponding to zero, one, two, etc., zero 

crossings, the higher eigenfunctions having greater amplitude at the 

center of the beam and greater energy. These cylindrically symmetric 

beams have a bright central spot and periferal rings that decay in 

intensity toward the edge. The existence of these eigenfunctions is 

critically dependent on the quantities D and T being positive. There 

are no such self-trapped beams in defocusing media (T < 0). 
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/ .. ----
......... , /.. _/ ........ --

'. - / 
' · :><. / .................... · '·-· 

Eigenfunctions of Orders 1 to 4 

We now derive an approximate analytic solution to (V. 17). The 

Lagrangian for (V. 17) is 

2 2 a 4 
£ = r (a r + a - T ) 

where the leading r is just the Jacobian for polar coordinates. £ is, 

of course, the averaged Lagrangian subject to the restrictions that we 

have introduced. Vie now produce a ''best fit" for a trial solution. 

The nature of the technique involves placing possible s olutions into 

the variational principle with undetermined pararneters. Variation 

with respect to these parameters then produces equations for them. 

The variational principle for the Lagrangian is 



-llO-

co 

oJ = 0 ~ {r(a: +a
2 

_a: )}dr = 0 

0 

The trial solution that will be substituted is 

where a 1, a 2 , b
1, b 2 are constants to be determined. 

Placing (V. 19) into (V. 20) one uses the integrals 

00 2 
S x e-x dx = ± and 

0 

to obtain 

2 
al 

J -- 2 + 

2 
-x 1 

e dx = 2 

as the quantity to be minimized. Now the solutions to 

(V. 18) 

(V. 19) 

(V. 20) 

provide the numerical values for the parameters in (V- 19 ). This is a 

complicated s ystem which is reduced considerably by the following 

substitutions which allow two quantities to be elirninated: 

The resulting form of (V. 20) is 
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2 2 

~+d2] a1 [ + 8 cd + d2] + a1 [ J = -2- 1 4 b 
1 + 2 l+c c (1 +c) 1 

4 
12d

2 
16d 3 

d4] a1 ~ 16d 
-16b1

1 + 3+c + ~ + 
1+3c 

+-
c 

2 4 
2 a1 

F2 
a1 

F = a1 F1 +-
-~ b1 3 

where F
1

, F 2 and F
3 

depend on c and d. Variation ofa
1 

and b
1 

produce 

= 0 

and 

These equations yield solutions 

= 
F1 

(V. 21) 

(V. 22) 

which represent the best choices of a 1 and b 1 for given c and d. These 

solutions are replaced into (V. 21) to eliminate a 1 and b 1 . The resulting 

form 

J = 

is varied with respect to c and d. Thus 

must be solved for c and din some nurnerical way. The results of 
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calculation on a desk calculator are 

c = 4. 7335, d = 1. 55005 

Substitution into (V. 22) produces 

a
1 

=. 848763 and b 1 = . 249505 

Finally the solution has the form 

a= .848763 e-.249505 r2+ 1.315625 e-1.181031 r2 

This result is plotted to compare with the numerically integrated 

result. 

t.·O 
---Numerically Integrated Solutionl 

----Approximate Analytic Solution I 

1·0 

--
0 -~'-~-~---L--L---L--~--~---L---L-~L-~--~--~--_J 

0 1·0 Z·O J·O 

Order Zero Eigenfunction 
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Haus gives the power for the first five rnodes where power is defined 

by 

These values are 

00 

P = ~ a 
2 

r dr 

0 

Mode Number Power 

1 l. 86 

2 12.25 

3 31. 26 

4 58.57 

5 94.23 

Vve note that the power for the lowest mode is very much lower than 

the other modes, hence if a large beam becomes unstable it seems 

likely that it will break up into beams of the first type. For comparison 

with Haus 1 work, the power of our approximate solution is l. 869 corCJ.-

pared to his 1. 86, while Townes 1 figure is 1. 834. 

V. 3 Time-Dependent Solutions 

Having found some special solutions for the time-independent 

problems we proceed with some examples of time-dependent solutions. 

These examples will all be stationary solutions; the envelope pattern 

will move with a constant speed. The first case will be a one-dimen-

sional wave, all quantities being constant in y and z. We shall then 

consider solitary waves that are localized near the x-axis and travel 

with constant speed. These are short pulses that are self-trapped 

in the nonlinear medium. 
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V. 3. i Stationary One-Dimensional Wave Envelopes 

We shall deal w ith both linearly and circularly polarized 

waves. Fi.rstly, we consider solutions of the equations of linearly 

polarized waves, (V. 4) and (V. 5), which are independent of y and z 

but vary in a time-dependent manner in the x-direction. If we define 

a new variable T) by 

'tl = X - Vt 

where Vis constant, then any wave pattern that depends only upon T) 

will translate undistorted in the x-direction with velocity V. We take 

K
2 

= 0 and K
1 

= K and was constants. The second equation of (V. 4) 

becomes 

To satisfy this equation we set 

2 c
2 K 

v = ----------~----2 

[ w
2

(1 + ~P 2 ~ 
wo-w j w 

The first equati on of (V. 4) becomes 

a 
t1Tl 

+ 

2 6 4 3 
3 y s w w a 

0 p = 0 

This is the equation for stationary waves found by Ostrovskii [ 11 ]. 
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We write this as 

where 

D = 

and T = 

a - D a+ 
TlTl 

3 
'T" a 

2K:2 c - w
2

(1 + 

= 0 

2 
WE ) 2 2 

w -w 
0 

2 2 2 
w w +3w) 

c:2-v2(I + E o 
( 2 2)3 wo-w 

2 6 4 
3 y € w w 

o E 
2 2 4 

4 (w 0 -(.l.l ) 

) 

2 2 2 n 
2 2 ( wp w0 (w 0 +3 w ) 

c -V 1 + 2 2 3 
(W - W ) 

0 

This is the form of equation (V. 16 ). Where we had parallel beams in 

space in section V. 1 we now have a series of pulses and where we had 

an isolated beam we now have a solitary wave. 

We use the same definition ofT] in the equations of circularly 

polarized waves, (V. 14) and (V. 15), and we proceed in the same 

fashion. Exactly the same expressions are found for V and D, and 

T differs in that ~ y is replaced by y. In both cases we find that 

solitary waves exist only in focusing media. 

V. 3. ii Localized Solitary Waves in Two Dimensions 

We combine the ideas of the preceding parts and obtain station-

ary solutions by setting Tl = x - vt, but now we seek solutions that are 

radially symmetric in the variables t'j and y. The radially symmetric 

pattern that results propagates w ith speed V. If the solution is local-

ized in the radial variable then we have a pulse that propagates with 

constant speed. Again we take Kz, = 0 and K
1 

= K and was constants. 
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The second equation of (V. 4) produces the same value of Vas found 

in section V. 3. i: 

v = 
r 2 wp J Lw (I+ 2 2 ) 

w -w w 
0 

The first equation of (V. 4) produces 

2 . 2 2 2 2 
w ) 2 2] 2E wp wo (wo + 3w ) J ~~ - c K a-V 1+ 2 2 3 ai 

w -w (w - w ) 1Tl 
0 0 

2 2 4 3 
2 2a + 3 "Y 8 o i:> W a 

+ c a'T"\1'1 + c -
'I ' I YY 4 ( 2 2 )4 w _,!) 

0 . 

= 0 

We set r2 = y2 + (1 

to obtain the form 

where 

and 

a 
rr 

D 

,. 

+.!_ 
r 

= 

= 

a 
r 

- Da + ,. a 
3 

= 0 

2 
w ,....e..__,,- \ 
2 2 ) 

w -w 
0 

2 6 4 
3ye w '-!J 

0 p 

4 2 ( 2 2 )4 c w -w 
0 

. This is equation (V. 16) which we have found to have solutions localized 

about r = 0. There are such localized pulses only in a focusing medium. 

V. 3. iii Localized Solitary Waves in Three Dimensions 

We make the substitution Tl = x - Vt, where V is the same quan-

tity as in V. 3. i and V. 3. ii, in the equations of circular polarization 
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(V. 14) and (V. 15). I£ we assume radial symmetry between y and TJ 

with no z dependence, then we obtain a similar two -dimensional solitary 

wave as in section V. 2. ii. The more interesting case results from 

assuming spherical symmetry between t), y and z. Here we set 

2 
r = 

2 2( 2 3 2) w w w + w + p 0 0 

( 
2 2)3 w - w 

0 

-1 2 -1 
'\l . 2 f( 2 ( 2 K 2 2 w )] 2 2. 
)J t1 +LT 3 - ~-z- ·- 2 pz (y +z > 

w w -w 
0 • 

In this variable we obtain 

+~a 
r r 

2 6 4 3 ye: w wa 
+ o~~P~~---

( 2 2)4 w - w 
0 

= 0 

for the first equation of (V. 14), while the rest of equations (V. 14) and 

(V. 15) are satisfied by the chosen form. We have the case of a pulse, 

localized about the x-axis, propagating with speed V. We write this 

as 

where 

and 

a 
rr 

D 

1" 

0 2 
-;--

r 
a 

r 

= c2K2 

2 ye: 
0 

= 
( 2 wo 

2 

w
2

( I 
w 

) + 
p 

2 2 
w

0 
-w 

6 4 w w p 
_ w2)4 

This equation has been studied in connection with elementary particle 

physics. Finkelstein et al. [ 13] have shown through phase plane argu-

ments that this equation has analytic, symmetric eigensolutions that 

are asyrr1ptotic to zero at infinity and have one, two, three, etc., zero 

crossings as in the case of solutions to (V. 17). Schiff et al-[14] 
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display the follow ing approx imate solution for the lowest eigensolution 

obtained by Teshima by Lagrangian techniques in the same manner as 

we did in section V. 2. ii with equation (V. 17): 

a [ 
-r -4. 1 Or J 

= 2. 6060 (e - er ) + (2. 33r-l. 360)e - 4 · lOr . 

This profile is sim.iiar to the lowest eigenfunction s elution of equation 

(V. 1 7) but it has a higher central maximum and is thinner. The higher 

eigenfunctions represent pulses that are ellipsoidal with sets of ever 

weakening ellipsoidal shells sur rounding the1n, the whole pattern 

moving with constant velocity. 
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APPENDIX 

THE QUESTION OF PSEUDO-FREQUENCIES 

In Chapter III it was m.entioned that a constant electric field 

cannot build up if its .value is zero everywhere at some starting time 

and the potential V (P) is an even function of P. We now prove this 

by applying Whitham's procedure [5] including pseudo-frequencies 

which represent the slowly varying 11 constant 11 component of the field. 

The relevant Lagrangian is (III.l): 

2 
l {pt } 
~ z- V(P) • (A. 1) 
E: w 

0 p 

Following the standard procedure of Whitham, the functions A and P 

are considered periodic functions of 8, but the potential A is allowed 

to have a secular function added to it. They are written 

P = P(8,X, Y, T) 

(A. 2) 
A = <P (X, Y, T)+A(8, X, Y, T) 

where X, Y and T are the slow scales defined by 

X = e:x, y = e:y , T = e: t . 

e is the fast variable defined so that 

8 x = K I (X, Y, T), 8 y = K 2 (X, Y, T ) , 8 t = -(.u(X, Y, T ) 

and the secular function <P is defined by pseudo-frequencies f3 1, f3 2 , y 

such that 

<p X = p l (X, y, T ) , <p y = f3 2 (X, y, T ) J <p t = -y (X, y, T ) . 
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Substitution of (A. 2) into (A. 1) produces the explicit form 

L = 

We use Whitham's Hamiltonian formulation to simplify the work. This 

method produces integrals of the Euler equations quickly so that certain 

variables in the Lagrangian may be eliminated. One may differentiate 

the integrals we produce to justify the method. Whitham defines 

TT BL 
2 = a A- • e 

and then the integrals of the system are 

H = M 
and 

The explicit form of these functions is 

2 w P 8 
2 

E: w 
0 p 

8
o { 2 2 2 2 2 2 2 I 

H = 2 (w -c 1\ )A
8 

- (y -c f3 ) J- yP + 

= 
M 

2 
2 E: w 

0 p 

2 2 
1 {w Pe 

2 2 
E: w 

0 p 

+ V(P)} 

(A. 3) 

(A. 4) 

(A. 5) 

The integrals (A. 4) and (A. 5) are used to eliminate P
9 

and A
9 

from 

(A. 3) for use in the following form of S-: 



= 
1 

27T 
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M 
2 

2 e: w 
0 p 

Substitution gives the explicit form of £ as 

1 § W 2 ffdP - M 2 
e: w 2e: w 

0 p 0 p 

= 2rr 

where 

2 2 2 2 2 2 
F = M - 2 V (P ) + 2 e: "~{, yP + E: w ( y - c 13 ) 

0 L 0 p 

The Euler equations are 

£ = 0 
M 

(A. 6) 

(A. 7) 

(A. 8) 

Our purpose is to show that (A. 8) is s atisfied identically by setting 

B == 0, y = 0, l3 = 0. This condition w oul d leave (A. 7) as the s et of 

equations that w as d ealt with in Chapter III. 

The first equation of (A. 8) is 

- _I );.. 
27T 'j 

w 
2 2 2 

E: (W - c l\ ) 
0 

+ boundary terms = 0 



The second is 

- :t { in§ w 

+ 2 2 2 
W -c K: 
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1 { 2 2 -- w P+e:w y ff p 0 p 

1 ( 2 2 
- I -e: w c (3 JF '- 0 p 1 

+ boundary terms = 0 

Setting B = 0, y = 0 and ~ = 0, the integrands in all four loop integrals 

become odd if V(P) in the factor F is even, so that each loop integral 

is zero. In the terms that we have called "boundary terms 11 there is 

always a factor of ff from the integrand of (A. 6). These terms are 

evaluated at the roots of F and hence are zero. Thus each term of the 

equations is zero and the equations are satisfied identi c ally. 
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