








































































































































































































































































































• J( .... - . 

0 

0 
0 

0 

0 0 

o ) L = J.; • '.J Ld . 

I I I I I 1 1 T 

<:: 
4 - -

r "J,;J + r fO - -

lp 0 
2 - 0 -

0 0 0 r- 0 
-

0 oo 
I I I I I I I I 

30° 60° goo 

a) L = Lct. 

2:L --Rat.:.o of' di.ss!ps.t:c.n :r·ate tr.e 
medium. cf ur·.1rorm comp!''2Ss!.cr •. t-o oend:n: 

rate !1. the plate p:.cttPd au a 
or :.:.rr:-dip for tne domlnant.- .... ·naK­

pla te f'c_t4s . 



140 

the calculation in the isoclinal range (Section 6). The 

position of the minima of the curves of figures 28a and 28b 

ia an indioation or the val1d1~y or the separation of the 

folding into high-dip and low-dip styles, since these minima 

occur at limb-dips corresponding to the transition between 

the two styles. 

9. Summary of results 

In table 4 selected results of the numerical computa­

tions are tabulated for the free-plate, dominant-wavelength, 

and weak-plate folda. 
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TABLE 4.--Summary of the results of the computations 

L/ L.:~ 

}A,j p,., for thickness 
..:&.':' 1:/40 

Limb-dip of transitions 
between styles: 

low-dip to high-dip 
high-dip to isoclinal 

Probable maximum limb-dip 

Ratio of maximum curvature 
to average curvature 
at limb-dips ofs 

Ratio of medium-dissipation 
to plate-dissipation: 

infinitesimal treatment 
minimum 

rree plate dominant weak plate 
wavelength 

<< 1 

oO 

120° 

1.571 
1.575 
1.579 
1.586 

0 
0 

1 

1650 

1.587 
1.589 
1.598 
1.634 

2 
0 .40 

66° 

{/100 ~4.6 

16.5 

1.625 
1.798 
2.198 
3.285 

200 
10 

59° 
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CHAPTER IX 

DISCUSSION 

1. Significance of the shape variations 

The variation in the shapes of finite-amplitude 

folds corresponding to variation in the ratio of the fold 

wavelength to the dominant wavelength is clearly recog-

nizable by visual examination of the computed fold shapes 

(figs. 8-13). We now investigate whether or not this 

variation can be recognized in natural folds. In order 

to discuss this we must examine three questions: (1) The 

initial starting shape for each fold has been chosen to 

be very regular. Since natural folds will not necessarily 

start from such regular shapes, are initial irregularities 

likely to mask the regular shape variation found in this 

study? (2) To what extent is the shape variation found 

in this study sensitive to the details of the mathematical 
' 

assumptions made in formulating the problem? (3) Can this 

systematic shape variation be separated from shape irregu-

larities which are found to some extent in all natural folds? 

1) Initial shape.--On the basis of the infinitesimal 

treatment and of the finite-amplitude analysis of the present 

study, the following picture of the growth of a train of 

natural folds may be presented. The growth process starts 

from an essentially plane layer, with a random distribution .. 
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of small deviations from a perfectly plane shape. The wave-

length of each individual fold in the train is determined 

by the wavelength-selection process described by Biot (1). 

If the initial irregularities are small enough, the folds 

will have a relatively uniform wavelength, the dominant 

wavelength. If the initial irregularities are large enough 

so that a regular wavelength has not developed by the time 

the maximum dips of the folded layer are about fifteen de-

grees, there will ~e a range of wavelengths in the fold 

train, since the wavelength-selection process is not opera-

tive beyond this stage (Chapter VIII, Section 5). In the 

later portion of this stage, the "primary" shape of the 

individual folds is also determined. This primary shape 

will be determined to a certain ~xtent by the initial irreg­

ularities present in the infinitesimal stage. Sufficiently 

small irregularities at the start of the infinitesimal stage 

will tend to produce a regular shape in the primary stage as 

well as a regular wavelength. From this fifteen-degree-dip 

stage on, the rate of change of the shape is determined by 

the amplitude of the fold and by the ratio of the fold 

wavelength to the dominant wavelength. No eviden~e was 

found in this study that the magnitude of any harmonic 

coefficient in the shape could decrease at any stage short 

of the isoclinal stage. Initial irregularities will there-
' 

fore persist beyond the f .ifteen-degree-dip stage, but they 

(1) M. A. Biot, Theory of f ol ding of stratified visco­
elastic media and i t a implications i n tectonics and orogene­
sis: Geol. Soc. Ameri ca Bull ., v . 72, 1961, p. 1595-1620 
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will not be magnified. The final shape will not be com­

pletely independent of the primary stage but will be deter­

~ined mainly by g~owth beyond the primary •tage. 

Two qualitative predictions can be made on the basis 

of this picture of the course of growth or a fold. First, 

in a fold train which includes folds with a range of wave­

lengths, ~h~ longer wavelength folds should have sharper 

shapes than the shorter wavelength folds. Second, if a 

train of folds with a regular wavelength and relatively con­

stant shape is found, the shape of these folds should be 

sharp if the viscosity ratio, Ap/~- , has decreased signif­

icantly during the folding process and less sharp if the 

viscosity ratio has remained constant or increased. 

2) Detailed assumptions of the calculation.--With re­

gard to the shapes produced, the two most critical assump­

tions are probably the assumptions of linear viscosity and 

inextensibility of the plate. As the stresses in the bend­

ing layer become high, it is possible that new mechanisms 

of deformation come into play. The effect of these new 

mechanisms would be to decrease the apparent viscosity of 

the plate. Also, high stress could lower the apparent vis­

cosity even if no new mechanisms operate, if the stress­

strain-rate relation is non-linear. Therefore, natural 

folds which develop at the dominant wavelength may have 

shapes which are sharper than those calculated for the 

dominant-wavelength fold . 

It seems l i kel y that thia ef fe ct is present in nature, 
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since the shapes of the dominant-wavelength fold appear to 

be too broad, especially at high amplitudes. The results 

of the present atudy predict that the dip of the limb of 

the dominant-wavelength fold will increase beyond 900; r.an 

folds of thia sort are found in nature, but they are the 

exception rather than the rule. Since the infinitesimal 

treatment predicts that the dominant wavelength should be 

the most common one in natural folds, the finite-amplitude 

shape associated with the dominant wavelength should be 

the most common shape. Clear evidence that most natural 

folds deviate from the shapes calculated in this study 

for ~ - ~J would strongly suggest that the natural 

layers had followed a non-linear rheological law. 

This possibility of recognizing the presence of non­

linear rheological properties is an important result. In 

order to exploit this possibility, further work is indicated: 

(1) A theoretical study of the finite amplitude shape of a 

layer with non-linear rheological properties should be made. 

Investigation of a non-linear free plate would be mathe­

matically feasible, and the effects of the medium could 

be estimated on the basis of the results of the present 

study. (2) A critical study of the shapes of single-layer 

natural folds should be made to determine more precisely 

what is the moat common natural shape. 

Although the consequences of the assumption of an 

inextensible plate are more difficult to assess, we can get 

an idea of their seri ousness by examining the li~ting 
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case of equal plate and medium viscosities. In this limiting 

case an initial sinusoidal fold will retain its sinusoidal 

shape under uniform compresa1on. If the layer were not 

assumed to be inextensible, its shape would tend toward 

this sinusoidal limit as the viscosity ratio is decreased. 

In table 5 are tabulated the ratios of the first few har­

monic coefficients for the 56° stage of the dominant­

wavelength fold, the 53° stage of the weak-plate fold, and 

a sine wave which coincides with the weak-plate fold at 

the limb and the crest. 

TABLE 5. --Comparison of tt· lt1, for !. • ~J and !:. ::: If,' !::.<~ 
folds with A;IA, for a sine curve - -

" .,. !;.I l .,. ~.' LJ - -
56° limb-dip 53° limb-dip sine curve 

l ~1./~. ~-~~. ~i/~. 

2 -0.0047 -0.0827 -0.1256 

3 0.0000 0.0078 0.0296 

4 0.0000 0.0008 -0.0084 

· This table shows that the change in shape between 

the dominant wavelength and the weak plate is consistent 

with a trend toward the sine shape of the equal-viscosity 

case. It thus appears that the assumption of 1nextens1bil­

ity does not seriously affect the shape analysi$, although 

it may affect the strain f i elds 1n the medium, as discussed 
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in Section 2. 

3) Irregularities in the shapes of natural folds.--A 

systematic analysis or the shapes or natural rolds has not 

yet been ca~ried out. However, on the basis of the writer's 

experience with natural folds, he believes that it would 

be possible to detect natural shape variations of the mag­

nitude found in the present study. Fourier analysis of dip 

as a function of arc length can be used to define the average 

shape of a train of regular, natural folds, and consideration 

of the size of the neglected harmonic coefficients can pro­

vide a measure of the meaningfulness of this average shape. 

If sufficiently regular natural folds are selected, com-

parison of the average shapes with the shapes computed in 

this study will give valuable information about the defor­

mational history of the natural folds and the rheoiogical 

laws under which they have deformed. 

2. Strain field and strain-rate field in the medium 

The strain and strain-rate fields plotted in figures 

21 to 27 can be compared with observable geologic features. 

The directions and amounts of cumulative flattening can be 

measured by means of deformed fossils and oolites, and it may 

be possible to interpret the finite rotations in terms of 

rolled garnets. Strain rates are not directly observable, 

but the dynamic analysis of calcite twin lamellae (2) provides 

(2) F. J . Turner, Nature and dynamic interpretation 
of deformation lamellae i n calcite of three marbles: Am. 
Jour. Sci., v. 251, 1953 , p. 276-298 
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a measure of the last increment of strain; the orientation 

of this strain increment will be given by the orientation 

of the strain-rate during the last stage of the deformation. 

With tbe possible exception of rolled garnets, the 

strain indicators discussed in the previous paragraph can 

be interpreted in a relatively straightforward manner, but 

since they require microscopic observation they are not 

commonly measured. Cleavage, on the other hand, is a macro-

scopic property, and its orientation is commonly recorded 

in field studies of deformed rocks. For this reason, we 

shall discusa the way in which cleavage in folded rocks can 

be related to the calculated strain-rate and cumulative 

strain fields, even though its interpretation is not as 

well understood as that of the strain indicators mentioned 

in the previous paragraph. Cleavage is defined as the pro­

perty possessed by certain rocks of splitting more easily 

along planes with a certain orientation (3). The following 

discussion will refer to cleavage that is determined by 

the alignment of micaceous minerals or by a preferred plane 

of flattening of other mineral grains. 

There are two classic geologic explanations of 

cleavage: (1) cleavage is parallel to planes of maximum 

shear stress or planes across wni~h maximum shearing move­

ments have taken place, and (2) cleavage is parallel to the 

planes of maximum flattening or perpendicular to the maximum 

(3) E. S. Hil l e , Outlines of Structural Geology: 
London, Methuen a nd Co . , Ltd . , 3d ed . rev., 1953, p. 104 
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compressive stress. Goguel (4) gives an extensive, though 

somewhat polemical, discussion of the problem. In the fol-

lowing discussion the second mode of formation is assumed. 

This explanation seems preferable on the basis of geologic 

observations, and it is compatible with the results of the 

present computations. 

Even if we restrict consideration to the second mode 

of origin, there are two possibilities for the physical con­

ditions that determine cleavage orientation: (1) it is per-

pendicular to the maximum compressive stress at any given 

instant; (2) it is parallel to the plane of flattening of 

the strain ellipsoid at any time. Preferred flattening of 

grains is best explained by the second possibility, but the 

alignment of micaceous minerals might be determined by either 

mechanism. Unfortunately, the results of the present study 

do not provide a clear method of distinction between these 

possibilities, since the orientations of the finite strains 

do not differ markedly from those of the strain-rates. 

When found in association with folded rocks, cleavage 

is usually sub-parallel to the axial planes of the folds, 

and it often shows a characteristic fan pattern, with the 

cleavage dipping slightly toward the axial planes in the 

crests of anticlines and away from the axial planes in the 

troughs of synclines. The axial-plane orientation is shown 

by both the planes of maxi mum extension rate and the planes 

(4) J. Gogue l , Traite de tectoni que: Paris, Masson 
et cia, Editeurs, 1952 , p. 40-44 
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of maximum cumulative flattening in all stages of both the 

weak-plate fold and the dominant-wavelength fold after the 

23° stage. The fan-like orientation is shown after the 

folds reach the high-dip stages. An anti-fanning of the 

cleavage planes outside the crests of anticlines is commonly 

observed (5); this feature is also shown by the calculated 

strain fields. 

Cleavage planes which show an anti-fanning relation-

ship inside the crests of folds are not common in nature, 

although they have been observed (6). This may be due to 

the fact that well-developed cleavage is associated with 

strong deformation, so that most folds showing cleavage are 

in the high-dip stages. However, the presence of this fea-

ture in the results of the present study may represent a 

failure of one or more of the underlying assumptions of the 

mathematical treatment. Most published discussions of 

cleavage do not distinguish between single- and multiple­

layer folds, so that a study of single-layer folds that 

show cleavage would be necessary to determine whether this 

anti-fanning is present in nature. 

The anti-fanning of the planes of maximum extension 

rate in the high-dip style of folding occurs only immediately 

below the crest of the fold where the strain-rates -are small. 

Although it may have been overlooked i? nature, it is equally 

(5) L. U. de Sitter, Structural Geology: London, 
McGraw-Hill Book Co . , Inc., 1956, p. 96 

(6) Hills, ~· cit . , p. 111 
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probable that it may be a result of the assumption of inex-

tensibility of the plate. 

Since the planes of maximum flattening and flat­

tening rate remain approximately parallel to the axial plane 

throughout the course of the folding, it may be possible to 

observe the rotations of principal axes of strain ellipsoids 

in natural folds. Minerals such as garnet which grow during 

the course of deformation often incorporate trains of in-

elusions which are parallel to the schistosity. If the por-

tion of rock surrounding the garnet rotates with respect 

to the external stress system while the garnet is growing, 

the inclusions will be parallel to the direction of the 

schistosity at the time they are incorporated. The resulting 
' 

curved trains of inclusions will then measure the finite 

rotation with respect to the relatively constant stress 

field. 

The close correspondence between the principal fea-

tures of axial-plane cleavage and the computed strain-rate 

and strain fields is considered to be a verification of the 

principal assumptions made in the mathematical treatment. A 

more detailed examination of cleavage and other strai~ in­

dicators in natural folds is needed before it can be ascer-

tained whether the finer details of the strain fields are 

really present in nature or whether they result from some 

of the idealizations of the present study. Isotropy of the 

medium was assumed in all the computations, but it is clear 

that rocks with a well developed cleavage cannot be strictly 
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isotropic. A consideration of anisotropy might modify some 

of the conclusions, but such a consideration is beyond the 

scope of the present treatment. 

3. Conclusion 

The study of the finite-amplitude folding of a single 

layer leads to the following conclusions. 

1) The shape of the folded layer varies systematically 

with the ratio of the fold wavelength to the dominant wave­

length. 

2) A fold whose wavelength is equal to or shorter 

than the dominant wavelength will develop into a fan fold 

if the folding progresses far enough. 

3) The final shape of the folded layer is relatively 

insensitive to the details of the initial shape of the layer; 

in this respect the shape variation is analogous to the 

wavelength-selection mechanism of the infinitesim~l-amplitude 

treatment. 

4) The results in the very-low-dip stages show that 

the infinitesimal-amplitude treatment breaks down as far as 

fold shape is concerned before the maximum dip of the fold 

is 10° . A possible extension of the treatment up to limb­

dips of about 15° has been found, but beyond the 15° stage 

the wavelength-selection process is no longer operative. 

Analysis of the limit of the infinitesimal stage makes it 

clear that the main prerequisite for the development of a 

regular wavelength ia that the initial shape irregularities 
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be sufficiently small or sufficiently regular. If this con­

dition is satisfied, the resulting fold train will have a 

regular shape as well as a regular wavelength. 

5) Single layer folds progress through three styles 

of deformation as the folding proceeds. Each style is 

characterized by its own pattern of deformation in the 

medium. 

Retention of the fundamental physical assumptions of 

the infinitesimal treatment, coupled with relaxati on of its 

geometrical restrictions, ~as made possible a number of pre­

dictions which can be tested against naturally occurri ng . 

folds. Comparison of two of these predictions with natural 

folds shows that the theory provides a reasonable approxi­

mation to the natural folding pro~ess: (1) The shapes of 

the calculated folds are relatively close to those found in 

nature . (2) The calculated strain-rate and finite strain 

fields in the medium show the characteristic orientation 

and fanning of axial-plane cleavage. 

More detailed study of natural folds is needed to 

teet the other predictions: (1) The predicted shape varia­

tion can be tested only by a detailed study of the shapes 

of naturally occurring single-layer folds. Such a study 

might yield important results regarding the rheological 

properties of the layer. (2) The details of the strain­

rate and finite strain fields can be tested by detailed 

examination of natural folds. 
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APPENDIX A 

CALCULATION OP THE STRAIN-RATES AND 

CUMULATIVE FINITE STRAINS 

1. Strain-rates 

With the notation of figure 3 (p. 51) ·the strain-

rates are given by the following expressions : 

• ~t.< +-~v) e,"l. = ~ ( -rx ~ Y = 

. . 
e" = - e:11. 

= 

cpNE - ¢,.;w + cJ>sE- c:J> sw 

'-1-

The principal strain-rates and the orientation of the prin­

cipal a Yes are calculated by the standard formulas. (1) 

2. Finite strains 

The first s tep in the computation of the finite 

strains is to compute the new coordinates of an originally 

square grid after 1 t has been deformed. If ~ ( t:.) and Y ( ~) 

represent the coordinates of a particular point imbedded 

in the medium during an interval of time o < t < 4 t when the 

spatial distribution of the velocity remains essentially 

constant, then the final positions of the point are given by: 

(1) J . C. Jaeger, Elasticity, fracture and flow: 

London, Menthuen and Co., Ltd., 1956, p . 40- 41 
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.t 

X (.at ) == X ( 0) + ~. u ( X ( t } J y ( t ) ) d t ' 

4t 

y ~t) = y ( 0) + L v ( X ( t ) l y (I; ) ) d t . 

The numerical computation of these integrals, when 0 and 

v are known only at a set of grid points, would be very· 

complicated; the new grid positions calculated would still 

not be accurate, since U and yr vary with time as well as 

with X and y Since a high degree of accuracy is not 

really necessary for the purposes of interpretation to which 

the finite strains will be put, and since errors in the 

finite strain calculations do not affect the rest of the 

numerical results of the study, the following much simpler 

formulas were used to calculate the new coordinates of a 

point: 

xr~t)= X(o) + t.<(Xcol 1 Y(ol)~T 

y (.t:1t) = Y{o) + V (X(o)) YCo)) ~T 

~! represents the time interval between one time step 

and the next; ..o. T is chosen so that the new X -coordinates 

of the points on the right-hand wall of the problem region 

agree with the new x-coordinate of the crest of the fold . 

.d t and AT are not equal since the actual trajectories 

of points are curved. After the first time step, X and Y - -
are not integers; the appropriate ~ and yare found by 

interpolation, using the nine ~ values nearest the point 
' 

under consideration. 

Using this method, the positions of an originally 
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square grid of points can be found at each time stage. The 

final and original positions of a group of points can then 

be used to calculate the finite strain in the neighborhood 

of the points. The strain is treated as homogeneous over 

the quadrilateral enclosed by four points. The new coordi­

nates of the points are gi ven in terms of their original 

coordinates by the expressions: 

X'= a.x +-by +-e, 

y' = C X +- dy +- .{ 

A group of four points will provide eight equations to 

determine the six coefficients a., bJ c_) d J e J and t ; 

the values of the coefficients were determined by a least 

squares fit. Knowing the transformation coefficients it is 

a simple matter to compute the orientations of the principal-

strain axes in the original and final coordinate systems and 

the relative extensions of the principal axes. Formulas 

for these computations are derived by Jaeger. (2) 

Since the medium was assumed to be incompressible, 

a measure of the error involved in the computation of the 

distorted grid and in the assumption of local homogeneous 

strain can be obtained by consideration of the volume change 

as sociated with the computed strain values. The ra tio of 

(2) Ibid., p. 23-28 --.--
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the area of the deformed ellipse to the original circle in 

the undeformed state ranged from 0.8 to 1.2. The maximum 

deviations from no volume- change were associated with large 

strains (whose ratio of major to minor axis is 9 to 1). 

It is thought that the main source of error lies in the 

computation of the deformed grid. 
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APPENDIX B 

TABULATION OF THE NUMERICAL RESULTS 

L << Ld 11. 4° Limo - di p 
i 8, A, 9, A, 

0.19961 0.19962 0.18924 0 .1 H927 

2 0.19715 -0.00001 0.18691 - 0 . 0000 3 

3 0.18984 -0.0000 0 0.17999 -0. 00000 

4 o. 17786 -o.ooooo 0.16863 0 . 0 0 000 

5 0.16150 0.00000 0.15313 - 0 . 00000 

6 0.14116 0.00000 0.13386 - 0 . 0000 0 

7 0.11735 -0.00000 0.11128 0 . 00000 

8 0.09064 -0.00000 0.08596 - 0 . 00000 

9 0.06170 0.00000 0.058 51 - 0 . 00000 

10 0.03123 o.ooooo 0.02962 0.00000 

1 1 o. o. 
L << Ld 22 . 6° Limb - di p 

i 8; A.- 8 i A.: 

0.39406 0.39416 0.38440 0 .38 1.6 8 

2 0.38922 -0.00010 0.37969 - 0 . 00029 

3 0.37481 -0.00000 0.3656 9 0 . 00000 

4 0.35118 o.ooooo 0.34271 0 . 0 0 000 

5 0.31891 0.00000 0 .3113 0 0 . 00 0 00 

6 0 . 27878 0.00000 0.27221 0 . 00000 

1 0.23177 o.ooooo 0.2 2 63 8 - 0 . 00 0 00 

8 0.17904 -0.00000 0.17493 - 0 . 00000 

9 0.12188 -0.00000 0.11911 - 0 .00000 

10 0.06170 -0.00000 0.06031 0 .00000 

1 1 o. o. 



L << Lct 44.10 Limb-dip 
'1 B ,· A, 9 · • A; 

0.58036 0.58067 0.55313 0.55404 

2 0.57324 -0.00031 0.54641 -0.00091 -----
3 o. 552"07 o.ooooo 0.52639 o.ooooo -- --·-
4 0.51733 0.00000 0.49351 0.00000 

5 0.46987 0.00000 0.44850 -o.ooooo --- ------
6 0.41082 0.00000 0.39240 -o.ooooo ------ .... -
1 0.34161 o.ooooo 0.32652 -0.00000 - - ·- -------- --
8 0.26393 -0.00000 0.25242 -0.00000 ---------
9 0.17969 -o.ooooo 0.17194 o.ooooo 

~ -----·- - -
10 0.09098 -o.ooooo 0.08708 o.ooooo ------------- -

----- 11 o. o. --- - ~--- --- ---------------- -----
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L << Ld 55.3° Limb-dip 

i e .. Ai &· 
' 

A · • 

1 0.96501 0.96649 0.85110 0.85509 

2 0.95327 -0.00149 0.84100 -0.00402 -- ----- ----- - - - --- --
3 0.91831 0.00001 0.81088 0.00002 - - -- -- - -
4 0.86091 -0.00000 0.76125 -o.ooooo -- --- -- ... 

5 0.78236 o.ooooo 0.69300 o.ooooo ---

6 0.68446 0.00000 0.60747 o.ooooo 

1 0.56950 o.ooooo 0.50643 0.00000 

8 0.44025 -0.00000 0.39219 -0.00000 ----- -- -
9 0.29987 -0.00000 0.26751 o.ooooo 

10 0.15187 -o.ooooo 0.13561 -0.00000 

----- ___ _1 1 o. o. ----

L << Ld 65 .7° Limb-dip 

1 o : 
1 A~ (;; At. 

1 1.14661 1.14914 0.96063 0.96715 

2 1.13274 -0.00253 0.94942 -0.00658 -- - - ---- -
3 1.09140 0.00001 0.91595 o.oooos 

4 1.02348 -0.00000 0.86067 -0.00000 

5 0.93044 -0.00000 o. 78442 -0.00000 - ---- --------
6 0.81434 -0.00000 0.68850 o.ooooo - - - . - --

I 
1 0.67786 -0.00000 0.57474 0.00000 - - - -- --
8 0.52421 -0.00000 0.44562 -0.00000 ---- ---
9 0.35717 o.ooooo 0.30424 -0.00000 --- -- - -

10 0.18092 o.ooooo 0.15432 -0.00000 ----- --- - --- - -

11 o. o. - ----·-- ------ ---
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71. 4° Limb-dip 

l A; A,· 

1 1.24532 1.24858 1.01028 1.01851 

2 1.23030 -0.00328 0.99863 -0.00831 --- ----· ----

3 1.18555 0.00002 0.96378 0 .00008 

\.11197 0.00000 0.90615 -0.00000 

5 \.01112 -0.00000 0.82648 -0.00000 

6 0.88519 -0.00000 0.72601 -0.00000 

1 0.73702 o.ooooo 0.60657 -0.00000 

8 0.57010 o.ooooo 0.47066 -0.00000 ------
9 0.38851 -0.00000 0.32154 -0.00000 

10 0.19682 -0.00000 0.16316 -0.00000 

11 o. o. -----· 

80.3° Limb-dip 

1 1.40197 1.40671 1.07371 1.08512 

2 1.38516 -0.00477 1.06157 -0.01154 --------
3 1.33506 0.00004 1.02522 0.00014 

1.25261 -0.00000 0.96494 -0.00000 

5 1.13949 -0.00000 0.88130 -0.00000 --· 

6 0.99804 -0.00000 0.77536 -0.00000 

1 0.83137 o.ooooo 0.64879 -0.00000 

8 0.64336 o.ooooo 0.50414 -0.00000 -------- ---

9 0.43859 o.ooooo 0.34480 -o.ooooo 

- ' .... \0 0.22225 o.ooooo 0.17509 -0.00000 

- -- ______ 11 _o_. -------- o. 
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L << Lct 89.8° Limb-dip 
' B; A.o e, A.-z 

1 1.56680 1.5735~ 1.11901 1.13439 

2 1.54815 -0.00680 1.10668 -0.01562 - -- - -

3 1.49253 0.00006 1.06<)69 0.00025 

4 1.40092 -0.00000 1.00813 -0.00000 

5 1.27506 o.ooooo 0.92232 0.00000 - -

6 1.11743 -0.00000 0.81300 o.ooooo 

1 0.93137 -0.00000 0.68163 0.00000 

-------- 8 0.72114 -0.00000 0.53060 o.ooooo 
--~ 

9 0.49182 0.00000 0.36343 -0.00000 - -------- ----- ----- ... - -

---------------- 10 0.24929 o.ooooo 0.18472 -0.00000 --. ---
______ 11 -- o. - --- ---- - - o. ---
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L = Ld 10° Limb - dip 

1 e~ A a e ... · A,· 
---- -

1 0 . 17453 0.17531 11 . 34703 11 . 36426 

2 0 . 1724 6 - () . 000 7 8 11 . 2ra65 - 0 . 01727 

3 0 . 166 2 7 o . o:.. c.01 1J .79784 -0 . 00025 

4 1) . 1560 7 - o. ")So -:,n 10 . 1231 C - c. co-uo 

5 0 . 14206 c. occoo 9 . 19951 0 . 000 11 

6 0 . 12451 - o. :>ccoo 8 . 0 48 19 - 0 . 00000 

7 0 . 10 379 -o . oo ro0 6 . 69615 0 . 00006 

8 0.08037 - o . ~,c.,oco 5 . 17602 0 . 0000 5 

9 a . n5 48 1 - o. o~1 c0o 3 . 52549 0 . 00004 

10 \) . 0 2778 -o . oocoo 1 . 78556 ~ . 00005 

11 o. o. 
---

L - Ld 23° Limb - dip -

l 9.l Ai G.· A,-

1 J . 4C'l43 0 . 40 255 4 . 85754 4 . 86667 

2 0.39658 - 0 . 00 1!3 4 . 798 36 - G. O'J 945 

3 0 . 38218 O . O·""~ C.JO 4 . 62283 O. OOC:G 9 

4 0 . 35849 -O . OvOG O 4 . 33467 0 . ('0006 

5 0 . 3 2601 o. oocoo 3 . 94('06 0 . 00003 

6 0 . 28544 -o. ocono 3 . 44793 0 . 00004 

7 0 . 23768 ('l . occc:o 2 . 86958 0 . 00002 

8 0 . 18386 o. ooooo 2 . 218 83 0 . 00003 

9 0 . 12531 o. ooooo 1 . 51160 0 . 00 002 

10 0 . 0634 9 o. ooooo 0 . 76560 0 . 00001 

1 1 o. o. 
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L = Lct 36° Li mb - dip 

1 e.,. Ao. iJ; A,· 
-----·-

l 0 . 6 2 8 3 2 0 . 62S8 7 2 . 998 41 3 . (•144 3 

2 0 . 620 71 - C. )-. 15 7 2 . 9629d - (, . 0 1617 

3 0 . 59 81 1 o . or :~0 1 2 . R5 7 3 7 c. oc-ooa 

4 0 . 56096 0 . C:f 0l1!1 2 . 1>A32v 0 . COOOB 

5 0 . 5101)5 0 • 1" c :.n 2 . 44362 - ._: • • ' 0 00 1 

6 0 .44649 o. ,,..r(,o 2 . 14 296 C•J000 1 

7 0 . 3717 2 O . ""~r ~"JO 1 . 7 A727 - 0 . 0 000 4 

8 0 . 28 7 5C O. Q00l 'J 1.38 456 0 . 00C02 

9 () . 19 59 1 O . OJG·JO ') . 944 6 7 - C . 0 00 (.; 1 

1 ~ 0 . 099 2 '5 o . occoo 0 . 4788 1 v . 0 000 2 

11 o. o. 

L = Lct 46° Limb - dip 

1 8 ; A · 
' 

()J Ai 
. --

1 0 . 80 285 0 . 8(533 2 . 24 Al 6 2 . 274 96 

2 0 .79318 - 0 . 0025 1 2 . 2 23:)8 - ·::, . 0 2 6 R3 

3 n . 76 443 O . ~{'C0 1 2 . 14774 - . O~ OC l 

4 0 .717 15 O . ')':C~ l 2 . 0 2283 o . ncon 4 

5 0 . 65229 o . o.:cco 1 . 84 R7 9 - o . ncco 1 

6 0 . 5 71 23 O. v..JCIJO 1 . 6 276 1 <., . cov.:n 

7 0 . 47575 0 . 0(.;) ·)0 1 . 36271 - 0 . 000(. 2 

8 0 . 368 1(~ 0 . 10000 1 . 05935 0 . 0000 2 

9 0 .25090 O. OOCC'O 0 . 72474 - 0 . 00 0 0 3 

1 0 0 .1 2 71 2 0 . 0 0000 0 . 36790 - 0 . 0000 2 

1 1 o. o. 
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L :. Ld 

At" 

1. 22173 

1.20 788 - O. iH262 

1.16633 O. O:'C 24 

1. 00 213 O. 'JOG01 

0 . 88 141 

0 . 73739 - 0 . \.CCGO 

() . 572Y1 - C. OC.Oin 

0 . 39186 - O. OOCOl 

0 . 1G.\1 9 

o. 

L = Ld 

e.a. A'"· 

1.32936 - 0 . 02 100 

1.28533 0 . 0CC6 4 

1.21 206 - 0 . 00010 

1.1C9 73 0 . 00C02 

0 . 97914 - 0 . 0CCG 1 

0 .82185 - O. OCG0 1 

0 .6405 9 - 0 . 00 0 01 

0 .4 3935 - O. JOC02 

0 .22354 - O. OOC02 

o. 

70° Limb-dip . 
e,· 

1.210 19 1.28122 

1.20265 -0. 07217 

1 .17623 0 . 00 180 

1 . 1291 0 

1 . 05691 - v . 00016 

0 . 9556 8 - O. OC·vC3 

0 . 82 163 - 0 . 00013 

n . 65438 - 0 . 00006 

;.; .4 56 16 - ( . 00006 

0 . 23432 - C. 00013 

o. 

77° Limb -dip 

0 . 98111 1 . 0 791 0 

0 . 97024 0 . 00 21 0 

0 . 94536 - C. CC 084 

C. 90093 - c . nn o65 

0 . 82989 - 0 . 00029 

0 .72705 - 0 . 00023 

0 . 58823 - 0 . 000 11 

0 .415 33 - G. C0012 

0 . 21494 0 . 00004 

o. 
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L = Ld 81° Limb-dip 

l ()t· Ai Ba· A · 
' 

l 1.41371 1.44706 '.) . 862 71 0 . 96229 

2 1.39963 - 0 . 03349 0 . 86 103 - 0 .10378 

3 1 .3 5679 O. "\C48 0 . 8 5429 0 . 00450 

4 1. 2R4']3 - O. C'•·10 22 0 . 8383 7 - 0 . 0003 3 

5 l.l 8CS 4 - O. O"'C' l2 0 . 80616 r: . rcooz 

6 1. 0 46 33 -0. (j\JCOO 0 .750 4 9 0 . 00006 

7 0.88227 o. :.ccr:o 0 . 6639 1 - O. OOG07 

8 0 . 690 44 - o. o; oc•o C. 54248 0 . 0000 9 

9 1) .474 88 - o. ; c c ·:o 0 . 38628 - 0 . 0000 3 

1 0 0 .24199 o. ocooo 0 . 20 :·9 5 - 0 . 00004 

11 o. c. 

L :: Lct 890 Limb-dip 

2 {) r' A · l B~· Ai 

1 1.5533 4 1. 62 144 C. 64462 0 .77 886 

2 1. 541 59 - 0 . 06698 0 . 64817 - 0 .14172 

3 1. 5039( O. OCC56 0 . 65750 0 . 00 742 

4 1.43520 - 0. M• ll 2 0 . 66655 0 . 00000 

5 1.331 8 1 -O. Jh)56 r. . 666 3 9 C. OOOO l 

6 1.1923 1 -O. :JC'OOO 0 . 64582 - 0 . 00004 

7 1. 0 1603 -o. or,cno (1 . 59 252 n. rooao 

8 0 . 80299 -o. ooooo 0 .49886 0 . 000~ 2 

9 0.55654 - 0 . 00000 0 .36270 0 . 00008 

lC 0.28490 o.ooooo 0 .19150 -0. 00002 

11 o. o. 
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L = 4 . 6Ld 10° Limb-dip . e,: Ai t7 · Al· 2 ;a: 

1 0 .17453 0 . 17 53 1 11 . 23295 11 . 36359 

2 0 .1724 6 - 0 . 00078 11.1 0509 - 0 .1 3322 

3 0 . 16627 0 . i)t.JIJ0 1 10 . 73461 0 . 00 657 

4 0 . 156 ;7 - 0 • ·1 :.} ~ -:· 0 10 . 1('16 71 - 0 . 00 2 86 

5 0 . 14206 o. , ;'lo.-.o 9 . 22753 - O. C0 640 

6 .~ . 124 51 - n. )...:.ooo 8 . 11149 o . oo 2G3 

7 0 . 1')3 79 - f! . ~(t'\00 6 . 8 1130 O. OC 313 

8 Q. fl80 37 -'.:'r. O'; CCO 5 . 3Cf)33 - 0 . 00 102 

9 o . G">4 .1 "L - 0 . O!"'Or,o 3 . 62493 - 0 . 00 114 

10 0 . 02 778 -O . C00C O 1 . 83964 0 . 00 228 

ll o. o. 
- - - ~ 

L ::: 4.6Ld 23° Limb-dip . 
2 e~· A'l· e · l. 

A,: 

1 0.4 (.' 14 3 0 . 40 476 4 .7 1625 4.83642 

2 (; . 39678 - 0 . 00347 4 . 66168 - 0 .13 220 

3 0 . 382g1 n . OG014 4.52088 0 . 00495 

4 0 . 3601C - 0 . Q(lC ·JO 4 . ?8043 0 . 00356 

5 0 . 32839 O. OJCOO 3 . 9 49 85 - 0 . 0 0040 

6 0 . 28856 -0. 000 00 3 . 5112 0 0 . 0(' 221 

1 <1 . 24121 -0 . 00000 2 . 96996 - 0 . ('0126 

8 0 . 1 8 728 - 0 . 00000 2 . 33230 0 . f)(,066 

9 0 . 12803 - 0 . 00000 1 . 605 77 O. C006 7 

10 0 . 06 499 -o. ooooo 0 . 8 12 8 1 O. OG 164 

11 o. o. 
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L:: 4.6Ld 33° Limb-dip 

l ei A; $.- A. 

l 0 . 57596 0 . 583~7 3 . 09105 3 . 26997 

2 0 . 56952 - 0 . 0083 7 3 . 06296 - 0 .1 9478 

3 0 . 5503C O. J:'C32 2.98944 0 . ('0783 

4 0 . 51857 o . J ~ Jl3 2 . 87622 0 . 00639 

5 0 .47459 o . o::,~o 2. 69354 - C. C023 7 

6 0 .41 864 -0. 0~\CO 2 . 44557 0 . 00283 

7 0 . 3512A - '' • lJ'JOO z . 1144v 0 . 0008 2 

8 0 . 27359 o . r.<,cr.o 1 . 68551 o . oJ2 14 

9 C.1 8741 ("1 . (1)(()0 1.17292 - 0 . 00 102 

10 0 . 09525 c. o::coo 0 .59344 - 0 . 00045 

11 o. o. 

L = 4.6Ld 43° Limb-dip 

. 
l e.- Ai Ba· A a· 

1 0.75049 0 .7 7646 2 . (2114 2 . 3475 7 

2 0 .743v 7 - o. 2829 2 . 0124i.. -0.36168 

3 0 .72120 0 . 00127 2 . 01625 C. C·2 348 

4 0 . 68546 o . Q( 1 6 2 . 0 1442 n . oo 775 

5 0 . 63532 -O. C'OOCO 1.986 41 - 0 . 00438 

6 0 . 56890 o. o ... cco 1. 897(3 0 . (0565 

7 0 .4843(' -O. J0 GOO 1.7323S - j . f'0065 

8 0.38151 -o. o coo 1.44603 o . co222 

9 0 . 26324 - o . oocoo 1.04010 - 0 . 00119 

10 0 .13426 o. oocoo 0 .52817 O. OC23 7 

11 o. o . 
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L = 4.6Ld 53° Limb-dip 

'Z e ,· A,: 
. e,· A& 

l 0 . 925J 2 l.OC565 1.17317 1 . 63294 

2 0 . 91922 - O . ~d '193 1.193 19 - 0 . 5510 5 

3 0 .90 242 o . r·.,.. 733 1 . 237Cl 0 .10353 

4 O. A74 R o . r,\. 197 1 . 30 3 4 3 - L . G0322 

5 0 . 833 44 - 0 . J 1.. •: JO 1 . 38602 - 0 . 0 1123 

6 ~ . 77 0JO - ') . r'O'"O 1 . 45921 0 . 00 7 0 8 

7 ,) . 67851 O. -"~.:: ! C 1.4 f1r2 7 - 0 . 00 494 

8 0 .55087 - 0 • •I f· 01' 0 1.37254 0 . 00 160 

9 0 . 3 R"1 26 -o. ') r, nJo 1. 06 228 - (1 . oo 169 

10 0. 20 158 O . OJC~O 0 . 55728 0 . 00014 

11 o. o. 
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L = 4.6Ld 630 Limb-dip 
(first approximation) . 

l e~ A..: B ,: A i 

l 1. 09956 1.2)7{,0 0 .74554 l.ll786 

2 1. 0 8825 -~.19735 0 .76903 - 0 .4861)2 

3 1.06055 0 . 05 850 0 . 81135 0 .1 8295 

4 1. 0 2967 C.-'G C3 l 0 . 86311 - 0 . 0 7226 

5 1. 00 347 - 0 • (, :' "' ~ •1 u . 8994 9 0 . 0 0161 

6 fl . 9738 7 o . ::-.~cr o 0 . 95571 0 . 00793 

7 (l . 9159f o. o• c.• n 1 . 04294 - 0 . ()0640 

8 '1 . 79826 -0 • r\(' r-: fl iJ l.l J 609 v . 005 0 9 

9 0 . 599'14 - 0 . OOC JC• 1) . 99683 - 0 . 00374 

10 0 . 32 38 4 C\ . 0(.1 \l OO 0 . 57253 -0.00059 

11 o. o. 

L : 4.6Ld 63° Limb-dip 
(second approximation) . 

2. {)i A· J 81· A · & 

1 1.09956 1.25366 0.76680 1.10333 

2 1.09816 -0.18052 0 .76749 -0.50404 --·-- -- --- -
3 1.09107 - --- ... - 0.03471 0.76951 0.20452 

4 1.072~3 -0.00829 0.80154 -0.04369 - ----

5 1.03787 -0.00000 0 . 86475 0 .00464 ------
6 0.98371 o.ooooo 0.96594 0 .00630 

7 0.90068 -0.00000 1.07255 -0.00383 

8 0.11010 -0.00000 1.14216 -0.00016 -- - - ----
9 0.57487 -0.00000 0.99225 0.00231 

10 0.31001 0.00000 0.58148 -0.00257 

--------- 1 1 o. - - --·---- o. ---- ---
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L = 4 . 6Ld_ 69° Limb - dip . 8,· A · B; Ai z I 

l 1 . 20 428 1 . 369 59 0 . 66772 0 . 89 528 

2 l. 1989 7 - 0 . 23 914 C: . 67 R03 - 0 . 34966 

3 l . l A4 n 4 0 . 06226 0 . 6 88 16 0 . 20 499 

4 1 . 16 5 8 1 - 0 . ')1 1 52 0 . 68 2 8 7 - 0 . 0 9721 

5 1 . 141 09 o . "'<"· 4 02 (· . 6 7':"9 7 0 . 01846 

6 1 . 1fl 30:_:\ -o . o ~ C94 0 . 68 3 ') 1 - 0 . 0 000 6 

7 1 . 03 14 5 o. oco . .:;:J C.758 71 - (; . 00 78 4 

8 0 . 90 4 H6 tJ . o ~~ ..;oo 0 . 8 49 1 2 0 . C0 936 

9 ~ . 695 41 - o . . Jooro ;:, • 8 72 9 7 - 0 . 00 90 7 

10 0 . 3851 4 o. ocoo:; 0 . 5 30 3 8 0 . 00 3 47 

11 o. c_. 

L = 4 . 6 Ld 7 9° Limb -dip 

l Bi Ai e .. : A.· 

1 1. 37882 1. 61642 0 . 6928 7 0 . 65923 

2 1 . 37843 - 0 . 3 :" 5 -4 0 . 66172 - 0 . ('5 645 

3 1 . 376 0 1 n . l C56 4 C. 566 1 8 0 . 0 592 4 

4 1 . 3621 2 - C. 050 4 8 0 . 4 92 7 7 () . (1 1445 

5 1 . 32 18 7 0 . 0 1 22 7 C. 50 2C5 C. 0 4315 

6 1 . 2569 6 - 0 . :JOCOO 0 . 52 14 1 - 0 . 0 2615 

7 1 . 1 8 49 9 - 0 . OLCOii · t: . 4 41 8 4 O. C04 8Q 

8 1 . 09099 O. C'OC OO 0 . 34 93 4 - 0 . 00 747 

9 0 . 896 56 - o. oocoo 0 . 2 850 2 C. C0576 

10 0 . 5231 5 o. oocoo 0 . 23 8 97 - 0 . 00369 

11 o. o. 
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L:: 4 . 6Ld 89° Limb- dip . . 
A · l e;. Ai el· ' 

l 1 . 55 33 5 L. 76665 0 . 243lv 0 . 5378 7 

2 1 . 541 69 - ::l . 3C696 0 . 3 4773 0 . 0 25 50 

3 1 . 5( 3<1 5 ~ . 1 ':. 7<J3 C. 6 29 37 - 0 . 177 5 1 

4 1 . 45 873 - 0 . 0258 4 (1 . 7942 8 - 0 . 11530 

5 1 . 4 335 1 O. C2400 G. 5 968 l - 0 . 08 4 8 2 

6 1 . 39 744 - 0 . 01244 n . 3 1 3 4 0 0 . 0 4 0 53 

7 1 . 2989 7 - o. :,cooo 0 . 2147 8 0 . 0 1374 

8 1 . 14 5;) 3 o . JJ c .~ n 0 . 1 9 14 9 - a. OC O"t6 

9 0 . 9 266 7 - 0 . "''10:)0 c . o3 133 0 . 00547 

10 0 . 55 1 ) 6 o . ~v CC'(I - 0 . 0 58 89 - 0 . 00232 

1 1 o. o. 
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