








n = 0 n = 1
Figure 4.5: A frame from an interactive elasticity simulation comparing logarithmic and Biot strain-based
energies, demonstrating the former’s usefulness in avoiding degenerate configurations. Elements are colored
according to the norm of the local strain. See the .

v0 ↑

t −→
Figure 4.6: Frames from a dynamics simulation of a high initial velocity on portion of the boundary of an
elastic object. The logarithmic strain energy and FVI allow simulation of an undamped compressive wave
without inversion. Using the Biot strain energy , for example, limits the initial velocity permitted (regardless
of choice of time step) if inverted elements are to be avoided; in this example elements would invert almost
immediately. See the , which shows the simulation at
two framerates.
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4.8.4 Surface Parameterization

We can parameterize a surface by minimizing the intrinsic elastic energy required to map it to the plane.

Compared to other methods, such as the methods in Chapters 2 and 3, minimization of the logarithmic strain

energy has the advantage of guaranteeing a proper parameterization with no local inversions and a gradual

‘hardening’ against extreme compression than the method of Chapter 3 lacks. However, an admissable

initial parameterization is required, as the logarithmic model does not assign energy to inverted elements.

See Figure 4.7 for an example.

α = 1, β = 1 α = 1, β = 10
Figure 4.7: We map the surface of a topological disk to the plane by minimizing our elastic energy with two
different sets of isotropic material parameters. By virtue of the energy barrier against inversion, given an
admissible initial parameterization, no ad-hoc ‘flipped triangle repair’ stage is required. Redness corresponds
to quasi conformal distortion.

4.8.5 Shape Interpolation

Shape interpolation is achieved by minimizing a weighted sum of energies with respect to multiple reference

states. See Figure 4.8 for an example. As noted above, we include a density factor in the energy to account

for differing reference volumes of discrete elements. With this, the energy is truly reversible; it is symmetric

with respect to which of two states is chosen as the reference. Thus, no additional symmetrization is required

to extend this technique to minimize the length of a path connecting an arbitrary number of intermediate

states between two given endpoints, for example in the technique employed by Kilian et al. [32]. While the

elastic energy only agrees to second order with true geodesic distance on the space of possible deformations,

it is the optimal one amongst the class based on Seth-Hill strain measures [52].
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Figure 4.8: The poses between two reference states, shown in the upper left and lower right, are generated
by minimizing a weighted sum of elastic energies. As such, the interpolated poses are guaranteed to have no
inverted elements. Further, since the energy is reversible, the interpolation between two states shown here
can be extended without further symmetrization to minimization between an arbitrary number of states
along a path in shape space.

4.9 Discussion

We have shown how employing the logarithmic strain measure lends many desirable properties to a wide

range of algorithms in elastic simulation and geometry processing. In doing so we have extended and

unified existing methods based on energies quadratic in Seth-Hill strain measures. Additional complexity

is introduced by use of the matrix logarithm, but we have developed efficient formulations for computing

this function and its derivatives by use of a diagonalization and stable evaluation of divided differences. Of

particular note is that by utilizing the general theory of analytic matrix functions, the matrix function f is

by no means limited to the logarithm, and thus the methods here can be used to greatly broaden material

models used for elasticity-based geometry processing.
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Patterns. ACM Transactions on Graphics, 25(2):412–438, 2006.

[28] Liliya Kharevych, Weiwei, Yiying Tong, Eva Kanso, Jerrold Marsden, Peter Schröder, and Mathieu
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[41] Mark Meyer, Mathieu Desbrun, Peter Schröder, and Alan H. Barr. Discrete Differential-Geometry

Operators for Triangulated 2-Manifolds. In H. C. Hege and K. Polthier, editors, Visualization and

Mathematics III, Mathematics and Visualization, pages 113–134. Springer, 2002.

[42] Matthias Müller, Julie Dorsey, Leonard McMillan, Robert Jagnow, and Barbara Cutler. Stable Real-

Time Deformations. In Proc. Symp. Comp. Anim., pages 49–54, 2002.

[43] Matthias Müller, Bruno Heidelberger, Matthias Teschner, and Markus Gross. Meshless Deformations

Based on Shape Matching. ACM Trans. Graph., 24(3):471–478, 2005.

[44] Katta J. Murty and Santosh N. Kabadi. Some NP-complete problems in quadratic and nonlinear

programming. Mathematical Programming, 39(2):117–129, 1987.

[45] Andriy Myronenko and Xubo Song. On the Closed-Form Solution of the Rotation Matrix Arising in

Computer Vision Problems. http://arxiv.org/abs/0904.1613v1, 4 2009.

[46] Jorge Nocedal and Stephen J. Wright. Numerical Optimization. Springer, New York, New York, USA,

2 edition, 2006.

[47] M. Ortiz, R. a. Radovitzky, and E. a. Repetto. The computation of the exponential and logarithmic

mappings and their first and second linearizations. International Journal for Numerical Methods in

Engineering, 52(12):1431, December 2001.

[48] Xavier Pennec. Left-invariant Riemannian elasticity: a distance on shape diffeomorphisms? In Proc. of

the Int. Workshop on the Math. Found. of Comp. Anat., 2006.

[49] Ulrich Pinkall and Konrad Polthier. Computing Discrete Minimal Surfaces and Their Conjugates.

Experiment. Math., 2(1):15–36, 1993.

[50] E. Polak and G Ribière. Note sur la convergence de méthodes de directions conjuguèes. Revue Française
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Appendix A

Arbitrary Order Derivatives of
General Matrix Functions

We present simple expressions for arbitrary order derivatives of matrix functions and specialize them to some

cases useful in Chapter 4.

Let f : R → R be a piecewise analytic function. f can be extended to a function f : Cd×d → Cd×d on

square matrices, replacing a scalar Taylor series by one of matrices. This extension is compatible with any

similarity transformation, in that the identity

Xf(A)X−1 = f(XAX−1) (A.1)

holds for any invertible X ∈ Cd×d. Thus, if A has Jordan normal form A = ZJZ−1, then f(A) = Zf(J)Z−1

and we may define f by its operation on elementary Jordan blocks. See the textbook by Higham [19] for

alternative equivalent definitions.

Working from Van Loan’s maxim, “Anything that the Jordan Decomposition can do, the Schur Decom-

position can do better!” [60], we also note his equivalent expression for an upper triangle square matrix. If

T = QAQH has the form

T =


λ1 t12 · · · t1d

λ2 · · · t2d
. . .

...

λd

 , (A.2)

then

(f(T ))ij =
∑

i=s1<s2<···<sm=j

ts1s2ts2s3 · · · tsm−1smf [λs1 , λs2 , . . . , λsm ] (A.3)

We let a zeroth order divided difference just be a function evaluation, f [x] .= f(x). A first order divided
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difference is defined

f [x, y] = f [y, x] .=


f [x]−f [y])

x−y x 6= y

f ′(x) x = y

Noting that the expression is symmetric with regard to its arguments and using the convention f [x] =

f(x), higher order divided differences are defined recursively. Without loss of generality, by permutation of

the arguments either xk 6= xk+1 or xk+1 = xk = · · · = x2 = x1:

f [x1, x2, ..., xk−1, xk, xk+1] =


f [x1,x2,...,xk−1,xk+1]−f [x1,x2,...,xk−1,xk]

xk+1−xk xk 6= xk+1

1
k!f

(k)(x) xk+1 = xk = · · · = x1

, k ≥ 0

The expression (A.3) becomes useful for our purposes once it is generalized to block upper triangular

matrices, which we do with an appropriate generalization of divided differences to matrix arguments, detailed

in Section A.1.1

The expression (A.3) is not directly useful for large matrices due the exponential number of terms, but the

Schur-Parlett algorithm described by Higham and Davies [13] reduces its computation to O(n3m) operations,

where m is the size of the largest cluster of eigenvalues. The proof in Section A.1.2 leverages the approach

of that algorithm.

A.1 Functions of Block Upper Triangular Matrices

Due to the property (A.1), it suffices to define matrix functions in any suitable basis. For computational

purposes, we are free to use any stably-computable and computationally expedient basis, such as that

produced by a block Schur decomposition. For theoretical purposes, the Jordan canonical form is useful. To

deal with these cases and to allow for simple derivation of expressions for derivatives of matrix functions, we

derive a completely general description of matrix functions of block (upper) triangular matrices.

A.1.1 Generalized Divided Differences

We can generalize the definition of a divided difference to matrix arguments as follows. Let Xi be matrices

of dimensions mi × ni and Vi,i+1 be matrices of dimension ni ×mi+1

We define f [X] .= f(X) and recursively f [X1, X2, ..., Xm]V1,2,V2,3,...,Vm−1,m as the solution C to the equa-

tion

X1C − CXm = f [X1, X2, ..., Xm−1]V1,2,V2,3,...,Vm−1,mVm−1,m − V1,2f [X2, X3..., Xm]V2,3,V3,4,...,Vm−1,m (A.4)

with the additional property that C is continuous with respect to all the Xi and Vi,i+1. Note that unlike
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scalar divided differences, generalized divided differences are not invariant (or even in general defined) under

permutations of their arguments. As in the scalar case, we can equivalently define f [X,Y ]V as the solution

C to XC − CY = f [X]V + V f [Y ] and f [X,Y, Z]V,W = (f [X, ·]V )[Y,Z]W , and so on.

Although this has the form of a Sylvester equation, which for a general right hand side only has a unique

solution here when X1 and Xm have disjoint spectra, the special structure of the right hand side guarantees

a solution, which we can write out explicitly for an analytic function f(A) =
∑
aiA

k as

C =
∑

ai
∑

P
αj=k−m+1

Xα1
1 V12X

α2
2 V23 · · ·Vm−1,mX

αm
m

which we can show converges as each term is bounded by the respective symmetrized term in the (convergent)

series for the derivative of a polynomial function, which sum to give the series for Df(A) · (V12, ..., Vm−1,m).

Further, this solution is the only one which satisfies the continuity condition.

Some special cases are important for the sequel. Firstly, the generalization of the scalar expression

f [
k+1 copies︷ ︸︸ ︷
x, x, ..., x] =

1
k!
f (k)(x)

is ∑
σ∈Sk

f [

k+1 copies︷ ︸︸ ︷
X,X, . . . ,X]Vσ1 ,...,Vσk = D(k)f(X) · (V1, V2, ..., Vk).

Secondly, if the spectra of X1 and Xm are distinct (as they would be for the type of block Schur decomposition

employed by the Schur-Parlett algorithm), then divided differences can be computed with standard methods

for the solution of Sylvester equations.

A.1.2 Main Theorem

Theorem If T is a block upper triangular matrix with nonzero blocks Tij , then

(f(T ))ij =
∑

i=s1<s2<···<sm=j

f [Ts1s1 , Ts2s2 , . . . , Tsmsm ]Ts1s2 ,Ts2s3 ,...,Tm−1,m (A.5)

using the definition of generalized divided differences from the previous section.

Proof Let F .= f(T ). The diagonal blocks of F are given by

Fii = f(Tii) = f [Tii]

As can be seen by directly from the series form of f .
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A basic property of matrix functions is that they commute with their arguments,

TF − FT = 0

Also, a matrix function is a continuous function of its argument, and in particular a continuous function

of each Tij .

Decompose T = D+N , where D is block diagonal and N is block-nilpotent (block upper triangular with

zero block diagonal), obtaining

DF − FD = FN −NF

Considering the ij block of this equation, we obtain a well-known recurrence which gives a Sylvester equation

for Fij with a righthand side which only depends on values of F on higher superdiagonals (thus allowing a

recursive algorithm for computing F ).

TiiFij − FijTjj = FiiTij − TijFjj +
j−1∑
k=i+1

FikTkj − TikFkj (A.6)

When Tii and Tjj have distinct eigenvalues, this Sylvester equation uniquely determines Fij . If there are

common eigenvalues, then there are in general a family of solutions, but by a continuity argument we chose

the one discussed above.

We proceed inductively. When j = i + 1, the sum on the right hand side is empty, and we have

from definition (A.4) that Fi,i+1 = f [Tii, Tjj ]Tij , so the proposition holds on the first superdiagonal. More

generally, assume that the proposition (A.5) holds on the lth superdiagonal. Then, substituting the known

blocks of F into (A.6), we obtain that (A.5) holds on the l + 1th super diagonal.

�

A.1.3 Relation to the Schur-Parlett Algorithm

The proof of the previous theorem (A.5) uses the same recursion as the Schur-Parlett algorithm [13], and as

such recovers that algorithm in the case when the Tii have distinct spectra, as they do when T is a block

Schur decomposition. The theorem above remains true for arbitrary block upper triangular T , albeit with

generalized divided differences that may not always be convenient to compute.

Fii, unfortunately, seems to require O(m4
i ) operations to stably compute in general, using a series method.
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A.2 Derivatives of Matrix Functions of Block Upper Triangular

Matrices

Armed with (A.5) and its attendant fast algorithm we can quickly produce expressions and fast algorithms

for computing arbitrary derivatives of matrix functions. Indeed, consider a particular block upper triangular

argument

B(A, V ) .=

 A V

0 A


from which we obtain

f (B(A, V )) =

 f [A] f [A,A]V

0 f [A]

 =

 f(A) Df(A) · V

0 f(A)

 ,
a well-known identity that is useful for testing purposes, computing derivatives of matrix functions from

a general algorithm for matrix functions, and which (as we shall see below) is also of great theoretical

usefulness.

With our more general framework, this trivially extends to higher derivatives. Indeed, considerB(B(A, V ),W )

and compute

f(B(A, V ),W )) =

 f(B(A, V ) f [B(A, V ), B(A, V )]W

0 f(B(A, V )



=



 f [A] f [A,A]V

0 f [A]

  f [A,A]W f [A,A,A]V,W + f [A,A,A]W,V

0 f [A,A]W )


0

 f [A] f [A,A]V

0 f [A])





=



 f(A) Df(A) · V

0 f(A)

  Df(A) ·W D2f(A) · (V,W )

0 Df(A) ·W )


0

 f(A) Df(A) · V

0 f(A))




This pattern continues recursively. We can extract D(k)f(A) · (V1, V2, .., Vk) as the (1, k) block of

f(Bk(A;V1, ...Vk)) where Bk(A;V1, ...Vk−1, Vk) = B(Bk−1(A;V1, ...Vk−1), Vk) and B1(A;V ) = B(A, V ).

Since matrix functions are continuous functions of their arguments, and extraction of a block is a linear

function, this construction immediately shows that what to this point have only been defined as Gâteaux

(directional) derivatives are in fact Fréchet derivatives.
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In the general case, one can use the Schur-Parlett algorithm on a full block matrix and extract the deriva-

tives as sub blocks, which shows that a polynomial time algorithm exists for computing general derivatives

of matrix functions, though there is a need to properly adapt the algorithm to take advantage of the highly

structured form of Bk.

A.2.1 Derivatives of Diagonalizable Matrices

If A = UΣUT is diagonalizable, then we can read off derivatives from (A.5), which simplifies greatly, as all

blocks are 1 × 1 and all off-diagonal entries of T are 0. We can recover a well-known expression (Higham

[19] Corollary 3.12), noting (A.1) and (1),

Df(A) · V = U
(
Df(Σ) · (UTV UT )

)
UT

We have from (A.5) that Df(Σ) · Ṽ = f [Σ,Σ]Ṽ , which is the solution C to

ΣC + CΣ = f(Σ)Ṽ + Ṽ f(Σ)

which amounts to computing scalar divided differences of f , giving (4.3).

The second derivative is given, for A with diagonalization A = UΛUT , as

D2f(A) · (V,W) = f [A,A,A]V,W + f [A,A,A]W,V

which can be written

D2f(A) · (V,W) = UΨUT (A.7)

where

Ψij =
∑
k

Ωijk
(
(UTVU)ik(UTWU)kj + (UTWU)ik(UTVU)kj

)
and Ω is a symmetric three-dimensional array of second order divided differences, Ωijk = f [λi, λj , λk].

A.3 Computing Divided Differences

Computing a completely general divided difference is a daunting task. However, many special cases are

worth addressing.

When the arguments to a divided difference have distinct spectra, standard methods for solving Sylvester

equations may be employed.

Computing a matrix function itself (a 0th order divided difference) for a triangular matrix with equal or
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near-equal eigenvalues is daunting. State-of-the-art methods [20] still require O(n4) operations in this case,

using series methods.

In the case of diagonalizable matrices, divided differences can be computed, as in Section A.2.1, by

computing arrays of divided differences of the scalar function f . This is useful in the setting of covariant

hyperelasticity, but even this special case requires care, as we discuss in the following section.

A.3.1 Stabilizing Arbitrary Divided Differences of Scalar Analytic Functions

We present a general method of obtaining stable representations of divided differences of analytic functions

f : C→ C. While this method is simple and seems quite powerful, we have not found it in the literature.

We begin with an elementary lemma, that divided differences of analytic functions are themselves mul-

tivariate analytic functions.

Lemma Let f : Ck → C be a multivariate analytic function, and f̃
.= f(x1, . . . , xk−1, xk). Let g : Ck+1 →

C be defined by g(x1, . . . , xk−1, y, z) = f̃ [y, z] (the first divided difference of f with respect to its last

argument). Then, g is a multivariate analytic function.

Proof Sketch For brevity, we omit the subscripts on f̃ . Formally construct the power series of f̃ [y, z].

When y 6= z, f̃ is analytic as the ratio of an analytic function and a nonzero analytic function. By formally

dividing the series representation of f̃(y)− f̃(z) by y − z, we obtain a convergent multivariate Taylor series

which is equal to f̃ ′(z) when y = z. �

Corollary All divided differences of univariate analytic functions are themselves multivariate analytic

functions.

Consider a multivariate analytic function g : Rd → R which, like our divided differences, is computation-

ally tractable to compute for some arguments, which we will call good, but difficult for other, nearby bad

arguments.

Given a good point m ∈ Rd and a bad point x s.t. |m− x| is sufficiently small, we can compute g(x) to

arbitrary precision with a Taylor series centered at m.

If we restrict our attention to divided differences, note that a point is good if all pairs of arguments are

equal or well-spaced, and bad if any two arguments are similar (relative to the magnitude of function the

divided difference is based on) but unequal, due to floating-point cancellation errors.

In many cases of interest, by choosing m to respect the symmetry of the divided difference, the form

of the resulting series is a known and easily computable form. For instance, when computing first divided

differences of the exponential function, it is well-known that expressions involving the sinh function arise
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when m is chosen to be the average of the arguments and we let m = (m,m). Similarly, expressions involving

tanh−1 are known to arise when considering the first divided difference of the logarithm.

This technique can be generalized with the following procedure. Partition the arguments xiof the divided

difference into k clusters with the property that no two elements of distinct clusters are separated by a

distance less than a chosen ε and such that each element in a non-singleton cluster is less than ε away from

another element of the cluster. Choose a cluster center within each cluster and let mi be the cluster center

associated with the argument xi, arranged into a vector m. Using the analyticity of the divided difference

function, write it in terms of the mi and new variables di = xi −mi, in particular as a multivariate Taylor

Series about mi in each argument. Since the cancellation error is large precisely when the di are small but

non-zero, the resulting series expression can be evaluated accurately with a small number of terms.

A.3.1.1 Example: Stabilized divided differences of the Logarithm

To provide a concrete example, we note the stabilized forms required for computation of the first two

derivatives of the matrix logarithm of a diagonalizable matrix, in those cases where it cannot be computed

stably from the definition, that is when two or more eigenvalues are poorly separated but unequal. The

resulting series can be truncated to give any desired accuracy.

First Divided Difference For |λi − λj | � 1, let m = (λi + λj)/2, d = (λi − λj)/2, and we have the

expression

log[λi, λj ] = (1/m)
tanh−1(d/m)

(d/m)
= (1/m)

∞∑
j=0

(d/m)2j

2j + 1

Second Divided Difference, case 1 If λi = λj and |λi − λk| � 1, we choose m = (λi, λi, λi) and let

d = λk − λi to obtain

log[2][λi, λj , λj ] =
1
λ2
i

∞∑
k=0

(−1)k+1

k + 2

(
d

λi

)k

Second Divided Difference, case 2a If |λi − λj | � 1 but λk is well separated from λi and λj , by

choosing m = (m,m, λk), where m = (λi + λj)/2 and letting d = (λi − λj)/2, we obtain a tractable power

series, the first two terms of which we compute here as

log[2][λi, λj , λk] =
(m− λk) +m (log(λk)− log(m))

(m− λk)2m

+

(
(m− λk))

(
2λ2

k − 7λkm+ 11m2
)

+ 6m3(log(λk)− log(m))
)

6(m− λk)4m3
d2

+O(d3)
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Second Divided Difference, case 2b If all three eigenvalues λi, λj , λk are clustered, by choosing m =

(m,m,m) where m = λi+λj+λk
3 , we obtain a tractable power series in terms of the components of d =

(λi, λj , λk)−m = (di, dj , dk). The leading terms are again computed for reference here.

log[2][λi, λj , λk] = − 1
2m2

− 1
3m3

(di + dj + dk)

− 1
4m4

(d2
i + didj + d2

j + djdk + d2
k + dkdi)

+O(|d|3)

A.4 Series Methods

Though this exposition focuses on spectral formulæ for computing derivatives of matrix functions, an alter-

native that can be preferable is to differentiate an available series representation for f directly. In particular,

this can be useful when the relevant series converges rapidly, or when working with a matrices with significant

degenerate subspaces. Series methods also have a place within other methods, as in the block Schur-Parlett

method for computing f(T ) [13], and are readily adapted to compute derivatives of Taylor series [47]. Meth-

ods based on Padé approximants are the state-of-the-art methods for computing first derivatives of matrix

exponential and logarithm functions. These methods take advantage of identities specific to these functions,

so are not directly generalizable.
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Appendix B

Sample Code

We present some pseudo-C++ related to building Newton and Gauss-Newton systems for the methods

presented in this thesis. The code is not intended to be complete or optimized, but rather to give a clearer

idea of the practical expressions used for computation and to give a guide for those who would like to

reimplement the methods.

B.1 Biot Strain Energy Newton System Assembly Pseudocode

The following pseudo-C++ should allow for easy implementation of the methods of Chapter 2. See also

Appendix C. The code in this section is adapted from the publication by Chao, Pinkall, Sanan and Schröder

[9].

B.1.1 Triangle Meshes

A full implementation computes quantities on a per triangle basis and puts them into the data structures for

the minimizer. This implies a loop over the triangle and some mapping from the local vertices into a global

array. For clarity this is left out and we treat a triangle all by itself.

Listing B.1: Unadorned Triangle Data Structure

class Tri{

// X dependent (i.e., constant) section

Vec2 x[4]; // original configuration

Vec2 AreaGrad[3]; // area grad wrt vertex i=0,1,2

double we[3]; // edge weights of 2D Laplace

double area; // area of original triangle

Mat2x2 Outer[6]; // Precomputed outer products of reference edges

// x section which needs to be updated as we go along
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Vec2 q[3]; // current deformed configuration

Mat2x2 R; // optimal rotation for current q

Mat2x2 Y; // symmetric factor for current q

double w; // weight in second part of Hessian

};

Tri::Init(){

// compute all quantities depending on p alone

// compute: vol, AreaGrad, we, Outer, R=Id() and store

}

Tri::ComputeAreaGrad( int i ){

// volume gradient wrt to X_i (i=0,1,2)

int j = (i+1)%3, k = (i+2)%3;

// units of mˆ2

AreaGrad[i] = (X[k]-X[j]).rotatePiOver2()/2;

}

// used to fill we[] array

double

Tri::ComputeEdgeWeight( int i, int j ){

// weight in Dirichlet energy for edge ij

// assumes volume gradients are initialized

// units of (mˆ2)ˆ2/mˆ3 = m

return -AreaGrad[i].dot(AreaGrad[j])/area;

}

Tri::ComputeOuterMatrices(){

// for the second term in the Hessian; precompute fixed matrices

// outer products of opposing edges

for (int i=0; i < 3; ++i){

Vec2 Oppi = X[i+2%3]-X[i+1%3];

for(int j=0; j < 3; ++j){

Vec2 Oppj = X[j+2%3]-X[j+1%3];

Outer[3*i+j] = Oppi.Outer(Oppj);

}

}

}

Listing B.2: Machinery for the First Variations of Biot Strain Energy for Triangles

Vec2

Tri::LaplaceQ( int i ){
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// use precomputed cot*edgelength weights

int j = (i+1)%3, k = (i+2)%3;

// e() maps from two index pairs to one of 3 edges (e(i,j)=0,1,2)

return

we[e(i,j)]*(x[i]-x[j]) + we[e(i,k)]*(x[i]-x[k]) ;

}

Vec2

Tri::Grad( int i, double alpha, double beta ){

// gradient of energy wrt to i

// assumes R and Y are current wrt x

const double a2 = alpha*alpha, b2 = beta*beta;

return b2*LaplaceQ(i) - (a2-(a2-b2)*Y.Trace()/2)*R*VolGrad[i];

}

Listing B.3: Machinery for the Second Variations of Biot Strain Energy for Triangles

Mat2x2

Tri::HessianSecondPart( int i, int j ){

// computes local stiffness contribution from varying x_i,x_j

// assumes Outer[] has been initialized

// assume R is current at time of call

if( isNotApproximatelyZero(Y.Trace()){

// member function T() returns transpose

return R*Outer[3*i+j]*R.T()/(4*Y.Trace()*area);

}else{

return Mat2x2::Zero();

}

}

Mat2x2

Tri::HessianFirstPart( int i, int j ){

// Laplace part

// we[] are the original Laplace edge weights indexed by edge

if( i == j ){ // diagonal entry

// negative sum of off-diagonal entries in that row

// e(a,b) maps a,b=0,1,2 to edge number 0,1,2

return Id(2)*(we[e(i,(i+1)\%3)]+we[e(i,(i+2)\%3)];

}else{

return -Id(2)*we[e(i,j)];

}

}
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Mat2x2

Tri::HessianSecondPartABSplit( int i, int j ){

// when \alpha \neq \beta this part splits off and is linearly combined

// assumes R is current at time of Call

//

// the outer product between AreaGrad’s could be precomputed

return (R*AreaGrad[i]).Outer(R*AreaGrad[j])/area;

}

Mat2x2

Tri::TotalHessian( int i, int j, double alpha, double beta ){

// For a Gauss-Newton solver, ignore HessianSecondPart

const double a2 = alpha*alpha, b2 = beta*beta;

if( alpha == beta ){

return a2*(HessianFirstPart(i,j)-HessianSecondPart(i,j));

}else{

return

b2*HessianFirstPart(i,j)-

(a2-(a2-b2)*Y.Trace()/2)*HessianSecondPart(i,j)+

(a2-b2)/3*HessianSecondPartABSplit(i,j);

}

}

B.1.2 Tetrahedral Meshes

Again, for clarity we only present expressions for gradient and Hessian contributions from individual vertex

degrees of freedom, and do not include iterations over all vertices and elements and assembly into global

data structures.

Listing B.4: Unadorned Tetrahedron Data Structure

class Tet{

// X dependent (i.e., constant) section

Vec3 X[4]; // original configuration

Vec3 VolGrad[4]; // vol grad wrt vertex i=0,1,2,3

double we[6]; // edge weights of 3D Laplace

double vol; // volume of original tet

Mat3x3 Curl[4]; // Precomputed opposing edge outer product sums

// x section which needs to be updated as we go along

Vec3 x[4]; // current deformed configuration

Mat3x3 R; // optimal rotation for current q

Mat3x3 Y; // symmetric factor for current q
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Mat3x3 W; // weight matrix in second part of Hessian

};

Tet::Init(){

// compute all quantities depending on p alone

// compute: vol, VolGrad, we, Curl, R=Id() and store

}

Tet::ComputeCurlMatrices(){

// for the second term in the Hessian; precompute fixed matrices

const int i = 0, j = 1, k = 2, l = 3;

// six edges

const Vec3

pij = p[j]-p[i], plk = p[k]-p[l], pik = p[k]-p[i],

pjl = p[l]-p[j], pil = p[l]-p[i], pkj = p[j]-p[k];

// outer products of opposing edges in the needed linear combinations

// could be optimized further, but is only precomputation, so don’t bother

Curl[i] = pij.Outer(plk) + pik.Outer(pjl) + pil.Outer(pkj);

Curl[j] = pij.Outer(plk) + pjl.Outer(pik) + pkj.Outer(pil);

Curl[k] = plk.Outer(pij) + pik.Outer(pjl) + pkj.Outer(pil);

Curl[l] = plk.Outer(pij) + pjl.Outer(pik) + pil.Outer(pkj);

}

Listing B.5: Machinery for the First Variations of Biot Strain Energy for Tetrahedra

Tet::ComputeVolGrad( int i ){

// volume gradient wrt to X_i (i=0,1,2,3)

int j = (i+1)%4, k = (i+2)%4, l = (i+3)%4;

// units of mˆ2

VolGrad[i] = (X[k]-X[l]).cross(X[j]-X[l])/6;

}

// used to fill we[] array

double

Tet::ComputeEdgeWeight( int i, int j ){

// weight in Dirichlet energy for edge ij

// assumes volume gradients are initialized

// units of (mˆ2)ˆ2/mˆ3 = m

return -VolGrad[i].dot(VolGrad[j])/vol;

}

Vec3

Tet::LaplaceQ( int i ){
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// use precomputed cot*edgelength weights

int j = (i+1)%4, k = (i+2)%4, l = (i+3)%4;

// e() maps from two index pairs to one of 6 edges (e(i,j)=0,1,2,3,4,5)

return

we[e(i,j)]*(x[i]-x[j]) + we[e(i,k)]*(x[i]-x[k]) + we[e(i,l)]*(x[i]-x[l]);

}

Vec3

Tet::Grad( int i, double alpha, double beta ){

// gradient of energy wrt to i

// assumes R and Y are current wrt x

const double a2 = alpha*alpha, b2 = beta*beta;

return b2*LaplaceQ(i) - (a2-(a2-b2)*Y.Trace()/3)*R*VolGrad[i];

}

Listing B.6: Machinery for the Second Variations of Biot Strain Energy for Tetrahedra

Tet::ComputeW(){

// assumes Y is current at time of call

// this is a weighting factor which depends on x (through Y)

W = (Y.Trace()*Id(3)-Y).Inv(); // Expects W to be set to zero if the inverse does not exist

}

Mat3x3

Tet::HessianSecondPart( int i, int j ){

// computes local stiffness contribution from varying p_i,p_j

// assumes Curl[] has been intialized

// assume R and W are current at time of call

Mat3x3 RMi = R*Curl[i], RMj = R*Curl[j];

// member function T() returns transpose

return RMi*W*RMj.T()/(36*vol);

}

Mat3x3

Tet::HessianFirstPart( int i, int j ){

// Laplace part

// we[] are the original Laplace edge weights indexed by edge

if( i == j ){ // diagonal entry

// negative sum of off-diagonal entries in that row

// e(a,b) maps a,b=0,1,2,3 to edge number 0,1,2,3,4,5

return Id(3)*(we[e(i,(i+1)%4)]+we[e(i,(i+2)%4)]+we[e(i,(i+3)%4)]);
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}else{

return -Id(3)*we[e(i,j)];

}

}

Mat3x3

Tet::HessianSecondPartABSplit( int i, int j ){

// when \alpha \neq \beta this part splits off and is linearly combined

// assumes R is current at time of Call

//

// the outer product between VolGrad’s could be precomputed, but we

// would have to store 10 of them (symmetric part of 4x4 matrix) and

// don’t want to burn the memory

return (R*VolGrad[i]).Outer(R*VolGrad[j])/vol;

}

Mat3x3

Tet::TotalHessian( int i, int j, double alpha, double beta ){

// For a Gauss-Newton solver, ignore HessianSecondPart

const double a2 = alpha*alpha, b2 = beta*beta;

if( alpha == beta ){

return a2*(HessianFirstPart(i,j)-HessianSecondPart(i,j));

}else{

return

b2*HessianFirstPart(i,j)-

(a2-(a2-b2)*Y.Trace()/3)*HessianSecondPart(i,j)+

(a2-b2)/3*HessianSecondPartABSplit(i,j);

}

}

B.2 Bounded-Distortion Parameterization Augmented Lagrangian

System Assembly Pseudocode

We provide additional terms which, when combined with the expressions in Section B.1, allow construction

of the Augmented Lagrangian system described in Chapter 3.

Listing B.7: Machinery for the First and Second Variations of Augmented Terms

class AugTri : public Tri

{

double lambda; // Estimated Lagrange Multiplier
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double mu; // Penalty Parameter

double Ctilde; // in [0,1], controlling allowable distortion

double cAdj; // Shifted constraint function

double normYbar; // ||Y-Y.trace()/d||_fro

};

double

AugTri::ComputeCAdj

{

// Assumes Y has been computed

return fmax(0, Ctilde * (Y.Trace()/sqrt(2)) - normYbar + lambda/mu);

}

Vec2

AugTri::AugGradFirstTerm(int i)

{

// Assumes R and Y have already been computed

return (1/sqrt(2)) * R * areaGrad[i];

}

Vec2

AugTri::AugGradSecondTerm(int i)

{

// Assumes that R and normYbar has been computed

return (LaplaceQ(i) - (Y.Trace()/2)*R*areaGrad[i])/normYbar;

}

Vec2

AugTri::GradC(int i)

{

return Ctilde * AugGradFirstTerm(i) - AugGradSecondTerm(i);

}

Vec2

AugTri::AugGrad(int i)

{

// Assumes that cAdj has already been computed

return mu * cAdj * gradC(i);

}

Mat2x2

AugTri::AugGaussNewtonTerms(int i, int j)

{
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if (cAdj == 0) return Mat2x2::Zero();

return (GradC(i)).Outer(GradC(j))/area;

}

Mat2x2

AugTri::cHess(int i, int j)

{

// Outer products of areaGrads can be precomputed if desired

return

Ctilde * (1/sqrt(2)) * (1/(4*area*trace(Y)))*R*outer[3*i+j]*R.T() +

-(

AugGradSecondTerm(i).Outer(AugGradSecondTerm(j))

AugGradFirstTerm(i).outer(AugGradFirstTerm(j))

+ (1/8) * R * outer[3*i+j]*R.T();

);

}

Mat2x2

AugTri::AugHess(int i, int j)

{

// For a Gauss-Newton solver, ignore the cHess contribution

// This expression amounts to a combination of LaplaceQ blocks,

// outer blocks, and areaGrad outer product blocks, and

// can be further simplified by noting that structure

return mu * ( AugGaussNewtonTerms(i,j) + cAdj * cHess(i,j) )

}

B.3 Generalized Quadratic Strain Energies Pseudocode

Here, we present expressions useful for constructing a Newton or Gauss-Newton system to minimize the

strain energies discussed in Chapter 4. Here, we template on the dimension of the simplex D (2 for triangles,

3 for tetrahedra).

Listing B.8: Unadorned Element Data Structure for Generalized Strain Energies

template<int D>

class Element

{

Vec<D> VolGrad[D+1];

double vol;

Mat<D> F;

Mat<D> C;
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Mat<D> U;

DiagonalMat<D> Lambda;

double a, b;

// Scalar strain function and its first two derivatives

double (*f) (double);

double (*fp) (double);

double (*fpp)(double);

// Various matrix functions of C

Mat<D> fC, fpC, pC;

// Arrays of Divided Differences

Mat<D> Thetap, Thetafp;

}

Listing B.9: Machinery for the First and Second Variations of Generalized Strain Energies

template<int D>

Vec<D>

Element<D>::Gradient(int i)

{

return (2/vol)*F*((aˆ2-bˆ2)*(fC.Trace()/D)*fpC + bˆ2*pC)*areaGrad[i];

}

template<int D>

Mat<D>

Element<D>::HessianFirstTerm(int i, int j, Mat<D> gC)

{

return Mat<D>::Identity() * volGrad[i].T()*gC*volGrad[j];

}

template<int D>

Mat<D>

Element<D>::HessianSecondTerm(int i, int j, Mat<D> Thetag)

{

// Outer products of volGrad terms can be precomputed if desired

return (F*U)*(

Diag(Thetag * (U.T() * volGrad[i].elementWiseProduct(U.T() * volGrad[j]))) +

Thetag.elementWiseProduct(U.T() * (volGrad[j].Outer(volGrad[i])) * U)

)*(F*U).T();

}
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template<int D>

Mat<D>

Element<D>::Hessian(int i, int j)

{

// Omit HessianSecondTerm to obtain Gauss-Newton solver

// Outer products of volGrad terms can be precomputed if desired

if(a==b){

return (2.0/vol) * bˆ2 * ( HessFirstTerm(i,j,pC) + HessSecondTerm(i,j,pC,Thetap));

}else{

const double a2b2 = (aˆ2-bˆ2);

return (2.0/vol) * (

bˆ2 * (HessianFirstTerm(i,j,pC) + HessSecondianTerm(i,j,Thetap)) +

a2b2 * fC.Trace()/D * (HessianFirstTerm(i,j,fpC) + HessSecondianTerm(i,j,Thetafp))+

a2b2 * F * fpC *volGrad[i]).Outer(F * fpC(volGrad[j])

);

}

}
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Appendix C

Matrix Facts

The results presented in this Appendix are based on the publication A Simple Geometric Model

for Elastic Deformations by Chao, Pinkall, Sanan and Schröder [9].

We collect some identities useful for deriving the expressions for the second discrete variation of the

elastic energy in Chapter 2.

Inner products of 2D and 3D matrices are given by 〈A,B〉 = tr(ATB) with the L2-norm |A|2 = 〈A,A〉

used to measure distances between matrices dist(A,B) = |A −B|. All matrices with positive determinant

possess a unique (right) polar decomposition A = RY into a rotation R and a symmetric Y = (ATA)1/2.

This R is closest to A in the L2-norm. This follows from |RY −R|2 = |Y − I|2 and the L2 orthogonality

of symmetric and anti-symmetric matrices, the latter forming the tangent space to SO(n) at the identity.

Inner products involving anti-symmetric matrices can be greatly simplified. Consider 〈B,AX〉 for

arbitrary B and anti-symmetric AX . The result depends only on the anti-symmetric part of B, BX =
1
2 (B − BT ) due to the orthogonality of symmetric and anti-symmetric matrices. In the 2D case, anti-

symmetric matrices AX are multiples of J , the rotation by π/2, AX = aJ . We will denote the extraction of

the representative a as X(AX) = a and more generally use X(B) = b for extracting the representative of the

anti-symmetric part of an arbitrary B. Hence 〈B,AX〉 = 2 X(B) X(AX). In 3D anti-symmetric matrices

can be written as cross products with suitable vectors a, AX = a×. Again we use the notation X(vX) = a

for “pulling out” the representative, this time a 3-vector. Consequently 〈B, vX〉 = 2〈X(B),X(vX)〉. We

summarize this by writing 〈B, vX〉 = 2〈X(B),X(vX)〉 in both the 2D and 3D cases.

The representative of the anti-symmetric part of a map could be computed by first finding the

corresponding matrix representation and then “extracting” the representative as above. Alternatively, and

more simply, it can be computed directly from the X (domain) and x (range) data as the discrete curl of x.
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For a given triangle Xijk we get

cijk = 〈 12 (xi + xj), Xij〉+ 〈 12 (xj + xk), Xjk〉+ 〈 12 (xk + xi), Xki〉

as the boundary integral (using Stokes’ theorem) of the corresponding piecewise linear interpolant. For maps

over 2D triangles we then get

X(v) = cijk
2aijk

,

i.e., the discrete curl is normalized by the area aijk of the triangle Xijk and X(v) becomes its density. For

maps over tetrahedra the 3-vector representative of the anti-symmetric part of the map is also given as a

density, this time normalized by the tetrahedron volume vijkl

X(v) = 1
6vijkl

(ckliXij + cljiXik + cijkXil).

This expression uses the fact that discrete curls are divergence free, i.e., they must sum to zero over the

boundary of a tetrahedron. Hence four discrete curl values on the faces of a tetrahedron together with the

divergence free constraint uniquely fix the discrete curl 3-vector X(v) associated to the tetrahedron as a

whole.
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