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2.2. The Complete [)-Algebra for N=2

For N=2, we have an SU(R) symmetry, and a useful simplification takes
place, since SU(2) Young tableaux have at most two blocks per column, and in
addition a two block column is equivalent to a scalar (i.e., the tensor is propor-
tional to the antisymmetric Cgp ). We are therefore in a position to catalogue all
the D-operators on N=2 d=6 superspace. For instance, decomposing
[DaA Dbg] under SU'(4), we must perform a projection for each of the two
tableau.'x and [T®] which gives rise to the SU"(4) antisymmetric D5 and
symmetric ﬁcﬁ,{w 3 D,{&B is symmetric in ab since it corresponds to a projec-
tion by (the 'transpose’ of E ¥ be)AB is antisymmetric in eb, and may be
written as C,, DB .

Antisymmetric SU%4) indices may be raised and lowered with 450 and

€ spcp. The complete list of D operators is given overleaf.
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DY
DSw DY

3) A D (3)

abc aAB.C
a(;)d Da(;)AB D(4 cD (14)
c
5, 5) C
Dg. 4 D&is
(5)
Da{g)AB _D AR
(7 A
Dy
D(ﬂ)

A numerical superscript (7m) means the operator is an irreducible part of
the totally antisymmetrié product of m single D's. We have removed all factors
of C and £, so that the SU(2)XSU"(4) representations are manifestly irreduci-
ble. Thus all terms are symmetric in SU(2) indices. fow,c] =0, and D%
and D@48 are symmetric. Other pairs of SU"(4) indices of the same type are

antisymmetric, and contraction of any upper index with any lower index is zero.

We may choose factors of 2 so that all operators are real, D= D | but at
this point the definitions are still arbitrary by a real.factor. To complete the
definitions, it is necessary to give multiplication rules for the D(")'s, and it is

(2)
sufficient to specify D7 D™ tor eachm. The product takes the generic form
DY D™ & Dren) 4 Din-Dg

as may be seen by the following argument: in a totally antisymmetric product of
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(n+1) single D's D[,,_AD“; & DaE‘] ., the anticommutation relation (10)
can be used to bring Dgy to the left, but terms with (n—1) I)'s and one 8 will
be produced. A decomposition into irreducible pieces can then be made. To
actually perform this calculation would be cumbersome, so one instead uses a
consistency argument. For each D("), one writes out the most general expres-
sion of the form (15), with the correct index structure and arbitrary real

coeflficients on the right-hand side. Then enforcing the relation
{Dos, Dypd D™ =i Cgp 845 D™

gives a set of relations between the unknown coefficients, which determines

most them. The rest can be absorbed into the definitions of the ),

The multiplication rules are given the appendix, and are sufficient to deter-
mine the components of any superfield, as well as their transformation laws.
However, these tasks are simplified if one can identify which products of D#)g
are identically zero. These are called orthogonality relations because they can
be used to construct orthogonal projection operators. In four dimensions one
finds the relation I'JaD2 = 0, and the analogous result in d=6 is DA (an(:fk) =0
as can be seen from the explicit multiplication table. However, a better proof,
which will later be generalized, is to note that there are no D) operators with

five symmetric SU(2) indices, so the product must be zero.

We can turn this into an orthogonality relation by multiplying by .Df g and

symmetrizing on 4,8 , then contracting with C/ 2 to give
Dfg Depea = 0.
Similarly Duca DB = 0. (15)

This result turns out to be fundamental in all of six-dimensional superspace
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theory, and is the relevant analogue of the d=4 N=1 'chirality” property
DaDz = 0. Previous efforts to work with extended superfields have tried using
the relation D,-‘,DZN = 0 as a starting point, but this has failed. We contend
that chiral superfields are only relevant for d=4 N=1 superfields, because the

extended Yang-Mills constraints do not allow a chiral condition.

3. Six-Dimensional Multiplets

As an indication of how the relation (10) is used, we describe some super-
multiplets with the new formalism. Most of these were previously known in
dimensionally reduced form as d=4 N=2 multiplets, which is how we knew where

to look.

3.1. The Linear Multiplet [45]

The linear multiplet is known only in component and constrained superfield
forms. Its components are a triplet of scalars Lgp . a spinor ¥g4 and a con-
served vector Vyp (848 V,p = 0). V4p can be considered as the dual of the
field strength of a fourth-rank antisymmetric tensor (in SO(5,1) language), and
describes a single on-shell degree of freedom. To find a constrained superfield
formulation, one can apply the ideas presented in the table at the end of
chapter 2. The scalar triplet is the lowest dimension component and must occur
at the bottom of a superfield which we also call Lg;. The spinor must then
appear as the next component. However, since .Dc ¢Lgy contains both
DC‘(c Lgoyy and .ch Lgy and only the latter is needed, we must set

DC(c L ) = 0. Use of the multiplication rules then gives

Da.r! Lbc = Ca(b Ve )A
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DayVop = —i845 Lap +iCap Vap
Doy Vge = =85¢cVas —R8aY0la - (16)

The relation (10) on V gives 347 Vap = 0. The linear multiplet is interesting
because it has no auxiliary fields: the number of bosonic and fermionic com-
ponents matches both on and off shell (4+4 or B+8, respectively). Actually, V5
on shell is equivalent to a scalar by a duality transformation, which one could
explicitly perform to obtain an on-shell multiplet with four scalars and a spinor,
the "d=6 hypermultiplet.” The numbers of bose and fermi components are no

longer equal off shell.

To find an action for the linear multiplet, we note that from dimensional
(¢)
analysis it must be of the form fdea: D "L L, since scalars have mass dimen-

sion 2 in d=6. Examining the list of D's shows that the only possibility is
(4)
S= [d%z DR L L 4= [d% a9t L Ly . (17)

This is not an integral over the full superspace, so one must prove it is super-
symmetric. The proof is instructive and follows from known d=4 ideas [46]. Note
that the lagrangian Lgycq = ZlTL(a.b L 4) satisfies DE(a Lgpcg) = 0. from which
we get
_ 1
DgeLopca = —EBDE',{ LT @y Caye

Thus under supersymmetry we get
— - 8,.)® gbcd — 6.D@ (—~Lp S (abc d)
QeE‘S—DcES—fd zDabcdDeEL —fd IDa,bcd( 30 EfL €
1
- -g_bfdex Dy DagL®**® . (18)

(The first step is valid because 845 S = 0. Then [)'s may be reordered as 8g4's
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inside a fdax.) On the other hand, since D(;{,cdDe yg = 0 one can cycle the e

(4)
onto the [}’ and write
QBES = _4_[.‘16'7: a(gbchELade

in contradiction to (18). Thus &¢ g S = 0 and the action is supersymmetric.

“)
Explicitly operating the D onlL gives the component result
S = fds:r: Lo OLr< + ‘!..’}ba_AaAB’IIJa'B + VAB Vaig (19)

where we have dropped coeflicients.

The same dimensional reasoning shows that no self-interaction term is pos-

sible.

3.2. The Yang-Mills Multiplet

Various authors have shown that d=6 super Yang-Mills theory can be
treated in the same way as d=4 Yang-Mills, at least in the constrained form [47].
Since some of that analysis was done without using the SU(2) symmetry, we

repeat it here in our notation.

* Introduce Yang-Mills covariant derivatives Vggq = Dg4 + I'ea and
Vap = 045 + FAB transforming under gauge transformations with a real Lie

algebra valued superfield K as

Vou » eXv e X Vip = eKVAlge'K . (20)

To produce an irreducible theory, we impose the constraint
{Vaa.Vo gl = iCat Vap (21)

on the V's. Note this is not just a definition of V4 5, since a priori the right-hand
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side could also have a field strength Gg 4 p symmetric in ab and AB. We have
set it to zero just as we demanded {V,,Vg} = O in d=4. One must now use the
Bianchi identities to show that we get the component fields of d=6 Yang-Mills
theory. First note that at €=0, I‘a.A is pure gauge since under infinitesimal K
gauge transtormations 61 g4 |g=0 = Va4 K | g=o. Which is arbitrary. I'4 . however,
transforms as 6] 4glg=0 = (B4p + 1 45)K |g=0 and is a bona fide component
gauge field.

The next lowest dimension covariant object is [Vg4,Vg¢] (dimension —2—)

The dim. g Bianchi identity

[Vaa . tVo 5.Yc 03] + (Ve 0.1V04. Ve 3] + [Vo 5.1V .Vaad] = O

then implies

Cocl[Vau.Vecl + CealVo5.Vou]l + Can[Ve o, Vap] =0

after substituting (21). Projecting out the various SU(2)xSU"(4) representations
in this expression by symmetrizing and antisymmetrizing, one finds that

[Vas.V5c] is totally antisymmetric in A,B,C. So we can write

[Vaa.Vocl = FP €pape : (22)

Thus the lowest dimension covariant superfield is a right-handed spinor, and
Fa‘ |g=0 can be identified as the physical fermion. (The fact that it should have
dimension g to be a physical spinor will be remedied below.) The dimension two

Bianchi ideﬁtities give
VauFP=1iFu,0F +iCy M P (23)

where M 4% is the field strength of a vector (a 15of SU(4)) and F'g, is an SU(2)
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triplet of auxiliary fields. The equation of motion in terms of superfields can now
be identified. Since it must give an algebraic equation for the auxiliary field, the
only possibility on dimensional grounds is Fub = 0 . This is verified by the

dimension $ Bianchi identities, which give

v(aA Fbc) =0 Vaa Fbc = Cu.(b Vap Fc? c (24)

1
2
Thus the fermion equations of motion occur at first 8 order in FM as we expect.
So we have a suitable Yang-Mills multiplet, consisting of the component fields
I'45 (or its field strength W 5), a spinor 9,2, and a triplet of auxiliary fields
Fgp. If this theory is dimensionally reduced to four dimensions, the vector
decomposes into a d=4 vector and a complex physical scalar, the latter
corresponding to the two "extra" spacial components, as is most easily seen in
SO(5,1) notation. This scalar is Yang-Mills covariant, since, when fields do not
depend on z* and z% 6]y = (8, + [,\) K = [y K . Thus the multiplet in d=4
consists of a gauge vector, a complex physical scalar, an SU(2) spinor and a tri-

plet of auxiliary fields. We do not perform this reduction explicitly here.

We now need an action, and must introduce a coupling constant g with
dimension -1 (since g Ay, for cancnical bose field 4, must have the dimension of
6‘;). The coupling constant v.::an be absorbed in a redefinition of the fields, leaving

= -;5 fd.’ezL . In this case, canonical bosons and fermions have dimensions

1 and 3/2 as in d=4.

There are then two possible action formulae
S = # fd®z d?04, 45 F 4FbE (25)
and

|
S' = g—zfdsxd29,43 FA+pbB
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Since these are not complete superspace integrals, one needs to check super-
symmetry. It turns out that S’ is not invariant, but S is. The proof is similar to
that in the linear multiplet case above, but messier because of the two types of
index, so we do not give it here. It involves using the identity VGAF“A = 0 which

follows from (23). Expanding out S in components gives:
S = -;—z-fdez WoB*WpA + 2i FCAY, pF,B + 2F® #F | (26)

which is exactly what we want: a spinor minimally coupled to a Yang-Mills field,
with a triplet of auxiliary fields, all in the adjoint representation. Thus we have
the correct constrained description of six-dimensional Yang-Vills theory. In the

next section we find an unconstrained formulation.

4. Unconstrained formulation

We come now to the main result, the unconstrained form of d=6 Yang-Mills

theory. The analysis is similar to the discussion of the d=4 case in chapter 3.

It is helpful to start with the linearized theory, since [)'s are easier to

manipulate than full V's.

4.1. Linearized theory

Keeping only the linear terms in all expressions, the constraint (1) becomes
'DGAFDB + DbBPa.A =T'Ca,b1-'Aé . (27)

Equating parts symmetric and antisymmetric in ab then gives one definition

and one constraint:

DQ{AI‘GB] = giPAB D(a.(A FB)b) =0 . (28a,b)
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Now note that one solution to this is that 1" be pure gauge
Tu=Duv for real scalar U . (29)
Explicitly,
DTy = Dwu DpypyU =0

after using (10). We would now expect that the complete linear solution be some
simple extension of this. We cannot, however, just let U -» U+tV as before,
because FM has a reality condition, unlike Pa in d=4. The simplest

modification of (29) is
Lo =Dy o, where Wap = Wyo= Wy . (30)
Substituting into (28b) gives D(a(A b B) Wp)c = 0, or more succinctly
DEWy =0 (31)

after using the multiplication rules in the appendix. This is on the right track,

since it involves Dﬂ, which satisfies an orthogonality relation
D Dga=0 . (32)

Thus it suffices to set Wg, = D 4(something) , and choose the "something” to

absorb the two extra indices. There are three ways to do this
(1) e Dc(;)ef yetcdef Y totally symmetric.
In this case | % = DbADc(ééf yebedsS = 0 since DA(b Dc(;{,f) = 0.

(2) Wep = _Dmc && (eVb)cde V totally symmetric.

Then FM can be manipulated into the form
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(4) (4)
Fu.A = DbA.D (acde Vb)cde = _'g"Da.A(D bode Vbcde) '

and is just a special case of the pure gauge soluticon.

(83) The only viable solution is
Wao = DifuaV*é  Vi=vie (59
Thus the full solution in the linearized case is
Taa= D, DB Ve + DU . (32)

V©2 satisfies the criteria for a prepotential given at the end of chapter 2: it is
the same representation as the highest component in the multiplet, F’ “". and

has the right dimension (-2) for F to occur in it as B(H)Fab. i.e., at the top of V.

As before, U is a compensating field and can be completely gauged away by
K transformations (20), so one can work in the gauge U = 0. There is, however,
a new gauge invariance now: at next-to-highest order in V.4 we have the two
components D((z)A Vca) and D(7)Ab Vap - The latter corresponds to FGA. but the
former must be pure gauge. Thus we guess there is a gauge invariance with
parameter E‘M,c. the same representation as the highest dimension unwanted
component of Vg . A variation §V?° = 1D 4 é4%° can be manipulated into the

form
6Tar = iD%4DBea Do 744 = = L Doy (i Digu DP g £72°%) . (39)

which is a special case of a K gauge transformation. Equivalently, one can say

there is an "internal” gauge invariance
6V°° =1"Da.A éAabc sU =—%Db(:éeDbESEGCd . (36)

In the gauge U = O this reduces to a special class of K gauge transformations.
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The decomposition into U and V is not unique, since we could replace
U -» U+B34 D& gV for arbitrary 8 (37)

and change the form of the solution. However, (34) is more elegant as it stands,

so we ignore this.

Less compact four-dimensional versions of these linearized results are

known [48], and may be obtained by dimensional reduction.

The action may be written in the unconstrained form

1
S = -é—zfd%dﬂe Ve P (38)
where F'g, is expressed in terms of yeh by using the definitions and Bianchi

identities of eqgs. (23,24,34). This form of S is manifestly supersymmetric. It is

also gauge-invariant because, as before, a linearized F' is invariant, and

5_[ VR Fop = f(DcCEC"b)Fub =f$c”°Dcc Fap)=0

by the Bianchi identity (24a). It gives the right field equation because it can be
written S = fVOV where O is the collection of [)'s such that F = OV, and O

can be explicitly shown to satisfy

S0V, = [v,0v,

Since V is unconstrained, the field equation is OV = F=0. Thus we have a com-

.

plete superspace theory of the linearized vector muitiplet in six dimensions.
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4.2. Nonlinear Theory

In chapter 3 we showed how to get from the linearized theory to the full
nonlinear one. We just need to find fully covariant analogues of the results
(34,38). It is not necessary to find covariant versions of all the D multiplication

rules in the appendix, since most are irrelevant for the Yang-Mills multiplet.

The complete list of relevant covariant objects consists of all possible prod-
ucts of covariant derivatives Vg4. An arbitrary product Vo4 Vy g - - - Ve i can be
vritten as a piece totally antisymmetric in a4 b8 - eFE plus pieces con-
taining vector covariant derivatives. The totally antisymmetric piece can be
decomposed into SU(2)xSU"(4) irreps, yielding covariant V(")'s corresponding
to the D™)'s listed in eq. (4). The pieces containing vector covariant deriva-
tives can then be rearranged similarly as well, producing new terms containing

field strengths, and so on, until all terms are in the canonical form

(product of field strengths) X (product of vector covariant derivatives)

X (-irreducible vin)

all operating to the right. The only available field strengths are Fg4, Fg,, W42

and their vector covariant derivatives, with [F 2] = g [Faul =W Pl=2

An immediate result is the covariant analogue of (15)
VaaVop = iV +iCap Vi3 + %cavaB . (39)
However, the crucial result is that the covariant analogue of (32) also holds:
VaeVélie) = VheaVe)a =0 (40)

since there is no dimension g object of the canonical form symmetric in 5
SU(R) indices. This would not be true if one removed the constraints on the

covariant derivatives and wrote {Vg4,Vy g} = 1CopVap + Gep 4B (see the remark



after eq. (21)), since then one could obtain, say,

V@Y%) = V&hea Veys = Gapa V)P

Thus the Yang-Vills constraints are responsible for (40). This is an extension of

the "preservation of representations" idea discussed in chapter 3.

Thus (59) is the N=2 analogue of the d=4 condition -6‘57567-, = 0. It implies

the orthogonality relations
Vﬂ V&‘b)cd = Vg,)ch@ =0 ‘ (41)

Also, since Vg4 V{?devfp symmetrized on either the first five or the last five

SU(R) indices is zero, it must be of the form

Vaa VE03: Ve p = CooVidup Coyy (42)

where V7 is symmetric in cd but not necessarily in AB.

These results are sufficient to define the nonlinear theory by following the
steps of sect. (3.5). Define a "covariant variation" of Vo4 which preserves the

constraint in eq. (21) by
OVay = VP 4 Vélea (Va)°? + Vau (Ua) - (43)
There is again an internal gauge invariance here: Putting
Vytd =i, péFecd . (44)
gives
OVau =1 V4V aVe g £59°2 + Voy (Un)

= Vau (— 2080 V£ £59°2) + Yoy (Uy) (45)
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by using (42), which can be cancelled by choosing

Up = £V Vg §5°°¢ (48)

Now introduce a parameter £ and write the system of ordinary differential

equations
dygoa=W, VD0 47 47)
3¢ Va4 = V04 Vabea v ad U (
Vau(0) = Vou wee{0) = % wD=U . (48)
. dv du ; :
One must choose equations for at and ar’ and two convenient choices are
d dv @b
S =0 (29)

which gave the "vector representation” in N=1, and

d d
-E‘U':O E'Ua,b=[U-’Ua.b] . (50)

In the second case, the U dependence splits off neatly as

~
Va_A:E_UVu_A QU

where V satisfies egs. (47,48,49) with U = 0. This is an N=2 analogue of (3.75).

Exactly as before, the solution to (47,48) provides an unconstrained param-

eterization of the theory. Any other choice of % and %

parameterization of the theory. U

gives a different

It is fairly clear that (47) will not be solved easily in closed form, since it is
a nonlinear differential equation in V, (i.e., in 1 44) . In our previous examples,

the analogue was linear and soluble, viz.
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%VF = A, in d=3 Yang-Mills in ordinary space,
%u. = u A in Lie group theory,
d

EV“ = Vg(u +iv) in d=4 superspace Yang-Mills.
Here, however, it is quintic in V, with a more complicated index arrangement.
This enormous increase in complexity is likely to prove a stumbling block in any

practical applications of extended superfields. In principle, though, one can

solve (47) by repeatedly differentiating it, i.e.,
Vou = Vs + (VO VD VYV 4tV U+ - - (51)

The action can also be written. If we vary the constrained form (28) using
(43) we must eventually get, after absorbing six V's into the superspace meas-

ure:
S = L fdezdae (Vﬂ)‘“’ *Fap (52)
9z '

because we know from the constrained approach that 'y, = 0 is the field equa-
tion. Also, 65 =0 for U, = anything and (V,)® =V, ;€F€2 since the full
superspace integral allows us to integrate V, p onto Fgy and use Vg Fgp) = 0.

Thus immediately we know that the unconstrained action satisfies

4

=55 = Sdézd® vy (53)

and may be expanded about t =0 by repeatedly differentiating with respect to £.
In this way, one obtains an expansion of S involving an arbitrary background
covariant derivative Vg4, and the prepotential Ve With the parameterization
defined by (50), this expansion will have no U dependence, and this can be used
as a check on the K gauge invariance of (54). Two remarks on eq. (53) must be

made.
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First, it is more useful than the constrained form (25) because it has a full
d% integral. Thus in any further manipulations, V's can be partially integrated.
The exact manipulations by which six V's were absorbed to give (53) are
irrelevant, and are not known explicitly in this case (although they can be car-
ried out explicitly on the linearized d=4 action). Our method is practically useful

because it circumvents this.

Second, it is important that the action reduces to the correct form when
linearized. When using a prepotential as a fundamental field, one is not free to
make arbitrary field redefinitions, because these would introduce Jacobians in
the path integral measure. However, if the field redefinitions do not affect the
linearized lagrangian, the Jacobian is unity in dimensional regularization, and
the redefinition has no effect on physical quantities [49]. Moreover, the linear-
ized form of the unconstrained action is known [50] to provide the correct path

integral measure (in four dimensions). Thus, the reparameterizations allowed
di di
of N=2 Yang-Mills, since they all have the same linearized action (38). This is an

by choosing arbitrarily all lead to correct quantum descriptions

advantage of our definition of the prepotential V*® as v2®(0).

. The background gauge invariance of the theory is understc'rod by noting that

egs. (43,4B8,49,50,53) are all invariant under the {-independent transformation

(VM,VM,W,U) =» e”(VM,VM,V"’b,U)e'M

However, since the prepotential V® is not a gauge field under this transforma-
tion, this symmetry can be preserved by any quantization procedure. The quan-
tum gauge transformation of V®, resulting from the invariance (45,48), is not
yet known beyond lowest order in V®®  where it is just the linear result (36).

Determination of the higher-order terms by hand is extremely difficult, and we
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hope to obtain some of them with a computer since they are essential for
quantization. The N=1 analogue, eq. (3.76), is indicative of the complexity of the

selution.

5. Minimal Coupling
We now describe the coupling of the matter multiplet tothe Yang-Mills

supermultiplet.

The linear multiplet of section (3.1) could not be converted to uncon-
strained form as it stood, because the vector in it is constrained to be diver-
genceless. The problem was recently solved in d=4 by Howe et al. [51], and the
result is quite simple in six-dimensional notation: Relax the constraint

D, (alvc) by requiring only that
DA(aLbc) = DAdeu.bc DA(a.Lbcda) =0 , (55)

where Lgp g is a new totally symmetric superfield. The extra components intro-
duced are then set to zero by a Lagrange multiplier superfield. As a result the
conserved vector is automatically turned into a fourth scalar on shell, as is
shown in ref. [51] using a component expansion. They have named this multiplet

the "relaxed hypermultiplet.”

Here we are interested in solving the covariant form of the constraint (55)
Vaaloc) = Va%Laasc VaLlocae) =0
The solution is straightforward:
Layea = V¥eaVer P°F

Loy = =3V Ve P?F . (56)
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so the prepotential O is a spinor with an upper SU"(4) index.

The action[51] is then
S=-L fdzd% [ pove, Lo + Loyoqxoocd (57)
- gg l e AL ab abcd ’

where X is a Lagrange multiplier.
The point we wish to make is that, as in d=4, one may couple matter to

Yang-Mills by letting Dgq - Vg4 in all expressions. It is nontrivial that the

Yang-Mills constraints allow this.

6. Conclusions and Outlook
One cannot leave this subject without discussing a simple and beautiful

result that follows from the existence of the unconstrained formalism of N=2

Yang-Mills, the "non-renormalization theorem" of Grisaru and Siegel [52].
Observe that

[1] The perturbative form of the action is an integral over the whole super-
space #Idszdag L(V,V) (or d*z if reduced to four dimensions).

[R] In the background field method, the only background quantities that appear
are the covariant derivatives VM. VAB and the backzround field strengths
F: ete.

Therefore, when a perturbative calculation of the effective action is made, only

full superspace integrals of such covariant objects arise. Also, it is a general

result that the divergences produced in the effective action are local in x, so

they must be of the form
fdszdael - -d%, L% (V.g) for integer n >0

where L% is a background gauge covariant counterterm local in z. (In fact,
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Grisaru et al. [52] show that n=1, but we do not need that here. It means that

the counterterms are also "local in 8".) Note that, since the only dimensional

parameter is the 'Lz in front of .S, we have propagators x gz. vertices « g_z.
g
and thus any one-particle-irreducible diagram proporticnal to gZ(P_V) = 92(1‘_1)

where P,L,V are the numbers of propagators, vertices and loops, respectively.

Thus an L-loop counterterm is of the form
(9% fdbz(d®im L(V) . (58)
Dimensional analysis gives
2(L-1)[g]l—d +4n +[L*t] =0

In four dimensions, [g] = 0 so [L] = 4 — 4n < 0. There is no way to make a

1

2 V4's. Thus there are

gauge invariant L% of dimension < O out of dimension

no possible counterterms and thus no divergences.

This simple reasconing breaks down at one loop because we did not consider
the effect of Faddeev-Popov ghosts. Siegel and Gates [53] have pointed out that
the ghost lagrangian of N=2 Yang-Mills theory has a gauge invariance. This
requires gauge-fixing, and a set of higher-order ghosts must thus be introduced.
Hoﬁever, these also have a gaug/e invariance, requiring more ghosts, etc. An
infinite "tower" of ghosts is obtained. This is not a serious problem in empty
space perturbation theory, because the higher-order ghosts are then free and
can be ignored. However, in the backsround field méthod, they couple to the
background field, and thus occur in one-loop graphs. (In the background field
method, background fields only occur as external lines.) Howe et al. [54] have
proposed a method for decoupling all but a finite number of higher-order ghosts,

but the one-loop counterterms then no longer have the simple form (58). We
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therefore conclude that any N=2 theory in four dimensions has no divergences
beyond one loop. In particular, N=4 Yang-Mills, which is finite at one loop, is

finite to all orders.

In six dimensions, [g] = —1 so [L°*] =4 —4n + 2L, and counterterms
have maximum dimension 2 L. For N=2 Yang-Mills theory, the linearized coun-

terterm
Lct — FaA FuA

is available at one loop. However, this is irrelevant, because the argument does

not hold there.

Howe et al. [55] have noted that the available two-loop counterterms,
Fop P F AN, g B WiB wgt |,

all vanish on shell when integrated d®. Thus, if N=4 Yang-Mills theory is written
with N=2 superfields, using a relaxed hypermultiplet coupled to an N=2 Yang-
Mills theory, there can be no on-shell counterterms and the S-matrix elements
are finite at two loops. Any counterterms in the matter sector would be accom-
panied by their N=4 supersymmetrizations in the Y/ang—Mills sector, and none is
possible. This result was obtained first by the component calculation of Marcus

and Sagnotti [56].




-102 -

These counterterm arguments are not rigorous, and no quantum calculations

with extended superfields have yet been done. There are at least four potential

problems:

(1]

(2]

[4]

To decouple the infinite tower of ghosts, the special precautions outlined in
ref. [54] must be taken. This involves introducing a prepotential for the

background field.

For perturbative calculations to be practicable, a superspace "Fermi-
Feynman" gauge and the associated ghost couplings must be found. This
has only been done for the free case [53]. One must thus determine the
quantum gauge transformation to higher orders, and no general method for
finding this is known.

In a FF gauge, N=2 superspace propagators have = dependence, and

02
graphs therefore contain infrared divergences. These must cancel, because
they are not present in the component approach, but it is not known how

this happens.
A consistent supersymmetric regularization scheme must be found.

An estimate has shown that a one-loop calculation of the N=2 Yang-Mills ver-

tex in d=4 may be feasible with a computer. A current project is to see whether

these problems can be circumvented, and actually do the calculation.
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Appendix A: CONVENTIONS

Conventions for Operators

Our notation avoids unnecessary brackets. For an operator O and a

field w, "0 acting on ¢" is written
O¢p
The product of two operators O; and O, is defined by
(0:0z)p = 0;(0z29) .

Some of the fields used in the text are themselves operators, e.g., Lie algebra
valued fields. We avoid ambiguities with the convention that if the rightmost

object in a term is a field, then everything to the left acts upon it; e.g., in

0,0:9,039293 ,

®2, 03 ,#1, Oz, 0, act consecutively upon 3. Numbers act by ordinary multi-
plication. If the rightmost object is not a field, the term is interpreted as a

product of operators; e.g., in
0,02¢,03930, ,

0;, v2, 03 ,p;, 0z, O, are all acting to the right. Explicit examples of expres-

sions with these two interpretations are .

—f( ) Q(I)*-—(f )

and the operator
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respectively. Parentheses enable one to wrile any desired expression; e.g.,

(01 ®1 ) 92 means that O; acts on ¢;, producing a new operator that acts on g5.

Many of the operators used in the text are "derivations' which satisfy

O(p192) = (091 )92+ 91(0pz) .

Deleting the first and third sets of parentheses, which the conventions make

redundant, gives

Op 92— 9:0902=(0p;)p2.

With the further convention that any term in a commutator is regarded as an

operator, we have for a derivation O

[0.¢]=0gp

In particular, covariant derivatives have this property.
Conventions for Lie Algebras

The generators X, of a Lie algebra are "abstract” operators which
transform any field in a manner depending on the particular representation of
the Lie algebra to which the field belongs. For example, the generators A"W of
SL(2,C) act by

XpyVa = T:Upuaﬁ’!l/p
XuWa = 10 Uy
Xy Aap = 80,7 Ay + 10,57 Aoy
They are derivations since

Xo(oy) = (Xo0)¥ + 0 (Xo¥)
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They can also be regarded as acting on themselves by
XaxXb = [Xc'Xb ] = Ca.chc

where Cg° are the structure constants of the Lie algebra.

The invariant metric on the Lie algebra of a compact group is written

Xa *Xp ( = 05 in a suitable basis). "Invariant” means that
[A,B]*C=-B*[A,C]

This is like an integration by parts.

All these rules must be modified for fermionic operators and fields by
including (—1)™, where T is the number of fermion pairs whose order was
changed during the operation. The bracket becomes a commutator if two fer-
mions are involved; e.g., in the above relation, if 4 and B are now fermionic and

C is bosonic we get
A, Bi*C=B"*[4A,C]

Our implicit bracket notation does this automatically.
Complezx Conjugation
We use superspace complex conjugation defined for operators by
(0%)" = (-1)°*0"¢" (0,02)° = (-1)7% 0," 05°

.

The operation "bar” is related to complex conjugation, but may include extra
signs (e.g.. ¥4 = —(¥a) *), or multiplication by a matrix (e.g., Yy = CAB (vg)").

dependingz on the type of external indices. Forscalars ¢, @ = ¢ .

For a connection | = 1_',- X; with the X; in an abstract Lie Alzebra we define
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I'"= (Fi). X;

Note that "°" is not hermitian conjugation, which reverses the order of products.
However, the sign is chosen to make it equal hermitian conjugation for

Grassmann numbers. Thus an action is still rezal in this sense.

In chapter 4 all representations of USp(2N) % SU*(4) are taken to be real in

the sense

¢.D _ ¢.D ra.b  C. — C..\*
Lo va.B =Lg vA.B L%P 4 Y = (Le.pa. ")

Note that there is always an even number of indices in total and that we define I

with subscript internal indices.

Young Tableaur and Brackets

Our convention for the projection associated with a given tableau is "sym-
metrize on indices in the same row, then antisymmetrize on indices in the same

column.” For brackets
X[A YB]=XA Yp —Xg Y4 X(A YB)=XA Yo + X Yy

with no factor of -l sometimes used by other authors.

2
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Appendix B: GROUP THEORY

Pseudo-real Representations

Given any complex matrix representation of a group
g -»T'(g) I'(g)T(R) =T(gh) . we are implicitly given three other matrix

representations, some of which may be equivalent.
(1) g-T(g)
2 g-{@y’
(3) g~y
(4) g-~fI(g)"

We denote components of objects transforming under these representations by
®® . 1(/& &z . X respectively, which makes it covariant to contract upper and
lower indices of the same type; i.e. £5¢® and xd'}’/"’ are group scalars.

If (1) is equivalent to (3) ( "(1) ~ (3)" ) then also (2) ~ (4) and there exists

an invariant metric with which to raise and lower indices:
Pa = #° Coa g% = Cc® %o Cab = 63

(Note that this definition makes it consistent to raise‘'and lower the indices on

C. Also C%, need not be simply related to Cp%.)

If (1) ~ (R) there are two possibilities, and I' is called a 'real’ or 'pseudo-
real’' representation accordingly. To have a real representation, one needs to be
able to put a reality restriction on the vector components: §° = C§, which

demands C* = C™!. But (1) ~(2) » "= CI'C ' gives only C* = + C~!, When
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the minus sign pertains, the representation is said to be pseudo-real and there
is no equivalent representation using purely real matrices; but when the plus
sign pertains we can always choose our basis so that ' = I'*, and it makes

covariant sense to talk about those vectors with real coefficients.
The following groups are used in the text:

[1] SO(N), fundamental representation: 1~2~3~4 , there is an invariant metric

to raise and lower indices, and the matrices are real.

[R] SU(N), fundamental representation: 1~4 and 2~3. Takinzg the complex con-
jugate moves the indices up and down.

[3] SL(2,C), fundamental representation: 1~3 and 2~4, 1 »# 2, and there are
two independent representations £ and ¥, £, =& Cga X4 = )‘(“9 Caa -

[4] SU'(4): 1~2 and 3~4 (both pseudo-real) with 1 # 3. There are again two
inequivalent representations £4 and rpA .

Note that the direct product of an even (odd) number of pseudo-real

representations is always real (pseudo-real).

SL{2,C) Notation

In four dimensions we use SL(2,C) notation where left-handed spinors are
represented by objects with a Greek superscript, e.g., %% and which transform
as the fundamental representation of the group SL(2,C). % thus has two com-
plex components. Right-handed spinors are written 'Eé‘, and transform in the
complex conjugate representation. The complex conjugate of an undotted spinor

is denoted by a bar,

= (p)" .
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However, since the index also acquires a dot, the bar is often redundant. To
streamline notation, it can be omitted, and reintroduced only to distinguish
between ¥° = 1—{1‘.”5_0& and Y2 = ¥*Y,.

The antisymmetric tensor £%F is an invariant. The metric C®f is £% times
a fixed but unspecified phase. It is a unitary matrix. The other forms of C are

defined by
Cap=(CVpa  C¥=—(Co¥) Cap=—(Cap)’
One raises from the left and lowers from the right:
Va=¥Cpa V2 =CFy, T,=9Cy  TE=CH¥Y,
Some observations facilitate index manipulations:

(1) 68=C,P=—-CP, and dg = Céb = —C&d . so 0 is redundant notation.

(2) Complex conjugation and barring differ by a minus sign if an index is

lowered:
(Wa)* = (W Cpa)" = ~FF Cpy = ¥
(3) ¥V €a= —Va€® and PAE = YE
(4) (¥¢)" =P%E; and (89" =02
An SO(3,1) vector is a hermitian SL(2,C) matrix
A 5 AP(0,)ap = Ay with Agg = (Aap)” = Agq
The o, are the Pauli matrices (1,0, ,0;, 0, ), and one can show that

AP Y= C% (APA,) = O% A% and VRV, =CR ¥ |
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which is the SL(2,C) analogue of &4 = A%. A symmetric bispinor W ag
corresponds to an SO(3,1) self-dual antisymmetric tensor. One decomposes an

antisymmetric tensor into self- and antiself-dual parts as

= K, i -
W“,—> Wﬁiz.ﬂﬁ“ -Z_Caﬂ Waﬁ + Ecaﬁ Waﬂ )

where W,z = (Wqp) *. Antisymmetric indices are proportional to Cag or Cyp. SO
irreducible SL(2,C) representations are symmetric in dotted and in undotted
indices. Also, since antisymmetrizing three indices gives zero, one may cycle

indices from one object to another in a "Fierz transformation,”
Caﬁ"/’-y =i Cﬁy?,/a - C'ya]*"ﬁ

The matrices generating SL(2,C) transformations are denoted i(0,,),f and

spinors transform as
Ve = i (0)af Vg 6y* = —iyf (0,,)6°
Vs = 1(0,):P ¥ 9% = —iPP (0,0, .
where
(0u)ag = —(0uu)ap = (Ow)pa and (U;.w)d'ﬁ = ((ew)ag)” -

Using the fact that (0,)ap and (0y)as are invariant if all the indices are
transformed, one may obtain multiplication rules for them. Thus, once the
Lorentz transformations are given for the vector indices, the SL(2,C) algebra is
specified. The algebra is not used explicitly in the text, since the formalism

ensures that the syrnmetry is always manifest.
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Appendix C: D-OPERATOR ALGEBRA IN SIX DIMENSIONS

Multiplication rules for N=2 D-operators

The formulae that follow are essentially supersymmetry transformations for
(¢))
component fields. Only left multiplication by D' is described since right multi-

plication is obtained by the rule
@ p@) = pln+1) (n~1)
L% =D + D 8
D™ D% = (—)» (DD — Dl )

where the index arrangement on the RHS is identical in the two cases.

Da.ADbB =iCa¢,Df§+i.D({§ﬁB+ %C@BAB

1 1
Die D3 = -3 D& pye + 7 D, (4 8p)c

. 1 1
Die Dfhp = DEN €nape — 3G DfSe.a5 + 2 G Dyyia 8510

Dd.D Da(g)cN =~ a(t‘z)cd 53’ T Ca (e Db('c'))DN - Tl Ci(a Db(f))Aa 8cp gh45¢

. 1 . i
Dyp DR 45 = =i (D& 450 — 3 ap.asc) — 1 Cac DB cp + 3 Ca D& 8pp

% 1
* = DfZciadpp + 3 Dfpdpe
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1
DDy =~ C e(a Dicaye + 5 3 Cea Dy 048

D, D" = ( wséF‘-—D(Js 6F)"_'—Ce(c Dfise”
+ 2(DFops— 5 D05 0F)

1
+ E EPACD Ce (c DJ:)UBAC OpE

1
Dz D8 cp = 5 ( Dé#ag.cp + D#ep,up ) - iDe(?D.[A 8B1E — %De%.[c 3p)&
Dip Dp = - C}(c D\rs + = chds 8rp — 2_1'3! Cyc Ddhs®dcr

Dyp D€ =i ( DfppOF + = D D0 08)) +1i Cpe D6 ppr

i ' :
-5 Dftwlorr + ¢ Dftp® 0810cr—5 Cop €94%€ Dfffun 0cr

1 1 1
Dye Der = —35 Gt D)mN Enerc + 5 Diedrme - 2 Cyc DEEer” ane

Gup _ 1 Do S P P «M)ABC
DgGD D M 5 )_Q_‘FBGIADQBC]( g

; (8) L ) (5)Ar
Dy DI =i G D™ 0ff - %ENEFG Diderocn - %Chd D™ apy
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D, D = %Dz"w INL

Useful relations for products of derivatives:
(1) 8Pa =064
@)  e*Pa5p8pc8pp = 874 Epgpy O
(3) ECDEF 3, = % S|CHPF)

(4) &*PPopcopp =0f0F 0 - 4% o
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Correspondence with SO(5,1) Notation

Table 3 shows the relation between our notation and the more usual

S0(5,1) notation for some of the lower spins.

Table 3. SO(5,1) and SU’(4) Notation

Dimension of Rep SU®(4) Object S0O(5,1) Object

1 real EABCD,GL’; v 1

4 complex ’l,l/A Y(1—r7)¥

4 complex P4 ¥“(1+72)¥

6 real Vag = —Vga Vi

10 real TAB = TBA THve = % ghvoRsT
10 real Ty = Tpy THY = .— % el
15 real 48 traceless B =y

20 real Ru5P traceless R, = R,, traceless
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