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is a direct result of the interference between these two new eigenmodes.
Furthermore, the phase information of the individual oscillation can

be transmitted through the coupling so that the accumulated relative
phase of these two eigenmodes is an important parameter in character-
izing the spatial and temporal energy distribution within the coupled
system,

A similar Tanguage can be used to describe the behavior of &
system composedbof coupled frequency modulated resonators*, This task
is made somewhat easier and clearer if two ideal resonant LC circuits
weakly coupled together is used as a model system. For simplicity
but without losing generality, we shall assume only one of the circuits
has a variable resonant frequency. Furthermore, the inductance is
made fixed and equal to each other for both circuits so that only the
capacitor of circuit a (Ca) is variable as shown in Figure 3.1. When
they are decoupled, circuit a and b are independent of each other; in
particular the eigenmode and eigenfrequency 2, of resonant circuit a
can be continuously tuned across the eigenfrequency o, of circuit b
by varying capacity Ca without causing any interaction. However,
if these two circuits are coupled, no matter how weak the coup]ihg
strength is, an entirely different set of eigenmodes for the coupled

system is generated. In Fig.3,2, the new eigenfrequencies QA’ 2g

-1/2

o For any value of the variable

are plotted as a function of C
capacitance Ca, two eigenmodes exist; one at higher frequency than

the other. In general, the frequency of each mode depends on Ca as

*  Frequency modulation of our interest satisfies the adiabatic con-
dition. :
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does the field configuration of the mode.*

If Ca is adjusted so that the resonant frequency of circuit a
when isolated (Qa) is much less than that of circuit b when isolated
(Qb), the low frequency eigenmode of the coupled system (i.e., with
eigenfrequency mb) is then characterized by a concentration of the
field and therefore the energy in circuit a. This comes about from
the fact that at this extreme the effective coupling between thess
two resonators‘is considerably weakened by the great disparity in
the resonant frequencies despite the constant presence of the small
coupling capacitor CO. Physically, the low frequency eigenmode of the
system essentially Tooks Tike having resonator a excited only.
Conversely when Ca is such that 2y is much larger than Q> the low
frequency eigenmcde is characterized by a concentration of the fields
in circuit b. Similar statement regarding the relative energy dis-
tribution also follows for the high frequency eigenmode of the coupled
system. Consequently, Ca can be considered as a parameter which
determines the spacial field configuration and the energy distribution
within the system. Obviously, we can take advantages of this unusual
characteristic to effect an energy transfer from one resonator to
the other if we can manipulate the variable capacitance C, by external
means.

To illustrate this "switching" process, we shall make use of

* Strictly speaking, when C_ is changing in time, no true system
eigenmodes exist in the ordinary sense because the system itself is
time dependent, However when C. varies adiabatically slowly, it is
found useful to apply the eigenmode concept to this sjtuation where
eigenmodes are understood to be local eigenmodes. A local eigenmode
is the eigenmode one would get if the instantaneous system parameters
were fixed at that instant. In the adiabatic 1imit, the 10ca1_eigen—
mode is expected to be a good approximation to the true situation,
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the curves showing the functional dependence of the system eigenfre-
quencies 2 and g on the variable capacity C, as shown in Fig,3.2.
Initially, Ca is adjusted so that 2g = 9 and the system is excited in
its lower frequency eigenmode. Physically, this essentially corresponds
to exciting resonator a only. The system is then "tuned" via capacitor
Ca to a higher frequency say Q5. If the tuning is carried out slowly,
the eigenfrequency will follow the curve labeled Qg as Ca is decreased
from its initial value (i.e., from 9, << 9 to o, >> Qb). However

the excitation of the lTower frequency eigenmode at frequency 2, repre-
sents predominantly the excitation of resonator b only. That is,
through the process of "adiabatic tuning", the energy has been switched
from resonator a to resonator b. The reason that the eneragy can be
switched is because in the adiabatic 1limit, the energy that we start
with when the Tower frequency eigenmode is excited will remain almost
completely confined to this same mode as the variable capacitor Ca is
continuously changed throughout the tuning process. But the field
configuration of this mode looks quite different when the capacity

Ca is varied from one extreme to the other.

It will be shown in Sec.3.3 that the switching action is a
result of accumulation of relative phase between the coupled oscillat-
jons in each resonator and the variation of the effective coupling
strength. The scheme used here involves tuning one of the resonators
so that its resonant frequency when decoupled can be tuned to cross
the fixed resonant frequency of the other resonator. Because the
effective coupling strength between these two weakly coupled resonators

depends on the difference between two decoupled resonant frequencies
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in addition to the constant coupling element,it can not remain constant
in our case. For example initially the coupling is very weak because
of large difference in decoupled resonant frequencies. As the variable
frequency 2 approaches the fixed frequency Q> the effective coupling
becomes much stronger. After the frequency crossing, the difference
once again becomes large and the coupling becomes weak. This "decou-
pling" feature inherent in this process is important because it is
responsible for the unidirectional energy switching from one resonator
to the other, Furthermore, it turns out that the exact amount of

the accumulated relative phase is not critical at all to accomplish

a substantial switching so Tong as the frequency change is very slow
when the two decoupled resonant frequencies are about equal to each
other, This point will be discussed and demonstrated semiquantitatively
later in this and the next sections.

In summary, the energy switching scheme discussed here is
characterized by a variable effective coupling strength and unidirect-
ional energy transfer. It involves only one eigenmode of the coupled
system throughout the whole switching process (in the adiabatic limit).
It is interesting to notice the fundamental differences between this
circumstance and that which results when only one of the two coupled
fixed resonators is excited (not an eigenmode). There the excitation
energy is transfered to the other resonator through the coupling
mechanism as time goes by. After a definite time T, the transfer is
complete and the energy in the original resonator is emptied. However
after another period of time T, the whole energy will return to the

original resonator, The energy flows back and forth between these two
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resonators, producing the "beat" phenomenon. Clearly in order to
achieve unidirectional energy transfer, at the proper instants,
the transferred energy should be exhausted to an external load, or
the resonators be decoupled suddenly. If the couple system is left
alone after one of resonators is excited, all the consequent behaviors
of the system are the result of having a constant coupling of fixed
strength. As a result the characteristics of the eigenmodes of the
coupled system‘are already fixed once the coupling is turned on and
do not change in time. With one resonator excited only, the state
involves exciting both eigenmodes. The interference effect between
them results in this bidirectional energy transfer, For the scheme
studied here, a modulation mechanism is provided so that the effective
coupling strength can be varied by the frequency tuning. A unidirect-
ional energy transfer thus becomes possible.

Since external means are used for tuning one of the resonators,
the coupled FM resonator system is not a closed system. In the
course of tuning compression and/or expansion of the'"photon gas"
as discussed in Chapter II also occurs. The amount of energy which
is switched thus depends not only on the initial energy distribﬁtion
but also on the way the system parameters are varied. For instance,
in the example given above, we start with all the energy stored in
circuit a when Q4 is much smaller than - As 24 is increased toward
2 > the system energy in the electromagnetic form is increased accord-
ing to the adiabatic theorem until appreciable energy transfer takes
place when Qy = Q. After substantial energy has been transferred to

resonator b, the energy remains there without changing the amplitude
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or the oscillating frequency in time, because resonator b is a fixed
frequency resonator. In this example, the modulation is not turned
off after the transfer, therefore compression and/or expansion of the
residual energy in resonator a is still taking place, But with very
efficient transfer, the residual energy in resonator a is quite small
and this effect can be neglected,

In Sec.2.5.3 one of the practical considerations for a super-
conducting electromechanical energy conversion device calls for a
special kind of microwave energy input-output switch, In view of the
decoupling feature, the simple configuration and the fact that high
switching efficiency does not critically depend on the exact relative
phase, this scheme of using coupled FM resonators to effect energy
transfer seems to be an ideal solution., The prospect for this appli-
cation is being further examined at present.

This switching principle has been recognized for sometime in
connection with the adiabatic crossing of energy levels in quantum
mechanics (1). About twenty years ago, a similar scheme involving
a spatial variation of wave propagation coefficients was proposed
to build broad band microwave directional couplers (2). Because of
the large coupling length required, this scheme was regarded as imprac-
tical at that time and gradually forgotten, Recently there is a
reviving interest in using this same scheme to build optical directional
coupler because of much shorter wavelength involved, therefore much
shorter coupling length required (3), Although the principles and
the results for the scheme using spatially varying wave propagation

coefficients and that using time varying frequencies are almost
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identical, there exist slight physical differences due to the nature
of the spatial and temporal variables., As we know, the total energy
of a time invariant isolated system is conserved, therefore, for the
scheme with only spatial variation, the total energy is constant,
The switching process only redistributes the energy among various
coupled channels. This contrasts to the time variant scheme, where
electromagnetic energy can be added, or extracted during the switching
process, that is, energy conversion also takes place at the same
time. It also appears the former scheme is more suitable for a pro-
pagating mode while the latter for a standing mode due to the nature
of the independent variable.

As mentioned before, the energy switching is accomplished by
maintaining almost all the energy in one of the system eigenmodes
thoughout the tuning process. In order to achieve a high degree
of confinement and thus high efficiency for the switching, the rate
of tuning must be generally slow, especially when two eigenfrequencies
of the coupled system are very close to each other, i,e., when the
separaticn is minimal (which occurs at Ca = Cb) as shown in Fig.3.2,
A very rapid tuning through this region can cause the excitation of
the other eigenmodes. The energy originally confined in the desired
eigenmode will then be substantially diverted to other modes and
effectively destroy the highly efficient unidirectional energy trans-
fer from one location to the other (non-adiabatic crossing).

For an infinite system (i.e., time can vary from -« to += ),

if frequency 25 varies linearly in time and the coupling coefficients
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between two resonators are kept constant*, the behavior of the coupled
system can be solved exactly in terms of functions known as parabolic
cylinder functions(3). Furthermore, the calculation shows a theoretical

1imit for energy switching given by the following equation:

2
n=1- exp( —(g)---(%g—)—) (3.1)
At

where the efficiency n is defined as the final energy ended up in
resonator b divided by the total initial energy in resonator a. aq is
the minimum separation of the two eigenfrequencies of the coupled
system, and %%— is the constant rate change of Qa.

Equation (3.1) cannot give completely accurate account for
the switching efficiency for our scheme because it is a result based
on an infinite system assumption while any real system must always
be finite. Furthermore the total energy in our scheme is not conserved,
making the definition of switching efficiency somewhat ambiguous.
An analog computer simulation was carried out to study the effects
due to these two factors. The model system used for this simulation

is two coupled pendula, one with a variable period. The equations of

motion governing pendulum oscillation are given below to the first

* The constants are such that the total energy is conserved, Strictly
speaking this is possible only for time invariant system. For time
variant system such as the scheme discussed here, the transfer actually
takes place essentially in the vicinity of minimal eigenfrequency
separation during which the effect of compression or expansion of the
energy is small and the total energy is approximately constant,
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order of slowness in frequency variation:*

2 2 _ a2
Ya + ma(t)Ya = h (Yb - Ya)
(3.2)
s 2 2
Yb + wab = h (Ya - Yb)

where Ya and Yb are the oscillation amplitudes; wa(t) varies linearly
in time; h is a coupling coefficient and is related to the minimum
splitting of the eigenmodes (ap).

Define
wa(t) = P(t)mb

h=qwbz\ﬁgCET

mbt=z

and assume Ya and Y, are already normalized. Eq.(3.2) can be rewritten

in a dimensionless form as follows:

a2y

@+ Y, ek - )

(3,3)

szb )

dZ

* The slowness is measured by the quantity S
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Simulation was carried out using Eq.(3.3) with results appli-
cable to any frequency range when properly scaled,

A typical simulated result is shown in Fig.3.3. There the
energy stored in each pendulum is plotted versus time, At t = to, both
decoupled frequencies were made equal, Initially only pendulum a was
excited as indicated by the finite amplitude of energy Ea at t = 0,

For t < to’ the compression of the energy was observed as expected,
When t ~ to, appreciable exchange of energy took place. At t = t,, the
energy was equally divided between them and half transfer had been accom-
plished. As t was increased further so that t -» to’ the switching

was essentially complete. The detail oscillatory structure of the
energy curves are due to the frequency difference between the two
pendula. The asymmetry of the oscillatory structure before and after
the crossing as shown in Fig.3.3 is due to the finite time interval
fromt =0 tot = to' If the tuning rate is reduced toward zero,

this interval becomes longer and approaches infinity, In this limit,
the oscillatory structure will look symmetrical with respect to the
crossing point,

Fig.3.3 also confirms that the switching essentially takes
place in the vicinity of t = tO only. During that short span of time,
the total system eneray is approximately constant.

In this illustration, the residual energy remaining in pendulum
a was quite small, therefore, even if we did not turn off the frequency
modulation for t s> to’ the increase in energy was negligible, Under

this condition, a working definition for switching efficiency can be
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given as follows:

when t >> to'

In this simulation study, the rate of frequency change do/dt
and coupling strength AQ were varied to study the systematic behavior.
A plot of the efficiency n' versus the ratio (dsz/dt)/(ma)2 is shown in
Fig. 3.4. Again do/dt is the constant rate of change, and aAQ is
the minimum eigenfrequency separation.

The crossed points are the simulated results and the solid line
is the analytic expression given by

2
n''=1-exp(- %~£§~l— ) (3.4)

(&3

D0

As can be seen. Eq.(3.4) fits the simulated results extremely
well. It is interesting to note that Eq.(3.1) and Eg.(3.4) are almost
identical except the coefficients of the exponent are slightly different
(i.e., m/2 and 3/2 respectively). This indicates a finite system has
a somewhat smaller switching efficiency than an infinite one.

Fig. 3.4 shows that high switching efficiencies are achievable
with a combination of moderate coupling and crossing rate, In the
example of Fig. 3.3, the coupling strength and FM rate have been

chosen to give an energy transfer efficiency of about 95%.
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The reversibility of this process has also been confirmed by
the analog computer simulation., In this case, only the pendulum b
was set to oscillate initially. After the adiabatic crossing, sub-
stantial portion of this energy was transferred to pendulum a, Because
pendulum a was subject to the external modulation continuously, the
energy was also continuously increased after transfer. This made the
definition of switching efficiency ambiguous in this case.

Up to néw, ideal resonators have been assumed through our
analyses. For practical applications, the finite energy decay time
has always to be considered. This matter will be taken up in Sec.3.4

when the application as a microwave energy switch is considered,

3.3 Semiquantitative Study of Coupled Resonant Systems

Even though under certain conditions, it is possible to obtain
exact solutions for the linear frequency modulation case (1,3), the
solutions remain largely unusable due to lack of the representation
in elementary functions for the parabolic cylinder functions of arbi-
trary arguments. Numerical tables for these functions are not pre-
sently available either. Thus the system behavior near the frequency
crossing has not yet been well studied. The situation becomes even
worse if an arbitrary smooth frequency modulation is desired because
the exact solutions may never exist at all. In order to overcome
this difficulty, a matrix formulism is presented to obtain semi-
quantitative results without actually solving the complex coupled

differential equations if certain conditions can be satisfied*, This

* This approach has been used before by Waldron to solve coupled mode
(To be continued)



-105-
formulism provides us a way to study the nature of the frequency
crossing and is general enough to be applicable to almost all smooth
frequency variations.
We start with a pair of coupled differential equations des-
cribing the complex amplitudes of oscillation for both resonators as

a function of time.*

da;
. R s o TR L7

(3.5)
da2

gt - 493 * c1ay

where a;, a, are the amplitudes in the coupled mode formulism(5),
and are related to the stored energies in the resonators 1 and 2
according to E1 = la1|2 and E2 = iazlz respectively. In general the

angular frequencies W15 Wy and coupling coefficients Cigs Cpp are

(continued from previous page)

problems (4). However his solutions are erroneous because of several
inconsistencies and mistakes in his derivation. In Appendix C, this
method is applied to a time dependent system which is of our interest
and solutions obtained there are then used in this section for
further discussion.

* Eq.(3.2) is a set of coupled second order differential equations
while Eq.(3.5) is of first order. There is no inconsistency between
them because the variables in Eq.(3.2) are real while those of Eq.
(3.5) are complex. For instance, the complex amplitude a, has a
real part which is proportional to the real amplitude of resonator
1 and an imaginary part which is proportional to the first derivative
of this real amplitude. Eq.(3.2) follows immediately when Eq.(3.5)
is separated into real and imaginary parts.
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complex and time dependent. For a dissipationless system wy and w

become real. J =\}—1.

For a small change in time &8t, the amplitudes at time t + &t

2

are related to those at time t according to Eq.(3.5) as follows:

a](t+5t) 1+jw]6t 5t a1(t)

€12

(3.6)

a2(t+6t) st T+jw,6t az(t)

S 7

Our task is to find a matrix which will relate the amplitudes at
time t + to to those at time t, where t0 is a finite time span, Let
us imagine the time interval t0 is divided into a large number n of
elementary time subintervals &t so that in the limit 8t - 0, n » =,

nét - to. If we define a matrix A such that

1+ jmlét C126t
A= (3.7)
cyq8t 1+ juyst
It follows for finite time interval t0
a1(t+t0) n a1(t)
=  Limit I Ap (3.8)
§t>0 ,nrep=1 '
a2(t+t0) n6t+t0 az(t)

where Ap is the matrix A appropriate for the pth time element ¢t,
The problem is exactly solved if we can express the term in the

parentheses in terms of the known time variations of the frequencies
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and the coupling coefficients. This is difficult to achieve for almost
all real situations and approximations are needed. In Appendix C, the
calculation of Eq.(3.8) is carried out further. It was found in
the adiabatic 1imit (i.e., wys Wos Cqp and Cpp are adiabatically

varied. See Egs.(2.4) and (C.16).)

a](t+t0) a1(t)
=F-T (3.9)
a2(t+t0) az(t)
where t+t
F = exp(jf e dt) (3.10)
)
t
1 ejJ 0
T =P "(t+t ) . P(t) (3.11)
0 eJ
t+t N
_ o] ) i )
J -ft V202 ey at (3.12)
1 Y -jc
Pl 12 (3.13)

) —,(2_ ;
¥*=Cq2C01 I v

(UJ "(1-\2 w-l Ll)2
Y= J ( ~ Syotar 591

Once the time dependence of Wys Wos Cqp and Cyy are known, matrix P
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and integrals J and F can be evaluated, The problem is then approxi-
mately solved.

The factor F is common to both amplitudes and represents a
common phase progression. If we make a coordinate transformation so
that the new coordinate system rotates at the angular rate of (w] i
wz)/2 relative to the original one, this common factor will disappear
in the transformed equation. Obviously, it is of no physical
consequence. For example, when calculating the energies in each
resonator, this factor will drop out.

The quantity 2J represents the total accumulated phase differ-
ence between the two eigenmodes over the period of time to' This
relative phase includes the contributions from the accumulated relative
phase between the two individual oscillations as well as the coupling
as can be seen from Eq.(3.12). If we turn off the coupling, 2J
becomes the relacive phase between the two individual oscillations
as expected. From Eq.(3.9), the switching is determined by the T
matrix in which the effect of the accumulated relative phase appears
in the phase factor J only.

Substituting EQ.(3.13) and Eq.(3.14) into Eq.(3.11) and carrying

out the matrix multiplication we obtain

jd -jd
: Y(t+t0)Y(t)e - C]Z(t+t0)c21(t)e
T=W

“3(eyp ()Y (R)ed? -y ()Y (trt e )
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(-3) (epp(t)¥(trt )ed? -y (trt )V(t)e™Y)

- eqp(t)ey (trt )edd + ¥(t)v(tet Je

(3.15)

where N =4 (Y2(t)-c;p(t)c,y (£)) (Y2(trt )-cppltrt ey (4t )
(3.16)

We shall apply this formulism to a weakly coupled system where
decoupled resonator freguencies cross each other linearly and quadrat-
ically. The crossing is assumed to be adiabatic(see Eq.(c.16)). The
coupling coefficients are chosen so that Cip = =Cpy = C for simplicity,
where c is a positive real constant. The relative sign between C12
and Co1 is chosen to conserve the total energy which is approximately
true in our case.

In addition,at initial time t = - t (t]> 0) when the resonators
are essentially decoupled, all the energy is assumed to be concentrated

in resonator 2, i.e., we assume

al('tl) 0
- 3.17
az(‘t'l) 1 ) ( )

(I) Linear Crossing

The decoupled frequencies are assumed to cross at t = 0 and
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are given by
“1
W2 =% ~

where ry = Qi . ,.2

i << u, (1 =1,2)

For time t > 0, we have

(3.18)

JNOINAC) (cppl-t)¥(t)e?? - e, (1)V(-t))e™d)
= ¥ . .
a,(t) - cqp(-ty)ey (t)ed? + v(-t,)¥(t)e™"
(3.19)
E](t) : cz(Yz(t)+Y2(—t])—2Y(t)Y(-t])c052J)
~ =3
Ez(t) N Yz(t)Yz(—t])+c4+2c2Y(t)Y(—t1)c052J
(3.20)
where N2 = (Yz(t) + cz) (YZ(-tl) + c2)
t Wa =
J=f_tJ( 292+ % at
1
Suppose at t = -ty, wy << w, and at time t ( = tl) Wy >> W, Also

assume |a| = Im1 - mzl >> ¢ at both extremes, i.e., when we are
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somewhat away from the crossing point and the coupling coefficient ¢

is small, it follows:

Y(-ty) = %/ al-t;)]

Y(t) = a(t) + c%/ |a(t)]

(3.21)
Y(£)Y(-ty) = c? ‘Ta%é%%TT = ittt
Therefore
El(t) | az(t)+2c2(1—cos 2J)
. ——21—2 (3.22)
E,(t) (a”(t)+4c”) 2c2(1+cos 24)

12

where a(t) >> c.

Equation (3.22) confirms the assertion that the transfer is
always almost complete regardless of the exact value of the accumulated
relative phase 2J, as long as the adiabatic conditions are satisfied.
This feature makes this switching scheme very useful because it can
be easily implemented without having to know the exact relative phase.

However it is still possible to have a complete transfer at
some specific instants when the proper amount of the relative phase

has been accumulated. This can be shown at least in principle by
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setting Eq.(3.20) equal to (é) , and solving the resultant matrix
equation to obtain the required coupling and the instants when the
complete transfer have taken place. In reality, this is a difficult
task because coupled integral equations are involved. Nevertheless,
this feature can be observed from the computer simulated result shown
in Fig.3.3. There in the oscillatory region after the frequency cross-
ing, there are several instants when the energy inside the resonator
a becomes zero indicating a complete transfer has taken place*.
Because this mode of complete transfer depends very sensitively on the
exact amount of phase and correct coupling, it is deemed as less
practical than the one we have proposed.
(I1) Quadratic Crossing

Since we are interested in the capability of sinusoidal cyclic
operation, the study of the quadratic crossing of two decoupled eigen-
frequencies between a sinusoidal frequency variation and a constant
frequency is appropriate. The two decoupled frequencies are given

by the following expressions:

Wy = w + Aw(l - =) (3.23)

* Even though the assumptions leading to Eq.(3.22) are not valid if
we are very close to the crossing point, Eq.(3.22) seems able to
describe partially the behavior in that region as well. This can be
seen from the fact in that reqion «(t)=0, therefore E,= (l+cos 2J)/2,
E,~(1-cos 2J)/2. That is E, and E, show the oscillatory exchange of
energy between these two re;onatoré which is similar to those ob-
served in Fig.3.3.
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where Aw and T are two parameters at our disposal and t is assumed to be
finite so that i is always positive.

The quadratic crossing is characterized by two crossings occur-
ring at t = +T. If both crossings are done adiabatically, the energy
we start with in one of the resonators will be switched to the other
after the first crossing more or less like the linear crossing dis-
cussed above. However it will return to the original resonator afier
the second croésing as an unavoidable consequence of the unidirectional
transfer ability of the adiabatic crossing. This can be demonstrated
generally with our matrix formulism. Again it is assumed initially
only resonator 2 is excited. Also assume at t = -t] and at time t
(=t]) wy >> wos i.e., the resonators are essentially decoupled at

these two extremes. For small coupling coefficient ¢, we have

[
1

cc(-t-l) a(t) m] - mz >> C

(3.24)
a t CZ/Q 55 €

¥(t)

it

Y(-t;)

Substitute Eq.(3.24) into Eq.(3.20) it follows

2y2

E1(t) 2c7Y(t)(1-cos 2J)
- 1
N 2 242
E,(t) (™)™ N AvA()42¢2v2 (t)cos 29
2
2C
—;?— (1-cos 23) 0
= e (3.25)
1+ 2c2
—5- Cos 2J

¥
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as is expected, Therefore, without taking into account the detailed
phase accumulation, the quadratic adiabatic crossing generally can
not provide us a unidirectional energy transfer,

Like Tlinear crossing case, there exist some specific instants
after the crossing at which substantial energy transfer can be achieved
if the accumulated phase and the coupling coefficients are of proper
values at these moments. Again, these values are found by the same
procedure of solving a matrix equation as in the linear case, Even
though there are certain circumstances where cyclic unidirectional
transfer can be achieved regardliess of the accumulated phase value; for
example, if the energy transferred after the first crossing is con-
sumed before the second crossing takes place or the second crossing
is so highly non-adiabatic that the retransfer cannot occur, jt
nevertheless points to the difficulty which may arise if a simple
cyclic switching operation is desired, Further study of quadratic
crossing is needed so that a practical design of unidirectional

cyclic switch can be designed.

3.4 Some Possible Applications Using Coupled Superconducting FM

Resonator Systems

In this section, we will propose two applications making use
of the properties of a coupled FM resonant system, Superconducting
FM resonators are considered so that the requirements imposed by
the finjte energy decay time can be found,

3.4.1 Characteristics of Energy Switching Devices

Obviously using coupled high-Q superconducting resonator system
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as energy switching devices follows immediately from the discussions
and analyses of Sec. 3.2 and Sec. 3.3. The electromagnetic energy
in a fixed resonator can be relocated to another through the action
of an FM resonator which is coupled to both initial and final reso-
nators of either the same or different resonant frequencies.

Since the effective coupling is very strong only in the vicinity
of the region where two decoupled frequencies are almost equal, the
crossing can be regarded as linear to the first order of approximation.
Eq.(3.5) shows that in order to achieve a high degree of transfer
the factor (AQ)Z/(%%J has to be maximized, where AQ is the minimal
splitting between the two eigenfrequencies which occurs when the
decoupled frequencies are equal to each other and is a function of

(%%) is the rate of modulation.

the coupling coefficients only.
These are two factors which can be independently varied. For our
discussion, weak coupling has been assumed all along which makes

the minimal splitting (AQ) accordingly small. This in turn sets an
upper 1imit on the modulation rate dp/dt. Modulation exceeding this
1imit will destroy the unique properties of the adiabatic crossing
upon which the whole switching scheme is based. In reality, it
cannot be set arbitrarily too slow either because of the finite
energy loss rate. If the former is slower than the 1atter, clearly
the process becomes very ineffective. The optimal energy switching
will depend on the resonator energy decay time Tp,the modulation
rate 3%3 and the minimum splitting an. As long as Qrp >> 1, the

transfer efficiency of Eq.(3.4) is a good approximation. Under this

condition, the requirement for greater than 95% efficiency in energy
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switching is that
da 1 2
(FF) < 3(a0) (3.26)

The quantity (AQ)/(%%J is the time necessary to sweep the
frequency through a range equivalent to the minimal splitting between
the two eigenfrequencies. Thus for this case this time must be =>3/(a2).
For example, the minimal splitting (AQ) for two resonators coupled
through a constant capacitance C0 such as the one shown in Fig.3.2
is given by AQ ~ Qb(CO/Cb) where 9 = 1Lfff;. Assume this equivalent
circuit representation is valid for a coupled microwave resonator
system and further assume the energy decay time Tp is 1 sec for super-
conducting resonators at 10 GHz (i.e., 9 /2n =10 GHz). Obviously

Ty = 10" >> 1 and Eq.(3.26) is valid. For C,/Cp ™ 10°3, the minimum

splitting is given by aQ ~ 6x107 sec”!

and the time it takes to sweep
through AQ must be larger than 3/(aQ) ~ 5x10_8 sec which is the Tlower
bound for the mechanical modulation time L The upper bound of course
is the energy decay time Tp' Because of the limitation of material
strength, the fastest modulation time achievable is of order of 10"

4
sec. Clearly both conditions can be amply satisfied. Thus coupled
high Q superconducting FM resonator system can be used as a high
efficiency switching device.

3.4.2 Characteristics of High Power Microwave Generators

An immediate variation of this energy switching scheme could
be to "Q switch" a highly-moded superconducting resonator onto an

antenna load to produce a very high power microwave pulses. This
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is brought about by the fact that substantial energy switching can
be accomplished within a very small fraction of the basic mechanical
modulation time. This is not a surprising result since the interaction
between two weakly coupled resonators is strong only when the decoupled
eigenfrequencies are almost equal which occurs only for a very short
period of time. This feature is also demonstrated by the systematic
study of computer simulation. One of the examples has been previcusly
shown in Fig.3l3. The results indicate the switching is essentially
finished in one or two hundred cycles of the intrinsic oscillation
centering around the crossing instant for a wide range of modulation
rate and coupling strength. For resonators operated at X-band fre-
quencies, this switching time is about 10_7 sec,

In Sec. 2.5.2 it is shown that the maximum energy density that
can be stored inside a superconducting resonator with present super-
conductivity technology is about a kilojoule per cubic meter. An

3cm3 active volume will contain a joule of microwave

X-band device of 10
energy which can be switched to an antenna rapidly producing a microwave
pulse of about 10 megawatts and 100 ns duration. If the volume

scaling is valid, one cubic meter active volume will contain one kilo-

joules of energy which can be switched to generate a 10 GW pulse.

3.5 Conclusions

In this chapter, the familiar notions of coupled resonant
systems are extended to gain insight into the behavior of coupled
ideal FM resonators. Practically this ideal case is approximately
fulfilled by coupled high Q superconducting FM resonators., Therefore

the potential applications derived from the ideal system are very
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likely to be realized with actually available superconducting
resonators. The proposed applications as energy switching devices
and pulse generators based on the scheme discussed here are quite
unique and novel without having an equivalent counterpart in the room
temperature microwave technologies. A new field of applied super-
conductivity has been opened up by the introduction of highly fre-
quency modulated superconducting resonators operated at high rf power
level. However there are a great deal of actual operations still needed
to be demonstrated before this new scheme can be considered as a suc-

cessful technology.



-119-
References
. C.Zener, Roy. Soc. Proc. 137, 696-702 (1932).
. J.5.Cook, Bell Sys. Tech. J. 34, 807-822(1955).
. R.B.Smith, J. Opt. Soc. Am. 66, 882-892 (1976).
. R.A.Waldron, Quart. J. Mech. and Appl. Math. 18, 385-404.

. W.H.Louisell, Coupled Modes and Parametric Electronics (Wiley,

N. Y. 1960).



-120-

Appendix A
ADIABATIC THEOREM

For simplicity and definiteness, an ideal electric L-C resonant

circuit with a time dependent capacitor is used as a model system

to illustrate the adiabatic theorem. As shown in Fig. A.la, V(t) and

I(t) are respectively the instantaneous voltage across the capacitor

C(t) and the current through the inductor L. The resonant angular

frequency is given by the usual relationship

o(t) = —— = 27F(t) (A.1)

vL-c(t)

The time variation of C(t) (therefore, w(t)) is assumed

extremely slow so that the following condition is satisfied

1 dw(t)
m dt << Lu(t) (A.Z)
Define a complex quantity a(t) such that

a(t) = 3 (I(t) + Ju(t)C(t)V(t)) (A.3)

(a5 | o

Clearly a(t) depends on the instantaneous distributions of the current

and charge in this circuit. If we take absolute square of this

quantity,
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Ct)Z/Z V) L

w = 1/YLC

a =vL/2(1 + juCV)

Fig. A.1(a) An ideal circuit consisting of a fixed inductor L and
a variable capacitor C for demonstrating the adiabatic theorem.

w = 1/1’L—C

a =vL/2 (I + jwCV)

da _ . -1 dn\ -I d:’_d
‘CW = (Jm = R/2L + '2-[;)‘ —d—E‘)a = (R/ZL + Zjd—t:}a*

Fig. A.1(b) Same as Fig. A.1(a) except a time dependent dissipation
is allowed.
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la(t)] 2 = 2 LI%(t) + & c(evB(t) = w(t) (A.4)

where W(t) is the total electromagnetic energy of the circuit at

any instant. It will be shown later, this quantity W(t) varies slowly with

w(t) if Eq.(A.2) is satisfied.

Maxwell equations and conservation of charges require

|
|

V(t) = - L 4L(t) (A.5)

I(t) (A.6)

n
~
—
(5]
—
o
~
-
Loy
[ 5o
S
S—

In terms of a(t), Egs.(A.5) and (A.6) can be combined to give

gt = VU Jut é% g%-) & | é%-g%-) ax (A.7)

where a* is the complex conjugate of a. It follows immediately that

2 2. 2
dlal® _di _ 1du oy o Lduy o attat
at ca - (e M- (o) (77 —) (a8
The factor %{a2 #: a*z) - %—LI2 - lZ-CV2 is the difference between the

instantaneous magnetic and electrical energy which can be of order

of the total instantaneous energy itself. To evaluate this term, we

need explicit expressions for a and a*. Eliminating I(t) from Eq.(A.5)
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and Eq.(A.6), we have

dQ(t) 4 2(t)q(t) = 0 (A.9)

where Q(t) = C(t)V(t). Eq.(A.9) can be solved within WKB approximation
if Eq.(A.2) is satisfied. Under this condition Q(t) is given by

Q t
Q(t) = JJ—% sin(f w(t)dt +8,) +0(s)  (A.10)
(0]

Qo and 6 _ are constants which are determined by the initial conditions.

S B~ It is a very small dimensionless parameter characterizing the
w

slowness of the adiabatic transformation.

With Eqs.(A.3), (A.5), (A.6) and (A.10), Eq.(A.8) can be written as

%%__ i'%%"w = QTGT-NZ (s-cos(Z_f; wdt + 280)
(A.11)
o2 Sin(zft wdt + 20 ) + 0(s3))
2 (o] (o]

where W{0) and w(0) are respectively the initial energy and frequency.
If we average Eq.(A.11) over one cycle of the oscillation, the right
hand side becomes vanishingly small because the averaged trigonometric

terms are almost identically zero. Therefore

W_ 1
at = (g

) W (A.12)

[a X
&

o



=] 28
or

W = constant:w * (A.13)

This is the statement of the adiabatic theorem. If dissipation is
included, a time dependent resistance is added as shown in Fig.A.1b
and Egs.(A.7), (A.12) and (A.13) are respectively replaced by the

following equations

g%.= (jw - %I.+ o IF B oy P (A.14)

ool
| =

o _%+%d—‘§)w (A.15)

t dt,
Orp

and W = constant-w(t)-exp( - (A.16)

where rp = %— is the instantaneous energy decay time.

* Quantities with bars are the averaged values over one oscillating
cycle.
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Appendix B
A BRIEF DESCRIPTION OF THE ELECTROSTATIC TRANSDUCER

The electrostatic transducer used in our experiments consjsts
of two parallel "plates" forming a capacitor as shown in Fig,2,1,
One of the plates is the thin top plate of the reentrant resonator.
The other is a metal disc of about one inch in diameter, A high
voltage generated by the electronic circuit shown in Fig.B.1 is applied
across this capacitor with the thin top plate always at ground potential.
The high voltage is obtained from an audio signal at 2 KHz which is
amplified and further boosted by a Stancor flyback transformer whose
secondary is made to resonate around 2 KHz, A d,c. component is added
to the a.c, voltage, so that the applied voltage is of the following

form

V(t) = VO i V-l S'in(mmt +9) (B.1)

where Vo and V1 are respectively the d.c. and a.c, amplitudes; Wy
is close to the vibrational frequency and ¢ is the phase, For our
experiments, V0 and V1 were set equal to each other so that the
voltage applied to the metal disc is always nonnegative, Voltage up
to six kilovolts has been obtained with this method. At present,
the Timiting factors are the arcing inside the transducer and the
instability of vibration when the applied voltage is too large.

The thin plate of the rf resonator will be driven to vibrate

in its fundamental mechanical mode when the voltage of correct fre-



"uoLienpow diweukp o Apni3s dY3 UL SALUP UBINPSURA]
abey|oA ybiy a3edauab 03 pasn juswabuedde 2LU043D3[2 3y3 buimoys weuabeip yooig g 'OL4

YOLVNOS Y
o

) A1ddns LNENI
© m >+e D a <] DY
i L ——— AMNOL ZHO9
¥3DNASNVYEL = - =
¥OLVYINIO
WNOIS
YIWUO4SNVYL ¥IWYOISNVIL olany
M¥IVEATS viZ=Y
YOINVLS YIHIdWY

¥43IMOd




-127-
quency is applied to it. This forced vibration is difficult to solve
because of the somewhat odd geometry and the intrinsic nonlinearity of
the vibration. It becomes clearer if we can describe the vibration
in terms of its equivalent circuit. This is partially justified by
noting that the vibrational amplitude within the thickened area is
large and quite uniform due to its flexural rigidity. Outside that
area the amplitude is much smaller. An effective mass can be calculated
by properly weighting the mass distribution with the square of the
corresponding vibrational velocity. Clearly, the effective mass comes
mainly from the mass of the thickened area. For our transducer, it
is estimated to be about 13 gms. Let x be the average vibrational
amplitude within the thickened area. The equation of vibration is

given by

.. . E
K x+lx=A. 2 Y2 (8.2)

where Qm is the mechanical quality factor for low amplitude; w is
the angular frequency; A and d are respectively the transducer area

and static separation; ¢_ is the permittivity of vacuum and V(t) is

0
the applied voltage. The right hand side of Eq.(B.2) is the applied
force per unit mass. For small vibrational amplitudes, Eq.(B.2) is
reduced to ordinary linear forced vibration. In this limit, the
quality factor Qm of our transducer was found to be about 300 at
room temperature and 3000 - 6000 at He temperature. Since we are
interested in large amplitude vibrations, Eq.(B.2) becomes highly

nonlinear. One dimensional approximation like Eq.(B.2) is inadquate

to describe the vibration consistently. No effort has been made
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toward optimizing the transducer design and operation because our
experiments are currently limited by the coupling loading instead of

the modulation range,
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Appendix C
COUPLED MODE CALCULATION

Following conventional coupled mode formulism, let us assume
a](t), az(t) are the mode amplitudes such that E1(t) = |a](t)|2,
and Ez(t) = |a2(t)|2 are the energies associated with respective modes.
The "equations of motion" for a1(t) and a2(t) of an ideal

system are given below:

o
o
rn-_’_“”

= Jwjay * Gy,

(C.1)
9227= jwndn + Chqd
dtc = Juadp 214

The quantities Wys Wo, C]2 and C21 can be time dependent and in
general are complex j = J-1. 12 and Coqp are called coupling parameters.
Since total energy of the coupled system is E(t) = E](t) +

E2(t), we have

ELE) - (o - wr ) lag12 + 3 o, - wy ) la,l?

+ 2°Rg” | Cip t cgl ) a‘]"a2 (Ca2)

Assume Wy and w, are real, and energy is conserved, then it requires

Cip ¥ ¢35y =0
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If 0y and w, are complex, the amplitudes ay and a, can grow
or diminish in addition to the energy exchange between them. For a
system involving changing of constraint parameter, the mechanical
energy can be added to or extracted from the system therefore the
total energy may not be conserved. However in the adiabatic Timit,
the change of energy is so slow that within a not too long period
of time the change is very small too. In Appendix A we have shown
for an ideal case this is adequately taken into account by making
w's real and time dependent. If dissipation exists, w's become complex.
Since we are interested in systems of very small dissipation only,
the physics remains essentially the same if we assume w's are real

in the following analysis,

For a small change st in time t, from Eq.(C.1) we have

a1(t+5t) 1+jm16t Cyo8t a](t)

a2(t+5t) Cpq 6t T+ju, 6t az(t)

Our goal is to find a matrix for a finite time change, say
fromt =0 to t = t,- Imagine the time interval t, is divided into
a large number n of elementary time interval &t so in the limit as
n > =, §t +0 that n-st » to.

Define a matrix A as follows:

1 + jm15t C]26t
A(t,st) = (C.4)

C216t 1+ jwzét
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Therefore
al(to) n
= Limit [0
§ >0, neep=1
a2(t0) nst>t
0
where Ap is the

To evaluate thé

with

Set offdiagonal

(C.5)

matrix appropriate for pth time element §t.

matrix product, let us diagonalize A first. If

ps - qr # 0

elements of L to zero, we have

i OH'\/ (%)2 e C'|2C2-| )/C12 =

- (“'*V[E%°2 - €12821)/¢5

3Y/eq,

-jY/cz]
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where

and

o P N\ _/M =dA €100
Ar S jAZCZ] AZY )

o] =1(Aﬁ jﬁﬁz)
A e
“atar MY

Ays A, are multipliers to be determined later. We have also

_ 2
A = RyplY™ = G105
Ly D
o )
8 Ly,
with w-|+w2

—
[}

. . Ve 2
np =1 sl ——=) 4 st Vi —7 ) - Sty

—
I

cowy BT . <J Uy s g
gp = 1+ 38t ——=) - et V( ——= )" - cq,cy,

It will be proved Tlater that in most cases the following
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relationship is approximately valid,

n n
Limit M A = Limit (P2' ( O L )P.)  (C.8)
Mo p=1 P e p=1 P
§t>0 §t+0

Since Lp's are diagonal, it can be shown easily that

n
H]L]]’p 0

0 k L
I1
p=1 22,p

where LT] D is the matrix element L]1 corresponding to pth time
H]

element &6t and there

n ot ejJ 0
Limit T L_ = exp(%;[‘(w]+w2)dt) (C.9)
6t>0 p=1 P 0 L

n->e

t
Wy =W
_ 1 2 2
where J —f & = ) Cq9Co1 dt
0

Thus a](t

( 0)=F-T( ) ~(c.10)
a,(t,) 2,(0)

. ot
with F = exp( Q:[— ( wy + w,)dt )
2 " 1 2
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JJ

e
'I(to)(
0

We shall examine the validity of Eq.(C.8) next.
1 1

T

n
o

0
) P(0) (C.11)
e™JJ

Since L = PAP"', A = PT'LP
=3y B -1
P E;]LP)P] o g L L. )P
_ p-1 -1, =]
= P (PALPL P1ALP )P,
B 1
=An( T - P_'.PA
n( 1 p+'| p p)
p
Thus if
il B
PPy = 1 (C.12)

where 1 is the unit matrix, we would have

(c.13)

and Eq.(C.8) would be identically true.
To investigate the condition for the validity of Eq.(C.12),

let's write
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P, = P(t)

Pp+1 = P(t + §t)
Eq.(C.12) implies if we can replace P_](t+at)P(t)A(t) by A(t) as
st - 0, then Eq.(C.8) would be valid,

This siubstitution is legitimate if the zero-order terms in
st in the diagonal elements of P'1(t+5t)P(t) are equal to 1 and off-
diagonal elements are equal to zero, and if terms in st in the elements
of P'](t+5t)P(t) approach zero much faster than terms in st in A(t)
in the 1imit st » 0 as demonstrated below.

Using Eq.(C.7)

(x %6a,) (Y+sY) SIOSELSDICPRCEPY
P~ (t+st)P(t) = %

~i(xptenn)(cprtacyy)  (ayteny ) (YsY)

MY =JCy1
szcz] AzY
1 O
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).
at
and to the first order

where §xq = ( )5t etc.

= 2
= 2
sC S\ SA
e 12 1 sy o2
ha = pp¥el =2+ -7 -5, M

§C SA SA

. 21 2 &Y 1
(=daqa,Ye 0 ) (—— + —=
172721 e T NG Y ¥

U

The zeroth order terms in Q give the identity matrix.

For the first-order terms of Q]] and 022 to vanish, we require

512 2 S
e Y&y - “12°21%; T a1tz 0
GA] 2 Glz (C-]Q)
7Y Yo+ YeY - “12fax, T G T 0
and ﬂn*Q]z and QZ] to vanish

§C SA SA

12 + _]_ iSYi_ _2= 0
S M Ay

(C.15)

&C A SA

21 , 72 sy 71 g
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In general, it is impossible to find M and A, SO that Egs.
(C.14) and (C.15) are satisfied simultaneously unless 6c12/012 =
écz]/c2] = 8Y/Y which is unlikely to happen for practical modulations.

However if the changes of Cips Cops Wy and Wo in time are so slow

that the following adiabatic conditions are satisfied:

Ny 22
ol 3t | << el

LX)
w at 21
(C.16)

1 am.l »
w ot “1

3w
1 2
w 3t - “2

where w is the frequency of the order of the smaller frequency

between o and wy at that instant. In this Timit, it can be shown

that

P (t+st)P(t)A(L) = A(t) (c.17)

and Eq.(C.8) becomes approximately true.

The conditions of Eq.(C.16) are amply satisfied for most
practical cases; in particular, a weakly coupled microwave system
with mechanical modulation such as the one under our study.

Furthermore, these conditions impose no new restriction on our



-138-
theory because they are already implicitly implied in Eq.(C.1). When
these conditions hold, Egs.(C.14) and (C.15) can be regarded as appro-
ximately satisfied and exact values for A and Ay are not too crucial.

It turns out to be convenient to make

(C.18)

:
Aa = Ay =
1 2 ?

Vi = &12%9)

so that Matrix P assumes the following form

: (Y -jc]z)
" e (—
(C.19)
VY2 - g0y, icy Y

The assignment of A] and Az as given by Eq.(C.18) is not com-
pletely random however, because for the case of constant coupling
parameters (i.e., for contant 12 and c2]), these indeed provide a
very good approximation for Eq.(C.17).

Thus we can express the Eqgs.(C.10) and (C.11) as

a](to) a](O)
R
a,(t,) a,(0)
. W, +w
with F = exp( %fo ( 152 )dt) (C.20)
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=|—

<Y(to)Y(O)ejJ . c12(t0)c21(0)e_j‘]

-ilep (t)¥(0)e? - ¢, (0)¥(t;)e ™)

(-J)(C]Z(O)Y(to)ejd - C]Z(to)y(o)e_jd) )
~c1(0)c, (1 )ed) + v(t )Y(0)e™"

(E.21)

where

N = ((Y2(t,)-cq (1 )epy (£,))(Y2(0) -, 5(0)c, (0))) /2



