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Axis

Figure 45. Macrofracture Filled with Resin in Unnotched Specimen,
Surface 0. 007 In. Beyond Axis (Same Surface as Figure
41), Electropolished, 15X,
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maximum length of the transverse crack. The maximum length of the
transverse crack is approximately 30 per cent of the specimen diame-
ter. The axial crack in Figures 43 and 44 is associated with an axial
inclusion stringer. The broad, dark, axial line in Figure 43 is
epoxy resin, but the lighter line extending beyond the resin consists
of inclusions with associated microcracks. Not all axial cracks are
associated with inclusion stringers. The author observed several
short, axial cracks lying in grain boundaries, such as the one that is
shown in Figure 46.

The macrofracture in the unnotched specimen that is shown in
Figures 32-45 is qualitatively quite different from the macrofracture
in the notched specimen that is shown in Figure 47. In some regions
the notched specimen has as many as eight fine cracks lying approxi-
mately parallel to each other. The unnotched specimen has only one
transverse crack, and it is opened to a width of approximately
0. 001 in. This result indicates that the macrofractures in notched
and unnotched specimens may have characteristic differences in ap-
pearance. However, the notched specimen that is shown in Figure 48
has only one transverse crack, and it is opened to a width of approx-
imately 0. 010 in. The cracks that extend at 45 degrees from the ends
of the transverse crack do contain regions where several fine cracks
lie approximately parallel to each other. The specimen in Figure 48
was sectioned before the epoxy-resin filling technique had been de-
veloped. Therefore, it is impossible to determine the detailed con-
figuration that the macrofracture had before the specimen was sec-

tioned and polished. An examination of more macrofractures that
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I Axis

Figure 46. Macrofracture Filled with Resin in Unnotched Specimen,
Axial Macrocrack Lying in Grain Boundary, 750X.
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Figure 47. Fine Cracks in Macrofracture of Notched Specimen
(Same as Figure 23), 750X.
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Figure 48. Macrofracture in Notched Specimen,
D, 5% s
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have been filled with epoxy resin will be required before any charac-
teristic differences in the appearance of the macrofracture in notched
and unnotched specimens can be verified.

Figures 32-45 provide some clues to the mechanism of macro-
fracture development. The axial crack shown in Figures 43 and 44
probably developed when the microcrack associated with the inclusion
stringer was able to propagate beyond the inclusions. The two long
axial macrocracks that appear in Figures 42, 43, and 44 lie at the
edge of the transverse macrocrack, but extend both above and below
the transverse macrocrack. This geometry suggests that the axial
cracks were present first, and either stopped the transverse crack or
served as a source for the transverse crack. The mechanism by
which an axial crack could lead to the initiation of the transverse
crack is suggested by the lower right hand corner of Figure 40. The
segment of macrocrack extending at a 45-degree angle from the axial
crack is very similar in appearance to the region at the lower center
of the photograph where the transverse crack joins the axial crack.

In the region at the lower right of Figure 40, two or more microcracks
that are associated with pearlite colonies appear to have joined to form
the segment extending from the axial crack. This geometry suggests
the following meéhanism for the initiation of the transverse crack.
First, an axial macrocrack is formed. Then a microcrack associated
with a nearby pearlite colony is able to propagate through the narrow
band of proeutectoid ferrite which separates the pearlite colony from
the axial macrocrack. Because of the increased stress concentration,

this crack is then able to propagate through the proeutectoid ferrite to
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join with a microcrack in a neighboring pearlite colony. The crack
continues to propagate in this step~-by-step manner to form the trans-
verse macrocrack. The microcracks that are associated with the
pearlite colonies may open up before propagatiﬁg. The resulting
strain concentration then causes the crack to propagate through the
proeutectoid ferrite. Microcracks that have opened, but which are
not yet joined together on the polished surface, are shown at the tip of
the macrocrack at the left side of Figure 49. Although the two frac-
tures that are associated with the pearlite colonies are not joined in
the polishing plane, the presence of the epoxy resin proves that they
are joined somewhere out of the polishing plane.

A pdssible alternative mechanism for the initiation of macro-
fracture is the cooperative growth of axial and transverse macro-
cracks. The cooperative formation of axial and transverse cracks is
suggested by the crack that is shown slightly below the center of Fig-
ure 50. The mechanism could be the one that is shown in Figure 51.

C. Stresses and Strains at Fracture

The values of the maximum tensile stress and strain at frac-
ture are plotted in Figure 52. The data plotted are from specimens
pulled to final fracture in the tensile testing machine at temperatures
ranging from room temperature to liguid nitrogen temperature. The
data for unnotched specimens are from Group 1 (Figure 12) speci-
mens only. The dashed curve represents the path followed in reach-
ing the two data points which terminate the curve. The solid curves,
which are drawn through the data, are tensile fracture loci. The

initiation of the macrofracture is very quickly followed by final frac-
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Figure 49. Intermittent Macrofracture, Macrofracture Filled
with Resin in Unnotched Specimen, 250X.
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I Axis
Microcrack Starting to Spread, Unnotched Specimen

500X.

Containing Macrocrack,

Figure 50.
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Figure 51. Possible Mechanism of Macrofracture
Initiation.
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Figure 52. Stress and Strain at Fracture.

Fracture Strain
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ture in tests that are conducted in the tensile testing machine. There-
fére, the data plotted in Figure 52 are the maximum tensile stresses
and strains at which the macrofracture is initiated.

Figure 52 shows that the stresses for the initiation of cleavage
and fibrous macrofractures are approximately the same. The small-
est stress for the initiation of both cleavage and fibrous macrofrac-
tures is approximately 100, 000 1b. /in. 2'. The smallest strain shown
in Figure 52 is several times the elastic strains in the specimen, and
the plastic zone extended completely across the specimen, i.e., gen-
eral yielding had occurred. Hendrickson, Wood, and Clark (21)
found that in the same steel the cleavage fracture stress was
210, 000 1b. /in. 2 when the plastic strains were comparable to the
elastic strains, and the plastic zone was restricted to an enclave near
the notch root, i. e., when general yielding had not occurred. Thus,
the occurrence of general yielding causes the cleavage fracture stress
to decrease by a factor of approximately two. In the following two
sections the stresses and strains at which cleavage and fibrous ma-
crofractures are initiated are discussed in greater detail.

1. Cleavage Fracture

Each of the six points on the solid curve at the left of Figure
52 represents the stress-strain values at the center of a notched
specimen at the time of cleavage fracture. The solid curve is the
cleavage fracture locus for strains less than 0. 13. Each of the six
points is the terminus of a stress-strain path that was followed in
reaching that point. The stress-strain path represents the values of

stress and strain at the center of the specimen during the progress
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of the tensile test. An isothermal stress-strain path is a path that
results when the entire tensile test is conducted at one temperature.

The stress-strain path may approach its terminus in one of
two different ways, as is shown in Figure 53. The approach path b
results when the specimen is flowing plastically at the time of frac=-
ture. The approach path ¢ results when the specimen is behaving
elastically at'the time of fracture. The author believes that the two
different approach paths will result in two different fracture loci, as
is shown in Figure 54. For simplicity, the loci are called the plastic
cleavage fracture locus or the elastic cleavage fracture locus, de-
pending upon the type of stress-strain path followed in approaching
the locus. Cleavage fracture can occur at any point, such as ¢ in
Figure 54, within the region between the two fracture loci. A speci-
men in which the stress-strain path is b will not fracture while be-
having elastically because the stress is below the elastic cleavage
fracture locus. Cleavage fracture will occur when plastic flow be-
gins, because the stress is above the plastic cleavage fracture locus.

The solid curve at the left of Figure 52 is the plastic cleavage
fracture locus. The stress on the elastic cleavage fracture locus is
210, 000 1b. /in. = at zero strain, as determined by Hendrickson,
Wood, and Clark (21). The author is unaware of any determination of
an elastic cleavage fracture locus at strains larger than zero.

The determination of the plastic cleavage fracture locus in-
volved two problems. (1)Points such as ¢ in Figure 54 must not be
mistaken for a point on the plastic cleavage fracture locus. The

stress on the plastic cleavage fracture locus is the minimum stress
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Fracture

Stress at Center of Specimen

Strain at Center of Specimen

Figure 53. Two Types of Paths for Approaching the
Stress-Strain Value at Which Cleavage
Fracture Occurs.
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—— Cleavage Fracture Loci

— — Stress-Strain Paths

Strain

Figure 54. Hypothetical Stress-Strain Loci for Cleavage
Fracture.
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for fracture at the same strain. Fracture must be proven not to oc~
cur during plastic straining in the stress-strain region immediately
below the plastic cleavage fracture locus. (2) The stress-strain
paths followed should have larger slope than the plastic cleavage frac-
ture locus. Otherwise, plastic cleavage fracture will occur only at
zero strain. The plastic cleavage fracture locus that is drawn
through the six points at the left of Figure 52 nearly coincides with
an isothermal stress-strain path. Therefore, isothermal tests are
not satisfactory for determining the plastic cleavage fracture locus.

Nonisothermal tensile tests are the solution to both of the
above problems. Figure 55 shows the nonisothermal stress-strain
paths that were followed to obtain three of the data points that are
shown in Figure 52. Each step increase in the stress corresponds to
a step decrease in the temperature. The nonisothermal stress~strain
paths serve three purposes: (1) cleavage fracture occurs at different
strains; (2) fractures are proven not to occur during plastic straining
in the stress-strain region immediately below the plastic cleavage
fracture locus; (3) the stress-strain values at fracture are shown to
lie on an unique locus, independent of the stress=-strain path followed.
Thus, by following nonisothermal stress~-strain paths, the plastic
cleavage fracture locus was determined.

The two data points which terminate the dashed curve in Fig-
ure 52 were obtained from specimens which appeared to the naked eye
to have cleavage fractures. However, microscopic examination re-
vealed small patches of fibrous fracture near the axes. The macro-

fracture, which was initiated in the fibrous patches, quickly converted
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to cleavage fracture because the stress was nearly equal to that re-
quired for cleavage initiation. Also, the specimens with stress-
strain paths just above the dashed curve fractured with cleavage
fracture at a strain of 0. 13. Thus, the stresses for cleavage frac-
ture at strains of both 0. 13 and 0. 30 are slightly larger than the
stresses on the dashed curve. Therefore, a curve just above the
dashed curve must be the continuation of the cleavage fracture locus.
Thus, the cleavage fracture locus is determined for strains less than
Os 35

A peculiar feature of the cleavage fracture locus is the de-
crease in cleavage fracture stress at the strain of 0.13. In speci-
mens that were pulled at room temperature, microcracks were first
observed at a strain of 0. 13. Thus, the decrease in cleavage frac-
ture stress at the strain of 0. 13 may be the difference between the
stress required to initiate microcracks and the stress required to
propagate microcracks.

The decrease of the cleavage fracture stress by a factor of
two at the onset of general yielding is probably due to the increased
number of mobile dislocations. The increased number of mobile dis~
locations results in longer dislocation pileups. The longer dislocation
pileups cause a greater stress concentration, thus reducing the alz;;
plied stress required to initiate cleavage fracture at the tip of the
pileup.

Figure 52 shows that with the exception of the discontinuity at
the strain of 0. 13 , the cleavage fracture stress increases with in-

creasing strain. Either one or a combination of both of two mechan-
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isms may account for this result. (1) Increasiﬁg the strain increases
the density of forest dislocations. The increased density of forest
dislocations increases the applied stress which is necessary to push
additional dislocations into pileups, thus increasing the applied
stress necessary to initiate cleavage fracture at the tip of a pileup.
(2) The increased density of forest dislocations increases the number
and magnitude of cleavage steps upon the cleavage surface. The in-
creased number and magnitude of cleavage steps increases the energy
necessary to propagate the cleavage crack, thus increasing the
cleavage fracture stress.

2. Fibrous Fracture

All specimens with the same geometry fractured in a fibrous
manner at approximately the same strain, independent of the stress, as
is shown in Figure 52.. (At the same strain, the stress increased as
the temperature was decreased. ) This result does not agree with
Ludwik's hypothesis, as there is clearly not an unique maximum ten-
sile stress-strain curve for fibrous fracture. Apparently fibrous
fractures are propagated by plastic flow. As the femperature is de-
creased, the plastic strain velocities necessary to create the fibrous
fracture remain the same, but the stress required to obtain these ve-
locities is increased. Since temperature has such a simple effect,
the remainder of this discussion is restricted to fibrous fracture th
room temperature.

At room temperature, both the notched and unnotched speci-
mens fibrously fractured when the maximum tensile stress was ap-

proximately 110, 000 1b. /in. 2. Since their plastic constraint is much
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greater, the notched specimens achieve the stress of 110, 000 1b. /in.
at a much smaller value of strain. Thus, the proper criterion for
fibrous fracture may be that fibrous fracture occurs when the maxi-
mum tensile stress reaches a critical value that is independent of
strain. An alternative fibrous fracture criterion is suggested by the
mechanism of fibrous macrofracture formation. If the macrofracture
is initiated by an axial crack, the greater radial tensile stress may
be the cause of the fracture of the notched specimens at a smaller val-
ue of strain than in the unnotched specimens. The radial stress at
fibrous fracture is 30, 000 1b. /in. = in the notched specimens, and
20, 000 1b. /in. 4 in the unnotched specimens. In rolled plates the
true stress at tensiie fracture in the rolling direction can be more
than 1. 5 times that in the transverse direction (26). Presumably the
anisotropy developed during a tensile test will further reduce the

transverse stress required for fracture. Thus, the fibrous fracture

criterion may be

o e: = constant [8]
where

O'r is the radial stress at the point of macrofracture initiation,

ez is the axial strain at the point of macrofracture initiation.
The data obtained in this investigation agree with Equation 8 when n
equ:a.ls 0.4, and the constant is 19, 000 ib. /in. 2. However, since
fibrous fra.cture occurred at only two different strains, these data are
insufficient to prove the validity of Equation 8. Alpaugh (27) tested

specimens made from similar steel and with the same notch flank
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angle that was employed in this investigation. He found that as a/R is
increased from 1.5 to 4 the average strain at fracture decreases, but
the average stress at fracture continues to increase. This result is
incompatible with the fracture criterion that is based on a critical
maximum tensile stress, but it is qualitatively compatible with the
fracture criterion stated in Equation 8. Since the stress and strain
distributions in the specimens with sharper notches, a/R greater
than 1.5, are unknown, the validity of Equation 8 at strains smaller
than 0. 3 cannot now be determined. The author is of the opinion that
the fibrous macrofractures which occurred in this investigation were
initiated by axial cracks, and the proper fibrous fracture criterion is

one that involves the radial stress, such as Equation 8.
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Iv. CONCLUSIONS
This investigation has led to the conclusions presented below,
which pertain to the particular mild steel that was used in this study.

A. Maximum Tensile Stress and Strain at Fracture

While it was one of the purposes of this investigation to deter-
mine the local maximum tensile stress and strain at which fracture is
initiated, a single determination applicable to the full range of condi-
tions is not possible. However, this study has led to some specific
new conclusions which are significant to an understanding of fracture
conditions. These conclusions are stated below:

(1) The stress distribution that was calculated by Bridgman is
not valid in notched tensile specimens, because the radial displace-
ment is not a linear function of the radius as is assumed in Bridg-
man's calculation. In notched specimens, the strain is a maximum
near the notch root and a minimum on the axis. In a specimen with
an initial radius ratio, a/R, of 1.5, the axial stress is nearly con-
stant independent of radius.

(2) General yielding decreases the maximum tensile stress at
cleavage fracture from 210, 000 1b. /in. 2 to 100, 000 1b. /in. 2.

(3) When the maximum tensile stress that is necessary for
cleavage fracture is plotted against the corresponding maximum ten-
sile strain, the result is an unique locus. Cleavage fracture will oc~-
cur, provided the specimen is flowing plastically, when the maximum
tensile stress-strain in the specimen reaches a value that is repre-
sented by a point on the locus, regardless of the stress-strain path

that was followed. The range of maximum tensile stress values on
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the locus is 100, 000 - 140, 000 1b. /in. 2.

(4) Ludwik's hypothesis is not valid for fibrous fractures.
Specimens with a given geometry fibrously fracture at a given strain
regardless of the stress. The range of maximum tensile stress val-
ues for fibrous fracture is 110, 000 - 150, 000 1b. /in. 2.

(5) Notched tensile specimens fibrously fracture at smaller
strains than unnotched tensile specimens. The greater radial tensile
stress in notched specimens causes the strain at which axial macro-
cracks can be initiated to be smaller in notched specimens than in un-
notched specimens. This suggests that the fibrous fracture criterion

has the form

n
g € = constant.
r B

B. Mechanism of Fibrous Tensile Fracture

Another purpose of this investigation was to study the mechan-
ism of fibrous tensile fracture. The experimental observations have
led to a new de‘scription of the mechanism of fibrous tensile fracture
in mild steel. The pertinent conclusions are presented below:

(1) In mild steel, fibrous fractures do not develop by the
gradual growth and coalescence of voids that are large enough to be
visible in the optical microscope. Many fine microcracks which are
associated with pearlite colonies and inclusions develop in the tensile
specimen prior to the initiation of the macrofracture. The micro-
cracks are found to occur at a strain as small as 15 per cent of the
final fracture strain. During the ensuing straining, the number of
microcracks increases greatly. However, prior to the initiation of

the macrofracture, none of the microcracks have opened up or spread
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beyond the microstructural feature with which they are associated.
The critical event in the initiation of the macrofracture is the spread-
ing of a microcrack beyond the microstructural feature with which it
is associated.

(2) Voids are not observed prior to the initiation of the ma-
crofracture. All of the voids which form are created during the de-
velopment of the macrofracture. All of the voids are interconnected.
Voids that are isolated from the macrofracture are not observed.
Additional studies will be necessary to determine if this mechanism
is valid for the fracture of notched specimens.

(3) Axial cracks are a prominent feature of fibrous macro-
fractures in a tensile specimen of banded steel. The axial macro-
cracks probably have an essential role in the initiation of the macro-
fracture. The long axial macrocracks are associated with inclusion

stringers, but very short axial macrocracks lie in grain boundaries.
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APPENDIX I

The Dependence of the Grain Boundary Angles upon Strain

At a grain boundary intersection the acute angle, 6 , between
a grain boundary and the specimen axis will decrease in magnitude as
a point that is an infinitesimal distance from the intersection is
strained from its initial position, Po , to position P, as is shown in

Figure 56. From Figure 56:

-1 dr0
BO = tan d—Z— (I—l)
o
-1 dr
8 = tan d_Z.— (1-2)
The strain components are:
_ dr
Cr = 4n F (1-3)
o
= dz
€, in 4= (I-4)
Then
_1 (ez'cr)
80 = tan " [e tan 6 ] (I-5)
Let
€+ €2
a = e (I-6)
Then
6 = tan-l(-]- tan 9 ) (1-7)
o a
Assume that the probability density function for 60 is a constant:
_ 2
f(Go) = (I-8)

The probability distributions are

2
PO, = 2o, (1-9)
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dz

Figure 56.

Grain Boundary Coordinates.
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P(g) = %tan—l(étane) (I-10)

Then the probability density function for 8 is

2
dpP 2 I :
fe) = 400l o 2L e B (I-11)
1 +—2ta.n 5]
a
The mean value of § is
w/2 w/2
T- [esleras = 21 [—fBsec &g
va 1+—tan26
0 0 2
a
Let
x = Ell-tane
dx = —secze dg
Then
i
T = Ebrta_n_a’i dx (I-12)
™ 2
o 1+ x

The author was unable to analytically integrate Equation I-12. If

Equation I-12 were to be numerically integrated, the numerical inte-
gration would have to be repeated for several values of the parameter
a . The analysis outlined below reduced the number of numerical in=-

tegrations to one.

(o 0]
fa) = X9 . z o (I-13)
¢ s J (1+x%)[ 1+(ax)*]

The integral in Equation I-13 can be found in tables of integrals, and

after inserting the limits the result is

S in a (I-14)

(az-l)

(NI
515
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Thus,

9 = 4

INE]
3|

a

in y
S
ry=

Equation I-15 was numerically integrated to give

8 = B(a)
If the strain is uniform,
€ = =2e¢_ = &
Z T
Equation I-6 gives
_ =3/2¢
a = e

Combining Equations I-16 and I-17 gives
% = Be)

Equation I-18 is plotted as the solid curve in Figure

(I-15)

(I-16)

(I-17)

(I-18)
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APPENDIX II
A round tensile specimén has both axial symmetry with re-
spect to the specimen axis and reflection symmetry with respect to
the plane of the minimum cross section. The symmetry imposes the
conditions that are given below. A

A. Axial Symmetry

L Ug = Teg T Tzg = O
2 u =0 at r = 0
T
3 u /8r = 0 at r = 0
z O

B. Reflection Symmetry

1. uZ and Trz are odd functions of z ,
2. u , 0 , 0., and o are even functions of z .
r r 5] z

The symbols that are employed in this appendix are defined as fol-
lows:
g is the radial coordinate of an element of material in
the undeformed state
z is the axial coordinate of an element of material in
the undeformed state
o is the radial coordinate of an element of material in
the deformed state
z is the axial coordinate of an element of material in the
deformed state
] is the coordinate that is perpendicular to the r, z plane

u is the radial displacement of an element of material
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u is the axial displacement of an element of material
Ug is the displacement in the 8§ direction
TrB i 'rze , and T, 2T€ the three shear stresses in cylindrical

coordinates

.2 Tg > and o, are the three normal stresses in cylindrical

r
coordinates
ag is the outside radius of the minimum cross section in
the undeformed state
a is the outside radius of the minimum cross section in

the deformed state

The assumption is made that the displacements can be expanded

in Taylor's series about the origin.

(o] (e o]
u, = ) b ™R (11-1)
" mn o o

m=0 n=0

(08) (00]
Z mn O (o]

m=0 n=0

The coefficients b and c are functions of £ , where
mn mn

£ = ala (I1I-3)

is a convenient parameter that represents the progress of straining.
The following restrictions are placed on the coefficients by the sym-

metry conditions:

b = 0 (u. =0 at r=0)
on T

iy T 0 (auz/aro =0 at = 0)

c = O for even n (u_ odd in z)
mn . z
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b =0 for odd n

even in z)
T

As a result of these restrictions, Equations II-1 and II-2 can be re-

written:

- (11-4)

e (1I-5)

If the plastic strains are large compared to the elastic strains, the

material can be assumed to be incompressible, which gives

de + de. + de = 0
r z

0

The strain increments are defined as

de

de =

de
Z

(II-6)

(I1-7)

(II-8)

(I1-9)

Combining Equations II-6, II-7, II-8, and II-9 gives

du du
by

r duZ

r

From Equations II-4 and 1I-5

QO

o
dur m 2n
g 5! T z
mn o o

m=1 n=0

A

0 (II-10)

(II-11)

rmzzn-l (II-12)

o]
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where
db
b! - mn
mn dg g
dc
o . mn
mn dE

Equation II-10 can be rewritten as

9z
o)

dur dur duz
8(_dé_) ar0+ 8(—d€-) BZO+ 1 dur+ 8(—d€—) aro
or or

or 9z 9r « r d& 9z

A standard transformation of calculus gives

aro _ 1 0=z
or  j 9z
o
aro _ __l_ or
9z j 9z
o
azo _ _1 o=z
or =~ j Or
o
92, 1 or
9z ~ j Or
o
where
. _ 9r 0z  Or 0=z
J T 3r Bz 8z Or
o o o o

duZ
o(
PRR: - :
oz

oz

0

(II-13)

(1I-14)

(II-15)

(II-16)

(II-17)

(II-18)

Substituting Equations II-14 through II-18 into Equation 1I-13 gives

dur dur duZ
a(dE)a a(dE)8z+du_r8(dE)8r
T~ or oz oz or dg or 9z
o o o o
du
8 dEZ) or
TE dz or LA
o o

By definition,

(II-19)



r = ro+ur ; (II-20)
z = z.o+u.Z . (II-21)

Substituting Equations II-4 and II-5 into Equations II-20 and II-21

gives

@ o

ro=or_+ Z Zb o (11-22)

mn %o

m=1 n=0
fo's} [oo) o)

z = =z +Zc +Z Zc rmZZn-l (II-23)

o on %o mn o ‘o

n=1 m=2 n=1

Performing the proper partial differentiation on Equations II-11,
II-12, II-22, and II-23, and substituting the results into Equation II-19
gives Equation II-24, which is on page 121.

Collecting the terms in e in Equation II-24 gives

! 2o -
by (1t M1tb o) + (14b; o) 7cy, = 0 . (II-25)

The solution is

PR S (II-26)

(1+b, )
10 1+c01

Collecting terms in r;‘ in Equation II-24, and substituting from Equa-

tion II-25 gives

b! b!
20 10

b = T ; (I1-27)
20 10 A

Initially, both bZO and b10

with these initial conditions is

are zero. The solution to Equation II-27

by = 0 . (1I1-28)

This is the restriction that is stated in Part III. Collecting terms in

rg in Equation II-24 gives



(e ] (8 8] m-1 2n o g m_2n
Z mb' r r + Z Z b
) ) mn’ o o o ) —, mn o o
m=1 n=0 m=1 n=0
(o 0] 2n-2 Qo S8 m 2n-
1+ 3 (2n-1)c o Y Z(Zn-l)cmn o %o
n=1 m=2 n=1
o fo) o0 oo
_ i m _ 2n-1 m-1 2n-1
Z—l & anmn o o Z_ chmn o 2,
m=1ln 1 m=2Z n=1
e 5 OOb r 2n
5 Z_ L. mn o “o
m=1 n=0
o [e'e} — 28] 0 -1 2
+ S b s S mb m "
) . mn o o ) = mn o o
m=1 n=0 m=1 n=0
g0 2n-2, & X m_2n-
1+ Z (2n-1)c wZo + Z_ Z(Zn-l)cmn o %o
n=1 m=2 n=1
0 (o) (o) 0
_ Z Z ' m, Zn Z Zan m_ 2n-1
, o & "mn o To ¥ & mn o "o
m=1 n=0 m=1 n=1
e = m-1 2n-1
2, LSty g
m=2 n=1
o] 00 @ o
) i m-1_ 2n-1 m_2n-1
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+ 2b'!

1 1 1 - L
4b30(1+c01)+ 2.b30<:01 1021 + (1+b10)c21 — I (II-29)

Equation II-29 does not in general require b:,’0 to be zero.
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APPENDIX III

Stress Distribution in a Notched Specimen

This appendix contains an analysis of the stress distribution
on the minimum cross section of a notched specimen. This analysis
follows after Bridgman (13), but the radial displacement is assumed
to be nonlinear instead of linear.

On the minimum cross section at a particular instant the
stresses, strains, and displacements depend only upon the radius.

The radial displacement is assumed to be given by a function of the

form
u, = (E - l)aof (p) (III-1)
where
£ = a/a.o
p = xla
ag is the outside radius of the minimum cross section in

the undeformed state

a is the outside radius of the minimum cross section in
the deformed state

r is the distance,in the undeformed state, from an ele-
ment of material on the minimum cross section to the
specimen axis |

The radial strain increment is

9
de_ = 5=[£(p)] a_ dt
dr (I1II-2)
de = f'(p) 5-dE

where r is the distance, in the deformed state, from an element of
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material on the minimum cross section to the specimen axis.

r = ro+ u, = ro+ (g-l)ao f(p)
9 ,
gf’; = 1+ (E-1) f'(p) (I1I-3)

Since z is a constant on the minimum cross section,

Bro 1

5r T Br/or, (111-4)

Combining Equations III-2, III-3, and III-4 gives

_ £'(p)
dey = TEE-IRGY ¢ - He

The circumferential strain increment is

de

8 dur/r

a, f(p)

dee - :L'O-F(E-l)a.O f(p) dg

_ f(p)
deg = TFE-D ey = \LH=6)

Due to incompressibility,
de:z = - (der + dee) ‘ (III-7)
From the Levy-Mises plastic flow law, the generalized strain incre-

ment is

de = '\/?\/(der)2 + (dee)z + (dez)z " (II1-8)

Substituting Equations III-5, III-6, and III-7 into III-8 gives

de _ _2 £'(p) 2+ f(p) 2+ f'(p) £(p)
dE T 3\ IFE-1)E(p) p+(E-1)(p) T+E-T)"(p) | | p+(E-T)E(p)
(III-9)
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One would like to integrate Equation III-9 to obtain € as a function of
& and p, but unless f(p) is linear the integration appears to be im-
possible. However, an approximation can be made that will allow e
to be determined as a function of £ and p. Let

K = de:e/d(-:r . (III-10)
Then

de, = - (1+K)de (III-11)
de 2 Kde .2
— P z z 2
B = \/"3'\/(1+K) + () + 4,
de 2 1 2
o = _\F(I+K)-\/1+K+K (I1I-12)
Z 3

The values of the right side of Equation III-12 are tabulated in Table

|

IV. For values of K between 0.4 and one, de differs from dez by
less than three per cent. In the problem under consideration, K is
always between 0. 4 and one. Therefore, the assumption is made that

de = de_ . (III-13)

Combining Equations III-5, III-6, and III-7 gives

S - [t £(p) )
T Sy = [1+<§-1)f'(p>+ p+(§-1)f(p)}d§ =
Integrating gives

€ = e, = -a{[HE-DEEI+ 2 (E-DKE)]) . (-15)

Equation III-15 gives the generalized strain on the minimum cross
section as a function of radial position and £ , which is a measure of
the average strain. The generalized flow stress can be obtained from

the uniaxial flow function



Ratio of Generalized Strain Increment to
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TABLE IV

Increment of Maximum Principal Strain

de _ 2 1 [ 2
de, - -\/3—'(1+K) HEHK

1. 000
1. 000
1. 000
1. 010
1. 020
1.1029
1. 052
1,071
1. 109

1. 154

o = gle)

(III-16)

which in this analysis is taken to be the function represented by the

flow curve in Figure 11.

From the Lévy-Mises flow law,

de

H

g(e)

w| v

de
de

D

g(e)

W
3|
o |

Ha

— g(e)

Wl

(XI-17}

(III-18)

(III-19)
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where the primes indicate deviatoric stresses. Substituting Equations

III-10 and III-11 into III-17, III-18, and III-19 gives

1
—

ol = 5 ({rg)ele) (111-20)
op = 5 (7x)e(e) (1I-21)
0! = £g(¥) (I1I-22)

Substituting Equations III-5 and III-6 into III-10 gives

K = %%’11 . (L1I-23)
From Equation 4,
fla) = 0u6p + 045", (I1I-24)
Equations III-15, III-20, III-21, III-22, III-23, and III-24 plus the flow
curve of Figure 11 were used to compute the deviatoric stresses on
the minimum cross section. These calculations were made for com-
binations of

€ = 0.98, 0.92, 0.86, and 0.76 ;

p = O, 0.2, 0.4, 0.6,.0,8; and 1.0,

The only quantity needed in addition to the deviatoric stresses
is the hydrostatic tension
P = P(r)
Bridgman's approximate method was used to find P . Equation 1-8
from Bridgman's book (13) is
(5Z-=2-~ R) - rg%(RJr#arz) tog(R+ iz-:i)

r2
Q. === = AT
z a

where R is the profile radius. Rewriting and simplifying gives

dP __O'B-O‘r dc; 2(r/a) e )
dz/a) " x/a "dE/a) ' S faied et (ol-ol) . (11I-25)



-128-
For a given average strain (given £ ), the right side of Equation III-25
is a completely known function of r/a . The boundary condition is

o =0 alt rfa = 1 .

Equation III-25 was numerically integrated to obtain the values of the
hydrostatic tension. These values were added to the deviatoric stress
to obtain the total radial, circumferential, and axial stresses as a
function of radius.

Since the above numerical calculation is based on the flow
stress-strain curve that was obtained at room temperature, the re-
sulting stress distribution is valid only at room temperature. How-
ever, if the effect of temperature upon the flow stress is independent
of strain, the stress distribution at a low temperature can be obtained
by multiplying the room temperature stresses by a constant. The ef-
fect of temperature on the flow stress was independent of strain ex-
cept at small strains, as shown in Figure 13. The assumption was
made that the low temperature stresses were equal to the room tem-

perature stresses multiplied by a constant, regardless of the strain.
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