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Plotting (f30'05’ b)2 against f30'on' b’ they found that the failure
surfaces consisted of a paraboloidal and a cylindrical section
corresponding to the higher and lower pressure regions, respec-
tively. They refered to the critical pressure at which the
transition from a cylinder to a paraboloid takes pface as

L b(trans) and speculated that vacuole formation is complete-~
ly prevented atpressureshigher than L. b(trans).

Unfortunately at the time they did not have a practical
method for measuring the volume change in a stretched specimen.

In order to obtain principal stresses one must know the
true stress of deformation and consequently one must know
the dilatational properties as well as the force-displacement
relation for a specimen. Naturally their data could not avoid
the error caused by the lack of knowledge of the dilatation.

In this section the volume change-strain curves for the
samples which were used in their measurements were calculated
by interpolating the data from the curves obtained for the samples
we measured and correcting the stress-strain curves to obtain
the true stresses at break. The results show considerable
differen ces from the conclusions they reached.

f3cros’ b is plotted against f3cron, b

29, for all the samples measured. Attempts to fit these data

in Fig. 28, and

by a continuous and smooth power function were not successful.

As clearly shown in the figures each curve consists of two



-80-

straight line segments. As for the shape of a failure surface,

this implies that it consists of two cones with different opening

angles, provided that it is a surface of revolution. This assump-

tion may be reasonable for an isotropic system, including

a system such as filled polymers that is homogenéous only from a -

macroscopic point of view. However , one could not expect

a dewetted glassbead-filled polymer to be isotropic; i.e. the

shape of vacuoles formed around particles will depend on the

mode of deformation, and consequently the mechanical properites

will also depend on the mode of deformation. In order to discuss

the characteristic of failure surfaces appropriately, it will

be essential to measure the properties at break by not 'only

simple tension deformation but also at least one other type

of deformation such as, simple shear, pure shear, biaxial,

etc. In the following discussion, however, we assume that the

failure surfaces are surfaces of revolution, simply for convenience.
The curves shown in Fig. 28 and 29 are the intersections

of failure surfaces with a plane that contains the oy axis and

the space diagonal. All the curves in Fig. 28. and 29 are

replotted on Fig. 30 for comparison. Each curve can be expressed

by the following two equations.

= = =
D-os, b clcron, b * CZ “on, b f"cm, b(trans)

(4- 17
<. == G 4 %on, b = Ton, b(trans) !

0os, b i

BUon. b
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In the equations, Gon, b(trans) is the value' of Gon. b at which
the two straight lines intersect, and C, CZ' C; and Cy are
constants. We will call the portion of a curve belonging to the

region, o =

anb . Tom; b(trans) the first cone and the other the second

cone. At first ghpce all the curves look parallel; ‘and for the
second cones this is true because there is no significant dependence
of the slope on the volume fraction of filler. A closer inspection
of the first cones, however, reveals that the slope increases
with the filler concentration from A02 (¥ = 0. 089) to A07 (¢ = 0. 258).
(with the exception of A05 (¢ = 0.200)), and decreases again as
the filler concentration further increases. This may be too con-
sistent to be neglected as experimental error.

C, and C; are plotted in Fig. 31 as a function of filler
concentration. C; has a sharp maximum at about @ = 0. 22
while C3 remains constant regardless of the value of filler
concentration.

C, and C, are shown in Fig. 32 also as a function of

2
the volume fraction of filler. Both decrease linearly with
the filler concentration in the range of experiments. Since the
value (24.4 bars) of C.2 at ® = 0.0 is much higher than the value
expected from linear behavior, it may be more reasonable
to assume that the C,- and C,-curves are concave upward.

Experiments show that the failure properties of unfilled EPDM

- do not depend on pressure; i. e. the value of G, and 03 of A0l
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is 0. Althoughthe values of Cy in Fig. 31 show a slight indication of a
drop at ¢ =0. 089 and 0.132, a sharp drop must take place in
the narrow range between ¢ = 0.1 and 0. 0.

The values of 5 i b(trans) range from -5.77 to -24. 2bars,
and they do not show any consistent dependence on filler concentra-
tion. This range is quite narrow compared to the range of
hydrostatic pressure where the experiments were performed
so that one can safely say o-on. b(trans) is a critical value
independent of pressure. The behavior of L. b(trans) is almost
identical to that of C2 and C4.

The significance of Uon. b(trans) as a critical value is
not clear. This could not correspond to the initiation of vacuole
formation because, according to the experiments described
in the previous section, only Al2 and Al4 among the samples
break under deformation before vacuoles are formed. Even
for these highly filled samples it happens only at high pressures.
o-on, b(trans) may be related to the release of stress concentration
due to vacuole formation.

In conclusion the failure surfaces consist of two cones,
provided that they are surfaces of revolution, and the pair

of cones intersect at a constant value of o regardless of

on, b

the filler concentration.
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5. Conclusions

Mechanical behavior described in preceeding sections

may be summarized as;

s

A glass bead filled - EPDM vulcanizate behaves as a
typical non-reinforcing filler-filled elastomer atatmospher-
ic pressure.

Typically, the volume of a glass bead-filled EPDM
vulcanizate begins to increase as the stretch ratio

reaches a certain value. After a transitional region

the volume increases linearly with the stretch ratio.

The initiation of volume change is delayed by hydrostatic
pressure, but it does not depend on volume fraction of
filler. The steady rate of volumeincreaseis an increasing
function of volume fraction of filler. This also seems

to be a decreasing function of pressure, although it is

not conclusive because of experimental scatter.

The theory for the strain energy of composite systems
derived in Section 2 had good agreement with the experi-
mental data in the Young's moduli and stress-strain
curves of glass bead-filled EPDM vulcanizates as functions
of appropriate variables; i. e. volume fraction of filler

in the Young's moduli and volume fraction of filler,

stretch ratio, and hydrostatic pressure in stress-strain
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behavior.

The failure surface of a glass bead-filled EPDM wvulcanizate
consists of a pair of cones. The value of % o b at which

a transition from one cone to the other occurs does not

i

depend on volume fraction of filler.
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Appendix 1. Deformation Tensor in a Cylindrical Coordinate

System

If a pair of closely located points are given the coordinates
(r + 8 ,2 Jand (r +dr, § +d6, z +dz) in a cylind'rical coordinate
system and the corresponding cartesian coordinates are (x 2 ¥ox )
and (x +dx, y +dy, z +dz), respectively, there exist the following

relations between them

x = rcosé
y = rsinb ' . (A - 1)
zZ =z

and
dx = cos8dr - rsin6d®
dy = sinfdr + r cos6d6b (A -2)
dz = dz

Since the distance between a pair of positions is given as the
square root of the sum of the squares of differences of each
coordinate in a cartesian coordinate, thedistance dso is given

by

(dso)z = A2 +dy” & de £ = 3)
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Substituting Eq. A-2 in Eq. A-3 yields

@s_) = dr’ + r%a8® + dz? (A - 4)

If the two points move to (r +u, 8+ ;"L-, z+w) and
s

/ v
(r +dr+u, 6 +d8+ﬁd—r-,

. . / / /
certain amount of deformation of the system, u, v, and w can

z +dz+w’), respectively, after a

be related to u, v, and w by simple relations, where u, v, and
w are radial, tangential and axial displacement. Because

dr, d6 and dz are small quantities, we can write

u =u+du=u+-—-dau r+——d8u e+__8u dz
or 96 0z
’ _ v ov_ . v
v =widy s v+ dr+aeu9+az dz | (A - 5)

‘" _ dw ow Ow
w = witdw = W+—_3r dr +-§Tda +_3;dz

and

/

v _vtdv __v dv vdr (A - 6)
r+dr r+dr r T 2

n eglecting the higher terms of differentials.

Similar to Eq. A-4, the distance between the two points after

the deformation, ds, can be wiitten
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2
(Es)™ = farddul” + Gkl G4 —‘i-;’—- VAL 5% & lausaw)c

2
b5

(A =-7)

Using Eqs.A-5into Eq. A-7, one can rewrite it, using |

matrices as,

|
l

2 _ 1 du u 1 ov 1
(ds)“ = (dr, rd9, dz) =56 (1+ = )(1+-—-—r -——-ae) ——

du u , ov
| B WS bE
v du 1 8u du
1+ %x r 6 Bz

or T 08 1%

Comparing Eq. A-8 with Eq.A-6 the deformation tensor oij

is

ou Uy, 0v v ow
hF or L5 I X or T ) or

r 00

x |2 LYy ardas—2)

ow

dr
g‘; rdf
ow
oz ||%%
(A - 8)
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3)

w
€

[=7]
H

A+ f- - L) 40+
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1 ou

06

1 dw
Ir

26,

‘r'ae’

(A - 9)

If a system is axially symmetric the tangential displacement

is always zero, and in addition all derivatives with respect to 8vanish.

The deformation tensor then becomes

ij

The Cauchy-Green tensor,

ou
0 0z
14+ 2 0
T
Iw
0 14 5

Yij , is given by

(A - 10)
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Y5 % %%
3 Su 2 ., DwiD
(L) (55
= 0
du, . 0w
(1+ ar)(ar peiitid—cy

This is the necessary relation.

ou ,dw _ du , ow
g (1+3r"3r+8z 1+8z)
(1-1-%)‘2 0
ou 2
0o +dw2s (B, |
(A - 11)
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Appendix 2. Strain Energy Functionof Dewetting Composite

System

Rigorously, vacuoles will be allowed to take only one
shape, which gives the minimum total strain energf at the same
volume. One must choose a certain function to define the shape
of the vacuoles, however, because it is quite unlikely for one
to be able to obtain the precise mathematical expression for
the shape of thevacuoles. In making anappropriate choice we
must keep in mind that the approximation should satisfy as many
experimentally observed conditions as possible while it should
be simple enough not to hamper the mathematical treatment.

After havingtried several possibilities we came to the conclusion
that the following function may best serve the purpose. The
necessa ry notations are schematically shown in Fig. 3 with

the general idea of the derivation. Since the system is axially
symmetric, the shape of a vacuole must be a surface of revolution.
We use a two dimensional rectangular coordinate system, (X, Y) in
the discussion for convenience. The correspondence between

the new coordinate. system and the (R, 6, L) system used

before should be obvious from Fig. 3. The origin of the rectan-
gular coordinate system coincides with the center of the circle

at the bottom. If the distance of a point on the circle from

the X-axis is given by bx, at X = R, x is given by
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x = ycosb (A - 12)

where § = a/b, a is the radius of the circle and b is the half
distance between the centers of two circles. If a point represented
by x moves by the distance from the X-axis, by, after vacuole
formation, the internal stretch ratio, A\, which has the same

physical significance as in the Section 2.5.1, is given by,

O (A - 13)
-

Determining the functional form of y is equivalent to deciding

the profile of the vacuole as a function of x, or R. vy should
have a maximum at x = Yor R = 0, and the value of the maximum
increases as the volume of the vacuole increases. However,

the value can not increase indefinitely because the space between
the surfaces of the spheres facing each other is limited.
Consequently, it is reasonable to set a limit on the value of

y at x = §, the corresponding internal stretch ratio is given

by Eq. A-13,

A - my
1=y

and by the physical restriction this value must be positive.

That is,
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-)—‘—'—ﬂy—:»o or n<%.—.n

R b (A - 14)

where yR is the physically possible upper limit of . Comnsider

an ellipse described by

2 2
~’_'[T,_-+—"'-Z—=a‘2 (A - 15)
A n

which passes a point (0, ma). If we assume that (Xd. Yd)
are the coordinates of the intersection of the ellipse with the circle
representing a filler particle and that Yd decreases linearly
from a to 0 as 71 increases from 1 to Mg We can obtain the following
relation which gives the necessary information about internal
stretch ratio and volume change for calculating the strain energy.
The details of the derivation are given in Appendix 3.
From the definition of x, y, X and Y, the following
relations between them exist.
Y = by
g b(wz i xz)% (A - 16)

Denoting the value of x corresponding to (Xd, Yd) by Xq from

the assumption concerning Yd mentioned above, X4 is given by

M =M
%, ® Sy (A -17)

d 'qo-
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From the condition that the ellipse given by Eq. A-15 intersects

with the circle at x = x 13' is obtained as

d!

AT W s @ = 18
"xd/T] ‘

Consequently yisgiven by

. - R/
=nJ¢2- 2 d—— (# -9 (a - 19)

In caseofvacuole formation the volume of the region enclosed

by the broken lines and the t wo horizontal lines passing through
the upper and lower ends in Fig. 3 is not the same as that of

the original cylinder. The increase in the enclosed volume

is the difference between the volume of the shaded regions of

the vacuoles and the corresponding volume of the sphere.

The ratio of enclosed volume, K, after the necessary calculations
is given by

2\];2

il
=1+—;11_ , Zxd.z‘b_xz
¢+J¢'(¢' z)wz-xz
d

2 P
J” - (v° Hn_)w-x"' 1 /0-x)




- 94a

1 (U=-x)(2U+x)
T3 (T-x) (U x) (A - 20)

in the range Xy <x<y. At x=xj, the value of p, denoted by

Bq? becomes

L @nvExg)(ni-xg) (24 )(Emx,)

R B T 1o B3 R TR [ ey (A - 21)

%)

In the range, 0 = x = X4 (Rdé R =a), the absolute value of the

increase of enclosed volume is constant and is given by

3 2 2
2wb™ (1 - xd)(w - Xy )p.d
Since the original value of the enclosed volume at a certain x
is

2ub>(1 = x)(¥2 - x2)

the ratio of enclosed volume, W, is given, in the range, 0 = x= X3
by

(1~ )($%-x.%)

d
= 1+ (p,~1) — 0sxsSx (A -22)
B d (1-x) (42- 2 d

Similarly, in the range, a <R <c, M is given by
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2. 2
(I-x )(¥7-x,7) 2
=14 (pg-1) dwz “ ;z a<R<c (A - 23)

Egs. A-20, A-22 and A-23 give all the information needed
for the value of p. Corresponding to Eqs. A-20, A-22, and

A=-23 the internal stretch ratios in these three regions are given

by
¢t M-y < =
N e x4 xély(O-R<Rd)
b _A=x
Rhl-x Oéxéxd(RdéRéa) (A - 24)
A=A aSR=c

The total strain energy is obtained by carrying out the integration

in Eq. 2-32. However, in this case, the interval of integration

must be divided into three ranges,

_ L, rRa
W = szO wI RLOdR+ ZwrWIN’ndR'ﬁodR

N, d
R
c
+ ZTera WOUTRdR (A - 25)
where WIN, d’ WIN, nd’ and WOU'I‘ are the strain energy in dewetted,

non-dewetted, and outer shell regions, respectively. These '

are given by the same form as Eq. 2-37,

w. =% c.w, tw, J (A - 26)
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~where the subscript N is a dummy to be replaced by, IN,d,

IN, nd, and OUT, respectively, corresponding to each case.
Constants and functions needed in the calculations are summa-
rised in Table I.

The integrations can be carried out numerically.
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Appendex 3. Ratio of Enclosed volume

Consider an ellipse described in a rectangular coordinate

system, (X, Y), by

2 2
2o 2 (A - 27)

A ui

[ 3Y)

If the ellipse intersects a circle of radius, a, with the center

and Y ,will satisfy the

on the origin at a point (Xd. Yd), Xd £

following simultaneous equations,

2 2
o, Ya _ 2
2 Z
A Y
(A - 28)
2 2 _ 2
Xd-i-Yd—a

We introduce a new coordinate system (x, y) which is related

to (X, Y) by

Y = by
(A - 29)

x = b(#® - x%)

Geometrically, x is the normalized distance of a point on the

circle from the X-axis given by ycos® and y is defined as the
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ratio between the distance of a pair of points on the ellipse and
th e circle with the same X-coordinate and § = a/b. Substituting

Eq. A - 29 into Eq. A - 27, we obtain

l'JZ -2 VZ 2
> % 2 = ¥ (A - 30)
A n
The circle is given by
y =X (A - 31)
The simultaneous equations A-28 are converted to
2 5 & 2
¥ d . Fd_ 2
2 g 7
A n
(A - 32)
Ya T *a
The internal stretch ratio, \', is given by
o o e N (A - 33)

l - x

from the definitions of x and y, because the original distance

between the facing circles at a certain value of x is

2(b - bx)
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and the length after deformation is
2(Ab - by)

From Eq. A-29, yis n¥ at x = ¥ (X = 0). While the internal
stretch ratio, )\’, is given by (N - 'qlll)/(l - y)atx =Y, and

the value decreases as 7 increases, A\ must be positive for

obvious reasons. When A\ =0, my=Xor n = \/V. Since the
minimum value of m is obviously 1, 7 could vary at most from

1 to A/V. If we assume that the profile of a vacuole is expressed by
the ellipse of Eq. A-27 and that the value of x at the point of
contact with the surface of the sphere, Xq linearly decreases

from V¥ to 0 as m increases from 1 to Mo (=x/1). Xq is given

v (A - 34)

2 2
g ¥ rxy

W - xdz a2

(A = 35)

Substituting Eq. A=-35 into Eq. A-30, y is obtained, after re-

arrangement, as
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2 "‘da
Vo=

y = ¥ - =T - <P (A - 36)
LN

X

While the nature of a vacuole is described by Eqs. A-35 and
A-33. the volume of the region enclosed by the surface, the
profile of which is shown by the broken lines in Fig. 3 and

the two horizontal planes on both ends, increases .as the system
is stretched and/or the size of the vacuole increase. The
region was originally a circ ular cylinder of radius, R, and
length, Z,Lo . The amount of increase of the volume is the same
as the difference between the part of the vacuoles represented
by the shaded area and the corresponding portion of the spheres

in Fig. 3. The original volume of the cylinder, Vo' is obtained

from geometrical relations.

¥, = z-rrsz;o = SR & 2TH - %) (A - 37)

'The volume of the shaded region of the vacuoles, Va is computed
na

by carrying out the integration j deY. The result of the
4

computation is

2 2 2V
v = 2w Loy

¢+ \l"W' Z)wz 2
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The corresponding part of the spheres, Vao' is calculated

similarly to give

3
_2tmb 2
V.o = (v - 0@y + x)

The ratio of enclosed volume, [, is obtained from the definition,

% = A Ya~ Vao
VO
Z‘:fz 2 2 xdz ‘llz-xz'
=1+3] =yl ¥ =gyt |
2 mn U -x
2 2 *q 2-x2 d
¥+ Ve - (‘l’ "_2_) 3 2
n? §Pexg
2
ey L% )20+ x)
A x) =~ =TS T a) (A - 39)
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(a)
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- s S

2C

(b)

1 Illustration of a Model of Composite Systems

Fig.
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Fig. 3 Schematic Explanation of the Internal Deformation for

the Case of Vacuole Formation
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Fig. 11 Schematic Explanation of Quadratic Dependence of

the Hall Output on the Thickness
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" Table I

Summary of the Theoretical Results

No Vacuole Formation

C

W = ZwJ W RL dR+21rb WOUTRdR
(1) (2)
Vacuole Formation
r*Rd
W = ZwJO IN, dR'L dR + .?.'n'j W ndR{'o dR
(3) Ha (4)
r.C
+ z"bJaWOUTRdR
(5)
m .
o J -
WN = 2.1 EOC Wl NWZ N N =IN, OUT,
) IN,d, IN,nd, OUT
i e o 0 [0 bR(1-a)]% 1
1,N o 2V =1
BTN LZ
(o]

2
+ B%[a? + 20 (\};?) 4 (é;i‘)l T+x% .3
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- Table I (Cont'd)

R [VBR(1-q]% o 2a(1-0) . (1-a)®
Woon = 2 * LZ_GLEZ\J-l e T a1
2
2. /27 2 2a(l-a) (1-a) 1 i
+ BN La” + SR S J’LﬁzF'?’
AL ’
¥ B %Io o L Vg
o v0 [a"'(l-a)('"r) ]
0o
BN/ - 1 + R/
o = (?i-{) 2(B°\" /u -1) + R/L
. -(30_-20-1) +J(3ao-za-1)3 - S(ao-az)(ao-l)
4(a0-a2)
B = 1 ' e (1), (3) and (4)
b = /1 PR Pl 2 5
=/~ (-)\) 5 for (2) and (5)
Moo= X for (1), (3), and (4)
y = x for (1) and (4)
2
x 2
y =n/w2-<w2- dz)w"‘z for (3)
n ¥exy
n, -
xg = 5 o] ]
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- Table I (Cont'd)

A=A for (2) and (5)
{0 = b(l - x)
2 _ 2.3 for (1), (3) and (4)
R ~ b(‘# -x) 1
L =5
° for (2) and (5)
R = R |
242

po= 14 3‘— @ 2 | >

¢+Jw2- (¥2- =)

-xy
2

2 x 2_ ; i
- sz -V -:dg‘) iz i: 5 ]/(1-2\:) -—%—-&% for (3)
d I el

(L2 ) (¥P-x4%)

= 1% «1) : for (4)
M (bg (1-x) wz_xz):-
S 2 2 o
(l-xd)(“v -xd ) az )
H. =1+ (I-Ld'l) 11#2 - Rz for (5)
e | (@nyrxg)(ny-xq) (2¥Hx ) (¥-x,)
. d o 3_.'_.(jty.+xd)(1-xd) (¢+xd)(l-xd)
p_ = l

for (1) and (2)
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Table I

Composition and Properties

of

Glass Bead-Filled EPDM Vulcanizates

29 b pglass beads diameter

Identification Parts Volume Fraction Density Crosslink
by Dglnaity
Weight _(g/cc) (10" mol/cc)

A0l 0.0 0.0 0.875 2.72
A02 26.0 0. 089 0. 986 1.32
A03 40.0 s 131 1. 048 313
A04 52.0 0. 164 1. 076 2.80
A05 66.0 0.200 1.141 3.14
A06 80.0 0.232 1.204 3.32
A07 92.0 0.258 1.237 3.50
A08 105.0 0.285 1.266 3.53
. A09 132.0 0.333 1.330 4.18
AlO 150.0 0.362 1. 348 3.93
All 175.0 0.398 1.369 3.95
Al2 200.0 0.430 1.472 4.75
Al3 225.0 0. 459 1.491 3.91

Al4 250. 0 0.485
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