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Both <ron and <r
0

s are symmetric with respect to <r 1, <r
2 

and 

<T 
3

, and consequently any equation calaining <T and <T as the 
os on 

variables defines such a surface of revolution that was described 

above. Geometrically, /3 <T is the length of the projection 
on 

of a position vector in stress space on the space d 'iagonal, and 

/3 <r os is the distance of the point from the space diagonal. 

Lim and Tschoegl obtained values of <T and <r at 
on os 

break, which are denoted by <T b and <T b' from their simple on, os, 

tension measurments under hydrostatic pressure on glass bead-

filled EPDM vulcanizates. In simple tension the principal stresses 

at break <rl , b , <r2 , b' and <r3 , bare related to the stress at 

break by 

<T 1' b = <T -b 
p 

<T2,b = -P 

<T3,b = -P 

(4 -

where Pis the superposed hydrostatic pressure and <Tb is the 

15) 

true stress at break. Substituting Eqs.4-l5 into Eq. 4-14 we obtain 

<r b and <T b as on. os, 

<Tb 
p <T = 3 -on,b 

2 - (4 - 16) 
<T = T <Tb os,b 
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Plotting (/3cr- b)
2 

against /3cr- b' they found that the failure os, on, 

surfaces consisted of a paraboloidal and a cylindrical section 

corresponding to the higher and lower pres sure regions, respec -

tively. The y refered to the critical pressure at which the 

transition from a cylinder to a paraboloid takes piace as 

<T b(trans) and speculated that vacuole formation is complete-on, 

ly prevented atpressures higher than <T b(trans) . on, 

Unfortunately at the time they did not have a practical 

method for measuring the volume change in a stretched specimen. 

In order to obtain principal stresses one must know the 

true stress of deformation and consequently one must know 

the dilatational properties as well as the force - displacement 

relation for a specimen. Naturally their data could not avoid 

the error caused by the lack of knowledge of the dilatation. 

In this section the volume change-strain curves for the 

samples which were used in their measurements were calculated 

by interpolating the data from the curves obtained for the samples 

we measured and correcting the stress-strain curves to obtain 

the true stresses at break. The results show considerable 

differences from the conclusions they reached. 

/3cr- b is plotted against /3cr- b in F i g . 28, and os, on, 

29, for all the samples measured . Attempts to fit these data 

by a continuous and s.mooth power function were not successful. 

As clearly shown in the figures each curve consis t s of two 



r 
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straight line segments ·. As for the shape of a failure surface, 

this implies that it consists o{ two cones with different opening 

angles, provided that it is a surface of revolution. This assump-

tion may be reasonable for an isotropic system, including 

a system such as filled polymers that is homogeneous only from a · 

macroscopic point of view. However , one could not expect 

a dewetted glassbead-filled polymer to be isotropic; i.e . the 

shape of vacuoles formed around particles will depend on the 

mode of deformation, and consequently the mechanical properites 

will also depend on the mode of deformation. In order to discuss 

the characteristic of failure surfaces appropriately, it will 

be essential to mea~ure the p roperties at break by not only 

simple tension deformation but also at least one other type 

of deformation such as, simple shear, pure shear, biaxial, 

etc. In the following discussion, however, we assume that the 

failure surfaces are surfaces of revolution, simply for convenience . 

The curves shown in Fig. 28 and 29 are the intersections 

of failure surfaces with a plane that contains the <Tl axis and 

the space diagonal. All the curves in Fig. 28. and 29 are 

replotted on Fig . 30 for comparison. Each curve can be expressed 

by the following two equations. 

()'" = -c l <Ton, b + C2 ()'" ~ <T b (trans) 
os,b on,b on, 

- C3<T on, b +C4 !l: 
(4- l 7) 

()'" 
os,b = ()'" 

on,b <T b (trans) on, 
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In the equations, r:J b{trans) is the value· of r:J b at which 
on, on, 

the two straight lines intersect, and c 1, c
2

, c 3 and c
4 

are 

constants. We will call the portion of a curve belonging to the 

re gion, r:J b ~ r:J b(trans) the first cone and the other the second on, on, 

cone. At first glance all the curves look parallel', 'and for the 

second cones this is true because there is no significant dependence 

of the slope on the volume fraction of filler. A closer inspection 

of the first cones, however, reveals that the slope increases 

with the filler concentration from A02 (cp = 0. 089) to A07 (cp = 0. 258). 

(with the exception of AOS (cp = 0 . 200)), and decreases again as 

t rhe filler concentration further increases. This may be too con-

sis tent to be neglected as experimental error. 

c 1 and c
3 

are plotted in Fig. 31 as a function of filler 

concentration. C 1 has a sharp maximum at about cp = 0. 22 

while c
3 

remains constant regardless of the value of filler 

cone en tra tion. 

c
2 

and C 
4 

are shown in Fig. 32 also as a function of 

the volume fraction of filler. Both decrease linearly with 

the filler concentration 1n the range of experiments. Since the 

value (24. 4 bars) of c
2 

at cp = 0. 0 is much higher than the value 

expected from linear behavior, it may be more reasonable 

to assume that the c
2

- and c
4

-curves are concave upward . 

Experiments show that the failure properties of unfilled EPDM 

· do not depend on pressure; i . e. the value of c 1 and C 3 of AOl 
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is 0. Although the values of c 3 in Fig. 31 show a slight indication of a 

drop at cp =0. 089 and 0. 132, a sharp drop must take place in 

the narrow range between cp = 0. 1 and 0. 0. 

The values of cr b(trans) range from -5. 77 to -24. 2bars, on, . 
and they do not show any consistent dependence on filler concentra-

tion. This range is quite narrow compared to the range of 

hydrostatic pressure where the experiments were performed 

so that one can safely say cr b(trans) is a critical value on, 

independent of pressure. The behavior of cr b(trans) is almost 
OS, 

identical to that of c 2 and C 
4

. 

The significance of cr b(trans) as a critical value is on, 

not clear. This could not correspond to the initiation of vacuole 

formation because, according to the experiments described 

in the previous section, only Al2 and Al4 among the samples 

break under deformation before vacuoles are formed. Even 

for these highly filled samples it happens only at high pressures. 

cr b(trans) may be related to the release of stress concentration on, 

due to vacuole formation. 

In conclusion the failure surfaces consist of two cones, 

provided that they are surfaces of revolution, and the pair 

of cones intersect at a constant value of cr bregardless of on, 

the filler concentration. 
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5. Conclusions 

Mechanical behavior described in preceeding sections 

may be summarized as; 

l. A glass bead filled - EPDM vulcanizate behaves as a 

typical non-reinforcing filler-filled elastomer at atmospher­

ic pres sure. 

Z. Typically, the volume of a glass bead-filled EPDM 

vulcanizate begins to increase as the stretch ratio 

reaches a certain value. After a transitional region 

the volume increases linearly with the stretch ratio. 

The initiation of volume change is delayed by hydrostatic 

pres sure, but it does not depend on volume fraction of 

filler . The steady rate of volumeincrease is an increasing 

function of volume fraction of filler. This also seems 

to be a decreasing function of pressure , although it is 

not conclusive because of experimental scatter. 

3. The theory for the strain energy of composite systems 

derived in Section 2 had good agreement with the experi­

mental data in the Young 1 s moduli and stress- strain 

curves of glass bead-filled EPDM vulcanizates as functions 

of appropriate variables; i. e . volume fraction of filler 

in the Young's moduli and volume fraction of fille.r , 

stretch ratio, and hydrostatic pressure in stress-strain 
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behavior. 

4. The failure surface of a glass bead-filled EPDM vulcanizate 

consists of a pair of cones. The value of CJ' b at which on, 

a transition from one cone to the other occurs does not 

depend on volume fraction of filler. 



-85 

Appendix 1. D e for matio n T ensor in a Cylindrical Coordinate 

System 

If a pair of closely located points are given the coordinates 

{r ' a 'z ) and {r +dr, a +da, z +dz) in a cylindrical coordinate 

system and the corresponding cartesian coordinates are {x , y , z 
' 

and {x +dx, y +dy, z +dz), respectively, there exist the following 

relations between them 

x = rcosa 

y = rsin8 (A - 1) 

z = z 

and 

dx = cos 8 d r - r sin 8 d 8 

dy = sin8dr + rcos8d8 {A - 2) 

dz = dz 

Since the distance between a pair of positions is given as the 

square root of the sum of the squares of differences of each 

coordinate in a cartesian coordinate, the distance ds is given 
0 

by 

(A - 3) 
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Substituting Eq . ..A-2 in Eq . A-3 yields 

If the two points move to (r +u, 9+ ...::!..._, z+w) and 
r 

I 
I V I 

{r +dr+u 1 e +d9+ r +dr 1 Z +dz+w ) 1 respectively, after a 

certain amount of deformation of the system, d, ../, and w
1 

can 

be related to u, v, and w by simple relations, where u, v, and 

w are radial, tangential and axial displacement. Because 

dr, d8 and dz are small quantities, we can write 

and 

d = u+du = u + ~~ dr + ~~ d6 + ~~ dz 

I OV OV 0v 
v = v+dv = v + --a;- dr + -a-8d e + --a;- dz 

w
1 = w+dw = w + ~; dr + ~e de + ~;'dz 

I 
v 

r+dr = 
v+dv 
r+dr 

_ _ v_ + dv _ 
r r 

vdr 
2 

r 

neglecting the higher terms of differentials. 

(A - 5) 

(A - 6) 

Similar to Eq. A-4, the distance between the two points after 

the deformation, ds , can be w:;.·itten 
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2 2 2 e dv vdr 2 2 
{ds) = (dr+du) + (r+u) (d + -r-- - 2-) + (dz+dw) 

r 
(A - 7) 

Using Eqs .A-5 into Eq. A-7, one can rewrite it, using 

matrices as, 

Il l+~ (1+~)(~-..:!....) ow or r or r a;-
1 

2 
(ds) = (dr, rd6, 

I 
dz) _l_~ (1+~)(1+-l- av ) _r1 aaa 

r ae r r ae 

1+~ or 

au ( 1 ~)..£.L az- r oz 

1 au -rae- dr 

X (1+~)(1+-1- av ) (1+~) av rd8 
r r as r oz 

ow 1 ow 
ar -;as 1 + ow 

8z 

(A - 8) 

Comparing Eq . A- 8 with Eq. A-6 the deformation tensor a. . 
lJ 

is 

dz 
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1 au 
-rae-

( 1 + ..£...) ( .2..!:._ - .::!.._) ( 1 + ....11..) ( 1 + .l ~ 
aij = r a r r r r a If' 

ow 
--ax:-

1 ow rae,. 

( 1 + ~ ) .2..!:._ 
r az 

1 + ow oz 

(A - 9) 

If a s ys tern is axially symmetric the tangential displacement 

is always zero, and in addition all derivatives with respect to 9 vanish. 

The deformation tensor then becomes 

1+ .E.£_ or 

a .. = o 
lJ 

ow 
or 

0 

1+~ 
r 

0 

au az-

0 

1+ aw oz 

The Cauchy-Green tensor, y . . , is given by 
lJ 

•- .~. 

- ;- -:---- -

(A - 1 0) 



= 

yij = a.ki ~j 

(1+~)2 + ( aw)2 
ar ar 

0 

-8 <t-

( 1 +~)( aw )+(-~~-Hl+ ow) 
ar ar az az 

This is the necessary relation. 

0 (1+ au-) aw +~(1+ aw ) 
a r or az az 

0 

0 

(A - 11) 
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Appendix 2. Strain Energy Functionof bewetting Composite 

System 

Rigorously, vacuoles will be allowed to take only one 

shape, v.hich gives the minimum total strain energy at the same 

volume. One must choose a certain function to define the shape 

of the vacuoles , however, because it is quite unlikely for one 

to be able to obtain the precise mathematical expression for 

the shape of the vacuoles . In making an appropriate choice we 

must keep in mind that the approximation should satisfy as many 

~::xperimentally observed conditions as possible while it should 

be simple enough not to hamper the mathematical treatment. 

After havingtried several possibilities we came to the conclusion 

that the following function may best serve the purpose. The 

necessary notations are schematically shown in Fig. 3 with 

the general idea of the derivation. Since the system is axially 

symmetric, the shape of a vacuole must be a surface of revolution. 

We use a two dimensional rectangular coordinate system, (X, Y) in 

the discussion for convenience. The correspondence between 

I 

the new coordinate system and the (R, 8, .t) system used 

before should be obvious from Fig. 3. The origin of the rectan-

gular coordin ate system coincides with the center of the circle 

at the bottom. If the distance of a point on the circle from 

the X - axis is given by bx, at X = R , x is given by 
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x = $cos8 (A - 12) 

where * = a/b, a is the radius of the circle and b is the half 

distance between the centers of two circles. If a point represented 

by X moves by the distance from the X-axis , by, after vacuole 

formation, the internal stretch ratio, A
1
, which has the same 

physical significance as in the Section 2. 5. 1, is given by. 

AI = A - y 
1 - X 

(A - 13) 

Determining the functional form of y is equivalent to deciding 

the profile of the vacuole as a function of x , or R. y should 

have a maximum at x = *or R = 0, and the value of the maximum 

increases as the volume of the vacuole increases. However, 

the value can not increase indefinitely because the space between 

the surfaces of the spheres facing each other is limited. 

Consequently, it is reasonable to set a limit on the value of 

y at x = $, the corresponding internal stretch ratio is given 

by Eq. A-13, 

A - 7)~ 
1 - $ 

and by the phy sical restriction this value must be positive. 

That is, 



A. - 114' > 0 

1 - * or 
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{A - 14) 

where T) is the physically possible upper limit of '1· Comider 
0 

an ellipse described by 

2 
a 

which passes a point {0, T)a). If we assume that {Xd' Yd) 

{A - 15) 

are the coordinates of the intersection of the ellipse with the circle 

representing a filler particle and that Yd decreases linearly 

from a to 0 as T) increases from 1 to TJo• we can obtain the following 

relation which gives the necessary information about internal 

stretch ratio and volume change for calculating the strain energy. 

The details of the de~ivation are given in Appendix 3. 

From the definition of x, y, X and Y, the following 

relations between them exist. 

y = by 

X = b(4'2 - x2)t 
(A - 16) 

Denoting the value of x corresponding to (Xd' Yd) by xd' from 

the assumption concerning Y d mentioned above, xd is given by 

1)0 - T) 

xd = $ 1) - 1 
0 

{A - 1 7) 
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From the condition that the ellipse given by Eq . A-15 intersects 

with the circle at x = xd, } is obtained as 

(A - 18) 
,1,2 2/ 2 
'I' - xd TJ 

Consequently y is given by 

,r, 2 2/ 2 
2 'I' - X d T') ,2 2 

1jl - ---=--=---=---- ( 1jl - X ) 
W2 _X 2 

d 

(A - 19) y = v 
In case of vacuole formation the volume of the region enclosed 

by the broken lines and the two horizontal lines pas sing through 

the upper and lower ends in Fig. 3 is not the same as that of 

the original cylinde r. The increase in the enclosed volume 

is the difference between the volume of the shaded regions of 

the vacuoles and the corresponding volume of the sphere . 

The ratio of enclosed volume, iJ., after the necessary calculations 

is given by 

2 2 
r 

1-L = 1 +~ 

J /(1-x) 



1 ( l!l - x }(2 1!•+x ) 
-3 (1-x)( *+ x) 
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(A - 2 0) 

m the rang e xd < x < ljr . At x=xd' the value of fJ., denoted by 

fJ.d' becomes 

(A - 21) 

In the range , 0 ~ x ~ xd (Rd~ R ~a) , the absolute value of the 

increase of enclosed volume is constant and is given by 

Since the original value of the enclosed volume at a certain x 

is 

3 2 2 
21Tb ( 1 - X) ( $ - X ) 

the ratio of enclosed volume , fJ. , is given, in the range , 0 ~ x~ xd 

by 

(A - 22) 

Similarly, in the range, a < R < c , fJ. is given by 
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1.1 = 1 + (A - 23) 

Eqs. A-20, A-22 and A-23 give all the information needed 

for the value of 1.1· Corresponding to Eqs. A-20, A-22, and 

A-23 the internal stretch ratios in these three regions are given 

by 

>... ' 
)\ - y 

xd < x :!1! * (0 :!1! R < Rd) = 1 - X 

>...' 
)\ - X 

0 :!1! x :!1! xd (Rd :!1! R :!1! a) (A - 24) = 1 - X 

>...' = )\ a:!1!R:§c 

The total strain en~rgy is obtained by carrying out the integration 

in Eq. 2-32. However, in this case, the inte rval of integration 

must be divided into three ranges, 

(A - 25) 

where WIN, d' WIN, nd' and W OUT are the s train energy in dewetted, 

non-dewetted, and outer shell regions, respectively. The se 

are given by the same form as Eq. 2-37, 

WN =. ~ 0 C .. Wl Ni W2, Nj l, J = lJ • 
(A - 26) 
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where the subscript N is a dummy to be replaced by, IN, d, 

IN, nd, and OUT, respectively, corresponding to each case. 

Constants and functions needed in the calculations are summa­

rised in Table I. 

The integrations can be carried out numerically. 
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Appendex 3. Ratio of Enclosed volume 

Consider an ellipse described in a rectangular coordinate 

system, (X, Y), by 

x2 y2 2 
2+-2-= a 

A 11 
(A - 27) 

If the ellipse intersects a circle of radius, a, with the center 

on the orig in at a point (Xd, Yd}, Xd and Ydwill satisfy the 

following simultaneous equations, 

y 2 
+ d = -2-, 2 

a 

2 = a 

(A - 28} 

We introduce a new coordinate system (x, y) which is related 

to (X, Y) by 

y = by 

(A - 29) 

Geometrically, x is the normalized distance of a point on the 

circle from the X-axis given by ~cos 6 and y is defined as the 
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ratio between the distance of a pair of points on the ellipse and 

the circle with the same X- coordinate and $ =a/b. Substituting 

Eq. A - 29 into Eq. A - 27, we obtain 

2 
+ L_ = 1jl2 

2 ,., 

The circle is given by 

y=x 

The simultaneous equations A-28 are converted to 

2 

+ !£__ 
2 ,., 

The internal stretch ratio, A.', is given by 

A.' = A. - y 
1 - X 

(A - 30) 

(A - 31) 

(A - 32) 

(A - 33) 

from the definitions of x and y, because the original distance 

between the facing circles at a certain value of x is 

2(b - bx) 
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and the length after deformation is 

2(A.b - by) 

From Eq . A-29, y is TJW at x = 1jr (X = 0). While the internal 

stretch ratio, A
1

, is given by (A.- 1'] * )/(l - 1jr) at x = \jr , and 

I 

the value decreases as 1'] increases, A. must be positive for 

obvious reasons. When A.' = 0 , 1']\jr =A. or 1'] = A./1jr. Since the 

minimum value of T] is obviously 1, T] could vary at most from 

1 to A./1jr. If we assume that the profile of a vacuole is expressed by 

the ellipse of Eq . A - 27 and that the value of x at the point of 

contact with the surface of the sphere, xd ' linearly decreases 

from 1jr to 0 as 1'] inc r eases from 1 to 1']
0 

( =A./1jr ) . xd is given 

by 

TJo - 1') _.;::.__;:-- * 
1') - 1 

0 

(A - 34) 

Eliminating yd from Eqs . A - 33 and solv ing it fo r A
2

• we obtain 

(A - 35) 

Substituting Eq . A - 35 into Eq. A - 30, y is obtained, after r e-

arrangement, as 
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y = T) (A - 36) 

While the nature of a vacuole is de scribed by Eqs. A- 35 and 

A-33. the volume of the region enclosed by the surface, the 

profile of which is shown by the broken lines in Fi'g . 3 and 

the two horizontal planes on both ends, increases as the system 

is stretched and/or the size of the vacuole increase. The 

region was originally a eire ular cylinder of radius, R, and 

length, 2-!, . The amount of increase of the volume is the same 
0 

as the difference between the part of the vacuoles represented 

by the shaded area and the corresponding portion of the spheres 

in Fig. 3. The original volume of the 

from geometrical relations. 

cylinder, V , is obtained 
0 

(A - 37) 

The volume of the shaded region of the vacuoles , V is computed a 

JT)a 2 
by carrying out the integration X dY. The result of the 

computation is 

v 
a 

-) 2 $ -

y 

(A -38) 
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The corresponding part of the spheres, V , is calculated 
ao 

similarly to give 

v ao = 2rrb
3 

2 
3 ( $ - x) (2 $ + x) 

The ratio of enclosed volume, fJ., is obtained from the definition, 

fJ. = 1 + 
v - v a ao 

yo 

2 
/( 1 -x) _ 1 ( W - x)(21lt+x) 

3 (1 - x)( W + x) (A - 39) 
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Fig . 1 Illustration of a Model of Composite Syste.I:r..3 
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2A.b 
I 
I 
I 

t I 
\ x..t \ y 

0 
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~ 

X 

by 

1-C~t----- a -----c,....j 

Fig. 3 Schematic Explanation of the Internal Deformation for 

the Case of Vacuole Formation 
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Fig. 4 Schematic of the Pressurized Tensile Tester. 
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Fig. 6 Electric Schematic :for the Pressurized Tensile Tester. 
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Fig. 9· Sliding Wedge BlockGauge 
for Calibration of Hall Effect 
Thickness Sensor . 

, . . 



> 
E 
I 

80 

-111-

VH=(4.924 X 10 3 )1 2 -(3.768 X 103)1 

+ 5 .8 6 5 X 102
--___.r 

0.17 0.18 0.19 0 .20 
THICKNESS , t - em 

0 .21 

1 Fig. 10 Typical Calibration Curve for Hall Effcet Thickness 

Sensor 
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(a) 

--
(b) 

Fig. 11 Schematic Explanation of Quadratic Dependence of 

the Hall Output on the Thickness 

.... 
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Fig. 12 M e a s ured, and Corr e cte d, Stretch Ratio as 
Function of Calculated Value. 
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Table I 

Summary of the Theoretical Results 

No Vacuole Formation 

~ ( 
W = 2rrj

0 
W INR.t0 dR + 2irb JaW OUT R dR 

(1) (2) 

Vacuole Formation 

W = 27T (d WIN, dR.to dR + 27T s; WIN, ndR.to dR 

(3) d (4) 

c 
+ 2rrb s W OUTRdR 

a 
(5) 

1 [v PR(l-a)] 2 1 
2 '2 F + -=-2-:-v~---:-1 

~ A .e, 2 
0 

2 
+ 132[ 2 + 2a (1-a) I (1-a) J + A'2- 3 

a V+l 2V+l 

N =IN, O UT, 

IN, d, IN, nd, OUT 
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· Table I (Cont'd) 

w2, N 

2 
+ 2 a( 1 - a) + ( 1 - a ) ] 

3v-1 4v-1 
0 

+ Q2, ,2[a2 + 2a(l-a) + (1-a)
2 

] 1 . 3 ~ 1\. v + 1 2 v+ 1 + 7F -

-(3a -2a-1) +)(3a -2 a -1)
2

- S(a - a
2

)(a -1) 
v = ____ o~----------~0----------~o ____ ~o __ __ 

~ = 1 for ( 1 ) ' (3) and (4) 

p J+ + (1 
1 a

2 
for (2} and (5) = - --)-

>-. R2 

>-.' = >-.- y for ( 1 ) ' (3), and (4) 1 -X 

[: 
= X for ( 1) and (4) 

~,2- X 
2 2 2 

= (1)12 - _ d_) 1jt - x for (3) 
2 1jt2 2 

'l1 -xd 

,0 - , 
1)1 xd = 1 , -

0 
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· Table I (Cont 1d) 

>...' = 'A. 

{.0 = b(1 - x} l 
2 2 .l_ 

R = b{W - X )"2 

{. = b 
0 

R = R 1 

·-;; . . 

2 2 

2. 2. 

for (2) and (5) 

for (1 ). (3) and (4} 

for (2} and (5} 

for (3} 

(1,-xd)(W -xd ) 

~ = 1 + (~d-1) (1-x)(ljl2.-x2.>. . ./' 
for (4) 

. 2 2 
(1-xd)(ljl -xd ) a2. 

~=1+(~d-1) ljl2 R2 

1..1. = 1 

for (5) 

(2. ~+xd ){ljl-xd) J . 
(ljl + xd)(1-xd) 

for (1) and (2.) 
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Table li 

Composition and Properties 

of 

Glass Bead-Filled EPDM Vulcanizates 

I d e ntification 

AOl 

A02 

A03 

A04 

A05 

A06 

A07 

A08 

A09 

AlO 

All 

Al2 

Al3 

A l4 

29 1..1. glass beads diameter 

Parts 
by 

Weight 

0.0 

26 . 0 

40.0 

52 . 0 

66. 0 

8 0. 0 

92. 0 

105. 0 

132.0 

150.0 

175. 0 

200. 0 

225 . 0 

250. 0 

Volume Fraction 

0. 0 

0 . 089 

0 . 131 

0 . 164 

0 . 200 

0 . 232 

0.258 

0.285 

0. 333 

0 . 362 

0.398 

0. 430 

o. 459 

0. 485 

D ensity 

(g/cc) 

0.875 

0. 986 

1 . 048 

1. 076 

1 . 141 

1. 204 

1. 237 

1.266 

1. 330 

1 . 348 

1 . 369 

1. 472 

1. 491 

Crosslink 
D~Aity 

(xl 0 mol/cc ) 

2 . 72 

1. 32 

3. 11 

2 . 80 

3 . 14 

3 . 32 

3.50 

3 . 53 

4 . 18 

3. 93 

3.95 

4.75 

3.91 

--



T
ab

le
 m

 

cp
 

=
 0

. 
08

9 
-4

 
S

am
p

le
 A

02
 

v 
=

 1
. 

32
x 

1 0
 

m
o

l 
cc

 
e 

D
e 

w
et

ti
ng

 
F

a
il

u
re

 
-

P
re

s
su

re
 

G
 

>..
d 

(T
d 

S
lo

p
e 

>t,
 

(T
b 

(Tb
 

!N
b

 

(B
a

r)
 

(B
ar

) 
(B

ar
) 

_
il

ia
r)

 
(B

ar
) 

1
.0

 
9

.2
3

 
1

.2
8

8
 

6
. 

10
 

0.
 1

52
5 

2
.2

5
4

 
16

. 
06

 
31

. 
56

 
0.

 1
47

 
I .....

. 
w

 
(X

) 

7
.9

0
 

1
0

.4
3

 
1.

 4
18

 
8

.3
5

 
0.

 1
86

2 
2

.2
4

2
 

1
6

.5
2

 
32

. 
12

 
0.

 1
53

 
I 

1
4

.8
0

 
9

.5
7

 
1.

 3
85

 
7 .

. 8
0

 
0.

 0
78

8 
2.

 3
03

 
15

. 
94

 
3

2
.9

9
 

0.
 0

64
5 

2
7

.9
0

 
9

.5
3

 
1.

 4
14

 
8

.2
5

 
0.

 0
84

3 
2

.3
8

9
 

1
7

.7
6

 
3

9
.2

0
 

0.
 0

82
2 

6
8

.8
0

 
1

0
.0

3
 

1.
 5

88
 

10
. 

07
 

0.
 0

54
5 

2
.4

0
3

 
18

. 
15

 
41

. 
75

 
0.

 0
44

4 

1
3

8
.9

0
 

1
0

.6
3

 
1.

 6
05

 
1

0
.7

5
 

0.
 0

64
8 

2.
 3

76
 

18
. 

06
 

4
0

.8
6

 
0.

 0
50

0 



T
ab

le
 N

 

S
am

p
le

 A
04

 
=

 0.
 1

64
 

-4
 

cp 
v 

=
 2.

 8
0

x
l 0

 
m

o
l 

cc
 

e 

D
e w

et
ti

ng
 

F
ai

lu
re

 

P
re

s 
su

re
 

G
 

X.
d 

o-
d 

S
lo

pe
 

\ 
o-

b 
o-

b 
tN

 0 

(B
ar

) 
C

B
ar

) 
(B

ar
) 

(B
a
r)

 
(B

ar
) 

1
.0

 
12

. 
07

 
1.

 2
20

 
5

.4
0

 
0.

 3
14

 
2

.5
94

 
1

6
.8

3
 

30
. 

51
 

0.
43

1 
I '""'

 
w

 
-.D

 

7
.9

0
 

1
2

.2
0

 
1.

 4
23

 
8

.6
0

 
0.

 1
54

 
2

.5
8

4
 

17
. 

20
 

3
7

.7
0

 
0.

 1
78

6 
I 

1
4

.8
0

 
12

. 
37

 
1

.5
2

4
 

10
. 

03
 

0.
 1

13
 

2
.6

3
5

 
1

8
.2

8 
42

. 
78

 
0.

 1
25

9 

27
.9

0
 

12
.6

0 
1.

 6
62

 
1

1
.4

6
 

0.
 0

97
7 

2
.6

3
0

 
18

.6
4

 
44

. 
78

 
0.

 0
94

6 

6
8

.8
0

 
11

. 
37

 
1.

 8
60

 
13

.0
3

 
0.

 0
60

7 
2

.6
4

0
 

1
9

.3
9 

48
.8

7 
0.

 0
47

3 

13
8

.9
0

 
12

.
37

 
1

.9
6

7
 

13
. 

92
 

0.
 0

70
1 

2
. 

90
8 

21
. 8

0 
59

.4
6 

0.
 0

66
0 



T
a
b

le
 V

 

cp 
=

0
.2

0
0

 
-4

 
S

a
m

p
le

 .
A

05
 

\1
 

=
 3

. 
14

x1
 0

 
m

o
l 

c
c
 

e 

D
e 

w
et

ti
n

g
 

F
a
il

u
re

 

P
re

s
s
u

re
 

G
 

>..
d 

<r
d 

S
lo

p
e 

\ 
<T

b 
<T

b 
.t.

V
 b

 

(B
a
r)

 
(B

a
r)

 
(B

a
r)

 
_

_
_

_
_

_
_

_
_

 
(B

a
r)

 
(B

a
r)

 

1
.0

 
1

4
.3

3
 

1
. 2

0
3

 
5

. 
78

 
0.

 1
2

3
1

 
2

.2
6

3
 

1
4

.4
5 

2
8

. 
92

 
0.

 1
3

0
5

 
1 .....

.. 
~
 

1
7

. 
3

0
 

1
. 

5
3

0
 

1
0

. 
3

7
 

0.
 1

3
6

7
 

2
. 

1
9

7
 

1
4

.5
7

 
2

9
. 

3
3

 
0

.0
9

1
2

 
0 

7
.9

0
 

1 

1
4

.8
0

 
1

4
. 

1
3

 
1

. 3
3

7
 

8
.8

0
 

0.
 1

0
9

7
 

2
. 

1
5

0
 

1
5

.3
0

 
3

0
. 

2
0

 
0.

 0
8

9
2

 

2
7

.9
0

 
1

5
.4

7
 

1.
 3

9
8

 
9

. 
72

 
0

.1
4

1
9

 
2

.2
9

3
 

1
6

. 
7

9
 

3
4

.1
6

 
0.

 1
2

7
0

 

6
8

.8
0

 
1

5
.8

0
 

1
. 

5
3

3
 

1
1

. 4
4

 
0.

 0
8

1
0

 
2

.2
5

2
 

1
6

.6
0

 
3

5
.2

2
 

0.
 0

8
5

2
 

1
3

8
.0

0
 

1
6

. 
1

3
 

1
. 

7
7

9
 

1
3

.5
8

 
0.

 0
9

2
7

 
2

. 
51

1 
18

. 
72

 
4

4
. 

02
 

0.
 0

6
7

9
 



T
ab

le
 V

I 

S
am

p
le

 A
08

 
=

 0. 
28

4 
-4

 
v 

cp 
v 

=
 3.

 5
3

x
l 

0 
m

o
 

cc
 

e 

D
e 

w
et

ti
n

g
 

F
a
il

u
re

 

P
re

ss
u

re
 

G
 

X.
d 

o-
d 

S
lo

pe
 

X.
b 

o-
b 

o-
b 

.t:
.V

b 
(B

a
r)

 
(B

ar
) 

(B
ar

) 
(B

ar
) 

(B
ar

) 

1
.0

 
"2

6
.3

 
I.

 1
50

 
5

.3
0

 
0

.2
9

8
 

2
.3

1
9 

1
2

.8
2

 
2

2
.0

5
 

0
.3

4
8

 
I .....

 
~
 

.....
 

I 

7
.9

0
 

25
.2

 
1.

 3
06

 
8

.9
6

 
0.

 1
97

0 
I.

 9
49

 
II

. 
99

 
30

. 
73

 
0.

 1
37

 

14
. 

80
 

21
. 

5 
1

. 
38

3 
10

. 2
6 

0
.2

5
7

 
2

.2
4

6
 

14
. 

33
 

2
6

.3
4

 
0

.2
2

2
 

2
7

.9
0

 
2

2
.4

 
1.

 3
93

 
1

0
.4

9
 

0.
 1

42
3 

2.
 1

98
 

1
4

.6
5

 
28

. 
90

 
0.

 1
44

 

6
8

.8
0

 
2

2
.6

 
1.

 5
49

 
11

. 
95

 
0.

 1
56

8 
2

.4
2

2
 

1
6

.5
0

 
35

. 
14

 
0.

 1
37

 

1
3

8
.0

0
 

2
5

.5
 

1.
 5

93
 

1
2

.2
7

 
0.

 1
16

1 
2

.5
1

9
 

1
7

.5
4

 
39

.8
7 

0.
 1

08
 



T
ab

le
 V

.U
. 

S
am

p
le

 A
l 0

 
cp

 
=

 0.
 3

62
 

-4
 

I 
v 

=
 3.

 9
3

x
l 0

 
m

o
l 

cc
 

e 

D
e

w
tt

in
g

 
F

a
il

u
re

 
-

P
re

ss
u

re
 

G
 

A.
d 

(fd
 

S
lo

pe
 

A.
b 

(fb
 

(fb
 

.t.
V

 b
 

(B
a
r)

 
(B

a
r)

 
(B

a
r

) 
-

(B
ar

) 
(B

ar
} 

1
.0

 
65

. 
7 

-
-
-

-
-

0
.3

3
6

 
2

.4
9

9
 

12
. 

78
 

1
7

.3
5

 
0.

84
0 

.....
. 

.p
. 

N
 I 

7
.9

0
 

4
3

.8
 

l.
 2

50
 

9.
 0

8 
0

.2
9

8
 

2.
 0

76
 

1
2

.4
0

 
20

. 8
5

 
0

.2
3

4
 

1
4

.9
0

 
3

6
.5

 
1

.3
5

3
 

1
0

.3
2

 
0

.4
9

5
 

2.
 0

09
 

12
. 

97
 

1
9

.6
6

 
0.

 3
25

 

2
7

.9
0

 
3

8
.9

 
l.

 5
02

 
12

.4
2

 
0

.2
5

2
 

2.
 1

61
 

1
4

.2
8

 
2

6
.4

6
 

0.
 1

66
 

68
.8

0 
3

6
.9

 
1.

 4
07

 
12

. 
30

 
0

.3
3

3
 

1
.5

9
0

 
12

. 
77

 
19

. 
13

 
0.

 0
6 

09
 

1
3

8
.0

0
 

4
8

.0
 

1
.6

5
4

 
13

. 2
0

 
0

.2
0

4
 

2
.2

8
1

 
1

5
.2

7
 

3
0

.8
7

 
0.

 1
28

 



T
a
b

le
 V

ill
 

S
a
m

p
le

 A
ll

 
=

 0.
 3

9
8

 
-4

 
I 

~
 

\i
 

=
 3.

 9
5

x
l 

0 
m

o
l 

c
c
 

e 

D
e 

w
et

ti
n

g
 

F
a
il

u
re

 

P
re

ss
u

re
 

G
 

A.
d 

o-
d 

S
lo

p
e 

\ 
o-

b 
o-

b 
!N

b
 

(B
a
r)

 
(B

a
r)

 
(B

a
r)

 
(B

a
r)

 
(B

a
r)

 

1
.0

 
3

6
.2

 
--

--
-

-
-
-

0
. 

3
3

7
 

2
. 

1
05

 
1

0
. 

8
3

 
1

3
.3

4 
0.

 7
0

9
 

.....
. 
~
 

V
J I 

7
.9

0 
4

0
. 

0 
1

.2
4

2
 

8
. 

97
 

0
.2

6
8

 
1.

 8
8

3
 

1
1

.5
8 

1
8

.6
0

 
0.

 1
72

 

1
4

.8
0 

3
7

.4
 

1
.3

5
2

 
1

1
. 

00
 

0
.4

7
6

 
1.

 4
2

7
 

1
1

. 
2

5
 

1
5

.4
9 

0.
 0

3
5

7
 

2
7

.9
0

 
3

6
.4

 
1.

 4
6

3
 

1
3

. 
12

 
0

.5
5

0
 

1.
 7

6
7

 
1

3
.6

5
 

2
0

.6
6

 
0.

 1
6

7
2

 

6
8

.8
0

 
3

6
.5

 
1.

 4
8

8
 

1
3

. 
18

 
0

.4
1

0
 

1.
 5

6
7

 
1

3
.3

4
 

2
0

.2
4

 
0.

 0
3

2
4

 

13
8

. 
0 

3
7

. 
1 

1
. 

7
1

2
 

1
4

.3
7

 
0.

 2
5

4
 

2
. 

1
4

4
 

1
5

.8
6

 
3

0
.6

3
 

0
. 

1
0

9
7

 



T
a
b

le
 l

X
 

S
a
m

p
le

 A
l4

 
q: 

=
 0

. 
4

8
5

 

D
e 

w
e

tt
in

g 
F

a
il

u
re

 

P
re

s 
su

re
 

G
 

}..
d 

cr
d 

S
lo

p
e 

\ 
cr

b 
cr

b 
t.

V
b 

(B
a
r)

 
(B

a
r)

 
(B

a
r)

 
(B

a
r)

 
(B

a
r)

 

1
.0

 
5

6
. 

9 
--

--
-

--
--

-
--

-·-
-

1
. 

8
7

8
 

7
.4

8
 

(7
. 

4
8

) 
I .....

.. *" *" 
7

. 
9

0
 

1
2

8
. 

7 
1

. 
8

8
3

 
1

0
. 

01
 

(1
0

. 
0

1
) 

I 
-
-
-

--
--

-
--

--

1
4

.8
0

 
9

0
.5

 
--

--
--

--
-

--
--

1
. 

1
5

0
 

1
0

. 
0

4
 

1
1

. 
5

5
 

2
7

.9
0

 
1

1
7

. 
8 

--
--

--
--

-
--

·--
-

1
. 

1
6

0
 

12
.

6
4

 
1

4
.6

6
 

6
8

.8
0

 
8

2
.8

 
--

--
--

--
--

--
1

. 
1

8
6

 
1

3
.6

6
 

1
6

. 
2

0
 

1
3

8
. 

0
0

 
1

3
7

. 
7 

-
-
-

--
--

-
-
-
-

1
. 

1
7

0
 

1
4

. 
1

2
 

1
6

. 
5

2
 



T
a
b

le
 X

 

F
a
il

u
re

 S
u

rf
a
c
e
 P

a
ra

m
e
te

rs
 o

f 
G

la
ss

 
B

e
a
d

-F
il

le
d

 E
P

D
M

 V
u

lc
a
n

iz
a
te

s 

F
ir

s
t 

C
o

n
e 

S
e
co

n
d

 C
o

n
e 

T
ra

n
si

ti
o

n
 

S
a
m

p
le

 
3 

3 
IT

 
b

(t
ra

n
s)

 
IT

 
b

(t
ra

n
s)

 
C

1x
l0

 
c
2

 
c

3x
l0

 
c
4

 
o

n
, 

o
s,

 

{B
a
r)

 
(B

a
r)

 
{

B
ar

) 
{

B
ar

) 
-
-
-
-

-

A
01

 
0.

 0
 

A
02

 
0.

 0
89

 
1.

 1
36

 
11

. 8
3 

9
.6

4
 

1
0

.2
8

 
-1

8.
 0

 
12

. 
06

 

A
03

 
0.

 1
31

 
1

.5
6

5
 

13
. 

00
 

12
. 

13
 

11
. 8

2 
-1

1
. 

55
 

1
3

.3
9

 
I .....

.. 
~
 

A
04

 
0.

 1
64

 
2

.9
3

 
1

2
.2

5
 

22
. 

1 
11

. 
13

 
-

5.
 7

7 
1

2
.4

7
 

V
l 

I 

A
05

 
0.

 2
00

 
2

.9
3

 
1

2
.2

5
 

22
. 

1 
11

. 
13

 
-1

6
. 

17
 

1
0

.3
8

 

A
07

 
0.

 2
58

 
4.

 7
8 

11
. 

89
 

1
4

.4
 

9
.3

7
 

-2
0

.5
 

1
2

.3
 

A
08

 
0

.2
8

4
 

2
.6

3
 

8.
 7

3 
11

. 
1 

7.
 2

0 
-1

8
. 

13
 

9
.2

1
 

A
0

9 
0.

3
3

3
 

2
.4

8 
8

.6
6

 
10

. 
6 

6
.6

9
 

-2
4

.2
 

9
.2

6
 

A
lO

 
0

.3
6

2
 

1.
 2

73
 

7
.7

0
 

9.
 1

9 
6

.8
2

 
-1

1
. 

55
 

7.
 8

5 

A
ll

 
0

.3
98

 
2

.5
2

 
6

.5
0

 
10

. 8
 

5
.5

7
 

-1
1

. 
55

 
6

.8
1

 

A
l2

 
0

.4
3

0
 

2
.0

5
 

6
.3

0
 

8
. 

98
 

5.
 1

9 
-1

6
.2

8
 

6
.6

4
 

A
l4

 
0

.4
8

5
 

1.
 5

12
 

5
.2

0
 

1
5

.9
 

2
.5

2
 

-1
8

.6
0

 
5.

 5
1 



-146-

REFERENCES 

1 A. Einstein: Ann. Physik..!._2,, 289 (1906); 34, 591 (1911) 

2. H. von Eilers: "Die Viscosidit von Emulsionen Hochviskoser 

Stoffe als Funktion der Konzentration", Koll. -z., 

n. 313 , 1 941) 

3 E. Guth, "Theory of Filler Reinforcement", J. Appl. 

Phys., ..!.2_, 2.0 (1945) 

4 H. M. Smallwood: "Limiting Law of Reinforcement of 

Rubber", J.Appl. Phys., ..!.2_, 798 (1954) 

5 C. vanderPoel: 110n the Rheology of Concentrated Dispersions", 

Rheologica Acta, !.._, No.2.- 3, 198 (1958) 

6 N. A . Frankel, and A . Acrivos: "On the Viscosity of 

a Concentrated Suspension of Solid Spheres", Chern. 

Eng. Sci., 22,847 (1967) 

7 Y. Sato and J. Furukawa: "A Molecular Theory of Filler 

Reinforcement Based upon the Conception of Internal 

Deformation (A Rough Approximation of the Internal 

Deformation)", Rubber Chern. Tech.,~. 1081 (1 963) 

8 R. F. Fedora and R. F. Lande].; JPL Space Program Summary, 

37-41, 4, No. 10, 97 

9 N. Fishman, and J. A. Rinde, "Solid Propellant Mechanical 

Properties Investigations" , SRI Project PRU -4673 ( 1964) 

10 R. J. Farris, 11 The Influence of Vacuole Formation on the 

Response and Failureof Filled Elastomers", Trans. Soc . 



-147-

Rheology, g, 315 (1968) 

11 A. C. Eringen: "Nonlinear Theory of Continuous Media", 

McGraw-Hill (1962) 

12 M. Yamamoto: "Rheology", Maki-Shoten ( 1964) 

13 F. R. Eirich: ''Rheology", Chapter 10, Academic Press 

(1956) 

14 I. S . Gradshteyn and I. M. Ryzik: "Table of Integrals 

and Products'', p. 284, Academic Press (1965) 

15 R. F. Landel and N. W. Tschoegl: "A Research Program 

on Solid Propellant Physical Behavior", MATSCIT PS 

67-1, California Institute of Technology, Pasadena, 

1967, AFRPL-TR-67-193, Volume 1, June 1967, 

pp. 1[-1 to 1[-49 

16 C. K. Lim and N. W. Tschoegl, W . G. Knauss , R. F. 

Landel, . et al. : "A Research Program on Solid Propellant 

Physical Behavior", CHECIT PL-69-1, Californig. 

Institute of Technology, AFRPL-TR-69-180, Edward AFB, 

California, August 1969 

17 E. H. Hall, Am. J. Mathematics , f_, 287 (1879) 

18 M. Epstein, et al. : Proc. of National Electronics Conference, 

..!2,. 241 (1959) 

19 "The Hall Effect and Its Applications", pamphlet by F. W. 

Bell Inc . 

20 M. Okuyama, Personal communication 



-148-

21 T. L. Smith, Technical Documentary Report No. ASD-TDR-

62-572, Air Force Systems Command, June 1962 

22 R. C. Sampson: "Observation of Damage in Rigid-Particle 

Filled Elastomer Models", CPTA Publication No. 177 

1968, p. 221 

23 E. H. Kerner: "The Electrical Conductivity· of Composite 

·Media'" , Proc. Phys. Soc., B, 69, 802 (1956) 

24 E. H. Kerner: "The Elastic and Thermo-elastic Properties 

of Composite Media", Proc. Phys. Soc. B, 69, 808 

( 19 56) 

25. N. W. Tschoegl: "Constitutive Equations for Elastomers", 

to be published 

26. H. Kausch and N . w. Tschoegl, N. W. Tschoegl, R. F. 

Landel, et al. :11 A Research Program on Solid Propellant 

Pbysical Behavior" , CHECIT PL 68 -1, California 

Institute of Technology, AFRP L-68-1 06, June 1968, 

pp. rr-1 to n-29 


