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PART 11

Part II contains the various mathematical
appendices referred to in the text; as well as
the References, Table I (Physical Constants), and

the Figures.
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APPENDIX I

Time Aversge of Products of First-Order Quantities

We wish to list several useful expressions involving the time
averages of products of two first-order quantities Al and B1 of the

form (see Sec. 7):

Al - Ae-i.u)t B e Be—-iwt (1.1)

where A and B are complex space functions independent of time and having

absolute values A and B :

A= |Ale™ B=lgle'f (1.2)

S0

L(at-wt) | e-'c(p—ut)

A= lale B,= |B

Now as pointed out in Sec. 7, the first-order quantities are all real; for
convenience however we represent them as complex quantities. Consequently,
only the real parts JZ(AI), Jl(Bl) are to be used in evaluating the products.

Thus the time average of Al B1 is

(a8), = [R(RIR(BI], (1.2)

so that from (1.2)
(A,B), = IAl-18] [ cos (x-%t) cos(p-wt)) (1.4)
- §IA8] [ conCanp-ze) + cos ()] @

= $1AllBl cos(x-p) , (1.6)

since the time average of the first quantity in the bracket of (1.5) is

zero. But now, using (1.2)



-

5 (AB*+ A%8) = %lAl-18) [ei(-f-p)+ o L) ]

so that (1.6) becomes

(nB),, = %(AB Xy BAY)

|

We now use

L(ag"a'8) = R(A*8) = R(AB¥)
to obtain our final result
(A.B), = LR (A'8) = ¥R (ABY)
v

which may also be written

(A B), = FR(K®) - L R (a8¥)

Two special cases of interest are

2

(AA),, = £R(Aa%) = 1al" = Flal?,
LA'A')A. . [(-a..;A.)A.']A‘= L RIGMA*] =0 ;

(1.14) follows from the fact that the quantity in the last bracket is

pure imaginary, so that its real part vanishes.

1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)
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APPENDIX II

Spherical Bessel and Hankel Functions

The radial part R(kr) of the wave function satisfies the spherical

Bessel Equation

1L (248) 4 (- 2l R < O

, d dR nine)) o _
or % :F(sz;_) o (I _ T) R =0 (2.1)
or R +2pR +[p'-nl(ned]IR =0

where p = kr , kbeing the complex wave number, and R' = dR/dp etc. The
solutions of this equation are the spherical Bessel functions jn(p) (regu-
lar at p=0), the spherical Neumann functions yn(p) (singular at p=o0), and
the first and second spherical Hankel functions hn(p) and hn(p), defined

by
1y
jJﬂ =(Wh£) Jmﬁ(ﬁ

Hn(f‘\ (W/2f) Ym,q,_(f‘)

(2.2)

ha(p = Julp) + iy (p)
Bl = julp) = igalp)

where Jn+ql and ‘(n,qz are the ordinary cylindrical Bessel functions
of half-odd-integer order. Letting Rn(p) denote any solution of (2.1,

the following relations are satisfied by jn’ Y, hn’ and ﬁn for n20:



“Tb—

pRLLp = (2ar) Ru(E) -p R, (p) (2.3)
pRA(G) = pR(p) - (ne) R, (p) (2.4)
p Rulp) = nR,(p) =pRu(p (2.5)
FRu(R) = 2pRp () +nla-DR(p) = p*Rulp) (2.6)
r‘a’,’,(f) = (nel(ne2) R (p) = p*Ralp) = 2p Rpr, (p) (2.7)

For n=0, terms of the form R,_(p) can be evaluated by using the

general relztions

4P =0 (p) g (p) = 875 (p) (2.8)

to obtain y and j for negative orders.

Explicit expressions for the first three j's, y's and h's are

()= NP ()= SHP _ corp (2.9)
JO(P) f J' P) fl F
() = (2 - ) sing - 3.
jale) = (f” f) sinp - 2, cos p
2.10
Yolp) =‘°°:P d(p)= - @52 - sinp (2.10)
'j,_(f): —(-sf;—a—;:‘)cosF - -;-2 sinp
. eLP _ pr Lo L 2.
no(p) < -i & nw__e(fﬁf) (2.11)
‘i3l 3 |
i = =87 (22 5)
For small arguments the following expansions are valid for n =0:
£ £ i
Ja() pro 13520 {| T Z(@ne®) | 24Gned(anes) ] R}



Y=

4

2
Py e [ S S ] L e

f—>o P 2(2n-0 2-4(2n-)(2n-3) *

The general series expansion for hn(p) is
-n-1 P . 1 . .
w r (ned! 7\, (e2dt i N2 @ (i \"
halp) = 1 ra [' METEYET (lp)+ (H-l)‘.Z'.(zf) SR (?.p) (2.14)

a i.-M eiP nZ (n+n)! (L )"

P S eatar \2p

For large values of p the asymptotic expansions are

Jn(f\ —i -#—cos[f-(m-a;] (2.15)
s

Hn(F) —_— Lf’- sin[f—(nw)lf] (2.16)
|

hn () ——— = . (2.17)

We also note that since j and y are real functions of p, the complex

conjugates of j, y, and h, are given by

n(F) = jalet) 9o (p) = yn (p")
(2.19)
h:(r) = j:(r)ﬁ.*lj:(p) = _]n(p*)-ig,,(p*) - hn(p*)
so that inf:'éase of hn(p), the complex conjugate h,:(kn\ =% (k*n.) is

alse a solution of the differential equation, with the complex conjugate

wave number, a fact we shall use later.
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Finally we list several useful integrals. All are easily derived
from the differential equations for the two spherical Bessel functions
in the integrand, or they may be obtained from the corresponding inte-
grals for the cylindrical functions, using the definitions (2.2). (See
Ref. 16). Let R,,(kn.) and En(ln) be any two sphericzl Bessel function's,
k and £ being general complex wave numbers and r the real radizl coordi-

nate. Then

A 3

f R: (k)Adr = -f‘i— [R2(kA) - Ry (ka) R,m(kn)] ‘ (2.20)
« —

J R, (k) R (ka) X dr

=52 [lE,,(kn) R, (kn) - R (kR (ka) = R (ka) En_l(k,n] (2.21)

A 2

[ Rl dn = T [1R, ()R (h) KR, (ka) ’é,,(m] (2.22)

k#2

5 (2.23)

- S [kR, (07, (0 - 2R, , (20) & (kA)] "

A useful special case of (2.22) is the following integral, obtained

by use of (2.19):

J h (kA (kA dr = I kh,, (ka) b (kn) = K'h_, (ka) hn(kn)] B

kz- k* 3

The above integrals are all valid for n =20 where again, for the case n=0,

the relations (2.82) are to be used tc evaluate jq: ory., in the Rn- terms,

1
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APPENDIX III

Legendre Functions

The Legendre polynomial Pn(cos ©) satisfies the @-part of the

wave equation:

| d (.. .dPR
< d¥n P =0 . D% |
sin@ de (sine ) Pl 2

and the associated Lengendre function an(cos Q) = an(u) may be defined

by

Prip = (op)* —————":P':.,(" : i)
,J

where u = cos ©. For n=1 we have from (3.2)

P (os®) = - 2P (3.3)
n 48

so that (3.1) gives the relzstion

e ) o e o

sin®

which is used in the boundary equations involving the vector potential A
in Sec. 14.

The orthogonality property of the Legendre functions recuires that

m

the integral of the product an P "sin © d © vanish unless n=r, when it

has the value

™

J [P:‘n(“’se)]zﬁnedg__. 2 (h+m)!

Zn#r (n-m)!

(2.5)
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APPENDIX IV

Calculation of the Potential Coefficients for n=0

We wish to determine the potential coefficients Bo Bé Co Cé from
the six general boundery-condition equations in Sec. 14 for n=0, under
the assumptions that ;1<< 1, and that the order of magnitude relations
of Sec. 15 hold:

i 8 r 4
(i‘.}m(:‘—'ﬂ)tm(—k—'- N:L-L < & 1, F.=‘-
A‘, b k-._ dl
and where we impose no restriction on the magnitudes of 2, and b, Similar

relations hold for the corresponding primed quantities.

We shall indicate the general procedure for the B° coefficient and
then indicate only the main steps for the remaining quantities.

For n=0 the general equations in Sec. 14 reduce to the following
four equations (the vV, and Prg equations do not appear for n=0 and

Do - Dé =0):
Boaha) - Blalji(a) Coarhyla) = C;n.';j.',(aﬂ = - ajola) (h.-l)
B, hola) - B.',d:j.(a‘.) + Coeyh,(a) - Cia‘;j,(a'-)= - o jo(a) (Le2)
Bofusaiha) - Boojd)ji(a) + Cofwpashy(ay) - Comjarjiad = -Fuiajola)  (4.3)
Boe[ b hila)-2aiHo ()] * Coe[Fpihla)-2diholay) ]

-8, [ -2d o] - calpl ) - 22 2 (a)]
= -e[bpjlad -2aljiad].

(Lek)
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These equations are exact. We now write the array of coefficients
of the unknowns Bo Bé Co Cé and the constants on the right symbolically

as

() (8 (c) ()

T Ay
T
b, D, D, D, D, (4.5)
n T, B ¥,

where, using the relations in Appendix IT and imposing the conditions

L = I =
that aj ¢ 1, aj « /él (51 1, we find for the values of the above

constants (putting jo(al) =1):

A= —hola) Ay = aiji(a)) A,= -azh,(a) A,=ay)(a))
A = a.j.(a.)

C,= o hgla) C,= -« G = thola)  Ca= —otjo(a)
Cy == ot

Dl = -%dlhﬂ(al\ Dz= °‘I| a-'ljc(‘:) D3= -idzdih.(ﬂz) D4= d':-a‘!j.(a;)

D, = Zaa,)(e) (4.6)
= e(@-dhl) F=-8" F=€p. B'helas) + 2 ak holas) -4€ashy(a,)

F - el F= = Fi Jolo) - 2alj, (o) + 4aij,(ap)
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Then the unknown Bo is given by
BO = A(BO)/AO (ho?)

where &, is the determinant of the coefficients on the left of (4.5) and
A(Bo) is the same determinant with the first column replaced by the column
on the right of (4.5).

We now evaluate Ao' Since the first two columns contain small quanti-
ties while the second two are of arbitrary magnitude, we shall write only

the first two columns explicitely in order tc see which elements are negli-

gible:
3 aty, (al) Ay Ay
o foty  =di/, ;ﬁ- :—z;—
s, = oPh(a) - e /o, S%-apl(ai) ?-3—2 Ziz (4.8)
€(b>-4) b2 r, ¥

where we have divided out ho(al).from the first column and 2 from the
second and third rows. Now consider the magnitudes of the elements in

the first two columns: In the first column the top and bottom elements
are of order unity and the other three are of order ai since €(=n/n') ,

#(=o/o') and b2 are unrestricted and t:ll/o(2 is of order ai<< l. Simi-

larly, in the second column the first two elements are of order ai2<<1,
the third is of order a'3<< 1, while the fourth (-b'z) being unrestricted

1
may be considered of order unity.
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It follows that if the deterimant is expanded by second-order
determinants in the first two columns, only the (-l)(-b'z) product is
of order unity. Since this product represents the A1F2 term we see that

Ao can be expanded as

8, = &F, D. D (4.9)

After some algebra we then find

Cs Ca

D, Da| — h"(“‘wz(‘“"g hola,) “:aj-(o'ﬂ " (4.10)

A, = h(a) B

Following the same procedure for A(Bo) we find

Ay Ay Ay A a,j,(a) aljia}) As A,
07 02 03 Cl} 2 ) l“’:, "‘4||/°(1. Cs/dz C4,/°‘1.
A(BO) = = d2 ol . Mrs (holl)
D, D, D, D, 72 aj)  %djla) Dalwn Daley
F, F, Fy F ~¢}E e Fa Fa
If we now indicate elements of order unity by 1 and order ai by
X << 1 we have
x x A3 Ah
x x C,lu, ©Clu
8B ) =a =8 Wl (4.12)
2 2 x2 x2 D./. D /
¥¥2 W2
F
1 1 F3 L

We see that in the first two columns only two determinants are of order x:

A C, C
I
F ¥

F7 F2 F7 5



T

2
the rest being of order < or x”+ Expanding A(Bo) in this manner we

therefore have

A(B ) = . * . ([h].3)
)
F7 F2 D3 Dh C7 C2 D3 Dh
In evaluating the determinants we use the relation 5tﬂ2 = eb2
and find
4, 2
A7 = S [8 dj!(al\\ = 0~|j|(“)]
F7 F2
C3 Ch
. dﬂ{[o'..].(n'ﬂho(nt) = £ jol@)- ah (aﬂ]
D3 Dh :
(L.14)
F F
7 2 2
= B (5 -u)
C7 02
A A
3 [
= ( '{"; = d;) C\'zj\(“'z\ . thl(qt\
By Y

Finally, with A(Bo) from (4.13) and 4, from (4.10) we find B from

(4.7)

: Ny ' a ola
e B [o(3] (e [65) SO |

or

3 1
Box L [6(2)-1] + (42 1) i Co ashilal) (4.15)



where 7 = jolat) . a, h.(a.) (4.16)

“"le (0’1) ho(a'l)

and Co is given below. In the reduction we have again used Appendix II
to evaluate jl(al), ho(al)’ etc.

It may be noted that for zero thermal conductivity o =0, ® = 0,
so that o, = = (ava'-'e)-l-—>oo and the second term in (4.l4) vanishes;
the remaining first term then agrees with Epstein's corresponding coeffi-
cient, given by his Eq. (47) in Ref. 6 for the case o = 0. Unlike the
first term which is pure imaginary and contributes nothing to the viscous
dissipation (see (17.12) in Sec. 17), the second term has a real part, and
this later plays an important role in our results for the viscous dissipa-
tion (Sec. 17).

Turning now to B! = A(Bé)/ao, we proceed the same way as before to

evaluate A(Bé); we find

Al A,? A3 A‘+ 1 x A3 Ah
Cl C7 C3 Ch X X C3 Ch
A(B ;) = ~ 5 ) (4.17)
Dl D7 D3 Dh X X D3 Dh
F1 F7 F3 FA 1 1 F3 l’-‘!+

Clearly A1F7 is the dominant product in the first two columns; hence we

have

8(82) = (AF,) - - v°n (a;) (4.13)
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and using eb2 = 6b'2 and Ao we obtain
1 = f =
B! = a(B!)/a, S. (4.19)

For C_ = A(CO)/AO we have

Al A2 A7 Ah 1 X % AL
Cl 02 C7 CL X X x Ch
a(C,) = " B o s 2 (4.20)
Dl 227 By X X x Dh
Fl F2 l"7 Fh 1 1 3 Fh

and we see that the dominant term in the expansion will be of order x

and is
a(c) = - 4D, ;2 27 = Ulu,'_(fsd.’~a.\ he(a)) aij.(a‘ﬂ, (4.21)
279
so that
G Ry A =

where Z is given above in (4.16).

Similarly, for Cé - A(Cé)/Ao we have

A Ay Ay A, 1 x 4, x
Cl 02 C3 07 x Xx C3 x

8(Gg) = D, D, D, D, xR D, % sl
F) F, Fy Fy 1 1 Fy 1




or
A(Cé) = 4,0,

and finally

~87-

02 07 2
Il L by (Seti-st) holad: ahilay) |

' - oly a-‘l.hl(az)
CO % d—; e

Cl;_ J.l (a‘!l.)

This completes the calculation of the coefficients for n=0,

(4.204)

(4e25)
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APPENDIX V

Calculation of the Potential Coefficients for n=1

Setting n=1 in the general boundary condition equations of Sec. 14

we may write, in the same way as for n=0, the symbolic equation

(8) () () () @) O

Al A2 A3 AL) A5 A6 A7
B1 B2 B3 Bh BS Bé 37
Cl C2 03 Ch 0 ) ; C7 (5.1)
Dl D2 D3 D'h 0 0 D7
El E2 E3 E‘!+ ES Eé E7
Fl F2 F3 Fh F‘5 F6 F7

for the six unknown coefficients 131 Bi Cl C]'_ Dl Di. Putting a1<< 1,
ai<<l etc., as before, the constants A]_...F7 are given by
A,= —Zh,(a) As= ahula) - 2h,(a,) As= —Zh(b) 1
A= - ja) A= - ajla) +2ji(a)) Ae= 2j.(k)
Aq s @)
B, = hia) By= h,(a) Bg = h.(b- bh.(b)
B, = - jia) By= - ji(a) Bg = -ji(B)+ Bjo(¥)
B, = -ja) | 45,2
C, = oh,(a) Cy= ayh.(a,)
Cz = ~aji(al) Ca =-otz jy(a2)
Cr = —etjifa)
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D,= -2¢«h(a) D, = ;(ot,_b.,_ha(qa) —Zjlqlh.(aﬂ
D= ~eujlal) Dy = - o0 jo(ay) + 2 j(al)
D, = ~£u«,j(a) > (5.2)

E,= -3eh,(a) Ey= €a,h,(a,) - 3€h,(ay) Eg= -3 e(-bMh(b)+ebh,(b)
E, = -5'—0,'1J', @)  Ey=-ahj, (el «3ja}) Eg™ %(e-u‘)j.(s) - I:':j,(lé)
E,= 5ed),(a)

F=e(6-iDha) F= elg"elh.(aﬂ-o-Zeaih.(a.) - 4eah,(ay) = —4ebh,(b)

g
Re-b(@)  F= g - 2alji(a) + 4y la)  F= 4bj(8)

F, = -€ sz.(a.\

We first calculate the determinent Al of the coefficients, i.e.,

the determinent on the left of (5.1)., Factoring out hl(al) from the first

column, jl(ai) from the second, and writing x for quantities of order a.i in

the first two columns we have as in Appendix IV

-2 Y S R
1 -1 By B B B
a, = hy(a;)J(a]) x x €3 C 0 O (5.3)
-X -x D3 DL 0 0
-3¢ x E, E E  E
e(v*-12) 12 P, F, F F

Neglecting elements of order x or smaller we see that in the second and

third rows only CBCh and DBD?-» survive; expanding by these rows we have
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5 6
Cq Ch 1 -1 B5 B6

4, = h (a))3,(ay) 0,2, || s, 0 5w, (5.4)
62—12)5 pr2 P Fy

After tedious but straightforward algebra the fourth-order determinant

is found to be

B BjolB) bhl) + B, Bj{B)-h(B) + By ji(E)Bhyll) + B, ji(E)-h.(b) (5.5)
with
Ao = [i-el[eb*+2E%]) A, = —eb'[feb’+ 9(|—e)+b'l]
8, =[6-6-al[B% seb] A, = 3eB[5(eB-8)+ 20-0)] (5.6)
2

Using the relation ¢€b" = 8b'2 we can factor b'z out of each A and re-

write the fourth-order determinent as

; (oo * D1 * P10 * P11 (5.7)
where
D,,~ [(-2+a)] bj(8)-bh.(b) D, = [98(e-)-§eB 2+8)] B (1) h(b)
D, = [3(e-)+55°] (2+8) JORTXC) D"=[21J(.-e)+%at'>‘(a-u)] J(E)-h ) . (5.8)

Thus we finally have for the determinent of the coefficients

C D

.b'hl(a)j(a) (D + D + D +D ). (5-9)

00 01 10 11

3
.}

We now calculate Bl' It is given by



B » A(Bl)/Al (5.10)
where
A A A A
A7231+A56 1 1 AB Ah A5 by
137 82B3 Bl4 B5 Bé 1 1 B3 Bh 135 86
B G B G B D x c. € 0 ©
aB) = |7 234 = 3,(a;) 3, (a!) P (5.11)
1 D D.D.D O O 11" "1V = D3 DAO 0
77273 4
o -x -x E_ D E_ E
Ep Bp B3 By B5 B A
2 ik
; F
F7 F2 F3 Fh F5 F6 b +b F3 FI; FS 6
The second order determinants of order unity in the first two columns
arise from the AF and BF products; expanding A(Bl) we get
A c,C B_B A_A
(8.) A72‘.316 576[_|5 6 (5.12)
4 — ¢
F D, D E_E E_E
07 T2l 173 Pl \ %5 "el s B
where we have used the fact that B7 = A7 ’ 32 = A2 to eliminate B7 and 32.

After carrying out the algebra and using €b2 = 5b12 we find for the

quantity in the parenthesis the value

2
Noo * Nop * Mo * Ny (5.12)

where the N's are given by

Noo = [1~€] Bjolt): bhu(b) Nio= [3(e-0+58%] j,()-bh,(b)
Noi = [3(‘;-! ""Eebt]gj.(g)'hatb) Ny = [9(“‘G)*'%Bl(s-h]ju(g)'h-(b) S
A7 A2 2
Since = bt (1 - 6)j1(a1)j1(ai), we finally find

Fo Fp
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c,C

- 3k
s e PR e T e

and with 4, we obtain By from (5.10)
3
. Oy Noo + Noy + Nyo + Ny . q,g (5.16)
= L—(i- = — —:S)G »
B, La(l £) [D°°+Do.+D.°+D,,] b ¢

after canceling j.(a!) in a(B,) and A_ and using h_(a.)/j(a.) = 1la
1'% 1 N | 1 3

1
from Appendix II. G is a useful abbtreviation for the quantity in the

bracket.

The coefficient Bi is found in an exactly similar manner. We re-

place column two in the determinant on the left of (5.1) by column seven
and obtain exactly the same order-of-magnitude scheme as for 8y (5.3) ex-
cept that jl(ai) is replaced by jl(al) and b'* by eb2. It follows that
A(Bi) can be written in the form (5.4) with the same replacements. We
then expand the fourth-order determinant; after the algebra has died down
there finally emerges a form similar to (5.,13) above in which each N is

3 eb2 = 3'Sb'2 times the corresponding N of B, in (5.14). This gives for

;
A(Bi) the result

C3 CL

Dy B

\
(Noo * Vo * Nyg * Nyqp) (5.17)

a(B]) = 35b%h (a2, (a))

we finally get B!:

so that using & 1

1

B, = = 35[”“*’““’“'”““] = 235G = & ¢ (5.18)

f D,o+ D, +D,,+D, o, ah
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ft - L] B' - 3 - 3 ' = '.

after canceling hl(al) in A( l) and A, and writing Jl(al)/jl(al) al/a1
Having found B, and Bi we can now obtain Cl and Ci from (14.6) and

(14.7) of Sec. 14 expressing the continuity of temperature and normal heat

flow at the surface of the scattering sphere, since these equations do not

involve Dl and Di. We write these equations for n=1 in the form

Chlan) - Cuijlan) = B (5.15)

C fenashfa) = Clegj () = Q. (5.20)
where

P = Bu\j) - aj(a) - Biaihi(al) (5.21)

Q= B',u:j,(n',) = o ojia) + 28,4 ,h(a) . (5.22)

i 15t = d 1 T -
Here the approximate relations aljl(al) jl(al) an alhl(al) 2hl(a1)
for small arguments have been used in the Ql expression, Substituting
the values of Bl and Bi we find, again using the small argument relations
of Appendix II:

S [:11 ¢-1-0-86] (5.23)

L

Q- taw[2e -4 -220-5)6] .

Now we use (2.4) from Appendix II to obtain h:'L and ji in (5.20) above
and find



..

A= —epulayjlah(a) + saoty ¥ (o)) ash, (a)

= dl'l':. [Z('}l‘nj.(dnh,(th\ * ﬂ'a.jo(aa)h-(lﬂ = ')l ‘zh-(%)'j.(a'n}

Ale) = —Rd',a.',_]'.(u;) + a.«ij.la-‘&

- Sty '1‘{ J@) [ (2+) -35-:' G + 2(1-0)0-9) G]
+ ay jo(az) [%—{-G’—l *(I-S)G] }

H(5.24)

n

A(c)

1

Q, dih‘(a-.) - R ‘i °‘1a-1.h: (“z)
%d.dla. { h,(a,) [(I v24f) 43": G- 3}{] + azh, (a,)‘_'-*(l's)G‘g:'G']}

o

Combining these equations we find

c, = A(Cl)/A ct = A(ci)/a. s

the expressions given in (16.8) and (16.9) of Sec. 16.

Since we do not need D1 or Di we do not calculate them but merely

note that by the same method as above it is easily found that both are of
order a,- This completes our calculation of the potential coefficients

for n=1, As will be seen in Secs. 17 and 18, only B1 is required expli-

citely; however the order of magnitudes of Bi, Cl, Ci are reguired and

the full expressions are given since they were worked out and may be of

interest in connection with other problenms,
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7

APPENDIX VI

Calculation of Viscous Dissipation Surface Integral

We wish to calculate the surface integral Is of Sec. 17:

over a sphere of radius R for which klﬁ >>1., Here we have written

b= + b3

L

Z (" (2n+) T’,,(cose) (‘J“( P) + B, hn(f’)] (6.2)

with Py = klr >>1. For the derivative of ¢ we have

o =

22k < 3 aankl i)+ Bk (p)] (6.3)

where the prime signifies differentiation with respect to Py* From

Appendix II, with ‘Sn = (n + l)—g—, we have the asymptotic forms for
large arguments:

jnlp) = 5 cos(pm80)

I
|
8
q

ju:(f’-)= *}!—S-i»-(p.—aﬂ :

’ —-’-;.‘-»w.é"

(644)
ha(p) ‘}-f.ei(f"s“) = L'

{ i |_5n L L
ha(p)) L SR

"
[}

1
m

—_—

P

|
l
®

where o is real and we have taken the "phase derivative" only, since the

derivative of l/p1 is negligible compared to l/pl. We now use the
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orthogonality property of the Legendre functions of different orders
(Appendix III) in the surface integral to conclude that only products
of the same order will survive in the integration,

Thus the integrand evaluated at the surface is

(wpd22) = Z tapelanad (8T Ljalp) + B, (] Lintpd+ Bl ] (645)

8

;m},‘(h,,{(g,f% [-4sins + i8,ET0s6 -8 Tnr +iB,8) ] (646)

3
"

o

where (6.4) has been used. Putting the i inside the bracket we get

2 k, L. L6
';'.'&-(twf.#*::) Z “f‘o(%ﬂz(?w X, l [' §n2e - Bre cose
- . (6.7)
—iﬁ*r"e s‘;ﬂ\tr - Bth :]
But for any complex number A we have R(A) = R(A%*); applying this to the
third term, R(-i Bﬁ e-iasin o) = R(iBn eiosin o) and (6,7) reduces to
L]

LR (iuop*2?) - zm,,(zm.\(pw zizﬁa[-xax,,-ss;,,a,‘:] , (6.8)

where the first term in the bracket in (6.7) has been dropped since it
is pure imaginary. Putting Py = klﬁ, integrating over the surface and

using the Legendre product integral we obtain
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< ¥ Ky
5 zo(ln ,,Dz{ L(a}zzn(ﬁ\"wede (—;E‘);_ “P“ITR[‘B,.- B, B: ]

o0

x> 41
Z°(2n+D { Zn+l
ns=s

=
il

@ *
j2e Lg -8, -nl],

or, using kl = w/c

Is = =-2mwp,c Z,CZnH)R[Bh+B"B:] . (6.9)

which is the desired result.
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APPENDIX VII

Calculation of Viscous Dissipation Volume Integrals

Outside Integral

The outside volume integral of Sec. 17 to be evaluated is

I = %Zdz j&?wibg;d\/ Rent B
where, from Secs. 8, 9, 15 we have
T = -V = K(o+b)+Kab,
po= twpe (0 +o) 1ty ] }

T
2 i _4NY S Y 1
a|(<l) er-.l) 31-‘——3—i \ |=<.z' kl—ta s -‘:li<<|

Thus

LR(FEs) = 4 op ] 1Elherleon) + B Cone)
Pl K (0, +8) + 10K, 4,0 ]

Ufo R[“:1¢1(¢1+¢3¥ + a.zl:l bld’.:- ]

L.
z

(7.1)

(7.2)

(7.3)

(7.4)

(7.5)

since in (7.4) the first term is pure imaginary and the third term is

negligible compared to the second.

We now integrate the first term in (7.5) using the potentials of

Sec. 12, and recalling the orthogonality of the wave functions:
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de i [,'_"(zn fn)ﬁ,cnh,,(k,_n)] [i-h(zmb F,.(j:(k.:.\ +B: ‘n:(k,n))]

n=0

fd v ¢z( b, +¢D*

0 R
2 4vned[C, [ 20, 0e) 20n

h=o

I

. R (7.6)
« BC J b (k) by (k) A2 d 2 ]
R
The first integral in the bracket has the value (Appendix II):
- R
ax .
J K (k)b () dn = [ 2 1[k. Junn by (i) = koh, () 5n(km\]} (7.7)
R k."‘ k: R
R y .
= “-Jm.(“-)l"n(“b -a.lh,m(aﬂ)n(a.\ A (7.8)
where we have used the facts that k, is real so that j:(klr) = Jn(klr),
that ki << kg, and that the Hankel functions are negligibly small at the

upper limit R, as discussed in Sec. 17. Moreover since 4.)M‘l4.\/j“(a.)~°f“ b
the second term dominates the first in (7.8) so that the first integral

in (7.6) is

R
CnJ j:(k.n)\\“(klﬂrf‘da = —Ch%jn(a,\a}nnﬂ(aﬁ = (7.9)

R

Evaluating the second integral of (7.6) in the same way we find
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: ’ _
B bl dottn = Jm— Tt o fiea) ~ i et i) }
L {ka-."k‘z [ } . (7.10)
- = . %)
B k:: [Q hnﬂ(‘“‘n(ab - thnw(dﬂ hn(ﬁ.)] (7 )

where now both terms in the bracket are of the same order so that

..

Jh (kb k) dn = B C =7 - [a.h".;.(a.)h,(«,)—uh,+.(«aht(th] . (7.12)
Thus the integral of the first term in (7.5) is

IJV ¢1(¢;+¢$ = hz=°41r(7‘“+0 {— Cn% ih(a')athﬂh(qi)

B C"l k'l. {a|h.:-h(°)l'\n(az - a:.hnﬂ (Q,) ‘1*; (d.‘)] . (7.13)

Turning to the integral of the second term of (7.,5) we have in

the same way, using the expression in Sec. 12 for ‘#2:

Jdv4’1¢: Z 47r(zan) C,, C Jh (k.Ln)h (kp0) Adr (7.14)

= * A_z * =
= z 4-1'\'(2!11—0 Cncn {—-2——*—2 [kz‘nnu (k,_rn In: (k,_':) i k,_ "ln,,(kzﬂ) L\n(kz"b]}
n=o kq__"kz R (7'15)

hz- 4T(Znﬂ) CHC [a‘lhn-}l(ai) ht (Q:) - “:. “\tﬂ(di) hn(“l)—_\ . (7.16)

.
n "Zk:
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In (7.14) we have used (2.24) of Appendix II to evaluate the integral;

in (7.15) kg - k%z = 2k§ since kg is pure imaginary, and the minus sign

appears because the bracket is evaluated only at the lower limit as above
in (7.8).
Collecting our results we finally have from (7.5), (7.13), and (7.16):

—
I

L = Lup, {Lk Jd\lg(cbiw.)* - tlzﬁjdebf} (7.17)

I

Zmiop,R 62{2 (20 {=CC (@) a3 0 +
+ 1 B: C‘n [alh:ﬂ(‘l)h,‘(aa) -a:.h,.,“(“,) ht(ll.‘ ]

O Ao o a.lhnﬂ(qhh:(u,)—qthnﬂ(a‘}h“(a‘)l} } (7.18)

We now wish to evaluate this for n=0, n=1l. Using the approximations

of Appendix II for the small argument a_ in the j's and h's and the order-

2
1,Cl'»Bf»B a)
we easily find that for n=0 the C, term in (7.18) is of order ai , while

Moreover, for n=l, the Cl and

: |
of-magnitude results for the coefficients from Sec. 15 (C ~a

the B¥C and C C¥ terms are of order ah.
oo o0 1

Biic1 terms are of order ai and the Clpi term of order ai. Thus only the
Cn term for n=0 is significant, and we finally obtain for the outside vol-

ume integral (with jo(a1)=IJ:

I, = ~2rpe R[iaConhnlad] (7.19)

v

Since the surviving term represents the product ¢§ ¢1 in (7.17), the

significant contribution to the volume integral of p¥V.w arises from the
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interference effects between the incident acoustic wave ¢ $ and the
scattered thermal wave ¢ o As we shall now see, a similar result
holds for the inside integral, taken over the interior of the scatter-

ing sphere.

Inside Integral

The inside volume integral of Sec. 17 is
! 1 R ;* 1 L
Iv = 5 + v-u' dV 0Lnt R . (7.20)

In the same way as before we find

g ¥, T z
LR (Few) = Fupl R[ilem) (g + )] (7.21)
* 2 * *
- Lup Ri6Y +ilael v e el ] o2
* 2 ’ ’*
R T A A (7.23)

where again the first term in the bracket of (7,22 is pure imaginary and
the third term negligible compared to the second. Integrating the first

term of (7.23) we get

* - n o o) ~h l* ’
Joveal = [av) [0andnc, ju(da) [Ten) BB, 6] (7.24)
= *
- ,,Z,, 4w (2ae) B G, LR}:(H.QJ'..(H;Q Al dn (7.25)

2

R
= Z 41 (2n+n) B':C',, { —:— [k'.:‘m(l k'.n\j..(k'lu) - k'ljn’l(k;a)ju(lz,n\] }

== ? ’7.
=0 kn-kl

(7.26)
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£ 4l el Tz L e - jontad 0 | Sl

o0 * R
= Z 4“’(2!\{—0 B, C,

— nCn gz o () fn(a) (7.28)

)

since in (7.27) the first term is of order aizsmaller than the second.

Integrating the second term of (7.23) we have

Jdv d’:_.{;:* = J',;IV Z; (z""'\I(PﬂlcnC:j“(l':'m\j:(kftk) (7.29)
s R
= hZ“w(znmc’,cf j jn(n!..aj'f(uza dn (7.30)
i4 (2ne)C, ¢ -‘-/E[z' (Kan) ¥ (k) (7.31)
£ T\2n+) L4 3 Jn 2 jh n e .
R CORIICSY j:.( k;,g] }
g°4w(2n+)c Cn4R3[ZJ,,(’4D () _Jn G)J (a}) —_]rn IL,)J.. (l\] (7.32)

Collecting our results (7.28) and (7.22) and using (7.23) in (7.20) we

find for the inside integral the general result:

T

I = sup R faves + kY Javes] ]

(zmp'.km{

(7.33)

> Gamd {LBLChal, (o0 julal) +

h=o

4 LCHCE AL [200D)}Aa) - jasla)j () - ,-wcanj:g«g]} } (7.38)

To evaluate this for n=C and n=1 we use the order of magnitude re-

P 2 .
lations from Sec. 15 (Bc',-JB]'-f“l » C'~a]'_ 5 Ci«/aiB) and Jn(a]'_)rvain. For n=0
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we see that the Bé* Cé term is of order aizand the COC;* term of order
aih; for n=1 the terms are of order aih and ai6. Thus we keep only the

B Cé term for n=0 and get (jn(ai) =1)
r* '
T = (zrop ) RUBLCL G @D ] (7.35)

but B; =g = po/pé so, after multiplying numerator and denominator by kl

we get
e s R[—iq.cgqijl(aﬂl : (7.36)

We now note from Appendix IV that C; is given by

6 = e Salileal o
%z ay jl(“z\

so thet we finally obtain for the inside volume integral of the viscous

dissipation the result

I; = _Z“foc R[‘?Zi% ta,C, alh.(“z\] . (7.37)

which is in a more convenient form than (7.35).

As pointed out before, the dominant contribution to this integral
arises from the 4>é ‘Pi* term in (7.23), which represents the interfer-
ence between the scattered acoustic and thermal waves in the interior of

the small scattering spheres
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APPENDIX VIIT

From Sec. 18 we have the two volume integrals Jv and J; to

evaluate:
-C"ﬁv
Jy = P (EJ T Cw dV (8.1)
; P.,C'o(v

These integrals are easily reduced to the corresponding integrals of
I, and IT in Appendix VII (with integrand p* v.+ instead of T* ¥:v),

Using the general relations of Secs. 8 and 9

T*Q_’-ng_- = —T*Vz(tb,-o- #.) = T*(k:b."’ktéa.\ (8.2)
B (.c.q“téj( K 4+ Kb, (8.4)
o bl el AL sl bl (8.5)

We have used d>1 for the acoustic wave ( ¢>i - d>1 outside, dbi inside).

. 2 2
Now kl ’ 0(2 are real and k2 ’ c(l

last terms are pure imaginary with zero real parts and may be dropped.

are imaginary. Hence the first and

We also have the relation

o ke = (#-Dtyk (8.6)
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as is easily verified. Thus we have

RIr*es] = R[ak0-)4+ 48 ]

-k R[(3-)a%d + &4, ]

) (8.7)
«y ki ¥ Q[‘b‘*‘i’z] "

*
The corresponding expression with primes holds for Q[T' V-U}

v-u' , and
the integrals thus become
J Pociuty ( 2 )& E( * dV
v © o k¥ o b +d) ¢, (8.8)
) R
i P°c'°“' 1 /" t j‘-
Go= = EER ) R | 6 ey (8.9)

The coefficient in Jv is easily reduced to (-]2'— P wz/ #¢) and the integral

is given by (7.13) of Appendix VII. Similar remarks hold for J'; the in-
tegral is given by (7.27) of Appendix VII. Thus the exact expressions are

Lz w Z ‘n'(?.nﬂ){ Cn kl](a.)a;h.m(m +

h * Cn k"[ hm.(d\h (a,)—a, mﬂ(“ﬁh (d)]}

d, =

(8.10)

and

L 3
Po
;_'CI

|
Jv__z—

PR Ty oo
&2 '\Z:é“-"r(lr\-n) Bn Cn T‘_(:—:. [%Jm(.ﬂ:\Jn(a?) - a"j"'l".(“"l\]n(a:)] (8.11)

As in Appendix VII, we evaluate the terms for n=0C, 1 and using the order
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of magnitude of the coefficients and the asymptotic forms for the j's and
h's, it is easily shown that in Jv only the first term, for n=0, is im-

portant, while for J;, the second term in the bracket dominates:

p,aoz ‘4 R.
b= 5 R[- 55 Couhian] L
! Po 4Tk R *
o=+ B ] TR, (8.12)

These are the desired expressions for Jv and J; in Sec. 18.
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APPENDIX IX

Calculation of Attenuation by Water Drops in Air

é-_MxLion_OL_dn

From (19.6) the general expression for o(n is

v =R L) (i-€) b j,(ﬁ\-("il:?) W8] - Ga) 15,06 h ) (9.1)
vk [-(2+3)bhal) +35h, )] [(1-0Bj(6) - (387 (B)] + (4689 (s Bja(6) b (b)

For § , € << 1 this may be reduced as follows, We first note that for
small arguments h (b)eC l/b2 = == —> 0 as W=—> 0, so that even
1 “,RZ

though h., is multiplied by & in the last terms of the numerator and de-

1
nominator, it cannot be dropped without further examination. Using the

small argument approximations however, it is found that the last numerator
term is of order <5b'3 smaller than the first and is therefore completely
negligible for all values of b'. A similar result is found for the secend

term in the denominator so that it may also be neglected. Canceling a com-

mon factor we then have

n

_ 4wn 3 & bha(b) ] (9.2)
By N R[ " ~2bho(b) +98h,(b)

where we have dropped d in the (1 -&) and (2 + § ) terms. The attenua-
tion is seen to be independent of b' and hence also of n', the viscosity

of the medium inside the scattering sphere,
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We now substitute for the Hankel functions their explicit expres-~

sions from Appendix II and make the change of variable

b": z;.j‘ b= (|+n‘.)t5 y = (mﬁz/?_-ﬂ)lh (9.3)
where y is real, to obtain:
s 0 g L RSl ] -
k, (4-17'+953) % i.95(|+5)
Tk M L eyt w1283 4816 (142y 02y )
or
ty = 218 2 0] e (9:6)
" & s 6yt + 728§ +818 (1+2y4+24?) ’

Equation (9.6) is the desired form for the viscous attenuation of water

drops in air.

b. Reduction of OCO

To evaluate X given in (20.8) we must calculate the real part

of the expression:

Q 01'"'-(“1.)/"\ 0(01) | —ta,y
| -4Z - ¥Z

I
N

(9.7)
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where from (19.8) we have Z :

Z _ Ju(aa ﬂzhs(dt) _ l-—i_a,_ (9.8)

ﬁlz.j‘(a',) h°(az) | = a} cot a}

Now since '% is small we see that 7[Z.udll be small except at low fre-

quencies where a_——> 0, a'=—>0; in this case Z has the limiting

2 2
form
,Z | =L,
> 3 .
w —> o a.’,_z d,'_4. (9 9)
3 Y 75

where the numerator is exact and in the denominator we have retained the

first two terms of the expansion for 1 - a} cot a} for small aé. (Since

aéz is pure imaginary it is necessary to retain the first two terms in or-

der to have a real part in the expansion). Now define the dimensionless

real quantities = and =' by

5 1/2

- a,=(1+1)= z = (wR%/ 22) (9.10)

a2 =212

1/2

2 ay = (L+i)g' ' = (wBR%/23' ) . (9.11)

2 .
] = t
a 5 2:11

Substituting these into Z and keeping only the largest real and imaginary

parts in both numerator and denominator we find

(1+2) - (2 o
Z w —>o = s R f" a 4 > _2 E'Z ) (9'12)
L3 2 —Ei

so that (9.7) becomes
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]—l..CLz + -t
‘R[ |—¢Z] T ”2[(' ﬂ__? . ] (9.13)

I+ 17.'){ 1+z2 2'*
= (1+2)

(9.14)

but since ;{ is small, the second term in the numerator is negligible
compared to the first for all =z, z' ; similarly the third denominator
term is negligible compared to the fourth. Dropping these terms and put-

ting
7[/2‘1 = { Sc,,/c;.)/ez (9.15)

into (9.14) we finally have

|—tay . g
R[ -7 l e (1+3) [l+3(5c'/c;)'lg+ %(5:,/&,) -;11 . (9.16)

But now we see that this expression is also valid at higher fre-

uencies, for although our low-frequency approximations ( =z, 2'—> 0)
in Z are of course no longer valid, the whole term £ Z is small com=

pared to unity anyway, so that the exact form of Z is unimportant, Thus

achu(a)/ha(ad
& [ |- L4

is the final desired result (20.9) of Sec. 20.

-1
jl = (l+ﬂl:l+ 3@5:,/4.)% + %—(&:PICD ‘:,:4 ] (9.17)
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APPENDIX X

Calculation of Attenuation b r Bubbles in Water

a8, Reduction of X

n
From (19.6) we have the general expression for « T‘:
4R i bha(e) (-8 1 (8)- 5 858)] - (585) Bjul8) b, (B)
3 [ (v&)bh.,(b\+96h.(l:)] [(-0bj,(8)-557%(8)] + (188" X2+8) B}, (8) b (b)

(10.1)

For & >> 1, € >>1 the bracket reduces to

. b (B (- () — (£¢B)bj() (1)
ik (10.2)
& [bho(d) + (D] [-€ 81, ()] + ($eb) 8k}, () hCe)

where we have used & b'2 = € b2. Canceling common factors and replacing

(L=-8) by =3 in (10.1) we obtain

2
” =4mn s |1 bh,(b) + 5 b h,(b) ] e
1 bhelb) - 9h,(b) + & Eh,(b) )
or
R e s =6k
«, - R Eoels —|  ow
n k., 18b - +180 -3Lb

We now change to the variable y defined by (9.3) in Appendix IX and obtain

2 i 2
T (R N (\j”*‘j“"a‘ﬂ) + L(\j 35 3) (10.5)
ol = T B - 3
1 K, (nja+3\jl+9\j)+L(—lj “'9‘_1'*'9)
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After taking the real part we finally have

1 4 s
4 3 2y + 12y + by
k. Y 234—6\1 "'9‘j + 36y + I6237‘+|G13+ 8l

or

4mn KR
O('I‘: m 2-'\') [
C

5
2y + 124"+ by (10.7)
24"+ by*+ 9yt 4 3643 +1624" 4 162y + B

the desired result (22.3) of Sec. 22 for the viscous attenuation by air

bubbles in water.
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Table I - Physical Constants
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Air Water
£ osect 10° 10* 10° 10° 10° 10% 10° 108
W  geet 6.28 x 10° | 6.28 x 10" | 6.28 x 10° | 6.28 x 10°| 6.28 x 10 | 6.28 x 10*| 6.28 x 10° | 6.28 x 10°
c_cm/sec 3.30 ,xrlol‘ 1&;__195
o by em> 1.29 x 107> 1,00
% p°c2 g/cn sec” 1.41 x 10° 2.10 x 10™°
§:= 2 ot 0.19 1.90 19.0 190 0.043 0.43 L3 L3,
g M cm 33.0 3.30 0.33 0.033 145 14.5 1.45 0.145
y ca 7x10° | 7x10* 7 x 10° 7 101° 10° 10° 10
| B e pee 1.82 x 107% 1.10 x 1072
2 em/sec 0.141 0.011
wv fe? 8.1 x1077 | 8.1x120° | 81x107 | 8.1x10% [ 3.3x10° | 3.3x1083.3x107 | 3.3 x 10
HPS 21x10° | 6.6x10° | 21x10° | 66x10° | 7.5x10° | 2.4x10° |7.5x10° | 2.4 x 10
3, om 42x102 [ 1,3x107 | 42x207 | 13x107 | 122107 | 3.7x107| 1.2x1207 | 3.7 x 207
21 6,7x107 | 21x107 | 67x207™ | 2.1 x10™ | 1.9x107 | 5.9 x107*| 1.9 x 107 | 5.9 x 107
c cm/sec 42 133 420 1330 1.7 37 117 370
o cal/em sec’C 5.8 x 10~ 1.43 x 107
Y 1.4 1.00336 (15°C) (Ref. 10)
:Lcal/goc 0.24 1.0
Ly (fg)-l 3.66 x 107 1.4 x 107% (15°C) (Ref. 10)
% cm’/sec 0.187 1.43 x 107>
2lwie s 1.1x120° [ 112207 | 11210 [ 112207 | .3 x 20°| 4.3 x107%] 4.3 x 20 | 4.3 x 1077
; kK, e 1.8x10° | 5.8x10° | 1.8x10° | 5.28x10° |21x10° | 6.6x10° |2.1x10* | 6.6 x 10
E A, om 4.8 x107% [ 1.5x107° | 4,.8x107 | 1.5 x10™ | 4.2x10™> | 1.3 x 1207 | 4.2 x 107% | 1.3 x 107
B 1, o 76 x102 | 2.4, x1073 | 7.6 x 10 | 2. x 107% | 6.7 x 1074 | 2.1 x 1074 6.7 x 1070 | 2.1 x 1079
_t:.g cm/sec L8.5 150 L8.5 1500 L2 13 42 133
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Fig. 3. Theoretical attenuation function for air bubbles in water
(Sec. 22).



