




























































































































































where 

A general plot of 
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+ 
2. - G44i 2. i!' 

2. 

- 1 

L against 
0 

w R is shown in Fig. 3. The function 

X(z') lies close to its asymptotic values 

z' - o 

__i_ 
45 

z' 
4 , X zr - 1. 

Z 1 ---+ CD 

except in a small region near z' • 2. 

At the high and low frequency limits 

asymptotic forms (light lines in Fig. 3): 

has the corresponding 
0 

4-
4 ( w R?·) 2a-- A±- r:.' == A 45 oC (I.I.J R'J2 45 

2_. ( w R' ) •J.z. oG c 2')''2. - A wR . c.>- 00 

(22.12) 

(22.13) 

(22.14) 

Since we do not have experimental data on both absorption by bubbles 

bubble size distribution we shall not attempt to discuss the corre-

spondence between theory and experiment . 

We must note in conclusion that the results obtained here are valid 

only for bubbles whose radius varies only slightly during the passage of 

the primary sound wave. Our value of the attenuation is therefore not 

valid in the neighborhood of the resonance peak where large oscillations 

occur (Ref. 9). 
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PART II 

Part II contains the various mathematical 

appendices referred to in the text; as well as 

the References, Table I (Physical Constants), and 

the Figures. 
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APPENDIX I 

Time Average of Products of First-Order Quantities 

We wish to list several useful expressions involving the time 

averages of products of two first-order quantities A1 and B1 of the 

form (see Sec. 7): 

B - Be-C:. wt .-
where A and B are complex space functions independent of time and having 

absolute values A and B 

A= IAI e~at B =I Bl e ~~ 

I I 
-<.( ~-wt) 

6 1 2 Be 
so 

(1.1) 

(1.2) 

Now as pointed out in Sec. 7, the first-order quantities are all real; for 

convenience however we represent t hem as complex quantities. Consequently, 

only the real parts 6( (A
1
), ~ (B1 ) are to be used in evaluati ng the products. 

Thus the time average of ~ B
1 

is 

(A,B,)Av = [R(A.,)R(B,J1A,., 

so that from (1 . 2) 

(A, B\., = \ Al·l B\ [ C.o5 («-wt) cos(~- "'-'t) J 

=- ~ IA\·IB\ [ t.os(o<+~-2.wtJ + <:.os («-~) 1 
= ~IAI · IBI c..os(K-(3), 

since the time average of the first quantity in the bracket of (1.5) is 

zero . But now, using (1.2) 

(1.3) 

(1.4) 

(1. 5) 

(1.6) 
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(1.7) 

: IA.l ·IBI G-06(ot-f3) (1.8) 

so that (1.6) becomes 

(A, B~Av = ~ (A61t+BA*J (1.9) 

We now use 

-L(AB~+A*B) =- d<.(A•B) = R(t-.B*) 
2. (1.10) 

to obtain our final result 

(1.11) 

which may also be written 

(1.12) 

Two special cases of interest are 

(1.13) 

(1.14) 

(1 . 14) follows from the fact that the quantity in the last bracket is 

pure imaginary, so that its real part vanishes. 
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APPENDIX II 

Spherical Bessel and Hankel Functions 

The radial part R(kr) of the wave function satisfies the spherical 

Bessel Equation 

or (2.1) 

or 

where p .., kr , k being the co;nplex wave number, and R 1 "" dR/dp etc. The 

solutions of this equation are the spherical Bessel functions j (p) (regu­
n 

lar at p-o), the spherical Neumann functions y (p) (singular at p=o), and 
n 

the first and second spherical Hankel functions h (p) and~ (p), defined 
n n 

by 
•!, 

jn(f) = (-rr/z.f} Jn+'/1 (fl 

'h 
~" C .. ) -= C 1r I 2 t I Y n ... ~,. (f) 

(2.2) 

where J fl+-'/z. and Y n+- •/z. are the ordinary cylindrical Bessel functlons 

of half-odd-integer order. Letting R (p) denote any solution of (2.1), 
n 

the following relations are satisfied by j , y , h , and 11 for n ~ 0: 
n n n n 
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p Rni-• (p) = (z.., .... ,) R"'Cr) -rR.n_,C,.) (2. 3) 

p R~ (f) = f"J<I'I-I(.rJ - (.., .. ,) R..,(p) (2.4) 

fl 12.'1'1 (p) - n R .... (f') - f R..,+,(r) (2.5) 

zR'' ( ) 
P " r = Z f R .... i",(p) ~ n(,.,-~R"Cr) - _p

2 
Rn(r) (2.6) 

1. R'' ( ) r " r = Cn+ll(Ml)Rn(f) - f 2 Rn(f)- 2.f R"_,(f) (2.7) 

For n-=q terms of the form R",_. ( r) can be evaluated by using the 

general relations 

(2.8) 

to obtain y and j for negative orders. 

Explicit expressi ons for the first three j's, y's and h's are 

(2.9) 

(2.10) 

(2.11) 

For small arguments the following expansions are valid for n ~0: 

(2.12) 
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1·1· 1 ··· (2.n- r) 

f"~· 

The general series expansion for h (p) is 
n 

-n-1 i P [ , I • ( ) 1 1. ] hn(p) =- i. ~ I+ ( n.-~, . (z.tp) + I'I+Z . (L) + ... ·+ (ln)'. { _L)" 
p ll'l-r)! l! (n-t)~2.! lf n ! \2f 

.-tt-1 eip 
- l -

f lt=o 

ln+Jt.)! 

( 11-J'\.) ~ h. ! 

For large values of p the asymptotic expansions are 

1 
i. [ f - t r1+ 1) ~ ] 

-e 
F 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

We also note that since j and y are real functions of p, the complex 

conjugates of j, y, and h, are given by 

(2.19) 

so that int~~ase of h (p), the complex conjugate h~(kh.) = 1i (kA) is 
.. n 

als0 a solution of the differential equation, with the complex conjugate 

wave number, a fact we shall use later. 
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Finally we list several useful integrals. All are easily derived 

from the differential equations for the two spherical Bessel functions 

in the integrand, or they may be obtained from the corresponding inte-

grals for the cylindrical functions, using t~e definitions (2 . 2). (See 

Ref. 16). Let "R"(kll) and R"(ll'l.) be any two spher:ical Bessel f unctions , 

k and l being general complex wave numbers and r the real radial coordi-

nate. Then 

3 

= : [R.!(kl'l.)- Rn_,{kA) R., • • (kA)J 1 

'l 

J Rn(kn.)~n(kA) t\~dr 

= ~ l'l.?> [ ZJ~n (k~a.) R,.,(l<.,.,) - Rn)k~a.) 2.nt 1(kt~.) - R11+1 (kll.) Rn-r (k/\) 1 

" f R"(k~~.)"R"(l~L) ~dl'l. 
2. 

= k.~!z.. [1Rn_,(h .} Rn(kA)- kRI'\_,(k~~.) R,.,(.iA)J 
k*.t 

= 

A useful special case of (2.23) is the following integral, obtained 

by use of (2.19): 

2. 

k~k*'l kh"+'(kl'l.)h:(k~t)- k''"h.,.,Ckl\)h.,(k~t)J. 

(2.20) 

(2.21) 

(2.22) 

(2.23) 

(2.24) 

The above integrals are all valid for n ~ O where again, for the case n=O, 

the relations (2.8) are to be used to evaluate j ··· or y· in the R 
1 

termso 
-1 -1 n-
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APPENDIX III 

Legendre Functions 

The Legendre polynomial P (cos Q) satisfies the Q-part of the 
n 

wave equation: 

__ _L (-sine d?,.,\ + h(n-t-•J P"' -= 0 
sine de de"J 

and the associated Lengendre function P m(cos Q) • P m(~) may be defined 
n n 

by 

where ~ • cos Q. For nzl we have from (3.2) 

dP,., 
de 

so that (3 .1) gives the relation 

I d ( · P.i) ---- Stn9 11 = 
sine de 

which is used in the boundary equations involving the vector potential A 

in Sec. 14. 

The orthogonality property of the Legendre functions requires that 

the integral of the product P m P msin Q d Q vanish unless n-r, when it 
n r 

has the value 

J 
11' 2. 2. (n -t- rn) ~ 
(P~ ( tDse)] sin8cl9 = ~ (n-rn)~ 

Q 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 
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APPENDIX IV 

Calculation of the Potential Coefficients for n=O 

We wish to determine the potential coefficients B B' C C' from 
0 0 0 0 

the six general boundary-condition equations in Sec . 14 for n=O, under 

the assumptions that a
1 
~< 1, and that the order of magnitude relations 

of Sec . 15 hold: 

(3• '= I . 

and where we impose no restriction on the magnitudes of a
2 

and b. Similar 

relations hold for the corresponding primed quantities. 

We shall indicate the general procedure for the B coefficient and 
0 

tten indicate only the main steps for the remaining quantities . 

For n-o the general equations in Sec. 14 reduce to the following 

four equations (the V8 and prQ equations do not appear for n=q and 

D • D' "' 0) : 
0 0 

C' ' "'( ') - o C41.jo Qz. 

B0 €[ b1r, h0(a,)-2a~ h~ (ctJ 1 + C0 c [ b'" ~l.ho(a~.J - 2o.~ h~(~)] 

(4.1) 

(4.2) 

(4.3) 

' [ 7- \ 1. )] -Co' [ '-''"a~J· .(a'\ - 2atj·o"(g~\} (4.4) -Bo J:;p:j·Ja:J-2~'.j:(a; P
1

• v 2) • ,.) 

= -~ [~~.j.Ca;) -la.~jHo.,)}. 
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These equations are exact. We now write the array of coeffici ents 

of the unknowns B B1 C C1 and the constants on the right symbolically 
0 0 0 0 

as 

(B ) 
0 

(B') 
0 

(C ) 
0 

(C') 
0 

Al A2 A3 A4 A? 

cl c2 c3 c4 - c? 

Dl D2 D3 D4 D? 

Fl F2 F3 F4 F7 

where, using the relations in Appendix II and imposing the conditions 

that a
1

4<- 1, ai << 1, f 
1 

• ~ i • 1, we find for the values of the above 

constants (putting j
0

(a
1

) = 1): 

C - -oL' 
l. - I 

D I 1 • ( ') 1-:. «,a.,J, 4, 

1)7"' i«,a..j.(q,,) 

F. !'- - b'z. 
'1. 

(4.5) 

(4.6) 
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Then the unknown B is given by 
0 

B • ll(B )/ll 
0 0 0 

(4.7) 

where 6 is the dete~nant of the coefficients on the left of (4.5) and 
0 

ll(B ) is the same determinant with tbe first column replaced by the column 
0 

on the right of (4.5). 

We now evaluate ll • Since the first two columns contain small quanti­
o 

ties while the second two are of arbitrary magnitude , we shall write only 

the first two columns explicitely in order to see which elements are negli-

gible: 

-1 aijl(ai) A3 A4 

o{ l/o<2 -<tj/« 2 ~ c4 
« 2 d2 

2 
i-~/ol.2 

od D3 D4 
(4.8) A • oe. h (a

1
) . - a'j (a') 

0 2 0 o{2 1 1 1 o{2 ot2 

c (b
2-4) -b'2 F3 F4 

where we have divided out h
0

(a
1

) . from the first column and ~ 
2 from the 

second and third rows. Now consider the magnitudes of the elements in 

the first two columns: In the first column the top and bottom elements 

are of order unity and the other three are of order a~ since € ( =TJ/11') , 

f.. (=a/a') and b
2 

are unrestricted and ci
1
/ot

2 
is of order a~ <.<. l. Simi-

2 
larly, in the second column the first two elements are of order ai <<. 1, 

the third is of order ai3<< 1, while the fourth (-b 12 ) being unrestricted 

may be considered of order unity. 
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It follows that if the deterimant is expanded by second-order 

determinants in the first two columns, only the (-l)(-b12) product is 

of order unity. Since this product represents the A
1

F2 term we see that 

l:l can be expanded as 
0 

(4.9) 

After some algebra we then find 

(4.10) 

Following the same procedure for l:l(B ) we find 
0 

A7 A2 A3 Ah a.,j.(ca~ I • ( 'J a.,J, ~ . A.3 A4 

c7 c2 c3 c4 = ci..2 
- ol,/oll -ol.'./"'1. c3/o{l. c~./o{1 

l:l(B ) "' 
0 

D7 D2 D3 D4 
2 -~-~l a,j.(q~ i I' ( J D3/ol.,_ 04 /ol'l. -.!. <l,J r Q: 

o(l. 

(4.11) 

F7 F2 F3 F4 -~ bz. - b2 F~ F4 

2 If we now indicate elements of order unity by 1 and order a
1 

by 

x ~ < 1 we have 

X X A3 A4 

= r:/..2 
X X C3/ol2 C4/ol2 

l:l(B ) (4.12) 
0 2 2 2 

D3/o(2 D4k2 X X 

1 1 F3 F4 

vie see that in the first two columns only two determinants are of order x: 

~ A2 
and 

c7 c2 

F7 F2 F7 F 
2 



-S4-

the rest being of order x2 3 Expanding 6(B ) in this manner we or x • 
0 

therefore have 

A7 A2 c3 c4 F7 F2 A3 A4 
6(B ) -= • + • (4.13) 

0 
F7 F2 D3 D4 c7 c2 D3 D4 

In evaluating the determinants we use the relation 

and find 

A7 A2 
~2. ( & o.~ j.(o.';\ - Q.-jo(o.,)) -

F7 F2 

c3 c4 
oL1c< [a~ j,(a~) ho(at) - -/- jo(a~) · a 1 h1 (az.l 1 & 

D3 D4 
(4.14) 

-

.. 

Finally, with 6(B) from (4.13) and 6 from (4.10) we find B , !rom 
0 0 0 

(4.7) 

or 

(4.15) 
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, . ( 1\ Q.'Z.jl 0'1.) 

(4.16) 

and C is given below. 
0 

In the reduction we have again used Appendix II 

to evaluate j
1

(a
1
), h

0
(a

1
), etc. 

It may be noted that for zero thermal conductivjty o • 0, ~ = 0, 

-1 
so that <X2 K - (otvie. ) ---+ oo and the second tenn in (4.14) vanishes; 

the remaining first te~ then agrees with Epstein's corresponding coeffi-

cient, given by his Eq. (47) in Ref. 6 for the case o ~ 0. Unlike the 

first term which is pure imaginary and contributes nothing to the viscous 

dissipation (see (17.12) in Sec. 17), the second term has a real part, and 

this later plays an important role in our results for the viscous dissipa-

tion (Sec. 17). 

Turning now to B' ~ 6(B')/6 , we proceed the same way as before to 
0 0 0 

evaluate 6(B~); we find 

Al A7 A3 A4 1 X A3 A4 

cl c7 c3 c4 X X c3 c4 
A(B') = ""'-/ 

2 
(4.17) 

0 
Dl D7 D3 D4 D3 D4 X X 

Fl F7 F3 F4 1 1 F3 F4 

Clearly A
1

F
7 

is the dominant product in the first two columns; hence we 

have 

6(B 1 ) • (LF) · 
0 --1 7 (4.13) 



-86-

and using 

B' = ll(B' )/fl = b . 
0 0 0 

(4.19) 

For C = fl(C )/fl we have 
0 0 0 

~ A2 A7 A4 1 X X A4 

cl c2 c7 c4 X X X c4 
ll(C ) .. ,......_, 2 2 0 

Dl D2 D7 D4 X X X D4 

(4.20) 

Fl F2 F7 F4 1 1 1 F4 

and we see that the dominant term in the expansion will be of order x 

and is 

(4.21) 

so that 

(4.22) 

where Z is given above in (4.16). 

Similarly, for C1 = ll(C')/fl we have 
0 0 0 

Al A2 A3 A7 1 X A3 X 

cl c2 c3 c7 X X c3 X 

ll(C') "' ~ 2 2 0 
Dl D2 D3 D7 X X D3 X 

(4.23) 

Fl F2 F3 F7 1 1 F3 1 



or 

A(C') = tLD 
0 ~~ 3 

and finally 

c' 0 
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2. 

) b ol,_ ( 0o1:-oLJ ho(a.~ · o.,'n,(a .. ) J 

This completes the calculation of the coefficients for ncO. 

(4.24) 

(4.25) 
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APPENDI X V 

Calculation of the Potential Coefficients for n=l 

Setting n=l in the general boundary condition equations of Sec. 

we may write , in the same way as for n=O, the symbolic equation 

(Bl) (B ' ) 1 (C1) (C ' ) 1 (D1) (D') 
1 

A1 A2 A.3 A4 A5 A6 ~ 

B1 B2 B.3 B4 B5 B6 '97 

c1 c2 c.3 c4 0 0 c7 
• 

D1 D2 D3 n· 
4 

0 0 D7 

~ E2 E.3 E4 E5 E6 E7 

F1 F2 F.3 F4 F5 F6 F7 

for the six unknown coeff icients B1 Bl c1 Cl D1 Dl . Putting a1<< 1, 

ai .(. <. 1 et c., as before, the constants A
1 

• • • F 
7 

ar e given by 

A,= - Z h.(~,) 

A2. = - j,(Cl',) 

A,= -j· (o..) 

B, = h,(o.;) 

B, = - j. (o.',) 

B7 :::. - j.Cct~ 

c, .. o£,h,(o.,) 

c - I' ( t) z.- -..t,J, a, 

83 = h, (o.'l.) 

84 = - j. (a.',) 

As c -Zh,(b) 

A6:: 2 j I (b) 

85 = h,(b)- bho(b) 

BG = -j,(b) + b jo(~) 

14 

(5. 1) 

(5 . 2) 



D,:. -2.-fQ(,h,(Q~ 

D
7 

=- -f. oi,j',(a,) 

E
1

::. - 3e.h,(Q,) 

Fl:. E.(b
4-IZ)h,(QJ 

,'1., ( ') Fz=- -bi j 1 a, 

F7 : -E ~v<l~ 
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D3 = i«z.0..1\,o(Q.2) - Z,loi1 h,(o.1) 

0 I I • ( I) z I · ( r) 
4 = - ol10.1jo 0.1. + olljt o.l. 

E. 5 = -i e(,-!l)h,(b).Hbh0(b) 

E6 : -fCG-~1)J·,(~)- b jo(b) 

F3 ::. E~tz.h.(a4)+Uaih.(a.~- 4ea.~.hia1) 

~ = -~4~
2

j.Co.~)- za.fj.Ca~) +4a.~j,Ca.~) 

Fs -= - 4eb h,(b) 

F6 :: 4bj1(5) 

(5.2) 

We first calculate the determinant ~1 of the coefficients, i.e., 

the determinant on the left of (5.1). Factoring out h
1

(a
1

) from the first 

column, j
1

(ai) from the second, and writing x for quantities of order a~ in 

the first two columns we have as in Appendix IV 

-2 -1 

1 -1 

X -x 0 (5.3) 

-x -x 0 0 

-3E. X 

2 E: (b -12) 

Neglecting elements of order x or smaller vre see that in the second and 

third rows only c
3
c
4 

and o
3
o
4 

survive; expanding by these rows we have 
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-2 -1 A5 A6 

c3 c4 \· 1 -1 B5 B6 
61 = hl(al)jl(al) 

03 D4 
( 5.4) 

-3~ 0 E5 E6 

2 
(b -12)€ b'2 F5 F6 

After tedious but straightforward algebra the fourth-order deter~inant 

is found to be 

with 

1[1 2 ( :"\ ,2] /::,. = -E.b i:Eb+9t-€1+1:i 
01 

(5.5) 

(5 . 6) 

Using the relation tb2 
c 6bt 2 we can factor b•2 out of each 6 and re-

write the fourth-order determinent as 

where 

D zr (Ct-E.)(L-to)1 bi 0(~) · bh.(b) 
00 .J 

D
10 

= [ 3(E-t) + ~b2] (l+ cS) j,{b) ·bh.(b) 

DOl= ( 96(e-t)-~€~(2+~)1 bjoCb). h,(b) 

D,
1 
= (27J(t-e)+iol)\cf-t)] j,(g). h,(b) . 

Thus we finally have for the determinent of the coefficients 

(5.7) 

(5.8) 

A • b'2h_ (a ) . j (a') C3 D4 (D + DOl + DlO + 011) . (5. 9) 
1 ·~ 1 1 1 o

3 
D
4 

00 

We now calculate B
1

• It is given by 
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Bl • 6(B1)/61 (5.10) 

where 

~ A2 A3 A4 A5 A6 1 1 A3 A4 A5 A6 

B7 B2 B3 B4 B5 B6 1 1 B3 B4 B5 B6 

c
7 

c
2 

c
3 

c
4 

o 0 X X c3 c4 0 0 
6(B1) = • jl{~) jl{a{1 x (5 .11) 

D? D2 DJ D4 0 0 X D3 D4 0 0 

E7 E2 E3 E4 E5 E6 
-x -x E3 D4 E5 E6 

F7 F2 F3 F4 F5 F6 ~b2 +b 12 F 
3 F4 F5 F6 

The second order determinants of order unity in the fjrst two columns 

(5.12) 

where we have used the fact that B
7 

• A
7 

, B
2 

• A
2 

to elirrinate B
7 

and B
2

• 

After carrying out the algebra and using E b2 = 6 b r2 we find for the 

quantity L~ the parenthesis the value 

where the N1 s are given by 

N
00 

= [1-e) ~jo(b) . bh.(b) 

N = [3(~-~--i'ebz:] bJ)b)·h,(b) 
01 

N10 = [3(~-r)+'ib2.] j,(l1)·bh.(b) 

N11 ~ [~(1-£)+~~\s-o]j.(b)·h.{b) 

(5.13) 

(5.14) 
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(5.15) 

and with t.
1 

we obtain B
1 

from (5.10) 

B _ . 0..~ ( ) [ Noo +No,+ N,o + N,, J 
,- L.- 1-6 -

3 Doo +- 'Do, .,. D,o+ D,, 
(5.16) 

1 ~ 
after canceling j 1(ai) in t.(B

1
) and t.

1 
and using h

1
(a

1
)/j(a

1
) = i:3 al 

from Appendix II. G is a useful abbreviation for the quantity in the 

bracket. 

The coefficient Bi is found in an exactly similar manner . We re­

place column two in the determinant on the left of (5.1) by column seven 

and obtain exactly the same order-of-magnitude scheme as for t.1 (5.3) ex-

2 2 
cept that j

1
(ai) is replaced by j 1(a

1
) and b' by cb o It follows that 

t.(Bi) can be written in the form (5.4) with the same replacements. We 

then expand the fourth-order determinant; after the algebra has died down 

there finally emerges a form similar to (5.13) above in which each N is 

2 2 .3 ~ b = .3 ~ b' times the co:-responding N of s
1 

in (5.14). This gives for 

t.(Bl) the result 

so that using t.
1 

we finally get Bi: 

B' = 
I 

(5.17) 

3JG (5.18) 
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after canceling h
1

(a
1

) in A(Bi) and A
1 

and writing j
1

(a
1
)/j

1
(ai) = a1/ai• 

Having found B
1 

and Bl we can now obtain c
1 

and Cl_ from (1.4.6) and 

(14.7) of Sec. 14 expressing the continuity of temperature and normal heat 

flow at the surface of the scatter~ng sphere, since these equations do not 

involve n1 and Di· We write these equations for n=l in the form 

(5.19) 

Q., (5.20) 

where 

(5.21) 

(5.22) 

Here t he approximate relations aiji(a
1

) ~ j
1

(a
1

) and a
1
hi(a

1
) c -2h

1
(a

1
) 

for small arguments have been used in the Q
1 

expression. Substituting 

the values of B1 and Bi we find, again using the small argument relations 

of Appendix II: 

P. = ~a1 ci,[~>;.'-l-(1-6)&] 

Q,,. + o., ol. I l :: G' - -J - 2 -J (I- $) G] 

(5 . 23 ) 

Now we use (2 .4) from Appendix II to obtain h1 and ji in (5 . 20) above 

and find 
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I 

t::. = -otlo(~~~/<o.~)h,(4t.) + o(:zol~ f jll~~) · o."l.h , (o.~.) 

= - oo!z. "'~ [2. ( )l- i) j 1 (a~) h,(o.2} ... a!1. j,(o.~) h, (o.l) - f. e~.,_h.(o.~) -j. (a~)) 

( \ P. I 1 · I ( ') Q 1 
• ( 1'\ 

1:::. C:o1 = - I «1 0.,_ Jl Q.1. + I o{1.} ~) 

= - -k «,t>t~ ct, { j,(a~) [ (z+]L) -3 ~:' c;.' + Z (•-~)(,- J') Gr] 

+ o.~ joC"~) [ ~:. &' -1- (t-S) G] } 

I 

~(c:) = Q., ot,h,Co.~.) - P.-{ .x,_a."Lh, Co.l.) 

= ~ ""· "• o., { h, (4~ [ (,. z ~) :·>=)-3;£] + a.,h.< •• l[, •<•-~)6 <: G 1} 
Combining these equations we find 

the expressions given in (16. 8) and (16.9) of Sec. 16. 

(5 . 24) 

Since we do not need o
1 

or Dl we do not calculate them but merely 

note that by the same method as above it is easily found that both are of 

order a
1

• This completes our calculation of the potential coefficients 

for n=l. As will be seen in Sees. 17 and 18, only a
1 

is required expli­

citely; however the order of magnitudes of Bi, c
1

, Cl ar e required and 

the full expressions are given since they were worked out and may be of 

interest in connection with other problems. 
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APPENDIX VI 

Calculation of Viscous Dissipation Surface Integral 

We wish to calculate the surface integral I 
s 

of Sec. 17: 

over a sphere of radius R for which k1R ~> 1. Here we have written 

QO 

4> = L ltl(2n+•)~(c:o!>e) [jn( p,) + Bnhn(p,l] 
11:o 

with p
1 

c k
1

r > > l. For the derivative of cp we have 

where the prime signifies differentiation with respect to p
1

• From 

Appendix II, with o n= (n + 1) ~, we have the asymptotic forms for 

large arguments: 

I . = --~o 
f'• 

I lG"'" 
=- e 

f• 
i.. ~~ 

= -e p, 

(6.1) 

(6. 2) 

(6.3) 

(6.4) 

where a is real and we have taken the "phase derivative" only, since the 

derivative of l /p
1 

is negligible compared to l/p
1

• We now use the 
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orthogonality property of the Legendre functions of different orders 

(Appendix III) in the sur face integral to conclude that only products 

of the same order will survive in the integration. 

Thus the integrand evaluated at the surface is 

~ ~ 

Ctwp)~~~) ~ L l«Jfo\2.n~~Z.(PJk,(jnlp.)+B,hn(p)1 [j~(fJ-+" B,hn(,o)} 
n=o 

( 6. 5) 

(6.6) 

wher e (6. 4) has been used. Putting the i inside the bracket we get 

(6.7) 

But f or any complex number A we have R(A) • R(A*); applying this t o the 

- icr icr third term, R( - i B* e sin o) • R(iB e sin cr) and (6.7) reduces to n n 

' 
(6.8) 

~nere the first term in the bracket in (6.7) has been dropped since it 

is pure imaginary. Putting p1 = k1R, integrating over the surface and 

using the Legendre product integral we obtain 
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Is = I C'ln +-02
{ J~ r;,)\n( Rl~8d9} (k,_ )2. cufot6< [-B.,- Bn B:] 

n; o G k., R. 

oiJ 

L 'l.{ 411 } wpo 1 nl 'If] = (2nt0 - - -\}\_ - B - 6 B 
2n-t-1 k 2. "' n n J 

n~o • 

or, using k1 • w/c 

ao 

I.S '= - 2TT' p.,c. I. (2.n +i)6( L~ + Bn B~] 
n~o 

(6. 9) 

which is the desired result. 
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APPENDIX VII 

Calculation of Viscous Dissipation Volume Integrals 

Outside Integral 

The outside volume integral of Sec. 17 to be evaluated is 

where, from Sees. 8, 9, 15 we have 

Thus 

:z. z. 1.. ,I.. 
V·-y: ::. - ~ q. = k, ( ~Pi. +~J + k2. '+'z 

4-N -cJ 
t,_=l-3..e \ 

1 

(7.1) 

(7.2) 

(7.3) 

(7.4) 

(7.5) 

since in (7.4) the first term is pure imaginary and the third term is 

negligible compared to the second. 

We now integrate the first term in (7.5) using the potenti als of 

Sec . 12, and recalling the orthogonality of the wave functions: 
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~ ~. 4 .. (, ••• )(c. J~:c•,.)h.tk,•l~d. 
R R. 

+ B: Cn J h:(k,~~.)h11 (kz.hJ 11.
1 d11. J 

R 

(7.6) 

The first integral in the bracket has the value (Appendix II) : 

R 

J j!(k,IL)h,(kl~t)~dA. (7 .7) 
li! 

(7.8) 

where we have used the facts that k
1 

is real so that j~(k1r) c j
0

(k
1
r), 

t hat k~ <-< k~, and that the Hankel functions are negligibly small at the 

upper limit R, as discussed in Sec. 17. Moreover since ll,j'*~4~~~~(a;')"' GI~{<.IJ 

the second term dominates the first in {7.8) so that the first integral 

in (7 .6) is 

Cn f\:(k,n)h.(k,•)A'.L. = (7. 9) 
R. 

Evaluating the second integral of (7.6) in the same way we find 
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R 
f h:(k,~t)h"(k~ll)~d.Jt 
R 

(7.10) 

R 
:. - (7.11) 

k~ 

where now both terms in the bracket are of the same order so that 

(7.12) 

Thus the integral of the first term in (7.5) is 

(7.13) 

Turning to the integral of the second term of (7.5) we have in 

the same way, using the expression in Sec. 12 for ~2 : 

(7.14) 

(7.15) 

(7.16) 
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In (7.14) we have used (2.24) of Appendix II to evaluate the integral; 

i (7 15) k2 t-2 2k2 . k2 . . i d th . i n • 
2 

- A2 • 
2 

s1nce 2 1s pure 1mag nary, an e m1nus s gn 

appears because the bracket is evaluated only at the lower limit as above 

in (7.8). 

Collecting our results we finally have from (7.5), (7.13), and (7.16) : 

(7.17) 

= brwpoR 0<.{~0 (Zn+l) {-l.Chj,.(a;)o.1.h,~ 1 (o.~) + 

+ i. B~C.n[o.,h:t ,(l,)h,(o. ... ) -a.:a.l,n+l(t. .. )h:(Cl,) 1 
- 1- i t,c. c: [..h • .,t .. ) h: lo,.)- .~h • ., t•.l h.(.,) 1 } } (7.18) 

We now wish to evaluate this for n=O, n=l. Using the approximations 

of Appendix II for the small argument a
1 

in the j 1 s and h 1 s and the order-

2 3 of-magnitude results for the coefficients from Sec. 15 (C0-a1,c1~B~B~a1) 

we easily find that for n=O the C
0 

term in (7.1S) is of order af , whjle 

the B*C and C C* terms are of order a4
1

• l{oreover, for ncl, the c
1 

and 
0 0 0 0 

B!Cl terms are of order a~ and the c
1
c1 term of order a~. Thus only the 

C term for ncO is significant, and we finally obtain for the outside vol­
n 

ume integral (with j
0

(a
1

) = 1): 

(7.19) 

Since the surviving term represent s the product ~~ ~l in (7.17), the 

significant contribution to the volume integral of P*~·~ arises from the 
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interference effects between the incident acoustic wave ~ i and the 

scattered thermal wave ¢ 
2

• As we shall now see, a similar result 

holds for the inside integral, taken over the interior of the scatter-

ing sphere. 

Inside Integral 

The inside volume int egral of Sec. 17 is 

(7.20) 

I n the same way as before we fina 

(7. 21) 

= I I .() r · 11 .J.' J.l • I~ .L.' .L.' • ¥1 
I I J.1 l! · t 11 .1.

1 
,4..1 l.* 2. ~ 1. *' 2. *l 

2:Wf0 lK..llK1 q.,'t', +I..K'l.'l'>..'~-'o + l l.K 1 'f1 1¥2 +t2.K~q.l.'f'>.. (7.22) 

I 1 J0 f . 1 ~'1J..1 J.'* · ~I 12 l 1 ..l.1*] :: z w fo U\. l l Kl..'f~ If', + l 2.\<2. 'f2. Y't 
(7 . 23) 

where again the first term in the bracket of ~.2~ is pure imaginary and 

the third term negligible compared to the second. Integrating the first 

term of (7.23) we get 

(7.24) 

oo tt R 
: L 4-lf(Zni-•l B~C~ J j:(k,ll)jJ~~Il) lt.,_M 

1'\:0 0 

(7 . 25) 

(7.26) 



-10.3-

(7.27) 

I, ( t\ , ( ') 
a~j.,+ • o.~l Jn c:t, J 

(7.28) 

since in (7.27) the first term is of order ai2smaller than the second. 

Integrating the second term of (7.2.3) we have 

QO 

Jdv(~r = Jdv ~(z.,+,)\p,.)l.c'"c~j"(k~tt)j:(k',_~) 

~ %. 41r(2"' 0 c~ c.~ { ~ ,: [ <j,( ~ •• J j: ( ~. 0 "-
-j._\k,•lj:,(~,.)- j.~(k,.) j:.<~ •• )]} • 

Collecting our results (7. 28) and (7.32) and using (7.2.3) in 

find for the inside integral the general result: 

I~ : 1~F~ ~I ~k: fdVcf>~<t>: + ~k:~ J dV 4>~ 4( 1 
= (2rr~p'oRJ 6({ ib~~t~{i.B:C~<t~j,Sa~'l j.,(a:) + 

n:o 

(7.29) 

(7 • .30) 

(7 • .31) 

(7. 32) 

(7. 20) we 

(7. 33) 

' ·'f'c' c;ttn?[2.· r ').ltC ') . ( ')· " ( ,\ . C ') ·*c )~l} +4Lo, n n-J. j"\~a. )n al. -j"'-' a1j.,., Clz J -}.,. , al.j.,_,II{~J (7.34) 

To evaluate this for ncO and n=l we use the order of magnitude re­

l ations from Sec. 15 (B~~ai~l , C~~ai2 , Ci~ai3) and jn(ai)~ain• For nzO 
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we see that the B'* C' 
0 0 

term is of order a
1
t
2and the C C'* term of order 

0 0 

ai4 ; for n=l the terms are of order aiL~ and ~i 6• Thus we keep only the 

(7.35) 

but B~ = d = p0/p~ so, after multiplying numerator and denominator by k
1 

we get 

We now note from Appendix IV that C' is given by 
0 

c'= _/~ o..,h,(Q ... l c 
o r oL' , • c ') o 

2. ll.2. J• G\~ 

(7.36) 

so that we finally obtain for the inside volume integral of the viscous 

dissipation the result 

(7.37) 

which is in a more convenient form than (7.35) . 

As pointed out before, the dominant contribution to this integral 

arises from the ~ 2 <P i* term in (7 . 33), which represents the interfer­

ence between the scattered acoustic and thermal waves in the interior of 

the small scattering sphere. 
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APPENDIX VIII 

Calcu1ation of Thermal Dissipation Volume Integrals 

From Sec. 18 we have the two volume integrals J and J' to 
v v 

evaluate: 

J' = v 

l. 
f• C ol.v 

I '1. I ~ 
fo c.' olv f * 

R 0 T' "\!• ~· d.V • 
2. J' 

These integrals are easily reduced to the corresponding integrals of 

I and I' in Appendix VII (with integrand P* V· v instead of T* -~ · ~_) . 
v v --

Using the general relations of Sees. 8 and 9 

= 

(8.1) 

(8.2) 

( 8 . ;) 

(8.4) 

(8.5) 

We have used 

2 Now k
1 

, o1.. 
2 

<P
1 

for the acoustic wave ( <Pi+ q,
1 

outside, <P i inside). 

2 are real and k
2 

, ot
1 

are imaginary. Hence the first and 

last terms are pure imaginary with zero real parts and may be dropped. 

We also have the relati on 

(8.6) 
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as is easily verified. Thus we have 

(8.7) 

~ 

The corresponding expression with primes holds for 6< [ T' V· y'] , and 

the integrals thus become 

(8.8) 

1 ,'Lt ~R -lt-oCol.v 'L 
p (~' k ~·) 6(. ,h' ,L' dV 

2._ 'j I 'L I O 'f't '+'~ (8. 9) 

The coefficient in J is easily reduced to ( 
1
2 

p <N
2j K) and the integral 

v 0 

is given by (7.13) of Appendix VII . Similar remarks hold for J 1 , the in­v' 
tegral is given by (7.27) of Appendix VII. Thus the exact expressions are 

(8.10) 

and 

As in Appendix VII, we evaluate the terms for n-=0, 1 and using the order 
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of magnitude of the coefficients and the asymptotic forms for the j's and 

h 1s, it is easily shown that in J only the first term, for n-o, is im­
v 

portant, while for J 1 , the second term in the bracket dominates: 
v 

I =--
2. 

These are the desired expressions for J and J' in Sec. 18. v v 

(8.12) 

(8.13) 
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APPENDIX IX 

Calculation of Attenuation by Water Drops in Air 

a, Reduction of o( 
T'J 

From (19.6) the general expressi on for a( is 
T'J 

For ~ , E < <. 1 this may be reduced as follows. We first note that for 
2 2 -v 

small arguments h1 (b) oC 1/b s ~ ~oo as to)~ 0, so that ever. 
~R 

though h
1 

is multiplied by d in the last terms of the numerator and de-

nominator, it cannot be dropped without further examination. Using the 

small argument approximations however, it is found that the last numerator 

term is of order c5 b'.3 smaller than the first and is therefore completely 

negligible for all values of b'. A similar result is found for the second 

term in the denominator so that it may also be neglected. Canceling a com-

mon factor we then have 

(9.2) 

where we have dropped a in the (1 - o ) and (2 + c:5 ) terms. The attenua-

tion is seen to be i ndependent of b' and hence also of T'J', the viscosity 

of the medium inside the scattering sphere, 



-109-

We now substitute for the Hankel functions their explicit expres-

sions from Appendix II and make the change of variable 

l_l. - 2. . l. 
tl - • ~ 

where y is real, to obtain: 

or 

'/ '\ t/-a. ~j=(wR. Z.v J 

(9.4) 

(9. 5) 

(9. 6) 

Equation (9.6) is the desired form for the viscous att enuation of water 

drops in air. 

b. Reduction of o<. 
0 

To evaluate C( given in ( 20. 8) we must calculate the real part 
0 

of the expression: 

(9.7) 
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where from (19.8) we have Z : 

I - i.. a., (9.8) 
I - ai c.et a~ 

Now since -/ is small we see that f Z will be small except at low fre­

quencies where a2~ 0, a2---+0; in this case Z has the limiting 

form 

z 1- L O..z. 

a_l l. I 4. 
l. az. 

- +-3 45 

(9.9) 

where the numerator is exact and in the denominator we have retained the 

first two terms of the expansion for 1 - a2 cot a2 for small a2• (Since 

a2
2 

is pure imaginary it is necessary to retain the first ~ terms in or­

der to have a real part in the expansion). Now define the dimensionless 

real quantities z. and i! ' by 

a • (1 + i) ~ 
2 

at • (1 + i) ~ t 
2 

2 1/2 
( w R / 2 ~) 

1/2 
:z' • ( w R2/2 ;it ) 

(9.10) 

• (9.11) 

Substituting these into 2: and keeping only the largest real and imaginary 

parts in both numerator and denominator we find 

z ----'r - 3 i!. +L 
2. r:' 2. 

(9.12) 

so that (9.7) becomes 
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o<_ [ ( l+e) - L r . ] 

I+-{._ l_ c+L 
z. e' '1 

= ( l+l) [ _'_+ _;. _f-_,:~_ --~· 1---] 

"l 9 2. ~1. 9 ~1 \ I +'3J- T _J- +- --
.,.._ ~'L 4 ,. ~· · 4 2.'4 

(9.13) 

(9.14) 

but since / is small, the second term in the numerator is negligible 

compared to the first for all ~ , :c. ' ; similarly the third denominator 

term is negligible compared to the fourth. Dropping these terms and put-

ting 

(9.15) 

into (9.14) we finally have 

(9.16) 

But now we see that this expression is also valid at higher fre­

quencies, for although our low-frequency approximations ( e ' & '~ 0) 

in Z are of course no longer valid, the whole term f. Z is small com­

pared to unity anyway, so that the exact form of Z is unimportant . Thus 

(9.17) 

is the final desired result (20.9) of Sec. 20. 
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APPENDIX X 

Calculation of Attenuation by Air Bubbles in Water 

a . Reduction of ()( 
TJ 

From (19.6) we have the general expression for o<. : 
TJ 

(10.1) 

For rS > ~ 1, €. > > 1 the bracket reduces to 

-L 
d [-bh.,(b) + 9h,(b)] [-€ b)"l.(b')J + (-i~b~) 6bj"L(~)h ,(b) 

(10.2) 

where we have used o b•
2 

., f b2
• Canceling common factors and replacing 

(1 - 6 ) by - ~ in (10.1) we obtain 

(10.3) 

or 

41T"n 3 KJ [ • r:X. : -a.,U'\. -l 
~ k l. 

I 

(10.4) 

We now change to the variable y defined by (9.3) in Appendix IX and obtain 

(lj"" +"j'+"J'-1) + i.('13· 3 ~-3) _l 

( ~~ + 3j1.+ 9'j) + i.(-{~-9':1+ 9)j 
(10.5) 
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After taking the real part we finally have 

] (10.6) 

or 

(10.7) 

the desired result (22.3) of Sec. 22 for the viscous attenuation by air 

bubb~es in water. 
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Table I - Physical Constants 

Air Water 
· . 

.f. sec -1 103 104 105 106 
103 104 105 106 

LV sec -1 6.28 X 103 6.28 X 104 6.28 X 10 5 6 6.28 X 10 6.28 X 103 6.28 X 104 6.28 X 105 6.28 X 10 6 

c em/sec '3.'30 X 104 1.4S X 105 
g/cm3 

_'l 
I> Po 1.29 X 10 .,., 1.00 
> 
"' 2 2 6 

2.10 X 1010 ;3: p c g/cm sec 1.41 X 10 
() 0 .,... 

(,o,) -1 ..., 
0.19 1.90 19.0 190 0.043 0.43 4.3 43. en k ~-em 

::l c 
0 
() 

>..1 em 33.0 3.30 0.33 0.033 145 14.5 1.45 0.145 < 

11 em 7 X 106 7 X 104 7 X 10
2 

7 1010 10
8 107) 104 

g/cm sec 1.82 X 10-4 -2 
T} 1.10 X 10 

-,) a? /sec 0.141 O.Oll 

wv jc2 8.1 X 10-7 8.1 X 10-6 8.1 X 10-5 8.1 X 10-4 3.3 X 10-9 3.3 X 10-8 3.3 X 10-7 -6 
3.3 X 10 

Q) 

-1 2 2 2.1 X 1o3 6.6 X 103 2 
2.4 X 103 7.5 X 103 4 ~ IKI em 2.1 X 10 6.6 X 10 7.5 X 10 2.4 X 10 

en -2 
g~.l. em 4.2 X 10 -2 1.3 X 10 4.2 X 10-3 1.3 X 10 -3 -2 1.2 X 10 3.7 X 10-3 1.2 X 10-3 -4 3.7 X 10 
() 

6.7 X 10-3 -3 -4 -4 -3 -4 -4 5.9 X 10-5 Cl) 

J.J. •.-i em 2.1 X 10 6.7 X 10 2.1 X 10 1.9 X 10 5.9 X 10 1.9 X 10 > 

c em/sec 42 133 420 1330 11.7 37 ll7 370 
1--

(J ca1/cm sec0 c 5.8 X 10-S 1.43 X 10-3 

't 1.4 1.00336 (15°C) (Ref. 10) 

en cal/g°C 0.24 1.0 

<Xv (oc)-1 3.66 X 10-3 1.4 x 10-4 (15°C) (Ref. 10) 

- 2; ~ em sec 0.187 1.43 X 10-3 

- 2 ~llJ"tt/c 1.1 X 10-6 1.1 X 10-5 -4 1.1 X 10 -3 1.1 X 10 4.3 X 10-10 4.3 X 10-9 4.3 X 10::s 4.3 X 10-7 

"' 3 -1 2 2 1.8 X 103 5.8 X 103 2.1 X 103 6.6 X 103 2.1 X 104 6.6 X 104 
r-4 k? em 1.8 X 10 5.8 X 10 

CIS 

E >..2 
-2 -2 4.8 X 10-3 1.5 X 10-3 4.2 X 10-3 1.3 X 10-3 4.2 X 10-4 1.3 X 10-4 

Q) em 4.8 X 10 1.5 X 10 
~ 
E-4 

7.6 x 1o-3 12 em 2.4 x 1o-3 7.6 x 1o-4 2.4 x 1o-4 6.7 X 10-4 2.1 X 10-4 6.7 X 10-5 2.1 X 10.-5 

c2 em/sec 48.5 150 48.5 1500 4.2 13 42 133 
'--
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{Sec. 22) . 


