




















































































































































































































































































































mantle.

7. Application to a Magma Ocean and the Evolution of the Hadean Mantle

Many independent arguments suggest that it is plausible that at least the upper mantle of the
Earth was substantially molten in the Hadean. This melting could have resulted from the accretion
of the Earth [Kaula, 1979; Abe and Matsui, 1986; Matsui and Abe, 1986; Zahnle et al., 1988;
Ahrens, 1990], core formation [Birch, 1965; Solomon, 1978; Shaw, 1979], the impact formation of
the moon [Benz et al., 1986, 1987; Cameron and Benz, 1989; Stevenson, 1989], or from some com-
bination of these mechanisms. Recognition of this possibly molten state, together with the idea that
ultrabasic liquids may be denser than olivine and other silicate phases at relatively shallow mantle
depths, has prompted speculation on the evolution of the upper mantle from a magma ocean [Nisbet
and Walker, 1982; Ohtani, 1985; Agee and Walker, 1988b]. The liquidus topologies of several
ultrabasic systems including C1 [Ohtani er al., 1986; Ohtani and Sawamoto, 1987], peridotite
[Takahashi and Scarfe, 1985; Scarfe and Takahashi, 1986; Ito and Takahashi, 1987], komatiite
[Bickle et al., 1977; Wei et al., 1990], and perovskite [Heinz and Jeanloz, 1987; Knittle and Jean-
loz, 1989] provide critical constraints on this evolution. Our new data on the equation of state of
molten komatiite provides new constraints and allows for more quantitative modeling than was pre-
viously possible. In this section we consider applications of the equation of state of a komatiitic

liquid to the evolution of the Hadean mantle from an initial wholly molten state.

The following discussions will focus on EOS constraints on the evolution of a molten mantle,
but many of these constraints cannot be properly evaluated without fluid dynamical considerations.
Density contrasts govern whether or not a crystal would rise or sink in a quiescent liquid, but

viscosities, convection velocities, and cooling rates are equally important in determining the ultimate
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Figure 17: Phase diagram for KLB-1 [Takahashi, 1986] with fields showing conditions under which
komatiite [Wei et al., 1990], MORB (as primitive melt) [Presnall et al., 1979; McKenzie
and Bickle, 1988], and picrite (also possible MORB parent) [Green et al., 1979; Elthon and
Scarfe, 1984] could have been extracted from their source regions. Adiabatic paths for
source material, assuming single stage melting, are indicated by light lines. The komatiite
field is based on the phase diagram of Wei et al. [1990] for a 25 wt% MgO komatiite.
Komatiitic liquids with higher MgO content are anticipated to form under higher PT condi-

tions [Takahashi and Scarfe, 1985; Wei et al., 1990].
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fate of crystals in a convecting magma system. Accordingly, an effort will be made to understand

the fluid dynamics of such a system as it evolves.

We will assume that the entire mantle was molten, and that the undifferentiated mantle had an
iron-depleted C1 composition [Agee and Walker, 1988b]. For simplicity, we will henceforth refer to
this iron-depleted C1 composition simply as C1. Because the mantle is assumed to be liquid, and
would have low viscosity, we will also assume that the thermal state of the mantle was approxi-
mately adiabatic. As the Earth cools boundary layers may develop, and crystal segregation may
occur. Both of these circumstances would make the system nonadiabatic, at least on local length
scales. These special circumstances may play important roles in the evolution of the Earth, as will
be discussed below. Furthermore, although convection requires some degree of superadiabaticity,

we will adopt the adiabatic state as a reference state and follow its development with time.

An approximate fit to the major element chemistry of C1 can be obtained from a mixture of
olivine (20.4 wt% of Fog gsFag 0, composition), perovskite (38.1 wt % of EnggFsy, composition), and
the komatiite we studied (41.5 wt %). From the assumption that liquids mix ideally with respect to

volume (i.e., V=3 x;V;, where V; is the specific volume of a liquid with the composition of com-

ponent i and x; is its mole fraction in the mixture) we can derive the adiabatic gradient of a liquid

of C1 composition:

XiVinl (‘Y }
T _ 4 VKs - ¥TCy; ’ (38)
KS mixture Z xiViCVi (K )
7| VKsi - ¥TCyi =~

where Kg; is the isentropic bulk modulus of a liquid with the composition of component i, Cy; its
constant volume heat capacity, and v; its Griineisen parameter. The high-pressure, high-temperature

thermodynamic parameters for each liquid end member (V;, Kg;, and v) are calculated from a
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Birch-Murnaghan EOS (Eqns. 19 and 28) with Mie-Griineisen thermal corrections for the pressure
(Eqn. 29) and bulk modulus (Eqn. 32). Cy is taken as 3R and g=1 for each component; both Cy

and v are assumed independent of temperature.

The phase diagram for an iron-depleted C1 upper mantle has been investigated by Ohtani et
al. [1986] and Ohtani and Sawamoto [1987]. Under lower mantle conditions we expect a
perovskite+magnesiowiistite subsolidus mineralogy. A representative schematic phase diagram for
this system at 100 GPa has been constructed (Fig. 18) assuming ideal mixing of liquid components
using the data of Khnittle and Jeanloz [1989] as an upper bound for perovskite melting and the calcu-
lations of Ohtani [1983] for magnesiowiistite. On the basis of this model calculation we expect that
perovskite will be the liquidus phase throughout the lower mantle. Without relying on the details of
the perovskite-magnesiowustite phase diagram, however, two general conclusions can be drawn.
First, crystallization of a wholly molten mantle would begin near the core-mantle boundary (Fig.
19). Second, if the upper mantle were wholly molten and the entire mantle were adiabatic, then the
lower mantle would be at least partially molten to great depth [¢f. Agee and Walker, 1988b]. If the
mantle were wholly molten to >30 GPa, then our calculations suggest that the zone of partial fusion
would extend to the core-mantle boundary (under adiabatic conditions). This can be seen by follow-
ing the adiabats, which, as described in the previous section, are slow to traverse the melting inter-
val. This conclusion is independent of the details of crystallization (i.e., no knowledge of 9T/oP|,
and ox/dT|p is required), but is, of course, sensitive to our assumed lower mantle liquidus and
solidus. An adiabatic mantle would therefore not have a crystalline floor initially, but rather a par-
tially molten zone extending to the core. Several adiabatic contours for the partially molten mantle
are superimposed on a model C1 phase diagram in Figure 19. The wet (crystal+liquid) adiabats are
calculated as discussed in the previous section, with crystal content varying linearly with tempera-

ture at constant pressure.



Figure 18: Approximate phase diagram for a chondritic lower mantle at 1 Mbar. The approximate
melting temperature of Mg, ¢Fe, ;SiO, perovskite is 3800 K [Knittle and Jeanloz, 1989] and
that of Mg, (Feq 4O magnesiowlistite is calculated to be <6000 K [Ohtani, 1983). The phase
diagram was calculated by assuming that AS; is R/g-atom for each phase with a simple
solution model. The solid diagram assumes that the molecular species in the melt phase
are given by the mineral formula. The dashed curve assumes one molecular species per
oxygen atom, and has been converted to the formula basis in the figure. The arrow indi-
cates the approximate bulk composition of a chondritic mantle. For both models perovskite
will be the liquidus phase at =3900 K. The solidus is at 3580 K with the formula basis,

and 3340 K with the oxygen basis.
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If any chemical fractionation (e.g., crystal-liquid segregation) occurs, the phase relations and
adiabatic contours described above will not be strictly applicable to the residual liquid. In the fol-
lowing sections we use this model C1 system as an approximation to fractionated systems as well.

A more rigorous analysis is not justified given available phase equilibrium data.

The time scale for cooling of a terrestrial magma ocean

Although the lifetime of a magma ocean is not central to our discussion, the extent of chemi-
cal fractionations may be limited by the rate at which the mantle cools. For example, in the
absence of any atmosphere and crust, the planet might cool so rapidly that little differentiation is
possilble. At the other extreme, if we allowed an arbitrarily long cooling time, then the molten Earth
would be quiescent (non-convecting), and could evolve through fractional crystallization to give a
strongly layered body. Accordingly, in this section, we will attempt to constrain the rate of heat
loss from the molten Earth. The heat flux from the molten Earth will depend on the surface tem-
perature and on the opacity of the atmosphere, while the surface temperature depends on whether or
not a crust could form. In the following subsection we discuss the importance of an atmosphere,
and arrive at an approximation for the heat flux as a function of surface temperature. In the subse-
quent subsection we consider whether or not a crust could form if the upper mantle were a

superheated liquid, and what influence this might have on the heat flux from the magma ocean.

(i) Heat flow through the atmosphere. The ability of a protoatmosphere to transmit heat from a

magma ocean is strongly dependent on the chemical constitution of the atmosphere. The chemical
composition of a protoatmosphere will, in turn, depend on the temperature of the Earth’s surface.
Very high surface temperatures lead to the formation of a metal-oxide (e.g., Na, K, SiO, Mg) atmo-

sphere [Ringwood, 1979]. Lower surface temperatures lead to the formation of a predominately H,,
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CO, H,0, CO,, CH, atmosphere [Holloway, 1988}, and still lower temperatures favor an air, e.g.,
N,, atmosphere. Liquid water would not be stable at the Earth’s surface if the bulk of the mantle
were molten or partially molten. Since such a molien state is the premise of our discussion, we will

not consider the latter case.

The potential surface temperature of a totally molten Earth could exceed 3500 K (Fig. 19a).
Under such conditions, a metal-oxide vapor atmosphere would form. However, condensation (i.e.,
the formation of oxide and silicate clouds) would probably limit the effective radiating temperature
of the atmosphere to be =2000 K [Thompson and Stevenson, 1988]. The radiative black body heat

flux corresponding.to a temperature of 2000 K is 6T* = 0.9 MW/m2,

A H,0, CO, or CO, atmosphere that would form at surface temperatures below =1500 K
could similarly regulate the radiating temperature. The numerical experiments of Zahnle et al.
[1988] indicate that for surface temperatures below about 1500 K, a water-rich atmosphere would
limit the net radiative heat flux to about 150 W/m?: about 6000 times less than a metal-oxide atmo-
sphere. For surface temperatures above 1500 K, the water-rich atmosphere is transparent to much of
the surface radiation, which has significant components in visible and UV wavelengths. Conse-
quently, the radiative properties of the atmosphere in the surface temperature interval of 1500-2000

K would be intermediate between the water-rich and metal-oxide cases.

As a first approximation, we adopt a mean heat flux of 0.9 MW/m? when the surface tempera-
ture exceeds 2000 K, and a mean heat flux of 150 W/m? when the surface temperature drops below
1500 K. If there is no crust on the magma ocean, then the surface temperature will exceed 2000 K
when the lower mantle of the Earth is crystallizing (Fig. 19a), and the heat flux regulating fractiona-
tion of the lower mantle will be that corresponding to a metal-oxide atmosphere: 0.9 MW/m2. If no

crust exists when the upper mantle crystallizes, then the surface temperature will be between 1500
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Figure 19: Estimated C1 phase diagram for the mantle compiled from experimental data of Heinz
and Jeanloz [1987], Ito and Takahashi [1987], Knittle and Jeanloz [1989], Ohtani et al.
[1986], Ohtani and Sawamoto [1987], Scarfe and Takahashi [19861, and Takahashi [1986].
Beyond 25 GPa this phase diagram is highly schematic and based solely on the perovskite
liquidus (see Fig. 18). The liquidus phases are olivine to =15 GPa followed by majorite to
=25 GPa and perovskite at higher pressures. Subsolidus reaction boundaries for the
sequence plagioclase—spinel - garnet and olivine—p modified spinel—»y
spinel—>perovskite+mw are also indicated. Superimposed on the phase diagram (Fig. 19a)
are adiabatic contours. The entropy of fusion causes subliquidus adiabats to remain in the
melting interval over extensive depth intervals. Note that crystallization will begin at the
base of a whole Earth magma ocean. The actual temperature profile of a magma ocean
will differ from the adiabatic contours wherever boundary layers develop. These boundary
layers may form in the lower mantle because of viscosity contrasts, in the upper mante
because of olivine neutral buoyancy, and at the surface where an itinerant crust may form.
The difference in energy (in 10*° J) between a given wet adiabat and the one above it is
written on the adiabat curves. At high temperatures the curves are at =1.4x10°° J intervals.
At lower temperatures the energy difference increases. Figure 19b is an enlargement of
Figure 19a, emphasizing the upper mantle and transition zone. Contours in this figure are

at 50° intervals at P=0.
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Figure 20: Cartoon snapshots of the evolution of the mantle from an initial wholly molten state. (a)
The first crystals to form will be perovskite. These will form at the base of the lower man-
tle where the adiabats first cross the liquidus (Fig. 19a). Convection would be so turbulent
that individual crystals would not be capable of settling out (up in this case since perovskite
could be buoyant at P>70 GPa). Crystal enrichment at the base of the lower mantle could
lead to the formation of a viscous boundary layer. In this boundary layer, perovskite cry-
stals might be capable of rising and subsequently become entrained in the turbulent eddies
above, leading to perovskite enrichment in the upper liquid region of the mantle. Iron-
enriched residual liquid could percolate down toward the core-mantle boundary. (b) When
the boundary layer reaches the level of perovskite neutral buoyancy, =70GPa, the direction
of crystal-liquid segregation will change. In this snapshot, a boundary layer exists in the
shallower lower mantle where perovskite crystals may be capable of settling downward. In
this shallow region, perovskite-depleted liquid could percolate through the perovskite matrix
to be mixed into the convecting liguid above. Below the boundary layer, at the level of
perovskite neutral buoyancy, percolating iron-rich perovskite-depleted liquid will sink. The
perovskite neutral buoyancy horizon would separate and iron-enriched perovskite-depleted
deep lower mantle from a perovskite-enriched iron-depleted shallow lower mantle. Major-
ite crystals may begin to form near this time, but as they are swept downward in the tur-
bulent eddies they would either dissolve or convert to perovskite. The majorite—perovskite
reaction boundary is shallower than the boundary layer at this time. The deep crystalline
lower mantle may begin subsolidus convection. (c) When the upper mantle begins to crys-
tallize, a crust may begin to form. The crust would be mechanically unstable and would
founder. Olivine crystals larger than 3.5 cm could also segregate from the convecting

liquid. The segregated olivine and foundered crust could form pockets of solid debris in
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the shallow upper mantle that could resist being entrained in the liquid mantle flows
because of their size and relative density. Stagnant boundary layers on the solid debris
would allow small (<3.5 cm) olivine crystals to segregate from the magma. Through these
three mechanisms (foundered crust, large olivines, and settling of small olivines through
stagnant boundary layers), a dunite septum could form in the shallow upper mantle (near =9
GPa). In the transition zone majorite continues to crystallize. As eddies carry majorite
from the transition zone, they either melt or convert subsolidus to perovskite or clinopyrox-
ene. Majorite segregation is inhibited until the base of the magma ocean (defined as the
=44% crystallinity boundary layer) reaches the transition zone. The crystalline deep lower
mantle is undergoing subsolidus convection. (d) This is a schematic representation of the
stratification of the mantle before subsolidus convection and possible rehomogenization
takes place. A crust overlies a clinopyroxene- and gamnet-rich shallow upper mantle. This
layer forms from the upper mantle magma that was depleted in olivine components that
sank to form the dunite septum. The dunite septum overlies a transition zone that is also
depleted in olivine components. The principal mineralogy of the transition zone would be
B-spinel, majorite and gamet. The lower mantle consists of perovskite and
magnesiowistite. This stratification is not gravitationally stable. In particular, the dense
garnet-rich shallow upper mantle is denser than the underlying dunite layer. As mentioned
earlier, the lower mantle may also be unstably stratified with a dense perovskite-rich layer
overlying a less dense magnesiowiistite-rich layer. Also contributing to rehomogenization
are late-impacting iron-rich planetesimals (shown as an infalling Fe-rich body). If
sufficiently rich in metallic iron, these bodies could sink to the core and substantially
enhance subsolidus convection. After the upper mantle undergoes its convective overturn,

the crust would overly a peridotitic upper mantle, that in turn would overly a gamet-
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majorite-rich transition zone. This stratification would be stable, and could prohibit the
Earth from convecting as a single layer. A stratification of this sort has been proposed for

the present Earth.
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and 2500 K (Fig. 19b), and the heat flow will be between 150 W/m? and 0.9 MW/m2 If a crust
forms, then the mean surface temperature cannot be greater than the solidus temperature of the
crust, =1500 K, corresponding to a maximum heat flux of about 150 W/m?, independent of the tem-

perature of the underlying magma.

The significance of heat flux for chemical fractionation can be shown by considering the
energy budget of the molten mantle. From Figure 19a, it can be seen that to generate a crystalline
mantle about 1.7x10*! J (the sum of the energy differences between adiabatic profiles) must be
removed from a wholly molten mantle beginning to crystallize at its base. The surface area of the
Earth is about 5x10'* m2 If the Earth cooled at a mean surface temperature greater than 2000 K,
i.e., regulated by a metal-oxide atmosphere, then the cooling time would be only 1200 yrs. This
case is tantamount to quenching the mantle, and chemical fractionation would be limited. If the
mean heat flux were 150 W/m?, i.e., regulated by a water-rich atmosphere (but no crust), then the
cooling time would be 7.2x10° yrs. This longer time affords a greater opportunity for chemical

fractionation to occur.

(ii) A crust on a superheated liguid mantle? The existence of a crust is important for the

chemical fractionation of the mantle because it limits the maximum heat flux from the magma ocean
to about 150 W/m?, as discussed in the previous section, and possibly much less since heat transfer
might be limited by conduction through the crust. An essential feature of a crust on a magma ocean
is that it is not likely to be buoyant. Morse [1987] discussed this problem as it relates to a lunar
magma ocean. Another feature of the early evolution of the magma ocean is that the ocean would
likely be superheated at low pressure (Fig. 19). A crust would have to support a very steep thermal
gradient (at least (Tyquigus=Tsolidus)/O, Where & is the thickness of the crust), and foundered crust
would dissolve unless it were thick [Walker and Kiefer, 1985]. Nevertheless, although a crust is not

mechanically stable, is seems likely that some glass or crystals would form simply because



- 114 -

convective heat transport may not keep pace locally with the extraordinarily high rate of radiative
heat transport. In this subsection we investigate the importance of a crust when the upper mantle is

superheated liquid.

Assuming that some crust can be generated, but that it will ultimately sink because of its high
density, we consider the possibility of a dynamically maintained crust. As a crude model, we con-
sider a hypothetical pseudo-steady state crust of thickness 8. When it founders, blocks of diameter
o will sink according to Stokes’ formula. Let us suppose that most of the radiative heat loss is
applied to removing the latent heat of fusion of liquid that regenerates the crust. A crude heat bal-

ance is then given by:

2 iqui -T, ace.
%%%&pAHf<F= K(Thqd“g sutsce) 39)

in units of energy per time per surface area. Here F is the heat flux from the magma ocean, 7 is the
viscosity of the molten mantle (1 poise), Ap is the density contrast (200 kg/m?) between the crust of
density p (3000 kg/m?) and the density of the liquid, AH; is the latent heat of fusion (4x10° J/kg),
and x is the thermal conductivity (2 J/m K). The surface temperature, Ty ., Mmust be below the 1
bar liquidus (2000 K) for crystals to form. In the initial stages of the evolution of the magma
ocean, i.e., when the lower mantle is crystallizing, we assume the temperature at the bottom of the

crust will be approximately equal to the liquidus temperature.

If the heat flux is 150 W/m? we find that the crust cannot be thicker than 40 pm. The max-
imum heat flux, 0.9 MW/m?, gives a maximum crust thickness of 2.6 mm, but a surface temperature
of 830 K that is inconsistent with such a high heat flux. The internally consistent solutions to Eqn.
39 give a crust of negligible thickness. From this exercise we conclude that a dynamically main-

tained crust is not important from the perspective of heat transfer when the upper mantie is
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superheated. The heat flow from the magma ocean would have been controlled entirely by the
atmosphere. At later stages of evolution, when the magma ocean may contain crystals at all depths,
viscosity below the crust will increase because of the crystal content and lower temperatures of the
magma. This viscosity enhancement could stabilize a dynamic crust, allowing it to become an

impediment to heat transfer.

Crystal-liquid fractionation in the depth range of the lower mantle

If the whole Earth were molten, then the adiabats shown in Figure 19a indicate that crystalli-
zation would have begun at the core-mantle boundary. From Figure 18 we believe that the first
phase to crystallize would be perovskite. Any crystal-liquid segregation that occurred during the
crystallization of the lower mantle would have perturbed the chemistry of the upper mantle if the
liquid portion of the magma ocean were well mixed. Agee and Walker [1988b, 1989] suggest on
the basis of a major element mass balance that some perovskite fractionation is required to generate
the modern peridotitic upper mantle. Ringwood et al. [1987], and Kato et al. {1988a, 1988b] argue,
however, that perovskite fractionation could not have been important because of the trace element
partitioning constraints. We showed earlier that perovskite is probably less dense than a chondritic
melt at the conditions of the deepest lower mantle (Fig. 10b); thus perovskite might segregate in a
quiescent mantle by flotation at P>70 GPa (4>1680 km), and by settling at P<70 GPa, possibly gen-
erating the chemical fractionations inferred by Agee and Walker [1988b, 1989]. In a large convect-
ing magma body, however, the flow regime will ultimately govem the extent to which segregation is

possible.

(i) Perovskite settling/floating in a convecting system. We assume the condition for segrega-

tion in a convecting fluid in the absence of boundary layers is that the settling velocity of the cry-
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stals exceeds the convective velocity of the magma. We can estimate the convective velocity of the

magma ocean with mixing length theory [Clayton, 1968, pp. 252-259]:

113

dF
= 4
Voony Hrp| (40)
where F is the heat flux, d is the depth of the ocean, and Hy is the thermal scale height:

T

Hy = —a—Tr , C3))

PE>p Is

which we calculate to be approximately 2x10* km. Note that the convective velocity is weakly
dependent on the heat flux. Recall that we have assumed the heat flux to be about 0.9 MW/m? dur-
ing crystallization of the lower mantle. The average convective velocity for a 2900 km deep

magma ocean is then about 3 m/s.
For crystal segregation to occur the settling (or rising) velocity must exceed the vertical com-
. . . _2rvp
ponent of the convective velocity. In a low Reynolds number regime (Re= n for Re < 2, where

the Reynolds number, Re, is evaluated for crystals. Here r is the crystal radius, v is the relative
crystal-liquid velocity approximated by Eqn. 40, 7 is the fluid viscosity, g the gravitational accelera-
tion, p is the fluid density, and Ap the density contrast. This is not the Reynolds number character-
izing the convective flow of the magma ocean), the settling velocity is well approximated by Stokes’
terminal velocity formula. In higher Re regimes a variety of empirical relationships can be used to

determine settling velocities {Bird et al., 1960]:



- 117 -

= {2gAp] Re < 2 (42a)
- | 111pv n
r [l6gAp] [2vp] 2 < Re £ 500 (42b)
_33pv? 500 < Re < 2x10° (42c)
ZOOgAp - ’

Note that the viscosity dependence of r is different in each flow regime, and Eqn. 42c is indepen-
dent of viscosity. The dependence of crystal size on the assumed heat flux is also different in each
regime. Comparing Eqn. 40 with Eqns. 42, we see that crystal size is proportional to F® (Eqn.
42a), F"” (Eqn. 42b), or F¥* (Eqn. 42c). We estimate the crystal size by evaluating each of these
equations, determining the Reynolds number for each case, and selecting the result that is consisteni
with the Re conditions. For perovskite in the lower mantle, the maximum crystal-liquid density
contrast will be =0.25 g/cc. If the viscosity of molten C1 obeys an Arrhenius relationship, indepen-
dent of pressure, then we would estimate a lower limit for the viscosity to be = 0.01 poise [Bottinga
and Weill, 1972]. The combined pressure and temperature dependence of viscosity is unknown for
silicate liquids under these conditions so this value for viscosity must be suspect. We estimate that
crystals 60 m in diameter would be required if segregation is to occur in such a vigorously convect-
ing system, independent of viscosity (Re is 8x10® in this case, outside the bounds of the constitutive
relations). If we considered a heat flux 10° times smaller, then the velocity would be 30 cm/s, and
the required crystal diameter 60 cm. While EOS constraints alone might suggest crystal flotation or
settling during lower mantle crystallization, consideration of the flow characteristics in the magma
ocean emphatically precludes this possibility.

As the magma ocean cools, a crystal-rich layer will develop at the base of the lower mantle.
This crystal enrichment is not a consequence of crystal settling, but simply a result of the wet adia-

bat approaching the solidus. This crystal enrichment leads to rapidly increasing viscosity, which in
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turn could lead to a change in the flow structure of the ocean. According to Roscoe’s [1953] cri-
terion, 44% (by volume) of crystals would increase the viscosity over the crystal-free viscosity by a
factor of 10, about the maximum viscosity contrast the system can tolerate before forming a boun-

dary layer [Marsh, 1989].

If a boundary layer forms in the lower mantle between crystal-poor magma above and
crystal-rich magma below, then chemical fractionation could occur through two mechanisms. First,
crystal settling or flotation could occur through this boundary layer, regardless of crystal size, since
the moving crystals would not have to oppose convective flow. Second, interstitial liquid could be
expelled from the compacting crystal-rich lower zone. If crystals are denser than liquid then inter-
cumulus liquid will be expelled upward, leading to chemical fractionation effects in the upper man-
tle by upward transport of perovskite-depleted liquid. If crystals are less dense than the liquid, then
expelled liquid will segregate downward and the boundary zone will be enriched in crystals. This
downward melt segregation would be hidden from the upper mantle, which would be unaffected by
this fractionation. If these buoyant crystals become entrained in the convecting liquid above the

boundary layer, then chemical fractionation could also occur.

In the lower mantle, our results suggest perovskite would be buoyant in C1-like liquid compo-
sitions at pressures 270 GPa (1680 km), and more dense than the liquid at lower pressures (Fig.
10b). As the lower mantle crystallizes, the nature of possible chemical fractionation at the boundary
layer would therefore change. When the boundary layer exists at greater pressure than the
perovskite neutral buoyancy horizon (=70 GPa), perovskite will tend to float, thereby enriching the
magma ocean in perovskite components if boundary layer entrainment can occur. At later times,
when the boundary layer is shallower than the perovskite neutral buoyancy horizon, perovskite will
tend to settle out from the boundary layer. The combined effect would be to enrich the shallow

lower mantle in perovskite components relative to the deep lower mantle. Iron-rich interstitial
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liquids in the crystal-rich regions below the boundary layer would also tend to sink at >70 GPa (and
perhaps from shallower levels as well, although such liquids might crystallize upon adiabatic
compression), perhaps also leading to enrichment of the shallow lower mantle in perovskite com-
ponents and enrichment of the deep lower mantle in magnesiowiistite components. Such a chemi-
cal stratification would be unstable under subsolidus conditions because crystalline perovskite is
denser than crystalline magnesiowiistite. The formation of such a stratified lower mantle would

therefore give rise to subsequent subsolidus convection.

If crystal-liquid segregation can occur in boundary layers and movement of interstitial liquid
below the boundary layer is possible, solidification of the lower mantle initially enriches the overly-
ing magma in perovskite components, and later, when the boundary layer is shallower than =70
GPa, depletes the overlying magma in perovskite components. Whether the upper mantle and tran-
sition zone would suffer a net enrichment or depletion of perovskite components depends on the
relative efficiencies of the initial perovskite flotation and later perovskite settling mechanisms, If
these processes were equally efficient, then the upper mantle and transition zone might be expected
to be depleted in perovskite because the volume of the perovskite-enriched shallow (P<70 GPa)

lower mantle is about 34% greater than the volume of the perovskite-depleted deeper part.

The extent of perovskite fractionation by settling crystals through a boundary layer is difficult
to quantify since the crystal content and velocities of turbulent eddies near the boundary layer must
be known. Crystal size, which must also be known, depends on the mean residence time of eddies
in the subliquidus region of the magma ocean and the kinetics of crystal growth. A simple model
for crystal settling in a turbulently convecting magma body was developed by Martin and Nokes
[1988]. Their model is based on experimental measurements in the limit of very low crystallinity
(=0.3 volume %). Since the crystal fraction near the boundary layer could be very large, =44.0

volume %, their model is not directly applicable in this case. When the crystal fraction in the
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boundary layer is large, the viscosity and hence settling rate for individual crystals is strongly
dependent on the crystal content. In this limit, the problem of crystal settling through a boundary
layer becomes in essence a problem of matrix compaction. Perovskite fractionation by matrix com-
paction is more easily quantified, and gives a lower limit to the amount of perovskite fractionation

that could occur. This mechanism is discussed below.

(ii) Perovskite fractionation by matrix compaction. To what extent can matrix compaction lead

to fractionation? We are interested in the case where liquid is expelled from a compacting matrix
that is undergoing crystallization, and that is growing in vertical extent because of the crystallization
of the overlying liquid. This compacting region may also be convecting. To evaluate this mechan-
ism we will first estimate the characteristic velocity of the compacting matrix with the method of
Richter and McKenzie [1984] and McKenzie [1984], then compare this velocity to the upward velo-
city of the solidus in the cooling lower mantle. The characteristic velocity of the compacting matrix

is given by [Richter and McKenzie, 1984]:

L)
n

Ve =

(1-%0)Apg , 43)

where k; is the permeability, Ap is the density contrast, and ¢, is the initial volume fraction of the
fluid phase. Let us consider the case ¢, = 0.56, obtained above from Roscoe’s criterion for a 10x
viscosity increase. Conservative estimates of the remaining terms are 7 = 1 poise, ko = 1.7x107™*
cm? (using the constitutive relationship given by Eqn. 5 of Richter and McKenzie [1984], and
assuming a crystal radius of 1 cm), and Ap = 0.2. With these assumptions, the characteristic matrix

velocity is 0.5 km/yr, proportional to the crystal size squared.

The time scale for the growth of the crystal-rich layer can be estimated from the heat flux

from the magma body. Given the heat flux (0.9 MW/m?), we calculate the growth of the layer from
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the difference in heat and crystal content of the adiabatic profiles (Fig. 19) to be about 2.6 km/yr.
Since the liquidus and solidus of the lower mantle are subparallel, the velocity of the solidus will
also be =2.6 km/yr. Since the velocity of the solidus exceeds the velocity of the compacting matrix
by a factor of 5, we infer that matrix compaction may not lead to significant chemical fractionation
effects in the lower mantle. This conclusion is not robust, however, since neither the heat flux,
viscosity, nor crystal size are well-constrained parameters. In any case, matrix compaction or initial
inhomogeneities in initial crystal fractions in the partially molten zones could generate regions of
locally high fluid fraction that could ascend rapidly either as diapirs or solitary waves [Richter and
McKenzie, 1984; Scott and Stevenson, 1984, 1986, 1988]. Some fractionation by auxiliary diapiric
processes or enchanced porous flow as magmons may be possible even if the compaction rate is
much smaller than the crystallization rate. We conclude that perovskite fractionation motivated by
matrix compaction is possible, but the extent to which it would occur depends strongly on poorly

constrained model parameters.

Crystal-liquid fractionation in the depth range of the upper mantle and transition zone

(i) Garnet-majorite crystallization. When gamet-majorite begins to crystallize, perovskite cry-

stallization is still incomplete in the lower mantle (Fig. 19), and the floor (>44% crystals) of the
magma ocean is deeper (=40 GPa; =1000 km) than the gamet-majorite—perovskite reaction boun-
dary. Thus, if the initially crystallized garnet-majorite were able to sink it would convert to
perovskite before reaching the floor of the magma ocean. However, garnet-majorite may begin to
crystallize deeper than its =22 GPa neutral buoyancy presure with komatiitic liquid (Fig. 9). Thus,
when garnet-majorite first crystallizes in the magma ocean it may resist fractionating because of its

tendency to float, and might be digested by the overlying superheated liquid. When the floor of the
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magma ocean reaches the garnet-majorite—perovskite neactioh boundary at about 25 GPa, fractiona-
tion of the approximately neutrally buoyant gamet-majorite may be possible. Before this occurs,
however, olivine will have begun to crystallize in the upper mantle. As discussed below, and by
Agee and Walker [1988b], olivine crystallization could generate a boundary layer in the upper man-

tle that might isolate the shallow upper mantle from the effects of gamet-majorite fractionation.

(ii) Olivine crystallization and the formation of a dunite septum. The prediction that olivine

would be less dense than ultrabasic liquid near 8 GPa led Nisbet and Walker [1982], Ohtani [1985],
and Agee and Walker [1988b] to suggest that a dunite septum would develop at the depth of olivine
neutral-buoyancy. Such a septum would separate the magma ocean into upper and lower regions
that could evolve separately. The lower magma reservoir has been suggested by these authors as a

source of komatiitic magma. In this subsection we will address the feasibility of this proposition.

The phase diagram (Fig. 19b) suggests that olivine will first begin to crystallize near its neu-

tral buoyancy horizon. Olivine fractionation will therefore probably not be possible initially.

As the mantle continues to cool, olivine will begin to crystallize both above and below the
neutral buoyancy horizon. Even when olivine crystals are stable far from the neutral buoyancy hor-
izon, for example at the surface of the magma ocean, crystal settling may not occur. The convec-
tive velocity (from the mixing length formula, Eqn. 40, with a heat flux of 150 W/m?) of the magma
ocean will be approximately 10 cm/s. We estimate that the viscosity of crystal-free magma will be
=] poise [Bottinga and Weill, 1972]. With these assumptions, a crystal radius of =3.5 cm (Eqn.
42b) is required for crystal flotation/settling to occur in the absence of a boundary layer. As dis-
cussed previously, this result is weakly dependent on the assumed heat flux (r is proportional to F"*
in this flow regime). Olivine segregation by settling or flotation could occur if =3.5 cm crystals

could form; this crystal size is proportional to the 3/8 power of viscosity, which could readily be an
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order of magnitude higher or lower. Whether crystals of this size could form depends on the kinet-
ics of crystals growth, and on the mean residence time of turbulent eddies in the shallow mantle

where olivine is the liquidus phase.

Agee and Walker [1988b] proposed an alternative mechanism for nucleating a septum that cir-
cumvents the need for large single crystals. They proposed that meter-sized foundered blocks of
crust would sink without dissolving [Walker and Kiefer, 1985], and come to rest near the level of
olivine neutral buoyancy. Olivine crystals in the magma could then accumulate above and below
the foundered crust through stagnant boundary layers or compaction processes. In this case, the for-
mation of a dunite cumulate layer depends critically on the details of crust formation and crust sta-
bility.

When olivine first begins to crystallize, majorite crystallization will be nearly 10% complete
in the transition zone, and perovskite crystallization nearly 60% complete in the 25-70 GPa interval.
As the upper mantle cools beyond this point, regions both above and below the olivine neutral buoy-
ancy point will begin to crystallize olivine. If a dunite septum develops and grows, it would do so
by both olivine settling from above and flotation from below, so the magma reservoirs above and

below the septum could both be depleted in olivine and perovskite.

If an olivine septum developed, where would it be situated as the system evolved? Olivine
below the neutral density horizon is buoyed up by a force proportional to the density contrast.
Olivine above the neutral buoyancy horizon will experience a similar force, but of opposite sign,
that pushes the septum downward. The septum will situate itself in a position where these forces
are exactly balanced (Archimedes’ principle). If crystal accumulation from below were not properly
balanced by crystal accumulation from above, then the positive and negative buoyancy forces would

not balance. The septum would have to readjust, and this readjustment would necessitate magma
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transport through the septum. The "septum” would therefore be permeable. Transport of magma
through the permeable septum could transmit chemical fractionations between the upper and lower
magma reservoirs, in a direction dependent on the relative crystallization rates of the two reservoirs.
It seems likely that the upper, shallow reservoir would crystallize faster. If this were so then down-
ward settling of the dunite septum would force magma from the lower reservoir through the perme-
able septum to mix with the upper magma reservoir. When the floor of the magma ocean (= 44%
crystallinity) reaches the level of majorite stability (relative to perovskite), the magma trapped
between this floor and the dunite cumulate layer could become depleted in majorite. To the extent
that this majorite-depleted magma could traverse the dunite cumulate layer (as this layer sagged
downward due to addition of olivine from above faster than from below) and mix with the overlying
magma, regions above the dunite septum might develop a majorite-depleted chemical signature.
Majorite fractionation in the shallow upper mantle might thus be limited by the development of a

dunite cumulate layer, but cannot be entirely excluded.

Post-crystallization rehomogenization processes

The evolution of the Hadean mantle from an initially molten state described above would
likely lead to some chemical heterogeneity in the upper mantle. For example, perovskite, majorite,
and/or olivine fractionation could have occurred, and, indeed, aspects of the chemistry of mantle
rocks and seismic properties of the mantle have been used to infer that they did. However, even if
such fractionations occurred, their most extreme manifestations may have been obliterated by subse-
quent rehomogenization of the mantle by subsolidus convection after most of the mantle crystal-
lized. For example, Ohtani [1985] and Agee and Walker [1988b] noted that the shallow upper man-

tle, depleted in olivine components by the formation of the dunite cumulate layer, would crystallize
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to a denser clinopyroxene and garnet assemblage. Convective overturn might later place the
olivine-enriched cumulate at the base of the crust or remix these fractionated components. The
extent to which such overturn and rehomogenization could have occurred would depend on the vert-
ical extent of the mantle convection system, and whether the mantle convected in one, two, or many
layers. This in turn depends on the extent to which chemical stratification developed during cry-
stallization. However, that the upper and lower mantle and perhaps the transition zone may differ in
composition today [e.g., Jeanloz and Knittle, 1989; Anderson, 1989] may suggest that convective
rehomogenization was limited to specific regimes within the mantle. On the other hand, convection
during the Hadean was far more vigorous than today and would have been facilitated by the gen-

erally higher temperature of the mantle.

8. Conclusions

We have measured the Hugoniot of a molten komatiite initially at 1550°C. The data are
smooth, indicating that rapid structural reorganization has either not occurred or is too subtle to be
detected in the 5-36 GPa range of our experiments. This observation is consistent with Hugoniot
measurements on molten diopside and anorthite [Rigden et al., 1989], but differs from molten
anorthite+diopside Hugoniot results [Rigden et al., 1988], and possibly molten perovskite diamond
cell results {Knittle and Jeanloz, 1989] for which evidence of liquid state structural reorganization is
inferred. The isentropic bulk modulus is determined to be 27.0 + 0.6 GPa, and its isentropic pres-
sure derivative is 4.940.1. The pressure-density relationships obtained from these parameters is con-

sistent with the static compression measurements of Agee and Walker [1988a] to 6 GPa.

The 1550°C Hugoniot may cross below the komatiite liquidus at pressures less than 15 GPa.

Our data shows no evidence of crystallization or anomalous compression that can be associated with
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either crystallization or vitrification. To the extent that shear viscosity is a valid indication of the
relaxation time, we believe that our samples were fully relaxed. The kinetics of olivine crystalliza-

tion support the idea that our samples remained molten, albeit metastably, below 15 GPa.

We confirm the hypothesis that ultrabasic liquids can be more dense than coexisting crystals at
upper mantle pressures [Stolper et al., 1981; Ohtani, 1983, 1984]. Olivine and clinopyroxene are
neutrally buoyant between 7 and 9 GPa, depending on the specific liquid composition. Garnet-
majorite may be buoyant in ultrabasic compositions in the 20-24 GPa interval. Extrapolating our
data to 70 GPa, we determine that perovskite could be buoyant in ultrabasic liquids in the lower
mantle. Under upper mantle conditions, increasing the normative olivine content of a liquid
increases its density. We predict that at higher pressure, olivine addition would diminish the liquid

density.

We have applied our komatiite EOS data to the problem of adiabatic melting. We have con-
structed a simplified model that allows the minimum depth and temperature of a mantle diapir to be
constrained given its final melt fraction. This model indicates that an initially unmelted source
region for komatiitic lavas would be in the transition zone or the lower mantle if >15% melting is
required. Phase diagrams for komatiitic compositions and fertile peridotites are consistent with this
interpretation. If this is so, then komatiites may be formed in much the same way as modem basalts
and picrites, the difference being that komatiites require substantially hotter (>700°C) diapiric

sources.

We have discussed the early stages of the evolution of a magma ocean. Despite the simplicity
of our calculations, several conclusions can be drawn: (1) If the mantle were adiabatic, the wholly
molten mantle would crystallize from the bottom up. When crystallization begins in the upper man-

tle, most of the transition zone and lower mantle would still be partially molten. (2) A crust at the
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surface of the magma ocean would not have been stable while the crystallization front traversed the
lower mantle. The surface temperature of the magma ocean would have been between 1900° and
3200°C, favoring the existence of a metal-oxide atmosphere. (3) Although perovskite would tend to
float at depths of >1680 km, and sink at shallower depths, convective velocities in a magma ocean
this deep would be so high as to prevent crystal-liquid segregation. However, as the system cools,
the degree of crystallinity at depth along an adiabat becomes high enough (244%) that the less cry-
stalline part of the system above this level and the more crystalline part below begin to convect
separately. Matrix compaction in the lower level could lead to expulsion of liquid downward at
depths >1680 km, and upwards at depths <1680 km. Diapirism could facilitate this fractionation
process. This could lead to effective fractionation of perovskite components in the liquid of the
upper mantle. (4) When majorite first begins to crystallize, it would probably tend to float, and the
floor of the magma ocean would be deeper than the maximum depth of majorite stability. Majorite
would therefore be initially prohibited from fractionating. The later formation of a dunite cumulate
layer might limit, but not completely exclude, majorite fractionation effects in the upper mantle. (5)
A dunite cumulate layer might form in the upper mantle, either by the settling and/or rising of indi-
vidual crystals or by the accumulation of crystals around foundered crust. Such a septum would
necessarily be permeable; thus, although it could limit subsequent majorite fractionation effects in
the region above it, it would not prohibit them altogether in the upper mantle. (6) The formation
and evolution of a molten mantle is highly dependent on the accretion scenario, and cannot be
modeled on the basis of EOS and phase equilibrium constraints alone. Issues that are difficult to
address include (a) the time scale of Earth accretion, (b) the rheological and physical processes that
occur in turbulent convection in a deep system without walls, (c) rates of heat transfer through
different protoatmospheres that form in response to different rates of planetesimal accretion, (d) the

dynamics of crust formation and recycling on a magma ocean, and (¢) the dynamics of subsolidus
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convection to the extent this governs rehomogenization of the Earth. Future work should address

the specific flow structure of the magma ocean, and the specific nature of the coexisting atmosphere.
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We have examined in detail the analytical method for measuring shear viscosity from the
decay of perturbations on a corrugated shock front. The relevance of initial conditions, finite shock
amplitude, bulk viscosity, and the sensitivity of the measurements to the shock boundary conditions
are discussed. The validity of the viscous perturbation approach is examined by numerically solving
the second-order Navier-Stokes equations. These numerical experiments indicate that shock instabil-
ities may occur even when the Kontorovich-D’yakov stability criteria are satisfied. The experimen-
tal results for water at 15 GPa are discussed, and it is suggested that the large effective viscosity
determined by this method may reflect the existence of ice VII on the Rayleigh path of the
Hugoniot. This interpretation reconciles the experimental results with estimates and measurements
obtained by other means, and is consistent with the relationship of the Hugoniot with the phase
diagram for water. Sound waves are generated at 4.8 MHz in the water experiments at 15 GPa.
The existence of anelastic absorption modes near this frequency would also lead to large effective

viscosity estimates.

1. Introduction

The viscosity of high-pressure fluids is one of the fundamental parameters that controls rates
of chemical fractionation and heat transport in the Earth. Viscosity can also be used as an indirect
probe of the structural configuration of multicomponent liquids [e.g., Kushiro, 1977]. Order of mag-
nitude viscosity changes with temperature [Bottinga and Weill, 1972} and pressure [e.g., Kushiro,
1986] have been detected in silicate liquids. This sensitivity of viscosity to both pressure and tem-
perature demonstrates that extrapolation of low pressure and/or low temperature measurements to
high-pressure high-temperature conditions of geophysical interest is subject to very large uncertain-

ties. This is particularly true in silicate systems where liquid state structural changes have been
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inferred [e.g., Rigden et al., 1988; Knittle and Jeanloz, 1989]. The systematics of liquid silicate
viscosity with pressure are believed to be complex. Molecular dynamics studies on liquid silicates
[Woodcock et al., 1976; Angell et al., 1982] predict that viscosity will diminish with increasing
pressure to a minimum value in the neighborhood of 25 GPa, and increase thereafter. Static-
pressure viscosity measurements to 3 GPa [e.g., Kushiro, 1980] confirm this trend, although the

predicted minimum remains experimentally unaccessible by this method.

A variety of methods have been employed to experimentally determine the viscosity of liquids
at high pressure. Under static high-pressure conditions, the Stokes drag on falling spheres [Kushiro,
1976, 1977, 1978a,b,c, 1980, 1986; Kushiro et al., 1976; Fujii and Kushiro, 1977a,b; Scarfe et al.,
1979; Kanzaki et al., 1987] has been measured to simultaneously determine the density and viscos-
ity of liquids to pressures of 3 GPa. Dynamic high-pressure experiments (shock wave) can be used
to access a greater range of pressures and temperatures. These shock wave methods fall into three

general categories.

First, the rise time or width of the shock front can be related to some effective viscosity aver-
aged over the range of pressures, temperatures, and compression experienced by the sample in this
shock front region [e.g., Bland, 1965]. The rise of the shock front can be experimentally determined
with high precision using velocity interferometry techniques, and has been related to viscosity by
Swegle and Grady [1985]. Because this method determines the viscosity over the very broad range
of conditions experienced in the shock front, and because the strain rates in this region are exceed-
ingly large, this method may be inappropriate for determining the low frequency, i.e. relaxed,
viscosity of the high-pressure state.

Second, indirect indicators of viscosity have been used to estimate the viscosity of materials at

high pressure. These indirect indicators include fluorescence lifetimes in glycerine [Huston et al.,
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19851, electrical conductivity measurements of weak electrolyte solutions [Hamann and Linton,
1969], and the diffusion-controlled precipitation of sulfur in thiosulphate solutions [Yakusheva et al.,
1972]. The fluorescence method is based on the observation that the fluorescence lifetime of the
crystal-violet (CV) dye molecule is correlated to the 2/3 power of the viscosity of the glycerine sol-
vent [Forster and Hoffmann, 1971], whether viscosity is varied by changing pressure or temperature
[Brey et al., 1977]. This special feature of the CV-glycerine system is critical to the success of this
method since pressure and temperature vary simultaneously under shock compression. The conduc-
tivity method is based on the theoretical argument, Walden’s rule [Walden, 1906], that the product
of ionic conductivity and viscosity is a constant for a given system. These methods can, in princi-
ple, sample the low frequency viscosity, but they rely critically on the validity of the calibrations
that link the measured properties to viscosity. For well-studied systems, where viscosity and conduc-
tivity or fluorescence kinetics have been independently measured as functions of pressure and tem-
perature, these indirect indicators can be applied in shock wave experiments. Such methods are
inherently suspect outside the pressure/temperature range of static experiments where the validity of

the calibrations cannot be assured.

Third, direct measurements of high pressure viscosity are possible by observing induced flows
in high pressure materials. These experiments include the measurement of the oscillatory damping
of a sinusoidal shock front [Sakharov et al., 1965; Mineev and Savinov, 1967, 1976; Mineev and
Zaidel’, 1968], and measurement of the viscous drag on an embedded cylinder [Al'tshuler et al.,
1977, 1986; Kim, 1984]. These methods require no calibration since they are based on fluid
mechanics of viscous flow. In the viscous drag experiment a metal cylinder is embedded in a non-
conductive sample, oriented parallel to the plane of the shock. When the sample is shocked the
cylinder is accelerated. The initial acceleration is complicated by shock wave interactions, but after

a short time the acceleration is controlled by the viscous drag of the sample flowing past the
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cylinder. The velocity of the cylinder, measured by detecting electrical current induced by the
motion of the metal cylinder in a magnetic field, is recorded as a function of time. This velocity
history is analyzed with a simple viscous flow model to give the sample’s shear viscosity. Because
velocity is detected by measuring electrical currents this technique requires a nonconductive sample.
The oscillatory damping experiment works equally well with conductive and nonconductive samples,
and is therefore applicable to a greater variety of materials. The oscillatory damping experiment is

the subject of this study.

The oscillatory damping experiment is elegant in its simplicity. Figure 1 illustrates the experi-
mental apparatus of Sakharov et al. [1965]. An explosive block is used to drive a shock into a disc
of sample material in which a series of sinusoidal grooves are cut. When the shock intersects these
grooves a sinusoidal perturbation is created on the shock front. This perturbed shock then pro-
pagates into a wedge of sample material. The curvature of the shock front generates velocity pertur-
bations in the compressed sample. These velocity perturbations, modified by the sample viscosity,
are coupled with the wave front. The shock front fluctuations are therefore direct indicators of the
shocked fluid viscosity. The wedge shape of the sample allows the amplitude of the shock front
perturbations to be examined as a function of time. The shock profile is detected by recording gas
flashes induced by the shock arrival between the top surface of the wedge and the overlying plastic

buffer.

In contrast to the simplicity of this experimental design, the analysis of these experiments is
very complex, as is evident in the work of Zaidel’ [1967]. In the particular case of shocked water,
this method gives consistently high values of viscosity relative to other methods (Fig. 2): by a fac-
tor of 10° relative to the conductivity method, and by a factor of 10 relative to the viscous drag
method [Al'tshuler er al., 1986]. The former discrepancy may be attributed to the failure of

Walden’s rule at high pressure [Al'tshuler et al., 1986], but the disagreement with the viscous drag
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Figure 1: Schematic of experimental design. An explosive block (a) generates a shock that first
enters a sinusoidally grooved sample disc (b). The sinusoidal grooves generate perturba-
tions in the shock front that then propagate into the sample wedge (c). The profile of the
shock front is detected as a function of time by the light emitted in the flash gap (d) by the
arrival of the shock at the free surface of the wedge. The emitted light is shuttered by the

shock induced opacity of a plastic sheet (), and a mask (f).
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Figure 2: Summary of shock wave viscosity measurements on water. Data from: Mineev and
Zaidel’ [1968], (open circles); Mineev and Savinov [1976], (closed circle); Al’tshuler et al.
[1977], (open squares); Kim [1984], (closed squares); Al'tshuler et al. [1986], (open dia-
monds); and shock thickness measurement of Harris and Presles [1981] (open triangle).
Crossed circles indicate our new interpretations of the Mineev and Zaidel’ [1968] 15 GPa
experiment. (A) corresponds to linearized and second-order calculations without initial con-
ditions or finite amplitude effects. (B) corresponds to calculations with initial condition and
finite amplitude effects. The viscosity calculated by Mineev and Zaidel’ at 15 GPa lies
within the symbol for case B. In all cases it was assumed that x =m. Symbols with

arrows denote upper bounds.
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Figure 3: Schematic geometry of sinusoidally perturbed shock in stationary coordinate frame (a),
and co-moving coordinate frame (b). The arrows denote relative senses of motion, but their

length is not scaled in proportion to the magnitudes of the velocities.
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method is less easily explained. It is possible that the analytic method of Zaidel’ [1967] is correct,
and that water does exhibit a near-solid rheology at high pressure. Alternatively, errors in the ana-

lytic method may have led to a misinterpretation of the experiments.

The viscosities of shocked solids determined by this method, however, are in substantially
good agreement with estimates obtained through the study of the shock welding phenomenon
[Godunov et al., 1971]. Melting points on the Hugoniot have also been detected by associated
decreases in viscosity [Mineev and Savinov, 1967] by this method, and are in agreement with

independent melting curve measurements.

The purpose of this paper is to examine the analytic method in greater detail, and to augment.
the treatment of Zaidel’ [1967] by considering some alternative approximations. First the boundary
conditions (BC) at the shock front are derived in §2. The initial conditions (IC) are discussed
briefly in §3. Next, the linearized equations of motion and continuity are developed in §4. The
shock perturbation development solution follows in §5 in the inviscid limit. A viscous perturbation
follows in §6, and again in §7 with the different set of boundary conditions proposed by Zaidel’
[1967].

In §8 a summary of approximations is presented, and their impact is discussed. In §9 and §10
the initial conditions are reexamined and a semiquantitative initial condition model is introduced. In
§11 we examine the complete viscous equations to assess the validity of the viscous perturbation
method for finite viscosity. Numerical examples are presented that indicate that instabilities may
occur for certain ranges of Reynolds number. Finally, in §12 experimental data for water at 15 GPa
[Mineev and Zaidel’, 1968] is discussed.

It is assumed that the shocked material behaves as a viscoelastic fluid. Anelastic absorption

mechanisms are not explicitly considered, although they might be important in some experiments.
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The frequency of pressure waves generated by a perturbed shock are inversely proportional to the
wavelength of the perturbation. For many materials it is therefore possible, at least in principle, to

design an experiment that avoids anelastic phenomena.

2. Boundary Conditions at Shock Front

The boundary conditions at the shock front are readily derived from the generalized Rankine
Hugoniot relations. Nevertheless, it seems worthwhile to derive these conditions because the result
we obtain differs from that presented by Zaidel’ [1967] without derivation. We begin the derivation
by specifying the geometry at the shock front. This allows all perturbations to be cast into vector
components normal and tangential to the shock front. These vector components are then used with
the generalized Rankine Hugoniot relations to obtain the boundary conditions at the shock front.

Sign conventions follow Truesdell and Toupin [1960].

In following Zaidel’ [1967] we adopt a co-moving coordinate system (Fig. 3) in which the
shock front is stationary, nominally the plane x=0. The shocked material travels in the positive x
direction at a nominal velocity v (v=Us—Up, where Us is the shock velocity, and Up is the particle
velocity), and the unshocked material travels in the positive x direction at a nominal velocity vo
(Us). Perturbations are present in the x and y directions, but not in the z direction. The perturba-

tions on the shock front, &, are positive when the front is perturbed toward the shocked material.
In the co-moving coordinate system specified above (Fig. 3), a point on the shock front can be
given by the generalized coordinate (x,y) = (§(y),y), or in vector form by:
P = E+y]. 1)

The tangent to this surface is given by ais/ay. The normalized, or unit tangent vector is then:
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3

T &+ 17 )
where €, = d&/dy, and the unit normal vector is given by:
2 - -t
V1 + §y7 '
The velocity of the surface point specified by Eqn. 1 is:
F =8, @

Its normal and tangential components are determined by the dot product of this velocity with the

unit direction vectors, Eqns. 2 and 3:

S J -
55 = ®)
V1+ éyz
and
. &€
S = ©6)
Vi+ §y2
The unshocked material ahead of the shock wave is given by the generalized coordinate:
= X+ vl +y) )
with velocity
= vy, ®)

This velocity can also be decomposed into normal and tangential components:

Vo

Ay = = ©)
N1+ é,’
and
o v (10)

V1 +§,,I )
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Similarly, the compressed material behind the shock front is given by the generalized coordi-

X = [x+ v+ Vit + [y + VATT, aan
where vi is the nominal velocity, and primes denote small velocity perturbations (v’,?+ v’,]}. The
velocity of the shocked material is:

X = (v+VI+VY, (12)

resolving into normal and tangential components

AL S 1 13
Wirg )
o _ Vy+ & v+ V) (14)

\/1+§yz

In a reference frame moving with the shock front we define the normal velocities Ut =

Ut = ﬂ 15)
1+ Ej

= STV YtV (16)

V1 +§,,"r

Before evaluating the BC, it is useful to determine the components of the stress tensor in the

(n,t) coordinate system. We assume a Newtonian fluid with constant viscosity. The stress tensor in

the (x,y) coordinate frame is given by the components:

S T8 DAL S ) I I AV an
T = ox  dy “ ay

av, av,] a8
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- p 9 28vy ov, ov, av, 19
Ty = PN o Y kT oy (19)

where 1 is the shear viscosity and « is the bulk viscosity. These components can be cast into nor-

mal and tangential stresses with the relationship:

Ta = ZZ(Tk')(Tlh . (20
i
Using the normal and tangent vectors determined above (Eqns. 2 and 3) these sums can be applied

to give:

_ T 2%,y + &1y

m 1487 1
ov’ ov’ v’ v’
2 x x  OVy 2_ 4] %y
C Paix av,  ovy L2 [2{"] ox 3§y[ dy T T ] * [2&, 1] dy @)
Ton = F) oy 3" 1+&2
Eytax + [l_éyz] Ty ~ &yTyy 23
Ta = 1+ §y2 ( )
v, afave v, v,
25ya7+["§v][ e +W} ~ %y
T = T (24)

1+¢&2
We now proceed to develop the BC. One BC at the shock front is the Stokes-Christoffel con-
dition, a conservation of mass equation [Truesdell and Toupin, 1960, pp. 519-523]:

p'Ut-pU = [lpUl] = 0. 25)

Substituting the quantities determined above, this relation becomes:

P0[§ - vO] = p[é i v,x + V’ygyJ . (26)
A second BC at the shock front is Cauchy’s 1* law of motion [Truesdell and Toupin, 1960,

PP. 544-548], a stress balance, in the normal direction:
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[ tm! 1+ poUtll x,11 = O 27

2 ) Ve v, v, 2 )9y
20| (o0 23 2 20 1 [ ) 2]

_K[1+§y2][3"xx +Z—‘;y] +p0[é—vo] [vo—v—v’x+v’y§y} =0

The third BC derives from Cauchy’s 1* law of motion in the tangential direction:

®-Po[1+8,]

[l + poUPTI %11 = © 29)

(30)

—ﬂ[2§y a;:x + [1—&,2] [ a;;x + a;;y] - %yaai;,y] + Po[& - Vo] [éyVo —&(v+vy) - V',] =0.

These BC can be linearized with the approximations:

P o P+P, 31)
and
1 1 PS
= 5 === 32
P p pA? ¢
where
5 = —pavé v | 33)
0Y0 S
opP IHugomot

is a dimensionless measure of the compressibility on the Hugoniot, evaluated at the nominal shock

pressure. Let all perturbations have the form e

, i.e., suppose that the perturbations vary
sinusoidally in the y direction, and collect terms of equal wavenumber. Note that &, P, v’;, and V',

are all perturbations of wavenumber k;. Terms of wavenumber 0 (i.e., no perturbations) are

Povo = PV, (34

or

€R))
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from Eqn. 26, and

P = Pg + polvo — V)vo , (36)

or
P = Py + poUpUs (37
from Eqn. 28. Equation 30 gives no information with wavenumber 0. Those terms that are first-

order in perturbations, i.e., with wavenumber k, are:

P'3 o-1
+W_[ ]&—0 (38)
A A AN .2
vI""—pv-‘-{c']g_3v[28x—E)y]+pv[ax+ay ’ 39)
v, oV
vy = v(o-1)%, = —[ 3y + ax] . (40)

Writing ikev', for 9v’,/dy, making similar substitutions for dv’y/dy and &,, and taking the Laplace

transform, the BC are then given by:

_(o-1)(1+9) DY) o ey 2v I: koo J xS [ gix +ik0w‘/y}

) o(1-3) 3v(1-9) v(1-5)

x My

iv, = —kov(o-1E + 2| ik, + = (41)
Pr(pv)) =0

2(c-1) . X o,
o1 &+ 3 (1-5)[ ¥ ] pv(l—S)[ = “k""’]

where f(s) denotes the Laplace transform of f(t), v = 1/p is the kinematic shear viscosity, and

J x=0

=L -y 42)

Po v
is a measure of the strength of the shock.
In the limit of no viscosity, these BC reduce to those of Zaidel’ [1967] (his Eqn. 1.9) and
D’yakov [1954]. When the viscous terms are retained, Eqn. 40 is the same as Zaidel’s Eqn. 24a

[1967], but the other two viscous BC differ. His BC may be written:
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r_(c—l)(l +5) 2vp? [ v }
. oy & s£) - D 2—2—ikg¥,
o ¥y
iv, = —kov(o-1)E + X ko, + ~ . 43)
13/(pv) x=0 3,
20-1) , 2v
B R Ao B’)[ ‘k"v’] J 0

The bulk viscosity, X, is neglected in the Zaidel’ analysis. The shear viscosity terms originating in

the 1., component of the stress tensor differ from those of Eqn. 41 by a factors of %

-7

for ¥, x-0

and (11_:2)) for P,;. For water at 15 GPa these factors are 1.03 and 1.01 respectively, thus the

numerical consequences of these discrepancies are small in this case.

The jump conditions (Eqns. 25, 27, and 29) strictly apply only when the shock front has no
structure, i.e., the shock front is an abrupt discontinuity with no width. Lord Rayleigh [1910]
demonstrated that a shock in a viscous material will necessarily have finite structure, thereby bring-
ing into question the applicability of the jump relations. If the shock is planar, a steady, unchanging
shock with finite width obeys the jump relations [Swan et al., 1973] where the upstream (v*, P*) and
downstream (v~, P7) properties are evaluated in the asymptotic limits x — too, Similarly, if the
width of the shock front is sufficiently narrow compared to the radius of curvature of the shock
(r = 4n%/ky’E), then the jump conditions may be employed. This condition is readily satisfied in
practice since the shock width is generally on the order of tens of nanometers in thickness [e.g.,
Harris and Presles, 1981}, decreasing with increasing shock pressure. A method for expressing the
BC given an approximation of the shock front structure is described by Istrakov and Librovich

[1966].
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3. Initial Conditions

The experiments of Sakharov et al. [1965] were designed to generate a perturbed shock wave
while producing the least possible disturbance behind the shock front. Sakharov et al. [1965] state
that the uniformity of the flow behind the shock is disturbed at distances of order &, the initial
shock perturbation amplitude. To the extent that this was true, the approximate IC,

Vixt=0) = v(xt=0) = P'(x,t=0) = 0, 44
are applicable everywhere except in the immediate vicinity of the shock front. These IC, used by

Zaidel’ [1967], assume that the flow field is initially uniform behind the perturbed shock front.

These IC are meant to be compatible with both the differential equations (derived below) and
the boundary conditions. In fact, these IC are not compatible with the BC, as can be seen by substi-
tuting Eqn. 44 into Eqn. 41. In the inviscid case iV, = ——kov(c;—l)&, thus a finite shock front pertur-
bation, § # 0, is inconsistent with ¥, = 0 at the shock front x = 0. Zaidel’ [1967] suggests that for
the purpose of a stability analysis the IC can be neglected. While this may be true, it remains to be

shown that the IC are unimportant for the purpose of modeling actual experiments.

In §5, §6, and §7, where we follow the derivation of Zaidel’ [1967], the IC will be neglected
(i.e., we use Eqn. 44). In §9 and §10 the IC will be reexamined and it will be shown that these IC

do have a strong influence over the resulting perturbation development.

4. Equations of Motion and Continuity

The differential equations governing the compressible flow in the shocked sample are the stan-
dard equations of motion and continuity. For completeness, these equations will be presented and

cast into the form used by Zaidel’ [1967].
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Noting that there is no z variation in any quantity, the equations of motion can be written as:

av, av, o, 1
% TV +vyay =5

ox ay

I ax,,}

T Ty T o

ovy av, o, 1 &
ox dy | °

+ﬂ]

(45a)

(45b)

Next, we substitute the Newtonian viscosity form of the stress tensor (Eqns. 17, 18, and 19) and

linearize the equations. This linearization is accomplished by writing the velocities and pressure in

terms of their nominal values plus a perturbation. Only those terms that are first order in the pertur-

bations are retained. The perturbation quantities are denoted by primes:

Vi o V+ VY,

v, =V
P> P+P.
The resulting equations of motion are:
%+ 8v’,+L§p_'_ :4_32v',‘+82v’,‘+1a2v'y L X o',
a " ax o T V3 Ty T3amay] ol ok
av'y ov'y 1 9P 10, I+, a azv', x| oy
—_—t VT —— = V| = + + = + ===+
at ox p oy 30xdy ox* 3 9y? p | oxdy

The equation of continuity is:

%9 , 9 9 ov) =

at + ax (va) + ay (pvy) 0 .
This equation is linearized with the adiabatic approximation:

R

5 1L _ P
p p’c?

1
p

resulting in the equation

(46)
é4n
(48)
oy 49
oy | © 499
Yy (49b)
oy? |’
(50)

(51
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=0. (52)

| o,
at ox

— +V—/— +pc x + 3y

The complete differential equations (Eqns. 49a, 49b, and 52) are solvable in principle. The

algebraic complexity of the system is formidable, however, so a perturbation method is adopted.

First the equations are solved in the inviscid limit. The role of viscosity is then examined by con-

sidering viscous effects to be the result of small perturbations on the inviscid solution. The com-
plete equations will be readdressed in §11.

Dropping the primes on the perturbed quantities in the linearized equations of motion and con-

ikgy

tinuity, taking their Laplace transform, and letting all perturbed quantities depend on y as e , these
equations can be expressed in matrix form:
au
LT (53a)
where
1= iy |, (53b)
Pi(pv)
Pkoz ko Pz
1-p2 12 1-f?
A = 0 kz k |, (53¢)
kpz ko Pz
{ I_BZ 1__52 1_‘32 )

and
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_B | PO _

v(l—Bz) [ pv Vx(o):l

z = L/ . (53d)
1 _pPO
| V(1) [v‘(o) are ]

L [Jfa20 o sa%x._af_y_]
ElE R S B E )

The factor ¢ has been omitted for clarity.

= Y
B=- 4

is the Mach number of the shocked sample with respect to the high pressure sound speed c, and

S

is a dimensionless form of the Laplace transform variable s.
Supposing the inviscid solution of Eqn. 53 has the form:
T = U™ (56)

leads to a characteristic equation for the eigenvalues A. From the characteristic equation we get 3

eigenvalues and 3 corresponding left eigenvectors (WA = Ay):

_ ky(p’z-w) re = ko(B?z+w)

= g R

10t z)t z )t
y = Zl v, = | -1 y; = | -1 (58)
— m —

(57

where
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o = FEIF. 59)

It is convenient to decompose the matrix of Eqn. 53 into the form

A= S~!AS (60)

where § is the matrix whose rows are the left eigenvectors, and A is the diagonal matrix of eigen-

values:
B - 1 oz+1 wz—-1 ~
Zkozz —koz 2“;” -1 20(Z2-1) 20(z*-1) %o 0 0
182 1-f2 1 ky(B22—0) -1 z -1
0 kg kg | = |2 2= oz 0 0 z -1 . (61)
72-1 20(Z-1) 20(z>~1) 1-p2 z -1 o
1-8% 1-p2  1-p2 20 20 0 0 152
The differential equations Eqn. 53 can then be solved as:
——a—ﬁ = STIAST+ 7 (62)
ox
0
5 5D = AGD + (S) 63)
S = e“"[(Sﬁ)m + e""‘(SE’)ax] (64)
T = S“e‘“[(Sff)Fo + 2[e""‘(Sf;')axJ (65)

when the viscous terms in g and W, are considered as small perturbations.

5. Solution in the Inviscid Limit

Note that there are 3 BC that determine the solution T for an arbitrary forcing function &.
Since we are interested in determining this function, we require an additional constraint. The
approach that Zaidel’ [1967] adopted was to consider the long-time behavior of the solution.
Requiring all quantities to be bounded, A must be negative for some real positive s. A5 violates this

constraint. The solution is therefore given by setting the third component of the vector SU, the
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coefficient of A,, equal to zero. In a real experiment, there may be some boundary at a finite dis-
tance from the shock front where perturbations must go to zero. Such a boundary could be a driver
plate - sample interface, for example. A finite boundary condition of this type would allow all three
eigenvectors to participate in the solution, although the contribution of the third would have to

approach zero as the boundary moves farther from the shock front.

Adopting this approximation we can write

D kv (o-1zvtd

(Wi = é?l_ls)) [koV€[(1+8)z -2wz+6(1-9)] - go[(1+5)z_2m]] (66)
(o-1)
o(1-5) [koV5[(1+5)22+2wZ+0(1—8)] §o[(1+8)z+2m]]

by multiplying the vector of BC, ©,— (Eqn. 41) in the inviscid limit, by the matrix S given in Eqn.

61. The IC contribution to Eqn. 65 is given by:

( %0 = %) ’
;
. . B(z—w) Pg"’] (B2-0)V,(0) - i(1-Bv,(0)
[ore s = [onf ™ i NG
B(z+w) P‘f‘”] B2+ )V, 0) - i(1-B2)v,(0)
f_m “ V(1B J

In the limit x—cc we require all perturbations to vanish, and the solution is therefore deter-
mined by setting the sum of the third components of the vectors given by Eqns. 66 and 67 to zero.

The dimensionless amplitude of the shock front corrugation, ¢ = &/, can then be written as:
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;_ & _ 1 (1+9)z + 2w
- & kv (148)2% + 200z + o(1-9) (68a)
Tove™ P _
_ 1 69 Pxe 13x[ﬁ’(um)[—é,—] — (B2z+@)vy(0) — i(1-B)v,(0) .
kov §o(0—l)V(l_Bl) (l+8)22+20.)z +0'(1-8)

Zaidel’ [1967] noted that the second term containing the IC will always be finite. He
reasoned that it is therefore sufficient, for the purpose of a stability analysis, to neglect this term
(i.e., use the IC of Eqn. 44). This is reasonable, but may be insufficient for the modeling of real
experiments. For the purpose of reproducing his results, we will accept this approximation for now.

The IC will be reexamined in §9.

To invert Eqn. 68a, it is convenient to transform variables according to:

_R2
e = 1_39_ (69)
p=ve (70)
T=pt = koctm = kovut (71)
z = %[W—-v-l‘,-] (72)
o0 = %’i[W+%] (73)
to give the result:
(74)
6= 2 = Lje"““"%)dw [W+ 1 ] W2(1+5+2B) — (1+5-2B)
& 2ri

W4(1+5+2B) + W{%’(l—ﬁ)—Z(HS)} + (1+5-2B)

This expression is similar to Zaidel’s [1967] Eqns. 1.16 and 1.17 (he is missing the term W+%,

probably a typographic error).
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With this transformation, the branch +\/Bm in the complex z plane is mapped onto
the right half of the complex W plane (Re[W] > 0). On this half-plane, Re[z] will be negative when
IW| < 1, and positive when | WI > 1. If the poles of Eqn. 74 lie outside the unit circle, | Wl =1,
then a pole in the z plane will exist with Re[z] >0, and the solution will consequently be
unbounded as t—eo. It is easily shown that all singularities of the integrand lie within the unit circle

[ Wl=1 when:

— < 8 < 1. @7s)
When these inequalities are satisfied the solution will be bounded and the shock will be stable.
These inequalities are identical to Kontorovich’s [1957] requirements for the stability of a shock
wave (correcting D’yakov’s [1954] earlier work). The inequality 8 < 1 is satisfied when the shock
velocity increases with increasing particle velocity, i.e., dUg/dUp > 0. The second inequality,
& > (0-¢€)/(o+¢), is satisfied when the high pressure isentropic bulk modulus, Kg, is greater than both
(P-Py/(c-1) and (P-Py)(1+y), assuming ¥, the thermodynamic Griineisen parameter, is less than
2/(o-1). A discussion of the relationship between these stability criteria and the conditions for

shock splitting is given by Fowles and Houwing [1984].
Assuming the singularities lie within the unit circle, we can let the contour of integration be a
counterclockwise unit circle:
W = 2 (76)

eV (145+2B) — e™¥(1+5-2B)

1
o = 21[eiT'i“‘”‘”dy cos(2my) an

e®®Y(14+5+28) + e"“’[%’(l—&)—Z(l%)j + (1+5-2B)

Multipling through by the complex conjugate of the denominator, making another change of vari-

ables,
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X = sin(2ny) (78)

and using symmetry to eliminate terms gives:

1

_ APec(1-9) £ cos(TX)V1-X 9X
T s2x4[(1+8)2—432J +2£X2|_2(1—[52)—0(1—62)] + o¥(1-8)

79

This is the final expression for the amplitude of the shock front perturbation in the inviscid
limit when the IC are neglected (Fig. 4). Note that the initial time derivative of Eqn. 79, 60, is zero
(cb is a function of sin(TX), which is zero at T=0). This result is similar to Zaidel’s [1967] Eqns.
1.20 and 1.21, but he is missing the 4B? term in the denominator (probably a typographic error).

By substituting the solution, Eqn. 68a, into the BC, Eqn. 41, we can solve Eqn. 65 for the

inviscid velocity and pressure perturbations:

o = 50D [(14+8)2+202+(1-8)le™ - 2(1+wz)e™”

: 1-Z (1+9)2% + 2wz + o(1-9) (80a)
jo, = SO 2192 20sH(1- D™ - Aaze™ (80b)
12 (1+9)z? + 20z + 6(1-d)
P o
P _ _ e
pv 2o(c-1) (1+9)2% + 20z + o(1=9) (80c)

D’yakov [1954] found that a perturbed shock front generates two types of motion. The first
type, in which entropy changes while pressure remains constant, he calls entropy-vortex waves.
This motion is related to the eigenvalue A,. The second type of motion, in which entropy is con-

stant while pressure changes, is sound waves. The eigenvalues A, and A, are related to these waves.

The existence of the two wave types suggests competing roles for the bulk and shear viscos-
ity. Incompressible flow, entropy-vortex waves in this case, is independent of the bulk viscosity.
Sound waves, in which compression does occur, are dependent on both the shear and bulk viscosi-

ties [e.g., Landau and Lifshitz, 1959, pp. 298-302].
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Figure 4. Development of corrugated shock perturbations in an inviscid fluid. Calculated with Eqn.

79 with the parameters listed in Table IIL
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For future reference, note that when the transformations (Eqns. 69-73, 76, and 78), are appli-
cable, a single transformation can be employed:

z - ipX (81a)
® - ppV1-X2 (81b)

6. Viscous Perturbations

The essence of the perturbation treatment is to evaluate the viscous stresses given the inviscid
solution. The method of solution follows from Eqns. 62-65, but now the viscous terms in the BC,
T,-0, and the vector ¥ are evaluated from the inviscid solution, Eqn. 80. Now, as before, we require
the solution to be finite for all values of x. Since the third eigenvalue leads to exponential growth
of the perturbations, the part of the solution (Eqn. 64) that is weighted by this eigenvalue must be

identically zero. This constraint gives the result:

A (1+9)z + 20
K = 822 + 202 + 0(19) (82
(82b)
.9 22[(1+9)*4B?] + 40z(1+d) + [4(2—[322)—(1+8)2]
R, [(ms)z2 + 202 + o(1—8)J
_ 2 (z—0)(8z+w) , (82¢)
€Ry I:(1+8)z2 + 20z + 0(1—8)]
_o(1-8) _ ZX(1+4) + 20z + (1-5) s &24d)
Re (14822 + 20z + 6(1—8)]
. o(1-9) (z—@)(0*+1) .. 820)
ERy | (148)22 + 200z + 0(1—8)_]
where the shear Reynolds number is defined as
= Y - ¥ 83
Ro= 15 = 1 83)
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and, by analogy, the bulk Reynolds number is defined as

\j

R, = ) . (84)

ko[ 3T + ¥
The first term (Eqn. 82a) is the Laplace transform of the inviscid solution, and the remaining
terms are the viscous perturbations. Equations 82b and 82c arise from the surface (i.e., the BC), and

Eqns. 82d and 82e arise from the volume of the shocked fluid.

Since the poles of Eqns. 82b, 82c, and 82d are identical to those of the inviscid solution, Eqn.
82a, the transformations of Eqn. 81 can be applied in the inverse Laplace transformation of these
terms. The ® in the denominator of Eqn. 82e introduces a singularity at the branch point W = *i,
thus the transformation, Eqn. 81, alone is not applicable for the inversion of this term. To invert

this term we use the convolution theorem:

T
1- 1
Ef(z) - m l[au f(u) Jo(T—u) , (85)

where Jo(T) is the zero-order Bessel function of the first kind.

The complete viscous solution may then be written as:

(86a)
o = ABeo(l-d) lax cosMXWVI-X2
oo s2x‘[(1+5)2—4B2J +2ex2[2(1—a2)—o(1-62)J + oX(1-5)?
(86b)

ﬁ@a J'ax XVTTRRsin(TX) S X8R (1+8)(1-48-83]-2eX 1401 -B*1rol2(1+p7)-(1+8)+o(1-9)(40-B7)+0(1-8)')
[s’X‘I(1+8)’—482] + 26X°20-8%-0(1-8%)] + 02(1—8)2]

(86¢)

_ 8oBue-3 Iax KT in(ey EXICH X148 Ol(1+8P4B-0142B)-(1+8 017
IR, EXH(1+7—4B?] + 26X2(1-PA-o(1-87)] + (15|
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(86d)

—991*—(—‘—— jax XVTXsin(r) EX 1048482 +8)]-26X*12(3+28) 22+ 8)+0(1-81+8+2)}+0(1-)8-4p*+0(1-3)]
[e2x‘[(1+8)1-432] + 26X32(1-B3)-0(1-8%)] + 02(1-8)2J

(86¢)
_ 80(1-9) }ax X2 VISKE E(TX) eXX(1+5)-0(1-3) .
™ 9 [e’x‘[(1+8)2—4a’)1 + 26X 2(1-B2-0(1-8)?] + 02(1—8)2]
(86f)
-5 ! 24 2_4p2; 2
_ 120Bue(1-5) [3% XVIXsin(T) £2X*1(1:5)4p?1+2eX % 1 +6°-2B%}+0(2—0)(1-B) ;
ST E2X((1+87~4BA)] + 2X2(1-B-0(1-8Y7 + o137
where
T
E(TX) = !au cos(uX)o(T-v) . ®7)

Equation 86a is the inviscid solution, Eqns. 86b and 86¢ are viscous terms that arise from the BC,
and Eqns. 86d, 86e, and 86f are viscous terms that arise from the volume (Fig. 5). Those terms
containing R, have their origin in sound waves, while those viscous terms independent of R, ori-

ginate from the entropy-vortex waves.

This result differs significantly from that given by Zaidel’s [1967} Eqn. 2.8. This is not
surprising, however, considering that our BC differ. Using his BC, however, we also arrive at a
different result than he presents. The solution obtained from his BC is presented in the following

section.

The initial slopes of the viscous perturbations can be determined from:

o 2 _ 2kvo(B +8)  kevo(1-B)[B(1+3) + 23]
me =, im  Gov2ye = S ir5e2p) Ry £ (1+5+2B)?

(88)

where we use the fact that the initial value of the viscous perturbations is zero. For all well-

behaved systems, i.e., 8>0, that part of the solution dependent on shear viscosity has a positive ini-
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Figure 5: Viscous perturbations. (a) Shear and bulk viscous perturbations from surface and volume
sources (Eqn. 86), and (b) shock corrugations amplitude for R, = 4.23 and x = 1 calculated
with perturbation method (Eqn. 86) compared to inviscid solution (Eqn. 79) for parameters

listed in Table III.
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tial slope. Conversely, the bulk viscosity contribution is initially negative. This limit predicts,
therefore, that shear viscosity will initially amplify the shock perturbations rather than dampen them.
That this is contrary to the behavior reported by Sakharov et al., [1965] may indicate the importance

of the bulk viscosity in their experiments.

7. Viscous Perturbation with the BC of Zaidel’ [1967]

For the purpose of comparison with Zaidel’ [1967], we will derive the viscous perturbation
term from the BC that he proposes. His BC (his Eqn. 2.4) are given by Eqn. 43, and neglect the
bulk viscosity. Using these BC, and solving for the shock perturbation amplitude as before, we

obtain the solution:

s (1+8)z + 20
oV = 92 + 20z + 0(19) (852)
(89b)
o(1-8)  Z12B? + 3(1+B3(1+9)] + 2wz[(3-P?) + 3(1+5)] + [8+13(1-PA+38(1-B2)]
2
3R, (1-B% (1+8)2% + 20z + 0'(1—8)_‘
6(1-8)  4B%(z—w)(w*1)-3a(1-BA)[zX(1+3)+2wz+(1-5)]
5 , (89c¢)
3R, (1-B?) o| (1+8)2% + 2wz + o(l—S)J

again breaking up into the inviscid component, Eqn. 89a, and viscous perturbations, Eqns. 89b and
89c. Equation 89b arises from the BC, and Eqn. 89c¢ arises from the volume. The inverse Laplace
transforms are obtained as described previously:
- 4Bec(1-9) :[ cos(TX)V1-X2 9X

T s2x4[(1+5)2—4[32J + 23X2[2(1—[32)—0'(1—82)] + 6%(1-8)?

(90a)
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(90b)
_ 20008 t TR % AE2X* + BeX2 + C
3nRB [[ 2y4 2_4n2 2 2 2| *
2X(1+8) 4% + 2eX?[2(1-BA-0(1-8%)] + 6%(1-)
(90c)
1
_ 32u0(1-9) N = eX*(1+9)-0(1-9)
3nR, PXXIXHC(T’X) 2 242 2 2 2
2XH(1+8)—4B% + 2eX2(1-BA)—0(1-8%)] + 6%(1-3)
where
A = 2[3(1+8)3 +8B4(3+9) —4[32(1—8)(5+28)] (91a)
B = 3(1+58%)-B%(1-8)-9p25(1+5)-54B%(1-B2)+16B* (91b)

-o(1-9) [3(1+8)2—4B2(2—8—4[32)]

C = -20(1-9) [8B4+12(1—B2)(3+8)—0(1—8)[3(1+8)+4B2] ] 91c)
In Zaidel’s Eqn. 2.8 [1967], the viscous perturbation has the form of Eqn. 90b but with

different coefficients, and no term with the form of Eqn. 90c.

8. Summary of Approximations

The approximations used in the previous sections, and in the Zaidel’ [1967] development, are:

° Initial conditions. The initial conditions, Eqn. 44, are clearly inexact, although they may

suffice for the case ko&y < 1. They call for a well-established smooth shock to be instantane-
ously perturbed without affecting the flow field behind the shock. In any real experiment the
creation of a perturbed shock front will necessarily generate perturbations behind the front.
This approximation is appropriate for the purposes of a stability analysis, but is inappropriate

for the modeling of any real experiment.
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Small amplitude perturbations. This approximation manifests itself in two ways. First, the

boundary condition at the shock front applies at x=£ and not x=0. We have used the latter,
and have therefore implicitly required & to be small. Second, we have assumed that long
wavelength perturbations greatly exceed shorter wavelength perturbations. When k£, is large,
these shorter wavelength perturbation terms cannot be ignored. This assumption is not restric-

tive since we can solve for other, shorter wavelength, Fourier components of the solution.

Far-field boundary conditions. To determine the function & as a function of time, an additional

boundary condition is required. Zaidel’ [1967] imagines a boundary infinitely far behind the
shock front, and requires that all perturbations vanish at this point. In a real experiment there
may be such a boundary at a finite distance behind the front, e.g., at the interface between the
sample and the explosive, or the sample and the projectile in a gun experiment. The influence
of the position of this boundary must be determined to assess the applicability of his approach.
A test of this assumption can be made by comparing the results calculated above with the
results for a corrugated shock generated by the motion of a corrugated piston against a fluid
sample. Freeman [1955] and Zaidel’ [1958] considered the latter problem and derived solu-

tions for an inviscid fluid.

Negligible viscosity. By treating viscosity as a perturbation to an inviscid solution, we restrict

the form of the solution to linear combinations of the inviscid eigenvectors. It is not immedi-
ately apparent that these eigenvectors adequately describe the flow field in the viscous case.
If the inviscid eigenvectors are demonstrably appropriate, then successively higher-order
viscous perturbations could be used to get increasingly more accurate estimates of the full

viscous solution.

Bulk viscosity. The bulk viscosity of water is greater than its shear viscosity at 1 bar [Lieber-
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mann, 1949). In Zaidel’s [1967] analysis the bulk viscosity was neglected. According to the
theory of absorption of sound [Landau and Lifshitz, 1959, pp. 298-302], the bulk viscosity and
shear viscosity have approximately equal importance. If at high pressure the bulk and shear
viscosities are similar in magnitude, this neglect could lead to factor of 2 errors, but not the

several order of magnitude discrepancies described previously.

° Narrow shock width. As discussed in §2, the jump conditions employed in formulating the BC

are exact only in the limit of a strictly discontinuous shock. The application of these condi-
tions to viscous materials requires that the shock front width be very small compared to the

radius of curvature of the shock. This condition is readily satisfied in practice.

° Linearizations. Linearizing approximations include the adiabatic p’—P’ relationship, and the
Newtonian viscosity approximations. These approximations are probably adequate when the
strain rates and pressure perturbations are small, i.e., ko <« 1.

Qualitatively, the solutions obtained thus far are inconsistent with the published experimental
data [Sakharov et al., 1965; Mineev and Savinov, 1967]. In particular, the initial slope (d)o) is nega-
tive in the experiments but positive, or slightly negative if x > 7, in the theory. The reason for this

discrepancy will be shown to be a consequence of the initial conditions in §9 and §10.

Whether the viscosities calculated by the viscous perturbation method are reasonable depends
in part on the validity of the viscous perturbation method for small but finite viscosity. This ques-

tion is examined in §11.

9. Effect of Finite Perturbation Amplitude and Initial Conditions

Finite amplitude and initial conditions are intimately related since as amplitude increases the

initial perturbations must also increase. Finite amplitude and initial conditions are coupled in a
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second way as well. The solution, Eqn. 65, can be written:

X

e A (STheg + {e‘“(sz)ax] , 02)

T = SleM

where we now specify the boundary conditions at the surface x=£, the true shock interface, rather
than the approximation x=0. As before, we require that the perturbations vanish as x—woo, so the
third component of the bracketed vector must vanish. When the initial conditions and viscosity are
neglected, this reduces to the case where the third component of S, is zero, as before. When
these terms are included, however, the integral expression in Eqn. 92 gives a second finite amplitude

contribution.

The initial conditions are increasingly important as the product ko, becomes nonnegligible
(i.e., when the amplitude &, is comparable to or greater than the perturbation wavelength % ). An
indication of the importance of these initial conditions can be gained by estimating an initial condi-
tion that is compatible with the boundary conditions. A simple family of solutions will be derived
that is characterized by two adjustable parameters. The quantity ¢ indicates how rapidly the initial
perturbations decay away from the shock front, and the quantity S is the initial time decay of the

shock front. A dimensional derivation of these quantities is presented in the next section.

Suppose that the initial flow parameters are of the form:

vi(t=0x) = fx)e? = £l o™ (93a)
iv(t=0,x) = f,xe” = £l (93b)
P(t=0, i i

%“‘) = £ = £ (93¢)

From the inviscid boundary conditions, Eqn. 41, it can be shown that:

o _ (o-1)(1+d) ¢

£ = —kov(o-1) (94b)
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P = o) - (94c)
Defining the quantity
&
S = R 95
s 95)
the IC contribution, Eqn. 68b, becomes:
2 _ _BA3+9)Sz + (1+5+2B)Sw — o(1-H)(1-B?)
KVOC = 185+ 0+ a1 PON(148)2 + 20z + 0(15)] ©6)
which can be inverted via the transformation Eqn. 81 into:
on

2e 1 X V1-X2 [[Alszx‘ +BeX? + cl] cosTX — uX[DleXZ + El] sinTX]
¢ = ’
N T lﬂ‘S"X‘ - 2B%eX?(1-0(1+B?)] + [l—a’(l—ﬂz)]’] [s2X‘[(1+8)2-4321 + 2eX220-$%)-0(1-87) + c?(l—a)zj
where:
A = —B2[Sa[(l+8)2—4[32] + 0(1—8)(1+8+2[32)] (98a)

(98b)
B, = Sa[(1+8)2 + 4B%(3+2p%) + B?o(1-8)(1+8-2B%) - o?(1-BA[(1+8)*-4p%] + c(1-8)(1+8+2[32)]
- oo (1-8)(1-B)(1+8-2p?) + B*0?(1-9)?

C = —6(1—6)[1—a2(1—132)][Sa(1+8+2ﬁz) + 0(1—5)] (98¢)
D, = 232[5(1+8+2[32) ~ SP%o(1-8) + So[(1+8)*—4p?] + ao(l-a)(2+8+[32)] (98d)
E, = —2[5[(1+5+232) - a%(1+9) - a?B*(1-5-2p?) - B%o(1-9) + azﬁzc(l—a)(2+6+[52)] (98¢)

+ ow(l-&){(l—az) + B?o(1-8) - a2(1—[52)2” :
The transformation Eqn. 81 is valid, i.e., the poles of Eqn. 96 lie within the unit circle |W| <1,
when Eqn. 75 is satisfied and

IBual < 1. 99)

If this condition is violated, i.e., if initial perturbations are attenuated more rapidly than
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exp[—(Bl)~'kox], an instability will develop.

Now Eqn. 79 together with Eqn. 97 gives an estimate of the shock front perturbation in the
inviscid limit subject to the initial conditions of Eqn. 93. The finite amplitude of the shock front
has not yet been considered. To account for the finite amplitude as a perturbation to the linear
result we use Egn. 92. Requiring the solution to be finite as x— , we discover that & is given by
the sum of Eqn. 79 and the product exp(—okc£) times Eqn. 97, where the sum of Eqns. 79 and 97 is

used in the exponential multiplier &”:

1
Vix?
o = 4[386151—8) 1[ cos(Tx)V1-x* dx + (100)
e2x4[(1+8)2-4ﬁ2J + 28le_2(1—[32)—0(1-82)J + 04(1-5)?
2Be exp(—koot) | oX V1-x2 [(Alezx‘ + B,eX? + C)cosTX — uX(D,eX? + El)sinTX]
T [WX‘ - X 1-o2(14B7)] + [l—az(l—ﬂz)lz] [e’x‘[(l+8)2—4321 + 26X201-p?-0(1-87)] + ol(l—&’]

This correction, and the effect of the approximate initial conditions, is shown in Figure 6.

A viscous perturbation to this solution can be obtained by using this result to estimate the
shear stresses in the inviscid case. Using these estimates, a new viscous perturbation can be derived

that takes account of the finite initial conditions.

The viscous perturbation that arises from these initial conditions is:

A ) gAizi . mgBizi
K" = R [ﬁzz+m+a(1-ﬁ2)J 3|_(1+8)zz+2mz+0(1-—8)J2 o
1 iZs;ocizi . wéDizi
T R3S lez+m+a(1—Bz)J 3[(1+8)zz+2mz+0'(1—8)J : (o
_a-py Eo + 2, (101¢)

Ry a)[ﬁzz+m+a(1—ﬁz)J 3“(”5)12"'2“’”“(1—8)] 2

where the coefficients A;, B;, C;, D;, and E; are given in Table I. For simplicity, both the surface
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Figure 6: Effect of approximate initial conditions (Eqn. 97) on the inviscid solution, with and
without finite amplitude correction (Eqn. 100), cofnpared to inviscid solution without initial

conditions (Eqn. 79). Evaluated with parameters listed in Table III.
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and volume contributions have been combined. The initial slope due to viscous terms, cim,c, is

determined to be:

2kovo(B + d)

limdvise = R, (1+5+2B) (102)
Bk Sa[(l+8)(l+68+8 +8B2) + 2[3(1+35)(3+5)] + o(1—6)[(1+68+82) + 2B[3(1+8)+2[i]]
2R, (1+B)(1-8)(1+5+2B)?

When S<0, o0, and 0<8<1, the initial slope will be positive. The influence of viscosity is again to

initially amplify the shock front perturbation relative to the inviscid case.

Defining

Aven(X) = TO'AGXE = Ag— eAX? + AKX (103a)
=0

AudX) = uY ) VAL XE! = pAX - peASX? + AKX, (103b)

i=1

and similar even and odd polynomials for the coefficients B;, C;, and D;, the integrals become:

(104a)
M (i
g Ll
oos(TX)[A Gever—A0adCoditBeveaF -Bodde] - sm(IX)[Aw..GwADaG BeenFoadt oddFevm]
[ezx‘[(l+8)2—4ﬂzl+2£X"[2(l—B’)—c(l—8’)1+02(l—5)’] T[B‘e’X‘-ZB’ale1—a’(1+62)1+{1—a’(w’)12J
(104b)

1
- ————-—Bi—jax V1-X2 x
R,(1-8X1-B2P

€08(T0)] ComaGormi~CotGoit*DoveFevn D] = 51T0] Core G CoidG et DoveFots D o
[52x4[(1+5)2_4§2]+25x2[2(1_ﬂ?)_o(1_32)]+02(1_5)2J lﬂ‘ezx‘-zﬂzﬁxzﬂ—az(l*'ﬁz)l*'[l—az(l—Bz)lzj
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Table I

c(l-a)(l_az)z[S[1+a2(1-32)1(1+s+252>+a[3+a2(1-432)1(3_52-292)-2m(1-ax1-az)]

—(1—132)[2Sa(1—82x1—6’x1+8+252»o(1«3)[(2+3HM10-38-25’)—6B‘+2S<:(1—62)[8(1+8>+45’(1+6>+25‘]

+a2(1-32)[(4+9s-82)+a2(1—25)(5+5)—63‘]] +0X(1-8)X1-p?) [8+2ﬂz+a26(1-32)] ]

—(1—52)[552(1—82)[(5+452+38)+a2(1—52)(3+5)] —c(l-a)[sa2[(1+38x2+8)+52(11+78)+23‘] +a[38(1+a)
HBB-BEX1+8)-BH(11 41855768 +SolBA(1-BAI B4 20317181+

+2a5202(1—5)2(1-82)(1+5)]

—62[28(1(1—52)(1—62)[1+8+B"(5+8)]—o(1—8)[(3+98+252)+232(8-382)—B‘(13+96)—2|3‘+2$a(l—Bz)[8(1+8)+82(4+78+82)

+2B‘] +3a2(1-B’)2[1+48+82+2821] +cz(1—8)2(1—|32)[&+82(2+8)]]
—ﬂz[SBZ(1—8’)[5+38+62(7+6)1—o(1—8)[3a(1—|3’)[8(1+8>+132(4+75+62)+26‘] +SB’[(1+66+38’>+BZ(1+8)<9+8>+23‘} ]]
ploc1-5)] (1465435711440 28]
0(1-5)(1—52)[(3-—82—232)+2Sa(1—B’)(1+8+232)+3a’(1—52)(3—8’—282)-0(l-8)(1-B’)[l+a’(l-62)l]

—(1-62)[S(1—82)[1+a2(l—Bz)](1+262+6)—0(1—6)[S[S(l+8)+5|32(1+8)+-43‘] +a[(5—8)(1+28)+32(1-5)(13+45)—1234]

+Sa2(1—32x1+8x38’+8)+a’(1—52>2(1+38)] +2ao’(1—8)2(1—B’xB2+8)]

-4SaB(1-82(1-83)2+5+p2+0(1-3) [5(1+8)+252(5+48—282)—B‘8(9+8)—6B5+28aﬂz(1—{32)[(1+58+282)+Bz(5+38)]
+307(1-B(1+X3B%8)| -BP0X1-8(1-B125+7)
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B; = -52[5(1-82)[(14»332(346»23‘] —0(1—8)[8 [8(1+8)+a‘(7+38)+32(5+125+382)] +3a(1—62)[(1+55+282)+-62(5+38)] ]]

o
~
"

620(1—8)[8(1+8)0—Bz(5+128+382)+B‘(7+38)]

-ﬂ’O(l—ﬁxl-Bz)[485(1—82)—2a(3+a2(1—62)l[28—Bz(l+8)]+5a’[45(445)—B2(1+8)(1l+8)+28‘(l+8)]

e
]

+a0(1-B)4-H23)]

G = —Bz[23(1(1—52)[65(3+5H3’(7+14&352)—2B‘(1—5)—2a2(1—ﬂ’)(3+5)(l3’—8)] —0(1—5)[252[(“55)-362(“5)] —Sa[25(7+5)
+B’(5—5)(1—8)—B‘(3+5X5+5)+4B‘(1+8)] Ha’ﬁ’(l—52)2(2+8)+28a3(1—82)(3+5)(52—5)] +02(1—5)2[25h32(1+5)-ﬁ‘(3+5)

-2a2(1—52)(ﬂ2-5)]]

C, = —a’[s [2[25(3+8)+|32(s+25+52)-a‘(3+6)2-2ﬁ‘(1—8)] +a2(1—32)[45(3+6)(4+6)—¢32(19+195+952+83)-45‘(5+38)]]
+c(1—8)[2582[+2(1+38)+B2(1—75)—B‘(1+8)] +a(1—B2)[48(6+8)—Bz(15+248+52)—2ﬂ"(5+8)] +Sazﬂz[(7+245+582)

—82(21+185+52)+2ﬁ‘(1+8)] +2a3(1—82)2[28—32(1+8)]] +a3202(1—8)2[(3+58)—62(7+8)”

C; = —ﬁ2[5a[25(1+5)(3+5)+52(31+876+2582+83)—B‘(37+838+2352+83)—455(3+8)-2a2(1—52)(3+8)(32—8)(1+8+232)]
+0(1-8) [2a(3+6)+52(7+12&+52)-5‘(17+225+82)—4{35+Sa32[(1+14&+82)+32(13+108+62)—43‘(1+8)] +2a2(1—82)[8(3+6)

+B’(l+8)—25‘<2+a)) ] +B’02(1-8)2[l+8+{3’(5+8)]]

C, = —B‘[S[2[(1+65+62)+Bz(3+5)(5+8)+26‘(1—8)] +a.2[G+518+3382+583)—Bz(23+275+1382+83)—48‘(5+38)]]

+0(1-3) [2552[ 1455+ 2(1+3)+ax [(9+308+552)—52(1 1+2o&+82)-23‘(5+5)] ] ]

Cs = —B‘[Sa[(1+5)(1+68+82)+52(3+8)(7+168+82)+83‘(1+8)] +o(1-8)[(1+65+82)+52(1+8)(17+8)»45‘]]
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D,

Sa(1—82X1—8)[(1—32)+SB"] -o(l-a)[(1-52)+BZ(1—68+82)+23‘(1+8)+Sa32[(1+125+362)-32(9+148+82)+25‘(1+38)]

—mz(l-ﬂzﬁ[ (1—8)+3l32(1+8)] —ZSa’Bz(l—B’xmxaz-S)] +B’az(1«5)2[(l—sswz(lwﬁzaz(l—azxaz—s)]

S[262[(1—6&-382)+-Bz(l+6)(3+8}+23‘(1—8)] +a7'(1—B’)[(l—8)(1+8)2—4BZ(1+85+382)+4$‘(248)(3+8)]] —0(1—8)[28[32[25
+52(3—8)—B‘(1+38)] —a(l—B’)[(l—82)+482(1~5)+25‘(7+55)] +Sa262[(1+168+38’)—B’(3+68-82)—2B‘(5+6)]

+2a3BZ(1—Bz)2(1—8)] —a52o2(1—5)2[(1+38)-52(1-5)-4a‘]

—52[Sa[(1+418+1982+383)+32(1—8)(17+68+52)-48‘(3+8)2—2a2(1—|32)(3+6)2(52—6)] —0(1—8)[(1—108—382)

+52(5+105+62)+4[3‘(2+5)-23a52[(5+148+82)—4528] —2a2(1—;32)[(1+85+52)-232(2+35)] ] +26202(1—8)2[2+8+Bz]]

—Bz[s[az[(l+5)(l+128+382)+ﬁz(7+8)(1+68+82)—4ﬂ‘(11+118+282)] Mﬁz[(4+78+52)¢—82(5—8)]]

+a(1-3) [4532[&52(1+25)1+a [(1+128+38’)+—B’(1+8)(1 1+6)-sp‘(3+za)] ] ]
—2{3‘[8a[(4+178+1082+83)+-32(1 1+188+352)] +0(1-3) [(4+98+52)+52(7+35)] ]
Sa(1-53{ (184887 o015 140821 -m5ap 181467 201414289 701072

S[2BZ(I+5+2B2)H12(1-BZ)((1+5)2—482)] -6(1—5)[258‘-<1[(1+8)+B’(3—5)+26‘] +Sa252(l+5+2ﬁ2)+2u352(1—52)]

-af%?(1-8)
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Table 11

FoaX) = a02(1-5)2(1—132)2[3+a2(1—ﬁ’)] [l—m’(l—ﬂ’)]3

- 2ax2a(1—52)[1 - a’(l-B’)] [2[3 + a’(l—ﬁz)] (1-{32)2[1 —az(l—ﬂz)] 2+ 0(1—8)(1—62)[1 - az(l—al)] [3(1+5+852)
202151289 - o 1-B1D)] + 818 149 02(1-331-57)

+52x4a[(1—;32)2[ - a2(1—a2)] [3 [(1+5)2+ 4BY9+43) + lGB‘] - az(l—Bz)[5(1+8)2+ 68p2 - 1445‘] + <x‘(1—132)2[(1+<t‘»)2
-4p%(1 1+128)] + a6(1—32)3[(1+8)2+ 432] ] + 8520(1-8)(1—32)[3 [(l+8) +BH9+8) - 23‘] - 2a2(1-52)[3(1+5) +3p2(2-9)
145 + 3087 (108~ B738) - 289 -+ 61877 + 600717 h462-55)~ 41521266
+ a4(1-|32)2<1-632+p4)] ]

- 4e3x°a52[(1—az)[3 [(1+8)2+ BA27+185+3%)+ 4B*(3-8) - 1056] —2a2(1-f%) [3(1+5)2+ IPY(13+48-8%) — 4B*(16+78)— 1236]
+ 3a‘(1—32)2[(1+8)2— BA(5+145+38%) - 4B4(7T+5) + 25‘] + 12a‘az(1—32)3(1+8)] +B20(1-5) [3 [3(1+5) +6BA(5+8)— B*(17+58)
- 436] -4a(1-$? [3( 143) + 3pH(1-28) - B*(31438) + 356] + 3a‘(1—|s2)2[(1+8) -B4(3-9)- 252(5+38)] ]

8031872 30445259~ 2071871452+ |

+e8X8apt [2 [3 [3(1+8)2 +2B%(37+305+352) + B*(19-345-552) — 4B5(17+28) + 86"] - 4a2(1—52)[3(1+6)2+ 2B%(14+35-352)
— B4(5+38)19+3) - 685(3-8) + 4&"] +3a4(1-pH? [(1+5)2- 2P%(5+108+382) — B4(31+68-82)+ 4[35] ]

+sa20(1-8)[3[(1+8)+432(3+5)+ B‘(I—S)—2B°] -2«2[(1+8)—3528—ﬁ‘(17+38)+ 36(4«3)]] +3B‘oz(l—8)2(l+652+ﬂ‘)]
- 2£’X‘°aB°[2 [3 [ (143)% + B?(25+2453+48%) + BY(6-5)4+5) — BO(13+43) — B’] - 2a2[(1+5)2+ B2(7-38%) - P4(43+345+38%)

~BS(5-85-8%)+ 458] ] + 3520(1-8)[(1+8)+ 2B2(7+38)+ B‘(M)] ]

+3£5X12aﬁ‘[(1+8)2+ 232(13+148+352)+ﬂ‘(41+188+82)+4B‘]

2
FoueX) = p.X(l—Bz)[l—az(l—Bz)] 0(1—8)[4(1—{52)[1 +3a2(1—p2)] [1-a2(1—52)] +3ﬂzo(1—8)[1+6a2(1-52)+a‘(1-52)2]]
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- 2uaX’[2(1—B’)2[ 1- u’(l—az)] 2[(1+8+BB’) +20X(1-H2)(1+3+9p%) - 3a‘(1—62)2(1+6—B’)] + 320(1—8)(1—62)[ 1- az(l—az)] x

[(13+38) +a2(1-BA[S(5+38)}+72B2) — a*(1-B2%(41+1586-24p%) + 3a°(1—82)3(l—8)] + 25‘52(1—8)2[ (3-28%) + 3aX(1-BH)(3+28%)
-3a*(5-28%)(1-$%2+ a‘(3—2!3’)(1—ﬁ’)’] ]

+ B’;assz[(l-aZ)[ (1+8)X23+38) + 60B2 - 328* + 12a2(1—32)[(1+8)2+ 4B%(7+38) + sa‘] - 6a‘(1—52)2[(1+8)(17+58)
+4pX(19+438) - 163‘] + 4a°(1—32)3[(1+8x19+38) +12B%(1-5) - sa‘) - 3a'(1—52)‘[(3-a)(1+5) - 432] ] + 8820(1—8)[(8+38)
~2B(1+8)- 38+ 3020183 301+6)+ 26%1058) - 48] - 3ak1-527] 5+58) 2839 - ')
+aS-87( 7438 - 28%4+5) ]+ 68‘02(1—8)2[(3—62) +20%3+4p%-38%) - a‘(l—Bz)z(S*B’)] ]

- 4B‘ps3x7[(1+5x13+35) +2B2%(14-25-5%) - 2B4(19+38) + 6B + 3a2(1—62)[3(1+8)2+ 2B%(31+205+52) + 884(2-5) - 1236]

- 3a‘(1—82)2[(1+8)(1 1+58) + 2B2(22+65-52) - 28*(13+58) - 236] + a‘(1—62)3[(1+8)(1 1438) - 2B%(1+85+8%) - sp‘]
+ 520(1—5)[(19«—98) +BUT-38) -8B+ 6a2[3(1+5) +2p%(11+28) - B4(11438) — 256] =3 (1-BHYT+58+8 %1 1+5)1]
+3B%c2(1-9)[1+aX(1+3 Bz)]]
+ B“ps‘X’[ 2 [(1+6)(29+98) +PHT7+145-38%) - 4B4(13+48) + 6a2[3( 148)2+ 4B%(14+118+8%) + B4(5-225-352) - 4B‘(7+8)]
- 3a‘(1—62)2[(1+8)(9+58) + 52(41+225+82)+4a‘] ] +48%(1-9) [(1 1+63) + 10B2-3p4 + 6a2[(1+5)+ 3p%(3+8) + 23‘] ]
+ 3402(1_5)2(3+Bz)]

—258pssx“[2[(&3&»32)[(1\«5)+352-a‘] +3a2[(l+8)2+4ﬂ‘(4+8)+Bz(l9+188+382)]] +[320(1—5)[5+35+;32(7+8)]]

+ B‘“pssx"[(l+8)0+38) +PH(25+145+8%) + 48‘]
GeveaX) = -02(1-5)2(1-52)[ 1 +3a2(1—l32)] [1 - az(l—Bz)] ?

+2£X2[2(1—|32)2[ 1 +3a2(1-52)] [1 - a2(1-a2)] ? + 0(1—8)(1—32)[1 - az(l—ﬂz)] 2[(1+8>+6{32+2m2(1-|32)(1+8+18;32)

—3a‘(1~32)2(l+8—252)] +28203(1—8)’{1—a2(1—52)] [1+a’(1+962)(1—52)—a‘a-352x1—62)’]]
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—ezx‘[(l—Bz)[ 1—0.2(1-82)] [(1+8)2+4B7'(8+38)+ az(l—Bz)[(1+8)2+2062(4+38) + 1443‘] - a‘(l—a2)2[5(1+8)2+ 4p2(28+158)
- 48[5‘] + 3a°(1—f32)3[(1+8)2—4862]] + 8820(1—8)[[“&282(3—232)1 +3a%BH(1-BAH[3(3+5)+4p%

3080187 149+ 28%6+8) - 48] + 51592 20148) + 3971-8)- 4p¢) | + 4020102 148 + 405

- a‘(l—B’)2(1+552)]]
+ 4e3x632[(1+8)2+252(1 1+63) - 884(1+3) — 68‘+3a252(1—82)[3(1+8)(5+6) +4B2(11+28) - sa‘] - 3a‘(1—62)2[(1+6)2
+2P%(14+125+5%) + 8B*(1-3) - 105‘] + a5(1—62)3[2(1+5)2+ 52(17+6s-362)-4p‘(5+28)] + 3320(1—8)[(1+8)+ B2(7+3)

-2B%+ 4a7'ﬁ2[3(2+8) +BX3-9)- 33‘] - a‘(l—Bz)z[ (1+8)+2p*+ 532(3+5)] ] + 8‘02(1—8)2[ 1+2p%+ 3a232(3+32)] ]

—e*x3pt [2 [3(1+8)2 +P2(59+426+358%) + 4B4(2-38) - 1685+ 12a2ﬂ2[3(1+8)(3+8) + B2(25+65-8%) - 2B4(7+38) - 256]
- 3a‘(1—52)2[(1+5)2+ BA29+305+58%) + 4B‘(6+8)] ] +8p%(1-3) [(1+6) +2p%4+8)+ 3a232[ (5+38)+ 32(7+5)] ]
+BhoX1-8(1+387)

+ 25’X‘°B°[2[(1+8)2+ BX(19+165+258%) + 10p* - 3% + 3a2|32[(1+8)(7+38) +P2(25+145+8%) + 45‘] ]

+Bro0-9) (149)+ 39+ + 264 |

_ Bsesxn[ (145)2 + BX(19+185+38%) + 48‘(4+5)]

Gosa(X) = —mw(l—S)(l—B’)[l —a’(l—B’)] 2[ [3+a’(1—82)] (1—82)[1 —a’(l-ﬂ’)] + 36’0(1—8)[1+a’(1—62)]]

+4uax3a[(1—B’)’[1 ~a1-83)] (3051489 - 202015609 - a*(1-671+5) + 680183187 1-*1-4%) x
(3484289~ 20201387189 - 41-671+8) + B021-87{36-89-20%126-789 - 3t -p148)

—4uszx562u[(1—a2>[3[(1+6x5+8)+4B’(5+6)—4B‘] —a’(l—az)[3<1+8xm>+1252(1—28)-565‘] +3a‘(1—82)2[<3—8)(x+8)
—4&2(5+38)—4ﬂ‘] +3a6(1—52)3[(1+8)2+ 48’]) +2$20(l-8)[3[3(2+8)+82(5—8)—5[3‘] —2u2(1—82)[3(3+8)—32(19+75)
-68‘] -3a‘(1—52)2[8+ﬂ’0+8)—ﬂ‘]] +B‘02(l—8)2[3(3+62)— a2(3—1482+36‘)]]
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+4ueX"op* [3 [3(1+8)(3+8) +P2(35+106-82) - 284(11+58) ~ 43‘] —2a%(1-83 [3(1+8)(5+8) ~BX13+385+78%) — 4B*(17+33)
+ 656] + 3a‘(l—82)2[(1—82) ~BH(17+148+8%) - 26‘(1—8)] +2p%(1-3) [3 [(5+38) +BH9+9) - 23‘] - a2[0+38) -2B%(13+78)
_3343-8)+ 48 | +3p40%1-971+8%)]

- 4ueX% B [ 3 [ (1+8)(7+338) + PA(33+185+5%) — 4B*5 - 4{5‘] - a’[ (1+8)(11438) — 2B%(13+265+782) - B*(77+183-382) + 436(5+28)]
+3p%(1-5) [ (3+28) +2P%(4+5) + a‘] ]

+120B8uesX 24848 [14+3+BX(5+9)]
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(104c)
ﬂRh(l- 2)2‘[8)(
| Ec(T.X)[FoGem-uﬁXGm] = Z4(T0] FeO ot HF:X oG]
[e’x‘[(lw)’—4321+2ex2[2(1—52»o(1«S’)}«:’(l—&’] [B‘éX‘-za’zlel—az(l+ﬁ2)1+[1«:’(1—62)12] 3
where
T
E(T.X) = ‘[au sin(uX) Jo(T-u) (105)

by analogy to the function E(T,X) defined by Eqn. 87, and the polynomials Feyen(X), Foga(X),

Geven(X), and G44(X) are given in Table II. This viscous perturbation is shown in Figure 7.

10. Dimensional Analysis of the Quantities o and S

A simple dimensional argument can be made for the semiquantitative estimation of the param-
eters o and S that we hypothesize to characterize the initial shock perturbation structure. First recall
the specific experimental geometry of Sakharov et al. [1965] (Figs. 1, 3 and 4). A section of sample
material has a set of sinusoidal grooves cut in its upper surface. The planar surface of a wedge of
identical sample material is then placed over these sinusoidal grooves. For fluid samples, thin metal
or plastic containers were used to reproduce this geometry [Mineev and Zaidel’, 1968]. The con-
tainers themselves are assumed to have negligible impact on the perturbation development. A shock
is initiated in the first, grooved, sample. When the shock front reaches the grooves, the shocked
specimen will begin to release adiabatically to ambient pressure. 180° out of phase with these
releasing regions, the shock will continue unperturbed to approach the upper sample wedge (Fig.
4b). In the limit k,—0 the "normal” regions 180° out of phase with the releasing regions will be

unaffected by this release process.
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Figure 7: Viscous perturbation calculation (Eqns. 100 and 104) compared to inviscid calculation
(Eqn. 100), both with approximate initial conditions and finite amplitude correction.

Evaluated with parameters listed in Table III, R, = 4.32, and x = 7.
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Figure 8: Schematic of the development of perturbations in the shock front. When the shock first
reaches the grooves in the sample disc (a), the sample will begin to release to ambient pres-
sure. A release wave propagates backward into the shocked material as the shock wave
progresses forward where the shock has not intersected the grooves (b). When the groove§
are closed a sinusoidally perturbed shock front will have been generated (c), and a per-

turbed region will exist behind this shock front.
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In the regions where release commences, the free surface will travel with velocity =2Up. In
the "normal” region, the shock travels at a velocity Us. In the weak shock limit, 6<2, Ug > 2Up and
the shock will reach the wedged sample before the released surface does. In this case, &, will be

positive where the grooves were cut, and negative where the sample material is continuous. &, will

have the opposite phase if the shock is strong, 0>2.

If the initial depth of the grooves is 2xg, i.e., the groove depth varies as x,[1—cos(koy)], then

the initially released material will reach the wedge at a time

Xo

Liose = E; > (106)

the time necessary to close the sinusoidal void. In this same time, the shock wave will have trav-

eled a distance
XoUs
s 107
Gr (107)
or a distance
xo(Us—2Up)
TS 2 108
G (108)
into the wedge (Fig. 4c). This is twice the initial amplitude of the shock wave perturbation:
-2U | 2-cl
g, = xo(Us ) _ Xo . (109)

2Up 2(0-1)
The initial amplitude &, is taken to be positive, so we use the absolute value |2—c!. The sign of

(2-0) determines the phase of & with respect to the grooves.

While the free surface is closing the void, a release wave is traveling in the opposite direction
into the shocked material. This release wave travels at a velocity (c — Up), and will travel a dis-

tance

xg(c — Up) (110)
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away from the point of initial release, or a distance of

Xo(c + Up)

o (111)

¥

relative to the first surface of the wedge at time tg,.. The characteristic length scale of this initial

disturbance is thus

1 _ xlc+Up) 21 +P(co-DI
kKo Up - Bl2—ol ’ (112)

or

Bl2-ol
2keSol1 + B(o-1)]

Sakharov et al. [1965] suggest that the length scale for the initial velocity perturbations will be on

o = (113)

the order of &, According to this approximate analysis, the length scale will be approximately

1/(koot) = 20x & for water at 15 GPa.

When the void first closes a velocity perturbation will exist. Where 2 void had existed
material will have a velocity of 2 Up, and where no void had existed material will have a velocity of

Up. In the coordinate frame of Zaidel’ [1967], the initial velocity perturbation will be

2vy, = -Up = -v(o-1). (114)
From Eqns. 94a and 95 we then have:
o(1-8)
= - = 11
S 2(1+9)koEo (13)

The initial time derivative of & will therefore be negative for all stable shocks & < 1.

At the level of approximation considered here, both  and S are functions of the product ke&o.
The impact of these "nonlinear” parameters may be experimentally assessed, independently of
viscous effects, by using different values of k&, and, independently, k, or &, [Sakharov et al.,

1965].
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This approximate analysis gives approximate values of o and S that qualitatively reproduce
the observed short-time behavior of the shock front oscillations. It would be useful to derive more

exact expressions for the initial shock and flow structure.

11. Complete Viscous Solution

We noted in §8 that the perturbation approach may be overly restrictive in that only the invis-
cid eigenmodes of the system are considered. In going from the inviscid solution to a viscous solu-
tion, the governing differential equations change from first- to second-order, and the solution
becomes correspondingly more complex. In the case of viscous flow, it is commonly observed that
instabilities occur for certain critical Reynolds numbers. These so-called Tollmien-Schlichting insta-
bilities [Schlichting, 1979] are most commonly associated with viscous boundary layers, since it is
in this context that viscosity is most commonly encountered, but the phenomena may be relevant to

the issue of shock stability as well.

The complete second-order differential equations that govern this problem may be solved to
give a Laplace transform solution for the shock front corrugation amplitude. This solution will be
presented below. The solution, &), is algebraically complex, however, and is not as easy to interpret
as was the inviscid solution. Because of this complexity, we resort to numerical solution methods.
By way of some numerical examples, it will be shown that the complete second order equations do
indeed exhibit instabilities.

The second-order equations may be written as a set of five first-order equations by introducing

the variables:

1 ov
q=koax’

(116)
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and
1 9dvy
rs — ——, 117
% 3x (117)
Using these new variables, the Laplace transformed equations of motion and continuity can be writ-
ten as:
(118)
¢ ( 1[ ¢ |
x 0 0 0 1 0 x 0
‘;y 0 ] 0 0 1 1%’ 9
% Pl okl o —(+e) -z -+ 0 || £
N = pv?
q = R - R ! P v
3 R'(1+R.Z) p(1+€) —Ryz o R - R"[F'Vv]
R, R,Ry) iRy
~ 0 R, HRe?) R, = R, J —

LT e
For simplicity, we will neglect the initial conditions in the following development.
As before, we seek an eigenvalue expansion for this matrix equation. The characteristic equa-

tion obtained from this expansion factors into two parts. The first is dependent only upon the pure
shear viscosity:

A? - kR - ko®(1+R,2) = 0,

(119)
giving eigenvalues:

l1=

|

(R~ VR &R )

(120a)
and

A = —?[R, +VRI+ 4(1+R,z)] . (120b)
The first eigenvalue, A, leads to decay of the perturbations for any real positive z, whereas the

second solution will lead to exponential growth. In the inviscid limit, this part of the characteristic
equation gave the single root A; of Eqn. 57.
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The second factor of the characteristic equation is dependent solely on the viscosity accom-

panying compression without shear:

A+ kA2Rye+z) — kPAM(142R,Z) — ko’[Ry(1+e+224+z] = 0. (121)

The roots of this cubic equation are algebraically complex:

2 = 2o - F£2 (22a)
% - 2 cos( e+32n)_ (Rb§+z) (122b)
% = -2 Va cos( e+;") - (Rbgﬂ) (122¢)

where
A= (Rpe+2)? +93(1+2sz) 1238)
b 2Rpe+2)* + 9(Rbs+z)(1+251:,,z) - 27[Ryp(1+e+2?) + z] (123b)

and
0 = Arccos —% (123c)
V&

The root A4 is positive for real positive values of z, and will therefore lead to instability. Both A,
and As are negative for real positive z, and might therefore be acceptable solutions. For complex z,
however, the phase of A, indicates that it corresponds to waves incident upon the shock whereas As
corresponds to waves emitted by the shock. A, might therefore be excluded on the grounds that it is
unphysical. In the inviscid limit, the two eigenvalues associated with these acoustic modes were A,

and A, of Eqn. 57.

The complete boundary conditions at the shock front may be written as:
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(124)

£o(O-1)X1+8)R,R,2 + Ekgv(0-1)R,[ZR,R,(1+8)-08(2R,—R,)] — R,208§ + 08(2R,-R, )i

o[ R 71-9) + 30R,R))|
Eg(o-1)X14+8)RR, — Ekov(G—1)R,R,[z(1+81+R,0(1-8)] + R,08§ + O(1-3)RR,it
0 o RR1-5) + 5GR,R)
—£4(0-1)[2Ry(1-R,DR,] + Ekgv(0-1)[z(2R,(1-R, 2R HOR,(ZR,-R,)] + OR, % ~ 6(2R,-R,)if
o[ RR1-5) + 8RR

4
\ it ) x=0

Recall that the boundary conditions in the inviscid case are underspecified, i.e., ¥y =0, ¥y =0,
and P, are not uniquely defined, but are functions of & By omitting one eigenmode from the
solution, we acquired an additional constraint, and it became possible to determine €. In the present
case, our boundary conditions are underspecified to a greater extent: we have the three boundary
values §, {x=0. and f,-o that are undetermined. By omitting three of the five eigenmodes from the
solution, we satisfy the necessary constraints. Applying the methodology described previously, we

may determine the behavior of the shock front by simultaneously solving:

Wau = 0 (125a)
Wit = 0 (125b)
Wt = 0 (125¢)

for the three unknowns §,.o, #,-, and &, where y, is the left eigenvector corresponding to A,

An alternative formulation of the solution is to expand the velocity and pressure perturbations

in terms of the right eigenvectors:

u = Ciyy + Cs'ys, (126)
where "y, is the right eigenvector corresponding to eigenvalue A,. This altemnative approach, for-

mally identical to the earlier method, is somewhat less awkward in this case.

We begin by taking appropriate lincar combinations of the boundary conditions to obtain:

kov€(o-1)z = (0-1)E + o{ox + 6%] (127a)
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R = 2RR,9, + QR-Ri¥, + R,,R,(l+8)% (127b)
and
izt = Ry0-1) + RO+2)iy + Rzif, + R,os—pP; (127¢)

at x=0. The last two conditions, in conjunction with Eqn. 126, may be used to determine the

coefficients C, and Cs. Defining:

2R,R, R,6+z
2R,-R, Rz
3 = |RR(+5)| and & = |RoH|, (128)
-R, 0
0 -7
we write:
M = ["l’l"bl r\Vs'Z:] 129
" e s (125
M S| - 0 (129b)
Cs -Ry(c-1)&,

to determine the coefficients C; and Cs. These coefficients, together with Eqn. 126, serve to deter-

mine ¥, and f’/(pv), which may be used to solve for & with Eqn. 127a.

The right eigenvectors are:

1 —AN's(A's+z)
-\ A'stz)
W= | 0| and ‘ys = | (481D , (130)
Ny N3N s+2)
A7 's(N's+2)

leading to the solution:

13n

Rb[a'¢z>[4(l+x.z—x' )+ WK -Rota) + RR2-2Xe-K'g) - R.sa+ex1—x'3xk.z+2>]

kovg = - ) ’
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where

detM) = —R.,[R,a(1+e)(1—x'52)[n,(c—z2) - 2(l'10'+z)] (132)
+ (k'5+-z)[2(1+R,z—7&'5)»'1)(R,0+22) + 2Rz(N-Ry+z) + R,(z-x's)(R,zz—zz—R,o)]] .
and A; is Ay/ko.
In the inviscid limit, R; — o and Ry, — oo, the eigenvalues correspond to those derived in the
previous section (i.e., Eqn. 57). The solution, 6, is also identical to the inviscid solution, Eqn. 68a,
obtained in the previous sections. The D’yakov-Kontorovich stability criteria are therefore applica-

ble in this case.

If we seek a approximate solutions for A; and A5 in the form of power series expansions, e.g.,

+ OR, ) (133a)

and

KBz - @) kob(z - o)’

= OR, D, 133b
BT RaFe T OR) (133
and write a Taylor series expansion for 6:
5 . A 04 - 90
= Loy 90 | LR 90 134
¢ R,—»e,qklh—»o o+R R,—)n-,rgb-o- [ BR'—I + R R, 300, Ry aRb'l] (134)

then we arrive at the same solution, Eqn. 82, obtained by the perturbation method of Zaidel’ [1967],
valid in the limit of negligible viscosity.
The limit of infinite viscosity may also be obtained from Eqn. 131. In the limit R,—0, the

characteristic equation, Eqn. 119, gives the two solutions:

A=k, (135)

where the negative solution is the stable one. When R,—0, the acoustic characteristic equation,

Eqn. 121, gives the three solutions:
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A= —kgz tky. (136)

The two negative roots are unconditionally stable, however only the root A = —kyz gives an eigen-

vector that is linearly independent of the entropy waves.

The shock front perturbation in this limit is

. 21
R,Jo‘,"ﬁ,, o Kove = ., (137)

thus the shock front perturbation amplitude is a unit step function:

li =1 for t>0, 138

R,_w',’E‘, ¢ or (138)

the amplitude will neither grow nor diminish with time, and is therefore unconditionally stable.
This limiting behavior is very different from that indicated by the linearized perturbation method,

and indicates the limitations of that method for large but finite viscosity.

To study the solution for finite viscosity requires that the inverse Laplace transform of Eqn.
131 be found. Because of the complexity of this equation, we employ the Legendre polynomial
quadrature method of Bellman et al. [1966] to numerically invert Eqn. 131. This inversion is shown
in Figure 9 for several values of R,, with R, determined by specifying x = 1. When R, is large, i.e.,
128 or larger, the solution approaches the inviscid solution (without initial conditions or finite ampli-
tude corrections). When R, is 4, the solution is approximately critically damped: the oscillations of
¢ about zero are greatly reduced. Smaller shear Reynolds numbers lead to qualitatively different
behavior. As R, approaches zero (not shown), the amplitude tends to remain constant at ¢ = 1, but
ultimately become unstable as for the case R, = 1 shown in Figure 9. All of the numerical experi-

ments conducted so far with 0 < R, < 4 ultimately exhibit instabilities.

Viscosity can usually be considered as a stabilizing factor, as in the case of flow through a
pipe. When the Reynolds number is larger than some critical value, or, equivalently, the viscosity is

too small, turbulence develops. Small Reynolds numbers, or large viscosities, give laminar flow.
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Figure 9: Numerical inversion of second-order equation (Eqn. 131) for x = n, and R=1, 2, 4, 8, 16,
32, 64, and 128, with parameters listed in Table III. The squares represent the points calcu-
lated by the twenticth-order shifted Lagrange polynomial quadrature method [Bellman et
al., 1966], and the curves are fit to the points with cubic splines. Shear Reynolds numbers
smaller than 4 appear to give unstable solutions. Large shear Reynolds number solutions

approach the inviscid solution given by Eqn. 79, Figure 4.
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The opposite behavior is exhibited in this corrugated shock problem. One interpretation of this
behavior comes from the analysis of Freeman [1955] of a related problem: that of a shock driven by
a corrugated piston in an inviscid fluid. He identified the mechanism of shock perturbation decay as
the interference of pressure (sound) waves at the shock front. If these pressure waves were strongly

attenuated, as in a highly viscous fluid, then the damping mechanism would be ineffective.

These instabilities are kinetic in origin, and as such are fundamentaily different from those
that arise from violation of the Kontorovich-D’yakov criteria. The latter, which are thermodynamic
in origin, lead to shock-splitting. We infer, by analogy to Tollmein-Schlichting instability theory,
that these low Reynolds number instabilities lead to turbulence at the shock front. Since there is a
wavelength for any viscous material such that R, will be less than 4, these calculations predict that
turbulence may occur commonly in shock experiments. Whether such turbulence is detectable
would depend on the wavelength of the perturbation and the magnitude of the viscosity, in addition
to the thermodynamic parameters that characterize the system. The possible existence of such tur-
bulence at the shock front offers a new interpretation for the rapid dynamic mixing that is observed

in shock-induced chemical reactions [e.g., Boslough, 1989, 1990].

12. Review of Experiments on Water

As an example, we will examine the experimental results for water shocked to 15 GPa, the
maximum shock pressure achieved in the viscosity measurement experiments of Mineev and Zaidel’
{1968). The Hugoniot is given by po = 0.998 [g/ccl, ¢ = 2.393 [km/s], and s = 1.333
(Us = ¢p + sUp) [Mitchell and Nellis, 1982], valid in the range 1.5 < Up < 7.1 [km/s]. At a peak
shock pressure of 15 GPa, the linear Ug—Up relation gives Ug = 5.383 [km/s] and Up = 2.243 [km/s].

v is then 3.140, and v, is 5.383.
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The Hugoniot bulk modulus can be determined from the Ug-Up shock equation of state:

Us + UpUs'

TUs - UUs' | * (139)

Us
Ky = -V = V—(US_UP)
; 0

where Us” is dUg/dUp, or s for a linear (j.e., Us = ¢+ sUp) material. This relationship allows 3,

Eqn. 33, to be calculated from:

Us — UpUs’ _ ©-s(c-1)
Us + UpUy’ o +s(o-1) °’

5 = (140)
from which we calculate = 0.287 at 15 GPa.

The high pressure isentropic bulk modulus is calculated from the thermodynamic identity:

Ks = pc = Kyg|1- -g-(c—l) + —ZI(P—PO), (141)

where v is the thermodynamic Griineisen parameter. From Eqn. 141 the parameter B, Eqn. 54, is

found to be:

0
= . 4
B = 1 - Voy(o-1)(1-9) (142)
Using the experimental value of v = 1.5 [Mitchell and Nellis, 1982] at high pressure obtained from a

Mie-Griineisen model, Eqn. 142 gives B = 0.682. Bakanova et al. [1976] measured the sound speed
of shock compressed water, and a value of 5.8 km/s is given by their results at 15 GPa. Using this
experimentally constrained sound speed, B is found to be 0.541. Since water is not well described
by the Mie-Griineisen equation of state, we will use the value = 0.541.

The initial amplitude of the perturbations is reported to be in the range ko&y = 0.19 to 1.13.
From Eqn. 113 we then estimate o to be in the range 0.34 to 0.06, and from Eqn. 115 S is in the
range -2.50 to -042.

Mineev and Zaidel’ [1968] calculate a viscosity of 2.2x10* poise with perturbation

wavelengths of 1 and 2 cm. The shear Reynolds number (R,) that characterizes this problem, Eqn.
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83, is then 4.23 (2n/ky = 1 cm) or 8.46 (2ky = 2 cm). Note that the viscous perturbation method

is valid in the limit R,Ry — oo,
The conditions, Eqns. 75 and 99, for the transformation contours are satisfied.

Viscosities were obtained from the Sakharov et al. [1965] type experiments by conducting two
experiments with different Reynolds numbers, and measuring the difference in normalized time of
the first zero crossing of ¢. Doubling the Reynolds number for water at 15 GPa shifted the zero

kovoAt
2n

crossing by by kovAt = 0.59 (Mineev and Zaidel’ [1968] report = 0.16). Figure 10 shows

the calculated shift in zero crossing times for a doubling of the Reynolds number as a function of
R,”l. When initial conditions are neglected, the perturbation theory predicts R,”! = 0.078 (Fig. 10a),
assuming x = 1, from which 1 is found to be 6700 poise (ko = 2r). With these same assumptions,
the second-order analysis predicts | = 5800 poise (Fig. 10d). The perturbation method gives essen-
tially the same result, within an order of magnitude, as the more exact second-order equations. The
effect of the approximate initial conditions is to predict somewhat larger viscosities; 19000 poise
without the finite amplitude correction (Fig. 10b), and 20000 poise with the finite amplitude correc-
tion (Fig. 10c). These results are summarized in Table IV. For all model calculations, increasing

x/m predicts a slight decrease in n.

These large calculated values of viscosity appears to be robust in the sense that different lev-
els of approximation give similar values to within an order of magnitude. While the addition of an
IC model reconciles the shape of &(T) with the experimental data (assumed to be qualitatively simi-
lar to the published results for aluminum [Sakharov et al., 1965; Mineev and Savinov, 1967)), its

impact on the resulting viscosity calculation is unimportant in this case.

The good agreement between our calculations and the results of Mineev and Zaidel’ [1968]

demonstrates that the differences between our formulae and Zaidel’s [1967] are minor, yet the
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Table III: Water parameters at 15 GPa to model Mineev and Zaidel’ [1968]

Parameter | Eqn. Value
Vo 5.383 km/s
v 3.140 km/s
c 5.8 km/s
c 42 1.714
B 54 0.541
) 140 0.287
€ 69 1.153
" 70 1.074
ko 2r cm™!

ke&o 1
o 113 0.056
S 115 -0.47
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Table IV: Calculated shear viscosities for water at 15 GPa

Method Shear Viscosity [poise]

Mineev and Zaidel’ [1968] 22000

with viscous perturbation method of Zaidel’ [1967]

Viscous perturbation (Eqn. 86, Fig. 10a) 67002

Viscous perturbation with approximate initial 19000?

conditions (Eqns. 97 and 104, Fig. 10b)

Viscous perturbation with initial conditions 20000%

and finite amplitude correction (Eqns. 100 and 104, Fig. 10c)

Second-order solution without initial conditions 58002

(Eqn. 131, Fig. 10d)

aK=T| is assumed.
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Figure 10: Shift in time of first zero crossing for a doubling of the shear Reynolds number as a
function of 1/R, for x = 0, n, 21, 31, and 47, for (a) viscous perturbation method without
initial conditions, (b) perturbation method with approximate initial conditions, (c) perturba-
tion method with approximate initial conditions and finite amplitude correction, and (d)
second-order equation without initial conditions. Curves are calculated for water at 15
GPa, with kofg = 1, ko = 2r cm™?, and parameters listed in Table ITl. Large arrows illus-
trate the calculation of shear Reynolds number from a set of experiments. Doubling the
Reynolds number by doubling the perturbation wavelength shifts the first zero crossing of ¢
in dimensionless time (kyvt). For water at 15 GPa, this shift is 0.59. Assuming x =1, the
shear Reynolds number is 12.8 (Fig. 10a), corresponding to a shear viscosity of 6700 poise

(with parameters of Table III).
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calculated viscosities are substantially higher than other measurements and calculations (Fig. 2).
One possible explanation for this many order of magnitude discrepancy is that some other dissipa-
tive mechanism may act on the shock front [Hamann and Linton, 1969]. One such mechanism is
thermal conduction. Zaidel’ [1967] noted that the combined equations of motion and continuity that
govern this problem also, together with an equation of energy, describe the classical dissipation of
sound {Landau and Lifshitz, 1959, pp. 298-302] by viscosity and thermal conductivity. This

analysis predicts that the absorption coefficient for sound is proportional to

4 X
— — + T, 14

3V, TN (143)
where x is the bulk viscosity, op is the thermal expansivity at constant pressure, ¥ is the thermo-
dynamic Griineisen parameter, 7 is the thermal diffusivity, and T is the shock temperature. Indeed,

we have found the term (%v«v%) to be the relevant viscosity for that part of the induced fluid motion

associated with sound waves. We might suppose that this association of parameters, including ther-
mal conductivity, might effect the damping of the perturbed shock front. In this case, for the ther-
mal diffusivity to be important apY(T would need to have magnitude O(v) to have a significant

impact on the viscosity measurement.

In the weak shock limit, the width of the shock front is proportional to Eqn. 143 [Landau and
Lifshitz, 1959, pp. 337-341]). The effective viscosity calculated from shock front profiles therefore
includes both bulk viscosity and thermal diffusivity contributions. This grouping of terms describes
only part of the viscous damping of shock perturbations: that part associated with sound waves.
That part of the damping associated with entropy-vortex waves is dependent only on the shear
viscosity (¢f. Eqn. 81). Viscosities calculated from shock profiles should be comparable to those
calculated from shock perturbation damping to the extent that the acoustic damping mechanism

dominates and the entropy-vortex damping mechanism has negligible influence. Harris and Presles
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[1981] estimate the viscosity of water at 0.58 GPa to be < 0.6 poise by the shock profile method. If
this is typical of stronger shocks as well, then thermal diffusivity cannot be responsible for the

anomalously large viscosity estimates.

Mineev and Zaidel’ [1968] attribute the large viscosity measured under these conditions to the
high frequency of the perturbations relative to the relaxation time of the sample, i.e., they propose
T 2 1/€ where ¢ is the strain rate. They estimate this strain rate to be:

€ = kovobo , (144)
which they calculate to be on the order of 0.1 MHz, corresponding to a characteristic time of 10 ps.

Another measure of the characteristic frequency of perturbations comes from the acoustic frequency:

Q = cVko® + Im[Aycoumic]” (145)
evaluated at the poles of Eqn. 68. These poles are readily determined from the denominator of Eqn.

74 with the transformation Eqn. 72, and give a characteristic acoustic frequency of 4.8 MHz and
time scale 0.22 ps with the parameters in Table III. If water has an anelastic absorption mode near
4.8 MHz, than sound waves will be attenuated as if by viscosity. The effective viscosity calculated

by the method described above will therefore greatly overestimate the bulk and shear viscosities.

Harris and Presles [1981] suggested that the Sakharov et al. [1965] experiments appear to
measure shock front related viscosity. Indeed, our analysis does suggest that the viscosity at the
shock boundary does have a greater influence over the damping than does the viscosity in the bulk
of the shocked fluid. Figure 5a shows the shock front contributions (Eqns. 86b, 86c) and volume
contributions (Eqns. 86d, 86e, 86f) to the viscous perturbation (IC neglected). Clearly the magni-
tude of the BC term is comparable to that of the bulk, and more importantly it is of opposite sign.
This calculation suggests that a viscosity at the surface of magnitude 10* poise, and a viscosity in

the volume of magnitude 1072 poise would explain the experimental results while allowing for the
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possibility that the shear viscosity could be as small as 1072 poise.

If the material properties of the sample near the shock front were different than in the bulk,
however, the surface viscosity might be much greater than the viscosity in the volume. Rice and
Walsh [1957] recognized that the Hugoniot for water passes through (or very near) the field of ice
VII stability (Fig. 11). More recent experiments by Al’tshuler et al. {1958} and analyses by
Schroeder and McMaster [1973] suggest that water does actually freeze to ice VII on the Hugoniot,
and melts at higher shock pressure. If this is true, then crystalline or partially crystalline water in
(or near) the shock front could easily have a higher viscosity than the crystal-free liquid away from
the front. This effect might influence the shock viscosity at higher pressure than the point at which
ice VII melts on the water Hugoniot: ice VII formed on the Rayleigh path through the shock front
might exist even if the final shock state were outside the field of ice VII stability. The existence of
a phase transformation on the Rayleigh path would also have an adverse effect on the estimation of

viscosity from the shock front profile.

Mineev and Savinov [1976] discussed the shock viscosity of water in relation to its phase
diagram. They noted that the measured viscosity of water decreases by about a factor of 5 in the
range 12-25 GPa, but remains on the order of 10* poise. This large viscosity was attributed to the
existence of ice VII. They suggested that melting did not occur abruptly on the Hugoniot, but
occurred gradually with increasing pressure. While it is possible that water remains in the two-
phase region over an extended pressure interval, this interpretation is inconsistent with the experi-
mental results of Al'tshuler et al. [1958] and the calculations of Schroeder and McMaster [1973]
that indicate complete melting by 13 GPa. Our suggestion that the material properties near the
shock front ’may dominate reconciles Mineev and Savinov’s [1976] interpretation with the phase

relations.
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Figure 11: Phase diagram for water [Liu and Bassett, 1986; Pistorius et al., 1963], and calculated
Hugoniot temperature for water [Rice and Walsh, 1957]. More recent calculations by
Schroeder and McMaster [1972] indicate that ice VII melts on the 20°C initial temperature
Hugoniot at 13 GPa. The -10°C initial temperature Hugoniot is calculated to melt at 23.4
GPa. The shock temperature measurements of Kormer [1968] and Lyzenga er al. [1982]

support the high melting temperature calculation of Schroeder and McMaster.
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If water were partially crystallized near 15 GPa on the Hugoniot, then indirect viscosity meas-
urements, e.g., the electrical conductivity experiments [Hamann and Linton, 1969], might well
predict a substantially lower viscosity than the oscillatory damping method. Even if ice VII existed
at equilibrium with water behind the shock front, the existence of a fully interconnected melt net-
work would give essentially the same conductivity measurement as a completely liquid system. Par-
tially crystalline water behind the shock front would have an adverse effect on the viscous drag
experiments [Al’tshuler et al., 1977, 1986; Kim, 1984] as well, although these experiments should

be insensitive to the material properties near the shock front itself.

13. Conclusions

We have expanded upon the analysis of Zaidel’ [1967] for the damping of perturbations on a
shock front. We have also clarified the assumptions implicit in the analysis, and explored the
ramifications of these assumptions on the application of the method to analyzing experiments. We
considered in detail (1) the effect of initial conditions, (2) finite shock amplitude, and (3) the vali-

dity of the viscous perturbation approach.

The controversial experiments on shocked water [Mineev and Zaidel’, 1968] were reviewed.
To the extent that we can analyze these experiments from the published descriptions, we conclude
that the dissipative forces in the system are compatible with the viscosities calculated from the
Zaidel’ [1967] formulae. That this calculated viscosity may be apparent rather than real is sug-
gested by the sensitivity of the calculation to the material properties in and near the shock front, and
the prediction that water may be at least partially crystalline (ice VII) on the Rayleigh path. This
explanation reconciles the Mineev and Zaidel’ [1968] experiments with the viscosity estimates

obtained from electrical conductivity measurements of dilute salt solutions.
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If water has an anelastic absorption mode near 4.8 MHz, this too would lead to a gross
overestimation of the viscosity. The importance of anelasticity might be tested experimentally by
conducting these experiments with longer wavelength perturbations that give lower frequency

compressional wave frequencies.

It important to note that the complete experimental measurements for ¢(T) have not been pub-
lished for any fluid, including water. Only the results for aluminum have been shown by Sakharov
et al., [1965] and Mineev and Savinov [1967]. In the case of aluminum, decreasing the Reynolds
number shifts the first zero of ¢ to shorter times. This is qualitatively opposite to our calculations
for water. Since only the magnitude, and not the sign, of this phase shift for water has been
reported, it remains to be shown whether or not the analytic description of the experiment even
qualitatively models the data. Until such a comparison can be made to demonstrate good agreement

between the theory and experiment, these calculated viscosities must be regarded as provisional.

The oscillatory damping experiments were originally suggested as a method for determining
shear viscosity at high pressure. We have shown that the bulk viscosity (and by inference, thermal
conductivity) influence the damping as well. These viscosities are coupled, and cannot be decoupled
experimentally by independent adjustment of either the perturbation wavenumber, ky, or amplitude,
Es. The shear and bulk contributions have different phases, however, so precise measurement of ¢(t)
could, at least in principle, be analyzed for both shear and bulk viscosities. Such an analysis would
be quite sensitive to the IC, however, and the approximations considered here may prove inadequate

for this purpose.

Preliminary calculations with the full second-order Navier-Stokes equations for viscous
compressible flow indicate that shock instabilities may occur even when the Kontorovich-D’yakov

thermodynamic stability criteria are satisfied. These rheological instabilities may manifest them-
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selves as wrbulence behind the shock front, and might be responsible for the rapid dynamic mixing

that is observed in shock-mediated chemical reactions.

We are grateful to D.W. Schwendeman for his invaluable assistance with the mathematical
analysis in §5, and R.F. Svendsen, Jr., for very helpful discussions regarding the formulation of
boundary conditions. We also thank Professors D.J. Stevenson and W.1. Newman (UCLA) for their

thoughtful comments and suggestions.
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Chapter 3: The Equation of State of Molybdenum at 1400°CT
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Shock compression data to 96 GPa for pure molybdenum, initially heated to 1400°C, are
presented. Finite strain analysis of the data gives a bulk modulus at 1400°C, K, of 244+2 GPa and
its pressure derivative, Kgg, of 4. A fit of shock velocity to particle velocity gives the coefficients of
Ug=c¢+sUp to be cy=4.7710.06 km/s and s=1.43+0.05. From the zero pressure sound speed, ¢4, a
bulk modulus of 232+6 GPa is calculated that is consistent with extrapolation of ultrasonic elasticity
measurements. The temperature derivative of the bulk modulus at zero pressure, 0K;g/0T!p, is
approximately -0.012 GPa/K. A thermodynamic model is used to show that the thermodynamic
Griineisen parameter is proportional to the density and independent of temperature. The Mie-
Griineisen equation of state adequately describes the high temperature behavior of molybdenum

under the present range of shock loading conditions.

1. Introduction

The equation of state (EOS) of molybdenum (Mo) at high pressures is being used as a calibra-
tion standard to relate absolute pressure-density data to diamond anvil compression data [Mao et al.,
1978]. Both shock and particle velocity have been measured for Mo shocked with a nuclear explo-
sive [Regan et al., 1977] to obtain Hugoniot data to 2.0 TPa. Mo is thus well calibrated along the
room temperature (or "principal") Hugoniot, yet theoretical arguments are necessary to extend the
shock EOS to neighboring regions of P-V-T space. The present study is the first study of the abso-
lute EOS of any metal at significantly high initial temperatures. A 1400°C Mo Hugoniot has been

measured that calibrates models for this P-V-T extrapolation.

One of the research efforts of the experimental geophysics group at Caltech is the study of
molten silicates under shock loading conditions. These experiments, developed by Rigden et al.

[1984; 1988], employ a Mo sample assembly that both contains the sample at temperatures in excess
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of 1400°C, and acts as a furnace by coupling to a radio frequency power source. A flyer plate, pro-
pelled by a gun, impacts the first surface of the heated Mo container, and the subsequent shock
wave traverses the Mo driver plate, then the silicate sample, and finally the Mo cover. The transit
time of the shock wave through the sample and cover combination is recorded with a rotating prism
streak camera. A direct impedance match solution [Ahrens, 1987] for this composite sample assem-
bly requires knowledge of the shock behavior of either the molten sample or the heated Mo. Since
the former is the objective of these experiments, the latter must either be calculated or experimen-
tally determined. Rigden et al. [1984; 1988] calculated the high temperature shock behavior of Mo
from its known principal Hugoniot with a Mie-Griineisen extension of the Birch-Murnaghan EQS

[Birch, 1952].

In order to verify these calculations, we undertook an experimental study of the dynamic load-
ing properties of Mo at 1400°C, the temperature to which Rigden et al. heated their molten
anorthite-diopside eutectic composition. In addition to their direct relevance to our shock wave stu-
dies of molten silicates, our new results on hot Mo give more general insights into the high tempera-

ture and pressure equations of state of metals.

2. Experimental Procedure

Dynamic shock compression of hot Mo was achieved using the Caltech 40 mm powder gun
[Ahrens, 1987]). The experimental procedure is similar the that used by Rigden et al. {1984; 1988]

for the shock measurement of the EOS of molten silicates.

Molybdenum of 99.95% purity, specification ABL-2 from Amac Specialty Metals, Cleveland,
was used. The samples were machined from this polycrystalline stock into a single piece driver

plate-sample combination as shown in Figure 1. A 2 mm thick, 45 mm diameter disk of Mo acts as
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the driver plate, and a 3.6 mm thick, 13.5 mm diameter disk of Mo, coaxial to the driver plate, is

the sample.

The Mo samples were supported by a 6.4 mm thick plate of fibrous A1203 ceramic at a dis-
tance of approximately 1 mm from a three-turn water-cooled copper coil. This coil, attached to a
10 kW radio frequency source, acted as an induction heater. Temperatures in excess of 1800°C
could be achieved with this configuration. At 1400°C, the temperature can be stabilized to within
one-half degree. A 100%Pt-90%Pt 10%Rh thermocouple was pressed into a well in the sample to
record its preheating temperature. Light reflected from the free surface of the sample and driver
was turned by a mirror in the tank to a port at the side of the tank. This reflected light was subse-
quently focused onto the slit of a continuous writing streak camera. This streak record was used to
record the shock transit time within the sample. A xenon flash lamp operating at 10-15 kV was

used to illuminate the sample during the experiment.

The flyer plates were 2.4 mm thick, 32 mm diameter disks of either tungsten or 2024 alumi-
num mounted in a Lexan projectile. The velocity of the projectile was recorded with a double expo-
sure X-ray shadowgraph. The X-ray exposure occurred immediately prior to impact. As a backup
device, the time taken for the projectile to cross the known distances between three lasers that cross

the flight path is measured. Projectile velocities were between 1.5 and 2.5 km/s.

The measured quantities in our experiment are the sample and flyer plate density, initial sam-

ple temperature, the shock transit time in the sample, and the velocity of impact.

3. Results and Discussion

The shock pressure, Py, and sample density, pys, were calculated from the Rankine-Hugoniot

equations for stress and mass conservation across the flyer plate-driver/sample interface. Sample
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Figure 1: Schematic cross section of the experimental setup. A molybdenum driver plate (a) and
sample (b) are machined as a single piece. The sample is suspended in a fibrous A1203
ceramic plate (¢) adjacent to a copper induction coil (d). Preheat temperatures are recorded
by the 100%Pt-90%Pt 10%Rh thermocouple (e) that is pressed into the sample. A tungsten
or 2024 aluminum flyer plate (f) is pressed into a Lexan projectile (g) with O-rings (h) to

help retain the muzzle gasses.
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thickness and initial density are not directly measured, but caiculated from their measured room
temperature values, the sample preheat temperature, and the linear thermal expansion data in Table

I. The shock states with their estimated RMS errors are given in Table IL

Our analysis of these results is presented in parts. First, we demonstrate that our final shock
states are solid and not liquid. Second, we determine the isentropic bulk modulus and its pressure
derivative for Mo at 1400°C with both a finite strain model and the shock EOS. Third, we compare
our shock data with the theoretical predictions of the Mie-Griineisen EOS and show that the
Griineisen parameter varies in proportion to density. Fourth and finally, we compare our data with

elasticity measurements to discriminate between three possible interpretations of our data.

Shock State: Solid versus Liquid

The calculated melting temperature for Mo is at least 1000 K higher than the calculated shock
temperatures of our experiments at a given shock pressure. Our final shock states therefore

represent solid Mo in all cases.

The Rankine-Hugoniot equations can be used to determine the pressure (P), volume per unit
mass (V), and internal energy per unit mass (E) along the Hugoniot. A constitutive relationship is
necessary to relate these state variables to the temperature (T). The Mie-Griineisen equation is a
useful constitutive relationship for this purpose and has a strong theoretical foundation [Eliezer et

al., 1986].

The thermodynamic Griineisen parameter, y=—0InT/d1In V|, relates internal energy and pres-
sure according to the Mie-Griineisen equation, d P/OEl y=yV. The Griineisen parameter is assumed

to be a function of volume according to:
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Table I. Parameters used in data reduction

co (km/s) s po (Mg/m?)
w 4029 * 1237 19.224 *
2024 Al 5328 * 1.338 * 2.785*
Mo 5.14° 1.22°% 10.2201 ©

AL/Lg = 4.697x1078 (T -293) + 9.756x1071°(T - 293)2 + 9.403x1074 (T -293)*

for Mo from 293 to 1545 K, 4%, and

AL/Lg = 7.60x1073 + 7.583x107¢ (T - 1545) + 1.329x107° (T - 1545)* + 1.149x10712(T - 1545)°

for Mo from 1545 to 2800 K, +5% ¢
Yomo =1.52 ©
Cp=34.139-4.4926x107T +3.7012x107°T2~

for Mo from 298 t0 1800 K f

1.5722x10?
\T

a McQueen, 1969.
Marsh, 1980.
¢ Straumanis and Shodhan, 1968.
4 Touloukian et al., 1970.
‘f’ McQueen et al., 1970.
Robie et al., 1978.
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Table I. Experimental Results

Shot No.  Flyer P sk Ty Virp Us Up Py PH T
Mg/m?) X) (km/s) (km/s) (km/s) (GPa) (Mg/m?) K
707 w 10.20640.002 1667 1.45610.007 5.960+0.119 0.883+0.008 52.3t1.1  11.6810.05 1887+532
716 w 10.206£0.002 1673 1.52710.006 6.115:0.047 091910004 55.9+0.5 11701002 2602+222
725 w 10210£0.002 1671 203010010 6516:0.049 1.21940.009 79.040.8 12.2430.03 3101367
736 2024 Al 10.207£0.002 1674 1.995:0.008 5.525+0.041 0.538+0.004 29.5+0.3 11.0240.02 1864£174
741 w 1021240002 1674 2.368+0.008 6.788+0.021 1.41410.006 95.640.5 12.5710.02 3721253

2 Temperatures calculated with q = 1.
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diny _

where q is assumed to be constant, and it is further assumed that the temperature dependence of vy

lies solely in the temperature dependence of the volume.

Recognizing that d E/d T! y=Cy, the heat capacity at constant volume, temperature and pres-
sure are related by 9 T/dPly=V/(yCy). Integration of this equation along a path of constant
volume requires a reference P-T point at the volume of interest. It is convenient to use the principal
isentrope as a reference curve since pressure and temperature are readily calculated for any specified
volume. The principal isentrope is a path of constant entropy that, like the principal Hugoniot,

passes through the 1 bar, 20°C point.

Along an isentrope, the temperature is readily calculated [Ahrens, 1979] from the definition of

Y.
Ts = Toexp L] 1-| X : q#0 (2a)
q Yo
Vo |
Ts=To [7] q=0, (2b)

where the subscript S denotes the isentropic state, and Vg, Tp, and Yo are the volume, temperature,

and Grineisen parameter at zero pressure, 25°C, respectively.

Pressure along an isentrope may be calculated from the third-order Birch-Murnaghan equation:

3 v 3
’ 0
[1-2(4-1%)“7] —1” , 3

13 53
Yo

v

Vo
\"

3
Ps = EKos
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where K is the isentropic bulk modulus at zero pressure and K is its pressure derivative.

Using the isentrope as a reference curve, the temperature of a point on the Hugoniot, Ty, may

be calculated from:

Vy (Pu—Ps)

Ty = .
n=Ts+ 7Cv

@)

where the subscript H denotes a point on the Hugoniot. It has been assumed for simplicity
(justification follows) that the heat capacity may be taken as a constant. The isentrope temperature,
Ts, and pressure, Ps, and the Griineisen parameter, v, in Eqn. 4 are calculated at the Hugoniot

volume, Vy.

The shock temperatures achieved in our experiments were calculated with Eqns. 1, 2, 3, and 4
using values of Vy and Py (Table II) calculated from the Rankine-Hugoniot equations. Specifically,
the Griineisen parameter is calculated at Vg with Eqn. 1, and the isentrope pressure, Pg, and tem-
perature, Tg, are calculated using Eqns. 2 and 3 with V = Vy;. The Hugoniot pressure, Py, and
volume, Vy, are used with these isentrope points in Eqn. 4 to calculate the Hugoniot temperature,
Ty

A general temperature-pressure relationship for the Hugoniot can be calculated in the same
manner by using an appropriate constitutive relationship for Py as a function of Vgz. The Mie-

Griineisen formulation for this relationship is developed is a subsequent section of the discussion.

The melting point of Mo at high pressures may be estimated by Lindemann’s rule, given by

Gilvarry [1956] as:

|
alnTl _z[l_yl)] , (5)
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where the subscript M designates melting. ¥ is the Debye model for the Griineisen parameter,
Yyo=—dInBOp/dV, where 8y, is the Debye temperature. We evaluate Eqn. 5 with the approximation
that the Debye model Grineisen parameter is equal to the thermodynamic Griineisen parameter,
which assumes that the Debye model is valid for Mo and that T» ®p. The Debye temperature for
Mo is 380 K [Hoch, 1975], and the melting temperature at zero pressure is 2893 K [Hultgren et al.,
1963}, thus the latter assumption is valid. Because we are principally concerned with temperatures
in excess of the Debye temperature, we make the additional assumption that Cy=3R, where R is the
gas constant. Combining Eqgns. 1 and 5 with the assumption y=7Yp and integrating, we get the

result:

23
A" 2 -V
TM=T0M[——;%] exp[% q#0 (6a)
1
Vi 2[ ?%]
TM = TOM VO—M— q=0 » (6b)

where Vy and Ty, are the temperature and corresponding volume of the solid along the melting

curve. Vy=Voum and Ty =Tpy at the zero pressure melting point. V) is the volume at which y=1,.

The pressure, Py, at which melting occurs for a particular Tyy and Vy may again be calculated

with the aid of the Mie-Griineisen equation. Rearranging Eqn. 4 and changing subscripts (M for H):

YCv(Tm—Ts)

Py =Ps+
M S VM

Q)

To evaluate Egn. 7, the isentrope points Ps and T and the Griineisen parameter vy are calculated at

V=VM.
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A check of the internal consistency of these calculations can be made by computing the melt-
ing temperature at zero pressure by simultaneous solution of Eqns. 1, 2, 3, 6, and 7. The calculated

temperature exceeds the known value by about 200 K when g=1.

The shock temperatures, calculated with g=1, are shown with the calculated melting curve for
Mo in Figure 2. The calculated melting curve for Mo exceeds the calculated experimental shock
temperatures by over 1000 K in all cases. It is evident that our experimental points are well within
the field of solid stability as judged by the Lindemann’s rule calculation. The Lindemann’s rule
melting curve (L in Fig. 2) is in good agreement with the 3414 K/GPa slope of the fusion (SGM)
determined by Shaner et al. [1977]. The Lindemann’s rule curve differs sizably, however, from the
experimental measurements (VF) of Vereshchagin and Fateeva [1977] to 8 GPa. Although these
calculations are sensitive to q, the conclusion that our shock states are all within the field of solid
stability is firm for q as high as 3.

Further evidence that our samples remained solid is provided by the measurement of the bulk
modulus from the shock data. As shown in the next section, the isentropic bulk modulus of 1400°C
Mo is between 225 and 244 GPa. This is similar to the room temperature value of 261 GPa for
solid Mo that we calculate from the principal Hugoniot data [Marsh, 1980]. If the samples melted,
the bulk modulus would be expected to drop by as much as a factor of two [Kamb, 1968]. The

small drop in bulk modulus suggests that the samples remained solid.

Equation of State

The shock wave data for hot Mo, tabulated in Table I, were analyzed with a Eulerian finite
strain expansion model [Birch, 1978] adapted for Hugoniot data analysis [Jeanloz and Ahrens, 1980;

Heinz and Jeanloz, 1984; Ahrens and Jeanloz, 1987]. With this model, P-V data along a Hugoniot
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Figure 2: Mo phase diagram. Calculations based on our data are represented by diamond symbols
with 1-¢ error bars. The curves are: (L) Lindemann's rule melting curve calculation, (VF)
experimental melting curve to 8 GPa of Vereshchagin and Fateeva [1977], (SGM)
Clausius-Clapeyron melting slope measured by Shaner et al. [1977], (PH) calculated curve
for the principal Hugoniot, and (HT) calculation for the 1400°C Hugoniot. These curves

were calculated with g=1.
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is mapped into a strain (f) - normalized isentropic pressure (F) plane, wherein the finite strain expan-
sion for pressure may be linearized. This method of analysis is equivalent to fitting the P-V data

(corrected to an isentrope) to the Birch-Mumaghan EOS. This transformation is accomplished by:

f=—"—— 8)

and

_ 1-05yR(1+20" — 1]
36142015 [1+(2-1.5%)f]

Py, ®

HS

where R=Vy/V,, and Vo is the actual initial volume of the sample including any porosity. The
subscript HS designates that the Hugoniot state has been transformed into an isentrope by means of
Eqn. 9. The thermodynamic Gruneisen parameter is assumed to be a function of volume alone

according to Eqn. 1. In the absence of phase changes, F and f are related by

Fus = Kos(1 — 2£sforr + 44stha + -+ ), (10)
where
_ f+@-9f]
b= 1 o 1yf” (1)
5 _ PI1+2-0.759f)
== Tspf (12
3 ,
& = 7 (@4-Kas), (13)
and,
o= 3| Kaskos + Kos(Kis D) + 12|, (14
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Kgs, Kgs, and Kgg are the zero pressure isentropic bulk modulus, and its first and second derivatives
with respect to pressure at constant entropy. The subscript 0 designates the initial zero-pressure
state. The bulk modulus and its derivatives are calculated by multiple linear regression [Press et al.,

1986] with Eqn. 10. The independent variables are f; and f3;, and the dependent variable is Fyg.

The experimental data are presented in the f-F plane in Figure 3. The error and scatter of the
data are exaggerated in the f-F projection, as noted by Birch [1978]). These data were calculated
with the assumption that g=1, for reasons that will be explained later. Another common assumption
for q is that g=0, or y=constant [Bassett et al., 1968; Anderson, 1987]. These calculations are, how-
ever, insensitive to our assumed value of q; values from 0.0 to 10.0 do not change the results. Fol-
lowing Heinz and Jeanloz [1984], the least squares fitting of the data to Eqn. 10 uses weighting
according to the 1-0 RMS experimental errors on the assumption that these errors are normally dis-
tributed, consequently the data point for shot #707, which has the greatest error, carries little weight

in the fit.

A zero-order fit, or simple average (shown as the horizontal dashed line in Fig. 3), gives
Kos=244+2 GPa, and Kg=4 and Kjs=-0.016 GPa™! from Eqns. 13 and 14 respectively. A first-order
fit (shown as the dotted line in Fig. 3) gives Kos=225+8 GPa and Kgs=4.76+0.33. K is -0.023
GPal from Eqn. 14. Although the data are strongly suggestive of a linear relationship with positive
slope, such a linear fit to our data is not statistically justifiable at a reasonable confidence level
(>90%). In addition, it will be shown below that such a fit is not reconcilable with the 1 bar elasti-

city data on Mo.

An alternative method for calculating Kys is to fit the data in the particle velocity (Up) - shock

velocity (Us). plane [Ahrens, 1987]. Particle and shock velocity are related by:

Us=c¢co+sUp, (15)
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Figure 3: Finite strain representation of the experimental data with 1-¢ errors. The f and F values
were calculated with q=1. Zero-order (dashed line) and first-order (dotted line) fits in the

f-F plane are plotted with the fit from the UP'US plane (solid line; see Fig. 4.).



ureng

oo S0°0

-248 -

1 J-§ 39pI0 -

19 J-J I9pIO - ()

I

0¢T

0€T

0ve

0s¢T

09¢

[edD] 4

Figure 3.



- 249 -

where
c=VKes Vo (16)
and
s=3{1+xsq). an

The best fit to Eqn. 15 is shown as the solid line in Figure 4, and the values of Kog and Ko deter-
mined from this fit are used in calculating the solid curve in Figure 3. This fit gives c=4.77+.06

km/s and s=1.43+0.5, from which Ko=232+6 GPa and Ks=4.7+.2 are calculated.

These two calculations, although related [Jeanloz and Grover, 1988], are not interchangeable.
A linear Up—Uys relationship is identical to a first-order f-F fit only when 18sY,=162 s?-360s+215
{Jeanloz and Grover, 1988]; a condition that Mo fails to obey both on the principal Hugoniot and on
the 1400°C Hugoniot. The Up—Us fit is consistently offset from the f-F data in Figure 3. For the
purpose of calculating an impedance match the Up—Uy fit is preferred. On the other hand, in calcu-
lating a Birch-Murnaghan isentrope, the f-F fit is preferred. These fits overlap within their 2-6

€ITOrS.

These bulk modulus calculations may be compared with their cold counterparts computed
from principal Hugoniot data [Marsh, 1980]. These principal Hugoniot data are shown in the
Up—~Us and f-F projections in Figures 4 and 5 respectively. Since no experimental errors are reported
in Marsh [1980], these data were fit without statistical weighting; i.e., with the assumption that all
points have equal error. n Figure 5 the Up-Us best fit parameters are used in calculating the solid
curves, and the zero- and first-order fits of the f-F data are plotted as the dashed and dotted curves,
respectively. We calculate Ko5 = 261 GPa and Kos=4 from the zero-order f-F fit and Kos=272 GPa
and Kgs=3.71 from the first-order f-F fit. The Up-Us fit gives cy=5.14 km/s and s=1.22 or Kos=270

GPa and Kgs=3.88. As with our data, only the zero-order fit of these data is statistically justifiable.
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Figure 4: Particle velocity versus shock velocity for Mo at 1400°C (large diamond symbols), and

25°C (small hexagonal symbols). The lines are least squares best fits.
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Figure 4.
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Figure 5: Finite strain expansion representation of principal Hugoniot data in Marsh [1980]. Zero-
order (dashed line) and first-order (dotted line) fits in the f-F plane are plotted with the fit

from the UP’US plane (solid line; see Fig. 4).
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From a comparison of these data sets, we conclude that Mo is somewhat more compressible at
higher temperatures. No firm conclusions may be drawn concerning its pressure derivative; how-
ever, the first-order fits would suggest that Mo becomes less compressible more rapidly at higher
temperatures. This is consistent with our expectations since the two Hugoniot curves should be
asymptotic at very high shock pressures.

These calculated moduli are independent of our assumptions regarding v; that is, if we let q=0,
or y=constant, the resulting fit parameters do not vary within their error bars. Similarly, by neglect-
ing the data of shot #707, which has anomalously high errors, the results are unchanged within the

calculated errors.

Mie-Grineisen Equation of State

The experimental data may be compared with a thermodynamic model by computing the
Hugoniot for a heated sample. The cold or principal Hugoniot, designated by subscript C, and the
high temperature Hugoniot, designated by subscript T, are related by the Mie-Griineisen EOS at a

constant shock volume, Vg by:

Tor
Pyc| YO VH V“] CpdT
HC -— -
oC
Pyr = VoV Va (18)

The initial volume of the preheated sample is calculated from its cold volume and the preheat tem-
perature from the linear expansion data. Shock and particle velocities of the preheated samples may

be calculated from:
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Us = Vorv(Pur—Po)/ (Vor-Vi) 19
and
Up = VPur—Po)}(Vor-Vu)- (20
The cold Hugoniot P—V-Up relationships are given by the shock EOS [Ahrens, 1987]:
Up
Poe =g (co+sUp) 2}
oC
and
coH(s—1)Up
= Vg, 22
HC CsUy  VC (22)

where ¢y, the zero-pressure sound speed, is given by Eqn. 16, and s is given by Eqn. 17.

The 1400°C Hugoniot for Mo, calculated from Eqns. 16 through 22, is plotted in the V-P and
Up-P planes in Figures 6 and 7 respectively. The calculated 1400°C Hugoniot is also shown in the
temperature-pressure plane in Figure 2. For comparison, the principal Hugoniot is also plotted in
Figures 6 and 7. In these figures, the best-fit 1400°C Hugoniot is plotted as a thin solid curve, and
the 1400°C theoretical Mie-Griineisen curve, with ¥V constant (g=1) is plotted as a dashed line.
The scatter of the data is significantly smaller in these projections than in the f-F projection. It is
evident from these figures that the Mie-Griineisen EOS models the experimental data quite well.
The data refinement procedures of Rigden et al. [1984; 1988], which used this model to describe Mo

at high T and P, are supported by our experiments.

Since Eqn. 19 is sensitive to q, qQ may be used as a fit parameter to minimize the difference
between the Mie-Griineisen calculation and our experimental data. A value of g=1 yields the best
fit. We suggest therefore, that q=1, and consequently that the Griineisen parameter varies approxi-

mately in proportion to density. This agrees with the experimental determination [Boehler, 1983] of
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Figure 6: 1400°C Mo experimental data in the V-P plane. The curve labeled "fit" is calculated
with the best-fit Up—Ug parameters. The "M-G" curve is calculated with the Mie-Griineisen

equation with g=1. "PH" is the principal Hugoniot for comparison.
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Figure 7: 1400°C Mo experimental data in the Up—P plane. Labels comrespond to Figure 6.



-259 -

|

W —p

Hd

D-IN

0¢

oy

09

08

001

[edD] d

Figure 7.



- 260 -

g=1 for Li, Na, and K.

Extrapolation of Ultrasonic Elasticity Measurements

With q constrained to be =1, we may now employ a thermodynamic model of q to discrim-
inate between our three model calculations of Kog and Kgs. Bassett et al. [1968] derived the follow-
ing thermodynamic expression for the parameter q:

(1+yaT) Ks { 3Ks |

=1 - - b+ oy 23
d aKs 9T lp Py = 7 @3)

This expression does not assume that v is a function of volume alone, i.e., q is not required to be
constant, but rather allows for a temperature dependence as well. More common formulations for y

assume v to be a function of volume alone [Anderson, 1967; 1987]. By way of the approximation

Kgs=0Kg/oP| 1:
. v |?
a|l1-q-Kos+Y | —
9 InKes | { 1 O[Vo
Tl [v] )
1+aTyy ! —
Vo

the isentropic bulk modulus may be calculated as a function of temperature for an assumed constant
value of q. V and a are both temperature dependent quantities, thus Eqn. 24 must be numerically
integrated. Volume is calculated directly from the thermal expansion data in Table I, and the
volumetric coefficient of thermal expansion, a=dln V/dT| p, is calculated from the linear expansion
relationships by

|
o = 3%111[“%]!?. 25)
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K is not known as a function of temperature, however the zero-order f-F fits of both the principal
and 1400°C Hugoniot data suggest that Kgs=4, and is therefore independent of temperature.
Although not statistically significant, the first-order f-F fits (dotted lines of Figs. 3 and 5) suggest
that Kog(25°C)<4 and Kgs(1400°C)>4, thus by approximating Kos=4 Eqn. 24 may overestimate Kgg

at a given temperature. For simplicity we use the approximation Kgg=4 in Eqn. 24.

Figure 8 shows a compilation of elasticity data for Kos to 973°C. Our three candidate values
of Ky at 1673 K are also included. The diamond symbols represent the values of Kos calculated
from the Up—Usg best fit and the zero- and first-order f-F fits of our data. The data of Featherston
and Neighbours [1963], triangles in Figure 8, are believed to be erroneous because of impurities in
their samples [Berg et al., 1985]. The more recent data of Dickinson and Armstrong [1967] are
favored over the earlier data of Bolef and de Klerk [1962] for our calculations. The principal
Hugoniot data reported by Marsh [1980], the hexagonal symbol, is in accord with the elasticity data
of Dickinson and Armstrong. This value was calculated from the zero-order fit of the principal
Hugoniot data in the f-F projection.

Eqn. 24 provides a functional form upon which to extrapolate the elasticity data to 1400°C.
Integration of Eqn. 24 requires a single reference datum. We use the Kyg point derived from the
principal Hugoniot data because it is in good agreement with the elasticity data, and because it was

computed in the same manner as our data.

Curves of constant q, calculated with Eqn. 24, are plotted in Figure 8. Within reported errors,
q values from 1 to 5 satisfy the elasticity measurements of Dickinson and Armstrong. Because
curves of constant q satisfy the data within their reported errors, no temperature dependence in the
Grilneisen parameter is indicated except through the temperature dependence of V. A curve of

q=1.5 fits the elasticity data within their reported errors and agrees with our zero-order f-F fit
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Figure 8: Ulwasonic bulk modulus measurements and high temperature shock moduli. Triangles,
squares, and circles denote the elasticity values of Featherston and Neighbours [1963], Dic-
kinson and Armmstrong [1967], and Bolef and de Klerk [1962] respectively. The hexagonal
symbol is calculated from the principal Hugoniot data in Marsh [1980] as the average F
value in Figure 5. The diamond symbols designate the various interpretations of the
1400°C shock data. The solid curves are calculated with Eqn. 24 for constant values of q

from 1 to 4 using the value based on the principal Hugoniot data as a reference point.
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datum. The q=4.0 curve also falls within the errors of the elasticity data and agrees with the first-

order datum. Our Up—Ujg determination falls near g=3.0.

Since we suggested earlier that g=1, we conclude based on Figure 8 that only the zero-order
fit of Figure 3 can lead to an internally consistent view of the behavior of Mo initially heated to
1400°C. The other fits presented in Figure 3 would, in order to be consistent with the ultrasonic and
principal Hugoniot data, require much higher values of q, which would lead to significant deviations
between the calculated experimental temperatures and calculated Hugoniot temperature in the P-T
plane (Fig. 2). Our best choices for Ko and Kos are thus 24432 GPa and 4. We note that although
Mo becomes more compressible at higher temperatures, it is less compressible than would have been

predicted on the basis of linear extrapolation of the ultrasonic elasticity measurements alone.

We note, however, that this discrimination by q values is ambiguous when 2-0 errors are
allowed, that is all of the three candidate K and Kgs values overlap with 2-0 error bars. This
worst case uncertainty amounts to only about 5% uncertainty in Ko, and 10% uncertainty in Kgs.

Although the Up—Us best fit determination is not consistent with g=1 (i.e., as shown in Fig. 8,
if Kgs(1400°C) = 232 GPa, then g=3), it is nevertheless best for the purpose of calculating an

impedance match,

4. Conclusions

1) New data on the dynamic compression of preheated molybdenum is presented. A zero-
order fit to the finite strain model indicates a bulk modulus, Kgs, of 244+2 GPa, and its pressure
derivative, Kgs, of 4 at 1400°C. Higher order fits give values of Kog greater than 4, and are con-
sistent with the finite strain expansion analysis, but are not statistically significant and are incon-

sistent with extrapolation of the ultrasonic data. The temperature derivative of Kos at zero pressure
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is thus approximately -0.012 GPa/K. The Hugoniot parameters for Mo at 1400°C are cy=4.77+0.06

km/s and s=1.4310.05.

2) The Mie-Gruneisen EOS has been demonstrated to be a good model for the shock

behavior of Mo at high temperatures.

3) Our data suggest that the Griineisen parameter is proportional to density, and no evidence
is found for a temperature dependence in y. If this suggestion is correct, the zero-order fit to the

finite strain model is favored.

We thank M. Long and E. Gelle for their expert technical assistance with the preparation and
execution of the shock experiments. L. Young polished some of the Mo samples. Discussion and
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vided by L. T. Silver. This work was funded by NSF grants EAR-86-18545 and EAR-85-08969.
Contribution number 4510, Division of Geological and Planetary Sciences, California Institute of
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Appendix 1: Error Propagation
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The analysis of an individual molten silicate shock experiment requires that a set of 9 alge-
braic formulae (Eqns. 1-9, Chapter 1) be solved simultaneously. This solution is only approximate,
however, since results from a series of experiments are needed to find the ¢, and s, parameters
required for the sample-cover impedance matche. A complete reduction of the experimental data
for a series of N individual experiments therefore requires the simultaneous solution of 9N+2 equa-
tions: Eqns. 1-9, Chapter 1, for each experiment, and 2 regression equations to determine ¢ and s,.
Rather than solving 110 simultaneous equations for our 12 experiments, we used an iterative
approach. Beginning with assumed values for ¢y, and s,, we could analyze each experiment with 9
equations. The second step of this iterative procedure was to calculate new updated values of cg,
and s,.

This iterative approach cannot be used in the calculation of propagated errors. If we com-
puted errors in U, and Uy, including error contributions from cq, and s,, and then used these quanti-
ties in a weighted least squares fit to recalculate both co and s, and their formal errors, then the
errors would increase without bound with successive iterations. To properly calculate the pro-
pagated errors, a minimum of 6N+2 (Eqns. 1-6, below, and two additional equations for cy and s,)
linear equations must be solved simultaneously to determine the uncertainties in ¢y and s together
with N uncertainties in Uy, UL, P,, and p,. Although this approach would be rigorous, it is not par-
ticularly instructive because the relative importance of various measurements cannot readily be
determined. Because the contributions of cq, and s, to the uncertainty in each individual experiment
are small, we can decouple the 6N+2 simultaneous equations into N sets of 6 simultaneous equa-

tions, 6 equations per experiment.

In the following error analysis we will consider the contribution of the error in our measure-
ments, and in the uncertainty in the calculated value po, to the error in U, Uy, Py, and p,. Indivi-

dual experiments will be analyzed separately by ignoring the contribution of cg, and s,.
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The minimum six equations which must be solved simultaneously to determine Uy, U, P,,

and p, are: the flyer-driver impedance match (Eqn. 2, Chapter 1)

PoaUpd(Cod + SaUpa) = Po(Vimp — UpadCor + $(Vimp — Upa)) » 1)
the driver-sample impedance match (Egn. S, Chapter 1)

PoeUpsUss = P0d(2Ups — Uped(Cad + 86(2Upa — Upe)) @

the sample-cover impedance match (Eqn. 7, Chapter 1)

pOCUpc(COC + ScUpc) = pOs(zUpl - pc)(COI + Ss(2Upa = Upc)) ’ (3)
the equation for the total shock wave transit time (Eqn. 1 with Eqns. 3 and 8, Chapter 1)

= - y—8 @
" Us  cat+sdUm  Coe+SUx
and the equations of stress and mass conservation for the sample (Eqns. 5 and 6, Chapter 1)
Py = posUsUps (%)
= = )
Ps = po'U“—Up. ,

In these equations, the dependent variables are U, Up, Upe, U, Py, and p,. We will consider
Vimps U, X4, X, X, and po, to be independent variables that contribute error to the determination of

the dependent variables. The remaining parameters are considered as exact constants.

The sensitivity of the dependent variables to changes in the independent variables is deter-
mined by the partial derivative. Because these equations are coupled, however, the partial deriva-
tives cannot be immediately determined. The differential forms of Eqns. 1-6 are linear, however,

and can be decoupled with a simple matrix equation:

dU, dv.
imp
dU, dit
dP, | dxy
dpl = Ex dX, > (7)
dUpc dp().
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where E is a 6x6 matrix of partial derivatives. The matrix E is given by:

0 0 0 0 poalCoat284UpgHPorCort 28V imp—Upa))
PoUps  PosYsstPoa(Coat2842Upg-Up,)) 0 0 —2poy(Coqt284(2ULs—U))
0 ~200,(cox#28,2UpUp)) 0 0 0
Xq 84X4
= 0 00 —
u2 U
—PoUpe PoUs 10 0
U U
Pos P > _ PosVss 5 01 0
| UsUp) UuUp)
[Pocort2sdVig=Up)) 0 0 0 0 0]
_P'
0 6 0 0 0
Pos
P,
0 0o 0 0 o0 —
Pos
X
1 1 1
0 -1 — — — 0
U- Uld Uac
Pl
0 o 0 0 o —-
Pos
0 0o 0 o o B
Pos ]

®
. :
0
Pox(Coct28.UpHPon(Cort26,2UpeUpe)
58X,
vz
0

0

The rows of E correspond to the differential forms of Eqns. 1-6, in order. The partial deriva-

tive of any dependent variable with respect to any independent variable can be found from the

appropriate element of the matrix E. If errors are assumed to be normally distributed (Gaussian),

then the variance in a dependent variable, X, is related to the variance of the independent variables,

X;» according to:

ax,)?
X 21: ax | %

(oo

®

If we form a new matrix E? such that E% = (E;;)%, then the variances in the dependent vari-

ables can be readily calculated from:
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r 2 3\ r 3
o, ol
2 2
GUpl clt
o ) o2
21 = E2x| 3. (10)
(o] G,
p' xz'
2
[¢17] i G"c
2 2
. 7 \

The relative magnitude of the E? matrix elements shows their relative importance in the

experiments. This matrix is presented for shot #755, which is near the median of the shock pressure

range of our experiments:

(11
f 3 r N f 3
of,, 1.10x102 483 1.34 1.94 146 8881074 o
of, 058 0119 331x10 481x107° 3.61x107 7.88x1073| | o2
o3, 102. 399. 110 16.1 12.1 263 o2
o| T | 0636 468 0130 0189  0.141 161 | | o2 |"
o3, 0.221 0. 0. 0. 0. 0. o2
o?, L L 0.10s  7.33x107 2.03x107* 2.95x107* 2.21x10™* 7.14x107| a2
\ 4 N 4

where all velocities are in units of Km/s or mm/us, time is measured in ys, distances in mm, and

densities in g/cc.

This equation was used in the evaluation of errors for shot #755, and analogous equations

(calculated from Eqn. 8) were used for the other experiments. These errors are reported in Table

I, Chapter 1.

To illuminate the relative importance of the various error terms, it is necessary to scale Eqn.

11. Defining ex, = 0x/X;, a scaled uncertainty, Eqn. 11 can be rewritten:
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(12)
ed, 230<10° 133 812x107* 0995 339x107 680x10%] [ed |
ed, 113 4.68x107% 2.86x10°° 3.50x102 1.19x107° 3.46x102| | &2
€3, 1.10 0878 536x107* 0657 2.24x1072  0.649 el
e2| T | 0105 0169 1.04x10* 0127 432x10° 0896 | *| €2
ed, 1.10 0. 0. 0. 0. 0. e2
86,,% L 0.959  2.08x107 1.27x10° 1.56x107 5.32x10* 0.172 | | g2

A 10% error in the transit time, tt, therefore contributes 4% error to p, ( WX—(OTO)Z:OM ) and
contributes nothing to the error in Uy4 as expected. The relative importance of the measured values
is different for each dependent variable. The transit time is the most important term for U,, and the
second most important for Up,. The flyer plate velocity is the most important term for Uy, but this
term is unimportant for U,. Neither U, nor U, rely heavily on py,, thus the bulk sound speed and
K’os are not strongly dependent on the initial density calculation. The bulk modulus, Kg=poscZ,

however, is strongly dependent on this calculated value.
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Appendix 2: Thermodynamic Description of Shock Waves
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In this Appendix I present an outline of the thermodynamics that describe the shock Hugoniot.
Elucidation of thermodynamic properties from shock experiments requires that the locus of shock
states be thermodynamically defined. From such a definition one may obtain thermodynamic data
from the shock equation of state, e.g., Ug = ¢y + sUp. In the absence of elastic effects, the intercept
Co is interpreted as the low pressure sound speed, and the slope s is related to the isentropic pressure
derivative of the isentropic bulk modulus by K’y =4s—1. That this interpretation has a rigorous
thermodynamic basis is implicit in the literature, but I am aware of no derivations of these equations
that are free of model assumptions, e.g., specific parameterizations such as the Birch-Mumaghan
equation of state, and assumptions regarding the pressure and temperature dependence of the
Griineisen parameter. No such model assumptions are used in the following derivations, however

chemical equilibrium will be assumed in the discussion of multiphase systems.

The approach used here is to write a system of differential equations that, taken together,
describe the thermodynamic state of the system along the locus of shock states. Before considering
the Hugoniot states, the temperature and pressure partial derivatives of Kg and K’ are derived. 1
then derive the equations for the Hugoniot of a single-phase system. The extention of this deriva-

tion to an equilibrium two-phase single-component system is also presented.

1. Partial Derivatives of K5 and K’

Temperature and pressure vary simultaneously along the Hugoniot. In order to determine, for
example, the derivative of the bulk modulus taken along the Hugoniot, it is convient to determine
expressions for the temperature and pressure partial derivatives of the bulk modulus. The derivative
of the bulk modulus along the Hugoniot is then readily determined from these quantities and the

simultaneous changes in pressure and temperature on the Hugoniot. Accordingly, I will begin by
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deriving expressions for the temperature and pressure partial derivative of Kg and K’ (dK¢/dP| g).

The isentropic bulk modulus is defined by:

I

dP

= -V—I|
Ks \'4 av | , ¢y

and its temperature partial derivative can be determined from the ratio of Jacobian determinants:

I(aKs/aV)s (aKs/aS)VI
9K I | @P/aV)s (BP/aS)y |

— = . 2
aT Ip {(BT/aV)s (aT/aS)VI @
|(0P/OV)g (JP/aS)y|
The terms in this expression are:
B_PI = 3 3)
Vg V'’
I
JP T
a9 -
)"V @
I
T r
— = -
Vv | \'"2 ©)
I
oT T
9 - =
sl "o ®)
aKs I _ a_Pl aKs ; _ KsK's (7)
oVis oV|goPlgs VvV
and
oKs a! [ ! 3! ap!
— = X (-vZ| -V—=l —I 8
0S Iv as IV oV Is oS IV 0 IS ( )
! I I
d , dP d T
= =~y — —I = - —I —_— = — _
Vavigasl, - Yavi v - vdrrmo.
where q is defined by:
olny !
q = | ©
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Substituting these terms into the determinant expression, and reducing the expression with

YCp = VK and Cp = Cy(1 + ayT), gives the result:

= -0Ks(K's +q-v-1). (10

| l oP I
J d T d
9 - 9, 2 1
oP |, oP | as| 9T ()
T |,
_ Al ]
oP|g Ks dT |,
3Ks | )
P K's(1+ofT) - efT(Y + 1 - @) . (12)
T

The derivatives of K’s are evaluated in the same manner. First determine the partial deriva-

tives:
K’ | KsK”s
I =
W I v 13
3K'SI _ _a—: _l aKsI A\ aKs: aKs: _li’ 9_1(-51 (14)
oS |y dS |yl Ks oV g K¢ oS Iy oV s Ks oV g oS Iy’
Eqn. 14 is solved by noting that:
2 _T o, (15)
|, CydT|, V oP|;’
Substituting the results from Eqns. 10 and 12 into Eqn. 15 one obtains:
aKS | YI'
— = = - 16
3 Iy v @+1-9, (16)
and substituting this result into Eqn. 14 gives
K’ |
8= Llep-g + @na-av] | an
oS Iy Cp
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where

l
' = i‘h
= 35 I (18)
Substituting Eqns. 13 and 17 into a Jacobian determinant expression for dK’y/dT!p analogous to

Eqn. 2 one obtains:

K’ |
S, = ~o[KeK's -0+ Vo - s D(1r-0)] 19)

and 9K’y/dP!  is readily determined from Eqn. 11:

’

KsI
P |

= K's1+aT) - DLy - v + ®-1)(147-9)| - (20)
Ks

2. Single-Phase Hugoniot

The thermodynamic properties of a shocked single-phase system are found by writing the total
derivatives of volume and internal energy:

dV = -VBdP + VadT 1)
dE = V(PBr - aT)dP + (Cp-aVP)dT, (22)

and the Rankine-Hugoniot relationship for internal energy in a Hugoniot state:

E
2dE

Eg + Y2(P+Po)(Vo-V) (23)
(Vo—V)dP — (P+Po)dV . (24)
Eqns. 21, 22, and 24 are three equations in four unknowns (dE, dT, dP, and dV). Selecting dP as an

independent parameter and dividing these equations by dP, one arrives at a set of three coupled

equations in three unknowns. In matrix form, these equations are:
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0 1 -aV dE/dP -VBy
1 0  (aVP=Cp) | x | dV/idP | = | V®B—aT)
2 (P+Py) 0 dT/dP (Vo-V)

The solution to this matrix equation is given by the following three equations:

i’ll _ (V()—V) +2VaT - (P—PO)VBT
T 2Cp - (P-Pp)aV
2YCpT — V(P-Po)(1+0yT) + Ks(Vo—-V)

Cpl2Ks — A(P-Py)]
av v[(vo—V)a +2Vo?T - 23@,,]

P 2Cp — (P-Po)aV
- YWVe-V) -2V
2Ks — W(P-Py)
Cp(Vg=V) + (P+Po)V[B1Cp — 0?T] - PV(V-V)at
2Cp - (P—Po)av
_ V(P+Pg) + (Vo-V)(Ks + 1P)
- 2K — Y(P-Py)

(13
dP

From Eqn. 27 one can write an expression for the Hugoniot bulk modulus:

N | _ VI2Ks - YP-Py)]
H AV | ggugonion 2V - 9(Vo-V)

In the limit of zero compression, one obtains from this the result:

lim KH = Ks .
PPy, VoV,

(25)

(26)

@n

28

(29)

(30)

thus the Hugoniot bulk modulus and the isentropic bulk modulus are identical in the limit of zero

compression. The total pressure derivative of the Hugoniot bulk modulus is:
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K’ dRx 31)
= — =
H P (
V] 2K 1fTUIV(V G-V + KV VXK 1+ 20 + ZKSofT(V28-2-1 XV VX219 = PPV XLy = Ky(P-Pyvyg]
o

. V[ 2K oV - VX1 K'g) - KV VXKL 1) + KgVory + PPV - 2P-PyV] o
[2\, N KVo-V)] 2 )

where q is given by Eqn. 9, and yp and "y are the pressure and temperature partial derivatives of ¥.

The derivative dT/dP is given by Eqn. 26. The limit of K’y is:

K’y = K, 32)

im
P—»Po, V—)Vo
thus the pressure derivative of the Hugoniot bulk modulus is identical to the isentropic pressure

derivative of the isentropic bulk modulus in the limit of zero compression.

Now in terms of shock velocity, Us, and particle velocity, Up, pressure and volume can be

written as:
UpUs
P=~P
R (33)
Vo= Vol1- 2 34
= Vp Us (34)
From these relationships, the Hugoniot bulk modulus and its pressure derivative can be written:
Us Us+UpU's
Ky = v, (Us-Up) Us—UpU's (35)
(36)
. U3WU's1) + UpUEQUsU"s-3U"s=2(U's?) + UBU(3(U's):-2(U’s)*-2UsU”s) + UR(U's)®
! (Us+UpU'sKUs-UpU's? ’
where U’s is dUg/dUp and U”s is d?Ug/dU2. The limits of these quantities are:
2
lim Ky = Kg = -2 37

Up—0, Ug—3¢q Vo
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and

li Ky = K's = 4s-1. 8
ot R K = K = 4 &

From these limits one can identify the terms in the power series

Us = cg+sUp+ -+ (39
with isentropic properties: ¢, is the sound speed, and s is (K's+1)/4. This correspondence between
the Us-Up coefficients and the isentropic properties has long been known [Ruoff, 1967], but I are
aware of no derivations of these equations that are independent of model assumptions. Ruoff
[1967], for example, assumed a specific form (Birch-Murnaghan) for the isentropic compression
curve, and made further assumptions regarding the P and T depencence of y. That such assumptions
are not required is important since it emphasizes the rigorous thermodynamic foundation of the

shock wave method.

3. Shock Equation of State Centered on a Principal Hugoniot State

When a shocked sample impacts a second higher impedance material, the sample experiences
a second shock. The c™ and s'P parameters for the reshock equation of state, Us = c'¥ + s®PUp,
can be obtained from expressions derived above.

' is the sound speed of the sample at its principal Hugoniot state. This quantity is related to
the high pressure bulk modulus, Kg = (c"F)%V, which can be written in terms of the Hugoniot bulk
modulus, Ky, with Eqn. 29. Writing Ky in terms of the principal Hugoniot equation of state param-
eters with Egn. 35, and assuming a linear principal Hugoniot shock equation of state for simplicity,

the high pressure sound speed, c'?, is given by Eqn. 13, Chapter 1.

The quantity s'F is (K’s+1)/4 evaluated at the principal Hugoniot state. Writing K’s in terms
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of K’y and Kg with Eqn. 31, writing this expression in terms of principal Hugoniot parameters with

Eqns. 35 and 36, and assuming a linear principal Hugoniot shock equation of state, one obtains Eqn.

14, Chapter 1.

4. Two-Phase One-Component Hugoniot

Assume volume additivity for the two phases, i.e., that the phases will mix mechanically. The

specific volume of the system, VS, can then be written in terms of the specific volumes of the com-

ponent phases, V! and VY, and the mass fraction of phase II, Xg:
VS = 1-X)HV!+ X§vI |
(1-XH)dV! + X3dvT + (VI-vhdx§ - dvs = 0.
The volumes of the individual phases change as:
a'VIdT - VIBIdP - dV! = 0,
and
afvIgT — VIgHgp — dv? = 0,

where B is 1/K4, the inverse of the isothermal bulk modulus for phase i.

The entropies of the individual phases change as:
CI
—TﬁdT - olVigP-dS' = 0,
and
Cp

—T—dT - ofvigp-gst = 0,

and the internal energy of the component phases, E' and E, change as:

(C3-Pa'VHdT + (PVBI-TodV)dP - dE! = 0,

(40)
@41

42)

(43)

(44)

435)

(46)
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and

(CP-PoVIYdT + (PVIRF-Ta'VI)dP - dET = 0. @47
With the assumption of simple mechanical mixing, the internal energy of the mixture is:
E’ = (1-X3)E' + XJE" (48)
(1-X{ME" + X{dE" + (E"-ENdXg - dE° = 0. (49)
Chemical equilibrium between phases I and II can be represented with the Gibbs-Duhem
equation, which, for this simple one-component system, is given by the Clausius-Clapeyron equa-
tion.
(S"-SHT - (VI-VhdP = 0 (50)
All states on the Hugoniot can be characterized by the Rankine-Hugoniot relationship for
internal energy.
ES-E§ = %@ +Po)(V5 - V) (51)
2dES + (P+Po)dV® — (V5-VS)dP = 0 (52)
I have written 10 independent equations in 11 unknowns. Let us select pressure as the
independent variable. Dividing all differential equations by dP then gives 10 equations in 10 unk-

nowns. This system of equations can be expressed in matrix form:
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(53)
cir 0 0 0 0 0 -1 0 0 O dTidP alv!
cir 0 0 0 0 0 0 0 0 -1 &S allyl!
o 0 0 0 0 -1 0O 0 0 O avSiap vig!
oliyll 0 0 0 0 0 o o0 -1 0 XSidp vilght

clravhy 0 0 0 -1 0 0 0 0 O |x| & | =/ viralesh
clrdvly 0 0 0 0 0 O -1 0 O avhap vicralpplh
0 0 -1 vivh 0 axhp 0 0 x3 O aslap 0
0 -1 0 ®&Leh  axd 0 0 x§ 0 O &ap 0
(sU-sh 0 0 0 0 0 o 0 0 O avlle viLvl)
0 2 ey 0 0 0 0O 0 o0 O astap v§-vS
The solutions to this set of coupled equations are given below.
4.1. Temperature
dar _ vi-V!
—_— = 4
ap gl (54)

The temperature change throughout the two-phase region is equal to the Clausius-Clapeyron slope of
the reaction boundary. Entropy-dominated transitions (e.g., solid-liquid phase transitions) will there-
fore experience modest temperature changes in the two-phase region. In contrast, temperature will
change very rapidly in volume-dominated transitions (e.g., solid-solid phase boundaries). Tempera-
ture measurement in a shock experiment will be useful in identifying volume-dominated reaction

boundaries, but will be less useful in identifying entropy-dominated reactions.

4.2. Reaction Coordinate

dT dT
ax§ ZCSE + (P-Py)VSB§ - aSVS[ZT + (P—PO)EP;— - (V§-VS) 3
dP - L ( )

LTy o1 — p_p 3L
S S)[ZT (PPo)dPJ
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where
C§ = (1I-X{)Cp + XiCF' , (56)
VSB} = (1-XHVIBE + XSVIBE (57)
and
Via®S = (1-XHViad + X§vial . (58)

Eqn. 55 may also be written as:

2 [2133 — (P+P)(V. S—vs)]
aP ng 0, (1]

dXi
= . (59)
dp 3 | s S S
_—Sl 2E° - (P+Po)(Vo -V )
oXy |p
One can also write
ar _ ar!  dX§ gr !
ap dp |Xn dp dxll |p
or
ar _ ar
dxs _ dp dP |x§ 61)
@ dT I
dXi |p
where dT/dP is given by Eqn. 54, and dT/dP! x is given by Eqn. 26, and dT/dX§!p is given by
ar | aE [ aE! 2AH - (P-P)AV
—s!| = |5tV 3=l | = == STF - (62)
dXj |, dXp | | AT Ip 2C3 - (P-Pp)o’V

The rate, in terms of pressure, at which the two-phase region is traversed is proportional to the
difference in PT slope between the single-phase Hugoniot and the Clausius-Clapeyron reaction
boundary. In general, one can consider the single-phase Hugoniot to have a relatively shallow PT
slope. Porous samples may be quite steep, however. Solid-solid reactions, characterized by steep

Clapeyron slopes, will be traversed rapidly by the Hugoniot. Solid-liquid reactions, having
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shallower Clapeyron slopes, will be crossed more slowly by the Hugoniot. Temperature measure-
ments in the two-phase region may be used to determine the Clapeyron slope of a congruently melt-

ing solid since the two-phase region will be largest in this case.

4.3. Ug—Up Relation

The Us—Up relationships can be determined from the identity

dUs vs e Vo (P-Po)

dUp  °dE 2 (BS-E) (63)
This expression can be written as:
s S_yS s JE | 0 I dxi
Vo P+Po)(V5-V®) - Vo®-Po)| = | _+ (E"-E)—-
dUs 7 oP |x§ dP o
dUp s s 9K ax§ ’
_vSy| 9E | n_gn 220
(P+PoXVo-V )l: 9P Ixg +(E™-E) P

where the terms containing dX3/dP represent the perturbation to the single-phase solution.

Reference

Ruoff, A.L., Linear shock-velocity — particle-velocity relationship, J. Appl. Phys., 38, 4967-4980,

1967.
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Appendix 3: The Natural Occurrence of Hydroxide in Olivine
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Abstract. Polarized infrared (IR) spectra of olivine singie
crystals from 17 different localities show a tremendous varni-
ability in both mode and abundance of hydroxide (OH)
incorporation. Kimberlitic olivines contain the most total
OH at an estimated concentration level of 976 H/10°Si,
whereas olivines from basalts contain the Jeast at 3 H/10%Si.
Olivines of metamorphic and hydrothermal origin have
widely varying concentration levels intermediate between
those of basalts and kimberlites. Over 30 distinct OH ab-
sorption bands have been identified. Most of these bands
are not unique to individual localities but may be found
in samples from several different localities. Pleochroism is
consistent among localities, but relative band intensities
vary. No evidence is found for molecular H, in olivine.

Hydrous minerals have been identified in olivine by their
charactenistic OH absorption bands. Serpentine is com-
monly found and is clearly distinguishable from intrinsic
OH. Talc is present in one sample. Prominent OH bands
at 3572 and 3525 em™! are attributed to humite group
minerals.

San Carlos, Arizona, olivines annealed in the presence
of H,0O develop absorption bands which are found in natu-
ral samples, however the OH absorption spectra of these
annealed olivines are not identical to those of any single
natura} crystal. Sharp-band OH abundances in annealed
samples are an order of magnitude lower than the maximum
measured in natural specimens. The mechanical properties
determined from these annealed olivines may not be directly
applicable to mantle olivine because both the OH sites and
concentrations are different.

Introduction

The occurrence of hydroxide (OH) in olivine, a nominally
anhydrous silicate, has received a great deal of attention
in recent geochemical and geophysical literature because
of (1) the effect of OH on mineral deformation and its
impact on mantle rheology (Justice and Graham 1982,
Kirby 1983, Chopra and Paterson 1984, Mackwell et al.
1985, Karato et al. 1986, and Kohlstedt 1986), (2) the well
known role of volatiles on the evolution of igneous rocks,
and (3) the crystal chemical interest in the specific modes
of incorporation of hydrogen bearing defects in anhydrous
minerals (Beran and Putnis 1983, Freund and Oberheuser
1986). Despite the great ammount of work on OH in oliv-

* Contribution number 4362

ine, there are a number of fundamental questions which
remain to be answered. These include:

1. How much OH occurs in natural olivines? What is the
range of concentrations, and how do concentrations relate
to the geologic conditions of the olivine's formation and
subsequent history?

2. How is OH incorporated into olivine? How many distinct
sites are there, and how do they vary with geologic occur-
rence?

3. Do the annealed olivines used in deformational studies
contain OH in the same sites as natural olivines. and are
the concentration levels achieved by annealing comparable
to those found in natural samples?

A survey of a broad range of large crystals of natural
olivine (peridot) as well as annealed San Carlos, Anzona,
olivine was conducted to address these questions. Jnfrared
(IR) spectroscopy was used to detect the presence of OH
by its characteristic absorption bands near 3700 cm ™!, and
to detect molecular water by its characteristic bending plus
stretching combination mode at 5240 cm ™!,

Experimenta! Procedure

Thirty four olivine crystals from seventeen localities were
studied. The localities, geologic occurrence. and availabie
references for the samples are summarized in Table 1. Be-
cause of the low OH concentrations encountered in natural
specimens a minimum thickness of 1 mm was required for
most samples. Only inclusion and fracture free portions
of the samples, as judged by optical microscopy, were used
for spectroscopy where possible. Sampie dimensions and
observations of fractures and inclusions are summanzed
in Table 2.

Samples 7, 8, 9, and 22 were oriented by morphology,
and onentations were verified with polarized IR reflectance
spectra in the range of 1200 cm~' to 400 ¢m™'. Other
specimens were oriented by X-ray diffraction using either
Laue or precession methods, and faces normal to crystalio-
graphic axes were cut and polished.

Spectra were obtained with a Nicolet 60SX Fourner
transform IR spectrophotometer. The 60SX uses a Michel-
son interferometer calibrated with a He-Ne laser. The optic
bench and sample compartment of the 60SX is continuously
purged with H,0- and CO,-free air. Spectra were collected
with either a silicon carbide source, KBr beamsplitter, liquid
nitrogen cooled HgCdTe detector, and AgBr polanzer; or
a tungsten source, CaF, beamsplitter, liquid nitrogen
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Table 1. Localities and geologic occurrences of olivines surveyed

Sample number Locality

Occurence, comments

Reference number

1 Norway*
2 Norway
3 Norway
4 Unknown, East Africa
S Zabargad Isi.. Egypt®
6 Zabargad Isl, Egypt
7 Zabargad Isl., Egypt
8 Zabargad [sl.. Egypt
9 Monastery Farm, Winburg, South Africa®
10 Emali, Kenya®
1 Emali. Kenya
12 Angola
13 Angola
14 Toowoomba Range, Queensland. Australia
15 Vesuvius, Italy
16 Morales, Mexico
17 Kingiti. Tanzania
18 Sri Lanka
19 Nosy Mitsio. Madagascar®
20 Cheviot Hills. Hughenden, Queensiand. Australia
21 Hebei Pr., Chinaf
2 Unknown. Sn Lanka
23 San Carlos, Arizona?
24 San Carlos, Anizona
25 San Carlos, Arizona
26 San Carlos. Arizona
27 San Carlos, Arizona
28 San Carlos, Arizona
29 San Carlos, Arizona
30 San Carlos, Arizona
31 San Carlos, Arizona
32 San Carios. Arizona
33 San Carlos, Arizona
34 Kimberley, South Africa

metamorphic GRR #949
metamorphic CIT #15089a
metamorphic CIT #15089b
rift basalt xenolith GRR #1000
hydrothermal GRR #999a
bydrothermal GRR #3999
hydrothermal CIT #12012
hydrothermal GRR #3889
kimberlite xenolith GRR #1006,
BMNH #84361
rift basalt xenolith, brown GRR #1004
rift basalt xenolith, green GRR #1005
GRR #1002
GRR #1003
basalt xenolith GRR #1008,
BMNH #1913,93
1776 eruption leucitite basalt GRR #1007,
BNMH #1934.74
basalt GRR #£1001-1
basalt GRR #1348,
AMNH #98601-2
GRR #1346,
AMNH #G98660
basalt GRR #1353,
MNHN #11950-2
basalt xenolith GRR #1355,
BGS #36015
basalt GRR #1349,
AMNH 298152
GRR #914,
HVD #107027
basalt xenolith GRR #998a
basalt xenolith GRR %997
basalt xenolith GRR #998b
basalt xenolith GRR #1022a
basalt xenolith GRR #1022b

basalt xenolith
basalt xenolith
basalt xenolith

GRR #1022c
GRR #1022d
GRR #£1022¢

annealed 1073 K. 8.9 kbar, 4 x 10° s GRR #932

not annealed, same crystal as 31 GRR #933

annealed 1273 K, 3.5 kbar, 10*s GRR #1283

Kimberlite xenolith GRR 920,
HVD 212531

AMNH = American Museum of Natural History
BMNH = British Museum of Natural History

BGS = British Geological Survey

CIT = California Institute of Technology

HVD = Harvard Mineralogic Museum

MNHN = Muséum National d'Histoire Naturelle (Paris)

cooled InSb detector, and LilO, polarizer. The former con-
figuration is optimized for the range 2000400 cm™*, and
the latter for 7000-2000 cm ~*. Spectra were collected with
either 1, 2, or 4 cm ™! resolution. Typically 1024 scans were
averaged for each spectrum. Spectra were obtained for each
sample with [100] (E|la, 4.76 A), {010] (E|fb, 10.23 A), and
[001] (Ellc. 5.99 A) polarizations (space group Pbnm).

OH concentration was estimated using the molar ab-
sorptivity correlation of Paterson (1982) based on the molar
absorptivity of OH in glasses and quartz. Total OH concen-
trations were determined by summing the concentrations
determined from three orthogonal polarizations using an

* Brueckner 1977

® Clocchiatti et al. 1981, Wilson 1976

¢ Whitelock 1973

¢ Suwa et al. 1975, Bank and Saul 1972
* Lacroix 1922

! Keller and Fuquan 1986

* Koivula 1981, Frey and Prinz 1978

orientation factor, y. of 1 for each polarization. This enables
the total OH concentration to be determined with greater
precision than would be possible if a single spectrum were
resolved into component bands, and an orentation factor
assigned to each component.

Cryogenic spectra were obtained using an evacuated lig-
uid nitrogen cryostat with Al,O, (0001) windows.

The spectra presented in this paper were collected at
room temperature unless noted otherwise.

Annealed San Carlos olivine crystals were examined to
compare natural and artificial OH defects. Sample 31 was
prepared by Andreas Kronenberg at the USGS, Menlo
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Table 2. Microscopic features

Sample k Thickness (mm) Special features
1 8.39* (010} lilly pad fractures. veils of unidentified material
[001] 1210 (010) lilly pad fractures, veils of unidentified material
2 [100} 7.56 healed fractures, veils of unidentified material
{001} 9.02 clear
3 {100] 7.36 veils of unidentified material
{001) 10.88 clear
4 [100] 24.09 clear
{010] 7.97 clear
s {100j 349 few unidentified dark inclusions
[010) 4.80 several unidentified dark inclusions
6 [100] 357 clear
[001)} 7.78 cluster of (010) fractures
7 [100] 7 etch pits on surface
[010] 8.0 etch pits on surface
8 {100] 4.7 etch pits on surface
[010) 23 etch pits on surface
9 [010) 398 few inclusions elongated on [001]
[001} 4.96 few inclusions elongated on [001]
10 {010] 3.79 clear, dark color
[001] 5.56 clear, dark color
11 [100] 6.41 clear
[010) 4.13 clear
12 [100] 5.87 clear
{010 7.37 clear
13 [100] 6.98 clear
{001] 6.07 clear
14 [100] 4.71 clear
[010) 2.76 clear
15 {100} 4.59 dark color. few inclusions elongated subparallel [100]
[010} 2.65 dark color, few inclusions elongated subparallel {100}
16 {100) 2.29 clear
{010) 3.58 clear
17 [100] 5.59 cicar
{001) 575 clear
18 [100] 8.79 clear
foo1} 2.30 clear
19 [100] 521 clear, dark color
f010] 3.3t clear, dark. color
20 [100} 6.52 (010) lilly pad fractures
[010] 2.81 clear
21 [100] 7.99 many healed fractures, negative crystals
[010] 9.27 many healed fractures, negative crystals
22 [100] 7.45 surface etch pits
[010) 10.14 surface etch pits
23 [010) 8.04 clear
[001] 18.49 fractures and (010) Lilly pad fractures
24 [100] 25.06 clear, dark color
[010] 9.53 dark color, (010) fractures with veils of unidentified material
25 [010) 2N clear
{001] 424 clear
26 [010) 296 clear
27 [010) 2.96 clear
28 [010] 2.96 clear
29 [010] 2.96 clear
30 {010) 2.96 clear
3 {100] 4.07 unfilled fractures, primarily (010)
{010} 2.96 unfilled fractures, primarily (010)
32 [100} 4.07 clear
{010} 297 clear
33 [010) 3.25 clear
{001) 3.30 clear
M4 {100} 8.14 turbid. submicroscopic inclusions?
{010) 5.02 turbid, submicroscopic inclusions?

¢ Kk is 29° inclined from {010] in (001)
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Park. The sample was packed in a mixture of brucite, peric-
lase, and water, and sealed in a gold foil capsule. The cap-
sule was annealed at 800° C, 8.9 kbar water pressure, for
4 x 10° s (= S days). The experimental technique is identical
to that reported in Kronenberg et al. (1986), with the excep-
tion that a SiO, disc was not used.

Sample 33 was prepared by Steve Mackwell at Cornell.
The sample was annealed at 1000° C at 3.5 kbar for 10*s
(=3 h) in the presence of water (Mackwell, pers. comm.).
The oxygen fugacity was regulated by a magnetite/wustite
buffer.

Results and Discussion

The two halves of Figure 1 form a composite of seventeen
normalized OH spectra in [100] polarization which demon-
strates a number of features. First, there is a wide range
in OH speciation as shown by the diversity and multiplicity
of bands. Second, OH abundances, as estimated from nor-
malized absorbance (see Table 3) vary greatly. Olivines
range from essentially “dry”, e.g., Angola and San Carlos
(Fig. 1q and 1p), to comparatively “wet”, e.g., Kimberley
(Fig. 1a). Third, spectral complexity tends to increase with
total OH content. Fourth, each locality has a characteristic
OH spectrum which is readily distinguishable from other
localities. These spectra are reproducible; the spectra for
olivine from San Carlos, and Zabargad Island, Egypt are
consistent with the published spectra of other workers (e.g.,
Mackwell et al. 1985, Beran and Putnis 1983, and Freund
and Oberheuser 1986) with the exception of a band at
4200 cm ™! discussed later in this section.

The variability observed within a single locality is small
with respect to the varability among different localities.
Figure 2 is a composite of four Zabargad [100] spectra
which shows the vanability observed within a single locali-
ty. In general, the same bands are always seen in samples
from a single locality, though their absolute and relative
amplitudes may vary by as much as a factor of 4 in extreme
cases (San Carlos). Total OH abundances vary by over a
factor of 3 for dry localities (San Carlos, and Angola), wet-
ter crystals (Zabargad, Kenya, and Norway) show much
less variability at about 20%. In spite of the difference in
OH abundance, San Carlos samples demonstrate similar
variability to the Zabargad samples.

Sample 34 from the Kimberley kimberlite is unusual
in that the broad underlying absorption (Figure fa) is due
to liquid water. Liquid water is characterized by a broad
absorption at 3420 cm™! and a bending plus stretching
combination mode at 5240 cm ™! (Fig. 3) which is absent
in dry samples. Upon cooling the crystal to 77 K, no ice
band was observed (3200 cm ™ '). When molecular water do-
mains are sufficiently small, e.g., a few molecules, ice may
not form even at 77 K. The molecular water in Kimberley
olivines may be present in these small domains, thereby
precluding the formation of ice. This water probably exists
in submicroscopic fluid inclusions.

The broad absorption extending from 3700 to 3200cm !
in the spectrum of the Hebei Province, olivine (Fig. 1d)
is also due to fluid inclusions. The water combination mode
was observed at 5240 cm~!. This sample is full of healed
fractures which form arrays of small fluid bubbles. No in-
clusion-free path was availabie in the sample. Beam paths
which pass through inclusion rich regions show more mo-
lecular water absorption than do paths in inclusion poor
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Fig. 1. Representative OH absorption spectra for the localities in
Table 1. All the spectra are polarized [100], and thicknesses are
normalized to 1 cm. Localities and sample numbers are: (a) Kim-
berley, 34; (b) Winburg, 9; (c) Norway, 3; (d) China. 21 (¢) Kenva.
11; (f) Mexico, 16; (g) Vesuvuius, 15; (h) Tanzania, 17; (i) Sn
Lanka, 18; () Madagascar, 19; (k) E. Africa, 4; (1) Sri Lanka,
22; (m) Zabargad, 5; (n) Cheviot Hills, Australia, 20; (0) Too-
woomba Range, Australia, 14; (p) San Carlos, 23; (q) Angola, 12

regions, supporting the idea that the detected molecular
water resides along healed fractures. A fracture-free olivine
from Hebei, China, (not included in Table 1) was run unor-
iented and unpolarized. This sample had no measurabie
OH absorption.

A broad underlying absorption from molecular water
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Table 3. Estimated hydrogen abundances

d

Sample Location H abundance Occurence
H 10%S: by weight
4 Kimberley. South Africa. including molecular water 976 6 64 ppm Kimberiite
1 Norway 344 2.34 Metamorphic
34 Kimberley. South Africa. no molecular water 263 1.79 Kimberhte
9 Monastery, South Afnca 261 1.78 Kimberhie
2 Norway 220 1.50 Metamorphic
3 Norway 204 1.39 Metamorphic
17 Kingiti, Tanzania 195 133 Basalt
21 Hebe: Pr.. China 134 912 ppb Basatt
15 Vesuvius, ltaly 127 864 Basalt
11 Emali, Kenya 98.0 667 Basalt
18 Sri Lanka 69.8 475
16 Morales. Mexico 62.5 425 Basalt
10 Emali. Kenya (alterred) 548 373 Basalt
19 Madagascar 524 356 Basalt
22 Sri Lanka 414 282 Metamorphic
33 Annealed San Carlos 378 257 Annealed
4 East Africa 30.0 204 Basalt
5 Zabargad. Egypt 273 186 Hydrothermal
3 Annealed San Carlos 154 132 Annealed
20 Cheviot Hills, Australia 11.2 76.2 Basalt
23 San Carlos. Arizona 9.40 63.9 Basalt
14 Toowoomba. Australia 8.29 56.4 Basalt
12 Angola 5.94 404 Basalt
24 San Carlos. Arizona 283 193 Basalt
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Fig. 2. Zabargad {100] spectra demonstrate the variability observed
for individual localities. Thicknesses normalized to 1 cm. Samples:
(8)5,(b) 6,(c) 7, (d) 8

3700 3600

3200 3100

may also be present in Figures 2d and 1q; however no
combination mode was observed due to the low concentra-
tions present in the samples and the intrinsically low ab-
sorptivity of the combination mode.

Fig. 3. Molecular water bending plus stretching combination mode
at 5240 cm ™! for (a) Kimberiey sample 34, and baseline (b) for
Kingiti, Tanzania, sample 17. Both spectra have [100] polarization
and have been normalized to 1 cm thickness

Freund and Oberheuser (1986) report an absorption
band near 4200 cm ™! which they attribute to molecular
hydrogen in association with an oxygen-oxygen bond. Fig-
ure 4 shows an unpolarized (100) transmission spectrum
of an olivine from Zabargad, Egypt, from 4400 to 4000
cm ! with a reproduction of Freund and Oberheuser’s re-
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Fig. 4. Unpolarized (100) transmission spectra of Zabargad. Egypt,
olivine. Sample thicknesses are S mm. (a) Sample 5 run in this
laboratory and normalized to 5 mm thickness. The periodic oscilla-
tions are interference fringes. No bands near 4200 cm ™! are ob-
served. (b} Reproduced from Freund and Oberheuser (1986). They
attribute the band at 4200 cm ™! to molecular hydrogen in a non-
centrosymmetnc lattice site

Q’ +00 +000

ported molecular hydrogen band. Our sample has been nor-
malized to Freund and Oberheuser's 5 mm thickness. The
penodic oscillations in our data are due to inference fringes.
We have observed no bands near 4200 cm ™! in spectra
of the four Zabargad crystals in Table 1, nor have any such
bands been found for any of the crystals examined in this
study.

Despite the differences among localities, there are strik-
ing similarities and consistencies. Most bands can be identi-
fied in spectra from several localities, and some are present
in all of the spectra examined (e.g., Figure 1: 3572 cm,™!).
None of the readily recognizeable OH absorption bands
intrinsic to olivine are unique to any single sample or locali-
ty. Detailed examination of the spectra, particularly of the
77 K spectra, reveals some minor bands which are either
unique or indistinguishable in other specimens because of
band overlaps or very low absorptivities. These bands may
be members of complex multiplets which contain the more
common bands, and are seen only when the trace and minor
element chemistries vary in such a way as to make them
more prominent.

The pleochroism of the bands (e.g., Table 4 and Fig. 9)
is the same in all crystals. Olivine thus seems to have a
discrete set of OH defect sites. Diflerences arise because

total OH and relative site occupancy are variable among
localities, as observed by Beran and Putnis (1983).

Macroscopic and Microscopic Observations

The samples in Table 1 were examined both macroscopi-
cally and microscopically to determine the extent of internal
fracturing and surface etching, to identify included minerals
and fluid inclusions, and to identify any other unique prop-
erties of the crystals which may have beaning on their spec-
troscopy. These features are described in Table 2. Only fea-
tures which might have impact on the IR spectra are shown.
No mention is made of fractured samples, for example,
which had clear fracture-free windows for spectroscopy.
Submicroscopic features (<1 pm) such as microfractures
and inclusions, if present, were not in sufficient quantity
to cause discernible scattering (except for Kimberly sample
34).

Samples 1, 2, 3, 5, 6, 9, 15, 20, 21, 23, 24, and 31 have
fractures and/or inclusions which interfere with the IR
beam in one or more propagation directions. k. The effect
of these features on the IR spectra in the regions of interest
can be determined. in some cases, by using a single polariza-
tion with two propagation directions. Sample 3, for exam-
ple, has a clear beam path when k||c but the beam passes
through veils of an unidentified material when k|a. The
Ellb polarization can be used with either propagation vec-
tor. If the Eijb kj|a and E||b k}|c spectra (after normaliza-
tion to a common thickness) are different, then the unidenti-
fied veils are considered responsible for the differences.
Conversely, if the spectra are identical. then the unidentified
veils had no measurable effect on the IR spectra. When
only subtle differences are observed, sample misorientation
may be responsible for the differences rather than the inclu-
sions.

When a clear path is not available in the crystal. a quali-
tative estimate of the impact of the inclusions may stll
be possible by comparing relatively inclusion-rich and inclu-
sion-poor paths. This technique was used for samples 1.
5,9, 15, 21, and 31 for which there were no inclusion-free
paths.

A multiplet of bands at 3709, 3685, and 3645cm ™' in
samples 1, 2, and 3 is correlated with the fractured regions
of the samples. These bands are attributed to serpentine,
as discussed in the following section. The broad absorption
centered at 3420 cm ™! in sample 21 is attributed to molecu-
lar water. The strength of the molecular water absorption
in this crystal is strongly correlated to fracture density. Sam-
ples 5. 6, 9, 15, 20, 23, 24, and 31 have no bands which
appear to be correlated with fractures or inclusions.

The effect of surface etch pits (e.g.. samples 7, 8. and
22) can be assessed in a similar manner. Again we use a
common polarization with two different propagation vec-
tors, and we require that the thickness of the sample in
the two propagation directions is different. The two beams
traverse the same thickness of surface layer, but different
thicknesses of bulk sample. After normalization to a com-
mon thickness, the bulk sample thicknesses are identical
and the surface layer thicknesses are different. The spectra
will differ only if the surface layer had a measurable absorp-
tion. Spectra of samples 7, 8, and 22 had no contribution
from surface etch pits.

Three saples have unusual color. Pleochroism for the
three principal directions (2=E||b, f=E|lc, and y=E|ja)
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are presented in Munsell notation (Munsell Book of Color,
1976) and named in accordance with the Nationa) Bureau
of Standards Circular 440 (Judd and Kelly 1976): Emali,
Kenya (#10) a=5YR 6/12 (strong orange). f=1Y 8.5/10
(light orange brown), and y=5YR 7/12 (strong orange);
Vesuvius, ltaly #15) a=2.5Y 7/10 (strong yeliow),
p=10YR 8/8 (light orange brown). and y=7.5Y 9,5 (pale
greenish yellow); and Nosy Mitsio, Madagascar (#19)
a=10YR 7/10 (strong orange yellow), f=7.5YR 5/10
(strong yellowish brown), and y=10YR 6/7 (dark orange
yellow).

Each of these unusually colored samples has unique OH
spectra, as do all of the samples in Table 1. The colored
samples have neither abundances nor speciation peculiari-
ties which set them apart from the other samples. We con-
clude that the factors responsible for the unusual colors
have no apparent common influence on OH.

Included Hydrous Minerals

In addition to intrinsic OH defects and fluid inclusions,
OH may become incorporated into olivine as an inciuded
hydrous phase. There is sufficient complexity in the OH
spectra of olivine such that no single hydrous mineral. nor
even any simple assemblage of hydrous minerals can ac-
count for the variety of absorption bands which we see.
While there is little doubt that serpentine, for instance,
could account for some of the narrow band absorption
near 3700 cm !, serpentine alone cannot account for the
bulk of the OH absorption. The majority of the absorption
bands from 3200 cm™! to 4000 em ™! do not have both
positions and half-widths which are consistent with com-
mon hydrous minerals likely to be associated with olivine.
If, on the one hand, a large hydrous mineral crystal were
included in olivine it would cause an OH absorption band
indistinguishable from that of the isolated hydrous mineral.
If, on the other hand, only a few unit cells of the hydrous
phase were present in the olivine crystal, then the OH ab-
sorption of the hydrous phase might be shifted in position,
and its width changed by the crystal field of the olivine
host. In this latter limiting case, OH spectra alone may
not be able to distinguish between OH intrinsic to olivine
and OH in unit cell sized domains of hydrous phase inclu-
stons. The OH spectra of hydrous phases are generaily char-
actenstic, so coincidence of olivine OH bands and hydrous
mineral bands should be interpreted as evidence of inclusion
of the hydrous phase in the olivine. Conversely, if no com-
mon associated hydrous phase corresponds to an OH band,
that band is considered intrinsic to olivine as a modification
of its structure.

Included hydrous phases could be primary igneous
phlogopite or alteration products such as serpentine.
Figure 5a shows the characteristic absorption of serpentine,
which can be seen in several olivines as well (e.g., Figs. 5b,
and 1a, c, d, 1) at 3709, 3685, and 3645 cm™ . Figure 6a
shows the absorption of talc, which is similar to that of
other trioctahedral magnesian layered silicates. The same
bands were found in the brown olivine from Emali, Kenya
(Fig. 6b) at 3678 and 3662 cm ~!. No other bands observed
in the olivine spectra unambiguously correspond with com-
mon hydrous mineral spectra, however a strong case may
be made for the humite group minerals.

It has been suggested that the humite group minerals,
being structurally similar to olivine as well as being bhy-
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Fig. 5. The OH absorption of (a) lizardite plus chrysotile in KBr
pellet superimposed upon (b) sample 1 from Norway in {001] polar-
ization
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Fig. 6. The OH absorption of (a) taic in KBr pellet superimposed
upon (b) OH band in brown sample from Emali. Kenya (#10).
This band is not present in the green sample (#11, see Fig. l¢)
from this locality. Similar absorption bands are seen in other mag-
nesian trioctahedral layered silicates
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Fig. 7. Humite group minerals: (a) norbergite. (b) chondrodite,
(c) humite, (d) clinohumite, and (e) titanian clinohumite. Samples
were run as KBr pellets. The absorption bands near 3700 cm ™!
are due to serpentine (s)

drous. may account for many of the OH bands. Spectra
of the humite minerals norbergite, chondrodite, humite,
clinohumite, and titanian clinohumite are shown in Fig-
ure 7. These spectra were obtained from KBr pellets con-
taining the powdered humites. The samples contain some
serpentine which gives rise to the absorption bands near
3700 cm~'. KBr powder spectra are broader than single
crystal spectra, so the humite band widths measured in Fig-
ure 7 are upper bounds for the single crystal band widths.
The OH vectors of the magnesian humites are subparal-
lel to [100] (Yamamoto 1977, Fujino and Takeuchi 1978),
as are many of the olivine OH vectors (we use the olivine-
based orientation for the humite minerals, see Ribbe, 1982,
p.- 241). The OH doublet is centered at 3580, 3559, 3558,
and 3568 cm ™! for norbergite, chondrodite, humite, and
clinohumite respectively. The doublet is split and shifted
variably with minor element variations as clearly demon-
strated by addition of Ti (Fig. 7e). The bands at 3391 cm™!
are most prominent in the titaruan clinohumite spectra, but
are found in the other humite spectra as well. No precise
(£1cm™?') correspondence is found between the humite
spectra and the olivine spectra, however the prominent Ej|a
bands at approximately 3572 and 3525 cm ™! are likely can-
didates for humite bands. These bands fall within the range
of absorption wavenumbers covered by the humites, and
exhibit the expected orientation. These bands are seen in
most of the olivines in this survey, as can be readily seen
in Figure t. Additionally, the Zabargad olivines and the
Monastery kimberlite olivine (samples S through 8, and
9) show an absorption at 3412 cm ™!, which roughly corre-
sponds with the 3391 cm ™! titanian clinohumite band.
Figure 8 shows the [100] IR spectra of Zabargad olivine
sample 8, normalized to 1 cm thickness, with a spectrum
of titanian clinohumite from Moses Rock, Utah, normal-

9
ZABARGAD OLIVINE AND

V'] TITANIAN CLINOMUMITE  J

A J
W
? Q
c™ | i
€T
(=]
(2]
:¢]
T

N

o b

3700 3600 3500 3400 3300
WAVENUMBER

Fig. 8. Spectra of (a) 1 cm thick Zabargad olivine (sample 8) in
[100] polarization superimposed upon (b) 5 um thick titaruan clino-
humite run unpolarized in optic axis orientation

ized to S pum and run in optic axis orientation. Note the
close correspondence of the 3572, 3525, and 3412 cm™!
bands. We find this compeliling evidence that either utanian
clinohumite is present in this sample, or that an OH defect
environment exists in this sample which is chemically simi-
lar to that of titanian clinohumite.

The humite group minerals can be represented as
nMg,Si0,-Mg(OH,F),, where n=1, 2, 3, and 4 for norber-
gite, chondrodite, humite, and clinohumite respectively.
Taylor and West (1928) and Bragg and Claringbull (1965)
hypothesized that higher members of the series (n>4) mught
occur. While these higher members have not been found
as natural crystals, faults in natural humites consisting of
even-n (n=6, 8, 10, and higher) lamellae have been observed
by White and Hyde (1982) in natural magnesian humites.

Although no regular unit cell sized lamellae of humite
group minerals have been observed in natural olivine (n = x ).
larger (several micron sized) intergrowths of titanian clino-
humite and olivine were observed by McGetchin et al.
(1970) in kimberlite at the Moses Rock dike. Utah. Kita-
mura et al. (1987) have found humite group layers in olivine
from Buell Park, Arizona. Other occurrences of humites
in association with olivine are cited in Ribbe (1982). An
OH abundance of 147 H,10°Si or 1 ppm H would corre-
spond to an approximate n=14200 composition or one
norbergite unit for each 14199 olivine units. Rare humite
lamellae faults in olivine could account for the OH abun-
dance in natural olivine near 3570 cm ™!, and the pleochro-
ism of OH in olivine at this wavenumber is consistent with
this possibility.

If a humite mineral is responsible for the 3572 and
3525cm™' OH absorptions in olivine, then the wave-
number differences between these bands in olivine and the
similarly positioned bands in humites may be due to the
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Tabie 4. Pleochroism and calculated OH dipole orientations from
77 K spectra of monastery kimberhite olivine (sample 9)

Band Width Pleochroism OH angle with
cm”! em”!
{100} [010) 1001)

3637 6 a>>b=c 0° 90° 90°
3623 4 a>>b=c 0 90 90
3615 5 a>b> >c¢ 12 78 90
3607 7 a>b>>c 16 74 90
3602 8 a>c>b 30 90 60
3600 28 a>>b=c 0 90 90
3594 6 a>c>b 26 90 64
3576 11 a>c>b 30 73 66
3582 5 b>>a=c¢ 90 0 90
3565 8 a>c>b 46 64 55
3559 7 b>>a=c¢ 90 0 90
3554 19 b=c>>a 90 45 45
3550 6 b>>a=c 90 0 90
3542 32 a>c>>b 30 90 60
3529 10 a>c>b 37 74 58
3499 11 a>c>b 40 73 55
3483 12 a>bs=c 35 66 66
3473 10 c>>a=b 90 90 0
3462 10 c>>a=b 90 90 0
3455 11 a>c>b 38 66 63
3433 10 a>c>b 36 77 58
3414 10 a>>b=c 0 9 90
3404 35 a>c>b 44 73 51
3390 12 c>b>a 90 73 17
3377 14 a>c>b 45 78 47
3364 12 b>>a=c¢ 90 0 90
3346 20 a>c>b 46 75 48
3319 23 a>c>b 37 82 55
3287 3 a>c>b 37 68 62
3263 40 c>>a=b 90 9% 0
3236 10 a>>b=c 0 90 90
3225 42 c>b>>a 90 56 34

olivine dominated crystal field energy around the humite,
or simply different minor element chemistry. Alternatively,
there may exist OH sites in olivine which are chemically
similar to those of humites.

OH Crysuallographic Sites

OH dipole orientations may be calculated from the {100],
[010), and {001] polarized spectra alone. These calculations
are subject to the combined errors of crystal orientation,
polarizer orientation, and subgrain alignment. Table 4
shows these calculated angles for a number of the OH bands
which were resolved in the 77 K spectra of Figure 9. Note
that the majority of the bands are inclined toward [100].
Accurate measurement of the pleochroism of the bands
requires deconvolution of the spectra into spectral compo-
nents. While the theoretical band shape of an individual
absorber is Lorentzian, the anharmonicity of the OH poten-
tial, coupled molecular motions, and the chemical inhomo-
geneity of the sample cause line broadening (Aines 1984).
We found that a Gaussian band shape adequately described
the sharp-band OH absorptions in olivine. Room tempera-
ture OH bands tend to be broader than those measured
at 77K, and what often appears to be a single band at
room temperature may become resolvable as several closely
spaced bands at 77 K. Spectrum fitting was thereby facili-
tated by using cryogenic spectra to improve resolution by
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Fig. 9. Pleochroism of the OH absorption for Monastery kimberlite
sampie at 298 K and 77 K. Thicknesses have been normalized 10
1cm
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narrowing the bands and by shifting them differentially.
Even with this improved resolution many bands overlap
and are distinguishable only as shoulders and asymmetries
in other bands.

Note the trend towards increased full width at half
height with decreasing wavenumber. Exceptions to this
trend may be due to unresolvable overlapping bands.

In ideal olivine, and in other orthorhombic minerals,
any IR spectrum will be a linear combination of the E|ja,
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E|[lb. and E||c spectra. It is imposible, therefore, for an ab-
sorption maximum to occur other than in one of the princi-
pal optic directions when the propagation direction is along
a principal optic direction if the absorber shares the orthor-
hombic symmetry of its crystal host. This has been de-
scribed mathematically by Strens et al. (1982), and shown
experimentally in the absorption figures of Beran and Put-
nis (1983) for OH in Zabargad olivine. Freund and Ober-
heuser (1986) report that, in a (100) spectrum of Zabargad
olivine, the intensity of the bands at 3614, 3591, and
3567 cm ™! showed a maximum at 35° off the [010] axis.
This suggests that the OH absorbers responsible for these
bands do not conform to the orthorhombic symmetry of
olivine, and must therefore be due to mechanical inclusions
which fortuitously share a common alignment. In accord
with the measurements of Beran and Putnis we have found
absorption maxima only in principal directions (when light
is propagated along a principal direction), which implies
that these OH absorbers are in sites controlled by the sym-
metry of olivine. Accurate determination of the OH dipole
onientation is cnitical for determining the OH crystallo-
graphic sites. Site determination is in turn important for
understanding the influence of OH upon the mechanical
and rheological properties of olivine.

The details of H incorporation in olivine are not known.
Beran and Putnis (1983) attempted to determine the atomic
site of H in the olivine lattice using OH absorption figures.
While their models quantitatively fit the direction of the
OH dipole with good accuracy, the absorption wave-
numbers which we calculated using the model of Nakamoto
et al. (1955) do not agree with their site assignments. It
is important to recognize that the structural positions of
the major (stoichiometric) atoms will likely differ from their
X-ray determined values in the environment of a point de-
fect. This fact introduces uncertainty in the absorption fig-
ure models of Beran and Putnis and makes application of
Nakamoto's model difficult.

Perhaps the most likely factors which regulate the
number and types of OH absorbers in olivine are the trace
elements. Kats' (1962) work on quartz showed that a tre-
mendous variety of OH absorptions correlate with Al3*
substituted for Si**, and with alkali cation defects. Since
OH is present at ppb to ppm concentrations in olivine,
miniscule impurity levels (often below modern X-ray fluo-
rescence and microprobe detection limits) may be responsi-
ble for controlling OH speciation.

Source of Hydroxide and Geologic Occurrence

OH in olivine is probably affected both by the conditions
of crystallization and by later annealing, transport, and al-
teration. In order to relate the OH concentrations measured
here with the OH concentrations in mantle and lower crus-
tal olivines, it is necessary to assess the effects that meta-
morphic and alteration processes may have upon the crys-
tal. These late stage processes may be very effective in
changing primary OH concentration levels and speciation.
The high diffusivity of hydrogen bearing species in olivine
at magmatic temperatures (a conservative lower limit of
10°% cm?/s at 1100° C has been estimated by Mackwell
et al. 1985) means that dramatic diffusive transport of hy-
drogen may occur even over the timescale of magmatic
transport. Aines and Rossman (1985) have shown that OH
in topaz and feldspar undergo site changes upon heating.

Thus in addition to changing overall concentration, the
thermal history will affect the site distribution, further obs-
curing the primary OH signature.

If magma transporting olivine xenocrysts was undersa-
turated in OH, then the olivine may have lost most of it
original OH during it’s residence in the magma. Olivines
from xenoliths in basalts, like San Carlos, may have had
one or two orders of magnitude greater OH abundance
prior to being stoped off into the basaltic magma. Alterna-
tively, the olivines transported in the vapor-rich kimberlites
may have even gained OH from the magma, and certainly
should have lost less of their original OH content than
would the olivines from basalt. Thus the abundance of OH
in olivines in the mantle may be quite different from the
abundances which we can measure in olivines of mantle
origin. The measured abundances in crystals from volumi-
nous basaltic flows are almost certainly a lower limit for
mantle olivine. The measured values for olivines in kimber-
lites would give a lower limit which is two orders of magni-
tude greater than that calculated from the basaitic olivines.
Also, since the tectonic and geologic regimes for kimberlitic
eruptions and basalt flows are different, the limits inferred
from one may not be applicable to the other. Concentration
profiles across large xenocrysts may be able to resolve the
role of diffusive OH loss (or gain) during magmatic trans-
port. This information is necessary to constrain the abun-
dance of OH in olivines in the mantle prior to magmatic
interaction.

The molecular water observed in the Kimberley sample
may represent former OH, of the type normally found in
olivine, which has subsequently exolved to form submicro-
scopic fluid inclusions. If this is the case, then a lower limit
of 976 H/10°Si can be inferred for such mantle derived
olivines. This is over an order of magnitude greater than
the abundances of hydroxide which have been achieved in
annealing experiments. The rheologic properties of the
mantle, particularly where kimberlite diapirs form, may
consequently be quite different than current experimenta-
tion indicates.

Annealed Olirine’

The effect of OH on the rheologic properties of olivine
is commonly studied by introducing OH into the olivine
by annealing it in the presence of water. We have examined
two crystals from San Carlos which were annealed for this
purpose. Comparison of annealed with natural San Carlos
olivine (Fig. 10) shows that new OH bands are created,
and existing bands are enhanced. New bands detected at
298 K are at 3702, 3657, 3637, 3623, 3612, 3541, and
3524cm™'. A band at 3702 cm™! (not shown in Fig. 9)
is probably due to incipient serpentinization. The annealed
olivine prepared by Mackwell was similar to that prepared
by Kronenberg.

Note that the 3572 and 3524 cm™*' humite-like OH
bands are the strongest features of the annealed olivine
spectra.

The annealed samples had OH abundances of 19.4 (sam-
ple 31) and 37.8 H/10%Si (sample 33). Mackwell et al. (1985)
report a maximum of 60 H/10°Si as sharp bands and 115
H/10°Si as broad bands in their annealed olivines. Justice
and Graham (1982) report a maximum of 329 H/10°Si pres-
ent as serpentine in their annealed olivines. These abun-
dances are quite low compared with the maximum abun-
dance observed in natural olivines of nearly 1000 H/10°Si.
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Fig. 10. Natural (“*N", sample 23) and annealed (“A”, sample
31) San Carlos olivine. Thicknesses normalized to 1 em

Annealed San Carlos olivine differs from natural olivine
in both OH abundance and speciation. While the OH bands
of the annealed crystals are found in many of the natural
crystals. many of the common natura} bands (e.g, Fig. 1:
3356 and 3328 cm ™ !) are not found in the annealed crystals.
Since the effect of OH on the rheologic behavior of olivine
is likely to depend upon both abundance and speciation,
these annealed samples may not be representative of mantle
olivine.

Conclusion

It is obvious that there is much work to be done to constrain
the various effects of provenance and process on OH con-
centration and speciation in olivine. However, even with
these limitations it is obvious that there is a greater range
than previously measured. Kimberlitic and some metamor-
phic olivines show the greatest OH abundance whereas oliv-
ines from basalt xenoliths show the lowest.

Included hydrous minerals are distinguishable from ol-
ivine’s intrinsic OH. Serpentine is commonly found and
talc is found in one sample. Humite group minerals may
be present as sparse until cell sized defects in olivine. The
OH absorption bands at 3572 and 3525 cm ™! have both
position and orientation consistent with humites.

Annealed San Carlos olivine has 6 OH bands not found
in natural San Carlos olivine. These bands are observed
in other natural olivines, but no single natural crystal has
the same OH spectrum as the annealed samples. The sharp-
band OH abundance in the annealed samples is low in com-
parison with the range of natural olivine OH abundances.
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