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From the above results the following conclusions can be
made.

(1) Since only the response of the first spring can be
accurately considered as a narrow band process, the use of a white
noise to replace an actual excitation may be not a good approxima-
tion in this case and the actual excitation should be used if possible.
This will, of course, be true for n-degree-of-freedom system.

(2) For the second and third springs the mean square
displacements obtained from the linear analysis and the equivalent
linearization approach are quite close. However, for the first
spring the two solutions will be close only if the excitation is suffi-
ciently low and the nonlinear solution will be much larger than the
linear solution if the excitation is large. Therefore, the usual
linear analysis furnishes a good approximation only for low excita-
tion. If the excitation is severe, the linear analysis is unconserva-
tive for design purposes and the system should be considered as
nonlinear. For large systems (n>3) the big difference between the

two solutions may not be limited to the first spring.
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V. SUMMARY AND CONCLUSIONS

A matrix algebra approach for determining the mean vector
and the instantaneous correlation matrices of the stationary random
response of a multidegrée—of-freedom linear systerﬁ is presented
in Chapter II. Its derivation is quite straightforward and involves
only some simple matrix algebra. Its application consists of two
steps: evaluating some simple integrals and solving a system of
linear algebraic equations. The first step sometimes becomes very
trivial. For example, if the excitation is white, then the integrals
can be readily evaluated since their integrand contains a Dirac
delta function. The second step can be done by a digital computer
and a single program will be valid for any kind of multidegree-of-
freedom linear systems. From the comparison of this approach and
the existing approaches, it seems that if one is only interested in
instantaneous correlation matrices, this approach will be simpler
than other approaches.

Several approaches are available for determining the stationary
response of a multidegree-of-freedom nonlinear system, but each of
them has certain limitations. In all these approaches the excitation
is assumed to be stationary and Gaussian. The Fokker-Planck
approach is the only approach available which can generate an exact
solution for some nonlinear systems, but its applicability is rather
limited because of the following restrictions:

(1) the damping force must be proportional to the velocity;
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(2) the correlation function matrix of the excitation must be
proportional to the damping matrix of the system;

(3) the excitation must be a Gaussian white noise.

The perturbation approach may be used only when the solu-
tion of a nonlinear system is close to its linearized solution. Hence
it requires that

(1) the nonlinear system possess a linearized solution,

that is, C(O) is not a null matrix;
(2) both the system nonlinearities and the excitation be suffi-

ciently small.

Under these conditions this approach reduces the nonlinear differential
equations of motion to several sets of linear differential equations,

The normal mode approach is perhaps the simplest one among
the existing approaches. It reduces an n-degree-of-freedom non-
linear system to n single-degree-of-freedom linear systems. How-
ever, the restrictions imposed on this approach are rather severe.
It requires that the linearized sys.tem have normal modes and that
the correlation function matrix of the excitation be diagonalized by
the same matrix that uncouples the linearized system. The first
condition may not be too serious, but the second condition on the
excitation makes the application of this approach guite limited.

In the present study a generalized equivalent linearization
approach for determining the instantaneous correlation matrices of
the statibnary random response of a multidegree-of-freedom non-

linear system has been presented. The only restrictions on its
1 Yy
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application are that the excitation is stationary and Gaussian. The
equivalent linear system is formed by replacing each nonlinear

element in the original system by a linear spring and a linear damper.
After applying the matrix algebra approach to the equivalent linear
system and the special iteration scheme described in Chapter III, one
is led to the repeated solution of a system of linear algebraic equations.

It is implicitly assumed that in order to obtain a good approxi-
mate solution the nonlinearities of the system must be small. How-
ever, this approach can also be used to generate approximate solu-
tion for systems with large nonlinearities. Two examples which can
be solved exactly by the Fokker-Planck approach were also worked
out by the generalized equivalent linearization approach. A compari-
son of the results shows that for a cubic hardening system the error
in the root mean square displacement is always within 7.5% of the
exact solution and that for an arctangent softening system the largest
error is 11.4%. Therefore, it seems that even for large nonlinearities,
this approximate approach still gives very reasonable results.

Two more examples which can be solved by the new approach
were given in Chellpter IV. The first example, linear springs and
dampers whose damping force is proportional to the square of the
velocity were used. The results show that the dampers used in this
example are particularly suitable for systems which are subjected
to severe excitation. In the second example, softening springs which
follow an arctangent law, were used. The linear dampers were ar-

ranged in such a way that the équivalent linear system of the nonlinear
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‘system has normal modes and the damping in each mode is specified.
The results show that the usual linearized analysis is unconserva-

tive for design purpose.
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APPENDIX A

Multidegree-of-Freedom Systems Under Gaussian White Noise
Excitation

Under certain conditions (see Section 2.2.3) Wang and
Uhlenbeck' ”

have solved the system (2.1) by the Fokker-Planck

approach. However, their approach can be extended to more
general problems.

Consider the following equation

Mx4CX+KX =5 (t)

(A.1)
where s(t) is a Gaussian white noise vector. Without loss of
generality, assume that

Efs(t)1=0
(A.2)
e B
E[S()5 (t-7) |=2wWh(T)

where W is the spectral density matrix of 5(t).

The stationary response
T . . . . gy
x,x will form a 2n dimensional continuous Markovian process z=(x, x)

whose first probability density p(z) is governed by the stationary
Fokker-Planck equation

2n Zn 2n
) 5t -3) 282 b, .p)= 0 A3
8z, P72 , 5zk3z.( 1P = (A.3)
j=l 4 k=1 j=1 ]
From (2.31) one easily finds that
@) @]
B = p 1 T (A.4)
O 2mTM WM™ ")
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and
O I
a=Dz where D= -1 -1 (A.5)
-M K -M C
Instead of solving (A.3) directly we make first the linear transforma-
tion
Z=Au (A.6)

The matrix A is the matrix which diagonalizes D, so that:

A'lpa=a (A.7)
where /A is a diagonal matrix which consists of the eigenvalues of
D. Since it is assumed the system (A.1l) possesses a stationary
response, hence all eigenvalues will have a negative real part.
After applying the linear transformation (A.6), Equation (A.3)

takes the form:

Zn 2n
Z T tp-2), )Y kj—la—au (2.8)
k=1 j=1
where
ol T
V=A"T"B(A™) (A.9)

Let h(Z) denote the characteristic function of @ which is just the

Fourier transform of p(u):

2n
h(E) = J jp(u)exp —12 Ejuj dul 5 .duzn (A.10)
j=1
Then in terms of h(E), Equation (A.8) becomes
Zn 2Zn 2n
h - i vy
JB—E—‘—%— ZhE)), ) Vi B 8= 0 (a.11)

j:1 k=1 3:]_
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By direct substitution it can be easily shown that
2n 2n

V.
h(f)=exp(%) ) k—{T—E £\ (A.12)
j=1 k=1

From the definition of characteristic function and the properties of
a Gaussian distribution, one knows that @ is Gaussian distributed with
zero means and its variances and covariances are given by

v,

_ k
E[“j“k]“ AJ.+X (A.13)

k

In the matrix form Equation (A.13) becomes

AE|ud ]+E"TJA:—V (A.14)

Substituting (A.6) into (A.l4), using (A.7) and (A.1), one finds that
DE[EET}E[EET]DT:-B (A.15)

Substituting (A.4) and (A.5) into (A.15) and noting that

T‘iE__T

E[—_T:f [__:r] E[E (A.16)
one obtains
—'ET]+E['§3<I]:O

MExx] CE[ ] KE = =0
.J

(A.17)
ME’:xx ]C +ME[ ]K

+CE :_ciTJM +KE[X‘XT:]M —2rW
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If M, C, K are symmetric and
TW = ye
then by direct substitution it can be shown that the following solution

found by Wang and Uhlenbeck

E[E?;T]r.o
E —3(-)-(T_'= v~ (A.18)
E;.-_s_(T]:YM-l

also satisfies (A.17).
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APPENDIX B

Some Properties of the Correlation Functions of a Stationary

Random Vector Process

Let x(t) be a stationary random vector process which is
assumed to be differentiable in mean square to the required order
and ]%{('r) be its cross-correlation function matrix. Then we

have

R_(7)= E[z(t)zT (m)} E[sat- TR (1:)] (B.

Differentiating (B.1) with respect to T gives

LR (1) =Bz () = -EFE-TE (1) ] (B

The stationarity of Ximplies that (B.2) can be rewritten as

LR () =E[Et- 98 (1) ]= B[R (t4n)] (.
Differentiating {B.2) and (B. 3) with respect to Tagain yields
2
Ed; R_(1) :E[sz(t);';T (t-l'-'r)]: E[i(t- TR (t)]
= -E[R(t- i (1) |= - B[R (t4n)] (B

Finally, setting 7=0 in (B.2) and (B.4) gives

2 §§J+E['§§]:‘o

where the common argument t has been omitted. Thus E[?('S{T] is

(B.

antisymmetric and E[i x':[‘] is symmetric.

1)

.2)

3)

. 4)

5)
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Further, the above results can be generalized to give

o[ (NG ersl ()]

where

g+th=j+k, s=g+j or s=h+k
g:h’j’k: O,d5 a0 ea2

and d¥/dt' ¥ is the highest derivative of X that exists.

(B.6)
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APPENDIX C E[xlf(xz,x?) )]

Suppose that X1 %o and Xy are Gaussian distributed. Then

E[x f(xz, b'd )]

: LT sidee Ts
3 2 fj X f(xz,x3)exp{-—x A "xpdx, dx,dx
72 ractay o8 ! 2 JEFL 29
(C.1)
where
akaE[xkxj] k;j=1,2,3"

det(A) =the determinant of A

We may also write (C.1) as follows:

1

E[le(XZ’ 3)_'—(%)3/2/W .” f(x,, %4 )eXP{ z(“zz g*‘l % +2°‘23 )}

xlexp{ Gll le( x2+~—-~*x )T}dx dx, dx,

(zﬁ /2/?-ha_t(_ _”f(xz’ )eXP{ Za (11"22 %

+(a 2>xz+2< a )x 'l}
559 § =% 95 039 1-%2% 3 2%

Ly, Py P
P s e Qg Eg ¥Oy 275 Ty 3% 2y [y

_ ’ (C.2)
where ak_] =the (k, j) element of A l=‘t:he' co-factor of a’jk in A.

Now consider the integral

o 1 2
b:f_mxzexP[‘ 2., 1y et sxs) Jax,  (©23)
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3 2
: : 2 1 %
which reduces by the change of variable =z —-Z——d——-i-l ‘ a’ljxj to
the form j=1
(oo} S a Q 2
b:f (J 2_ . 12x2—a13x3)e"z 2dz (C. 4)
oo %11 % 11 V20
By making use of results
oo 2 oo 2
f e ® dz= , f ze”? dz =0 oML
-co - 00

(C.4) reduces to

a a
b:’«/—zw (alz x, +a13x3)
St 1 11

(C.6)

Hence (C.2) becomes

(s 0]
= 2 %2 %) 3
Elx fix,,.x.)]= 1 / X, +——x_ |"f(x,, x,)
172 s ey e Tet(A) °11J:‘r(“11 2 ap; 3) *2' 73

-00

. 1 2 2
exP{'é“xg A]l Xg }dx ey

{-—E]"xzf(xz, 3)]+ E[x SEG, %)) (CL7)

where

222 23
A11=the minor of a_, = (C.8)

11
R 33

and the following relation has been used
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N -1
B det{(A )

- (1)t %rs
det(A, )/det(A)” "

lod am i a Qg s =
11%” MMy, Lk

oy

ksj:rﬂs=2:3 r:S:oék if k=J
r=k; g=] B k#j
With the aid of the definition of the cofactor, we have finally,

a5 1 Bea = e gy
Bpodeg = Gaa332

E[x,f(x,,x3)]= E[x,f(x,, x3 )]

a a -a a
- 21332 a31a22 E[X3f(X2’X3)] (C.10)
Bazta3” Yagfan

If X5 and X5 are uncorrelated, for example, x3=542, then a,,=a

23 32

—-Efxz,x?))]:O. Thus,A

#21 %31

5 [xlf(xz, X, )] :;Z—ZTE [Xzf(XZ’ e )] +5—E[X3f(x2, x3)] (C.11) .
35 -

Replacing By by E[xkxj], we obtain

E[xle' ' E[x3xl

Elx” ] B62 ]
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