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the third spring actually decreases monotonously, while that of the 

second spring increases slowly at first, then also decreases when 

k(o) /f is greater than 2. However, the mean square displacement 
u 

of the first spring differs considerably from the linear solution 

when the nonlinear factor is large. For example, at k(o) /f = 1. 5 
u 

2 
the mean square value, cr , of the nonlinear system is about four 

Y1 
times as large as that of the linear system. 

In Figures 4. 9 and 4. 10 the excitation is a clipped white 

noise. These figures show respectively the mean square displace-

ments of the first and the third springs as a function of w . They 
c 

also indicate the contributions from different modes of the equiva-

lent linear system when the excitation is a white noise. For the 

first spring the contribution from the first mode is the largest mean 

square displacement in that mode while the contributions from the 

other modes are considerably smaller. Hence in Figure 4. 9 one 

sees that the contributions to the first spring from the higher modes 

is negligible compared to that from the first mode. However, for 

other than the first spring the mean square displacement in the first 

mode may be comparable with those in the other modes. Therefore, 

in Figure 4. 10 one sees that for the third spring the contribution 

from the second mode may be of the same order of magnitude as 

that from the first mode. Thus the response y 1 will be e ssentially 

a narrow band process while the response y3 (also the response Yz) 

may in general be much less so. 
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From the above results the following conclusions can be 

made. 

(1) Since only the response of the first spring can b e 

accurate ly considered as a narrow band process, the use of a white 

noise to replace an actual excitation may be not a good approxima­

tion in this case and the actual excitation should be used if possible . 

This will, of course, be true for n-degree-of-freedom system. 

(2) For the second and third springs the mean square 

displace ments obtained from the linear analysis and the equivalent 

linearization approach are quite close. However, for the first 

spring the two solutions will be close only if the excitation is suffi­

ciently low and the nonlinear solution will be much larger than the 

linear solution if the excitation is large. Therefore, the usual 

line ar analysis furnishes a good approximation only for low excita­

tion. If the excitation is severe, the line ar analysis is unconserva­

tive for design purposes and the system should be considered as 

nonline ar. For large systems (n>3) the big difference between the 

two solutions may not be limited to the first spring. 
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V. SUMMARY AND CONCLUSIONS 

A matrix algebra approach for determining the mean vector 

and the instantaneous correlation matrices of the stationary random 

response of a multidegree-of-freedom linear system is presented 

in Chapter II. Its derivation is quite straightforward and involves 

only some simple matrix algebra. Its application consists of two 

steps: evaluating some simple integrals and solving a system of 

linear algebraic equations. The first step sometimes becomes very 

trivial. For example, if the excitation is white, then the integrals 

can be readily evaluated since their integrand contains a Dirac 

delta function. The second step can be done by a digital computer 

and a single program will be valid for any kind of multidegree-of­

freedom linear systems. From the comparison of this approach and 

the existing approaches, it seems that if one is only interested in 

instantaneous correlation matrices, this approach will be simpler 

than other approaches. 

Several approaches are available for determining the stationary 

response of a multidegree- of-freedom nonlinear system, but each of 

them has certain limitations. In all these approaches the excitation 

is assumed to be stationary and Gaussian . The Fokker-Planck 

approach is the only approach available which can generate an exact 

solution for some nonlinear systems, but its applicability is rather 

limited because of the following restrictions: 

(1) the damping force must be proportional to the velocity; 
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(2) the correlation function m a trix of the excitation must be 

proportional to the damping matrix of the system; 

(3) the excitation must be a Gaussian white noise . 

The perturbation approach may be used only when the solu-

tion of a nonlinear system is close to its linearized solution. Hence 

it requires that 

(1) the nonlinear system possess a linearized solution, 

that is, C(o) is not a null matrix; 

(2) both the system nonlinearities and the excitation be suffi­

ciently small. 

Under these conditions this approach reduces the nonlinear differential 

equations of motion to several sets of linear differential equations. 

The normal mode approach is perhaps the simplest one a mong 

the existing approaches. It reduces an n-degree - of-freedom non-

line ar system to n single-degree-of-freedom linear systems. How-

eve r, the restrictions imposed on this approach are rather severe. 

It r equires that the linearized system have normal modes and that 

the correlation function matrix of the excit a tion be diagonalized by 

the same matrix that uncouples the linearized system. The first 

condition may not be too serious, but the second condition on the 

excitation makes the application of this approach quite limited . 

In the present study a generalized equivalent linearization 

approach for determining the instantaneous correlation matrices of 

the stationary random response of a multidegree- of-free dom non-

line ar systen1 h as br'!en presented. 'l'hP only rl'Kt rict:ion :-> on its 
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application are that the excitation is stationary and Gaussian. The 

equivalent linear system is formed by replacing each nonlinear 

element in the original system by a linear spring and a linear damper. 

After applying the matrix algebra approach to the equivalent linear 

system and the special iteration scheme described in Chapter III, one 

is led to the repeated solution of a system of linear algebraic equations. 

It is implicitly assumed that in order to obtain a good approxi-

mate solution the nonlinearities of the system must be small . How-

e 'ver, this approach can a ls o be used to generate approximate solu-

tion for systems with large nonlinearities. Two examples which can 

be solved exactly by the Fokker-Planck approach were also worked 

out by the generalized equivalent linearization a pproach. A compari-

son of the results shows that for a cubic hardening system the error 

in the root mean square displacement is always within 7. 5% of the 

exact solution and that for an arctangent softening system the largest 

error is 11. 4%. Therefore, it seems that even for large nonlinearities, 

this approximate approach still gives very reasonable results. 

Two more examples which can be solved by the new approach 

I 

were given in Chapter IV. The first example, linear springs a nd 

dampers who se damping force is proportional to the square of the 

velocity were used. The results show that the dampers used in this 

example are particularly suitable for systems which a r e subje c ted 

to severe excitation. In the second example , softening springs which 

follow a n arctangent law, were use d. The linear dampers were ar-

ranged in such a way that the equivalent linea r system of the nonlinear 
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system has normal modes and the damping in each inode is specified. 

The results show that the usual linearized analysis is unconserva­

tive for design purpose. 
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APPENDIX A 

Multidegree-of-Freedom Systems Under Gaussian White Noise 

Excitation 

Under certain conditions (see Section 2. 2. 3) Wang and 

Uhlenbeck19 have solved the system (2. l) by the Fokker-Planck 

approach. However, their approach can be extended to more 

general problems. 

Consider the following equation 

~+G+KX =s(t) (A. 1) 

where s(t) is a Gaussian white noise vector . Without loss of 

generality, assume that 

E Es(t) J= 0 } (A. 2) 

where W is the spectral density matrix of s(t). The stationary response 

x, °3c will form a 2n dimensional continuous Markovian process z=(x, '3c_) 

whose first probability density p(Z) is governed by the stationary 

Fokker-Planck equation 

2n 2n 
\a I\ 
L oz. (ajp)-zL 

j=l J k=l 

2n 

l 
82 
a a (bk.p) = o 

zk z. J 
j =l J 

(A. 3) 

From (2. 31) one easily finds that 

(A. 4) 
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and 

a=DZ where (A. 5) 

Instead of solving (A. 3) directly we make first the linear transforma-

ti on 

z=Au (A. 6) 

The matrix A is the matrix which diagonalizes D, so that : 

(A. 7) 

where A is a diagonal matrix which consists of the eigenvalue s of 

D. Since it is assumed the system (A. 1) possesses a stationary 

response, hence all eigenvalues will have a negative r e al p a rt. 

After applying the line ar transformation (A.6), Equation (A. 3 ) 

takes the form: 

2n 2n 2n 

\ ' A..~ (u.p) __ 21 \ ' \ - , vk. 
L J u . J L L J 

j = 1 J k= 1 j = l 

where 

Let h(s ) denote the c harac t e r i stic f unc tion of u whic h is jus t the 

Fourie r tra nsform of p('U) : 

The n i n t e rms of h(g ), Equa tion (A. 8 ) b e c o m es 

2 n 

\ t.. . i;. o h( S ) 
L J J a ~. 

j = l J 

2n 2n 
1 - - , ,...., 

- 2 h( i; ) l l vk j sk sj = 0 

k =l j =l 

(A . 8) 

(A. 9 ) 

(A. 1 0 ) 

(A. 11) 
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By direct substitution it can be easily shown that 

2n 

~ 
2n 

h( s ) = exp t l l 
j=l k=l 

(A. 12) 

From the definition of characteristic function and the properties of 

a Gaussian distribution, one knows that u is Gaussian distributed with 

zero means and its variances and covariances are given by 

(A. 13) 

In the matrix form Equation (A . 13) becomes 

(A. 14) 

Substituting (A.6) into (A.14), using (A . 7) and (A.I), o n e finds that 

[--TJ [--TJ T DE zz +E _zz D =-B (A. 1 5) 

Substituting (A. 4) and (A . 5) into (A . 15) and noti ng that 

(A. 16) 

one obtains 

(A . 1 7) 
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If M, C, K are symmetric and 

TrW =ye 

then by direct substitution it can be shown that the following solution 

found by Wang and Uhlenbeck 

also satisfies (A.17). 

EL36cTJ = yK- l 

E[3c3cT] = y M-1 

(A. 18) 
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APPENDIX B 

Some Properties of the Correla tion Functions of a Sta tionary 

Random Vecto r Process 

Let x(t) be a stationary random vector process which ·is 

assumed to be differentiable in mean square to the required order 

and R.._ (T) be its cross-correlation function matrix. Then we 
x 

have 

Differentiating (B. 1) with respect to T gives 

d I ..:..T 'r-. ~] 

d
-IL ( T) = E! x(t)x (t+T) I= -E ix(t-T JX (t) 
TX ,_ _, L 

The stationarity of x implies that (B. 2) can be rewritten as 

d~ Rx ( T) = E [ x(t- T)xT (t)J = -E[3c(trx (t+T)J 

Diffe rentiating {B. 2) and (B. 3) with re s p e ct to T again yields 

2 
d:2 Rx ( T) = E[ x(t)~T (t+T)J = E[~<t- T )xT (t)J 

[ . ·T 1 
[· ·T J = -E x{t-T)x (t)j= -E x(t)x (t+T) 

Finally, setting T=O in (B.2) and (B.4) gives 

[ _,_l'J [· _TJ . E xx +E xx = 0 

[ ,_,'.l'J c· ..TJ ~ .d'J E xx =E xx = -ELXx 

(B. I) 

(B. 2) 

(B. 3) 

(B. 4) 

(B. 5) 

where the common argument t has b.een omitted. 

antisymmetric and E[x)fl'] is symmetric . 

Thus E [ x-¥'] is 

. , . 
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Further, the above results can be generalized to give 

(B. 6) 

where 

g + h = j + k, s = g + j or s = h + k 

g, h, j, k = 0, 1, . .. , r 

and dr /dtrx is the highest derivative ofx that exists . 

. , . 
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APPENDIX C E [x
1 

f(x2 , x 3 >] 

Suppose that x
1

, x 2 and x 3 are Gaussian distributed. Then 

(X) . 

E[ x
1 

f(x
2

, x
3

)J = - 3 72 
1 

. J J Jx
1 

f(x2 , x
3

) exp{-ixT A -lx }ax
1 

dx
2

dx
3 

(2.-rr) j det(A) - co . 

where 

k, j = 1 ' 2., 3 . 

det(A) =the determinant of A 

We may also write (C. 1) as follows: 

= 

where °'k:j =the (k, j) e lement of A - l =the· co-factor of ajk in A. 

Now consider the integral 

., . 

(C. 1) 

(C.2.) 

(C. 3) 
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which reduces 2 l ( ·2~· )2 by the change of variable z =~ a
1 

.x. to 
· all . · J J 

J=l the f o rm 

By making use of results 

(C. 4) reduce s to 

J
oo 2 

e- z dz= rrr . 
-00 

Hence (C . 2) becomes 

where 

00 2 

I -z 
ze d z = 0 

- oo 

A
11 

=the minor of a
11 

= 
( 

a22 

a 32 

and the following r e lation has b een used 

(C. 4) 

(C. 5) 

(C. 6) 

(C. 7) 

(C . 8) 
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• -1 
a a.. - a a k . a det(A ) k+ · a 

11 .K.j lk lj=(-l) +J rs -( l) J rs (C. 9) 
a

11 
det(A

11
)/det(A)- - det(A

11
) 

k,j,r,s=2,3 r = s ;tk if k =j 

r = k, s = j if k ;t j 

With the aid of the definition of the cofactor, we have finally, 

(C. 1 0) 

If x 2 and x 3 are uncorrelated, for example, x 3 = x 2 , then a 23 = a
32 

=E[x2 ,x3 )]=0. Thus, 

(C.11) 

Replacing akj by E [xkxj J, we obtain 

., . 
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