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Let G =(A xB)/CAxB(U), then E =(Ex l)cAxB(U)/CAxB(U) is an 

of G. By Lemma 2, iep = (Ex 'r.)ePCAxB(U)/CAxB(U), and 

by (31), O ,((Ex E)e ) does not centralize u, hence O ,(Ee)> 1. 
p p p p 

Since 1 < c0(o ,((Ex l)e )), and G is an element of "f., it follows 
p p 

from Lemma 6a that G lies in e • p 

Let V be the direct sum of all Z (A x B)-composition factors 
p 

occurring in a compa;iti.on series of M®T. :av- (14), F(A x B) = F(A) x F(B) 

is a p'-group, so the fact that M ® T is faithful implies VI F(A X B) 

is faithful. By Lemma 1, V is a faithful completely reducible 

ZP(A x B)-module. Therefore(A CAxB(U) lies in (ep) , where 

the intersection is taken over the irreducible of V. 

Since V is faithful this intersection is the identity, hence 

A x B E (ep) • 

Corollary 1. If e << 1, and there is an element B in 0 such that 
p 

Z(B) = 1, then (tp) s each q in n(e) • 

. Proof. By Lemma 8, if A E tp - ep, then A x B E (ep) • Therefore 

A E (eP) , so (tp) = (eP) . By Lemma 6d., if q E TT(e), then 

ep S , hence (tp) S (tq) • 

Theorem 7. . Suppose e << 1, and ep'. 0 r are . non-empty for two primes 

p,r in the characteristic of e. Let (1. } be the unique minima] local q . 

definition of 1. Then 
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for each q in ncl). 

Proof. We define a new forma.tion,1 , locally by setting 

(32) 

for q E n(E)• 

Since e << J, f}q S 1q for each q, by Theorem 6. Therefore~ S 1• 

Let i be the set specified in Definition 6 for the formation s 

ff. Since 'j S ~ , is S ~ s S 1s for . each s in n(e). Therefore 

e << P/, by Theorem 6. 

Suppose 1c1. If G is an element of minimal order in 'J. - ?, 
then G is a semi-direct product, G = 1l'M, where 'i1 is an '7-subgroup of 

G, and acts faithfully and irreducibly on the elementary abelian 

t-group M. Since .G lies in 1- 7, 'i1:::: G/CG(M) lies in 'Jt - 7t • 

Fort in n(e)• this contradicts the definition of ~t' hence t E ncE). 

Since e << tJ, 1:", as an ~-subgroup of G, must contain some 

e-subgroup, E, ~f G. Thus for any prime q, the permutat:-on represen­

tation 10 (E ) I G is faithfu.1. By Lemm.a 6c, G lies in tq for each 
. q' eq 

q in n(r) - {t}. 

By Lemma. 6d, eq s'Js for each q,s in n(e), hence if GE eq for 

some q in n(r) - (t), GE 1't• Suppose, therefore, that GE ~q - eq 

for each q in n(C) - {t}. One of the primes p,r is unequal tot, 

say p. Then G is an element of ~P - ep such that Z(G) ~. 1. Since 
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e is non-empty there is a group H in 9 , so by lemma 8, G x H E /9 ) • p p \'p 

By Lemma 6d, G x H E 7t' hence in each case 'r, as a factor group of 

G, must lie in 'f.t' a contra.diction. 

Therefore 'f = 1. Since {'j } forms a local definition for 1, we 
q 

have ~q £ 1q £PJq for q En(£), so the proof of Theorem 7 is complete. 

Because we could not relax the hypothesis on the e 's, we thought p 

it appropriate to include 

Theorem 8. Suppose e << 1 , and p E n(t). ep is empty if, and only 

if, for each element F of 1, an e-subgroup, E, of F either covers, 

or avoids each p-chief factor of F. 

Proof. Suppose an f-subgroup of F either covers or avoids each 

p-chief factor of F .for every Fin 1. Let FE tp' and let Ebe an 

~-subgroup of F • . Let M be a faithful irreducible Zp(F)-module such 

that ~(Op1 (E;)) > 1. By Theorem 5, and the fact that e<<1, 

F* = F~(O ,(F111 )) is an 1-subgroup of FM, acts irreducibly on M, and · 
. p 1p 

does not avoid M. Therefore F* =FM; M is a P-chief factor of G= FM 

which is not avoided by thee-subgroup, E* = E<1i(Op,(E~)), of G. 

Therefore M = ~(O ,(Ea )),. so e is empty. 
p Cp . p 

Suppose ep is empty, F E 'J, and E is an e-subgroup of F which 

does not avoid the p-chief factor K = L/N of F. Let F = F/CF(K). 

Our first assertion is that the semi-direct product 'FK lie.s in. 
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1 (the action of F on K is the action induced by the action of F on 

K). By Theorem 5, F* = FCK(O ,(F..,,. )) is an 1-subgroup of FK. There-
P -t.P. . 

fore 'F* acts irreducibly on K, and F*/CF*(K) ::::'F. · Since FE 1, 
F E '1 p by definition. By Theorem ) , F* covers K, hence FK lies in 1. 

E = ECF(K)/CF(K) is an e-subgroup of F. By Lemma 2, 

Ee = Ee cF(K)/cF(K). Because o , (El1 ) = Ee , it follows that 
p p p ,p p p 

0 ,<'Er ) = 0 ,(Ee )CF(K)/CF(K). Therefor~ CK(O ,(Ee )) = CK(O ,(El' )). 
p p p p p p p p 

O ,(Ee ) centralizes every p-section of E, hence O ,(Ee ) centralizes 
p p p p 

(L n E)N/N, a non-identity subgroup of K. Therefore, 

1 < CK( op, (E~)) !S, K 

Thus F lies in ~ • e is empty' so it follows from Lemma. 6 that 
p p -

Ee is a p-grou~. If U is any E-composition factor of K, then 
- p - -Eo centralizes U·since Er ~ 0 (E). Upon taking inverse images in 
'p p p 

E, we see that CE(U) 2:, Er , so that E/CE(U) lies in ep• By Theorem J, 
. p . 

E covers U, hence E also covers all of K. 
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Chapter V 

Structure Theorems 

Throughout this chapter we shall make the following assumptions: 

HYpothesis I. e and 1 are saturated f Grmations such that 

(a) "il s e <<1; 

(b) there is a non-empty formation,~' such that e= fG E _g I G/F(G) tf}. 
Our first theorem saJlS that the structure of 1 is essentially the 

same a.s the structure of E in that we can show the existence of a 

formation, 'IJ , such that 1 = ( G E J I G/F( G) E lJ}. 
We first prove two lemmas. 

Le™ 9. I.et °I be a non-et11pty formation. I.et~ be the formation 

loca.lJ.sr defined by setting JJ = 1 for each p. I.et E = ( G. E J I G/F( G) E1J. 
p 

Then e =JJ. 

Proof. Suppose GE e. Because 0 , (G) 2:. F(G), G/F(G) E ~implies p ,p . 

that, for e'ach p, G/O , (G) lies in 'f. By (cr'), G lies in JJ. p ,p 

Suppose G E J,J. Then, for each p, G/O , (G) E 'f: Since 'f is p ,p 

a formation, and F(G) = n O , (G), G/F(G) lies inf. Therefore 
p p ,p 

a E e , so e = JJ • 

Lemma. 10. Suppose e, 'J. satisfy Hypothesis I. 

(a) If G is a group with f-subgroup, E, and E E1, then E = G. 
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(b) If f1q} is any local definition for 1, and G is an element of T 
such that 0 (G) = 1, then G lies in 1. 

q q 

Proof. We prove (a) by induction on the nilpotent length 0£ G. I:r 

G is nilpotent, there is nothing to prove. Since E lies in 'f, 

EF(G) lies in!. Since Eis an e-subgroup of G, E covers U/U~ for 

any subgroup, u; of G which contains E. Therefore E > F(G). Set 

G = G/F(G)' then E = E/F(G) is an e-subgroup of 'G. By induction, 

E = G, hence E = G. 

Let f 1 } be any local definition for 1. Suppose G E '(, and q 

Op(G) = 1. Let M be the regular Zp(G)-module, and form G1 = GM. 

Since G lies in 'i, G1 lies in e • It is a simple consequence of 

strong containment that e S 1, hence G1 E 1. Since Op(G) = 1, .and 

G acts faithfully on M, M = 0 , (G1). Therefore G1/M E 1 . Since p ,p p 

G ~ G1/M, G lies in 1p• This proves (b). 

Theorem 9. Suppose f and 1 satisfy Hypothesis I. Then there is a 

f orma.tion, 1J , c~ntaining °1"' ,such that 1 = f G E J I G/F( G) E V}. 

Proof. If t =1, the formation 'Y satisfies the requirements of the 

theorem. Assume e c 1. By Lemma 9, we know that the .family, 

re Ir = "r for each p}, of formations is a local definition :ror t 
p p . 

We shall use this family for the local definition of e throughout 

the remainder of the proof. Let £1 } be the wlique minimal local 
q 

definition of 1. A second application of Lemma 9 says that we need 
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only show 1. = 1 for each pair of primes, r,s. In view of Theorem r s 

7 and Corollary 1, we begin by examining the set e for various 
s 

primes s. Since'1.se , n(e) contains a11 primes, so e and~ s s 

are defined for each s. 

Let G be an element of minimal order in ct/- t. By minimaBty, 

if N is any norma1 non-identity subgroup of G, then G/N lies in e. 
Therefore Ge is the unique minimal normal non-identity subgroup 

of G. If E is an e-subgroup of G, then Ene = G, and En Ge = 1. 

Furthermore, E acts faithfully and irreducibly on Ge • We set 

M = Ge_,, and note that M is an elementary abelian p-group for some 

·prime p. 

Since G is not in e, E cannot lie in 'f. Therefore F(E) ~ E'r> 1. 

But it follows from (14) that F(E) is a p'-group, so for some prime 

r I: p, E'l' has a no~-identity normal Sylow r~subgroup, R~ If s '/: r, 

then 

Because M is the unique minimal normal subgroup of G, and E n M = 1, 

10 (E )IG is faithful for each s. By Lemma 6, G lies in e for 
s' e ' 6 

s 

each prime s I= r,p. Since E is .faithfu1 and irreducib1e on M, 

Z(G) = 1. 

We now choose a prime s ~ r,p. Then G E es, so there exists 

a faithful irreducible Z
6

(G)-module, J, such that 1 < CJ(0
8
,(Et

8
)) < J. 
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Set G1 = GJ. Since Eis isomorphic to an e-subgroup ~f 'G1/J, it 
follows from (25c) and Theorem 5 that E* = ECJ(Os 1 (Ee )) ·is an 

. s 

e-subgroup of G1• An ~-subgroup of G1 covers G1/J since GE 1; 
it cannot avoid J because f!,<< 1. Therefore G1 lies in 1. Because 

Eis a quotient group of E* which does not lie in 'f, E* cannot lie 

in "r, hence 

1 < (E*~= (E*>e ~ Ei.rcJ(o
9

,(Ee )). 
p s 

(E*):y is a p'-group because ~is a subgroup of the p'-group, F(E), 
. G1 
and s '/: p. 1(E*~I is faithful since J is the unique minimal 

normal subgroup of G1, and (E*)"l'n J ~ CJ(o
9
,(Ets)) < J. It follows 

from parts {a) and (c) of Lemma 6 that G1 E ep. By construction, 

Z(G1) = 1, hence we have established 

(33) If s i= r, t~en there is a group, X, in es such that Z(X) = 1. 

We now apply the results of Chapter r:v. n(e) contains all 

primes, so it follows from Theorem 7, and (33) .that 1s = (t
5

) for 

each prime· s. By Corollary 1, we have 

(34) 

for s,q in r' 

Qf c: 1 £or each s. ts - r 

For s i= r, we set 1 = 'lJ. The final step in the proof will be to s 

show ~ c:'\}. r-

By part (d) of Lemma 6, er S 1s for each s, so er s;1J. Suppose 
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H E t - e , and E is an e-subgroup of H. r r 

E ~ = E"r is an r-group. 

<Ii' Suppose E'I = 1, then E lies in l • By Lemma 10, E = H, and 

if s is any prime not dividing rl HI, 0 (H) = 1, so H E 1. = iJ. s s 

Suppose Er> 1. By (14), Or(H) = 1, so 1&,-IH is faithful. 

Since H E 'r' H also lies in 1. Thus if s is a prime which do.es 

not divide I HI , it follows from part (b) of Lemma 6 that H E (ts) • 

Therefore 

tr s'V ~1r =(tr). 
Since 1J= 1 for each s, Lemma 9 says that 1-= {G Ei IG/F(G) EV). s 

The fact that V contains 1 is a consequence of part (b) of Lemma 10. 

We are interested in finding formations which are maximal in 

the partial ordering <<. Since e << 1 implies l S 1, we shall . 

assume e c 1, as ~ell as Hypothesis I. Since e::: {G Ei I G/F(G) E 'TJ' 
we shall fix our local definition fore by setting e =1 for each ' p 

p. We shall assume that { 1, ) is the minimal local definition for 1. 
p 

By the proof of Theorem 9, there is a formation, lJ, containing 'f, 
such that 1 = \) for each p. Since e c 1, we must have 1 c 1J. p 

Before stating our main .theorem, we prove several lemmas. The 

proof· of Lemma 12 contains the essential. constructions used in the 

proof of our main theorem. 

Lemma 11. Let G be a group, and 1 < H ~ G. Assume that the permu-
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tation representation, 1HIG, is faithful. If Mis the Zp(G)-module 

which gives 1HjG, set U = n ~(H)g. Then U is a Zp(G)-submodule 
gEG 

of M, and M/U is a faithful ZP(G)-modu1e. 

Proof. We can choose the cosets of H in G to be a Z -basis for M, 
p 

i.e., M = Z ·H ~ Z .Hg2 ~ ••• ~ Z .Hg , where s = [G:H], and the oper-p . p p s 

ation of G on M is by right multiplication. 

For each g in G, CM(H)g = ~(~), hence U = n ~(~) = ~( U ~). 
gEG gEG 

In other words, if N is the normal closure of Hin G, then U = ~(N). 
Since N < G, U is a Z (G)-submodule of M. 

p 

For i = 1,•••,m, letLJi denote one of the orbits of the cosets 

H, Hg2,,••,Hgs under a~tion by N. Since N < G, G permutes these 

orbits transitively, thus all orbits have the same number of elements. 

The number of elements in a:ny orbit is [N:H], and since 1HIG is 

faithful, H cannot be normal in N, so [N:H] ~ J. For each i, we 

set LJ1 = (~1,•••,Hg1r} where r = [N:H]. 
r 

Let u1 = l Hgik' for i = 1,···,m. Our first assertion is that 

k::1 
u1, ••• ,u form a Z -basis for c.._(N). The elements u1,•••,u are m p -M m · 

clearly linearly independent, and since ()i is an orbit of N, the 

ll:i's satisfy u1n = u1 for each n in N. Therefore~,·•·,~ span a 

subspace of ~(N). 
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m r 

Suppose w = l l a1kHgik lies in <11(N). Then 
i=1 k=1 

m r 

l l (aikHgik - O'ikHgikn} = O 
i=1 k=l 

for each n in N. Now N acts as a transitive permutation group on 

each orbit, hence for each i, and each k,j such that 1 :$. i :$. m, and 

1 ~ k,j :$. r, there is an element nikj of N such that 

If we use this relation in the sum above, as well as the fact that 

nijk permutes the cosets of Ci' it follows that, for each i, 

m 

Thus W = I a1u1 , so the u1 span CM(N). 
1=1 

M/U is the collection of cosets: 

Therefore, a Z -basis for 
p 

u + Hg11 = u + H, u + Hg12'•••,u + Hg1,r-1 

(35) 
u + Hg21 

• • .. 
u + Hgm1 

• • • 

Suppose x lies in the kernel of the representation of G on 

M/U. Then, for 1 :$. i :$. m, and 1 :$. j :$. r - 1, . we have 
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m 

Hgijx - Hgij = l ak'\: 
k=l 

where the ak are suitably chosen elements of ZP. Since Hgijx is ~ coset, 

and each '1c is a sum of at least three distinct cosets, we must have 

each ak = o. Since x permutes the ~rbits of N, it follows from the 

fact that x fixes Hgil that x fixes each orbit, (Ji. Therefore 

r-1 

Hgirx = (ui - l Hgik)x = Hgir' 
k=1 

so x lies in the kernel of the representation of G on the cosets of H. 

Therefore x = 1, hence M/U is faithful. 

Lemma 12. Suppose e, 1 satisfy Hypothesis I, e c 1, and there is an 

element, H, in ·V n e -°\"such that 0 (H) = 1. Then p 

'lJ ~ {G Et I F(G) is a p-group). 

Proof. Let G be an element of' 1 such that F(G) is a p-group. Let 

Ebe an e-subgroup of G, and assume Op,(E'f) > 1. Since F(G) is a 

p-group, 0 ,(G) = 1, hence 10 (E )IG is faithful. Let M be the 
p p' ~ 

Zp(G)-module which gives the permutation representation on the cosets 

of 0 ,(E ); let U = n CM(O ,(E..r)g). By Lemma 11, the Z (G)-module, 
p gEG p · p . 

M1 = M/U, is faithful. 
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Set X = GMi,then F(X) = F(G)Mi,so X/F(X) ::::: G/F(G). Since G lies 

in 1, X/F(X) E 'V, hence X lies in '/. By (2.5c) and Theorem .5, 

E* = E~ (Op,(~) is an e-subgroup of X. But ~(Op,(~)) 2 U, hence 

'(Op'(E ))=~(Op' (E~ )/U. !st T be the intersection of all con­

jugates of E* in X. Since E* n M1 = ~1 (Op' (&r')), it follows that 

T n Ml = n ~ (0 • (E~g) = 1. 
gEX 1'11. p · 

But if K ~ x, and Kn Ml = 1, then K:::: cx<M1>· ~(Ml) = CG(Mi)Mi_, 

so the fact that G is faithf'ul on M1 says that Mi is self-centra­
X 

. li.zing in X, consequently, K = 1. Therefore T = 1, so 1E*I is 

faithf'ul. It is clear, now, that 1E* IX is also faithful, so if .,, 
t is any prime which does not divide the order of X, then 

XE {~t) = 1-t =V, by Isnuna 6. Therefore G, as a factor group 

of X, also lies in ti. · 

We may now assume Op,(Ei') = 1, so ~is a p-group. It is time 

to use H. If R = I 1 e • • • e It is a decomposition of the regular 

Z (H)-module into its principal indecomposable constituents, we 
p . 

set K.e = I.t /,/r1 for~= 1, • • •, t. Since R is faithful, and F(H) is 

a p'-group, it follows from Theorem 1 and Ismma 1 that R* = K1 e ••.~Kt. 
is .f'ai thful. Since H does not lie in "r, it .follows that for some 

i, B = H/ CH{K,e) does not lie. in S. Ist K = K,e, then B is an element 

of °'Jn e - ~which has K as a faithful irreducible Zp(B)-modu1e. 
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Let Ube the regular Z (G)-module, and set W =(Bx G)(K ®U), p 

where the action of B x G on K ® U by conjugation is the canonical 

action given in Chapter II. To show G E"lJ, it is sufficient to 

show W E iJ, sine~ G is a factor group of W. 

By (14), F(B) is a p'-group, and by assumption, F(G) is a 

p-group. Therefore if N is the kernel of the representation of 

F(B x G) on K ® U, then N = N n F(B) X N n F(G). Since B and G 

act faithfully on K ® U, K ® UI F(BxG) is faith.f'u1. By Lemm.a 1, 

K ® u is a faith.f'uJ. Zp(B x G)-module. Therefore op,(W) = 1, so 

F(W) = F(G)(K ® U). Since W/F(W) ::: B x G/F(G), W/F(W) E 1J, so W 

lies in 1. 
An e-subgroup of Bx G is Bx E, so by (25c) and Theorem ·5, 

E* = (B x E)CK ® 0(op1 ((B x E~) is an e-subgroup of W. Since 

B E '\Jn e -'I, 1 < ~ S F(B), so ~ is a p'-group. By assumption . 

E'I is a p-group. Let V be the collection of elements of B'r which 

appear as components of elements of (Bx E)~. Since (Bx E)-r~ Bx E, · 

V ~ B, and_ it is clear that (B X Ehr S V X E. Therefore 

B/V ~ (B x E)!...V x E) lies in "r, hence V = Br• If v E V, then there is 

an element u in E such that v X u E (B x El.r• Since ~is a 

p'-group, and Ei' is a p-group, v is equal to a power of v x u. There­

fore 

(J6) 
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Now K ® Uj ~is a multiple of Kj ~ so it follows from Theorem 1 that 

CK® u(Rr) = 1. By (36), B x Eis an e-subgroup of W. 

Let t be a prime which does not divide IWI. The fact that 
w . w . 

1BxEI is faithful. implies that 1(BxE~I is faithf.Ul, so by part (b) 

of Lemma 6, Wis an element of (~t) = 1t = 'U. Therefore G lies in V 
in every case, so Lemma 12 has been proven. 

Because of the preceeding lemma, we give 

Definition 7. · Set il = (pj Vne -'T contains a group, H, with o (H) = 1}. 
p 

We call a prime, p, special i£ p E il'. 

Lennna 13. If e, 1 satisfy Hypothesis I, and ec 1, then there is at 

most one special pl"ime. 

Proof. Let G be an element of minimal order in 1- e • Then G is the 

semi-direct product, EM, where E is an e-subgroup of G, and M is the 

unique minimal normal subgroup of G. 

Since E acts faithfully and irreducib~ on M, M = F( G). By Lemma 

10, Eis not an element oft, and since GE 1, G/F(G) lies in'V, hence 

E E Vn £ - 'r. 
Since 0 (E) n 0 (E) = 1 for two distinct primes r,s, E/Ot.(E) .r s 

can lie in 'T for at most one prime t. If s # t, then E/O (E) E '\J ne -'!', s 

hence il' s; {t}. 
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Remark. If general, we cannot control the choice of G enough to be 

certain that there are no special primes. This is the basis for the 

example in Chapter VI, and the reason behind 

liypothesis II. Let G = EM be a fixed element of minimal order in 

1- e... If r is any prime such that E/O (E) lies in 'T, we assume that r . 

Jr' is not contained in 1". (Such a prime does not necessarily exist.) 

Theorem 10. Suppose E and 1 satisfy Hypotheses I and II. If e c 1, 
then 1 = 1 , the collection of all solvable groups. 

Proof. Our first step is to show that 1J contains the collection, 

ill' of all solvable Tl-groups. By Lemma 12, the fact that 11.. s e s "I 
shows tha.t '\J contains the collection of all nilpotent 'fl-groups. 

Proceeding by induction, we assume that °U contains the collection, 

'1..~ , of all solvable Tl-groups of nilpotent length at most i. But 

'rt~+!= [GE~ jG/F(G) Ef'l~ }, thus 1 contains all solvable 11-groups 

of nilpotent length at most i + 1. 

Let G E '¥\.i;l, and F(G) = P1 X • • • x P
8

, where P1 is the 

Sylow pi-subgroup of F(G). Set Ni= ~Pk, and let R1 be the 

regular Z (G/Ni)-modul.e for i = 1,•••,s. We allow G to act on pi . 

R = R1 X ••• X Rs by conjugation according to the ru1e 
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_Then we form the semi-direct product X =GR. By construction, Ni 

centralizes the pi-group, Ri' hence the group, F(G)R, is nilpotent. 

Since F(X)/R is a normal nilpotent subgroup of X/R, and X/R::::: G, 

F(X) ~ F(G)R. Therefore F(X) = F(G)R, so X/F(X) z G/F(G). 

G/F(G) E 'V, it follows that X lies in 1. 

For each i, set xi= X/Ni(~Ric), Ri = NiR/Ni(~Ric), 

Gi = G(~ 1ic)/N1 (~ l\:)• By modularity 

Thus xi is the semi-direct product of Ri by Gi, hence 

Since 

and 

Because 'G1 acts faith.f'ully on Ri' it follows that R1 is a self-centra­

lizing normal pi-subgroup of xi. Therefore op~(Xi) = 1, so F(Xi) is 

a pi-group. But pi lies in TJ, so by Ismma. 12, Xi is an element of C\J 

for each i. Since n{Ni( TI~)}= 1, X lies in 'lJ also. Therefore 
i k:/:i 

G E ~. By induction, JTJ S 1.J. 
By Ismma 13, if 1i.M is the minimal element of '/--e mentioned in 

lies in 1, thus Tl contains r0 •· Therefore, 

Hypothesis II, then there is at most one prime, r 0 , such that E/O (E) 
ro 
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Suppose e does not contain Jr~, and let G1 = E1~ be an element 

of minimal order in J • -e . By Lemma. 10, Ei is an element of . ro 
'V n {. - f, and since E1 E J. • , 0 ( E1) = 1. Therefore T] contains ro ro 
a1J. primes. 

Suppose l contains ) , • 
ro 

so we can choose Hin J , .:.1. ro 

By assumption 'T does not contain J. • , 
ro 

Since ,Sr• S 1J, H is an element of 
0 

1J n ~ - "f with 0 ( H) = 1. . ro Therefore Tl contains all primes in every 

case, so we have 

which completes the proof of Theorem 10. 

Corollary 2. Let?'l.1 be the collection of groups of nilpotent length . 

at most i. If 11.1 << 1, then 1 = f1 i, or 1 = j. 

Proof. If we set ?10 = (1}, then for i ~ 1, 1l1 =(GE~ IG/F(G) Ef11_1). 

For each prime, p, A p' is not contained in ?f1_1 , hence the hypothesis 
r 

of Theorem 10 is satisfied. The result follows from Theorem 10. 
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Chapter VI 

An Eicample · 

Let r be a prime. Throughout this chapter, we shall set 

~= {G EJIG/F(G) E ,&r,}• For each p, we set ~p = ,&r,; (~) forms 

a local definition for ~ by Lemma 9. In this chapter, we shall 

characterize the formations which strongly contain~. The for­

mation ~ provides an example which shows that Hypothesis II is not 

redundant. 

Lemma 14. Let G be a group with Sylow r-subgroup R. Then NG(R) 

is an~-subgroup of G. 

Proof. Because R is a Sylow r-subgroup of G, NG(R)/R is an r'-group. 

Therefore NG(R) lies in ~. 

Suppose NG(R) ;S U ~ G. We wish to show NG(R) covers U/Ua,• 

r' r r' r' Clearly UCP-_ = 0 ' (U). Since R ~ 0 (U), it follows that 0 (U) 

r' .acts transitively on the Sylow r-subgroups of U, hence U ~ 0 (U)NG(R). 

Since R covers every r-section of U, it follows that NG(R) covers 

r' r' r / r'r 0 (U)/O ' (U). Therefore NG(R) covers U 0 ' (U). By definition, 

NG(R) is an ~-subgroup of G. 

Suppose 1 >>&, and 1;:,~. If £1. } is the minimal local def'in­
q 

ition of 1, it follows from Theorem 9 that 1 = 1 for each q,s.· 
. q s 

We set dlJ = 'f. • If H lies in "IJ n ~ , then H has a normal Sylow 
q 
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r-subgroup, so H/O (H) lies in~ ,. Therefore, Hypothesis II is r r 

violated for the prime r. It follows from lemma. 13 that r is 

the unique special prime associated with 1 and~. The next 

theorem gives a cl.ass of formatiohs which strongly containd<. 

Theorem 11. I.st"\ be a non-empty formation. I.st 

"U= (GEA \G/O ,(G) E'I}, then '1J is a formation. If r 

·1= (GEA IG/F(G) E'U}, then "J>>@... 

Proof. Suppose G E°U, and N ~ G. Then Or1 (G)N/N .:S: Or,(G/N). 

Since G/Or' (G) E j', we also have (G/N)/Or' (G/N) E °I. Therefore, 

G/N lies in ~. 

Suppose N1,N2 are two normal subgroups of G such that G/Ni E~ 

for i = 1,2. For each i, let Mi/N1 = Or1(G/N1), then G/Mi E "r for 

each i, hence G/Mi n ~ E "f. For each i, (M1 n ~)N1/Ni is an 

r'-group, hence M1 n ~/Ni n Mi n ~ is an r'-group for each i. 

Therefore M1 n ~/N1 n N2 is an r'-group, so it follows that the 

factor group of G/N1 n N2 by Or' (G/N1 n N2) lies in 'f. Th~refore 

G/N1 n N2 .E 1J, thus iJ is a formation. 

To show CX<<'1, it is sufficient to show that ~PS 'tJ for 

each prime p. Suppose G E fr' then G has a faithful. irreducible 

Z (G)-modu1e. By (14), this means that 0 (G) = 1. Since G E 'f, r r 

G/F(G) E\). Since Or(G) = 1, F(G) is an r'-group, so G/Or 1 (G) E '1. 
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Therefore G lies in 'lJ. 

Suppose G E ~p for p F r. .An ~-subgroup of G is NG(R) where 

Since p # r, 0 ,((NG(R))_g ) = R. R is a Sylow r-subgroup of G. 
p r' 

Therefore G has a faithful irreducible Z (G)-module, J, such that p 

1 < CJ(R) .::;:: J. By Theorem 1, either CJ(Or(G)) = J, or it is the 

identity. The latter possibility cannot occur because 

1 < CJ(R).::;:: CJ(Or(G)). Therefore the fact that J is · faithful says 

that Or(G) = 1, so F(G) is an r'-group. G E1, so the same argument 

as in the preceeding paragraph shows that G/Or1 (G) E°f'. Therefore 

G E tJ. By Theorem 6, !'.K<< 1. 
Since our choice of 'I is arbitrary, it follows that we can . 

choose an infinite number of distinct formations which strongly 

contain fR. 

Theorem 12. 

ition for 1. 

Our next theorem is the converse to Theorem 11. 

Suppose 1 >> ~ , and £1 J is the minimal local defin- ; 
q 

Then there is a non-empty formation °I such that 

'1-q = (G El I G/Or' (G) E 'fJ. 

Proof. Suppose '1=>~. 

that 1 = 1J for each q. 
q 

By Theorem 9, there is a formation 'lf such 

Our first step is to show that 6lJ is the 

smallest formation generated by {H E"f lor(H) = 1}. Let 'tJ' be the 

smaJ.lest formation generated by this set. 

Sup:Pose HE 7, and Or(H) = 1. Let K ~ I 1 ~ ••• e Is be the 

decomposition of the regular Zr(H)-module, K, into principal 
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indecomposable submodules. By Theorem 1, Lemma 1, and the fact 

that F(H) is an r'-group, it follows that H acts faithfully on 

J 1 @ ••• ~ Js' where Jk = Ik~~ for each k. For each k, set 

~ = H/CH(Jk). Then Jk is a faithful irreducible Zr(Hk)-modu1e. 

If~ is a Sylow r-subgroup of~' then NHic(~) is an!R-subgroup 

of Hie' and (NHic(~)~r' =(NI\:(~))~=~· Therefore 

Or,((NHic(~))Qr) = 1. B-3 definition, Hie E tr for each k, so 

~ << t implies Hie E 1r = lJ • . Therefore H lies in V. Since the 

generators of 1)' all lie in 'U, ~ is contained in(]. We know that 
.. · 

'\J is the smallest formation generated by t , from the proof of 
r 

,..,, ,._ 
Theorem 9. Thus if we show tr S 'LJ , we have shown 'ti S LJ. If G E tr, 

then G has a faithful irreducible Z (G)-modu1e, and G E 7. By (14), 
r 

Or(G) = 1 so by definition, G E tf. Therefore lJ = '1. 

Let 'I' be the smallest formation generated by the set 
.r 

(H/Or,(H)IH E1J}. Set 111 = (G El IG/Or,(G) Eer}. We want to show 

1) = 1)1• By construction, 1) S 1)1• 

Since the generators of l1f are elements of d)), we must have 

"f £ l). Therefore, if G E iJ1, then G/Or' (G) lies in 'U • . To show G 

lies in'U, we use induction on the nilpotent length of Or,(G). I£ 

0 , (G) . is nilpotent, then G/O , (G) E 'U forces G/F(G) EV. Therefore r r 

G is an ele~ent of 1. By our first paragraph, G/Or(G) lies in 'U, so 

· G also lies in~ since Or(G) n or,(G) = 1. 
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We note that 0 ,(G/F(O ,(G))) = 0 ,(G)/F(O ,(G)), hence by r r r r 

induction, if GE 4\)1 , then G/F(Or1 (G)) E~. Therefore G lies in 

1. By our first paragraph G/O (G) lies in ILJ, so G/O (G) n F(O ,(G)) • G r r r 

also lies in \I. Therefore V = tJ1• This completes the proof in 

the case when Ole 1. 
If~--= 1, we let l be the fonnation consisting only of the 

identity. We must then show that {~} is the minimal local defin­

ition for~. 

Let {(jl } be the minimAl local definition for IR.. Suppose p is 
q 

an arbitrary prime, G E ,8 , = (R_ , and t is a prime which does not 
r P 

divide rplGI. Let K be the regular Zt(G)-module. Set G1 =GK. 

Let K1 be the regular ZP(G1)-module. Set G2 = G1K1 • Since G 

acts faithfully on K, and G1 acts faithfully on K1' op,,p(G2 ) = K1• 

Depending on the choice of p, G2 is either an r'-group, or has K1 

as a normal Sylow r-subgroup. Therefore G2 E ~' hence 

GiO , (G
2

) = G2/K1 E ( • Since G is a factor group of G1 , .it p ,p . p . 

follows that G E Olp• Therefore ,gr' ~ [p. This completes the proof. 
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Appendix 

In this appendix, we shall give proofs to (18'), (18), and 

(19). 

(18') If N ~ G, and n1,•••,nn are sets of primes, then 

Proof. Use induction on N. If n = 1, and TT = n1, then On(G) is the 

unique maximal normal TT-subgroup of G, hence 0 (G) is .characteristic TT 

in G. Therefore, 0 (N), as a characteristic subgroup of the normal TT 

subgroup N, is normal in G. Thus O (N) < 0 (G) n N. TT - TT But N n 0 (G) TT 

is a normal n-subgroup of N, hence is contained in 0 (N). TT 

We may assume that T = O (N) = O (G) n N. 
TT1,•••,TTn-1 TT1,•••,TTn-1 

Then 0 (N)O (G)/O (G) is a norma1 
n1,•••,nn n1,•••,TTn-1 TT1,•••,TTn-1 · 

TT -subgroup of G = G/O ••• (G), and must be contained in 
n TT1' 'TTn-1 

O (G). Therefore O (N) < O ••• (G) n N. But 
TTn n1,•••,TTn - TT1' ,nn 

0 ••• (G) n N/T is a normal TTn-subgroup of N/T, hence 
TT1' ,nn 

OTT ••• TT (G) n N s OTT ••• TT (N). This proves (18'). 
1' ' n 1' ' n 

(18) . Let G be a group. Then 0 , (G) = n CG(K), where the inter-p ,p ' 

section is taken over all p-chief factors, K, of G. 

Proof. By looking at a chief series of G which passes through 

O , (G), it is clear that 0 , (G) centralizes every p-chief factor p ,p p ,p 

of G. Let P = 0 , (G)/O ,(G), and E = P/D(P). Then G is represented p ,p p 
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on E, and the kernel of this representation is 0 , (G) (cf. [9],p. 7). p ,p 

Ii' g is a:ny p'-element of n CG(K), then g centralizes E, since it 

centralizes every p-chief factor of G. Therefore g lies in Op,(G). 

This shows that n CG(K) has a normal p-complement, so by (18'), 

n CG(K) :s op,,p(G). 

(19) If G is a group, then F(G) = n 0 , (G), where the intersection p p ,p 

is taken over al1 primes p. 

Proof. Since F(G) is nilpotent, it has a normal p-complement for 

every p. By (18'), F(G) ~ n 0 , (G). Therefore it is sufficient 
. p p ,p 

to show that n 0 , (G) is nilpotent. But look at a:ny chief series 
' p p ,p 

of G passing through n O , (G). By (18), n O , (G) centralizes 
. p p ,p p p ,p 

every factor in this series, hence the part of this. chief series 

covered by n O , ( G) forms 
p p ,p 

so n 0 , (G) is nilpotent. 
p p ,p 

a central series for n 0 , . ( G), 
. p p ,p 

This proves (19). 
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