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ZM(B]_: l+51'ﬁz: '}\)
&(gz)ﬂ-(gzs O-Igz) = (I_BZ)M(BI_I’ 1+Bl_ﬁz’ _)\) & (5' 9]‘)

Similarly,

D*[ (8, (5,, ol5,) | = 1. | (5.92)

Thus (5.90) for éfk(gz)*is obtained from (5.59). The corresponding
evaluation of .22*(§2) is straightforward, since Q(x, t\xo) is continuous
at x = 0. Substituting (5.89, 90) into (5.57),
D 1-44D +8JLZD
2 i
4(1-4D,) [s+«f',(1-{,D1)] AD | (1-24D,

(1_21L1:>1)2

D
ey

2
r{s) = ;

2}\2)\8‘)\ l-()%Dl 4

© y(2X, X)) (1-24D; + < (1-24Dy)

+

L(1-1D,) _[&  ZM(By, 14By By, - 1)
S

sreE=eny) |5 24P - M 1+sl-52,->\)} = 5 §5]

Thus the spectral density ®(w) is obtained by (2.64). Also,

B )
5 g gt
s - D1D2[1-4&D1+8JL D/ -mmlu-éml)] _—
&ZDIZ'(I-%DI)(I—Z&DI)
(D, D.)F A 22D
s - e
(x) = - 12 i‘ZAe ) 1| o
I2TD, . | YER ™ T TED]

As in the previous case, the process is unstable in mean square for

] ’ 1
Dl 227 4 and in mean for Dl Z—E
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5.4 ZERO CORRELATION CASE

In this section we deal with the stochastic differential equation

+ (r[’,ix+ki)(1+m(t)> =n(t) , x € (x,,x%,) (5.96)
where
(m(t))m(t,)) = 2D 6(t;-t,) (5.97)
(n(t;)nlt,)) = 2D, b(t; -t,) (5.98)
<m(t1)n(t2)> = (m(t)) = (n(t)) =0 . (5.99)

The dimensionless variables of (5.8-15) can be used for all
intervals for which &i # 0. In the general derivation below it will be

assumed that no {',i =

Solutions to the FP equation

The FP eqﬁation’ is given by (5.17) with p = 0. That is
gi_i_ +1)1T_I+ F(ZR l)gw-’—OTr:-B(%-go). (5.100)
§

Since g(g) = 1, there can be no irregular points; in this respect the
system resembles that of Chapter III.
By making the substitutions

-3 2 "Jz_-(l"'?\)

- i
€= &(E°+1) 5 Y& l=g") o, (5.101)

the homogeneous form of (5.100) becomes

a2y
(1~ C )——— -2¢ g+ [MAH)- ° +O]¥- 0. (5.102)
Q 1-¢
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This is Liegendre's equation of degree A and order u,l where

2 % .
u=("+0 . (5.103)
Thus two solutions are ‘
R
™ (8) = (§7+1) P H(c) (5.104)
| _3(14) ;
(8 = (€241) ©  PH(Q) , (5.105)

where Pi’k(x) denotes the associated Legendre function of the first kind
of degree A and order . These solutions are independent (form a
fundamental set) provided ju is not an integer. When this is the case,

P{L could be replaced by Q}t"' inw,.

Related quantities

Using (5.15) and equation 8.5.4 in [1 ],

B2

¥y (8 = By -L(EP+1) PR L (5.106)
The Wronskian of ™ and T is
3
-5- X
w(g) = 2 (g%+1) sin T . (5.107)

(This result can be.obtained by substituting equation 3.4.17 in [11 ] into

equation 3.4.25.7) A fundamental set of solutions of the backwards

4 See Erd‘élyi et al. [11], Chapter 3, or Abramowitz and Stegun [1],

chapter 8,  Since we are concerned with real {, -1<¢<l1, the
slightly modified Legendre functions dealt with in [11], section 3.4,
and [1], section 8.3, are required, and will be used throughout.
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equation is obtained similarly to the forward equation, giving

.
A
=
(§f+ 1) P;“(go) " (5.108)

The Laplace-transformed transition density

Putting‘
w5, 0]8) = y; W () + y,ma(E) (5.109)

the coefficients yf, yg satisfy the usual conditions at X (see (2.21, 22)) |

and X5 i=1,2,...n (see (5.19,20)). These become:

29
k- k+ T ( 2 ) M
Y1 =Ya “ZTamm el Py (6o (5.110)
LA
M - .
k- &kt T k( 2 ) M ,
Y2 T Y2 -172 sinmwy lgo—l_1 P)Lk (CO) : (5.111)
where X, € (Xk+l’ %) 3
> %'%xi
. U T AL
1 1 1.1 1 1 i
ki[(%) +1] [Yl P)Li (gi)+YzP7\i (giﬂ
il
~zhi

' #
-
:7‘1-1[‘(51'““1) H]

(5.112)



i TE e

] ‘%3‘1 F “lhs 7 s o — 0%
| [(‘511), “] [\’f\ﬁ?i'l)Pxii (Qil>+Y21<{5;1'1)PAE-11<C11)}

-%Ki—l
R - : ; =M : ; : \ L :
-1 ' -1 -1 ~1( i-1 ~1/7, -1 % -1 -1
L&Y ] e, e e e, ) )
| (5.113)
fori=2,3, ..., 0=l and
1( 1 ““1( ) 1( 1 M ( 1)_
v (B2-1)Py Al )+ vz (e ‘1>Px1-1 SPER (3.114)
N ) Nt G Hat) e G FYNINCRET
If X, or X respect.ively is infinite, (5.114) or (5.115) respectively
becomes
vy =0 | (5.116)
v s n-1 n-1
Yn'l = — T, -, ), (22117}
2

since, as z—-1,

z%u(l_z)"%u
I'(1-p) ’

P{L(z) - oIl o Lo BaFe s (5.118)
2 s -t
PH(-z) m2BH BT nya_py Bl s 0 | ‘
(5.119)

2. 1
z-zul-(_&)(l_z)ﬁu <
TI+A-p)T (- Ay * M

0

(see [11], section 3.9.2 ).
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Steady-state pr 6bability

From (2.28),

%
-3-

P_(x) = ci[<§i>2+1] g (5.126) :

Since aPo is continuous, this gives, forn-12i>j=z1,

R\ g kel 2 1ENu =\
TETA L1 ' F+0 J 27
S . 32 g, )+1 8:) 1L . KB
- f"<gl) 1] S S N2 I'(;;J Yl
C. - L\5 /i wr e R S
! (gi-l)ﬂ | (%JH) i
(5.121)

The Ci are thus determined up to an arbitrary constant. To determine

this, use (2.29), no-ting that, for § = 0,

2 =
k . AT -
[ Py Fraa =L - 7B -t lat = i (, ),
Z o 272, o2 el VB
‘ (5, 122]
e ], b=l
where Bz(a, b) = j t“7(1-t) "dt is the incomplete beta function. Thus
0 ' ' '
one gets
ifn-1 c, i ' . -1
. i = = p i - ' e,
G, *<D1D2‘> c. M [*?iB ;2 X -8 yB . olm Ki)} «  15.123)
i 3 TL G (i) ;
Ci i .
~where ol is given by (5.121) and €, = sgn %li.

J



~174-

P (x) as Abelian limit of P(x, t|x )
—oi= o~

We verify that

Po(x) = il_rﬁ) sp(x, s Ixo)

Letting s = 0 in (5.110-117), it can be shown that

v[ = O(5) » vy =0() , v -y; =0(1) ,

so-that, to first order,

: : -A - -F-A
w8 0l8) ~ vi oy LB 1]

since (see '[1‘], 8.6 .10)

A%

wojp

v,y 270020
Pv ,(Z) - T(v+1)

It can also be shown that

. & :
U =i(D b, 15 2P Ty
Y=~ s viva i

The method is the same as that used for the same purpose in

section 3.2.

Spectral density

(5.124)

(5.125)

(5.126)

(5.127)

(B..128)

The Laplace-transformed autocorrelation is given by ‘(2. 49,

58, 62, 63), which in this case take. the form



L.

n-1 2
()= D2D,Y {—k _ g¥
Ble) =Ly Uy | Qemma—n &y
o Me

L |k
K.
n-1 4X.2 i
e s 1.
+z Ry Zk {% n+ (l Zx)Jik(-% -6 (%)] a
1=l | X Hi4
(5.129)
where
’.D % E 4 2 "k
5 3 1 o M "
8. = 4) —) alx )P (x ) 2 & )J
k k L( 2 o' oo (l—kk 1-2?\k Uk )
: FEER4
k ., 2
e 2 % 1 "
+ ZXk ‘J" Po(xo)dxo [Zﬂk- _:L—"E - —51—(—(1—2)\.1()] (6.130)
*k+1

0|

% Sk}f ’ iD]_ g %‘k sk
Qk(gi),: Wl (D_2> afx )P (x) [50- %k‘l"ca(l-zlk):‘ D 1:0.( §)m (&, o| @o%

*k

- a<€i)w(€i,ol€0)> (5.131)

X =X

o Tk+l

2 k

- w(ii,clﬁo} | ’ _ (5.132)
k

oy TN

2 1
3k 4}“ D 2 . M S E
2 (55) = ?132_;1;;_1' (Ta'l') a(xo)P(Xo){[go“”kJrB’E(l““k)} D" 4(5;, 05,)
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where D is given by (3.68). The spectral density ®(w) is then given

by (2.64).

Variance and Mean

For the case treated in this section, (2.68) and (2.69) become,
respectively,

: X
"2 1\2 s A ]
Me {2 Me K"’") B ) Q-xk' T-Zh, /}

1 b

@/

[y

n—

2 _ %
(") = 2D, Dzz
E K+l

*k

i j VPO(x)dx(Zn]i - 1'1>‘k> (5;133)

k41

xX. x

. L : D ;
(x) :2(131,132)?%2 Ml T Kﬁi) a(x)Po(x)} —nj P (x)dx

k=1 | _ el Tkt

(5.134)

Case f{’,i = 0 for some i
In all the above it is assumed that s # 0, for all i. In the
exceptional case, the FP equation takes the form

2

2 d d ,
(D kS + D,Z)EX_JZQ + X EE% - sp = -8(x-x_) . (5.135)

Except that D is replaced by lei2+D this is identical to that of

2,

Chapter III, with %i'= 0; see section 3.1 for soluﬁion.
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Alternatively, it appears to be possible, as before, to treat

this case as the limit of the general case letting ft’/i-- 0. 1

Example - ~the linear case

Since there can be no irregular points in these uncorrelated
systems, any system can be handled exactly the same as the system
. with the same restoring function dealt with in Chapter III. Thus only
one example will be worked, that of the linear system (with k = 0).
Wong [45] has found the transition probability in this case in the form
oﬁ an eigenfunction expansion (case E, p. 269).

Equations (5,110, 111, 116, 117) become

Yz =0 | ' (5.136)
Rl Y - 'ZTllrl_'r-r_ﬁ (‘35“)%}\}’;&1(@0) (5.137)
Y2 - Y, +2‘g;ﬁ;}'ﬁ (82 1)%KP{“(QO) | (5.138)
Y i Y2 “silw‘@ 1"(51)1"(1-32) , (5.139)

whence

Appropriate asymptotic formulas for the Legendre function are given
on p. 658 of Jeffries and Jeffries [27].
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(§02+1 )‘?5)‘(%2“ )-%(HM' ) _
(8 0|8, = e P ¥ sin rT(B))T(-8,)P; M(c,)

i P{*(go)] for x 2x_ (5.140)

= A -5 (1+N
(gfn)a (&;2+1) * ) )
= "2 sin pyw Px H(go)[Sin Aﬂr(ﬁl)r(l-BZ)P)tu(C)

+Trp'{*(g)] for x s x, . (5.141)

The steady-state probability P olx) is, from (5.120, 123),

L i -
(D;D,)% $u mED D) FT(A-1) 5, 1y
- ‘ z
P (x) = _KB—(T__(E Ay = 21()\+%;) (87 +1)
(5.142)
Using (5.127), it easily verified that this equals lim sp(x, s !xo).
, s-0
To obtain the spectral density, note that
Sl _ i
¥ = D @-zep)) (5..143)
while all ¥, 2 are zero. Thus
B
8) = mrZTp s+ E1-2D )] (5.144)
| s
®(u) = 2 p,(1-4D)) {(1-24D )[w +£%(1-4D,) 1} (5.145)

D
Bie . 0 1 . |
== T, ¢ | 48, 1y
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Note that the system is unstable in mean square for Dl = ?17, , SO

these equations hold only for Dl < 2—%7: .
According to Gray 22, 23] this linear system should have the

same autocorrelation and spectrum as the system

d
E% + 4(1-4D; )y = aft) , (5.147)

where a(t) is white noise such that (y2> = (X2>. This is easily verified.
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APPENDIX

SOME NOTES ON SECOND ORDER SYSTEMS

The FP equatioﬁ

Consider the system with stochastic differential equation

m
b Bl ) = Zhj(x, %)n,(t) , (A1)
j=1
where the nj(t) represent white noise, This can be written as a pair

of first order equations, thus:

'}'c-- vy =0 (A2)

| m

F+E0y) = ) Byl yhage) @)
=1

Then, by (1.18), the FP equation is

m
9P _ 3 3 1. 9P, 8
’8?“2 Do By By 3 (4P | - v 53 + 55 (P) (A4)
3001
2
5 9 op
= ?Yi [a(X, Y)P} = [b(xs Y)P] o &~ | (A5)

say. In particular, if hj(x, yv), f(x,y) are piecewise linear in x, y, so

is b(x,v), and a(x,vy) is piecewise quadratic.
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" Appropriate boundary conditions

8%p

2 ?
Ox
so that, considered as a parabolic equation, (A5) is degenerate,.

The right hand side of (A5) does not contain a term in

Fichera [20] has developed, and Oleinik [34, 35] has extended, a
theoryrof boundary value problems for so-called elliptic-parabolic

equations, i.e., equations of form

.Z. a':'Lj U x, b Z biux.+ i (A6)
59 ij i i

where the matrix [aij:l is non-negative, but not necessarily positive

definite. Fichera shows that the boundary can be divided into three

Z(l ), where no boundary conditions can be imposed; Z(Z),

(3)

where the Dirichlet condition u = const. can be imposed; and 7' 7,

regions:

where either the Dirichlet condition or the Neumann condition

1 X.
J 1

viously, linear combinations of these two conditions can also be

(3).

a,;u,  nj = const. ({nj} being the unit normal) can be imposed. Ob-

imposed on I
Consider (A5) in the domain {t> O, x, <X <Xy, ¥, <y <y 14

where y; and y, are finite and a(x,y) is not zero for y = ¥y OF ¥y

Then Z(l) consists of the surfaces t = o, x = x4 for y 20, and x = %5

for vy = 0; 2(2) consists of the surfaces t = 0, x = %y for v <0, and

(3)

consists of the surfaces y = Vis Voo If is

(1)

apparent that sample paths can not enter through ¥'"’, can enter but

x:xzfory>0;and2

not exit through 2(2)’ and can do both through T (3). The permissible
(3)

boundary conditions on ¥ may be compared with the elastic bound-

ary condition (1.46) in the one-dimensional case.
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More general domains

If Y1 OT V3 is infinite, or if a(x,y)= 0 as y =Yy 0T ¥y, then

Z(l) or Z(Z)——compare with the

this part of 2(3) may degenerate to
C(;ntrast between regular and irregular boundarie;s in section 1.4. If
instead of a rectanglé in the x, y plane a more general region is

3)

chosen, will consist of all parts of its boundary where the tangent

is not perpendicular to the x axis. Simiiarly for time dependent

boundaries the same thing is true.

. Difficulties encountered

In a.ftempting to deal with éecond order systems by methods
similar to those used in Chapter II for first order systems, the
following problems 'occur..' Firstly, amalytical solutions are not known
for the FP equation (AD5) Withl.delta function initial condition, o.r its
~ Laplace traﬁsform, except in the simplest linear cases. Secondly,
the piecing tog‘ethe.r of solqtions in different linear subdomains
involves integral eq'ﬁationslrather thﬁn algebraic équations, since -
‘ ‘t1_1eir common bpundaries are-line.s‘ (or curves) in the x, y plane,
réther than poih’cs_on the x axis. Thirdl"};',- the wrj_.te‘r- h_as not been
able to generali'z._e‘ the méthqd of section 2.3, whereby the Laplace-
traﬁsfo;med autb.dox;reia,t-ion is expressed in terms c‘>.£ thé__Laplaceu
\ tra:ﬁ.sformed transit_i’oﬁ den51ty It 'é,ppea_rs unlikelf ,tha'.f all these :

difficulties c/a.nibe' eliminated. ‘
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The method of Robinson

The output (x, y) of the second order system (A2-3) forms a
two dimensional Markov process, so that the formula (0.2) for the

autocorrelation can be written

Rx_(t) = If.“. XK P(x,v,t ixo, yo) PO(XO, yo)dx dy dxo d‘y‘o : (A7)

.Thus, once P and Po have been found by solving the FP equation, four
integrations are necessary to obtain Rx(t) (unless- the third difficulty
mentioned above can be overcome). Robinson [37] has shown that

this can be reduced to two. In fact

(54

R (1) . J[x vy avay (a8)
where
vix VY, &= ‘” x Py, t|x vy )Py (x, v )dx, dy, » (A9)
so tha;t v sati—sfies the TP equation (A5) with initial cond?tion
5y, 0) = x P () - | (410)

The steady-state FP equation can be solved to obtain Po in several
important cases. However, the timne dependent equation, with ixiitié,l
condition (A10)-~or any other initial condition--has been solved in

only one (linear) case,



-184-

The work of Wolaver

Wolaver in [43, 44] claims to have solved the FP equation
for v in the two special cases where (Al) takes the form
(a) X + cx + k sgn x = n(t) , ~oo<x <0 . O (All)

(b) ¥ +cx +4Ix + k sgn x = n(t), ~o<x<w . (A12)

However, as Professor Caughey pointed out to the writer, the solutions
Wolaver obtains do not satisfy the boundary conditions he assumes,
which are themselves incorrect,

Wolaver's method is to solve the FP equation by Fourier trans-
form methods in each of the regions x 2 0, and to match up the
solutions. Ile assumes--see his equation (II-7)--that v(o,vy,t) = 0.
This is not so, and in fact it is seen from the discussion above of
appropria;ce boundary conditions that when solving in the re‘gion x > 0,
one can specify v(o, v, t) for y <0, but notv for y = 0; and conversely
when solﬁng in the region'x < 0, Thus it is to be expected that any.
"solutions' obtained by Wolaver to his ill-posed problems will be
incorrect, since there is no reason to believe that any solutions

exist.

Correction to Wolaver

Case (a) above--bang-bang restoring forcef—is.workea through
here, without making the invaiid assumption v(o,y,t) = 0. The treat-
ment is incomplete, since it leads to an integral equation for v{o, y, t)
which the writer has not been able to solve. Case (b) can be treated

in the same way.,
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Statement of the problem

"For x > 0, the FP equation (A4) becomes

2

0%~ 0 ov SV O~
D ogtegp M tkgy -y -5p =0, LSl
¥
and the initial condition (A10) is
-
, L J= 8 14 . £ Lot |
v(x,y,0) = i (ZD) exp[ D(kx+2'y' )]_ 5 (Al4)

According to the discussion above, for a well-posed problem one can
specify v(o, y,t) for y > 0, and upon solution one will obtain v(o, v, t)

for y < 0. However, by symmetry one has
v(o, y, t)=-v(o, -y, t) , (A15)

so that an obvious method is to solve the problem for arbitrary
v(o,v,t), vy > 0, find the corresponding value of v(o, -y, t), and then
substitute into (A15), which should lead to an equation for v{o, v, t),

v > 0, with a unique solution.

Partial solution

Following Wolaver, Appendix II, one performs on (Al3, 14) a
two-sided Fourier transform with respect to y and a one-sided Fourier .
transform with 'respect to x, so that, if

o

Vi (%, M t) = j v e_lnydy = 3y_(v) ‘ (A16)
‘ - Q0
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Qo
vyEnt) = [ we T ax =7 (v)) , (A17)
g _
one gets
Ov avz > 2 ,
“gp T EN-Bl g = Ank-Da N 4e(n.t) ' (A18)
_ Qﬁ
v, (B, n,o)——%( +1i §} = : (A19)
where
g{nt) = - 3Y[YV(0: i 1 [ (A20)

Solving (Al18-19) by the method of subsidiary equations (or by Laplace

transformation with respect to t) one obtains

v (5t = 558 4 s8] empl B [P aten-a- A2 (1 o)
C , 5

. ; |

+C§(§- ick) |} jg[(cﬂ E)e -c(t-8) HE, SJeXPJL“ _ML {en-E) ( -2c(t-s)>
0 :

¥ (Cn‘g)(g' %Iixl'e_c(é-s))* es(s - lc:k)(‘c—s)_uL & . (a2

Carrying out the inverse transform with résPect to x,
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. [es)
vy (%, » t) = vo(x, ™)+ 'Zi-n: J\ & §el ng g[(cn- E)e” -c(t- S)+ £, s |
- Q0 0

X eXP{";%[%(Cﬂ—’é)Z< e 28]} 4 (em-g)! é-mk/( omelt-5))

le\(‘c sﬂ Fds- (A22)

+e5(s-

where

1 { c[kt-c_l(k-inD)@-e_c,t)-cx]z

Yot Y 3[‘2'%1_‘ <Ct B +e-Ct>]§éXP D (Ct—l + e"ctv>

- ({i—D)%[kt‘-%(k-i-inD)(l-e_Ct) cx exp[ -:Ql—{-\l e )7

(kt e (k+1"ﬂD)< t)-cxj .

X erfc (%) (Ct_ e Ct)% (A23)

But, from (Al5),
vi(0;mpt) = v (0, -myt)= O~ | _ | (A24)
g(n,t) = g(-n.t) . . (a25)

Thus, substituting (A22) into (A24) and using (A2 5),
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f0's) t

%f déjg[(cn— B OB, g S:‘cos[ ﬁ% (Cﬂ-§)<l‘eﬁC(t%S))"Pchg(t's)]

-0 0

X exp{ - :%[%(Cﬂ-é)2+§(cn-€)(l-e'c(t's))+c§2(t-s)} ds

= "VO(O: "'T]J t) = VO(O: n: t) o s . (A26)

It is now necessary to solve this integral equation for g, substitute
into (A22), and then invert with respect to y to obtain v (x,y,t). This

the writer has not been able to do.

A problem of Wang and Uhlenbeck

On page 338 of [40] the problem is stated of Brownian motion
in a cons;cant field of force {gravity) above a reflecting surface. The
FP equa,tién involve-d is identical to (A13), and PO,- and therefore
v(x,y, 0), is the same except for a factor of 2 (since only the region
x>0 is coﬁsidered); The reflecting coﬁdition at x= 0 leads to |
v(0,v,t) = v(0, -y, t) instead of (Al5), It is ea‘siiy seen that this prob-
lem leads to the samé intergral equation (A26), with a Somewhat '

different term on the right hand side.

. Conclusions

The writer is not hopeful that useful results for second order
systems can be obtained by the method of Robinson, or by any
similar method related to those used in the body of this thesis for I

first order systems. It is unlikely that exact solutions can be
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obtained for the integral equation (A26)_, or any integral equations

. similarly obtained for more complicated systems. It is possible that:
approximate solutions lca..n be obtained,_ but these would have to be

- simple enough to ‘pe twice integi;é;ble to obta.iﬁ Rx(t) by (A8). * A
numerical method of solut_:ion 'mighf Be’ adopted, vbut the multiple
numerical quadra.tu’r(-as necessary would require a large amount of

computation.
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