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r(l-f32) 

- r (i+f3 i-f3 2) 

lcre -:\ U(2 -f32 • l+f31-f32' :\) 'o . l 
x -f32 M(f3fl, l+f3ff32• -A)M(f31' l+f3ff32• CJ+e U(l-13z, l+f3ff32, 

for 0 > x > x . 
0 

The steady-state density P (x) is, from (5. 48, 51 ), 
0 

(DD fi(_,)1+2 :\eC 
p (x) = __ l _..,,,.2 _____ _ 

0 
4:\ 

2 
y(2:\, :\) 

for x < 0 

= 0 for x > 0 

To obtain the spectral density, one finds that 

(5. 87) 

(5. 88) 

(5. 89 ) 

(5. 90) 

while are all zero. Note that on account of the 

discontinuity of a(x)P(x,tlx
0

) at x = 0, the quantity a.(s2 )1T(s2 , ojs 2 ) in 

(5.59) must be considered as the limit of a.(S )1T( S, ajs) as x , x .... 0, 
. 0 0 0 

both from below. That is, x = 0 must be treated as though it were an 

end-point, rather than a point of discontinuity. This is permissi.ble, 

since Q (0-) = 0, so the argument at the end of section 2. 3 holds. 
0 

Thus, using (5. 86) and (5. 32), 
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(5 . 91) 

Similarly, 

Thus (5. 90) for -ti' ( s2 ) is obtained from (5. 59), The corresponding 

evaluation of~:'( s2 ) is straightforward, since Q(x, ti x
0

) is continuous 

at x = O. Substituting (5, 89, 90) into (5. 57), 

Thus the spectral density <.l?(w) is obtained by (2.64). Also, 

2 (x ) = (5.94) 

(5.95) 

As in the previous case, the process is unstable in mean square for 

D 1 ~ 2
1
,f_, , and in mean for D 1 ~ ~ 
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5.4 ZERO CORRELATION CASE 

In this section we deal with the stochastic differential equation 

where 

(m(t1 )m(t2 )) = 2D1 6(t1 -t2 ) 

(n(t
1

) n(t2 )) = 2D2 o(t
1 
-t2 ) 

(m(t
1

) n(t2 )) = (m(t)) = (n(t) ) = 0 

(5 . 96) 

(5. 97) 

(5. 98) 

(5.99) 

The dimensionless variables of (5. 8-15) can be used for all 

int e rvals for which .{,. f O. In the general derivation below it will be l. . 

assumed that no .{,. = O. 
l. . 

Solutions to the FP equation 

The FP equation· is given by (5.17) with p = O. That is 

d
2

2 Rs2
+1)rr l + dd!O"rL(2t..-1)r;rr 1- arr= -Ms-s >. ds L ~ ';, ~ 0 

(5.100) . 

Since ex.( s) ;;:: 1, there can be no irregular points; in this respect the 

system resembles that of Olapter III. 

By making the substitutions 

2 -~(l+;\) 
'f=(l-C) rr (5.101) 

the homogeneous form of ( 5. 1 00) becomes 

(5.102) 
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This is Legendre 1 s equation of degree A. and order µ, 1 
where 

1-
2 2 

µ=(A.+cr) (5.103) 

Thus two solutions are 

(5.104) 

(5.105) 

where P~ (x) denotes the associated Legendre .function of the first kind 

of degree A. and order µ. These solutions are independent (form a 

·fundamental set) provided µ is not an integer. When this is the case, 

p ~ could be replaced by ot in 'IT 2. 

Related quantities 

Using (5.15) and equation 8. 5.4 in [l], 

(5. l 06) 

The Wronskian of 'IT 
1 

and 'IT 2 is 

sin µ'IT (5.107) 

(This result can be.obtai n e d by substituting equation 3.4.17 in [11 J into 

equation 3.4.25.) A fundamental set of solutions of the l::>ackwards 

1 See Erd.elyiet al. [11 ], Chapter 3; or Abramowitz and Stegun [l ], 
chapter 8: . Since we are concerned with real C, -1 <c< 1, the 
slightly modified Legendre functions dealt with in [ 11], section 3. 4, 
and [l], section 8. 3, are required, and will be used throughout. 
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equation is obtained similarly to the forward equation, giving 

(5.108) 

The Laplace-transformed transition density 

Putting 

(5.109) 

l l 
the coefficients y

1
, y 2 satisfy the usual conditions atx

0
(see (2.21,22)) 

and x., i = 1, 2,, ••• n (see (5.19, 20)). These become : 
l 

(5.110) 

(S.111) 

(5.112) 
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(5.113) 

for i = 2, 3, ••• , n-1; and 

(5 . 114) 

(5.115) 

If x
1 

or xn respectively is infinite, (5.114)' or (5.115) respectively 

becomes 

1 
Yz = 0 (5.116) 

n:r = (5.117) 

Yz 

since, as z - 1, 

all µ _:;t 1, 2, 3, . ; . (5.11 8) 

PP(-z) ...... ztµ sin TIA I'(f.»(1-z}-~µ 
"' 'IT 

µ> 0 
(5 . 119) 

J_ 1 
2-2µr(-µ)(l-z) 2 µ 
r(1+A.-µ)r(-A.-µ) µ < 0 

(see [11], section 3.9.2 ) • 
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Steady-state probability 

From (2. 2 8). 

Since aP is continuous, this gives, for n-1 ;;;:: i > j;;;:: 1, 
0 

(5 . 120) . 

C. 
l 

-= 
C· 

J [ J

t-A.. t Ji-A.. l 
( 

i-1 \2 - 1-l - ( j+l\2 J+l 2-A.j 
si ) + 1 sj +2) + 1 '( j \ 2 1 

• • • • . I s. +11 

( 
i -1)2 . - ( j +1)2 . ~ J +i) _J 

i;._l +l i;.+l +l 
l - . - J 

(5.121) 

The C. are thus determined up to an arbitrary consta·nt. To determine 
l 

this, use (2. 29), noting that, for S ;;;:: 0, 

s ~2 ( s2 + n -1 
J" 2 -~-A. ·_ 1 r . -~ A.-1 _ 1 i 

(z +l) dz - 2: j t (1-t) dt - z:B 2 - 2 -l (2, A.) , 
.. 0 0 s ( s +l) 

(5.122) 
z 

where Bz(a, b) = J ta-\1-t)b-ldt is the incomplete beta function. Thus 
0 

one gets 

c. = (n1D2_)- \ cci "-· le_ .iB . . 2a' A..) - e.i+1.B . z(t, A..)l • ~
'n-1 }-1 

J _L . l L l (r .1) . l l ( r .1 ) i J 
. 1=1 J \,,1 \,,1+r 

(5.123) 

c . 
l l 1 

where C"?- is given by (5. 121) and E:k = sgn sk . 
J 



-174-

P 
0

(x) as A belian limit of P(x, t lxJ._ 

We verify that 

P (x) = lim sp(x~ s lx
0

) 
0 s-+O 

Lettings-+ 0 in (5.110-117), it can be shown that 

. 1 
Yi= 0(-) 

1 (J 

J. 
Y2=0(l) 

so that, to first order, 

since (see [l ], 8. 6 .10) 

1,. \) 
-\) 2 2 

p-V(z) = 2 (1-z ) 
\) r(v+l) 

It can also be shown that 

The method is the same as that used for the same purpose in 

section 3. 2. 

Spectral density 

(5.124) 

(5.125) 

(5.126) 

(5.127) 

(5.128) 

The Laplace-transformed autocorrelation is given by (2. 49, 

58, 62, ·63), which in this case take. the form 
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n-1{ 41 2 . 2 . \"' ~k . 
r(s) = Dl Dz}_, a +2t.. -1 J; 

k=l k . k 

n-1 4f..~ 
+\ 1 

L a.+zt...- 1 
i=l 1 1 

x. 

[ni{s-x;+ :~(1-2\l}~<Sl-"~'m] ~ \ 
X-Xi+l { 

(5.129) 

where 

(5.130) 
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':~ 
where D is given by (3. 6 8). The spectral density <P( w) is then given 

by (2.64). 

Variance and Mean 

For the case treated in this section, (2.68) and (2.69) become, 

respectively, 

(5.133) 

(x) 

(5.134) 

Case t . = 0 for some i --- i -------
In all the above it is assumed that t . f- 0, for all i. In the 

l . 

exceptional case, the FP equation takes the form 

(5 . 13 5 ) 

2 
E xcept that Dis r eplaced by D

1 
ki +D2 , t his is identical to that of 

Chapter III, with -t. · = O; see section 3 .1 for solution. 
l 
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Alternatively, it appears to be possible, as before, to treat 

this case as the linrit of the general case letting -t. .--. O. 
1 

. l 

Example ..;.-the linear case 

Since there can be no irregular points in these uncorrelated 

systems, any system can be handled exactly the same as the system 

with the same restoring f unction dealt with in Chapter III. Thus only 

one example will be worked, that of the linear system (with k = 0). 

Wong [ 45] has found the transition probability in this case in the form 

of an eigenfunction expansion (case E, p. 26 9). 

Equations (5.110, 111, 116, 117) become 

+ 
Yz = 0 (5.136) 

+ (s 2
+1) 

.p, 
- Tr p µ((,: ) :'1 = Y1 - 2 sin rrµ 0 A. o 

(5.137) 

rr ( s z ·+ 1) 
.l.A_ 

- + 2 

p ~ U ( l.:o) Yz = Yz + 2 sin rrµ o 
(5.138) 

(5.139) 

whence 

1 Appropriate asymptotic formulas for the L egendre function are given 
on p. 658 of Jeffries and Jeffries [27]. . 
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for x ~x (5.140) 
0 

( 
2 )~A.( 2 )-i(l+A) s +l s +l 

= 0 P,-µ(r0)[sin t..rrr(f3 1 )I'(l-f3 2}P~µ( C ) 
· 2 sin µrr I\ '-" I\ 

forx~x . (5.141) 
0 

The steady-state probability P (x} is, from (5~ 120, 123), 
. 0 

( 5. 142) 

Using (5.127), it easily verified that this equals l i m sp(x, s !x
0

). 

. s~o 

To obtain the spectral density, note that 

* 1 
J = tD

1 
(l -2-e,D

1
) ' ( 5 .143) 

while all ti', .2.. are zero. Thus 

(5 . 1 44) 

(5.145) 

D 
(x2) _ 2 1 

-y l-2tD
1 

( 5. 1 46) 
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1 
Note that the system is unstable in :mean square for D

1 
2: Z,f, , so 

1 
these equations hold only for D 1 < -2 ,e, • 

According to Gray L22, 23] this linear system should have the 

same autocorrelation and spectrum as the system 

*+-!'.,(l - tD1)y=a(t), (5.147) 

2 2 
where a .(t) is white noise such that (y ) = (x ). This is easily verified. 
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APPENDIX 

SOME NOTES ON SECOND ORDER SYSTEMS 

The FP equation 

Consider the system with stochastic differential equation 

m 

:X + f(x, x) = \ h. (x, x}n. (t) • L J J 
(Al) 

j=l 

where the n . (t) represent white noise. This can be written as a pair 
J 

of first order equations, thus: 

· x-y=O (A2) 

m 

y + f(x, y) = \ h . (x, y)n. (t) L J J 
(A3) 

j=l . 

Then, by (1.1 ~). the FP equation i s 

(A4) 

_ L [ l a 1 J ap - 2 a(x, y)PJ - By Lb(x, y)P - y ax 
ay 

(A5) 

say. In particular, if h . (x, y). f(x, y) are piecewise linear in x, y, so 
J 

is b(x, y), and a(x, y) is piecewise quadratic. 
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Appropriate boun dary conditions 
2 

The right hand side of (A.S) does not contain a term in ° r , 
ox 

so that, considered as a parabolic equation, (AS) is degenerate . 

Fichera [20] has developed, and Oleinik [ 34, 3S] has extended, a 

theory of boundary value problems for so-called elliptic-parabolic 

equations, i.e., equations of form 

i, j 
I: a .. u + L: b. u + cu = f , 

lJ x.x. i" 1 x. 
1 J 1 

(A6) 

where the matrix [a .. ] is non-negative, but not nece ssarily positive 
lJ 

definite. Fichera shows that the boundary can be divided int o three 

regions: I:(l), where no boundary conditions can be impos e d ; 1:(
2

), 

whe r e the Dirichlet condition u = const. can be impos e d; and I'.(
3

), 

where either the Dirichlet condition or the Neumann condition 

a .. u nj = const . ( [n.} being the unit normal) can be imposed. Ob-
lJ xi , J 

viously, linear combinations of these two conditions can also be 

imposed on I: (3 ). 

Consider (AS) in the domain [t> 0, x 2 <x<xl' y 2 < y<y
1 

}, 

where y 1 and y 2 are finite and a(x, y) is not zero for y = y 1 or y 2 • 

Then I:(l) consists of the surfaces t = co, x = x 1 for y 2 0, 

for y $; 0; I:(Z) consists of the surfac.es t = 0, x = x
1 

for y 

x = x
2 

for y > O; and I: (
3

) consists of the surfaces y = y 
1

, 

and x = x
2 

< 0, and 

Y2· It is 

apparent that sample paths can not enter through I: (l), can e nter but 

not exit through I: (2 ), and can do both through I: C
3

) . The permis s ible 

boundary conditions on I: (
3

) may be compared with the elastic bound-

ary condition (1. 46) in the one-dimensional case. 
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More general domains 

If y
1 

or Yz is infinite, or if a(x, y) .... 0 as y _, y 1 or y 2 , then 

this part of L:(3 ) may degenerate to L:(l} or L:(Z) __ compare with the 

contrast between regular and irregular boundaries in section l. 4. If 

instead of a rectangle in the x, y plane a more general region is 

chosen, L:(
3

) will consist of all parts of its boundary where the tangent 

is not perpendicular to the x axis. Similarly for time dependent 

boundaries the same thing is true. 

Difficulties encountered 

In attempting to deal with second order systems by methods 

similar to those used in Chapter II for first order systems, the 

following problems occur. Firstly, analytical solutions are not known 

for the FP equation (AS) with delta function initial condition, or its 

· Laplace transform, except in the simplest linear cases. Secondly, 

the piecing together of solutions in different linear subdomains 

involves integral equations rather than algebraic ~quations, since ' 

their commoIJ. boundaries are lines (or curves) in the x, y plane, . . . . 

. . 
rather. than points on the x axis . Thirdly, the w riter has not been 

able to generalize the m~thod of section 2. 3, whereby the Laplace-

transformed autocorrelation is expressed in ter~s ~£ the .Laplace-

transformed transition density. It . . C\-ppears unlikely :thcl.t ail these 

difficulties can be· eliminated. 
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The method of Ro bins on 

The output (x, y) of the second order system (A2-3) forms a 

two dimensional Markov process, so that the formula (0. 2) for the 

autocorrelation can be written 

R (t) = J.JjrJ xx P(x, y, t Ix , y ) P (x , y )dx dy dx dy x 0 0 0 00 0 0 0 
(A 7) 

Thus, once P and P have been found by solving the FP equation, four 
0 

integrations are necessary to obtain R (t) (unless the third difficulty 
.X 

mentioned above can be overcome). Robinson [3 7] has shown that 

this can be reduced to two. In fact 

Rx~t) = JJ x v(x, y, t) dx dy (A8) 

where 

· v(x, y, t) = JJx P(x,y,tlx ,y )P
0

(x ,y )dx dy 
. 0 0 0 ·0 0 0 0 

(A9) 

so that v satisfies the FP equation (AS) with initial condition 

v(x, y, O) = x P 
0 

(x, y) . (Al 0) 

The steady-state FP equation can be solved to obtain P in several 
. 0 

important cases. However, the time dependent equation, with initial 

condition (AlO)--or any other initial condition--has been solved in 

only one (linear) case. 
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The work of Wolaver 

Wolaver in [43, 44] claims to have solved the FP equation 

for v in the two special cases where (Al) takes the form 

(a) x + ex + k sgn x = n(t) ' 

(b) x + ex + -ix + k sgn x = n(t), 

-oo<x<oo 

-oo<x<oo. 

(Al 1) 

(Al Z) 

However, as Professor Caughey pointed out to the writer, the solutions 

Wolaver obtains do not satisfy the boundary conditions he assumes, 

which are themselves incorrect. 

Wolaver 1s method is to solve the FP equation by Fourier trans­

form methods in each of the regions x ~ 0, and to match up the 

solutions. He assumes--see his equation (II-7)--that v(o, y, t) = O. 

This is not so, and in fact it is seen from the discussion above of 

appropriate boundary conditions that when solving in the region x > 0, 

one can specify v(o, y, t) for y < 0, but not for y :2: O; and c.onversely 

· when solving in the region x < O. Thus it is to be expected that any 

11 solutions 11 obtained by Wolave~ to his ill-posed problems will be 

incorrect, since there is no reason to believe that any solutions 

exist. 

Correction to Wolaver 

Case (a) above- -bang-bang restoring force- -is worked through 

here, without making the invalid assumption v(o, y, t) = O. The ·treat­

ment is incomplete, since it leads to an integral equation for v(o, y, t) 

which the :writer has not been able to solve. Case (b) can be treated 

in the same way • . 
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Statement of the problem 

· For x > 0, the FP e quation (A4) becomes 

&2v 0 0 
D --2 + c av (yv) + k ~y 

&y . Y 

and the initial condition (AlO) is 

3 

v(x,y,o) - ~ ( 2~) 2 
exp[- ~(kx+ ~ y2 )J . 

(A13) 

(A14) 

According to the discussion above, for a well-posed problem one can 

specify v(o, y, t) for y > 0, and upon solution one will obtain v(o, y, t) 

for y < O. However, by symmetry one has 

v(o, y, t) = -v(o, -y, t) , (Al 5) 

so t hat an obvious method is to solve the proble m for arbitrary 

v(o, y, t), y > 0, find the ·corresponding value of v(o, -y, t ), and then 

substitute into (Al 5 ), which should lead to an equation for v(o, y, t), 

y > 0, with a unique solution. 

Partial solution 

Following Wolaver, Appe ndix II, one performs on (Al3, 1 4 ) a 

two-sided Fourier transf orm w i th respect toy and a one- sided Fourie r . 

transform with respect to x, so that, if 

00 

v
1 

(x, T], t) = J v e-iT]y dy = 
-oo 

31 (v) 
y 

., 
\ 

(Al6) 
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D 2 

( 
-2 - .±!..!L ck ck . 2c · 

Vz(S, fl , O) = 2D D +is) e 

g(rp t) = - 3< [yv(O, y, t)] . 
y 

(Al 7) 

(Al 8) 

(Al 9) 

(A20) 

Solving (Al 8-19) by the method of subsidiary e quations (or b y Lapl ace 

transformation with respect to t) one obtains 

t 
,J ick)l} J [ -c(t-s) J ) D ·L- , ( )2( -2c(t-s)) +cg,_s- n _J + g (cri-s)e +s. s expl- 7 1t cri-s 1-e 

· o . 

( ick)( -c(t-s) )' ( i c k) · l\ +(cri-s)s-D 1-e · +css-D(t-s)JJ ds 
. . 

(AZ. l) 

Carrying out the inverse transform with respect to x, 
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' co t 

.vl (x. 11· t} = v 0 (x. 11· t) + 2~ I d sei Sx Ji cc11- s)e -c<t-s_)+ s. s J 
-co 0 

X { 
D [i ( ;:)2(1 -2c(t-s)}\ + ( F')(;: ick\(1 -c(t-s))\ 

exp - 3 2 c 11- "' - e c 11- '::> \ -;, - DJ\ - e · 
c . 

I ick \ l' + c sv; - n;<t-s} r ds. 
_) 

(A22) 

where 

1 

[ 
1 I -ct)]2 · v 

0
(x, 11• t) = 21T \ct :-1 +e .exp t [ -1 ( -ct) J2

} _ c _kt-c (k-i11D) 1-e . -ex 

D ( ct-1 + e - ct) 

l , 

( c ·)2[ 1 . , ( -cf) l [ i-nlr ( -ct) l - ZD kt-c(k+111D) 1-e -ex fXP - 7\1-e J 

X erfc 

i [ -1 ( - ct) 1 
( _<:_ ) 2 _kt- c (k+i 11D) 1 - e 

1 

- ex J 
D . (ct - 1 + e -ct)2 

(A23) 

But, from (Al 5), 

(A24) 

g(11, t) = g(-11. t) . (A25) 

·Thus, substituting (A22) into (A24) and using (A2 5), 
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00 t 

l J J [ -c(t-s) J [ k ( -c(t-s)) ks J :rr ds g (cri-s)e +s, s cos - 2 (cri-s) 1-e . +c-(t-s) 

·-00 0 c ' 

{ 
Dr 1 2 · ( -c(t-s)) 2 ll Xexp - 3 Lz-(cri-s) +s(cri-S) 1-e +cs (t-s)_J[ ds 
c . 

(A26) 

It is now necessary to solve this integral equation for g, substitute 

into (A22), and then invert with respect toy to obtain v (x, y, t). This 

the writer has not been able to do. 

A problem of Wang and Uhlenbeck 

On page 33 8 of [ 40 J the problem is stated of Brownian motion 

in a constant field of force (gravity) above a reflecting surface. The 

FP equation involved is identical to (Al 3), and P , and therefore 
0 

v(x, y, 0), is the sam:e except for a factor of 2 (since only the region 

x > 0 is considered). The reflecting condition at x = 0 leads to 

v(O, y, t) = v(O, -y, t) instead of (Al 5). It is easily seen that this prob-

lem leads to the same integral equation (A26 ), with a somewhat · 

different term on the right hand side • 

. Conclusions 

The writer is not hopeful that useful results for second order 

systems can be obtained by the method of Robinson, or by any 

similar method related to those used in the body of this thesis fo! 

first order systems. It is unlikely that exact solutions can be 
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obtained for the integral equation (A26 ), or any integral equations 

similarly obtained for more complicated systems. It is possible that 

approximate solution~ can be obtained, but the.se would have to be 

~ simple enough to be twice integrable to obtain R (t) by (A S). A . x . 

numerical method of solut,ion ·might be adopted, but the multiple 

numerical quadratures necessary w ould require a large amount of 

computation. 

' 
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