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The present measurements yield a value O.gh-i 0.12 for this ratio. A
third value 0.78 * 0.28 may be obtained from the p shift experiments38)
but the uncertainty here is too large to provide much help in settling
the discrepancy between the optical and x~ray resﬁlts. Although spe-
cific mass corrections for the optical I.S. are not known, (the optical
data has been corrected only for the normal mass shift) it seems highly
unlikely that they could be of sufficient importance to produce the
observed discrepancy. Additional measurements would seem to be
desirable.

C. The Brix-XKopfermann Diagram

Figure 10 is a Brix-Kopfermann diagram 32) summarizing the
I.S, data for the cases of Sn, Sm, and W. The optical shift results
are subject to an uncertainty on the order of 20% because of the 1argé
screening correction to the penetration of the optical electrons into
the nucleus. This screening uncertainty does not apply to the relative
size of the shifts from one isotope pair to another of the same
element. The uncertainty in the relative optical shift is largely
experimental in nature and should be about 5% or smaller. In the case
of the x-ray I.S. the screening corrections to the electron penetration
are smaller and more easily estimated. In this case absolute accuracy
is limited primarily by the experimental uncertainty which way be
minimized by measuring the x-ray shifts between isotopes of the maximum
ﬁeutron separation possible. The x-ray and optical data may then be
considered cowplementary in nature, the optical data providing the

relative shifts and the x-ray data providing the absolute calibration



Figure 10. Brix-Kopfermann diagram comparison of present results
with optical and muonic x-ray I.S. The points repre-
sent two-neutron shifts and are plotted against the

neutron number of the heavier isotope.
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of the shifts. .For lighter elements such as Sn (2 = 50) the complemen-
tarity is not so complete since the unknown specific mass corrections
in the case of the optical measurements make even the relative shifts
éubject to an uncertainty above the small experimental one. Even in
such cases however, the synthesis of the x-ray and optical shift data
along the lines described above would appear to be‘the best method of
analysis at the present time. More purerous and more precise x-ray
shift measurements could well eliminate the need for reliance on the
optical data for the relative shifts. In the case of wolfram, the
present results are presented independently of the optical data since
they involved two-neutron shifts.

In Figure 10 the optical data are connected by a dashed line
for each element. A single baf represeﬁts the ébsoluﬁe ﬁncertéinty for-
the group. Since the relative uncertainties are smaller, the uncer-
teinty makes it possible to shift the groups as a whole up or down on
the diagram. The results of the present»x—ray shift measurements are
presented as points connected by a solid line. Again a single error
bar represents the absolute uncertainty for the group after "normali-
zation" of the optical results by the x-ray results in the cases of
Sn and Sm.

D. Macroscopic Nuclear Models

In the so-called macroscopic approach to the analysis of I.S.
phenomena, nuclear properties are supposed to vary gredually and
smoothly from one nuclide to another, without the abrupt discontinui-

ties characteristic of a shell model. The earliest and most simple
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macroscopic approaches to the pfediction of the 1.8, assumed the rms
charge radius to vary as cAl/3, with the numerical coefficient "c"
being taken from the current electron écattering results. This con-
stant density model gave rise to the first of the "I.S. ancmalies"
because the observed shifts are on the average only aboult one half of
the value pfedicted by this wodel. This "anomaly" is clearly illus-
trated by the well-known Brix-Kopfermann diagram (Figure 11) showing
the opblcal SWirh duks Eiven Ty Babwsikss 30,

The A;/3 model has been refined by adopting the more accurate
formula for the average equivalent nuclear charge radius given by

Elton 39). He found the best fit to electron scattering data to be
R = 1.121 AL/3 +2.k26 a~Y/3 - 6.614 4”1 .

The adoption of this radial dependence on A leads to the prediction of
& somewhat swaller I.S. than does the A1/3 model, the reduction factor
assuming values of 0.90 to 0.833 from goFb to 37Rb, respectively 12).
| This small reduction in the predicted shifts is four or five times too

small to account for the I.S. "“anomaly.”

The crude A1/3 model and its refinement by the Elton formula
suffer.from the assumption that the variation of the nuclear charge
e ElenE e “fese StEBL1ity valley,™ WeIL GescYibed By the A3
law or its refinements, 1s identical to the variation of the nuclear
charge radius along the direction of neutron addition. This assump-
tion may be abandoned by allowing the charge radius to vary differ-
ently along the "mass stability valley" and along the lines of constant

Z. The difference 1in charge radius variation along the two directions
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Figure 1ll. Brix-Kopfermann diagram of optical I.S. The points
represent two-neutron shifts and are plotted against'
the neutron number of the heavier isotope. Different

symbols are used only to improve clarity.
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of the Z-~N plane is ascribed to the interplay between the nuclear
Coulomb enérgy and the bulk compressibility of nuclear matter. That
is, the addition of a proton to a given nucleus may be expected to
increase the nuclear charge radius more than the addition of a neutron
because in the former case the additional Coulomb repulsion.acts to
further expand the nucleus if it has finite compressibility. The com-

pressibility analysis as applied to the I.S. is described in detail by

several authors ho’hl’ll)-

Aside from the limitations inherent in a "bulk" treatment of
nuclear properties, the theory suffers frowm the unwarranted néglect of
interactions which compete with the wvariation of Coulomb energy with
nuclear density to change the nuclear radius. Such terws would include,
for example,:neutron-proton symmetry eﬁergies ll). For this reason,
compressibility coefficients based on I.S. data and calculated in-
cluding only the Coulomb repulsion effect cannot be expected to
contribute much to our knowledge about the. compressibility of nuclear
matter.

In the case of deformed nuclei, a change in the intrinsic
quadrupole deformation between isotopes also contributes to the I.8S.
as discussed in Section II. Fradkin 17) has introduced the concept of
"quadrupole deformation compressibility"” in analogy with what might be
called the "monopole compressibility" menfioned above, The deformation
compressibility is a phen&menological approach to provide an additional
degree of freedom to accommodate the I.S. data. The numerical value

of the deformation compressibility parameter chosen by Fradkin de-
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creases the deformation contribution to the I.S. by approximately one
half., In this way the classical ho) second isotope shift anomaly con-
cerning variations of the I.S. in the regions of deformed nuclei may
be fairly well accounted for.

The third classical anomaly of the even-odd staggering is of
course not dealt with in the bulk theory. Irregular variations of the
J.8. within the reach of present experimental methods are alsc ignored
in this analysis. Further, the important phenomena of isomer shifts
are outside the framework of the bulk theory. Recent isomer shift
experiments involving the dk and éF states of Sm 152 have been carried

out using Moessbauer technique k2) and also with muonic atows 1"3).

These studies show that

BR o 5 x 10°
R

between these states. The present Sm 148-15L experiment yielded

BR & 2 x 1072
R

between the two isotopes. TFor a single-neutron shift in Sm we would

then expect, on the average,

SR o 3x103 .
R

The isomeric charge radius change 1s thus about 1/6 of the single-
neutron isotopic change in this case. A precise calculation of nuclear
charge radius effects would be required to recognize such level effects.
In summary then, the macroscopic nuclear analysis is able to reproduce
the average trend of the Brix-Kopfermann diagram well, but lacks the

capability to explain local variations and provides only limited impli-



- B8 -

cations concerning nuclear structure because of its phenomenological
nature.

In comparing the present mass-shift corrected results with
the predictions of the macroscopic medel, we have included all the
atomic effects as set forth in Section II. The theoretical values of
Babushkin 12,13) which include effects of the compressibilities, defor-
mation, and Elton's radius formula are used with modifiéation for the
effects of screening by the transition electron, nuclear polarization,
and the interaction between the nuclear electric field and the electron
magnetic moment. The ratios s(zkE)exp/ 8 (A B)y,1x 8re presented in
Table 9.

E. Microscopic Nuclear Models

It is clear that a theoretical model must allow for single
particle or shell effects if it is to explain the observed fluctuations
in the I.S5. between neighboring isotope pairs &s in the case of Sn
(see Figure 11). A calculation based on such & model has been made by
Bunatyan and Mikulinskii hh). These authors apply to the case of the
I.S. of near-spherical nuclei the nuclear theory developed by Migdal L5)
and Larkin Y6) which is based on the Fermi liquid theory of Iandau ¥7),
In this model of a fipnite Ferwl system, two phenomenological quasi-
particle interaction constants are introduced in order to best reproduce
the I.S. and quadrupole moment data. One constant characterizes the
intranuclear interaction in the internal regions of the nucieus and the
other constant applies to interactions at the nuclear surface. The

general agreement between the I.S., data and these calculations is good
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TABLE 9

Isotope Pair 6(AE)eXp/ 8 (AE)pux -
Sn 116-124 0.83 * 0.03
Sm 1148-;151; 1.55 * 0.02
W 182-18L 1,29 +£0.15
W 18L4-186 0.73 +0.10
W 182-186 0.99 * 0.07
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for Z » 60. For Z < 60 the calculated shifts are about twice as large
as the experimental values. Iocal I.S. variations are partially repro-
duced. The trend of exberimental quadrupole moments is also attained,
but somewhat different interaction constants from those employed in the
I.S5. case were used to best reproduce the quadrupole moment data. A
comparison betweén the calculated I.S8. for the even Sn isotopes, the
optical data, and the optical data renormalized by the present work is
given in Table 10. The renormalization of the optical data by use of
the present results‘improves the agreement with the calculated wvalues.
It should be poted that the optical and present Sn results differ by
the factor 0.65L4 because of both different measurements and different
atomic coupling calculations which provide relative factors of 0,722
and 0.906 respectively. Since the values of Bunatyan and Mikulinskii
in Table 10 are basad on the atomic coupling calculation used for the
- optical data their values strictly should be increased by 1/.906 in
order to make a comparison with the present results.

An I.S. calculation has also been carried out by Uher and
Sorenson L8) using the pairing plus quadrupole model. In this treat-
ment the nuclear system is divided into a core plus a few valence
particles. Monopole and guadrupole polarizations of the core by the
valence particles are treated in a phenomenological manner. The
independent particle configuration of the valence particles is admixed
by the pairing plus quadrupole>interaction and the resulting wave

functions are used to calculate the I.S. Only near-spherical nuclei

of the even-even and odd-even types are treated. All but one of the
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TABLE 10

Isotope Pair

é ( AE)exp/ 5( AE)Std

8 ( AE)CaiC/B( AE)std

Optical Data Present Data |Bunatyan et al| Uher et al

y Calculation Calculation
Sn 112-11h 0.58 .15 0.89 % 0‘.01; 0.9h 0.498
Sn 114-116 0.58 £ .15 0.89 = 0.0L 0.94 0.501
Sn 116-118 O.bk + .15 0.68 * 0.03 0.95 0.482
Sn 118-120 0.45 % 15 0.68 * 0.03 0.97 0.462
Sn 120-122 0.22 £ .15 0.34 * 0.02 0.43 0.458
Sn 122-124 0.22 * .15 0.34 = 0.02 0.43 0.461
Sm 148-150 1.54 + .36 1.48 £ 0,04 - 1.176
Sm 150-152 2.25 % N7 2.16 £ 0.05 - 3.481
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phenomenclogical parameters in the model are determined by satisfying
average charge radius effects over the periodic table, while the
remaining one is selected to give the best agreement with both isotope
and isomer shifts. The average trends of the I.5. data are well repro-
duced by the calculations. There is only partial success in reprodu-
cing the abrupt local variations, as in the case of the Sn isotopes.

In this model these local variations are caused largely by changes in
the quadrupole interaction.

In Table 10 the calculations for Sn and Sm are compared with
the results of optical shift and the present wmeasurements. The entries
under the present work heading are renormalizations of the optical
results using the present x-ray data. In comparing the Sw results,
again one must be aware that of the 0.96 ratio of optical to present
results, a factor 0.895 arises from the different atomic coupling
effects included and a factor 1.07 comes from the measurements them-
selves. Again the theoretical values of Uher and Sorenson are based
on the atomic coupling used for the optical data so that the theoreti-
cal values should be increased by the factor 1/0.895 when being com-
pared to the present results in Table 10.

A recent calculation by Perey and Schiffer k9) incorporating
an isospin dependent term in the nuclear optical potential has suc-
ceeded in reproducing the general trend (radii increasing more slowly
than AY/3) of the 1.S. data. In this calculation the isospin term of
the potential was taken to have the same Woods-Saxon shape as the

scalar part, and the well depth was chosen to watch the last-proton
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binding energy. Unfortunately, no numerical predictions are given for
the heavier nuclei (A_>50) which are involved in the present study. An
extension of this calculation to provide such numerical values would
appear to be extremely valuable.

In summary, the microscopic calculatiocns so far available are
only partially successful in explaining the irregular variations of the
I.S. among neighboring pairs of isotopes of a given element. In light
of the new and more precise data being provided by both wuonic and
electronic x-ray I.8., further attempts at wicroscopic nuclear calcula-
tions would be desirable. More precise calculations of some of the
x-ray I.S5. atowmic coupling effects such as nuclear polarization,
screening effects, and the magnetic moment interaction would also be

of value.
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APPENDTX

Uncorrected Shift Data

As described in Section IV, the data were organized into
standard blocs, each of which yielded a single shift value. 1In
Tables 1la - e the shift values for the individual blocs are listed
glong with the mean shift for each of the five experiments. The
uncertainty given is the standard deviation of the mean. The indi;

vidual shift values are plotted in Figure 12 vs. run number.
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TABLE 1la
Uncorrected ‘ Uncorrected
Run Sn 116-124 Shift Run Sn 116-124 Shift
Number (Screw Divisions) Number (Screw Divisions)
1 0.58258 L6 0. 46891
2 0.33351 Ly 0.09868
3 0.51610 L8 0.13902
L 0.48111 L9 0.50378
5 0.75816 50 0.61921
6 0. k7327 51 0.7066k4
T 0.45830 52 0.3150L
8 0.68071 ; 53 0.61167 .
9 0.5702k 5k 0.58207
10 0.65213 55 0.70656
Il 0.55200 56 0.45837
12 0.50582 57 0.38192
13 0.43528 58 . 0.60966
14 0.29255 59 0.34985
15 0.63228 60 0.51338
16 0. 30557 61 0.63165
17 0.60982 62 0.59137
18 0.384L6 63 0.77925
19 0.77hk7 6L 0.57613
20 0.85919 65 0.76116
21 0.88720 66 . 0.17950
22 0.7L056 67 0.27335
23 0.36372" 68 0.52300
2k 0.5k201 69 0.42102
25 0.88918 70 0.73965
26 0.75265 71 0.60881
27 0.60717 72 0.73259
28 0.78827 73 0.9k527
29 0.61059 Th 0.41303
30 0.5L802 75 0.56421
31 0.53822 76 0.58349
32 0.L28Lg T7 0.77533
33 0.63938 78 0.52110
34 0.80073 79 - 0.4k995
3 0. 52606 80 ' 0.30Lk96
36 0.39552 81 0.63106
37 0.36556 82 0.57623
38 0.78815 83 0.617kL2
39 0.87k2s5
Lo 0.83571
L1 0.93768 Average Shift = 4 0.569773 % 0.020351
Lo 0.32360
43 0.70563
Ly 0.80757
L5 0.47337
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TABLE 11b
Uncorrected Uncorrected
Run Sm 1h8-154 Shift Run Sm 148-154 Shift
Number (Screw Divisions) Number (Serew Divisions)
1 2.0002L4 L6 1.69273
2 2.19218 L7 2.31161
3 1.6L372 L8 2.51584L
L 1.56989 Lg 2.26780
5 1.89668 50 ' 1.90686
6 2.09317 51 2.52086
7 1.65201 52 1.94864
8 1.88854 53 2.41268
9 2.20409 5k 2.18463
10 2.10800 55 2.14173
i 1.93261 _ 56 2.05473
12 2.12880 5T 2.18825
13 1.89768 58 2.23301
1k 2.45796 59 ‘ 2.16903
15 1.89827 60 1.90140
16 2.30995 61 1.86709
17 2.19631 62 2.02257
18 1.74537 63 - 2.2k721
19 1.97961 ' 6L 1.99236
20 1.82954 65 2.0937kL
21 2.01L54 66 2.05666
22 2.03831 67 1.86962
23 2.20908 68 2.15766
2L 2.0L4515 69 2.2L601
25 1.84491 70 1.95870
26 2.10512 71 1.887kL2
27 1.99377 T2 - 2.0654L
28 2.42670 73 2.02557
29 1.86268 Th 2.1hh72
30 2.14875 75 2,09111
31 1.95178 6 2.19923
32 2.22328 T7 2.L0533
33 2.29737
34 2.09550
35 1.85941 Average Shift = 2.058919 & 0.022910
36 2.07L499
37 2.14482
38 2.01700
39 2.22866
Lo 1.87865
L3 2.05709
L2 1.89563
L3 1.80917
Ly 2.13618
L5 1.773L2
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TABLE 1lc
Uncorrected Uncorrected
Run W 182-18k4 shift Run W 182-18L4 shift
Number (Screw Divisions) Number - (Screw Divisicns)
1 -0.38640 L6 0.43595
2 0.25415 Ly 0.24670
3 0.57106 L8 0.96253
L 0.21349 Lo 0.69126
5 0.24604 50 0.39599
6 0.40838 51 0.L5h53
T 0.996L0 52 -0.05966
8 0.02062 53 0.60344
9 0.00431 51 0.41759 -
10 0.09484 55 -0.07212
11 0.17979 56 0.33973
12 -0.32713 57 0.55203
13 0.38092 58 -0.07716
1k 0.29012 59 0.26187
15 0.27253 60 0.61978
16 1.18166 6. - : 0.17481
17 -0.08915 62 0.55560
18 0.78188 - 63 0.075k2
19 0.16811 6l -0.29913
20 0.17674 65 0.87681
21 -0.58338 66 0.63076
22 0.21692 67 ' 0.95L88
23 0.19416 68 0.16359
2k 0.21852 69 . 0.36731
25 0.52847 T0 0.48341
26 0.L46034L T1 0.17541
27 0.38783 ' T2 0.41090
28 -0.25783 73 0.33365
29 0.74526 Th 0.11138
30 -0.05647 15 0.L4239L
31 0.L0806 76 0.65791
32 0.15074 T © 0.35026
33 -0.11353 78 0.92783
34 -0.25542 .T9 0.48283
35 0.19696 80 0.16663
36 0.18605 . 81 0.08823
37 -0.0L4876
38 0.18L60
39 0.28384 Average Shift = 0.281013 3 0.037648
Lo 0.49985
L1 -0.22841
Lo 0.1h4132
L3 -0.27961
Ll 0.27L4L6
L5 0.18487
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TABIE 114
Uncorrected * Uncorrected
Run W 18L4-186 shift Run W 18L4-186 Shift
Number (Screw Divisions) Number (Screw Divisions)

], -0.29292 Ly 0.48213
2 0.16378 Lo 0.22681
3 -0. 39760 L3 0.85773
L 0.42643 L. -0.08287
5 0.050L7 L5 0.L45875
6 0.0637hL L5 -0.26777
7 0.30857 7 ~0.28558
8 0.22261 L8 -0.19625
9 0.95003 ite] 0.0L162
10 0.17113 50 ~0.08626
11 0.28843 51 0.37875
12 0.01075 52 0.09853
13 -0.65334 53 0.10115
14 0.23460 51 0.29319
15 0.12652 55 -0. Lo2aLt
16 0.14497 56 0.93967
17 -0.35483 57T 0.50289
18 0.05008 © 58 ~0.1226k
19 0.084i418 59 0.08470
20 -0.06543 60 0.90611.
21 0.02781 61 0.02722
22 0.05534 62 0.21833
23 -0.26083 63 0.87714
2k 0.35258 6L 0.19722
25 0.80k411 65 0.07270
26 0.29146 66 0.66194
27 -0.38577 67 0.69428
28 -0.15470 68 0.27282
29 -0.02530 €9 0.59732
30 -0.46555 T0 0.10767
31 -0.55396 T1 -0.1k4h32
32 -0.231k7 72 0.68085
33 -0.13336 73 0.L46280
3L 0.60691 Th 0.L42195
35 -0.170k41 75 0.3L4375
36 0.47328 76 0. 47896
37 1. 32911 T 0.37782
38 -0.02738 78 0.1095L
39 0.51459 79 0.1332L
Lo -0.13101 80 0.53613
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TABLE 114
Cont.

Uncorrected : Uncorrected
W 184-186 shift : Run W 18L-186 shift
(Screw Divisions) Number (Screw Divisions)

0.15969 121 -0.172L8

0.08176 122 0.21055

0.26991 123 -0.08777

0.02621 124 0.75692
-0.35136 125 0.61668

0.2170k 126 0.0k220
-0.00199 127 - 0.L48957
-0.43750 128 0.38928

0.02811 129 : 0.02546

0.22079 130 0.28217

0.43941 131 0.600L6
~0.20014 i32 0.32853

0.05L416 133 0. 42026
-0.19837 13k 0.50350
T 0.41151 135 0.10350

0.41931 : '

0.10557

0.26693 :

0.49L62 Average Shift = 0.187606 ¥ 0.029207
-0,27563

0.L0678

0.66701

-0.05786

0.43617

0.2LL66

0.3038L

0.33578

0.1k191

0.05973

0.13768

0.41971

0.06722

0.3695T7

-0.10653

0.10389

~-0.23640

0.19783

0.09918

0.Lkogk1

0.7919L4
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TABLE lle
Uncorrected Uncorrected
Run W 182-186 Shift Run W 182-186 shift
Number (Screw Divisions) Number (Screw Divisions)

1 0.15355 L3 0.7103%
2 -0.24159 Lo 0.26777
3 0.542148 L3 1.00805
L 0.19582 Ly 0.76257
5 0.27039 L5 - 0,73158
6 0.66054 L6 0.L3Lk8
T 0.6282L4 Ly 0.36703
8 0.64702 48 1.05464
9 0.57163 Lhg -0.16619
10 0.k0123 50 0.60258
11 0.66539 51 -0.09605
12 1.18765 52 -0.00202
13 -0.18k01 53 0.90585
1k 0.25730 54 0.51503
15 0.28225 55 0.45492
16 0.22054 56 0.15326
17 0.803k41 57 0.18L00
18 0.13200 58 0.34485
19 0.35980 59 0.k2391
20 0.1767h 60 0.1558L
21 -0.0L4728 61 1.30388
22 1.25846 62 0.57L26
23 0.70341 63 0.18289
2L 0.3hLglk 64 1.22719
25 0.28554 65 0.76124
26 0.31698 66 -0.18kg7
27 0.62378 67 0.09119
28 0.612L48 68 0.50403
29 0.12811 69 0.10629
30 0.03618 T0 0.37776
31 0.57658 TL 0.11437
32 0.53986 T2 0.9906L
33 0.17481 73 0.65886
3k 1.04385 Th 0.88791
35 0.8L680 T5 0.56552
36 1.09498 76 -0.12125
37 0.75041 T 0.1k215
38 0.37299 78 -0.16022
39 0.43h27 79 0.7187L
Lo 0.kah7h 80 0.45365
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TABLE lle
Cont.
Uncorrected Uncorrected

Run W 182-186 Shift Run W 182-186 shift
Number (Screw Divisions) Number (Screw Divisions)

‘81 1.13937 92 0.83071

82 0.60300 93 0.60050

83 0.06067 ol 0.148433

84 0. 4347k 95 0.39952

85 0.827k9 96 0.72703

86 0.29875 o7 0.60593

87 1.00618 98 0.17665

88 0.63928 99 0.65399

89 0.63425 100 0.10078

90 0.21001 101 0.90080

oL 0.72183

Average Shift

= 0.L77165 = 0.035L443
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