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II. THE FLOW OF A GAS-PARTICLE MIXTURE

DOWNSTREAM OF A NORMAL SHOCK IN A NOZZLE



Tl
1. INTRODUCTION

The linearized problem of one-dimensional gas-particle flow
in a nozzle has been treated by Marblel’ . and by Rannie3. The
linearization was based upon the assumption of small velocity and
temperature lag between the gas and particles. The unperturbed
state was taken as equilibrium flow where the gas and particles have
equal temperatures and velocity. Egquilibrium flow was shown to be
equivalent to the conventional one-dimensional gas dynamic flow with
modified gas properties.

Uﬁder the proper conditions, a normal shock may occur in the
nozzle, as in the conventional gas dynamic problem. Immediately
downstream of the shocic the assumption of small lag between the gas
and particles’is no longer valid,and in this region the above linearized
treatment is not applicable.

The normal shock problem for gas-particle flow was original-.-
ly treated by Ca.rrier4 and extended by Ma.rblel. Solutions were ob-
tained which were applicable to a shock in a constant area duct. The
problem was treated under the assumption that the particle thermal
and momentum ranges were large compared to the thickness of a gas
dynamic shock. Thus, the shock wave in the mixture was treated as
a conventional gas dynamic shock followed by a relaxation zone in
which the gas and particles come to equilibrium. The thickness of the
relaxation zone is of the order of the thermal and momentum ranges
of the particles.

If the nozzle area changes appreciably over the relaxation zone

downstream of the shock in a divergent nozzle, the shock solution for
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a constant area duct is no longer adequate, and a solution must be
obtained which accounts for the area change. The problem here is to
find a solution for a shock in a divergent nozzle and to match this
with the small slip solution which is assumed valid far downstream
of the shock. The problem is linearized by assuming that the particle
thermal and momentum ranges kT and )‘v are small compared to the
length of the nozzle, which is the length over which the gas properties
change appreciably. It is shown that this linearization leads to the
appropriate shock solution which can bé asymptotically matched with
the small slip solution.

The problem is posed as follows. Given a nozzle with a di-
vergent section of length L in which there is a shock, obtain a solu-
tion for the gas-particle flow which describes the flow downstream of
the shock for kv and )\T small compared to L. Assume that imme-
diately upstream of the shock the gas and particles are flowing in

equilibrium and that the flow is known.
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. 2. GOVERNING EQUATIONS

One is referred to the paper by 1\)‘.[3.1'ble1 for the formulation of
the equations governing one-dimensional gas-particle flow. The

equations for the two phases are

puAh = m ' (2. 1)
ppupA = km (2. 2)
(u_-u)
du , dP _ P
pu TX- + E = ppa, )\v (2. 3)
du (u_-u)
il T = By (2. 4)
dT _ dP LT (a-w)*
prE, S =t ppcpa )\T + ppa. AV {2, 5)
dT (T _-T)
ppupC da = - ppCpa T (2. 6)
P = pRT (2. 7)

The thermal and momentum ranges are )\T and Av , respectively.
Th_e subscript p refers to particle quantities except for Cp , the gas
specific heat at constant pressure, and c , the specific heat of the
solid material of the particles. Both Cp and c are considered con-
stant. The nozzle area A(x), the net gas mass flow rate m , and the
mass fractional flow rate of the particles k, are assumed known.

It is convenient to replace equations 2.3 and 2. 4 with equa~
tions in which interactions between the two phases are absent. Equa-~
tions 2.3 and 2.4 may be combined to give

du

du P dP _
pudx+ ppup e FPag 0 (2. 8)

and equations 2. 3-2. 6 may be combined to give a conventional form
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of the energy equation
2 dT u
ar . d /m ' b il BN
F’u{cp ax Tax \Z )} ¥ Ppup[c & Tkl )] =8
(2.9)

With the aid of the continuity equations the above equation may be in-

tegrated. Thus,
2

(cpT+-‘-l;) + (cTP+:-l%-)—) = const. (2.10).
A set of governing equations equivalent to 2. 1-2. 7 .is obtained
by replacing 2.3 and 2.5 with 2. 8 and 2. 10, respectively.
Assume that )\v 5 AT , and x are non-dimensionalized in
terms of L, which is equivalent to setting L equal to unity. Let the

origin of the x-coordinate be at the shock wave.
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3. SMALL SLIP SOLUTION
A straightforward perturbation solution of the governing equa-

tions, for small lv » Ao leads directly to the linearized problem

T
treated by Marble and Rannie. Since, in general, A,~Ap s we may
use )“v as the perturbation parameter, realizing that kT/)\.v = 0O(1)
as )Lv - 0. The zeroth order equations are those obtained by setting
lv equal to zero in the governing equations 2.1, 2.2, 2.4, 2.6, 2.7,
2.8, and 2. 10. From equations 2.4 and 2.6, we see that (up-u) and
(Tp-T) are of order ?\v as KV -+ 0. The small parameter )\V ef-
fectively multiplies the derivatives of uP and Tp » which is the clas-
sical warning of the singular behavior of boundary-layer theory. As
expected, this restricts the initial values that can be satisfied by this
solution.

The small slip or small lag solution is desigr.xated as the outer
solution. It will turn out to be valid far downstream of t-he shock. By
"far' it is meant a distance large compared to )‘v . .

To carry out the solution it is convenient to replace the parti-

cle quantities in the governing equations by the slip quantities

u = u-u

s P

T, B IR (2.11)
Py = L -p,lkp

If modified gas constant and specific heats are defined as fol-

lows
e+ ke
A S -,
P 1+k
‘c + kc
R S (2.12)

v 1+ k



four of the appropriate equations for the system are

du
du , dP S
— 152 2¢ _ k 1. 2
cP(T—TO) + (u —uo) = oy [cTS + uu_ - auS] (2. 14)
pPUA = m (2. 15)
P = (14+k)pRT (2. 16)

Equation 2. 13 follows from 2. 8 and equation 2. 14 from 2. 10.
The reference state u To ¥ P0 can be taken as the reservoir con-
dition for flow in a nozzle in which there is no shock. Here, they are
determined to all orders by the shock solution, which will be called
the inner solution. For the present, consider uo P TO ) Po as a yet
unspecified reference state.

Equations 2. 13-2. 16 may be used to write an isentropic inte-

gral. T-1

P Y dT du ’
T o _ { k 1 s du s }
—T_o (1_3'—) = exp 1+kf EPT [C dx * Ys\dx ~ Tdx )} de [ o{2, 17)

It will be convenient to take equations 2. 14-2. 17 as part of the system
to be solved. -

By substituting the slip quantities in the particle equatibns 2. 2,
2.4, and 2.6, the additional equations required for the solution of the

problem are obtained.

Q- -E%)u . (1 -;%)us tu, =0 '(z. 18)



duw a2 o s aw 0 (2. 19)
dx )\vu dx s dx s dx :
T dT dT
dT _ EE s S dT S
U = a-x:l—‘%*u———dx +us e W (2. 20)

Equations 2. 14-2. 20 are equivalent to the original set of equa-
tions 2. 1-2.7 and are formulated in terms of the gas. and slip quanti-

ties rather than the gas and particle quantities. The convenience of

this is due to the vanishing of zeroth order slip quantities, which can

be easily shown from equations 2. 18-2. 20.

To carry out the perturbation solution, assume that the gas

quantities can be expressed as an asymptotic series as follows.

. ~(0) ~ (1) 2 L@
u(x,)\v) ~ u” (x)+ lv i (x) + ?\v T (x)+...

p(x;?\v) ~ P9 (x) + A -‘3(1) (x)+ .o,
Y : (2. 21)
Pixir ) ~ PO )+ A PY ) +...

_ _ R % (1)
T(x,)\v) T (x)+ ?\v T (x)+ ...

In addition, assume that the slip quantities can be written

; ~ 3 Y1) 2 ~o(2) Ly
us(x,kv) Xv u (x) + )‘v u_ ()4 ...

~
ps(x;?\v) ~ }‘v P Al (x)+... (2. 22)

T _Gah) ~ A, T Y )+ ...

To determine the various order terms, these expansions are

substituted in equations 2. 14-2. 20 which are then separated in like

powers of Kv . Since the shock solution can influence the reference

state u s 'I‘o " Po » to all orders of ?\v » it is appropriate to write

these quantities as expansions of the form 2. 21 and 2. 22. However,

to simplify the calculations, it is sufficient to keep only the zeroth
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order of u_ s T0 5 P0 . Then the solutions obtained for higher order
gas and slip quantities will be correct except for an additive constant.
The additive constant is cieterrnined by matching with the shock, so
there is no benefit in carrying hi_gher order terms of the reference
state through the calculations.

Ma.rble,1 has carried out the calculations in some detail. Only
the results are given here. The zeroth order part of equations 2. 14-
2. 17 determine completely the zeroth order gas quantities. The
equations are

ot Fog ~ 2
e (T -T ) + $@@%-1%) = o

or
o g _Y-lga2y o & A4 _¥-1l5z2 ,
TOOQ--M2%) = T Q-5-M7) (2. 23)
FOURA = m (2. 24)
PO = (14k) g R T 4 (2. 25)
s B (y-1)/vy
(:1: )(Nf,) = 0 (2. 26)
T PP
o
where
s ~ (0) (&
M© 2 2 ) (2. 27)
- (0
a
3@ 2 - 3R TO (2. 28)

Clearly, the equations 2. 23-2. 26 represent the conventional
"jsentropic' flow of a gas of density (1+k)p® with modified gas
properties. It represents equilibrium flow where there is no thermal
or velocity slip between the gas and particles.

The first order slip quantities can be obtained directly from

the zeroth order parts of equations 2. 18-2. 20 using the known zeroth



-82-

order gas solution. The results of carrying through the calculation

are
a’ ‘1) =. E(O] d_l"i‘(O)
s ~@© dx
a
T M _L(L)ﬁ QRS
s — - A s
~ (1) o 1 dﬁ(ol
Ps T @ dx
a

(2. 29)

(2.30)

(2.31)

The first order gas quantities are calculated from the first

order part of equations 2. 13-2. 16 using the known first order slip

quantities. The first order gas quantities are written in terms of the

known zeroth order solution as

~

~(1) ~ () =
-k . - [Fx)- :
~ - - ey ~¥G{x)] + —
u(O) —5(0) 1+k ( 1._M(o] 2) O]
T T
Feo) - 1+k ( 1 © 2) [F(x)- YM Glx)] + )
B 3 2
i — I 14 (y=-1)M G e o
=) Ttk (7 1) 3@ 2 {F(x)-[1+(y-1) %1G(x)) T
where
- dag )
F(x) = (y-1)M9 [1-0_)A g& =
n 3o 2 (©)
ey | X R
S = J =z T © { ) (_)_ dx Jo  dx )
0 C

P

dx
dx % © )

(2.32)

(2. 33)

(2.34)

(2. 35)

(2.36) °

The terms ﬁ’l s A"fl , and %1 are constants that will be determined by

matching this solution with the shock solution.
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The singularity at M =1 will present no difficulty here
since our region of interest is not near a throat section.
The solution for the gas quantities can clearly satisfy arbi-
trary initial conditions which determine ?J.JO . Po ’ "f‘o and '{'1'1 5 ﬁl ;
%1 » Howe\‘rer, the slip quantities cannot independently satisfy

initial conditions since, from equations 2. 29-2.31, they depend en-

tirely upon the zeroth order gas solution.
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4. SHOCK SOLUTION

The small slip solution is not valid near the shock since the
initial conditions at the shock (x = 0) cannot in general be satisfied.
This nonuniformity occurs because the line of reasoning which leads
to slip quantities of order )Lv as Kv - 0, is no longer correct. In the
region near the shock,gas and particle quantities change very rapidly,
so that we can no longer say that terms‘ which appear on the left-
hand side of equations 2.3-2. 6 are small when multiplied by kv .
That is, near the shock, (x~7\v), Kv(dup/dx) is no longer arbitrarily
small as A - 0. The region of nonuniformity of the small slip solu-
tion is of thickness of order )\v . This suggests that a lmagnified
variable be introduced in order to obtain a solution valid at the shock.

Define the magnified coordinate by

E=x/A .. e~ {2:37)
The governing equations 2.1, 2.2, 2.4, 2.6, 2, 7, 2.8, and

2. 10 can be written in terms of £ as follows.

puA(?xvﬁ): m _ (2. 38)
ppupA(kV§)= km . (2.39)
du
d dP
puEE-'-i—ppup?EB'f?g: 0 (2. 40)
[EpT + %uzj + k [c’I‘P + %u;] = const. (2. 41)

p_E.E - a(u -u) ‘ (2. 42)
p_EE —a—(T « T (2. 43)

The area A(x) is written in the continuity equations in terms
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of the stretched coordinate. We are looking for solutions for small
A with £ of order unity,so it is reasonable to expect that the area
e

A(ME) can be expanded as a Maclaurin series

Afx) = A4 EAD + (KVE)ZA(B’ +... (2. 44)

where A(l) (i=0,1,2,...), the usual Maclaurin coefficients, are

the constants

A = A(o)
&0 o Shio) (2. 45)
A@ _1| dZA(O)
2. de
Assume the following expansions for the flow quantities:
u(gin) ~ u@ () + A u® (E) + 22D () + ...
p(EA) ~ P (E)+ A p™ (E) +...
P(EA) ~ PO(E) + A PH (E) +...
T ~ T &)+ 5 TP (§) + ...
and . (2. 46)

u (EA) ~ w0 (E) + A u P E) .
polER) ~ p N (E) + A p P (E) + ..

. ~ o) &)
T (EA ) ~ TP (€) + A TP (€) +...

Substitution of equations 2. 45 and 2. 46 into equations 2. 38-
2. 43 and the ideal gas equation yields a set of equations for the vari-
~ous order terms. The zeroth order continuity equations are
p(o] 2B 28 o , (2. 47)

(o)u (0) Ao) & k. . (2, 48)

o Y
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The zeroth order momentum equation can be integrated di-
rectly, since the area is constant to the zeroth order. Thus, from
equation 2. 40, using 2. 47 and 2. 48,

mu® + kmup( o4 plo) - (1tk)mu,+P, . (2. 49)

The remaining equations are

(© L1 (o) 2 (o) ;1. (0)2 (1+k) 2
c_ T +su +k(cT +3u = (¢_+ke)T, + u 2. 50
du (o)
up(o) d? = gl (u® _up(o) ) (2. 51)
@ 4T ‘@ _ é.»"_v (T . T 0 . 53}
P dg A P -
P(o) - p(O) RT® (2. 53)

The state Uy, Pl’ T1 is the equilibrium state to which the
flow would approach far downstream of the shock if it were in a con-
stant area channel. The initial conditions at the shock are calculated
from the known upstream conditions using the conventional gas dy-
namic shock relations. Since the shock thickness is negligible in
comparison to )\v and I\T , the initial conditions on the particles are
just the upstream state. Thus the initial conditions for equations

2.47-2. 53 are

-1

M
10} _ 2 2 Z u
T (0) = T 1+—‘LY (M5 1))(1 o )

PO (0) = 1+-2Y (M2-1) (2. 54)
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T ¥ oy s T
P u

(0) =
Pp (O = Jp

where the subscript u refers to the equilibrium state upstream of the
shock; Mu is the Mach number of the gas just ahead of the shock.
The quantities uy 13‘1 » T1 can be calculated directly from
the upstream state using the momentum and energy conservation
equations 2.49 and 2. 50.
The numerical solution of equations 2. 47-2. 53 has been given
by Ma.rblel. It can be shown that the zeroth order flow approaches

the u;, P T, state exponentially.

1,
The first order inner problem is obtained from the first order

part of equations 2. 38-2. 43 and the ideal gas equaﬁon.

pw pu) 7V

= + ' 2y
P(o) p(o) T(o) : (2, 55)

(1) (1) (L ' ‘
S R i (2. 56)
(o) (o) A(ol
[¢] (1) u @) Ail\ ’
P(o) 8 plo) P=mh =0 (2.57)
P u A
P P
(1) du @ )
(0) (0 du © . (@ _p dP
pllu <t + pp up dE + IE + | (2. 58)
(o)
(o) du
(o) (1), (1D _ (@ , du ) __ (0 (1 ©) -
+ + =
(P a4 u™ ) Sq— # ey uy e N B ) g = 0
(CPT(I) + ' 1 ) + k(cTP( L upw) up[ﬂ ) = 0O (2. 59)

() (0) '
; du du
(@ 4 3 = g @ _ (1) 1) (€0 _ . (0 _
up —%—-d up _d%_ a’ (u up )+ a2 (u uP ) (2.60)
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- (o) g V1) -V [a(o)(Tm _ Tp(l) )+a(1) (T(o) _TP(o) )]

(2.61)

The initial conditions for equations 2, 55-2. 61 will be that the first

order quantities are zero at the shock (x = 0) . That is
) pfl) =p@ - @ - D - (1 - p. M =0
P P v
at £ =0 (2. 63)

Using the zeroth order and first order continuity equations,

the first order momentum equation 2. 58 can be written

(1) (]
dE dE m  dE A dg§ dg

Eliminate P from this using equations 2. 55 and 2. 56 to

obtain

(o) () |
(1 - )u(l) + ku (1) + —u(T))_Z 'T—(o—) = H(E)
P yM T

where, with the aid of the zeroth order momentum equation,

Au) &
H(E) = 2— IP“‘) e . , (2. 64)
0

Now equ-ations 2.59-2.61 and 2.63 can be written in terms of

the four quantities um 5 (1) 5 ikl , and Tp(l) as follows.
(cpT(l) +u@ )+ ki(c Tpu) +up(°)_up(l) ) = © ; (2. 65)
. (1) () , ut? T(l) _
(1 (o) 2)11 +kup + fO) 2 ( (O) = H(g) (2. 66)

yM
(1) du (o)

du ' ‘
(°) _PE._ (1) _PE— a(o) (ull) —up(l) )+a(1) (u(O) -up(o) ) (2.67)
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aT {1 (O)
(0) p (1) v (o) @ _p (0 T, (1) T(o) T (o
u _EP— ( X8l Y 220

P “dE
: (2. 68)

This set of equations may be reduced to a set of two coupled
first-order differential equations for u®  and up(n .

Assume that ?\v = A~ in the following. Then

T
du Y e ¢
P - 1 1)
du'? (1) (1) &
where
; 2 (o)
P 20 {1_(‘(M(O) -1} (1 —up )}
1 (0) 2 1©
P
(0) (o)
= -2l PP Ty, LTy
2 . (0) 2 ME a(o) dg
P
(m
(o] . Mo\
- 2 Y ’ }
A3 (o) { (1 ( ) ) H(E)
MO 2 T ©)
. ke a p
Ry = (0)2 { (o)< Mco)z)[1+2<l‘ (o) }
(M(o) )( a du@) ] (M(o) 2 -1
M 2, af© dE M© 2

Wy _(1 B (o) Xa (m)[ M(O) (1 ; :: ]}

(2.70)
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(0)
1) 2 (©)
B, = -k J;MZ {kca [1+ (1- )]+
Mo) » upfo) T(o)

(0)

(o) (o)

o a 1 du ( 1—1 B
" (o) (o) dE )

P

(o) (0) ©
-1 4 yM® 2 p du
_.Y(l - Y'y (o))(j (O))[ . 2 _P— 1+;G)—HE_} +
P

dT (o) " u ©)
- c p P\l
+ (y 1)[ & @ & t 9 (u@ )J}
p +

u
(o)
() 2 © T

B, :"EQTZ—_ }ﬂg){EE.a P_+ %(}-._B__ }

b e | Cr . >0 T

(0 1 du® Lyl u 2 a(o)) M@ 2
+ + -xky (1 - D a }

Y[upm) U-(o) dg Y( Y u(o) )(up(O) ( & )( (o)

L M@ 2 an)
z aE

.Equation 2. 69, subject to the initial conditions 2. 62, can be
integrated straightforwardly by numerical methods, using the Ai and
Bi , (i=1,2,3) which are written above in terms of the known zeroth
order quantities. In order to asymptotically match this solution with
the outer solution, it is only necessary to calculate the asymptotic
solution of equation 2. 69 for large values of £ . To accomplish this,
it is convenient to reciuce the first order system 2.69 to a second

order equation for, say, upu) . The result is

d u (1) du (1) ) : )
——gR— - p<a)—lg—+ q(E.)u = r(&) (2.71)

where



T .

1 94
pe) = - B+ A, 2 )
AZ dAl
alt) = - 8yBy < BB - & —g—) (2.72)
and '
A, dA dA

3 1

r(€) = - (A;B, - A B, + = _E')

The initial conditions for equation 2. 71, obtained from 2. 62
‘and 2. 69, are
du’(l)
a1 =
P d

1
(=]

at E=0 . (2.73)

To obtain the asymptotic form of the solution of equation 2. 71,

it is necessary to make use of the fact that the zeroth order solution

(a®t, P, up(o) 5 (o) ) exponentially approaches the equi~.

P
librium wvalues (u1 5 P1 i Tl) downstream of the shock. This may be

written
u(m =y + exp
VT(O) = T1 + exp
plo = P1 + exp
and (2.74)
(o) _
up = 0y + exp
Tp(o) = 'J."1 + exp

where "exp'' stands for terms that are exponentially small as §— oo .

It is easy to show from the differential equations that

au’® dup“ﬂ
g T °*P —dE T P
q (2.75)
aT© dTPCO)
aE T == —dE T °*P
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With the aid of equations 2. 74 and 2. 75, the coefficients Ai

and B.1 (i=1,2,3) may be written for large §

*1
A]. = -11—+exp
1
g
A2 = --{I—I+ exp
Ay = exp (2.76)
a
_ 1 1 2 ke
B, = -u—( ; ){Ml(c +1+4k)- (1+ )}+exp
1 Ml—l
2
B, = -kzc (E-L—l—) Ml + exp
2 v U1 MP-1
2
1

M
B, = Mlz {H(g)( )(-IS—(:-+y)+y—E-}+exp

The coefficients p(§), q(§), and r(f), then have the limiting form

a .
) = B (2= e D)} + oo
. 1 Ml-l v P

2
ale) = (%) (Mz ) 2 kc + 1)(1+k)— (1+ C)} + exp [2:77)
I p

- G {eEhE ) !
= (—)1H(E) +y ty t exp
_g 2 =
1

The expression for r(f) can be further simplified if H(E) is
written in its limiting form for large § .

Instead of the equation 2. 74 , po° (E) may be written

(o) o=
P(E) = P1 +va(§) . (2.78)

where

P_(£) = O(™®) as t-o .
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Then H(E), given by equation 2. 64, can be written

€&
(1) (&1}
HE) = A pog A j‘Pmdg . (2.79)
0

m 1 m

Using equation 2. 77, r(§) may be written in the simpler form
r(€) = C; +C,E + exp (2.80)

where

Q
]

2 0

M (1) » a, 2 a

1 A { 1y rkc 1 }

1 M 2, m (ul) (c N Y) ‘J’I Pmdg Ty uy Pl

- v
L 0

2 (2.81)

M a. 2 (1) '
1 1 k A
Cg - Z (u_l-) ('C—:::+ Y)( rey Pl)

1
The solution of equation 2.71, subject to the conditions 2. 73,

is simply the particular solution given by

, 8
“1m¥ = (qi“L pl_éz‘)J’ﬁEg o (2. 82)
1 q;

where p; and q are just the parts of p and g in equations 2.77
which are of order unity as § - o .

S
It is easy to show that u (2)

o is an asymptotic solution for

u (1) as £ - o0.
P _
The coefficient of £ may be written in a form that is particu-

larly convenient for matching with the outer solution. If the substitu-

tions are carried out, the result is

C, w4

B 2o (2. 83)

q3 M, -1 AL .
where

—2 -

Ml = uy /(yRTl) 9 : (2.‘. 84)
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(1) (

The asymptotic form for u'”’ (§) may be obtained in a similar

way. It is given by

(1) * - 2
u (—+p 2)+q—lg : (2. 85)

The only difference between this and the expression 2. 82 for upu) ™

is in the term CTI , which is given by

A(l) G) 3
- 1 1 { 1 m kc
el ( ) ( = f = dg + (2y+22) | (2. 86)
0 v
The asymptotic form for the slip can be calculated from 2. 82 and
2. 85,
; Cc!-C :
41 R b & R ¢ & L A e 2. 87
u_ (u uy ) a " (2. 87)

_ Carrying out the calculation gives the asymptotic form for the slip as

Z
; (1)
us(l) * = 1 (A(O) )( as £ + o0 . (2. 88)
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5. MATCHING OF THE INNER AND OUTER SOLUTIONS
Asymptotic matching of the inner or shock solution with the
outer or small slip solution follows the methods of Van Dyke5. Each
flow quantity in the inner solution must be asymptotically matched
with the corresponding quantity in the outer solution. To iliustra.te
the procedure, use the gaseous velocity u. The two-£erm outer ex~
-pansion for the gas velocity is
u ~ 49 (x) + AT (x) | (2. 89)
and the two-term inner solution is
u ~ a9 )+ a® () .  (2.90)
Matching requires thé.t |
| B (0) = u'® () | (2.91)
and

~(0) ‘

Recall that '1'1'0 is the zeroth order reference state for the outer or
small slip solution. Then, using equations 2. 74, equation 2. 91 re-
quires that

flo = uy ‘ (2. 93)

Using equations 2. 85 and 2. 83, the condition 2.92 requires

both that
C! C ' '
~ 1
a®(0) = (—=+p, %) (2. 94)
93 h
9]
and
dG(O) (0) _ -(-:—2— _ Afl\ 'U.l (2 95)

Thus, the additive constant ?11 in equation 2. 35 is determined by the
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matching condition 2. 94, Similarly, the other additive constants ap-
pearing in the first order outer solutions 2.33 ahd 2. 34 can be deter-
mined by matching with the corresponding inner solution.
Application of the well known relations of one-dimensional gas
dynamics to the zeroth order outer flow, described by equations
2.23-2. 26, gives the following

au@® w9 -1 dA
dx =~ A _ixtoy 2 dx

or, atx =0,

au'? (0) _ =" _A® _-a® Y —
= IS Y S R B Vi

" where equation 2. 93 has been used. Thus the condition required by
2. 95 is satisfied. Condition 2. 95 does not involve a matching which
determines some unknown constant. ’- Ra.ther,' it is a requirement that
must come out of the ca.‘lculé.tions if the asymptotic matching of solu-

tions is to be wvalid.
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6. COMPOSITE EXPANSION
The composite solution is' constructed from the inner and outer
expansions in such a way as to be a uniformly valid solution for small

Av . Omne convenient representation for the composite expansion is
u(x) ~ [ (x) - W (0) + u® ()] +

~ (1) ~ 50)
2,0 8% () +u (g) - (0) - £ S0 3 (2, 97)
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7. APPLICATION TO A CONICAL NOZZLE
Assume that a shock exists at a known location in a conical

nozzle whose area ratio is given by
A o? 3
X; = ( 1+ -2' x) (2- 98)

where Ao is the area of the nozzle ét'the shock. The parameter a is
assumed to be of order unity. The gas-particle flow just upstream of
the shock is assumed to be a known equilibrium flow. The problem is
to calculate the flow far downstream of the shock, using the assump-
tion that lv is small compared to the nozzle length.

' First, the inner, or shock, solution is calculated since it is
completely determined by the known upstream c;)nditi-ons. The up-
stream variables a£ the shock are denoted by u s Pu 4 Tu . Then .
the values of u(o), P(o), T(o) are easily calculated from the con-
ventional shock relations, equations 2. 54, and 'the particle values
are taken as up(o) =0, la.nd Tp(o) = Tu . These quantities serve as

the initial conditions on the inner solution.

The area is expanded in a power series as in equations 2. 44

and 2. 45.
Z
_ & 2
A(x) = A0(1+ax+—71-x +...)
or
a®r% .2
CAQME) = A_(1+arg+ % wn) 4 (2. 99)

e

The coefficients defined in equation 2. 45 are

ACY = A

A - A o  (2.100)
0 .

A(B) = A0a2/4
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The zeroth order shock solution was carried out by Ma.rblel,
using the equations 2.49-2.53. The zeroth order quantities approach

an equilibrium state ui ) T1 9 P1 » exponentially. The values of u

1 L
T1 i P1 can be calculated di::'ectly1 from the upstream conditions,
using the conservation of energy and momentum. A little manipula-
tion of equations 2. 49-2. 53 then yields the hodograph relation
‘ (o)
d(u”' -u,) .
S SR L (2.101)
d(u (2 4 ) P
P 1
where
F = -(u® -y’ )[J-——— (' - 1-2 u1)“'.21<1_c (u® +u1)]
- Plke(¥-1) YM;
_ (u(o) _ul)[ h} u(o) +E}E (u (°)+u1£|-
9 c(y-1) i
(2.102)
! @ © _. Y (0 (o _ 1
= [ —ul)-(up _ul)][y-l (u ul)+(up up)+y-1 u1]
= > .
M. -2
1o ©) 2y-1 , ™ ky . (o)
—[(u™ =u,)-(u ¥eu )] [ (0 ~u W +—L- (u 7 -u.)]
kc 1 P 1 v-1 1 ZMlz(y—l) v-1'"p 1
Equation 2. 101 may then be numerically integrated in the
hodograph plane. . To obtain the dependence upon the physical coor-
dinate £ , use is made of equation 2. 51 to write
w B g ()
P P = dE (2.103)

L@ (W@ -y @)
P

The ‘zeroth order speed of sound can be calculated in terms of u@

and u_© using equations 2.49 and 2. 53. ‘The result in terms of T

is
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s B .._(l[(u“” - )+k(u —u)]+ = 51 L (uf® -ug) .

1 (2. 104)
Equation 2. 103 can then be integrated numerically to get the zéroth
order inner solution.

The first order inner solution can be obtained from a numeri-
cal integration of equations 2.69. In practice, however, the details
of the first c.:rder inner ‘solyution would most likely not be required.

If only the first order correction factors for the small slip or outer
solution reference state are required, then it is only necessary to -

calculate the asymptotic form of the first order inner solution.

Thus, directly from equaﬁons P a@ (0) may be written
) ‘
~ (1) - - "1 du® (0) |~
B el = 1+k( 2)(1 ) "“g‘—ful
and by the ma.tching condition 2. 94

(© G4 C
% - e z><1-—> L s g . @
p ‘ 4

:.'

93

(e}
Using the familiar gas dynamic equations, the term _Tdud (0)

may be written in terms of the area

da® (0) _ Ky 1 dAa(0) _ ! a
—dE T T2 Al0) Tat B _ﬁz(r)
1 1

(2. 106)
o
Then u; is given by

Y C' p C ‘
. Bp = : 2) 1+k( z)(l"i)( Z)A_l (2.107)
My
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where
i a,a MmZ e
1 _ 1 ( 1 )[l(_1.+11)+__L]
g By 1-MPLY ™ (1+k)S
- _
1

(2.108)

Similarly, the other first order corrections to the small sliI:; solution
%1 and ﬁl (see equations 2. 33 and 2.34) may be calculated.

All the terms in 2. 107 except I, are written directly from the
easily calculated u, , P1 » T, state. The integral Il contains the
zeroth order inner solution implicitly. Thus, directly from the

~

o
zeroth order inner solution, the zeroth order reference state u_ s P

(o]
~

T0 = (u1 5 P1 3 Tl) and the first order corrections uy P1 . T1 for
the outer solution may be calculated. It is not necessary to calculate
the detailed first order inner solution unless second order terms of

the outer solution are required.
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8. POSITION OF SHOCK IN A NOZZLE

In the case of conventional gas dynamics; it is a straight-
forward calculation to determine the location of a shock in a nozzle.
The flow is assumed to be isentropic, except across the shock, and
the shock is positioned so that the conditions at the nozzle exit are
satisfied. This problem is considered in detail by Croccoé, and will
not be repeated here, except in connection with the corresponding
problem for two-phase flow.

In the small slip approximation, that is, the asymptotic so-
lution as )‘v = 0, the location of the shock in an ideal nozzle can be
calculated to various orders of A‘v . Assume for the present dis-
cussion that the coordinate x is measured from the nozzle throat,
increasing toward the nozzle exit, and let X denote the location of
the normal shock. Assume that x, can be expanded in powers of
kv as follows.

2 = x O 4+ W) oy @, (2.109)
S S v s v 3

where, as before, )\v has been normalized with respect to the nozzle
length. Then xs(o) is the position of the shock for )\v =0, or for
equiiibrium flow. The zeroth order or equilibrium flow, as men-
tioned earlier, is analogous to the conventional isentropic flow of a
gas of density (l+k)p , with modified thermal properties. This flow
is described by the zeroth order equations, equations 2. 23—‘2. 28.

Clearly, xS(O)

is determined in the same way as the shock location
problem for conventional gas dynamics. Once the shock location is

known to the zeroth order, then the first order slip quantities can be

‘directly calculated from equations 2.29-2.31.



-103-
The next step is to calculate the first order correction, xsf” ’
to the shock location. The first order correction does not follow
directly from the previoué calculations without a closer look at the
flow conditions. The stagnation conditions upstream of the nozzle
'are assumed fixed so the flow, for a given system, is completely,
specified for an ideal nozzle by giving the exit pressure, Pe . The
specification of Pe » then, determines the equilibrium flow and the
zeroth order location of the shock. Now, if we calculate the first
order correction to the gaseous pressure from equation 2. 34, as-
suming that the shock location is fixed, the exit pressure will be
changed by a first order term; say Pe(l) . By assumption, 'however,_
the exit pressure of the nozzle is fixed, so a correction must be‘
- made, which amounts to moving the location of the shock by a first
order amount. This may be done in two ways which are actually
equivalenf.

One way is to modify the zeroth ;)rder flow to allow for the
first order pressure correction brought about by the slip between
phases. This is done by calculating tlhe zeroth order flow for a new
exit pressure P:3 = Pe - XVPe(l) ‘, which changes the shock location
by an amount of order )Lv . The corresponding change in the first
order gas calculation is‘of order k‘f , so the exit pressure, calcu-
lated with the s.hock at its corrected location will be‘ Pe -+ O(sz) .
Higher order corrections may be made by repeating this process
but, strictly speaking, terms involving the second order gas flow

must be included.

An alternative method is to fix the zeroth order flow, then to
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move the shock location in such a way that the first order pressure
correction, calculated from equation 2. 34, gives a zero correction

at the nozzle exit. Then, again, the exit pressure will differ from

Pe by, at most, an amount of order Aj .
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