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Proof. Choose b; = o(x9) and r > 243 4 as above and let

B. = {x| |lx-2re.|| =sr}. Then sup HDZZ b.p.(x)|| = » so we
J J xeB, i *+*
J
can pick yj EBJ. and hd €42 with ilhall = 1 such that
3 < 1200%, (yHInd,nd1 | . Tet By - (1] v3(3%) > 01,
i
Then if j;!j',F].ﬂ Fj‘ = @ . Now define
a, = sign(D%, (y9)[nd,nd1) i 1 € F,
= 0 if iEFJ. for any J .
2 > 2
Then sup [[D° 2 a 0, ()|l = sup [|Za;D%, (x|l
x <3r i - :»cEBj i
2 g 2 Jyrud pd
2 H? a; D%, (yl Zli?g a; D, (y9)(n?,nd]|

¥
dJ

- |D2cpi(yj)fhj,hj]‘- Since “bl“ < 3r the last expression
i€F .,
J

. 1 2 dyrpd 3.0
> 52} ?F Hbichpi(y‘j)[hj,thll > /5 .
i «
q
Since j is arbitrary,u}s(hlgarnpz 21-3 a;0; (x)|| = = and by

Frop. 1.6 the Theorem follows. Q.E.D.
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CHAPTER VI

SMOOTH APPROXIMATION

Definition. Suppose that © and F are Banach spaces,
that U is an open subset of E and that f € C3(U,F). Then if
Osqg<p=x we will say that f is Cp q approximable on U if

b

given € >0 there exists a géECp(U,F) such that

sup HDkf(X)-Dkg(X)H'<€ . We will say that f is

xeU,0<sk=qg

strongly Cp q approximable on U if given any e(x) €
9

CO(U,R+) there exists a gGECp(U,F) such that for x in U,

sup HDkf(x)-—Dkg(x)H < e(x). In both cases the functions
O=sks=qg

g will be called Cp 8 approximations.
9

It is well known that if B is finite dimensional
then every f € CY(E,F),( q=1), is strongly Cp,q approxi-
mable on k. When B is infinite dimensional but separable,
Prop. 2.7 implies that every f € CO(E,F) is strongly Cp,O
approximable if and only if E is ¢P smooth. However when
q>0 it is not known whether there exist any infinite
dimensional Banach spaces such that every c? function
is Cp,q approximable. In particular, it is not known

whether every Cl function on separable Hilbert cpace is

Gy approximable,
L_,l )
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The theorem below will show that if a C% function

on a separable c¢Pr9 smooth B-space is locally Cp q approxi-
]

mable, then it is strongly approximable on the whole space.
This would be an essential theorem in constructing Cp q

9
approximations on manifolds modeled on ¢P»9 smooth Banach

spaces.

Theorem 6.1 Let B be a separablecp’q smooth B-space and

let F be another B-space. Let f € CH(E,F) and suppose that
for every x in E there is a neighborhood NX of x such that
f is C approximable on Nx' Then f is strongly Cp

P.q
approximable,

5!

Proof., If e(x) >0,let {Ua} be an open cover of £ refining

[NX} and such that inf e(x) > 0. Apply Lemma 5.1 to get four
xeU
a

locally finite subcovers {Vg} refining {Ua} and functions
g; € cPr9(E,R) satisfying the conditions of the lemma. Let

¢y = inf4 e(x) and let Mi==H(l-gl(x))-~~(1—gi_l(X))gi(x)Hq-
XEV.,
i

By the hypothesis, there exists an hi(x)ficp’q(vg,F) with

(6.1) sup ID%£(x) - ¥, GOl < e, /(29 M)
4 i
x€eV,,0=k=q
Now define fo(x) = f(x) and fi(x) = f(x)(l—gl(x))---
(1-g,(x)) + hy(x)g;(x) + hy(X)gs(x)(1-g(x)) + ...
+ by (x)g; (x)(1-g1(x))+--(1-g; _;(x)) for i>1,

If x € ViL)...LJVi then (1l-g(x))--:(1-g;(x)) = O,hence
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(6.2) £,(x) € cPrA(VIU ... UVI,F) , iz 1.

Also if xvaiL then gi(x) = 0 so that

{6.:%) fi(X) = fi_l(x) when xﬂVL; .

Now using (6.2) and (6.3%) and the fact that
{V%} and {Vg} cover B, for every x there is a neighborhood
UX, of x and an integer k_ such that fi+l(y) = fi(y)
: 1Y
for y€ U, and i>k,  and fi(y) € C (UX,F). Hence

h(x) = 1lim fi(x) exists and h(x) € Cp(E,F) . Now
i—>ew
£.(x) = £, _1(0) = (B, (x) = £(x)) (1= gy (x)) + -+ (1-g; _; (30D ()

k

k : k

and hence }s{zsq\lD (£, (x) = £, 1N = j}jo(j)}scg‘?g“l)l?hi(x) »
z

£ (x|l - s2$4unk(<1-gl<x>>..<1-gi~1<x>>gi<x>)n <
X y
i i}

k : .
2 (?)61/2Q+1Mi . Mi < ei/2l for ks q. Using this and
3=0

(6.3) we have for Osksq , \l_‘Dkf(x)—th(x)ll = HDkf(X)-—Dka(X)“

for some N, and this is s 2 u HDk(fj(x)—f._l(x))H
{3|xevy, g=N} : e

N :
< e(x). 2 1/29 < e(x). Hence f(x) is strongly C
j=1 PyQ

approximable., Q.E.D.

Consider separable Hilbert space, £2 , wWith
orthonormal basis {ei} . Write x = 2 x;e, and define o(x)
i

= ) . 3 . ; . " ) m
= Z; |x;|le; as in Chapter V and X(x) 2; x; |x;|. Then



uuy
lo(x) = o( = x-3ll and | Ge+yy)lx vy - S x|, |
v i 1

- (20(x),y>l < |23y§| = HyH2. Hence DZ(x) = 20(x) and
1

z(x) € Cl(f‘g,R). We observe that o(x) is nowhere differ-
entiable « To show this let x6[2 and suppose that o
is differentiable at x. Then there exists a 6 such that
when ||y]| < 6 ,l|o(x+y) - o(x) =Da(x)[y]ll < |lyll /8 . Choose
n such that lxnl <6/4 and let y=4ée . Then

| o(x+y) + o(x-y) = 20(|| = | |xp+y | + Ix -yl =21, |
> 36/4 + 36/4 - 26/4 = 6/2. On the other hand

| o(x+y) + o(x-y) - 20(x)|| = llo(x+y) - o(x) = Da(x)[y] + o(x-y)
- o(x) = Do(X)[-y1|| = lo(x+y) = o(x) =-Do()[yIll + |l o(x-¥)
- o(x) =Do(x)[-y1ll = 6/4, contradiction.

We pose the question: Is there any better 02 1
?

approximation to =(x) on the unit ball than a constant

function? From Theorem 5.2 it follows that 2(x) is not
2

N

02 1 approximable by C™°~ functions on any ball. The
9
following theorem shows that if || Z(x) -g(x)||, < R/2 on
a ball of radius R, where g¢€ 02(12,R), then g can not have

a decomposition of the form g(x) = 23 gi(xi).
A

Theorem 6.2 Suppose that G(x) € Cl(f2,£2) and that

G(x) = Z hi(x;)e;. Then if B is a ball of radius R,
1

sup||G(x) - o(x)|| = R/2.
x€B
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Proof, Let B have center a and suppose that
© n
R>¢e¢ >0, Pick n such that 2 aa < € and let b = 27 a.e..
j=n+1 9 1 Jd

Now find 6 such that ||x-Db|| <6 implies [||G(x) - G(b)
-DG(b)[x-bl]] = el|x-b|| /R . Thus when \Xi-bi\ <d g

(6.4)  |hy(x;) -hy () = ()G b) | < Elxg - by

dx. %
i
Choose N large enough so that 36%5 <6 and let z =
n+N R
= ~€ e. . Then ||z]] = R-¢ so that (b +z) €B.
J=n+1 N J

By applying (6.4) with i = n+l,..,n+N we obtain

lG(b+z) + G(b-z) - 2G(b)|| s ||G(b+2z) - G(b) - DG(b)[z]|
+ ||G(b=2) = G(b) =DG(b)[-2z] || = 2¢||z||/R < 2¢ .

Since o(b+z) = o(b-z) we have ||G(b+z) - o(b+z)| +

lG(b-2) - o(b - 2)|| + 2|G(b) - o(b)|| = |[[G(b+2z) +G(b-2)

- 20(b+z)|| + 2|/|G(b) - o(®)|| , which by (6.5) is =

126(0) - 20(b+2z)|| - 2¢ + 2[|G(b) - o(b)|| = 2||o(b+z) - a(b)]|

(6.5)

- 2¢ = 2||z|]| - 2¢ = 2R-4e. Therefore either ||G(b+z)
- o(b+z)|l, [|G(b=2z) = o(b-2)|| or ||G(b) -oa(b)| is = %-—e.
Hence sug 1G(x) = o(x)|| = %-—e. Since € is arbitrary, the

e
theorem is proved.
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CHAPTER VII

WEAK Cp q APPROXIMATION ON [2

’

As stated in Chapter VI, it is unknown whether
every C1 function on [2 is C2,1 approximable., In this
chapter we show that Cp,q approximation can be performed
on £2 provided we use a weaker approximation condition
on the derivatives. The approximation is first done

\ )
locally and then the c®*® smoothness of f° is used to

build up a global approximation.

We first point out that the usual finite dimen-
sional technique of convoluting a ¢P function with a C”
function having a small bounded support(i.e. letting

ka) = jf(x+y)m(y)du(y)) to obtain a C_ 5 approximation,
B ’

fails on £2. There is of course no translation invariant

borel measure on ﬂ2 but we might hope that given f €

Cq(ﬁg,F) there would exists a probability measure u on

02 such that F(x) = Jr(x+y)au(y) is of class cP, p>q.

This , however,is not the case and we sketch a proof

for g=1. Define

Fl(x) - 5 (l—cos\/hxn)
n=1 n

where x = Z)xnen. Then it is not hard to show that
n



47

Fl(x) € Cl(fg,R) and that Fl(x) is nowhere second differ-
entiable. Suppose now that u is a probabilty measure on

12 with bounded support and define Fl(x) = JFl(x+y)du(y).

Then
%‘/l(x) = ¢ + % an(cosfﬁ d)n - cosfﬁ(xn+ d)n) )
where c¢ = J Z)(l-—cosﬂiy )/n du(y) < =
n
2 2
a ( cog yndu(y)) + (Isinﬁiyndu(y))
and

b - ) J51nﬁiyndu(y)

Toowt 7gants)

Now 052%152 and a, = Jcosﬁfyndu(y) = J(l—nyi/2)du(y)

2 4

> l-nyn/2 where 2= Iyndu(y). From %TYH =
j“yn2du(y) < = follows 1lim inf ny, = O which gives

lim sup a, = 1. Since the an's do not approach O, the same
method of proving Fl(x) is nowhere second differentiable

can be used to show that ﬁl(x) is nowhere csecond differ-

entiable.

This can be generalized. Define
F(x) = Z2(l-cosmx.)/ n(p+l)/2,
p n=1 -

Then Fp € CP(QZ,R) and Fp(x) is nowhere p+l1l differentiable.
If u is any probability measure on ﬁa and if we define

ﬁp(x)==jFp(x+y)du(y), then ﬁp is nowhere p+l differentiable.
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In the constructions to follow we will need
two propositions about measures on Banach spaces. The
first proposition is well known. We recall that a proba-
bility measure uwon E is a positive regular Borel
measure satisfying w(E) = 1.

Proposition 7.1 Let u be a probability measure on a

complete metric space {2 . Then for every € >0 there
exists a compact subset Ke of  such that u(Ke)zl— €.
Lemma 7.1 Let f € CO(E,F) where E and F are Banach spaces
and let K be a compact subset of E. Then

lim sup l£(y+h) - £(h)|| = O .

t—>0  heK,|yllst
Proof. Suppose € >0. For every he€K find Rh such that
|ly—h[[<Rh implies ||[f(y)-f(h)|l <e/2. Let {B(hi’Rh.)} be a
finite subcover of the cover {B(h,Rh)}, where B(;,Rh) is
the ball with center h and radius Rh. Let 6 be the Lebesque
number of {B(hi’Rh.)}' Then for every h € K and y€E with
lyll =6 we have h,yihEB(hi,Rh.) for some i. Hence ||f(h+y) -
(il = Hf(h+y)-f(hi)H-+Hf(h§-f(hi)naze/2+e/2 = €. Q.E.D.

Proposition 7.2 Suppose that u is a probability measure

on a B-space E with compact support K and suppose that
fe CP(U,F), p= 0, where U is an open subset of E. Then if
V is an open subset of U such that the algebraic sum V+K
is contained in U, g(x) = Jf(x+y)du(y) € ¢cP(V,F) and
Dkg(x) = kaf(x+y)du(y) for O<k=<p .
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Proof, Suppose x€V and € >0. By Lemma 7.1

there is a 6 >0 such that ||z|| < ¢ implies

sup||f(x+y+z) - f(x+y)|| < €.
yeK

But then ||zl < 6 implies |lg(x+2) - g(x)||
< JHf(x+y+z)-—f(x+y)Hdu(y) < ¢ . Hence gEECO(V,F).
Assume that g(x) € CU¥(V,F) for q<p and Dkg(x)
= [p¥e(x+y)du(y) for 0Osksq. We show that g(x) € cq"H(V,F)
and Dq+lg(x) = IDq+lf(x+y)du(y). For any x in V,

lim sup Wqu(X+ty+z)—qu(x+z)-—DQ+1f(x+z)[ty])/tH
t—=>0 HYU=1,Z€K

= 1lim sup ((qu(x+ty+z)-qu(x+z)-—Dq+lf(x+z)[ty])/t,w%
t—=>0 |lyll=1,2€K

weF* | |lw|| <1

Now by Prop. 1.5, (qu(x+ty+z)-qu(x+z),w)

g+l

(D f(x+z+7y)[tyl,w) for some O<7 <+t so the last

limit is

< lim su ((Dq+lf(x+z+7y)-Dq+lf(X+Z))[Y],W>
t—0 Hyﬁ:l,zEK,wéF*,Hstl
O<7<t
= lim su H@q+1f(x+z+7y)-Dq+lf(x+z»[yjn

t =0 ||lyll=1,2€K,0<7<t

= 0 , by Lemma 7.1. Hence

Lin 5 Jqug(X+ty%"Dqg(x) - (JDQ+lf(X+Z)du(2))[y]H = 0,
— y:

so that Dq+lg(x) exists and equals JDQ+1f(x+z)du(z). Q.BEB.D.
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Corollary 7.2 Let  be any probability measure on a

B-space E and suppose that f(x) € CP*P(E,F). Then
g(x) = ff(my)du(y) ¢ ¢P'P(E,F) and DXg(x) =
JDkf(x+y)du(y) for ks np.

Proof. By Prop. 7.1 there exists compact sets

K_with w(K,)) = 1-¢ . Define g (x) = fo(x+y)dp(y). Then
€
by Prop.7.1 , for k=<p, Dkge(X) = JKDkf(xw)du(y) and this
€
implies that Dkge(x) converges uniformly as e—0 to

[p*e(x+y)an(y)  for k=p. S0 by Prop. 1.11, D¥e(x) exists

and Dkg(x) = JDkf(x+y)dp(y). g(x) is in Cp’p(E,F) because

ID¥eGOll = [ID* e Cery)llapy). Q.E.D.

Consider now separable Hilbert space £2 and let
{ei} be an orthonormal basis. We will define for each
nonnegative sequence {ai}, with Z)a§2< © , a probability
measure uA o B = {ai}. Let n(t) be a fixed function in

C®(R,R) satisfying n(t) = O if |t|=1 and [n(t)at = 1.

Define for each posgitive integer n an integral on CO’O(£2,R)

as follows:

n_, n, Y n, ,
Aoy - T1(3) JI;,iT;rln(-a-z)fciglyiei>dun<y>

where H is the space spanned by e. 5 “h is
e {illsi%n,ai>0}
the standard Lebesque measure on Hh and Tr'and ¥ denote

the product and summation over only those i's for which
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a; > O. Let K denote the compact Hilbert cube K =

{x\ \xi\-sai}. For any fGECO’O(lz,R) find 6 such that
z,y € K and ||z-y|| <6 implies |f(2z) -f(y)|<e . Then if
we take N such that £ a°< 6° we have for m= n=N,

i=N+1

| AR(£(x)) - AR(EG)) | =

T2 7Tn( ) 2 (Zyiepat)

1% )L Tl )f<by e5)au, (¥)

=l

I

< T )LI'{TTI( WIS EAREROAARILERES
i=

< T%J( )i{ TTWK )- e dw (y) = €

=1

Hence 1lim Ag(f(x)) exists and we define this limit to
n—o

be AA(f(x)). The functional AA is clearly linear, bounded
positive and satisfies AA(l) = 1. Since supp M e X oana
K is compact, AA is an integral. By the Riesz Representa-
tion Theorem there is a unique probability measure uA on

[2 such that ff(x)duA(x) = AA(f(x)) for all fEECO’O(£2,R).

In the proof of the next theorem we will use the

measures uA to mollify cP functions on £2. We recall that

a Hilbert-Schmidt operator T on”fzisenlelement of L(£2,£2)

satisfying 2 (Te

'l‘e.)< o ,
’
i,j=1 & J
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Theorem 7.1 Suppose that f € CP'P(U,F),1<p<e, where U
is an open subset of £2, that Dpf(x) is uniformly contin-
uous on U, that V is an open subset of U with dist(V,CU)>0,
and that T is a Hilbert-Schmidt operator on [2. Then
there exists a g(x) € C”(V,F) satisfying
su IDE(£(x) - gGOITRI| < 1.
xEV,ﬁhHsl,OSKSp
Proof. Let T = SW be a polar decomposition
for T, where S = VIT* and W is a partial isometry. Then
S 1is positive definite self-adjoint Hilbert-Schmidt and if

we denote the unit ball by B, then

(7.1) T(B) = 8SW(B) <= 5(B)

Assume that the orthonormal basis {ei} is a set
of eigenvectors for S and that Se:,L =a.e. . Then a, = 0
and Z)afz< ». Now DEf(x) is uniformily continuous on U

i
for k< p so we can find 6 > O such that &6< dist(V,CU) and

(7.2) sup 0% (x) - DXe(3)|l = 1/2T
x,¥€U,|lx-yll<6,0sksp

Let t = min(1,6/223a;§, a;=ta;, A = {a;} and define
i
ut as above. Letting K be the compact set {x\ |xi‘s a; ¥,

we have diam K < 6 , supp uAc: K and V+ K< U. Now let

1 .k
M = sup J lg—kn(t)%dt and use Prop. 2.7 to obtain g(x)e
k<p -1 dt

C=(42,F) such that



(7:3) sup|| £(x) - g(x)|| = t9/2m2 .
x

Let f(x) = J\f(x+y)duA(y) and g(x) = jg(x+y)duA(y), then

by Prop.’?.é, f e cP(V,F) and € C™(V,F). (7.2) gives
(7.4) I0%eG0) - DFE@O =[£G - Gy llant(v) < 172017

Suppose now that x€V, that i, ,.. ix,k=<p, are

integers with a; > O for jsk and N = max(i, ,... i,).Then
3
oK

| e
axi1 . axik

(£(x) -g(x)) |

N n, . n,\y.: n,
Mg 1 TR [T [rocs Byge

iy .. %4 noe g=1 23 s J

nl
(7.5) -glx+ ZDy.e.)

je50 ] Al

| S—

k ;
< lim ﬁl( )J —-——a-——-—( .n'n(gq-))uf(x+ §'yjej)

n-e §=1 2 TH i i ge1 f

o

nl
- g(x+ Eyjej)ll dw: ()

(which by (7.3) is)

1 o* (N ‘(24 ) A /ond quy
TT = ——— - t3/2M7 4
s le (aJ) jH;layll - W ayiJT (aa) / HN(ZY)

s = .1 Lk 91l
. a. & %
ll lk ll lk

Q-
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It follows now from (7.1) and (7.5) that

sup ID%(F(x) - 8(x))ITh]|| = sup |ID¥(£(x)-8(x))[Sh]]
x€V,||hl|s1 x€V,|lh|ls1
© ak_ - »
= sup | 2 =1—-___5X11 — axi(f(x)‘g(x))“iflil' cazh; |

x€V,||hl|s1 Ay g wedie *

(=]

— 1 1
s sup || z % Zeeez a.h, eeca.h, |
Ihllsl  ii.. ie=1 Gy, %1, 1 T dle
< sup_ % [In)* = %

linlj=1

Combining this with (7.4), we obtain for Osk < p,

sup IDK(£(x) - 8G))ITh|| s sup [|DX(£(x) - F(x))[Th]|
x€V,||h|| =<1 x€V, | hl| <1

v+ sup [[DF(F(x) - gG))IThI|| = supl|DECECx)-F(x))|| -[IT|| + %
x€V, ||hl| <1 XeV

S%"’% =1 . Q,.E.Do

Remark, Suppose that the f in Theorem 7.1 has the
property that for any € > O there exists a gEEECm’p(V,F)
such that [[f(x) - g (x)|| yse and ng“p < M, where M is
independent of e€. Then the conclusion of the theorem
would be true if the operator T were only assumed to be
compact. To show this assume T compact and find P in

L(ﬁ2,£2) with finite dimensional range and such that
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W - B = 1/2(Hfﬂp+—M). Apply the theorem to get a
& € C®(4°2,F) with supl|DX(£(x) - E(x))[2Ph]|| < 1. Since
x€ev, thsl s K<D

g(x) = Jg(x+y)duA(y) where g is a C_ , approximation

to f and since by assumption we can take Hng < M, it

follows that we can assume ugnp < M. Therefore

sup|| DX (£(x) - E(x)NIThlll = suplD(£(x) - E(x))(@-Bh] |
x€V,|lh||s1,ksp x€V,||h][=1,ksp

+ sup|DX(£(x) - B(x))[Pn]| = Cigll, +wliz-P| +% < 1.
x€V,[|hll<1,k=p

We now give a global formulation of Theorem 7.1.
The proof is similar to the proof of Theorem 6.1 in which

Lemma 5.1 played a key role.

Theorem 7.2 Let f € Cp(fz,F),lsP<w, and suppose that
Dpf(x) is uniformly continuous in some neighborhood of
every point of £2. Then for any locally finite cover
{Ua} of 12 and collection {Ta} of Hilbert-Schmidt opera-

tors on £2 there exists a g(x) € Cm(i2,F) such that

sup sup HDk(f(x)-g(x))[Tah]u € 1 .
% xeu_,linll=1,0sksp

Proof. As in the proof of Theorem 7.1l,let
Sa = VTaTa so that SOL ig self-adjoint positive definite

Hilbert-Schmidt and Ta(B)C: Sa(B), where B is the unit ball.
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For every x in £2 find a ball B(X,RX) of radius RX about x
such that B(x,RX) intersects only a finite number of Ua's
and DPf(x) isuniformly continuous on B(X,RX). Now since

fz is ¢™»°% smooth, we can apply Lemma 5.1 to the cover

{B(X,RX/2)} to obtain covers {Vg}, j=1,2,3,4, and functions
gi(x) € Cw’m(£2,R) such that

1) dist( vCJ VJ+1) >0, j=1,2,53

2) {Vi} covers f

3) {Vg} is locally finite and refines {B(X,Rx/2)}
4) 0sgy(x) =1, g(x)(VE) =1 and g, (x)(CV3)

Now define o (x) = gl(x), Cpi(.x) = (1"%1(}{))‘"(l"gi_l(x)ki(x)

if i>1 and M; = [lcpiup . If we let
S, = L 8,
{aannV # ¢}

(note that the sum is over a finite number of a's) then$S. is
positive definite self-adjoint Hilbert-Schmidt and Sa<B) &
Si(B). Set

8, = 2p+iMi(max(l,|lSilD)pSi
and use Theorem 7.1 , observing that f(x) € Cp’p(B(x,RX),F)
and dist(Vi,B(X,RX)) > O, to obtain functions hiEECm(Vi,F)
satisfying

(7+8) sup HD (£(x) - h, (x))rs’ h]“ < 1.
x€ev (o llnfls1 k<p

Define fo(x) = PURYyusosy fi(x) = f(x)(l—gl(x))--~(1—gi(x))+



o7

hy ()  (x) + - -+ 1 (x)p, (x). When x € VEUL L 0VE, (1-gy () -

(1-—-gi(x)) = 0, hence

(7.7) £,(x) € C™(VIu...uVi,F) .
Also
(7.8) fi(x) = fi__l(x) when xﬂVLil'

For every x € 12 there is a neighborhood Nx of x and an

L 1
lU. L] .UVn

Hence by (7.7) and (7.8) we can define

integer n such that NXC Vv and N th.: = @ for i>n.
X

g(x) = lim f, (x) and g(x) € ¢% (l B )
i

Now f. (x) - £ l(x) (h (%] = %) )cp (x),hence

sup [|D¥(£;(x) - £;_1(x))[8;h]]|
(7.9)  x,|lhls1,k=p

k

< T (g supl|DP(h, (x) - £(x) )[8;h]|| . sup|D* e, (x)[S;h]]|
2=0" ., Injl =1, %=p x,||nll<1,ksp
k R .

< Zb(> 1/(2p+1m Is; 1%y - Minsiuk‘n z 1/2P% = 1/2*
n=

by (7.6) and (7.8). Therefore if x € U,

supl| D¥(£(x) - g(x)IT R = sup|D(£(x) - g(x))[8,h]]|

Inll<1,k=p |hll<1,ksp

z supl| (£, ()-,_ (xSRI < Z
< {J\U nV #ﬁ} Inll<1, kS% {J\Uapvg¥?}
supl| D (£ 5(x) - £5_3 G850l = y 12 & 1. gB.
bl <1, kSp {J\ NV 579
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