






















































































39 

> (d 2 - 2€ 2 - 2€) • Hence sup[I f (x) - cr (x) II. 
xEB 

:2: sup\lf(x) - cr(x)\\ 
xEF 

> J (d2 
- 2€

2 
- 2€) • Since € is arbi-

trary, supl\f(x) - cr(x)\\ 
xEB 

<!: d/2"13 • Q.E.D. 

Now suppose that (c.pi} is a c2 partition of unity 

for p2 and that diam(supp cp. )< d for all i. If we pick 
l 

. i 
points xlEsupp c.p. and let b. = cr(x) then 

l l 

\ltJ b.cp. (x) - cr(x)\\ = 
i 1 1 

(cr(xi )cpi (x) - <J(x)cpi (x)) II 
l 

s: - xllc.pi (x) s: d. Hence by 5. 3 if B is a 
l 

ball of radius r > d,then 

(5.2) 

Let a i ::: bi if 

Then the a. IS 
1 

when xEB and 

(5.3) 

sup (x)ll = 
xEB i l l 

CD o 

supp cpi n B 0 

are bounded and 

therefore 

sup\\D 2 a.cp. (x)ll 
xEB i 1 1 

I 

and a. l 
::: 0 

a.q:i. (x) = 
i l 1 

CD • 

o °!J herwise, 

2J b.cp. (x) 
. 1 1 
1 

The next theorem will show that (5.3) also 

holds when the ai's are a suitable bounded real sequence. 

Theorem 5 .4 Let {cpi) be a cP, p <!: 2, partition of unity on 

p 2 and suppose th a t diam ( supp cpi) < d for al 1 i. Then there 

exists a sequence (ai} of bounded real numbers such that 

sup \\Dk 2J a .cp. (x)\\ == CD for 2 s: k s: p • 
x i 1 1 
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Proof. Choose bi = a(xj) and r > 2/3 d as above and let 

BJ.= [x\ l\x-2reJ.llsr}. Then sup \ID2
2Jb.cp.(x)\I = oo so we 

xEB. i 1 1 

J 

can pick yj E Bj and hj E P2 with llhj\I = 1 such that 

j < I ;G b. D2cp. (yj )[hj ,hj] I . Let F. = [i I cp. (yj) > O}. 
. 1 1 J 1 
1 

Then if j I j I ,F. n F. I = 0 • Now define 
,J J 

2 . . . 
a. = sign(D cp. (yJ)[hJ ,hJ]) if i E F. 

1 1 J 

= 0 if i ~ F j for any j • 

Then 

3
1r ~ llb.D 2cp.(yj)[hj,hjJll > j/3r. 

'EF 1 1 
1 j 

Since j is arbitrary, sup \ID 2 6 a.cp. (x)ll = oo and by 
llxll s;3r i 

1 1 

Frop. 1.6 the Theorem follows. Q.E.D. 



41 

CHAPTER VI 

SMOOTH APPROXIMATION 

Definition. Suppose that E and F are Banach spaces, 

t h at U is an open subset of E and t hat f E Cq(U ,F). 1.I1hen if 

Osq<ps;oo we will say tha t f is C ap~roximable on U if . p' q . I ' 

given E: > 0 there exi.sts a g E cP(u ,F) such that 

sup llDkf(x) - Dkg(x)ll < e: • We will say that f is 
xEU,Os:ksq 

strongly C approximable on U if given any e(x) E p,q 
c 0 (u ,R+) there exists a g E cP(u ,F) such that for x in U, 

sup llDkf(x) - Dkg(x)ll < e(x). In both cases the functions 
Osks:q 

g will be called C approximations. p,q 

It is well known that if E is finite dimensional 

then every f E Cq(E,F) ,( g "2: 1), is strongly C approxi-p,q 

mable on E. When E is infinite dimensional but separable, 

Prop. 2.7 implies that every f E c0 (E,F) is strongly C p,O 
approximable if and only if E is cP smooth. However when 

q > 0 it is not known whether there exist any infinite 

dimensional Banach spaces such that every Cg function 

is C approximable. In particul a r, it is not known p,q 

whether every c1 function on ~> c parable fhlbert ~: pace i~3 

c2,l approximable. 
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The theorem below will show that if a Cq function 

on a separable Cp,q smooth B-space is locally cp,q approxi­

mable, then it is strongly approximable on the whole space. 

This would be an essential theorem in constructing C p,q 

approximations on manifolds modeled on Cp,q smooth Banach 

spaces. 

Theorem 6.1 Let Ebe a separableCp,q smooth B-space and 

let F be another B-spa ce. Let f E Cq(E,F) and s uppose that 

for every x in E there is a neighborho od Nx of x such that 

f is C approximable on Nx. Then f is strongly C p,q p,q 

approximable. 

Proof. If e(x) > O,let {U } be an open cover of E refining 
a. 

[N } and such that inf e ( x) > 0. Apply Lemm a 5 .1 to get four 
x xEU 

a. 

locally finite subcovers [V~} refining [Ua.} and functions 

g. E cP,q(E,R) satisfying the conditions of the lemma. Let 
l 

e:l. inf e(x) and let M. = llC1-g1 (x))···(l-g. 1 (x))g.(x)I\ • 
4 l l- l q 

xEV. 
l 

By the hypothesis, there ex ist s an h. (x) E cP,q(V~ ,F) with 
l l 

(6.1) sup \\Dkf(x) - Dkh. (x)\I < e:. /(2q+iM.) • 
4 l l l 

xEV. ,O::;;k::;;q 
l 

Now define r 0 (x) = f(x) and fi(x) = f(x)(l-g1(x))··· 

(1-gi(x)) + h 1 (x)g1 (x) + h 2 (x)g2 (x)(l-g1 (x)) + ••• 

+ hi(x)gi(x)(l-g1 (x))•••(l-gi_1 (x)) for i>l. 

2 2 
If x E v1 U •.• UVi then (l-g1 (x)) · · ·(1-gi(x)) O,hence 
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(6.2) fi(x) E p,q( 1 1 ) c v 1 u ... uvi,F 
' 

i ~ 1. 

4 
gi(x) 0 that Also if x %. vi then = so 

(6.3) fi(x) fi-l(x) when 
4 

= x~ v. • l 

Now using (6.2) and (6.3) and the fact that 

[V~} and tv{l cover E, for every x there is a neighborhood 

U of x and an integer kx such that f. 1 (y) = f.(y) x l+ l 

for y E ux and i > kx and f i (y) E cP(ux ,F). Hence 

h(x) = lirn f.(x) exists and h(x) E cP(E,F) • Now 
. l 
l~CD 

fi (x) - fi-l (x) = (hi (x) - f(x)) ·(1- g 1 (x)) • · ·(1-gi-l (x))gi (x) 

and hence sup \IDk(f. (x) - f. 1 (x) )II s ~ (~) sup4 llD1\h. (x) -
4 1 i- j=O J xEV. 1 

xEVi i 

f(x~ll· suvp4 11Dk(C1-g1 (x)) •• (l-gi_1 (x))gi(x))ll s 
xE . 

l 

~ (~)€./2q+iM. • M. s €
1
./2i for ksq. Using this and 

j=O J i l i 

( 6. 3) we have for Qsksq , \tDkf(x)-Dkh(x) II = l\Dkf(x)-DkfN(x) II 
for some N, and this is s E 4 \\Dk( f .(x)-f. 

1 
(x))ll 

[j\xEV.,jsN} J J-
N J 

< e(x). E l/2j < e(x). Hence f(x) is strongly C 
j=l p,q 

approxirnable. Q.E.D. 

Consider separable Hilbert space, p2 , with 

orthonormal basis [e.} • Write x = ~ x.e. and define cr(x) 
l i l l 

= E \x. \e. as in Chapter V and ~(x) = L). x. \x. j. 'I'hen 
i l l i l l 
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II cr(x) - cr(y)IJ s: \Ix - y\\ and 16 (x. +y.) Ix. +y. I- 6 x. Ix. I 
. l l l l . l l 
l l 

- (2cr(x),y>I s I~ y?I = [ly\\ 2 • Hence DL:(x) = 2cr(x) and 
. l 
l 

L(x ) E c1 (P 2 ,R). We observe that cr(x) is nowhere differ-

entiable • To show this let x E p2 and suppose tha t cr 

is differentiable at x. Then there exists a 6 such that 

when l\y\\ < 6 ,\lcr(x+y) - cr(x) - Dcr(x)[yJ\l < l!Yll /8. Choose 

n such tha.t I xn I < 6/4 and let y = 6en • Then 

:1!: 36/4 + 36/4 - 26/4 = 6/2. On the other hand 

II cr(x+y) + cr(x-y) - 2cr(x)\J = II cr(x+y) - o-(x) - Du(x)[y] + cr(x-y) 

- cr(x) - Dcr(x)[-yJ\J s; l\cr(x+y) - cr(x) - Dcr(x)[yJ\I +II cr(x-y) 

- cr(x) - Dcr(x)[-yJ\I s: 6/4, contradiction. 

We pose the question: Is there any b e tter c2 l 
' 

approximation to L(x) on the unit ball than a constant 

function? From Theorem 5. 2 it follows that L:(x) is not 

c2 l approximable by C2 ' 2 functions on any ball. The 
' 

following theorem shows that if\IL:(x)-g(x)\\
1 

< R/2 on 

a ball of radius R, where g E c2 ce 2 ,R), then g can not have 

a decomposition of the form g(x) 

Theorem 6.2 Suppose that G(x) E 

- 6 g.(x.). 
i l l 

c1 ce 2 'P 2
) and that 

G(x) = ~ h.(x.)e .• Then if Bis a ball of radius R, 
i l l l 

supl\ G(x) - cr(x) \I ~ R/2. 
xEB 
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Let B have center a and suppose t hat 
n 

R > e: > 0. P ick n s uch 
00 2 

that 6 a. < 
,i =n+l J 

e: and l e t b = ~ a.e .• 
1 J t! 

Now find 6 such th a t \Ix - b\\ < o implies \\ G( x ) - G(b) 

-DG(b)[x-bJ\I ~ e\lx-bl\ /R. Thus when \x. - b. \ < o , 
1 1 

(6.4) jh.(x.)-h.(b.)- dhi(b . )(x.-b.)j < ~lxi-bil. 
i 1 1 1 dx. 1 i i 

1 

Choose N larg e enough so that < 6 and let z = 

n+N 
:0 

j=n+l 
R - e e .• The n l\zl\ = R - e: so that (b ± z) EB. 

N J 

By applying (6.4) with i = n+l, •• ,n+N we obtain 

(6.5) 
l!G(b+z) + G(b-z) - 2G(b)ll ~ l\G(b+z) - G(b) - DG(b)[zJ\I. 

+ l\G(b-z) - G(b) -DG(b)[-z) II~ 2el\zl\/R < 2e • 

Since a(b+z) = a(b-z) we have llG(b+z) - cr(b+z)ll + 

l\G(b-z) - cr(b - z)ll + 2\!G(b) - cr(b)\I ?-'. llG(b+z) + G(b-z) 

- 2cr(b+z)!l + 21\G(b) - cr(b)ll , which by (6.5) is :2: 

ll2G(b) - 2cr(b+z)I\ - 2e + 2llG(b) - cr(b)I\ :2: 21\cr(b+z) - cr(b)\\ 

- 2e = 2llz\\ - 2e: = 2R ·- 4e. Therefore either llG(b+z) 

- cr(b+z)\\, \IG(b-z) - cr(b-z)il or \lG(b) - cr(b)I\ is :2: ~ - e. 

Hence sup \\G(x) - a(x)\I :2: ~- e. Since e is arbitrary , the 
xEB 

theorem is proved. 
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CHAPTER VII 

WEAK C APPROXIMATION ON £2 
p,q 

As stated in Chapter VI, it is unknown whether 

every c1 function on £2 is c2 1 approximable. In this 
' 

chapte r we show that C approximation can be performed - p,q . . 

on £2 provided we use a weaker approximation condition 

on the derivatives. The approximation is first done 
00> co 2 

local ly and then the C ' smoothness of R is used to 

build up a global approximation. 

We first point out that the usual finite dimen­

sional technique of convoluting a cP function with a C00 

function having a small bounded support(i.e. letting 

f(x) = Jf(x+y)cp(y)dµ(y)) to obtain a C approximation, 
co' p Rn 

fails on £2 • There is of course no translation invariant 

borel measure on £2 but we might hope that given f E 

Cq(R 2 ,F) there would exists a probability measureµ on 

P2 such that f(x) = Jf(x+y)dµ(y) is of class cP, p>q. 

This , however,is not the case and we sket ch a proof 

for q = 1. Define 

where x 

co 
(1-cos~nx) n ----· n 

~ xnen. Then it is not hard to show that 
n 
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F1 (x) E c1 (p 2 ,R) and that F1 (x) is nowhere second differ­

entiable. Suppose now that µ is a probabilty me asure on 

p2 with bounded support and define i 1 (x) = JF1 (x+y)dµ(y). 

Then 

where 

and 

Now 

c = J ~ ( 1 - co spfi y n) In d µ ( y ) < °" 

= 

Os:a s:2 n 

( Jc o srn: y n d µ c y ) ) 
2 

+ ( Is i rum y n d µ c y) ) 
2 

( f sinmy dµ(y) \ 

\ :r cosfti y:dµ(y) ) 
• 

~ Jcosmyndµ(y) ~ Jc1-ny~/2)dµ(y) 
CX> 

~ 1 - n y /2 where y = 
n n Jy~dµ(y). From/~ 'Yn 

n 

JllYl\ 2dµ(y) <°"follows lim inf nyn = 0 which gives 

lim sup an 1. Since the an's do not approach O, the same 

method of proving F1 (x) is nowhere second differentiable 

can be used to show that F1 (x) is nowhere second differ­

entiable. 

This can be generalized. Define 

FP(x) = iS (1 - cosVri xn)/ n(p+l)/2 • 
n=l 

Then FP E cP(p
2 ,R) and FP(x) is nowhere p+l differentiable. 

If µ is any probability measure on 12 and if we define 

F (x) = J F (x+y)dµ(y), then F is nowhere p+l differentiable. 
p p p 



48 

In the constructions to follow we will need 

two propositions about measures on Banach spaces. The 

first proposition is well known. We recall that a proba-

bili ty measure u on E is a positive regular Borel 

measure satisfying µ(E) = 1. 

Proposition 7.1 Let µ be a probability measure on a 

complete metric space Q . Then for every e: > 0 there 

exists a compact subset K of Q such that µ(K )~l - e. e: e: 

Lemma 2·1 Let f E CO(E,F) where E and F are Banach 

and let K be a compact subset of E. Then 

lim 
t~o 

sup l\ f(y+h) - f(h) II = 0 • 
hEK, llYll ~t 

spaces 

Proof. Suppose e: > O. For every h EK find Rh such that 

liy-hl[ <Rh implies l\f(y)-f(h)ll < r./2. Let {B(hi ,Rh.)} be a 
1 

finite subcover of the cover {B(h,Rh)}, where B(h,Rh) is 

the ball with center hand radius Rh. Let 6 be the Lebesque 

number of {B(hi ,Rh.)}. Then for every h E K and y E: E with 
l 

\\yl\ ~ 6 we have h,y+h E B(h. ,Rh ) for some i. Hence lif(h+y) -
l . 

1 
f(h)\I ~ lif(h+y) - f(hi)il + \\f(h) - f(hi)ll ~ e:/2+e/2 = e:. Q.E.D. 

Proposition 2 .2 Suppose that µ is a probability measure 

on a B-space E with compact support K and suppose that 

f E cP(U,F), p;;? O, where U is an open subset of E. Then if 

V is an open subset of U such that the algebraic sum V+K 

is contained in u, g(x) = Jf(x+y)dµ(y) E cP(v,F) and 

Dkg(x) = JDkf(x+y)dµ(y) for 0 ~ k ~ p • 
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Proof. Suppose x EV and e: > O. By Lemma 7 .1 

there is a 6 > 0 such that ll zll < 6 implies 

supllf(x+y+z) - f(x+y)\I < e:. 
yEK 

But then JJzll < 6 implies l~ g (x+z) - g(x)\I 

s Ji\f(x+y+z) - f(x+y)\Jdµ.(y) s e: • Hence g E c0 (v ,F). 

Assume that g(x) E Cq(V ,F) for q < p and Dkg(x) 

JDkf(x+y)dµ(y) for 0 s ks q. We show that g(x) E Cq+l(V ,F) 

and Dq+lg (x) = Jnq +lf(x+y)dµ(y). For any x in V, 

lim sup \i(Dqf(x+ty+z)-Dqf(x+z;) - Dq+lf(x+z) [ty] )/tlJ 
t-o \ly\l=l,zEK 

= lim sup ((Dqf(x+ty+z) - Dqf(x+z) - Dq+lf(x+z)[ty])/t ,w). 
t-'>O lly\\ =l, zEK 

wEF*, !lw\I sl 

Now by Prop. 1.5, (Dqf(x+ty+z) - Dqf(x+z) ,w) 

= (Dq+lf(x+z+Ty)[ty] ,w) for some O < T < t so the las t 

limit is 

:.,;; lim 
t-o 

SUJ? ((Dq+lf(x+z+Ty) - Dq+lf(x+z) )[y] ,w) 
II Yll = 1, zEK, wEF*, I\ wll sl 

O<T<t 

= lim 
t-o 

sur \l(Dq +lf ( x+z+ Ty) - Dq+l f (x+z ))Cy] II 
iiY ll =l, zEK,O<T<t 

0 by Lemma 7.1. Hence 

lim SUJ? II Dqg(x+tyf - Dqg(x) - (Jnq+lf(x+z)dµ(z)) [yJ\I = O, 
t-o llYll=l 

so that Dq+lg(x) exists and equals JDq+lf(x+z)dµ(z) . Q. E.D . 
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Corollary 7 .2 Let µ be any probability measure on a 

B-space E and suppose that f(x) E cP,P(E,F). Then 

g(x) = Jf(x+y)dµ(y) E cP,P(E,F) and Dkg(x) = 

J Dkf(x+y )dµ(y) for k :s; p. 

Proof. By Prop. 7.1 there exists compact sets 

Ke with µ(Ke) ~ 1- e • Define ge(x) = JKf(x+y)dµ(y). 'rhen 

€ 

by Prop.7.1 , for ks p, Dkge(x) = JKDkf(x+y)dµ(y) and this 
€ 

implies that Dkge (x) converges uniformly as e-+ 0 to 

J
. k . k 
D f(x+y)dµ(y) forks p. So by Prop. 1.11, D g(x) exists 

and Dkg(x) = JDkf(x+y)dµ(y). g(x) is in cP,P(E,F) because 

llDkg(x)!I ~ Jl!Dkf(x+y)lldµ(y). Q.E.D. 

Consider now separable Hilbert space £ 2 and let 

(e.} be an orthonormal basis. We will define for each 
l 

2 nonnegative sequence (a
1
. } , with L) a. < oo , a probability 

. l 
l 

measure µA , A= (ai}. Let 7J(t) be a fixed function in 
00 

C
00

(H,R) satisfying 77(t) = 0 if !ti~ 1 and J11(t)dt = 1. 
-co 

Define for each positive integer n an integral on c0 , 0 ci 2 ,R) 

as follows: 

A!( f ( x) ) = fr' ( ~.) J fr' 7J (~ ~) f ( . ~, y i e i) dµ~ ( y) 
i=l i H'l=l i i=l 

n 
where H' is the space spanned by 

n 
e. , µ." is 

(ill~i~n,a.>0] n 
l 

the standard Lebesque measure on H~ and Tf' and L)' denote 

the product and summation over only those i's for which 
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a. > o. Let K denote the compact Hilbert cube K = 
l 

(x \ I xi I s; ai}. For any f E c0 
'
0 ce 2 ,R) find o such that 

z,y EK and \\z.-y\l<o implies \f(z)-f(y)\ <e. Then if 
CD 

we take N such that E a .2 < 6 2 we have for m <!: n <!: N, 
. N 1 1 
l= + 

I AA( f(x)) - AA( f(x)) I s; I rrm'/1 )l rrm ry(~i) f ( E'y. e. )dµ' (y) 
m n ~a. H' a. i l m 

i= 1'. m i 

s; TT' - 1f17-1 lf(Ey.e.)-f(:Ey.e.)\dµ'(y) m (l ) t m, (y ") m, n, 
. 

1 
a. , a. . i i i i m 

l= 1'. l m 

= € • 

Hence lim A~(f(x)) exists and we define this limit to 
n-+CD 

be AA(f(x)). The functiona l AA is clearly linear, bounded 

positive a nd satisfies AA(l) = 1. Since supp AA c K and 

K is c ompact, AA is an integral. By the Riesz Representa-

tion Theorem there is a unique probability measure A µ on 

12 such that Jr(x)dµA(x) AA(f(x)) for all f E C0,0(.~ 2 ~H). 

In the proof of the next theorem we will use the 

measures µA to mollify cP functions on 1 2 • We recall that 

a Hilbert-Schmidt operator T on 12 is an element of L(J. 2 ,1 2 ) 

satisfying 
CD 

E 
i,j=l 

(Te. , Te.) < 
l J 

CD • 
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Theorem 7.1 Suppose that f E cP'P(U,F),l5:p<oo, where U 

is an open subset of i 2 , that Dpf(x) is uniformly contin­

uous on U, that Vis an open subset of U with dist(V,CU)>O, 

and that T is a Hilbert-Schmidt operator on 12 • Then 

there exists a g(x) E C
00

(V,F) satisfying 

SUJ? \IDk(f(x) - g(x))[Th]\I ~ 1. 
xEV, II hi\ 5:1, O~k~p 

Proof. Let T = SW be a polar decomposition 

for T, where S = VTT• and W is a partial isometry. Then 

S is positive definite self-adjoint Hilbert-Schmidt and if 

we denote the unit ball by B, then 

(7.1) T ( B ) c SW ( B ) c::: S ( B ) 

Assume that the orthonormal basis [e.} is a set 
l 

of eigenvectors for Sand that Se = a.
1
.e

1 
.• Then a. ~ 0 

i l 

and ~ a. .2 < °". Now Dkf(x) is uniformily continuous on U 
i l 

for k 5: p so we can find o > 0 such that o < dist(V,CU) and 

(7 .2) sup \\Dkf(x) - Dkf(y)I\ ~ 1/2\IT\\. 
x ,yEU, \lx-yll < o, O~k~p 

Let t = min(l, o/22Jo..2), a. =ta.., A = fa.} and define 
i l l l l 

µA as above. Letting K be tbe compact set (x\ \x. I 5: a.} , 
l l 

A we have diam K < o , supp µ c K and V + K c U. Now let 

1 k 
M = sup J l~kTJ(t) \dt and use Prop. 2.? to obtain g(x) E 

k~p -1 dt 

C
00

(f
2 ,F) such that 



53 

( 7. 3) supllf(x) - g(x)ll s tq/2Mq 
x 

Let f (x) J f(x+y)dµA(y) and g(x) = J g(x+y)dµA(y), then 

by Frop.7.2, f E cP(V,F) and gEC
0

\V,:B'). (7.2) gives 

Suppose now that x EV, that i 1 , •• ik, k :s:; p, are 

integers with a. > 0 for jsk and N = max(i 1 , ••• ik).Then 
lj 

II ax. • • ax. (f(x) - g(x)) H 
11 lit 

n ( 1 ) J n , (Y . [ n, IT' - TfYJ :..J.) f(x + E y .e . ) 
·-1 a. H' a. J J J- ,1 n J 

(7.5) n, J - g(x + E y .e.) 
J J 

dµ' Cy) II n 

:s:; lim 
n- a> 

n k ( n y.) n 
lT' l 0 1T' :..J. II C "'"""'' ) 1J f x+ LJy.e . ._ 1 (a.)JH,ay ... ay .. _1 (a .) J J 
J- ,J n 11 i k J- J 

(which by (7.3) is) 

N , ( 1 ) J 8k ( N, (~)) s 1T - Tf Tf • tq/2Mq dµN' (y) 
. 1 a . H' ay. • • ay. a. 
J= J n 11 i" J 

k 
• M • 
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It follows now from (7.1) and (7.5) that 

k N N k ~ ,._,. 
sup !ID (f(x) - g(x))[Th]\I s: sup llD (f(x)-g(x))[ShJll 

xEV, II hll s:l xEV, 11 h s:l 

co 

s: sup II "E/ 
l\h\\s:l ii-. i1c=l 

y,,. 

Combining this with ( 7 .4), we obtain for 0 s: ks: p, 

sup llDk(f(x) - g(x))[ThJll s: sup II Dk( f (x) - f(x)) [Th] II 

xEV, II hll s:1 xEV, II hll s:1 

+ 
k N ~ k ~ 

sup llD (f(x) - g(x))[ThJ\I s: supllD (f(x)-f(x))\l ·llTll + Y,, 

xEV, II hll s:l xEV 

s:Y,,+Y,, =l. Q.E.D. 

Remark. Suppose that the f in Theorem 7.1 has the 

p roperty that for any e > O there exists a ge: E c°",Pcv ,F) 

such that \\f(x) - g (x)\l 0 s:e: and l\g II s: M, where M is e: e: p 

independent of e:. Then the conclusion of the theorem 

would be true if the operator •r were only assumed to be 

~ompact. To show this assume T compact and find Pin 

L(f 2 ,£ 2 ) with finite dimensional ran~e and such that 
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11 '11 
- P\\ < 1/2( \1 f\[ p + M) • Apply the theorem to . get a 

g E cmce 2 , F) wi th supl\Dk(f(x)-g(x))[2PhJll < 1. Since 

xEV, \I hll sl, ksp 

g(x) Jg(x+y)dµA(y) where g is a Cm O approximation , 
to f and since by assumption we can take l\g\\ ~ M, it 

p 

follows t hat we can assume l\gll s M . Therefore p 

sup\\Dk(f(x) - g(x))[ThJ\1 s sup\\Dk(f(x) -g(x))[(T-~h) II 

+ s upllDk(f(x)-g(x))[PhJ[l s ( lifll +M)\IT-Pll +~ s 1. p 
xEV, II hll sl , ksp 

We now give a global formul a tion of Theorem 7.1. 

The proof is similar to the pro of of Theorem 6.1 in which 

Lemma 5.1 played a key role. 

Theorem 7.2 Let f E cP(£ 2 ,F),l~p<=, and suppose that 

DPf(x) is uniformly continuous in some neighborhood of 

every point of £2 • Then for any locally finite cover 

(Uo.} of £2 and collection (Ta.) of Hilbert-Schmidt opera­

tors on £2 there exists a g(x) E Cm(£ 2 ,F) such that 

sup 
a. 

sup llDk(f(x) - g(x) )[Ta.hJU 

xEUa.,llhl\sl,Osksp 

1 • 

Proof. As in the proof of Theorem 7.1,let 

= VT T* a. a. so that Sa. is self-ad,joint positive definite 

Hilbert-Schmidt and Ta. (B) c Sa. (B), whe re B is the unit ball. 
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For every x in 12 find a ball B(x,R ) of radius R a bout x x x 

such that B(x,R ) intersects only a finite nur~er of U 's 
x a. 

and DPf(x) is uniformly continuous on B(x,Rx). Now since 

12 is Co:>'o:> smooth, we can apply Lemma 5.1 to the cover 

(B(x,Rx/2)} to obtain covers (Vr}, j=l,2,3,4, and functions 
o:> o:> 2 

g.(x) EC ' (f ,R) such that 
l 

1) dist( v~,cv~+l) > o, j = 1,2,3 
l l 

2) (V~} covers p2 
l 

3) (V~} is locally finite and refines (B(x,R /2)} 
. l x 

4) o ~ g. ( x) ~ 1, g. ( x) ( v?) = 1 and g. ( x) (CV;;) = o. 
l l l l l 

Now define cp (x) = g 1 (x), cpi (x) = ( l-g1 (x)) • • • (1-gi-l (x))g;i (x) 

if i > 1 and M . = I\ cp . \I • If we 1 et 
l l p 

s.. = 
l 

z; so. 
ta. I u J1 v{ 1 01 

(note that the sum is over a finite number of a.' s) then S. is 
l 

positive definite self-adjoint Hilbert-Schmidt and S (B) c a. 
S.(B). Set 

l 

s~ 2P+iM .(max( 1, II s. !I) fs. 
l l l l 

and use Theorem 7.1 , observing tha t f(x) E cP,P(B(x,Rx),F) 

and dist(V~ ,B(x,Rx) ) > O, to obtain functions h. E Ca:J(V~ ,F) 
l l l 

satisfying 

(7.6) sup l\Dk(f(x) - hi (x))[S~hJll ~ 1. 
4 

xEV i, II hi\ ~1, k$;p 

Define r 0 (x) = f(x), •.• , fi(x) f ( x) ( 1-p;l ( x) ) •.. ( 1-rr,. ( x) ) + 
l 



(7.7) 

Also 

(7.8) 
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4 f.(x) = f. 
1

(x) when x¢V . 
l 1- 1 

For every x E 12 there is a neighborhood N of x and an x 
1 1 integer n such that N c v
1
u • . . uv 

x n 
and N nV~ = 0 for i>n. 

x 1 

Hence by (7.7) and (7.8) we can define 

g(x) ::: lim 
i_,..co 

Now f i (x) - f i-l (x) = (hi (x) - f (x) )cpi (x), hence 

k 
sup l\D (fi(x)-fi_1 (x))[Sih]\\ 

(7 .9) x,\lh\lsl ,ksp 

s ~ (k) supl[Dn(h.(x)-f(x) )[S.hJI\ . supl\Dk-nq:i.(x)[S.h]\I 
n-O n 1 1 1 1 

- x' II hll sl 'ksp x ' II hil ~ l ' ks;p 

$ ~ (k) l/(2p+iM . llS. \\P) • M. 11s. t1k-n s; l/2p+i s; l/2i 
O

n 1 i i i · n= 

by (7.6) and (7.8). Therefore if x E Uu 

supl\Dk(f(x) - g(x) )[TuhJI\ 

\I h\\ sl, ksp 

s supllDk(f(x) - g(x))[SuhJll 

\\h\I s:l ,ksp 
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