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vm. LORENTZ-GROUP FORMALISMS WITH A 

NONDEGENERATE IVIASS SPECTRUM 

We would like to extend the results of the last chapter 

to describe more realistic models in which the mass spectrum 

is nondegenerate and runs from some minimum value to infinity. 

To begin we will show how the noncovariant approach 

can be used, based on an expansion of the angular condition. In 

Chapter V we expanded about the case where all the ·masses are 

equal and infinite; this time we will expand about the case where 

all masses are equal but finite, i.e., the case solved in the last 

chapter. It is convenient to expand in powers of k first. To do 

this we rewrite (III. 21) by factoring out a rotation by TT /2 about 

the y-axis, giving the condition that 

a -1 k '-!? -1 1 ikh 
[exp -i( J tan a+ I_;) J tan )J t } e X (1) 

y M y (JM w 

must have j 6.J I ::.:; 1. Now the terms of order kn in (1) have 
z 

j 6.Jzl :::; n, i.e., up to n x's or y's. Let ·us consider only 
n . 

those terms of order k with 6J = n. Then (1) becomes the 
z 

so- called "stretched" angular condition: 

must have I 6.J I .:::; 1, where J = J + iJ and h = h + ih . 
z + x y + x y 

(2) 

The operator in square brackets is also equal to J /a 2). 
+ M 

The condition on (2) implies that the coefficient of kn must vanish 

for n ;:::. 2. Writing these out for t he vector condition one finds 
18 
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that this infinite sequence of conditions (one for each n ;::: 2) is 

equivalent to just the two conditio'ns 

[ M
2

, h 
2

] + 4 i [ MJ , h ] = 0, 
+ + + 

a~ M
2 = 0. 

+ 

(3) 

There is also a sequence of conditions on the axial current which , 

however, does not simplify so nicely. 

We now expand in powers of a parameter e about the 

case of degenerate mass: 

where M0 is just a number (not an operator) and therefore ho+ 

has solutions given by the results of the last chapter, namely, 

h = _l_ (N - iL ) 
O+ M0 + + ' 

_, _, 
where L and N generate a representation of the Lorentz group. 

Using (3) we get conditions which help to determine h to each 
+ 

order in e, or we can write 

(4) 

(5) 
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and find S to each order in e . This is done for the first few 

orders in Reference 18, considering the axial operator w also. 

One of the most striking results is that the mass operator is 

quite restricted. For example, the second condition in (3) in 

first order implies that 

As an example, consider the representations (0, 1/2) 

(6) 

and (1/2, O), the Majorana Representations. 19 These are the 

only irreducible representations of the Lorentz group on which 

there exists 4- vector operator. Let rµ be this operator; suitably 

normalized r 0 
= t + 1/2 on states of spin t. [Thus L2 

= 

-l(t + 1) = (r0
)
2 - 1/4.] We can describe an infinite set of 

~ ~ 

mesons using (0, 1/2), with J = L and no axial current (which 

is like having a pair of scalar quarks with no radial degree of 
_, - 4 

freedom), or we can use (1/2, 0) with J = L + cr/2. Let us 

consider the first case. The mass M must be a scalar under 

rotations, and the only such scalars are functions of t, i.e., 

functions of r 0
• It is easily verified that (6) is satisfied with 

o ( o)2 . o M1 = r or r but no higher powers of r . Thus 

0 0 2 
= a+ br + c(r ) 

2 
= a + b(t + 1/2) + c(t + 1/2) on states of spin t . 

In other words, the first-order mass splitting must be at most 

quadratic in t . (The first-order splitting in M2, by the way, 

has the same form since M
2 = Mg + 2 e M 0M 1 + ... ). 

(7) 
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Let us turn to covariant formalisms analogous to those 

discussed in the last chapter. Since the mass is to be variable 

and obtained by finding the eigenvalues of the mass operator, we 

will initially use not the 4- momentum P to label the states, but 

rather the 4-velocity u as well as the internal index a . The 

mass operator acting on I u, a) is M(u) I u, a), where M(u) acts 

only on a and is Lorentz-invariant:£) (A)M(u),6{/\- l) == M(/rn) . 
.... 

When u == f.. :: (0, 1) we can (in principle) find the eigenvalues of 

M = M(t...): 

Mjn) ::: M In> n 

Then the state 

IP, n) ::: rl £) (V p / M r f...) l It.., a) <al n) 
n n a 

has momentum P and is suitably normalized. 

The problem is to find a covariant expression for a 

conserved current, < u', a' 11µ (0) I u, a), such that the F (k) 
~ ~ 

obtained from it is of the form exp(ik · h), or equivalently, 
~ 

F(O) = 1 and 

(8) 

{9) 

... ... -t -
F (k) F(k 1

) ::: F(k + k') {10) 

If we could do this much we would have a solution to the factorized 

problem of one current-carrying quark, and might then investigate 

as to whether the model could be extended to a two-charged quark 

model. 
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If M(u) is independent of u, then the mass is constant 

over each irreducible component of the representation and we 

get infinitely many particles of the same mass. Suppose :instead 

that 

M(u) = -u . v 
' 

where 'V1 is a 4-vector operator. The mass spectrum is then 

the eigenvalue spectrum of v0
• Consider the following current 

= -2(a1 IM(u 1
) (r + V · uuµ + V · u 'u'µ)M(u)la>, 

(11) 

(12) 

which is motivated by the facts that (a) it is conserved, and (b) the 

two-free-spinless quark current, (N. 37), turns out to be of this 

form, where a = p
2 

and r = 2p2µ (using the notation of Chapter 

IV and writing everything in terms of P and p2). 

Finding 1" µ(O) between momentum eigenstates and taking 

the infinite- momentum limit, one arrives at 

-iK log (M JM ) 
(n'IF(mln> = (n'le z n n 

_, ~ -) ~ 

i k · (K - e x J) /M 
· e z n (1 - V /M ) I n) . 

z n 

(13) 

It is not clear whether this satisfies the multiplicative property, 
-> 

(10), or not. It is not even obvious that F(O) = 1 (but that can be 
-Si' 

verified using the fact that F(O) connects only states of equal 

mass due to current conservation). If [V0
, V ] = 0 it can be z 
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shown that (10) is satisfied, but then we are back to the free­

quark solution (or a direct product of them). A more interesting 

case would be .r = 2M
0

rµ, where the representation is (0, 1/2) 

with generators J and K and 4-vector rµ; then the mass 

spectrum would be M. = (2j + l)M . However, I have not been 
J ' 0 

able to show that the algebra is satisfied with such a representation. 

This model does not seem to be readily comparable to 

those obtained by expanding in powers of the mass splitting, since 

there is no arbitrary additive constant in the mass. 

There is another model which comes even closer to 

satisfying the algebra. 18 We consider both vector and axial 

vector currents in a system whose internal variables include 

a Lorentz-group representation along with an extra spin 1/2 
~ _., -

(thus J = L + a/ 2 and the Lorentz-group representation is __. ... 
generated by L and N). To write everything covariantly the 

spin 1/2 is treated by the Dirac formalism. We choose for the 

mass operator (11) with r = i y µ ' i.e.' 

M(u) = -i }!f m , (14) 

where m is invariant under Lorentz transformations of all internal 
~ -9-> ~ -

variables (i.e., under J and K = N + ia/2) and m = }?! • The 

mass spectrum can be obtained by finding the positive eigenvalues 

of M = ~m (which is hermitian): 

~mt/J(n) = M tj;(n) , 
n 

where tj;(n) is a Dirac spinor as well as a vector in "a-space", 
t and tjJ (n ')tj;(n) = 6 , • Then nn 

(15) 
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(16) 

is the appropriate "spinor" for momentum P = M u, where !) is 
n 

the representation generated by J and K. Equation (11) is 

motivated by the fact that ij;(P, n) satisfies 

(i :r + m )'If! = o (17) 

which is like the usual Dirac equation except that mis an operator. 

For the currents we propose i yµ and y 
5 

yµ between spinors; that 

is, 

(P', n'I {~~(O) } IP, n) = ij/(P', n') {iyµ }ifl(P, n). (18) 
v µ(O) - y yµ 

5 

If m is independent of Dirac matrices we have the degenerate mass 

case, (VII. 22). For any m (which is assumed to be independent of 

u), 7 µ (but' not :75µ) is a conserved current. 

From (18) we can find F(k) and F 5 (k) by dividing by 2P 
z 

and taking the infinite-momentum limit. The current algebra will 

be satisfied if we can show that (10) is satisfied (with analogous 

relations involving the axial current). Now 

(n'IF(k)jn) = lim 2~ if;t(P',n')if;(P,n) (19) 
P-> 00 z 

z 

and to show (10) is sufficient to show that 

2~" l if;(P", n") if;t (P", n")I-? ~ 1 (20) 
z P'' = const. 

n" 
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t 
between states 'l/; (P ', n ') and 'tf;(P, n), as P z = P ~ = P~ ~ (XI • 

By manipulating equation (17) one notices that 'tf;(P", n ") 

is an eigenvector of 

~ --!.' -> 
H(P") ;: ex. • P" + ~ m (21) 

with eigenvalue P 110 = ~P"2 + M
2

" . Thus with Pr' held constant n 
the spinors 'tf;(P", n") form an orthogonal set as n" runs over all 

its values, and with their normalization (20) would be satisfied as 

the completeness relation if these spinors formed a complete set. -However, the 'tf;(P", n") do not form a complete set because H(P") 

can have negative energy eigenvalues. But (20) does hold if we 

- -I> sum over all eigenspinors of H(P"). Now as P ~ CQ, H(P"),....., ex. P 
- z z z 

and P"0 
,....., IP I. Thus in this limit the eigenspinors of H(F') z 

are eigenspinors of ex. with eigenvalue +1 for positive energies z 
and -1 for negative energies, so in this limit all positive-energy 

eigenspinors are orthogonal to all negative-energy eigenspinors, -even for different values of P ..J. • Therefore (20) does seem to be 

satisfied between the positive energy states 'l/;t (P' , n') and 'tf;(P, n). 

This is the · method used in Reference 18 to show that the current 

algebra is s atisfied ; we may summarize it by saying that the -negative-energy eigenvectors of H(P) do not couple to the positive-

energy eigenvectors of infinite momentum. 

Before we point out what is wrong with all this, let us 

find, as an example, 18 the mass spectrum using the l\i1ajorana 

representation (1/2, 0) and 

' 
(22) 
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where Lµv is the angular momentum tensor containing Land N. 
(Models of this kind with c 1 = 0 have been studied for other 

reasons. 
20

) The resulting spectrum is 

M ::: (c1 + bc2} (j + ~) ± ~(c 1 + bc2)
2 

j(j + 1) + [M
0 

- (c1 + bc2}/2J 
2 

(23) 

where j is the total (internal) angular momentum, b takes on the 
3 values +1 and -1, and M

0 
= c1 + 2 bc2 - bm

0
• In general some 

of these masses will be negative, but they can be forgotten because 

they lead to negative-energy states which, as we saw, can be 

ignored. 

The mass of the j = 0 state is equal to M if the latter 
0 

is positive. The forms of the mass spectra depend on the relative 

values of m
0

, c1, and c2. After considering all cases (some of 

which give masses which are positive but approach 0 as j ~ cxi), 

we find that the most physically reasonable case is with c1 > I c2!. 
Then we get two "trajectories", each approaching a linear trajectory 

as j ~co and approaching j = - co as M-+ O, one of which has 

particles starting with j = 0 and the other starting with j ::: 1. 

Such sequences of particles are what we would expect from adding 

spin~ to the spins in (1/2, 0). However, the behavior of these 

Regge trajectories continued to m ::: 0 is unphysical, and so is 

the form factor F(t) = (1 - t/4M 2f 3/? which one finds for the 
0 

scalar particle. 

The case considered here appears to agree18 with the 

first few terms in a perturbative expansion using the angular 

condition. Using other representations of the Lorentz group we 

might expect to recover other solutions which we laboriously sought 

in noncovariant form. 
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It looks like we have finally found a semi-reasonable 

representation of the current algebra, at least for the factorized . 

single-charged-quark case. But again there is something wrong, 

a flaw in the above reasoning. Our currents actually do not 

satisfy the algebra except in trivial cases. The reason is that 

a complete set of eigenvectors of H(P") defined by (21) will in 

general include states with I P"0 I < I P" I , i.e. , states with 

spacelike .4-momentum. Those with negative energy may be 

ignored at infinite momentum, but there is no such way to 

eliminate the possibility of the spacelike solutions (of the eigen­

value equation) coupling with the ordinary timelike solutions 

lf;(P, n) even at infinite momentum. Thus equation (20) will not 

in general be satisfied. 

A similar model has been proposed by Leutwyler, 21 who 

found an exact solution using the noncovariant formalism, and that 

M2 (which turned out to be related to the Hamiltonian for the 

nonrelativistic hydrogen atom) had negative as well as positive 

eigenvalues. An expansion in powers of the mass splitting, how­

ever, does not reveal these negative-M2 states. 

To show that there will almost always be spacelike 

solutions in our model, 22 we note that for a given spatial 

momentum the energy is given by (21), so that the mass operator 

is given by 

(24) . 



111 

For no spacelike solutions, M2 must be positive definite so that 

t/Jt M2 
tj; > 0 for all tj;. Since this inequality must hold for all 

~ t ~ ~ 
P, we must have tjJ [a, ~m}t/J = 0 for all t/J, i.e., [a, ~Jn} = o, 

-op 

which implies [a, mJ = 0. This implies that mis invariant 

under cr (the Lorentz transformations of the Dirac index), and µv 
therefore under L as well, , so m is constant within an irreducible µv 
representation, and we have lost our infinite mass spectrum. 

The two-free-quark model, which we worked out in gory 

detail in Chapter IV, can also be expressed as a special case of 

our present formulation by writing m = -ip
2 

+ m. There are, of 

course, spacelike solutions, and in fact M
2 runs from 4m2 to '° 

and from 0 to - '° . However, the current algebra is still satisfied; 

the spacelike solutions decouple from the timelike ones at infinite 

momentum. But such a decoupling does not take place in general. 

It has been shown, for example, 23 that the spacelike and timelike 

solutions remain coupled at infinite momentum whenever m is a 

linear combination of 1 and cr Lµv. At present the possibility µv 
of nontrivially satisfying the current algebra using the Dirac + 

Lorentz- group formalism seems doubtful. 

One way out of this difficulty might be to include the states 

of spacelike momentum and find a physical explanation for them, 

such as virtual resonant states in the t-channel (or something). Or 

we might give up and just ignore the spacelike solutions, admitting 

that the current algebra is not quite satisfied and that the dis­

crepancy is due to the discrete-resonance approximation of the 

t . . b . t h" h . 21 con muum emg poor a ig energies. 

One indication that we may not be on the right track in 

trying to use these particular models is that the mass spectrum 

of M = v0 is generally linear in the spin for high spins (a general 
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feature of the time-component of a 4-vector operator if we have 

only one or a few irreducible representations of the Lorentz 

group involved 15), whereas the observed mesons and meson 

resonances as well as data on the Regge trajectories seem to 

favor the square of the mass being linear in the spin. Perhaps, 

then, we should look for a coVariant formalism with M == y'-u · V. 

The current will no longer be of the same form as before; we 

have to modify it at least to make it conserved using the new mass 

operator. Models of this type remain to be investigated. 
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IX. CONCLUSIONS 

We have tried in various ways to find relativistically 

compatible representations of the current algebra at infinite 

momentum using the two-quark model of the mesons. The only 

success has been in the free-quark model, which is physically 

unrealistic. The model with two quarks bound by a potential 

would (with a suitable potential) give a realistic mass spectrum, 

but it cannot (with the type of potential tried) be made to satisfy 

the current algebra and relativistic requirements at the same 

time. Even if we consider the factorized case in which only one 

quark carries the current, it seems difficult to find a model with 

a reasonable mass spectrum. 

As we saw, it was not an oversimplification to assume 

the simplest type of quark model in which the mass was SU(3)­

independent and the current was a sum of independent contri­

butions from each quark. That is, making it more complex 

would not make the problem any more solvable. 

If we cannot find any two-charged-quark model that 

satisfies the algebra, we might ask whether we have tried to 

put too much into the model, more than can be represented by 

such a simple system of discrete single·- particle states. We 

expected our requirements in the model to almost uniquely de­

termine the forms of the mass operator and currents; perhaps 

they are overdetermined and have no solution. One way to relax 

our requirements was mentioned at the end of Chapter V: we 

might require that the current algebra be satisfied only for 

momentum transfers of the form k = (k, ik, 0). Preliminary 

calculations by M. Gell-1\fiann indicate that the problems formerly 
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encountered in the bound-quark model are no longer present and 

that h (l) and h (2) can be found uniquely to each order in 1/m. 

We would be able to predict form factors with t = -k 2 = 0, which 

are useful in describing real photon processes, certain lepton­

hadron scattering processes, and approximate amplitudes involving 

pions, since t = 0 is near the ' pion pole where PCAC best applies 

to the axial current divergence. This relaxation of the current 

algebra, then, is something worth investigatfug. 

Proceeding in another direction, if we insist that the full 

current algebra at infinite momentum must be obeyed, then we may 

have to consider models which are not so simple but more like the 

real world. In order to have bound quark states, for example, we 

may have to have a complete field theory for the particles that bind 

the quarks. We also may have to have a field theory for the quarks 

themselves* (like the Lagrangian quark model6 which provided a 

motivation for the algebra in the first place), so that mesons might 

be made partly of a quark and an antiquark, partly of two quarks 

and two antiquarks, and so on. We would also have an "SU(3) 

explosion" with arbitrarily large SU(3) multiplets appearing
18 

(instead of just 8 and 1 as we had previously). Whether or not 

we have a complete field theory, an infinite sequence of increasing 

SU(3) multiplets could be obtained by using a noncompact group 

which contains SU(3) (just as a nontrivial unitary representation 

of the Lorentz group must contain an infinite sequence of spins). 

* On the other hand, we do not want to have free, single 
quarks in the theory, since we have not seen any in nature. A 
harmonic-oscillator potential between two quarks (which would 
keep them from ever coming apart) is rather difficult to describe 
in terms of exchanged particles. 
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We then have to worry about how to assign the observed particles 

and resonances to the resulting patterns. 

Even though we have not found a realistic representation 

of the current algebra, we have shown what can and what cannot 

be done with certain models, and have obtained some general 

results on the nature of two-quark representations which should 

be useful in formulating future models. From a mathematical 

point of view this work has been interesting on account of the 

different approaches and techniques involved and how they are 

related to each other; from a physical point of view it has been 

a challenge to take properties of the real world which we believe 

to hold to at least some extent (relativity, the current algebra, 

the quark model, reasonable mass spectra, etc.) and try to 

incorporate them into a simple, idealized system. As with 

other models of the universe 24 we may be overidealizing the 

real world, but if we can find a model of the form outlined it 

should serve as an approximation to the true (probably complicated) 

theory of strong interactions which we hope will be found someday. 
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