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APPENDIX B

The Dipole in a Homogeneous Sphere Surrounded by

Two Concentric Shells of Different Conductivities

An expression is desired for the surface potential due to a
dipole located in the innermost region of the model shown in Figure
B-1(a). Region 1 of conductivity 9, and radius T, is intended to be
an approximation to the brain and surrounding cerebro-spinal fluid,
while regions 2 and 3 are used to represent the skull and scalp, re-
spectively.

In order to solve this problem, consider a dipole source as
shown in Figure B-1(b). Smythe(l) has shown that the potential due
to a dipole of moment M, located parallel to the z-axis at r = b,
=8, ¢=0 in an infinite region of conductivity o is given by:

(o}

© n
@p(r, 9, d) = Eo 2 OMOr-(n+1)an(u.)cosm¢ (B.1)
n=0 m=

where
o
= M (Z-Sm)(n-m)l n+1l m
M, = 2 B Byl )
i 47 0b (ntm-1). n-
(2-6 °)(n-m)!

M m T2 m

4o (mim-1)! R N (B.2)
s =08 B (B. 3)
mu = cos B (1. 4)
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BRAIN SCALP
AND C.S.F. - SKULL

(r,8,9)

e e B e e

(b)

Figure B-1. (a) Concentric shell model of the head.
(b) Orientation of dipole in equation (B. 1).
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an(p.) is the associated Legendre function of the first kind. The
argument U is real and in the range -1 s us 1.
As was the case in Appendix A, the first problem is to trans-
form a coordinate system with an arbitrary dipole into the form as-
sumed by the equation for the potential.

1. Coordinate Transformation

Consider Figure B-2. In (a)is shown an arbitrary dipole M
with components ﬁx, I\—/-Iy, and 1\_/IZ . The first stage of transforma-

tion is to rotate system (a) about the x-axis an angle a, where

™ -le
g‘=§+tan T P My# 0o ,
y (B.5)
o k= 8 ) o aML . =0
y

This rotation (note all positive angles are measured counter-

clockwise in this section) results in system (b) where

x! 1 0 0 x
y' = 0 cosa sina. y (B.6)
z! 0 -sinaq cosQ z
i. e.,
! =
Xl = T1X

The next step is to rotate system (b) about the y'-axis an

angle B, where



s

(a) dipole in original system, (b) system after rota-

Figure B-2. Rotation of coordinate system.
tion an angle a (C. C. W. ) about x-axis, (c) system after rotation an angle 3 (C.C. W. )
about y'-axis, (d) final system, after rotation angle y (C. C.W. ) about z''-axis.



-1 Mx'
3= tan M, : M, # 0
Pre w2 MR 0 M 60
System (c) is thus defined, wherein
x ! cosf 0 -sinf 3"
b = 0 1 0 y!
Rz sinP 0 cospP )
ic €.,
X|1 — TZXI

(B.7)

(B. 8)

Finally, system (c) is rotated about the z''-axis an angle vy,

such that in the final system the ¢-coordinate of the dipole is 0.

¥ = ba T yH el o x" > 0
Y = T4 ta.n-1 i b x!'" < 0
o = wIE o, x" =0 , y 2 0
vy = -w/2 , xM =2 0 yi < D

The desired system (d) is thus achieved, wherein

1"t

ylll

zlll

cosy
= -siny

0

Xlll =

siny 0
cosy 0
0 1

T XM

3

(B.9)

(B.10)
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And in system (d) note that

TEL
gt = TT/Z-tan—l—Z,T—, xH L 0
o {%"
=g x!™ -0 ziv e 0 (B L)
= m, x'" =0 , Z' < 0

The complete transfer from system (a) to system (d) is

1t =t
x = T3T2T1X
- TX (B.12)
where T = T3T2T1 is:
cosficosy sin@sinfcosy+cosasiny -cosasinf cosy+sinasiny
-cosPsiny -sinasinBsinyt+cosacosy cosasinPBsiny+sinamcosy
sinf -sinacosf cosacosf
(B.13)
. . : -1 i
since T is an orthogonal transformation, T = ) M

2. The Surface Potential Distribution for the Concentric Shell Model

We now return to the problem of deriving the surface potential

for a dipole placed somewhere inside region 1 of B-1(a). Let ¢ L’ L3

~

-53 be the potential in region 1, 2, and 3:

) = & + 93 B. 14
1 b g ( )
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where @p is the dipole term given by (B. 1) and d\g is the general so-

lution of Laplace's Equation in spherical coordinates, i.e.,

io En {A +B ' }{c' r"+D ‘(n“)}Pm- 8)
mcosmq: - sinmd¢ o T . n (cos

6] =
€ n=0m=0 1 1 1 1
(B. 15}
xX & n (n+1) m
@2 =2 2 {A cosm¢+B_ sinm¢}{C' r +D' r~ }P " (cosh)
n:o m:0 m2 mZ nZ nz n
OB 1)
Q A n (n+1)
93 - Z—ZO E_O{A cosmétB_ sinm¢}{C' r +D' r~ 1P ™ (cosh)
n=0 m=0"""m, m, n, ny n

(B.17)

Note that in all regions there is symmetry with respect to the x-z
plane, due tothe orientation of the dipole in the coordinate system.

=0, i=1,2, and 3. Then let all

Hence, all Brni

(B. 18)

>
Q
]
Q
1
®
w

(B. 19)

»>
©
i
(@]
I
™
w

Thus, for region 1,

. -(n+
5 _0280 3 [Cmn rn+Dmn i (n+1)+Mor 8 1)]Pnn‘l(}.,l)cos m¢ (B.20)
1 n=0 m=0 1 1

but since the dipole is the only source in the region r < b and there

are no sources for b<r s r Dmnl = 0. Hence, the forms of the
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solutions in each of the three regions are given by:

020 % n (n+1) m
<I>1 = m:OECmnlr +Mor ]Pn (W)cos mo b<ysS r1 (B.21)
020 i n (ntl)_.m
s & <
*2 = &0 =0 Cmn,™ *Ppn, 1P, isosand, 3 22 S XML
00
e i n -(n+1) m - o o0
§‘3 oty m:OE Cmn3r +Dmn3r ]Pn (L)cos md r, Sy s Ty (B.230)
In order to evaluate the unknown coefficients C o G ’
mn, mn,
Cmn : Dmnz, and Dm , note the following boundary conditions.
3 3

First, the potential must be continuous at the boundaries between re-

gions 1 and 2 and between regions 2 and 3, i.e.,

8, (r,8,9) = 2,(r,8,9) (B. 24)

$,(r,,8¢) = &,(r,,8,9) (B.25)

Secondly, the normal current must be continuous at these same

boundaries, i.e.,

(B.26)

H
V—
@
0
N
1l
QqQ
W]
)
H
2]
—
D
i
N

02—8—‘_ (rzv er ¢) = 03’8_3‘ (rz, 9, ¢) (‘3.27)
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Finally, the normal current at the outer surface of region 3 must be
zero since the surrounding medium is assumed to be an insulator,

i. e.,

8%,
0, 5 (¥, 8,0) = 0 . (B. 28)

Evaluating these boundary conditions in terms of equations

(B.21), (B.22), and (B.23) yields:

4 nC L nC ¥ -(n+1)D LooE -(n+1)M (B. 29)
1 “mn 1 "mn 1 mn 1 o
i} 2 2
R N po by, lasndlly L (B. 30)
2 "mn 2 Tmn 2 mn 2 mn
2 S 2 3
o} nrn-IC -0 nrn—lc +(n+1)r-(n+2)0 D =
1771 mn, 2771 mn, 1 2" mn,
-(nt+2) :
(n+1)01M0r1 (B.31)
o, nr 1'I_IC -0 nrn—lc -0 (n+l)r-(n+2)D +0 (n+1)r'(n+2)1) =0
7 Al mn, 3002 mn, 2 2 mn, 3 2 mn
3
(B. 32)
n-1 -(n+2) 4
nr, C 3-(n+l)r3 Dmn3 =30 | (B: 33)

or, combining the equation into matrix form:

AX = B (B. 34)



where
i n n
T, -T
0 r,
_ n-1 n-1
A = crlnr1 -oznr1
n=1
0 oznr.2
0 0
B =
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0 i l—(n+l)
n -(n+1)
-1, r,
(n+2)
0 (n+1)02r1
n-1 -(n+2)
-0,nr, -<52(n+1)r2
n-1
nr, 0
oy |
G
mn,
X = C
mn,
D
mn,
D
I mn3_
r 9
i -(n+1)M
1 o
0
-(n+2)
(n+l)<'51r1 Mo
0
0

03(n+1)r2‘—(n+2 )

-(n+2)

—(n+1)r3

(B.35)

(B.36)

(B.37)

This system can be solved by the method of elimination to produce an

equation of the form
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(B.38)

where the vector B' is the transformation of the vector B realized

by carrying out the elimination procedure on the matrix composed of

B adjoined to A. Now the unknowns can be found by recursion.

When this operation is carried out, the triangular matrix

above is given by:

] &l 0 i wlentl)
1
0 1 -1 riﬁ2“+1)
0 0 1 0
0 0 0 1
0 0 0 0
where
(o] (0]
ks n 3 (n+l) g ., Bl
By = [(znﬂj(E; 5 +1)+(1‘6;)(2n+1”

Ty
2

; ]
“(2n+1)
i
§ (n+1) & -(2n+1)
n 3
_Kl
! =
(B.39)
-(2n+l)
) 1 .40



- 264 -

The vector of constants, B', becomes
b -(Zn+l)M
1 o
0
0
(B. 41)
0
o -(2n+1) (2n+1) M
171 n [}
] K3 + KIKZ
where
-(2n+1) o g
L Seer1yd, 1 { n+l ., %2 } 2
K, = o1, {==1 a5y e il (B. 42)
2 1 1
o] r, -(2n+l
: 2 ), ~@nt)f)  n1 (T3 XJ’
e BFid L ol e ool ' (B. 43)

Hence, since only the solution at the surface is desired, one need only

solve for C and Dmn and substitute into (B. 23).
Let 3 =29 e be the surface potential:
s 3 r_r3
© n -
8 (ry, 0", ¢") = %20 %:o MK P u)cosm¢' (B. 44)

where



oM n-1_ m
Mo 8 41701 (n+m-1)! o Pn-l (uo) (B )
L = cos @'
p.o - cos elll
CK1
K =
mn CKZ ¥ (CK3)(CK4) (B. 46)
where
r, 2n+l
ok, = feastfrl ) o7 (B. 47)
ry 3
‘ o} r, 2n+l
2 2 2
CKZ = {1 2 -EI}{n + n(n+1)(;;-) } (B. 48)
o} g r, 2n+l
_ n 3 n+1l 3 2
¥u . Zntl, O g
) 2 2 2
cK, - {(r_l) (?1-(n+l)+n)+n(-6—l—l)} (B. 50)

In order to compute §s in terms of the original coordinate sys-

tem, note that:

cosB''' = T(6, ¢,a,B) = sinB(cosdsinf-sindsinacosP )+cosBcosncosP
(B.51)



- 266 -

q)lll == P(e,qw,c,,ﬁ,y) s tan-l y”'/x"' . (B. 52)

where, from equation (B. 12),

xM = r3[cosﬁcosysinecos¢»+(sinc,sinﬁcosy+coso.siny)sinesinq)
+(sinasiny-cosasinBcosy)cos8 ] (B.53)

g = r3[—cosﬂsim{sin6cos¢+(cosc.cosy-sinasinﬁsiny )sinfsind
+(cosasinBsiny+sinacosy)cosB ] (B.54)

3. Partial Derivatives of the Field with Respect to the Dipole Parame-

ter

The surface potential is again a function of six parameters, i.e.

b

M the dipole strength

(04

B rotations of coordinate axes

X

b dipole eccentricity (as a fraction of r3)
Bo azimuth of dipole

For the purpose of estimating these parameters by the program

LSQENP, the partial derivatives with respect to each parameter are

required.
a§s 1 %,) il'; (2-61_;)1)(n-m)! n-1l. m m
- ® L B T o
. oM 4Tr01 n=0 m=0 (n+m-1)! 3 pn-l(uo)Kn'm'l n (T)eos mp

(B.55)
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od © n
o m m y g
ii. Bas 2 EO gzoMoKm[Pna(T)cos m(P)—Pn (T){m smm(P)Pa_' :
(B.56)
where
p™(T) = 2 P™(T)
n T e
a ~
= — 1 [@tm)P™ (T)-nTP(T) |[-sin8si 08B - cosBsinacosp ]
_I—;Z ntm)P__, - ) _-sinBsin¢cosacosP-cosBsinacos
(B. 57}
and
- 0
Pos Bt
k 1 [x”'YCA-y‘”'XCA-‘ (B. 58)
Xlll +Y|H
YCA = -é% it r3{sinGsincp(—sinu.cosy—cosc.sinﬁsiny)
+ cosB(cosacosy-singsinysiny)} (B. 59)
XCA = a% M= r3{sinBsin¢o(cosasin(3cosy-sinc.siny)
+cosQ(cosasiny+sinasin,ecosy)} (B. 60)
%, £ 2 m m
iii. Sl Z MK _ [P " (T)cosm(P)-P_ (T){msmm(P)PpH

P
(B.61)

where
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= —11- [(n+m)PIril(T)-nTP:1(T)][sine (cosdcosPB+sindsinasinf)

-cosfcosasinf | (B. 62)
and
' gsd
ﬁ———‘z‘ x"YCB - y""XCB B. 63
xlll +y-l|| l- —‘ ( )
9
YCB = gp— i
= r3{sinﬁsinysin@cosxj)-sinesinq)sinacosﬂsiny+cosecoso,cosﬁsiny}
(B. 64)
- _3_ 1
XCB = BT x
= r3{-sinﬁcosysinecos¢+sin9sincbsinacosﬁcosy—cosecosm_cosﬁcosy}
(B. 65)
9%
iv. -—ayi , noting that only P is a function of vy ,
= n—O %—OHIM K P (T)s1nm(P)P (B. 66)

where



[x"'YCG-y"'XCG]

xlll +YHI

___a__ 1
YCG = By y

=T, {-cosPBcosysinBcos¢-sinfsing(cosasiny+singsinBcosy)

(B.67)

+cosB(cosasinBcosy-sinasiny)}

(B. 68)
XCG = = "
oy
= r3{-cosﬁsinysinecos¢+sinesin¢(-sino,sinﬁsiny+cosacosy)
+cosb(sinacosy+cosasinBsiny)} (B. 69)
9% (o] % M
B le) I
v “ob nZ=O mzo(n_l)_B_KrnnPn (T)cosm(P) (B. 70)
8¢ o n (2-8° )(n-m):!
2 s _ M m n=J m
VoL B Z § & Fmo; “mim-I  °  Kmn' pn (T)cosm(P)
(P, (4 )-sinB )} (B.71)
Ho
where
T T R o T
n-1 o oM n-1"0o
1 o
o
(B 72)

: l—ulz [np P2 () - (n-m)PT ()]
(o)
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4. The Dipole Location

Once an optimum solution for the six parameters is obtained,
it is necessary to transform them back into the original coordinate
system. Note that the dipole as located in system (d) of Figure B-2
is located at (b, 8 , 0) with components I\—/Iz,,, =M, I\—/IX,” = 'I\_/Lym =0.

In rectangular coordinates, the dipole is of course located at

XHI - b Sln e”l
o
y'""'=20 (3. 3)
g"t = Ty cog B
(o)
Thus, referring to equation (B. 12) and noting that T"1 = TT , the
location of the dipole in system (a) is given by
% b sin 8'"
o
ik
y = T 0 (B.74)
z b cos B
o
and the dipole components are given by:
] [0
%
= 1% o (B.175)
¥
M
zl bw
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The errors in the six parameters x,v, z, Px, Py’ and Pz can

be calculated from the errors in M, ¢, B,y, b, and 90 by the relations:

Ax = AB{bcosﬂcoseo—bsinﬁcosysineo}-Ay{bcosﬁsinysineo}
+Ab %:osﬁcosysin90+sin£3coseo}

+Aeo{b cosBcosycosGo-b sinﬂsineo} (B.76)

Ay = Aa{b sineo(cosasinﬁcosy -sinasiny )-b cosGOcosor,cosﬁ}
+AB {b sinacosBcosy sin60+b sin&sinﬁcos@o}
+ay {b sineo(cosc.cosy -singsinfBsiny)}
+Ab{sineo(sinc,sinﬁcosy+cosasiny )-sinacosﬁcos‘)o}

+A90{b cosGo(sinwinﬁcosy+cosasiny )+b sinacosP sinBo} (B.77)

Az = Aa{b sineo(sina.sinﬁcosy+cosc,siny)-b coseosinacosﬁ}
+AB8{-b sineocosacosﬁ cosy-bcos eocosasinﬁ}
+4y {b sind_(cosasinBsiny+sinacosy )}
+Ab[sin60(-cosasinﬁcosy+sin0.siny )+cos eocosacosﬁ}

+A60{b cos8 (-cosasinfcosy+sinasiny)-b sineocosacosﬂ}

(B.78)

APX = AMsinB + ABMcosf (B.79)

APy = -AMsinacosB-AoaMcosacosB+ABMsinasing (B. 80)
APZ = AMcosacosPB-AaMsinacosB-ABMcosasinP (B.81)
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5., Programming Notes

Since all of the equations central to the calculations of either
the potential or the partial derivatives are in infinite series form,
some convergence criteria must be set for the series. It was
found by testing the computer implementations of the equations that
generally the series achieve reasonable convergence by the time the
degree of the Legendre functions becomes about five, After that,
successive values of the sum of the series oscillate weakly about
the point of convergence, The convergence criterion eventually
incorporated was to stop summing the series at the point where
three successive terms were smaller than some fraction, §, of the
current value of the series, For the series which evaluated the
potential at any point, a satisfactory value of 6 was found to be
0.02 or 0,03; for the partial derivatives § was set at 0,05, These
values were determined to be the optimum trade-off between

computing time and satisfactory accuracy.
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References for Appendix B

1. Smythe, W, R., Static and Dynamic Electricity, McGraw-Hill,

New York (1968), p. 238.
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APPENDIX C

Details of Preliminary Data Re-Formatting

The data were received from the San Francisco laboratory
on punched paper tape; Figure C-1 shows the format of the data
as punched on the paper tape, Each channel of the evoked response
as averaged by the CAT 1000 computer was registered as 256
samples taken at one ms intervals, Successive samples from the
CAT are integers in the range 0-999999, and a calibration factor
for each channel is thus required to scale the CAT integers into
microvolts,

As shown in Figure C-1, each one of the 256 samples is
encoded by three paper tape characters, where each paper tape
character contains two decimal digits, written on the tape in 8-4-2-1
BCD code, Note that the 8-4-2-1 code is not strictly followed =~
decimal '"0" was punched on the tape as BCD '""10," Preceding the
3x256 = 768 paper tape characters representing the averaged
evoked response for one channel was a six-digit (three tape
character) identification sequence consisting of experiment number
and channel number,

The paper tapes were read at the Caltech computing facility,
producing "images' of contiguous paper tape records on a digital
magnetic tape., In order to decode the paper tape images an

assembler -- language subroutine (DECODE) was written, This
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m
o .
88
C)()O E (o] } Identification Number
d o0 (136520)
.
88 : } Leader
3% o
0 OO0 '
O O 00 } First CAT Integer
o B 8% (005328)
O 8 O
0 0
O O OO0
b
M

O OO

8.2 8

© O O } Last (256'") caT Integer
(0O05115)

39 |} Leader

O 00 } Next Identification Number
(136521)

o

o
R
00

00000000
OOOOOOOC)o

o

> Leader

Figure C-1. Format of CAT paper tape, Records of 250 -
6 digit (3 tape characters) intepers follow one 6 digit
identification number,
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routine converted the data from the paper tape format to full word
integers and passed them back to the Fortran calling program,

After conversion to Fortran integers, the data were written
onto another digital tape. This tape was subsequently read by a
calibration program which scaled the data to have units of micro-
volts, encoded as Fortran ''real'' numbers., Again a new tape was
written, containing the calibrated data,

This last operation thus produced, for each subject, a tape
containing three replications of N channels of responses to three
experimental conditions, This tape of 3x3xN records was
processed by a program which produced the final ""raw'' data tape
for each subject., The format of this tape is shown in Figure C-2,

Since there were three replications of each experiment for
each subject, a '"mean' response for each channel was derived by
averaging over replications, Thus, for each channel for some
condition, the 256 potential values have some mean value and a
standard deviation of this mean value, The mean response and the
standard deviations of the mean response for each channel occupy
the first 2x256 = 512 words of the record shown in Figure C-2.

Sometimes it is of course possible to suffer spurious
conversion and sampling errors which produce '""maverick' data
values, The effects of these erronecus points are minimized by
smoothing the mean curve with a smoothing function shown in
Figure C-3, As indicated, a second order polynomial is fitted in a

least-squares sense to seven consecutive data points, Each data



First
Experimental
Condition
(Flash right
eye for DALO,
flash left eye
for kw)

i

1t Channel

2nd Channel

Second
Experimental
Condition
(Flash left
eye for DALO,
flash right
eye for kw)

"Mean" Curve,
256 Fortran
Real Numbers

Standard
Errors of
Mean Curve,
256 Fortran

Real Numbers

im Channel

Third
Experimental
Condition
(Flash both
eyes)

Smoothed

Mean Curve,
256 Fortran
Real Numbers

First Time
Derivative of
Smoothed
Curve

256 Fortran
Real Numbers

Last Channel

Identification
Information,

8 Fortran
Real Numbers

Figure C-2, Format of digital magnetic tape of "raw'' data for

each subject,
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(/ Actual Data Value

o

"Smoothed" Data Value

an Order Polynomial Fit to
Seven Consecutive Data Points

Potential Value at it" Sample Time

'l 1 A 4 '
v

v v v v v

| 2 3 4 5 g ¥ VG
i - Index to Consecutive Sample Times

Figure C-3. Smoothing of evoked responses by fitting second
order polynomial to seven data points and calculating smoothed

value at middle point,
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point is weighted inversely according to its standard deviation in
determining the coefficients of the polynomial, After fitting the
second order curve, a new value for the middle point is calculated -
from the polynomial expression, This point does not replace
the original data value in storage, but a new, smoothed curve is
constructed entirely from seven unsmoothed values at a time, The
first and last values of the smoothed curve are constrained to be
identically those of the original trace, The second and third and
the second last and third last values of the smoothed curve are
derived from fitting the polynomial to only three and five ordinate
values respectively, This smoothed curve is found in the third
group of 256 real numbers in the record pertinent to one channel
of one condition,

It was desired at one stage to produce not only a smoothed
cyrve: for each response but also the first time derivative of that
response, This is easily derived at the same time that the responses
are smoothed, by also evaluating the slope of the polynomial, at
the point which was smoothed., This group of values of the slope of
the mean curve fills the fourth 256 positions of each record of
Figure C-2,

Finally, the record which describes the response in one
channel for one condition is concluded by some eight words of
information such as channel number and label information, The data

tape thus formed contains 3xN records, one for each of N channels
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for each of three conditions, It is this tape for each subject which

is used in all subsequent analyses,



